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Failures of engineered systems can lead to significant economic and societal

losses. Despite tremendous efforts (e.g., $200 billion annually) denoted to reliability

and maintenance, unexpected catastrophic failures still occurs. To minimize the

losses, reliability of engineered systems must be ensured throughout their life-cycle

amidst uncertain operational condition and manufacturing variability. In most

engineered systems, the required system reliability level under adverse events is

achieved by adding system redundancies and/or conducting system reliability-based

design optimization (RBDO). However, a high level of system redundancy increases

a system’s life-cycle cost (LCC) and system RBDO cannot ensure the system

reliability when unexpected loading/environmental conditions are applied and



unexpected system failures are developed. In contrast, a new design paradigm,
referred to as resilience-driven system design, can ensure highly reliable system
designs under any loading/environmental conditions and system failures while
considerably reducing systems’ LCC.

In order to facilitate the development of formal methodologies for this design
paradigm, this research aims at advancing two essential and co-related research areas:
Research Thrust 1 — system RBDO and Research Thrust 2 — system prognostics and
health management (PHM). In Research Thrust 1, reliability analyses under
uncertainty will be carried out in both component and system levels against critical
failure mechanisms. In Research Thrust 2, highly accurate and robust PHM systems
will be designed for engineered systems with a single or multiple time-scale(s). To
demonstrate the effectiveness of the proposed system RBDO and PHM techniques,
multiple engineering case studies will be presented and discussed. Following the
development of Research Thrusts 1 and 2, Research Thrust 3 — resilience-driven
system design will establish a theoretical basis and design framework of engineering
resilience in a mathematical and statistical context, where engineering resilience will
be formulated in terms of system reliability and restoration and the proposed design
framework will be demonstrated with a simplified aircraft control actuator design

problem.
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Chapter 1: Introduction

1.1 Motivation

Failures of engineered systems can lead to significant economic and societal
losses. Despite tremendous efforts (e.g., $200 billion annually) denoted to reliability
and maintenance, unexpected catastrophic failures still occurs. As an example,
Ameren Corp. experienced an unexpected power transformer fire in Missouri in 2002
as shown in Figure 1-1, which caused $3 million property damage and $2 million
business interruption. UPS Corp. also lost their shipping flight due to Lithium-ion
(Li-ion) battery explosion. To minimize the losses, reliability of engineered systems
must be ensured throughout their life-cycle amidst uncertain operational condition
and manufacturing variability. In most engineered systems, the required system
reliability level under adverse events' is achieved by adding system redundancies
and/or conducting system reliability-based design optimization (RBDO). However, a
high level of system redundancy increases a system’s life-cycle cost (LCC) while
system RBDO cannot ensure the system reliability when unexpected
loading/environmental conditions are applied and unexpected system failures are
developed. It is well-conceived that engineered systems designed under the
conventional design paradigm are typically passive and thus non-responsive under

unexpected loading/environmental conditions.

! Adverse events could include the failure of components due to internal hazards (e.g., degradation)
and/or external hazards (e.g., harsh operational conditions) that occur during the mission of the
systems.



(b)

Figure 1-1 Disastrous system failures: (a) unexpected fire of a GSU power
transformer, MO, in 2002 and (b) unexpected system failures of Li-ion
battery fire in UPS Flight 1307, PA, in 2006

Recently, prognostics and health management (PHM) has been successful in
lowering system maintenance by enabling proactive maintenance decisions. A new
design paradigm, referred to as resilience-driven system design, capitalizes on PHM
technology at an early design stage to adaptively ensuring high system reliability
under adverse conditions. In contrast to conventional design paradigm, resilience-
driven system design can ensure highly reliable system designs under any
loading/environmental conditions and system failures while considerably reducing
systems’ LCC. As a solution to overcome design deficiencies due to unexpected
loading/environmental conditions and system failures, this new design paradigm
enables the transformation of passively reliable (or vulnerable) engineered systems
into adaptively reliable (or resilient) engineered systems while considerably reducing
systems’ LCC. There is, however, no theoretical basis and design framework of
engineering resilience to facilitate the development of formal methodologies for
resilient engineered system design and to advance conventional engineered systems to

resilient engineered systems.



1.2 Overview and Significance

This research aims at advancing two essential and co-related research areas for
system resilience analysis and design: Research Thrust 1 — system RBDO and
Research Thrust 2 — system PHM to facilitate the development of formal
methodologies for resilient engineered system design. System RBDO is capable of
designing engineered systems with sufficiently high reliability at the early stage of
their lifecycle, whereas capitalizing on PHM technology at the early design stage may
enable the transformation of passively reliable (or vulnerable) conventional systems
into adaptively reliable (or resilient) engineered systems while considerably reducing
systems’ LCCs. In addition to advancing the above two research areas, this research
also makes the first attempt to establish a theoretical basis and design framework of
engineering resilience in a mathematical and statistical context, which will be
elaborated in Research Thrust 3 — resilience-driven system design. Specifically, the
research scope in this dissertation is to develop technical advances in the following

three research thrusts:

Research Thrust 1: System RBDO (Reliability Analysis)

Research Thrust 1 addresses research challenges in system RBDO, specifically,
reliability analysis, to design engineered systems with sufficiently high reliability at
the early stage of their lifecycle. Reliability analyses under uncertainty will be carried
out in both component and system levels against critical failure mechanisms. For
component reliability analysis, the adaptive-sparse polynomial chaos expansion
(PCE) and asymmetric dimension-adaptive tensor-product (ADATP) methods are

proposed to efficiently address high-order interactions in system responses. For



system reliability analysis, the generalized complementary intersection method
(GCIM) is developed to provide a unique system reliability estimate regardless of the

system structures (series, parallel, and mixed systems).

Research Thrust 2: System PHM

Research Thrust 2 aims at designing highly accurate and robust PHM systems for
engineered systems with a single or multiple time-scale(s). A PHM system generally
comprises of sensor selection, sensor network configuration, data acquisition, data
processing, and remaining useful life (RUL) prediction with prognostic algorithms.
This thrust places the main focus on the design of PHM algorithms for data
processing, and accurate RUL prediction in real-time. For PHM in a single time-
scale, this research achieves two technical advances: (i) an ensemble data-driven
prognostic approach with weight optimization and k-fold cross validation (CV) is
proposed to enhance the prediction accuracy and robustness of sole member
algorithms; and (ii) a co-training data-driven prognostic approach is developed to
exploit the suspension data to achieve highly-confident health prognostics with the
lack of failure data. For PHM in multiple time-scales, this research proposes a
multiscale framework with extended Kalman filter (EKF) and applies this framework
to Li-ion battery systems for efficient and accurate state of charge (SOC) and capacity

estimation.

Research Thrust 3: Resilience-Driven System Design

Following the development of Research Thrusts 1 and 2, Research Thrust 3 —
resilience-driven system design will establish a theoretical basis and design

framework of engineering resilience in a mathematical and statistical context.



Regarding the construction of the theoretical basis of engineering resilience, this
research formulates engineering resilience in terms of system reliability and
restoration. Regarding the development of the design framework of engineering
resilience, this research proposes a resilience-driven system design framework
composed of three hierarchical design tasks, namely the resilience allocation problem
(RAP) as a top-level design problem, and the system RBDO and PHM design as two
bottom-level design problems, and demonstrates this design framework with a

simplified aircraft control actuator design problem.

The proposed system resilience analysis and design methodologies are expected
to make significant contributions to current knowledge in resilient engineered
systems. This advanced knowledge will be applicable to a broad class of engineered
system design problems. It is also believed that this innovative research will enable a
transformative shift in engineered system design from reliability-based to resilience-
driven system design. The theoretical basis and design framework of engineering
resilience gained from this research will facilitate the development of formal

methodologies for resilient engineered system design.

1.3 Dissertation Layout

The dissertation is organized as follows. Chapter 2 reviews the current state of
knowledge on system RBDO (specifically, reliability analysis), system PHM and
resilience concept, and presents the main challenges in these research areas. Chapter 3
presents the adaptive-sparse polynomial chaos expansion (PCE) and asymmetric

dimension-adaptive tensor-product (ADATP) methods for component reliability



analysis. Chapter 4 discusses the generalized complementary intersection method
(GCIM) for system reliability analysis for series, parallel and mixed systems. Chapter
5 presents an ensemble data-driven prognostic approach with weight optimization and
k-fold cross validation (CV) and a co-training data-driven prognostic approach for
PHM in a single time-scale, and discusses a multiscale framework with extended
Kalman filter (EKF) for PHM in multiple time-scales. Chapter 6 presents the
resilience-driven system design framework and demonstrates this design framework
with a case study on the system resilience analysis and design of an aircraft control
actuator. Finally, Chapter 7 summarizes the contributions of the research work and

gives insights on future works.



Chapter 2: Literature Review

In this section, current state-of-art knowledge for each of the three thrusts will be
reviewed: (i) reliability analysis methodologies; (ii) prognostics and health
management (PHM) methodologies, and (iii) resilience concept. Literatures on each
of these three aspects are discussed in one subsection and challenges are identified at

the end.

2.1 Reliability Analysis

In the past few decades, reliability analysis has been widely recognized as of great
importance in the development of engineered systems. Hence, various methods have
been developed to assess the engineered system reliability while taking into account
various uncertainty sources (e.g., material properties, loads, geometric tolerances).
This section reviews these methods by classifying them into two categories: (a)

component reliability analysis, and (b) system reliability analysis.

2.1.1 Component Reliability Analysis

Engineered systems are typically composed of multiple components. To predict
the reliability at the system level, reliability analysis is often firstly conducted at the
component level, referred to as component reliability analysis. The component
reliability can be defined as the probability that the actual performance of an
engineered system meets the required or specified design performance under various
uncertainty sources (e.g., material properties, loads, geometric tolerances). In order to

formulate the component reliability in a mathematical framework, random variables



are often used to model uncertainty sources in engineered systems. The component
reliability can then be formulated as a multi-dimensional integration of a performance

function over a safety region

R=[-|  f(x)ax 2.1)
where R denotes the component reliability; f(x) denotes the joint probability density
function (PDF) of the vector of random variables; x = (x1, xo,..., xN)T models
uncertainty sources such as material properties, loads, geometric tolerances; the safety
domain Q is defined by the limit-state function as QS = {x: g(x) < 0}; g(x) is a
component performance function. The concept of component reliability analysis in a
two-dimensional case is illustrated in Figure 2-1. The dashed lines represent the
contours of the joint PDF of the two random variables x; (operational factors) and x;
(manufacturing tolerance). The basic idea of reliability analysis is to compute the
probability that X is located in the safety region Q° = {x: g(x) < 0}.

AN ¢<0 _

Safe region “R
1

X,: operational

N factors

g>0
Failure
region

x;: manufacturing tolerance

Figure 2-1 Concept of component reliability analysis.

In practice, however, it is extremely difficult to perform the multi-dimensional

numerical integration when the number of random variables is relatively large. The



search for efficient computational procedures to estimate the reliability has resulted in
a variety of numerical and simulation methods such as the first- or second-order
reliability method (FORM/SORM) [1-3], direct or smart Monte Carlo simulation
(MCS) [4-7], dimension reduction (DR) method [8-10], stochastic spectral method
[11-24], and stochastic collocation method [26-39]. This section gives a brief review

of these approaches.

First- or Second-Order Reliability Method

Among many reliability analysis methods, the first- or second-order reliability
method (FORM or SORM) [1-3] is most commonly used. The FORM/SORM uses
the first- or second-order Taylor expansion to approximate a limit-state function at the
most probable failure point (MPP) where the limit-state function separates failure and
safety regions of a response. Some major challenges of the FORM/SORM include (i)
it is very expensive to build the probability density function (PDF) of the response,
(i1) large errors can be generated for highly nonlinear performance functions, and (iii)

system design can be expensive when employing a large number of the responses.

Direct or Smart MCS

The direct or smart MCS provides an alternative way for multi-dimensional
integration [4-7]. Although the direct MCS [4] produces accurate results for reliability
analysis and allows for relative ease in the implementation, it demands a prohibitively
large number of simulation runs. Thus, it is often used for the purpose of a
benchmarking in reliability analysis. To alleviate the computational burden of the
direct MCS, researchers have developed various smart MCS methods, among which

the (adaptive) importance sampling methods [5-7] are the most popular. The idea



behind the (adaptive) importance sampling is that certain values of the input random
variables in a simulation have more impact on the parameter being estimated than
others. If these “important” values are emphasized by sampling more frequently, then
the estimator variance can be reduced. Hence, an important step in the (adaptive)
importance sampling is to choose a distribution which "encourages" the important
values and the simulation outputs are weighted by the likelihood ratio. Despite the
improved efficiency than the direct MCS, these methods are still computationally
expensive, especially for component performance functions with very high or very
low reliabilities, where an extremely large sample size is required to achieve good

accuracy in predicting those highly tailed performance PDFs.

Dimension Reduction Method

Recently, the dimension reduction (DR) method [8,9] has been proposed and is
known to be a sensitivity free method for reliability analysis. This method uses an
additive decomposition of a response that simplifies a single multi-dimensional
integration to multiple one-dimensional integrations by the univariate DR (UDR)
method [8] or to multiple one- and two-dimensional integrations by the bivariate DR
(BDR) method [9]. The eigenvector dimension reduction (EDR) method [10]
improves numerical efficiency and stability of the UDR method with the ideas of
eigenvector samples and stepwise moving least squares method with no extra
expense. Results of the DR-family methods are given in the form of statistical
moments. To further predict the reliability or PDF of the response, PDF generation
techniques must be involved, which could increase numerical error in reliability

prediction. Furthermore, performance functions with strong tri- and higher-variate
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interactions among random inputs require tri- and higher-variate dimension
decompositions for accurate reliability analysis [9]. In such cases, the computational
effort could become prohibitively large for high input dimensions, thus making the

decomposition strategy infeasible.

Stochastic Spectral Method

The stochastic spectral method [11] is an emerging technique for reliability
analysis of complex engineered systems. This method uses a number of response
samples and generates a stochastic response surface approximation with multi-
dimensional polynomials over a sample space of random variables. Once the explicit
response surface is constructed, MCS is often used for reliability analysis due to its
convenience. The most popular stochastic spectral method is the polynomial chaos
expansion (PCE) method. The original Hermite polynomial chaos basis was proposed
by Wiener [12] for modeling stochastic response with Gaussian input random
variables. Xiu and Karniadakis [13] extended the method under the Askey polynomial
scheme to non-Gaussian random variables (e.g., gamma, uniform, and beta), referred
to as the generalized PCE. The wavelet basis [14] and multi-element generalized PCE
[15] were developed to further extend the generalized PCE to use the polynomial
basis functions that are not globally smooth. For the estimation of small failure
probability, shifted and windowed Hermite polynomial chaos were proposed to
enhance the accuracy of a response surface in the failure region [16]. In recent papers
[17-19], researchers have applied the PCE method to various engineering reliability
problems. Although the PCE method is considered to be accurate, the primary

drawback of the PCE method is the curse of dimensionality, which substantially
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increases the computational cost as the number of random variables increases. To
alleviate the difficulty, many adaptive algorithms were recently developed. The
authors in 20 proposed an adaptive multi-element generalized PCE, where an error
indicator based on the decay rate of local variance was used for an h-adaptive
refinement. Its collocation-based counterpart, the multi-element probabilistic
collocation method, used the tensor product or sparse grid collocation [26] in each
random element [21]. A more recent version of the multi-element probabilistic
collocation method incorporates the ANOVA (Analysis-of-Variance) decomposition
to truncate the PCE at a certain dimension to further enhance the computational
efficiency [22]. In addition to the multi-element PCE, a sparse polynomial chaos
approximation was introduced as an alternative to tensor-product polynomial bases
[23] and a sparse stochastic collocation method based on this sparse basis was
recently developed in [24]. Although these adaptive algorithms alleviate the curse of
dimensionality to some degree, more efforts are still needed to fully resolve this
difficulty. As demonstrated by Lee [25], the implementation of the PCE method
becomes inconvenient in engineering design practice since the PCE order cannot be

predetermined for black-box-type problems.

Stochastic Collocation Method

The stochastic collocation (SC) method is another stochastic expansion technique
that approximates a multi-dimensional random function using function values given
at a set of collocation points. A comparison between the SC and PCE methods for
uncertainty quantification (UQ) was discussed in [38], where the SC method was

reported to consistently outperform the PCE method. In the SC method, the great
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improvement in reducing the curse of dimensionality in numerical integration was
accomplished by Smolyak [26], who introduced the concept of the sparse grid. Since
then, the sparse grid has been applied to high dimensional integration [27] and
interpolation [28], UQ in reliability analysis [38] and design [39], and PDEs with
deterministic inputs [29] and random inputs [30-32]. Compared to a full grid, the
sparse grid achieves the same accuracy level for integration and interpolation but with
a much smaller number of collocation points. Recently, the so called dimension-
adaptive tensor-product (DATP) quadrature method introduced the concept of the
generalized sparse grid and considered the dimensional importance indicated by an
error estimator to adaptively refine the collocation points for efficient multi-
dimensional integration [33]. Klimke [34] further developed this work for
hierarchical interpolation by using either piecewise multi-linear basis functions or
Lagrangian polynomials. In this method, all the dimensions in the random space are
not considered as of equal importance and the adaptive sampling scheme
automatically detects the highly nonlinear dimensions and adaptively refines the
collocation points in those dimensions. In [37], a priori and a posteriori procedures
are included to update a weight vector for different stochastic dimensions, which
combines the advantages of conventional and dimensional-adaptive approaches. As
demonstrated in [35,36], the application of the DATP method in stochastic problems

is promising.

Summary and Discussion

As discussed above, a wide variety of numerical and simulation methods have

been developed for efficient and accurate uncertainty propagation and reliability
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analysis of engineered components/systems subject to various engineering
uncertainties. Recently, researchers are paying more attention to advanced sensitivity-
free reliability analysis methods such as the PCE and SC methods. Despite advances
in these advanced methods, critical challenges still remain unresolved. In the PCE
method, the curse of dimensionality, which substantially increases the computational
cost as the number of random variables increases, imposes severe limitations on the
practical use for reliability analysis. The SC method greatly reduces the curse of
dimensionality by using the sparse grid and can even achieve a substantially higher
convergence rate by using its generalized counterpart (i.e., the dimension-adaptive
tensor-product method). However, the dimension-adaptive algorithm treats the
positive and negative axial directions in a multi-dimensional cube as of equal
importance and thus may not be approximate for engineering cases where not only
different dimensions but also two opposite directions (positive and negative) within
one dimension often demonstrate a large difference in response nonlinearity. The
above difficulties must be fully resolved to make the advanced reliability analysis
methods generally applicable to the practical engineering reliability analysis and

design problems.

2.1.2 System Reliability Analysis

System reliability analysis aims at analyzing the probability of system success
while considering multiple system performances or failure modes (e.g., fatigue,
corrosion, fracture). Let us first stake a look at the concept of system reliability
analysis with two performance functions (i.e., fatigue safety g; and wear safety g;)

and two random variables (i.e., operational factors X; and manufacturing tolerance
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X5), as shown in Figure 2-2. In this figure, we have two limit state functions g; = 0

and g, = 0 which divides the input random space into four subspaces {g; < 0 & g, <

0}, {g1<0&g:>0}, {g1>0& g,<0}, {g1 >0 & g» > 0}. Component reliability

analysis aims at quantifying the probability that a random sample x falls into the

component safety region (i.e., {g; < 0} or {g2 < 0}) while system reliability analysis

(assuming a series system) aims at quantifying the probability that a random sample x

falls into the system safety region (i.e., {g; < 0 & g» < 0}). Clearly, the component

reliability (for {g; < O} or {g» < 0}) is larger than the system reliability since the

component safety region has a larger area than the system safety region by the area of

an intersection region {g; <0 & g >0} or {g; >0 & g, < 0}.
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Figure 2-2 Concept of system reliability analysis (two performance

functions)

The aforementioned discussion leads to a mathematical definition of system

reliability as a multi-dimensional integration of a joint probability density function

over a system safety region, expressed as
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Ry =[] f(x)dx 2.2)

where X = (x1, xo,..., xN)T models uncertainty sources such as material properties,
loads, geometric tolerances; fx(x) denotes the joint PDF of this random vector; QS
denotes the system safety domain and, for this example, reads Q% =(x: g1(x) < 0
g2(x) < 0}. We can see that this formula bears a striking resemblance to that of
component reliability analysis. The only difference between these two formulae lies
in the definition of the safety domain. For component reliability analysis, the safety
domain can be defined in terms of a single limit-state function as Q°={x: g(x) < 0}.
For system reliability analysis involving nc performance functions, the safety
domains must be defined in terms of these nc limit-state function.

We note that, in practice, it is extremely difficult to perform the multi-
dimensional numerical integration for system reliability analysis in Eq. (2.2) due to
the high nonlinearity and complexity of the system safe domain. Compared with
tremendous advances in component reliability analysis, the research in system
reliability analysis has been stagnant, mainly due to two technical difficulties. First, it
hard to derive an explicit formula for system reliability for given system redundancy.
Second, even if system reliability is given explicitly, most numerical methods cannot
effectively assess system reliability with high efficiency and accuracy. Nevertheless,
in what follows, Nevertheless, in the subsequent sections, we will introduce the most
widely used bounds methods for system reliability analysis as well as a recently

developed point estimation method.
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First- and Second-Order Bounds Methods

Based on the well known Boolean bounds, Ang and other researchers [40]
developed the first-order system reliability bounds for serial and parallel systems in
1960’s and 1980’s. Consider a serial system with m components, the first-order

bounds for the probability of system failure Py can be expressed as

max| P(E )| <P, < min{iP(E.), 1} (2.3)

i=1
It should be noted that an upper system reliability bound is given with the assumption
that all system safety events are perfectly dependent and that a lower system
reliability bound is obtained by assuming that all system safety events are mutually
exclusive. Since the first-order system reliability bounds are usually too wide to be of
practical use, the application of the first-order bound method is very limited. Thus,
the need for narrower bounds results in the second-order bound method proposed by
Ditlevsen and Bjerager [41] in Eq. (2.4).

P(E)s S| (E)-$(EE) | of <,

Jj=1

sm{[gp(a)_imaxp(aa)}, 1}

(2.4)
e

The above bounds, also known as Ditlevsen’s bounds, are most widely used for

system reliability analysis. Other equivalent forms of Ditlevsen’s bounds can be

found in Refs [42-45]. Although second-order bounds method can give fairly narrow

system reliability bounds generally assuming given the system input uncertainty

information, evaluation of these bounds usually suffers from numerical errors, since

most of numerical methods cannot evaluate probabilities of second or higher order
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joint events effectively considering system coupling effects between all different
modes. Besides, the second order method is not able to carry out system reliability
assessment for a mixed system which does not follow a simple series or parallel

system structure.

Linear Programming Bounds Method

Recently, Song and Der Kiureghian formulated system reliability to a Linear
Programming (LP) problem, referred to as the LP bounds method [46]. The LP
bounds method treats the system reliability as the objective function and obtains the
lower and upper bound through minimizing and maximizing the objective function
accordingly. The LP bounds method is able to calculate optimal bounds for system
reliability with the component reliabilities and/or probabilities of joint failure events
as provided input information. However, it is known that the LP bound method can
suffer when an approximate LP algorithm is used for over-constrained problems.
Besides, it is extremely sensitive to the accuracy of the given input information,
which are the probabilities of the first-, second-, and high-order joint safety events.
To assure high accuracy of the LP bound method, the input probabilities must be

given very accurately and the problem must not be over-constrained.

Complementary Intersection Method (CIM)

Most recently, Youn and Wang [47] introduced a novel concept of the
complementary intersection (CI) event and proposed the complementary intersection
method (CIM) for system reliability analysis of series systems. The CIM provides not
only a unique formula for system reliability but also an effective numerical method to

evaluate the system reliability with high efficiency and accuracy. The CIM
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decomposes the probabilities of high-order joint failure events into the probabilities
of CI events. This probability decomposition allows the use of advanced reliability
analysis methods for evaluating the probabilities of the second-order (or higher) joint
failure events efficiently. To facilitate system reliability analysis for large-scale
systems, the CI-matrix can be built to store the probabilities of the first- and second-
order CI events. The CIM with the EDR method was reported to outperform other
methods for system reliability analysis in terms of efficiency and accuracy [47].
However, the application of the CIM is limited to series systems only. A
fundamentally sound framework must be established to extend the applicability of the

CIM to parallel and mixed systems.

Summary and Discussion

Although the second-order bounds method and LP bounds method can give fairly
narrow system reliability bounds given the probabilities of the joint safety events, the
evaluation of these bounds may suffer from numerical errors since most numerical
methods are not capable of evaluate the probabilities of second- or higher-order joint
safety events effectively while considering the complex coupling between the
component safety events. Besides, these bounds methods cannot provide continuous
system reliability estimate with respect to the system input random variables. The
CIM resolved these difficulties in system reliability analysis of series systems.
However, these difficulties still remain unresolved in system reliability analysis of

parallel and mixed systems.
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2.2 Prognostics and Health Management (PHM)

As discussed above, tremendous research efforts have been devoted to the
physics-based reliability analysis under uncertainties during the design stage of
engineered systems. Recently, Research on real-time diagnosis and prognosis which
interprets data acquired by distributed sensor networks, and utilizes these data streams
in making critical decisions provides significant advancements across a wide range of
applications. Maintenance and life-cycle management is one of the beneficiary
application areas because of the pervasive nature of design and maintenance activities
throughout the manufacturing and service sectors. Maintenance and life-cycle
management activities constitute a large portion of overall costs in many industries
[48]. These costs are likely to increase due to the rising competition in today’s global
economy. For instance, in the manufacturing and service sectors, unexpected
breakdowns can be prohibitively expensive since they immediately result in lost
production, failed shipping schedules, no operational service, repair cost, and poor
customer satisfaction. In order to reduce and possibly eliminate such problems, it is
necessary to accurately assess current system health condition and precisely predict
the remaining useful life (RUL) of operating components, subsystems, and systems.
This section reviews the current state-of-the-art PHM technology that can predict
system’s health condition in: (a) a single time-scale and (b) in multiple time-scales. In
the former case, all the system health-relevant information (e.g., health condition,
measurable physical quantities) of interest tend to vary in the same time-scale. In the
latter case, the system exhibits a time-scale separation. In other words, certain system

health-relevant responses (e.g., health condition) of interest tend to vary very slowly
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as opposed to other system health-relevant responses (e.g., measurable physical

quantities) that vary very fast.

2.2.1 PHM in a Single Time-Scale

Many engineered systems do not exhibit time-scale separations and their health
prognostics can thus be done in a single time-scale. In general, technical approaches
for health monitoring and prognostics of these engineered systems can be categorized
into model-based approaches [49-51], data-driven approaches [52-56] and hybrid

approaches [61-63].

Model-Based Prognostics

The application of general model-based prognostics approaches relies on the
understanding of system physics-of-failure and underlying system degradation
models. In the literature, various stochastic degradation models have been developed
to model degradation behaviors of different engineered systems. Luo et al [49]
developed a model-based prognostic technique that relies on an accurate simulation
model for system degradation prediction and applied this technique to a vehicle
suspension system. Gebraeel presented a degradation modeling framework for RUL
predictions of rolling element bearings under time-varying operational conditions
[50] or in the absence of prior degradation information [51]. As practical engineered
systems generally consist of multiple components with multiple failure modes,
understanding all potential physics-of-failures and their interactions for a complex

system is almost impossible.
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Data-Driven Prognostics

With the advance of modern sensor systems as well as data storage and
processing technologies, the data-driven approaches for system health prognostics,
which are mainly based on the massive sensory data with less requirement of
knowing inherent system failure mechanisms, have been widely used and become
popular. A good review of data-driven prognostic approaches was given in [52].
Data-driven prognostic approaches generally require the sensory data fusion and
feature extraction, statistical pattern recognition, and for the life prediction, the
interpolation [53,54], extrapolation [55], or machine learning [56] and so on.

The data-driven prognostic approaches mentioned in the above literature survey
belongs to the category of supervised learning which relies on a large amount of
failure data for the offline training in order to achieve good accuracy for the online
prediction. Here, failure data refer to condition monitoring data collected from the
very beginning of an engineered system’s lifetime till the occurrence of its failure.
Unfortunately, in many engineered systems, only very limited failure data are
available since running systems to failure can be a fairly expensive and lengthy
process. In contrast, we can easily obtain a large amount of suspension data. By
suspension data, we mean condition monitoring data acquired from the very
beginning of an engineered system’s lifetime till planned inspection or maintenance
when the system is taken out of service. The lack of failure data and plenty of
suspension data with rich information on the degradation trend makes it essentially
critical and quite possible to utilize suspension data in order to improve supervised

data-driven prognostics and achieve more accurate remaining useful life (RUL)

22



prediction. However, the utilization of suspension data for data-driven prognostics is
still in infancy. The very few relevant works we are aware of are the survival
probability-based approaches [57-59] and life-percentage-based approach [60]. The
former approaches use conditional monitoring data as inputs to an artificial neural
network (ANN) [57] or relevance vector machine [58,59] which then gives the
survival probability as the output. As pointed out in [60], the drawback of these
approaches lies in the fact that the outputs cannot easily be converted to equivalent
RULs for practical use. In contrast, the latter approach employs the condition
monitoring data and operation time as inputs to an ANN which then produces the life

percentage as the output.

Hybrid Prognostics

Hybrid approaches attempt to take advantage of the strength from data-driven
approaches as well as model-based approaches by fusing the information from both
approaches. Garga et al. [61] described a data fusion approach where domain
knowledge and predictor performance are used to determine weights for different
state-of-charge predictors. Goebel et al. [62] employed a Dempster-Shafer regression
to fuse a physics-based model and an experience-based model for prognostics. Saha
et al. [63] combined the offline relevance vector machine (RVM) with the online
particle filter for battery prognostics. Similar to model-based approaches, the
application of hybrid approaches is limited to the cases where sufficient knowledge

on system physics-of-failures is available.
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Summary and Discussion

The traditional data-driven prognostic approach is to construct multiple candidate
algorithms using a training data set, evaluate their respective performance using a
testing data set, and select the one with the best performance while discarding all the
others. This approach has three shortcomings: (i) the selected standalone algorithm
may not be robust, i.e., it may be less accurate when the real data acquired after the
deployment differs from the testing data; (ii) it wastes the resources for constructing
the algorithms that are discarded in the deployment; (iii) it requires the testing data in
addition to the training data, which increases the overall expenses for the algorithm
selection. Thus, an accurate yet robust data-driven prognostic approach must be
developed to overcome these drawbacks.

In addition to enhancing the prognostic accuracy and robustness, another
important issue as mentioned above is to achieve highly-confident health prognostics
when we only have very limited failure data but a large amount of suspension data.
Although the approach described in [60] is capable of enhancing the accuracy in RUL
prediction with suspension data, it still suffers from the follows drawbacks: (i) it
simply uses all suspension data regardless of the quality and usefulness; and (ii) the
only criteria to determine the RUL of a suspension unit is the minimization of a
validation error in the offline training, which could lead to a largely incorrect RUL
estimate or even a physically unreasonable estimate (i.e., less than or equal to zero) of
that unit. Thus, a smart data-driven prognostic approach should be developed which
can selectively utilize the suspension data as well as effectively predict the RUL of a

utilized suspension unit.
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2.2.2 PHM in Multiple Time-Scales

Different physical principles governing system health-relevant responses over
time require health monitoring and prognostics in different time-scales. Challenges
exist in PHM for such systems. For example, if we are interested in the evolution of
the system health condition over a large time-scale and measurable physical
quantities evolve in small time-scales, we must estimate the system health condition
using the measurements for all the small time steps within one large time step, which
can be very inefficient and produce large variance in the estimate.

As a typical engineered system with time-scale separation, the Li-ion battery
system is considered for the demonstration of PHM for systems with multiple time-
scales. Lithium-ion (Li-ion) batteries are the rechargeable batteries most commonly
used in hybrid electric vehicles (HEV), battery electric vehicles and consumer
portable electronics. Among these applications, the HEV environment is particularly
harsh, imposing many stringent load requirements on the battery cells [64]. The harsh
operation conditions and demanding requirements require the incorporation of
resilience into a battery system. Typical parameters indicative of a battery system’s
conditions are the state of charge (SOC), state of health (SOH) and state of life
(SOL). The resilience must be the hallmark capability of a battery system that can be
used to optimally maintain the SOC, and the current and future health conditions
(SOH/SOL), and to provide this information for decision-making on cell balancing
and maintenance (see Figure 2-3). To this end, advanced prognostic methods must be
incorporated into the battery management system (BMS) to accurately estimate the

SOC, SOH and SOL to manage the battery health and to maximize the useful lifetime
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of the pack. This section reviews current state-of-art methods for SOC and SOH/SOL

estimation.
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Figure 2-3 Resilience process of an HEV battery pack. Capitalizing on the
engineering resilience enables the optimum cell equalization/replacement, thus
maximizing the charge/discharge capacity restoration.

State of Charge (SOC) Estimation

Numerous approaches have been proposed to estimate the SOC of battery cells.
These include coulomb-counting methods [65,66], impedance measurements [67-70],
open-circuit voltage (OCV) measurements [71,72], Electro-Motive Force (EMF)
measurements [73,74], adaptive systems employing Kalman filters [75-79], fuzzy
logic [80,82] and neural networks [82,83]. An extensive review of most of these
methods can be found in Piller [84]. The coulomb-counting procedure is easy to
implement but it suffers from an initial value error and accumulated errors due to
current measurements and charge lost [85]. The open-circuit voltage (OCV)

measurement is inexpensive and accurate for predefined circumstances but it needs a
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long rest time and thus is not suitable for real-time applications [86]. Fuzzy logic and
neural network methods have been found to be applicable only if training conditions
are similar to testing ones. To compensate for the shortcomings of the
aforementioned methods, Plett [75-78] proposed an adaptive system based on an
extended or sigma point Kalman filter and an extension of circuit analog models.
Accurate SOC estimation results were reported in the urban dynamometer drive

scheme (UDDS) tests.

State of Health (SOH) and State of Life (SOL) Estimation

As a battery cell ages, the cell capacity and resistance directly limit the pack
performance through capacity fade and power fade, respectively [76]. These two
degradation parameters are often used to quantify the cell state of health (SOH).
Thus, it is important to accurately estimate these parameters to monitoring the present
battery SOH and to predict the remaining useful life (RUL). Recent literature reports
various approaches to estimate the SOH with a focus on the capacity estimation.
Joint/dual extended Kalman filter (EKF) [76] and unscented Kalman filter [78] with
an enhanced self-correcting model were proposed to simultaneously estimate the
SOC, capacity and resistance. To improve the performance of joint/dual estimation,
adaptive measurement noise models of the Kalman filter were recently developed to
separate the sequence of SOC and capacity estimation [87]. A physics-based single
particle model was used to simulate the life cycling data of Li-ion cells and to study
the physics of capacity fade [88,89]. In the PHM society, a Bayesian framework
combining the relevance vector machine (RVM) and particle filter was proposed for

prognostics (i.e., RUL prediction) of Li-ion battery cells [63]. More recently, the
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particle filter with an empirical circuit model was used to predict the remaining useful

lives for individual discharge cycles as well as for cycle life [90].

Summary and Discussion

In general, existing PHM techniques for engineered systems with time-scale
separation simultaneously estimate all the system health-relevant responses of interest
in the small scale. The joint estimation presents two difficulties: (i) it requires
tremendous computational efforts since the vast majority of computational time must
be spent evolving the fast time-varying health-relevant responses of the system while
we may be primarily interested in the slowly time-varying health-relevant responses;
(i) it may provide noisy estimates of the slowly time-varying health-relevant
responses. For example, commonly used joint/dual EKF for battery SOC and capacity
estimation suffers from the lack of accuracy and efficiency in the capacity estimation.
Thus, a prognostic approach that takes into account time-scale separation must be
developed to achieve high-fidelity and high-efficiency health monitoring and

prognostics for engineered systems with time-scale separation.

2.3 Resilience Concept

In recent years, research on resilience has been widely conducted in ecology [91-
93], psychology [94-97], economics and organizational science [98-100], and others
to improve the ability of systems or people to respond to and quickly recover from
catastrophic events. In contrast to the resilience research in several non-engineering
fields, resilience in engineering design remains almost untouched. There is still a
great need for a theoretical basis that furnishes a better understanding of how

engineered systems achieve resilience, as well as enables the development of a

28



generic resilience principle widely applicable to the field of engineering design. In
what follows, a brief review of the research on resilience in non-engineering fields
will be provided with an aim to extract useful information for the theoretical basis of
engineering resilience.

In ecology, resilience is loosely defined as “the ability of the system to maintain
its function when faced with novel disturbance” [91]. The current research on
resilience applied to ecosystems mainly focuses on the analysis of ecosystem
resilience using complex adaptive systems (CAS) theory [92]. As an extension of
traditional systems theory, the CAS theory enables analysis of the role of adaptation
in system resilience through specifically modeling how individual variation and
changes in that variation lead to system-level responses [92]. Furthermore, natural
selection and evolution play an important role in shaping ecological response to
disturbance, which provides new insight to the understanding of resilience [93]. In
psychology, resilience is defined as a dynamic process that individuals exhibit
positive behavioral adaptation when they encounter significant adversity [94]. The
process of resilience involves both the exposure of adversity and the positive
adaptation to that adversity. Extensive research has been conducted to understand the
protective factors that contribute to people’s adaptation to adverse conditions, e.g.,
bereavement [95], terrorist attacks [96], or urban poverty [97].

In economics and organizational science, resilience of an organization can be
defined as its intrinsic ability to keep or recover a stable state, thereby allowing it to
continue operations after a disruption or in presence of continuous stress [98,99]. In

economics, resilience can be improved by adding redundancy or increasing
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flexibility. While investments in redundancy means a pure increase in cost,
investments in flexibility yields many competitive advantages in day-to-day
operations [98]. Of particular interest here is the characterization of a resilient
organization with the following three steps within the context of a perturbation, as
shown in Figure 2-4 [100]. Firstly, the organization should continuously monitor key
state variables indicative of its health condition to anticipate the occurrence of a
perturbation. Secondly, upon the occurrence of a perturbation, the system should
conduct the situation assessment and identify an optimal way to reorganize itself and
keep operations. Thirdly, after the occurrence of a perturbation, the organization
should analyze various alternative ways of functioning and learn from the past
experiences to determine the most relevant state variables for the first step and to

enhance its capability to cope with perturbations.

Adaptation
L Safety p‘lannmg ] » [ Situation assessment, ] » Evaluation,
Preparing for . .
reorganisation learning
unexampled threats

>
Alert & " Constantly self-critical ! \ Alternative ways of functioning
observant | & inquisitive : Perturbation >

Figure 2-4 Resilient (Proactive) organization.

In contrast to the aforementioned developments of resilience in many non-
engineering fields, resilience in engineering design has rarely been studied. One
possible reason is that PHM, which is essential to make engineered systems resilient,
has only recently received critical attention from the research community. It is fair to

say, therefore, that there is still a great need for a theoretical basis that furnishes a
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better understanding of how engineered systems achieve resilience, as well as enables
the development of an engineering resilience principle readily applicable to

engineering design.
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Chapter 3: Component Reliability Analysis

Engineered systems are subject to various uncertainties and variabilities such as
physical uncertainties and variabilities, model errors (or uncertainties) and statistical
uncertainties. Thus, system reliability analysis, as an essential step in system RBDO,
must be able to systematically handle these uncertainties and variabilities in
engineered systems. Component reliability analysis has been recognized as an
essential element to successfully conducting system reliability analysis. However,
advanced component reliability analysis methods suffer from either the curse of
dimensionality or the lack of accuracy. To address this challenge, this research thrust
identifies two research solutions as: (i) adaptive-sparse polynomial chaos expansion
(PCE) method, and (ii) asymmetric dimension-adaptive tensor-product (ADATP)

method. These research solutions are detailed in subsequent sections.

3.1 Adaptive-Sparse Polynomial Chaos Expansion (PCE) Method

To resolve the curse of dimensionality in the PCE method, as identified in the
literature review, this research presents an adaptive-sparse polynomial chaos
expansion (adaptive-sparse PCE) method for reliability analysis and design of
complex engineered systems. To overcome the curse of dimensionality of the PCE
method, this research first proposes an adaptive-sparse expansion scheme. This
scheme automatically detects the most significant bivariate terms and adaptively
builds the sparse PCE with the minimum number of bivariate basis functions.
Moreover, the adaptive-sparse scheme offers the additional capability of

automatically adjusting the PCE order to optimize the accuracy of the stochastic
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response surface. The PCE model resulting from the adaptive-sparse scheme is
expected to achieve an optimal compromise between the UDR and BDR (more
accurate than the UDR and more efficient than the BDR). To make the proposed
method computationally tractable for engineering design, the projection technique
used in the EDR method is employed to effectively compute the expansion
coefficients. Moreover, a copula theory is successfully integrated to the proposed
adaptive-sparse PCE method, which enables the designer to handle nonlinear
correlation of input random variables. The adaptive-sparse PCE method is expected to
give good accuracy and efficiency for highly nonlinear responses containing only a

specific part of bivariate terms with significant interactions.

3.1.1 Review of Polynomial Chaos Expansion (PCE) Method

In the following sections, we will model the N-dimensional real random variables
X = (x1, X2,..., xN)T in a complete probability space (2, A, P), where Q is a sample
space, A is a o-algebra on Q, and P is a probability measure function P: A — [0, 1].
Then the probability density function (PDF) of the random variable x; defines a
probability mapping fi(x;)): I — R, where the support I'; is a one-dimensional
random space of x; . Under the assumption of independence, the probabilistic
characteristics of the random variables x can be completely defined by the joint PDF
f(x) = fi(x1)fo(x2)fa(xy) with the support I' = I'j-I'5-T'y. Let g(x) denote a smooth,
measurable performance function on (Q, 4), which can be treated as a one-to-one
mapping between N-dimensional space and one-dimensional space g: RY — R. In

general, the performance function g(x) cannot be analytically obtained, and the
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function evaluation of g for a given input X requires an expensive computer
simulation. Therefore, it is important to employ a numerical method for reliability
analysis that is capable of producing accurate probabilistic characteristics of g(x) with

an acceptably small number of function evaluations.

Generalized PCE Method

The original Hermite polynomial chaos, also termed as the homogeneous chaos,
was derived from the original theory of Wiener [12] for the spectral representation of
any second-order stochastic response in terms of Gaussian random variables. To
improve the expansion convergence rate, Xiu and Karniadakis [13] extended the
method, under the Askey polynomial scheme, to non-Gaussian random variables
(e.g., gamma, uniform, and beta). The types of random variables and the
corresponding orthogonal polynomial families are listed in Table 3-1. In the finite
dimensional random space I', a second-order stochastic response g can be expanded

in a convergent series of generalized polynomial chaos basis as

e =ep+ S e (£, (0)+ 3w (£, (x).€, (x))

i=1 ii=1 =1

+iizliicilizi3l//3 (5,-] (X),é/,»2 (X),é’i3 (x))+

ii=1 iy=1 i3=1

3.1

where ¥/, (é’ll (x),¢, (x)50n G (X)) denotes the n-dimensional Askey-chaos of order

n in terms of the random variables {Q 2o é:} . According to the Cameron-Martin

theorem [105], the polynomial chaos expansion in Eq. (3.1) converges in the L, sense.
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Table 3-1 Types of random inputs and corresponding polynomial chaos basis

Random variable Polynomial chaos Support
Gaussian Hermite (-inf, +inf)
Gamma Generalized [0.+inf)
Continuous (Exponential) Laguerre (Laguerre) ’
Beta Jacobi [a,b]
Uniform Legendre [a,b]
Poisson Charlier {0,1,...}
Binomial Krawtchouk {0,1,....N}
Discrete

Negative Binomial Meixner {0,1,...}
Hypergeometric Hahn {0,1,...,N}

For the purpose of notational convenience, Eq. (3.1) is often rewritten as
g(x)=2 5@, (¢(x)).  ¢={{.0n (3.2)

where there exists a one-to-one mapping between the polynomial basis functions ¥,

and ®;, and the PCE coefficients s;and ¢, .
The orthogonality of the Askey-chaos can be expressed as

E[®®,]=0,E[ @} ] (3.3)

where Jjjis the Kronecker's delta and E[-] is the expectation operator. Considering all

N-dimensional polynomials of degree not exceeding p gives the truncated PCE as

follows (with P denoting the number of unknown PCE coefficients):

g(x):ZsiqD[(C), x={x,%,...xv}, £={.¢00 80} (3.4)

In the above summation, the number of unknown PCE coefficients P is

35



(3.5)

b N+p _(N+p)!
L p ) NIp!

Determination of PCE Coefficients

In this study, the reliability analysis for the performance function g under random
inputs X is of our interest. Since the uncertainty of a stochastic response g can be fully
characterized by the PCE coefficients in Eq. (3.2), an efficient and accurate numerical
procedure to compute the coefficients is essential for reliability analysis.

Based on the orthogonality of the polynomial chaos, the projection method
[106,107] can be used as a non-intrusive approach to compute the expansion
coefficients of a response. Pre-multiplying both sides of Eq. (3.2) by @;({) and taking

the expectation gives the following equation

E[g(x)®, (C)]=E{ZS,-<I>,< ©)e, (C)} (3.6)
i=0
Due to the orthogonality of the polynomial chaos, Eq. (3.6) takes the form

s = E[g(x)(l)j (Z;)}
T E[93(9)]

(3.7)

In this expression, the denominator is readily obtained in an analytical form, while the
numerator may require a multi-dimensional integration. This integration may be
accomplished by the full tensorization of one-dimensional Gaussian quadrature [107],
the crude MCS [108], or the Smolyak sparse grid [26,27,33,36]. The relative merits
and disadvantages of these approaches are discussed below:

Approach 1. The full tensorization of one-dimensional Gaussian quadrature exhibits

fast convergence for smooth integrand. However, the computational cost grows
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exponentially with the dimension N: M = M,", which is known as the “curse of
dimensionality”. Here, M denotes the total number of function evaluations and M,
denotes the number of one-dimensional quadrature points. To prevent large

integration errors, M, should be at least equal to the PCE order p.

Approach 2. The crude MCS is robust and has a convergence rate that is independent

of the dimension N asymptotically [108]. However, the convergence is very slow (as

1/~ M ). Thus, accurate results require a large number of function evaluations which
may incur intolerable computational burden, especially for complex engineered

systems that are computationally intensive.

Approach 3. The sparse grid collocation based on the Smolyak algorithm [26] offers
an alternative way for the multidimensional integration [27]. Compared with the fully
tensorized quadrature, it also achieves fast convergence for smooth integrand but with
much lower computational cost. Recently, adaptive algorithms [33,36] have been
developed that further reduce the computational cost. However, the sparse grid
collocation methods still cannot fully resolve the difficulty induced by the “curse of

dimensionality”.

3.1.2 Adaptive-Sparse Scheme

The aim of this section is to develop an adaptive-sparse scheme for obtaining the
minimum number of bivariate terms. In order to make the adaptive process
computationally efficient and convergent, the adaptive-sparse scheme takes
advantage of the PCE as the projection basis due to the inherent characteristics of

orthogonal polynomials. For highly nonlinear responses containing only a specific
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part of bivariate terms with significant interactions, the PCE model resulting from the

adaptive-sparse scheme is expected to achieve an optimal compromise between the

UDR and BDR (more accurate than the UDR and more efficient than the BDR).

This scheme mainly consists of two loops to determine: (outer loop) the number

(g) of the most significant bivariate terms (denoted as a set B), and (inner loop) the

optimal expansion order p. The detailed procedures are listed as follows:

Initialization:

Outer loop:

(a) Initialize p = 2, ¢ = 0, B = @, and set the convergence criteria ¢;
and &, for the outer and inner loops, respectively.

(b)Compute the values of the performance function g(x) at the
univariate sample points: g(p), g™, pk), for iy = 1,2,..., My, k =
1,2,..., N, where the superscript i; denotes the corresponding sample
point for x;, M; the number of univariate sample points in each
dimension, and pk the mean vector of input random variables
excluding x;.

(c) With the function values obtained in step (b), construct a 2" order
PCE by computing the coefficients of univariate polynomial terms
while setting the other coefficients to zero. The method for computing

the PCE coefficients are detailed in the subsequent section.

(d) Compute the values of g(x) at the N(N-1)/2 bivariate sample
points which correspond to N(N-1)/2 pairs of variables: g(x;', x;, pk’l),
for k,l = 1,2,...,N, k < [, where uk’l denotes the mean vector of input
random variables excluding x; and x;. Based on the function values,

compute the error indicators for all N(N-1)/2 bivariate terms. Note
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that, for computing the error indicators, we do not require all the
bivariate sample points that are used to compute the coefficients for
each bivariate term but only pick one sample point for each bivariate
term. An error indicator for testing the bivariate interaction between

k™ and I™ input variables [x, x;] is defined as

‘gm(xltc’xz”llk’l)—g(x,'(,x,',u"”)
() f)}_ - {(m )}
lsl‘,fsrﬂr}féiszv{g(xj da 1si,-sr1‘5111.ngN glx; -m

A t ot kI s . . . t ot
where g (xc, x/, p) is the functional approximation at (xi, x;, p

€y =

(3.8)

k1
)

by a response approximation method using the function values at the
univariate sample points. For the response approximation, we use the
stepwise moving least squares (SMLS) method of which the details
can be found in the author’s previous work [10]. In this study, we
apply xi' = i + 30x and x;' = w; + 305, where g and g denote the
means, and o and o; denote the standard deviations of x; and x;. The
numerator in Eq. (3.8) can be treated as the absolute univariate
approximation error induced by the bivariate interaction, while the
denominator can be treated as a normalization factor. The error
indicator is a crucial part of the outer loop in the adaptive-sparse
algorithm. A larger error indicator implies a stronger interaction
between a given pair of variables. The pairs of variables with stronger
interaction are given a higher priority in the algorithm since the
inclusion of the pairs is likely to reduce a numerical error more

significantly in probability analysis.
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Inner Loop:

(¢) Add the bivariate term [x*', x%*'] with the (g+1)™ largest error

g+1 g+1

indicator to the bivariate set: B = BU {[x*"", x,7"']1} and increase the
number of bivariate terms: ¢ = ¢ + 1. Compute the function values of
g(x) at the bivariate sample points corresponding to the bivariate term
[, x 1.

(f) With the function values obtained in step (e), compute the
coefficients of bivariate polynomial terms in the constructed PCE

model. The method for computing the PCE coefficients are detailed in

the subsequent section.

(g.1) If ¢ = 1, we intend to determine the optimum PCE order
through a convergence analysis. For this purpose, we need an error
estimate to assess the performance of the constructed p™ order PCE

(or stochastic response surface) g, . We prefer an efficient error

estimate of which the evaluation only requires the already obtained
response values at the sample points x"”, for 1 <i < M, where M is the
total number of sample points. In this study, we use the coefficient of
determination R2, which can be defined based on the residual sum of
squares egss and total sum of squares ergs as

)=1_€Rss(§p)

R(3, : (3.9)
1SS

where

€xss (é’p)=%i(g(x("))—§p (x“)))2 (3.10)
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Postprocessor:

and

€rss =$i(g(xm)—§)z; §=$Zg(xm) (3.11)

i1
We note that the cross-validation-based errors [109], which have been
widely used in the machine learning technique to evaluate the model
performance, can also be used as error estimates and deserve future
studies.

(g.2) Increase the PCE order: p=p + 1.

(2.3) Repeat the steps (g.1) and (g.2) until R* converges to within a

relative tolerance of &;.

(h) Compute the reliability value based on the constructed PCE
model. The numerical method for estimating the reliability are
detailed in the subsequent section.

(1) Repeat the steps from (e) to (h) until the value of reliability

converges to within a relative tolerance of ¢;.

The completion of the adaptive-sparse algorithm entails the optimal determination

of the set B of bivariate terms and the PCE order p. The resultant PCE model should

guarantee the most accurate and cost-effective fit among all bivariate PCE models.

3.1.3 Decomposition-Based Projection Method

This section presents a decomposition-based projection method for efficiently

computing the expansion coefficients of an optimum set of uni- and bivariate

polynomial terms. The proposed method attempts to further reduce the computational

cost of the projection method.

41



Uni- and Bivariate Dimension Reduction

Let pi = denote the mean vector of input random variables excluding x;, and let

p' denote the mean vector of input random variables excluding x, and x, .

Depending on the levels of the decomposition, the uni- and bivariate decomposed

responses [9] can be expressed as, respectively,

g(x)=2 g (x.0)-(N-Dg(n) (3.12)

=1

and

8, (x)= Z g(xil’xiz’um)

1<i <, <N

v 4 “1)(N=2
—(N—2)Zg(xpu’)+wg(u)

(3.13)

It is important to note that the univariate decomposed response g; in Eq. (3.12)
contains the univariate terms g(x;, pi) of any order in the Taylor series expansion and,
similarly, the bivariate decomposed response g, in Eq. (3.13) has all bivariate terms in
the Taylor series expansion. Thus, the approximations in Egs. (3.12) and (3.13)
should not be viewed as first- or second-order Taylor series expansion nor do they
represent a limited degree of nonlinearity in g(x). In fact, the residual error of a
univariate approximation to a multidimensional integration of a system response over
a symmetric domain contains only even-order terms of dimension two and higher
since the integrations of odd-order terms become zeros for a symmetric integration
domain and was reported to be far less than that of a second-order Taylor expansion

method for probability analysis [8].
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Formulation of Decomposition-Based Projection Method

To compute the coefficient of any n"™-order univariate polynomial term
Y (Gi(X),..., ((x)) in Eq. (3.1), which corresponds to a univariate polynomial term
®;({x) in Eq. (3.2), the proposed decomposition-based projection method uses the
univariate decomposed response in Eq. (3.12) [9]. The expansion coefficients can be

obtained by projecting the univariate terms onto g(x) as

s :Elig(x)q)j(gk):l
T E[®({)]
3£ e (s )2, (6)]- (- 1) (w) [, (£0)]
= e 0] (3.14)

E[g(xk’u )q)/(;k)
E[®3({,)]

Similarly, the coefficient of any n™-order bivariate polynomial term ¥, ({i(x),...,

(I(x)) in Eq. (3.1), which corresponds to a bivariate polynomial term ®;({;, {;) in Eq.
(3.2), can be computed using the decomposition-based projection method. This
method makes use of the bivariate decomposed response in Eq. (3.13) [9]. The

expansion coefficients can be obtained by projecting the bivariate terms onto g(x) as

o _Ele()2,(4.4)]
" E[9(604)]

Z Elig(xil’xiz’uil’iz)q)j((k’gl)}_(N_z)zE[gi(xi’ui)q)j(gk’gl)]

+(1v_1)2(1v_2)E|:g(u)q)j(§k’é,l):|
E[®}(¢,.¢)]

E[g(xk,x,,llk’[)q)j(gk’gl)]
E[®}({04)]

(3.15)

I
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It is noted that Egs. (3.14) and (3.15) require only one-dimensional and two-
dimensional integrations and are computationally more efficient than performing the
N-dimensional integration. Thus, the computational cost in calculating the coefficient
of any uni- or bivariate polynomial term is substantially reduced by using the
decomposition-based projection method. Similarly, the decomposition-based
projection can be extended to compute the coefficients of tri- and higher-variate
polynomial terms. However, the coefficient of any tri- or higher-variate polynomial
term is treated as zero in this study. This is because of the following two facts: (i) for
most engineering problems, considering the interaction between two variables (i.e.,
the bivariate interaction) is sufficient to yield very accurate statistical results [9], and
(i1) the calculations of tri- and higher-variate polynomial coefficients require a
substantially larger amount of computational effort, which may make the method

computationally intolerable.

Numerical Procedure of Decomposition-Based Projection Method

The numerical integration is required to evaluate the first-order moments in Egs.
(3.14) and (3.15). The most straightforward and efficient way is to directly use the
Gaussian quadrature, where Gauss-Hermite, Gauss-Legendre, and Gauss-Jacobi
quadrature rules determine the integration points and associated weights for a random
variable following Gaussian, Uniform, and Beta distributions, respectively. However,
the direct numerical integration may have instability and inaccuracy problems for
highly nonlinear performance function g and for high PCE orders while maintaining
reasonable efficiency. To enhance the stability and accuracy of the one- and two-

dimensional integrations in Eqgs. (3.14) and (3.15), we first use the stepwise moving
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least squares (SMLS) method [10] to construct uni- and bivariate response
approximations with the response values evaluated at the predefined samples points,
and then carry out the Gaussian quadrature integrations with a large number of
integration points (or a large quadrature order) from the approximate response. Note
that the uni- and bivariate sample points used to construct the response
approximations should not be confused with the integration points in the Gaussian
quadrature. Thus, even if the PCE order p is increased, the numbers of uni- and
bivariate sample points may not necessarily be increased as long as the response
approximations by the SMLS are sufficiently accurate. We believe this is an
innovative way to enhance the efficiency in computing the coefficients of high order
PCE terms. More detailed information regarding the SMLS and Gaussian quadrature

for integrations can be found in the author’s previous work [10].

3.1.4 Copula for Nonlinear Correlation Modeling

In many structural reliability analysis and design problems, it is highly probable
that the input random variables such as material properties and fatigue properties are
correlated [110]. In this case, the reliability analysis and design requires a joint CDF
for the exact transformation of the correlated random variables into uncorrelated
standard normal random variables. However, it requires an infinite amount of data to
acquire the true joint CDF. In contrast, a copula only requires marginal CDFs and a
dependence structure to formulate an approximate joint CDF. Thus, the selection of
dependence structure and formulation of the joint CDF can be done with a limited

amount of data [110].
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Introduction of Copula

In statistics, a copula is defined by Roser [111] as “a function that joins or couples
multivariate joint distribution functions to their one-dimensional marginal distribution
functions”, or “multivariate distribution functions whose one-dimensional margins
are uniform on the interval [0,1]”.

Let F be an N-dimensional cumulative distribution function (CDF) with
continuous marginal CDFs Fy, F5,..., Fy. Then according to Sklar’s theorem, there

exists a unique N-copula C such that
F(x.%,00Xy )= C(F (%), Fy (X,) s Fy (%)) (3.16)

It then becomes clear that a copula formulates a joint CDF with the support of
separate marginal CDFs and a dependence structure. The copula is capable of
constructing the joint CDF in real applications with different types of marginal CDFs
or dependence structures. Various general types of dependence structures can be
represented, corresponding to various copula families, such as Gaussian, Clayton,
Frank, and Gumbel. Let u; = Fi(x;), i = 1, 2,..., N, a N-dimensional Archimedean

copula is defined as

C(uyotty -1ty Ia):‘P(;[i‘Pa(ui)j (3.17)

where ¥, denotes a generator function with a correlation parameter o and satisfies the

following conditions:

¥, (1)=0;, im¥,(u)=c0o; —¥,(u)<0;

u—0 du

=W, (u)>0  (3.18)

2

Let ¥, (1) = u” — 1 and N = 2, then we formulate a bivariate Clayton copula as
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C (1, 100) = (7 +uy“ =1) (3.19)

More detailed information on copula families can be found in References

[110,111].

Rosenblatt Transformation

The Rosenblatt transformation has been used extensively for mapping the
correlated random variables onto the independent standard normal variables. The
successive conditioning procedures for a vector of correlated random variables are
defined as [112]

5=¢" [Fi (xl)]

Z,= ¢_1 [Fz (xz | xl)} (3.20)

= I:FN (xN |x1’x2""’x1v—1)]
where z;, z2,..., zv denote the independent standard random variables after the
transformation, (p’l(-) denotes the inverse CDF of a standard normal variable, F;(x;lx;,
X2,..., Xi.1) denotes the CDF of x; conditioned on X; = x;, Xo = x5,..., Xi.1 = xi.1, and can

be expressed as

Xifi XXy X, T)dT
E(xilx,x,---,x_)z‘..‘“ b -7 (3.21)
v - fio (xy,0x )

where fi(x1, x2,..., X;) denotes the marginal joint PDF of x;, x,,..., x;.

To use the Rosenblatt transformation for the purpose of reliability analysis and
design, the joint CDF of input random variables should be available. However, it is
very difficult to obtain the joint CDF in real applications. In contrast, a copula can

easily formulate an approximate joint CDF based on separate marginal CDFs and
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correlation parameters, which can be practically obtained from limited experimental

data [110]. The Rosenblatt transformation for a bivariate copula is given as

5=¢" [”1] =@ [Fl (xl):|

- . (3.22)

6=¢"[Clu,1u,)|=¢" [C(F, (x,)1 F (x,))]
where
. C(u, +Au ,u —Cl(u U
C(uzlul):P(Uz Sulel:ul):}ullrEo ( 1 1A;) ( 1 2)
‘ (3.23)

_9C (u,u,)
- du,

After the Rosenblatt transformation, the independent standard random variables
are used as the Gaussian input variables for the generalized PCE with Hermite
polynomial basis. A vehicle side-crash example in the case study section illustrates

the feasibility of the proposed method.

3.1.5 Reliability and Sensitivity Analysis

Reliability Analysis

Once the uni- and bivariate PCE coefficients are calculated, an approximate

function of the original implicit performance function g is obtained as

N

102 (WX TS0, (G ()1 Y T (G (x).6(x)  G24)

k=1 j ki=lik<l |

The above expression can be viewed as an explicit mapping ¢ : RY — R, which
approximates the exact implicit mapping g: RY — R. Thus, any probabilistic

characteristics of g(x), including statistical moments, reliability, and PDF, can be
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easily estimated by performing MCS. For example, any " moment can be calculated

as

(3.25)

=E(§(x))=lim iig’(x“‘))

TR NS =
where m, is the ™ moment of the performance function g; f(x) is the joint PDF; x® is
the k™ realization of x; and ns is the sampling size. It is noted that, although MCS is
used to compute the moments due to its convenience, it is not required since moments
of a PCE can be analytically obtained. Low-order moments (e.g., mean and variance)
have simple analytical forms while high-order moments, for which orthogonality
cannot be fully exploited, possess complicated forms. For reliability calculation, let us

define an approximate safe domain for the performance function g as
Qs ={x:4(x)<0} (3.26)
Therefore, the reliability R can also be estimated by performing MCS as

REJ.IQS (x) f (x)dx

& " (3.27)
= E (L (x)) = lim 37 1o ()
where I[-] is an indicator function of safe or fail state such that
, xMed’
I (xY)= R (3.28)
0, xYeq\O*

It should be noted that the MCS performed here is inexpensive because it employs

the explicit representation function in Eq. (3.24).

49



Probabilistic Sensitivity Analysis

In reliability-based design optimization (RBDO), probabilistic sensitivity analysis
is required to identify the effect of the change in the parameters of random variables
upon the change in reliability or moments. Since MCS is used for evaluating the
statistical properties (e.g., " moment, reliability) of a response in the adaptive-sparse
PCE method, this study computes the probabilistic sensitivity of the response with
respect to a random variable using a finite difference method (FDM). The FDM uses
the original and perturbed values of moments or reliabilities to computes their
sensitivities.

The sensitivity of any " moment and reliability with respect to the /™ element 0;
(e.g., u, or o, etc.) in a vector of deterministic distribution parameters 0 is computed

using Eqgs. (3.29) and (3.30), respectively.

om, (0) - mr(6j+A9j)_mr(a/) (3.29)
20, AG,

= / 3.30
06, A8, (3-30)

where m,(0) is the /™ moment of the constraint G (or the cost function C); A0 is the
perturbed value of 6;. A perturbation size of 0.1% is employed in this study. It is
noted that, for computing a perturbed moment or reliability, an extra MCS based on
the approximate response model in Eq. (3.24) is used without extra computational
cost. For the extra MCS, the random number seeds for the original MCS should be
reused to reduce numerical noise and obtain a stable sensitivity estimate. As an
alternative to the FDM, the score function can also be used to compute the

probabilistic sensitivities [113] and we observed similar performance.
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3.1.6 Computational Procedure

The overall computation procedure is shown in Figure 3-1. If nonlinear
correlation exists between the random inputs x, the copula is employed to model the
joint PDF f(x) and the Rosenblatt transformation to transform x to independent
standard normal variables z. The computations of PCE coefficients s; in Eq. (3.14),
require the response values (i.e., values of the performance function) at the univariate
sample points: g(p), g(xk(’?), uk), for iy = 1,2,..., M, where the superscript iy denotes
the corresponding sample point for x; and M, the number of univariate sample points
in each dimension. The computations of PCE coefficients s;' in Eq. (3.15) require the
response values at the bivariate sample points: g(xk(’?'), xl("“), uk’l), for iy, = 1,2,..., M>,
where the superscript i;; denotes the corresponding bivariate sample points for the
bivariate term [xg, x;], and M, the number of bivariate sample points for each bivariate
term. Thus, the total number of function evaluations for the adaptive-sparse PCE with
q bivariate terms is g(M, — 1) + My(M, — 1)/2 + (M; — 1)N + 1. Below are several

important remarks regarding the properties of the adaptive-sparse PCE.

Remark 1. The N-variate, p"-order adaptive-sparse PCE is a finite sum of uni- and
bivariate polynomial terms up to the p™ order, with the coefficient of any tri- or
higher-variate polynomial term being zero. Thus, if the tri- and higher-variate
interactions are negligible, the adaptive-sparse PCE gives an accurate approximation
of the function g, with a lower computational effort than the conventional PCE.
Otherwise, numerical error in the adaptive-sparse PCE may be stacked up due to the
tri- and higher-variate interactions. More detailed error analysis will be given in the

subsequent section.
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Figure 3-1 Flowchart of the adaptive-sparse algorithm.

Remark 2. The uni-

extensively studied for reliability analysis and design by previous researchers [8-
10,114,115]. However, no attempt has been made to optimize the number of the
bivariate terms to be considered for probability analysis. The common approach
either depends on the univariate dimension reduction (UDR) [8,10,114] or makes
comparison with its bivairate counterpart, bivariate dimension reduction (BDR)
[9,115]. The method developed here uses the error indicator in Eq. (3.8) to adaptively
add the bivariate terms to the PCE model until a convergence criterion is achieved.
This adaptive process takes advantage of the PCE as the projection basis. The

inherent characteristics of orthogonal polynomials make the adaptive process
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computationally efficient and convergent. Therefore, we argue that the adaptive-
sparse PCE achieves an optimal compromise between the UDR and BDR (more

accurate than the UDR and more efficient than the BDR).

Remark 3. In addition to the Rosenblatt transformation, alternative transformation
techniques (e.g., Nataf transformation [116]) are also capable of transforming
Gaussian variables with nonlinear correlation to independent Gaussian variables. In
the current study, the non-Gaussian variables with nonlinear correlation are all
transformed to independent Gaussian variables. However, it may also be possible to
transform the original random variables to independent non-Gaussian variables (e.g.,
gamma, beta) with distribution types supported by the PCE. Thus, the selections of an

appropriate transformation technique and procedure are worthy of future studies.

Remark 4. Through extensive testing with many mathematical and engineering
examples, we observed that the parameter setting ¢; = 0.01 and &, = 0.001 achieves a
near-optimum compromise between the accuracy and efficiency. Thus we intended to
make this setting as a guideline for implementing the algorithm in most engineering
cases. More conservative criteria may give higher accuracy but require more
computational effort. Thus, for a specific problem, the optimum ¢; and ¢, may vary

depending on the requirements on the accuracy and efficiency.

3.1.7 Error Decomposition Scheme

The proposed adaptive-sparse PCE method integrates the adaptive-sparse scheme
and the decomposition-based projection method with the PCE method. It is obvious
that the approximation and numerical schemes produce associated errors in the

proposed adaptive-sparse PCE method. This study therefore analyzes the
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approximation and numerical errors in the proposed method, which provides insights
into identifying the most appropriate applications for the proposed method. There are
three primary error sources: (i) a PCE truncation error (¢p), (ii) an error due to a
univariate decomposition (gy), (iii) an error due to a bivariate decomposition (gg), and
(iv) an aliasing error of approximating the first-order moments in Egs. (3.14) and
(3.15) via the SMLS and Gaussian quadrature integration. The total error is a mean-
squares error of the N-variate, p"-order adaptive-sparse PCE with the set B of

bivariate terms and can be decomposed as

e = [s()-w (5(x)] f (x)ax
<J.Lewts] £ (9axs ] [ty i ] £ (9)as
+ Lot =i T (e [ [ —wr ] 1 (x)ax

=&, +E,+E +€

(3.31)

The detailed derivation of the first three error terms in Eq. (3.31) can be found in

Appendix A.

3.1.8 Case Studies for Adaptive-Sparse PCE

Three mathematical and engineering examples are given in this section to
demonstrate the effectiveness of the adaptive-sparse PCE method. The first two
examples were used for studying the computational accuracy and efficiency of the
proposed method for uncertainty quantification and reliability analysis. For
comparison purpose, we also employ FORM as a classic reliability analysis method,
and the univariate DR (UDR) method (with the Pearson PDF generation system) as a
representative of the recently developed moment-based reliability methods [8-10]. In

the last example, we carried out reliability-based robust design optimization

54



(RBRDO) for a lower control arm in a high mobility, multipurpose, wheeled vehicle
(HMMWYV). This case study demonstrates the feasibility of the proposed method in

complex product or process design.

V6 Gasoline Engine Power Loss: Bimodal PDF

This example is the V6 gasoline engine problem studied by Lee [25]. The
performance function considered in this example is the power loss due to the friction
between the piston ring and the cylinder liner, oil consumption, blow-by, and liner
wear rate. A ring/liner subassembly simulation model was used to compute the power
loss. The simulation model has four input parameters, the ring surface roughness x;,
liner surface roughness x;, linear Young’s modulus x3 and linear hardness x4. Of the
total four inputs, the first two, ring surface roughness x; and linear surface roughness
X, were treated as random inputs following normal distributions with mean 4.0 and
6.119 um, respectively, and with unit variance. The other two inputs, linear Young’s
modulus x3 and linear hardness x4, were treated as deterministic inputs fixed at 80
GPa and 240 BHYV, respectively. It has been shown in [25] that the power loss has a
bimodal PDF. To predict the bimodal PDF, the adaptive-sparse PCE used M; = 20
and M, = 20. As shown in Table 3-2, the adaptive-sparse expansion scheme was
converged with p = 25 and ¢ = 1. Figure 3-2 shows the PDF approximations by the
16", 20™ and 25" order PCEs with full tensorized Gaussian quadrature (M, = 17 for p
=16, M, = 21 for p = 20, and M, = 26 for p = 25), UDR and adaptive-sparse PCE.
Both the adaptive-sparse PCE and 20™ order PCE with Gaussian quadrature produce
accurate approximations for the left peak and tail regions of the PDF. The 16™ order

PCE cannot accurately approximate this bimodal PDF (see Figure 3-2a) while the 25

55



order PCE gives the most accurate solution. As shown in Figure 3-2b, the UDR fails
to represent the irregular shape of this PDF. The comparison results in Table 3-3
suggest that the adaptive-sparse PCE method is more accurate than the UDR method,
particularly for system responses with strong bivariate interactions. The error in the
probability estimation by FORM is due to the nonlinearity of the power loss function.
The computational cost by the adaptive-sparse PCE method is much lower than that

by the conventional PCE method with full tensorized Gaussian quadrature.

Table 3-2 Adaptive-sparse process of the adaptive-sparse PCE for the V6 engine

example
PCFEPO)rder Noigrflr?siv(zr)iate No.FE R’ Reliability ;f;‘jt(i;:)

Step 1 2 0 41 098842 000687  26.987
Step 2 2 | 61 098810 0.00717  32.532
Step 3 3 1 61 097922 0.00468  13.494
Step4 ~ 23

Step 24 24 1 61 098197 0.00547 1.109
Step 25 25 | 61 098273 0.00547 1.109

Table 3-3 Probability analysis results for the V6 engine example

adaptive-sparse PCE (p =20, 20N+1

PCE (p =25) MCS Gauss Quad) UDR FORM
Mean (kW) 0.3935 0.3935 0.3934 0.3935 -
Std. dev. (kW) 0.0315 0.0310 0.0311 0.0314 -
Skewness -0.5527 -0.5883 -0.5735 -0.5393 -
Kurtosis 3.0249 3.0828 3.0599 3.0974 -
Pr(PL <0.3) 0.0056  0.0054 0.0054 0.0048 0.0057
No. FE 61 100,000 441 41 15
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Figure 3-2 PDF approximations by the PCEs (a), adaptive-sparse PCE and UDR
(b) for the V6 engine example

Side-Impact Crash Problem: Nonlinear Correlation

Vehicle side-impact responses [117] are considered for system performances with
statistical nonlinear correlation modeled by a copula theory [110,111]. The properties
of the design and random variables are shown in Table 3-4. This example considered
the velocity of a front door at B-pillar. The failure is defined when the velocity

exceeds the threshold value 15.7. Thus, the system performance can be expressed as

16.45-0.489x,x, —0.843x,x, +0.0432x.x,
g(x)= ~15.7 (3.32)

~0.0556.x,x, —0.000786.x

In the study, the random variables x4 and x; with the maximum variation were
assumed to have a statistical nonlinear correlation described by a Clayton copula, as
shown in Figure 3-3a. The rank correlation coefficient was used to quantify the
nonlinear correlation. In this case, we assumed the rank correlation coefficient
Kendall’s 7 to be 0.75 and the corresponding copula parameter to be 6.0. As discussed
in Section 3.1.4, the Rosenblatt transformation is required to transform correlated

input variables into uncorrelated standard normal variables. Using M| =4 and M, = 8,

57



the adaptive-sparse expansion scheme was converged with p = 3 and ¢ = 1 and the
bivariate term considered was [xs, x7], which were nonlinearly correlated. To illustrate
the effect of statistical nonlinear correlation on the system response, the PDFs for
both correlated and uncorrelated cases are shown in Figure 3-3b. It shows that the
nonlinear correlation affects the PDF of the system performance significantly and that

the adaptive-sparse PCE accurately predicted the peak and tail regions of the PDF.

Table 3-4 Input random variables for the side impact example

Random _. . Lower Upper
input Distri. type ~ Mean Std. dev. bound bound Mode
X1 Beta 1.500 0.050 1.000 1.800 -
X2 Uniform - - 0.850 1.150 -
X3 Uniform - - 0.699 0.999 -
X4 Uniform - - 0.850 1.150 -
Xs Triangular - - 0.327 0.363 0.345
X6 Normal 0 10.000 - - -
X7 Normal 0 10.000 - - -
40 45
+ Cor. (MCS)
4—Cor. (Adaptive-sparse PCE)
---Uncor. (MCS)
20 35
Z 3
825
&0 £
3 2
215
20 ;
05
% 20 0 20 20 95 i 05 -
X5 Vellocity at B-pillar
(a) (b)

Figure 3-3 Scatter plot of input variables x¢ and x7 (a), and PDF results (b)
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Quantitative results are summarized in Table 3-5. To further study the effects of
different correlation coefficients on the reliability estimation, we plotted in Figure 3-4
the reliabilities for increasing values of Kendall’s 7. As shown in the figure, the
correlation coefficients significantly affect the reliabilities and the adaptive-sparse

PCE maintains consistent accuracy within +0.01 at all reliability levels.

Table 3-5 Probability analysis results for the side impact example (z = 0.75)

adaptive-sparse PCE (p = 3) MCS
Mean -0.4766 -0.4813
Std. dev. 0.1408 0.1520
Skewness -1.7109 -1.7402
Kurtosis 10.2690 9.2106
Pr(g <0) 0.9496 0.9437
No. FE 57 1,000,000
1= :
-=-MCS
—8-Adaptive-sparse PCE
0.98
0.96
E 0.94
&
0.92f
0.9
08,6 0.7 0.8 0.9 1

Kendall's

Figure 3-4 Reliabilities for increasing values
of Kendall’s 7
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Lower Control A-Arm: RBRDO against a Fatigue Failure

Vehicle suspension systems experience intense loading conditions throughout
their service lives. Control arms act as the backbone of the suspension system,
through which the majority of these loads are transmitted [118]. Therefore, it is
crucial that control arms be highly reliable while its mass is minimized. The lower
control-arm was modeled with plane stress elements using 54,666 nodes, 53,589
elements, and 327,961 DOFs, where all welds were modeled using rigid beam
elements. Hyper-Works 8.0 was used for FE modeling and design parameterization.
The loading and boundary conditions are shown in Figure 3-5a. The loading was
applied at the ball-joint (point D) in three directions, and the boundary conditions
were applied to simulate the bushing joints (points A and B) and the joint with a
shock absorber and spring assemble (point C). This HMMWYV lower control-arm

model was used for RBRDO using the adaptive-sparse PCE method.

RBRDO Formulation

From a worst-case scenario analysis, 91 constraints (G; to Go;) were defined in
several critical regions using the von Mises stress, as shown in Figure 3-6. With 91
stress constraints, the RBRDO is formulated as

Minimize Q = u,+o0,
_s,(xd)

Subject to R, =Pr(Gl.(x;d) —1£OJ2<I>(,B})=RI.’, i=1,--,91 (3.33)
d"<d<d’

where, the objective function Q is the summation of the mean u, and standard

deviation g,, of the mass; X is the random vector; d = p(x) is the design vector; s; is

the von Mises stress of the i™ constraint; sy is the yield stress and was set to 60.9 ksi
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for any constraint; R/ is the target reliability level and was set to 99.87% for any
constraint, which corresponds to a target reliability index S = 3.0. The seven design
variables are the thicknesses of the seven major components of the control arm, as
shown in Figure 3-5b. Three load variables (not design variables) are considered as
random noisy variables. The statistical information of these random and design

variables is summarized in Table 3-6 and Table 3-7, respectively.

(a) (b)

Figure 3-5 Three random load variables (a) and seven design variables (b)

Figure 3-6 Ninety-one critical constraints of the lower control A-arm model.
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Table 3-6 Random force variables for the lower control A-arm model

Random variable  Distri. type Mean Std. dev.
Fx Normal 1900 95
Fy Normal 95 4.75
F7 Normal 950 47.5

Table 3-7 Design variables for the lower control A-arm model

Design variable Distri. type Lower bound Initial des. Upper bound Std. dev.

X Normal 0.100 0.120 0.500 0.006
X2 Normal 0.100 0.120 0.500 0.006
X3 Normal 0.100 0.180 0.500 0.009
X4 Normal 0.100 0.135 0.500 0.007
X5 Normal 0.150 0.250 0.500 0.013
X6 Normal 0.100 0.180 0.500 0.009
X7 Normal 0.100 0.135 0.500 0.007

Optimization results

The adaptive-sparse PCE method with 4N + 1 (= 41) FE analyses was carried out
to evaluate the quality function, 91 reliabilities, and their sensitivities at any design
iteration, without considering the bivariate polynomial basis functions. The
sensitivities of the quality function and reliabilities with respect to the seven design
variable were computed by using a finite difference method (FDM) at each design
Iteration. The perturbed values of the quality function and reliabilities were estimated

based on approximate stochastic response surfaces (PCE) with perturbed design
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variables, without requiring gradients of the original mass or stress functions. A
perturbation size of 0.1% is employed in this study.

The design optimization problem was solved using a gradient-based optimization
technique (e.g., sequential quadratic optimization). The histories of the design
parameters, objective function, and reliabilities for significant constraints Gg, Ggp and
Ggy are shown in Table 3-8. At the initial design, the constraints G and Gg severely
violated the reliability requirement. After seven design iterations, the optimum design
was found where all the reliability requirements were satisfied. Overall, the adaptive-
sparse PCE method required 287 FE simulations for RBRDO. After the optimization,
the direct MCS with 5,000 random samples was employed to verify the reliability
results at the optimum design. The reliabilities of constraints Gg, Ggo and Gg; were
estimated by the MCS as 99.71%, 99.88%, and 99.84%, respectively, and all the other

constraints were confirmed with 100% reliabilities.

Table 3-8 Design history of the lower control A-arm model

Design Variables
Iter. Rg Ry Rg;  Ob;.
X1 X2 X3 X4 X5 X6 X7
0.120 0.120 0.180 0.135 0.250 0.180 0.135 0.3235 0.0050 1.0000 31.473
0.100 0.142 0.150 0.164 0.150 0.500 0.100 0.9989 0.9970 0.9620 32.044
0.100 0.140 0.169 0.161 0.150 0.500 0.325 0.9988 0.9982 0.9998 32.875
0.100 0.140 0.160 0.162 0.150 0.500 0.336 0.9982 0.9986 0.9963 32.513
0.100 0.140 0.164 0.164 0.150 0.500 0.228 0.9988 0.9989 0.9991 32.763
0.100 0.140 0.162 0.164 0.150 0.500 0.224 0.9986 0.9984 0.9982 32.607
0.100 0.140 0.163 0.164 0.150 0.500 0.211 0.9985 0.9988 0.9991 32.697
7 0.100 0.140 0.164 0.164 0.150 0.500 0.210 0.9987 0.9989 0.9991 32.717

Opt 0.100 0.140 0.164 0.164 0.150 0.500 0.210 0.9987 0.9989 0.9991 32.717

AN N R WD = O
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Figure 3-7 Stress comparisons of initial and optimum design: (a) G at initial design,
(b) Gg at optimum design, (c) Ggo at initial design, (d) Ggo at optimum design

The stress contours at the initial and optimum designs for constraints G¢ and Ggg are
shown in Figure 3-7. It can be seen in both constraints that the high stress areas are

greatly reduced by the RBRDO process.

3.1.9 Summary

In the first part of this chapter, the adaptive-sparse PCE method is proposed for
efficient component reliability analysis involving high nonlinearity or large
dimension. The adaptive-sparse PCE method combines four ideas and methods: (1)
an adaptive-sparse scheme to determine the number (g) of the most significant
bivariate terms and PCE order (p) in the PCE model; (2) an efficient decomposition-

based projection method using the SMLS method; (3) the integration of the copula
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system to handle nonlinear correlation of input random variables, and (4) the
systematic error decomposition analysis in the proposed method. It was found in
many examples that the adaptive-sparse scheme and decomposition-based projection
method achieves greater accuracy and efficiency than other probability/reliability
methods, including FORM/SORM and moment-based reliability methods. This high
accuracy can be attributed to the consideration of significant bivariate response
components and the accurate integration scheme by the SMLS method. The adaptive-
sparse PCE method can also approximate a multi-modal PDF. Moreover, the
proposed method is stable, unlike other probability/reliability methods, since it does

not require a distribution generation system.

3.2 Asymmetric Dimension-Adaptive Tensor-Product Method

As mentioned in the literature review, the stochastic collocation (SC) method
achieves great improvement in reducing the curse of dimensionality encountered in
other advanced reliability analysis methods. To further enhance the computational
efficiency of the SC method, this research presents an asymmetric dimension-
adaptive tensor-product (ADATP) method. The proposed method leverages three
ideas: (i) an asymmetric dimension-adaptive scheme to efficiently build the tensor-
product interpolation considering both directional and dimensional importance, (i1) a
hierarchical interpolation scheme using either piecewise multi-linear basis functions
or cubic Lagrange splines, (iii) a hierarchical surplus as an error indicator to
automatically detect the highly nonlinear regions in a random space and adaptively
refine the collocation points in these regions. The proposed method has three distinct

features for reliability analysis: (a) automatically detecting and adaptively
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reproducing tri- and higher-variate interactions, (b) greatly alleviating the curse of
dimensionality, and (c) no need of response sensitivities. The ADATP method is
expected to perform accuracy and efficient reliability analysis for highly nonlinear

responses with significant tri- and higher-order interactions.

3.2.1 Review of Stochastic Collocation methods

Great attention has been paid to the stochastic collocation method for
approximating a multi-dimensional random function due to its strong mathematical
foundation and ability to achieve fast convergence for interpolation construction. This
section reviews the stochastic collocation methods using the tensor-product grid, the
conventional and generalized sparse grids, and the hierarchical interpolation scheme

using multivariate hierarchical basis functions.

In what follows, we will model the N-dimensional real random variables x = (xl,
x%,..., ¥ in a complete probability space (Q, A, P), where Q is a sample space, A
is a c-algebra on Q, and P is a probability measure function P: A — [0, 1]. Then the
probability density function (PDF) of the random variable x' defines a probability
mapping fi(x'): II; — R*, where the support IT; is a one-dimensional random space of
x'. Under the assumption of statistical independence, the probabilistic characteristics
of the random variables x can then be completely defined by the joint PDF f(x) =
fl(xl)-fz(xz) """ N(xN ) with the support IT = IT;-IT,-*-I1y. If the assumption of statistical
independence does not hold, that is, the random variables such as fatigue material

properties (fatigue ductility coefficient and exponent) are statistically dependent, a

copula [110,111] can be employed to select an appropriate dependence structure and

66



formulate a joint CDF of the random variables based on available input data, which
then allows the use of the Rosenblatt transformation [112] to transform the dependant
random variables into independent standard normal random variables. A numerical
investigation on how to deal with dependant random variables is provided in the
subsequent case study section. Since the construction of an interpolation in the
stochastic collocation method often requires a specially bounded support " = [0, 11"
of the random variables x, we first truncate any unbounded one-dimensional random
space II; (e.g. in the case of a Gaussian random variable) to a bounded one Fi* = [ci,
d;] that achieves a nearly full coverage of II; and then map any truncated one-
dimensional support [c;, d;] to [0, 1], resulting in a bounded hypercube I" = [0, l]N . Let
g(x) denote a smooth, measurable performance function on (Q, .A), which can be
treated as a one-to-one mapping between the transformed N-dimensional random
space and one-dimensional space g: [0, 1]¥ — R. In general, the performance
function g(x) cannot be analytically obtained, and the function evaluation of g for a
given input X requires an expensive computer simulation. Therefore, it is important to
employ a numerical method for reliability analysis that is capable of producing
accurate probabilistic characteristics of g(x) with an acceptably small number of
function evaluations.

Classical Stochastic Collocation: Tensor-Product Grid

The stochastic collocation method basically approximates the performance
function g using N-dimensional interpolating functions with performance function
values at a finite number of collocation points @ = {x; | x; € I', j = 1,..., Mr}.

Suppose that we can obtain the performance function value g(x;) at each collocation
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point x;. We then aim at building an interpolation or surrogate model of the original
performance function g by using the linear combinations of these function values
g(x;). The sampling process to construct this interpolation can be accomplished by
using the tensor-product grid, conventional sparse grid based on the Smolyak
algorithm [26], or generalized sparse grid based on the dimension-adaptive tensor-
product algorithm [33]. We begin by constructing the interpolation with the tensor-
product grid, or the tensor-product of one-dimensional interpolation formulas.

In the one-dimensional case (N = 1), we can construct the following one-

dimensional interpolation
U'(g)=2d;2(x)) (3.34)

with a set of support nodes

X' ={x¥1xe[01], j=12,..m]} (3.35)

where i€ N is the interpolation level, aj’E C([0,1]) the jth interpolation nodal basis
functions, xji the j™ support nodes and m; the number of support nodes in the
interpolation level i. Note that, by following the descriptions in References
[31,34,35], we use the superscript i to denote the interpolation level during the
development of stochastic collocation methods. Two widely used nodal basis
functions are piecewise multi-linear basis functions and Lagrange polynomials. Here
we will briefly describe the fundamentals of piecewise multi-linear basis functions.
To achieve faster error decay, the Clenshaw-Curtis grid with equidistant nodes is
often used for piecewise multi-linear basis functions [34]. In the case of a univariate

interpolation (N = 1), the support nodes are defined as
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1 if i=1
mo=5
o2+, if i1

i 3.36
U o j=tm ifm > 1 (3:56)

i

xj= ml.—l

0.5 for j=1,....,m, it m, =1

The resulting set of the points fulfill the nesting property X' c X™*' that is very useful
for the hierarchical interpolation scheme detailed later. Then the univariate piecewise
multi-linear basis functions, supported by the Clenshaw-Curtis grid, can be expressed
as [34]

a;=1 fori =1

i {1—(ml.—1)-‘x—x; ,
a’ =

0, otherwise

if [x— x| <1/(1-m,) (3.37)

for i > 1. More detailed information on the one-dimensional interpolation can be
found in [34].

Applying a sequence of formulas in Eq. (3.34) on the original performance
function g in a nested form for all N dimensions, we can easily derive the tensor-
product of multiple one-dimensional interpolation formulas as the following multi-
dimensional interpolation formula

(Ui‘ ®---QU )(g) =i---i(d2 ®---®ai¢; )-g(x;!l,...,x;”;) (3.38)

PR
where the superscript iy, k = 1,..., N, denotes the interpolation level along the Ko
dimension, U* are the interpolation functions with the interpolation level i along the
k" dimension and the subscript ji, kK = 1,..., N, denotes the index of a given support
node in the k™ dimension. The number of function evaluations required by the tensor-

product formula reads
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M,=m -m,--- my, (3.39)
Suppose that we have the same number of collocation points in each dimension, i.e.,
m; = mp = " = my = m, the total number of tensor-product collocation points is My =
m". Even if we only have three collocation points (m = 3) in each dimension, this
number (M7 = 3") still grows very quickly as the number of dimensions is increased
(e.g., Mr= 310 L 6><104, for N = 10). Thus, we need more efficient sampling schemes
than the tensor-product grid to reduce the amount of computational effort for the
multi-dimensional interpolation. The search for such sampling schemes has resulted
in sparse grid methods of which the fundamentals will be briefly introduced in

subsequent sections.

Smolyak Algorithm: Conventional Sparse Grid

Compared to the classical tensor-product algorithm, the Smolyak algorithm
achieves an order of magnitude reduction in the number of collocation points while
maintaining the approximation quality of the interpolation by imposing an inequality
constraint on the summation of multi-dimensional indices [26]. This inequality leads
to special linear combinations of tensor-product formulas such that the interpolation
error remains the same as for the tensor-product algorithm.

The Smolyak formulas A(g, N) are special linear combinations of tensor-product
formulas. Using tensor-products of one-dimensional interpolation functions, the

Smolyak algorithm constructs a sparse multi-dimensional interpolation as [28]

N-1
|

q_|ij-(Ui‘®---®UiN)(g) (3.40)

Aule)= 3 (

where i = (iy,---, iy) is the multi-index, and lil = i; + --- + iy. The above formula
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indicates that the Smolyak algorithm builds the multi-dimensional interpolation by

considering one-dimensional functions of interpolation levels ij,---, iy under the
constraint that the sum of these interpolation levels lies within the range [¢ — N + 1,
q]. With the incremental interpolant, AN=U - UH, U° = 0, the Smolyak formulas can

be equivalently written as [28]

(A" ®--®AY)(g)

i‘Sq

:Aqfl,N (g)"'z‘,(AiI ®"'®AiN)(g)

An (g)

(3.41)

The above formulas suggest that the Smolyak algorithm improves the interpolation by
utilizing all the previous interpolation formulas A,y and the current incremental
interpolant with the order g. If we select the sets of support nodes in a nested fashion
(.e., X' < X™") to obtain recurring points (e.g., the Clenshaw-Curtis grid) when
extending the interpolation level from i to i + 1, we only need to compute function
values at the differential grids that are unique to X', X,™*' = X*"\X'. In such cases, to
build a sparse multi-dimensional interpolation with the order ¢, we only need to

compute function values at the nested sparse grid

H,, =U(Xg xxXi)=H, yUAH,,
i<g
AHq,N:U(ng---xXLN)

lij=q

(3.42)

where AH, y denotes the grid points required to increase an interpolation order from g
-1tog.

Although the Smolyak algorithm greatly reduces the number of collocation points
for the multi-dimensional interpolation compared to the tensor-product algorithms,

there is still possibility of further reducing the number of function evaluations in
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cases where the performance function exhibits different degrees of nonlinearity in the
stochastic dimensions. To achieve such a reduction, one must adaptively detect the
dimensions with higher degrees of nonlinearity and assign more collocation points to
those dimensions. This can be accomplished by using the dimension-adaptive tensor-

product algorithm, which is detailed in the next subsection.

Dimension-Adaptive Tensor-Product Algorithm: Generalized Sparse Grid

For a given interpolation level /, the conventional sparse grid requires the index
set Iy = {i | lil <[ + N} to build the interpolation A(l + N, N). If we loosen the
admissibility condition on the index set, we can construct the index set of the
generalized sparse grid 33. An index set I is called admissible if for all i€ I,

i—e el for1<k<N, i >1 (3.43)
Here, e is the k™ unit vector. This admissibility condition still satisfies the telescopic
property of the incremental interpolant A’ = U' — U"™". Thus, we can take advantage of
the previous interpolation to construct a better interpolation by just sampling the
differential grids that are unique to the finer interpolation, as shown in Egs. (3.41) and
(3.42). In each step of the algorithm, an error indicator is assigned to each multi-index
i. The multi-index i, with the largest estimated error is selected for an adaptive
refinement, since possibly a larger error reduction can achieved. The admissible
indices in the forward neighborhood of i, are added to the index set I. The forward

neighborhood of an index i can be defined as
I.(i)={i+e,, 1Sk<N} (3.44)

In each step, the newly added indices are called active indices and grouped as an

active index set I, whereas those indices whose forward neighborhood have been
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refined are called old indices and grouped as an old index set Io. The overall index set
I comprises of the active and old index sets: I = I5|JIo. For more details of the
dimension-adaptive algorithm, readers are referred to References [33] and [34].

It is noted that, in the dimension-adaptive algorithm, the generalized sparse grid
construction allows for an adaptive detection of the important dimensions and thus a
more efficient refinement compared to the conventional sparse grid interpolation
[24,25]. However, in engineering practice, not only different dimensions but also two
opposite directions (positive and negative) within one dimension often demonstrate a
large difference in response nonlinearity. In such cases, it is desirable to place more
points in the direction with higher nonlinearity, and the dimension-adaptive algorithm

may not be appropriate for this purpose.

Hierarchical interpolation scheme using multivariate hierarchical basis functions

For the dimension-adaptive interpolation, the hierarchical interpolation scheme
provides a more convenient way for error estimation than the nodal interpolation
scheme [34]. Here, we start with the derivation of hierarchical interpolation formulae
in the case of the univariate interpolation, which takes advantage of the nested
characteristic of grid points (ie., X' C X*". Recall the incremental interpolant
presented earlier, A= U - U™, Based on Eq. (3.34) and Ui'l(g) = Ui(Ui'l(g)), we can
write [34]

A(g)=U'(g)-U'(U"(8))

2 a;-g(x)= X a-U" (8)(x)) (3.45)

rex' reX'
- 3 i (sl)-0 ()
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Since for all xj’E X, g(xji) - U"*I(g)(xj") =0, Eq. (3.45) can be rewritten as

A(g)= Y a;-(2(x)-U"(2)(x))) (3.46)

xieXy
Since X' XM, the number of grid points in X\’ reads

=m' —m'"" (3.47)

A (g)=2a;(2(x)-U" ()(x)) (3-48)

Here, Wji is defined as the hierarchical surplus, which indicates the interpolation error
of a previous interpolation at the node xji of the current interpolation level i. The
bigger the hierarchical surpluses, the larger the interpolation errors. For smooth
performance functions, the hierarchical surpluses approach zero as the interpolation
level goes to infinity. Therefore, the hierarchical surplus can be used as a natural
candidate for error estimation and control [34]. Figure 3-8 shows the comparison
between the hierarchical and nodal basis functions with piecewise linear spline and
Clenshaw-Curtis grid [34]. Figure 3-9 illustrates the comparison between the
hierarchical and nodal interpolation. Based on the Smolyak formula in Eq. (3.41), a

multivariate hierarchical interpolation formula can be obtained as [34]

AqN(g):Aq—l,N(g)+AAq,N(g)
=A,n (g) (3.49)
+2 2 (@) @@} ) (g(x]. )= A, (8)(x) o))
il=qg j YV———— -
a i
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Figure 3-8 Nodal basis functions aj,xj € X’ (a) and hierarchical basis functions aj.

with the support nodes x; e X i, i=1, 2, 3(b) for the Clenshaw-Curtis grid.
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Figure 3-9 Nodal (a) and hierarchical (b) interpolations in 1D

3.2.2 Asymmetric Dimension-Adaptive Tensor-Product Method

As an attempt to enhance the adaptive feature of the dimension-adaptive
algorithm, we, for the first time, introduce the concept of the directional sparse grid
(DSG) which allows for the considerations of both directional and dimensional
importance. Furthermore, a hierarchical interpolation scheme using cubic Lagrange
splines is proposed for eliminating numerical inaccuracy of the high-order Lagrange

interpolation as well as maintaining the smoothness property of the polynomial
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interpolation. The hierarchical ADATP interpolation and UQ and reliability analysis

using the proposed ADATP method will also be presented in subsequent sections.

Directional Sparse Grid (DSG)

For the construction of the directional sparse grid (DSG), a conventional index i
in the case of the univariate interpolation is decomposed into positive and negative

directional index (DI) sets as
1°={i", i’} (3.50)

where the positive DI i* corresponds to the DSG which belong to the index i and
whose values are greater than the value (0.5) of the center grid point, and the negative
DI i" corresponds to the DSG which belong to the index i and whose values are
smaller than 0.5. For the multivariate case (N > 1), we obtain a tensor-product
formula of DI sets for a multi-index i as

I° =17 x---xI} (3.51)
where, IkD = {i", iK'}, 1 < k < N. Here, the forward neighborhood of a multi-
dimensional DI i€ I” is defined as the N indices {iCl + ek”_}, 1 <k <N, and the sign
of k™ directional unit vector ek”_ is the same with that of the k™ index element ikd (it
or i ) of id It ikd is equal to 1, i.e., the corresponding collocation point is located at
0.5, both the positive and negative directional unit vectors are employed to obtain the
forward neighborhood in that dimension. Figure 3-10 shows the conventional multi-
index and the proposed DI for a 2D interpolation with the same set of the collocation
points. From this figure, it is observed that the proposed DI divides the conventional

index space into the four quadrants. In subsequent sections, it will be seen that this

division allows for an adaptive refinement of the collocation points in these
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quadrants. In general, it is noted that the DI divides the conventional multi-index

space into 2" N-hyperoctants for more precise refinement.

Conventional index sets Directional index sets
T T T + T T T
) IS T T T RN NN
N SR S
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i 8 B
! ! ! ! B A TR S R R
AN
i . i I 1 A
1 M E ! NS ) N T
1 2 3 4 5
@ x > x <
® X
® % e X
Points = 17 Points = 17
(@) (b)

Figure 3-10 Conventional (a) and directional (b) index sets in 2D.
Top row: index sets including (1, 3) and (17, 3") denoted by<, (2, 2)
and (2, 2%) denoted by O, (4, 1) and (4", 17) denoted by 0. Bottom row:
corresponding collocation points.

Hierarchical interpolation scheme using cubic Lagrange splines

For the dimension-adaptive interpolation, the hierarchical interpolation scheme
provides a more convenient way for the error estimation than the nodal interpolation
scheme. In the case of singularities or discontinuities in the random space, the
piecewise multi-linear basis function provides a strong local support for the adaptive

algorithm. The detailed information regarding the selection of grid type and
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numerical scheme can be found in [34]. The Clenshaw-Curtis grid with equidistant
nodes is recommended for piecewise multi-linear basis functions and is thus utilized
in the ADATP method. In the case of a smooth function, the polynomial interpolation
provides a faster error decay with increasing numbers of grid points than the
piecewise multi-linear interpolation. However, the high-order Lagrange interpolation
may give an inaccurate estimation of the performance function between collocation
points due to severe oscillation, especially when the grid points are asymmetrically
distributed with respect to the center point. To avoid this numerical inaccuracy and
take advantage of the polynomial interpolation, a hierarchical interpolation scheme

using cubic Lagrange splines is proposed for the ADATP method.

Choice of Sparse Grid Type

For the Lagrange interpolation, it is known that the Chebyshev-Gauss-Lobatto
grid is a good choice due to its Chebyshev-based node distribution and its nesting
characteristic [34]. However, this type of grid may not be appropriate for local
adaptivity without a global support provided by Lagrange polynomials. In contrast,
the Clenshaw-Curtis grid with equidistant nodes is more suitable for a local support
provided by the cubic Lagrange spline function. In addition, it possesses the nesting
characteristic. Thus, we propose to use the Clenshaw-Curtis grid as collocation
points. In the case of a univariate interpolation (N = 1), the support nodes are defined
in Eq. (3.36). As mentioned earlier, the resulting set of the points fulfill the nesting

property X' < X!, and therefore H,.;nC Hyp.

Univariate Nodal Basis Functions
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The interpolation for smooth functions can be improved by replacing piecewise
multi-linear basis functions by cubic Lagrange splines. The univariate nodal basis

functions for cubic Lagrange splines can be expressed as [119]

j+2 i
X—X ;
1 i i _ _
H - ilfxe[xj,xlﬂ}, Jj=2,....m =2
=j-1%X; =%
I#j X
j+2 i
X—x . P .
15 ifxe 42, ], =1 (3.52)
a; ==X =%
j+l1 i
X—X ;
) i i _ _
H - ilfxe[xj,xm}, j=m —1
=1 X, =%
I#]
0 otherwise

for i > 1. In Eq. (3.52), the function value at endpoint xf, j =1, m;, is not given. Then
the polynomial on the interval [xzi, )Cgi] is extended to the interval [xli, xzi] and the
polynomial on the interval [xmi,zi, xmi,li] to the interval [xmi,li, xmii]. We observed that
these extensions caused negligible sacrifice of the interpolation accuracy on the

intervals [xli, xzi] and [xmi,li, xmii].

Asymmetric Dimension-Adaptive Tensor-Product (ADATP) Interpolation

Based on the proposed concepts of the DI and DSG, the overall procedure of the
ADATP interpolation is briefly summarized in Table 3-9. The relative error indicator

used in the interpolation scheme can be defined for a DI i (see Figure 3-10b) as

o\ 1 i
e (i)= (S — &uin ) M, ;‘Wj‘ (359

where Wji are the hierarchical surpluses of the collocation points X = XAilx---xXAiN,

Wlthj = (i],...,jN), jk = 1,..., mAik, 1 < k < N, and Mi = mAil'mAiz"“'mAiN. It is noted
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that, for simplicity, we use i = (iy,---, iy) instead of il = (ild,---, iNd) to denote a multi-
dimensional DI and that the term “index” in the description of the ADATP method
refers to the DI. The pseudo code for the ADATP algorithm is given in Appendix B.
Under the proposed scheme of asymmetric sampling, we expect that the error decay

be at least as fast as that of the dimension-adaptive tensor-product interpolation.

Table 3-9 Procedure of the proposed ADATP interpolation

Set an initial interpolation level / (g — N) = O; set the initial old index set
Io = @ and the initial active index set I, = {i}, where the initial active DI
i=(1,...,1) is the center point (0.5,...,0.5); set an initial relative error
indicator ¢,(i) = 1

STEP 1

Select a trial index set It (from I,) with the error indicator greater than a
STEP 2 relative error threshold value gc; move the active index set I to the old
index set Io. If It = @, go to STEP 7

Select and remove the trial index i; with the largest error indicator from
STEP 3 Ir; if none, go to STEP 6. If the number of the collocation points M
exceeds the maximum number M,,,x, go to STEP 7

Generate the forward neighborhood Ir of i; and add I to the active index

STEP 4 set I

Compute the hierarchical surplus of each new added point based on the
STEP 5 collocation points in the old index set and compute the error indicator of
each active index. Go to STEP 3.

STEP 6 Set an interpolation level / =/ + 1 and go to STEP 2

STEP 7 Construct an explicit interpolation g of the performance function g

Uncertainty Quantification (UQ) and Reliability Analysis

Once the asymmetric dimension-adaptive sampling procedure is completed, an
approximate function ¢ of the original performance function g can be obtained by

interpolation using hierarchical basis functions at collocation points. Thus, any

probabilistic characteristics of g(x), including statistical moments, reliability, and
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PDF, can be easily estimated by performing MCS. For example, any " moment can

be calculated as

| o (3.54)

where f; is the /™ moment of the performance function g(x); f(x) is the joint PDFs; X;
is the j™ realization of x; and ns is the sampling size. For reliability estimation, let us

define an approximate safe domain for the performance function g as
Qf ={x:4(x)<0} (3.55)
Therefore, the reliability R can also be estimated by performing MCS as

R EJIQS (x) f (x)dx

ol (3.56)
= E(Ifzs (X)) = hn}Q—Zlgs (Xj)
ns—e pe =
where /[-] is an indicator function of safe or fail state such that
, x.eQf
I,(x )= ! N (3.57)
» (%) {o, X, € Q\Q°

It should be noted that the MCS performed here employs the explicit interpolation
g instead of the original performance function g and is thus inexpensive. We also
note that the way of approximating the response function over the entire (truncated)
input domain allows for the derivation of any probabilistic characteristics (e.g.,
statistical moments, reliability, and PDF) based on the same set of collocation points
and can be used for design problems that require both moment estimation and

reliability analysis such as reliability-based robust design optimization [43-45].
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Remarks
Several important remarks regarding the properties of the ADATP method are

listed as follows.

Remark 1 - Potential benefits: In the proposed method, the DI divides the
conventional multi-index space into 2" N-hyperoctants, thus enabling asymmetric
refinements among these hyperoctants. Therefore, for a performance function with
unequal degrees of nonlinearity in 2" N-hyperoctants, the ADATP method is expected

to outperform the DATP method in terms of efficiency.

Remark 2 — Determination of an interpolation domain: It is noted that when the
random space I1 is unbounded, e.g. in the case of Gaussian random variables, we need
to truncate it to a bounded one I' that achieves a nearly full coverage of the original
random space I1. Without loss of generality, we consider the case of N-dimensional
independent standard Gaussian random vector X, the probability that a realization of
the original random space II belongs to the truncated random space I =[-4 A" can

be expressed as

P(TITT) = [ 1. (x) f (x)dx = lim L3 (x)

o s (3.58)
[@(4)-0(-4)]

N

In the current study, we used 4 = 3.5, which, for example, gives P(F*IH) = 0.9954 for
N = 10. We note that the truncation has a negative effect on the accuracy of reliability
analysis, especially for problems with small numbers of random variables (i.e., small
N in Eq. (3.58)) and low probabilities of failure, and that the truncated interpolation

domain for a specific problem should be carefully determined based on the
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understanding of this problem. More conservative criteria may guarantee higher
accuracy but creates a larger interpolation domain that requires more computational
effort. Since the goal in this work is to develop an asymmetric interpolation scheme
for uncertainty qualification and reliability analysis, this paper does not address the
issues regarding how a choice of the interpolation domain affects numerical accuracy
and efficiency of reliability analysis and how to achieve an optimum 4 for a given

problem.

Remark 3 - Discretion on an error threshold: We also note that the relative error
threshold ec greatly affects the convergence rate and accuracy of the asymmetric
dimension-adaptive sampling. A larger ec leads to faster error decay but results in a
lower level of interpolation accuracy. A zero threshold, as an extreme case, results in
a conventional sparse grid construction. In the current study, we used ec = 0.10 for
most engineering cases. Under the hierarchical interpolation scheme, &c allows a user

to put a preference between the convergence rate and accuracy.

3.2.3 Case Studies for ADATP

Three mathematical and engineering examples are given in this section to
demonstrate the effectiveness of the ADATP method. The first mathematical example
was designed to compare the performances of the ADATP and DATP methods for
interpolation. The subsequent two mathematical and engineering examples were used

for studying the performance of the proposed method for UQ and reliability analysis.
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Mathematical Example I: Response Surface with Line Singularity

Consider a mathematical function

1
X) = 3.59
8(x) 0257 = x3[+0.1 -9

where the two random variables were assumed to be statistically independent and
uniformly distributed between 0 and 1. It is noted that, for notational convenience, we
use the notation x; instead of ** to denote the k™ random variable for k = 1,..., Nin
this section. This modified function from [29] shows a line singularity in the third

quadrant of the square Q = [0, 1]%. We further defined the interpolation error &; as
8 (Xj)_g (X/)

where ns denotes the number of Monte Carlo samples for interpolation and was set to

£, = max (3.60)

j=1,....ns

1,000,000 in this example. A relative error threshold e&c = 0.10 was used in the
ADATP method. Figure 3-11 illustrates the error decay and PDF approximations of
the DATP and ADATP methods, both of which, for comparison purpose, employed
the piecewise multi-linear basis functions e as the hierarchical basis functions and the
Clenshaw-Curtis grid as the grid type. It should be noted that, since the ADATP and
DATP methods employ different schemes for generating new collocation points, the
numbers of collocation points achieved by both methods could be different. However,
a meaningful comparison can still be carried out by observing a general trend of error
decay. In Figure 3-11a, the ADATP method shows faster error decay and more
accurate PDF approximation, compared to that of the DATP method. This is because
the ADATP method identified high nonlinearity in the third quadrant and adaptively

added collocation points to the quadrant region (see the shaded region in Figure 3-
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12a) while the DATP method treated all quadrants as of equal importance and thus
assigns points equally to all quadrants (see Figure 3-12b). This example verifies that,
for a performance function with unequal degrees of nonlinearity in 2" N-hyperoctants,

the ADATP method is more efficient than the DATP method.

~ ADATP | " [~ MCs (1,000,000)
& DATP 0sl — ADATP (M = 68)
6 f : --DATP (M= 73)
=
G0a4
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‘ :
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o
3 01l
20 40 60 80 100 120 %
Number of points
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Figure 3-11 Error decay (a) and PDF approximations (b) of the DATP and
ADATP methods for example |
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Figure 3-12 Collocation points of the ADATP method (M = 68) (a) and the
DATP method (M = 73) (b) for example I
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Mathematical Example II: Trivariate Interaction

Consider a mathematical function

N=5 5 N=5
g(x)=exp{ (% —1)" - x;x,ilx;z} (3.61)

k=1 k=3

where the five random variables were assumed to be statistically independent and
uniformly distributed between 0 and L. The proposed ADATP method with gc = 0.10,
M. = 120 and cubic Lagrange splines as the hierarchical basis functions was
employed to compute the mean uc and standard deviation o, of g(x). These two
moments were calculated using the UDR and BDR integrations [9] based on a fully
tensorized Gauss-Legendre quadrature technique [120] with the number of one-
dimensional quadrature points m; = 5. Two cases were considered: 1) Case 1:
increasing the trivariate order (r = 0, 1, 2, or 3; L = 1.0); ii) Case 2: increasing the
uncertainty of input random variables (L increases from 0.1 to 1.0; r = 2). The results
for Case 1 were summarized in Table 3-10. Both the BDR and ADATP methods
provide good approximations of the mean u,, when compared with the results of
MCS for a trivariate order up to 3. However, the UDR method can not accurately
estimate u, for any trivariate order. Regarding the standard deviation o,, the ADATP
method gives a consistently more accurate estimate, while both the UDR and BDR
methods fail to give sufficiently accurate estimates. The results of g, for Case 2 are
plotted in Figure 3-13. All three methods can give a good approximation when the
uncertainty (controlled by L) of input random variables is small. However, as the
uncertainty increases, the ADATP method becomes superior to the UDR and BDR

methods.
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Table 3-10  Moment estimations by the ADATP and dimension reduction methods
(L=1.0)

Mean (u,) Standard deviation (o,)
UDR* BDR* ADATP* MCS’ UDR BDR ADATP MCS
0 0.2946 0.3283 0.3246 0.3336 0.1436 0.2119 0.2738 0.2691
1 47588 5.4681 5.3999 5.5650 29811 4.4782 5.7853 5.5953
2 5.6486 6.3037 6.2180 6.4028 29942 4.4296 5.6848 5.5264
3 5.8516 6.4914 6.4154 6.5855 29131 4.3343 5.6112 5.4657

# UDR and BDR required 21 and 181 function evaluations (FEs), respectively; ADATP required 121 FEs.
® MCS required 1,000,000 FEs at MC sample points.
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Figure 3-13 Estimates (a) and relative errors (b) of standard deviations for
increasing values of L

This comparison with the UDR and BDR methods suggests that the ADATP
method is better in terms of both accuracy and efficiency when the trivariate
interaction is strong as in this problem. The ADATP method outperforms the UDR
and BDR methods because of the following two reasons: (i) the UDR and BDR
methods do not consider trivariate interactions; (ii) without an adaptive sampling
scheme, the UDR and BDR methods may unnecessarily assign many uni- or bivariate
sample points in regions with small nonlinearity. Even if we could resolve the first

limitation by increasing S in the S-variate dimension reduction (DR) technique, the
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second limitation still remains unresolved. In fact, it is often difficult or impractical to
predetermine S in the S-variate DR technique. In contrast, the ADATP method is
capable of automatically detecting tri- and higher-variate interactions and generating
corresponding collocation points to reproduce the interactions in the interpolation.
Therefore, the ADATP method is distinctively advantageous from the S-variate

dimension reduction (DR) technique.

Lower Control A-Arm: Nonlinear Fatigue Reliability

Vehicle suspension systems experience intense loading conditions throughout
their service lives. Control arms act as the backbone of the suspension system,
through which the majority of these loads are transmitted [118]. Therefore, it is
crucial that the fatigue life of control arms be high enough to fulfill the design
requirement. A HMMWYV lower control-arm was used for fatigue reliability analysis
using the ADATP method.

The lower control-arm was modeled with plane stress elements using 54,666
nodes, 53,589 elements, and 327,961 DOFs, where all welds were modeled using
rigid beam elements. Hyper-Works 8.0 was used for finite element modeling and
design parameterization. ANSYS 10.0 was used for stress analyses for 14 load cases
at four joints for the A-arm: a ball joint, a spring-damper joint and front and rear pivot
bushing joints, respectively. The stress contours for two loading cases are shown in
Figure 3-14. The fe-safe 5.0 was employed for durability analysis based on the
dynamic stress results from ANSYS. A preliminary durability analysis was executed
in fe-safe to estimate the fatigue life of the HMMWYV A-Arm and to predict the

critical regions that experience a low fatigue life. For this preliminary durability
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analysis, the fatigue life for crack initiation was calculated using the equivalent von
Mises stress-life approach at all surface nodes of the mechanical component (i.e., A-
arm) in order to predict the critical regions. More accurate durability analysis was
then carried using the strain-life method at the selected critical regions of the A-arm

that experience short life spans.

(a) (b)

Figure 3-14 Stress contours for load case 2 (a) and load case 8 (b)

The random variables are the thicknesses of the eight major components of the
control arm, as shown in Figure 3-15. The statistical information of these random
variables is summarized in Table 3-11. From a worst-case scenario analysis, one
hotspot with the smallest fatigue life was found at the rear pivot bushing joint and
was selected for fatigue reliability analysis. In this case study, the fatigue reliability is

defined as R = Pr(L > L"), where L' denotes the target fatigue life.

X3

Figure 3-15 Seven thickness variables (xg not shown)
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Table 3-11  Input random variables for the lower control A-arm example

Component Distri. type Mean (in) Std. dev. (in)
X Normal 0.157 0.006
X2 Normal 0.183 0.006
X3 Normal 0.178 0.009
X4 Normal 0.200 0.007
Xs Normal 0.312 0.013
X6 Normal 0.250 0.009
X7 Normal 0.200 0.007
Xg Normal 0.201 0.009

The ADATP method with ec = 0.10, M.« = 80 and cubic Lagrange splines was
used to evaluate the fatigue reliability at the selected hotspot. The ADATP method
allows for a stochastic response surface approximation from a small number of
deterministic finite element and fatigue analyses, through constructing an explicit
hierarchical interpolation formula with respect to the random inputs. Conducting the
MCS on the explicit interpolation formula gives the full probability information (i.e.,
moments, reliability and PDF) of the fatigue life. A direct MCS with 1,000 samples
was carried out as a reference. Figure 3-16 shows the PDF approximations by the
ADATP method and MCS, where we can observe a good agreement between the two
methods. Table 3-12 summarizes the uncertainty analysis results, where the ADATP
method outperforms MCS in terms of efficiency while still maintaining good
accuracy for moderate (between 0.70 and 0.80), high (between 0.90 and 0.95) and
very high reliability levels (above 0.99). The 95% confidence intervals of the MCS
reliability estimates include the corresponding ADATP estimates for all three

reliability levels.
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Figure 3-16 PDF approximations for the
lower control A-arm example

Table 3-12  Uncertainty analysis results for the lower control A-arm example

ADATP MCS
Mean (blocks) 2.9014E+6 2.8866E+6
Std. dev. (blocks) 1.1501E+6 1.1612E+6
Skewness 8.9795E-1 1.2608E+0
Kurtosis 4.0504E+0 5.8083E+0
R = Pr(L > 2.0x10°) 0.768 0.774 (+0.026°)
R =Pr(L > 1.5x10°% 0.920 0.930 (+0.016")
R =Pr(L > 1.0x10°%) 0.992 0.993 (+0.005%)
No. FE 83 1,000

* Error bounds computed with a 95% confidence level

3.2.4 Summary

In the second part of this chapter, the asymmetric dimension-adaptive tensor-
product (ADATP) method is proposed for efficient reliability analysis involving high

nonlinearity. The ADATP method possesses three technical contributions: (i) an
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asymmetric dimension-adaptive sampling scheme considering both directional and
dimensional importance, (ii) the concepts of the directional sparse grid (DSG) and
directional index (DI) for the systematic generation of asymmetric collocation points,
(ii1) a hierarchical interpolation scheme using cubic Lagrange splines for eliminating
the numerical inaccuracy of the high-order Lagrange interpolation.

It was found that the asymmetric dimension-adaptive sampling scheme and the
hierarchical interpolation method showed better accuracy and efficiency than the
DATP method in the case of unequal degrees of nonlinearity in 2" N-hyperoctants.
The better performance can be attributed to the fact that the ADATP method
identifies the highly nonlinear hyperoctants and assigns more collocation points to
these regions, while the DATP treats all the hyperoctants as of equal importance and
thus assigns points equally.

A limited comparative study between the ADATP method and the widely used
reliability analysis methods, including FORM and moment-based reliability (mostly
DR) methods, was also conducted in this work. Our initial results suggest that the
ADATP method achieves higher accuracy and comparable efficiency for problems
with moderate dimensions. The higher accuracy can be attributed to the automatic
detection and adaptive reproduction of significant variate interactions in structural
system responses, including tri- and higher-variate interactions. We also expect that
the ADATP method perform well for high dimensional engineering problems as
exemplified in the lower control A-arm example discussed in this work. Relative to
the DR and PCE methods, the ADATP method has the advantage of the complexity

reduction in the algorithm controls, since the desired interpolation accuracy and
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resource constraints allow a user to easily define a relative error threshold and
maximum number of collocation points. In contrast, it is often difficult or impractical
to predetermine S in the S-variate DR technique, or the expansion order and the
number of one-dimensional quadrature points in the PCE method. Furthermore, the

proposed ADATP method can approximate a multi-modal PDF.
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Chapter 4: System Reliability Analysis

Engineered systems generally consist of numerous failure mechanisms, and
system reliability provides a statistical description of system success in the context of
multiple failure mechanisms. As explained in the literature review, existing methods
can only provide system reliability bounds and requires the probabilities of joint
safety events that are often difficult to evaluate. Despite the technical advance by the
CIM for series systems, one big challenge still remains as how to generalize this
method so that it can be used for system reliability analysis and thus predictive
resilience analysis regardless of system structures (series, parallel, and mixed
system). To address this challenge, this research proposes the generalized CIM
(GCIM) method which will be detailed in this chapter. First, a closed-form system
reliability formula for a parallel system is derived through its transformation into a
series system using the De Morgan’s law. Second, a unified system reliability
analysis framework is proposed for mixed systems by defining a new System
Structure matrix (SS-matrix) and employing the Binary Decision Diagram (BDD)
technique. The SS-matrix is used to present any system structure in a comprehensive
matrix form. Then the BDD technique together with the SS-matrix automates the
process to identify system’s mutually exclusive path sets, of which each path set is a
series system. As a result, system reliability with any system structure can be
decomposed into the probabilities of the mutually exclusive path sets. The
development of the GCIM enables system reliability analysis for series, parallel, and

mixed systems in system resilience analysis and design.
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4.1 System Reliability Analysis for Series Systems

Although the second-order system reliability bounds method or the linear
programming (LP) bounds method can generally give fairly narrow system reliability
bounds, they cannot provide a unique system reliability estimate. In contrast, the
original CIM provides an explicit formula for series system reliability assessment.

Considering a structural serial system with m components, the probability of

system failure can be expressed as
p/s=P(HE_;j 4.1)

where py; represents the probability of system failure and E; denotes the failure event
of the /™ component. The simplest system reliability bounds are the so-called first-
order bounds. Based on the well known Boolean bounds in Eq. (4.2), the first-order

bounds of probability of system failure are given in Eq. (4.3).

m?X(P(E))SP(;JlEjsgP(E) 4.2)

max| P(E)|< p,, sm{iP(E[), 1} (4.3)

i=1
The lower bound in Eq. (4.3) is obtained by assuming the component events are
perfectly independent and the upper bound is derived by assuming the component
events are mutually exclusive. Despite the simplicity (only component reliability
analysis required), the first-order bounds method provides very wide bounds of
system reliability that are not practically useful. Thus, the second-order bounds
method was proposed by Ditlevsen [41] in Eq. (4.4) to give much narrower bounds of

probability of system failure.
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where E; is the event having the largest probability of failure.
Since the probabilities of all events are non-negative, the following inequalities

must be satisfied as

max(P(E,)) < [Y[P(E)] <X P(E) 4.5)

Based on Eqs. (4.4) and (4.5), the probability of system failure (pg) of a series system

failure can be simplified to a unique explicit formula as

2, Ep(a)+i<p(a)_ \/ [p(aﬁj)]z> (4.6)

=
It can be proved that this approximate probability lies in the second-order bounds in
Eq. (4.4). Based on Eq. (4.6), serial system reliability can be assessed as (1 — the

probability of system failure) and formulated as

R, :P(E1E2"'Em—1Em)5P(El)_i<P(Ei)_\/i_l [P(EIE/)]Z>
4.7)

i=2

A, ifA>0
where <A>= 0. A0

Note that the terms inside the bracket, (®), should be ignored if it is less than zero and
Ry, should be set to zero if the approximated one given by Eq. (4.7) is less than zero.
It is noted that Eq. (4.7) provides an explicit and unique formula for system reliability
assessment based on the second-order reliability bounds shown in Eq. (4.4) and an

inequality Eq. (4.5).
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4.2 System Reliability Analysis for Parallel Systems

A parallel system reliability formula can be obtained based on the formula of
series system reliability by using the De Morgan’s law. According to the De

Morgan’s law, the probability of parallel system failure can be expressed as

P(&Ejzl—P[éEjzl—P(gEij 4.8)

where E; is the i™ component failure event. It is noted that the above equation relates
the probability of parallel system failure with the probability of series system safety
(reliability). If we treat Ej as the i" component failure event in a series system, the
right side of Eq. (4.8) is then the series system reliability. Based on this relationship,
the probability of parallel system failure can be obtained from Eq. (4.7) by treating

the safe events in the series system as the failure events in the parallel system as

i—1

(p(E)] > ()

A, ifA>0
0, ifA<O0

Py zP(El>—Z<P<Ei)—\/

m
i=2 j=1

Finally, parallel system reliability can be obtained from Eq. (4.9) by one minus the

probability of system failure as

R, = P(E1)+Zi:<P(E,-) —\/E[P(EIEJ. )]2> (A)=

L A, ifA>0
(4.10)
- =

0, ifA<O0

4.3 Mixed System Reliability Analysis

A mixed system may have various system structures. There is no unique system
reliability formula available for a mixed system. This study develops a generic
procedure for mixed system reliability analysis with an aim to produce a unique

system reliability formula. The developed procedure is introduced below with an
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arbitrary mixed system structure. Considering a mixed system with N components,

the following procedure can be proceeded to carry out system reliability analysis.

Step I: Constructing a System Structure Matrix

An SS-matrix, a 3-by-M, is proposed in this study to characterize any system
structural configuration (components and their connections) in a matrix form. The SS-
matrix contains the information about the constituting components and their
connection. The first row of the matrix contains component numbers, while the
second and third rows correspond to the starting and end nodes of the components.
Generally, the total number of columns of a SS-matrix, M, is equal to the total
number of system components, N. In the case of complicated system structures, one
component may repeatedly appear in between different sets of nodes and,
consequently, M could be larger than N, for example a 2-out-of-3 system.

Let us consider an example of a mixed system consisting of 4 components, as
shown in Figure 4-1. The SS-matrix for the system can be constructed as a 3x4
matrix, as shown in Figure 4-1. The first column of the system structure matrix, [1, 1,

21", indicates that the 1** component connects nodes 1 and 2.

1 2 3 4
—>»  SS-matrix=|1 2 2 3
2 4 3 4

Figure 4-1 Example to show the conversion of a system block diagram to SS-matrix

Step II: Finding Mutually Exclusive System Path Sets

98



Based on the SS-matrix, the Binary Decision Diagram (BDD) technique
[121,122] can be employed to find the mutually exclusive system path sets, of which
each path set is a series system. In probability theory, two events are said to be
mutually exclusive if they cannot occur at the same time or, in other words, the
occurrence of any one of them automatically implies the non-occurrence of the other.
Here, system path sets are said to be mutually exclusive if any two of them are
mutually exclusive. We note that, without the SS-matrix, it is not easy for the BDD
technique to automate the process to identify the mutually exclusive path sets. The
mixed system shown in Figure 4-1 can be decomposed into the two mutually
exclusive path sets using the BDD, which is shown in Figure 4-2. Although the path

sets E,E,E,E, and E\E;E, represent the same path that go through from the left

terminal 1 to the right terminal O in Figure 4-1, the former belongs to the mutually
exclusive path sets in Figure 4-2 while the latter does not. This is due to the fact that
the path sets E,E3E, and EE, are not mutually exclusive. We also note however that
we could still construct another group of mutually exclusively path sets, {EE3E:,

E,E,E, }, which contains the path set E1E3E, as a member. This is due to the fact that

a mixed system may have multiple BDDs with different configurations depending the
ordering of nodes in BDDs and these BDDs results in several groups of mutually
exclusive path sets, among which the one with the smallest number of path sets is
desirable. Another point deserving of notice is that the mixed system considered here
consists of only two mutually exclusive path sets. In cases of more than two mutually
exclusive path sets, any two path sets are mutually exclusive. This suggests that the

system path sets can equivalently be said to be pairwise mutually exclusive.
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Figure 4-2 BDD diagram and the mutually exclusive path sets

Step III: Evaluating All Mutually Exclusive Path Sets and System Reliability

Due to the property of the mutual exclusiveness, the mixed system reliability, R,ys,

is the sum of the probabilities of all paths as

R, P(uPathj S’ P(Path,) 4.11)

i=1
where Path; is the /™ mutually exclusive path set obtained by the BDD and N, is the
total number of mutually exclusive path sets. For the system in Figure 4-1, the system

reliability can be calculated as

2
R = (u Path, j (Path, )
Y Z‘ (4.12)

P(EE,)+P(EE,E,E,)

where the probability of each individual path set can be calculated using the series

system reliability formula given by Eq. (4.7).

4.4 Case Studies for GCIM

This section presents two case studies for a parallel system and a mixed system,

respectively, to demonstrate the effectiveness of the proposed GCIM for system
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reliability. For each case study, the generalized CIM framework is demonstrated in a
wide range of system reliability levels and compared with MCS. For the parallel
system, the results of the generalized CIM are also compared with the first-order
bounds (FOB) and second-order bounds (SOB) methods. The main objective of the
case studies is to demonstrate the theoretical accuracy of the proposed GCIM for
system reliability analysis. So in the case studies we focus on a mathematical error
produced by a system reliability formulae rather than a numerical error by a
numerical method. In order to eliminate the numerical error in system reliability
analysis, MCS with a large sample size was used to evaluate the probabilities of

component and second-order joint safety events as shown in each case study.

4.4.1 Parallel System Example: A Ten Brittle Bar System

The following ten-bar system example is used to demonstrate the effectiveness of
the GCIM framework for parallel systems. As shown in Figure 4-3, ten brittle bars are
connected in parallel to sustain a load applied at one end. This case study is modified
from the example employed in Ref. [123]. Ten bars are all brittle with different
fracture strain limits &4, 1 < i < 10, which are sorted in an ascending order. If the
exerted strain ¢ is between the (i—l)th and i fracture strain limits, i.e., eqiiy <€ <é&p,
bar components with fracture strains below ¢; will fail, and the allowable load is then
the sum of the strength of components with fracture strains equal to or above &.
Therefore, the strain level corresponding to the overall maximum allowable load is
among the ten fracture strain limits. As the overall maximum allowable load, the

system strength Ry can be formulated in Eq. (4.13).
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j=

10 10
R, = max {; R, (8)} = max {Z[Rj(gﬁ)}

. o (4.13)
=max {Z R; (€, ZRJ CIEVA Rlo(gflo)}
1 2 ceccoe 10
L e
| ;
F >
(a) (b)

Figure 4-3 Ten brittle bar parallel system: (a) system structure model; (b) brittle
material behavior in a parallel system

For example, if the exerted strain ¢ is equal to the fracture strain ep, the 1* brittle bar

fails due to the fracture and no longer contributes to the overall system strength. Thus,

the system strength Ry at this fracture strain is the sum of strength of the other nine

brittle bars. The brittle bar system fails to sustain the load F only if the system

strength at any of the ten fracture strains is smaller than the load F. This is a parallel

system with ten components, corresponding to the ten fracture strains. The

component safety events can be expressed in terms of several random variables.

10 10
G=F-)R(e)=F-3 (EA)e, 1<i<I0 (4.14)
J=t J=i
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where R; represents the allowable load that can be sustained by the 7™ brittle bar, Aj
the cross section area of the jth brittle bar, and E;the Young’s modulus of the jth brittle

bar. Random variables and their random properties are summarized in Table 4-1.

Table 4-1  Statistical information of input random variables for the ten bar system

Random variable Mean Standard deviation  Distribution type

Ei-Ej (GPa) 200.0 10.0 Gumbel
Ay (mmz) 100.0 5.0 Lognormal
A, (mm?) 120.0 5.0 Lognormal
Az (mm?) 140.0 5.0 Lognormal
A4 (mm?) 140.0 10.0 Lognormal
As (mm?) 140.0 10.0 Lognormal
Ag (mm?) 150.0 10.0 Lognormal
A7 (mm?) 150.0 15.0 Lognormal
Ag (mm?) 150.0 15.0 Lognormal
Ao (mm?) 200.0 15.0 Lognormal
Ao (mmz) 300.0 25.0 Lognormal

&n 0.0010 0.0002 Uniform

en 0.0012 0.0003 Uniform

en 0.0018 0.0004 Uniform

f 0.0025 0.0005 Uniform

& 0.0027 0.0006 Uniform

o 0.0030 0.0007 Uniform

& 0.0033 0.0008 Uniform

e 0.0036 0.0009 Uniform

em 0.0040 0.0010 Uniform

€f10 0.0050 0.0011 Uniform

F (kN) --- 30.0 Normal

Ten different system reliability levels are used for comparison with ten different

loading conditions (F). These loading points are used to validate the GCIM method at
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different reliability levels. Table 4-2 summarizes the results of system reliability
analyses which are illustrated in Figure 4-4. It can be seen that the first-order bounds
are too wide to be of practical use. Whereas, the second-order bounds method gives
tighter system reliability bounds compared with the first-order bounds method. It is
expected based on the results that the GCIM method can produce accurate system
reliability estimates at a wide variety of reliability levels and that this high accuracy
can be maintained at high reliability levels, which are often encountered in
engineering practices. Similar to the first case study, only the first- and second-order
CI events were considered and the error for the GCIM comes from the effects of the
third- or higher-order CI events. However, for a parallel system these effects tend to
decrease as the system reliability decreases, thus the error at a low system reliability
level is smaller than that at a higher system reliability level, as observed from Figure

4-4.

09r
ry
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w
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[
E o4l
5 —F—FCB Upper
o 0al —&—FCE Lower
g —&— SOB Upper
—B—SOB Lower
0.2r —5—GCIM
—H—NCS
01 04 05 06 07 08 09 1

System Reliability Level

Figure 4-4 Results of system reliability analysis at ten
different reliability levels
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Table 4-2  Results of system reliability analysis with MCS, FOB using MCS, SOB using MCS, and GCIM using MCS (ns =

1,000,000)
Analysis Method System Reliability Level at Each Design
1 2 3 4 5 6 7 8 9 10
FOB Upper 04133 05639 0.7331 09216 1.0000  1.0000  1.0000  1.0000  1.0000  1.0000
Lower 0.1594  0.2054 0.2507 0.2974  0.3444  0.4395 04865 0.5334 0.5803  0.9705
Upper 0.3537 04670 05854 0.7065  0.8293  1.0000  1.0000  1.0000  1.0000  1.0000
S0P Lower 03192 0.4062 0.4849 0.5507 0.6068 0.6917 0.7161  0.7459  0.7897  0.9943
GCIM 0.3417 0.4456  0.5490 0.6482  0.7388  0.8714  0.9017  0.9069  0.9051  0.9943
MCS 0.3301 04272 05226 0.6131 0.6961 0.8314 0.8813 09192 0.9476  0.9998
GCIM Error 0.0116  0.0184  0.0264  0.0351  0.0427  0.0400 0.0204 0.0123  0.0425  0.0055
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4.4.2 Mixed System Example: A Power Transformer Joint System

Power transformers are among the most expensive elements of high-voltage
power systems [124]. The power transformer vibration induced by the magnetic field
loading will cause the windings support joint loosening or the fatigue failures, which
will gradually increase the vibration amplitude of the winding and eventually damage
the core [125]. In this case study the proposed GCIM has been applied for the system
reliability analysis of the power transformer winding support joints. We considered
four failure modes, which are the fatigue failures at the four winding support joints. A
power transformer simulation model was built using the finite element analysis tool
ANSYS 10 (see Figure 4-5). Figure 4-6 shows the detail of the winding bolt joint,
which assembles the windings of the power transformer with the bottom fixture. The
transformer is fixed at the bottom and the vibration load is applied to the magnetic
core with the frequency of 120 Hz. This case study employed ten random variables,

as listed in Table 4-3, which include the geometric tolerances and material properties.

AN

JRN 21 2010
02:13:59

ELEMENTS

TYPE NUM

Figure 4-5 A power transformer FE model (without the
covering wall)
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Y\ Bolt

Joints
(a) (b)
Figure 4-6 Winding support bolt joint: (a) side view, (b) bottom view

Table 4-3 Random property of input variables for the power transformer example

Random . . Standard  Distribution
. Physical meaning Mean .
variable deviation type
X Wall Thickness 3 0.06 Normal
X Angular width of support joints 15 0.3 Normal
X3 Height of support joints 6 0.12 Normal
X, Ygung s modulus of support 2012 4e10 Normal
joint
X Ygung s modulus of loosening 2e10 68 Normal
joints
Xs Young’s modulus of winding 1.28e12 3el0 Normal
X7 Poisson ratio of joints 0.27 0.0054 Normal
Xs Poisson ratio of winding 0.34 0.0068 Normal
Xo Density of joints 7.85 0.157 Normal
Xio0 Density of windings 8.96 0.179 Normal

This winding support system with the four joints was treated as a 3-out-of-4
system as shown in Figure 4-7, which means that the system becomes safe only if at
least three out of the four support joints survive. The CI-matrix for this case study
was evaluated using the MCS (with 1000 samples), as shown in Figure 4-8. Figure 4-

9 shows the system reliability block diagram and Table 4-4 displays the SS-matrix for
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this transformer joint system. The mutually exclusive path sets can be determined

using the BBD (see Figure 4-10) as
Pathset ={E\E,E,, E,E,E,E,, E.E,E,E,, EE,E,E, }

These path sets are mutually exclusive with the series system structure. As shown
in Table 4-5, the reliabilities for these mutually exclusive path sets can be obtained
and the system reliability for this transformer joint system can be estimated using Eq.
(4.11). Based on the results, the GCIM is expected to accurately assess system
reliabilities of large-scale engineered systems. This case study demonstrates the
feasibility and capability of the GCIM for system reliability analysis with any system

structure.

7z ~
~ ~ 0.999 0.000 0.238 0.242

E, E,
. 0.000 0.999 0.238 0.242
Cl-matrix =
B - 0.000 0.000 0.761 0.008
- P 0.000 0.000 0.000 0.757
o A
< ”
Figure 4-7 3 out of 4 system with Figure 4-8 CI-matrix for the power
support joints transformer example
@) ®
E, ® E, ® E;
€) @
E; ® E, ®— L,
@. @ o @
E; ® E; ®— L,
® ©
E2 . E3 ._ E4

Figure 4-9 System reliability block diagram for the
power transformer example
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Table 4-4  System Structure matrix for the power transformer case study

Component No. 1 1 1 2 2 2 3 3 3 4 4

Starting node 1 1 1 1 2 3 4 5 6 7 8
End node 2 3 4 5 6 7 8 9 10 10 10

Figure 4-10 BDD diagram for the power transformer
example

Table 4-5 Results of GCIM for power transformer case study comparing with
MCS (ns = 10,000)

Reliability of Path Set (Series System)

Analysis System

Method EE,E, EEEE, EEEE, EEE[E, Reliability
GCIM 0.761 0.000 0.000 0.002 0.763
MCS 0.7611 0.0018 0.0000 0.0000 0.7629

4.5 Summary

This chapter presents the generalized complementary intersection method (GCIM)
for system reliability analysis. The GCIM generalize the original CIM so that it can

be used for system reliability analysis regardless of system structures (series, parallel,
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and mixed system). This generalization leverages two ideas: (i) transforming a
parallel system to the equivalent series system using the De Morgan’s law to derive a
closed-form system reliability formula; (i1) defining a new System Structure matrix
(SS-matrix) and employing the Binary Decision Diagram (BDD) technique to
develop a unified system reliability analysis framework for mixed systems. The two
case studies (with one for parallel system, and the other for mixed system) were used
to demonstrate that the proposed GCIM can assess system reliability regardless of the
system structures. As observed through the case studies, the GCIM offers the generic
system reliability analysis framework and thus shows a great potential to enhance our
capability and understanding of system reliability analysis for system resilience

analysis and design.
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Chapter 5: System Prognostics and Health Management (PHM)

As mentioned in the literature review, tremendous research efforts have been
devoted to the physics-based reliability analysis under uncertainties during the design
stage of engineered systems. Recently, research on real-time diagnosis and prognosis
which interprets data acquired by distributed sensor networks, and utilizes these data
streams in making critical decisions provides significant advancements across a wide
range of applications. Maintenance and life-cycle management is one of the
beneficiary application areas because of the pervasive nature of design and
maintenance activities throughout the manufacturing and service sectors.
Maintenance and life-cycle management activities constitute a large portion of overall
costs in many industries [48]. These costs are likely to increase due to the rising
competition in today’s global economy. For instance, in the manufacturing and
service sectors, unexpected breakdowns can be prohibitively expensive since they
immediately result in lost production, failed shipping schedules, no operational
service, repair cost, and poor customer satisfaction. In order to reduce and possibly
eliminate such problems, it is necessary to accurately assess current system health
condition and precisely predict the remaining useful life (RUL) of operating
components, subsystems, and systems. In general, a system’ health condition can be
predicted in (a) a single time-scale, or (b) multiple time-scales. In the former case, all
the system health-relevant responses (e.g., health condition, measurable physical
quantities) of interest tend to vary in the same time-scale. In the latter case, the

system exhibits a time-scale separation. In other words, certain system health-relevant
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information (e.g., health condition) of interest tends to vary very slowly as opposed to
other system health-relevant information (e.g., measurable physical quantities). This
section presents an ensemble data-driven prognostic approach and a co-training data-
driven prognostic approach to resolve the existing challenges in PHM for systems
with a single time-scale, and introduces a multiscale framework with extended

Kalman filter (EKF) for systems with multiple time-scales.

5.1 Ensemble of Data-Driven Prognostic Algorithms

Traditionally, a data-driven prognostic approach is to construct multiple candidate
algorithms using a training data set, evaluate their respective performance using a
testing data set, and select the one with the best performance while discarding all the
others. This approach has three shortcomings: (i) the selected standalone algorithm
may not be robust, i.e., it may be less accurate when the real data acquired after the
deployment differs from the testing data; (ii) it wastes the resources for constructing
the algorithms that are discarded in the deployment; (iii) it requires the testing data in
addition to the training data, which increases the overall expenses for the algorithm
selection. To overcome these drawbacks, this research proposes an ensemble data-
driven prognostic approach which combines multiple member algorithms with a
weighted-sum formulation. Three weighting schemes, namely the accuracy-based
weighting, diversity-based weighting and optimization-based weighting, are proposed
to determine the weights of member algorithms. The k-fold cross validation (CV) is
employed to estimate the prediction error required by the weighting schemes. The
results obtained from three case studies suggest that the ensemble approach with any

weighting scheme gives more accurate RUL predictions compared to any sole
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algorithm when member algorithms producing diverse RUL predictions have
comparable prediction accuracy and that the optimization-based weighting scheme
gives the best overall performance among the three weighting schemes. This
approach provides PHM efficiency measure as either the CV error or validation error
for predictive resilience analysis and enables highly-confident health prognostics for

resilient engineered systems with a single time-scale.

5.1.1 Weighted-Sum Formulation

A simple average of RUL predictions obtained using the member algorithms
means assigning equal weights to the member algorithms used for prognostics. This is
acceptable only when the member algorithms provide the same level of accuracy for a
given problem. However, it is more likely that an algorithm tends to be more accurate
than others. It is ideal to assign a greater weight to a member algorithm with higher
prediction accuracy in order to enhance its prediction accuracy and robustness. Hence,
member algorithms with different prediction performance should be multiplied by
different weight factors.

Let Y = {y1, ¥2,..., Yn} be a data set consisting of multi-dimensional sensory
signals (e.g., acceleration, strain, pressure) from N different run-to-failure units. An
ensemble of prognostic member algorithms for RUL prediction can be expressed in a

weighted-sum formulation as
~ M ~
L= w.L(y,Y) (5.1)
j=1

where L denotes the ensemble predicted RUL for the testing data set y,;; M denotes

the number of algorithm members in the ensemble; w; denotes the weight assigned to
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the /™ prognostic algorithm; ij (., Y) denotes the predicted RUL by the j™ prognostic

member algorithm trained with the data set Y. Let the weight vector w = [wy,..., wM]T

A

and the vector of predicted RULs by member algorithms ﬁz[ﬁl,..., L, 1", the

weighted-sum formulation in Eq. (5.1) can be expressed in a vector form as

5.1.2 K-Fold Cross Validation

The k-fold cross validation is used in the offline process to evaluate the accuracy
of a given ensemble. It randomly divides the original data set Y into k mutually
exclusive subsets (or folds) Yy, Ys,..., Yr having an approximately equal size [109].
Of the k subsets, one is used as the test set and the other k—1 subsets are put together
as a training set. The CV process is performed k times, with each of the k subsets used
exactly once as the test set. Let I, = {i: y;e Y.}, m =1, 2,..., k denote the index set of
the run-to-failure units whose sensory signals construct the subset Y,,. Then the CV

error is computed as the average error over all  trials and can be expressed as

gC vV

%iZS(i(W,I:(yi,Y\Ym)),Lf) (52)
m=l icl,,

where S(®) is a predefined evaluation metric that measures the accuracy of the
ensemble-predicted RUL; N denotes the number of run-to-failure units for CV; LT
denotes the true RUL of the i™ unit. The above formula indicates that all units in the
data set are used for both training and testing, and each unit is used for testing exactly
once and for training k-1 times. Thus, the variance of the resulting estimate is likely

to be reduced compared to the traditional holdout approach, resulting in superior
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performance when employing a small data set. It is important to note that the
disadvantage of the k-fold CV against the holdout method is greater computational
expense because the training process has to be executed k times. As a commonly used

setting for CV, a 10-fold CV is employed in this study.

5.1.3 Weighting Schemes

This section will introduce three schemes to determine the weights of member
algorithms: the accuracy-based weighting, diversity-based weighting and

optimization-based weighting.

Accuracy-Based Weighting

The prediction accuracy of the /™ member algorithm is quantified by its CV error,

expressed as

) 1 & ~
el =N;;S(Lj(y[,Y\Ym),Lf) (5.3)

The weight w; of the 7™ member algorithm can then be defined as the normalization of

the corresponding inverse CV error, expressed as

W, =ﬂ (5.4)

I ZZl(géV )_l

This definition indicates that a larger weight is assigned to a member algorithm with
higher prediction accuracy. Thus, a member algorithm with better prediction accuracy
has a larger influence on the ensemble prediction. This weighting scheme relies
exclusively on the prediction accuracy to determine the weights of member

algorithms.
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Diversity-Based Weighting

The weight formulation in Eq. (5.4) relies exclusively on the prediction accuracy
to determine the weights. However, the prediction accuracy of member algorithms is
not the only factor that affects the ensemble performance. The prediction diversity,
which measures the extent to which the predictions by a member algorithm are
distinguishable from those by the others, also has a significant effect on the ensemble
performance, especially on the robustness. More specifically, a larger weight should
generally be assigned to a member algorithm with higher prediction diversity because
of its larger potential to enhance the ensemble robustness.

We begin by formulating an N-dimensional error vector consisting of absolute

RUL prediction errors by the /™ member algorithm as

A

A~ T
e, = L,(y, Y\Y,) = L] .. L, (v, Y\Y,)- L | (5.5)

Repeatedly computing the error vectors for all M member algorithms gives M error
vectors ey, e,..., €y. The prediction diversity of the jth member algorithm can then be
computed as the sum of Euclidean distances between the error vector e; and all the

other error vectors, given by

M
D, = Z Hej—el.H (5.6)

i=Ti% j
The prediction diversity measures the extent to which the predictions by a member
algorithm are distinguishable from those by any other. Based on the defined
prediction diversity, the normalized weight w; of the 7™ member algorithm can then be

calculated as
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D.
W, =—— 5.7)
D.

i i
This definition suggests that a member algorithm with higher prediction diversity will
be given a larger weight and thus contributes more to the ensemble predicted RUL.
For example, if, among all the member algorithms, one algorithm consistently gives
early RUL predictions while any of the others late RUL predictions, the former will
likely be given a larger weight than the latter. It is also noted that the weight

formulation in Eq. (5.7) considers the prediction diversity as the only criterion for the

weight determination.

Optimization-Based Weighting

Neither the accuracy-based nor diversity-based weighting scheme takes into
account both the prediction accuracy and diversity in the weight calculation. Thus, the
two schemes cannot produce an ensemble algorithm to achieve both high prediction
accuracy and robustness. In what follows, an optimization-based weighting scheme is
proposed to maximize the accuracy and robustness of data-driven prognostics by
adaptively synthesizing the prediction accuracy and diversity of each member
algorithm.

In the optimization-based weighting scheme, the weights in Eq. (5.1) can be

obtained by solving an optimization problem of the following form

Minimize Eqy =€y (i(w,ﬁ(y.)),
(5.8)
Subject to ZIJW:] w, =1

After the prediction of RULs using the M member algorithms through the 10-fold CV,

the above optimization problem can be readily solved with almost negligible
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computational effort since the weight optimization process does not require the
execution of member algorithms. Thus, the overall computational cost mainly comes
from the training and testing in the CV process. We expect that, by solving the
optimization problem in Eq. (5.8), the resulting ensemble of algorithms will
outperform any of the ensemble’s individual member algorithms in terms of both
accuracy and robustness. The capability of this weighting scheme to adaptively
synthesize the prediction accuracy and diversity of each member algorithm will be

demonstrated in the case study section.

5.1.4 Overall Procedure

Figure 5-1 shows the overall procedure of the proposed ensemble approach with
the k-fold CV and three weighting schemes. This data-driven prognostic approach is
composed of the offline and online processes. In the offline process, the offline
training/testing process with the k-fold CV is employed to compute the CV error of an
ensemble formulation; the weights of member algorithms are determined using the
accuracy-based weighting, diversity-based weighting and optimization-based
weighting. The online prediction process combines the RUL predictions from all
member algorithms to form an ensemble RUL prediction using the weights obtained
from the offline process. This process enables the continuous update of the health
information and prognostic results in real-time with new sensory signals. Table 5-1
details the proposed ensemble prognostics approach with the five steps. STEPS 2-4
can be repeated to incorporate new training sensory signals from the online process

and to update the RUL predictions.
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Step 1: Training I Step 3: Testing |
signals signals

Offline Process Online Process
Step 2a: Training Step 4a: Member
& testing with CV RUL predictions
T » T » Predicted RULs
Step 2b: Weight Step 4b: Ensemble
determination of RULs

1

Figure 5-1 A flowchart of the ensemble approach

Table 5-1 Detailed procedure of the ensemble approach

Determine sensor configurations and acquire training sensory signals

STEP 1 from offline system units;

STEP 2a Perform the offline training & testing processes with the k-fold CV
with the training sensory signals to compute the CV error;

STEP 2b Determine the weights using the accuracy-based weighting, diversity-
based weighting and optimization-based weighting schemes;

STEP 3 Acquire testing sensory signals from online system units;

Predict RULs using the member algorithms through the online
STEP 4a prediction process which employs the background health knowledge
obtained from the offline training process;

Predict the ensemble RULs with the optimum weights obtained from

STEP4b  TEp b,

5.1.5 Case Studies for Ensemble Prognostics

In this section, the proposed ensemble of data-driven prognostic algorithms is
demonstrated with three PHM case studies: (1) 2008 IEEE PHM challenge problem,
(i1) power transformer problem, and (iii) electric cooling fan problem. In each case

study, the ensemble approach combines RUL predictions from five popular data-
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driven prognostic algorithms, namely, a similarity-based interpolation (SBI) approach
with RVM as the regression technique (RVM-SBI) [53,126], SBI with SVM (SVM-
SBI) [53,127], SBI with the least-square exponential fitting (Exp-SBI) [53], a
Bayesian linear regression with the least-square quadratic fitting (Quad-BLR) [55],

and a recurrent neural network (RNN) approach (RNN) [56,127].

2008 IEEE PHM challenge problem

In an aerospace system (e.g., an airplane, a space shuttle), system safety plays an
important role since failures can lead to dramatic consequences. In order to meet
stringent safety requirements as well as minimize the maintenance cost, condition-
based maintenance must be conducted throughout the system’s lifetime, which can be
enabled by system health prognostics. This case study aims at predicting the RULs of
aircraft engine systems in an accurate and robust manner with massive and

heterogeneous sensory data.

Description of Data Set

The data set provided by the 2008 IEEE PHM Challenge problem consists of
multivariate time series signals that are collected from an engine dynamic simulation
process. Each time series signal comes from a different degradation instance of the
dynamic simulation of the same engine system [129]. The data for each cycle of each
unit include the unit ID, cycle index, 3 values for an operational setting and 21 values
for 21 sensor measurements. The sensor data were contaminated with measurement
noise and different engine units start with different initial health conditions and
manufacturing variations which are unknown. Three operational settings have a

substantial effect on engine degradation behaviors and result in six different operation
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regimes as shown in Table 5-2. The 21 sensory signals were obtained from six
different operation regimes. The whole data set was divided into training and testing
subsets, each of which consists of 218 engine units. In the training data set, the
damage growth in a unit was allowed until the occurrence of a system failure when
one or more limits for safe operation have been reached. In the testing data set, the
time series signals were pruned some time prior to the occurrence of a system failure.
The objective of the problem is to predict the number of remaining operational cycles

before failure in the testing data set.

Table 5-2  Six different operation regimes

Regime Operating Operating Operating
ID  parameter 1 parameter 2 parameter 3

1 0 0 100
2 20 0.25 20
3 20 0.7 0
4 25 0.62 80
5 35 0.84 60
6 42 0.84 40

Implementation of Ensemble Approach

For the CV process, the training data set with 218 units were divided to 10 data
subsets with a similar size. Each data subset was used for both training and testing
and, more specifically, 9 times for training and once for testing. The training data
subsets contain complete degradation information while the testing data subsets carry
only partial degradation information. The latter were generated by truncating the

original data subsets after pre-assigned RULs. The RUL pre-assigned to each unit in a
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testing data subset was randomly generated from a uniform distribution between its
zero and half-remaining life. This range in the uniform distribution was selected
based on the following two criteria: (i) the pre-assigned RULs should be small
enough to allow the occurrence of substantial degradation; and (ii) the variation of the
pre-assigned RULSs should be large enough to test the robustness of algorithms.

Following the work in [53], this study selected 7 sensory signals (2, 3,4, 7, 11, 12
and 15) among the 21 sensory signals for the use in the member algorithms: RVM-
SBI, SVM-SBI, Exp-SBI and Quad-BLR. A monotonic lifetime trend can be
observed from these 7 sensory signals of which the noise levels are relatively low.
For the VHI construction, the system failure matrix Qq was created with the sensory
data in a system failure condition, 0 < L < 4, while the system healthy matrix Q; with
those in a system healthy condition, L > 300. The RVM employed a linear spline
kernel function with the initial most probable hyper-parameter vector for kernel
weights a,, = [1><104,..., 1><104] and the initial most probable noise variance sz =
1x10™. In the SVM, a Gaussian kernel function is used with the parameter settings as:
the regularization parameter C = 10 and the parameter of the e-insensitive loss
function ¢ = 0.10. In the RNN training, the 21 normalized sensory signals together
with the regime ID at each cycle were used as the multi-dimensional inputs of the
RNN and the RUL at the corresponding cycle was used as the output. The
implementation details can be found in [56]. In the RNN architecture, the numbers of
the input, recurrent and output units are |/l = 22, IRl = 8 and 10] = 1.

The evaluation metric considered for this example employed an asymmetric score

function around the true RUL such that heavier penalties are placed on late
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predictions [129]. The score evaluation metric S can be expressed as

whered, = L. — I (5.9)

S(ii,L?):{exp(_di/13)_l’ d, <0

exp(d, /10)-1, d; >0

where l; and L denote the predicted and true RUL of the i unit, respectively. This

score function was used to compute the CV error ¢cy using Eq. (5.2) for the accuracy-
and optimization-based weighting schemes. In this study the weight optimization
problem in Eq. (5.8) was solved using a sequential quadratic optimization (SQP)

method which is a gradient-based optimization technique.

Results of Ensemble Approach

The five selected member algorithms are RVM-SBI (RS), SVM-SBI (SS), Exp-
SBI (ES), Quad-BLR (QB) and RNN (RN). The three weighting schemes are the
accuracy-based weighting (AW), diversity-based weighting (DW) and optimization-
based weighting (OW). Table 5-3 summarizes the weighting results by the three
weighting schemes as well as compares the CV and validation errors of the individual
and ensemble approaches. It is observed that the ensemble approaches with all three
weighting schemes outperforms any of the individual member algorithm in terms of
the CV error and that the one with the optimization-based weighting achieves the
smallest CV error of 4.8387 on the training data set, a 38.62% improvement over the
best individual member algorithm, ES, whose CV error is 7.8834. As expected, the
accuracy-based weighting scheme yields better prediction accuracy than the diversity-
based weighting. This can be attributed to the fact that the former assigns larger
weights to member algorithms with better prediction accuracy while the latter does

not consider the prediction accuracy in the weight determination. To test the
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robustness of the ensemble approaches, the testing data set with 218 units were
employed to compute the validation errors. Note that the testing data set is different
from the training data set that was used to determine the weights in the ensemble
approach. It is apparent that the ensemble approaches again outperform the individual
member algorithms and that the one with the diversity-based weighting performs best,
with a 34.7% improvement over the best individual member algorithm, SS. This
suggests that the diversity-based weighting, compared to the accuracy-based
weighting, provides a more robust ensemble of the member algorithms. It is noted
that the optimization-based weighting scheme still achieves a comparable validation

error to that of the diversity-based weighting scheme.

Table 5-3  Weighting results, CV and validation errors for 2008 PHM challenge
problem

RS-SS-ES-QB-RN
RS SS ES QB RN

AW DW OW

Weight by AW 0.3063 0.3029 0.3137 0.0151 0.0620  --- --- ---
Weight by DW  0.1478 0.1488 0.1488 0.3354 0.2191  --- --- ---
Weight by OW 0.0000 0.0470 0.7462 0.2068 0.0000  --- - ---

CV error 8.0743 8.1646 7.8834 163.3376 39.8583 6.9159 7.0852 4.8387
Validation error 10.2393 9.3907 10.4710 247.0079 20.1499 8.5544 6.1280 6.1955

Under the optimization-based weighting scheme, the RUL predictions by two
individual algorithms, ES and QB, with the largest weights and the ensemble
approach are plotted for 218 training and testing units in Figure 5-2. The units are

sorted by the RULs in an ascending order. It is seen that ES tends to give consistently
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early RUL predictions while QB tends to provide consistently late RUL predictions.
In contrast, the ensemble approach gives RUL predictions closer to the true values
while eliminating many outliers produced by the two individual algorithms. The
optimization-based weighting scheme provides better performance since the scheme

employs an optimum ensemble formulation.

200 ——— 250

—True a —True +

o ES + o ES

+ QB s - 200/ + QB _
150} + Ensemble 1 + Ensemble] + + * .7

0 100 150 250 0~ 50 100 150 200 250
Unit ID (sorted) Unit ID (sorted)
(a) (b)

Figure 5-2 RUL predictions of training units (a) and testing units (b) for 2008
PHM challenge problem (optimization-based weighting)

Comparison of Different Combinations of Member Algorithms

Out of the five member algorithms, 31 different combinations can be chosen to
formulate an ensemble approach. It would be interesting to study how a choice of
combination affects the performance of an ensemble approach. Table 5-4 summarizes
the CV errors for ensemble approaches with all possible combinations of the member
algorithms under the optimization-based weighting scheme. Three important remarks
can be derived from the results. First of all, it is observed that the ES, as the

individual member algorithm with the best performance, always serves as a member

125



algorithm of the best ensemble approach. We also observe that the ES, when involved
in the ensemble approach, always had a larger weight than any other. It indicates that
the best member algorithm exhibits good cooperative performance which can be
identified by the optimization-based weighting scheme. Secondly, the QB, which
gives the worst individual performance, was surprisingly selected as an important
member of the best ensemble approach. These results, though counterintuitive,
suggest that the ensemble approach can adaptively synthesize the prediction ability
and diversity of each individual algorithm to enhance the accuracy and robustness of
RUL predictions. Indeed, the QB is prone to give late RUL predictions as shown in
Figure 5-2 and thus possesses higher prediction diversity. Thirdly, both the mean and
standard deviation of CV errors decrease as the number of member algorithms
increases. The mean and standard deviation of CV errors of ensemble approaches
with a single member algorithm are 45.4636 and 67.3188, respectively, and they
monotonically decrease to 5.1896 and 0.7440, respectively, by the ensemble approach
with four member algorithms. Thus it would be beneficial to have more member
algorithms to enhance the prediction accuracy and reduce the uncertainty of this

accuracy.
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Table 5-4  Comparison of CV errors of different combinations of member
algorithms for 2008 PHM challenge problem (optimization-based weighting)

Combination CV error Combination CVerror = Combination CV error
RS 8.0743 RS-SS 8.0769 RS-SS-ES  7.8834
SS 8.1646 RS-ES 7.8834 RS-SS-QB 49123
ES 7.8834 RS-QB 4.9162 RS-SS-RN  6.7983
QB 163.3376  RS-RN 6.8002 RS-ES-QB  4.8391
RN 39.8583 SS-ES 7.8834 RS-ES-RN  6.5194
Mean 45.4636

Std” 67.3188

RS-SS-ES-QB  4.8387 SS-QB 4.9362 RS-QB-RN 4.9162
RS-SS-ES-RN  6.5194 SS-RN 6.8376 SS-ES-QB  4.8387
RS-SS-QB-RN 49123 ES-QB 4.8391 SS-ES-RN  6.5194
RS-ES-QB-RN  4.8391 ES-RN 6.5194 SS-QB-RN  4.9362
SS-ES-QB-RN  4.8387 QB-RN 17.5868 ES-QB-RN  4.8391
Mean 5.1896 Mean 7.6279 Mean 5.7002
Std 0.7440 Std 3.7182 Std 1.1234
EIS\I_SS_ES_QB_ 4.8387

4 Standard deviation

Power Transformer Problem

The power transformer is a critical power element in nuclear power plants, since
an unexpected breakdown of the transformer causes plant shut-down and substantial
societal expense. So it is very important to ensure high reliability and safety of the

transformer during its operation. Investigations of the failures causes have revealed
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that mechanical breakdowns constitute a large portion of unexpected breakdowns of
transformers in nuclear power plants [130]. Therefore, health monitoring and
prognostics of the transformer with respect to mechanical failures is of significant
importance to preventing unexpected breakdowns and minimizing interruptions to
reliable customer service. This case study conducts transformer health prognostics

with sensory signals obtained from a transformer finite element (FE) model.

Model Description

The FE model of a power transformer was created in ANSYS 10 as shown in
Figure 5-3, where one exterior wall is concealed to make the interior structure visible.
The transformer is fixed at the bottom surface and a vibration load with the frequency
of 120 Hz is applied to the magnetic core. The three windings have a total number of
twelve support joints, with each having four support joints. The random parameters
considered in this study are listed in Table 5-5, which includes the material properties
of support joints and windings as well the geometries of the transformer. The
uncertainties in vibration responses propagated from these uncertain parameters will
be accounted for when generating prognostic data.

Since it is very difficult, if not impossible, to obtain direct measurements of the
health condition of transformers, indirect measurements are most often used to
diagnose the health condition and predict the RULs of transformers [131]. In
particular, the vibrations of the magnetic core and of the windings could characterize
transitory overloads and permanent failures before any irreparable damage occurs
[132,133]. Thus, this case study employs the vibration signals of the magnetic core

and of the windings of a power transformer to predict the RULs of transformers.
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Damaged joint

Figure 5-3 A power transformer FE model (without the
covering wall)

Table 5-5 Random geometries and material properties for power transformer

problem
Component Physical meaning Distri. type Mean Std
X1 Wall Thickness Normal 3 0.015
% Angular width of support Normal 15 0075
joints
X3 Height of support joints Normal 6 0.03
X4 Young’s modulus of support  \r 2E+12  1E+10
joint
X5 Young’s modulus of winding ~ Normal 1.28E+12 6E+8
X6 Poisson ratio of joints Normal 0.27 0.0027
X7 Poisson ratio of winding Normal 0.34 0.0034
X3 Density of joints Normal 7.85 0.000785
X9 Density of windings Normal 8.96 0.0896

Prognostic Data Generation
The failure mode considered in this study is the loosening of a winding support
joint (see Figure 5-3) induced by the magnetic core vibration. The joint loosening was

realized by reducing the stiffness of the joint. The failure criterion is defined as a 99%
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stiffness reduction of the joint. To model the trajectory of change in stiffness over
time, this study uses a damage propagation model with an exponential form as [129]

E(t)=E,+b,(1-exp(a,t)) (5.10)
where Ej is the initial Young’s modulus of the joint; ar and bg are the model
parameters; ¢ is the cycle time. The initial Young’s modulus E, follows the same
normal distribution with x4 (see Table 5-5). The model parameters ag and bp are
independent and normally distributed with means 0.002 and 4E+12, each of which
has a 10% coefficient of variation.

Since data-driven prognostic approaches require a large amount of prognostic
data, it is computationally intolerable, if not impossible, to simply run the simulation
to generate every data point. To overcome this difficulty, this study employed the
univariate decomposition method that only uses a certain number of univariate
sample points to construct the response surface for a general multivariate response
function while achieving good accuracy [8]. This study selected 5 strain gauges (see
Figure 5-4) from the optimally designed sensor network consisting of 9 strain gauges
and thus requires the construction of 5 responses surfaces. The data generation
process involves four sequentially executed procedures: (i) four univariate sample
points were obtained from the harmonic analysis to construct response surfaces, along
the damage propagation path, that approximate the strain components at five sensor
locations as functions of random variables detailed in Table 5-5; (i1) 400 randomly
generated samples of Ey, ag and bg were used in conjunction with Eq. (5.10) to
produce 400 damage propagation paths, of which 200 paths were assigned to the

training units and the rest to the testing units; (iii) the constructed response surfaces
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were used to interpolate the strain components at five sensor locations for a given set
of randomly generated geometries and material properties and damage propagation
paths, and repeatedly executing this process for 400 times gave the training data set
with 200 training units and the testing data set with 200 testing units; (iv)
measurement noise following a zero mean normal distribution was added to both the
training and testing data sets to finalize the data generation. The cubic spline was
used as the numerical scheme for the response surface construction and interpolation.
Simulated measurements by sensors 1 and 5 are plotted against the adjusted cycle
index, defined as the subtraction of the cycle-to-failure from the actual operational

cycle, in Figure 5-5 for all 200 training units in the training data set.

Figure 5-4 5 strain gauges located on the side wall of power
transformer
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Figure 5-5 Simulated measurements by sensors 1 (a) and 5 (b) for power
transformer problem

Implementation of Ensemble Approach

The training data set with 200 units were equally and randomly divided to 10
subsets. Similar to the first example, when used for the testing in CV, each unit in a
subset was assigned with a randomly generated RUL from a uniform distribution
between its zero and half-remaining life. All the five member algorithms used the
same parameter settings with those detailed in the first case study. The score function
in Eq. (5.9) was again used to compute the CV error ¢cy for the accuracy- and

optimization-based weighting schemes.

Results of Ensemble Approach

Table 5-6 summarizes the weighting results by the three weighting schemes as
well as compares the CV and validation errors of the individual and ensemble
approaches. Compared to the first example, similar results can be observed: (i) the

ensemble approaches with all three weighting schemes yield smaller CV error than
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any of the individual member algorithm and the one with the optimization-based
weighting gives the smallest CV error of 2.7258 on the training data set, a 66.48%
improvement over the best individual member algorithm, RN, whose CV error is
8.1323; (i1) the accuracy-based weighting scheme yields a comparable CV error to
that of the diversity-based weighting; (iii) the optimization-based weighting scheme
achieves a validation error of 5.6138, which is comparable to the smallest validation
error of 5.6119 by the diversity-based weighting scheme.

Under the optimization-based weighting scheme, the RUL predictions by two
individual algorithms, ES and QB, with the largest weights and the ensemble
approach are plotted for 218 training and testing units in Figure 5-6. It can be
observed that ES and QB are prone to produce early and late RUL predictions,
respectively, while the ensemble approach gives RUL predictions closer to the true

values with a much smaller number of outliers.

Table 5-6  Weighting results, CV and validation errors for power transformer
problem

RS-SS-ES-QB-RN
RS SS ES QB RN

AW DW OW

Weight by AW 0.2128 0.2265 0.2343  0.0677  0.2588 -—- - -
Weight by DW 0.1488 0.1486 0.1688 0.3290  0.2048 -—- - -
Weight by OW 0.0000 0.0000 0.6303 0.2336  0.1361 --- --- ---

CV error 9.8922 9.2945 8.9849 31.0891 8.1323 3.4874 3.4124 2.7258
Validation error 6.5737 6.8847 7.8251 20.0356 15.2265 5.7825 5.6119 5.6138
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Figure 5-6 RUL predictions of training units (a) and testing units (b) for power
transformer problem (optimization-based weighting)

Comparison of Different Combinations of Member Algorithms
A comparison study of different combinations of member algorithms was again
carried out using the optimization-based weighting scheme for the power transformer
problem. Table 5-7 summarizes the comparison results from which several important
remarks similar to those in the first example can be derived. First of all, the member
algorithms ES and QB can always be observed in the best ensemble approach with
more than one member algorithms. We also observe that the combination ES and QB,
when involved in the ensemble approach, always had a larger weight than any other.
This result is different from what we observe in the first example, where the largest
weight was assigned to the best individual member algorithm. This suggests that the
optimization-based weighting scheme makes less use of or even discarded the best
member algorithm that does not exhibit good cooperative performance with other
members. Secondly, the QB, which gives the worst individual performance and is

prone to give later RUL predictions (see Figure 5-6), was selected as an important
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member of the best ensemble approach. This again suggests that the prediction
diversity plays an important role in the weight determination. Thirdly, as is the case in
the first example, both the mean and standard deviation of CV errors decrease as the
number of member algorithms increases. Thus the addition of member algorithms

tends to enhance the prediction accuracy and reduce the uncertainty of this accuracy.

Table 5-7  Comparison of CV errors of different combinations of member
algorithms for power transformer problem (optimization-based weighting)

Combination CV error Combination CVerror = Combination CV error
RS 9.8922 RS-SS 9.2945 RS-SS-ES  8.9561
SS 9.2945 RS-ES 8.9849 RS-SS-QB  3.1688
ES 8.9849 RS-QB 3.1764 RS-SS-RN  3.9651
QB 31.0891 RS-RN 3.9744 RS-ES-QB  2.7894
RN 8.1323 SS-ES 8.9561 RS-ES-RN  3.4557
Mean 13.4786

Std 9.8650

RS-SS-ES-QB  2.7894 SS-QB 3.1815 RS-QB-RN  3.1470
RS-SS-ES-RN  3.4557 SS-RN 3.9671 SS-ES-QB  2.789%4
RS-SS-QB-RN  3.1433 ES-QB 2.789%4 SS-ES-RN  3.4557
RS-ES-QB-RN  2.7258 ES-RN 3.4557 SS-QB-RN  3.1559
SS-ES-QB-RN  2.7258 QB-RN 6.9724 ES-QB-RN 2.7258
Mean 2.9680 Mean 5.4752 Mean 3.7609
Std 0.3232 Std 2.7412 Std 1.8640
EIS\I_SS_ES_QB_ 2.7258
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Electric Cooling Fan Problem

In addition to the numerical studies, we also conducted experimental testing to
verify the effectiveness of the ensemble approach. In this case study, we applied the
ensemble approach to the health prognostics of electronic cooling fan units. This
study aims to demonstrate the proposed ensemble prognostics with 32 electronic

cooling fans.

Experimental Setup

In this experimental study, thermocouples and accelerometers were used to
measure temperature and vibration signals. To make time-to-failure testing
affordable, the accelerated testing condition for the DC fan units was sought with
inclusion of a small amount of tiny metal particles into ball bearings and an
unbalanced weight on one of the fan units. The experiment block diagram of DC fan
accelerated degradation test is shown in Figure 5-7. As shown in the diagram, the DC
fan units were tested with 12V regulated power supply and three different signals
were measured and stored in a PC through a data acquisition system. Figure 5-8(a)
shows the test fixture with 4 screws at each corner for the DC fan units. As shown in
Figure 5-8(b), an unbalanced weight was used and mounted on one blade for each
fan. Sensors were installed at different parts of the fan, as shown in Figure 5-9. In this
study, three different signals were measured: the fan vibration signal by the
accelerometer, the Printed Circuit Board (PCB) block voltage by the voltmeter, and
the temperature measured by the thermocouple. An accelerometer was mounted to the
bottom of the fan with superglue, as shown in Figure 5-9(a). Two wires were

connected to the PCB block of the fan to measure the voltage between two fixed
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points, as shown in Figure 5-9(b). As shown in Figure 5-9(c), a thermocouple was
attached to the bottom of the fan and measures the temperature signal of the fan.
Vibration, voltage, and temperature signals were acquired by the data acquisition
system and stored in PC. The data acquisition system from National Instruments
Corp. (NI USB 6009) and the signal conditioner from PCB Group, Inc. (PCB
482A18) were used for the data acquisition system. In total, 32 DC fan units were

tested at the same condition and all fan units run till failure.

Accelerometer BNC S'gn_al
DC Fan Conditioner

f BNC
PCB Block
Voltage /0

AC Adapter Connector Block
12V - DC 5

A 4

Thermocouple

A

PC

Figure 5-7 DC fan degradation test block diagram

(b)

Figure 5-8 DC fan test fixture (a) and the unbalance weight
installation (b)
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(b) (©)

Figure 5-9 Sensor installations for DC fan test: (a) accelerometer, (b) voltmeter
and (c) thermocouples

Implementation of Ensemble Approach

The sensory signal screening found that the fan PCB block voltage and the fan
temperature did not show clear degradation trend, whereas the vibration signal
showed health degradation behavior. This study involved the root mean squares
(RMS) of the vibration spectral responses at the first five resonance frequencies and
defined the RMS of the spectral responses as the PHI for the DC fan prognostics.
Figure 5-10 shows the RMS signals of three fan units to demonstrate the health
degradation behavior. The RMS signal gradually increased as the bearing in the fan
degraded over time. It was found that the PHI is highly random and non-monotonic
because of metal particles, sensory signal noise, and input voltage noise.

Among 32 fan units, the first 20 fan units were used to construct the training data
set for the CV, while the rest were used to build the testing data set for the validation.
Due to the small amount of training data, this case study employed the 5-fold CV
where the training data set with 20 units was equally and randomly divided to 5
subsets. Similar to the previous examples, when used for the testing in CV, each unit

in a subset was assigned with a randomly generated RUL from a uniform distribution
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between its zero and half-remaining life. To expand the number of testing units, each
testing fan unit was assigned with two randomly generated RUL from a uniform
distribution between its zero and half-remaining life, resulting in totally 24 testing
units. The parameter settings detailed in the first case study was again used for the
five member algorithms. With one cycle defined as every ten minutes, the score
function in Eq. (5.9) was again used to compute the CV error gcy for the accuracy-

and optimization-based weighting schemes.
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Figure 5-10 Sample degradation signals from DC fan testing

Results of Ensemble Approach

The weighting results by the three weighting schemes and the CV and validation
errors of the individual and ensemble approaches are summarized in Table 5-8.
Compared to the previous examples, we observed quite different results from which
three important remarks can be derived. First of all, the ensemble approach with the
diversity-based weighting scheme gives considerably larger CV and validation errors

than the best individual member algorithms, RS and ES. This result is due to the fact
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that the diversity-based weighting, which relies exclusively on the prediction
diversity for the weight determination, assigned larger weights to the member
algorithms, QB and RN, which produced very low prediction accuracy due to the
random and non-monotonic nature of the PHI (see Figure 5-10). Secondly, compared
to the best individual member algorithms, RS and SS, the ensemble approach with the
optimization-based weighting gave smaller CV and validation errors. However, the
improvement is insignificant. Since non-zero weights are only assigned to the two
member algorithms, RS and ES, with superb prediction capability, the performance of
the resulting ensemble is totally determined by these two algorithms. However, RS
and ES gave similar RUL predictions and the resulting ensemble, which is indeed a
combination of two algorithms with similar prediction behavior, cannot achieve
significant improvement in the prediction performance. Therefore, we expect that the
ensemble approach achieves significant improvement in the prediction performance
only in cases where member algorithms with comparable prediction accuracy produce
diverse RUL predictions. Thirdly, although the member algorithms, QB and RN, have
larger prediction diversity, their prediction accuracy is not comparable with that of
the best member algorithms, RS and SS. As a result, these two algorithms were
discarded from the algorithm pool by the optimization-based weighting. Under the
optimization-based weighting scheme, the RUL predictions the ensemble approach
are plotted for the training and testing units in Figure 5-11 where we observed very

accurate RUL predictions by the ensemble approach.
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Table 5-8  Weighting results, CV and validation errors for electric cooling fan
problem

RS-SS-ES-QB-RN

RS SS ES QB RN
AW DW OW

Weight by AW 0.3646 0.3767 0.2552 0.0008  0.0027 --- --- ---
Weight by DW  0.1423 0.1427 0.1496 0.3285  0.2369 - --- ---
Weight by OW 0.1155 0.8845 0.0000 0.0000 0.0000  --- - -—-

CV error 1.4770 1.4298 2.1100 717.8430 199.0067 1.5188 11.8520 1.4292
Validation error 0.7027 0.9223 0.7037 461.5064 84.3975 0.7185 11.0177 0.6984
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Figure 5-11 RUL predictions of training units (a) and testing units (b) for electric
cooling fan problem (optimization-based weighting)

5.1.6 Conclusion
This section proposed a novel ensemble approach for the data-driven prognostics
of high-risk engineered systems. By combining the predictions of all member

algorithms, the ensemble approach achieves better accuracy in RUL predictions
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compared to any sole member algorithm. Furthermore, the ensemble approach has an
inherent flexibility to incorporate any advanced prognostic algorithm that will be
newly developed. To the best of our knowledge, this is the first study of an ensemble
approach with three weighting scheme for the data-driven prognostics. Since the
computationally expensive training process is done offline and the online prediction
process requires a small amount of computational effort, the ensemble approach
raises little concerns in the computational feasibility. Three engineering case studies
(2008 PHM challenge problem, power transformer problem and electric cooling fan
problem) demonstrated the superb performance of the proposed ensemble approach
for the data-driven prognostics. Among the three weighting scheme, the optimization-
based weighting scheme showed the capability of adaptively synthesizing the
prediction accuracy and diversity of each member algorithm to enhance the accuracy
of RUL predictions. Considering the enhanced accuracy and robustness in RUL
predictions, the proposed ensemble approach is a promising data-driven prognostic

method for resilient engineered systems with a single time-scale.

5.2 Co-Training Prognostics

The data-driven prognostics often requires a large amount of failure data for the
offline training in order to achieve good accuracy for the online prediction. However,
in many engineered systems, failure data are fairly expensive and time-consuming to
obtain while suspension data are readily available. In such cases, it becomes
essentially critical to utilize suspension data, which may carry rich information
regarding the degradation trend and help achieve more accurate remaining useful life

(RUL) prediction. To this end, this research proposes a co-training data-driven
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prognostic algorithm, denoted by COPROG, which uses two individual data-driven
algorithms with each predicting RULs of suspension units for the other. The
confidence of an individual data-driven algorithm in predicting the RUL of a
suspension unit is quantified by the extent to which the inclusion of that unit in the
training data set reduces the sum square error (SSE) in RUL prediction on the failure
units. After a suspension unit is chosen and its RUL is predicted by an individual
algorithm, it becomes a virtual failure unit that is added to the training data set. The
co-training algorithm addresses the difficulty in achieving highly-confident health
prognostics with the lack of failure data for resilient engineered systems with a single

time-scale.

5.2.1 Description of Prognostic Algorithms

An artificial neural network (ANN) can be treated as a non-linear model that
establishes a set of interconnected functional relationships between input patterns and
desired outputs where a training process is employed to adjust the parameters (mainly
network weights) of the functional relationships to achieve optimal performance. In
recent years, neural networks have been extensively applied to predict the remaining
useful lives (RULSs) in various contexts such as machinery prognostics [57,60], flight
control prognostics [134] and battery prognostics [135]. This section briefly
introduces two selected neural network approaches for data-driven prognostics: a
feed-forward neural network (FFNN) approach and a radial basis network (RBN)
approach. A validation mechanism with multiple trials is used to train both the FFNN
and RBN with an aim to minimize the overfitting as well as improve the

generalization.
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Feed-Forward Neural Network

Network Structure

The feed-forward neural network (FFNN), also known as the multi-layer
perceptron, can fit any finite input-output mapping problem with a sufficient number
of neurons in the hidden layer [136]. The network is composed of three layers (see
Figure 5-12), namely, the input layer /, hidden layer H, and output layer O. Units of
the input layer and the hidden layer are fully connected through the weights W’
while units of the hidden layer and output layer are fully connected through the
weights W7 Let 1V = (1,,..., 1,..., I,"), H” = (H,",..., H",..., Hy"”) and O =
0,",..., 0,..., 0,0") be the input patterns, hidden activities and output activities at
the time step ¢, respectively, where /I, IRl and 10| denote the numbers of the input,
hidden and output units, respectively, and let b and b? be the bias terms added to the
net inputs of hidden units and that of the output unit, respectively. The net input of the

i"™ hidden unit can then be computed as

AY=>wm""+p" (5.11)

Given the hyperbolic tangent sigmoid transfer function as the activation function fy,

the output activity of the /™ hidden unit can then be computed as

, S0 2
HY ZfH(Hﬁ))=1+exp(—2H§-t))_l (5.12)

Given the linear transfer function as the activation function fg, the net input and

output activity of the i™ output unit can be com uted, respectively, as
p y p p p y

oY =>wH" (5.13)
J
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and

o =£,(0)=0) (5.14)

We note that, in order to use the FFNN for RUL prediction, both the network weights
and biases need to be determined through the network training which will be detailed

in the subsequent section.

Input Layer Hidden Layer Output Layer

Figure 5-12 Structure of a FFNN with one hidden layer.

For data-driven prognostics, the inputs to the FFNN are the normalized current
cycle value, normalized sensory measurements at the current and previous cycles. If
we have N; sensory measurements as the condition monitoring data at each cycle, the
vector of network input patterns 1 is denoted by an input vector X = (X1, X2,..., X2Ns+1)
with x; being the current cycle value, xp; and x,,;; being the (i—l)th sensory
measurement at the current and previous cycles, respectively, for 1 < i < N;. The
output is the normalized predicted RUL associated with the current sensory
measurement, denoted by LY. As pointed out in previous works [60,137], the

combined use of two consecutive data points provides valuable information regarding
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the rate of change of sensory measurements and thus the rate of system health
degradation. We do not intend to use more than two data points due to the following
reasons: (i) more out-of-date information regarding the “trend” of sensory
measurements is carried by earlier data points, the addition of which may lead to the
distortion of the most up-to-date information obtained from the two most recent data
points; and (ii) an increase in the number of input patterns causes an increase in the
network weights to be trained, which results in a higher chance of over fitting and

deteriorates the generalization performance.

Training Process

The training of FFNN refers to the adjustment of network parameters (weights
and biases) by exposing the network to a set of training input instances, observing the
network outputs, and readjusting the parameters to minimize a training error. With the
improvement of generalization being the main focus of FFNN training, we employ a
validation mechanism based on the so-called holdout approach. In this mechanism,
the holdout approach divides the original training data set into two mutually exclusive
subsets called a training set and a validation set (or a holdout set). The training set is
used to compute the gradient and update the network weights in order to minimize a
performance function. The sum-square error (SSE) on the validation set is treated as

the performance function or validation error, expressed as

=z

SSEzie,sz(Lf—Li)z (5.15)
k=1

k=1
where N is the number of training input and output instances, ey is the prediction error

for the k™ training instance, and L" and L," are the predicted and true normalized
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RULs for the k™ instance. During the initial phase of training, the training error as
well as the validation error typically decreases since the network is learning to find a
good mapping between the training inputs and outputs. However, when the network
begins to fit the noise, not just the signal, the overfitting occurs, leading to an increase
in the validation error in spite of an uninterrupted decrease in the training error. The
training is stopped when the increase in the validation error lasts for a specified
number of training iterations, and the network weights and biases at the minimum of
the validation error will be used to construct the FFNN model for RUL prediction. In
this work, we used 60% of the original data set as the training data set and the rest as
the validation set. We observed that this setting resulted in a FFNN model with good
modeling and generalization performance. The backpropagation training with an
adaptive learning rate [136] is employed to obtain the optimal weights and biases of
the FFNN. Since the training algorithm is random, resulting in slightly different SSE
values produced by different training executions, we train the FFNN 10 times to
obtain 10 trained FFNNs among which the one with the lowest SSE is saved for

future use.

Radial Basis Network

Network Structure

Another neural network approach we employ for data-driven prognostics is the
radial basis network (RBN) which was reported to have important universal
approximation properties [138], and whose structure bears a striking resemblance to
that of FFNN shown in Figure 5-12. In an RBN, each unit in the hidden layer is a

radial basis function ¢ with its own center, and for each input pattern x = (xj, xo,...,
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Xans+1)s 1t computes the Euclidean distance between x and its center and then applies a

polyharmonic basis function, expressed as

[x—c,|". k,=1,35,...
olxe)=y | (5.16)
[x—c,|" n(|x—c,|). &, =2.4.6....

where ¢; and ; are the center and function order of the /" unit in the hidden layer. We

can observe from the above expression that each hidden unit in the RBN computes an
output that depends on a radially symmetric function and, when the input is at the
center of the unit, the strongest output can be obtained. The network output is the
normalized predicted RUL L”, expressed as a weighted summation of the outputs of

hidden units

ZWOH (x.c,) (5.17)

We note that, although the RBN and FFNN (or MLP) share a similar network

structure, there are mainly three differences between these two networks:

(1) The activation function of the hidden layer in an RBN is a radially symmetric
function (or a radial basis function) which computes the Euclidean distance
between the input pattern and its center, whereas the activation function of a
FFNN computes the inner product between the input pattern and the input weight

vector.

(2) The output layer of an RBN is always in a linear form, whereas in a FFNN it can

be in a linear or nonlinear form.

(3) An RBN typically has a single hidden layer, whereas a FFNN can have multiple

hidden layers.
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In order to use the RBN for RUL prediction, both the centers of hidden units and
network weights need to be determined through the network training which will be

detailed in the subsequent section.

Training Process

The training of an RBN can be viewed as a curve-fitting problem in a
multidimensional space from the following two perspectives: (i) the objective of the
training is to find an optimal response surface in a multidimensional space that
provides the best fit to the training instances; and (ii) the testing (i.e., output of the
network to input data not seen before) is equivalent to the use of this
multidimensional surface to interpolate the test data. In this study, a two-phase
learning scheme [139] is used to train the RBN with the multivariate polyharmonic

basis function as the activation function. This training process is detailed as follows:

Phase I: Initialize the centers C of radial basis functions (RBFs) with training input
instances randomly selected from the original training data set, i.e., C = [¢y,..., ¢yl
with ¢; being the /" RBF center. The width ¢ of any RBF neuron is set to be one.

Phase 2: Determine the output layer weights W% which best approximate the

training instances by a matrix pseudo-inverse technique, expressed as

WO = (0"®) @'l (5.18)
where the target output vector LT = [LIT,..., LNT]T, and ® is an Nx(M+1) design
matrix constructed based on the training instances and RBF centers with ®; = @(x;,c)).

It is noted that the gradient-descent error backpropagation learning method is not used

in this study since, compared to the matrix pseudo-inverse technique, it requires much

149



higher computational effort. With an aim to improve the generalization performance
of the RBN, we divide the original training data set into the mutually exclusive
training set (60% of the original set) and validation set (40% of the original set), train
the RBN with randomly selected RBF centers and evaluate the validation error 10

times, and choose the trained RBN with the lowest validation error for future use.

5.2.2 Co-Training Prognostics

This section presents the proposed co-training algorithm (COPROG) for data-driven
prognostics. Firstly, the overall procedure of this algorithm is described. Next, details
are provided on the measure to quantify the confidence of an individual data-driven
algorithm in predicting the RUL of a suspension unit. This is followed by an
introduction of the weight optimization scheme for combining RUL estimates from
two algorithms for online prediction. Finally, remarks on how COPROG can help

improve the prognostic performance are given.

Overall Procedure

Under the context of machine learning, the two data-driven prognostic algorithms
(FFNN and RBN) detailed earlier can be treated as two regressors whose focus is to
model the relationship between the RUL (dependant variable) and the current cycle
value and sensory measurements (independent variables). Furthermore, failure data
can be treated as labeled data since each input combination (current cycle value and
sensory measurements) has its corresponding label (RUL), while suspension data can
be named as unlabeled data since the label (RUL) of each input combination is

unknown.
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Let £ = {(xl,LlT),. . (x|£|,L|£|T)} and U represent the failure (labeled) and
suspension (unlabeled) training data sets, respectively, where x; is the i" input
instance composed of 2N; + 1 elements, L,-T is its normalized RUL, i.e., its label, ILl is
the number of labeled instances, and the RULs (labels) of instances in ¢/ are unknown.
The pseudo-code of the COPROG algorithm is shown in Table 5-11, where the
function TrainFun(L.,j) returns the /" trained algorithm (j = 1 for FFENN and j = 2 for
RBN) based on the labeled data L. In the training process (see Figure 5-13), COPROG
works as follows: initially two trained algorithms h; and h, are generated from L.,
and, for a predefined number T of iterations, the refinement of each algorithm is
executed with the help of unlabeled instances labeled by the latest version of the other
algorithm. For each iteration, a set U’ of u suspension units is randomly sampled from
U. Each algorithm 4; predicts the labels of input instances of each unit in U/’ and
selects the unit X;" with the highest labeling confidence. Then the other algorithm is
refined with the labeled unlabeled instances 7; added to its training data set £;. Note
that a failure or suspension unit contains multiple input instances and, to distinguish a
failure or suspension unit from an input instance, we use the notation X to denote the
former and the notation x to denote the latter. In the testing process, the RUL estimate
for a given testing instance is the weighted sum of the outputs of two algorithms built

after the last COPROG iteration.
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Table 5-9  Pseudo-code of the COPROG algorithm

ALGORITHM: COPROG

INPUT: L — failure data set, U/ — suspension data set, 7 — maximum number
of co-training iterations, u — suspension pool size
TRAINING PROCESS:
1 Li=L;L,=L

hi' = TrainFun(£,U{X,, L,"}, j);

Aixa= YL = hi(x))* = YL = hi'(x;))°
10 end

2 hy=TrainFun(Ly, 1); hy = TrainFun(L,, 2);

3 Repeat for T times

4 Create a pool U’ of u suspension units by random sampling from &/
5 forj=1to2

6 for each X, c U/’

7 L.” = hi(X.,);

8

9

11 if there exists an Ajx, >0
12 X' = argmaxxuc s Ajxus L' = 1(X;);
13 m={X;, L) U =U \m;
14 else
15 m = O,
16 end
17 end
18 ifzj==0 && m==0 exit
19 else L1=L1Um; Lo=LyUmy;
20 hy = TrainFun(Ly, 1); hy = TrainFun(L,, 2);
21 end
TESTING PROCESS:

22 LF=w 1h1(X) + wahy(x) for any test data x
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Figure 5-13 Flowchart of training process in COPROG

Confidence Measure

One critical issue in the co-training prognostics is how to select an appropriate
suspension unit to utilize. An inappropriate selection may lead to a mislabeled
suspension unit (or with an incorrect RUL estimate) which, if added to the training
data set, may negatively affect the performance of an algorithm. We believe that the
most confidently labeled suspension unit by a data-driven prognostic algorithm
should help decrease the error of that algorithm on the labeled data set to the greatest
extent. Therefore, we quantify the confidence in labeling a suspension unit by the
extent to which the inclusion of that unit in the training data set reduces the sum
square error (SSE) in RUL prediction on the failure units. Mathematically, the

confidence measure of the j™ algorithm on a suspension unit X,, can be expressed as

Aj,xu = Z ((LT _Lf(xi’ﬁj))z _(Lf —Lf(xi,ﬁj U{XM’LZ}))ZJ

x;eL;

=2 ((LzT —h (Xi))z (L _hj'(xi))z)

x,€L;

(5.19)
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where L;’ denotes the true RUL of the input instance x; contained in the labeled data
set £;, L7 (x;, £ ;) denotes the predicted RUL by the j™ prognostic algorithm trained
with the labeled data set L), LMP denotes the predicted RULs of input instances
contained in the suspension unit X, 4; denotes the original algorithm and /;" denotes
the one refined with the suspension information {X,, LL,P }. The above confidence
measure reflects the fact that the most confidently selected suspension unit is the one
which keeps the prognostic algorithm most consistent with its existing training data

set.

Weight Optimization

After using two data-driven prognostic algorithms to select and label the
unlabeled suspension units during the offline training, we then obtain two augmented
labeled training data sets £, and £,, each of which contributes a trained algorithm for
the online prediction. Then, the RUL predictions of these two algorithms are
combined in a weighted-sum formulation as the final prediction. The simplest way is to
average the two predictions, which is acceptable only when the prognostic algorithms
provide the same level of accuracy. However, it is more likely that an algorithm tends
to be more accurate than the other. In such cases, it would be ideal to assign a greater
weight to a member algorithm with higher prediction accuracy in order to enhance its
prediction accuracy. Hence, two individual algorithms with different prediction
performance should be multiplied by different weight factors. In what follows, we
propose a weight optimization scheme to maximize the accuracy in RUL prediction

by adaptively synthesizing the prediction accuracy of each individual algorithm. In
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this scheme, the weights can be obtained by solving an optimization problem of the

following form

Minimize — SSE= " (L —(wh (x;)+why (Xi)))z

Subject to w,+w, =1

(5.20)

where £ denotes original training data set. After the prediction of RULSs using the two
prognostic algorithms, the above optimization problem can be readily solved with
almost negligible computational effort since the weight optimization process does not
require the re-execution of these algorithms. We expect that, by solving the
optimization problem in Eq. (5.8), the resulting ensemble of the two algorithms will

outperform its counterpart with equal weights in terms of prediction accuracy.

Remarks on Co-Training Prognostics

In what follows, we intend to elaborate on how the proposed COPROG algorithm
can utilize the suspension data to improve the prognostic performance from two
perspectives: (i) how an individual prognostic algorithm can benefit from the
utilization of suspension data; and (ii) how the use of two algorithms can enhance the

prognostic accuracy as compared to an individual algorithm.

Regarding the utilization of suspension data, Figure 5-14 illustrates that using one
prognostic algorithm (FFNN or RBN) to label the unlabeled instances help improve
the prediction accuracy on the test data in a prognostic sample space P. Here, P
consists of all possible prognostic samples obtained under different testing situations
(e.g., manufacturing condition, health condition and degradation rate). We have

sparse labeled data (or failure data) but plenty of unlabeled data (or suspension data).
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For test data in the close vicinity of labeled data, we believe the training algorithm
used to build the prognostic algorithm with only labeled data can generalize
sufficiently well to make reasonable predictions. This is not to say all predictions
made in such cases are highly accurate: at points that are sparsely populated by
labeled data, relatively large errors are expected (as is the case in Figure 5-14), but
the predictions will still be meaningful. For test data that fall significantly away from
labeled data, we expect that FFNN or RBN outputs could contain intolerably large
errors. If the unlabeled data can be properly labeled and added to the labeled data set,
the algorithm can provide more accurate RUL predictions for test data that are close
neighbors of these labeled unlabeled data. We note that the proper labeling is realized
by selecting appropriate unlabeled data according to the maximization of the

confidence measure in Eq. (5.19).
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Figure 5-14 Prognostic space with labeled,
unlabeled and test data

Regarding the use of two prognostic algorithms, we note that this strategy can

produce the following two desirable effects:
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Creating diversity: The two algorithms with different network structures and training
procedures lead to the diversity in RUL prediction, based on which the ensemble
obtains better predictive performance than could be obtained from any individual
algorithm. Since, during each iteration, the suspension unit chosen by /; will not be
chosen by h,, the suspension units two algorithms label for each other are different,

which can be treated as another mechanism for encouraging the diversity.

Reducing overfitting: 1If we consider that the labeled training data set contains noise,
the use of two prognostic algorithms can be helpful to reduce overfitting. Let N
denote the set of noisy data in £. For a suspension (unlabeled) unit X, either of the
algorithms A; and A, will rely on a set of neighboring labeled data to label X,.
Assume this set is Q and X, is labeled by &;. Then, {X,,/(X,)} is added to £;, where
the labels /;(X,) suffers from the noisy data in QNN. For another unlabeled unit X,,
which we assume is very close to X, the neighboring labeled data for labeling X, will
be approximately QU {X,,n(X,)}. Thus, h;(X,) will be roughly affected by
QNN U {X,,,h1(X,)}. Note that {X,,n;(X,)} has already suffered from the noisy data
in QNN. Thus, h(X,) will be affected by QNN more seriously than 4(X,) does. As
we label more suspension units, the effect of noise continues to propagate and
becomes more severe. Whereas if the unit X, is labeled by 4, and {X,,h>(X,)} is put
into £y, then h(X,) will suffer from QNA only once, thereby preventing the effect of

noise from propagating.

5.2.3 Case Study: Rolling-Element Bearing Prognostics

In this section, the proposed COPROG algorithm for data-driven prognostics is
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demonstrated with a PHM case study on rolling-element bearing health prognostics
(simulation). The rolling-element bearing is a critical component in rotational
machines, since an unexpected failure of the bearing leads to machine shut-down and
catastrophic damage. Thus, it is very important to ensure high reliability and safety of
the bearing during its operation. This case study conducts bearing health prognostics
with sensory signals obtained from a vibration model of the rolling-element bearing.
To study how the exploitation of suspension data affects the prognostic
performance, we compared the co-training approach and the FFNN and RBN without

the use of suspension data in terms of prognostic accuracy and robustness.

Bearing Defect Simulation

We employed an existing vibration model [140,141] to simulate the vibration
signal produced by a single point defect on the inner race of a rolling-element bearing
under constant radial load. The model takes into account the effects of the single
point defect, shaft speed, bearing load distribution, and the exponential decay of
vibration. The simulation assumes the following bearing parameters: pitch angle 6 =
0°, shaft rotational speed v, = 100rpm corresponding to shaft rotational frequency f, =
1.67Hz, bearing-induced resonant frequency f; = S000Hz, pitch diameter d, = 23mm,
roller diameter d, = 8mm and number of rollers n, = 9. Then the characteristic

defective frequency corresponding to an inner race fault can be computed as

For =n,2f, (1+%cos(9)]z10.1le (5.21)

P
Figure 5-15(a) plots the simulated vibration signal of a bearing with an inner race

fault in the time domain. Using the fast Fourier transform (FFT), we converted this
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signal to the frequency domain and obtained its frequency spectrum in Figure 5-15(b)
where the spectrum is dominated by high-frequency resonant signals. Through band-
pass filtering and rectifying the raw vibration signal, we excluded these resonant
signals by other parts of the rotational machine and derived a demodulated signal as
shown in Figure 5-15(c). The frequency domain plot of the demodulated signal in
Figure 5-15(d) indicates the presence of a defect with the characteristic frequency of
10.13Hz which exhibits good consistency with the calculated inner race fault

frequency in Eq. (5.21).
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Figure 5-15 Simulated signal of outer-race defect: (a) time domain plot and (b)
frequency spectrum of raw signal; (c) time domain plot and (d) frequency spectrum
of demodulated signal.
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We then repeatedly generated the vibration signals with exponentially increasing
defect magnitudes corrupted by random fluctuations. A set of initial values and
increasing rates of defect amplitudes were randomly generated to produce a set of
bearing units. The lifecycle evolution of vibration spectra of an example bearing unit
is plotted in Figure 5-16(a) where it can observed that, as degradation progresses over
time, the defect magnitudes at harmonic defective frequencies (positive integer
multiples of the characteristic defective frequency) begin to appear and increase
exponentially. The feature we employed for data-driven prognostics is the entropy as
shown in Figure 5-16(b). We can observe from both figures that the degradation
undergoes two distinct stages. The first stage is referred to as normal operation period
characterized by a relatively flat region. In this stage, no obvious defect can be found
in the bearing. In the second stage, the degradation of the bearing begins and the
signal is characterized by exponentially increasing defect magnitudes with random
fluctuations. This two-stage degradation behavior is consistent with previous works
on bearing prognostics [50,51,142].

For the training process, we generated a training data set consisting of 100 failure
(labeled) units and 100 suspension (unlabeled) units. As shown in Figure 5-16(b), the
failure data contain complete degradation information while the suspension data carry
only partial degradation information. The latter were generated by truncating the
original failure data after pre-assigned suspension times. The suspension time pre-
assigned to each suspension unit was randomly generated from a uniform distribution
between 90 and 100 percentile lives. This range in the uniform distribution was

selected based on the assumption that the suspension unit is taken out of service when
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it approaches its end of life. For the testing process, we generated a testing data set
consisting of 100 testing units by truncating the original failure data after pre-
assigned RULs. The RUL pre-assigned to each testing unit was randomly generated
from a uniform distribution between its zero and half-remaining life. The lifecycle
evolution of entropy of a testing unit is plotted in Figure 5-16(b), where we can

observe a smaller portion of health degradation pathway compared to a suspension

unit.
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Figure 5-16 Lifecycle evolution of vibration spectra (a) and entropy (b) with an
inner race defect.

Implementation of COPROG Algorithm

To investigate the effect of the amount of failure data on the performance
improvement by COPROG, we evaluated algorithms under two different settings:
Setting 1 (lack of failure data) — 3 failure units and 10 suspension units (i.e., 3L-10U)
and Serting 2 (plenty of failure data) — 10 failure units and 10 suspension units (i.e.,
10L-10U). For each setting, the failure and suspension data were randomly selected
from the training data set consisting of 100 failure units (labeled) and 100 suspension

units (unlabeled). To comprehensively test the performance of algorithms under
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various sets of failure and suspension data as well as account for the randomness in
the training of FFNN and RBN, we repeatedly executed the evaluation process 50
times, each with a different set of failure and suspension units, and computed the
mean (accuracy) and standard deviation (robustness) of root mean square errors

(RMSEs) on the testing data. Mathematically, the mean RMSE can be expressed as

1
Hryse :% z RMSE,

1<k<50

L M- )

xeT

50,4 N

t

2 (5.22)

where L’(x) denotes the true RUL of the input instance X, LP(x) denotes the predicted

RUL by an algorithm, N, denotes the number of input instances in the testing data set

7. Since the health degradation at a very early stage is almost negligible and thus the

occurrence of a failure is almost impossible, we extracted the testing input instances
from the time step 6 of each testing trajectory. Since the RUL prediction at a late
stage exerts a larger influence on maintenance decision-making than that at an early
stage, we intended to separately investigate the prognostic accuracy when a bearing
approaches its end of life. For this purpose, we extracted the testing input instances at
the last 5 time steps of each testing trajectory and computed a critical-time RMSE
using Eq. (5.22). In the COPROG algorithm, both the maximum number of co-training
iterations 7 and the suspension pool size u were set to 5. Regarding the FFNN
training, we employed 8 hidden units in the hidden layer and set the maximum
training epochs to 100. Regarding the RBN training, we employed 20 RBF centers

with first-order polyharmonic functions.
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Results of COPROG Algorithm

Table 5-10 summarizes the RMSE results of supervised (FFNN and RBN) and
semi-supervised (COPROG) learning. Here, FFNN and RBN refer to initial algorithms
before utilizing any suspension data. In what follows, we intend to interpret the

results from the following two perspectives:

Prognostic accuracy: It can be observed from Table 5-10 that the COPROG algorithm
under any setting always outperforms any of the initial algorithms in terms of the life-
and critical-time mean RMSEs, which verifies that COPROG is capable of exploiting
the suspension data to improve the prognostic accuracy. Under the setting with the
lack of failure data (i.e., 3L-10U), COPROG achieves the life- and critical-time mean
RMSEs of 5.2674 and 4.5505 on the testing data set, 16.26% and 15.19%
improvements over the best initial algorithm, RBN, whose mean RMSEs are 6.2905
and 5.3654, respectively. The accuracy improvement can be attributed to the effective
utilization of valuable information that is only carried by the suspension data. As
expected, the accuracy improvement becomes less significant when we have more
failure data (i.e., 10L-10U). This is due to the fact that a larger amount of failure data
captures more information regarding the degradation trend and leads to a reduced

amount of information gained by utilizing suspension data.

Prognostic robustness: In addition to the prognostic accuracy, we also evaluated the
algorithms in terms of the prognostic robustness, that is, the extent to which the
performance of an algorithm is insensitive to the variation in the training data. Here,
the prognostic robustness was quantified using the standard deviation of RMSEs

obtained from 10 random sets of training data. As shown in Table 5-10, COPROG
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always performs significantly better than the initial algorithms, which suggests that
the exploitation of suspension data by COPROG helps improve the prediction
robustness. The superior performance of COPROG in robustness can be attributed to
the enrichment of degradation information by utilizing the suspension data and the

combined use of two algorithms.

To illustrate the accuracy improvements obtained by exploiting suspension data,
the RUL predictions by the initial algorithms (that is, FFNN and RBN trained without
the utilization of any suspension data) and final algorithms (that is, FFNN and RBN
after the co-training process) under the setting of 3L-10U are plotted for 200 training
and testing units in Figure 5-17. The units are sorted by the RULs in an ascending
order. The relative large scatter of RUL predictions around the true curve can be
attributed to the lack of failure units (only 3) as well as the large noise in the entropy
feature data (see Figure 5-16(b)). It can be seen that, compared to the two initial
algorithms, the final algorithms yield RUL predictions that are closer to the true

values while eliminating many outliers produced by the initial algorithms.

Table 5-10 RMSE results of supervised (FFNN and RBN) and semi-supervised
(CoPROG) learning for rolling-element bearing problem

Training Statistics Life-time RMSE (cycles) | Critical-time RMSE (cycles)

data FFNN  RBN COPROG | FFNN  RBN  COPROG
Mean | 63119 6.2905 5.2674 | 5.5487 5.3654  4.5505
Std' 1.2980 1.2593 0.4851 | 1.5794 1.3378 0.7659
Mean | 5.2051 5.0116 4.7928 | 4.5234 42165 4.0406

Std 0.3501 0.4143  0.2637 | 0.6504 0.6291  0.5108

a
Standard deviation

3L-10U

10L-10U

164



60 : : 60 : ‘

Initial FENN Initial RBN
30¢ Final FFNN 01| . Final RBN
aof | —— True 4ol | —True

RUL (Cycles)
[53]

RUL {Cycles)
(%]
fa]

20r 20l
L 10l
0 500 1000 1500 2000 % 500 1000 1500 2000
Data 1D (sorted) Data 1D (sorted)
(a) (b)

Figure 5-17 RUL predictions by initial and final FFNNs (a) and RBNs (b) for
rolling-element bearing problem (3L-10U)

5.2.4 Conclusion

This section presents a co-training prognostics (COPROG) algorithm, which, to the
best of our knowledge, is one of the earliest efforts on semi-supervised learning for
data-driven prognostics. By utilizing the suspension data, the COPROG algorithm
achieves better accuracy and robustness in RUL predictions compared to any
individual algorithm without utilizing the suspension data. Results from an
engineering case study (rolling element bearing problem) suggested that COPROG is
capable of effectively exploiting the suspension data to improve the prognostic
performance and that the improvement becomes more pronounced when we have lack

of failure data for the offline training.

5.3 A Multiscale Framework with Extended Kalman Filter (EKF)

In general, system’s health condition is a slow time-varying system state, which
can be highly correlated with a fast time-varying system state. For instance, the health

condition (or capacity) of a battery is highly correlated with a fast time-varying
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system state, such as the state-of-charge (SOC). Should the existing techniques be
used for such a system, they generally demand tremendous computational efforts and
provide noisy estimates of the slow time-varying system state (or health condition).
To overcome these shortcomings, this research proposes a multiscale framework with
an extended Kalman filter (EKF) and applied this framework to Li-ion battery SOC
and capacity estimation. When applied for battery prognostics, the proposed
framework comprises two ideas: (i) a multiscale framework to estimate SOC and
capacity that exhibit time-scale separation and (ii) a state projection scheme for
accurate and stable capacity estimation. As a hybrid of coulomb counting and
adaptive filtering techniques, the framework achieves higher accuracy and efficiency
than joint/dual EKF. This multiscale framework enables highly-confident health

prognostics for resilient engineered systems with multiple time-scales.

5.3.1 System Description

To make the discussion more concrete, we will use discrete-time state-space
models with multiple time-scales. Without loss of generality, we assume the system
has two time-scales: the macro and micro time-scales. System quantities on the macro
time-scale tend to vary slowly over time while system quantities on the micro time-
scale exhibit fast variation over time. The former are referred to as the model
parameters of the system while the latter are called the states of the system. We then

begin by defining the nonlinear state-space model considered in this work as

Transition:  x, =F(xk,l,uk’,,0k)+wk,,, 0, =0 +r,
(5.23)
Measurement: y, , =G (Xk,,,uk,,,ﬂk ) +V,,

where Xy is the vector of system states at the time #;;=t;0+ [- T, for 1 </ <L, with T
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being a fixed time step between two adjacent measurement points, and k and / being
the indices of macro and micro time-scales, respectively; 0 is the vector of system
model parameters at the time f;o; uy; is the vector of observed exogenous inputs; yi;
is the vector of system observations (or measurements); w; and ry are the vectors of
process noise for states and model parameters, respectively; vi; is the vectors of
measurement noise; F(e,»,») and G(e,*,*) are the state transition and measurement
functions, respectively. Note that L represents the level of time-scale separation and
that x; 0 = x;_; 2. With the system defined, we aim at estimating both the system states
x and model parameters 0 from the noisy observations y.

Let us take the battery system as an example. In the battery system, the system
state x refers to the SOC, which changes very rapidly and may transverse the entire
range 100%-0% within minutes. Here we use an italic, non-bold letter x to indicate
that the system state in the battery system is a scalar rather than a vector, and the
same notational rule applies to all other functions and variables. The system model
parameter 6 represents the cell capacity which tends to vary very slowly and typically
decreases 1.0% or less in a month with regular use. The state transition equation
F(e,2,) models the variation of SOC over time while the cell dynamic model G(e,*,*)
relates the measured cell terminal voltage y with the unmeasured state (SOC) and
model parameter (capacity) and the measured exogenous input u. Given the system’s
state-space model in Eq. (5.23) and knowledge of the measured input/output signals
(cell current/cell terminal voltage), we are interested in estimating the unmeasured
state (SOC) and model parameter (capacity) in real-time and in a dynamic

environment.
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5.3.2 Review of Dual Extended Kalman Filter Method

The dual extended Kalman filter (EKF) method is a commonly used technique to
simultaneously estimate the states and model parameters [143]. The essence of the
dual EKF method is to combine the state and weight EKFs with the state EKF
estimating the system states and the weight EKF estimating the system model
parameters. In the algorithm, two EKFs are run concurrently and, at every time step
when observations are available, the state EKF estimates the states using the current
model parameter estimates from the weight EKF while the weight EKF estimates the
model parameters using the current state estimates from the state EKF. This section
gives a brief review of the dual EKF method. The first part of this section presents the

numerical formulation and the second part describes the numerical implementation.

Numerical Formulation: Dual Estimation

The algorithm of the dual EKF for the system described in Eq. (5.23) is
summarized in Table 5-11. Since the dual EKF does not take into account the time-
scale separation, 0y is estimated on the micro time-scale. To reflect this, we use the
notations 0, and ry; to replace 0y and ry, respectively. Also note that, to be consistent
with the system description in Eq. (5.23), we use two time indices k and [ to present
the dual EKF algorithm and this presentation is equivalent to a simpler version in
[144] with only one time index /. The algorithm is initialized by setting the model
parameters 0 and states X to the best guesses based on the prior information. The
covariance matrices X¢ and Xy of estimation errors are also initialized based on the
prior information. At each measurement time step, the time- and measurement-

updates are performed in the following two EKFs: weight EKF and state EKF.
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Table 5-11 Algorithm of dual extended Kalman filter [144]

Initialization

(5.24)
X0 E[XOO} X :E[(XOO XOO)(XOO ﬁOO)T}
For ke {1,..., o}, le {1,..., L}, compute
Time-update equations for the weight filter
0,=0,,, I, =X, +X, . (5.25)
Time-update equations for the state filter
%, = F(ik,,_l,uk,l_l,f);’, ) I, =A, L Al +X, . (5.26)
Measurement-update equations for the state filter
K=z (cn) [enz (en) +2, | (527
%, =% ,+K, [yk’, ~G(%;,.u,,.07, )} r, =(1-K},C},)E, . (5.28)
Measurement-update equations for the weight filter
K, =x, () [cglz; (c) +x, Jl (5.29)

0., =6, K, v, -6(%,u,.00) | I, =(1-KI,Cl)%; . (530

where

BF(X u,,_ 1,§kl)‘

A= Ix ’ Cz,z = aX’ )
X=Ry gy X=Ry (5 3 1)
o _dG(xkl,ukl,9)|
o d0 |
e:é;.l

Weight EKF (Parameter Estimation)

The weight EKF first executes the time-update, where prior parameter estimates

ézq, and their error covariance X, ~are computed with Eq. (5.25). Due to the
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addition of unpredictable process noise ry,; in Eq. (5.23), the uncertainties X, in the

parameter estimates always increase. Following the time-update step, the estimated

measurements are then computed by
s :G(ig,z’uk,z’ez,z) (5.32)

The above predicted measurements are compared with the real measurements yy,; to
obtain prediction errors which state the novelty or the new information that the
measurements y;; brought to the filter relative to the parameters 0, ;. The prediction

errors are used to adapt the current parameter estimates and obtain posteriori

parameter estimates 0, , using Eq. (5.30). Due to the addition of one set of

k.l
measurements, the error uncertainties are reduced as can be seen in Eq. (5.30). This
process is referred to as the measurement-update.

In the battery system, the measured terminal quantities are the cell terminal
voltage y and current u. Since the capacity affects the SOC transition which further
affects the cell terminal voltage, the cell terminal voltage measurement y can be used

to adapt the capacity by following the steps detailed above.

State EKF (State Estimation)

The state EKF essentially follows the same manner as the weight EKF. One
difference lies in the fact that the time-update in the weight EKF employs the state
transition function F(e,e,*) as shown in Eq. (5.26). Similar to the weight EKF, the
measurement-update in the state EKF also uses the differences between the predicted
measurements in Eq. (5.32) and the real measurements to adapt the states X;;. As

shown in Eq. (5.28), the posteriori state estimates are obtained by correcting the priori
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state estimates with the prediction errors multiplied by gain factors.

When applied to the battery system, the state EKF aims at estimating the SOC x
based on the measured cell terminal voltage y and current u. Since the SOC directly
affects the cell terminal voltage through the cell dynamic model G(e,e,), the cell
terminal voltage measurement, as the model output, can be used to back-estimate the

SOC, as one model input, by following the steps detailed above.

Numerical Implementation: Recurrent Derivative Computation

The dual EKF method, which adapts the states and parameters using two
concurrently running EKFs, has a recurrent architecture associated with the
computation of Ci,’ in the weight filter. The computation of Cy,? involves a total

derivative of the measurement function with respect to the parameters 0 as

dG (%;,.u,,.0)

C’ =
o )

(5.33)

‘e:é;»,
This computation requires a recurrent routine similar to a real-time recurrent learning
[145]. Decomposing the total derivative into partial derivatives and propagating the

states back in time results in the following recursive equations

dG (%, ,.u,,.9) _ G (%,,.u,,.0) N oG (%;,.u,,.0) ds;,

— , (5.34)
do 00 axk,l do
dﬁ;,, _ aF(f‘k,/—puk,/—pe) + oF (&k,l—l’uk,l—l’ﬂ) df‘k,/_l (5.35)
dae 00 R, ., ae ’ '
dﬁk,l—l _ dﬁ;,l—l K* dG ()A(;J—l’uk,l—l’e)
- Bl 25
do ade do (5.36)
K*, .
+ agl : [yk,l—l _G(Xk,l—l’uk,z—l’e)]
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The last term in Eq. (5.36) can be set to zero with the assumption that K;;* is not
dependant on 0. Indeed, since K" is often very weakly dependant on 0, the extra
computational effort to consider this dependence is not worth the improvement in
performance. Therefore, we drop the last term in Eq. (5.36) in this study. Then the
three total derivatives can be computed in a recursive manner with initial values set as
zeros. It noted that the partial derivatives of the transition and measurement functions
with respect to the states x and parameters @ can be easily computed with the

explicitly given function forms.

5.3.3 A Multiscale Framework with Extended Kalman Filter

As discussed in Section 5.3.2, the dual EKF method estimates both the states and
parameters on the same time-scale. However, for systems that exhibit the time-scale
separation, it is natural and desirable to adapt the slowly time-varying parameters on
the macro time-scale while keeping the estimation of the fast time-varying states on
the micro time-scale. This multiscale framework is expected to reduce the
computational effort and provide more stable estimates of model parameters. This
section is dedicated to the discussion of this framework and is organized in a similar
manner as Section 5.3.2: the first part of this section presents the numerical
formulation of the multiscale framework with EKF and the numerical implementation
of the recurrent derivative computation in the multiscale framework is described in

the subsequent part.

Numerical Formulation: Multiscale Estimation

As opposed to the dual estimation, we intend to derive a multiscale estimation

which allows for a time-scale separation in the state and parameter estimation. More
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specifically, we aim at estimating the slowly time-varying model parameters on the
macro time-scale and, at the same time, intend to keep the estimation of fast time-
varying states on the micro time-scale to utilize all the measurements. The algorithm
of the multiscale framework for the system described in Eq. (5.23) is summarized in
Table 5-12. Note that, in contrast to the dual EKF algorithms in Table 5-11, we only
use the macro time-scale index k to present the macro EKF since the parameter
estimation is performed only every macro time step.

The algorithm is initialized by setting the model parameters 0 and states x to the
best guesses based on the prior information. The covariance matrices Xy and Xy of
estimation errors are also initialized based on the prior information. The main
algorithm essentially consists of the so-called micro and macro EKFs running on the
micro and macro time-scales, respectively. Note that, the micro time-scale here refers
to the time-scale on which system states exhibit fast variation while the macro time-
scale refers to the one on which system model parameters tend to vary slowly. For
example, in the battery system, the SOC, as a system state, changes every second,
which suggests the micro time-scale to be approximately one second. In contrast, the
cell capacity, as a system model parameter, typically decreases 1.0% or less in a
month with regular use, resulting in the macro time-scale being approximately one
day or so. The time- and measurement-updates performed in the macro EKF and

micro EKF are detailed as follows.
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Table 5-12 Algorithm of a multiscale framework with extended Kalman filter

Initialization

(5.37)
—E[XO()] )2 E|:(XOO xoo)(x00 XOO)T:|
For ke {1,..., o}, compute
Time-update equations for the macro EKF
0,=0,,. X, =X, +Z . (5.38)
State projection equation for the macro EKF
%, =Fo (%00 0,000; ). (5.39)
Measurement-update equations for the macro EKF
K!-x, ()| cix, () +x, Jl . (5.40)
0, =0, +K}[%,_,-%_,]. L, =(I-K{C})Z, . (5.41)
For le {1,..., L}, compute
Time-update equations for the micro EKF
%, =F(%,.u,.0_) X =A,X Al +I_ . (5.42)
Measurement-update equations for the micro EKF
K, =%, (c,) [c;,z;“ (c;,) +x,, Jl . (5.43)

fckl=§(;J+szl[yk’Z—G(xkl,ukl,B )J x, =(I-K},C.,)E; . (5.44)

where

A

BF(X,uk,Z_l,ék_l) aG(X,ukyz,ek—l)

Ak,l—l = Ix ) C:,l = Ix >
x=%; X=X, (545)
0 _ dFO—)L (ﬁk—l,O’uk—l,O:L—l’B)|
Ce= d0 \
0=0;
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Macro EKF (Parameter Estimation)

At every macro time step, the macro EKF executes the time-update where prior

parameter estimates ﬁ; and their error covariance X, are computed with Eq. (5.38).

The addition of unpredictable process noise ry increases the uncertainties X, in the

parameter estimates. After the time-update step, the state projection is conducted to
project the state estimates from the micro EKF through the macro time step,
expressed as the state projection function Fy_;(e,2,*) in Eq. (5.39). We note that
Fo_,.(*,%,*) can be expressed as a nested form of the state transition function F(e,e,*) in
Eq. (5.23) and that the computational effort involved in computing Fy_(e,,®) is
negligible compared to the time- and measurement-updates conducted in L micro
time steps. In the measurement-update step, the macro EKF computes the difference
between the projected states and the estimated states from the micro EKF and uses the
difference to obtain posterior parameter estimates, which is detailed in Eq. (5.41).
Compared with the weight EKF, the macro EKF possesses two distinctive
characteristics: (i) the time- and measurement-updates are performed over the macro
time-scale (L-T) instead of the micro time-scale (7), leading to the possibility to
greatly reduce the computational complexity; and (ii) the macro EKF uses the state
estimates from the micro EKF for the measurement-update, enabled by the state
projection in Eq. (5.39), and the resulting parameter estimation becomes decoupled
with the state estimation where the real measurements in Eq. (5.23) are used for the
measurement-update. The first characteristic could magnify the effect of the
parameters on the states, i.e., that the parameters could affect the states projected on

the macro time-scale (L-T) more significantly than those projected on the micro time-
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scale (7). The second characteristic helps distinguish the effects of the two unknowns
(states and parameters) on the only measurements. In the subsequent section, these
characteristics will be further explained and verified when we apply the algorithm to

the battery system.

Micro EKF (State Estimation)

The micro EKF bears a strong resemblance to the state EKF in the dual EKF. The
only difference is that, for the state transition, the micro EKF uses the capacity
estimate from the previous macro time step (see Eq. (5.42)) while the state EKF
employs that the previous micro time step (see Eq. (5.26)). It is important to note that,
at the start of every macro time step, i.e., at the time #-; 0, the micro EKF sends the
state estimate to the macro EKF which then projects it through the macro time step
according to the state projection equation in Eq. (5.39). Upon the completion of the
state projection at the end of every macro time step, i.e., at the time #—;;, the micro
EKF sends another state estimate to the macro EKF which then compares it with the
projected estimate and uses the difference to adapt the parameter estimate in the

measurement-update step detailed in Eq. (5.41).

Numerical Implementation: Recurrent Derivative Computation

In the multiscale framework, the computation of Ck6 in the macro EKF involves a
total derivative of the state projection function with respect to the parameters 0 as

deaL(XkAﬁ’uk4ﬁ14’9)|

do

C) = (5.46)

‘e:é;

Similar to the total derivative in Eq. (5.33), this computation also requires a recurrent
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routine. Decomposing the total derivative into partial derivatives, we then obtain the

following equation

dFO—)L (Xk—l,O’uk—l,O:L—l’e) _ aF0—>L (Xk—l,O’uk—l,O:L—l’e)

do 00
) . 5.47)
+ aF0—>L (Xk—l,O’uk—l,O:L—l’e) ka_1,0
R, ae

The total derivative in the last term can be obtained by using the recursive equations
Egs. (5.34)-(5.36). The partial derivatives of the state projection function with respect
to the states x and parameters 0 can be easily computed with the explicitly given

function forms.

5.3.4 Application to Li-Ion Battery System

In this section, we use the proposed framework to estimate the SOC and capacity
in a Li-ion battery system. When applied to the battery system, the multiscale
framework can be treated as a hybrid of coulomb counting and adaptive filtering
techniques and comprises two new ideas: (i) a multiscale framework to estimate SOC
and capacity that exhibit time-scale separation and (ii) a state projection scheme for
accurate and stable capacity estimation. The first part of this section presents the
discrete-time cell dynamic model used in this study. The second part presents the

multiscale estimation of SOC and capacity in the battery system.

Discrete-Time Cell Dynamic Model

In order to execute the time-update in the micro and macro EKFs, we need a state
transition model that propagate the SOC forward in time. In order to execute the

measurement-update in the micro-EKF, we need a “discrete-time cell dynamic
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model” that relates the SOC to the cell voltage. Here we employ the enhanced self-
correcting (ESC) model which considers the effects of open circuit voltage (OCV),
internal resistance, voltage time constants and hysteresis [75]. The effects of voltage

time constants and hysteresis in the ESC model can be expressed as [75]

|:fk,l+1:| _ diag(a) 0 |:fk,lj|+|:1 0 }{ Iy }
My - 0 ¢(ik,l+1) ., 0 1_¢(ik,l+1) M (x,)'c) ’
¢(ik,l+1) = exp[—‘m by 7T J

Ck
where x is the SOC, f the filter state, & the hysteresis voltage, a the vector of filter

(5.48)

pole locations, y the hysteresis rate constant, i the current, M(-, -) maximum
hysteresis, #; the coulombic efficiency, T the length of measurement interval, C the
nominal capacity. The coulombic efficiency of a battery cell is defined as the ratio of
the amount of charge that is stored in the cell during charging compared to the
amount that can be extracted from the cell during discharging. We then obtain the

state transition and measurement equations as

. 1 'T'ikz
X+l = F(‘xk,l’lk,l’ck ) =X T ,

C, (5.49)
Vg1 = G(xk,l’ik,l’ C, ) =0CV (Zk ) —hy R +S [

where OCV is the open circuit voltage, y; the predicted cell terminal voltage, R the
cell resistance, S a vector of constants that blend the time constant states together in

the output.

Multiscale Estimation of SOC and Capacity

We then begin to introduce the multiscale framework with EKF for the Li-ion

battery system by drawing a flowchart in Figure 5-18, where T is a fixed time step
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between two adjacent measurement points, xi; is the SOC estimate at the time #;; = 3
+ [-T., for 1 <[ <L (k and [ are the indices of macro and micro time-scales,
respectively), y and i are the cell voltage measurement and the cell current

measurement (equivalent to u used before), respectively, and C is the cell capacity

estimate (equivalent to 6 used before).

Xk1-1 No
] . X~ X, X1
L1 Time update EKFy | "%/ | Measurement |"+!_ ! Macroscale: g

X = Xt + i T 11/ Crey update EKFy I=L? (SOC)
S S T Ve, M Yes| MleroBRY .
B N c Macro EKF
Cort > Time update EKF, | Ci | State projection | *+._| Measurement | C« (Capacity)
Ce=Cia* EKF, update EKF,

Figure 5-18 Flowchart of a multiscale framework with EKF for battery SOC and
capacity estimation

The framework consists of two EKFs running in parallel: the top one (micro EKF)
adapting the SOC in the micro time-scale and the bottom one (macro EKF) adapting
the capacity in the macro time-scale. The micro EKF sends the SOC estimate to the
macro EKF and receives the capacity estimate from the macro EKF. In what follows,
we intend to elaborate on the macro EKF, the key technical component of the
multiscale framework, which consists of the following recursively executed

procedures (see Figure 5-19):

Step 1: At the macro time step k, the capacity transition step, also referred to as the
time-update step, computes the expected capacity and its variance based on the

updated estimates at the time step k — 1, expressed as

+X

- _ o+ - _ vt
Ck _Ck—l’ ch _ch_l e

(5.50)
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For a stable system, the capacity variance term ZZH tends to decrease over time with

the measurement-update (see Step 3 in Figure 5-19). However, the process noise term

X, always increases the uncertainty of the capacity estimate. To clearly illustrate the

proposed idea, we intend to classify the capacity estimates into three cases (see Figure
5-19): a larger estimate Ck_l(L), an accurate estimate Ck_l(N), and a smaller estimate
Ck_l(s).

Step 2: Based on the capacity estimate Cj , the state projection scheme projects the

SOC through the macro time step, expressed as a state projection equation derived

from Eqgs. (5.39) and (5.49)

~

T &,
Xep =Xeo T 77C_ LR (5.51)
k

~.
I
(=]

As can be seen in Figure 5-19, the projected SOCs exhibit large deviations from their
true values (obtained from the micro EKF), which suggests a magnified effect of the

capacity on the SOC.

Step 3: Following the state projection step, the difference between the projected SOC
and the estimated SOC by the micro EKF is used to update the capacity estimate,
known as the measurement-update. It is noted that the measurement-update requires
accurate SOC estimates which can be obtained from the micro EKF. The updated
capacity estimate equals the predicted capacity estimate in Step I plus a correction

factor, expressed as
C =C +K{[%,-%,]. X =(1-KC{)x.. (5.52)

where the Kalman gain K& and the total derivative C,© can be estimated using Eqgs.

(5.40) and (5.45), respectively.
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Figure 5-19 Procedures of capacity estimation in macro EKF

Remarks on Mutiscale Framework

We note that the proposed framework decouples the SOC and capacity estimation
in terms of both the measurement and time-scale, with an aim to avoid the concurrent
SOC and capacity estimation relying on the only measurement (cell terminal voltage)
in the dual EKF [76]. In fact, the very motivation of this work lies in the fact that the
coupled estimation in the dual EKF falls short in the way of achieving stable capacity
estimation, precisely because it is difficult to distinguish the effects of two states
(SOC and capacity) on the only measurement (cell terminal voltage), especially in the
case of the micro time-scale where the capacity only has a very small influence on the
SOC. Regarding the measurement decoupling, the multiscale framework uses the cell
terminal voltage exclusively as the measurement to adapt the SOC (micro EKF)
which in turn serves as the measurement to adapt the capacity (macro EKF).
Regarding the time-scale decoupling, the state projection using the coulomb counting
in Eq. (5.51) significantly magnifies the effect of the capacity on the SOC, i.e., that
the capacity affects the SOC projected on the macro time-scale (L-7) more

significantly than that projected on the micro time-scale (7). The larger influence of
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the capacity on the SOC leads to the possibility of more stable capacity estimation,
and that is precisely the main technical characteristic that distinguishes our approach

from the dual EKF.

5.3.5 Experimental Results

The verification of the proposed multiscale framework was accomplished by
conducting an extensive urban dynamometer drive schedule (UDDS) test. This

section reports the UDDS test results of five Li-ion prismatic cells.

Description of Test Procedure

In addition to the numerical study using synthetic data, we also conducted the
UDDS cycle test to verify the effectiveness of the multiscale framework. The cells
used in the test are Li-ion prismatic cells with a nominal capacity of 1.5Ah. Since the
cell cannot withstand the high current pulse on a typical HEV cell, the UDDS profile
was scaled down to within the rate range of +2C. The scaled UDDS cycle was
replicated two times to obtain the final UDDS cycle used in this test (see Figure 5-
20a). It is noted that, in a battery system, we often use C or C-rate to measure the rate
at which a cell is charged or discharged relative to its full capacity. For the Li-ion
prismatic cell with the capacity of 1.5Ah, a discharge current with a 1C rate (1.5A)
will discharge the full cell capacity in 1 hour. Here, 2C or a 2C rate (3.0A) defines the
upper and lower bounds (£3.0A) of the scaled UDDS profile (see Figure 5-20a). The
cycle test is composed of 12 UDDS cycles, separated by 1C constant current
discharge for 6min and 30min rest. This test profile resulted in the spread of SOC
over the 100%-4% range. The SOC profile for 12 UDDS cycles is plotted in Figure 5-

20b, where the cell experiences an SOC increase by about 3% during each UDDS
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cycle, and an SOC decrease by about 10% due to the 1C discharge between cycles.

The discharge setting (1C for 6min) was designed in order to excite the entire SOC

range (100%-4%) for the UDDS cycle test as well as to practice the UDDS cycle test

at many different SOC levels separated by a small gap (about 7%).
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Figure 5-20 SOC profile and one cycle rate profile for UDDS cycle test.

Figure (a) plots the rate profile for one UDDS cycle and (b) plots the SOC

profile for 12 UDDS cycles.

We set up a UDDS test system (see Figure 5-21) which comprises of an Arbin

BT2000 cycle tester with a data acquisition device, an Espec SH-241 temperature

chamber at 25°C and a test jig as a connector holder for prismatic cells. Five prismatic

cells were placed in the temperature chamber and held by the test jig throughout the

test.

Data Acquisition Device Temperature Chamber Test Jig

CAUTION
TEST IN PROGRESS | :

NOT DISTURB

Arbin Cell Tester Prismatic Cells Prismatic Cells

Figure 5-21 Experiment setup — UDDS test system.
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Training of ESC Cell Model

The current and voltage measurements of one cell (cell 1) were used to train the
ESC model [75] while the other four cells (cells 2-5) were treated as the testing cells.
We followed the procedures described in [146] to obtain the open circuit voltage
(OCV) curve. Through numerical optimization, optimum ESC model parameters
were obtained which minimize the root mean squared (RMS) error of the cell
terminal voltage. The numerical optimization was performed using with a sequential
quadratic programming (SQP) method. In this study, we employed a nominal

9

capacity of 1.5Ah, a measurement interval of 7 = 1s with “=” indicating small
measurement-to-measurement fluctuation, and four filter states ny = 4. The voltage
modeling results for one UDDS cycle are shown in Figure 5-22a, where a good

agreement can be observed between the modeled and measured cell terminal voltage.

The RMS error of voltage modeling for 12 UDDS cycles was 13.3mV.

SOC and Capacity Estimation Results

The SOC estimation results for the training cell for all 12 UDDS cycles, the 3™
UDDS cycle and the 7™ UDDS cycle are shown in Figure 5-22b, Figure 5-22¢ and
Figure 5-22d, respectively, where the initial SOC is set to be smaller (90%) than the
true SOC (100%) and the multiscale framework (L = 1200) still produced converged
SOC estimate. Table 5-13 summarizes the SOC estimation errors under four different
settings of the initial SOC and capacity. Here, the RMS and maximum errors take into

account the initial offset in the case of an incorrect initial SOC and are formulated as

1 N 2 o
Erus = \/_Z(xk,l _xk,l) s Eyn = H]}ajx‘xk,l _xk,l" (5.53)

nm-y ;
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where nm is the number of measurements and reads 74,484 (about 1250mins) in this
study; and xi; is the true SOC at the time #,;. In this study, we computed the true
SOCs based on the coulomb counting technique. We attempted to achieve an accurate
approximation to the true SOCs through the following ways: (i) we first fully charge a
battery cell with a constant-current (0.1A constant current up to 4.2V) constant-
voltage (4.2V constant voltage down to 0.01A) strategy to ensure an accurate initial
SOC (100%); (ii) we measure the cell current with the Arbin current sensors whose
high measurement accuracy leads to a sufficiently small error in the current

accumulation over a relatively short test duration (around 20hours).
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Figure 5-22 Voltage modeling results and SOC estimation results for UDDS
cycle test. Figure (a) plots modeled and measured cell terminal voltage for one
UDDS cycle; (b), (c) and (d) plot the estimated and true SOCs for all 12
UDDS cycles, the 3™ UDDS cycle and the 7" UDDS cycle, respectively.
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Table 5-13 SOC estimation results under different settings of initial SOC and
capacity

Initial SOC  Initial capacity SOCerrors Cell1 Cell2 Cell3 Cell4 Cell 5

Correct RMS (%) 102 134 081 105 075
(1.5Ah) Max (%) 219 237 182 279 191
Correct
(100%)
Incorrect RMS (%) 131 159 110 139 1.14
(1.0Ah) Max (%) 484 484 484 485 484
Correct RMS (%) 191 207 184 203 18
(1.5Ah) Max (%)  10.00 10.00 10.00 10.00 10.00
Incorrect
(90%)

Incorrect RMS (%) 265 277 259 276 2.58
(1.OAh) Max (%) 1474 1475 1474 1476 1475

Three important observations can be made from the results. First of all, it is
observed that the RMS SOC estimation errors produced by the multiscale framework
are less than 3.00%, regardless of initial values of the SOC and capacity. Secondly,
under both initial SOC settings, the SOC estimation errors with incorrect initial
capacity (1.0Ah) are consistently larger than those with correct initial capacity
(1.5Ahs). These results suggest that the SOC is strongly dependant on the capacity
and that the lack of accuracy in the capacity estimation may reduce the accuracy in
the SOC estimation. It is thus important to produce accurate capacity estimation not
only to provide insights into the cell SOH but also to enable accurate SOC estimation.
Thirdly, under both initial capacity settings, the SOC estimation with incorrect initial
SOC (90%) consistently shows larger errors than that with correct initial SOC (100%).

Clearly, the larger SOC errors under incorrect initial SOC (90%) can be attributed to
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the larger errors before the convergence of SOC estimation (at the initial stage). After
the convergence, the SOC errors under different initial SOCs become almost the
same. We note that the RMS SOC estimation errors with incorrect initial SOC (90%)
are still less than 3.00% since the multiscale framework produced converged SOC
estimate for both cases.

Regarding the capacity estimation, both methods with initial values smaller than
the true value (see Figure 5-23a and Figure 5-23c) and larger than the real value (see
Figure 5-23b and Figure 5-23d) for all the five cells achieves convergence to the true
capacity within an error range of around 5%. Compared with the capacity estimation
(see Figure 5-23a and Figure 5-23b) by the multiscale framework, the capacity
estimation (see Figure 5-23c and Figure 5-23d) by the dual EKF contains larger noise.
The poorer accuracy produced by the dual EKF (consisting of an SOC EKF and a
capacity EKF) can be attributed to the measurement and time-scale coupling in the
SOC and capacity estimation. Regarding the measurement coupling, the dual EKF
uses the cell terminal voltage as the measurement to adapt both the SOC and capacity.
When the voltage modeling contains relatively large errors, the capacity estimation
can be largely compromised by the measurement update (in the capacity EKF) which
only aims at minimizing the difference between the modeled and measured voltages.
In other words, the measurement update may give an incorrect capacity estimate to
counteract the voltage modeling error. In this experimental study, the relatively large
voltage modeling errors directly affect the accuracy in the capacity estimation by the
dual EKF. Regarding the time-scale coupling, the dual EKF estimates both the SOC

and capacity on the micro time-scale, which makes the capacity estimation vulnerable
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to the local voltage modeling error (on the micro time-scale). This vulnerability
further leads to noisy capacity estimation. In contrast, the multiscale framework
decouples the SOC and capacity estimation in terms of both the measurement and
time-scale and avoids the concurrent SOC and capacity estimation relying on the only
measurement (cell terminal voltage). The decoupling enables accurate capacity

estimation in spite of SOC estimation error.
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Figure 5-23 Capacity estimation results for UDDS cycle test. Figures (a) and (b)
plot capacity estimation results by the multiscale framework with the initial values
smaller than and larger than the true value, respectively; (c) and (d) plots capacity
estimation results by the dual EKF with the initial values smaller than and larger
than the true value, respectively.

To quantify the accuracy of both methods, we computed average RMS errors after
convergence (at r = 200mins and 1000mins for smaller and larger initials,

respectively). For the smaller initial, the average RMS errors produced by the dual
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EKF and the multiscale framework are 0.108Ah (relative error 7.227%) and 0.063Ah
(relative error 4.200%), respectively. For the larger initial, the errors are 0.049Ah
(relative error 3.233%) and 0.023Ah (relative error 1.533%). Finally, we note that,
since the 12 UDDS cycle test on one cell can be treated as one unique cycle test, we
do not expect large deviation from the current results (based on the small difference
between capacity estimation results on different cells in Figure 5-23) if we conduct
another 12 UDDS cycle test.

To investigate the long-term behavior of capacity estimation after convergence,
we set the initial capacity value as the real value and executed the two methods over
the 12 UDDS cycles for all the five cells. It is noted that this is virtually equivalent to
adding another 12 UDDS cycles (after convergence of capacity estimates) for the
cases of smaller and larger initial capacities (see Figure 5-23). As can be seen in
Figure 5-24a and Figure 5-24b, both methods produced capacity estimates around the
real value. Again, the capacity estimation (see Figure 5-24a) by the multiscale
framework contains smaller noise than that (see Figure 5-24b) by the dual EKF. To
quantify the accuracy of both methods, we computed average RMS errors over the
entire time domain. The errors of the dual EKF and the multiscale framework read
0.099Ah (relative error 6.573%) and 0.059Ah (relative error 3.931%), respectively.

In addition to the accuracy comparison, we also compared the two methods in
terms of computational efficiency. To minimize the effect of randomness, we
executed both methods ten times with the test data obtained from each of the five
cells. The mean computational time is summarized in Table 5-14, where we observe

that the multiscale framework consumed less computational time than the dual EKF.

189



22 : 22 S
True —True
2 —Cell 1 2 —Cell 1
i -—Cell 2 = -—-Cell 2
<18 Cell3 <18 - Cell 3
> > .
I ey g -
Bra wpTEE 14 "\,,\ffﬁWﬁ“‘\ —
1.2 1.2
1 ‘ : 1
0 500 1000 1500 0 500 1000 1500
Time (min) Time (min)
(a) (b)

Figure 5-24 Capacity estimation results after convergence (by setting initial
capacity as real value). Figures (a) and (b) plot capacity estimation results by the
multiscale framework and by the dual EKF, respectively.

Table 5-14 Comparison results of computation efficiency with UDDS test data

Method Computational time (s) Improvement (%)
Dual EKF 5.813 -
Mutiscale Framework with EKF 3.711 36.163

5.3.6 Conclusion

The multiscale framework with EKF is proposed in this chapter for efficient and
accurate state and parameter estimation for engineered systems that exhibit time-scale
separation. The proposed framework was applied to the Li-ion battery system for
SOC and capacity estimation. When applied to the battery system, the multiscale
framework can be treated as a hybrid of coulomb counting and adaptive filtering
techniques. Our contribution to battery SOC and capacity estimation lies in the
construction of a multiscale computational scheme that decouples the SOC and
capacity estimation from two perspectives, namely the measurement and time-scale.
The resulting decoupled estimation greatly reduces the computational time involved

in obtaining the SOC and capacity estimates, while enhancing the accuracy in the

190



capacity estimation. It is noted that the higher efficiency makes the proposed
methodology more suitable for onboard estimation devices that require
computationally efficient estimation techniques. Experiments with the synthetic data
and UDDS cycle test verify that the proposed framework achieves more accurate and
efficient capacity estimation than the dual EKF, suggesting that the proposed

framework is a promising methodology for the battery prognostics.
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Chapter 6: System Resilience Analysis and Design

This chapter is dedicated to integrating system RBDO and PHM introduced in the
previous chapters with an aim to develop a theoretical basis and design framework of
engineering resilience in a mathematical and statistical context. A conceptual
definition of a resilient engineered system is firstly instituted by introducing
engineering resilience into a conventional engineered system, followed by the
development of a mathematical definition of engineering resilience with a generic
formula in terms of reliability and restoration. The mathematical definition of
engineering resilience gives rise to a resilience-driven system design framework
composed of three hierarchical design tasks, namely the resilience allocation problem
(RAP) as a top-level design problem, and the system RBDO and PHM design as two
bottom-level design problems. The proposal design framework is demonstrated with a

simplified aircraft control actuator design problem.

6.1 Definition of Resilient Engineered Systems

Conventionally, an engineered system is composed of hardware, software, and
human elements in a physical domain, which interact through a functional
decomposition in a functional domain. This conventional system could fail
catastrophically in the presence of adverse events (e.g., extreme weather, hardware
fault, human error) because the system can neither respond nor adapt to the adverse
events. There is thus a desperate need to build resilient engineered systems by
introducing a pioneering feature, engineering resilience, into conventional engineered

systems (see Figure 6-1).
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Figure 6-1 Resilience practice in a resilient engineered system.

We then investigate a conceptual definition of a complex engineered system

having engineering resilience, characterized with three key functions including:

Sensing function: It senses the effect of adverse events on engineered systems.
The sensing function can be realized by employing an optimally designed sensor
network.

Reasoning (diagnostics and prediction) function: It extracts system health-
relevant information in real-time with feature extraction techniques, classifies
system health condition with health classification techniques, and predicts the
time remaining before an engineered system no longer performs the required
function(s) or the remaining useful life (RUL) in real-time with advanced

machine learning techniques. The system health condition and RUL provide
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valuable information for field engineers to make proactive mitigation/replacement
(M/R) actions to prevent catastrophic system failure.

e Mitigation or recovery (M/R) action process: This process enables engineered
systems to respond to and quickly recover from catastrophic system failures. It
employs two types of actions, namely, mitigation and recovery. In general, the
mitigation can be categorized as an M/R action for a short-term resilience while

the replacement contributes to a long-term resilience.

In what follows, the focus is to seek for a mathematically definition of engineering
resilience, which then gives rise to a design framework of engineering resilience,

namely resilience-driven system design.

6.2 Definition of Engineering Resilience

This section aims at proposing a conceptual definition of engineering resilience,
which will facilitate the derivation of its generic formula in terms of reliability and
other key PHM  attributes. Non-resilient system designs encounter gradual
degradation of system capacity and performance due to adverse events (see Figure 6-
2a). In contrast, resilient system designs will be able to recover from their critical
health states by restoring the system capacity (see Figure 6-2b). PHM will support
logical decisions about when and how to restore the system capacity. The capacity
restoration (p) can be defined as the degree of reliability recovery. It can be found
that the restoration is a joint probability of a system failure event (Ey), a correct
diagnosis event (E.;), a correct prognosis event (E.,), and an M/R action success

event (E,,), expressed as
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p(R.Ap A, x)=Pr(E,E E, )

epTomr
=Pr(E,, IE E,E,) Pr(E,IE,E ) Pr(E,IE,)Pr(E,) (6.1)
=k-A,-A,-(1-R)
where &K Ap and Ap are the conditional probabilities of the M/R action success,
correct prognosis and diagnosis, and (1—-R) is the probability of system failure. In this
study, the value of xis held constant here by assuming that M/R maintenance actions
are consistently performed. However, there is no restriction on the form of x In
particular, x can be a nonlinear function of the system reliability R, indicating that the
performance of an M/R action is affected by the health condition of the engineered

system. Since both Ap and Ap measure the efficiency for PHM (diagnostics and

prognostics), we combine these terms as a PHM efficiency measure as: A = Ap- Ap.
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Figure 6-2 System performance changes over lifetime without (a) and with the
resilience practice (b).

The conceptual definition of engineering resilience is the degree of a passive
survival rate (or reliability) plus a proactive survival rate (or restoration).
Mathematically, the resilience measure can be defined as the addition of reliability

and restoration as (see Figure 6-2b)
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Resilience (W) =Reliability (R ) + Restoration ( 0)
(6.2)
—>W=R+p(R,A,,A,.K)

It is noted that the above definition turns engineering resilience to a quantifiable

property, making it possible to analyze the resilience potential of an engineered

system. In what follows, we intend to further elaborate on the two hallmarks of

engineering resilience: reliability and restoration.

Reliability: Reliability quantifies the ability of an engineered system to maintain
its capacity and performance above a safety limit during a given period of time
under stated conditions. Accordingly, resilience is characterized by preserving an
acceptable level of capacity and performance despite adverse events. We note that
reliability should be treated as an important system characteristic that contributes
to engineering resilience from the perspective of system self-preservation.
Conventional reliability-based design optimization (RBDO) practice endeavors to
pursue high reliability with low cost through cost minimization under stringent
reliability constraints [101-104].

Restoration: Restoration measures the ability of an engineered system to restoring
its capacity and performance by detecting, predicting and mitigating or recovering
from the system-wide effects of adverse events. It can be viewed as the
adaptability of an engineered system to its changing performance and capacity
due to adverse events. This adaptability enables an adaptive reliability throughout
the system’s lifetime.

From the perspective of conventional reliability engineering, the failure of an

engineered system typically refers to a breakdown or malfunctioning of the system
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and/or its components. This view assumes that success or failure is only an
observable consequence that does not necessarily reflect the system’s characteristic of
adaptation. From the perspective of engineering resilience, however, success is due to
the ability of an engineering system to make right adjustments in a timely manner, in
particular to anticipate failures before they occur. Failure is due to the absence of that
ability — either temporarily when the system performance falls below the safety limit
or permanently. Reliability and restoration works in a highly cooperative manner to
build the system’s resilience. System design must encompass enhancing this
cooperative strength, rather than just reducing the probabilities of failures. For this
purpose, one should be able to enhance the reliability and restoration (or PHM
efficiency levels) for given engineered system designs. This necessitates the
developments of system RBDO (including reliability analysis) and PHM
methodologies which have been discussed in details in the previous chapters. The
framework of system design integrating system RBDO with PHM will be discussed

in details in the next section.

6.3 Framework of Resilience-Driven System Design (RDSD)

We begin with an overview of the resilience-driven system design (RDSD)
framework. This framework is composed of three hierarchical design tasks (see
Figure 6-3), namely the resilience allocation problem (RAP) as a top-level design
problem to define a resilience measure as a function of reliability and PHM efficiency
in an engineering context, the system RBDO as a bottom-level design problem for the
detailed design of components, the system PHM design as a bottom-level design

problem for the detailed design of PHM units.
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* Component RBDO = Prognostic Algorithm Design

Figure 6-3 A hierarchical resilience-driven system design framework.

It is noted that, since optimal design of PHM units depends on failure mechanisms
and layouts of components, PHM units must be designed upon the completion of
component design. Therefore, we should first solve the system RBDO to determine
an optimal component design while ensuring the optimally allocated reliability of the
component and then conduct the system PHM design to determine an optimal PHM
unit design for the optimal component design while meeting the optimally allocated
PHM efficiency. It is natural that with reliability and PHM efficiency being the
focuses of the system RBDO and system PHM design, respectively, one should be
able to predict the reliability and PHM efficiency levels for given components and
PHM unit designs. This necessitates the developments of system reliability analysis
and PHM analysis for these two bottom-level design problems which then completes

the framework.
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6.4 Aircraft Control Actuator Case Study

This section presents a case study for the design of a simplified aircraft control
actuator. The aircraft control actuator considered is the electro-hydrostatic actuator
(EHA). In this case study, we aim at demonstrating the RDSD framework by
designing a highly resilient EHA with optimized reliability, PHM efficiency and
redundancy. Hypothetical data will be used for demonstration purposes.

The EHA (see Figure 6-4), as a closed-loop, hydrostatic control system, mainly
consists of an electronic control unit (ECU), a variable-speed electric motor (EM), a
fixed-displacement hydraulic pump and a hydraulic piston actuator [148]. In the
EHA, a variable-speed electric motor (typically DC) is used to drive a fixed-
displacement hydraulic pump, which in turn, powers a hydraulic piston actuator.
Compared to a conventional hydraulic actuator, the EHA can achieve higher energy
efficiency (with on-demand usage) and positional accuracy with enhanced
compactness. These advantages have led to the wide use of the EHA for flight surface
actuation in today’s commercial and military aircrafts. Failures of the EHAs in these
safety critical applications can be catastrophic, resulting in great loss of lives.
Therefore, the EHA must be designed to achieve a sufficiently high reliability level.
To this end, a common practice is to introduce a great deal of redundancy into the
EHA (e.g., a triplex-redundant flight control system [149]). While a high redundancy
level improves reliability, it results in a strikingly high life-cycle cost (LCC) to be
incurred in development, operation, and maintenance processes. To reduce the LCC
while still maintaining an equivalent reliability level, we apply the proposed RDSD

framework to the EHA with an aim to compensate the redundancy reduction with the
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PHM technology. It is worth noting that the RDSD framework leads to the possibility

to implement this compensation in an optimum manner.

Electro-
Hydrostatic
Actuator (EHA)
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Electro-control
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: Hydraulic-
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P i
H i
1
1
Figure 6-4 An airplane control actuator with series-connected subsystems

6.4.1 Top-Level Resilience Allocation Problem (RAP)

This subsection aims at demonstrating the top-level RAP in the RDSD framework
by allocating a target system resilience into the target component-reliabilities,

component-PHM efficiencies and component-redundancies of the four subsystems.

RAP Formulation

Solving the top-level RAP will allocate a target system resilience level into the
target resilience levels of the four subsystems. Assumptions under which this design
problem is solved are listed as follows:

(1) The failure times all components considered in the example are exponentially
distributed, leading to constant failure rates.

(2) PHM will detect critical system health states and predict system RUL through
health diagnostics and prognostics

(3) The redundancy level of each subsystem should be no more than nine due to

subsystem weight and volume constraints.
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(4) All the components and PHM units fail independently. An observed failure is
due to the loss of resilience, i.e., the failures of both a component and its

associated PHM unit.

The top-level RAP can be formulated as follows:
find v = (0, 7,), 0= (A2 A AL, m= (g, m,)
to minimize LCC(r',).’,m) (6.3)

subject to \P:fl[l—(l—r;)'”" (1—/1;)’”"12\111 0<r',A'<1, 1<m<9
j=1

where LCC is the system life-cycle cost (LCC), ¥ and W' are system resilience and its
target value, the lower and upper bounds for any target component-reliability or target
component-PHM efficiency are 0 and 1, respectively, and the lower and upper bounds

for any target component-redundancy are 1 and 9, respectively.

Life-Cycle Cost (LCC) Analysis with PHM

In this study, we derive a LCC model by modifying and adding PHM relevant
cost elements to an existing LCC model for deteriorating structural systems [150].
The LCC model consists of four cost elements: the expected initial development cost
of components, the expected cost of preventive maintenance, the expected cost of
corrective maintenance, and the expected development cost of PHM. Given the target
component-reliability vector r, the target component-PHM efficiency vector A/, and
the target component- redundancy vector m, this LCC model can be expressed as

LCC(r,m,A)=C"+C™ +CM +C"™ (6.4)

where C' denotes the initial development cost of components, C"" denotes the cost of

preventive maintenance, CCC denotes the cost of corrective maintenance, and C'M
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denotes the cost of PHM units. In the following subsections, the four cost elements

will be discussed in details.

System Development Cost !

In the binary-state reliability-redundancy allocation problem, it is often assumed
that there is an inverse power relationship between component cost and component
failure rate [151,152]. Under the assumption of a constant failure rate, the initial
development cost of the i subsystem with m; parallel components can be expressed
as [151,152]

By

C;:cj(r;)-{mj+exp(%ﬂ, where cjl.(rj’):ajc L{ (6.5)

_ln(r_/.)

where ¢;'(r/) is the cost function of a component in the 7™ subsystem, ¢/ (r{)-m; is the
cost of components in the /" subsystem, an additional cost ¢/ (r/)-exp(m;/4) accounts
for the cost for interconnecting parallel components, T is the required system mission
time, ajC and ﬂjc denote constants representing the physical characteristics of each
component in the i subsystem and can be determined based on the collected data of
component cost and reliability. Therefore, the system initial development cost can

computed as

c'=Yac|-—T .{mj+exp(%ﬂ (6.6)

Preventive Maintenance Cost C™™
That preventive maintenance occurs if PHM successfully detects critical system

health states and accurately predicts the system RUL. As a function of the component
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reliability, subsystem redundancy and PHM efficiency, the preventive maintenance

cost can be expressed as
N
C™ =S m (1)) ©7
j=1

where C,-P M denote the preventive maintenance cost of each component in the j*
subsystem. The assumption here is that a preventive maintenance occurs when any
component approaches its end of life predicted by the PHM and that all the

components and PHM systems fail independently.

) . M
Corrective Maintenance Cost C

The corrective maintenance occurs if PHM fails in detecting critical system health
states and making an accurate prediction of the system RUL. As a function of the
component reliability, subsystem redundancy and PHM efficiency, the corrective

maintenance cost can be expressed as

cM = imj (1-2)(1-r)C™ (6.8)

J=1
where C"' denote the corrective maintenance cost of each component in the i
subsystem. The assumption here is that a corrective maintenance occurs upon the
failure of any component and that all the components and PHM systems fail

independently.

PHM Unit Cost C"™
The PHM unit cost is specifically the costs associated with developing PHM units
to be integrated with components. In this study, the PHM unit cost will be formulated

as a parametric model with the subsystem redundancy and component PHM
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efficiency as inputs. Inspired by the component cost function for reliability-

redundancy allocation, shown in (3), we define the PHM unit cost as

ﬂ{’HM

N T !
cr =>a"™| -——— m, 6.9
“ {m(@} " ©2)

Jj=1

where o™ and g™ denote constants representing the physical characteristics of
each PHM unit in the /™ subsystem. Prior to solving the optimization problem in Eq.
(6.3), these constants can be determined based on the collected data of the PHM unit
cost and efficiency. It is noted that, in general, there is no interconnections between
parallel PHM units. Therefore, unlike the component cost, the additional cost for
interconnecting parallel elements is not considered in the PHM unit cost.

The parameters for the cost models are listed in Table 6-1 and the system mission
time 7 = 1000. The RAP problem is a mixed-integer non-linear programming
problem. To determine an optimum solution of the RAP problem, we employed a

genetic algorithm of which the details will be presented in the subsequent subsection.

Table 6-1 Model parameters for the EHA case study

Subsystem o, (x107) B c™M M a"™(x10°) M
1 0.5 1.5 25 7.5 33 1.5
1 0.8 1.5 5.0 15.0 5.3 1.5
2 1.0 1.5 6.5 19.5 6.7 1.5
3 0.7 1.5 12.5 37.5 4.7 1.5

Genetic Algorithm as the Optimization Solution Method

This problem is a mixed-integer nonlinear programming (MINLP) problem. As
far as we know, the most widely used algorithm to solve this type of problem is the

so-called genetic algorithm (GA) [153] due to the following advantages: (i) the
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encoding scheme (binary or decimal encoding) in the GA leads to the flexibility to
represent both continuous and discrete design variables; and (ii) the search in the
solution space for optimal solutions can be very efficient due to the use of fitness
evaluation and genetic operator functions. We note that the RAP in Eq. (6.3) can be
readily solved using the GA with almost negligible computational effort since the
system LCC and resilience are computed through the evaluation of analytic functions.

In the GA, each candidate solution is called a chromosome and a set of candidate
solutions is called a population. The GA for solving the RAP in this case study
employed the decimal encoding. The solution procedures are presented as follows

[153]:

Step 1 (Initialization): Set the population size and maximum number of iterations as
500 and 100, respectively. Since one decimal digit represents one design variable in
the RAP shown in Eq. (6.3), the length L of a chromosome reads: L = 3N. Set the
upper and lower bounds for both component-reliability and component efficiency to 0
and 1, respectively. Set the upper and lower bounds for component-redundancy to 1
and 9, assuming the redundancy level should not be too high. Set the generation index

k, = 1 and randomly generate an initial population I'(1).

Step 2 (Evaluation): Evaluate the fitness function ftn for each chromosome in the
current population I'(k,). The fitness function is a composite of both the objective
value (i.e., system LCC) and the penalty arising from the violation of the constraint

(i.e., system resilience). Mathematically, the fitness function ftn can be expressed as

LCCr A m), it P>
fm:{ (., m) ! (6.10)

inf, otherwise

205



Step 3 (Parent Selection): Select chromosomes from the current population based on
their fitness values to form a new generation I'(k, + 1). Here the roulette-wheel
selection scheme is used. These chromosomes are called parent and will be used in

the next step to generate new chromosomes in the new generation.

Step 4 (Crossover & Mutation): Implement the two-point crossover operator with a
crossover rate of 0.85 and the uniform mutation operator with a mutation rate of 0.10

to generate new chromosomes in the new population.

Step 5 (Termination Check): If the generation index k, exceeds the maximal number
of iterations, terminate the iteration and report the solution. Otherwise, increase the

generation index: k, = k, + 1, and go back to Step 2.

Results and Discussion

We would like to investigate scenarios with different target system resilience
levels. First let us look at the scenario in which the target system resilience ¥ is set
as 0.90. The optimum solution is shown in Table 6-2. It can be seen that the
incorporation of PHM by the proposed RDSD reduces the system redundancy from m
=@3,2,3,2)tom = (2, 2, 2, 1). As a consequence, the system LCC decreases from
73.6301 under the traditional design (without PHM) to 38.3416 under the RDSD
(with PHM). It is noted that, even though the target component-reliabilities are
relatively low for both traditional design (below 0.8500) and RDSD (below 0.7500),
the incorporation of redundant components (traditional design and RDSD) and PHM
(RDSD) still leads to high subsystem reliabilities (above 0.90). Finally, the system
resilience levels under both optimum designs read 0.9000, which just satisfies the

system resilience requirement.
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Table 6-2  Optimum results of traditional design and RDSD with ¥’ = 0.90

Traditional design (without PHM) RDSD (with PHM)
Subsystem - ; ; -
noom 4 LCC ¥ oom 4 LCC Y
1 0.7371 3 0 73.6301 0.9000 0.6291 2 0.6721 38.3416 0.9000
2 0.8088 2 0 0.6412 2 0.6682
3 0.7287 3 O 0.6519 2 0.6732
4 0.8292 2 0 0.7363 1 0.7679

Raising the target system resilience to 0.95 and 0.99, respectively, we then

obtained two sets of optimal designs, which are listed in Table 6-3 and Table 6-4,

respectively. We observe that, in order to meet higher target system resilience level,

more components are used with higher component-reliabilities and PHM efficiencies.

Compared with the traditional design, the RDSD still yields optimum designs with

much lower LCCs by considering PHM in the early design stage. The target

component-reliabilities and component-PHM efficiencies allocated in this RAP can

serve as design specifications for bottom-level system RBDO and PHM design that

will be detailed in the subsequent subsections.

Table 6-3  Optimum results of traditional design and RDSD with ¥’ = 0.95

Traditional design (without PHM) RDSD (with PHM)
Subsystem - ; ; -
noom 4 LCC ¥ ooom A4 LCC Y
1 0.7901 3 0 82.2774 0.9500 0.6152 2 0.6448 45.9357 0.9500
2 0.7731 3 O 0.6437 2 0.6644
3 07872 3 0 0.6486 2 0.6677
4 0.8574 2 O 0.7539 2 0.7423
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Table 6-4 Optimum results of traditional design and RDSD with ¥ = 0.99

Traditional design (without PHM) RDSD (with PHM)
Subsystem - ; ; -
noom 4 LCC ¥ oom 4 LCC Y
1 0.8102 4 0 111.6017 0.9900 0.6488 3 0.6772 55.0199 0.9900
2 0.7745 4 O 0.6483 3 0.7049
3 0.7850 4 O 0.6567 2 0.8014
4 0.8411 3 0 0.7720 2 0.7678

6.4.2 Bottom-Level System RBDO

This subsection aims at demonstrating the bottom-level system RBDO in the
RDSD framework. We intend to determine the optimal design of the hydraulic
actuator satisfying the target reliability obtained from the RAP with the target system
resilience W' being 0.99. The success event of the actuator is considered as a series

system success event consisting of four component success events.

Description of EHA Model

In order to investigate the performance of different actuator designs, we employed
an EHA model built in a 1D multi-domain simulation platform LMS Imagine.Lab
AMESim [154]. A simplified schematic of the EHA model is shown in Figure 6-5,
where each submodel (e.g., motor, pump and actuator) is composed of a set of
algebraic and differential equations accounting for linear and nonlinear effects such
as friction and leakage. Here, a variable-speed DC motor drives a fixed-displacement
hydraulic pump, which supplies oil to the actuator. A proportional controller controls
the flow rate by varying the speed of the electric motor. An accumulator is used to
prevent cavitation and compensate leakage loss with re-feeding valves. The pressure

relief valves aim at preventing excessive pressure build-up in the hydraulic lines. As
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the flow encounters the actuator, the fluid pressure increases. The pressure difference
between the two actuator chambers results in an actuation force and thus a linear
piston motion. A mechanical arm (not shown in Figure 6-5) then transforms the

piston motion to an equivalent aileron angle while taking into account the aileron

inertia.
Position feedback Position sensor
Actuator i Load
Speed feedback Accumulator
.. oo Pressure sensors
Position Speed
request peed sensor  Pross
i Pressure

®>—>[ Controller ]—)( [} relief

valves

Motor

Figure 6-5 Schematic of an electro-hydrostatic actuator (EHA) model

System RBDO Formulation

For the system RBDO, we used the weight of the actuator to build the objective
function and the control performance to formulate the reliability constraints.
Regarding the control performance, we intended to take into account two aspects:
timeliness and robustness. We applied a step request (1cm) on the piston position at
the time ¢ = 0.5s and a resistive torque (2000N-m) at the time # = 1.0s to test the
control timeliness and robustness, respectively. The piston position response is shown
in Figure 6-6, where the reliability constraints G; and G, are treated as timeliness-
relevant constraints and Gz and Gs robustness-relevant. Specifically, this system

RBDO problem can be formulated as follows:
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Minimize C(x)=w-V,(d,.L)+(1-®)-V,(d,.1)
2

where  ®@=0.098, V, =1 -x(d,/2),V, =1 -x(d, /2)

Subjectto " =Pr(E™)= Pr( ; G, (x)< 0) >
G, = j: ‘Y (1)-7,, (t)‘dt —e,. (normal control error) 6.11)
G, =arg minﬂY(t)—Y

ot (I)‘ <eg,, } —1_, (stabilization time)
0.551<2

G, = I; ‘Y (1)- Y, (t))dt —e,. (disturbed control error)

G, = min {‘Y (1)-v,, (t)‘} -, (disturbed steady-state error)

2<t<4

G,=n-d, ld, (rod-to-piston diameter ratio)
where the critical normal control error e, = 0.20cm-s, the stabilization error tolerance
&o1s = 0.03cm and is used to determine whether a stable state is achieved, the critical
stabilization time 7., = 0.90s, the critical perturbed control error e,, = 0.05cm's, the
steady-state error tolerance under a disturbance &4 = 0.04cm and the rod-to-piston
diameter ratio # = 1/3. To avoid having a weak rod relative to a piston, we also add
the fifth constraint Gs in Eq. (6.11) which ensures that the rod-to-piston ratio exceed a
certain level. The following two design variables are considered: the piston diameter
dy,, the rod diameter d,. These design variables are assumed to follow normal
distributions with their standard deviations, initial values and lower and upper bounds
detailed in 0. Three model parameters (i.e., the leakage coefficient £, viscous friction
coefficient v and the stroke length [;) are considered as random noise variables with
their statistical information summarized in Table 6-6. In summary, five random

design and noise variables are considered in this study.
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Figure 6-6 Piston position response under a step request and
resistive torque

Table 6-5 Random design variables for the hydraulic actuator model

. . Distri. Lower ..

Design variable type bound Initial des. Upper bound Std. dev.
d, (mm) Normal 55.0 62.0 75.0 3.5
d, (mm) Normal 10.0 22.0 30.0 1.0

Table 6-6 Random noise variables for the hydraulic actuator model

Random variable Distri. type Mean Std. dev.
f (L/min/Bar) Normal 1.2E-3 6.0E-5
v (N-s/m) Normal 5.0E3 2.5E2
[y (mm) Normal 50.0 2.5
Results of System RBDO

The adaptive-sparse polynomial chaos expansion (PCE) method with 4nv + 1 (=

21) univariate samples was carried out to evaluate the objective function, system
reliability and their sensitivities at any design iteration, without considering the

bivariate polynomial basis functions. The sensitivities of the objective function and
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system reliability with respect to the two design variable were computed using a finite
difference method (FDM). The perturbed values of the objective function and system
reliability were estimated based on approximate stochastic response surfaces (PCE)
with perturbed design variables, without requiring gradients of the original weight or
displacement functions. A perturbation size of 0.1% is employed in this study.

The design optimization problem was solved using a gradient-based optimization
technique (e.g., sequential quadratic optimization). The histories of the design
parameters, objective function, component reliabilities and system reliability are
shown in Table 6-7. At the initial design, the system reliability r* severely violated
the reliability requirement due to the relatively low component reliabilities r3 and r4.

After six design iterations, the optimum design was found where the system

reliability requirement was satisfied.

Table 6-7 Design history of the hydraulic actuator model

Design variables

Iter. r r 3 T4 rs P Ob;j.
4, dq

0 62.0000 22.0000 0.9985 0.9978 0.4955 0.5350 0.8053 0.3093 3.2015E4
1 65.8472 24.5219 0.9819 0.9767 0.7695 0.8162 0.9522 0.7136 3.8062E4
2 66.7479 24.7483 0.9694 0.9617 0.8309 0.8699 0.9471 0.7620 3.8916E4
3 66.9844 24.7694 0.9640 0.9551 0.8459 0.8826 0.9429 0.7698 3.9075E4
4 67.1807 24.6941 0.9586 0.9479 0.8607 0.8947 0.9314 0.7707 3.9044E4
S 67.1847 24.7177 0.9587 0.9479 0.8604 0.8944 0.9331 0.7717 3.9088E4

6 67.1617 24.7268 0.9594 0.9488 0.8587 0.8929 0.9346 0.7720 3.9092E4
Opt 67.1617 24.7268 0.9594 0.9488 0.8587 0.8929 0.9346 0.7720 3.9092E4

Overall, the adaptive-sparse PCE method required 126 simulations for system

RBDO. After the optimization, the direct MCS with 10,000 random samples was
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employed to verify the reliability results at the optimum design. The component
reliabilities ry, 12, r3, r4 and rs and system reliability 7** were estimated by the MCS

as 95.36%, 94.40%, 85.99%, 89.74%, 93.65% and 77.24%, respectively.

6.4.3 Bottom-Level System PHM Design

This subsection is dedicated to demonstrating the bottom-level system PHM
design in the RDSD framework. We intend to design a data-driven prognostic
algorithm for the actuator leakage prognostics by identifying the most appropriate
algorithm from an algorithm pool. We assume that the PHM unit can successfully
identify the incipient leakage degradation of the actuator among various possible
failure modes (Ap = 1) and that, upon a correct prognosis event, the M/R maintenance

actions can fully restore the reliability of the actuator (x'=1).

Prognostic Data Generation

The failure mode considered in this study is the actuator cross-line leakage which
is relatively common in practice [155,156]. The wear of the piston seal causes an
increase of internal cross-port leakage and thus an increase in the leakage coefficient
of the actuator. Thus, the cross line leakage was realized by increasing the leakage
coefficient of the actuator. The end of life is defined as the time when the actuator
leakage reaches ten times its initial value. We note that, for demonstration purposes,
this study only considers a single failure mode, but the same idea can be readily
extended to cases with multiple failure modes.

Since it is very difficult, if not impossible, to obtain direct measurements of the

leakage coefficients of actuators, indirect measurements are most often used to
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diagnose the health condition and predict the RULs of actuators [155,156]. In
particular, the stabilized piston displacement after disturbance (measured by a
position sensor) and the stabilized rotary speed of the motor shaft after disturbance
(measured by a rotary speed sensor) could characterize the actuator leakage
degradation before any irreparable damage occurs [155]. Thus, this case study
employs these two sensory signals of an EHA to predict the RULs of actuators. To
model the trajectory of increase in leakage over time, this study uses a damage
propagation model with an exponential form as [129]

B(t)= B, +b, (exp(a,t)-1) (6.12)
where f is the initial leakage coefficient; ag and b are the model parameters; ¢ is the
cycle time. The initial Young’s modulus Ej follows the same normal distribution with
[ (see Table 6-6). The model parameters ar and bg are independent and normally
distributed with means 0.01 and 1.2E-3, each of which has a 10% coefficient of
variation. The random parameters considered in this study are listed in O and Table
6-6, which include the material properties as well the geometries of the actuator. The
uncertainties in the two sensory signals propagated from these uncertain parameters
will be accounted for when generating prognostic data. The prognostic data
generation was conducted under the optimal actuator design obtained in the bottom-
level system design (see Subsection 6.4.2).

Since data-driven prognostic approaches require a large amount of prognostic
data, it is computationally expensive, if not impossible, to simply run the simulation
to generate every data point. To overcome this difficulty, this study employed the

univariate decomposition method that only uses a certain number of univariate
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sample points to construct the response surface for a general multivariate response
function while achieving good accuracy [157]. Since this study employed two sensory
signals, namely the stabilized piston displacement after disturbance and the stabilized
rotary speed of the motor shaft after disturbance, the data generation requires the
construction of two responses surfaces. Specifically, the data generation process

involves four sequentially executed procedures:

Step 1: Obtain univariate sample points from the dynamic simulation in LMS
Imagine.Lab AMESim to construct response surfaces, along the damage propagation
path, that approximate the two sensory measurements as functions of random
variables detailed in 0 and Table 6-6. We used four univariate sample points for each
random variable. The piecewise linear spline was used as the numerical scheme for

the response surface construction.

Step 2: Generate 400 random samples of Sy, ag and bg and use these samples in
conjunction with Eq. (6.12) to produce 400 damage propagation paths, of which 200

paths were assigned to the training units and the rest to the testing units.

Step 3: Interpolate, based on the constructed response surfaces, the two sensory
measurements for a given set of randomly generated geometries and material
properties and damage propagation paths and repeatedly execute this process for 400

times to obtain the training and testing data sets with each having 200 units.

Step 4: Add measurement noise following a zero mean normal distribution to both the

training and testing data sets to finalize the data generation.
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The two simulated measurements are plotted against the adjusted cycle index, defined
as the subtraction of the cycle-to-failure from the actual operational cycle, for all 200

training units in Figure 6-7, where we can clearly observe monotonic lifetime trends.
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Figure 6-7 Simulated measurements by piston displacement sensor (a) and rotary
speed sensor (b) for the hydraulic actuator model

Description of Prognostic Algorithms

This subsection provides a brief overview of the five selected data-driven
prognostic algorithms: Method 1 - a similarity-based interpolation (SBI) approach
with RVM as the regression technique (RVM-SBI) [53,126], SBI with SVM (SVM-
SBI) [53,127], SBI with the least-square exponential fitting (Exp-SBI) [53], a
Bayesian linear regression with the least-square quadratic fitting (Quad-BLR) [55],
and a recurrent neural network (RNN) approach (RNN) [56,127]. A data processing
scheme with a generic health index system is used for the first four algorithms while a
data processing scheme with a simple normalization scheme for the last algorithm.
These five algorithms represent the current state-of-art in data-driven prognostics and
cover a wide range of techniques that include the interpolation (Methods 1-3),

extrapolation (Method 4) and machine learning (Method 5).
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For the construction of the virtual health index in Methods 1-3, the system failure
matrix Qo was created with the sensory data in a system failure condition, 0 < L < 4,
while the system healthy matrix Q; with those in a system healthy condition, L > 250.
The RVM employed a linear spline kernel function with the initial most probable
hyper-parameter vector for kernel weights a,, = [1x10%,..., 1x10*] and the initial most
probable noise variance sz = 1x107*. In the SVM, a Gaussian kernel function is used
with the parameter settings as: the regularization parameter C = 10 and the parameter
of the e-insensitive loss function ¢ = 0.10. In the RNN training, the two normalized
sensory signals were used as the multi-dimensional inputs of the RNN and the RUL at
the corresponding cycle was used as the output. The implementation details can be
found in [56]. In the RNN architecture, the numbers of the input, recurrent and output

units are [/l =2, IRl =4 and 10l = 1.

Results of System PHM Design

Table 6-8 summarizes the prognostic accuracy of the five candidate algorithms as
well as the detailed information regarding the empirical error PDFs. The lower bound
ec of the error tolerance zone was set as -35cycles. Among the five candidate
algorithms, RNN yields the highest prognostic accuracy of 0.790 on the testing data
set, a 43.6% improvement over the second best algorithm, Exp-SBI, whose
prognostic accuracy reads 0.550. To further investigate this accuracy gap, we plotted
the RUL predictions by the two algorithms for 200 testing units in Figure 6-8(a) and
their error PDFs in Figure 6-8(b). It can be observed from both plots that RNN
consistently gives early RUL predictions while Exp-SBI is prone to produce RUL

predictions being randomly distributed around zero. Therefore, RNN provides higher

217



accuracy in spite of a larger variance and, with failure prevention being the main goal
of PHM, one would select RNN among the candidate algorithms to have moderately
early RUL predictions. Indeed, it is noted that only RNN satisfies the target
component-PHM efficiency 0.7678 obtained in Subsection 6.4.1 with the assumption
of perfect diagnostics and M/R actions. Finally, we note that, by capitalizing on PHM,
the EHA is capable of detecting, predicting and mitigating or recovering from the
actuator leakage, and thus achieves the resilience characteristics intended by the

underlying idea of RDSD, namely the optimal restoration of system performance.

Table 6-8 Prognostic accuracy and empirical error PDF results for the hydraulic
actuator model

Prognostic ~ Distri. Mean  Std.dev.  Parameters for non-

Algorithm accuracy type (cycle) (cycle) normal distributions

RVM-SBI 0.480 Weibull -2.66 12.14  a;=49.22, f1=4.15"
SVM-SBI 0.430 Weibull -3.40 14.91 a;=60.10, B, =4.12°
Exp-SBI 0.550 Normal -3.17 12.03 -

Quad-BLR 0.125 Weibull 10.62 1276 a4=63.82, p4=5.31"

RNN 0.790 Weibull  -12.10 13.07  as=55.17, fs=4.35
Lo >-47.36:° ¢, >-57.96; € e, > -48.17; ¢ 5> -62.35
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Figure 6-8 RUL prediction results (a) and error PDFs (b) for the hydraulic actuator
model
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6.5 Conclusion

This chapter presents a novel design framework, namely resilience-driven system
design (RDSD), to incorporate resilience characteristics into engineered systems. This
design framework consists of three hierarchical tasks, namely the top-level RAP, the
bottom-level system RBDO and the bottom-level system PHM design. The top-level
RAP incorporates the trade-off decisions regarding the component-reliability,
component-PHM efficiency and component-redundancy into the system-level design
for an optimum integration of PHM with minimum LCC. The bottom-level system
RBDO determines an optimal component design while ensuring the optimally
allocated target component-reliability from the top-level RAP. Following the system
RBDO, the bottom-level system PHM design derives an optimal PHM unit design for
the optimal component design while meeting the optimally allocated PHM efficiency
from the top-level RAP.

The proposed RDSD framework is demonstrated with a simplified aircraft control
actuator design problem, in which the incorporation of PHM significantly reduces the
system LCC and the detailed component and PHM unit designs respectively satisfy
the target component-reliability and component-PHM efficiency.

It is noted that, despite the difficulty in simultaneously and comprehensively
exploring system RBDO and PHM in an integrated case study, this chapter provides a
strategic guidance for carrying out this exploration through an engineering case study
on the design of a safety-critical aerospace system. The proposed RDSD framework,
featured with a rigorous theoretical basis and design strategy of engineering

resilience, is expected to ensure highly resilient system designs under various
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loading/environmental conditions and system-wide effects of adverse events while

considerably reducing systems’ LCC.
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Chapter 7: Contributions and Future Works

7.1 Contributions and Impacts

The proposed research in this dissertation aims at establishing a solid theoretical
basis and systematic design framework of engineering resilience to facilitate the
development of formal methodologies for resilient engineered system design and to
advance conventional engineered systems to resilient engineered systems. This
research is composed of three research thrusts: (i) system RBDO, (ii) system PHM,
and (ii1) resilience-driven system design. It is expected that the proposed research
offers the following potential contributions and broader impacts in various

engineering fields:

e Contribution 1: An adaptive-sparse polynomial chaos expansion (PCE) method
for component reliability analysis involving bivariate interactions
This dissertation proposes an adaptive-sparse PCE method for performing
engineering reliability analysis and design. The proposed method consists of three
technical contributions: (i) an adaptive-sparse scheme to build sparse PCE with
the minimum number of bivariate basis functions, (ii) a new projection method
using dimension reduction techniques to effectively compute the expansion
coefficients of system responses, and (iii) an integration of copula to handle
nonlinear correlation of input random variables. To the best of our knowledge, the
proposed method can be treated as the first attempt to optimize the number of the

bivariate terms to be considered for reliability analysis. The optimization process
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takes advantage of the PCE as the projection basis and proceeds by adaptively
adding the most significant bivariate terms to the PCE model until a convergence
criterion is achieved. The inherent characteristics of orthogonal polynomials make
the adaptive process computationally efficient and convergent. Therefore, the
adaptive-sparse PCE achieves an optimal compromise between the univariate
dimensional reduction (UDR) and bivariate dimension reduction (BDR) methods

(more accurate than the UDR and more efficient than the BDR).

Contribution 2: An adaptive stochastic collocation method for component
reliability analysis involving tri- and higher-variate interactions

This research presents an asymmetric dimension-adaptive tensor-product
(ADATP) method as an adaptive stochastic collocation method for component
reliability analysis involving tri- and higher-variate interactions. The proposed
method leverages three ideas: (i) an asymmetric dimension-adaptive scheme to
efficiently build the tensor-product interpolation considering both directional and
dimensional importance, (ii) a hierarchical interpolation scheme using either
piecewise multi-linear basis functions or cubic Lagrange splines, (iii) a
hierarchical surplus as an error indicator to automatically detect the highly
nonlinear regions in a random space and adaptively refine the collocation points
in these regions. The adaptive hierarchical interpolation scheme possesses both
directional and dimensional adaptivity. The proposed sensitivity-free method
achieves faster error decay than its non-asymmetric counterpart and greatly

alleviates the curse of dimensionality.

Contribution 3: A unified framework for system reliability analysis
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The unified framework proposed in this dissertation automatically decomposes a
mixed system (represented by a system block diagram) into multiple disjoint
series systems (not independent but mutually exclusive), which allows one to
apply the original CIM to these series systems and obtain a unique estimate of
system reliability, and that’s precisely the main contribution of the proposed
framework, brought by way of a BDD-based algorithm for computing mutually
exclusive path sets. Indeed, the basic idea behind this generalization is to add
another computational layer in the original CIM structure and to reformulate the
problem in a way that allows for the use of the original CIM. Such a
reformulation is an extension of the original work on CIM, with the advantage
that it greatly expands the application domain and achieves a unique solution of
system reliability regardless of system structures (series, parallel, and mixed

systems).

Contribution 4: An ensemble data-driven prognostic approach for PHM in a
single time-scale

This research proposes an ensemble approach that employs the k-fold cross
validation (CV) to estimate the accuracy of a given weighted-sum ensemble and
proposes three weighting schemes, namely, namely, the accuracy-based weighting,
diversity-based weighting and optimization-based weighting, to determine the
weight values. By combining the predictions of all member algorithms, the
ensemble approach achieves better accuracy and robustness in RUL predictions
compared to any sole member algorithm. The proposed ensemble approach

enables highly accurate and robust life predictions for resilient engineered
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systems with a single time-scale.

Contribution 5: A co-training data-driven prognostic approach for PHM in a
single time-scale

The proposed co-training-based data-driven prognostic algorithm, denoted by
COPROG, uses two individual data-driven algorithms with each predicting RULs
of suspension units for the other. The confidence of an individual data-driven
algorithm in predicting the RUL of a suspension unit is quantified by the extent to
which the inclusion of that unit in the training data set reduces the sum square
error (SSE) in RUL prediction on the failure units. After a suspension unit is
chosen and its RUL is predicted by an individual algorithm, it becomes a virtual
failure unit that is added to the training data set. COPROG gives more accurate
RUL predictions compared to any individual algorithm without the consideration
of suspension data and that COPROG can effectively exploit suspension data to

improve the accuracy in data-driven prognostics.

Contribution 6: A multiscale filtering technique for PHM in multiple time-scales

The proposed multiscale filtering technique achieves efficient and accurate state
and parameter estimation for engineered systems that exhibit time-scale
separation. When applied to the battery system, the multiscale framework can be
treated as a hybrid of coulomb counting and adaptive filtering techniques. The
contribution of this framework lies in the fact that the construction of a multiscale
computational scheme decouples the SOC and capacity estimation from two
perspectives, namely the measurement and time-scale. The resulting decoupled

estimation greatly reduces the computational time involved in obtaining the SOC
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and capacity estimates, while enhancing the accuracy in the capacity estimation.

e Contribution 7: Enhancement of the understanding of resilient engineered systems
and support for system design paradigm shift
This research develops a rigorous definition of engineering resilience and
constitutes solid theoretical basis of resilient engineered systems. A systematic
decomposition of resilience process in resilient engineered systems enables
thorough understanding of resilience behavior and cohesively integrates this
behavior into future system design. The proposed system resilience analysis and
design framework enables a transformative shift in engineered system design
from reliability-based to resilience-driven system design. The theoretical basis
and design framework of engineering resilience gained from this research will
facilitate the development of formal methodologies for resilient engineered

system design.

7.2 Suggestions for Future Research

Although the technical advances presented in this dissertation successfully
address critical challenges in both system RBDO and PHM as well as make the first
attempt to derive a systematic framework for resilient engineered system design, there
are still several research areas where further investigations and developments are
required to truly bring resilience-driven system design into reality. Specific
suggestions for the continuation of the study on resilience-driven system design are

listed as follows:

e Advancement of model-based prognostics techniques
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This research develops two advanced data-driven prognostics techniques, namely
ensemble prognostics and co-training prognostics, to design a highly accurate and
robust PHM system for resilient engineered system design. However, no efforts
have been devoted to the advancement of model-based prognostics techniques in
this research. When we have ample understanding of system physics-of-failure
and underlying system degradation models but possess very limited run-to-failure
and suspension data, the model-based prognostics techniques become more
desirable than their data-driven counterparts. Thus, to expand the application
domain of PHM technologies, advanced prognostics techniques based on system
physics-of-failure and underlying system degradation models must be developed

and applied to resilient engineered system design.

Development of PHM techniques for Li-ion battery SOL prediction

This research proposes a multiscale framework with EKF for real-time estimation
of SOC and capacity by tracking readily available measurements (e.g., voltage,
current and temperature) for Li-ion battery systems. However, the online
prediction of SOL with these measurements was untouched in this research.
Future research should be focused on the development of data-driven, model-
based or hybrid PHM techniques for online prediction of SOL. To verify the
effectiveness of the techniques to be developed, we can conduct an extensive
accelerated life testing (ALT) on a number of battery cells of the same

specifications.

Consolidation and verification of the proposed RDSD framework
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The proposed RDSD framework provides the first strategic guidance for
simultaneously and comprehensively exploring system RBDO and PHM to
enhance the resilience of an engineered system in its early design stage. However,
further research works are still needed to consolidate and verify the proposed
design framework. Specifically, future investigations should be devoted to the
following tasks: (i) the definition of engineering resilience and the design
framework of system PHM must be generalized to consider multiple failure
mechanisms; (ii) the diagnostics design (SN design) should be coherently
integrated with the prognostics design (prognostic algorithm design) for the
bottom-level system PHM design; and (ii1) the verification of the proposed
framework needs to be conducted using testing data from a real engineered
system, as opposed to the use of a simulation model with hypothetical data in this

dissertation.

Decision-making on maintenance/restoration (M/R) action

The conditional probability x of the M/R action success quantifies the extent to
which the system is able to restore the system’s original performance. This
research has assumed k as a constant. However, in engineering practice, the
restoration (M/R action) requires a decision-making process that optimizes the
allocation of available resources based on the system health information from the
diagnostics and prognostics processes, making & non-constant. Thus, in addition
to the three tasks mentioned earlier, research efforts should also be devoted to
systematically carrying out the decision-making process and determining the

optimum x for a specific restoration context. One possible way is to define key
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metrics that are indicative of system capacity and conduct a trade-off analysis
between the system capacity restoration and resource consumption. In this way,
the reasoning process can identify the most effective M/R actions as well as
allocate the available resources to these M/R actions in such a way that the system

capacity restoration can be maximized.

228



Appendices

Appendix A: Derivation of the Error Decomposition

Error Source I: Truncation
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Error source I1I: Univariate decomposition

where
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Error source IV: Aliasing error
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where E (-) denotes the approximate expectation by using the SMLS and Gaussian

quadrature integration.
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Appendix B: Pseudo Code of ADATP Algorithm

Pseudo code :
i=(1,..,1)
I, =9, 1, ={i}
1=0, & =1, M =1
while max (¢,)>€. &&M <M,
select I, I, witheg, (I,)>¢,
I,=I,UI. I =0
while (L, # D& &M <M__)
selecti, c I, with €, (i,) =€, (i,), Vi, eI,
L =I\i, L(i,)={i,+¢", 1<Sk<N}
I, =I,UIL(,)
wi=g (Xif )—adatpstep(lo,{wIO },{Xif })
M=M+M,

. 1 i
£, (lf): I; Z‘ij

(gmax_gmin) ip

endwhile
[=1+1

endwhile
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Symbols:

I, old index set

I, active index set

| trial index set

L. (i,) forward neighborhood of trial index i,
£ relative error indicator

£, relative error threshold

8 max maximum function value

8 min minimum function value

e” k™ directional unit vector

adatpstep  step hierarchical interpolation

function
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Glossary

ADATP: Asymmetric Dimension-Adaptive Tensor-Product
CDF: Cumulative Distribution Function
CIM: Complementary Intersection Method
CV: Cross Validation

DI: Directional Index

EKF: Extended Kalman Filter

FOB: First-Order Bounds

FORM: First-Order Reliability Method

PCE: Polynomial Chaos Expansion

PDF: Probability Density Function

PHM: Prognostics and Health Management
RBDO: Reliability-Based Design Optimization
RUL: Remaining Useful Life

RVM: Relevance Vector Machine

SBI: Similarity-Based Interpolation

SOB: Second-Order Bounds

SOC: State of Charge

SOH: State of Health

SOL: State of Life

SORM: Second-Order Reliability Method
SVM: Support Vector Machine
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