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Chapter 1
Introduction

1.1 Background of Compressed Sensing

Compressed Sensing (CS) concerns the problem of simultaneously sensing and
compressing signals that possess special sparse structures. The space of sparse signals
affords a succinct representation because it represents a finite union of low-dimensional
manifolds all of which are known to be compressible by linear operators. Therefore we
are more interested in the following question: for a given sparsity level, to what extent
can we compress the sparse signals, or equivalently, at least how many measurements are
needed to measure these signal losslessly in the sense that the original signal can be fully
recovered from the measurements.

Mathematically, all measurements are stored as rows of a matrix ¢ called sensing matrix,
and each data point is obtained by projecting the sparse signal € RY on to a row of .
Let y be the vector storing all these data points, then it can be written as y = ®x, with
ye€R"andm < N.

The compressed signal y brings efficacy in data transmission and storage, while at some
later point, it needs to be transformed back to the original signal . Solving an underde-
termined system is known to be impossible in general but it is no longer ture if we know

that « is sparse. The following ¢, minimization algorithm is a straight forward way to



exploit sparsity.

min ||x||o subject to y = Px. (FPo)

(Fy) can recover all sparse signals exactly provided the sensing matrix satisfies some
weak condition. However, the algorithm is intractable and has a complexity that grows
exponentially in dimension.

It was Candes and Tao [23] who first showed that the following /; minimization procedure
(also know as Basis Pursuit) can be used as a tractable substitution to () when & is
properly chosen.

min ||z, subject to y = dx. (Py)

Specifically, they proved that as long as ® satisfies the so called (k, 0)-Restricted Isometry
Property (RIP) with do5, < V2 —1,(P)is equivalent to (F,) when recovering k-sparse

signals (signals that have at most k£ nonzero components).

Definition 1. We say a matrix ® has the Restricted isometry property (RIP) with order k
if

(1= 0)lzll; < [@z5 < (1 +0)ll=; (L.1)

The nice part about RIP is that it not only guarantees the exact recovery of (), but
also its stability [22, 29, 21]. To be more explicit, suppose the measurements are noisy,
then the measurements vector becomes y = ®x + w with a noise vector w of a known
energy level ||w||2 < e. In this case, either (P;) or the following denoised version of (P;)

can be used for recovery.

min ||x||; subject to ||y — Px|| < e. (P2)



It has been proved in [21] that, as long as ¢ satisfies RIP, small reconstruction error is

guaranteed for both (P;) and (F%):

|z — ||y < Crop(x) + Cse, (1.2)

where & is the solution to either (P;) or (P), C, Cs are constants depending on k& and 9,
and oy (x) := o i?lggfl)arse ||z — @i ||; denotes the ¢; residue of the best k-term approxima-
tion to x.

A natural question is that why the Basis Pursuit algorithm is chosen for recovery? In fact,
since BP is a superlinear algorithm that is barely acceptable in practice, many other al-
gorithms have also been proposed in the literature, such as Orthogonal Matching Pursuit
(OMP) [12], CoSaMP [44], One Step Thresholding (OST) [6], Approximate Message
Passing Algorithm (AMP) [41], Bregman Iteration [37], etc.. Even though many of these
methods are dramatically faster, BP still has its special scientific interest. The most im-
portant advantage of BP is perhaps its low requirement for success. In fact, sparsity is the
only prior that is required in BP, while in other algorithms this is not true. For example
in OST, an additional a priori requirement is that all the nonzero magnitudes « should
be comparable to each other; and in AMP, strict analysis is only carried out for certain
random matrices combined with Gaussian type of noise.

A necessary and sufficient condition for stable recovery of Basis Pursuit that has brought

quite an attention in this community is the Null Space Property. It is formulated as an ¢,

condition on the kernel of the sensing matrix.

Definition 2. A matrix ® is said to have the Null space property of order £k (k-NSP) if for



all v € ker ®\{0} and all index set T' with cardinality at most k, we have
Vo € ker O\{0}, V|T| <k, Jor|i < |lvre|l:. (1.3)

Despite its equivalence to (F;), NSP is not as widely used as RIP mainly for two
reasons. First RIP is an [, criterion and therefore easier for theoretical verification; sec-
ondly, since (1.3) has no additivity, examining NSP of a given matrix requires verifying
(1.3) for every vector in the kernel of ® which is more time consuming than examining ¢
directly.

In contrast to NSP, RIP is only a sufficient ( but not necessary) condition for the success of
(Py) and (). However, this stringency automatically leads to a stronger stability result.
In fact, both conditions are equipped with an error guarantee in the form of (1.2), but the

C, in the error of RIP is smaller than that of NSP by a factor of v/N.

1.2 Sensing Matrix Analysis

For fixed signal dimensionality N and sparsity level k£, among all matrices that
satisfies (k, d;)-RIP, we are particularly interested in those matrices that have the small-
est number of rows, because fewer rows means higher compression rates. It is shown
using a Gelfand width based argument that the smallest possible row number is m =
O(klog(N/k)). Tt is also proved [23] that this number is achieved with overwhelming
probability if the matrix is random with i.i.d. entries drawn from the standard Gaussian
distribution. The possible failure of random matrices and the fact that there is no way to
detect them, makes the problem fatal in practice. Therefore certain deterministic matrices
have been built and have demonstrated good performances in simulation. Yet so far, none
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of them has been proved to achieve the optimal compression rate as Gaussian matrices
do. The main difficulty lies in the question of how to pass the RIP condition to other
global conditions of a matrix that are easier to verify, such as the mutual coherence or
the spectral norm. A standard argument to pass RIP to mutual coherence is based on the
Gershgorin Circle theorem, but it inevitably leads to a sub-optimal relation £ < O(y/m),
where the square root on m that preventing the order from achieving optimal is known
as the square root bottleneck. In the literature, only one matrix constructed by Bourgain
et al. [11] has successfully broken this bottleneck. The technique that was used involves
the definition of a so-called flat orthogonality constant, which is easier to be verified and
yet sufficient for exact recovery. Although the result is significant better than all previous
ones, it is still far from satisfactory in the sense that the order on m is only raised from

1/2 to something slightly larger: k < O(m?!/2+¢),

1.3 Compressed sensing in dictionary

A recent direction in CS considers signals that have sparse representation under a
redundant dictionary, where the incoming signal & can be expressed as * = Dz with z
being sparse and D being a fat matrix with more columns than rows. Dictionaries are
in general more flexible and representative than orthonormal bases by including more
columns (called atoms) into it. Moreover, this model is useful when signals do not natu-
rally have sparse decompositions under orthonormal bases, such as images that are only
sparse in curvelet frames (see the numerical experiments in Chapter 4 for what happens

if one wrongly assumed such images to be sparse under an orthonormal basis).



Despite all these benefits in using dictionaries, there are surprisingly few results along
this direction, especially results related to a well known recovery method called the ¢;
synthesis method.

If we denote the measurements by y as before then now it has the representation y =

b = ®Dz. The ¢; synthesis method recovers « from y by solving

0>
I

min || ], [[®DZ -yl <,

x =Dz (Ps)

The only universal condition that is known for (FP;) to converge is that ® D satisfies NSP,
which then requires D to be incoherent. However, the incoherence is sometimes unnec-
essary if we only care about recovering x but z. Therefore, finding a looser condition for

the success of (FP3) is considered a major task along this direction.

1.4 Contributions

In Chapter 2, we study a statistical version of RIP that are sufficient for (P;) to
recover nearly all sparse signals except for an € proportion with small e. Moreover, we
show how these conditions can be implied by two simpler coherence conditions of a
matrix. In this way, we are able to extend the existing theory of deterministic sensing
matrices that have near optimal average performances.

In Chapter 3, we study the ¢; synthesis method for the dictionary setting, and prove that
® D being NSP is indeed necessary when D has full spark. Moreover, we generalize the
usual NSP to a dictionary adapted NSP and use it to prove a stability result of the ¢,

synthesis method.



1.5 Model Setting

Let x be an N-dimensional real signal that has a sparse representation in a suitably
chosen basis. « is said to be k-sparse if it has at most £ nonzero coordinates and is said to
be approximately k-sparse if it has at most k£ significant coordinates, i.e., entries of large
magnitude compared to the other entries. The observation vector y is formed as a linear
transformation of x, i.e.,

y = dx + w,

where ® is an m x N real matrix, m < N, and w is a noise vector. We assume that w
has bounded energy (i.e., |w||> < €).

For the m x N complex matrix ®, let ¢q,..., ¢y be its columns. Let [N] =
{1,2,...,N} and let I = {iy,...,ix} C [N] be a k-subset of the set of coordinates.
By P,(N) we denote the set of all k-subsets of [V]. Below we write ®; to refer to the
m x k submatrix of ® formed of the columns with indices in /. Given a vector x € R,
we denote by x; a k-dimensional vector given by the projection of the vector  on the
coordinates in /.

The objective of an estimator is to find a good approximation of the signal x after observ-
ing y. This is obviously impossible for general signals & but becomes tractable if we seek

a sparse approximation  which satisfies

|l — &, <Ci min |z — ||, + Cye (1.4)

@ is k-sparse

for some p, ¢ > 1 and constants C'y, C5. Note that if x itself is k-sparse, then (1.4) implies
that the recovery error ||& — x| is at most proportional to the norm of the noise. Moreover
it implies that the recovery is stable in the sense that if @ is approximately k-sparse then
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the recovery error is small. If the estimate satisfies an inequality of the type (1.4), we say
that the recovery procedure satisfies a (p, ¢) error guarantee.

The Basis Pursuit algorithm (P;) we dicussed in the previous section is known to
provide both ({1, ¢1) and (¢, /1) error guarantees under the condition that ¢ satisfies NSP
(or RIP).

Another popular estimator for which the recovery guarantees are proved using co-
herence properties of the sampling matrix ® is Lasso [50, 24]. Assume the vector w
is independent of the signal and formed of independent identically distributed Gaussian
random variables with zero mean and variance 2. Lasso is a regularization of the ¢,

minimization problem written as follows:
& = arg min 1||(I>’:E—y||§4—)\]\102”513”1. (1.5)
TERN 2

Here Ay is a regularization parameter which controls the complexity (sparsity) of the
optimizer.

We say that O satisfies the coherence property if the inner product |(¢1, ¢;)| is uni-
formly small, and call © = max;; |(¢s, ¢;)| the coherence parameter of the matrix. The
importance of incoherent dictionaries has been recognized in a large number of papers on
compressed sensing, among them [51, 54, 31, 20, 18, 19, 13]. The coherence condition

plays an essential role in proofs of recovery guarantees in these and many other studies.



Chapter 2
A Statistical Restricted Isometry Property and Its Application on
Studying Deterministic Sensing Matrices

2.1 Introduction

One of the fundamental problems in compressive sensing concerns constructing
efficient deterministic sensing matrices that can universally compress and recover the
class of sparse and nearly sparse signals. A sufficient condition for such matrices is
given by the restricted isometry property (RIP). It has been shown that sparse signals
compressed by an RIP map can be reconstructed using ¢; minimization procedures such
as Basis Pursuit and Lasso [22, 21, 17, 13].

While many other conditions such as the Null Space Property (NSP) [30]) and the Sparse
Approximation Property (SAP) [49] have also been established, RIP still remains to be
the only useful tool in the deterministic setting. However, verifying RIP for a given matrix
is by no means an easy task. In fact, direct theoretical verifications have only appeared
in the analysis of random sensing matrix, and numerical verification is proved to be NP
hard. A usual approach to overcome this difficulty is applying the Gershgorin theorem to
reduce the RIP condition to another condition on mutual coherence. Even though the new
condition is more convenient to verify, it becomes less effective. For instance, numerical

experiments in [6] have shown that the mutual coherence based performance analysis



is often too conservative in predicting the sparse recovery results. For these reasons,
researchers have started to look for other possible ways of relaxing RIP [54][14].

In this chapter, we shall establish a new useful relaxation of the RIP, prove its sufficiency
for stable reconstruction, explore its connection with the matrix coherence properties, and

finally use it to study deterministic sensing matrices.

2.1.1 The RIP property

As defined in Chapter 1, a matrix ® is said to have a (k, J)-RIP if
(1 =)=l < [[@=[l3 < (1 +0)]=|3

holds for all k-sparse vectors x, where 6 € (0, 1) is a parameter. Equivalently, ® is (k, 0)-
RIPif ||®7®; —1Id|| < § holds for all I € [N],|I| = k, where || -|| is the spectral norm and
Id is the identity matrix. The RIP property provides a sufficient condition for the solution
of (P,) to satisfy the error guarantees of Basis Pursuit [22, 21, 17, 13]. In particular, by
[17], (2k, V2 — 1)-RIP suffices for both (¢1,¢;) and ({s, ¢,) error estimates, while [13]
improves this to (1.75k, v/2 — 1)-RIP.

As is well known (see [51] [28]), coherence and RIP are related: a matrix with
coherence parameter p is (k, (k — 1)u)-RIP. This connection has served as the starting
point in a number of studies on constructing RIP matrices from incoherent dictionaries.
To implement this idea one starts with a set of unit vectors ¢y, . . ., ¢y with maximum co-
herence . In other words, we seek a well-separated collection of lines through the origin
in R™, or reformulating again, a good packing of the real projective space RP™!. One

way of constructing such packings begins with taking a set C of binary m-dimensional
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vectors whose pairwise Hamming distances are concentrated around m /2. Call the maxi-
mum deviation from m /2 the width w of the set C. An incoherent dictionary is obtained by
mapping the bits of a small-width code to bipolar signals and normalizing. The resulting
coherence and width are related by w(C) = pum/2.

One of the first papers to put forward the idea of constructing RIP matrices from
binary vectors was the work by DeVore [27]. While [27] did not make a connection to
error-correcting codes, a number of later papers pursued both its algorithmic and con-
structive aspects [8, 14, 15, 26]. Examples of codes with small width are given in [4],
where they are studied under the name of small-bias probability spaces. RIP matrices ob-
tained from the constructions in [4] satisfy m = O(%)Z. Ben-Aroya and Ta-Shma
[10] recently improved this to m = O(’“lngéV)W‘l for (log N)~%/2 < i < (log N)~'/2. The
advantage of obtaining RIP matrices from binary or spherical codes is low construction
complexity: in many instances it is possible to define the matrix using only O(log V)
columns while the remaining columns can be computed as their linear combinations. We
also note a result by Bourgain et al. [11] who gave the first (and the only known) con-
struction of RIP matrices with k on the order of m2*< (i.e., greater than O(y/m)). An
overview of the state of the art in the construction of RIP matrices is given in a recent
paper [7].

At the same time, in practical problems we still need to write out the entire matrix;
so constructions of complexity O(N) are an acceptable choice. Under these assumptions,
the best tradeoff between m, k and N for RIP-matrices based on codes and coherence
is obtained from Gilbert-Varshamov type code constructions: namely, it is possible to

construct (k, §)-RIP matrices with m = 4(k/§)?log N. At the same time, already [4]
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observes that the sketch dimension in RIP matrices constructed from binary codes is at

least m = O((k*log N)/log k).

2.1.2 Statistical incoherence properties

The limitations on incoherent dictionaries discussed in the previous section suggest
relaxing the RIP condition. An intuitively appealing idea is to require that condition
(1.1) hold for almost all rather than all k-subsets I, replacing RIP with a version of it, in
which the near-isometry property holds with high probability with respect to the choice of
I € P(N). The statistical RIP (StRIP) of a matrix is easier to be satisfied, so they have a
potential of supporting provable recovery guarantees from shorter sketches compared to
the known constructive schemes relying on RIP.

Without loss of generality, we assume all sensing matrices ¢ considered in this
chapter have unit column norm. Before proceeding to the results, let us introduce a few
more notations. Let [V] := {1,2,..., N} and let P,(V) denote the set of k-subsets of
[N]. The usual notation for probability Pr is used to refer a probability measure when
there is no ambiguity. At the same time, we use separate notation for some frequently
encountered probability spaces. In particular, we use P to denote the uniform probability
distribution on P, (). If we need to choose a random k-subset / and a random index in
[N]\I, we use the notation P, ;. We use P to denote any probability measure on R*
which assigns equal probability to each of the 2¥ orthants (i.e., with uniformly distributed
signs).

The following definition is essentially due to Tropp [54, 53], where it is called

12



conditioning of random subdictionaries.

Definition 3. An m x N matrix ® satisfies the statistical RIP property (is (k, 0, €)-StRIP)
if

Po({I € Pp(N) : |7 ®; —1d|| <0}) > 1.

In other words, the inequality
(1= 0)lel3 < [[@ral* < (1+ 9)|l]f3 2.1)
holds for at least a (1 — €) proportion of all k-subsets of [N| and for all x € RF.

A related but different definition was given later in several papers such as [14, 5, 31]
as well as some others. In these works, a matrix is called (k, d, €)-StRIP if inequality (2.1)
holds for at least (1 — €) proportion of k-sparse unit vectors z € RY. While several
well-known classes of matrices were shown to have this property, it is not sufficient for
sparse recovery procedures. Several additional properties as well as specialized recovery
procedures that make signal reconstruction possible were investigated in [14].

In this chapter we focus on the statistical isometry property as given by Def. 3 and
mean this definition whenever we mention StRIP matrices. We note that condition (2.1)

1s scalable, so the restriction to unit vectors is not essential.

Definition 4. An m x N matrix ® satisfies a statistical incoherence condition (is (k, o, €)-
SINC) if

P.({I € Pr(N) : max;gs ||PToi]|3 < a}) >1—e. 2.2)

This condition appeared implicitly in [52] and [18]. It has been shown that StRIP
and SINC together imply exact recovery of strictly sparse signals. For completeness, we

13



prove in Section 2.2.1 a stability result that may be known but not explicitely established.

Moreover, we note that the SINC property can be further relaxed. In (2.2), we allow
a small probability of failure for the random choice of 7, but for a fixed I, the coherence
between ®; and all outside columns should be uniformly small. The condition can thus
be relaxed if we can change this uniformity to with large probability (this probability is
with respect to ). In other words, we want to build a condition of ||®7 ¢;||, that allows
a small probability of failure with respect to the random choice of both I € P;(N) and
1€ I

We let

B(®) = {[|®7 ¢slla: [ € Pr(N), i € I}

be the set of values of coherences between a collection of columns of ® and another

column outside this collection. Let us introduce the following definition.

Definition 5. An mx N matrix @ is said to satisfy a weak statistical incoherence condition
(to be a (k, 9, a, €)-WSINC) if

€

S7 P ({(10), T € Au(®),1 € I° such that [ @] 6,12 = thg(6,1) <

tEB(®)

(2.3)
where g(0,1) is a positive increasing function of t and
Ay(®) = {I € Pr(N) : Ji € I°such that | T ¢;]|3 > a}.

We note that this definition is informative if g(d,t) is small; otherwise, we will
just use the usual SINC condition. Below we use g(d,t) = exp(—(1 — §)%/(8t?)). This
definition takes account of the distribution of values of the quantity ||®% ;|| and therefore
allows the existence of very coherent columns. We will show in Section 2.2.2 that WSINC
is enough for BP to find the correct support of .

14



Definition 6. We say that a signal * € RY is drawn from a generic random signal model
Sk if

1) The locations of the k coordinates of x with largest magnitudes are chosen
among all k-subsets I C [N| with a uniform distribution;

2) Conditional on I, the signs of the coordinates x;,i1 € [ are i.i.d. uniform

Bernoulli random variables taking values in the set {1, —1}.

2.2 Statistical Incoherence Properties and Basis Pursuit

In this section we prove approximation error bounds for recovery by Basis Pur-
suit from linear sketches obtained using deterministic matrices with the StRIP and SINC

properties.

2.2.1 StRIP Matrices with incoherence property

It was proved in [54] that random sparse signals sampled using matrices with the
StRIP property can be recovered with high probability from low-dimensional sketches
using linear programming. In this section we prove a similar result that in addition incor-

porates stability analysis.

Theorem 2.2.1. Suppose that x is a generic random signal from the model Sy. Let y =
®x and let x be the approximation of x by the Basis Pursuit algorithm. Let I be the set

of k largest coordinates of x. If
1. ®is (k,d,€)-StRIP;

15



2. ®is (k, 1t b, €)-SING,

then with probability at least 1 — 3¢

1

min
2./2 log(QN/E) x'is k -sparse

[ — 2|2 < I —'[|x

and

1 §4 min ”33—33,”1
a'is k -sparse

|lere — @ e

This theorem implies that if the signal «x itself is k-sparse then the Basis Pursuit

algorithm will recover it exactly. Otherwise, its output @ will be a tight sparse approxi-
mation of .

Theorem 2.2.1 will follow from the next three lemmas. Some of the ideas involved

in their proofs are close to the techniques used in [23]. Let h = x — & be the error in

recovery of Basis Pursuit. In the following I C [N] refers to the support of the k largest

coordinates of x.

Lemma 2.2.2. Let s = 8log(2N/e). Suppose that ||(®Fd;) || < ﬁ and
10T )12 < s7'(1—8) forallie I :=[N]\I.

Then

lhrllz < 577 R

1-

Proof. Clearly, Ph = o — dx = 0,50 ;h; = —P;ch;c and

h;=—(®T®,) '®T®chye.
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‘We obtain

1Rill2 < [[(@7 1) | @] ©rehye

1
2 < T(SZ 1B7 @i 2|l
icle
< s ke,

as required. 1

Next we show that the error outside I cannot be large. Below sgn(u) is a +-1-vector

of signs of the argument vector w.
Lemma 2.2.3. Suppose that there exists a vector v € RY such that
(i) v is contained in the row space of ®, say v = ®Tw;

(ii) v; = sgn(x;);

(lll) ||’U[c loo S 1/2.

Then

[Prelly < 4lj@e ] (2.4)

Proof. By (P,) we have

2]y > [zl = llz + hll = [l + hill + [l + e

1

> |||y + (sgn(xr), hy) + [[hre

1— ||€BIC 1-

Here we have used the inequality |[a+bl|; > |la|/;+ (sgn(a), b) valid for any two vectors

a,b € RY and the triangle inequality. From this we obtain

1-

|| e

1 < [(sgn(zxr), hp)| + 2|2

17



Further, using the properties of v, we have

|(sen(x), hr)| = [{vr, hi)|

= |{(v,h) — (vje, he)

< |(@Tw, h)|+ [(vre, he)

< [w, @h)| + [[vrelleg [[Rre]lr
1

< —|hrelly.

< L,

The statement of the lemma is now evident. &

Now we prove that such a vector v as defined in the last lemma indeed exists.

Lemma 2.2.4. Let x be a generic random signal from the model Sy. Suppose that the
support I of the k largest coordinates of x is fixed. Under the assumptions of Lemma
2.2.2 the vector

v =0T (DT D) sgn(x;)
satisfies (i)-(iii) of Lemma 2.2.3 with probability at least 1 — e.

Proof. From the definition of v it is clear that it belongs to the row-space of ® and v; =

sen(x;). We have v; = ¢ &;(®T ;)L sgn(x;) = (s;,s¢gn(x;)), where
s; = (T®,) 1Ty, ¢ R*.

We will show that |v;| < % for all ¢ € I with probability 1 — e.
Since the coordinates of sgn(x;) are i.i.d. uniform random variables taking values

in the set {£1}, we can use Hoeffding’s inequality to claim that

Pre(Jvi] > 1/2) < 2exp ( - 2.5)

)
8lsll3/

18



On the other hand, for all = € ¢,

Isill: = [(@721)" 27 64>

< (@727 27 il
1 1—4

1—0,/8log(2N/e)
1

e — (2.6)

V/8log(2N/e)

Equations (2.5) and (2.6) together imply for any ¢ € ¢,

€

1
8(1//8 1og(2N/e))2) N

Using the union bound, we now obtain the following relation:

1
PRk<"Ui| > 5) < 2exp ( —

Py ([lore

> 1/2) <e 2.7)

Hence |v;] < 3 for all ¢ € I° with probability at least 1 — ¢. n
Now we are ready to prove Theorem 2.2.1.

Proof of Theorem 2.2.1. The matrix ® is (k, J, €)-SRIP. Hence, with probability at least
1—¢ [[(®7®;) || < %5. At the same time, from the SINC assumption we have, with

probability at least 1 — € over the choice of I,

1—6)?
H I(b’LHQ — 810g(2N/6)7

for all 2+ € I°. Thus, ®; will have these two properties with probability at least 1 — 2e.

Then from Lemma 2.2.2 we obtain that

1
hills < —— |1,
Il < — e
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with probability > 1 — 2¢. Furthermore, from Lemmas 2.2.3, 2.2.4
[hrelli < 4@,

with probability 1 — €. This completes the proof.

2.2.2 StRIP Matrices with weak incoherence property

In this section we establish a recovery guarantee of Basis Pursuit under the weak

SINC condition defined earlier in this chapter.

Theorem 2.2.5. Suppose that the sampling matrix ® is (k, 9, €)-StRIP and (k, 0, , 62)-
WSINC, where o = (1 — §)?/8log(2N/¢) and gs(t) = exp(—(1 —§)?/8t?). Suppose that
the signal x is chosen from the generic random signal model and let & be the approxima-

tion of x found by Basis Pursuit. Then with probability at least 1 — 4€ we have

1 S4 min Hl'—il}',Hl
a’is k-sparse

| — &)e

If x is k-sparse and satisfies the condition y = P, then this theorem asserts that
Basis Pursuit will find the support of z. If in addition @ is the only k-sparse solution to
y = dx, then we have & = z. Note that the WSINC property is not sufficient for the
(¢5, £1) error guarantee. However, once the corrected support is detected, the signal & can

be found by solving the overcomplete system y = ®;x.

To prove Theorem 2.2.5, we refine the ideas used to establish Lemma 2.2.4.

Lemma 2.2.6. Suppose that the sampling matrix ® satisfies the conditions of Theorem

2.2.5. Forany x € R* and I C [N] define v(x,I) = ®T®(®T®;) L sgn(x). Let

p(I) = Pre([Jvre(@, )| > 1/2),
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Then

Pe({I :p(I) > €}) < 3e.
Proof. As in the proof of Lemma 2.2.4, we define the vector
si(I) = (B ©;) '@ ¢; € R,

and let v;(x, I) be the ith coordinate of the vector v(x, ). From now on we write simply
v;, 8;, omitting the dependence on I and . Let M = M (®) := {I € Pi(N) : |7 ;|| >

1 — 0}, then the StRIP property of ® implies that
P.(M)>1—e
By definition, forany I € M
Isill2 = [[(27 @1) " @7 il < ﬁl@?@“z-
Now we split the target probability into three parts:

P{I:p(I)>e})=P({IeMnNA:p(I)>e€})+ P({IeMnA:p(I) > e})

+ Po({I € M :p(I) > €}),

where A = A, (®) = {I : ||®T¢;||3 > a for some i € [°} is the set of supports appearing
in the definition of the WSINC property. If [ € M N A, i.e., it supports both StRIP and
SINC properties, then (2.7) implies that p(I) < ¢, so the first term on the right-hand side
equals 0. The third term refers to supports with no SINC property, whose total probability

is < e. Estimating the second term by the Markov inequality, we have

P.({I e MNA®:p(I) > e}) < Exlp(1), 1(1 € M1 AC)], (2.8)

€
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where 1(-) denotes the indicator random variable. We have

Elp(I).] € MN A =Exp(D)1(I € MNAY) = ) %p([), (2.9)

Let us first estimate p(/) for I € M N A€ by invoking Hoeffding’s inequality (2.5):
p(I) = Ppe(Fi € I°, Ju;] > 1/2) <Y Pre(fvg] > 1/2)
iele

< Z 2exp ( — ;)
T 81513
(2.6) (1-— 5)2
S e (- L)

2 8|7 ¢ill3

—av =1 Y ep (= C) Py (10T ol = ¢ 1),

8t2
teB(®)

Substituting this result into (2.9), we obtain

Exlp(1), {I € MNA} <2(N—k) Y exp(—<1_6)2) > o Py (1876 = 1)

2 N
S 82 ) e ()
(1—95)2 ¢ T
AN =) Y exp (=g ) P (1 € A% @76l = 1)
teB(®)

where the last step is on account of (2.8) and the WSINC assumption. 1

Proof of Theorem 2.2.5: Define the set B by

B ={I € Ry : Ppe(||vre

o > 1/21) > €}

Recall that Theorem 2.2.5 is stated with respect to the random signal &. Therefore, let us
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estimate the probability

Pryre({(1,2) 2 [lvrelloc > 1/2})

= > Prorel{m: |vrelle > 1/2} [ 1) Prype (1)

I€PL(N)

= Z Pr({x : ||vrelloo > 1/2} | 1) Pp(1) + ZPRk({CC Nvrelloo > 1/2} | 1) Pr(1).

S IeB

We have Pri({x : ||vrc]lo > 1/2} | I) < € from Lemma 2.2.4 and P,(B) < 3¢ from

Lemma 2.2.6, so

Prowrs({(1, ) ¢ |lvgelloe > 1/2}) < €(14 3€) < 4e.

This implies that with probability 1 — 4e the signal x chosen from the generic random

signal model satisfies the conditions of Lemma 2.2.3, i.e.,

1 S 4||33[c

||ZB[c —§3]c 1-

This completes the proof. &

2.3 Incoherence Properties and Lasso

In this section we prove that sparse signals can be approximately recovered from
low-dimensional observations using Lasso if the sampling matrices have statistical inco-
herence properties. The result is a modification of the methods developed in [18, 54] in
that we prove that the conditions used there to bound the error of the Lasso estimate hold
with high probability if ® is has both StRIP and SINC properties. The precise claim is

given in the following statement.
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Theorem 2.3.1. Let x be a random k-sparse signal whose support satisfies the two prop-
erties of the generic random signal model Si.. Denote by & its estimate fromy = dx + z
via Lasso (1.5), where z is a i.i.d. Gaussian vector with zero mean and variance o* and
where N\ = 21/21og N. Suppose that k < ”q)”?—{(\;g]v, where cq is a positive constant, and

that the matrix ® satisfies the following two properties:
1. ®is (k, 3, ¢€)-StRIP.

2. ®is (k ¢)-SINC.

1
’ 1281og(N/2¢) ?
Then we have

|Px — P23 < Coklog No?,
with probability at least 1 — 3¢ — #\/W — N7 where Cy > 0 is an absolute constant

and a = 0.151og(2N/e) — 1.

The following theorem is implicit in [18], see Theorem 1.2 and Sect 3.2 in that
paper.
Theorem 2.3.2. (Candes and Plan) Suppose that x is a k-sparse signal drawn from the
model Sy, y, z are the same as in Theorem 2.3.1 and

L < C()N
~ @ log N

where ¢y > 0 is a constant. Let I C [N] be the support of x and suppose the following

three conditions are satisfied:

1 |[(®T®,) Y < 2.

2. |27 2|l < 24/Iog N.
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3. H(ID?CQDI(Q)}FCDI)*CI)}FzWOO—i—\/SlogNHCD}FC(I)I((I)?(I)I)_1 sgn(xr) e, < (2—\/5)\/2105:{]\7.

Then
| @z — P23 < Cok(log N)o?,
where Cy is an absolute constant.
Our aim will be to prove that conditions (1)-(3) of this theorem hold with large
probability under the assumptions of Theorem 2.3.1.
First, it is clear that || ®7 2|, < 2v/log N with probability at least 1— (N /27 log N)~L.
This follows simply because z is an independent Gaussian vector, and has been discussed

in [18] (this is also the reason for selecting the particular value of Ay ). The main part of

the argument is contained in the following lemma whose proof uses some ideas of [18].
Lemma 2.3.3. Suppose that 1/2 < ||®7®; — 1d|| < 3/2 and that for all i € I,
127 6l < (1281og(2N/e))~".

Then Condition (3) of Theorem 2.3.2 holds with probability at least 1 — ¢ — N~¢ for

a = 0.15log(2N/e) — 1.
Proof. Leti € I¢. Define Z,; = (w;,sgn(x)) and Z, ; = (w}, z), where

w; = (O] ®;) 1] ¢y,

w, = &;(dF o) 0T ;.

Let Zy = max;cre | Zp ;| and Z; = max;ee | Z1 ;|- We will show that with high probability
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Zy < 1/4and Z; < (1.5 — v/2)y/2log N which will imply the lemma. We compute

1

wlly < [[(@7 )7 [|D] il < 2
loillz < (@1 2071 0il: < 25—m=mrmrs

1

44/210g(2N/e)’

and

_ 3 2
lwillz < ([ lII(®7 @)~ |7 dill2 < 4/

28,/2log(2N/e)
V3

8+y/1og(2N/e)’

forall i € I¢. Leta, = 1.5 — /2. Since Z; ; ~ N(0, ||w!||3), we have

Pr(Z; > a1\/2log N) < (N — k) Pr (|Z1,| > a11/21og N)

< 2(N— k)||'w;||2 ef%a%logNlog(ZN/E)

" apy/2m(2log N)

< 2.1 015 log(2N/e)+1
~ V/(2log N)log(2N/e)

< N7

(the multiplier in front of the exponent is less than 1 for all N > 4 and € < 1). Further,

since the signs sgn(z;), ¢ € I are uniform i.i.d. random variables, we have

Pr(Zy > 1/4) < (N — k) Pr(|{w;, sgn())| > 1/4)
< AN — k)e~V/@wil3)

< €.

The proof is complete.
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Theorem 2.3.1 is now easily established. Indeed, the assumptions of Lemma 2.3.3
are satisfied with probability at least 1 — 2¢. The claim of the theorem follows from the

above arguments.

2.4 Sufficient conditions for statistical incoherence properties

In this section, we discuss how the StRIP and SINC properties can be controlled
by matrix coherence. Upon the completion of this project, we realized another result of
Tropp [53] which is better in many cases. However, I feel that this effort is still worth
mentioning since it utilizes a different technique and is better than previous results in
many special cases.

Specifically, we show in Theorem 2.4.7 that for  to satisfies (k, )-StRIP, we need
its coherence to satisfy x4 < O(k~'/*). Comparing to Tropp’s result which essentially
needs ;1 < O(log™* N), it is better when k < log® n. We comment that log” n is usually
not a small number due to the fourth power, so it is quite possible that the sparsity level of
the incoming signal falls below this level. For examples of various explicit deterministic
constructions on which our theories may apply, we refer the reader to the table in [9].

Let ® be an m x N sampling matrix with columns ¢;,7 = 1,..., N. As above, let
wi; = |{(¢i, ¢;)|. We also define the mean square coherence and the maximum average

square coherence of the dictionary:

52

2 Z:uzga :umax_1<J<NN_1Zp’z]
J=1
zj;éj 17’5]'

Of course, i> < i3, with equality if and only if for every j the sum in ji2_ takes the
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same value. Dictionaries that satisfy this property will be called coherence-invariant. It
turns out that a large group of known constructions satisfy the invariance property; see
in particular [9]. Our arguments change slightly if the matrix is not coherence-invariant.
To deal simultaneously with both cases, define the parameter § = 0(®) as 0 = ji? if ® is
coherence-invariant and 6 = ji2, otherwise.

The next theorem gives sufficient conditions for the SINC property in terms of

coherence parameters of ®.

Theorem 2.4.1. Let ® be an m x N matrix with unit-norm columns, coherence . and

square coherence 0. Suppose that,

1—a)*3? af
1 < ( d < —"—=
H=30kog 2N/ M 7 = Flog(2N/e)

(2.10)

where 5 > 0 and 0 < a < 1 are any constants. Then ® has the (k, «, €)-SINC property

with o = [/ log(2N/e).

Before proving this theorem we will introduce some notation. Fix j € [/N] and let
I; = {i1,13,...,1;} be a random k-subset such that j ¢ I,. The subsets I; are chosen
from the set [N — 1] with uniform distribution. Define random variables Y;; = ,u?’il,l =

1,..., k. Next define a sequence of random variables Z;,,t = 0,1,..., k, where

k k
Zio =B Vi Zio=E (D0 Yia | Via Yz Vi) t = 1,2, k.
=1 =1

From the assumption of coherence invariance, the variables Z; , for different j are stochas-

tically equivalent. Let

k
Z=EiZy =B (3 Vit | Vin Yoo Yia)s =1,k
=1
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The random variables Z; are defined on the set of (k + 1)-subsets of [/V] with probability
distribution P;. We will show that they form a Doob martingale. Begin with defining
a sequence of o-algebras F;,t = 0,1,...,k, where Fy = {0, [N]} and F;,t > 1 is the
smallest o-algebra with respect to which the variables Y 1, ..., Y}, are measurable (thus,
JF is formed of all subsets of [N] of size < t 4 1). Clearly, 7y C F; C - - - C F, and for
each t, Z; is a bounded random variable that is measurable with respect to ;. Observe

that

k k

Zo=EiZjo =Bm, Y 1, = 3 Emily = kit 211
=1 =1

< Ko (2.12)

where (2.11) assumes coherence invariance, and (2.12) is valid independently of that

assumption.

Lemma 2.4.2. The sequence (Zy, Fi)i—01.. r forms a bounded-differences martingale,

.....

namely ER;C(Zt | Zo, Z1,.. . Z1—1) = Zy_1 and

k
|Zt—Zt—1|§2M2<1+m>7 tzl,...J{?.

Proof. In the proof we write E instead of Ep, . We have

%= E(Xk:Yn | 7.) =§t:YJ;z+E( ij Yiu| )
I=1 =1

I=t+1

— Zia+ Y +E( S v F) - E(ijYj,l | Fir).
I=t

I=t+1

Next,

E(Z| Zo, 2h,...,2Z1) = 241 + E(Y},t | Zo, Z1, ..., Zy1)
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FE(E( S Vi 1) 1 2o 2

I=t+1

_ E(E(iyﬂ | J—"t_1> | ZO,...,ZH>

=t

=Zi 1+ E(Yj,t | Zo, ..., Zt—l)

k k
+E( Y Vil Zos o Zin) —E( D Yia | Zo,. % )
=t

I=t+1

= Zt—h

which is what we claimed.

Next we prove a bound on the random variable |Z;, — Z,_1|. We have

1%~ Zis] = \E(iyj,l | F) - E(im | Fis)
=1 =1

< max [E( Vi | Fir Vi =a) - E(zijj,l | o1, Y =)
=1

a,b
=1
k
= max ; (E(Yir | B Yer=a) = E(Yiu | For Y =) )|

=max |a — b+ Zk: (E(Y},l | Fie1, Vi = a) B E(Y}’l [ P, Yoy = b))‘
I=t+1

2 - 22
= ‘2’“‘ AP DR o
I=t+1

To prove Theorem 2.4.1 we use the Azuma-Hoeffding inequality (see, e.g., [43]).

Proposition 2.4.3. (Azuma-Hoeffding) Let X, ..., Xy_1 be a martingale with | X; —
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Xi_1| < a; for each i, for suitable constants a;. Then for any v > 0,

—1?

25 a2

> < 2exp

k—1
(S
t=1

Proof of Theorem 2.4.1: Bounding large deviations for the sum | Zt (Zi—Z, )| =
| Z, — Zy|, we obtain

2

1%
Pr(|Zs — Zo| > 1) < 2 (-—) 2.13
I‘(’ k 0‘ V) > s€Xp 8N4k(NN_2 )2 ( )

k—2

where the probability is computed with respect to the choice of ordered (k + 1)-tuples
in [N] and v > 0 is any constant. Assume coherence invariance. Using (2.11) and the
inequality (N — 2)/(N — k — 2) < 2 valid for all k < & — 1, we obtain

2

Pr(Z 2 v+ kii®) < Pr(| 2 — kii?| = v) < 2exp ( - 3222/@)‘

Now take 5 > 0 and v = m — kji*. Suppose that for some a € (0, 1)
1-— a)B)Q 2N _ af
k4<((—<1 —) kit < — 20 2.14
=""5 o8 = T0g(2N/e) @19
then we obtain
4
T o2 g v
Pr (Hq)@(bjug > W> < 2exp ( — m) < N (2.15)

Now the first claim of Theorem 2.4.1 follows by the union bound with respect to the
choice of the index j.
Assume that ¢ does not satisfy the invariance condition. Then we rely on (2.12)

and repeat the above argument with respect to ji2 . 1

The above proof contains the following statement.
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Corollary 2.4.4. Let ® be an m x N matrix with coherence ji and 0 = i* or [i2,,., as

appropriate. Let a € (0,1) and 5 > 0 be any constants. Suppose that for a < 3 log, e,

(1—a)?a®

4
<
Fo=""308

ko < ac.

Then Pk+1(2f:1 2> o) < 2e70/e

Proof. Denote o = 3/(log(2N/e)), then ¢/N = 2=/, The claim is obtained by sub-

stituting o in (2.14)-(2.15). n

We note that this corollary follows directly from the SINC property under our as-
sumptions on coherence and mean square coherence. We observe that the SINC property

naturally implies some StRIP condition as given in the following theorem.

Theorem 2.4.5. Let ® be an m x N matrix. Let I C [N] be a random ordered k-subset
and suppose that for all j € I, Pr(SF 1 2. > 62/k) < e /k. Then ® is a (k,0,¢,)-

m=1 ’LL]ﬂ;m

StRIP matrix.

Proof. Given [ let H(I) = ®T®; — 1d be the “hollow Gram matrix”. Let B = {I :
|H(I)|| > 0} C Pr(IN). We need to prove that P,(B) < €. Let (e,...,¢ex) be the

standard basis of R*. Define a subset C' C Py (V) as follows:
C={I:Fielst |HIel,>/Vk}.
Let us show that B C C' by proving C'“ C B¢, Indeed, if I € C¢, then we have

|H(I)|| = max |H(I)z|s = max |H(I)(z1e1 + zoes + - - + zper)|

x|[o=1 z|[2=1

< max Z |$z| ||H(])€l||2

T |xl|e=1
jall2=1 4
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< max |2l max [ H(Del.

< Vk max |[H(I)e|».

1<I<k

<

Y

which implies I € B¢. Now since B C (', we only need to show that P,(C') <.

Careful readers may have already noticed that the target quantity Py (C') uses a
different probability measure from that in theorem’s assumption. We note that a change
of measure is actually inevitable since the probability measure in Azuma-Hoeffding’s
inequality we used in Proposition 2.4.3 is with respect to ordered k-tuples while that in
the definition of StRIP is with respect to unordered ones. In the following, we provide a
rigorous calculation that supports this measure transformation.

For any I € C, by definition, there exists at least one [ € I such that ||He|| >
6/+/k. Among such [, let i(I) be the smallest one i(I) = min{l € I : ||H;e||, > §/Vk}.
Now we define a map from an unordered k-tuple I € C' C P (N) to a set of ordered k-
tuples Q(1) = {(i1, ..., ik_1,9(1)) : (i1,...,ik—1) = o(I\i(I)),0 € Sk_1}, where Sj_4
denotes the set of all permutations of k£ — 1 elements. Obviously, |Q(])| = (k—1)! for all
I, and Q(I;) N Q(Iy) = 0 for distinct k-subsets I1, I. Moreover, if (i1, ... i) € Q(I),

then || H (I)ex|ls > 6/Vkor 31— 13 5, > 0°/k. Therefore

QU C (i i) C[N):3 42 > 82/},

IeC

Now compute

Bl _ 101k =1)! _ Ypee QU]
()~ k=t (k-1
_ Urec Q)|

(%) (k —1)!

Py(B) =
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k—1
< ‘kN {in, i) CINT D2, > 0%k
R =
k—1
=kPr() 13, > 8/k).
m=1

By the assumption of the theorem the last expression is at most € which proves our claim.

Theorem 2.4.12 implies the following

Corollary 2.4.6. Let ® be an m x N matrix. If

ad? (1—a)?6t
< — d p*<
= W= 3913 10g(2k/e1)”

where 0 < a < 1, then ® is (k, 0, €1)-StRIP.

Proof. Take €, = 2ke=P/* then 3 = % log(2k/€;). The claim is obtained by substituting

this value into the conditions of Corollary 2.4.4. x

Observe that the sufficient condition for the (k,)-RIP property from the Gersh-
gorin theorem is . < d/k, so the result of Corollary 2.4.6 gives a better result, namely
p = O(k~3/%). At the same time, Tropp’s result in [54, Thm. B] implies that the matrix
® is (k, 0, €)-StRIP under a weaker (i.e., more inclusive) condition. Below we improve
upon these results by analyzing the StRIP property directly rather than relying on the

SINC condition.

Theorem 2.4.7. Let ® by an m x N matrix and let 0 = i*> or 0 = [i2,, depending on
whether ® is coherence-invariant or not. Let ¢ < min{1/k,e!~'/182} and suppose that

O satisfies

ab

log(1/€)’ (2.16)

( (1 —a)?b?

ku* < ; min
o= log? 32log(2k) log(

/0 e/e)’02> and kb <
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where a,b, c € (0, 1) are constants such that
2k
Vb 4+ V2ab + /e + el < e 145 /6v/2. 2.17)
Then ® is (k, 0, €)-StRIP.

The proof relies on several results from [54]. The following theorem is a modifi-
cation of Theorem 25 in that paper. Below R denotes a linear operator that performs a
restriction to k coordinates chosen according to some rule (e.g., randomly). Its domain
is determined by the context. Its adjoint R* acts on R* by padding the k-vector with the

appropriate number of zeros.

Theorem 2.4.8. (Decoupling of the spectral norm) Let A be a 2N x 2N symmetric matrix
with zero diagonal. Let n € {0,1}*" be a random vector with N components equal to
one. Define the index sets Ty (n) = {i : n; = 0}, Ta(n) = {i : n; = 1}. Let R be a random

restriction to k coordinates. For any q > 1 we have
(BIRART )" <2 max B, (|| RiAzyryon B3|, (2.18)
1 2=

where Ar, () x1y(y) denotes the submatrix of A indexed by Ty(n) x Ty(n) and the matrices
R; are independent restrictions to k; coordinates from T;, 1 = 1, 2.
When A has order (2N +1) x (2N +1), then an analogous result holds for partitions

into blocks of size N and N + 1.

Inequality (2.18) is implicitly proved in the proof of the decoupling theorem (The-
orem 9) [54]. The ideas behind it are due to [38].

The next lemma is due to Tropp [53] and Rudelson and Vershinin [48].
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Lemma 2.4.9. Suppose that A is a matrix with N columns and let R be a random restric-

tion to k coordinates. Let ¢ > 2,p = max(2,2log(rk AR*), q/2). Then
(BIIAR )Y < 3Vp(EIAR|I{5)"" + 4/ & LA
where || - ||1—2 is the maximum column norm.

The following lemma is a simple application of Markov’s inequality, a similar result

can be found in [38], Lemma 4.10; see also [54].

Lemma 2.4.10. Let g, A\ > 0 and let &, be a positive function of q. Suppose that Z is a

positive random variable whose qth moment satisfies the bound
(EZD)YT < &0 /q+ M.

Then

P(Z 2 e!(&/a+N) < et

Proof: By the Markov inequality,

i EZ¢ §qv/q + A ! — om1/4
P (Z > (fq\/a+)‘)) < (V4 (Eq/T + A))1 < (61/4(§q\/§—|—)\)) '

The main part of the proof of Theorem 2.4.7 is contained in the following lemma.

Lemma 2.4.11. Let ® be an m x N matrix with coherence parameter 1. Suppose that for

some 0 < €1,€69 < 1
Pron({(1,0) - | 4l = &1} | ) < €. (2.19)

Let R be a random restriction to k coordinates and H = ®T® — Id. For any ¢ > 2,p =

max (2, 2log(rk RHR*), q/2) we have
2k
(E|RHR*(|)Y? < 6\/p(Ve, + (keo)VuvE + V2k6) + el (2.20)
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Proof. We begin with setting the stage to apply Theorem 2.4.8. Let € {0,1}" be a
random vector with N/2 ones and let R;, Ry be random restrictions to k; coordinates in
the sets T;(n),7 = 1,2, respectively. Denote by supp(R;),i = 1,2 the set of indices
selected by R; and let H(n) := Hrp (p)xmm)- Let ¢ > 1 and let us bound the term
E, (E|[R1H (n)R,||%)"/? that appears on the right side of (2.18). The expectation in the
g-norm is computed for two random restrictions R; and R that are conditionally inde-
pendent given 7. Let E; be the expectation with respect to R;,i = 1,2. Given ) we can

evaluate these expectations in succession and apply Lemma 2.4.9 to E, :

1/q
E, (EJ| Ry H (n) R3||*)/ = E, |EL (Ea | Ry H () Ry )"

. 2k ay1/q
< E,{E: 3B (Bl B H)R3|-) 7 + | 2N R H )]}

. 1/q 2k 1/q
<E{3p [Ei(EIRHMEIL)] "+ 32 [EdrRHmI] "}

where on the last line we used the Minkowski inequality (recall that the random variables

involved are finite). Now use Lemma 2.4.9 again to obtain

E, (BN H ()RS0 < 3P, [EEs | RH ORI+ 3| =2LE, (i H () R

(2.21)

Alerk .
B

Let us examine the three terms on the right-hand side of the last expression. Let 1(Rs)
be the random vector conditional on the choice of k; coordinates. The sample space for
n(Ry) is formed of all the vectors € {0, 1} such that supp(Ry) C T3(n). In other
words, this is a subset of the sample space {0, 1}% that is compatible with a given R,.
The random restriction Ry is still chosen out of 7} (n) independently of R,. Denote by
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R a random restriction to k, indices in the set (supp(Rs))¢ and let E be the expectation

computed with respect to it. We can write

E,(EiEa|| RiH(n)R3||92)" < (B EvEal|RiH () R3||1_,,) "

— (EE|[RH (n)R3]1{,,)"".

1—2

Recall that H;; = p;;14+5, and that R and Ry are 0-1 matrices. Using this in the last

equation, we obtain

~ ~ q/2
EE|RH ()RS, < E:E  max (ziesupp(ﬁ) ugj) . (2.22)

jesupp(Rz)

Now let us invoke assumption (2.19). Recalling that k; < k, we have

2
PRgﬁ( max ZieSupp(ﬁ) Hi; = E1> < kgeo.

Jjesupp(Rz)
Thus with probability 1 — kyey the sum in (2.22) is bounded above by ;. For the other

instances we use the trivial bound k&, 2. We obtain

3V EEx(Eal| Ry H(n) B3ll{ 1) /* < 3y/D((1 = kaea)el? + kaea(kypn®)?/?) /e
< Byl + kaea(ky?)"/?)1 /0
< 3vB(Ver + (ke)) 1/ kup),
where in the last step we used the inequality a? + 7 < (a + b)? valid for all ¢ > 1 and

positive a, b. Let us turn to the second term on the right-hand side of (2.21). Assuming

coherence invariance, we observe that

[H(n)" Rillim2 = max |[Hjm,mll2 < max|[Hj.|l2 = VN2,
JET1(n) JE[N]

where H;. denotes the jth row of H and Hjr,(, is a restriction of the jth row to the
indices in T(n). At the same time, if the dictionary is not coherence-invariant, then in the
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last step we estimate the maximum norm from above by /N2 . so overall the second
term is not greater than v/ N6,

Finally, the third term in (2.21) can be bounded as follows:

Ak k (k1 + ky)? k
S B H) | <\ = 07— Iy
< % max(L, 9] - 1) < ||

where the last step uses the fact that the columns of ® have unit norm, and so ®2? >
N/m > 1.

Combining all the information accumulated up to this point in (2.21), we obtain

k
E, (E|lRuH (n) B3||") /¢ < 3y/p(ver + (kea) Y1k + v/2ko8 ) + ol

Finally, use this estimate in (2.18) to obtain the claim of the lemma. 1

Proof of Theorem 2.4.7:

Proof. The strategy is to fix a triple a, b, ¢ € (0, 1) that satisfies (2.17) and to prove that

(2.16) implies (k, , €)-StRIP. Let ¢; = ﬁ and e, = k~!*1°¢¢ In Corollary 2.4.4 set

a = ¢; and § = alog(2/€;). Under the assumptions in (2.16) this corollary implies that

k
2
PR'(ZIU’im,j > 61) < €9.
m=1

Invoking Lemma 2.4.11, we conclude that (2.20) holds with the current values of €y, €.

For any ¢ > 4log k we have p = ¢/2, and thus (2.20) becomes
k
(E||RHR* || < 3v/2q(v/e, + (ke))Y vk 4+ V2k0) + 2N||q>|y2. (2.23)
Introduce the following quantities:

£, = 3V2(Ver + (ke)Y9uVk + V2k0) and A = %HQDHZ-
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Now (2.23) matches the assumption of Lemma 2.4.10, and we obtain
P(|RHR*|| > Y4 (&/q + N)) < e 94 (2.24)

Choose ¢ = 4log(1/€), which is consistent with our earlier assumptions on k, ¢, and e.

With this, we obtain
P (|RHE"|| > e*(¢v/a+N) < e (2.25)

Now observe that ||[RH R*|| < ¢ is precisely the RIP property for the support identified

by the matrix R. Let us verify that the inequality

6vV2(Ve, + (kea)7\/kp? + V2k0) \/log(1/e) + %H@Hz < e V4§

is equivalent to (2.17). This is shown by substituting ¢; and €5 with their definitions, and
w and 6 with their bounds in statement of the theorem. Thus, Py (||RHR*|| > ¢) < e,

which establishes the StRIP property of ©. 1

Let f(k,€) be the (1 — €)’th percentile of the random variable || RH R*|| at sparsity
level k ( recall that R is a function of k). Then equation (2.25) essentially says that the
quantity e!/ 4(&4+/q + ), as a function of k and ¢, is an upper bound on f. We denote
this quantity by g, i.e., g(k, €) = e'/4(¢,,/g + A). In fact, other upper bounds of f can be
similarly constructed by modifying the assignment to €5 (see e.g. Theorem 2.4.12). In the
above proof, the particular upper bound is chosen because of the specific purpose of that
Theorem. To be clearer, recall that the goal of Theorem 2.4.7 is finding the largest & such
that the (k, d, €)-StRIP of a given matrix holds; and the larger the k is, the more likely

StRIP is to fail. Therefore, if we are not able to find an upper bound that is uniformly
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tight for every k, we should at least require it to be tight for large ks, which is exactly the
way the above g is defined.

In the following theorem, we derive another upper bound on f which is required to be
tight for small ks. This upper bound, though not quantitatively optimal due to the large
constants which could arise as an artifact of our technique, is useful for qualitative analy-

sis, such as predicting the order of growth of f as a function of &.

Theorem 2.4.12. Let ®, i and 0 be defined as in the assumption of Theorem 2.4.7. Let
¢ < min{1/k, e~/ 1°¢2} and suppose that ® satisfies

A (1 —a)?b? n ab
b < 321log”(1/€)(log(2k) log(e/e) + 4log(e) log(c)) 4 K< log(1/¢)’

(2.26)

where a,b, c € (0, 1) are constants such that
2k 2o 1
Vb + Vaab+cp+ || < e 5/6v7/2.

Let R and H be the same as those in the proof of Lemma 2.4.11, then with probability

exceeding 1 — €, we have
2k
|IRHR|| < 6v2e'/*( —logeVEO + Vb — cplog €) + WH(I)HQ (2.27)

In particular, when ® is a tight frame and let f(k,€) be the (1 — €)’th percentile of the

random variable ||RH R*|| , then (2.27) becomes
f(k,€) < 6vV2e (—logeVkd + Vb — culog €) +—. (2.28)
m

Proof. In the proof of Theorem 2.4.7, change the assignment of e, to €, = ¢~ 1/(4log ) ;= 1+2loge

and keep everything else the same. 1
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Remark: The upper bound in equation (2.28) grows in the order of k'/? when k is
small enough to satisfy (2.26). If this upper bound is tight, it is reasonable to expect the
left hand side of (2.28) to have the same order of growth. This conjecture is supported by

our numerical experiment in the next section.

2.4.1 StRIP matrices from orthogonal arrays

Let us briefly consider another way of constructing StRIP matrices based on el-
ementary arguments. Let C = {¢1,...,¢n} be a collection of binary m-vectors. We
assume that the entries of the vectors are of the form +1/1/m and denote the correlation
of ¢; and ¢; by pi;; = [(¢i, ¢5)|.

The set C is called an orthogonal array of strength ¢ if every subset of r < ¢ coordi-
nates of the vectors of C supports a uniformly random binary r-vector. A good reference
for orthogonal arrays is the book by Hedayat et al. [33]. An orthogonal array has the
property that any ¢ coordinates of a randomly chosen vector behave as independent ran-
dom variables (therefore, of course, ¢ is much smaller than m). In particular, the first
t moments of the distance distribution of C are equal to the moments of the binomial

distribution. Let d;; = (1 — ®T ¢;) be the Hamming distance between ¢; and ¢;.

Lemma 2.4.13. (Pless identities, e.g. [40, p.132]) Let C be an orthogonal array of

strength t. Let B, = (1/N)|{(¢:,¢;) € C* | dij = w}| be the number of pairs vec-

tors in C at distance w. Foralll =1,2,...t
" B, 1 & !
;(}W(w__) ZQ_WWZ:O( )(w__>. (2.29)
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We will need a manageable estimate of the right-hand side of (2.29). We quote from

[40, p.288]: let [ > 2 be even, then

8 o O P A T

The main result of this section is given by the following theorem.

Theorem 2.4.14. Let C be an orthogonal array of strength t and cardinality N and let

I < tbeeven. Ifm > (3/4)1(k/6)*(k/e)*" then ® is (k, 0, €)-StRIP.
Proof. Let I C [N] be a uniformly random k-subset. We clearly have
Auin (P71 1)|25 < |Pr2 )5 < Ama (D7 1) I3,

where Apin(+) and Apax () are the minimum and maximum eigenvalues of the argument.

By the Gershgorin theorem, any eigenvalue \ of the Gram matrix 7 ® satisfies

A=1] < Z,uijv

JEIL;

for some ¢ € [IV], where we used the notation I; := I'\{i}. Now consider the probability
that for some 7 € [ the sum ) je1, Mij > 0. The proof will be finished if we show that this

probability is less than €. Let I = {41, ...,ix}. We have

P(3ic1:Y py>0) < kB D pins >9) < k%a( > %J)z

(k — 1)
=k ( P J)
JEIzl
S 6l Ek Z /’Li17_j7
JE€L

where the last step uses convexity of the function z + z'. The trick is to show that the
expectation on the last line, presently computed over the choice of 7, can be also found
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with respect to a pair of random uniform elements of C chosen without replacement. This

is established in the next calculation:

1 < 1 :
Ex Z /Lil,j = Z Ny Z:“i'm’j — (N Z Z'uéhij
(%) = R()

JE€Li; 11 <t <<l Nk diFieAFiy =2

— (k- DEu, (2.31)

where the expectation on the last line (and below in the proof) is computed with respect
to a pair of uniformly chosen distinct random vectors from C. Next using (2.29) and

switching to the variable w = (m/2)(1 — u), we obtain

B S ) )]
S () e )

Now we can use (2.30) and [ < m to write

I \/2 N 1 -
E,Uéj < (—> N1 lel/3 — v 1 < el/ﬁl(lﬂ)/?(em) 12

Conclude using the condition on m :

P, (Eli el: Z'L”j > (5) < kl+15_lel/6l(l+1)/2(em)_l/2 < e.

JEL;

1
Observe that the condition of this theorem is nonasymptotic, and is satisfied by a

number of known constructions of orthogonal arrays.

Example: Consider sampling matrices obtained from the binary Delsarte-Goethals
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codes already mentioned above; see Eq.(??). It is known that the underlying code forms
an orthogonal array of strengtht = 7, so taking | = 6 we obtain a family of (k, 9, €)-StRIP

matrices of dimensions m X N for sparsity
k< 0.52 (6% m®)Y7 = 0.52(6%) V7 (2" N3/ (T2

The case r = 0 was considered in [15] where these matrices were analyzed based on the
detailed properties of this particular case of the construction. Our computation, while
somewhat crude, permits a uniform estimate for the entire family of matrices.  The
estimate can be improved if the expectation E,uéj can be computed explicitly from the
known distribution of correlations. For instance, taking v = 1 and using the distribution
given in [40, p.477] we obtain that Ep® ~ (4/3)m=3. With this, the condition on sparsity
that emerges has the form k < 0.95(6%m?>)Y7, with a better constant compared to the
general estimate. For instance, we obtain m x (m3/2) matrices with the (k,d,0.001)
StRIP property for all k < 0.356%Tm>/7.

Another similar possibility arises if C is taken to be a binary dual BCH code with
m=2"—1,N=m"u=2r—1)m "2 r =123, .... Many more such construc-
tions can be obtained from other algebraic codes such as the Kerdock codes, Gold codes,
etc. [34]. This lends further support to earlier studies of sampling matrices constructed
from the BCH codes [1], Delsarte-Goethals codes, and other binary codes related to the

second-order Reed-Muller codes [14, 15].

It would be desirable to show that orthogonal arrays also suffice for the SINC prop-
erty; however, the technique introduced above results in parameters that contradict the

Rao bound on the number of rows in an array [33]. Thus, we are unable to show that this
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construction results in matrices that are good for linear estimators.

2.4.2 Further constructions from binary codes

We remark that it is easy to show existence of matrices with low coherence. The
following observation is a rephrasing of the result known in coding theory as the Gilbert-

Varshamov existence bound for binary linear codes.

Proposition 2.4.15. Let [ = log, N,l < m and let G = (gy,...,g,;) be an m X [ binary
matrix whose rows are chosen independently and uniformly from Fy. Let m = 4log N/ 112,
where O < p < 1. Form the matrix ® by constructing an Fy-linear span of the columns
of G and using the map {0,1} — {\/Lm’ \;—%} Then ® has coherence 1 with probability
at least 1 — 2/N and mean square coherence [i* < 1/m with probability at least (1 —

(m/N))™.

Proof. Note that the Hamming distance d between any two columns of a matrix with
coherence 4 satisfies ¢ > |1 — 2d/m/|. The set of columns of C' forms a linear space,
so it suffices to argue about Hamming weights rather than pairwise correlations. Let
u € {0, 1}! be a nonzero vector, then the probability that the vector v = Gu has weight w
equals ("")27™. Let X be the random number of columns with weight [w—m /2| > mu/2.

We have

1%)

N 1™
2m

EX <2 (m) < Nol-m(-h(3-5) (2.32)
w

w=0

where h(z) = —xlog, v — (1 — ) log,(1 — z) is the binary entropy function. Using the
inequality
1—h(t2—2)>21*/log2, 0<z<1/2
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and the condition for p, we obtain EX < 2/N. Since P(X > 0) < EX| this implies
the first claim. The second part follows because there are [, (N — ¢) matrices G with

distinct nonzero rows.

The derandomizing of Gilbert-Varshamov codes was recently addressed by Porat
and Rothschild [45]. They presented a O(mN) deterministic algorithm that constructs
codes with large minimum distance. To construct incoherent dictionaries, we need a bit
more, namely that all the pairwise distances are in a narrow segment around m /2. The
algorithm in [45] can be easily tailored to do this. A simplified version of this procedure
which results in the algorithm of complexity O(mN?) (i.e., not as good as in [45]), was
given in [42]. In a nutshell it is as follows. Instead of constructing the m x N matrix,
N = 2!, we aim at constructing a basis of the space of columns, i.e., an m X [ matrix
G. The rows of G are selected recursively. Before any rows are selected, the expected
number of codewords of weight far from m/2 is given by (2.32). The algorithm selects
rows one by one so that the expectation of the number of outlying vectors conditional on
the rows already chosen is the smallest possible.

We note that in the context of sparse recovery, the dependence between N and m is
likely to be polynomial. In this range of parameters the above complexity is acceptable
and is in fact comparable with the size of the matrix ® which needs to be stored for

sampling and processing.
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Chapter 3
Compressive sensing with dictionary

3.1 Introduction

A recent direction of interest in compressed sensing concerns problems where sig-
nals are sparse in an overcomplete dictionary D instead of a basis, see [16, 47, 30, 39, 2].
This is motivated by the widespread use of overcomplete dictionaries in signal process-
ing and data analysis. Many signals naturally possess sparse frame coefficients, such as
images consisted of curves (curvelet frame). In addition, the greater flexibility and sta-
bility of frames make them preferable for practical purposes in order to compensate the
imperfectness of measurements.

In this setting, the signal # € C? can be represented as © = Dz, where z is k-
sparse and D is a N x d matrix with d > N. The columns of D may be thought of as
an overcomplete frame or dictionary for CV. The linear measurements are y = ®z, with
d e Cm™N,

A natural way to recover  from y is first solving
zZ = arg mir}i |z]]1, subjecttoy = PDz. (3.1)
zER

for the sparse coefficients 2, then synthesizing it to obtain x, i.e., = Dz. The resulting

method is therefore called ¢!-synthesis or synthesis based method [39, 47]. In the case
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when the measurements are perturbed, we naturally solve the following problem:
Z = arg min 2|1, subjectto |y — ®Dz|| <e. (3.2)
zZER

The work in [47] established conditions on ¢ and D to make the compound ®D
satisfy RIP. However, as pointed in [16, 39], forcing ® D to satisfy RIP or even the weaker
NSP (defined in Section 1.1) implies exact recovery of both z and «, which is unnecessary
if we only care about obtaining a good estimate of «. In particular, it is argued in [16, 39]
that if D is perfectly correlated (has two identical columns), then there are infinitely many
minimizers of (3.1) that may be assigned to z, but all of them lead to the true signal . It
seems reasonable to expect that a similar result may hold in the case of highly correlated
dictionaries, since they are only a small perturbation away from the perfectly correlated

ones.

3.2 Overview and main results

In the following, we will generalize the ordinary NSP to the dictionary case (D-
NSP), and prove (in Theorem 3.3.1) that this new condition is equivalent to the successful
recovery of signals in DY), via /!-synthesis, where DY, = {z : 3 z, suchthatz =
Dz, ||z|lo < k} is the set of signals that have k-sparse representations in D. Moreover,
a stability result is given in Theorem 3.4.2. To the best of our knowledge, these results
are the first characterization of compressed sensing with dictionaries via ¢!-synthesis ap-
proach.

Section 3.5 studies further properties of D-NSPand shows that the condition ¢ be-
ing D-NSP is equivalent to ® D being NSP as long as D is “full spark™ (every d columns
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of D are linearly independent). As a consequence, under the full spark assumption, the
¢1-synthesis method cannot accurately recover the signals without accurate recoveries of
their sparse representations, therefore an incoherent dictionary is needed under these cir-

cumstances. Further analysis on D-NSP can be found in [25].

3.3 A sufficient and necessary condition for noiseless sparse recovery

In this section, we develop a necessary and sufficient condition for the ¢*-synthesis
method (3.1) to achieve accurate reconstruction of sparse signals with noiseless measure-
ments. We say the ¢!-synthesis method (3.1) is successful in recovering & when every
minimizer z of (3.1) satisfies Dz = x. We show that the following property on & is a

necessary and sufficient condition for successfully recovering all signals in D> via (3.1).

Definition 7 (Null Space Property of the dictionary D (D-NSP)). Fix a dictionary D &€
CN4, a matrix ® € C™" is said to satisfy the D-NSP of order k (k-D-NSP) if for any

index set T with |T| < k, and any v € D' (ker ®\{0}), there exists u € ker D, such that

lor + |1 < ||vre]ls- (3.3)

Theorem 3.3.1. D-NSP is a necessary and sufficient condition for the success of {*-

synthesis for all signals in the set Dy

Proof. Suppose that /*-synthesis is successful for all the signals in DY;,. Take any support
T and v € D! (ker ®/{0}), Let & = Dur be the signal that we are trying to recover,

then by assumption, the minimizer must be vy + « with some u € ker D.
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vy — v is another feasible representation, however, it cannot be a minimizer since

D(vr —v) # Duvr, therefore

lor +ully < llor = vl = floze[s.

On the other hand, assuming that D-NSP is satisfied, suppose that Dz # Dz,
then v = 29 — 2 € D! (ker ®/{0}), Let T be the support of z, therefore there exists

u € ker D, ||vr + ul|; < ||vge

e [|zo — 27 +ully < ||27¢]1, s0

120 +ulls < 20 = 20 +ully + |22]ly < [[Zzells + |22l = [[2]]1.

Since % is the minimizer, this is a contradiction.n

Notice that when D is the canonical basis of C%, D-NSP is reduced to the normal
NSP with the same order. In other words, D-NSP is a generalization of NSP for the
dictionary case.

The intuition for D-NSP rises from the fact that we are only interested in recovering
x instead of the representation z,. As long as the minimizer 2 lies in the affine plane

zo + ker D, our reconstruction is a success.

3.4 D-NSP based stability analysis

It is known that NSP is a necessary and sufficient condition not only for the sparse
and noiseless recovery, but also for compressible signals with noisy measurement [2,

49]. However, the stability analysis of NSP [2] cannot be easily generalized to our case

because essentially we need the function f(v) = (||ure|ly — ||lvr + u||1) /]| Dv]|2 to be
bounded away from zero. In the basis case, we have knowledge of f(v) on a compact
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set, and consequently the extreme value theorem can be applied to prove the exisitence
of a positive lower bound. In our case we do not have a compact set, therefore another

approach to overcome this difficulty is necessary.

Definition 8 (Strong Null Space Property of the dictionary D (D-SNSP)). A sensing
matrix ® is said to have the strong null space property with respect to D of order k (k-D-
SNSP) if for any index set T with |T| < k, and any v € ker(® D), there exists u € ker D

such that

|lvre|l1 = |lvr + ul|1 > ¢||Dv||2. (3.4)

D-SNSP seems to be a stronger assumption than D-NSP by definition. However,
in the real case, we are able to show that it is actually equivalent to the D-NSP.

Theorem 3.4.1. If D € R4 and & € R™Y, then D-NSP is equivalent to D-SNSP.

Since the proof is tedious, we postpone it to Section 3.7. First we prove under D-
SNSP, the ¢*-synthesis recovery is stable with respect to perturbations of the measurement

vector y.

Theorem 3.4.2. If ® is k-D-NSP, then any solution z of problem (3.2) satisfies
||D2 - CUHQ S C10'k<.’.v> + CQE,

where oy(x) denotes the (' residue of the best k-term approximation to x, Cy, Cy are
constant dependent on n, the c in (3.4), the minimum singular values of ® and D, but not

on .

Proof. Let x = Dz be the true sparse representation. Let h = D(2 — z(), and we can
decompose h as h = Dw+n where Dw € ker @, € ker &+, and ||n||s < é”@h”z < ff)
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with v being the smallest singular value of ®.

Let ¢ = DT(DDT)~p, then n = DE, and

1 2
lllz < —llnlls < ———e. (3.5)
D 1Z

oVD
Since D(z2—z) = h = D(w+¢), then 2 — 2y = w+& +uy with some u; € ker D.
Let v = w + uy, then we have Dv € ker® and 2 — zp = v + &.

So there exists u € ker D such that (3.4) holds, therefore

v+ zoz|i — || —u+ zorl

>vrel|ls + lor + zoz|i — || — ur + zor|l1 — |Jure||s

>||vrellr = |lor + up|| — ||ure|x

=l|vre||s — ||or + ully > ¢l Dvl|s. (3.6)

On the other hand, from the fact that 2 is a minimizer, we get

| —u+zor|i + ||zozells > || —u+ zoll1 > [|[v+ 20 + €|

> |lv + 2ol = [[€llr = |lv + zoz|ly — |20

1= [I€]s-

It follows that

v+ zorlli — || —u+zorlh < 2(zorelli + €]l (3.7)

Combining (3.6) and (3.7), we get

2 1 2
| Dv|ls < E||20,Tc 1+ E||§H1 < E||Z0,TC 1+ —&][2- (3.8)
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In the end, using (3.8) and (3.5),

1Bll2 = [Dv + DEll2 = [|1Dv +nllz < | Dvllz + (9]l

/i

2 n 1
< —llzozells + = ll€ll2 + —2¢
c c Vo

2 2/n

< _HzO,TC 1 +
C

n 1
€+ —2e.
CVpVDp Vyp

It is natural to ask how much stronger this new assumption is than D-NSP. We

address this question partially in the next section.

3.5 A further study of D-NSP and admissible dictionaries

This section further explores the two assumptions D-NSP and D-SNSP for the
purpose of answering the following important questions: What kind of dictionaries allow
sensing matrices ¢ with few measurements to satisfy D-NSP? How to find those sensing
matrices given a dictionary?

We call an N x d dictionary D k-admissible if there exists a measurement matrix
d € C™ with m < N such that ® is k-D-NSP. We call D inadmissible if D is not
k-admissible for any £ > 2.

The following proposition shows that adding repeated columns to the dictionary D
will not affect admissibility. This is quite intuitive since we do not change the set D>,
during this procedure, and we only care about recovering the signal « rather than the

representation z.
Proposition 3.5.1. Let D € CN9, and let I be any index set I C {1,...,n}. Define
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D = [D, Dy], then for any sensing matrix ® € C™, we have ® is D-NSP if and only if

® is D-NSP.

Proposition 3.5.1 states that a perfectly correlated dictionary D does not preclude
the reconstruction of signals. It is natural to ask whether this is still the case for a highly
coherent dictionary. We answer this question partially by showing that a class of highly
correlated dictionaries is inadmissible. Moreover, easily verifiable conditions that are

equivalent to D-NSP are given in Section 3.6 under the assumption that D is full spark.

3.5.1 A Class of inadmissible matrices

The following theorem constructs a class of inadmissible matrices with a dimension

1 kernel.

Theorem 3.5.2. Given an orthonormal basis ® = [¢1, ..., dn|. Let H = U  span(®y,)
be a union of hyperplanes spanned by every combination of N — 1 columns of ®. Then
there exists a small constant o such that for every v € B(¢1,19)\H, D = [®,v] €

CNN+Lis not admissible.
We need the following lemma for the proof of this Theorem.

Lemma 3.5.3. Suppose D isa N x (N + 1) dictionary. If there exists T C {1,..., N +1}

with |T'| > 2 such that the normalized vector u € ker D satisfies

L ||urlly > ||upe||1, and

2. T C supp(u).

Then D cannot be |T |-admissible.
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Proof. Assume that D is a dictionary which satisfies the assumptions of Lemma 3.5.3
and is |7T'|-admissible at the same time. We shall prove this leads to a contradiction.

For a vector w € C, we define ||w||min = min{|w;|, i = 1,..., N} to be the
minimum magnitude in w. Assumption 2 then implies ||u||nin > 0. Suppose ® is D-
NSP and fix a vg € D '(ker(®)\{0}). We define & = 2||vgl|oo/||t|lmin- Now that
vo + au, —vg + au € D~ (ker(®)\{0}), we can use the definition of D-NSP to derive:

there exist ¢q, co € C such that

lvr + aur — crul|y < ||vre + aurel|r,

and

|| — vr + aur — coul|; < || — vre + aurel|q,

Adding up the two equations, we get

||UT + aur — 01U||1 + || — Ur + aur — CQUHl

< Nope + aure||s + || — vre + aurely

= 2al|urel|s- (3.9)
The equality in (3.9) follows from our definition of a.. On the other hand,

lvr + aur — crul|y + || — vr + aur — coul|y

= |lvr + (@ —cr)urlly + |erl[ure]ls

+ || —vr + (@ = c)urlls + |ea|[Jure]x
> 20— 1 — eol|lurlls + (Jer| + |ea]) [Jure||s- (3.10)
Equations (3.9) and (3.10) together imply
200 — 1 = eallJurlls + (lea] + [e2])Jurelly < 20|ure |,
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which can be simplified to

1-

ur|ly < [Juge

This is a contradiction to Assumption 1 of Lemma 3.5.3. 1

Proof of Theorem 3.5.2: Notice that ker(D) is one dimensional and set its basis to
be u = (a®,—1). Pick an index set 7" with |T'| > 2 such that {1, N + 1} € T. First
if v ¢ H, then (v,¢;) # 0 fori = 1,..., N . This means that all coordinates of u are
nonzero. Second, we can pick ry small enough such that whenever v € B(¢;, 1), we have
[urlls > |luzell:.

Therefore picking v € B(¢1,70)\H fulfills the two assumptions of Lemma 3.5.3.

This completes the proof. &

Proposition 3.5.4. If D = [B, v] where B is a full rank N x (d — 1) matrix and v = Ba

with ||a||y < 1, then ® has D-NSP implies that  has B-NSP with the same order k.

With this proposition, we can add more columns to the inadmissible dictionaries
constructed in Theorem 3.5.2 to obtain inadmissible dictionaries with arbitrary dimen-

sion.

3.6 Relation between D-NSP and NSP

It is obvious that ®D being NSP implies ® being D-NSP, which explains why im-
posing RIP or incoherence conditions on ¢ D could be too strong and unnecessary. Quan-
tifying the gap between these two conditions can possibly answer the question whether

we can allow highly coherent dictionaries or not, since ® D being NSP will inevitably lead
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to the incoherence of D. Surprisingly enough, we show that whenever D is full spark,

these two conditions are equivalent.

Theorem 3.6.1. The following conditions are equivalent under the assumption that D is

full spark,
o & js k-D-NSP;
o OD is k-NSP;
o & is k-D-SNSP;
e Forany v € ker ®D, there exists a u such that

[or +ully < [lorellr-

Remark 3.6.1. Theorem 3.6.1 implies that for a given full spark dictionary D and a given
sensing matrix ®, if © satisfies D-NSP, then all signals x will be recovered by synthesizing
the already correctly recovered representations z. If ® does not satisfy D-NSP, although
certain signals cannot be recovered accurately, there might be signals that are recovered

from a “wrong” representation.

In the beginning of Section 3.4, we mentioned the difficulty of proving stability
result for D-NSP is due to the non-compactness of the set D! (ker ®\{0}). However, in
the full spark case, Theorem 3.6.1 guarantees that we can extend this set to its closure,
and then the result of Theorem 3.4.2 will trivially hold under the necessary assumption ¢
being D-NSP.

We remark that full spark is not a restrictive assumption on matrices. In fact, full
spark matrices are dense in the space of matrices, and a large class of full spark Harmonic
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frames are constructed in [3]. This means that for “most” dictionaries, we need to study
the composite @D, and ® D being NSP is the equivalent condition for successful recovery
of x € DX;. Hence for “most” dictionaries, D is not allowed to be very coherent, which

1s somewhat unexpected.

Remark 3.6.2. Given an admissible dictionary D that is perfectly correlated, we can
always find a full spark and highly coherent dictionary D’ that is arbitrarily close to
D, therefore we cannot find a sensing matrix ® such that ®D’ satisfies k-NSP for any
k > 2. By Theorem 3.6.1, D' is inadmissible, indicating that a small perturbation on the

dictionary cannot preserve admissibility.

3.7 Proofs of the main theorems

Lemma 3.7.1. Assume © satisfies D-NSP. If in addition, for any u € ker D, there exists a

u € ker D, such that

1 (3.11)

lur +aly < ||ure

then ® D satisfies NSP.

Proof. Let

el = lur +ally
flu) = min, lall

Continuity of f(u) together with (3.11) implies that it attains minimum on the closed set
{u:u €kerD), ||ullp =1},ie. f(u) > ¢ > 0. Then we have for any u € ker D, there

exists a u such that

1

lull2 < =
C

(luze|ly = |lur + @l|y). (3.12)
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Now suppose that x is a signal that has sparse representation under D, i.e.x = Dz for
some z € ;. and 2z the solution to (3.2). Since P is assumed to be D-NSP, we must have
Dz = Dz, which implies h := 2 — z € ker D. Hence there exists a u such that (3.12)

holds for h. Since % is the minimizer, we have,

0 = Jh+zl—z—ul

v

|Are

1

1+ lhr + 2|y = ||z — gy — [[ure
> Nhrelly = |y + Uz ||y — [[tre]s

= e = [lhr +uly

> CHhHQa

which implies 2z = z, the sparse coefficients are accurately recovered. Since our choice
of z is arbitrary, and for all sparse coefficient to be recovered universally, ® D must satisfy

NSP. 1

Proof of of Theorem 3.6.1 . Here we only prove ® is D-NSP implies ® D is NSP. Other
equivalences are either trivial or similar to this proof.

To rule out the trivial case, suppose that ker ® # (). According to Lemma 3.7.1, we only
need to show that (3.11) holds.

Step 1. Fix a 7" with |T'| < N, we will show that for any u € ker D, there exists
v € D7 (ker ®\{0}), such that supp ure C supp vre.

Since spark(D) = N + 1 and u € ker D, then we have |suppu| > N + 1, and thus
| supp ure| > N + 1 — |T'|. Therefore there exists a G € supp ure with |G| = N — |T|

and |G UT| = N. On the other hand, ker ® # () implies D! (ker ®\{0}) # 0. Assume
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Vg 1s an element in this nonempty set. Let Dgr be the submatrix of D corresponding
to the index set G U T. Then Dgyr is full rank by assumption. Let v be the vector
defined by v(qurye = 0 and vgur = DabTDvg. Then obviously we have Dv = Duy,
supp vre C supp ure and v € D~ (ker ®\{0}. This finishes Step 1.

Step 2: Consider the same 7" as in Step 1. Given a u € ker D, find the vector v with
supp vre € supp ure using Step 1. Choose « large enough such that a||u||min > ||v]]co-

Then by the assumption that ¢ is D-NSP, there exist u;, us € ker D, such that
(v + aw)r + uilly < [|(v + au)re s

and

|(—=v + au)r + usl|1 < [[(—v + au)re

1

hold. Adding the above two equations, and using convexity of the /; norm, we get
|20ur + (uy + u2)|j1 < 2¢||urel|s.

The proof is completed by recalling that 7" is arbitrary and by invoking Lemma 3.7.1. 1

In order to prove Theorem 3.4.1, we need the following two lemmas.

Lemma 3.7.2. Define

1= ||wT + ﬁ||1

ucker D HDU)H 7

||ch

h(w) =
then h(w) is positive and bounded away from zeros. Set W = {w : w € D! (ker ®\{0}), C; <
|w|| < Cs||Dw||}. In addition, this bound is independent of C\.

Proof. First, h(w) > 0, and it is a continuous function because

sup —||lwr +ally = — inf |wr + Uy = dist(wr, ker D)
Ucker D ucker D
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is continuous.
Secondly, W N B(0,C}) = ker(®D) N B(0, Cy) N{||w|| < Cs||Dw||} is a compact
set, so there exists a C'3 > 0 such that h(w) > C3 on W N B(0,1).

Thirdly, take any w € W in general, since h(Ciw/||w|) > Cs, there exists u €

Ciw w —||Crw w||2+u . w —|wr+u-||wl|2/C
ker D such that ICrwrc /w2l = Crwr/||wll2+ull1 > 03/2’ ie. lwrc Il —llwr+a-|lwl2/C1ll1 >
|C1 Dwll2/||lwl|2 | Dw]l2

C3/2, which implies h(w) > C3/2.1

Fix a support 7" and a vector v € D~ !(ker ®\{0}) and define for all u € ker D, and

all ¢ > 0 the functions

gu(u,t) = sup ||(tv + u)relly — ||(tv + w)r + ul|y, and f,(u,t) = g,(u,t)/t.

ucker D

The D-NSP then implies that g, (u,t) > 0, f,(u,t) > 0.

Lemma 3.7.3. For any fixed v, inf ,cxer p >0 fo(u,t) > 0.

Proof. Step 1. It is sufficient to prove inf|,|=1,ueker D,t>0 fo(u,t) > 0. This is due to the

fact that when u # 0, f,(u,t) = f, (7%, —); when u = 0, f,(0,t) = f,(0,1) > 0, so

t
lfaall > flee]l

inf  f,(u,t) = min{ inf folu,t), f,(0,1)}.

u€ker D,t>0 [lul|=1,u€ker D,t>0

Suppose inf|j,|=1,ucker D50 fo(u, t) = 0, then there exists (u;, t;) such that
limy o0 folug, t;) = 0.

Step 2. Here we prove that {¢;} has a subsequence converging to 0. Otherwise,
t; > to > 0, which result t;v +u; € W with W = {w : w € D7 (ker ®\{0}),C; <
|w|| < Cs||Dw||} some constants Cy, Cy (depending on v). Indeed,

[t:v + wil] = [ Peer po (830 + 1) || = [| Peer o2 (£i0)[| = tol| Peer p (v)]] 7# 0, and
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ol +1 < B Do +w)|l, it <1
[tiv +wil| < [[tiv] +1 <

(lloll +1) = B Dt + )], i > 1

Therefore by Lemma 3.7.2, f,(u;, t;) = h(t;v + u;)||Dv|| > Cs||Dv|| which is a
contradiction.

Now we assume (u;,t;) — (up,0). There must be infinitely many of {u; — ug}
falling into one orthant (closed) of R?, say O. Without loss of generality, we assume
T = u; — ug € O.

Let {w; }7L, be the unit vectors on each extremal ray of the polyhedral cone ker DN
O, i.e., any vector in ker D N O can be expressed as a nonnegative linear combination of
{w; };nzl

We write v; = u; — up = 7", Bi(j)w;, where 3;(j) > 0. Again, without loss

Bi (J)

1

of generality, we assume has a limit for every j as ¢ — oo. There are only three

possibilities of the limits: 0, constants, oo.

ﬁ()

Step 3. We can assume — oo for every j.

If 5 ijo) 0, for some j, then

Go(ui, ti) < o(ti) + gu(us — Bi(Jo)wsy, ti) < o(ti) + gulus, ti).

Divide all sides by ¢; and take the limit, to get
lim fy(u; — Bi(Jo)wjo, ti) = lim fo(us,t5) = 0.
1—00 11— 00

If 5 ilo) _, a;, 7 0, for some jo, then similarly,

go(ui, ;) = _sup I(tiv + ajotiws, + Y Bili)w; + o + (Bi(jo) — ajgti)wjy)7e
ueker -
J#jo

1

— |[(tiv + ajotaws, + > BilG)w; + uo + (Bi(do) — ajoti)wyy)r + s
J#jo
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< o(ti) + Gorazywy, (Wi — BilJo)wyy, i)

< O<tz) + gv(uia tz)7

which leads to

lim fv—l—ajowjo ( Uy — Bi(jﬁ)wjoati> - }LI?O fv(ui; tl) =0.

1—00

In summary, take J; = {j : 29 0}, ), = {j 5’“ — a; # 0}, we get
lim f,/(u;, t;) =0,
i—0

where v/ = v + Zjng ajw;, u, = u; — EjeJlqu Bi(j)w;.

Notice that the coefficients 3; of u; — wu in the expansion of w; will all have the
property that B l( ) .

Step 4. Final contradiction.

Choose K large enough (the choice of K will be specified later)

Let z; — f—;xK =Y ¢;(j)w;, so we can find an I such that for all i > I, we have
. . t; .
ci(7) = Bi(4) = 5Bk (j) > 0
K

Consider

t;

Z ¢i(5)gv(wj + o, 0) + tt—;gu(uk,tK) +(1- Zci(j) + a)guo(o)

<D ali) ll(w; +uo)relly = [l (w; + o)z + al|1] + e

t; N
+ - |(tv + xx + wo)7ells — [|[(Ex + Zx + wo)T + Ua]1] + €
K

=Y a) + f—;nnwo)w

1 — |[(uo)r + usl1] + €
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=10 i) (wy + wo) + = (txev + w5 + o) + (1= D eild) + 5 Jualrel + 3e
K K
(3.13)
t;
- Zcz M (w; + o)z + ur ||y — t_H(tK + 2 + uo)r + Ual[1 — || (uo)r
K
1 — ZC,L U3H1
<go(ui, t;) + 3e. (3.14)

In order for (3.13) to hold, due to the fact that ¢;(j) > 0, 7= > 0,and 1 -3 ¢;(j) +
tt—; > 0 (if ¢ > Ij), a sufficient condition is that for each k € T, the sign of w;(k) +

up(k), txv(k) + xx (k) + uo(k), and ug(k) are all the same. This indeed holds because

we can choose K such that

Beli) o L gl index & € 7.

tx— max; w; (k)]

BK(j)|

i

With such choice of K, we get |v(k)| < > 7", |w](k:)|ﬁf—:) = | >0 w;i(k)

(equality holds since all w; are in the same orthant), hence
sgn(txv(k) + ZBK Jw;(k)) = sgn(z Br (7)w;(k)) = sgn(w;(k)).
j=1

So if ug(k) = 0, we have sgn(w; (k) + uo(k)) = sgn(w;(k)) and

sgn(txv(k) +zx (k) +uo(k)) = sgn(txv(k) + 351, Br(j)w;(k)) = sgn(w;(k)).

If uo (k) # 0, we have sgn(w; (k) + up(k)) = sgn(u(k)) and

sgn(tiv(k) + 2 (k) + uo(k)) = sgn(uo(k)) with a big enough choice of K since
t— 0,2, — 0.

Now that (3.13) is justified, let ¢ — 0 in (3.14), we get

t;
gv(uiati) Z t_gv(uKatK) = fv(uiati) Z fv(uKytK)v
K
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which is a contradiction.i

Proof of Theorem 3.4.1. Suppose ® has D-NSP, we need to show the function

|wrell1 — [Jwr + ul|y

F(w) =
( ) ueker D ||DU)||2

has a positive lower bound on D~ (ker \{0}).
Decompose w as w = tv + u where u = Py, pw,tv = B, prw, |[v]| = 1, and

t > 0. Therefore

inf F(w) = inf inf  f,(u,t)/||Dv]. (3.15)

weD~ 1 (ker \{0}) vEker DL ||v||=1 u€ker D,t>0

By Lemma 3.7.3, the function inf ,cxer p >0 fo(u, t) is always positive. Since the set
ker DXNB(0, 1) is compact, it is sufficient to prove that the function inf ,cyer p >0 fo (U, 1)

is lower-semicontinuous with respect to v.

|(tv + te + u)7e|ly — ||(tv + te + w)pr + Ul

fv+6(uvt) = Sup

ucker D t
> sup 0 + w)zelly — [|(tv + w)r + @l — [[tefl:
u€cker D t

Taking the infimum over u, ¢t on both sides, we obtain
inf vare(u:t) > inf fv(u7t) - H€H17

ucker D,t>0 u€ker D,t>0

which shows this function is lower-semicontinuous.n
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Chapter 4

Deterministic Sensing Matrices for Dictionaries

A natural question arising from Theorem 3.6.1 is as follows: given a full spark
dictionary D, how to actually construct a sensing matrix ® such that the composition ® D
is NSP. Note that D itself should satisfy NSP for this question to be well-posed. This
problem was addressed by Rauhut et al. in [47], but only random sensing matrices were
considered. In particular, they proved if D has a small restricted isometry constant ¢, and

the random m x N sensing matrix ¢ satisfies the concentration inequality
P( v = floll| > eloll) <272, e € (0,1/3),

for all v and some constant ¢, then with large probablity, the restricted isometry constant
of ®D is small and linearly depends on dp. It has been shown that many usual random
families satisfy the above concentration inequality. Among them are the Gaussian and
Bernoulli ensembles as well as the so-called isotropic subgaussian ensembles, which are
constructed by stacking independent copies of a random vector Y as rows of ¢, where Y
is such that E|(Y,v)|?> = ||v||* for all v € R".

If we want ¢ to be deterministic, then it can no longer be universal in the sense that
no single ® can make ®D to be RIP (or NSP) for all D. In the following subsections,
we construct two classes of deterministic sensing matrices that are compatible with the
Dirac-Fourier dictionary D = [I, F|, where [ is the identity matrix and F' the discrete

Fourier matrix. While the second class might not be as useful as the first one, it has a very
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interesting mathematical structure.

4.1 A Class of Deterministic Matrices For the Dirac-Fourier Joint Dic-

tionary

In this section, we construct a class of matrices that are compatible with the Dirac-
Fourier joint dictionary. To the best of our knowledge, this is the first class of deterministic
sensing matrices for dictionaries constructed in the literature. The matrices are formed by
stacking shifted versions of a single chirp sequence, and thus are constant magnitude and
quasi-circulant. Verifying why the resulting composition of the sensing matrix and the
dictionary satisfies RIP is essentially the same as why the matrix itself is RIP, which is
quite straightforward as soon as we know the property of a very similar construction in
[32] and our result in Chapter 2. The next three theorems include both the construction of

the matrices and the charaterizations of their RIP properties.

Theorem 4.1.1. Let p > 2 be a prime and A be a chirp matrix defined by

(j+k)2
2 AJTR)
A]’k — e T P

Let f(n) be a polynomial of degree d > 2 with integer coefficients. Choose m to be an
integer satisfying

p/e<m <p.

Let Q= {f(n) mod p:n=1,2,...m} and fixany n > 0. Then for any 65 € (0, 1), the

matrix m~/? Aq satisfies RIP(k, 6;,) whenever the following conditions on k are satisfied:
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k< eym? ', if p/4=b < m < p,
“4.1)

k< comlmm D200 pld < g < pt/(d-),
where ¢y ¢y are constants that only depend on d and 7, and .
As made clear earlier, any matrix will satisfy an equal or higher order of StRIP than

RIP.

Theorem 4.1.2. Fix any n > 0, and suppose p, m, ), and Aq are the same as those in
Theorem 4.1.1, then the matrix m~/?Aq, satisfies the (k, 6, €)-StRIP if
k < max {alm, azm23_d’4"} : if pt/ =) <m < p,

“4.2)
k < max {alm, a3md23’d(lnp/lnm—1)—4n} . ifpYd < m < pt/ld-D),

where oy — ag only depend on d, 0y, 1 and e.
Remark 4.1.1. The required relations between k, m, and p for the matrix to satisfy SINC
are essentially the same up to some logarithmic factor. Since the proof is also similar, we

omit it here.

Theorem 4.1.3. Suppose p, m, €2, and Aq are the same as those in Theorem 4.1.1. Let
F be the p x p DFT matrix and D = [I, F), then m~'/? Ao F has the same order of RIP
and StRIP as those in Theorem 4.1.1 and Theorem 4.1.2. In addition, m~/2AqD satisfies

RIP if

217211_

k<cam m, if pt/@=1) < m < p,

2172d_

k< ch(%—Qd) n. l'fpl/d <m< pl/(dfl)’

and satisfies the (k, Oy, €)-StRIP if
k < max {a1m7 Ozzm24_2d‘4”} : if pt/=H <m < p,

k < max {alm, agmd2472d(1np/1nm—1)—4n} . ifpYd < m < pM/dD),
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Proofs of these results essentially rely on the following theorem of Weil and Theo-

rem 2.4.7.

Theorem 4.1.4. ([55]). Let m, a, q be integers such that (a,q) = 1 and ¢ > 0. If f is a
real polynomial of degree k > 1 with leading coefficient o such that |o — %| < tq~2 for
some t < 1 then for any n > 0 we have

1-k
W t 1 t q\°
§ 2mif(x) __ 1+ v
c —O(m 77<q+m+m’f—1+m"/’) )

=1

Proof of Theorem 4.1.1. For the matrix m~'/2 A, defined in the theorem, we can calculate

its mutual coherence,

, Vielpllelp\ (4.3)

-1

m .
Z 62”%1 f(=)
r=1

Let g(z) = &=L f(x), then g satisfies the assumption in Theorem 4.1.4. Hence we have

m

Z e2mig ()

r=1

1 _
< cmH"(E + %)21 ’

)

where c is some constant. By the definition of mutual coherence, we have

1—d
) 2
pw<cem” (— - %) : (4.4)
m  m

Applying the Gershgorin Theorem, we obtain the following condition on £ for the matrix

m~ 12 Aq to satisfy RIP,

_21711

1
k < copm™" (— + i)
m

When p'/(¢=1) < m < p, L is the leading term in the above parentheses, thus we can use

L
m

% to bound the whole brackets. Rearranging the inequality, we get the first constraint in

(3). Similarly, when p'/(Y < m < p'/(¢=1) we obtain the second. &
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Proof of Theorem 4.1.2. In order to apply Theorem 2.4.7, let us first calculate the quantity

ﬂ2 (m—l/ZAQ)‘
2

Z Qﬂz—lf(x)

=1

Eylﬁél(ﬂgl Z Z

J ll#]

Expanding the square and interchanging the summations, we obtain

Ej,l:j?él(u]z,l) = — 1 m2 Z Z Z e2mﬂpl (z1) f(m))

7 Ll#j z1,22

T - m? Sy (e sten), 4.5)

r1,x2  J  Ll#j

Since the sum of roots of unity is 1, the value that comes out of the first summation will
be —1if f(z1) — f(z2) # 0, and p — 1 otherwise. This observation implies the right hand

side of 4.5 has the following equivalent form:

_1m22223 1) = F(@2) + (p = 1)3(f (1) = f(2))]

1,2 )

- m Z [—p(1 = 6(f(z1) — fx2)) + (p— D)pd(f(x1) — f(z2))]
B RﬁéﬁﬁiPpwf—H@b@%f@O=f@ﬂH%+@—1WH@b@Vf@ﬂ

If there exist x1 # x but f(x1) = f(x2), then we must have chosen two identical rows,
which contradicts our definition of Ag. Therefore |{(z1,x2) : f(z1) = f(z2)} = m,

which, together with the previous equation leads to

—2

2 < (4.6)

1
—.
Plugging (4.1) and (4.6) into Theorem 2.4.7 completes the proof. i

Proof of Theorem 4.1.3. By direct calculation, we obtain AgF = FpA where A is a di-
agonal matrix whose diagonal vector A is given by A = F A{, with A; . being the first
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row of A. A well known property of the chirp sequences are that both they and their
Fourier transforms belong to the class of constant magnitude and zero auto-correlation
sequences. Therefore, A has constant magnitude 1, implying pu(FoA) = p(Fq) and
@2 (FoA) = j12(Fg). The following calculations are the same as those in Theorem 4.1.1
and Theorem 4.1.2.

Since AqD = [Agq, FoA|, then p(AqD) = max{u(Aq), u(Fq), n(Aq, Fo)}, where
w(®, ) = max |(¢;, )| denotes the maximum coherence between dictionaries ¢ and
. Let y;; denote the magnitude of the inner product of the j’th column of Ag and the

{’th column of F. Then

m 9
1 27.”‘(f(z)+J) —lf(z)
pa=m= ) e 2
=1

m 9;,1(®)
—1 2 2017
= m | e p s
r=1

where g;,(z) = (f(z) + j)? — If(z). By definition g;,(x) is a 2d’th order polynomial
that satisfies the condition in Theorem 4.1.4 with k£ = 2d. Calculations stating from here

are all the same as in the previous two theorems. 1

4.2 Another Statistical Restricted Isometry Property

The next class of matrices that we construct does not satisfy the strict RIP nor the
previously defined StRIP, but it satisfies another Statistical RIP proposed by Calderbank
et al. ([14]) as a guarantee for the Quadratic Reconstruction Algorithm they established

in an earlier paper [35].

Definition 4.2.1. (Statistical Restricted Isometry Property STRIP) An m X N sensing

matrix  is said to be a (k, €, 0y)-Statistical Restricted Isometry Property matrix if, for
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any k-sparse vectors v € R", the inequalities

(1= dn)llzll < | Pllz < (1+ de)l3 4.7)

hold with probability exceeding 1 — € (with respect to a uniform distribution of the vector

x among all k-sparse vectors in R" with fixed magnitudes).

Unlike the StRIP defined in Chapter 2 which depends only on the distribution of
active locations, this definition relies on both the locations and the magnitudes of active
components of z, and therefore is a weaker condition. Again, STRIP does not automat-
ically imply unique reconstruction itself, which brings about the definition of a second

property called Uniqueness-guaranteed Statistical RIP.

Definition 4.2.2. (Uniqueness-guaranteed Statistical RIP) ((k, €, 0y,)-UStRIP Matrix): An
m X N sensing matrix ® is said to be a (k, €, 6y )-Uniqueness-guaranteed Statistical Re-

stricted Isometry Property matrix if @ is a (k, €, 0y.)-StRIP matrix, and

{y € RY,yis k — sparse; dx = &y} = {x} (4.8)

with probability exceeding 1 — € (with respect to a uniform distribution of the vector x

among all k-sparse vectors in RY)

4.3 Another Class of Deterministic Sensing Matrix for Dictionaries

In this section, we construct a class of matrices that satisfy the STRIP and UStRIP
defined in the previous section. These matrices are structured as a repetitive stack of a

group of smaller orthogonal matrices in the most redundant way, in the sense that further
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repetition of the small matrices will lead to the apperance of identical columns. Because

of this redundancy, the matrix is computationally efficient.

Definition 4.3.1. Let ® be a N x N chirp matrix (i.e., P ; = e2mi R

P1 X p2 X ... X p, is a product of prime numbers and r = p{ with 0 < o < 1. We modify

this matrix as follows:

e Ifk # N and kp; | N for some j, multiply the kth row by pi_rﬁfg\),) ;

o Ifkp; 1 N forall j=1,..,r, remove this row from ®;

e Multiply the last row by \/> ", Z%

Theorem 4.3.1. The matrix ® defined above obeys the (k, ¢, dy) statistical RIP, for all

8r < 1 and k < max{:0—c)/nN) Va2

In(2k/€)

Theorem 4.3.2. The matrix ® satisfies the (k,e,0y)-UStRIP whenever it satisfies the

(k, e, min{dg, 1/3}) StRIP.

Theorem 4.3.3. Let F' be the DFT matrix, then ®F satisfies the same order of StRIP and

UStRIP.

Example: Let r = 2, p; = 2, py = 3, the matrix is structurally similar to that in
Figure 4.1 except for some extra rotation and scaling of the sub matrices. This special
structure will make the matrix-vector multiplication operation (which is the most time

consuming step in nearly all reconstruction algorithms) more efficient.

Proposition 4.3.1. The matrix-vector multiplication cost of this matrix ist N+ p;log(p;).
i=1
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Figure 4.1: Structure of the matrix

Proof. By construction, the first p; rows are simply pﬂl repetitions of the p x p DFT
matrix with some scaling. The matrix-vector multiplication is then equivalent to taking
pﬁl Fourier transforms and then adding them together. Instead, we add the vectors first and
do the Fourier transform only once. The total number of addition operations is N and that
of the Fast Fourier transform of a prime order matrix is p; log(p;). Applying this analysis

r times results in the quantity in the statement of the proposition. n

Remark 4.3.1. If r is fixed and we let p; go to infinity, the cost is only O(N).

Remark 4.3.2. We note that if we take only the first few columns of ®, then we get a

deterministic RIP matrix which has the same property as the matrix constructed in [36).

Before proceeding to the proof of Theorem 3.6, we first introduce some special

notation.

e Let ®7 be the submatrix of ® containing only the rows with magnitude If?frfz(?]]'\,)).
J

Thus ® = [®!; ®2; ...; P"].

e Let ¢; denote the /th column of ¢ and ng{ the /th column of ®/.
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e Use (p) to denote the set {1,2, ..., p} and [z] to denote the largest integer less than

or equal to x.

e Use 2" = (1,2, .., T,), with x; € {0, 1} to denote the binary code of length n,

ie. z" € FL.

e d(z"™ — y") denotes the hamming distance between two binary codes. And thus

d(z™) =d(z" — (0,0, ...,0)) is the number of 1s in z".

o Wesay z" < y" if x; <y, for every .. And 2" < y" if x™ < y

<
o

18
3
N

[
3

4.3.0.1 Proof of the Theorem 4.3.1

Lemma 4.3.2. For fixed ly, Iy with Iy # lo, |{¢1,, d1,)| = bglN > log(pj)xj, where z; =1

j=1
if p;|(l1 — l3) and O otherwise.
Proof.
<¢l1a¢l2> = Z( {1)T( gg)
j=1
D mN 2 mN 2
= Z ZJ IOg p] —27rz( J;ll) . 627ri( pj;b)
j=1 m=1 Pj log
r pj
omi2 1 log(p;) 4 2=
; pjlog(N) mzzl
ami2 1 - log(p;)
—= & N —{L‘p
ij log(N)™"
9 Z log(p;)z;
9 z 313 =
—= & N B ——
log(N )
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Lemma 4.3.3. P(|(¢1,, ¢1,)| > ) < max{ ;=L N‘g(l_o‘), 1— =}, where the probability

log(p1)

is with respect to the random choices of l; and 5.

Proof. WLOG, assume [; = 1. We discuss the cases € < igi% and € > 11‘;?]’\} separately.

Casel (e < llgii’]’\}). In this case, we can assert that

P([{bu, ¢i)| > €) = P(|(¢n, ¢1n)| > 0). (4.9)

This is because the set {|(¢,, d1,)| = l1 # I} is finite, and the smallest positive value
in this set is log”l Since we assumed ¢ to be less than this value, it has to equal 0. We

proceed to calculate the probability on the right hand side of 4.9 using union bound:

P(/(1, 61} > 0) = 1 — P({{en,, )| = 0) < 1 — pi - pi pi <1-L.

Case Il (¢ > 11(;‘2’]’\}). Define

1 T
A = {f : log N Z_:log(Pj)% > 5} ;
(b1, 6] Zlog (pj)x }

" feAaandg ¢A6, forally" <f},

Sy
2
Il
—N—

I8

S
8
Il
—— =
ol

ke By- for some gr > f} )

We will prove later in Lemma 4.3.4 and Lemma 4.3.5 that |B,| = —~— and |A.| <
B H pjj
Jj=1

llog(( %N “¢. Here we first use these results to prove the current lemma. By Lemma 4.3.2:

Z log(pj)z;

P (¢, pr,)| > ) =P J_lloT ool < Z | Byr|

z€A
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D D e e z

sl p;] zeA elog(jl;pj]) z€A ejg log(pj)e
7j=1
-~ log(N
= ZN*E _ ‘A’Nﬂ; _ Og< )N,(lfa)sj
i log(p1)
z€A

where the second to last inequality made use of the fact that 2" € AC A

Lemma 4.3.4. |BxT|_ —.
ij

H'Z%

J

Proof. From the definition of z; in Lemma 4.3.2, if [ € B, then p;’ | (I —1). Since this

is true for all j and the p;s are relatively prime, we get ([] p;’)|(I — 1) meaning [ — 1 is a

1

J

j=
N

multiple of H pfj. The number of such multiples is ,and so is |B$r| 1
j=1

Lemma 4.3.5. |A.| < N%=.

Proof. For any 2" € A, let y" be the element obtained by changing a “I” element in z”

to “0” and keeping other elements the same. So we have d(y") = d(z") — 1. By the

Z log(p;)y;

definition of A, if y" < ', theny” ¢ Aand =

—log( N < € We use this inequality to

obtain an upper bound on d(y"):

j;l log(p;)y; d(y") log(p1)
log(N) ” log(N)

Therefore,
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We use this result to estimate the cardinality of A as follows,

Proof of Theorem 4.3.1.

]

log(NV)
< UH{z": dx") =le +1
e dl) = e 1)
etz + 1
PElestry

Recall we use d;, to denote the RIP constant of order k, and 2 to

denote the index of the nonzero components of a k-sparse vector x. First we define a set

C as follows,

5
C ={Q| i, 0;)| < k——kl foralli,j € andj+1i}.

(4.10)

Then by the Gershgorin Circle Theorem, for any (2 € C, we have

1= M2oPa)| <

max | < 5,01 > |
JeQ,j#i

< (k—l)mg?i! < i, 05 > |
j#i

IN

0.

Thus the set C' is where the (k, d;)-RIP holds. We are about to bound the probability of
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the complement of C":

1-P(C) = P (|<q§li,¢lj>] > %, for somei € [k],j € [k],i #])

IN

wt = 0 (1o endl > )

T 10g(N)N—,fkl(1—a)} '
p1’ log(p)

< (k- 1)max{

For the matrix to satisfy the (k, €, J;,)-StRIP, we only need to impose the above probability

to be bounded by e, i.e.

r log(N>N—%(1—a)} e
p1 log(p1)

k(k — 1) max

Solving this inequality gives us the condition on & in the statement of the theorem. 1

4.3.0.2 Proof of Theorem 4.3.2

To prove this Theorem, we need to prove the following lemma.

Lemma 4.3.6. @ satisfies the unique recovery property (i.e. P(z : P k-sparse y, st dx =

dy) > 1 — €) if and only if

P(Q:3Q, with|QY| = k and span(®q) = span(Pq/)) < e.

Here the first probability is with respect to the uniform distribution of all k-sparse vectors

and the second is with respect to the uniform distribution of all sets () with cardinality k.
Proof. For a fixed index set 2 (|Q2| = k), the following two statements are equivalent:

1. There is no " with |Q'| = k, which is different from €2 but have the same span:

span(Q2') = span(2).
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2. P(x € R*: 3y € Rk, st. Doz = Pquy) = 0.

We use R to denotes the set of {2s which satisfies 1 and 2. Now we can calculate the

probability in the definition of UStRIP:

P(z € RY : xis k — sparse, Ak — sparse y, st Pr = dy)

= 1— P(z € RN :supp(z) € R)

Vv

1—e

Proof of Theorem 4.3.2. Proof by contradiction. For any 2 € (', assume there exists an

(Y such that || = k and span(®Pq) = span(Pg/). Then any column ¢, of P can
k

be expressed as a linear combination of the vectors in ®q: ¢ = > apd,, (recall we
i=1

assumed that the coefficients are all real). Since 2 € C, we have (¢.,, du,,) < %, Vi#j.

We define z! ; and 2, as follows:

>l log(pr) >zl log(p)

= =1
|<¢wi7¢‘ﬂj>’ - W’ |<¢w/7¢wj>| a W

So acﬁ] denotes whether the /th block of ¢, and ¢, are collinear or orthogonal, respec-
tively. If they are collinear, then xij = 1, orthogonal xij = 0. The same explanation
holds for xé Fix an ¢ such that a; # 0 and sum the magnitude of the inner product over

all the indices j # i, we obtain

51@ Z Z ’<¢wi7¢wj>|

J.j#i
l_Zl xﬁ] log(p1)
B ; log(N)
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, (,2935,]-) log(p1)
2 log(NV)

=1
r (max x”) log(py)

> 7 . (4.11)
; log(N)
Letyl=1— mix( x} ;), and insert it into 4.11 to have
D7
_ r ol
5, > Z (1-yi) log (p) _ N Yilog(p)
log(NV — log(N)
T
yi log( pz
= ’ >1— 0.
Z log(N k

=1

Note that 4! = 1 means max z!

T = = 0, which indicates all the ¢; are orthogonal to ¢; at
i

the /th block. For all the [ such that y! = 1, we have

a; log(pi)
Lol ) =< Za]gb = Toa (N £ 0. (4.12)

Since the /th blocks of two columns of ® are either collinear or orthogonal, 4.12 implies

that ¢, is collinear with gbfui so it must be orthogonal to other gbfuj for j # 4. This leads to

w’ = CLZQS

log py
log N?

Moreover, since ¢', and gzﬁfji have the same magnitude thus |a;| = 1. Now for any

ie{l,..,k}, we have

k

|<¢ww¢w’>| = |<¢wi7zaj¢wj>|

J=1

k
> > oL D aidl)l
l:yﬁ;éO j=1
= Dl
l:yé;ﬁO
yi log(p)

= 22 > ] — . 4.13
2 og(N) = k (4.13)
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On the other hand,

k k. wilogp
_ =1
; ’<¢w/7 ¢wz> ; 10g N
1 r k
= W > O allogp). (4.14)
=1 i=1
Let iy € {1,...,k} be an index such that xél = 1. The existence of such indices is

guaranteed by the linearly dependence of ¢, on ¢,,,,7 = 1, ..., k. Then

T T

k

=1 i=1 =1 i
1 T
= e o0 S e s

=1 i

1 IS
= 1+ log N szizl log py

=1 i#i,

- l
DD I
I=1 i,j:i%#j

1,7 =1
= 14 3 (0w d,)]
VRS

1+ kdy. (4.15)

IN

AN

Combine 4.13-4.15, to get

k
Lt kG > Y | < Gur, by > | = k(1= 6),

i=1
which implies
k—1

Op > —— >
B o 2

LWl —

This contradicts the assumption that 6 < 1/3.
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Proof of Theorem 4.3.3. The Fourier transform of this matrix is equivalent to applying

the truncating and rescaling operations in Definition 4.1.1 on another chirp matrix given

by:

~ 255 —b2
(I)j,k — e27rz N

with b = 2k mod(N). Therefore the same arguments follow. 1

4.4 Numerical Results

Experiment 1 (Standard RIP): In this experiment, we compare the matrix A con-
structed in Section 4.1 to a Guassian matrix N\ with the same dimension in their perfor-
mances of sparse recoveries by basis pursuit. In particular, we set m = 100, N = 1031,
and let k£ vary. Signals are generated by first choosing the k£ nonzero locations uniformly
at random, and then assigning values to these locations from the standard normal distribu-
tion. A recovery & is deemed as successful if ||z — Z||;,/||z||;, < 0.01, where & denotes
the original signals as before. Figure 4.2 plots the average success rate taken over 100
independent draws of x. The result shows that on average, the two matrices act very sim-

ilarly to each other.

Experiment 2 (RIP in the joint dictionary): We take the same matrices as in the previ-
ous experiment, but test their performances on signals that are sparse under the Dirac-
Fourier joint dictionary D = [/, F'|. In particular, let  be such that x = Dz for some
z € Yy, and let y4 = Ax and yn = N x be the measurements taken from the two sensing

schemes. If the reconstruction from the ¢, synthesis approach is recorded in z, then we
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Figure 4.2: Success rate of sparse signal sensed by Chirp matrix vs Gaussian matrix

deem the recovery to be successful if ||z — Z|;, /|||, < 0.01. Figure 4.3(a) plots the
average success rate taken over 100 independent draws of z. Figure 4.3(b) shows similar
result but for the Dirac-Haar joint dictionary. Again, the performances of these two ma-
trices are nearly indistinguishable.

Experiment 3: In this experiment we compare reconstructions of real scene images based
on difference sparsity assumptions, that is either assuming images being sparse in canon-
ical basis /, or in the Dirac-Fourier joint dictionary D, = [I, F'| , or the Dirac-Haar joint
dictionary Dy = [I, H].

For a given vectorized image X, let VX, V, X be the horizontal and vertical (both are
directions in the original image) gradients of X. Then there exist finite difference ma-
trices P, and P, independent of X such that V, X = P X, V,X = P,X. Suppose A
is the same matrix as in previous experiments, and the measurements Y = [Y'1;Y2] are
obtained from projections Y; = AP, X for i = 1,2. Notice that now the composition

[APy; AP,] is the actual underlying sensing matrix. First assuming both gradients are

85



09 | ——Chirp | sensing matrix \ —
——Random Gaussian matrix

08~ W B
A
\
07} B
06 \ 4
\
\
\
05 \ 4
\
\

Success rate

\
02 [

a1 | 1 1 | L | 1 1 1
0 5 0 15 El]

3 E}
Sparsity level k

(a) Success recovery rate for signals which are sparse under the Dirac-Fourier

joint dictionary
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(b) Success recovery rate for signals which are sparse under the Dirac-Haar

joint dictionary

Figure 4.3: Success recovery rate of sparse signals under different dictionaries

sparse, we reconstruct V, X and V, X from Y by solving
argmin || Z;||;, subjecttoY; = AZ;, i=1,2. (4.16)

As soon as ﬁ and V/;( are obtained as solutions to (4.16), they can be used to con-

struct X by applying the Frankot-Chellappa algorithm [46].

We test the above method using a 256 x 363 photo of the monument. In order to speed
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(a) Original Image (b) Reconstructed image if assuming the
gradients are sparse under the Dirac-Fourier

joint dictionary

(c) Reconstructed image if assuming the (d) Reconstructed image if assuming the
gradients are sparse gradients are sparse under the Dirac-Haar

joint dictionary

Figure 4.4: Reconstruction under various dictionaries using 25% measurements
up the reconstruction, the image is broken into subimages each containing four columns
of the original image. The subimages are compressed and reconstructed separately and
then pieced together. Reconstruction result using 25% of the total measurements is shown

in Figure 4.4(c). Secondly we assume the image is sparse under D;. Since the sensing

technique should be universal, we keep Y7 and Y5 the same as above, and only change the

87



Figure 4.5: Compression rate 10:1, subfigures’ order: (a) original image (b) Dirac-Fourier

dictionary (c) orthonormal basis (d) Dirac-Haar dictionary

recovery algorithm to the ¢; synthesis algorithm
argmin || Z;||;, subjecttoY; = AD,Z;, i=1,2,

and ﬁ = D7y, ﬁ = D, Z,. Exactly the same procedure is used to reconstruct
image based on the Dirac-Haar dictioinary D,. Results on different images are shown in
Figure 4.4-4.7. As expected, when an image does have sparse gradients, the joint dictio-
naries seems to work similar to orthonormal bases, otherwise the increased redundancy

in dictionaries guarantees a more stable recovery in general.
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Figure 4.6: Compression rate 2:1, subfigures’ order: (a) original image (b) Dirac-Fourier

dictionary (c) orthonormal basis (d) Dirac-Haar dictionary
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Figure 4.7: Compression rate 2:1, subfigures’ order: (a) original image(b) Dirac-Fourier

dictionary (c) orthonormal basis (d) Dirac-Haar dictionary
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