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Consider a memoryless multiple source with m components of which a (possi-
bly randomized) subset of k& < m components are sampled at each time instant and
jointly compressed with the objective of reconstructing a prespecified subset of the
m components under a given distortion criterion. The combined sampling and lossy
compression mechanisms are to be designed to perform robustly with or without
exact knowledge of the underlying joint probability distribution of the source. In
this dissertation, we introduce a new framework of sampling rate distortion to study
the tradeoffs among sampling mechanism, encoder-decoder structure, compression

rate and the desired level of accuracy in the reconstruction.

We begin with a discrete memoryless multiple source whose joint probability
mass function (pmf) is taken to be known. A notion of sampling rate distortion
function is introduced to study the mentioned tradeoffs, and is characterized first
for fixed-set sampling. Next, for independent random sampling performed without
the knowledge of the source outputs, it is shown that the sampling rate distortion
function is the same whether or not the decoder is informed of the sequence of

sampled sets. For memoryless random sampling, with the sampling depending on



the source outputs, it is shown that deterministic sampling, characterized by a
conditional point-mass, is optimal and suffices to achieve the sampling rate distortion

function.

Building on this, we consider a universal setting where the joint pmf of a dis-
crete memoryless multiple source is known only to belong to a finite family of pmfs.
In Bayesian and nonBayesian settings, single-letter characterizations are provided
for the universal sampling rate distortion function for the fixed-set sampling, inde-
pendent random sampling and memoryless random sampling. We show that these
sampling mechanisms successively improve upon each other: (i) in their ability to
enable an associated encoder approximate the underlying joint pmf and (ii) in their
ability to choose appropriate subsets of the multiple source for compression by the

encoder.

Lastly, we consider a jointly Gaussian multiple memoryless source, to be re-
constructed under a mean-squared error distortion criterion, with joint probability
distribution function known only to belong to an uncountable family of probability
density functions (characterized by a convex compact subset in Euclidean space).
For fixed-set sampling, we characterize the universal sampling rate distortion func-
tion in Bayesian and nonBayesian settings. We also provide optimal reconstruction
algorithms, of reduced complexity, which compress and reconstruct the sampled
source components first under a modified distortion criterion, and then form MMSE
estimates for the unsampled components based on reconstructions of the former.

The questions addressed in this dissertation are motivated by various appli-



cations, e.g., dynamic thermal management for multicore processors, in-network

computation and satellite imaging.
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1.1 Motivation and Prior Work

Chapter 1

Introduction

Consider a set M of m memoryless sources with underlying probability distribution

known only to belong to a given family of distributions.

At time instants ¢t =

1,...,n, possibly different subsets of sources of size k& < m are sampled “spatially”

and compressed jointly by a block (source) code with the objective of reconstructing

a prespecified subset of the m sources from the compressed representations within

a specified level of distortion. The sampling and compression are to be designed

in the face of partial information about the underlying probability distribution.

Which sources should be sampled and when? How should the sampled sources be

compressed, and what are the optimal reconstruction algorithms?
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this dissertation is on answering such questions, where resource constraints, such
as bandwidth and computational constraints, restrict the number of sources that
can be processed at any time, and furthermore require the sampled sources to be
compressed. The sampling and lossy compression mechanisms are to be designed — in
a coordinated manner — to be robust in the absence of precise information about the
underlying statistics of the sources. In this dissertation we introduce our framework
of sampling rate distortion for the study of such problems; the processes of sampling,
compression and reconstruction of the sources are performed by a random sampler,
encoder and decoder, respectively, as shown in Figure [[.1 In such a framework, this
dissertation explores the following questions:

i) Which is the structure of the optimal sampling mechanism?

ii) What are the optimal compression and reconstruction algorithms?

iii) What are the tradeoffs — under optimal processing — among sampling pro-
cedure, inferential methods for approximating the underlying distribution of the
memoryless sources, compression rate and distortion level?

iv) How does a knowledge of the sampling sets at the decoder influence the

tradeoff between compression rate and distortion level?

1.1.1 Motivating applications

The questions above are motivated by various applications. An instance arises in
hardware “dynamic thermal management,” which is the process of controlling surges

in the operating temperature of a multicore processor chip during runtime, based



on measurements by a limited number of on-chip thermal sensors. Strategic sensor
placement and processing are needed to estimate temperatures at grid points over
the entire chip; compression is essential to process the continuous measurements in
real time.

In a multicore processor, the modes of operation are few and the underlying
probability distribution of the temperatures on the processor can (approximately)
be estimated a priori; however, this is not always possible. In an Internet-of-Things
(IoT) setup, multiple networked smart devices/sensors such as thermostats, motion
detectors, listening speakers, etc., are often placed in diverse settings and the joint
statistics of their measurements are uncertain as they rely on the location and the
nature of varying activities at the location. In smart homes, a central hub, e.g.,
Amazon Echo or Google Home, uses sensor communication to form representations
of the signals at various points of the house, for instigating subsequent actions. A
large number of sensor measurements makes compression essential. Also, power
and bandwidth limitations impose further restrictions on the number of sensors
communicating with the hub at any given time, necessitating spatial sampling.

Satellite images are often used to make inferences for tasks which rely on pic-
tures of wide regions of the earth. Many organizations such as Orbital Insight,
Descartes Labs and the United Nations often use these images for varied tasks such
as analyzing forest cover in the Amazon basin, analyzing traffic patterns in cities
and predicting agricultural harvest output. Any particular satellite provides images
of only portions of area of interest at any time and the high resolution of satellite

images mandate compression for efficient storage and processing; learning and mak-



ing inference at regions not seen in any image is a particularly important challenge.
Similar problems arise in “in-network computation” [1], [2] in which a subset of a
network of collocated sensors use only their own measurements to estimate an ag-
gregate function of the entirety of distributed and correlated measurements, e.g.,
overall average parameter values in environmental monitoring. In such settings, the
mechanisms for (spatial) sampling, compression and estimation are collocated, with

the latter two being aware of the sampler realizations.

1.1.2 Prior work

The study of problems of combined sampling and compression has a rich and varied
history in diverse contexts. Highlights include: classical sampling and processing,
rate distortion theory, multiterminal source coding, wavelet-based compression, and
compressed sensing, among others. Rate distortion theory [3] rules the compres-
sion of a given sampled signal and its reconstruction within a specified distortion
level. On the other hand, compressed sensing |4] provides a random linear encod-
ing of nonprobabilistic analog sources marked by a sparse support, with lossless
recovery as measured by a block error probability (with respect to the distribu-
tion of the encoder). Upon placing the problem of lossless source coding of analog
sources in an information theoretic setting, with a probabilistic model for the source
that need not be encoded linearly, Rényi dimension is known to determine funda-
mental performance limits [5] (see also [6l/7]). Several recent studies consider the

compressed sensing of a signal with an allowed detection error rate or quantization



distortion [8,9]; of multiple signals followed by distributed quantization [10], includ-
ing a study of scaling laws [11]; or of sub-Nyquist rate sampled signals followed
by lossy reconstruction [12]; and rate distortion function for multiple sources with
time-shared sampling [13].

Closer to our approach that entails spatial sampling, the rate distortion func-
tion has been characterized when multiple Gaussian signals from a random field
are sampled and quantized (centralized or distributed) in [14]. In a setting of
distributed acoustic sensing and reconstruction, centralized as well as distributed
coding schemes and sampling lattices are studied in |15]. In [16], a Gaussian ran-
dom field on the interval [0,1] and i.i.d. in time, is reconstructed from compressed
versions of k sampled sequences under a mean-squared error distortion criterion;
the rate distortion function is studied for schemes which reconstruct only the sam-
pled source first and then reconstruct the unsampled source by forming minimum
mean-squared error (MMSE) estimates based on the reconstructions for the sam-
pled source. All the sampling problems above assume a knowledge of the underlying
distribution.

In the realm of rate distortion theory where a complete knowledge of the source
statistics is unknown, there is a rich literature that considers various formulations
of universal coding; only a sampling is listed here. Directions include classical
Bayesian and nonBayesian methods [17-20]; “individual sequences” studies [21-23];
redundancy in quantization rate or distortion [24-26]; and lossy compression of noisy

or remote sources [27-29]. These works propose a variety of distortion measures to



investigate universal reconstruction performance.

1.2 Main Contributions

The focus of this dissertation is on studying optimal mechanisms and tradeoffs in-
volved in reconstructing a prespecified subset of components of a memoryless mul-
tiple source from the centralized processing of its spatially sampled components.
While aspects of this have been explored in some of the works mentioned above,
in this dissertation we present our framework of sampling rate distortion to study
the tradeoffs among sampling mechanism, compression rate and desired level of ac-
curacy in the reconstruction, in an unified manner. Throughout this dissertation,
sampling is spatial rather than temporal, unlike in most of the settings above. We
introduce new forms of randomized sampling mechanisms that can depend on the
observed source realizations. Such randomized sampling mechanisms, albeit of in-

creased complexity, are shown to yield clear gains in performance.

1.2.1 Finite-Valued Multiple Source

We begin our study with the joint compression and reconstruction of a spatially
sampled finite-valued memoryless multiple source (referred to as a discrete memory-
less multiple source in this dissertation) whose underlying probability mass function
(pmf) is taken to be known in Chapter ; in this chapter, we present our framework
of sampling rate distortion and introduce several randomized sampling mechanisms.

The models and ideas presented in this chapter will form the bedrock of the chapters



to follow.

Our formulation involves the notion of a sampling rate distortion function
(SRDf), which captures the tradeoffs among sampling mechanism, compression rate
and desired level of accuracy in the reconstruction. As a basic ingredient, the
sampling rate distortion function is characterized first for a fixed sampling set of size
k < m. This characterization is a consequence of prior work by Dobrushin-Tsybakov
[30] (see also Berger [3], [31] and Yamamoto-Itoh [32]) on the rate distortion function
for a “remote” source-receiver model in which the encoder and receiver lack direct
access to the source and decoder outputs, respectively. For the special case of
the probability of error distortion criterion, we show that optimal compression and
reconstruction can be simplified to a rate distortion code for the sampled source
components followed by maximum a posteriori estimation of the remaining source
components.

Best fixed-set sampling can be strictly inferior to random sampling. Consid-
ering an independent random sampler, in which sampling does not depend on the
source realizations and is independent (but not necessarily identically distributed) in
time, we show that the corresponding SRDf remains the same regardless of whether
or not the decoder is provided information regarding the sequence of sampled sets.
This surprising property does not hold for any causal samplexﬂ7 in general. Next, we
consider a generalization, namely a memoryless random sampler whose output can

depend on the instantaneous source realizations. The associated formula for SRDf is

LA casual sampler is one for which sampling at any instant depends only on the current and past
DMMS realizations and past actions of the sampler.



used now to study the structural characteristics of the optimal sampler. Specifically,
we show that the optimal sampler is characterized by a conditional point-mass; this
has the obvious benefit of a reduction in the search space for an optimal sampler.
We also show that such a memoryless sampler can outperform strictly a random
sampler that lacks access to source realizations. Finally, in a setting in which the
decoder is unaware of the sampled sequence, an upper bound for the SRDf is seen
to have an optimal conditional point-mass sampler.

In Chapter 3| we consider an universal setting where the underlying pmf of a
discrete memoryless multiple source is known only to belong to a finite family of
pmfs. Building on the concept of an SRDf, in Bayesian and nonBayesian settings
we consider an universal sampling rate distortion function (USRDf) which captures
the inherent tradeoffs among sampling mechanism, approximation of underlying
(unknown) pmf, lossy compression rate and distortion level. Our characterizations
of USRDf in this chapter build on the study of sampling rate distortion function in
Chapter[2l We begin, once again, with fixed-set sampling where the encoder observes
the same set of k components of a discrete memoryless multiple source at every time
instant. Recognizing that only the k-marginal pmf of the source — corresponding
to the sampling set — can be learned by the encoder, the associated USRDf is
characterized. In general, allowing randomization in sampling affords two distinct
advantages over fixed-set sampling: better approximation of the underlying joint
pmf and improved compression performance enabled by sampling different subsets
of the source in apposite proportions. An independent random sampler chooses

different k-subsets of the multiple source independently of source realizations and



independently in time, and can learn all k-marginals of the joint pmf. This reduction
in pmf uncertainty (vis-a-vis fixed-set sampling) aids in improving USRDf. Lastly,
we consider a memoryless random sampler whose choice of sampling sets can depend
on instantaneous source realizations. Surprisingly, this latitude allows the encoder
to learn the entire joint pmf, and that too only from the sampling sequence without
recourse to the sampled source realizations. Furthermore, we show how the USRDf
can be attained by means of a sampling sequence that depends deterministically on
source realizations thereby reducing overall complexity. Thus, all our achievability
proofs in this chapter bring out new ideas for joint source pmf-learning and lossy

compression.

1.2.2  Gaussian Multiple Source

In Chapter 4 we consider a jointly Gaussian memoryless multiple source (GMMS)
with joint probability density function (pdf) known only to belong to a given family
of uncountable pdfs (characterized by a convex compact in the Euclidean space). In
this chapter, our objective is to reconstruct all the components of a GMMS from the
compressed representations of fixed k£ components under a suitable mean-squared
error (MSE) distortion criterion. In Bayesian and nonBayesian settings, we extend
the notion of USRDf to a GMMS. We consider first the setting where the underly-
ing pdf of the GMMS is known and, building on the ideas developed in Chapter [2]
characterize its SRDf. We also show that a two-step procedure for reconstructing

all the components of a GMMS is optimal: the sampled components of the GMMS



are reconstructed first under a modified weighted MSE distortion criterion and then
MMSE estimates are formed for the unsampled components based on the recon-
structions of the former. This is akin to the structure observed in Chapter |2 for
a discrete memoryless multiple source reconstructed under the probability of error
distortion criterion and in [33] for reconstructing remote Gaussian sources under
MSE distortion criterion. Considering a Gaussian memoryless field on an interval
sampled at a finite number of points, we characterize its SRDf and illustrate by ex-
ample the structure of the best fixed-set sampling. Building on the ideas developed
for the SRDf, we characterize next the USRDf for a GMMS in the Bayesian and non-
Bayesian settings and show that it remains optimal to reconstruct first the sampled
components of the GMMS and then form estimates for the unsampled components

based on the former, thereby simplifying the reconstruction procedure.

1.3 Organization of Dissertation

In Chapter 2] we introduce our framework of sampling rate distortion and begin with
a study of discrete memoryless multiple source with known pmf. The subsequent
chapters in this dissertation will build on the models and the framework of sampling
rate distortion introduced in this chapter.

Building on the ideas developed in Chapter |2, in Chapter [3| we study a setting
where the pmf of the discrete memoryless multiple source is known only to belong
to a finite family of pmfs. Here, we discuss procedures to estimate pmf from the

sampled source measurements and the optimal tradeoffs arising among sampling

10



mechanism, estimation, compression and reconstruction accuracy. In Chapter {4 we
consider a Gaussian memoryless multiple source with joint pdf known only to belong
to an uncountable family of pdfs.

In each chapter, we present first our main results followed by proofs of the
main results. We present the achievability proofs in an increasing order of sampler
complexity; a unified converse proof is presented thereafter. Throughout this dis-
sertation, in the universal setting the emphasis of our achievability proofs is on the

Bayesian formulation.
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Chapter 2

SRDf for Finite-Valued Multiple Source

2.1 Synopsis

In this chapter, we consider a discrete memoryless multiple source (DMMS) with m
components and of known joint pmf. A subset of k components of the DMMS are
sampled (possibly in a randomized manner) at each time instant and compressed
jointly with the objective of reconstructing a subset of DMMS components with

indices in an arbitrary but fixed recovery set.

Our model is described in Section We introduce several sampling mech-
anisms and the notion of sampling rate distortion function (SRDf) to characterize
the tradeoffs among sampling procedure, compression rate and desired level of ac-
curacy in reconstruction. The main results, along with examples, are stated in
Section [2.3] Considering the sampling mechanisms introduced in Section in
an increasing order of complexity, we provide single-letter characterizations for the
SRDf. Concomitant improvements in performance thereby become evident. Section
[2.4] contains the proofs. Presented first are the achievability proofs that are built

successively in the order of increasing complexity of the sampling mechanism. The
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converse proofs follow in reverse order in a unified manner.

2.2 Model

Let M ={1,...,m} and Xy = (Xq,...,X,,) be a Xy = ngi—valued rv where
each & is a finite set. It will be convenient to use the following compact notation.
For a nonempty set A C M, we denote by X, the rv (X;,i € A) with values
in ié‘ AX;, and denote n repetitions of X4 by X% = (X",i € A) with values in
Xy = ié‘ A, where X' = (Xi1, ..., Xi,) takes values in the n-fold product space
A =X, x---x X, For 1 <k<m,let A4, ={A: AC M, |A|l =k} be the set of
all k-sized subsets of M and let A° = M\ A. All logarithms and exponentiations
are with respect to the base 2.

Consider a discrete memoryless multiple source (DMMS) { X }2°, consisting

of i.i.d. repetitions of the rv X with given pmf Py ,, of assumed full support Xy,.

Let Yy = X Y, where ); is a finite reproduction alphabet for X;.
i=1

7

Definition 2.1 A k-random sampler (k-RS), 1 < k < m, collects causally at each
t = 1,...,n, random samples’ Xs, from Xy, where S; is a rv with values in
Ay with (conditional) pmf P, xt g1, with Xt = (Xami, -, Xame) and ST =
(S1y...,St1). Such a k-RS is specified by a (conditional) pmf Psn xn with the
requirement

PS”|X}\IA - HPSt|X}:\45t71' (21)

t=1

The output of a k-RS is (S™, XZ) where X% = (Xg,,...,Xs,). Successively restric-

TWith an abuse of notation, we write X s,t simply as Xg,.
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tive choices of a k-RS in corresponding to

Psth}fvlstfl = PSt|XMt7 t = 1, e,y (2.2)

PSt|X§MSt*1:PSt7 t:17...,n, (23)

and, for a given A C M,

PSt|X§VlSt*1 = ]]-(St = A), t = 1, Lo, (24)

will be termed the k-memoryless random sampler, k-independent random sampler

and the k-fized-set sampler abbreviated as k-MRS, k-IRS and k-FS, respectively.

Our objective is to reconstruct a subset of DMMS components with indices
in an arbitrary but fixed recovery set B C M, namely X3, from a compressed

representation of the A-RS output (S™, X&) under a suitable distortion criterion.

Definition 2.2 Forn > 1, ann-length block code with k-RS for a DMMS { X v }52,
with alphabet Xy and reproduction alphabet Vg is a triple (PSn|Xxl, frson) where
Pgnixn, is a k-RS as in , and (fn,©n) are a pair of mappings where the encoder
fn maps the k-RS output (S™, XZ) into some finite set J = {1,...,J} and the
decoder ¢, maps J into V. We shall use the compact notation (Ps\x,,, f,¢),

suppressing n. The rate of the code with k-RS (Ps\x,,, f,¢) is = log J.

Remark: An encoder that uses a deterministic estimate of Xg. from (S™, X%) in its

14



operation is subsumed by the definition above.

For a given (single-letter) finite-valued distortion measure d : Xp X Vp —
R*U{0}, an n-length block code with k-RS (Pgx,,, f,¢) will be required to satisfy

the expected fidelity criterion (d, A), i.e.,

n

E[d(Xg,gp(f(S”,Xg))ﬂ éE[%Zd(XBt, (gp(f(S”,X?)))t)} <A (25)

t=1

We shall consider also the case where the decoder is informed of the sequence
of sampled sets S™. Denoting such an informed decoder by ¢g, the expected fidelity
criterion (2.5)) will use the augmented ¢g(S™, f(S™, X%)) instead of o(f(S™, X2)).
The earlier decoder (that is not informed of S™) will be termed an uninformed

decoder.

Definition 2.3 A number R > 0 is an achievable k-sample coding rate at average
distortion level A if for every e > 0 and sufficiently large n, there exist n-length block
codes with k-RS of rate less than R+ € and satisfying the expected fidelity criterion
(d,A +€); and (R,A) will be termed an achievable k-sample rate distortion pair.
The infimum of such achievable rates is denoted by RI(A) for an informed decoder,
and by RY(A) for an uninformed decoder. We shall refer to RT(A) as well as RV (A)

as the sampling rate distortion function (SRDf), suppressing the dependence on k.

Remarks: (i) An informed decoder obtains information regarding X7 in two ways:

from the encoder output as well as from S™ (as a k-RS can embed information about

15



Xy in S™).
(ii) Clearly, R'(A) < RY(A), and both are nonincreasing in k.

(iii) For a DMMS {X g }724, the requirement (2.2)) on the sampler renders { (X, St) }oy

and thereby also {(Xg,, S;)},~, to be memoryless sequences.

2.3 Sampling Rate Distortion function

We shall state our results in an order of increasing complexity of the sampling
mechanism. Single-letter characterizations of the SRDfs in this chapter involve, as
an ingredient, a characterization of R!(A) for a fixed-set sampler, which in turn is
based on [30], [3]. For a k-FS, denote the corresponding R'(A) by Ra(A) (with an

abuse of notation).

2.3.1 Fixed-Set Sampling

A fixed-set sampler chooses the same k-sized subset A C M of the components of
DMMS {Xa:}:2, at each time instant. Our first result shows that the fixed-set
SRDf RA(A), in effect, is the (standard) rate distortion function for the DMMS

{Xa¢}52, using a modified distortion measure da : X4 X Y — RT U {0} defined by

da(z4,yp) = Eld(Xp,yp)|Xa = za]. (2.6)

Proposition 2.1 For a DMMS { X }i2, with pmf Px,,, the fized-set SRDf for

16



ACMis

Ra(A) = min (X4 NYp) (2.7)

E[d(Xp,YR)I<A

for Apina <A < Ay, and equals 0 for A > Ayx, where

Apina =E | min da(Xa,ys)|,
YBEYVB

(2.8)
Apax = min E[d(XM,yB)} = min E[da(Xa,y5)]

YBEYB YBEYB

Corollary 2.1 With A C B and Xg = Vg, for the probability of error distortion

measure

d(wp,ys) = Lxp #yp) = 1 —[[ 1wi =), 2p,ys € Xp
e

we have

min I(XA A\ YA)7 Amin < A < Amax
Ru(A) = (2.9)

0, A = Apax;

where the minimum in (2.9)) is subject to
E[a(XA)IL(XA 75 YA)] S A — Amin (210)

with
a(za) = max Pxgx,(Tp]7a)
€Xp

Ip

17



and

Amin =1~ E[OC(XA)L Amax =1— max PXB ({L‘B)

rgpEeEXp

Remarks: (i) In (2.10), the overall reconstruction error A can be seen to comprise
two parts: i) minimum error introduced due the sampling, A, and ii) the error
introduced in compression, Ea(X4)1(X4 # Ya)].

(ii) The minimum in exists by virtue of the continuity in Px,,y, of [(XaAY5)
over the compact set { Py v, : Xac —o— X4 —o— Yp, E[d(Xp, Yp)] < A}

(iii) The corollary relies on showing that the minimum in (2.7)) is attained in this

particular instance by a pmf Px,,y, under a longer Markov chain

X e —o— Xy —o— Yy —o— Ypa.

Interestingly, the achievability proof entails in a first step a mapping of 2} in X}
into its codeword y; from which, in a second step, a reconstruction yg\ 4 of Tha is

obtained as a maximum a posteriori (MAP) estimate.

1-—
1—p 0 1
q 0
X1 X2
q
1
D 1—¢q |

Figure 2.1: BSC (q)
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The following example, albeit concocted, shows that for fixed-set sampling

with A and recovery set B, a choice of A outside B can be best.

Example 2.1 Let M ={1,2,3}, B={1,2} and X; =Y; ={0,1}, i =1,2,3;j =
1,2. Consider a DMMS with Px,x, as in Figure |2.1] and X3 = X1 & Xy where
@ denotes addition modulo 2. Here, p = 0.5, ¢ < 0.5. For distortion measure
d(xp,yp) = 1 ((x1 ® x2) # (Y1 ® y2)), the SRDS for fived-set sampling is

A—gq
1—2q

Rpy(A) = h(0.5) — h< ) g<A<05

where h(-) is the binary entropy function. Also, Ry (A) = Ry (A). For sampling

set A = {3}, the SRDf is
Rey(A) =hig)—h(A), 0<A<q

Clearly, Rz (A) < Ry (A), with the inequality being strict for suitable values of A.

2.3.2 Independent Random Sampling

The k-IRS affords a more capable mechanism than the fixed-set sampler of Propo-
sition [2.1 with the sampling sets possibly varying in time. Surprisingly, our next
result shows that the SRDf for a k-IRS, displayed as R,(A), remains the same regard-
less of whether or not the decoder is provided information regarding the sequence

of sampled sets. As seen from its proof in Section this is enabled by the lack of
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dependence of the sampling sequence on the DMMS realization.

Theorem 2.1 For a k-IRS,

RI(A) = RY(A) = R,(A) = min I (Xg A Yp|S) (2.11)

for Apin < A < Apax, where the minimum is with respect to Px sy, = Px,PsPyy|sxs

and E[d(Xp,Ys)|] < A, with

Apim = min E | min da(X
min AU, UBEVE A( AayB)

and Apax as in (2.8]).

Clearly, for every Apin < A < Ao, RY

)

(A) is no smaller than R,(A). In Section
2.4] we provide an achievability proof for R,(A) for a k-IRS with an uninformed
decoder and a converse proof for a k-IRS with an informed decoder, thus showing
the equivalence of R/(A) and RY(A). Our achievability proof relies on a “determin-
istic” implementation of the optimal k-IRS, obviating the need for a decoder to be

explicitly informed of the random sampling sets.

A convenient equivalent expression for R,(A) in (2.11]) is given by

Proposition 2.2 For a k-IRS,

R,(A) =min Y Ps(A)Ra(A4), Amin <A < Ay, (2.12)
A€A,;
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where the minimum is with respect to

PS; {AA Z Amin,A; A € Ak . Z Ps(A)AA S A}
AEA;

Proof. For every Apin < A < Apay, in ([2.11),

min  I(Xg A Y5|S)
Px\PsPyg|sxg
Eld(Xp,Yp)]<A

= i Ps(A) I( XA NYB|S=A
PXMggl}’)IlewXS Z S( ) ( A B| )
Bld(X . vp)<a AEAL

= min E Ps(A) min I(XaNYE|S=A)
Pg, Ay: Pypls=4,X 4
AEZA Pg(A)A <A A€Ay E[d(Xg,Yg)|S=A]=A 4
k

= PmiAn‘ E PS<A)RA<AA),
S» BAC
> Pg(A)As<a A€Ag
AeAy

(2.13)

(2.14)

where Py, |s=a x, is used to denote Py, s x,(:|A, ) for compactness. The validity of

(2.14) follows by the introduction of the A4s and observing that the order of the

minimization does not alter the value of the minimum. The last step obtains upon

noting that the value of the inner minimum in (2.14)) is the same upon replacing the

equality in E[d(Xp,Yp)|S = A] = A4 with “<”.

Remark: By Proposition the SRDf for a k-IRS is the lower convex envelope of

the set of SRDfs {Ra(A), A € A;} and thus is convex in A > Ay, Furthermore,

< ] .
R,(A) < A;relgtRA(A)
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Additionally, a k-IRS can outperform strictly the best fixed-set sampler. For in-
stance, if there is no fixed-set SRDf for any A € Ay that is uniformly best for all
A, then the previous inequality can be strict. This is illustrated by the following

example.

Example 2.2 With M = B = {1,2}, X1 = X, = Y, ={0,1}, and Y, = {0, 1, ¢},

let X1, Xy be i.i.d. Bernoulli(0.5) rvs, and

d( (21, %2), (y1,92)) = di(1,91) + do(22, 2)

with
)
07 folzylzo, $1:y1:1
di(r,9) = 91, ifar=0,1, y=e
o0, ifz1=0, =1 z1=1 y =0,
\
do(22,12) = L(z9 # 15).
For k=1,

R{l}(A) =15—-A, 0.5 <A<L1.5,

Rpy(A)=1-h(A-1), 1<A<L5
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whereas

1.5515 — 1.103A, 0.5 < A <1.318,
R,(A) =

1—h(A=1), 1.318 < A < 1.5.

Clearly, R,(A) is strictly smaller than min { Ri13(A), Riap(A)} for 0.5 < A < 1.318;
see Fig. [2.4. Note that while the distortion measure d in Definition is taken
to be finite-valued, the event {d(X1,Y1) = oo} above is accommodated by assigning

(optimally) zero probability to it. |

1

0.9- S i
S T T L Rin®

0.8F < Ry (4) R
N R/(4)

0.7 S —_—

0.6 < : i

0.5- N i

SRDf

0.4 Yo :
0.3F e , i
0.21 Ne ]

0.1 S 7

(()).5 0.6 0.7 0.8 0.9_ 1_ 1.1
Distortion (A)

Figure 2.2: SRDfs for k-IRS vs. fixed-set sampler

2.3.3 Memoryless Random Sampling

A k-MRS is more powerful than a k-IRS in that sampling with the former at each
time instant can depend on the current DMMS realization. The SRDf for a k-MRS
can improve with an informed decoder unlike for a k-IRS.
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Theorem 2.2 For a k-MRS with informed decoder, the SRDf is

RI(A) = min I(Xs A Yp|S,U) (2.15)

for Apin < A < Apax, where the minimum is with respect to

PUXMSYB = PUPXMPS|XMUPYB|SXSU and ]E[d<XBy YB)] <A, with

Apin = min ]E{ min E[d(X3,Y5)|S, XS}], (2.16)
Ps|x \4 Pypisxg

Apax = min E { min E[d(XB,yB)\S}} , (2.17)
51X pq yB€Yn

and U being a U-valued rv with U] < 3.

Remark: Analogously as in Proposition 2.2 the SRDf RZ (A) can be expressed as

RL(A)= min Z Py (u) min I(Xs AYg|S,U=u) (2.18)
Py, Au: Ps|X g, U=wPYp|SXg,U=u
2 Py(whusa  u E[d(Xg,Yg)|U=u]=Ay

and thereby equals a lower convex envelope of functions of A.
The optimal sampler that attains the SRDf in Theorem has a simple struc-

ture. It is easy to see that each of Ay, and Apay in (2.16) and (2.17)), respectively,
is attained by a sampler for which Py, takes the form of a conditional point-mass.
Such conditionally deterministic samplers (defined below), in fact, are optimal for

every distortion level A < A < AL and will depend on A, in general.
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Definition 2.4 For a mapping w : Xy X U — Ai, a deterministic sampler is

specified in terms of a conditional point-mass pmf

1, s=w(xpm,u)
A
Ous(apnu) (8) = (2.19)

0, otherwise,

for (xp,u) € Xy x U, s € Ag.

The following reduction of Theorem shows the optimality of deterministic sam-
plers for a k-MRS which will be seen to play a material role in the achievability

proof of Theorem

Theorem 2.3 For a k-MRS with informed decoder,

R (A) =minI(XgsAYp[S,U) (2.20)

for Apin < A < Apax, with Ay and Apax as in (2.16) and (2.17)), respectively,

where the minimum is with respect to Pyx,, sy, of the form PyPx,, 0w Pyysxsu
with Eld(Xp,Yp)] < A, where the (time-sharing) rv U takes values in U with |U| <

3.

Proof: See Appendix [A]

The structure of the optimal sampler in Theorem implies that the search
space for minimization now can be reduced to the corner points of the simplexes of
the conditional pmfs Psx,,u(:|xam, ), (xam,u) € X x U. The SRDS in is
thus the lower convex envelope of the SRDfs for deterministic samplers. In general,
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time-sharing between such samplers will be seen to achieve the best compression
rate for a given distortion level.

While a k-FS and a k-IRS cannot depend on the DMMS { X }2°,, a k&-MRS
can; this enables a k-MRS to embed information about the DMMS in the sampled
sequence S™. For A, < A < ApLax, @ optimal £-MRS makes a tradeoff between
conveying rate-free information to the decoder via S™ and via in the compressed
representation of the encoder output. At A,.. however, the k-MRS conveys infor-

mation to the decoder via the sequence of sampling sets alone.

Finally, for a k-MRS with uninformed decoder, we provide an upper bound

for the SRDf RY (A).

Theorem 2.4 For a k-MRS with uninformed decoder,

RU/(A) <min (S, XgAYp) (2.21)

Jor Apin < A < Apax, where the minimum is with respect to Px sy, = Px,FPs)xuPys|sxs
and E[d(Xp,Ys)] < A, with Apin and Anyax being as in and (2.8)).

Remark: Clearly, when (S, Xs) in (2.21]) determines X4, we have RY (A) = R(A) =

the (standard) rate distortion function for the DMMS { X v }2;.

The (achievability) proof of Theorem [2.4]is along the lines of Proposition [2.1]
The lack of a converse is due to the inability to prove or disprove the convexity
of the right-side of (2.21)) in A. (Convexity would imply equality in (2.21]).) The

optimal sampler can, however, be shown to be a deterministic sampler (2.19)) along
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the lines of Theorem Note that the same deterministic sampler need not be the

best in (2.15)) and ([2.21)).

Strong forms of the k-MRS and k-IRS are obtained by allowing time-dependence

in sampling. Specifically, (2.2) and ({2.3]) can be strengthened, respectively, to

Pg, xt 511 = Ps,|x 511 (2.22)

and

PSt‘ijst—l — Pst|st—1. (223)

Surprisingly, this does not improve SRDf for the k-MRS (with decoder informed) or

the k-IRS.

Proposition 2.3 For a strong k-MRS in (2.22)) and a strong k-IRS in (2.23), the
corresponding SRDfs RL (A) and R,s(A) equal the right-sides of (2.15)) and (2.11)),

respectively.

Finally, standard properties of the SRDf for the fixed-set sampler, k-IRS and

kE-MRS with informed decoder are summarized in the following

Lemma 2.1 For a fized Px,,, the right-sides of (2.7)), (2.11)) and (2.15) are finite-

valued, nonincreasing, convex, continuous functions of A.

We close this section with an example showing that (i) the SRDf for a k-

MRS with informed decoder can be strictly smaller than that of a k-IRS; and (ii)
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furthermore, unlike for a k-IRS, a k-MRS with informed decoder can outperform

strictly that with an uninformed decoder, uniformly for all feasible distortion values.

Example 2.3 With M = B = {1,2} and &} = X, = {0,1}, consider a DMMS
{Xme}2, with Px,x, represented by a virtual binary symmetric channel (BSC)
shown in Figure[2.1 Fizp < 0.5 and ¢ = 0.5, i.e., X1 and Xy are independent. Let

d correspond to the probability of error criterion, i.e., d(xa, ym) = L(xpm # Ym)-

(i) Considering a k-MRS, k = 1, with informed decoder, we obtain by Theorem

that Apin = 0, Anax = p, and the deterministic sampler

1, s=1, zp =00 or 11
Psixpm(slzpm) = 1, s=2, zp =01 or10 (2.24)

0, otherwise

is uniformly optimal for all 0 < A < p, and

Ry, (A) = h(p) = h(A), 0<A<p.

To obtain R,(A), the SRDfs for fixed-set samplers (2.7)) are

1+4+p

Rgy(A) = h(p) —h(2A 1), % <AL —
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and

Since Ry (A) < Ry (A) for all A, it is a simple exercise to show that

R(A) = Rey(A).

Clearly, R (A) < R,(A), with Anax for the former being A, for the latter, as

shown in Figure|2.5.

- k-MRS
==: k-IRS
1e----- )
"
~~ ! \\
< L
SN~— | \
~ | \
< ‘ '
| AY
h(p) | N
\
| \
| N
A Y
I N
| ~
| Mo
| S
~“o——»
0 D 1+p
2

Distortion level A

Figure 2.3: SRDf for k-MRS vs. k-IRS

(ii) The conditional pmf Pg|x,, in (2.24) represents a 1-1 map between the values
of Xp and (S, Xg), and can be seen also to be the optimal choice in the right-side
of (2.21)) for all0 < A < %. The remaining minimization in (2.21)), with respect
to Py, |sxg, renders the right-side to be convex in A. Consequently, as observed in

the passage following Theorem the bound in (2.21)) is tight. For p = 0.1, the
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resulting values of RL (A) and RY(A) are plotted in Figure and of RY(A) and
R,(A) in Figure . Figure tllustrates the benefit of decoder information for a
k-MRS, while Figure shows the compression gain achieved by providing source

knowledge to the sampler.

1.5
—RI(A)
- R
b
- “
A \
= I
wn \
0.5¢
0 S-- == L

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Distortion level A

Figure 2.4: SRDf for k-MRS

2.4 Proofs of Main Results

2.4.1 Achievability Proofs

Our achievability proofs successively build upon each other in the order: fixed-set
sampler, k-IRS and k-MRS. The achievability proof of Proposition for a fixed-
set sampler forms a basic building block for subsequent application. Relying on
this, the SRDf for a k-IRS is shown to be achieved in Theorem without the
decoder being informed of the sequence of sampled sets. Next, for a k-MRS with
informed decoder, we prove first Theorem [2.3| which shows that the optimal sampler
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1.5

SRDf

0.5F
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Figure 2.5: R (A) and R,(A)

is conditionally deterministic sampler, i.e., the corresponding Pg|x,, is a point-mass.
This structure enables an achievability proof of Theorem which builds on that
of Proposition 2.1 Lastly, for a &-MRS with uninformed decoder, the achievability

proof of Theorem [2.4] rests on the preceding proofs.

Proposition : The achievability proof below can be obtained directly from [30],

but is given here for completeness. Observe first that

Amin,A - min E[d(XB7 YB)}

XAC %XA %YB

= min ]E[E[d(XB,YB”XAH

XAC—G—XA—G—YB

= min E[ds (X4, Y5s)] by (2.6) and since X e —o— X4 —o— Y3

Px vp

=[E| min dA(XA>yB)}

YyBEYB
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and

Amax = min E[d(XB, YB)] = min E[d(XB,YB)]
XAC - Xy o Yp PXMPYB
Pxavp=FPx,Pyp

= min E[d(Xz,y5)].

YBEYVB

Next, note that for every Apina < A < Apax,

min I(XaNYg) = min I(XaANYR).
Xpgc = Xy - Yp Elda(Xa,YB)|<A
E[d(Xp,Yp)]<A

Clearly every feasible Px,,yv, = Px ,.x,v, on the left-side above gives a feasible

Px v, on the right-side. Similarly every feasible Px,y, on the right-side leads to a

feasible Py ,,y, on the left-side of the form Py, v, = Px c|x,Px.vz-

Given € > 0, consider a (standard) rate distortion code (f, ) for the DMMS

{Xa}72, with distortion measure d 4, of rate + log | f| < Ra(A)+e and with expected

distortion E [da (X%, ¢(f(X%)))] < A+eforall n > Ny(e), say. Here, |f| denotes

the cardinality of the range space of the encoder f.

The code (f,¢) also satisfies

Eld(X}, Y] = %]E Z_:E[d(XBta (sO(f(XZ)))t)

= l]E Zn:]E[d(XBt, (gp(f(XZ)))J

n
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thereby yielding achievability in the proposition.

Turning to the corollary, where A C B, for every Px,,y, satisfying the con-

straints in (2.7]), consider the pmf Qx,,v, defined for x4 € X, yp € X,

Qx v (Tas YB) £ Pxyva (@a, ya)1(yma = MAP (ya)), (2.25)
where
MAP (ya) = arg max PXB\A|XA(QB\A|yA) (2.26)
UB\AEYB\A

is the maximum a posteriori estimate of yp\4 given y4 according to PXB\ A1xa- Ob-

serve that (Qx,,v, satisfies

QXAC —O— QXA —0— QYA —0— QYB\A

and

Epld(Xp,Ys)] = P(Xp # Vp)
= P(X4 £ Ya)+ P(X4 = Ya)P(Xpoa # Vs Xa = V)
= Q(Xa # Ya) + Q(Xa = Ya)P(Xp\a # Yra| Xa = Va)
> Q(Xa#Ya)+ Q(Xa=YA)Q(Xp\a # Ypya|Xa =Ya)

= Q(Xp #Yp) = Eqld(X3, Ys)],
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where the inequality is by (2.25)), (2.26) and the optimality of the MAP estimator.

Also, it is readily checked that

Fold(Xp, Ys)] =1 Ela(X4)] + Ela(X4)1(X, # Ya)].
Furthermore,

IQ(XA VAN YB) = IQ(XA VAN YA)
= Ip(X4A A YY) (2.27)

< Ip(XAAYp).

Putting together (2.25) - (2.27)) and comparing with (2.7]) establishes the corollary.

It is interesting to note that the form of (12.7))

min I(XaNYp) = min I(XaNYy)
Xqe = X, o Vp Ela(X4)1(Xa#Ya) <A—(1—E[a(X 4)])
P(Xp#Yp)<A

leads to a simpler and direct proof of achievability of the corollary. Specifically, for
a given A, first 2} is mapped into (only) its corresponding codeword ¥’ but under
a modified distortion measure d(z4,y4) £ a(r4)1(zs # ya) and a corresponding
reduced threshold as indicated by . Next, the codewords 3’} serve as sufficient
statistics from which (the unsampled) 27, , is reconstructed as yp, , = MAP (y})
under PXE\A\ x7; the corresponding estimation error coincides with the reduction in

the threshold.
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Theorem [2.1} The equivalent expression for R,(A) given by Proposition sug-
gests an achievability scheme using a concatenation of fixed-set sampling rate distor-
tion codes from Proposition Let Ps and {A4, A € A;} yield the minimum in
Proposition[2.2] A sequence of sampling sets S™ are constructed a priori with S; = A
repeatedly for approximately nPs(A) time instants, for each A in A;. Correspond-
ingly, sampling rate distortion codes of blocklength = nPg(A) — with distortion
=~ A, and of rate =2 R4(A,4) — are concatenated. This predetermined selection of
sampling sets does not require the decoder to be additionally informed.

For a fixed Apin < A < Apay, let Ps and {A4, A € A} attain the minimum
in (2.12). Fix e > 0 and 0 < € < e. Order (in any manner) the elements of Ay as
A, i€ My = {1,..., My}, with M;, = ("Z) For i € Mj, and n > 1, define the

“time-sets” v,, for A; € Ay as

va, = {t : (nlin(Ajﬂ +1<t< fniPs(Aj)]}.

j=1

The time-sets cover {1,...,n}, i.e.,

U va, ={1,...,n}

IEMy

and satisfy

|VA1'|
n

1
— PS(AZ) < E, 1 E Mk

Now, a k-IRS is chosen with a deterministic sampling sequence S™ = s" ac-
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cording to
St = S5t :Ai7 t e Va,;, Az GAk.

By Proposition , for each A; in Ay, there exists a code (fa,,¢a,), fa, : XZ:"'
1

{1,...,Ja,} and @4, : {1,...,Ja,} — V5" of rate ol
A

10g JAi S RAl(AA)'f‘% and

with

E[d(X;Ai,(PAi (fA(XZA)))] =E [dAi (XZ?i, DA, (fA(XZA))ﬂ

for all |va,| > Na, (%) (cf. proof of Proposition .

Consider a (composite) code (f, ) as follows. For the deterministic sampling
scheme defined above, the encoder f consists of a concatenation of encoders defined

My,
for z* € X X" by
i=1

18" am) = (Far (250) 2o, () )

M,
which maps the output of the k-IRS into the set J £ X {1,...,J4,}. The decoder
i=1

@ is given by

gO(jl, Ce. ,]Mk) = (@Al (]1) ) ’SDAMk (]Mk>) ’

for (j1,...,jm,) € J, and is aware of the sampling sequence without being informed
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additionally of it.

The rate of the code is

< % (% |va, (RAi(AAi) + g))

=1

< % ((PS(AZ-) + %) (RAi(AAi) + %))

=1

My,
<) Ps(A)Ra,(An) +€ < R(A) + ¢, (2.28)
=1

where the previous inequality holds for all n large enough. Denoting the decoder

output by

Y £ o (f(S",X5)),

we have that

1 n
— Z d(Xpt, Ypt)
N

1 My, ” VA,
== alB [d (X5 pa, (£1.X5)))]
=1

< % (Ps(Ai) + %) (AAZ» + g)

=1

Eld(X3,Yg)l = E

My,

M, (€ €
= Po(ANAA + — | = 4+ Apax —
;S()Al‘f‘n(z—l- )+2

<A+e (2.29)
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by (2.13)) and for all n large enough. The proof is completed by noting that ([2.28])

and ([2.29) hold simultaneously for all n large enough. |

Theorem By (2.18), using the result of Theorem [2.3]

RL(A)=  min Y Py(u)R(A,) (2.30)
%PUU(;L)AZ-SA ueU

where

R(A) = min I(XsAYs|S) (2.31)
PX pg 0wy () Pyglsxg
E[d(XpB,YB)]<Aqy

for Apin < AJA, < Apag, with the pmf Py, 0., () Pyysxs being understood as
Px, 0uw(.u)Pyy|sxs,u=u- To simplify notation, the conditioning on U = u will be
suppressed except when needed. It suffices to show the existence of a code of rate
~ R(A,) with distortion E[d(Xp,Y5)] < A,. A concatenation of such codes in-
dexed by u € U yields, in effect, suitable time-sharing among them, leading to the
achievability of . By Theorem in view of the optimality of determinis-
tic samplers, concatenating fixed-set sampling rate distortion codes for conditional

sources Px, s—a, A € Ay, will suffice.

Given any Apnin < A, < AL, for the minimizer in (2.31]), consider the

corresponding

PS|XM = 6wu(-)7 AA. é ]E[d(XB,YB)’S = AZ] and

7
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I(XAz /\YB|S = Al), 1€ My.

The associated {(St, Xg,)}:2; is an i.i.d. sequence (cf. Remark (ii) following Defini-
tion . The sampling sets characterized by the deterministic sampler above and
the DMMS realizations 2%, are denoted as s™(2%) £ (s(zm1),-.-,s(zrm)), and

hence S™ = s"(X7}).

The idea behind the remainder of the proof below for each U = wu is the
following. We collect all those time instants at which a particular A; in A is
sampled, with the objective of applying a fixed-set sampling rate distortion code.
Since the size of this time-set will vary according to z}, in X}, the rate of such
a code, too, will vary accordingly. However, since we seek fixed rate codes (rather
than codes with a desired average rate), we apply fixed-set sampling codes to subsets
of predetermined lengths from among typical sampling sequences in Aj}.

Fix € > 0 and 0 < ¢ < e. Ordering the elements of A; as in the proof of
Theorem , for n > 1, the sets 7 (A;) 2 {t : 1 <t < n, s, = A}, i € My,
cover {1,...,n}; denote the set of the first max {[n(Ps(A;) — €')],0} time instants

in 74 (A;) by va,. For the (typical) set

sm Az
7;571)%{8”6./42 |7— ( )|

P (S" € 7;@) >1— < for all n > Ny(¢'), say.

Along the lines of proof of Theorem [2.1] for each DMMS with (conditional)
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pmf Px, s=4,, @ € My, there exists a code (fa,, va,), fa, : XAV:"' — {1,...,Ja,}
and @q, : {1,...,Ja,} = V' of rate mlogJAi < I(Xa, ANYB|S = A)) —|—%/ and

with

B [a(X5" oa (14, (X50)

for all |va,| > Na, (5)-

My
A (composite) code (f,ps), with f taking values in J £ X {1,...,Jy,} is
i=1

constructed as follows. The encoder f consists of a concatenation of encoders defined

(1,...,1), si(zn,) & T,

Fort=1,...,n,and (ji,...,Jm,) € J, the informed decoder ¢g is given by

(¢, (xzci))t, s" e 7;@ and t € va,, 1 € My,

(SOS(Sna (Jis - 7ij)))t =

Y1, otherwise,

where ¥ is a fixed but arbitrary symbol in Vp.

The rate of the code is
1 1
—1 = — log J4.
- og |J| n; og Ja,
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/

My,
1 €
< — g . . = A, —
_77,(, |VA,L|(I(XAZ/\YB|S Az)—|—2)>

< Z Ps(A) ([(XAi AYp|S = A;) + %)

My, ¢
= Ps(A)I (Xa, AY5|S = A;) + )

i=1

Defining dyax = max d(xp,yp), and with Y} denoting the output of
(zB,YyB)EXB*XYB

the decoder, we have

Eld(X3, V)] = E[E [d(XE,Y5)[|S"]]

= Y Ps(s"E[AXpEYH]S" ="+ Y Pou(s"E [d(Xp,Y5)|S" = "]

sneT™ sng T
M, v
A; VA VA VA,
< 5 re Sl oo 4
>~ Z S (S )Z n E |d XB 7S0Az(fAz(XAZ )) S Az
e i=1
1 L
+ = > Pou(s") Z > E[d(Xp Ya)lS"=5"+ Y Por(s")dmax
SnET(,n) i=1 ter,n (A;)\va, Sn¢7—€(/n)
My
;|VA1' ’

M, /
S Z PS<A1) (AAZ + %) + 1 - n dmax + 6§dmax
i=1

/ !
S Au+% + (2Mk€,) dmax +€_dmax

<A, +e€ (2.33)

for all n large enough. The proof is completed by noting that for n large enough

(2.32) and (2.33]) hold simultaneously and time-sharing between the codes corre-
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sponding to U = u, u € U, completes the proof. [ |

Theorem [2.4; The proof is similar to that of Proposition [2.1 with the i.i.d. se-
quence { X 4; }7°, replaced by the i.i.d. sequence {S;, X, }72, with joint pmf Pgx ob-
tained from and a modified distortion measure d (s, z,), yz) = E [d(Xp,yp)|S =
s, Xg = xs}. The details, identical to those in the achievability proof of Proposition

2.1] are omitted. |

2.4.2 Unified Converse Proof

Separate converse proofs can be provided for Proposition [2.1 and Proposition [2.3]
However, in order to highlight the underlying ideas economically, we develop the
proofs in a unified manner. Specifically, in contrast with the achievability proofs
above, our converse proofs are presented in the order of weakening power of the
sampler, viz., k-MRS, k-IRS and fixed-set sampler. We begin with the proof of
Lemma followed by pertinent technical results before turning to Proposition [2.1

and Proposition [2.3]

Lemma We need to prove only that the right-sides of (2.7]), (2.11]) and ({2.15))

are convex and continuous, since they are evidently finite-valued and nonincreas-
ing in A. The convexity of the right-side of (2.7) on [Amin,a, Amax) is a standard

consequence of the convexity of

](XA A YB> =1 (PXAapYB\XA)

in Py,|x, and the convexity of the constraint set in (2.7)). The convexity of the right-
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sides of (2.11]) and ([2.15) is immediate by the remarks following Proposition [2.2| and

Theorem [2.2] and their continuity for A > A, is a consequence. Continuity at

A = Apin in (2.7), (2.11) and (2.15) holds, for instance, as in ( [34], Lemma 7.2). B

Lemma 2.2 Let the finite-valued rvs C™, D" E™ F™ be such that (Cy,Dy), t =

1,...,n, are mutually independent and satisfy

D" —o— C", E" —o— "

and

E, —o— C;, D, B —o— C™, D™, t=1,...,n,

where C™t = C™\ C,. Then, the following hold fort =1,... ,n:

I<Ct7 Dt>Et N C:—&-l?D?-f—l) =0 ;

Cy, D; —o— E' —o— O™, D™\t EI' |

and

Dt —0— Ct,Et —O0— Ft‘
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Proof: First, (2.36)) is true by the following simple observation: for t = 1,..., n,

I(C*, D', E*A Cl, D)
= I(C", D' NG}y, D) + I(E' A Gy, DO, DY) (2:39)

=0

where the first term in the sum above is zero by the mutual independence of
(Cy, Dy), t =1,...,n, and the second term equals zero by (2.35). Next, the claim

(2.36)) and the Markov property ([2.35)) imply that for t =1,... n,

I(Cy, Dy, B, ANCYY DY ESY
= I(Cy, D, NC1 DVHESY + [(E, AC DGy, Dy, B

— 0. (2.40)

The claim ([2.37)) now follows, since

I(Cy, DAC™, D™ EP | |EY)
= I(C,, D, N\C*" ' D" ME") + I(Cy, D, A C},y, Di 4 |CHH D EY)
+ I(Cta Dt A E?—&—lycn\ta Dn\ta Et)

=0

where the first term in the sum above is zero by ([2.40]), and the latter two terms are
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zero by (2.39)) and ([2.35)), respectively.

Now using (2.34)),

0= I(D" A F"|C", E")

=> I(D,AF"|D"',C" EY)

t=1

= Z I(Dt AN Fn|Dt71; Ct7 Cn\ta Et’ E:L+1>

t=1
-y [I(Dt A D M B FMCy EY) — I(Dy A DY OV ER | Et)]

t=1
n

= Z](Dt N Dt_17cm\t7 Etn+17 Fn|0t7 Et) by "

t=1

Z Z I(Dt VAN Dt_l, Cm\t, E?_A,_l, -F;f|cta Et)

t=1

> " I(Dy NF|Cy, EY),

t=1

so that the claim ([2.38)) follows. |

We now prove Proposition [2.3| which, in effect, implies the converse proofs for
Theorem 2.2 Theorem [2.T] and Proposition 2.1} Specifically, a converse is fashioned

for RL (A), with those for R,s(A) and R4(A) emerging along the way.

Let ({PSHXMtSt—l}?:l,f, gpg) be an n-length strong k-MRS block code with
decoder output Y7 = @g(S™, f(S", X)) and satisfying E [d(X}3,Y5)] < A. The

hypothesis of Lemma 2.2 with C" = Xg, D" = Xg., E" = 5" and F" =Y} is met
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since

Xge —o— 8", Xg —o0— Yg
and by ,

Ps,|xn,5t=1 = Ps,|x 501
Then by Lemma2.2] for t =1,...,n,

I<St71 A X./Vlt) = 07

Xy —o— S —o— X/T\L/\tt’Xg\ta St
and
Xge —o— St X, —o— Y.
The rate R of the code satisfies

nR =log|f| > H(f(S", X3))
> Hips (5", £(5", X3))|5") = H(V5]S")

= H(Y5|S") — H(Y|S", X§)
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= I(X5 A YE[S")

\E

(H(Xst |St= S?—l—lv X:;'_l) - H(XSt ’St7 Sz?—&-l? Xg_17 Yg))
t=1

> Z (H(Xs,|S") — H(Xs,|S", YE)) (2.44)

= I(Xs, AYg]S") (2.45)

t=1
where ([2.44) follows from ([2.42)). Denote E[d(Xp;, Y5:)] by A;.

For the strong k-MRS code above, in ([2.45)) using (2.41)) and (2.43)), we get

I(Xs, AYp|S") > minI(Xg, A Yg|S, S (2.46)

v

min I(Xst /\YBt|St7Ut)a (247)
PULPX pe P81 X pu Ut FY 4152 X 5, Ut
BEld(X ame:YBISA

where the minimum in (2.46) is with respect to Px,,,stv, = Pst—1 Px , P, x iy 5t-1 Py, |5, X5, 501
and E[d(Xp, Yp:)] = Ay, and where U, is a rv taking values in a set of cardinality
|Ai|7t. The existence of the minima in (2.46]) and (2.47) comes from the continuity

of the conditional mutual information terms over compact sets of pmfs.

By the Carathéodory Theorem [35], every point in the convex hull of the set
c— {(]E[d(XB,YB)], [(XsAY5|S)): Xp —o— S, Xg —o— YB} C R

can be represented as a convex combination of at most three points in C. Hence, to
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describe every element in the set

{(E[d(XBta YBt)]v [(Xst A YBt|St> Ut)) : PUtXMtStYBt = PUtPXMtPSt\XMtUtPYBtlstXStUt}7

it suffices to consider a rv U; with support of size three. (For ¢ = 1, this assertion is

straightforward.) Consequently, the right-side of (2.47)) equals R! (A;) (cf. ([2.15)).

Using the convexity of R! (A) in A, we get from (2.45)) that

nR>> RL(A)

t=1
1 n
> nR! (5 > At> (2.48)
t=1

> nR! (D),

ie., R > Rl (A), A > App, thereby completing the converse proof for a strong

E-MRS and Theorem 2.2]

Next, an n-length strong k-IRS code and fixed-set sampler code can be viewed
as restrictions of the strong k-MRS code above. Specifically, the strong k-IRS and
fixed-set sampler respectively entail replacing Ps,|x,,s--1 by Ps,g-1 and Ps, =

1(S; = A). Counterparts of (2.46]) and (2.47)) hold with the mentioned replacements.

For a strong k-IRS, upon replacing Pg, x,,st-1 With Pg,si-1, we observe that the

right-side of ([2.47)), viz.

- » Hlll; I(Xst /\YBtlst,Ut)
Ut =X me " StlUs” Y |St X g, Ut
E[d(X B, YBe)I<A¢
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is now the lower convex envelope of the SRDf for a k-IRS, already convex in distor-

tion, and hence, equals R,(A;) itself. Thus, (2.47)) becomes

[(th /\YBtlst) 2 min I<X5t /\YBt’St)
PXpme P8 Py gyl S: X g,
E[d(X B¢, YBe)<At (249)

= Rl(At)-

Combining (2.45)) and (2.49), we get along the lines of (2.48)) that R > R,(A), A >

Apin, which gives the converse proof for a strong k-IRS and Theorem [2.1]

In a manner analogous to a strong k-IRS, for a fixed-set sampler the convexity
of R4o(A) in A implies that the counterpart of the right-side of (2.47)), with Ps, x v,
replaced by 1(S; = A), simplifies to Ra(A;). As in (2.48), it follows that R >

RA(A), A > Ay 4, which gives the converse for Proposition .

2.5 Discussion

Our current formulation requires that a prespecified subset of DMMS components
be reconstructed from the compressed representations of the output of the sampler.
If the reconstruction procedure were restricted to be a two-step procedure (with
reduced complexity) — wherein the sampled DMMS components are reconstructed
first based on which reconstructions for the unsampled components are formed,
what would be the resulting SRDf? In Corollary 2.1 for the probability of error

distortion measure, such a two-step procedure was seen to be optimal. Which other
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distortion measures allow for the DMMS reconstruction to be performed optimally
in such steps?

In this chapter two particular instances of random samplers with “memory,”
a strong k-IRS and a strong k-MRS were seen to not improve over their memoryless
counterparts in terms of the SRDf. This can be attributed to the fact that the source
under consideration is memoryless, the underlying pmf of the DMMS is known and
at any time instant ¢ > 1, the sampled subset S; is allowed to depend only on a

subset of the output of the sampler from previous time instants (S*~! in the case of

the strong k-IRS and k-MRS). Does a k-RS of the form

PSt\XfVISt_l :PSt|XM(t,1)St_1 tzl,

improve over a k-IRS in terms of the SRDf? Does a k-RS of the form

PSt|X}VlSt71 = PStIXMtXM(t,l)Sf—l, t = 1, o

improve over a k-MRS in terms of the SRDf? These questions can be the first step

towards a better understanding the SRDf for a £-RS with memory.
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Chapter 3

Universal Sampling Rate Distortion:

Finite-Valued Multiple Source

3.1 Synopsis

In this chapter, we consider a DMMS with m components whose joint pmfis known
only to belong to a given finite family of pmfs. A subset of £ components of the
DMMS are sampled (possibly in a randomized manner) at each time instant and
compressed jointly with the objective of reconstructing a prespecified subset of the
m components under a suitable distortion criterion.

In Section [3.2] we describe our model for universality and introduce the no-
tion of a universal sampling rate distortion function (USRDf) to study the tradeoffs
among sampling mechanisms, estimation of underlying pmf, compression rate and
desired level of accuracy in reconstruction. When the underlying pmf of the DMMS
is not known precisely, the sampling mechanism plays the role of: (i) aiding in the
estimating of the underlying pmf and (ii) sampling appropriate components of the

DMMS to enable optimal compression by the encoder. In Section [3.3] considering
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the sampling mechanisms introduced in Chapter [2] we provide single-letter charac-
terizations for the USRDf and show how each sampler enables improvements over
the previous one in both the roles mentioned above. In Section |3.4] we present the
achievability proofs in an increasing complexity of the sampler complexity, with an

emphasis on the Bayesian setting. A unified converse proof is presented thereafter.

3.2 Model

Let © be a finite set (of parameters) and 0 a ©-valued rv with pmf py of assumed
full support. For a finite-valued rv X, (as in Chapter [2)) we consider a DMMS
{Xme}52, consisting of i.i.d. repetitions of the rv X, with pmf known only to the
extent of belonging to a finite family of pmfs P = {Px, 9=, 7 € O} of assumed
full support. As in Chapter [2 Y is a finite reproduction alphabet for X . Two
settings are studied: in a Bayesian formulation, the pmf puy is taken to be known
while in a nonBayesian formulation 6 is an unknown constantin ©. A k-RS, unaware
of the underlying pmf of the DMMS is defined below, along the lines of Definition

21

Definition 3.1 In the Bayesian setting, a k-random sampler (k-RS), 1 < k < m,
collects causally at each t =1,...,n, random samples Xg, from X, where Sy is a
rv with values in Ay with (conditional) pmf PStlxjtv[St—l, Such a k-RS is specified by

a (conditional) pmf Pgn|xn ¢ with the requirement

PS"‘X}\LAG — PS”|X}\‘A — HPSt|X§\,lSt71‘ (31)

t=1
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In the nonBayesian setting, the first equality above is redundant.

The output of a k-RS is (S™, X&) where X% = (Xg,,...,Xs,). We consider
successively restrictive choices of a k-RS in (the right-side of ) (3.1)), namely k-MRS,

k-IRS and k-FS as in (2.2), (2.3) and (2.4)), respectively.

Our objective is to reconstruct a subset of DMMS components with indices
in an arbitrary but fixed recovery set B C M, namely X3, from a compressed
representation of the A-RS output (S™, X%), under a suitable distortion criterion.

For n > 1, an n-length block code with a k-RS for a DMMS { X }72, with
alphabet Xy, and reproduction alphabet Vg is (Pgn| Xn fns ©n), as in Definition ,
with the distinction that now the code is formed without exact knowledge of the
underlying pmf. Note that an encoder that operates by forming first an explicit
estimate of § from (S™, X%) is subsumed by this definition.

Remark: Throughout this chapter we restrict ourselves to an informed decoder. This
assumption is meaningful for a k-IRS and k-MRS. For a k-IRS, it will be shown to

be not needed.

For a given (single-letter) finite-valued distortion measure d : Xp X Vg —
R* U {0}, an n-length block code with k-RS (Psix,,, f,¢s) will be required to

satisfy one of the following distortion criteria (d, A) depending on the setting.
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(i) Bayesian: The expected distortion criterion is

Bi(Xps (57,157 X2))] 2 B[S S0 a(Xn, (ps(57. 505" x2)) )]

=S B[S (X (es(57, £(57, x3) ) Yo =]
TEO t=1
< A.
(3.2)
(ii) NonBayesian: The peak distortion criterion is
max E[d(Xg, os(S™, F(S™, Xg))) = T} <A, (33)

where the “conditional” expectation denotes, in fact, Ep, ., o.,_. = Epyn o Ponixn -
rsTe=r M1o=7T5X Ry

Definition 3.2 A number R > 0 is an achievable universal k-RS coding rate at
distortion level A if for every e > 0 and sufficiently large n, there exist n-length
block codes with k-RS of rate less than R + € and satisfying the distortion criterion
(d, A+¢) in or above; and (R, A) will be termed an achievable universal k-
RS rate distortion pair under the expected or peak distortion criterion. The infimum
of such achievable rates is denoted by R4(A), RI(A) and RL (A) for a k-FS, k-IRS
and k-MRS, respectively. We shall refer to Ra(A), RI(A) as well as RY (A) as the
universal sampling rate distortion function (USRDf), suppressing the dependence

on k.

Remarks: (i) Clearly, the USRDf under (3.2)) will be no larger than that under ({3.3]).
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(i) For |©] = 1, the pmf of the rv Xy is, in effect, known and the distortion criteria
and the setting above reduce to that in Chapter [2|and the USRDf is simply a SRDf.

Hence, here onwards, we take |©] > 1.

3.3 Universal Sampling Rate Distortion function

Throughout this chapter, a salient theme that recurs is this: an encoder without
prior knowledge of # and with access to only k instantaneously sampled components
of the DMMS { Xy }52, can form only a limited estimate of §. The quality of said

estimate improves steadily from k-FS to k-IRS to k-MRS.

3.3.1 Fixed-Set Sampling

Consider first fixed-set sampling with A C M in . An encoder f with access to
X'} cannot distinguish among pmfs in P (indexed by 7) that have the same Px , 9.
Accordingly, let ©1 be a partition of © comprising “ambiguity” atoms, with each
such atom consisting of 7s with identical marginal pmfs Px,j9—r. Indexing the
elements of ©1 by 71, let 6; be a ©;-valued rv with pmf 1y, induced by py. For each
71 € O1, let A(71) be the collection of 7s in the atom of ©; indexed by 7. In the

Bayesian setting, clearly

Px 0,=r1 = Px,jo=7, T E A(m).

In the nonBayesian setting, in order to retain the same notation, we choose Px |9, -,
to be the right-side above.
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Figure 3.1: Ambiguity atoms for k-FS

When the pmf of the DMMS { X }5°, is known, say Px,, — corresponding to

|©] = 1 — we recall from Chapter 2, that the (U)SRDf for fixed A C M is

RA(A) = min I(XaNYB), Apn<A<Anx, (3.4)

Xpm o Xy o Yp
Eld(Xpg,Yp)]<A

with

Apin = E[ min E[d(Xp,y5)|X4]], Amax = min [E[d(Xg,yp)|Xal],

YBEYB YBEYB

which can be interpreted as the (standard) rate distortion function for the DMMS

{X 4:}22, using a modified distortion measure d defined by

d(xa,yp) = Eld(Xp,yp)| Xa = xa].

This fact will serve as a stepping stone to our analysis of USRDf for a k-random

sampler. In the Bayesian setting, we consider a modified distortion measure d.,,,
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T1 € ©4, given by

dr, (x4,y5) = Eld(Xp,yp)|Xa = 4, 61 = 71]; (3.5)

the set of (constrained) pmfs

55(57 7—1) é {PQXMYB : 97XM —0— 917XA —O0— YB; E[d‘l'l(XA’YB)’el - 7—1] S 5}7

(3.6)

and the (minimized) conditional mutual information

PR(0,7) & min [(X4AYpl0 =1) (3.7)

I{g (677-1)

which is akin to (3.4) and will play a basal role. In the nonBayesian setting, the

counterparts of (3.6) and (3.7)) are

’%ZB((S? Tl) = {PXMYB|9:T = PXM|‘9:TPYB\XA,91:T1 : E[d(XBv YB)|9 = T] < 57 T E A(Tl)}

(3.8)

and
P"B(6, )2 min [(X4AYp|0 =7). (3.9)

KZB(é,Tl)

Remarks: (i) The minima in (3.7) and (3.9) exist as those of convex functions over
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convex, compact sets.

(ii) Clearly, the minimum in (3.9)) under pmf-wise constraints can be no smaller
than that in (3.7) under pmf-averaged constraints .

(iii) It is seen in a standard manner that p5(d,71) in and p%5(6, ) in are
convex and continuous in 9.

Our first main result states that the USRDf at distortion level A for fixed-
set sampling in the Bayesian setting is a minmax of quantities in , where the
maximum is over ambiguity atoms 7 in ©1, while the minimum is over distortion
thresholds § = A, 71 € ©; whose mean does not exceed A. On the other hand,
in the nonBayesian setting, the USRDf at distortion level A is a maximum over
ambiguity atoms of quantities in (3.9) with 6 = A, and hence is no smaller than its

Bayesian counterpart.

Theorem 3.1 The Bayesian USRDf for fited A C M s

— : B
Ra(A)=, min = max py(As,7) (3.10)
E[ag,]<A

fO’f’ Arnin S A S Amaxa where

Amin = E[]E[ min d91 (XAayB)wl]} = ]E[ min d91 (XA?Z/BH’
VB VB

YBE YBE

Apax = ]E[ min E[dy, (X4, yB)|€1H.

YBEYB
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The nonBayesian USRDf is

Ra(A) = max pif(A, 7). Awin <A < Ao (3.11)
where
Aun=mex | omin o mex Eld(Xp,Yp)|0 =)
and

Anax = max min max E[d(Xg, 0=l
T1€@X1 YBEYVB TEA(‘I)'i) [ ( B yB)| T]

Remarks: (i) In fact, the minimizing pmf Py, x,0, in Ay is a conditional point-
mass.
(ii) We note that for a given distortion level A, theset {A,, 71 € ©1: > g, (1)A, <

T1€EO1

A} is a convex, compact set in R!€1l. Next, observing that

max p3(Ar,71)

is a convex function of {A,, 7 € O}, the minimum in (3.10) exists as that of a

convex function over a convex, compact set.

(iii) The minimizing {AX, 7, € O;} in (3.10) is characterized by the following

T1)
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special property: for a given A, < A < ALy, for each 7 € ©4, either

PR(A% 1) = max p(AL,7) (3.12)

T =
T1€EO

where the right-side does not depend on 7, or

A7 =E[ min d,, (X4, yp)|01 = 7.

-
! YBEYVB

By a standard argument in convex optimization, if {AY , 7 € ©1} does not satisfy
the property above, then a small perturbation decreases the maximum in ((3.12))

leading to a contradiction.

(iv) The Apin and Ap.x for the Bayesian and the nonBayesian settings can be

different.
Example 3.1 For the probability of error distortion measure
d(zp,yp) = L(xs #y8), B,Yys € X5 = Vs,

the Bayesian USRDf for fized-set sampling with A C B in (3.10) simplifies with

(3.7) becoming

B(A,,, 1) = min I(XANYy0h =1
PA B T = Yl o 1=l (o= A VA=)

(3.13)
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where

ar, (74) = max Px (x40, (Z|xa, 1) (3.14)
TEXB

is the MAP estimate of Xp on the basis of X4 = w4 under pmf Px,,j6,=r, -

The proof of (3.13)), (3.14) is along the lines of that of Corollary under the

pmf Px jo,=n (rather than Px,, as in Corollary , and so is not repeated here.

Furthermore,

Apin =1 — Elag, (Xa)] and Apax=1-— ]E[ max Px g, (:I;B](Ql)]

.Z‘BEXB

The form of the Bayesian USRDf in (3.13)) suggests a simple achievability
scheme comprising two steps. Using a MAP or mazimum likelihood (ML) estimate
71 of 01 on the basis of X'} = 27}, the first step entails a lossy reconstruction of z'y

by its codeword y'y, under pmf Px,j0,—= and for a modified distortion measure

d?l (l’A, yA) = Q7 ('TA)I]-<IA ?é yA)
with a corresponding reduced threshold
Az — (1= Elaz (Xa)l6r = 71]).

This s followed by a second step of reconstructing x'y from the output y'y of the
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previous step as a MAP estimate

n __ n|,n -—~\.
yp = argmax Px,x,0, (V"|Y4, T1);
y"eVp

the corresponding probability of estimation error coincides with the mentioned re-
duction 1 — Elaz (X 4)|01 = 71| in the threshold.

In the nonBayesian setting, the USRDf in (3.11)), (3.9) simplifies with

B .
pa (A1) = . min I(XANYal0y =7), (3.15)
YalXA.01 =1 Y alVa,01=71 =PYpIX pq.0=7
E[L(Xp#YpR)|0=7]<A,  7€A(r1)

for Apin < A < Ay, where

Amin=max . min  max (1- P(Xg =Yzl =7))

T1€EO1 PYB|XAv91:"'1 TEA(T1)
and

A = i 1-P .
s = 2l e, (1= Pl

This leads to the following achievability scheme. With 71 as the ML estimate of

0y formed from X = 'y, first 2y is reconstructed as y’; according to Py,|x, .=
resulting from the minimization in (3.15). This is followed by the reconstruction of
x'y from Y’y by means of the estimate
yp = argmax Py vae, (Y"|y4,71)
yreVR
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under pmf Py,y,9, which, too, is obtained from the minimization in (3.15)).

[ |
l—¢q
1—p, 0 !
G 0
X1 X2
qr
1
br I_QT 1

Figure 3.2: Virtual BSC (g,)

Example 3.2 Let M = {1,2} and X} = Xy, = {0,1}, consider a DMMS with
Px, x,9=+ represented by a virtual binary symmetric channel (BSC) shown in Figure
where p;,q; < 0.5, 7 € O, where © is a given finite set. For A = {1}, B =

{1,2}, and the probability of error distortion measure of Example , the Bayesian

USRDf reduces to

A —q
By(a)= min | max(h(pn) = h(="—") )
E[ag,]<A

for Apin < A < ALy, where

AInin == E[q91]7 AInax = E[p&ﬁ + 4o, — p91%1]§

and ¢, = Px,x,0,(0|1,71), 71 € ©1; and the nonBayesian USRDf is

Ryy(A) = max (h(pﬁ) N Té?\i(?l)hﬁ—_j:))
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with

Amin: T d AmaLx: T r — Prdr).
max ¢, - an max (pr +¢r — prdy)

3.3.2 Independent Random Sampling

Turning to a k-IRS in , the freedom now given to the sampler to rove over all
k-sized subsets in Ay engenders a partition ©y of ©; (and hence a finer partition
of ©) with smaller ambiguity atoms. Let Ay, ..., Aj4,|, where |Ag| = (T:), be any
fixed ordering of A;. Let ©, be a partition of © consisting of ambiguity atoms,

with each atom formed by 7s with identical (ordered) collections of marginal pmfs

<PXAi‘9=Ta i = 17 R |Ak|> :

Figure 3.3: Ambiguity atoms for k-IRS: O is a refinement of O,

Clearly, O is a refinement of ©; (for any A;). Indexing the elements of Oy by

Ty, let 65 be a Oy-valued rv with pmf pp, derived from py. For each 75 in ©,, let

64



A(72) be the collection of 7s in the atom indexed by 75. In analogy with (3.7)) and

(13.9)), we define counterparts in the Bayesian and nonBayesian settings as

PP (6, Ps,m)2 min  I(XgAYp|S, 0y =7); (3.16)
516(67P5772)
pB(6, Ps,m)2  min  [(XgAY3|S, 0, =), (3.17)
5?8(67]3577—2)

where d., is defined as in (3.5)) with 63 = 7, replacing 6; = 7, and

kL (0, Ps, 7o) = { Pox sy = HoPx 0P Prlsxs0s °

Z PS<A)]E[dT2(XAJ YB>|S - A7 92 — TQ} S 6}7
Ac A,

nB A .
K75 (6, Ps, 72) = { Py, svslo=r = Pxpilo=rPsPyysxs,00=r :

> Ps(A)E[A(Xp,YE)|S = A0 =7] <4, 7€ A(m)}.
Ac Ay

Theorem 3.2 The Bayesian USRDf for a k-IRS is

I . B
p— 3 < < .
R, (A) e {AIE;%QQGGQ} Trzneegi Py (Ary, Ps, 7))y Apin <A < Apax, (3.18)
E[Ag,]<A
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where

Apin = min ]E[]E[ min de(XA,yB)wQH and A« = min ]E[ min E[d@Z(XA7yB)’¢92H

A€Ay YyBEYVB AcAy YBEYVB

The nonBayesian USRDf is

RY(A) = min max p"™5(A, Ps, ),  Amin < A < Apax, (3.19)
Ps T19€609
for
Amm—mln max Ps( min max Eld(Xg,Yp)|S=A,0 =1
Ps 19€02 ;k S PYB‘SX5102:"'2:PYB‘SXM*G:T TEA(TQ) [ ( B B)| ]
and

Apax = max min max E[d(Xg, 0=l
T2€O2 ypEYR TEA(T2) [ ( B yB)| ]

Remarks: (i) In Bayesian and nonBayesian settings, the USRDf remains unchanged
upon restricting the decoder to be uninformed (as in Definition 2.3), i.e., RV(A) =
RI(A). This is shown by means of the achievability proof of the theorem above in
Section Hence, hereafter the USRDf for a k-IRS is denoted simply by R,(A).
(ii) For a k-IRS we restrict ourselves to the interesting case of k < |B|, for otherwise
it would suffice to choose S, = B, t=1,...,n

(iii) Akin to a k-FS, the optimizing Pg, {AX, 7 € O} in (3.18)) has the following

T2
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special property: for a given A, < A < Ay, for each m € O, either

pP(AZ ) Ps, 1) = max pP(AL, Ps, %)
T2 €

T2) 27
2 o, 2

or

A =" Po(A)E[ min doy(Xa, y5)|0 = 7).
2= X PAELmig i (X )l =

(iv) In general, a k-IRS will outperform a k-FS in two ways. First, the former
enables a better approximation of 8 in the form of , whereas the latter estimates
0, = 6,(02). Second, random sampling enables a “time-sharing” over various fixed-
set samplers, that can outperform strictly the best fixed-set choice. Both these

advantages of a k-IRS over fixed-set sampling are illustrated in Examples and

B4

Example 3.3 This example illustrates that a k-IRS can perform strictly better than
the best k-FS. For M = B = {1,2}, and X; = Y; = {0,1}, ¢ = 1,2, consider a

DMMS with Px, x,jo=r = Px,j0=r Px,o=r where
PX1‘9(0|T) =1 — D, PX2|9(0|7—) =1- qr, T € @7

and 0 < pr, ¢ < 0.5. Under the distortion measure d(xp,yg) = L(x1 # y1)+1(xe #
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y2), for a k-FS with k = 1, the Bayesian USRDf for sampling set A = {1} is

Rpy(A)= , min  max (h<p‘r1)_h(A‘r1 —qn)>, Elg] < A < Elpy + o]
E[Ag,]<A

where q., = E[qg|01 = 11|, and the nonBayesian USRDf is

Rg13(A) = max (h(pﬁ) — min h(A - q7)> , max ¢, <A< max (pr + 7).
TE

T1€O1 TEA(T1) TEO

Turning to a k-IRS with k = 1, clearly, ©3 = ©. For a k-IRS the Bayesian

USRDf is
= i i 1 < <
R@)=, min  mg  min 1 min{Bp] Elgl} < A < Elpe + ]
E[Ag]<A Ps({1)A1,+P5({2}) A0, <A,

and the nonBayesian USRDf is

R,(A) = min max min I
PS TEO Arr, Aop
Pg({1H)A17+Pg({2h) A2, <A

, (3.20)

i 1-— <AL 1
for Jin max (ap; + (1 —a)g;) <A< max (pr + q-), and where I equals

Ps({1}) (h(p-) — h(A1r — ¢5)) + Ps({2}) (h(gr) — h(Dor — 7).

An analytical comparison of the USRDfs shows the strict superiority of the k-IRS

over the k-FS, as seen — for instance — by the lower values of A for the former.
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Example 3.4 In Example assume that
pr>¢- TEBO.

For a k-FS with k = 1, the nonBayesian USRDf is

Ry (A) = max (h(pn) — min h(A - qf)) :

T1EOL TEA(T1)

(3.21)

T1€01 TEA(T1)

Rexy(A) = max (h(qﬁ) ~ min h(A— pf)) |

Now, observe that for each T € ©
h(pT) - h<5 - QT) S h(QT) - h(5 - p'r)

holds for p; <0 < p,; + q,. Thus, for a k-IRS with k = 1, the nonBayesian USRDf

in (3.20) simplifies to

R,(A) = max h(p;) — h(A — g;)

TEO

which is strictly smaller than the USRDf for the better k-FS in (3.21)). The superior
performance of the k-IRS is enabled by its ability to estimate simultaneously both
Px 19 and Px,g (and thereby PXle\G); a k-FS can estimate only one of Px, ¢ or

Pxaio- u
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3.3.3 Memoryless Random Sampling

Lastly, for a k.-MRS in , the ability of the sampler to depend instantaneously on
the current realization of the DMMS enables an encoder with access to the sampler
output to distinguish among all the pmfs in P. Accordingly, for a k-MRS, © itself
serves as the counterpart of the partitions ©; (for a k-FS) and O, for a k-IRS. For

arv U with fixed pmf Py on some finite set U/, and for fixed Pg|x,,7, we define the

counterparts of (3.16]) and (3.17) as

P2 (8, Pr, Psjx,\u,T) = min I(XsAYp|S, U0 =71), (3.22)

x5, (8,Py,Ps|x \ ,usT)

and

P (8, Py, PsjxusT) 2 min I(XsAY|S,U 0 =1), (3.23)

w8 (8, Py, Ps|x  uT)

where the minimization in (3.22) and (3.23), in effect, is with respect to Py, sx4u0

and the sets of (constrained) pmfs are

K5 (8,Pur, Py x \rT) 2 { Povx aisvs = 1o PuPx w10 Ps x Py s xsve - Eld(X 5, Y5)|0 = 7] < 4},

and

B A .
ki (0, Py Py x s T) = {Pux usyglo=r = PuPx jo=rPs)x v Pys|sxsv,0=r :

E[d(Xp, Y5)|0 = 7] < 3},
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Here, U plays the role of a “time-sharing” rv, as will be seen below.

Theorem 3.3 For a k-MRS, the Bayesian USRDf is

I : B
RI (A) = m m A P, P <A <A
m( ) PU’PS\XMUl,I{lAm ) Teae))( ’Om( ™2 S|XMU’T)’ Amin < A < Apax
E[Ag]<A
(3.24)
where

B = guin B| min E[d(Xs,y5)|S. Xs.6] | and

(3.25)
Apax = min ]E[ min ]E[d(XB,yB)‘S, 9]]

Psix,, LlyB€lVB

The nonBayesian USRDf is

RL(A)= min max p"(A, Py, Psixuvs )y Amin <A < Apay, (3.26)

Py,Ps|x u T€EO

where

Apin = min max E[ min E[d(Xp,yp)|S, Xs,0 = 7]|0 = 7] (3.27)

Pgix,, 7€0© yBEYB

and

Amax = min max Z Ps|9(AZ|T) Il’ll;’]l ]E[d(XB,yB)‘S = A“e = T]. (328)
YBEYVB

P TEO
SIXm A €A

It suffices to take |U| < 2|©| + 1.

71



In (3.25), and (3.28), it is readily seen that conditionally deterministic
samplers attain the minima in A,;, and A.x. In Chapter [2) among the class
of memoryless random samplers, deterministic samplers were seen to be optimal
for every feasible distortion level. In the universal setting, too, such deterministic

samplers are seen to be optimal for every A in < A < Ak

Theorem [3.3] is equivalent to

Proposition 3.1 For a k-MRS, the Bayesian USRDf is

I _ : B )
Rm(A) - o, 6w,H}lAr}-, rco) I7I—1€a®x pm<A‘ra PU) 5un7—)7 Amm < A < Amax (329)
E[Ag]<A

with Apin and Apax as in (3.25), and the nonBayesian USRDf is

Rin(A) = min max pZB(Aa PU) 5w77—)a Amin S A S Amax (330)

Py, 6w TEO

with Apin and Apax as in (3.27) and (3.28)), respectively. It suffices if [U| < 2|©]+1.

Remark: The proposition above and Theorem [2.3]involve a similar set of techniques.

In Appendix [A] we provide a unified proof for the theorem above and Theorem [2.3]

The achievability proof of Theorem by dint of Proposition [3.1], will use a deter-

ministic sampler based on the minimizing w from (3.29) or (3.30)).

Example 3.5 This example compares the USRDfs for a k-MRS and a k-IRS and is
an adaptation of Fxample above (and also of Example . Consider Example
with ¢, = 0.5 for every T € ©, whereby Px, x,j0=r = Px,j9=rPx,j9=r. Clearly,
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Oy = O. For a k-IRS, the Bayesian USRDf is

A —

R,(A) = min max (h(0.5) — h(T—pT>>
{Ar,7€0} TEO ]. — Pr
E[Ag]<A

— 1(0.5) — h(%)

for 0 < A <p, where p = E[py|, and the nonBayesian USRDf is

. A — Pr
= — < <
R,(A) = h(0.5) min h( — ), 0<AL max pr.

For a k-MRS, in pB (8, Py, Psix,u,7) as well as pi5(8, Py, Psx v, 7), Pv = a

point-mass and

, s=1,zp =00 orll

Psixpu(slom, ) = Poxy(sloam) = 91, s =2 20 = 01 or 10

0, otherwise

are uniformly optimal for all 0 < 0 < p, and for all T € ©. Then, the Bayesian

USRDFf is

R (A) = {Amige}maé( (h(ps) = h(A;)), 0<A<p
E[Z\.g]ga 7€

and the nonBayesian USRDf is

R (A) = max h(p,) — h(A), 0< AL max pr.
TE

TEO
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Clearly, in both the Bayesian and nonBayesian settings RL (A) < R,(A).

In closing this section, standard properties of the USRDf for the fixed-set sam-
pler, k-IRS and k-MRS in the Bayesian and nonBayesian settings are summarized

below, with the proof provided in Appendix [D.1]

Lemma 3.1 The right-sides of (3.10)), (3.11), (3.18), (3.19)), (3.24) and (3.26]) are

finite-valued, decreasing, convex, continuous functions of Apin < A < Apax-

3.4 Proofs of Main Results

3.4.1 Achievability Proofs

Our achievability proofs emphasize the Bayesian setting. Counterpart proofs in the
nonBayesian setting use similar sets of ideas, and so we limit ourselves to pointing
out only the distinctions between these and their Bayesian brethren. In the Bayesian
setting, the achievability proofs successively build upon each other according to

increasing complexity of the sampler, and are presented in the order: fixed-set
sampler, k-IRS and k-MRS.

A common theme in the achievability proofs for a k-FS, a k-IRS and a k-MRS
involves forming estimates 7; of the underlying 7 in ©¢, 7 of 75 in ©5 and T of
7 in O, respectively. The assumed finiteness of © enables 7, or 7» to be conveyed
rate-free to the decoder. Codes for achieving USRDf at a prescribed distortion level

A are chosen from among fixed-set sampling rate distortion codes for 7s in ©;
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or from among IRS codes for 738 in ©5 or from among MRS codes for 7s in ©.
Such codes, in the Bayesian setting, correspond to appropriate distortion thresholds
that, in effect, average to yield a distortion level A; in the nonBayesian setting, a
suitable “worst-case” distortion must not exceed A. A chosen code corresponds to

an estimate 7y, T or 7.

A mainstay of our achievability proofs is the existence of sampling rate distor-

tion codes with fixed-set sampling for a DMMS with known pmf, as in Proposition

21

Theorem Considering first the Bayesian setting, observe that

Apin = min E[d(Xp,Ys)]
0,Xpm - 01,X4 - YpB
=y, o in - EEd(Xp,Y5)| X4, 01]]
— min E[dg,(Xa,Y5)] by (3.5)

0,Xpm - 01,X4 - YR

= E[E[ min dy, (X4, y5)|01]]

YBEYEB

and

Amax = min ]E[d(XB, YB)}

0,Xp o 01,Xy4 o Yp
Px pvpl01=71 =X 4101=71 Pyp |61 =r1 71601

= ]E[ min El[dg, (X4, YB)WIH

Px yvglo,=Px 410, Prglo;

= ]E[ min ]E[d91 (XAyyB)wl”'

YBEYB
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Now, consider a partition ©; of © as in Section . Based on the sampler

output X%, the encoder forms an ML estimate of 6, as

Tin =T n(XA) £ arg max PXn|91(XA\7'1)
T1€O1

For each 71 in Oy, observe that {X 4}, is a DMMS with pmf P, £ Px,jg,—n-
The sequence of ML estimates {7y, }, converges in P, -probability to 7, so that for

every € > 0 and 71 in Oy, there exists an Ny (e, 71) such that

Pn(?l,n#7—1> :PTl(?l,n(XZ) 7£7_1) S 2d ) n > Nl(eaTl)a

where dy.x = max d(xp,yp). By the finiteness of ©, there exists an N (e)

TBE€EXB, YpEYEB
such that simultaneously for all 7 € O1,

P (Fin#m) < ——, n>N(e)
’ 2dmax
and consequently
€
Tln 7é 91 Z Mﬁl Tl T1 7—ln 7A Tl) < 2dmax7 n > N(E) (331>

T1€0O1

For a fixed Apin < A < Apax, let {A,, 71 € ©1} yield the minimum in (3.10)).
For each 7y in ©y, for the DMMS {X}2, with pmf Py, j9,—-, and distortion

measure d,,, there exists as in the Proof of Proposition —with Px,, = Px,6=n
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and da = d, — a fixed-set sampling rate distortion code (f.,¢-), fr @ Xi —

{1,...,J} and ¢, : {1,...,J} — V3 of rate ZlogJ < max p5(A,,7) +

T1EOL

£
2

RA(A) + § and with expected distortion

€
Eldr, (X4, on (fn (XD)0r = 1] < Ar + 5

for all n > Ny(e, 7).

A code (f, ), with f taking values in J = {1,...,]|0:|} x {1,...,J} is con-
structed as follows. Order (in any manner) the elements of ©;. The encoder f,

dictated by the estimate 7 ,,, is
f@h) 2 (Fa(@h), fr,(2h), o€ XY
The decoder is
P(Tind) £ 0n, (), (Tind) €T
The rate of the code is

1 1 1
Elog|j| = 510g|@1|+ﬁlogJ§RA(A)+e, (3.32)
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for all n large enough, by the finiteness of ©;.

The code (f, ) is seen to satisfy

Eld(Xg, o(f(XD)] < E[L(T1n = 61)d(XE, 2, (2, (XD)] + P(Tin # 01)dmax
= E[L(71,n = 01)d(XE, @, (fo, (X)) + P(T1n # 01)dimax

< E[d(XE, o, (fo,(X1)))] + P(Frn # 01)dumax. (3-33)

The first term on the right-side of (3.33)) is

n

B[ 3" d(Xn (g0, o, (X))

t=1

- B[ Bl (oo (XN

=B % tZ:: E[d(Xpe. (9o, (for (X2)))e) [ Xar, GH ) since Pxy, 1o = tljlpxwe
= B[ 3 B0 (oo U (XX 0], since o= o= X
= B[, (X (o U (K30 by

= Eldo, (X7, @0, (fo. (X)) (3.34)

Combining (3.33) and (3.34)),

E[d(ng ‘P(f(XZ)))] S E[del (X;XL? Yo, (f01 (XZ)))] + P(?l,n 7é Ql)dmax

<E[Ag]+e<A+e, (3.35)
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by (3.31)) for all n large enough. Finally, we note that (3.32)) and (3.35)) hold simul-

taneously for all n large enough.

In the nonBayesian setting, the achievability proof follows by adapting the
steps above with the following differences. For each 71 in ©4, a fixed-set sampling
rate distortion code (f,,¢r ) is chosen now with expected distortion
E[d(Xp, ¢r (fr(XD))|0 = 7] < A+ £ for every 7 in A(71) and of rate Llog|fr| <
Ra(A) + 5, where R4(A) is the nonBayesian USRDf for a fixed-set sampler.

Theorem In the Bayesian setting, for a given Ay, < A < Ay, consider the

Ps, {A,,, ™ € Oy} that attain the (outer) minimum in (3.18)). For the correspond-

ing minimizing Py sxg0, in (3:18) (by way of (3.16))

max pP(A,,, Ps,72) = max Y Ps(A)I(Xa, AYp|S = A; 02 =7) (3.36)

T2o€O9 ToEOo AcA
i k

and let

Apm £ Eld(Xp,Yp)|S = A0 =1, A, € Ay, 7 € Oa.

The second expression in ([3.36)) suggests an achievability scheme using an IRS code
(as in the proof of Theorem governed by #,. Our achievability proof comprises
two phases. In the first phase, an estimate 7, of 6, is formed based on the output
of a k-IRS that chooses each A; in Ay repeatedly for N time instants. The second

phase, of length n, entails choosing each S; = A; repeatedly for ~ nPs(A;) time
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instants and an IRS code governed by 7 of expected distortion

> Py(A)Aa, s,

is applied to the output of the sampler. This predetermined selection of sampling

sets obviates the need for the decoder to be additionally informed.

Denote |Ay| by My = (7). Fix € > 0 and 0 < € < e. In the first phase, a
k-IRS is chosen to sample each A; € A, over disjoint time-sets y; of length N. The
union of the time-sets ji;, i € My, = {1,..., My} is denoted by u = {1,..., MyN}.
Based on the sampler output, an ML estimate 75 y = 7o n (S, X%) of 0, is formed

with

(TQN 7’é 92)

3.37
- Qdmax ( )

for N > N, say.

In the second phase, we denote the next set of n time instants, i.e., {M;N +
1,...,MyN + n} simply by v = {1,...,n}. Further, for each i in M, define the

time-sets v4, C v, made up of consecutive time instants, as

VA, _{ ZPS +1<t<[nZPS }

7=1
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and note that the union of vy4;s is v, and

M — PS<Ai>

n

<

S|

, 1€ My.

In this phase, the k-IRS is now chosen (deterministically) as follows:

St:St:Ai, tEl/Ai, ZeMk

For each DMMS {Xuq}2, with pmf Py jg,=r, T2 € O, and for each A;
in A and its corresponding distortion measure d,, there exists as in the proof of
Proposition — with Px,, = Px,6,=r, and d4 = d,, — a fixed-set sampling rate
distortion code (f3,¢%), fi : XZ‘" —=A{L,...,J 2 and o7 :{1,...,J2} — Vit

of rate ﬁ log J? < I(Xa, ANYB|S = Aj, 00 = 12) + < (cf. (3:36)) and with

6/

B [dn (X1, R (RGN0 = 7] < B + 5,

for all |va,| > Na,(€¢/,72). Note that

My,
Z oy (7_2) Z PS<AZ')AA¢,T2 <A
ToEO2 i=1

and

My,
ZPS(A’L)](XAZ A\ YB|S = Ai,92 = 7'2) S Rl(A)
i=1
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for every 7, in O,.

Consider a (composite) code (f,ps) as follows. Denote n’ £ |u| + |v| =

My N +n, and the encoder f consisting of a concatenation of encoders is defined by
/ / A —~ VA AM
J(s7 ) 2 (R, SR @, f @),

The decoder ¢g, which is aware of the predetermined sequence of sampling sets, is

defined by
@S(Sn 77/:2,N7j17 cee 7]Mk) = S05'<?2,N7j17 cee 7.7Mk) é (yla s 7y17307§£N(j1)7 LR 9022]72; (]MkZ)a
first phase seconarphase
for each encoder output (72 v, J1,-- -, jum, ), Where y; € Vuq is an arbitrary symbol.
M,
Clearly, |©| x max H J indices would suffice to describe all possible encoder
T2€02 ;1
outputs.
The rate of the code is
My,
—10g |© |+maX —Zlog Jp < max ’yiilog,] log|® |
2 T2€O2 i1 n ‘I/Ai A 2
M 1 €
< max (PS(AZ-)JF—)(I(XAZ. AY|S = Ay 0, = 72)+—>
2602 “— n 4
1
+ " log |©;|
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< max Z Ps(A)) (X4, NYB|S = A0y =) + ¢

< R(A) +e (3.38)

where the previous inequality holds for all n large enough. Denoting the output of

the decoder by Ygl = QDS(f(Sn/a Xg/))

E[d(X5, Y5 )] [Zd Xpt, Yai) + Z (Ta.n # 02)d(Xpt, Y1)

tep tev

1R = 0)d(Xp Vi) | (3.39)
The first two terms on the right-side of (3.39) are

1 L(Fon # 02) MNdywe €
E[ﬁ Zd(XBt, Vi) + —20 T2 Zd(XBta YBt)] <S—0 t3 (3.40)

n n'
tep tev

by (3.37)) for N large enough, and the last term on the right-side of (3.39)) is

(Ps(a) + %)E[Am + %/]

IN

Wy =20
E[%Zd(x&jy&)}

tev

<§E’”Ai IE[IL(A = 0,)d (X, 2N (FN (XA

< 2 Ton = 02) ( B %P4, (Ai ( A; )))]
My,

<> Ml )
=1
My,

=3 Pl (e o ()]
=1
My,

s
I
_
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<A+€/+1§E[A ]+M'“6, (3.41)
ST T T AR T Ty '

From (13.39)-(3.41)), we have
E[d(XE, Y] < A +e, (3.42)

for n and N large enough. Finally, we note that (3.38) and (3.42) hold simulta-
neously for all n and N large enough. Remark (i) following Theorem is now

immediate by the choice of codes with “uninformed” decoder in the proof above.

For the nonBayesian setting, achievability follows by adapting the proof above
in a manner similar to that for a k-FS in Theorem [3.1]

Theorem [3.3} The achievability proof relies on the deterministic sampler justified
by Proposition 3.1 In the Bayesian setting, for a given Api, < A < Ay, let

Py, Psixyu = 0w, {A-, 7 € O} attain the minimum in (3.29)). For the correspond-
ing minimizing Py, sxsve in (3.22)), the right-side of (3.29) is
B _ _ _
max P (A Py 6y, 7) = @eaé(;PU(u)I(XS ANYp|S,U=u,0=1) (3.43)

and we set

AAi,u,T éE[d(XB,YBNS:Ai,U:u,Q:T], Az GAk, T E @, uelu.
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Our achievability proof uses a k-MRS in two distinct modes. First, a deterministic
k-MRS is chosen so as to form an estimate 7 of 6 from the sampler output. Next, for
each U = u, a suitable deterministic k~-MRS is chosen in accordance with w(xaq, u),

and an MRS code (as in the proof of Theorem governed by T of expected

distortion
< Z Pso(Ailu, T) A uz
A;

is applied to the sampler output. Concatenation of such codes corresponding to
various u € U yields, in effect, time-sharing that serves to achieve (3.43)). To simplify

the notation, the conditioning on U = u will be suppressed except when needed.

Fixe>0and 0 < ¢ <e.
(i) We devise a deterministic A-MRS on a time-set u, based on whose output

an estimate Ty = Ty (S*, X&) = 7a(S*) of 0 is formed with

€/

T <
P(TN#H) ~ 4dmax7

(3.44)

for N > Ng. The estimate Ty is formed from only the sampling sequence S* and
thus is available to the encoder as well as the decoder. The k-MRS is chosen on the
time-set u, to signal the occurrences of each xr € Xy to the encoder and decoder
through S* above; for each x € X\, a distinct A € Ay, is chosen. If |Ag| > | X,
a trivial one-to-one mapping from X to Ay enables S* to determine X%, where

S* is of length N, say. Then Ty is taken to be the ML estimate of § based on X,
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which satisfies (3.44)).

When |Ag| < |Xum], a k-MRS is chosen attuned variously to disjoint subsets

of X, of size |Ax| — 1, on corresponding disjoint time-sets p; of length N, | =

1,..., Lfkﬂliﬂ, as follows. In each yy, the k-MRS signals the occurrence (or not) of

lth

Xame = x in the ["*-subset of Xy, in a (deterministic) manner by choosing |Ag| — 1

[th-subset of

distinct sampling sets in Ay; the nonoccurrence of symbols from this
X\ is indicated by the remaining (dummy) sampling set in A;. We denote | J 14 by
1

w. Finally, Ty is taken as the ML estimate of § based on the sampling sequence S*

of length (szl"iﬂ N = N’, say.

(ii) Next, for each U = u, a k-MRS is chosen according to Pg|x ,,.v=u = uw(-u)
for n time instants. Then, for a DMMS {X v }2, with pmf Px,,j9—z, an MRS code
comprising a concatenation of fixed-set sampling rate distortion codes corresponding

to the A;s in Ay is applied to the sampler output.

Denote the set of n time instants { N’4-1,..., N'+n} simply by v = {1,...,n}.
Define time-sets ygn (A;) = {t : 1 <t <n, S, = A;}, i € My, and note that ygn(A;)s

cover v, i.e.,

Y= U Vs (As).

A €A

Denote the set of the first max{[(nPs(A;|Tn))—¢€'],0} time instants in each ygn (A;)

by v4, (suppressing the dependence on Ty). Defining the (typical) set for each 7 in
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we have that

P(S™ ¢ TW(¢, 7)) = P(S" ¢ T"( ), Tx = 0) + P(S" ¢ T"(¢,7n), T # 0)

E/

2dmax

< (3.45)

for all n large enough.

As in the Proof of Proposition [2.1) for each DMMS {X g }i2, with pmf

Px,|5=Ai0=7, © € Mg, T € O, there exists a code (f7.,¢7%.), fi, : XZ{” —

1

{1,....J3and ¢, : {1,...,J5.} — V5" of rate

1 /
R I(XAi/\YB\S:Ai,H:T)—i—% (3.46)
VA, ‘

and with

/

B (X0 o (f1 (X7)))|§74 = A% 9= 7] < A, + fz (3.47)

for all |va,| > Na, (€, 7). Such codes are considered for each U = u.

Consider a (composite) code (f,ps) as follows. Denoting N’ + n by n’, an
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encoder f consisting of a concatenation of encoders is defined as

NV 7 VA n ~
Fo ) 2 (FY @) SR, (4, )), 87 € T Ty)
sTalt) =
(1,...,1), sT ¢ TW(e, Ty).
For t =1,...,n/, and each encoder output (ji, ..., ), the decoder g, which can

recover the estimate Ty from its knowledge of the sampling sequence S* = 5", is

given by

(@Z”,(jﬂ) €T, Ty) and t € vy, i € My
n' . . A *
(SOS(S 7]17"'7]Mk)>t: t

Y1, otherwise,

where y; is a fixed but arbitrary symbol in Y.

Finally, for N and n large enough, the codes (f,¢gs) corresponding to each
U = u are concatenated so as to effect the time-sharing prescribed by Py, in a

standard manner. We claim that the rate of the resulting code is

< maXZPU(u) Z Psjug(Ai|u, 7)I(Xa, ANYp|S =AU =u,0 =7) +¢€
€0 ueU A; €A
< RL(A) +¢,

using ((3.46)) and the expected distortion is

g E[AS,U,G] + €
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SA+e

from (3.44), (3.45)), (3.47) and the definition of A 4, ,, ;. The proof of the claim above

is in Appendix [C.1] [ |

3.4.2 Unified Converse Proof

In contrast with the achievability proofs, we present a unified converse proof for
Theorems [3.3] and according to successive weakening of the sampler, viz.
k-MRS, k-IRS and fixed-set sampler. We begin with the technical Lemma [3.2] that

is used subsequently in the converse proof.

Lemma 3.2 Let finite-valued rvs C, D™, E™ F", be such that (Dy, Ey), t =1,... n,

are conditionally mutually independent given C, i.e.,

Pprpnic = ﬁPDtEtC (3.48)
and satisfy
C,D" —o— E" —o— F™ (3.49)
For any function g(C) of C, such that

E" —o— g(C) —o— C  and  Pgnigc) = HPE't|g(C)> (3.50)
t=1
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it holds that

C,D;, —o— g(C),E, —o— F;, t=1,...,n. (3.51)

Proof: First, from (3.49), we have

=I(C,D" ANF"|E") =I(C AF"|E") +I(D" A F"|E",C)
=1(C,g(C)NF"E") +1(D" A F"|E",C)

[(C' A F?|E", g(C)) + I(D" A F"|E",C).  (3.52)

Now, the second term on the right-side of (3.52)) is

0=I(D"AF"|E",C)= H(D"|E",C) — H(D"|E", F",C)
— Z (Dy|Ey,C) — H(D,|D""' E", F",C)) , by (3.48)

>Z (Di|Er, C) = H(D| By, F, C))

n

=Y " I(D AF|E,,C). (3.53)

t=1

Next, the first part of (3.50) along with (3.52)) implies that

— I(C A E"[g(C)) + I(C A F™|E™, g(C))

=I(CAE", F"|g(C)),
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and hence
I(CNE,Flg(C)) =0, t=1,...,n. (3.54)

Now, by and (3.54), for t =1,...,n,
I(C,Dy AN Fy|E, g(C)) = I(C AF|E;, g(C)) + I(Dy A F|E;, C) =0,

which is the claim (3.51]).

Converse: In the Bayesian setting, we provide first a converse proof for Theorem

[3.3] which is then refashioned to give converse proofs for Theorems [3.2] and

Let ({Ps,|x 0 = Psyx 00 i21: [, ps) be an n-length k-MRS block code of rate
R and with decoder output Y} = pg(S™, f(S™, X&)) satisfying E[d(X},Y})] < A.
The hypothesis of Lemmais met with C' =6, D" = X}, E" = (5", X%), F" =

Y} and ¢(f) = 0, since
Pxn snip = Pxp joPsnixy, = H Px vuloPsy X e = H Px 5010, (3.55)
t=1 =1

while

0, Xy —o— S", Xg —o— Yy
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holds by code construction. Also, (3.55)) implies, upon summing over all realizations

of X3g., that

Pnxzo = [ [ Psixs,o- (3.56)

t=1

Then the claim of the lemma implies that

Q;XMt —0— 0’ StaXSt —O0— YBt7 t = 1, o, n. (357)

Let A, denote E[d(X3,Y5)|0 = 7] = 2 3" E[d(Xp:, Ye)|0 = 7] for each 7 in © and

t=1

note that E[Ay] < A. For every 7 in O, the following holds:

1 1 1
R = —log|f| = —H(f(S", X3)|9 =) = ~ H(f(5", X)|S",6 = 7)

1 1
> EH(goS(S”, f(S™, X5))|S™, 0 =r1)= EH(Y§|S",9 =7)

1
= ~I(X§AYE|S"6=1)

1 n
= Z (H(X5t|sn7Xg_179 = T) - H(XSt|Sn7Xg_17Y£7 = 7—))
t=1

n

v

1 n
- > (H(Xg|S". X500 =1) — H(Xs,|S,, Yi,0 = 7))
t=1
1 n
=~ (H(Xs]8,0=7) = H(X5|8. V5.0 = 7)), by B36)
t=1

1 n
== D I(Xs, A Y] Si, 0 = 7). (3.58)

t=1
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n

<(% > Eld(Xpi, Yii)l6 = 7], % > I(Xs, AYilS,.0 = 7)).7 € ©)

t=1 t=1

lies in the convex hull of

C £{((Eld(Xp,Yp)|0 =7],I(Xs A Y|S0 =7)),7 € O) :

o
Pox sy = HoPx 0 Ps1x 0 Priisxse ) € R

By the Carathéodory Theorem [35], every point in the convex hull of C can be repre-
sented as a convex combination of at most 2|0|+1 elements in C. The corresponding

pmfs are indexed by the values of a rv U with

Pyox,svs = PopoPx,0Ps)x v Pys|sxs6Us (3.59)

where the pmf of U has support of size < 2|0| + 1. Then, in a standard manner,

(3.58)) leads to

R> min I(Xs ANYp|S,U,0 =1) (3.60)
PyplsxgqU,6=7
Eld(Xp,Yp)|0=T]<Ar

= P (Ar, Py, Pojx 0, 7)- (3.61)
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Now, (3.61)) holds for every 7 € O, and hence

RZH]&@X pfq(AnPprﬂXMU;T) (362)
TE

> min max pZ (A, Py, Psx T
T PuPsix v iAr, TEO} T€O pm(Br Pu, SIXmU» )
E[Ap]<A

= R, (4)

for A Z Amin~

Turning next to Theorems [3.2] and B.1] an n-length A-IRS code or a fixed-
set sampling block code can be viewed as restrictions of a k-MRS code. Specif-
ically, in Theorem [3.2] for a k-IRS code of rate R with Ps,, g(f) = 6, instead
of Ps,ix,., 9(0) = 6 (for a k-MRS), the hypothesis of Lemma holds. Denote

E[d(XE,Y5)|02 = 7] by A,,, 7o € O9. Then, the pmfs in (3.59) satisfy
Puox,usys = PupePx o6 Psiv Pyysxsou- (3.63)

The counterpart of (3.60)) is

R> min I(Xs ANYB|S,U,0; = 12)
PYB‘SXsUﬂQ:TQ
E[d(Xg,YR)|02="2]<Am,

= min ZPS(A)PU|S(U|A)](XA/\YB|S:A’U:U/702:7_2)7
PYB|SXSU,92:7'2
BlA(X 5, Yp)[02=72]<Ary AU
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noting from (3.63) that Pyjse, = Pyjs. Using the convexity of the mutual informa-

tion terms above with respect to Py, sxgve,, we get

R > min > Ps(A)I(X4AYp|S = A by =)
A

PyplsxqU,69="9
Bld(Xpg,YR)|02="2]<Ar

= pP(A,,, Ps, 7). (3.64)

Since ([3.64]) holds for every m, € Oy

R > max sz(Am,PS,Tg)

T2€O2
. B
> min max A, ., Ps, T
T Pg{Ary, T2€02} T2€O, pl( T2 55 )
E[Ag,]<A
= R,(A),

ie, R> R,(A), A > Apnn, completing the converse proof of Theorem .

In a manner analogous to a k-IRS, in Theorem for a fixed-set sampler
the hypothesis of Lemma holds with Ps, = 1(S; = A), g(0) = 6;. Defining
A, 2 E[d(XE,YE)0, = 7], 1 € Oy, the counterpart of the right-side of (3.62)

reduces to max P5(A,,, 7). It then follows that
T1€0;

R > min max p5 (A, , 7 A > A
- {A7;, 11€01} T1€01 pA( f )’ - i
EjAg, <A

providing the converse proof for Theorem [3.1]

In the nonBayesian setting, the analog of Lemma [3.2] is obtained similarly

with C' = ¢, ¢g(C) = g(c), and (3.48)—(3.51) expressed in terms of appropriate
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conditional pmfs. The converse proofs for a k-MRS, k-IRS and k-FS are obtained
as above but by excluding the outer minimizations over {A,, 7 € O}, {A,,, 72 € O3}

and {A,, 7 € O1}, respectively.

3.5 Discussion

Our formulation of universality requires optimum sampling rate distortion perfor-
mance when the “true” underlying pmf of the DMMS belongs to a finite family
P = {Px,jo=r» T € ©}. The assumed finiteness of © affords two benefits in ad-
dition to mathematical ease: (i) simple proofs of estimator consistency uniformly
over ©1, O, or O; and (ii) rate-free conveyance of corresponding estimates 7y, 75
or 7 to the decoder. While general extensions to the case when © is an infinite
set (countable or uncountable) remain open, in Chapter [4| an extension to the case
where O is uncountable is studied for a Gaussian memoryless multiple source.
Unlike for a k-IRS, the assumption in a k-MRS that the decoder is informed
of the sampling sequence S™ plays an important role. Specifically, embedded infor-
mation regarding X7, is conveyed implicitly to the decoder through S™. Also, as
a side-benefit, the decoder can replicate the estimate of 6 formed by the encoder
based on S™ alone, obviating the need for explicitly transmitting it. However, if the
decoder were denied a knowledge of S™, what is the USRDf? This question, too,

remains unanswered.

Underlying our achievability proofs of Theorems and for a k-IRS and
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k-MRS, are schemes for distribution-estimation based on (S™, X¢g). A distinguishing
feature from classical estimation settings is the additional degree of (spatial) freedom
in the choice of the sampling sequence S™. This motivates questions of the following
genre: How should S™, consisting of (possibly different) k-sized subsets, be chosen
to form “best” estimates of the underlying joint pmf? How does the degree of the
allowed dependence of S™ on X}, affect estimator performance? For instance, our
choice of sampling sequence and estimation procedure in the achievability proof of
Theorem is a simple starting point. How must we devise efficient sampling
mechanisms to exploit an implicit embedding of DMMS realization in the sampler

output? These questions are of independent interest in statistical learning theory.
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Chapter 4

Gaussian Sampling Rate Distortion

4.1 Synopsis

In this chapter, we consider a Gaussian memoryless multiple source (GMMS) with
m components with joint pdf known only to belong to a given convex compact family
of uncountable pdfs. A fized subset of k components of the GMMS are sampled at
each time instant and compressed jointly with the objective of reconstructing all the
components of the GMMS under a mean-squared error distortion criterion.

In Section we describe our model for universality and define the notion of a
universal sampling rate distortion function (USRDf) along the lines of Chapter [3} to
study the tradeoffs among sampling, estimation of underlying pdf, compression rate
and desired level of accuracy in reconstruction. In Section [4.3] we characterize first
the USRDf for a GMMS when the pdf of the GMMS is known, i.e., its SRDf. Build-
ing on this, a single-letter characterization is provided for the USRDf in Bayesian
and nonBayesian universal settings. Throughout this chapter, our results will high-
light the structure of our optimal modular reconstruction mechanisms, wherein the

overall reconstruction is performed in two steps - estimates for the sampled compo-
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nents are formed first, based on which the unsampled components are reconstructed.
In Section [4.4] we present first the achievability proofs, with the achievability proof
for known pdf setting serving as a stepping stone for the universal setting. A unified

converse proof is presented thereafter.

4.2 Model

Denote M = {1,...,m} and let

X

be a R™-valued zero-mean (jointly) Gaussian random vector with a positive-definite
covariance matrix. For a nonempty set A C M with |A| = k, we denote by X, the
random (column) vector (X;, i € A)T, with values in R¥. Denote n repetitions of

X 4, with values in R™, by X% = (X7

i 1€ A)T Each in = (Xih PN ,Xm)T, 1€ A,
takes values in R™. Let R™ be the reproduction alphabet for X 4.

Let © = {Zr ). be a set of m x m-positive-definite matrices, and assume

O to be convex and compact in the Euclidean topology on R™*™. For instance, for

T © is a collection of covariance matrices indexed by 7. By an abuse of notation, we shall use 7 to
refer to the covariance matrix X4, itself.
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ro102 0'%
with 0 < ¢; < ¢ and 0 < d; < 1. Hereafter, all covariance matrices under consider-
ation will be taken as being positive-definite without explicit mention. We assume
0 to be a O-valued rv with a pdf v that is absolutely continuous with respect to
the Lebesgue measure on R™ . We assume 6 to be a O-valued rv with a pdf v that

is absolutely continuous with respect to the Lebesgue measure on R™. Assume

ve(T) >0, T€BO,

and that v(7) is continuous in 7. We consider a jointly Gaussian memoryless
multiple source (GMMS) { X }52, consisting of i.i.d. repetitions of the rv X, with
pdf known only to the extent of belonging to the family of pdfs P = {VX Mlo=r =
N(O, Xy )b, 7€ @}. Two settings are studied: in a Bayesian formulation, the
pdf vy is taken to be known, while in a nonBayesian formulation 6 is an unknown
constant in ©.
Remark: Note that in contrast to Chapter [3 the pdf of the underlying GMMS is
known only to lie in an uncountable family of pdfs.

In this chapter we focus on a k-fixed-set sampler as in which, for a fixed

A C M with |A| = k, samples X 4; from X, for t > 1. The output of the k-FS,

iThroughout this chapter, AV(0,X) is used to denote the pdf of a Gaussian rv with mean 0 and
covariance matrix 3.
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in effect, is simply {Xa;};2,. For a k-FS and n > 1, an n-length block code is as
in Definition [2.2| with a GMMS { X }52, and k-FS instead of a DMMS and k-RS,
respectively.

In this chapter, our objective is to reconstruct all the components of a GMMS
from the compressed representations of the sampled GMMS components under a
suitable distortion criterion with (single-letter) mean-squared error (MSE) distortion

measure

m

|z =yl = Z(ﬂfz‘ — i), Tm,Ym € R™.
=1

For threshold A > 0, an n-length block code (f,¢) with k-FS will be required to

satisfy one of the following (|| - ||?, A) distortion criterion depending on the setting.

(i) Bayesian: The expected distortion criterion is

E[HXA& — (D)

] :EEZ = (w(£0X0)), }
e[} Z X = (er0xm)),

2\9]] (4.1)

< A.

(ii) NonBayesian: The peak distortion criterion is

2

sup E U X — o (F(X2)

TEO

0= T} <A, (4.2)

where E[-|0 = 7] denotes E,, [-].
XN 0=

M
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For a GMMS, an achievable universal k-sample coding rate at distortion level
A and universal sampling rate distortion function (USRDf) is defined along the lines
of Definition , but with distortion criterion and instead of and
(3-3), respectively. For |©| = 1, the USRDS is simply referred to as the sampling

rate distortion function (SRDf).
Remarks: (i) The USRDf under (4.1]) is no larger than that under (4.2)).

(ii)) When |©| = 1, the underlying pdf of the GMMS is, in effect, known.
Below, we recall (Chapter 1, [36]) the definition of mutual information between two

random variables.

Definition 4.1 For real-valued rvs X and Y with a joint probability distribution

xy, the mutual information between the rvs X and'Y 1is given by

HXAY) Eyxy | log Wi%(X’ Y|, if pxy << px X ply
AY) =
00, otherwise,

where pxy << px X py denotes that pxy is absolutely continuous with respect

to ux X py and duif%uy 15 the Radon-Nikodym derivative of pxy with respect to

Hx X fy -

4.3 Gaussian Sampling Rate Distortion function

We begin with a setting where the pdf of the GMMS is known and provide a (single-

letter) characterization for the SRDf. Next, in a brief detour, we introduce an
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extension of GMMS, namely a Gaussian memoryless field (GMF) and show how
the ideas developed for a GMMS can be used to characterize the SRDf for a GMF.
Finally, building on the SRDf for a GMMS, a (single-letter) characterization of the

USRDf is provided for a GMMS in the Bayesian and nonBayesian settings.

Throughout this chapter, a recurring structural property of our achievability
proofs is this: it is optimal to reconstruct the sampled GMMS components first
under a (modified) weighted MSE criterion with reduced threshold and then form
deterministic (MMSE) estimates of the unsampled components based on the recon-

struction of the former.

Before we present our first result, we recall that for a GMMS { X }2°, with
pdf N (0,3 /) reconstructed under the MSE distortion criterion, the standard rate
distortion function (RDf) is

R(A) = min I(XmAYM),  0<A<Y EX]]  (43)

X pq Y pq <KHX p g XY 5y —
1=
E[|Xm—YumlP]<A

SIS (g 0<a <> Ep
=1

=1

m
where \;s are the eigenvalues of 34, and « is chosen to satisfy > min(a, A;) = A.
i=1

4.3.1 Known Distribution

Starting with |©] = 1, for a GMMS {X 52, with (known) pdf AV (0,X,,), our
first result shows that the fixed-set SRDf R4(A) for a GMMS is, in effect, the RDf

of a GMMS {X 4 }2, with a weighted MSE distortion measure d4 and a reduced
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threshold; here d : R¥ x R* — R* U {0} is given by

da(za,ya) = (xa —ya) ' Ga(za —ya), T4, ya € RF

with

Ga=1+3'S 42 . 200, (4.4)

where X 440 = E[X4X7%.].

Observe that the modified distortion measure d4 above depends on the rv
corresponding to the sampled GMMS components (in contrast to the modified dis-
tortion measures , ) A similar structure was observed in Corollary , for

the SRDf for a DMMS with the probability of error distortion measure.

Theorem 4.1 For a GMMS { X }52, with pdf N (0,3 ) and fized A C M, the

SRDf is
RA(A) = min I(XA N YA), Amin,A < A < Apax (45)
NXAYA <<.u'XA X/J'YA
E[dA(XAayA)]SA_Amin,A
1< +
=1
where

Amina = Y (E[X?] - E[X,XJ]SE[XaX]), Apax = > E[X]]
1€EAC ieEM
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k
and \;s are the eigenvalues of G424, and « is chosen to satisfy Zmin(a,)\i) =
i=1

A — Amin,A~

Comparing (4.5) with (4.3), it can be seen that (4.5)) is, in effect, the RDf

for a GMMS with weighted MSE distortion measure. In contrast to the RDf ,
in the minimization involves only X4 (and not X ) under a weighted MSE
criterion with reduced threshold level. For k = m, i.e., A = M, however this reduces
to the RDf ([£.3). Also, for every feasible distortion level the SRDf for any A C M

is no smaller than that with A = M.

In Section [£.4] the achievability proof of the theorem above involves recon-
structing the sampled components of the GMMS first, and then forming MMSE
estimates for the unsampled components based on the former. Accordingly, in
, the MSE in the reconstruction of the entire GMMS is captured jointly by
the weighted MSE (with weight-matrix G4) in the reconstructions of the sampled
components and the minimum distortion A, 4.

The form of the SRDf in suggests a modular reconstruction scheme
wherein only the sampled GMMS is reconstructed first and then based on it, the
unsampled GMMS is reconstructed. Also, observing that is equivalent to the
standard rate distortion function of a GMMS with a weighted MSE distortion mea-
sure enables us to provide an analytic expression for the SRDf using the standard
reverse water-filling solution [36]. An instance of this is shown in the example
below.

Observing that (4.5)) is equivalent to the RDf of a GMMS with a weighted
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MSE distortion measure enables us to provide an analytic expression for the SRDf

using the standard reverse water-filling solution (4.6) [36]. An instance of this is

shown in the example below.

Example 4.1 For a GMMS with a k-FS with k = 1, this example illustrates the

effect of the choice of the sampling set on SRDf. Consider a GMMS { Xy }52, with

covariance matriz 3, given by

2
o7 120102 -+ T1mO010m
2
7210102 05 st TomO020m,
ZM - P
2
"m1010m Tm2020m,m - Om
where 1ij =1y, 1 <i,j <m. For A={j}, j=1,...,m, we have

GuiZp =1+ ”21 o =o;+) o
iz #J

and hence from (4.6), the SRDf is

2 2 9
of + > 107

1 i#j
Rijy(A) = 5 log WJ.{.}
min,{j
. 2207 = Auin g5}
= —log | &=
2 A — Apin (5}

for Apin gy <A< Z o, where Apin (jy = ; o7(1—r%). Observe that every SRDf
i#]
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Py (A) s a monotonically increasing function of Ay and that the SRDfs are
translations of each other and hence decrease at the same rate. Thus, the SRDf
with the smallest Ay g5y is uniformly best among all fized-set SRDfs. For k > 2
however, there may not be any A C M, |A| =k, whose fized-set SRDf is uniformly

best for all distortion levels. [

Before turning to the USRDf for a GMMS, the ideas involved in Theorem [4.1
are used to study sampling and lossy compression of a Gaussian field which affords
greater flexibility in the choice of sampling set. While Gaussian fields have been
studied extensively under different formulations, we consider a Gaussian memoryless
field (GMF) as in [16], which is described next. In lieu of M and Gaussian rv
Xam in Section consider I = [0,1] € R and let X; = {X,, u € I} be a
R! £ {R, u € I}-valued zero-mean Gaussian process’ with a bounded covariance

function r(sy, s2) = E[X;, X,,], 51,82 € I, such that, for any finite C' C [
E[XcXZ]
is a positive-definite matrix and

//\r(u,v)|dudv<oo.
T T

A GMF* {X,}2°, consists of i.i.d. repetitions of X;. We consider a GMF sampled

TA Gaussian process on an interval [0, 1] means that any finite collection of rvs (X4, , ..., Xy,), s €
[0,1], i € {1,...,l}, | € N, are jointly Gaussian.

#Extensive studies of memoryless repetitions of a Gaussian process exist, cf. [16], [14], under various
terminologies.
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finitely by a k-FS at A C I, with |A| = k, and with a reconstruction alphabet R!.
For a GMF with fixed-set sampler and MSE distortion measure

21 — il|? = / (tu —y)du,  wryr € R, (4.7)

1

the sampling rate distortion function is defined as in Definitions and with

the decoder ¢ characterized by a collection of mappings ¢ = {@y }ues with
ou:{1l,...,J} > R", uwel

Analogous to a GMMS, for a GMF sampled at A = {ay,...,a1}, 0<a; <1, i =
1,..., k, our next result shows that the SRDf is, in effect, the standard rate distortion
function of a GMMS {X 4;}7°, with a weighted MSE distortion measure with weight-

matrix given by
Gar =23 ( [ EXAXJELXXY) du) 25 (18)
I

with f connoting element-wise integration. Note that for every 0 < sq,s9 < 1, the

integral

/r(u,sl)r(u, So) du

I

exists and hence (4.8)) is well-defined.
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Proposition 4.1 For a GMF {X}°, with A C I, the SRDf is

RA(A) = min I(XA VAN YA), Amin,A < A < Apnax (49)
HX A Y <KEX g Xy 4
E[(Xa=YA)"Ga,1(Xa—YA)|<A—Amin,a

k
1 N+
= 5 Z <10g%) s Amin,A <A < Amax (410)
i=1
where

ApminA = / (E[X]] - EX XAZ2 BXaX,])du  and  Apax = / E[X?] du,
1 1

and \;s are the eigenvalues of G4 134, and « satisfies Z min(o, A;) = A —ApinA-
i=1

The SRDf for a GMF (4.9) and its equivalent form (4.10)) can be seen as
counterparts of and , with being the reverse water-filling solution
for . As before, the expression is the RDf of a GMMS with a weighted
MSE distortion measure. In Section an achievability proof for the proposition
above is provided by adapting the ideas developed for Theorem [£.1} a converse
proof for the proposition is provided involving a set of techniques different from the

converse proof provided for Theorem [4.1]

In contrast to a GMMS with a discrete set M, for a GMF, I being an interval
affords greater flexibility in the choice of the sampling set allowing for a better
understanding of the structural properties of the “best” sampling set. In contrast
to Example [4.1] in the example below, considering a GMF with a stationary Gauss-

Markov process, we show the structure of the optimal set for minimum distortion
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for £ > 2 as well. In general, the optimal sampling set is a function of the threshold

A.

Example 4.2 Consider a GMF with a zero-mean, stationary Gauss-Markov process

X1 over I = |0, 1] with covariance function

r(s,u) =p*, 0<su<l,

and 0 < p < 1. Note that the correlation between any two points in the interval
depends only on the distance between them. For the Gauss-Markov process Xy, for

any 0 <up <ug < ---<u <1, [ >2, 14t holds that

Xy, —o0— Xy, —0— -+ —o— X, (4.11)

For a k-FS with k=1 and A ={a}, 0<a <1,

G{a},[ =1- Arnin,{at}

and E[X?] = 1. In ([4.10)), the eigenvalue \i is Gia), 1810} = 1 — Amin (o) itself and
hence, the SRDf is

1 1- Amin,{a}

R{a}<A) = 5 log A

- Amin,{a}
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Jor Aningay < A <1, where

Anminfa) = /0 (mlx2) - %) du + /a1 (Blx2) - %) du

_ /a (1 _ pg(a—u)> du n /1 (1 . pg(u—a)) du
0 a

p2a -1 +p2(17a) -1
Inp '

—1-

Note that the SRDf R, (A) is a monotonically increasing function of Awin{a},
which in turn is a monotonically increasing function of |a — 0.5]. Thus, R 5 (A)
is uniformly best among all SRDfs Riy(A), 0 < a < 1, for all distortion lev-

els. Now, for a k-FS with k > 2 and A = {a; = 0,as,...,a5_1,a;, = 1}, with

a; < a1, 1=1,..., k=1, the minimum distortion Anin 4 admits a simple form
k—1
Apina =1 — Z”Y(aiﬂ - ai),
i=1

where y(a;1 — a;) is according to

1 p**(1 — 2alogp) — 1
Y(a) = ( ( 57)

0<a<l
1 —p2e logp )’ “

The minimum reconstruction error Awyina 15 the “sum” of the minimum error in
reconstructing each segment [a;, a;1 1| of the GMF. Now, the Markov property of the
field implies that the minimum distortion in reproducing each X;, © € I,
is determined by its nearest sampled points on the GMF and hence the minimum

distortion in reconstructing each segment |a;, a;41] of the GMF is independent of the
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location of sampling points other than a;, a;+1 and is given by

(aiy1 — a;) — v(air1 — ag).

The stationarity of the field means that this minimum distortion depends on the
length |a;+1 — a;| alone. Observing that vy(a) is a concave function of a over (0, 1],
Amin,a above is seen to be minimized when a;y1 — a; = ﬁ, 1=1,...,k—1, e,

when the sampling points are spaced uniformly. However, such a placement is not

optimal for all distortion levels.

4.3.2 Universal Setting

Turning to the universal setting with a GMMS, consider a set ©; = {X4,, T €
O} C R* with 7, € ©, indexing the members of Oy, ie., ©; = {Z4.,}, 7. An
encoder f associated with a k-F'S observes X} alone and cannot distinguish among
jointly Gaussian pdfs in P that have the same marginal pdf vx,s—,. Accordingly
(and akin to [40]), consider a partition of © comprising “ambiguity” atoms, with
each atom of the partition comprising 7s with identical vx,j9—, i.e., identical 34,
and for each 7 € ©1, A(7y) is the collection of 7s in the ambiguity atom indexed by

71, i.e.,

EAn £ EAT, T € A(Tl).

T @, is the collection of covariance matrices ¥ 4, indexed by 7 and by an abuse 7 will also be
used to refer to X 4., itself.

112



Let 6; be a ©;-valued rv induced by 6. It is easy to see that ©; and A(r), 7 € Oy,

are convex, compact subsets of R¥* and the rv 6; admits a pdf vy, induced by vy.

In the Bayesian setting,

UX pl01=m1 = VX |0=7 = N(Ov EAn)a T E A(Tl>‘

In the nonBayesian setting, in order to retain the same notation, we choose vx,|9,—r,

to be the right-side above.

Our characterization of the USRDf builds on the structure of the SRDf for
a GMMS. Accordingly, in the Bayesian setting, consider the set of (constrained)

probability measures

B A .
Ka(0, 71) = {pox v o 0, X —o— 01, Xa —o— Y, pix, vilor=n << Bxaloi=r X HYulo1=r1>

E[||Xm — Y160 = 1] < 6}

and (constraint) minimized mutual information

Ph(0,m) = ér(lin) I(XANYpmlby =m). (4.12)
K3 (6,71
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Correspondingly, in the nonBayesian setting, consider

nB A . _
’K“/A (57 Tl) — {/’LXMYMWZT . MYM‘XM,GZT_MYM‘XA,01:T17 /'I’XAYM|01:T1 << ,uXA|91:7'1 X /“LYM|91:7'17

E[||Xpm — Yum|[l0=7] <6, 7€ A(m1)}

and

PP (6, 1) 2 inf I(XaAYum|6=1). (4.13)

HXB (677-1)

Remark: In and , the minimization is with respect to the conditional
MEASUTE /Ly, | X 4,0, =7 -

The minimized conditional mutual informations above will be a key ingredient
in the characterization of USRDf. First, we show in the proposition below that
and admit simpler forms involving rvs corresponding to the sampled
components of the GMMS and their reconstruction alone. In the Bayesian setting,
for each 71 € ©1, the mentioned simpler form involves a weighted MSE distortion
measure da, with weight-matrix G4 ,,, defined as in with X 44c replaced by

E[XAX£C|91 = 7'1] and

dar (xa,y4) 2 (x4 —ya) Gar(za — ya), Ta,ys € R”.

In the Bayesian setting, the modified distortion measure d 4., plays a role similar to
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that of d4.

Remark: Clearly, pP(8,7,) is a nonincreasing function of § > A 4.5, . Convexity of
p"B(8,71) can be shown as in [37], and convexity implies the continuity of p%5(8, 7).
Now, to show the convexity, pick any d1, 02 > Anyinar and € > 0. For ¢ = 1,2, let

pt € k"B(8;,m1) be such that

]Mi<XA VAN YM|91 = Tl) < IOZXB(&%) +e

For o > 0, by the standard convexity arguments, it can be seen that au'+(1—a)u? €

k"B (ad) + (1 — a)ds, 71) and

Topt s 1-ayt(Xa A Yl = 1) < aplB(6) + (1 - a)pi(8) +e.  (4.14)

Since (4.14)) holds for any € > 0, in the limit, we have

P (ad) + (1= a)d) < apif(d1) + (1 — a)pi’(ds).

Proposition 4.2 For each 7, € ©4, in the Bayesian setting

B N
pa(0, 1) = min I(X4AYal0y=m71) (4.15)
HX pY101=1 SHX 4101=71 *FY 401 =71
]E[dA‘rl (XA»YA>‘91:7'1]§5*Amin,A,T1
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for & > Anin,ar, where

Amin,A’Tl = ]E[]E[ minik Z(XZ — yi)2|XA7 91 = Tl] ’91 = 7'1:| .

eRm™
yac i€AC

For each T € Oy, in the nonBayesian setting

p"B(6, 1) = ) inf I(XAAYal0r =T71), 0> ApinA4.16)

XM=Yl [2|0=7]<8, T€A(1)

where the infimum in (4.16)) is over iy, x 0=, Such that

BV | X p 0= = MV4|Xa,00=11 X MUV pc|Vy,bh=m1s T € A(ﬁ), and

HX 4 Yal01=m1 << UXal01=71 X HYa|01=m
and

Amin,A,Tl = inf max E[<X1 _ Y;>2|6 _ T].

HY 4e|X 4,0=7=HY 4c|X 4,01 =71 TEA(T1) icac

Remark: From , notice that p&(d,7) is, in effect, the rate distortion function
for a GMMS with pdf vx,|9,—-, and weighted MSE distortion measure. Hence, the
minimum in (4.15) and ergo that in exist and the standard properties of a
rate distortion function are applicable to p& (8, 71) as well, i.e., p5(d,71) is a convex,

nonincreasing, continuous function of 6 > Ay a7, -

116



Theorem 4.2 For a GMMS { X }52, with fited A C M, the Bayesian USRDS is

_ : B
Ra(A) =, min_ max py(A-,7) (4.17)
E[ag, <A

for Apina < A < Apax, where

Apina=E[E[ min > (X —5,)’[X4,601]] and Apax = > E[X]].

€Rm—Fk
yae i€ AC ieM

The nonBayesian USRDf is

R4(A) = max p"P(A, ) (4.18)

T1€01

for Apina < A < Apax, where
Apin 4 = sup inf max E[(X; - Y)?0=7] and
TLEOIHY 4e | X 4,0=T=HY gc|X 4,00 =m; TEA(T1) cac

— 210 —
Apax = rlleagz; E[X/|0 = 7].

Remark: In Appendix a simple proof (using contradiction arguments) is provided
to show the existence of {A,,, 7 € ©1}, with A, being continuous in 71, that attains

the minimum and maximum in (4.17)).

Notice that p5 (6, 7) and pP(8,7;) are reminiscent of the SRDf for a GMMS
and, in fact, reduce to the SRDf for a GMMS with vx, o=, for 7 € A(7;) when

A(ry) is a singleton. Thus, the equivalent forms (4.15) and (4.16) can be seen
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as counterparts of (4.5)). Additionally, in Section , we show that p5(d, ) and

,023 (6,71) are continuous in 7; € O).

The Bayesian USRDf with an outer minimization over {A,,, 71 € ©1} can be
strictly smaller than its nonBayesian counterpart. An illustration of the comparison

of the Bayesian and nonBayesian USRDfs is provided in the example below.

Example 4.3 For M = {1,2} and fized 0® > 0, rpm > 0 and rmax < 1, consider

a GMMS with pdf in ©, where each © = {3z, },, where each 3y, is given by

for romm < rr < rmax, T € O. Let 0 be a O-valued rv with pdf vy continuous on ©.
For a k-FS with k = 1, for both A = {1} and A = {2}, ©; is a singleton. Hence,
in the Bayesian setting, the minimum and maximum in (4.17) are vacuous. For

A = {1}, {2}, in the Bayesian setting we have

GAJ1 =1 + EQ[TQ],

Amin,A,ﬁ - U2<1 - E2 [7’9]),

and (4.17)) now yields the Bayesian USRDf to be

Ry(A) = Rizp(A) = %log A (i <(712(+1 ]? 1][;9%7)’9])

, 02 (1— E?[rg)) < A < 20%.(4.19)
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Evaluating (4.18)), the nonBayesian USRDf is

1 U2<1 + Tr2nin)
Ruy(A) = Rpp(A) = S log — 1= 2 )

min

o?(1—1r?2

min

) <A< 20% (4.20)

A simple comparison of (4.19) and (4.20) shows that the nonBayesian USRDf is
strictly larger than its Bayesian counterpart. Also, it is seen from (4.19)) and (4.20)
above that when r. > 0 for all T € ©, the average correlation, E[ry|, and the smallest

correlation, ruin, play similar roles in the expressions for Bayesian and nonBayesian
USRDY, respectively.

Lastly, the standard properties of the SRDf and the USRDf for GMMS and

GMF with fixed-set samplers are summarized in the lemma below, with the proof

provided in Appendix

Lemma 4.1 The right-sides of (4.5)), (4.9), (4.17) and (4.18) are finite-valued, de-

creasing, convex, continuous functions of Amina < A < Apax.

4.4 Proofs of Main Results

4.4.1 Achievability Proofs

We present first the achievability proof of Theorem where the sampled compo-
nents of the GMMS are reconstructed first with a weighted MSE distortion measure
under a reduced threshold, and then MMSE estimates are formed for the unsampled
components based on the former. An achievability proof for Proposition |4.1}is along
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similar lines. Building on this, we present next an achievability proof for Theorem
with an emphasis on the Bayesian setting. All our achievability proofs empha-
size the modular structure of the reconstruction mechanism, which allows GMMS

reconstruction to be performed in two steps.

Theorem [4.1}First, observe that

. — 1 — 2
Amin, A e %Ir)l(lflll# YM]E[HXM Y|
_ : BERTAY ChY - X
= _6_11)1(1;1_6_ i .EEACEKXZ Y7 withY, =X, i€ A

=) B[(X; - B[Xi| X))

i€ A¢

= 3" (BIX?] - EIX XTS5 E[X X))

1€ AC
and
Amax = min_ B[] X = Y]
X4 LY 0

= min E[||Xr — yul]?]
Ym

m

=) EXj,

=1

where E;l exists by the assumed positive-definiteness of 3 4.
Given € > 0, for the GMMS {X 4,}7°; with pdf AM(0,X,4) and weighted MSE

distortion measure dy4, consider a (standard) rate distortion code (fa,@a), fa :
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R™ — {1,...,J} and @4 : {1,...,J} = R™ of rate ~logJ < Ra(A) + ¢ and with
Elda(X5, Y] < A = Amina + 6,

for n > N, say.

A code (f,p) is devised as follows. The encoder f is chosen to be fq, i.e.,
flah) = fa(@h), a% € R™
and the decoder ¢ is given by
The rate of the code (f, ) is
1
- log J < Rs(A) +e.

Denote the output of the decoder o(f(X7%)) by Y = (Y§,Y}). Then, Y} =
Y a4ea24Y R and by the standard properties of an MMSE estimate, for t =1,... n,

it holds that

(Xaet — ZaeaX ' Xay) L Xay. (4.21)
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The code (f, ) has expected distortion

E(|X % —Yl*]= BIIXA = YRIIP] + E[|| X5 — Vi) (4.22)
= B[ X3 — Y|Pl + B[ X} — ZacaXy VA7)
= EllIX5 — YA
+E[|[ X — DacaX3 X+ BaeaS3 XG - Buea 33 VR
= E[||X7% - Y21 + Bll| X — BaeaXy X5
+ E[||BacaX ' X — ZacaZ YR (4.23)
= Apina + % Xn: E[(Xa—Ya) ' (I +2 'S anc S 4eaZ 1D (Xar — Yar)]
t=1
(4.24)
= Anina + Elda (X7, YY)

<A e, (4.25)

where (4.23)) is by the orthogonality principle of MMSE estimates (4.21)) and since

fort=1,...,n,

E[(X et — BacaX 1 Xa) ' Zaea X Yay]
= E[X 244X Y] — EX 52 T 44T aca X Y]
=E[E[X XX, Yae| X3 —E[X 1 E 1" S ane X aeaX Vg

=E[E[X ],

XN 42 Yae] — E[X 321" S ane B aeaX Yy

=EX N aaeZ4eaX Y] — E[X 5 T aae B aea X Yy
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Proposition [4.1} The achievability proof of Proposition is along the lines of
Theorem [A.1] For a given Appm < A < Ayax and € > 0, for the GMMS {X 4,172,

with weighted MSE distortion measure

da(wa,y4) 2 (4 —ya) ' Gar(ra —ya), wa,y4 € R,

consider a rate distortion code (fa,@a), fa: R™ — {1,..., J}andpa: {1,...,J} —

R™ of rate %log J < RA(A) + € and with

Elda(X5, Y2)] < A = Anina + ¢,

for n > N,.

A code (f, ) is then constructed as follows. The encoder f is chosen to be

flah) = falah),  al € R™.

The output of decoder ¢, corresponding to each u € I, is given by

(@(]))u:E[XZLlXX:(PA(])]? J € {L"'?J}'
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Denoting the output of the decoder o(f(X7%)) by Y/*, forue I, t=1,...,n,
Y = ZuypaX 1 Yar,

where 344 = E[X,X}] and ¥4 = E[X,X7}]. The rate of the code (f,¢) is
1
- log J < Ra(A) +e.

The code (f, ) has expected distortion

BN = ¥7IF = [ B{IXE =2 do

1

~ [ Bl 2 a3 Y3IP do

E[|| X} — BaX ' X4 + ZgaZy X4 — B33 Y1 ] du

N\ N\N

]E[HXZ — Z{U}AEZIXZHﬂ + E[HE{U}AEZlXZ — E{U}AEZIYZ;HZ} du

(4.26)

= Ampina + /E[H(XZ - YX)TEZIE{Tu}Az{u}AEZI(XX - YX)HQ} du

1

= Auina + B[[J(X3 = VD) Gar(X3 - YD)IP]  using (4.8)

<A +e

where (4.26)) is by the orthogonality principle of the MMSE estimates as in (4.23)),
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(#.24).

Before we present the achievability proof of Theorem [4.2] we present pertinent
technical results. We state first a standard technical result, a Vitali covering lemma
(Theorem 17.1 in [38]), without proof. For any e > 0, this lemma guarantees the
existence of a finite number of nonoverlapping Euclidean “balls” of radius < € such
that the Lebesgue measure of points in ©; not covered by the Euclidean balls is
< e. In the achievability proof of Theorem [£.2] the centers of such balls will be used
to approximate ©; and (approximately) estimate 6;. For 4 € ©4, let B, . C R**

denote a standard Euclidean ¢5-ball with center 7, and radius e.

Lemma 4.2 For every € > 0, there exists an N, > 0 and a finite disjoint collection

of balls { B

o YYe, such that max ¢; < ¢ and
(2

Tl,is

p(O\ B, o) <6 (4.27)

where 1 1s the Lebesque measure on R** and \ is the standard set difference.

Remarks: 1) The lemma above relies on ©; being a compact subset of R*.
ii) For € > 0 and {BT1 e}f\il as in the lemma above, let ©; . C ©; be the collection
of “centers” {7 ;}Y.

While the lemma above is pertinent to the Bayesian and nonBayesian parts
of Theorem [4.2] Lemmas 4.3 and [4.4] below are pertinent to the Bayesian and non-

Bayesian settings respectively.
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Lemma 4.3 In the Bayesian setting, for every x € R™,

VX plor (Tm|T1) (4.28)

is continuous in 7. For any code (f,p), f:R™ = {1,...,J}, ¢:{1,...,J} —

R™™,
E[[X % — o(f(X2)1?|6: = 7]

18 continuous in 1.

Proof: See Appendix [B.1] [ |

Remarks: (i) Since ©4 is a compact set, for every z € R™, the pdf vy 0, (ad|71)
and E[|| X% — ¢(f(X%))|[?|61 = 71] are, in fact, uniformly continuous in . Thus,
for every zaq € R™ and € > 0, there exists a 6 > 0 such that for 711, 712 € ©; with

||711 — T12|| <9, it holds that

[Vx gl (@] T1,1) = Vxggon (| m12)| < e,

and

B[1X% ~ o7 XD = 7] = B[IIX% — o7 (XD = 712]

<e.
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(ii) The claim implies that
E[X4X%0, =7] and E[X X0 =]
are continuous in 7; and hence,
Garn = IH(EX4X}]00 = 1)) 'E[XaX |01 = 1|E[Xac X }|01 = 1] (B[XaX |00 = 7)) 7"

is continuous in 7y. Thus, from ([{.15), for every & > Apinar, P5(5,71) is continuous
in 7.
The following lemma implies that if 7 1,712 € ©; are “close,” then there exist 7

and 7 in the ambiguity atoms of 7 ; and 7 o, respectively, which too are “close.”

Lemma 4.4 For every e > 0, there exists a 6 > 0 such that for every 111,712 € ©1

with |11 — T12|| <6, the following holds

min |7 —7|| <e. (4.29)
7A'€A(T1’1)7 ’T'EA(TLQ)

Proof: See Appendix [B.2] |

Theorem [4.2} Consider ©; as in Section [£.3] Based on the output of the fixed-
set sampler X%, the encoder forms a mazimum-likelihood (ML) estimate for the

covariance-matrix 34, as

/9\ —eln XA ZXAtXAt
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Observe that {X 4}, is a GMMS with pdf N (0,34, ) and vx ,9,—-, is continuous
in 7;. Compactness of ©1, the boundedness and continuity of vx,|g,—-, in 7 imply,

by the uniform law of large numbers [39], that

-~ a.s.
91,n — T

under vy ,j9,—-, and that for every ¢; > 0, there exists a ¢ and N, such that for

every 71 € O

P (= 01all > 0) <1, n> N, (4.30)

Now, considering a subset O 5 of ©; as in the remark following Lemma define

01, as

01, £ argmin ||01., — 71]|- (4.31)

T1€O 15

Fixing € > 0 and 0 < €; < ¢, from (4.30), (4.31) and Lemma [4.2] it follows that

there exists a 6 and N, such that

P(||91 — él,n“ > 2(5) <€, n2> Nel- (432)

Notice that while éLn may lie outside ©1, él,n is an estimate of #; that takes values

in a finite subset of ©;. The estimate él,n (of #1) will be used in the next part of
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the proof to select sampling rate distortion codes.

For a fixed Apina < A < Apax, let {A;,, 71 € O} be such that it attains the
minimum in and A,, is continuous in 7y (see the remark below Theorem [4.2)).
Recall that for each 7 € ©1 4, p5(A,,,71) is, in effect, the RDf for a GMMS { X 4, }5°,
with pdf vx,|9,—-, under a weighted MSE distortion measure d4,,. Thus, for each
71 € Oy, there exists a (standard) rate distortion code (fr,, s ), fr @ R™ —
{1,...,J}and ¢, : {1,...,J} = R" of rate + log J < p5(A,, 1) +er < Ra(A)+e;

and with

E[dAﬁ (sz SOTl(le (XX)))|91 - Tl] < Aﬁ - Amin,A,ﬁ +e

for all n > N,.

Now, consider a code (f, ) with f taking values in J = {1,...,|04|} x
{1,...,J} as follows. Order (in any manner) the elements of ©; 5. The encoder f,

dictated by the estimate 9~1,m is given by

F@n) 2 (Oun(ah), f5, (2)), o4 € R™

and the decoder ¢ is given by

90<7—17j> £ (907'1 (.7)7]E[XZ° Xﬁ = ¥n (])7‘91 = 7_1])’ (Tlaj) S j (433)
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By the finiteness of O, 5, the rate of the code (f,¢) is

1 1 1
—log |J| = —log O 6| + —log J
n n n

§ RA(A) + 261,

for n large enough. Denoting the output of the decoder by Y, with Y = ¢, (j)

and Y. = E[X%.| X% = ¢, (j),01 = 71], we have that

E[IIX3 — Yl = E[L(||01,0 — 61]] < 260)[| X3 — Y]

+ E[1(][01,0 — 1l > 20)|| X7 — Y] (4.34)

Using Lemma [4.3] it is shown in Appendix that the first term in the right-side

of [E34) is
E[L(1610 — 6] < 20)[1 X7 — YRIP) < A+ e, (4.35)

Next, we show that the second term in the right-side of (4.34)) is “small.” First, note

that the finiteness of ©, s implies the existence of an M; such that, fort =1,...,n,
‘(Soﬁ (fﬁ (xZ)))z,t’ < M17 (NS A7 T € @1,57 xz c ]R'nk
and hence, from (4.33)), there exists an M, > 0 such that, for t = 1,...,n,

(p(f(@h))iel < Ma, i€ M, alj € R™. (4.36)
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For i € M, from (4.36), Cauchy-Schwarz inequality, and the fact that E[X?] is

bounded, there exists an M such that
E[(X: — Ya)* < M, t=1,...,n. (4.37)
Now, the second term on the right-side of (4.34)),

E[1(][01,0 — 611l >20)|| X% — Y]

= S B[~ 6l > 26) (X~ Vi)

t=1 =1

IN

%ZZ VE[2([61, — 01]] > 20)] E[(Xa — V)] (4.38)

t=1 i=1

IN

%Zz,/—elM from (E:32) and (E37)

t=1 =1

< \/esMm, (4.39)
where (4.38)) is by the Cauchy-Schwarz inequality. From (4.35) and (4.39)), we get

E[|| X% — Yull?] <A +4e+my/e M

<A+te,

for ¢; small enough.

In the nonBayesian setting, as a first step, Lemma [4.4] is used to show that
p"B(8,7) is a continuous function of 7. Then, the maximum in (4.18) is seen to

exist as a continuous function over a compact set attains its supremum. Next, the
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achievability proof follows by adapting the steps above with the following differ-
ences. For each 71 € Oy, sampling rate distortion codes (f,,,¢r), fr : R™ —

{1,...,J}, o :{L,...,J} — R™ are chosen to satisfy

E[lIX3 — on(fn (XD =7] <A, 7€ A(n),

with rate +log || f~ || < Ra(A)+¢, where R4(A) is the nonBayesian USRDf. A code
(f, ) with f taking values in J = {1,...,|O14|} x {1,...,J} is constructed based

on the codes (f,, ¢ ) as before. While counterparts of (4.35) and (4.39) can be

shown for each 7 € © using a similar set of ideas, a key distinction in the analysis

is that Lemma is used in lieu of Lemma to show that for 7 € A(my), 71 € O1,

E[1(]161n — 71| < 2e)|[ X5 — (01, 5, (XIIP|0=7] < A+e,

the counterpart of (4.35)). |

4.4.2 Converse Proofs

In contrast to the achievability proofs, we present a converse proof for Theorem
first, with an emphasis on the Bayesian setting; this is then adapted to Theorem [4.1]
Prior to this, we prove the equivalence of expressions in , that will be pertinent
to Theorem [4.1] Building on this, we show the equivalence of the simplified forms
for p5(6,7) and p"E(8,7) in Proposition Next, we shall present a technical

lemma. These will be used subsequently in the unified converse proof for Theorems
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and [£.2] The converse proof for Proposition [£.1] uses an approach that does not

rely on Lemma and is presented last.

Equivalence for Theorem [4.1} The following equality will be relevant in the

proof of converse for Theorem [.1}

min I(XaNYa) = min I(X4AYa). (4.40)
Xge o= Xy o Y BX 4 Y SHX 4 XBY,
PX g YA <KHX g XY 4 Eld (XA, YA)]SA=Dmin A

E[|Xm—Yum|2I<A

For any pair of rvs X, Y\ satisfying the constraints on the left-side of (4.40]),

consider

Yiu 2 B[X | Y. (4.41)

Now,

Yie = E[X 4e|Yad] = BIE[X e | X, Yad|[Yrd] = E[E[X pe| X a]|YA]

= EB[S4eaS ' XalVi] = ZaeaS;Va (4.42)

By the optimality of the MMSE estimate,

Bl Xa — Yol P] € B[ X = Yl [F] < A (4.43)
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It is readily checked (along the lines of (4.22))-(4.25))) that

El| Xat — Yl P] = Elda(Xa, Ya)] + Amin 4. (4.44)

Putting together (4.41))-(4.44), completes the proof of (4.40)).

Proposition [4.2} The proof of (.15) and (4.16)) is the along the lines of proof of

(4.40), with the distinction that in the nonBayesian setting, ?A is chosen to satisfy

the orthogonality principle and Y4 is chosen to be a linear function of Y.

The following technical lemma is the counterpart of Lemma 6 in [40].

Lemma 4.5 In the Bayesian setting, for any n-length k-FS code (f,¢) with f :
R™ — {1,...,J}, ¢:{1,....,J} = R"™, fort=1,...,n, denoting o(f(X%)) by

Yy, it holds that

97XACt —O0— 91,XA,5 —0— YMt' (445)

Proof: First, note that

0, X} —o— X —o0— Y}, (4.46)

holds by code construction. From (4.46) (and since Y} above is a finite-valued rv),
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we have

0=1(0, X} NY|XE) =T(0 AYLIXE) + 1(X 4 AYYXE,6)
=1(0,6; ANY | XE) + 1(Xhe AY XS, 0)  (4.47)

> T(OAYY| X5, 01) + 1( X4 ANYY|XE,6), (4.48)

where (4.47) is since 6, is a function of §. Now, the second term on the right-side of

(1.48) is

0=I(X3 AYUIXE0) =Y I(Xae ANV X, X5, 6)

t=1

= (I(XA% A XS XN YT X, 6)
t=1

— -[(XACt VAN XZ_CIXZ\t|XAt7 9))

n

I(Xaer A XS0 X0 Y X ar, 0) (4.49)

t=1

hE

>N I(Xact A Yau|Xar, 0), (4.50)

t=1

where (4.49) is since vxr |9 = [] vx,,[0- Next, (4.48) and the fact
=1
0 —o— 0 —o0— X}
imply

0=1(0AX7%01)+I(0AYXS 601)
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and hence, fort =1,...,n,

](QAXAt7YMt|91) = 0 (451)

Now, by (4.50) and (4.51), for t =1,...,n,

IO NYrme| Xat, 01) + 1(Xact A Y| Xar, 0) = 1(0, Xaer A Y| Xae, 61) = 0,

hence, the claim of the lemma (4.45)).

Converse: We provide first a converse proof for the Bayesian setting in Theorem
[4.2] which is then refashioned to provide converse proofs for the nonBayesian setting

and Theorem [4.1]

Let (f, ) be an n-length k-FS code of rate R and with decoder output Y, =

@(f(X1%)) satisfying E[|| X7, — Y||?] < A. By lemma[d.5] for t = 1,...,n, we have

07XAct —O0— 91,XA,5 —O0— YMt- (452)

For t =1,...,n, and 71 € Oy, let A, ; denote E[||X v — Yaul[?|01 = 71] and

M=

A1
A, 2L

E[|| Xt — Yaue|[?|01 = 71]. Along the lines of proof of Theorem 9.6.1

t=1
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in [41], for every 7 € Oy,

R==log|f = ~ H(f(X})lor =)

1
Z EH(YX‘Hl = Tl)
1 n n

1
= EZ <](XAt /\XZ_I’Yle = 7'1) — ](XAt /\X,tﬁl_1|€1 _ Tl))
t=1

n
1 n
t—1 :
= E I(XaeNX O YE0 =11) since  vxmjg, = H VX 4,01

n

1
= I(Xa AYaloh = 7)

n
t=1

Y

> — E min I(Xas AN Yal6h =11) by (4.52))
n — G,XAct —— eleAt —— YMt
=1 g vy 100 =1 SHX 100 =1 XY 44101 =71
E[| X Mo —Yauel 101="1]<A7 4

n

1
= — min I(Xat ANYal0h =71) by Proposition 4.2

n =1 FXarYailo=m1 KHX gq101=1 XBY 4101 =71
- ]E[dA‘rl (XAt7YAt)|91:T1]SAT1,t_Amin,A,Tl

1 n
= _Zpg(An,tﬂ—l)
n t=1

1 n
> (2D Bnim) 2 (B0 7). (4.53)

t=1

Now, (4.53)) holds for every 71 € ©1, hence

R > sup pﬁ(ATMTl)
T1EO
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> inf  sup p5(A,, ) (4.54)

{Ar, 1 ‘591}7-1 €0,
IPIREIN

= Ra(A)

for A > Amin,A'

In the nonBayesian setting, the analog of Lemma|4.5|is obtained similarly with
0 =71, 0 =7 and (4.46)), (4.45) replaced with appropriate conditional measures.
The proof of the converse is along the lines of the proof above, but with p"5(A, 71) in

place of p5(A,,, 1), and without the outer minimization with respect to {A,, 7 €

0,}.

The converse proof for Theorem obtains immediately from the Bayesian
setting with the following changes: ©; and A(7y), 7, € O, are taken to be singletons
(rendering the infimum and supremum in (4.54]) superfluous) and is used in
place of Proposition [4.2

|
The converse proof for Proposition 4.1] involves an approach which does not rely on

Lemma [4.5{ and is presented next.

Converse proof for Proposition : Let (f,¢) be an n-length k-FS code of

code R with E[||X? — o(f(X1)|]?] <A. Forue [ andt =1,...,n, define

~

= E[E[Xu| X4, FXDIFXD)]
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= E[E[Xu| X3 f(X})]
= E[E[X,| X a| F(XD)], since Xap, X L X3V, X7\

u

= E[X(al 23 E[X 4| £(X5)].

Notice that for u € I\ A,

By the optimality of the MMSE estimate

A > E[X7 —o(f(XII > B[|IX] - Y1 = E[(XE — YT Gar(X% — V)] + Amina-

(4.55)

The equality in (4.55)) can be seen to hold along the lines of (4.22))-(4.25). Now,

1 1
R= Elog\fl > 5H(f(XZ))
1
= CI(XG A F(XG)

> wmin SI(X3AF(XD)

fre
E[|XP—o(f(X2)12]<A

v

1
min —I(XGAYY) by (4.55))
n

Bxnyn<<pyxn Xhyn
XQYL XL TIYY
]E[(Xz7Y£)TGAJ(XszK)]gAfAmimA
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n

1
: t—1 t—1
- min =3 (I(XAt AXELYDY - I(Xa A XY ))
Kxnyn <<an Xpyn n
AYA ATTYA —1
E[(xg7YX)TGAJ(XX7yg)]§AfAmin7A
. 1 ¢ _ . ’
= min - g I( XA AXTL YR since X 4; AL XZ\
Hxmyn <SHxm Xpyn n

]E[(XX—YX)TGA,I(XX—YX)]SA—Amin’A

Vv

1
min = I(Xa A Ya)

Byxnyn<<pyyn Xidyn
XYy X7 XMy n
E[(XE-YDTG [ (XE-Y)I<SA-Apin 4

1
min  — min I(Xat A Yar) (4.56)
{At 1<t<n} 1 P HX 2 Y 4p SHX 4 XY 44
z Ar<A T OB((Xa—Ya)TCA 1 (XA~ YADISA—Apin A
=1

n

Vv

= min E (Ay)
{At 1<t<n} TL ,OA t

ZA<A

= R4(A),
where (4.56) is since
Mxnyn << pxn X flyn = X va, << X a0 X Uy, t=1,...,n. (457)

The claim (4.57) is easy to see by contradiction. Consider any real-valued rvs
Zy, Zsy, Z3 with probability distribution gz, 7,7z, << iz, X ftz, X ftz,. Suppose, if
possible, 1z, 7, is not absolutely continuous with respect to pz, X pz,, i.e., there

exist E, By € B(R) such that
iz, (Br) X pzy(E2) =0 and  pz z,(Ey X Es) # 0. (4.58)
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Considering a £ = Ey x Ey x B(R), by (4.58) we have (uz, X pz, X pz)(E) =

piz,(E1) X piz,(E2) X piz,(R) = 0 but

MZ1Z2Z3<E) 7é 07

since iz, z,(E1 x Es) # 0, a contradiction, since piz, z,z, << flz, X fz, X [z, |
Note that a converse proof for Theorem can be provided along the lines of
the converse proof for Proposition [4.1l However, we prefer the current manner of

presentation which provides for unity of ideas.

4.5 Discussion

In this chapter, we restricted our attention to a fixed-set sampler and our formulation
of universality in this chapter the underlying pdf of a GMMS was known only to
belong to a convex, compact set of pdfs P. General extensions to a GMMS sampled
by a k-random sampler for any arbitrary P (countable or uncountable) remain open.

In Section 4.3}, our study involved a brief detour to Gaussian random field on an
interval. As illustrated by Example[d.2] this allowed for a better understanding of the
structure of the optimal fixed-set sampling. Aspects of sampling and compression of
Markov random fields and Gaussian random fields have been the subject of extensive
studies. It will be interesting to explore the questions posed in this dissertation in
the context of these fields.

In Chapter [2| for a DMMS with known pmf, it was seen that a k-IRS and a

E-MRS with memory did not improve the SRDf. In an universal setting, adaptive
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samplers such as

Psth}t\ASt—l — PSt\Stleg_% t - 1, e

can be expected to be strictly superior to their counterparts with memory. This can
easily be seen, for instance, in terms of the improvement in A,;,. Such samplers
allow for the design of sequential decision-making algorithms which can adaptively
identify the optimal sampling sets in an “online” manner. For any A, < A <
Ay, the optimal sequential decision-making sampling algorithms, in its limit, can
be expected to approximate the optimal £-IRS. An initial study of the design of
sequential decision-making algorithms for achieving minimum expected distortion,

in a multi-armed bandit setup, is already underway.
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Appendix A: Proof of Theorem 2.3 and Proposition |3.1

We begin with the proof of Proposition [3.1] and show that the proof of Theorem

is obtained from the proof of Proposition [3.1| as a special case, with |©| = 1.

First, for Proposition [3.1], for the Bayesian setting, by Theorem [3.3] the claim

entails showing that

min max min I(Xs ANYE|S,U,0 =7) (A.1)
Py Pg|x \u-AAr, €0} T€O PyglsxgU,o=7
E[Agl<A E[d(Xp,Yp)|0=r]<Ar
= min max min I(Xs ANYB|S,U,0 =71), (A.2)
Py.bw. {7, 7€0} TEO Pyglsxgu,o=r
E[Ag]<A E[d(Xpg,YR)|6=7]<Ar

for Apin < A < Apax. Denote the expressions in (A.1) and (A.2)) by ¢(A) and r(A),

respectively. Now, from the conditional version of Topsge’s identity [34, Lemma 8.5],

observe that g(A) equals

min  max min min D (Py,sxsv0=r||Qvysvo=r| Psxsvio=r) -
Py,Psix,us TEO  PypisxgUo=r Qyg|sue=r
{AT,TGG)} E[d(Xpg,YR)|0=T]<Ar
E[Ag]<A

(A.3)

Note that the inner max and min can be interchanged in (A.3]). Denoting
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D (Py,sxs0,6—r||Qvyisvo—r | Psxsujo—r) by D7, T € ©, we write as

min min max D,
Py.Pgx yuiAr, 7€0}  Pypisxgue Qyg|svue=r TEO
E[Ag]<A E[d(Xp,YR)|0=T]<Ar, TEO
= min max D,

Pu-Ps|x \ U Pyglsxgue Qvg|su,e=r TEO
E[d(Xp,Yp)]<A

= min t, (A.4)
6Py, Ps|x y usPyglsxgue Qv su,e=r
D, <t, Te©
Eld(Xp,YB)]<A

which is the epigraph form. Also, r(A) can be expressed in a similar manner. Based
on (A.4), we define Gy(a, {\;,7 € O}) and G,.(a,{\;,7 € O}) in terms of the
Lagrangians of ¢(A) and r(A), respectively, in a standard way.

Specifically, G,(a, {\;, 7 € ©})

- min L4+ M(D: —t) + oB [d(Xp, V)]

tPy P x \ U

Pyp|sxgU0-Qvg|SU6 T€O
= min 1= A)+ D AD: + oE[d(Xp,Ys)]
tLPU P X U
Pyp|sxgU0-Qyg|SU6 T€O T€O
.
min YD+ aE[d(Xp,Yp)], if DA =1
U Psix pu T€O T€O
= { PypisxgqueRvg|sue (A5)
—00, otherwise.
\

Let P £ Px, jo=r- When > A\, =1, from (A5), Gy(a,{\., 7 € ©}) equals

TEO

min E Py(u) min E Psx v (8], u) X
Py.Qyg|sue Psix v n
Pyplsxgque M s€AK
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Py, sx vo(Yals, x5, u, )
IE[ A\ P (204 log —2225
( Z (2au)log Qyyisve(Yals,u, )

TEO

+ aZpg(T)PT(xM)d(xB,YB) S=sXs=u,U=u,0= 7']),

TEO

where the expectation above is with respect to Py, |s—s xg=a,,U=u,0—r- Noting that

the term ( . ) above is a function of s, z(, u, we get

Gyla{\:, T€0})

= ]Y XU Ysls, xs, u, T
min E PU mm E][E )\TPT(xM)log B|SXs 0( B| yLsy Uy )
FU7 - sk €O ;YB|509<)B|57U7 ;>

YgR|SXgUo T

+0zz,u9 Z’M (LL’B,YB ’S XS:‘TS,U:U,GIT})

TEO

= min ZPU( mmZ(S (@)

Py.Qyg|sue
Bl U2 pq w( )SE.Ak

Py sx vo(YB|s, x5, u, )
E A P (2 04) log —2225 S
( [Z (2a1) log Qv sue(Ya|s,u, )

Pyplsxgue

TEO

+a2u9 (xm)d(xp, Yi) ’st XSxS,Uu9—7}>

= glirlls ; Z)\TD (Pyglsxsvo=r||Qvsisvo=r| Psxsujp=r) + B [d(Xp, Yp)]
»Y U
PYB\SX§U9*5W T€O

= G, (o, {\, T €O
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Since ¢(A) and r(A) are convex in A, they can be expressed in terms of their

respective Lagrangians as

q(A) = max Gyla,{\;,7 € ©}) —aA and

a>0, {X\->0, T€0}
r(A) = max G (a, {\,7 € ©}) — aA. (A.6)

a>0, {\,>0, T€O}

Thus,

q(A) = max Gyla, {\;, T€O}) —aA

a>0, {A\+>0, T€O}

- a>0, {rﬁzg}s TE@}G(](O(, {)\7—, T E @}) — al

S =1
TEO

- a>0, {IAI}E;%( TG@}GT(Oz, {)‘7'7 T E @}) — al

Z Ar=1
TEO

= r(a).

upon observing that the maxima in are attained when Z%)\T = 1. The
TE
nonBayesian setting is shown using a similar set of ideas.

In the nonBayesian setting, the proof of can be provided along the lines
of proof above with the distinction that the minima in , are NOow over
Pux,syslo=r such that E[d(Xp,Yp)|0 = 7] < A, 7 € ©. This distinction is then
maintained throughout the proof.

The proof of Theorem can be obtained from the steps above for [0 =1

and with Px,,, the pmf of X, in place of Py, 9.
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Appendix B: Proofs of Technical Lemmas in Gaussian Sam-

pling Rate Distortion

B.1 Proof of Lemma (4.3

Recall that the elements of the compact sets © and ©; are indexed by 7 and 7,
which take values in R™* and R¥* respectively. Now, every 7 € © can be seen as
T = (11, T2) with 7, taking values in ©9, a bounded subset of R™ ¥ A continuous

function over a compact set is uniformly continuous, hence, for every x, € R™,

Vxplo(Tm|Ti, 72) and vp(T, 72)

are uniformly continuous in (71, 73). Furthermore, as a function of 72, vx 1o (m|71, 72)
and vy(71, T2) are bounded functions over bounded set ©5 and hence so is
Vx p0(Tam|T1, T2) Vo (71, T2). By the Bounded Convergence Theorem, for every xzaq €

R™ and T € @1

lim vy, (7)) = lim /yg(%l,Tg)dTg = /V@(Tl,TQ) dry = vg, (T1) (B.1)

T1—T1 T1—T1
O2 O2
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and

lim / Vol s 7)o (71, 72) s = / Vol s 7)o (71, 72) dra{ B.2)

7:1 —T1
O2 ©2

and thus from (B.1)) and (B.2)),

i vy 0, (|T1) = Vi lon (@] 1)
T1—T1

Continuity of vx,,jg, (a|71) in 71, implies that fori =1,...,m,and t =1,...,n,
E[(X: — (o(f(X3))ie) 16 = ]
is continuous in 77. The continuity of
E[[X3 — ¢(F(XD)I?|0 = 7] (B.3)

in 7 is now immediate. Since O is a compact set, (B.3]) is uniformly continuous in

T1.

B.2 Proof of Lemma 4.4

First, observe that for every 7 € ©;, A(7) is a convex, compact set. Now, the

minimum in (4.29)) exists as that of a continuous function over a compact set. It is
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seen in a standard manner that the convexity of © and ©; imply the convexity of

9(711,7'12)é min min ||7 — 7|
T #EA(r1.2) FEA(L1)

in (711, 712). Consequently, (711,71 2) is continuous in (71,71 2). Define

D((S) é max g(TLl,TLQ).

71,1,71,2€91
71,1 =71,211<6

Clearly, D(0) = 0 and D(0) is a continuous nondecreasing function of 4 (Chapter

20, [42)).
Now, we prove the lemma by contradiction. Suppose if possible, there exists an

e > 0 such that for every § > 0 there exist 71 14,7125 € ©1 with ||T1.15 — T124]| <0

and
9(7'1,1,577'1,2,5) > €.
Then,
0= D(0) =1lim D(§) = lim max 9(T11,6,T12,6) > €,
§—0 6—0 11,5, T1,2,6° |IT1,1,6—71,2,5/<9

a contradiction. Hence, the lemma.

149



Appendix C: Proof of Key Claims

C.1 Proof of Claim in Achievability Proof of Theorem |3.3

For the code formed by concatenating (f, ) for each u € U, the rate is

My,
= 1 u,T
< max Z@; PU(M)W Z; log Jyy!
M, U, T
< max Z Py (u) ( Zk Wal 1 log JZ’T)
T ree £ no vy’ :

i=1

My, ’
€
< max ;@; Py (u) QH: Pyuo(Ailu, ) (I(Xa, A YIS = As, U = u,0 = 7+ 5)), by (BA9

< maXZPU(u) I(Xs NYB|IS,U=u,0 =71)+¢€

for all n large enough.

For each U = u, let A, 2 Y () Pso(Ailu, T)A 4, - Denoting the
T€EO, A;eAL

output of the decoder by Ygl, we get

E[d(XE,Y5)] < P(Tx # 0)duax + E[L(Ty = 0)d(XE, Y5)]

S P(?N 7£ H)dmax + P(S,Y ¢ T(n)(d??]\f))dmax
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+E[E[1(Fy = 0,57 € TW(,7n))d(X 5, YE)]S7,6]] (C.1)
< ]E[AS’UMU = U] +e€ (02)

=A,+e

for all n, N large enough, where the previous inequality is shown below. Then,

expected distortion for the code formed by concatenating (f, ) for each u € U, is
SE[Ay]+e<A+e

It remains to show (C.2)). Now, (C.2)) follows from the following: In (C.1]), for each

7€ 0 and s" € T (e, Ty),

E[1(7y = 0)d(XE,YE)[S7 = s",0 = 7]
1 T = 0 1 R 9
U =00 5 3, V) + L= S 0, Vi 57 = 7,0 = 1

tep tey

:]E[

n/

N’ 11
<l + E]E[Z > (X, Ye)IST = 5", 0 = 7]

n
i=1 teyen (Ai)\va,

My,
+) E ['”%ﬂ(ﬂv = )XY, (4, (X)) |5 = A0 = 7]
i=1
N/ My, 6/
S deax + Mkeldmax + Z PS\UG(AZ'|U7 T) <AAi,u,T + Z)a by "
i=1
N’ €
< E[AS,U,9|U = u, 0= 7—] + Mkeldmax + _,dmax + Z
n
S E[AS7U79|U = u,9 = T] + €,
for all n large enough and € chosen appropriately. |
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C.2 Proof of Existence of Minimum and Maximum in (4.17))

For every 71 € ©1, recall that p5(d, 1) is, in effect, a rate distortion function, hence
its inverse D5 (R, 1) is well defined over R > 0. Continuity of vx,,je, (zm|71) in 71
for every xpy € R™ implies the continuity of D5(R, ;) in 7.

We now show the existence of the minimum and maximum on the right-side

of (17

. B . B
inf sup A7) = min  max AL, 7). C.3
{Ar, €01} 1 co, pA( ™ ) {Ar, €01} 11€60, pA( ™ ) ( )
E[ag,]<a E(ag,]<A

Denote the left-side of (C.3)) by r and choose

A;k_l = Dﬁ(r, T1>, T € @1.

The continuity of D5 (r, 71) in 71 implies the continuity of A* in 7 and hence E[A} |
exists. A simple proof of contradiction can be used to show that E[Aj | < A. Thus,
{A* | 11 € ©} satisfies the constraint on the left-side of (C.3]) and for every 7, € O1,

1)

P5(A% 1) =r, with

T1?

sup (AL, ) =7

T1)
T1€O

and hence (C.3)) holds. [
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C.3 Proof of Claim in Achievability Proof of Theorem 4.2

Noting that él,n(XZ) is a deterministic function of X7, for 7, € ©; and 7, € O

with |7y — 7, || <20 and Pélynwl(ﬂ’l\ﬁ) >0,

]EH ‘X/T\L/l - ()0(7—1,17 f71,1 (X;{L))‘ }2|91 = T1; él,n = 7—1,1}

B o oy PO XD = m) X — e £, (D)6 = ] ()

1
(7,
ﬁ 113 = 90, (XD = )
By, 10, \ 11171
1
(

<—|71><E[HXX” - SO<7—1»1’fT1,1(X2))H2|01 =7.] + 61) by Lemma

Pél n |01

1
= Ar 4 2 Ny
B Pél,nllh (7—1,1 |7—1> ( 1,1 1) ( )
1
S ATl + 36]_ (C6)
Pél,n|91 (T171|7-1) ( )
Where

(i) (C4) is since 6 ,(X7%) is a deterministic function of X7%;

(ii) it is seen along the lines of the achievability proof of Theorem that

E[[| X3 — @m0 fr ,(XIOP|O0 =7,,] <A, +e,

and hence ((C.5]) is obtained;

(iii) A,, is continuous in 73 over the compact set ©1, hence, A, is in fact uniformly
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continuous in 71; ((C.6) now follows.

From (C.6)), the first term on the right-side of (4.34)) is

E[1(][01,, — 61| < 20)[[ X3 — o (f(XE)I]

< ~Z E[1(][6: — 7,|| < 20)(Ag, + 3€1)]

1 691,5
< E[Ag,] + 36 by (4.27)
< A + 361
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Appendix D: Standard Properties of SRDf and USRDf

D.1 Proof of Lemma (3.1

Clearly, for each 7 € Oy, p5(6,71) and p2B(d,7;) are finite-valued and, hence, so
are the right-sides of and . Also, they are also nonincreasing in A.
The convexity of the right-sides of and follows from the convexity of
p5(8,71) and p"B(5,71) in 6 along with a standard argument shown below; continuity

for A > Ay, is a consequence. Continuity at A, holds, for instance, as in ( [34],

Lemma 7.2). The claimed properties of the right-sides of (3.18)), (3.19)), (3.24]) and

(3.26) follow in a similar manner.

The convexity of the right-side of can be shown explicitly as follows. Let
71(1) and 7(2) attain the maximum in at A = Ay and A = Ay, respectively,
where A; < Ay. The corresponding minimizing {A,, 71 € ©1} are denoted by
{AL 7 € ©1} and {AZ, 7, € O}, respectively. For any 0 < o < 1, for i =

T17? T1?

1.6

aRa(A1) + (1= a)Ra(A2) = api(Af, 1), 1a(1) + (1 = @) pi (A% 3, 71(2))

> api (AL @, 1(0) + (1 — a)pi(A2 ), 1 (4))
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> ph(aAl p + (1 — a)A2 ), 7 (i), (D.1)

where the inequality above follows by Remark (iii) preceding Theorem . Now,

(D.2) holds for every i = 1,...,|04|, hence

QRA(A) + (1 - @)Ra(As) 2 max gl + (1 - a)A2, ) (i)

> min max p5 (A, ., 7
o {Ar,71€01} T1€EO pA( o )
E[Ag, <ol +(1-a)Ag

= Ra(aA; + (1 — a)Ay).

D.2 Proof of Lemma 4.1

The right-sides of and are, in effect, the standard rate distortion func-
tion for GMMS with weighted MSE distortion criterion, and hence are finite-valued,
decreasing, convex, continuous functions of A > Ayin 4 and A > Ayin 4.+, respec-
tively.

The right-sides of and are clearly nonincreasing functions of
A. Convexity of the right-sides of and follows from the convexity
of p5(8,7) and p"B(8, ) using standard arguments; continuity for A > Apinar
is a consequence. Finite-valuedness of and follows from the finite-

valuedness of p5(d,7) and p%P (6, 71) for § > Apin.ar, respectively.
The convexity of the right-side of (4.17)) can be shown explicitly as follows. Let
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71(1) and 71(2) attain the maximum in (4.17) at A = Ay and A = Ay, respectively,
where Ay < Ay, For Ay, Ay > Apina, let {AL, 7 € ©1} and {AZ, 7 € ©,},
attain the minimum in (4.17)), respectively and are as in Appendix For any
0<a<l, and 7 € Oy,

aRA(A1) + (1 = )Ra(As) = apR (AL, 71) + (1 — a)pi(AF. 71)

by the convexity of p5(d,7) in §. Now, (D.2)) holds for every 7, € O, hence

aRA(DY) + (1= a)Ra(As) = sup p5(adl +(1— )22, 7)

T1€01

: B
> inf sup pA(ATl ) 7-1)
{A7r,71 €01} T1EO;
E[Agl]SaA1+(1—a)A2

= Ra(al + (1 — a)Ay).
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