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In quantum mechanics, the definition of a Von Neumann measurement can be
generalized using positive-operator-valued measures. This modified definition of a
quantum measurement allows one to better distinguish between a set of nonorthogo-
nal quantum states. In this thesis we examine a quantum detection problem, where
we have a physical system whose state is limited to be in only one of a finite number
of possibilities. These possible states are not necessarily orthogonal. We want to
find the best method of measuring the system in order to distinguish which state the
system is in. Mathematically, we want to find a positive-operator-valued measure
that minimizes the probability of a detection error.

It is shown that all tight-frames with frame constant 1 correspond to positive-
operator-valued measures. We reformulate the problem in terms of tight-frames that
minimize the detection error. In the finite dimensional case, the problem of finding
the tight-frame that minimizes the error can be converted into a Hamiltonian system
on the group SO(N). The minimum energy solutions of this Hamiltonian system

correspond exactly to the tight-frames that minimize the detection error. In this



setting, several numerical methods can be applied to give numerical constructions

of the desired tight-frames.



QUANTUM DETECTION AND
FINITE FRAMES

by

Andrew Kei Kebo

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
2005

Advisory Committee:

Professor John J. Benedetto, Chair/Advisor
Professor William Goldman

Professor Raymond L. Johnson

Professor Stephen Wallace

Professor Robert C. Warner



(© Copyright by
Andrew Kei Kebo
2005



This dissertation is dedicated to my parents and my best friend Pil.

i



ACKNOWLEDGMENTS

I would like to thank my parents who have always given me support for all of
my endeavors. They have consistently shown an interest in my work and on many
occasions have been eager listeners to explanations of my research. Ironically, they
still have no idea what I am doing.

I would also like to thank my close friends Pil Dela Cruz and Momo Otani for
their encouragement, moral support, and numerous stimulating conversations of our
respective studies. I owe my sanity to my wonderful housemates Andrew Dykstra,
Aaron Lott, and Yue Xiao who have created a warm and friendly environment
away from campus. In particular, I want to thank Andrew for the many evening
mathematical discussions. He has the ability to present mathematics in a clear,
elegant and beautiful way, which has influenced my own mathematical expositions.
I thank Pol Tangboondouangjit for forcing me to really learn real analysis my first
year of graduate school and for his help with my KETEX needs, and Ben Howard for
giving me a broad perspective of mathematics. I am grateful for the many frame-
theoretic discussions with my colleagues Abdelkrim Bourouihiya, Joe Kolesar, Onur
Oktay, and Ming Wei Ong. These are the rare people who know that I am doing
something beyond addition and subtraction. I am also indebted to Anita Dahms,
Haydeé Hidalgo, Alverda McCoy, and Millie Stengel who have always been helpful
and made my interactions with the department extremely pleasant.

il



And last but not least, I would like to thank my advisor, Dr. John J. Benedetto,
for his kindness, encouragement, extreme patience, and his broad knowledge of
mathematics. His encouragement kept me in the department during a time when
I was considering leaving with a masters. His broad knowledge made it possible to
find an intersection in our mathematical interests and to find a problem that both
of us could agree to work on. His insights allowed us to approach problems at many

different angles and resulted in this thesis.

v



TABLE OF CONTENTS

List of Figures

1 Introduction and outline of thesis

2 Frame theory, linear algebra, and the spectral theorem
2.1 Frame theory . . . . . . . ...
2.2 Finite frames . . . . . . ..
2.2.1 Naimark’s theorem . . . . . . ... ... ... ... ......
2.3 Spectral theorem . . . . . . . ... ... ...

2.4 The special orthogonal group . . . . . .. .. ... ... ... ...

3 Quantum physics
3.1 Motivations of quantum mechanics . . . . ... ... .. ... ....
3.1.1 Lightaswaves. . . . . . . ... ... L
3.1.2 Light as particles . . . . . . ... ...
3.1.3 Matter has wave-like properties . . . . . .. .. .. ... ...
3.1.4 Dynamical quantities as operators . . . . . . .. .. ... ...
3.1.5  Another look at momentum . . . . ... ... ... ... ...
3.1.6  General statistical interpretation . . . ... .. ... ... ..
3.2 Example: a particleinabox . . . . .. ... . o000
3.3 Generalization using Hilbert theory . . . . . .. .. .. .. ... ...
3.4 Generalization to POMs . . . . . ... ... ...
341 Example1 . . .. .. . .
3.5 Relationship between POMs and tight-frames . . . . . .. ... ...

3.6  Why finite frames? . . . . . .. .. Lo

viil

13

17

20

22



4 Quantum detection problem 40

4.1 Quantum communication . . . . . . . .. .. 40
4.2 A closer look at the detection error . . . . . . .. ... ... ... 41
4.3 Using tight-frames to construct the POM . . . . . . . .. .. ... .. 42
4.4 P, for tight-frames and orthonormal sets . . . . . . . ... ... ... 45
5 Classical mechanical interpretation 49
5.1 Newtonian mechanics of 1 particle . . . . . . . .. .. ... ... ... 50
5.2 Lagrangian mechanics of N particles . . . . ... ... .. ... ... 51
5.3 Central force . . . . . ... 54
54 Frame force . . . . . ... 5%)
5.5 Physical interpretation of the frame problem . . . . . . . . . ... .. 56
5.6 Hamiltonian systemon O(N) . . .. .. ... ... ... ... .... 58
5.7 Friction . . . ..o 64
5.8 Parameterization on SO(N) . . . . . ... ... .. 65
5.9 Examples . . . . . . 68
59.1 N =2 . . . 68

6 Least-squares error 72
6.1 Non-weight case . . . . . . . . . . . ... 73
6.2 Weighted case . . . . . . . . . 78
6.2.1 Linearly dependent case . . . . . . . ... ... ... ... .. 80

6.3 Examples of computing the least-squares solution . . . . . . .. ... 96
6.3.1 Explicit example in R . . . . ... ... ... ... ..., .. 97
6.3.2 Example of e-modified vectors . . . . . .. ... ... 99

6.4 Geometrically uniform frames . . . . . .. ... ... ... .. .. .. 103

vi



6.4.1

6.4.2

6.4.3

6.4.4

6.4.5

Examples of GU vector sets . . . . . ... ... ... .....
Properties of GU frames and a second solution . . . . . .. ..
Preliminaries . . . . . . . ... ... ... ..
Change of notation . . . . . . .. ... ... ... . ...

Fourier transform of functionson @ . . . . . . .. .. ... ..

6.5 Minimizers of P, . . . . . . ..

A Penrose-Moore pseudo inverse

B Hilbert space definitions

B.1 Examples of Hilbert spaces . . . . . . . . . .. .. ... ... .....

Bibliography

vil

121

122

124

126



3.1

3.2

3.3

3.4

6.1

6.2

LIST OF FIGURES

The setup of Young’s experiment, indicating that light is a wave. . . .

A diffraction pattern created by the constructive and destructive in-
terference of light from two point sources. . . . . .. ... ... ...

A diagram of two infinite potential barriers creating a box. . . . . . .

A plot of the three lowest energy solutions of the Schrodinger equation
of an electron in a box with impenetrable walls. . . . . . . .. .. ..

A GU set consisting of 2 vectors. . . . . ... ...

A GU set consisting of 3 vectors. . . . . . ... ...

viil



Chapter 1

Introduction and outline of thesis

In this thesis we study a quantum detection problem, which entails finding a quan-
tum measurement that is optimal at distinguishing between a set of given nonorthog-
onal states. This can be reduced to the optimization problem of finding a 1-tight
frame that minimizes a term that, in the context of quantum physics, represents the
probability of a detection error. Mathematically, we have a d-dimensional Hilbert
space H and a set {¢;}¥; C H, N > d, with positive weights {p;}2; C R that sum

to 1. Our goal is to find a 1-tight frame {e;}, for H that minimizes the term

N
Po=1- Zpi|<¢i>€i>|2-
i—1

We begin in chapter 2 with the mathematical background of the subject. Here,
finite frame theory is introduced, followed by the spectral theorem, which is used
to define quantum measurements in chapter 3. We end the chapter with a small
discussion of the special orthogonal group, which is used in chapter 5 as a means of
parameterizing tight frames and converting the quantum detection problem into a
classical mechanics problem.

Chapter 3 is an introduction to quantum theory. The theory of quantum
measurements is introduced via the spectral theorem, followed by a generalization of
the theory with the use of positive-operator-valued measures. We prove that certain

classes of positive-operator-valued measures correspond to tight frames, which makes



the application of frame theory to the theory of quantum measurement quite natural.
This relation has been mentioned in [13] but was not proven.

Chapter 4 introduces the quantum detection problem. We use the relation-
ship between positive-operator-valued measures and tight frames given in chapter
3 to restate the problem in terms of frames, followed by a proof that solutions to
the quantum detection problem exists. We then use Naimark’s theorem to further
simplify and restate the problem in terms of orthonormal sets.

Chapter 5 begins with some background of classical mechanics, then proceeds
with my main results. We give a method of parameterizing tight frames using the
group SO(N). A Hamiltonian on SO(N) is introduced, and using Lagrangian me-
chanics we obtain corresponding equations of motion. We prove that the minimum
energy solutions to the equations of motion exist and correspond to the tight frames
that solve the quantum detection problem. Furthermore, friction terms can be
added to the equations of motion so that solutions tend towards a minimum energy
solution. This reformulation of the problem opens the possibility of using numerical
methods to approximate the tight frames that solve the quantum detection problem.

Finally, in chapter 6 we examine a least-squares error term. Mathematically,

we want to find a tight frame {e;}?; that minimizes the least-squares error

N
E= ZPiH%’ —eil”.
i=1

When the given set {;}¥, are linearly independent, explicit constructions for
{e;}_, are given that minimize the least-squares error [13, 12]. We expand this

work by examining the case when {1;}&, are linearly dependent and produce con-



structive methods of producing tight frames with a small error £ and provide bounds
for E. We end the chapter with a presentation of the work done in [12]. They show
that if the weights {p;}Y, are all equal and if the given set {¢;}Y, are geometrically
uniform, then the frame that minimizes the least-squares error E also minimizes the

detection error P, of the quantum detection problem.



Chapter 2

Frame theory, linear algebra, and the spectral theorem

This chapter presents the mathematical background for studying quantum detec-
tion. We start with a short introduction to frame theory [6, 8, 22] followed by
Naimark’s theorem [7, 13] which relates frames with orthonormal sets. We then
present the spectral theorem [30, 27] which plays a central role in the theory of
quantum measurement in chapter 3. We end the chapter with a discussion of the
group SO(N) and its parameterization with N(N — 1)/2 real variables. This pa-
rameterization is used in chapter 5 to create a Hamiltonian system on SO(N) that

corresponds to the quantum detection problem.

2.1 Frame theory

A frame is a generalization of an orthonormal basis. Let H be a separable Hilbert
space, K C Z, and {e; };,cx an orthonormal basis for H. An orthonormal basis has
the property that for all x € H
Il =D K e
ieK

We use this property to motivate the definition of a frame.

Definition 2.1. Let H be a separable Hilbert space and K C Z. A set {e;}iex C H



is a frame with frame bounds A, B € Rif 0 < A < B and for all z € H we have

Allz|® <Y Kz e < Bl

€K
A frame {e;}ick is a tight frame if A = B, and in this case the constant A is called

the frame constant. We refer to a tight frame with frame constant A as an A-tight

frame.

Let H be a separable Hilbert space and {e;}icx a frame for H. Define the

Bessel map L : H — [*(K) defined for all x € H by

Lz = {(v, ;) }iek-

By the definition of a frame, it is easy to see that L is continuous. Consider the

adjoint L* : [*(K) — H. Let x € H and {c¢;}icx € I*(K). Then

(x, L*({citiex)) = (La,{citiex) = ({{z, &) biex, {¢i}iex)
= Z(z, ei)c; = <x, Zc,-ei> )

€K €K
Since this is true for all x € H, given any {¢; }ex € I*(K),
L*({citiex) = Zciei €H.
ieK

Define the frame operator S = L*L. It is not hard to show that for any x € H,

S(z) = Z(.:E,ei>e,-.

Like an orthonormal basis, all elements of H can be written as a linear combination

of the frame elements. It can be shown that for all z € H,

T = Z(m, e))S ey = Z(x, S~tee;.

1EK €K



In fact, if {e;};cx is a tight frame with frame constant A, then the reconstruc-

tion formula is much simpler. We show that for all x € H we have

1 1
xr = st =7 Z(m,ei)e

Theorem 2.1. Let H be a separable Hilbert space and {e;}iex C H. {€;}ick 15 a

tight frame with frame constant A if and only if the frame operator satisfies
S =AI
where I 1s the identity operator on H.

Proof. First, assume that S = L*L = AI. Then given any x € H we have

Alz||* = Alx,2) = (Ar,x) = (Sz,2)
= (L"Lz,x) = (Lzx, Lx)

= || Lyl k)

= Yl e,

ieK
hence we see that {e;}icx is a tight frame for H with frame constant A.
Now assume that {e;}icx is a tight frame for H with frame constant A. Then
forall x € H,
Az, z) = Allz|]* =) [z )P =) (w,e)(es z) = <Z<m,ei>ei,x> — (Sz, )
ieK €K €K

hence for all x € H

(S—Alz,z) = 0.



Note that the operator S — Al is self-adjoint and positive semidefinite. By Theorem

19 from [30], given any x,y € H we have

(S — ADz,y)| < V(S — ADz,2)((S — Al)y,y) = 0
so it follows that (S — Al) = 0 and the result follows. O

Under certain conditions, tight frames coincide with orthonormal bases. For
example, if {e; }iex is a tight frame consisting of unit normed vectors and has frame

constant 1, then it must be an orthonormal basis.

Theorem 2.2. Let H be a separable Hilbert space. Let K C Z and {e;}icx C H be
a normalized set of vectors. Then {e;}ick is a tight frame for H with frame constant

1 if and only if {e;}ick is an orthonormal basis for H.

Proof. Assume that {e;};,cx is a tight frame for H with frame constant 1. Then

given any y € H we have
lyll® = 1{y.enl”
ieK

Since {e;}iex are normalized, for each ¢ € K we have

L= Jel® =) Kes el

keK

= IlewedP+ D Hemerl

kEK k#i

=1+ Y e

kK ki

hence we must have

Z |<6i> ek>|2 = 0.

ki



So for i # k, {(e;, er.) = 0, hence {¢; };cx is an orthonormal set for H. By the previous
theorem, the frame operator S = I so for any y € H we have
y=5y=> (y.ele
€K
so {e;}iex is complete, and {e;}icx is an orthonormal basis for H.
Conversely, if {e;};cx is an orthnormal basis, it is clear that it is a normalized

tight frame with frame constant 1. O

2.2  Finite frames

In this section, we consider the case where H = K? where K = R or K = C
and frames consisting of a finite set of elements of H, that is frames of the form
{e;}Y., C H where N is an integer with N > d.

Many of the operators associated with finite frames have a matrix representa-
tion. Denote by M(m x n) as the set of all m x n matrices. For example, the Bessel
map can be written as a matrix. Let {e;}Y, C H be a frame for H and {b;}, an
orthonormal basis. The Bessel map L : H — [*(Zy) can be written as a matrix

L € M(N x d) with components L;; = (b;, e;), i.e,

- eT N

*
En

with respect to the basis {b;}¢_; of H, and where * denotes the conjugate transpose.



To verify this matrix corresponds to the Bessel map, given any x € H we can write

x

Zq
with respect to the basis {b;}¢_; and hence
— e — 1 (x,e1)
L(z) = z L= : € I*(Zy).
ey —— Tq (z,en)
The conjugate Bessel map L* : [?(Zy) — H can also be written as a matrix

L* € M(d x N) with components L}; = (b;, ¢;), i.e. it is of the form

Let x € H and denote the ith component of e by eg(i). Then the frame
operator S : H — H, defined by S = L*L, can be written as
| | (z,e1)
‘ ’ <£L’, 6N>
N
2 i (s e)ei(1)
N
= : = Z@, €i)ei
i=1
S (w es)ei(d)
Which is the expression for S we obtained earlier.

9



In the finite dimensional case, it can be shown that any spanning set of vectors
is a frame. We first prove a lemma involving the operator S for a given spanning

set.

Lemma 2.1. Let H be a d-dimensional Hilbert space and {e;}}*, C H such that

span{e;}N, = H. Then the operator S : H — H defined for all z € H by
=1

N

Sy = Z(x,ez)ei

=1

18 positive-definite.

Proof. Let x € H such that z # 0. Then by definition

Taking the inner product with x on both sides gives us

(Sz,x) = Z(x,eiﬂei,@ = Z [z, e;)|%.

Since x € H = span{e; }Y, it follows that (z,e;) # 0 for some i. Suppose not, that
is suppose (z,¢;) = 0 for all 1 <4 < N. Since H = span{e;}¥,, for any basis

{b;}, for H we can write

bi = Z Agz)ej

=1
for some constants {Agi) :1<i<d,1<j<N}. Henceforalll<i<d,

N

N
(z,b;) = <$>ZA§Z)BJ'> = ZA§Z)<$a€j> =0
P =1

so it follows that = = 0, which is a contradiction since we assumed that x # 0.

10



So,

and S is positive definite. n

Theorem 2.3. Let H be a d-dimensional Hilbert space and {e;}; C H. {e;}}¥, is

a frame for H if and only if H = span{e;}Y,.

Proof. Assume that span{e;}X; = H. By Lemma 2.1, we know that the operator
S = L*L is positive-definite and Hermitian, so it follows that S has d positive real
eigenvalues {\;}¢_;. So, for all x € H we have
Allz[|* < (S, 2) < Bl|z|*
where A = min{)\; : 1 <i <d} and B = max;{\; : 1 <i < d}, hence
N
Aljal* <Y e e P < Blla|)®

i=1

By definition, {e;}Y , is a frame for H.
Conversely, assume that {e;}¥, is a frame for H. Suppose that x € H and

T € (span{ei}ﬁl)L. Then

AllelP < e =0

so ||z]| = 0 hence x = 0. So

(span{e}Y,) " = {0}

and we have

H = spcm{ei}f\;l + (span{ei}f\il)L = span{ei}fil.

11



Here, we give a condition where tight frames coincide with orthogonal bases.

Theorem 2.4. Let H be a d-dimensional Hilbert space and assume that {e;}%_, is a
tight frame for H with frame constant A. Then {e;}%_, is a V' A-normed orthogonal

set.

Proof. First, since {e;}&, is a frame in an d-dimensional space, {e;}%, must be
linearly independent. Suppose not, that is suppose {e;}&, is linearly dependent.

Then there exists constants {c;}¢; € C not all zero such that

C,e; = 0.

]~

=1

In particular, there is some 1 < j < d such that ¢; # 0. Then

so H = span{e;}iz; so dim(H) < d — 1 which contradicts the fact that H is d-
dimensional.

Let 1 < k <d. Then,

U

1 1
Z €k, €5)€; = ZHek”Qek + ZZ<@ka€i>6

i=1 itk

hence subtracting e, on both sides gives us,

el = 1] et 5 S lenseies =0

z;ék

12



Since the {e;}¢_, are linearly independent, we must have,
lex]| = VA and (eg, e;) = 00 # k

and the result follows. O

2.2.1 Naimark’s theorem

In this section we present Naimark’s theorem. As a preliminary needed to prove
Naimark’s theorem, we present the singular value theorem without proof. This
theorem generalizes the process of diagonalizing matrices in cases where the matrix
is not necessarily square. This decomposition is valid for arbitrary matrices. This
theorem is also used in chapter 6 where a least-squares quantum detection problem

is examined.

Theorem 2.5. (Singular Value Decomposition)

Given any A € M(m X n) there exists matrices U € M(m x m), V € M(n X n)
and X € M(m x n) where U, V are unitary and the diagonal components o; = ¥y
are positive and real, and ¥;; = 0 if © # j, such that A = UXV*. The components

o; are called the singular values of A.

The proof of this theorem is constructive. U is the unitary matrix whose
columns are the orthonormal eigenvectors of the self-adjoint matrix AA*, V is the
unitary matrix whose columns are the orthonormal eigenvectors of the self-adjoint
matrix A*A, and the singular values o; are the positive square root of the nonneg-

ative eigenvalues of AA*.

13



We now state some observations that shall be useful in the proof of Naimark’s

theorem, as well as in chapters 4 and 6.

1. We show another form of the singular value decomposition that becomes useful
in the proof of Naimark’s theorem. If A € M(m X n) is of rank r, we can
reorder the indices ¢ in the singular value decomposition such that the first r
singular values {o;}!_; are nonzero. Then with this reordering, it is not hard

to show that its singular value decomposition can be written as

T

*

A= g U,
i=1

where u; is the ith column of U, v; is the ¢th column of V', and o; are the

nonzero diagonal elements of X.

2. Here we give explicit expressions for orthogonal projections. Let H be a d-
dimensional Hilbert space and let W be a finite N-dimensional subspace of
H where N < d. Let {w;}¥, be an orthonormal basis for W. Then we can

express the orthogonal projection P : H — W as

n

&

P = E w;w;
i=1

which is not hard to see since for any x € H we have

P(z) = iwiw;kx = i(m,w»wi eW.
i=1 i=1

3. Let {e;}, be a tight frame for H with frame constant A. Then for all x € H

we have



hence we can write

Also, by Theorem 2.1 it follows that {e;}¥, is a tight frame if and only if

1=

N
Z ee; = Al
i=1
Naimark’s theorem [13] relates tight frames with equal-normed orthogonal sets.
All tight frames can be considered as projections of an equal-normed orthogonal set

where the orthogonal set exists in a larger Hilbert space. This theorem is crucial

for the construction of the Hamiltonian system on SO(N) given in chapter 2.

Theorem 2.6. (Naimark’s Theorem) Let H be a d-dimensional Hilbert space. Let
{e;} Y, be a tight frame for H with frame constant A. Then there exists an orthogonal
A-normed set {e;}Y, C H, where H is a N-dimensional Hilbert space such that H
s a linear subspace of H , and

Ppe; = e
where Py is the orthogonal projection onto H.

Proof. Let {b;}¢_, be an orthonormal basis for H. Define M € M(N x d) as the
Bessel map matrix corresponding to the vector set {e;}¥, with respect to the basis

{b;}L,, that is M is of the form

N
It suffices to show that there exists a matrix M € M(N x N) such that

15



1. MM* = A%Iy
9. PyM* = M*.

MM?* is the matrix whose entries are the inner products of the columns of M*.
Hence, 1. shows that the columns of M* are orthogonal and have norm A. 2. shows
that the projection of the columns of M* onto H gives the original tight frame
{e;}Y,. So the A-normed orthogonal set we are looking for are just the columns of

M*.

We take the singular value decomposition of M* to get
d
M*=USV* =) o).
i=1

We will show that the singular values {o; ?:1 are all equal. Since each vector u; is d
dimensional, and {u;}%, are orthonormal, since they are the columns of a unitary
matrix, we have span{u;}%, = H. Since M is the Bessel map for a tight frame, by

Theorem 2.1 and observation 2 we have for the corresponding frame operator,
d
S=MM=AIy=A") uu;.
i=1

We can also write, using the singular value decomposition of M* and the fact that

{v;}¥, is an orthonormal set,

d d
* * *
M*M = E oiU;V; E LUK
i=1 k=1
d d
* 2 *
= E aiakui(vi,vk>ukzg iU
ik=1 i=1

hence we see that for all i = 1,...,d, we must have o; = A. So

d
M*=A E ;v
i=1

16



Now consider an enlarged N-dimensional Hilbert space H such that H C H.
We can find a set of N —d vectors {u; }Y ;. C H such that {u;}¥, is an orthonormal

basis for H. Define
- N
M*=A Z UV}
i=1

Then M has the desired properties we want. We have,

N N N
MM = A2§ vzufg upvy = A E v; (Wi, up YUy
i=1 k=1

kyi=1
N
2 * 2
= A E viv; = A%Iy.
i=1

. d . . . o d *
Since {u;}i_; is an orthonormal basis for H, we can write Py =  ;_, uju} hence

we have,
d N d N
* * * *
PyM* = E uju; A E wv; = A E E w;(uj, u;)v;
j=1 i=1 j=1 i=1
d
= A uur =M O
J
J=1

For the case where H is infinite dimensional, see [7].

2.3 Spectral theorem

All self-adjoint N x N matrices can be diagonalized. If A is an N x N self-adjoint
matrix, then A has N real eigenvalues {\;}Y |, counting multiplicities, and N cor-

responding orthonormal eigenvectors {v;}¥, such that

N

*

A= E )\iUZ"Ui.
i=1

Each v;v] can be considered as an orthogonal projection onto the 1-dimensional
space spanned by v;. The spectral theorem is a generalization of this idea when A

17



is a self-adjoint operator on a separable Hilbert space H. We replace the sum of the

projections by a resolution of the identity.

Definition 2.2. Let B be a o-algebra of sets of X and H a Hilbert space. Denote
by L(H) as the collection of all bounded linear operators on H. A mapping E :

B — L(H) is a resolution of the identity if:

2. For all w € B, E(w) is a orthogonal projection.

3. For all w,w’ € B, E(wNuw') = E(w)E(w).

4. fwNw =0 then W(wUw') = E(w)+ E(w).

5. for all z,y € H, (E(-)x,y) is a complex measure on 5.

With this definition, we can present the spectral theorem [27].

Theorem 2.7. Let T be a bounded normal operator on a separable Hilbert space H.

Then there exists a unique resolution of the identity such that for all x,y € H,

(Tx,y) = /)\d(E()\)x,y>.

As an abuse of notation, we sometimes write

- / ME().
For those familiar with quantum mechanics, many times we consider the Hilbert

space H = L?*(R) and the self-adjoint operators O, and O, defined on a dense

subset of H for some f € H by

0u(x) = 2(x), Opf(a) =+ 9 (2).

18



Note that these operators are not bounded, nor are they defined on all of H. How-

ever, the spectral theorem can be modified to apply to all self-adjoint operators

27, 30].

Definition 2.3. Let H be a separable Hilbert space and A a self-adjoint operator
defined on a dense subset of H. The Cayley transform U of A is the operator that

satisfies for all f € Dom(A)
U(Af +if) = Af —if.
If A is self-adjoint, then it is shown by [27] that the domain and range of U satisfies
Dom(U) = Range(U) = H
and U is a unitary operator on H.

Theorem 2.8. Let T be a self-adjoint operator defined on a dense subset of a
separable Hilbert space H. Then there exists a unique resolution of the identity

such that
T:/NEM)
We present a sketch of the proof. Let U be the Cayley transform of 7. Since
Dom(U) = Range(U) = H

one can show that U is a unitary operator on H. By the Spectral theorem, there

exists a unique resolution of the identity F such that

U:/mwwy
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Using the change of variables,

A= —cotmo

one can show that

T = /)\dE <—l cot ™! )\>
T

gives a unique resolution of the identity for T'.

2.4 The special orthogonal group

Finally, we present some facts of the orthogonal and special orthogonal group [26].
We later use the fact that O(N) is a smooth manifold in chapter 5 to develop a
method of parameterizing orthonormal sets in an N-dimensional Hilbert space.

Let N be a positive integer. The orthogonal group is defined by
ON)={Ae M(N x N):ATA=1}

where 7 denotes the transpose of the matrix A, and [ is the N x N identity matrix.

We will mainly be considering the special orthogonal group given by
SO(N)={A € O(N) : det(A) =1}.

It can be shown that SO(N) is a N(N — 1)/2-dimensional manifold. To show this,
we construct a smooth map from RYW=Y/2 into SO(N).

Define the exponential map exp : M(N x N) — M(N x N) for all X €
M(N x N) by

exp(X) = Z lX”.



where we define X° = I. Tt is not hard to show that if A, B € M(N x N) commute,
then

exp(A) exp(B) = exp(A + B).
Consider the space of all N x N antisymmetric matrices
AN)={Ae M(N xN): A" =—-A}.

A(N) is a N(N — 1)/2-dimensional real linear space under matrix addition. Note

that for any A € A(N)
= 1 = 1 = 1 B p
R R LIS SR LA SR TV

hence

exp(A)" exp(A) = exp(—A+ A) = exp(0) =1

so exp(A) € SO(N).
Let {A1,..., An(v-1);2} C A(N) be a basis for A(N). Define the map f :

RNN=-1/2 _, SO(N) for all (q1,...,qnv-1)2) € RNWN-1)/2 by

N(N-1)/2

flar, - anv—1)/2) = exp Z ¢;A; | € SO(N).

i=1

It can be shown that f is a diffeomorphism taking a neighborhood of 0 in RVNV~-1)/2
into a neighborhood of I in SO(N). Given any B € SO(N), one can further show
that Bf : RVN=2/2 _ SO(N) is a diffeomorphism taking a neighborhood of 0
in RVV=1/2 into a neighborhood of B in SO(N). Hence, SO(N) is a smooth
N(N — 1)/2-dimensional manifold.

O(N) is also a smooth N (N —1)/2-dimensional manifold with two components,

the component with positive determinant corresponds to SO(N).
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Chapter 3

Quantum physics

This chapter presents some of the history and motivations of quantum theory. The
historical facts in sections 3.1.1, 3.1.2, and 3.1.3 were taken from [16] and the basic
theory and examples in sections 3.1.4, 3.1.5, 3.1.6, and 3.2 were taken from [15].
The general quantum theory in terms of Hilbert spaces, section 3.3, was borrowed
from [30] and the introduction of POM measurements in section 3.4 can be found
in [13, 12, 31, 18] with physical realizations of POM measurements given by [5, 4].
The relationship between POMs and tight frames given in section 3.5 has been done

by the author.

3.1 Motivations of quantum mechanics

3.1.1 Light as waves

Ever since the 1600’s, there was a debate whether light is a wave or a particle. In
1801, Thomas Young performed the double-slit experiment. This consisted of a
monochromatic light source and a screen separated by two barriers, the one on the
left with one slit and the one on the right with two slits. See the figure below for

an illustration.
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Figure 3.1: The setup of Young’s experiment, indicating that light is a wave.

The light spreads by diffraction after passing through the first barrier. The
light emanating from the single slit acts as a point source of light. The light then
passes through the second barrier and through the two slits, creating two point
sources of light. On the screen, on the far right in figure 3.1, the light from the two

point sources create a pattern of bright and dark patches as in figure 3.2 below.

Figure 3.2: A diffraction pattern created by the constructive and destructive inter-

ference of light from two point sources.

This was strong evidence that light behaves like a wave, and the pattern on
the screen was due to constructive and destructive interference of the light waves
emanating from the two point sources. In fact, in the mid 1800’s it was discov-
ered that light is an electromagnetic wave, an oscillating electric and magnetic field
governed by Maxwell’s equations. In empty space, the waves are governed by the

following wave equations

1 0%°F
c? Ot?
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1 0°B
V’B
2 Ot?

where c is the speed of light, ¢ corresponds to time, and E and B are the electric and
magnetic vectors fields respectively, both functions of space and time. The intensity

of the light on the screen in Young’s experiment can be shown to be proportional

to |E|2.

3.1.2 Light as particles

It has been found that if light of a certain wavelength A is directed on a piece of
metal, it knocks off electrons from the metal. It is as if light, something with no
mass, has a momentum and can physically push a particle with mass. Einstein was
able to explain this effect by modeling light as a stream of particles, called photons,

which have a momentum given by the expression
_h
=3

where h is Plank’s constant. In fact, in 1921 Einstein won the Nobel prize for his
analysis of the photoelectric effect. With this view that light is nothing but a stream
of particles, the intensity |E|? of the light on the screen in Young’s experiment can
be viewed as a probability distribution of where the photons are likely to hit the
screen. The bright spots on the screen represent areas where the photon is likely to

hit.
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3.1.3 Matter has wave-like properties

If light has both wave-like and particle-like properties then perhaps matter does as
well, that is perhaps matter also has wave-like properties. Momentum was attributed
to a photon using the expression p = h/A. In 1924, Louis de Broglie suggested that

this same expression might be used to assign particles of mass a wavelength
h
A=—.
p

In fact, in 1989 it was shown that using a beam of electrons instead of light in the
double-slit experiment also produced interference patterns on the screen, which was
consistent with de Broglie’s expression for the wavelength of matter [29].

Since the wave-like properties of light are governed by Maxwell’s wave equa-
tions, then it seems natural to have a wave equation that models the wave-like
properties of matter. In 1926, Schrodinger produced the Schrodinger equation to do
just that,

ov h?

h—— = —— VU + VU
! ot 2mv *

where A is Plank’s constant, m is the mass of the particle being modelled, V is a
real scalar field, and W is a complex field, sometimes referred to as the state of the
system. Like the photon interpretation of Young’s experiment, |¥|? is interpreted
as the probability distribution of the location of the massive particle in question.

Since |¥|? is a probability distribution, we require the conditions ¥ € L? and

/|\If\2 =1
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3.1.4 Dynamical quantities as operators

Suppose we have a particle in a 1-dimensional space, that is U(z,t) is a function of
one space variable x and time ¢. Since |¥(z,t)|? is the probability distribution of
the location of the particle at time ¢, the expectation value of the position is given
by
Ex) = / 2| U, 1) Pz = (U, 1), 20 (x, 1)
R
where the above bracket denotes the usual L?(R) inner-product with respect to the

variable x. Since momentum is defined by p = mw, it is quite natural to define the

expectation value for momentum as

We obtain,

d d 0
_ - = ] 2dy = — | 2
E(z) m Rx| (z,1)["dx /:L‘%’ (z,0)["dz

_ /R;B (\I/*(x,t)%\lf(x,t) + \I/(x,t)%\lf*(x,t)) da.

Since ¥ must satisfy the Schrodinger equation, we have

ov ih 0*W

7
il N v
ot 2m O0x? hv
ov* ih 0°U* g
= —— —VU*,
ot 2m 0z2 + I

Plugging this back into the equation above gives us

Le@) = /Rm (\IJ*(x,t) lﬁy—‘l’ - iw} U t) [—ﬁ‘w* + iv\p*D iz

dt 2m 0x%2 h 2m Ox? h
ih L 920
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_ 0 (ﬁ/*(x,t)a—\p —\IJ(x,t)a\IJ )dx

2m Jg T or ox ox
= —% i (\I/*(x, t)g—ij — U(x, t)aall;*) dx integration by parts
= _% g (\If*(a:, t)g—i + U™ (z, t)g—i) dx integration by parts
_ {ZRW@ﬁ%?w:@MWH%gﬂ@ﬂ>

So,

am=<m§%w>

It seems natural to define self-adjoint position and momentum operators defined on

a dense subset of L*(R) by

Ouf(x) = xf(x)
ho

Opf(z) = S5 f().

Then we can write the expectation values of position and momentum as

E(x) = (V,0,7)

Ep) = (V,6,0).
Since any dynamical variable w can be written in terms of position and momentum
w(z,p), we can get a corresponding self-adjoint operator O,, by substituting, in the
expression for w(x, p), the momentum p with the operator O, and substituting the

position x with the operator O,, that is O, = w(O,,0,). If we have a particle in

the state U € H, the expectation value for the quantity w is given by

E(w) = (T, 0, ).
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For example, energy is the sum of kinetic and potential energy

L _ Ly
E = 5 +V(z) = 5P + V()

so its corresponding operator, known as the Hamiltonian, is
Op = ——02+V(0,) V()
= —_— ) = ——~—— Q== €T).
B omr

Note that this is the right hand side of the Schrodinger equation, so we can
write
ov

The expectation value of the energy is given by

E(E) = (¥,0p0).

3.1.5 Another look at momentum

Suppose U(z,t) is a unit-normed solution of Schrédinger’s equation, that is for each
fixed t € R, [, |¥(z,t)]*de = 1. We want to find the average spatial frequency 7 of
P, Since the Fourier transform of a function gives information about its frequencies,

a natural definition of the average frequency of ¥ for a given ¢t would be

5 - / Ny, )Py
R

where ¥(v,t) is the Fourier transform of U(z, ¢) with respect to the spatial variable,

that is

U (v,t) :/ U(z,t)e ™ dy.

—00

By the de Broglie relation,
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and the relation between wavelength \ and frequency ~

T = BY
we have
2 1
where i = h/2m. So the momentum p is proportional to the frequency v and &(p)

should be proportional to 7 with proportionality constant 2. We have

E(p) = hy=h / (1) 2y
= (U(y,t), Iyl(y,1))

h d
= <\Il(x,t), ;%\If(x,t)> by Parseval.

So by the de Broglie relation, it again seems natural to define the momentum oper-

ator as

3.1.6  General statistical interpretation

Self-adjoint operators can always be decomposed by the Spectral Theorem. If H is a
separable Hilbert space, and A a self-adjoint operator, then there exists a resolution

of the identity E such that
A= / ME().
R

Using this, we can define what it means to take functions of self-adjoint operators.

Given a dE measurable function f : R — R we define the operator f(A) by

f(4) = / FOVAE(N).
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It can be shown that f(A) is also a self-adjoint operator on H, see pages 143-145 of
[30].

Suppose we have an electron in a l-dimensional space with corresponding
solution to the Schrodinger equation W(x,¢) and we want to know when the values
of its momentum lie in the interval I = [a, b]. The corresponding dynamical variable

can be written as a function of momentum p given by

1 ifpel
f(p) =
ifpél.
Suppose O, is the corresponding operator for momentum and E its corresponding
resolution of the identity.

Note that the probability that the momentum of the electron lies in the region

I is the same as the expectation value of f(p). So we have

P = £((0,) = (W, / FOVA, )
_ /bd<\IJ,E(/\)\I/) (U, E(I)¥)

This probabilistic expression is general and works for other dynamical quan-
tities, not just momentum. Suppose the state of the system is ¥ € H. Given any
dynamical quantity w with its corresponding self-adjoint operator O,, and resolution
of the identity E, the probability that after measuring w, the outcome lines in a
region [ = [a, b] is given by

P(I) = (U, E(I)D).
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3.2 Example: a particle in a box

Suppose we have an electron in a 1-dimensional box of length a > 0. Suppose further

that the walls of the box are inpenetrable. The physicists describe the potential as

0 ifzel0,q]
V(x) =
oo if z ¢ [0,da
V=) V=0 Vem

Figure 3.3: A diagram of two infinite potential barriers creating a box.

We consider the closed interval I = [0, a| and solve the Schrédinger equation on
I with the boundary conditions ¥(0,¢) = W(a,t) = 0. Inside the box, the potential

V =0 so we solve

To simplify the Schrodinger equation, we use separation of variables and assume we
can decompose the solution as ¥(z,t) = ¥ (x)0(t). Plugging this into the Schrédinger

equation we obtain
J2] h2 2
9 1y — _gy OV

2m 0z?

()



and for all z and t such that ¢ (x) # 0 and 0(t) # 0 we can write

ih 06

o ar) = o

() 2m 0z

So, there must be a constant E such that

el(h) gf (t) = z’h%(t) — EO(t)
2 92 2 92
Solving (3.1) gives us
0(t) = et
The general solution of (3.2) is
Y(z) = Acos(kz) + Bsin(kz) where k = QT;E.

Imposing the boundary conditions gives us

PO0)=0 = A=0

Pla) =0 = n—?,nEZ

The second boundary condition tells us the possible values of the constant E

27T2h2

E = .
2ma?

Since V¥ is a probability function we require

/|\Il(x,t)\2dx = /|0 |dm—/ B?sin®(kx)dx
0 0

_ B? [—cos(kz)sin(kz) + K ¢ _ g% g
2 L2

K

SO

SHE



So our solution to the Schrédinger equation is

5 22552
a a 2ma?

The first three solutions are plotted below.

X\

05a a

Figure 3.4: A plot of the three lowest energy solutions of the Schrodinger equation

of an electron in a box with impenetrable walls.

Since equation (3.2) can be written in terms of the energy operator

Opi(z) = E()

we see that the constants F,, are the eigenvalues of O, hence (3.3) gives the different

wave-functions corresponding to different energy levels.

3.3  Generalization using Hilbert theory

Since for a fixed ¢, |¥(z,t)|? is a probability distribution of a particle, if there are no

boundaries imposed of where the particle can go then ¥ € L?(R), and if the particle
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is in a box then ¥ € L?([0, a]). For each physical system considered, we sometimes
use a different Hilbert space H. So it seems natural to generalize the theory to a
theory involving general separable Hilbert spaces.

Another motivation for this generalization is that in 1925, before Schrodinger’s
wave mechanics, Heisenberg developed a matrix theory of quantum mechanics. Ac-
cording to Von Neumann [30], the two theories can be shown to be equivalent.
Their apparent difference is due to the fact that they use different representations
of essentially the same Hilbert space. So the essence of the theory involves Hilbert
spaces.

The theory is as follows:

1. A physical system is modeled using a separable Hilbert space H and a self-
adjoint linear operator H. ‘H is called the Hamiltonian and is related to the

total energy of the system.

2. The state of the system is given by a unit-normed element ¥ € H. ¥ evolves

in time by the Schrodinger equation

d
h— U = HU,
7 o H

3. All dynamical variables w are represented by self-adjoint linear operators O,
on H. Suppose FE is the corresponding resolution of the identity of O,,. If the
state of the system is given by W € H, then the expectation value of w is given
by

E(w) = (V,0,7)
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and the probability distribution of w is given by the measure

(W, E()W).

With this generalization, physicists have modeled other physical systems with
Hilbert spaces other than those that naturally appear when using Schrodinger’s
original wave mechanics. An example is the Stern-Gerlach experiment, where a
beam of electrons are subjected to a inhomogeneous magnetic field [15]. In this

situation the Hilbert space H = C? is used.

3.4 Generalization to POMs

We now generalize the definition of a quantum measurement. As before, every pos-
sible measurable quantity corresponds to a self-adjoint operator on H. However, if
instead we only require the corresponding resolution of the identity £ to be a family
of positive self-adjoint linear operators and not necessarily orthogonal projections,
then F is said to be a positive-operator-valued measure, or POM for short. To denote
the distinction between a POM and a resolution of the identity, we use the symbol

II instead of E. The formal definition of a POM is as follows.

Definition 3.1. Let B be a o-algebra of sets of X. A positive operator-valued

measure (POM) is a function II : B — L(H) such that:

1. VU € B, II(U) is a positive self-adjoint operator,
2. TI(D) = 0 (zero operator),

3. Vdisjoint {U;}2, C B, z,y € H = <H (U Ui> x,y> = Z (IL(U; )z, y)
i=1 '

=1
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4. II(X) = I (identity operator).

We think of X as the space of all possible outcomes. X might be countable or
uncountable. For example, suppose we wanted to measure the energy of a hydrogen
atom. The energy levels of a hydrogen atom are discrete and X would consist of
all the possible discrete energy levels, hence X is countable. On the other hand, if
we were measuring the position of the electron orbiting the nucleus, then X would
be the space of all possible spatial locations of the electron, i.e. X = R3 which is
uncountable.

Every dynamical quantity in quantum mechanics corresponds to a space of
outcomes X and a POM II. If the state of the system is given by v € H with
||| = 1, then the probability that the measured outcome lies in a region U C X is
given by

PU) = (4, I(U)y).

3.4.1 Example 1

Consider the Hilbert space H = L*(R?) and suppose the state of a particle is given
by ¥ € L*(R?) with |[¢)| = 1. Suppose we are interested in measuring position.
Then the space of outcomes is just X = R3?. Given a set U € B the position
POM is given by II(U) = 1y, i.e. point-wise multiplication by 1, where 1 is the
characteristic function of U. So the probability that the particle is found in a region
U C R3 is given by

P(U) = (4, TI(U)Y) = / P
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Using a POM in place of a resolution of the identity enriches the subject of
quantum communications. There are many reasons for its use. To name a few, in
some situations using a POM measurement decreases the likelihood of making a
measurement error [24]. Also, the foundation of quantum encryption where mes-
sages cannot be intercepted by an eavesdropper is based on the theory of POM

measurements [2].

3.5 Relationship between POMs and tight-frames

The theory of tight-frames can be used to construct POMs. Let H be a separable
Hilbert space and K C Z. Assume {e; }iex C H is a 1-tight-frame for H. Define a

family of self-adjoint positive operators for all w C K and x € H by

(w)z = Z(x, €i)e;.

1Ew

It is clear that this family of operators satisfy conditions 1-3 of the definition of a

POM. Since {e¢;}icx is a 1-tight-frame, we also have for all x € H,

I(K)z = Z(x, ei)e; =

icK

so condition 4 is satisfied and II, constructed in this manner, is a POM.

Conversely, we have the following theorem.

Theorem 3.1. Let H be a d-dimensional Hilbert space. Given a POM 11 with a
countable set X, there exists a subset K C Z, a 1-tight-frame {e;}icx for H, and a

disjoint partition {B;}iex C B of K such that for alli € X and x € H,

(i)x = Z(x,ej>ej.

JEB;
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Proof. For each i € X, TI(i) is self-adjoint and positive by definition, so by the
spectral theorem there exists an orthonormal set {v;};ep, and positive numbers

{\;};eB,; such that for all z € H,

M)z =Y Ala, vy = D (x,¢5)e;

JjEB; JjEB;

where for all j € B;,
@j = 4/ )\jUj.

Since II(X) = I we have for all x € H,

r=1II(X)x = Z (z,e;)e;.

JEU; By
It follows that {e;};cx is a 1-tight-frame for H. O

So if our Hilbert space H is finite-dimensional, analyzing quantum measure-

ments with a discrete set of outcomes X reduces to analyzing tight-frames.

3.6  Why finite frames?

In chapters 5 and 6, we focus on analyzing the quantum detection problem us-
ing finite frames. In the theory of quantum computing and quantum encryption,
finite-dimensional Hilbert spaces are used. For example, quantum computers store
information using qubits, which correspond to a finite-dimensional complex Hilbert
space. Some of the physical realizations of these qubits are the spin directions of an
electron, or the polarization directions of photons [25].

The application of the quantum detection problem is to be able to transmit
and receive information encoded through a quantum channel. Some justifications of
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using finite frames for the quantum detection problem are:

1. We only need a finite alphabet to transfer information. An infinite alphabet

is not necessary.

2. If quantum detection is applied to the areas of quantum computing or quantum
encryption, then finite-dimensional Hilbert spaces are used hence finite frames

are sufficient.
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Chapter 4

Quantum detection problem

In this chapter, sections 4.1 and 4.2, we present a quantum detection problem and in
section 4.3 we reformulate it as a frame-theoretic optimization problem as discussed
in [13, 12]. Using a compactness argument, we show that solutions exist. Section
4.4 simplifies the problem by showing that we need only consider orthonormal sets

rather than tight-frames. This last observation is made by the author.

4.1 Quantum communication

Suppose we have a separable Hilbert space H corresponding to a physical system,
but we cannot determine beforehand what state the physical system is in. However,
we do know that the state of the system must be in one of a countable number
of possible unit normed states {u;}icx C H, where K C 7Z, with corresponding
probabilities {p; }icx that sum to 1. Our job is to determine what state the system
is in, and the only way to do so is to perform a measurement. Hence, our job is to
construct a POM II with outcomes X = K with the property that if the state of
the system is ¢; for some i € K, our measurement tells us the system is in the ith

state with high probability

1 ifi=j
P(j) = (i, T1(j)i) =~
0 ifisj
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If the state of the system is 1;, then (1, I1(j)1;) is the probability that our measure-
ment device outputs j. So, (1, I1(7)v;) is the probability of a correct measurement.
Since each 1; occurs with probability p;, the average probability of a successful
measurement is
E (success) = E({ (Wi, TL(0) i) bier) = Y pi{ths, T(E) ).
€K

Quite naturally the probability of a detection error, that is the average probability
that our measurement is incorrect, is given by

Po=1- ZPK%,H@W@)-

€K

So we want to construct a POM II that minimizes P..

4.2 A closer look at the detection error

Here we show that the above expression for P, is the average of the probabilities of
incorrect measurements. If the state of the system is v; for some ¢ € K and if ¢ # 7,
then (1;, I1(j)1);) is the probability that we incorrectly measure the system to be 1;,
an incorrect measurement. So, the average probability of an incorrect measurement
is given by
& (incorrect) = E({ (i, L(j)i) Fins) = sz‘(%, I1(j)vs).
1#]
We want to show that P, = &(incorrect). To show this, note that

D o TG + Y pile, UG = > piles, TI()s)

1#] €K 1,J€EK
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= Y <¢i,ZH<j>¢i>

€K jeK
= Zﬂi<¢i;l¢i>
i€k
= Zpi =1
i€eK

hence

Po=1=Y pilts, TI(0)¢x) = Y pi{ths, T1(j)¢bs) = E(incorrect).

€K 1#£j
4.3 Using tight-frames to construct the POM

Suppose we use a 1-tight-frame {e; };cx C H to construct our POM. Then for i € K
and r € H,

)z = (z,e;)e;

and the detection error becomes,

P = 1—Zpi<¢i,n(i>wi>

€K

= 1- Zpi<wi7 (ei, i)es)
i€k

= 1- Zm’@% €i>’2-
i€k

So our problem reduces to finding a 1-tight-frame that minimizes P.. Suppose
H =K% where K = R or K = C, and K = Zy. We shall show that in this case,

such a tight-frame exists using a compactness argument. We start with a lemma.

Lemma 4.1. Assume that {e;}Y., is an A-tight frame for a d-dimensional Hilbert

space H. Then,

lleil| < VA.
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Proof. Note that for any 1 < k < N we have

N

Alel® = Y lew e’
i=1
= el + > lew, el

itk

hence,

lexll* = Allexl® = = 32k [{er, ) [* < 0
= [lex? —A<0

Theorem 4.1. Suppose H is a d-dimensional Hilbert space and {1;}., C H are

given. Suppose we are also given a set of positive numbers {p;}¥., C R such that

N
i=1
Then there exists a 1-tight frame {e;}Y., C H that minimizes the error
N
Po=1- Zpi|<¢i7€i>|2
i=1
over all 1-tight frames of N elements.

Proof. Let F be the set of all N element 1-tight frames. By observation 3 of section

2.2.1, we can write this set as

N
F= {{v,}f\[_l CH:ZUW;‘:I}.
i=1

First note that I is closed. Given any {u;}¥, C H define the norm

N
Hub ol = lwlla
k=1
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where || - || is the norm on H and define the operator norm for any d x d matrix

A as

[All = sup [[Av]la.

llvllr=L1

Suppose we have a sequence {{u¥}¥,}2°, C F such that
lim [[{u;}iL, — {uitilill = 0
k—o00

for some set {u;}Y, C H. Then given any € > 0 there exists a k > 0 such that

{ub Y, — {u}Y, || < e. Then,
N N
= Zuiu;"—ZU?(Uf>*
- S-S
=1

N
= sup Z (v, w;)u;
llla=1 || 5 Y
N
S sup Z U uz>quH
vl m=1

N
< suwp Y (v, ufyuf — (o ufyulla + |1 (o, uf)us — (0, w)uillm)
=1

HvHH:1 ;

= Supz uf g = il + v, uf — wid[[uf]| )
loller =1

< HSHupl(H{ui — {u Ll + {w bty — {ui b))
v||lg=

< 2e.

Since € > 0 was arbitrary, it follows that

N
Zuluf =1
i=1

hence {u;}Y_, € F, so F is closed.
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F is also bounded since given any {u;}Y, € F, by Lemma 4.1 we know that

Hui il = Z [uill i < N.
Now consider the function fr, v : F' — R defined for all {e;}N, € F by
N
f{wz—}?’zl({ei}f\;) =1~ ZM(%, er)|”.
i=1
Given any {v;}I¥,, {u;}Y, € F we have
N N
| Froagy, ({uiiss) = Frogy, {udil)| = Zﬂz‘K% ug)? = sz‘K% e;)|?
< szH ¢z7uz wz7€z>| ‘

= Zﬂi(|<¢z’»uz‘>| — (i, v ) (|(is wi) | + [, vi) |)

IN

22| ,lvz)zaUz ¢zavl>|
= QZK%,W—%H
=1

N N

< 2> illaflws = villm =2 llwi = villn
i=1 i=1

= 2[{ui} = {wi}l

SO fryan . Is continuous on F. Since F' is compact, it follows that there exists

{e;}., € F that minimizes fway - O

4.4 P, for tight-frames and orthonormal sets

Here, we simplify the quantum detection problem by showing that we only need

to consider orthonormal sets rather than 1-tight frames. Let H be a d-dimensional
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Hilbert space and let N € N such that N > d. Let {¢;}Y, C H and {p;}Y, C RT

be given. For any vector set {e;}, denote the probability error by

N
P({e}it,) =1— sz‘|<¢u€i>|2-

Lemma 4.2. Assume that H is an N-dimensional Hilbert space and {& Y, an
orthonormal set for H. Then for any subspace U C ]TI, {Pye; YN, is a 1-tight frame

for U, where Py denotes the orthogonal projection onto U.

Proof. For any z € U, note that Pyx = z. Since {¢;}¥, is an orthonormal basis for

H we can write

ol = 1@ o)

N
S [(Pea)
Since this is true for all z € U, it follows that { Pye;}Y, is a 1-tight frame for U. [

Theorem 4.2. Let H be a d-dimensional Hilbert space and let the set of unit normed
vectors {1; }X., C H be given with weights {p;}X.,. Let H be a N-dimensional Hilbert
space such that H is a subspace of H. Let {e;} | be the closest 1-tight frame for H

that minimizes P, over all N element 1-tight frames for H, that is

P({e;}iy) = inf {P{&Y)) : {&}L, a I-tight frame for H} .
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Let {&;}X., be the closest orthonormal set in H that minimizes P, over all other

orthonormal sets in ﬁ], that s
P({e;}Y ) = inf {P({cpz}fil) {oi Y| a orthonormal set in ﬁ[} :

Then,

P({ei}iLy) = P({&}il)) = P({Puei}i)
where Py s the orthogonal projection onto H.

Proof. Since each 1; € H, note that Py1); = 1;, so we have
N
P({@}l) = 1= plwe)l

i=1
N

= 1= pil(Puthi, &)
i=1
N

= 1- Z pil (i, Pré;)|? since Py is self-adjoint,
i=1

= P({Pu&}Y))

so it remains to show that P({e;}Y,) = P({&;}Y,). By Lemma 4.2 {Pye;}Y | is a

1-tight frame for H, so by the definition of the set {e;}¥, C H it follows that
P({&}ily) = P({Pueitily) = P({ei}ily)-

Now, by Naimark’s theorem, there exists an orthonormal set {6;}¥, C H such

that
{Pub;}i, = {e}ily.
Hence we have,
N
P({e}) = 1= pil{i e
i=1
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N

= 1= pil{ti, Pubi)?
=1
N

= 1= pil(Puti, 0;)
=1

= 1- Zpi|<¢i,92‘>|2
= P({Qz‘}f\;)

P({e}i)

IV

where the last inequality follows from the definition of the set {¢;}, C H. The

result now follows. O

In conclusion, finding the N element 1-tight frame {e;}¥, for H that mini-
mizes P, over all N element 1-tight frames is equivalent to finding the N element
orthonormal set {&;}Y, in H that minimizes P, over all N element orthonormal
sets in H. Once we find {&;}Y,, we project back onto H and {Py&;}Y, is a 1-tight
frame for H that minimizes P, over all N element 1-tight frames.

So the quantum detection problem becomes: Let H be a d-dimensional Hilbert
space and let {¢;}}¥, C H be a normalized set with positive weights {p;}Y, C R
where N > d. Let H be a N-dimensional Hilbert space such that H C H. We
want to find an orthonormal set {¢&;}Y, C H that minimizes P, over all N-element

orthonormal sets in H.
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Chapter 5

Classical mechanical interpretation
In this chapter, we present a classical mechanical interpretation of the quantum
detection problem. The background on Newtonian and Lagrangian mechanics in
sections 5.1 and 5.2 was borrowed from [21] and the presentation of central forces
and the frame force in sections 5.3 and 5.4 are from [1]. The remainder of the
chapter is the contribution of the author.

In section 5.5 we give a classical mechanical interpretation of the quantum
detection problem by treating the error P, as a potential. In section 5.6, we give
a method of parameterizing orthonormal sets using the group O(N) and use La-
grangian mechanics to get a corresponding set of differential equations. We prove
that the minimum energy solutions correspond to the tight frames that solve the
quantum detection problem. In section 5.7, we add a friction term to the differential
equations and show that the energies of solutions decrease. In section 5.8, we prove
that it suffices to parameterize orthonormal sets using only SO(N) when working
with the quantum detection problem. We end the chapter with a closed form of a

solution of the quantum detection problem when given two vectors.
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5.1 Newtonian mechanics of 1 particle

Suppose we have a function  : R — R? which is twice differentiable. For t € R,
we denote the derivative of z(t) as #(t) and the second derivative as Z(t). x(t) is
interpreted as the position of a particle in R? at time t € R. A force acting on x is

a vector field F : R — R? and determines the dynamics of x by Newton’s equation

The force is said to be a conservative force if there exists a differentiable
function V : R™ — R such that

F=-VV
where V is the d-dimensional gradient. V' is called the potential of the force F.

Theorem 5.1. If z(t) is a solution to Newton’s equation and the force is conserva-

tive, then it can be shown that the total energy defined by
1., 1
B(t) = S0 + V (w(1)
18 constant with respect to the variable t.

Proof. Assume that x(t) is a solution to Newton’s equation. Multiplying Newton’s

equation by #(t), we obtain,

w(t) - @(t) = a(t) - F(x(t)).

Since F is conservative, there exists a function V : R — R such that F = —VV.
So we have

d 1. . : . . . d

o [ =2() - 2(t) = &(t) - Fz(t)) = =VV(2(t)) - i(t) = - V(x(1))



SO

d d 1. ., .. _
SR = 2 |SEOP + V()| =0,

Since E(t) is clearly continuous, the result follows. O

5.2 Lagrangian mechanics of N particles

Suppose we have N particles in R? whose positions are modeled by N twice differ-
entiable functions, for i = 1,..., N, ¢ : R — R? where K is not necessarily 1.
Suppose each particle has a corresponding force F; acting on it with a correspond-
ing potential V;. Denote by C?(R) the space of all real valued functions that are

twice differentiable. Define the Lagrangian function L : (C*(R))X — C1(R) for all

{a(®}L, € C*(R) by

N

L= Zl Ba(ql(t}, o ax®) @@ ), ak () = Vi@ (@), - ax(t)))

where for each 1 <i < N,

B, ax () = S, ax ().

Then the Euler-Lagrange equations of motion are the K differential equations for

each 1 <7 < K given by

that determine the dynamics of {q;(#)}X,.

We define the total energy of the system by

N N

E:%Za.m;ma 1)

i=1
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Theorem 5.2. We can write the kinetic energy in terms of the variables {q;} X, as

AR T
:§;ei'ei— Zq@dqi'

=1

Proof. Denote the kth component of ¢; by €; ;. Then

aez l
Z an

and
22 o KK 86218611
el,l ;mZ:l anz o kaQm
So,
d
G o= Y
I=1
d K K o~ o~
. 86“66”
= 2.2 2. 5,5, Min
Hence,
1.
i=1
1 N d K 86”86” .
= 5;;;2 B 8meka
T I 061 01, 1 Al 061 it .
a_qp N 5;;; Oqr 0q, +2221:zz1:mz:1 ﬁqpaq
K Lor 1 KX 86”86” ) 1 de; 0e;; . .
;qpaqp - 2;;;/&:1 Oqr 0 +2pzli=1 ;mzl (9qp aqmqpqm




Solving for T' gives us

qu

pl Py

[
Theorem 5.3. If {q;(t)}X, satisfies the Euler-Lagrange equations of motion and

the potential V; is independent of the variables {¢;}1,, then E is a constant in time.

Proof. We first take the time derivative of the Lagrangian and get

dL oL . oL .
I —;a—qj%"‘za—qj%-
Since the {¢;} X, satisfy the Euler-Lagrange equations,

oL d 9L
8qj n dtf)q'j

hence plugging this into our derivative of L gives us,
K K
dL . d oL OL d|. 0L
@ [%dta > %] “2 [qﬂ
hence
= 0.

d | . oL
dt L—l dq;

Now since each V; is independent of the variables {¢;}X,, we have that

oL _or
dq;  0q;

Using this relation and the previous theorem gives us
K K
oL orT
ji— — L = §Gj— —L=2T"-L=T+V =FE
jzl 0 jzl K

hence

dE
dt
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5.3 Central force

Suppose we have an ensemble of particles in R? that interact with one another by a
conservative force F: RY x R? — R?. Given two particles @, be R?, @ feels the force
from b given by F'(d,b). If the force is conservative, then there exists a potential

function P : R* x RY — R such that

-

F(@,b) = -V, ;P(a,b)

a

where V. - is the gradient taken by keeping b fixed and differentiating with respect
to d. Denote by R* as the set of all positive real numbers. The force F is a central
force if its magnitude depends only on the distance ||@ — b||, that is there exists a

function f : Rt — R such that for all @, be R4,
F(a,b) = f(|la - bl))[a — b].

In this case, the same can be said of the potential, that is if the force is conservative

and central, then there is a function p : R™ — R such that

-

P(a,b) = p(||@ — o).

Computing the potential for conservative central forces is simple. For any

a, b € R? the condition

implies that for all x € R,
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To show this, note that for some & = (z, ...

V||Z| = Va2 + .. .22 =

So, setting # = a — b € RY,

-

, .’L’d) c Rd,

T

Vi etag

Td

L /ol tad

e

—VP(a,b) = =Vp(|Z)IIZ] = —p' (D VIIZN = —p'(1Z1)Z/ |21

-

Setting this equal to F'(a@,b) = f(||Z||)Z gives us

p'(IIZ1])

which is want we wanted.

5.4 Frame force

Two electrons with charge e and positions given by z,y € R3 feel a repulsive force

given by Coulomb’s law. Particle = feels the force exerted on it by particle y given

by

ol WA EcdlD

62

F=K—"(x—y)
EEE

where K is a constant. Suppose we have a metallic sphere where a number of elec-
trons move freely and interact with each other by the Coulomb force. An unsolved
problem in physics is to determine the equilibrium positions of the electrons, that

is an arrangement of the electrons where all the interaction forces cancel so there is

no motion.
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Benedetto-Fickus [1] used a similar idea to characterize all finite unit-normed
tight frames. The goal was to find a force such that the equilibrium positions on
the sphere would correspond to finite unit-normed tight-frames. Given two points
z,y € R, particle x feels the force exerted on it by particle y given by the frame

force
FF(z,y) = (z,y)(z — y).

It can be shown that this is a central force with the frame potential given by
1 2

Given a collection of unit-normed points {z;}Y, C R? the total frame potential is
given by

TFP ({z:},) = > Hwm, )

Theorem 5.4. Let N < d. The minimum value of the total frame potential for the
frame force and N wvariables, is N; and the minimizers are the orthonormal sets of

N elements in RYN.

Theorem 5.5. Let N > d. The minimum value of the total frame potential, for the
frame force and N variables, is N?/d; and the minimizers are the finite-unit-normed

tight frames of N elements for R?.

5.5 Physical interpretation of the frame problem

Inspired by the Benedetto-Fickus frame force [1], the quantum detection problem, as
stated in section 4.4, can be given another physical interpretation in the case where
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H =R Let HC H=RY. We want to find the orthonormal set {&;}2, C H that
minimizes P, over all N element orthonormal sets in H. We consider the error P,

as a potential
N N

V=P = p(l— )P =3V

i=1 =1

Vi = pil— (i, &)°) = p; (1 - (1 - %H% — gz'||2) )

1 B 2
= pi (1 - (1 - 5”% —ein) )

where we have used the fact that ||¢;|| = ||€;]| = 1 and the relation

where each

[ — &l = (¥ — &, v — &) = [l — 2w, &) + [|e:]]* = 2 — 2(v, &).

Since each V; is a function of the distance |¢; — €|, V; corresponds to a
conservative central force between the points ¢; and ¢; given by F; = —V,;V; where
V, is an N-dimensional gradient taken by keeping 1; fixed and differentiating with

respect to the variable €;. Setting x = ||1); — €;|| we can write
1 \?
Vi@, ) =l — ) = o [1 -(1-37) ] .
Taking the derivative gives us

o) = —2p; (1 - %xz) (—2) = 2p; (1 - %ﬁ) v = —afi(x)

SO

and the corresponding central force can be written as
~ ~ ~ 1 - ~ ~ ~
Fi(¥s,e:) = fi(l[vi—eil])(vi—es) = —2p; (1 - 5”% - 61‘H2) (Vi—ei) = —2pi (s, €5) (Vi—e;).
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Hence this can be viewed as a physical system where the given vectors {¢;}¥,
are fixed points on a sphere in H , and we have a "rigid” N element orthonormal set
{€;}X | which moves according to the interactions between each ¢; and 1); according
to the force f;. We want to find the equilibrium points {€;}?,. These are the points

where all the forces f; balance and produce no net motion. In this situation, the

potential V' is minimized.

5.6 Hamiltonian system on O(N)

We now need to take into consideration the constraint that the set {e;}¥, is an
orthonormal basis. In this process, we get a Hamiltonian system on O(N) where
O(N) is the orthogonal group.

Let {b;}Y, be a fixed orthonormal basis for H. Since O(N) is a smooth
compact N (N —1)/2 dimensional manifold, there exists a finite number of open sets

{U M| in RNWV=1/2 and smooth mappings Oy, : U, — O(N) such that

Jews =ow).

Since any two orthonormal sets are related by an orthogonal transformation, for
each k =1,..., M, we can smoothly parameterize our orthonormal set in terms of

N(N —1)/2 variables in Uy by

{gi(QL e 7QN(N—1)/2)}£\;1 = {@k(QL e 7QN(N—1)/2)bi}£V:1-

As k runs from 1 to M, we get all possible orthonormal sets. We now use Lagrangian

mechanics to convert the frame forces f; acting on the tight-frame {¢;}¥, into a set
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of differential equations that determine the dynamics of functions {qz(t)}fv(lN D2

C?*(R). Since the N(N — 1)/2 variables can be considered as local coordinates of
O(N), we get a Hamiltonian system on O(N) with trajectories given by (¢1(t), . .., anv-1)/2(t)).

Define the Lagrangian function for each {qi(t)}i]i(lel)/Q C C*(R) by
N

1

=

- Pe(Ql(t)7 e aQN(N—l)/Q(t))

’i&((h (1), ... anv—1)2(t))
= T(qi(t), ... anv-1)2(1) = Pelqr(t), - .. anv-1)2(1))
where
T(qi(t), ..., avv—1)2(t)) = %Z (@ (), - - - anev—1)2(t)]*

and the dot denotes the total derivative with respect to t. Then the equations of

motion of the functions {qi}fi(lN_l)/Q is given by the N(N — 1)/2 Euler-Lagrange

oLy or
dt \9q¢;) dq;

where 1 < j < N(N —1)/2. We omit writing the variables

equations

T=T(q(t),....anv-1)2(1)), Pe= Poqi(t),...,an-1)2(1))

to simplify the notation. We can write

oL V0 =
= - _= V
(9qj (9qj 8(]] ;

al Oe; de;
= —ZVV} . 8_ = ZZM(%’&Q(Q — ;) - d4;

_ ZZpZ i &) <gz,%>—22pz i, &) <¢Z, a€f>.

Since
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taking the derivative with respect to g; gives us

(i) + (g} =0
aq] (2 () 8q] 7
(o) =0
9q;

oL de;
8_2_22101 ?/12,67, <¢Z7 ‘i >
4;

9q;

S0,
and we have

Also

oL 0 oT
. = A - Pe - A
8qj 8%’ ( ) an

since P, is independent of ¢;. So the Euler-Lagrange equations become

oT 0¢;
(aqj>__22pz ?/1“6@ <w17 >

By Theorem 5.3, it can be shown that if (¢i(¢), ..., gnvxv-1)/2(t)) is a solution

to the Euler-Lagrange equations of motion, then the energy

1 S
B 52 [€:(qr(®)s - avv—y 2 (O)II° + Pe(ar (), - -, anv—1y /(1))
i=1
is a constant in time t.

Lemma 5.1. Let {1;}Y., C H be given with corresponding positive weights {p; }.,.
Let {&;}N.| be the orthonormal set that minimizes P.. Let Oy(Gy, . . . L qN(N—1)/2) be

a point in O(N) such that for eachi=1,..., N,

51'(6117 <. 7QN(N—1)/2) = €;.

Then the constant function defined by

(1), anvv-1)2(t) = (G- - Gnv—1)/2)
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is a solution of the Euler-Lagrange equations of motion in O(N) that minimizes the

energy E and

0¢€;

N
Z pi (Wi, €(q1, - -, Gniv—1)/2)) <¢z, (a1, - - aQN(Nl)/2)> = 0.
i—1

Proof. First, since {€;}, minimizes P, at the point (qi,...,dn(n-1)/2), We must

have for all j =1,...,N(N —1)/2,

Since

OP, de;
%S i (. 2
q; j

=1

we have one of our assertions.
Second, we show that this is a solution to the Euler-Lagrange equations. Each
€i(qi, ..., qn(n-1)/2) is constant with respect to ¢, hence

d oT 0P,
. _ = 0=-2 - _
dt@ (91, y AN (N 1)/2) 8q]~ (C]h y AN (N 1)/2))

N
= _2Zpl<wzagl(q17qu(N )> <w17 (q17"'7QN(N—1)/2)>
=1 J

0 (q1;---,qn(N—1)/2) is a solution to the Euler-Lagrange equations.

Furthermore, since for each i =1,..., N

é(dl? < 7QN(N—1)/2> =0
the energy becomes

E=PF

and since €;(q1, - - -, 4N(N-1) /2) minimizes P,, it follows that the energy is minimized.

]
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The utility of this lemma is that it opens the problem to numerical ap-
proximations, for example a multidimensional Newton iteration could be used to
approximate the (qi,...,qnw-1)/2) that satisfy the above expression. Further-
more, the error P, can now be considered as a smooth function of the variables
(q1,---,qn(v-1)/2), hence other numerical methods become available. For example,
the conjugate gradient method may be used to approximate a 1-tight-frame that
minimizes P,.

The following lemma and theorem relates the Hamiltonian system with the

original quantum detection problem.

Lemma 5.2. Assume that (q.(t),...,qnv-1)/2(t)) is a solution to the equations of
motion that is not a constant solution. Denote the domain of (qi(t), ..., qnw-1)/2(t))

by Dom(q). Then there exists a ty € Dom(q) such that
T(qi(to), - - -, anv-1)/2(to)) # 0.

Proof. Suppose not. Then for all ¢ € Dom/(q),

T(qu(t), ..., qvv-1)2(t)) = 0.
By the definition of 7" it follows that for all i =1,..., N and t € Dom/(q),

elar(t),- .. anev—ny2(t)) = 0
hence for alli =1,..., N and some k=1,... M,

eilqi(t), - anv—1)2(t)) = Onl(qu(t), - - - anv—1)/2(t))bi

is constant with respect to t. Since {b;}}¥, is an orthonormal basis, it follows that

Or(qi(t), .- - anv—1)/2(1))
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is constant, with respect to t. Since it was assumed that (¢i(t), ..., qnv=1)/2(t)) is
not constant with respect to t, this contradicts the fact that ©, : Uy, — O(N) is a

diffeomorphism since it would not be one-to-one. [

Theorem 5.6. Let (qi(t),...,qnv—1)2(t)) be the solution of the Euler-Lagrange
equations of motion that minimizes the energy E. Then (qi(t),...,qnw—-1)2(t)) is

a constant solution, that is for alli=1,...,N(N —1)/2,

dg;

7 (t)=0

and
{Pué;(qi(t),....anv—1) ()}, C H

is the 1-tight frame for H that minimizes P,.

Proof. Suppose (¢1(t), ..., qnv-1)/2(t)) is a solution of the Euler-Lagrange equations
of motion that minimizes the energy E. Assume that (qi(t), ..., qnv-1)/2(t)) is not
a constant solution. Denote by (¢i,...,¢nv—-1)/2) the point from Lemma 5.1 such

that
{€i(q, -, Gnv—1)/2) tia

is the orthonormal set that minimizes P.. Then by Lemma 5.2 there exists a t; € R

such that
1N
T=35 ;1 [€arto). - avv—n2(to))II* # 0

and by Theorem 5.3 the energy is constant, so for all ¢ we have

E(qi(t),...,anv-12(t)) = T(qi(to),- -, anv—1)/2(to)) + Pe(qi(to), - - -, anv—1)/2(t0))

> Po(Gu, -, dvv—1y2) = E(Gu, - -, dvv-1)/2)
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which contradicts the assumption that (¢i(t),...,qnw-1)/2(t)) is the solution that
minimizes the energy E. It follows that (qi(t), ..., qnv-1)/2(t)) must be a constant

solution, hence 7' = 0, so it minimizes £ = P,. By Theorem 4.2 it follows that

{Puei(q(t),....avev-1y2 (0}, C H

is the 1-tight frame for H that minimizes P,. O

5.7 Friction

Intuitively, since the equations of motion is a conservative system, it is possible that
solutions may oscillate around the optimum value. However, if we add a friction
term in the equations of motion, it is possible that solutions will converge to the
optimal value of (qi,...,qn(v-1)/2) that minimize the potential V.

Now consider adding a friction term. The idea is that with friction, solutions
will tend to the minimum energy solutions. The modified equations of motion with
friction are for each j =1,..., N(N —1)/2

ia_T + P — .
dt(?q] (’3qj -

Theorem 5.7. Assume that (qi(t),...,qnv-1)/2(t)) is a solution to the modified
equations of motion given by

dor oP.
dtaq]' 8qj -

Then the energy satisfies



Proof. Multiplying the equations of motion by ¢; and summing over j gives us

N‘NZ [d or ap] N(NZ‘”/Q ,
14 = - ;-
= dtdq¢;  0Og, =
Note that the right term is
N(N-1)/2 op qP
D b=
= 8(]] dt
We can write
- = = 5 4
dt = 0q; 94 aqj et 9q;
hence
N(szl)ﬂ 40T N(Nz:)/2 N(Nz:)/2 ST
—a- 9 = - 495
=1 dt 8(_[j ) i1 8(]18%
N(N-1)/2
d oT d dTl
= - > i T=—
dt - 0q; dt dt
So we have,
d N(N-1)/2
%(T + ) Z q]
which is what we wanted. O

5.8 Parameterization on SO(N)

Let {€;}X, be an orthonormal basis for H’. We can locally parameterize the elements

in O(N) by N(N — 1)/2 variables so that 6(qi,...,qnn-1)2) € O(N). We get a

smooth parameterization of our orthonormal set by setting for all e =1,..., N,
€lq, - avw-1y2) = 0(q1s - - s An(v—1)/2)
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Now O(N) has two connected components, SO(N) and G(N) = O(N) —
SO(N). So this parameterization depends on the choice of which component 0(qi, . .., gn(v-1)/2) €

O(N) is in.

Lemma 5.3. Let {¢;}Y, be an orthonormal basis for the Hilbert space H' and denote

by & the linear transformation defined by

fer) = —a

Ele;) = eVN>i>1.
Define the function g : SO(N) — G(N) for all 0 € SO(N) by
9(0) =0-¢&.
Then g is a bijection.

Proof. For all # € SO(N), it is clear that g(0) € G(N) since
det(f) = 1 = det(g(0)) = det(0 - &) = det(0) - det(§) = —1 = g(0) € G(N).

With respect to the basis {¢;}Y,, we can write £ as

-1 0
0 1
&=
1
Clearly, ¢ is invertible, hence injective, and surjective, so ¢ is a bijection. O]
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Theorem 5.8. Let {¢;}Y, be a orthonormal basis for a real Hilbert space H',
{0} € H' a fized set of unit normed vectors, and weights {p;}~, C RT. Consider

the error function P : O(N) — R defined for all 6 € O(N) by
N
PO) = 1-3 pl (. B
i=1
Since SO(N) is compact and P is continuous, there exists a ' € SO(N) such that

for all 6 € SO(N),

P(0') < P(6).

Similarly, since G(N) is compact, there ezists a 0" € G(N) such that for all 6 €
G(N),

P(0") < P(0).

Then,

P(0') = P(6").
Proof. First, note that for any § € SO(N),
N
Pg(0)) = 1- Zpi|<¢i,g(9)€i>|2
z;l
= 1- sz‘|<¢z‘79 e
=1 N
= 1=l (e, 0(=E)) > = pil(vs, 02
=2

N
= 1= (e, 0@)) 1 =D pil (i, 02)
i=2
= P(0).
We complete the proof by contradiction. Suppose that P(0') # P(6"). Consider the
case that P(6") > P(¢'). Then ¢g(#') € G(N) has the property that P(6”) > P(g(¢'))
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which contradictions the definition of §” € G(N). A similar argument works for the

case with P(0”) < P(6') by considering the function g~! : G(N) — SO(N). O

By the above theorem, it suffices to do the parameterization over SO(N).

5.9 Examples

5.9.1 N =2

Example: Consider the case where we are given {1;}2_, C H = R? and correspond-
ing nonnegative weights {p;}7_,. We want to find the orthonormal system {¢;}?_,
that minimizes P,. SO(2) is a 1-dimensional manifold. A parameterization of SO(2)

can be given for all ¢ € [0, 27),

cos(q) —sin(q)
O(q) =
sin(q)  cos(q)
Let {w;}?; be the standard orthonormal basis for H = R%. We construct the

parameterized orthonormal set by defining

, cos(q(t)) —sin(q(t))q(t)

eqlt)) = % ! = e = ¢e2(q(t))d(?)
sin(q(t)) cos(q(t))q(t)

, —sin(q(t)) — cos(q(t))q(t)

) = L W T = —aamie
cos(q(t)) —sin(q(?))d(?)
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T - —Zne NP = 510 +d07] = 407

%d%T = %zq(t)zﬁj(t)
cos(q(t)) — sin(q(t))
Lal®) = % - T =a)
sin(q(t)) cos(q(t))
—sin(q(t)) —cos(q(?))
Lal®) = % - S =)
cos(q(t)) —sin(q(?))

So our Lagrangian can be written as

L=T- P—q—ZpZ (thi, )]

=1

and our equation of motion is given by

aar_ 23 o Tl <wz, et >>> |

Plugging in the expressions for T" and the derivatives of e; gives us

2G = 2[pa(r2, €2(q(t))) (w2, €1(q(1))) — pr(w1, €x(q(1))) {1, €2(q(?)))]

which is a second-order ordinary differential equation.
In R?, the minimizer can be explicitly found. To simplify the notation, we

write
e = €(q(t)) and g = ¢(2).

We can write our given vectors as
¢1 = ) wQ =
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We get,
2
Y pilEnn)® = pilacos(q) + bsin(q))? + pa(—esin(q) + d cos(q))*
i=1
= (p1a® + pod?) cos®(q) + 2(prab — pacd) cos(q) sin(q) + (p1b® + pac?) sin®(q)
= (p1a® + pod® — p1b® — pac?) cos?(q) + 2(prab — pycd) cos(q) sin(q) + (p1b® + pac?)

= «acos®(q) + Bcos(q)sin(q) + v

where
a = (p1a®+ pod® — pib® — pac?)
B = 2piab— pocd)
v o= (b + pac?).

So we have,

Z i€, vi)? = cos(q)larcos(q) + Bsin(q)] +
= a2+ 32 cos(q)[cos(€) cos(q) + sin(€) sin(q)] + 7

where £ € [0, 27) such that

a0
cos({)—\/m, sm(g)—\/m.

Using the relation
1
cos(A) cos(A+ B) = §[cos(2A + B) + cos(B)]
we get,
2
> pi@ v = a2+ Bcos
i=1
= a2+ [F%cos
Va2 + 32

— 5 [cos(2q — &) + cos(§)] + 7.

(¢)[cos(§) cos(q) + sin(€) sin(q)] +
(

q)|
q)lcos(q — &)+~
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So to minimizes the error P,, we want to maximize Y ;_, p;(¢;, €)* which occurs

exactly when ¢ = £/2 + 7n for some integer n. We can write

L 2(p1ab — pacd) )
= —tan"! + 7™
173 ((p1a2 + pad? — p1b? — pac?)

for some n € N.
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Chapter 6

Least-squares error

Other authors have solved the problem by considering different types of error. In
this chapter, we consider a least-squares error. Given a d-dimensional Hilbert space
H =K? where K =R or K = C, and a set {¢;}Y, C H with corresponding positive

weights {p;}Y, C R, we want to find a tight-frame {e;}¥, for H that minimizes the

error
N
E=Ypills — el
i=1
We first present a solution in section 6.1 without weights, that isforall:=1,..., N
we set

pi = L.

We then present a solution for general weights in section 6.2 when the given vectors
{1;}¥, are linearly independent. These solutions are based on work done in [13].
In section 6.2.1 we present some original work and analyze the case when {¢;}; is
linearly dependent and develop a method of obtaining a 1-tight frame {e;}&, that
has a small weighted least-squares error and provide bounds for the error. In sections
6.3 we construct examples of 1-tight frames that minimize the least-squares error.
In section 6.4 we borrow material from [11] and introduce geometrically uniform
frames and illustrate some of their properties. Finally in section 6.5, we show the

result from [12] which states that if the given vectors {i;}, are geometrically
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uniform, then the tight-frame that minimizes the non-weighted least-squares error

also minimizes the equal-weighted probability of a detection error P..

6.1 Non-weight case

Theorem 6.1. Let H be a d-dimensional Hilbert space with {1;}, C H such that
span{;}N, = H. Let A € R with A > 0 be given. Then there exists a unique tight

frame {e;}Y., for H with frame constant A? such that

N N d

b= Z |1 —e;||* = inf {Z b — &2 - {&YY, a A%-tight frame on H} = Z(ai—A)Q
i=1 i=1 i=1

where {o;}L_, are the singular values of the corresponding Bessel map matriz for the

sequence {1} .

The proof of this will be constructive. (1) We will first assume that we have
a A? tight frame {&}Y,. We then plug {&}Y, into the expression for E, and then
minimize £ which gives restrictions on {&}¥,. These restrictions will completely
determine {&}Y .

Note that minimizing £ and trying to determine {&;}¥, would be much easier
if {&}X | were an orthogonal set instead of a tight frame. (2) We change this problem
into an equivalent one by replacing {¢;} by an equal-normed orthogonal set {a;}.

The error would then become

N N
E=) lvi—&l’ =) Ivi—all
i=1 i=1

We have N vectors & and dim(H) = d < N. So we cannot replace {&}Y,
by an equal-normed orthogonal set {a;}Y, since we would have more orthogonal
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vectors than we have dimensions. So before we do (2), we need to (3) change the

sum in the error F from a sum of N terms into a sum of d terms.

d
E=Y |l —ail®
i=1

(4) Finally we minimize F which determines {a;}¢, and in turn determines

{&}Y . We now present the proof.

Proof. Let {e;}%, be an orthonormal basis for H. Define ¥ € M(N x d) as the
Bessel map matrix of the set {¢;}¥,, i.e. W is the matrix whose ith row is ¢}, for
1 <i < N with respect to the basis {e;}¢,, where * denotes complex conjugation.

We can write this as

S S —
(1) Let {&}Y, be a A%-tight frame for H and define FF € M(N x d) as the

Bessel map matrix corresponding to {&}¥,, i.e. the matrix whose ith row is & with

respect to the basis {e;}¢ ;. We can write this as

e
As in step (3), we want to change the number of things being summed in E.

The error can be written as
N
E = ) (-&vi—&)
i=1
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= Tr((¥ - F)(V - F)")

= Tr((V - F)"(¥Y - F)),

where (U — F)*(¥ — F) € M(d x d), hence the trace now becomes a sum of d terms.
We now further simply this expression. We take the singular value decomposition
U =UXV* = Zle oiuvf. Since U € M(d x d) and we know that similar matrices

have the same trace, we have

E = Tr((V — F)*(¥ — F))

= Tr(U*(V — F)* (¥ — F)U)

= D (did)

i=1
where d; = (¥ — F)u;. We further simplify d;. Now,

d d
*
Y, = E ORURURU; = E OOk (U, u;) = o;
k=1

k=1

since {u; }&, are the columns of a unitary matrix, hence are orthonormal. So,
d; = o;0; — a;
where a; = Fu;. (2) We will now show the {a;}&, are an equal-normed orthogonal
set. Since F' is the Bessel map of a tight frame, by Theorem 2.1 we know that the
corresponding frame operator satisfies
F*F=5= Ay
hence
(aj,a) = (Fu;, Fug) = (u;, F*Fuy,)
= A%y, Iyug) = A0,
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where
lifi=k
Oir, =
0ife#k

So, {a;}¢_, are a A-normed orthogonal set.

We now minimize £ and determine {a;}%¢,. We expand the error £ and get

d d
E = Z<diadi> = Z<0ivi — G4, 0;U; — ai>
i=1 i=1
d
= Z[<Uivi;Jivi>_<givi7ai>_<ai70ivi>+<ai;ai>]
i=1
d

= Z [0'22 — 2%{(@1,0’1‘%)} -+ A2:|

i=1
where we have used the fact that {v;}Y¥, are columns of a unitary matrix, hence
are orthonormal, and {ai}?zl are a A-normed orthogonal set. Note that o;, v; and
A are all given in the hypothesis of the theorem. Hence we only have control over
the A-normed orthogonal set {a;}¢,. In order to minimize £ we need to make

R{(a;, o0;v;)} as large as possible. Note that we have the upper bound

R{(ai, o0vi)} < oil{as, vi)|
< oilai, ;) (i, 0:)'? = 0, A
and we have equality if and only if a; = Av;. So the A-normed orthogonal set that
minimizes the error E is just {Av;}{ ;.

Finally, we determine {&}Y,. The Bessel map matrix F' that minimizes the

error E must satisfy for all 1 <7 <d,
FUZ' = a; = A’UZ‘
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and with a bit of algebra this implies that

d
F=A Z v
i=1

with corresponding error

E = [07 — 20,4+ A% = Z(Ui — A)2

d d
i=1 i=1

(2

With a bit of work, we can also write
F = [AU((00) )T = A[((vrw)/2) )

where t corresponds to the Penrose-Moore pseudo inverse. See the appendix for the
definition of the Penrose-Moore pseudo inverse. The set {&}Y, that minimizes F
are the columns of the matrix F™*.

We have shown that if {;}¥; minimizes E, then the corresponding matrix F

must be of the form
F = AW (00 )/2)1)* = A[((0"0)2) 0]

Since this uniquely determines the matrix F', this shows that the set {&;}Y, that

minimizes F is unique. O

Remark. If we are not constrained to keep the frame constant A fixed, we can further

decrease the error E by setting

1 d
A:;;Ul

which is not hard to show by using some calculus.
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6.2 Weighted case

Lemma 6.1. Let H be a separable Hilbert space. Let K C Z and {1;}icx C H be a
set of normalized vectors with corresponding positive weights {p;}icx. Suppose that

{e;}iex C H is a normalized set of vectors. Then the least-squares error becomes,

E="plls— el =3 o — el = 31— pi)?

€K €K ieK

Proof. For a given i« € K we have,
lpihi — eall* + (1 = pa) (pallwll* — lleall®) = pFllvill* — 20:R(Wi, €0) + [les|”
—llesll* + pille:ll® + pallwall®* — o7 llwull®
= pillell* = 20R((Wi, e3)) + pilleil®

= pillvi — el

So the weighted-error becomes
E=> pillti —ell> =Y llpass — eall® = > (1= o) (pillwl|* = llesl|).
i€k i€k icK
Now using the fact that {1;};cx and {e; }icx are normalized, we have
E=Y pilli—eill” =D llpasi — eil> = D> (1= pi)?
€K €K i€k

which is what we wanted. O

From this lemma, it appears that the problem of finding a tight frame that
minimizes the weighted least squares error E reduces to a non-weighted problem.

Given a set of normalized vectors {1}, C H we consider a modified error defined
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for all tight frames {e;}X., C H by
N
B = Z lpibi — ei|”.
i=1
We then apply Theorem 6.1 to find the unique tight frame that minimizes E, and
by the lemma if this tight frame is normalized then we minimizes E. However, the
constructed tight frame of Theorem 6.1 is not necessarily normalized. In the case

when N = d, the resulting 1-tight frame construction of Theorem 6.1 is normalized,

so we have the following theorem.

Theorem 6.2. Let H be a d-dimensional Hilbert space, and {1;}{_, C H a normal-
ized linearly independent set with corresponding positive weights {p;}&_,. Then there

exists a unique normalized tight frame {e;}{_, with frame constant 1 that satisfies

d d
E =Y pilli —eil* = inf {me — &P {6}y a 1-tight fmme} :
=1 =1
Proof. Consider the error defined for all tight frames {£;}9_, by
d
E= Z | pibi — €i||2-
i=1
By Theorem 6.1 there exists a unique 1-tight frame {e;}%_, that minimizes E over
all other tight frames with frame constant 1.

Let {e;}¢_, be an orthonormal basis for H and let ¥ € M(d x d) be the
matrix corresponding to the Bessel map of {p;1);}% ;. Then take the singular value
decomposition of ¥* = UXV*. By the proof of Theorem 6.1, we know the Bessel
map F' € M(d x d) corresponding to the 1-tight frame {e;}%_, that minimizes E is
given by

F=VU".
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Since V and U are d x d unitary matrices, it follows that F™ is a d x d unitary
matrix. Since the columns of F* are the components of the tight frame {e;}, with
respect to the basis {e;}&, it follows that {e;}¢, are normalized.
We can now apply the previous lemma and write the error as
E= ZPz‘H% — el = E- Z(l —pi)%.
€K €K
Since {e;}, is the unique tight frame with frame constant 1 that minimizes E, we
see that by the above expression that {e;}%, is also the unique tight frame with

frame constant 1 that minimizes F. O

6.2.1 Linearly dependent case

In this section, we analyze the weighted least-squares problem case when the given
set {1;}Y, C H are linearly dependent and span{t;}¥, = H. The idea used here
is to perturb the set by € so that {1;(€)}Y, C H’' is a linearly independent set in
some enlarged Hilbert space H' for € > 0 and {¢;(0)}X, = {«;},. We then find
the optimal tight frame {e;(¢)}X., C H’' corresponding to this vector set. We then
take the limit ¢ — 0 and hope {e;}Y, = lim..o{e;(€)}Y, has properties that we
desire.

Suppose we have a set of normalized linearly dependent vectors {¢;}Y¥, C H

such that H is d-dimensional. We construct the d x N matrix,
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Consider the (N + d) x N matrix

| |
(LI 1)}
| |
Ue) =
€ 0
0 €

The columns of W(e) can be interpreted as the linearly independent equal normed
perturbed vectors {1;(e)}Y, C H’' where H' is an (N + d)-dimensional Hilbert
space. In fact, for all i = 1,..., N, [[¢s(e)||*> = 1 + €. We want to find the 1-tight
frame {e;(e)}X, for the span{y;(e)}X, that minimizes the weighted least-squares
error. From Theorem 6.2, we know that {e;(¢)}X, is orthonormal, and using the

expression from Lemma 6.1 we write the error as
d
E = Zmlldfi(E) —ei(e)”

1;1 .

= Z pithi(e) — ei(e)|* + Z(l = ) (pilla()I* = lle(e)l*)
'L—dl 1;1

= Do) = eal@)P + Y (1= pi)(ps(1+€) = 1).
i=1 i=1

So the problem reduces to finding the closest 1-tight frame {e;(€)} to the set of
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vectors {1;(€)} = {pihi(€)}. So, we consider the (N + d) x N matrix

| |
P11 ... pNYN
| | | |
U(e) = p1i1 (€) pnton(e) | =
p1€ 0
| |
0 PNE

To simplify the analysis, we omit the weights p; on the € terms, since we plan to

take the limit as ¢ — 0. We have,

| |
P ... PNUN
B | |
U(e) =
€ 0
0 €

Recall that the corresponding tight-frame matrix whose columns are the tight-

frame vectors that minimize the least-squares error is
M{(e) = U (e)((T(e) T (e))"/?)!

where T corresponds to the Moore-Penrose pseudo-inverse.

It is easy to check that



Since U*(0)¥(0) is a self-adjoint positive N x N matrix, there exists an N x N

unitary matrix V' such that

T(e)*T(e) =V v

0 o3 + €
where the {0;} are the singular values of ¥ (i.e. {¢?} are the nonnegative eigenvalues
of U*W). Note that V is independent of €, since the columns of V' consists of the
orthonormal eigenvectors of W(e)*W(e), which by the above expression can be seen
to be the orthonormal eigenvectors of W*(0)¥(0) which are independent of .

We now take the “square-root” and pseudo inverse to get

ﬁ 0
(T(e)B(e)V2) =V v
0 1

Recall that we want to analyze

lim M (e) = lim U (e) ((¥(e)* ¥ (e))/2)1.

e—0 e—0

The singular value decomposition of ¥(e) is of the form

TR )

U(e) =Ule) Ve
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where U € M((d+ N) x (d+ N)), V. € M(N x N) are unitary and the diagonal

matrix has dimensions (d + N) x N. We obtain,

M(e) = U(e)((U(e)T(e))'/?)!
0
= Ule)
0
0
o2 + €2
0
= Ule)
0
0
1 0
0 1
= Ule) V.
0 .0
0 .0

1
o2 +e2 0
Vv %
0 1

1/ o?\ﬂre?

V*

We want lim,_.o M (€) so we need to find lim._o U(e€). Proving that this limit exists
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is not an easy task. However, it is not hard to show that U(e = 0) exists. First,
U(e = 0)T(e = 0)* is a self-adjoint N x N matrix, hence there exists a set of N

orthonormal eigenvectors. The matrix U(e = 0) is the matrix whose columns are

the orthonormal eigenvectors of ¥(e = 0)¥(e = 0)*, hence U(e = 0) exists.

Note that
1 0
1 0 0 . 0
0 1
M(e)*M(e) = V U(e)*U(e) Ve
0 . 0
0 1 0 . 0
0 . 0
1 0
=V V*=VV*=Ix.
0 1

So the columns of M(e) are orthonormal for all €, hence {e;(¢ = 0)}Y, is an or-
thonormal set. We shall show that {e;(¢ = 0)}}Y, C H' minimizes the weighted

least-squares error E over all other N element orthonormal sets in H'.

Lemma 6.2. Let {¢;}Y, C H, where H is a d-dimensional Hilbert space, and

{pi}¥, C R be given where the weights have the property that

N
Zpi =1
=1

and span{y;}Y., = H. Let H' be a larger Hilbert space such that H C H'. Then the
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orthonormal set {e;}~N., C H' minimizes the weighted error

N
E=Y pillti— el
=1

over all other N-element orthnormal sets in H' if and only if { Pue;}Y., minimizes
the error
N
E' = Z lpithi — Presl|?
i=1
over all N-element 1-tight frames for H, where Py denotes the orthogonal projection

onto H. Furthermore, the minimal error for the orthonormal set in H must satisfy

d

N N
E=> pilvi—eal> =) (0i =1 =N+d+) (1—p)
=1

i=1 i=1
where {o;} are the singular values of the Bessel map matriz corresponding to the
sequence {psb; }Y,.

Proof. Assume that {e;} is an orthonormal set in H’. By lemma 6.1, the error is

can be written as,

N N N
E=Y pilli— el = llows — el + 31— po)
=1 i=1 i=1
So the orthonormal set {e;}YY, also minimizes the non-weighted error
N
E' = Z | piti — €i||2-
i=1
We decompose our orthogonal set as ¢; = e + e where el = Pye; € H and ;- 1U.

Then the non-weighted error becomes,

N
E' = llpipi— el — e
=1

N
= D (o = el 1> + lleiI1*)
i=1
N N
= D (i — el pibs —ef) =Y et e,
im1 i=1

86



Note by Lemma 4.1, {ef} forms a 1-tight frame for H. Denote by Sy as the frame

operator for the set {ef}.

Mz

Z7Z

N
Z<€¢L76¢L> = Zeuez
i=1

= N—-Tr(Syg)=N—dim(H)=N —d.

=1

So the total error becomes,

N N
E= 3 llows = ef!|? =N + dim(H) + Y (1 = pi)*
=t i=1

So FE is minimized if and only if £’ is minimized, and the result is clear.
To get the expression for the minimal E, note that by Theorem 6.1, if {e}¥

minimizes E’, then

where {o;}&, are the singular values of the matrix whose columns are given by

{pspi Y. Plugging E’ into the expression for E gives us our result. H

Theorem 6.3. The set {e;(e = 0)}Y, C H' is the closest orthonormal set that

minimizes the weighted error E over all other N-element orthonormal sets in H'.

Proof. Consider the d x N matrix ¥ defined by
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By the construction, {e;(e = 0)}&, are the columns of the matrix

1 0

0 1
M(e=0) = U(e=0) v

0 . 0

0 ... 0

where V' is the NV x N unitary matrix whose columns are the orthonormal eigenvec-
tors of U*(e = 0)W(e = 0) = U*¥, and U(e = 0) is the (d+ N) unitary matrix whose
columns are the orthonormal eigenvectors of W(e = 0)¥*(e = 0) and the diagonal
matrix is a (N 4 d) x N matrix consisting of the N x N identity matrix on top and

the rest zeroes.

Note that
(¥ (o) = (o ay)
GIN
VU P
U eIy

Since the columns of U(e) consist of the orthonormal eigenvectors of W(e)¥*(e), its

not hard to show that

where U is the unitary matrix whose columns are the orthonormal eigenvectors of
the matrix WWU* and Iy is the N x N identity matrix. Let Py denote the orthogonal
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projection onto H. Then,

U o0 In
0 In 0
In
L)l )
0
= Uxv”®

where Y is a d X N matrix with 1s on the diagonal and zeroes elsewhere. By the
construction given in Theorem 6.1, it follows that the columns of PyM (e = 0)

consist of the unique tight-frame that minimizes the error

N
E' =Y lori —eil?
1=1

over all other 1-tight frames. It follows from Lemma 6.2 that the columns of M (e =

0) is an orhogonal set that minimizes E over all other N-element orthogonal sets. [

When the given set of vectors {¢;}X, C H are linearly dependent, we can
find the orthonormal set {e;}Y, C H’ that minimizes the error E over all other N-
element orthonormal sets in H'. A natural question is whether { Pye; }¥ ; minimizes
E over all other N-element 1-tight frames for H. A partial answer is given in
Theorem 6.4 where upper and lower bounds are computed for the weighted least-
squares error for the set {Pge;}Y ;.

We first present a lemma dealing with partial traces of matrices.

Lemma 6.3. Let W be a self-adjoint operator on an N-dimensional Hilbert space

H and {s;}¢, C H be an orthonormal set where d < N. Let {\}YX, C R be the
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eigenvalues of W ordered such that A\; > X\ix1. Then

N d d
S (s Ws) < S
=1 i=1

i=N—d
Proof. Set U = span{s;}¢_, and denote by Py the orthogonal projection onto U.
Since W is self-adjoint, by the spectral theorem we can find an orthonormal

basis {b;}¥; C H for H of eigenvectors of W such that for all z € KV,

N
Wa =" Nia,b)b
=1

We get,

Note that

Mz
Q“
%3

J:1

}N+1

Define the sequence {«;};_}" recursively by

@ = a1+ (b, Pub).
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Consider the interval [0,d) and partition the interval into N disjoint subintervals

{I,}X, C[0,d] such that forn=1,..., N,

[n = [anfla an)-

Define the step functions f, g, and h for all x € [0,d) by

With these definitions, its not hard to show that for all z € [0,d),

h(z) < f(x) < g(x).

We show g < f. Let © € [0,d). Then there exists an integer n such that = € I,, and

f(z) = A\,. Note that for alli=1,... N,
;| = o — a1 = (b, Pub;) < 1.

Hence,

LnJ Iz C [0, n)
i=1

so x € [0,n) and by the definition of the function g,

g(z) > N, = f(z).

A similar argument shows that A < f. Integrating the inequality gives us



But we have shown that

hence we have our result. O

Lemma 6.4. Let {e;}}Y, C H be a frame for a d-dimensional Hilbert space H.
Given weights {p;}Y., C R, define the weighted-frame operator S’ : H — H for all
r € H by
N
= Z Pi <ei7 .T>€
i=1
Then,
N
= sz‘H@iHQ'
i=1
Furthermore, if {e;}Y.| is a 1-tight frame for H and if the weights are ordered such

that p; > pir1, then
N d
Yo sTr(S) <Y p
i=N—d i=1

Proof. Assume {e;}Y, C H is a frame. Let {b;}¢, be a basis for H. Then,

TT(S/) = <S/bl, bl>

<Z pz blaez €z7bl>

= Z Z <bl7 €Z> <ei7 bl>

=1 i=1

= S0 > e

=1

= Zpi\leiHQ

=1

M=

=1

o ||M& i

z 7

=

=

which is what we wanted.
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Now assume further that {e;}Y, is a 1-tight frame for H. Let {b;}&, be an
orthonormal basis for H. Consider the corresponding N x d Bessel map matrix with

respect to the basis {b;}9_,

N
and the N x N weight matrix W defined as the diagonal matrix with diagonal
elements W;; = p;,

rr .- 0

0 ... PN
Then, we can write the weighted frame operator as 8" = L*W L. We take the trace

d

tr(S) = > (b, S'b;)

=1
d
= Y (b, L'WLb)
=1
d

= ) (Lb;, WLb;).

i=1
Note that the set {Lb;}¢, C CV is an orthonormal set since for any intergers

t1=1,....,dand 7 =1,...,d we have

1 ifi=j
0 ifi#j
since the frame operator satisfies S = L*L = Iy. By Lemma 6.3 we have
N d d
Z pi < Z<Lei>WL€i> < sz’-
i=N—d i=1 i=1
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Since

we have our result. O

Theorem 6.4. Assume that {e;}X, is the orthonormal set in H' that minimizes
the weighted least-squares error E over all other N-element orthonormal sets in
H'. Assume further that the weights are ordered so that p; > piy1. Let {ef}N | =
{Pye Y, be the I-tight frame for H obtained by projecting the orthonormal set

{e;}Y, into H. Then,

N N d
Et D pi=1<) plvi—efP<E+) pi—1
i=N—d i=1 i=1

where
d

N N
E=Ypilldi—el? =Y (0i = 1 = N+d+ 3 (1-p)?
=1

i=1 =1

where {o;} are the singular values of the matriz with columns {pab; .

Proof. Assume that {e;}, is the orthonormal set in H’ that minimizes E over all

other N-element orthonormal sets in H'. We can write the error E as

N N
E=Y pillvi —eflIP+ ) pillel |
i=1 i=1

where el € H is the orthgonal projection into H and e; L H. We can write the

second term on the right as

N N N
ZPi(efjeﬂ = Zpi<6i76i> - Zpi<€f{7€f{>
=1 =1 =1

N N
= > pi—=> pilefl ey =1 pilelef").
=1 =1

i=1
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Since the projected set {ef}Y, is a 1-tight frame for H, by Lemma 6.4 we have

d N N
D> o< plleIP<=> »n
i=1 i=1 i=N—d
hence,
d N N
L= p > pileref) <1— Y p
=1 i=1 i=N—d
Since

N N
E =Y pilln—eflIP =) pillei|?
=1 =1

plugging this into the above inequality gives us

d N N
L=D p<E=) pilli—elIP<1- > pi
i=1 i=1 i=N—d
Subtracting £/ and multiplying everything by —1 gives us
N N d
E4+ ) pi—1<> pilli—elIP<E+) pi—1
i=N—d i=1 i=1

which is the inequality we wanted. Also, by Lemma 6.2 we have the corresponding

expression for E. O

Note that since
N

Zpizl

i=1

we always have
d

=1

Hence the projected tight-frame has a smaller error than the corresponding orthonor-

mal set — that is, we have
N N
> ol — e IP<E=)" pillyyi — el
i=1 =1
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6.3 Examples of computing the least-squares solution

Consider the Hilbert space H = R? and suppose we have a set of vectors {¢;}?_, C
H such that span{y;} = H. We want to compute the 1-tight frame for H that

minimizes the error
3
1
E=3 > ol —ell®
i=1

over all other 3-element 1-tight frames. We construct the 2 x 3 matrix,

=1 o oy o3
o

We perform the singular value decomposition of ¥ to get,

01 0 0
v=U v
0 09 0
E vy

where U € M(2 x 2) and V € M(3 x 3) are unitary matrices. The columns of
U consist of the orthonormal eigenvectors of the self-adjoint matrix YW¥* and the
columns of V' consist of the orthonormal eigenvectors of the self-adjoint matrix W*W.
The eigenvalues of the 2 x 2 matrix WW* are the square of the singular values, hence
we see that U has at most two singular values. The closest 1-tight frame are the

columns of the matrix

M = ((wu)2)fw
= (USV*VEUHYA)usy
= U((z=)YHturusyr
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- 1 1/2
g1 0
01 0 O 01 0 O
0 09 0 0 02 0
0 0
- /2 ]
o 0 o 0 0
= U %
0 o3 0 o2 0O
% 0 oo 0 0
= U %
0 - 0 o3 0
1 00
= U V.
010

In general, to compute the closest 1-tight frame matrix, we simply replace the sin-

gular values of ¥ by 1s.

6.3.1 Explicit example in R?

Consider the Hilbert space H = R? and the vectors

1 0 1
¢1 = 7¢2 = 7w3 -
0 1 1
with weights
P1L = pP2 = P3 = 3

We want to find the 1-tight frame {e;}?_; that minimizes the least-squares error
L3
E=3 > Iy — eill?
i=1
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over all other 3-element 1-tight frames. We construct the matrix

We now take the singular decomposition of V. First we look at

VU =
1 2

The eigenvalues of WW* are 1 and 3 with corresponding eigenvectors

I B O

E 1 | E 1

These eigenvalues are the squares of the singular values of ¥. We form the matrix

UeM(2x2)and ¥ € M(2 x 3) by
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We form the matrix V' € M(3 x 3) by

1 1 _ 1
V2 V6 V3
‘/ = 1 1 1
V2 V6 V3
2 1
0 7% 7

These are exactly the matrices that are used in the singular value decomposition of
U, ie. W =UXV* To find the 1-tight-frame that minimizes the least-squares error,

we replace the singular values of ¥ with 1s and get

100 R
MU v 2 T 76 2776 3
01 T

the columns for the 1-tight frame of R2. that minimizes the least squares error.

6.3.2 Example of e-modified vectors

The vectors in the previous example were linearly dependent. We now expand the

Hilbert space to H' = R® and consider the linearly independent vectors

1/}1: € 7¢2: 0 7¢3: 0

0 0 €
for some € > 0 and we find the orthonormal set in {e;(¢)}3_, C H' = R® that

minimizes the least-squares error

E= %Z 145(e) — ea(e)]?
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over all other 3-element orthonormal sets.
Note that it may seem simpler to just go up one dimension, that is consider
the Hilbert space R? and the perturbed vectors
1 0 1
=10 | 2= 1 | ¥s=1| 1

0 0 €

However, if we were to do this, we lose some symmetry which makes things much
harder to compute. For example, the corresponding matrix WW* has eigenvalues
2
3 9+ 2e2 + ¢
N DR R
2 2 2

and eigenvectors of the form

2 3., V92244
_1 R
2e
2 3 vV 9+262+e4
1 R _ %_iif
2e
0 1

Since we need the normalized eigenvectors to form the matrix V' (¢), the expression
for V'(€) is further complicated by the normalization factors. The resulting matrices
U(e) and V(e) are very complicated, and the expression for the resulting 1-tight
frame matrix is so complicated that it will not even fit onto the page!

We analogously go through the same procedure. We form the matrix

1 01
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We now take the singular decomposition of W. First we look at

VA

2 1 €
1 2 0
e 0 ¢
0 € 0
e € 0

0 €
€ €
0 0
e 0
0 ¢

The eigenvalues of WU* are €2, 1 4 €2, 3 + €2 with corresponding eigenvectors

0

Sl
w

|

[S—y

" V2 + 22

—1

0

" V18 + 6¢2

3

2€

" V2 + 2¢2

0

These eigenvalues are the squares of the singular values of ¥. We form the matrix

U(e) € M(5x5) and ¥ € M(5 x 3) by

0

e}

Sl

al-

1

V3

1

_ 3 € €
V2+2e2  /18+6€2 V2+42¢2 V2+€2
1 3 _ € 0
V2+2€2 V18+6€2 V2+2€2
o € € o 1 1
V2+2e2 /184662 V2+42¢€2 V242
€ € 1 0
V2+42¢2 V18+6¢€2 V2+42¢2
O 2¢ 0 1
V18+6€2 2-+€2
Finally, we consider the matrix
2
1+e€ 0 1

101

V1 4+ €2 0

0

V3 + €2




The eigenvalues are the same as for WW* with corresponding eigenvectors

S S e
V3 V2 V6
V= S e e
V3 V2 V6

1 2
N

which, as expected, is independent of e.
So in our example, we have,
1 00
010

000
the columns form the 1-tight frame of R® that minimizes the least squares error for

the given vectors {;(e)}3_;. We set € = 0

0 _% J% 0 0
0 &% o 0 0
U(e=0) = -5 0 0 -5 %
—\/Lg 0 0 %5 0
\/% 0 0 0 \%
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So we have,

000
000
1, V3 1, V3 38
2 T% T3t 5
1, v3 1.v3 3
“3T% 2T% 3
- 1 1 1
3 3 3
1 1 1
3 3 ~3
1 1 1
~3 ~3 3

The columns are the closest orthogonal set that minimizes the least-squares
error. Note that if we project these vectors into the original space of R?, we get
our previous solution, that is we get the 1-tight frame in R? that minimizes the

least-squares error.

6.4 Geometrically uniform frames

Let H be a d-dimensional Hilbert space. Let Q = {U; € L(H) : 1 <1< N} be a
finite abelian group of N unitary linear operators. A set of N vectors {¢;}¥, C H

is said to be geometrically uniform if there exists a ¢ € H such that

{¢:}ils = {Uid}v.ce-
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¢ is usually referred to as the generating vector. A frame is said to be a geometrically

uniform frame (GU) if it is also a geometrically uniform set of vectors.

6.4.1 Examples of GU vector sets

Consider the Hilbert space H = R?. First note that any two distinct vectors of the
same length, as shown in Figure 1, is GU. The abelian group of unitary operators
consists of just the identity map, and a reflection along the line of symmetry between

the two vectors.

Figure 6.1: A GU set consisting of 2 vectors.

N[ —=

Now consider the generating vector ¢ = and the abelian group

e[S

Q= {[7 Rﬂ'/37 R27r/3}

where R/3 is the rotation by angle m/3 and Ro,/3 is the rotation by angle 27/3.

This GU set of vectors is depicted in Figure 2.
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Figure 6.2: A GU set consisting of 3 vectors.

6.4.2 Properties of GU frames and a second solution

Geometrically uniform frames have several nice properties. If we have a frame, and
if we still have a frame after removing a single vector, then clearly the frame bounds
will change. However, it has been shown in [11] that if it is a GU frame, then the
frame bounds change independently of which frame vector is removed.

Second, if we are given a GU frame, it has been shown in [12] that the cor-
responding tight frame that minimizes the least-squares error F also minimizes the
probability of detection error P. and inherent the geometrically uniform property.

This is shown in the following theorems.

Theorem 6.5. Let H be a finite dimensional Hilbert space. Let ¢ € H and assume
that T = {¢;}X, = {Us¢p : U; € Q} is a GU frame for H. Additionally, assume that
for any integer j, T(j) = {U;¢ : U; € Q, i # j} is still a frame for H. Then the
frame bounds change independently of the choice of j, i.e. the frame bounds of T(j)

are the same for all j.
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Proof. Let {e;}%_, be an orthonormal basis for H and let ® € M(N x d) be the
Bessel map matrix corresponding to the vector set {U;¢}X, with respect to the basis
{e;}¢,. By observation 3 from section 2.2.1, the d x d frame operator matrix can
be written as

N

S=0"0 =Y ¢,

i=1

Note that S is self-adjoint and positive, hence it has real nonzero eigenvalues. If T’

has frame bounds A and B, then we have for all x € H,

N
Allz|® <Y Kz, ¢ < Bll|?
1=1

and using the definition of the frame operator we have

N
> @ on)® = | 02llzy) = (@, 2) = (z, 9" Pz) = (2, Sz)

=1

hence

Allz|* < (x, Sz) < Bljz||*.
So we see that the frame bounds are

A =min{\ : X is an eigenvalue of S}

and

B = max{\ : X is an eigenvalue of S}.

So to prove the theorem, it suffices to show that the removal of a vector ¢; gives us
a new frame operator whose set of eigenvalues doesn’t dependent on the choice of

¢j. We can write this new frame operator with ¢; removed as
N N
S() =Y it — 407 =Y Ui Up — U™ U; .
i=1 i=1
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Note that since Q is a group we have
U;Q={UjUip : 0<i< N} ={U;¢p:0<i< N} = Q.
So conjugating the original frame operator with U; gives,
N N
UrSU; = UsUigd™Ur Uy = U Uig* (U Uy)* = S.
i=1 i=1

Also, since similar matrices have the same eigenvalues, we consider U;S (7)U; and
get
N
UrS()U; =Y UsUipd Ui U; — ¢¢" = S — ¢g".
i=1
The eigenvalues of S — ¢¢* do not depend on j, hence the eigenvalues of S(j) do not

depend on j. It follows that the frame bounds for T'(j) are the same for all choices

of 7. O]
Theorem 6.6. Let

be a GU tight frame in a d-dimensional Hilbert space H where ¢ € H and ||¢|| = 1.
Suppose T' is still a frame with ¢; = U;¢ removed, i.e. suppose

T() ={Ui¢:U; € Qi #j}
is a frame. Then T(j) has frame bounds A = % —1 and B = %.

We first start with a lemma.

Lemma 6.5. Assume we have a GU frame in a d-dimensional Hilbert space with

generating vector ¢. Then the frame bounds satisfy A < %HgﬁHQ <B.
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Proof of Lemma 6.5. Let {e;}%, be an orthonormal basis for H and S € M(d x d)
be the frame operator matrix with respect to the basis and let {\;}¢_, represent the

eigenvalues of S. We can write the frame operator matrix for a GU frame as

N
S=> UpoU;.

=1

We have,
d N N
Y A =Tr(S) = TrUipg™Uy) = Y Tr(d6") = N|¢|%
i=1 i=1 i=1
and
d
dA =dmin{\} <> A < dmax{\} = dB.
i=1
Dividing by d gives the result we want. O]

Proof of Theorem 6.6. By the lemma, we see that T has frame constant A = %.
By observation 3 from section 2.2.1 we can write the frame operator matrix S with

respect to some orthonormal basis of H as,
N
N

where [, is the d x d identity matrix. Let 7'(j) be the frame where ¢; is removed.

Then the corresponding frame operator is
al N
() = &0} — #50] = —1a— Uso6"U;.
i=1
Again, we consider the similar matrix U;S(7)U; and get,

: N .
U;S(J)Uj = Eld — 09"
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Note that ¢¢* is a matrix with only one nonzero eigenvalue of 1, since ||¢|| = 1,
with eigenvector ¢. So by the above expression, it follows that S(j) has distinct

eigenvalues of % and % —1, hence the frames bounds are A = % —land B = %. n

It can be shown that if the given vectors T = {¢;}¥, C H is a GU frame,
then the unique tight frame {e;}¥, with frame constant A% that minimizes the
least-squares error E also minimizes the probability of detection error P. and is a
GU tight frame. We must introduce several new definitions before proceeding with

the proof.

6.4.3 Preliminaries

Definition 6.1. Given a GU frame T' = {¢;}}¥,, we define the N x N Gram matrix

G as the matrix with entries G;; = (¢4, ¢;) = (Ui, U;0) = (9, U;U;9).

Since Q is a group and U;U; € Q, we see that for fixed i the set {U;U;¢ : 1 <
Jj < n} is just a permutation of the set {U;¢ : 1 < j < n}. As a side note, we see
that all the columns of G have the same entries but are just permuted in a different
order. A matrix of this type is called a permuted matriz. All GU vectors have a
permuted Gram matrix. This in fact characterizes GU vectors. According to [4], if

a set of vectors T' = {¢;})¥, has a permuted Gram matrix, and has the property for

all 7 and j that (¢;, ¢;) = (¢;, ¢i), then T'is a GU set.
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6.4.4 Change of notation

Let Q be a finite abelian group of N elements. Then Q is isomorphic to a direct

product of cyclic groups, i.e.

Q2Q=7,®...0L,

where the group operation on () is componentwise modular addition and N =

b oni.Let g € Hand T = {U;¢ : U; € Q} a GU set of vectors. Since Q = Q, for

=1

any U; € Q there corresponds a ¢ € () so that we can denote

¢ = Usd = ¢(q).

In this notation, we can change the indices of the Gram matrix G to elements of @),

i.e. for g,h € Q, the (g, h)th entry is Gy, = (¢(g), o(h)).

Definition 6.2. Define the Gram function s : () — C for all g € Q) as,

s(g) = (¢, 0(9))-

We now illustrate the connection between the Gram function and the Gram
matrix. Let g,h € @) and let U; and U; be the corresponding elements in Q respec-

tively. Then note that

s(g—h) = (b,0(g —h)) = (¢, UiUj¢) = (6, UjUi¢))

= (Ui, Uig) = (6(h), ¢(9)) = Gng.
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6.4.5 Fourier transform of functions on )

Definition 6.3. Given a function f : () — C we define the Fourier Transform of f

for all h € QQ as
F) == > /(o

where
p

<h’ q> — H672ﬂ'ih¢qi/ni

i=1

where h;, ¢; € Z,, are the ith components of h and g respectively.
With this definition, we have for all g, h,h' € Q,

(h,g) = (g, 1)

(h,g)" = (=h,g) = (h,—g)

(h+ 1, g) = (h,g)(W, g)
where * denotes complex conjugation. It is natural to define the N x N Fourier
transform matriz F as the matrix with entries F, ; = ﬁ(h, g) for indices h, g € Q.
With this definition, it is not hard to show that F is a unitary matrix. Note that
a function f : Q — C can be considered as a vector f = {f(9)}geq with Fourier

transform f =F f

Lemma 6.6. Let T = {¢;}, be a set of GU vectors in an d-dimensional Hilbert
space H. Then the corresponding Gram matriz G is diagonalizable by the F'T matrix

F.

Proof. 1t suffices to show that the columns of F are eigenvectors of the Gram matrix

G. Let k € Q be fixed and let F;, be the kth column of F. Then the A" component
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of the vector GFy, is,

1
(GFiln = QEZQ GhoFor = N QGZQU{%@S(Q —h)
1 1
= ——= > (k,g+h)s(g) = —= ) (k ")k g)s(g)
g g

- <k,h>ﬁ Sk, g)s(9) = (k, h)3(k)

9€Q
= \/N§(k)\/1—ﬁ<k, hy = VN§(k) Fx.
So, we see that

GFi = VN3(k)Fr.

Using the fact that F is unitary it is not hard to show that F*GF is a diagonal
matrix with diagonal components v N5(k) for k € Q.

Note that the Gram matrix can be written as
G = oP*

where ® is the Bessel map matrix for the set T'. So G is nonnegative and self-adjoint,

hence §(k) is both real and nonnegative for all k € Q. O
We have the following lemma from [31].

Lemma 6.7. Let H be a d-dimensional Hilbert space and {¢;}~., C H be a frame
for H with corresponding weights {p;}X,. Define the operators {W;}N., C L(H) for
all x € H by

Wiz = pi(ds, 7).

Let {e;}., be a tight frame corresponding to a POM 11 defined for all x € H and
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1<i< N by
i)z = (e;, x)e;.

Then {e;}Y., minimizes the probability of detection error

N

P =1~ ZPiK@,BiHQ

=1

1. HOE)(W, —W)II(j) =0V i, j=1,...,N
N
2. > H@HW;—W; >0V j=1,... N

=1
6.5 Minimizers of P,

We are now in a position to prove a second solution to the quantum detection

problem.

Theorem 6.7. Let H be an d-dimensional Hilbert space and assume that T =
{¢:}Y, C H is a GU frame for H, and let A > 0 be given. Then the unique tight
frame {e;}¥, with frame constant A% that minimizes the least-squares error E also

mainimaizes the probability of detection error

1
Pe=1- Z N\(%;@?P
and is a GU tight frame.
Proof. We will first show that the tight frame {e;}Y, that minimizes the least-
squares error F is also GU. Let T = {¢;}, be a GU frame for H and let A > 0 be

given. Let ® € M(N x d) be the Bessel map matrix corresponding to the vector
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set T with respect to some orthonormal basis {e;}¢, for H. Let ®* = USV* be the
singular value decomposition of ®*. The corresponding Gram matrix can be written
as

G =00 =VX'UUXV" =VIEV.
From Lemma 6.6, we see that we must have V' = F and that the singular values are

NY4,/5(k) for k € Q, i.e. we have

' = USF = N3 \/alg)uy(F,)" 1)

9eQ

where u, is the gth column of U and Fj is the gth column of F.
By Theorem 6.1 and observation 1 from section 2.2.1, we know that the con-
jugate Bessel map matrix whose columns are the A? tight frame that minimizes the

least-squares error ' has the form

Rank(®)
F* = Z uv; = Z up(Fn)*
i1 heQ,5(h)£0
up(1)
. 1 * *
= Z : _N(<hugl> 7"‘7<h7gN> )
heQ,5(h)£0
up(d)
up(1)(h, g1)* o un(1)(h, gn)*
. 1
heQ,g(h);Ao\/N
up(d){h, g1)*, ... un(d){h,gn)*

where wuy, (i) corresponds to the ith component of the vector u, and g; is the ith

element of ). Hence the gth column can be written as

S (hg)un 2)

heQ,5(h)#£0

2=
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We want to show that for U; € Q, corresponding to ¢’ € @, that
Ue(g) = UiF; = F; , =e(g+9)

where addition of the indices is modular addition in each component of () = Z,,, ®
... ® Zy,,. This would show that the A®-tight frame {e(g)}seco is GU. In order to
analyze Use(g), inspection of equation (2) tells us that we first must look at Usuy,
hence we now want to find an expression for u,. Since F is unitary, the column
vectors are orthonormal, hence multiplying by the column vector F;, on both sides
of (1) gives us,

O Fy = NN /59 ugFy Fi = NV 5(h)uy. (3)

9€Q
We write,

| | (h, g1)

. 1 .
I = VN o(g1) &(g2) -+ (hyga) | = o(h)

where we define the Fourier transform of ¢ : Q — CV by

(1) = =3 (h.9)0(0)

geQ

So solving for u, in equation (3) gives us,

1 R

for values of h such that §(h) # 0. So we see that in order to find an expression for

Up

U;uy, we must determine an expression for Ui(ﬁ(h). First note that for any g € @
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and ¢(g) € T, where Uy € Q corresponds to the element g € @, we have U;¢(g) =

UUrp = o(g+ ¢'). So we have

Uip(h) = \/_thUqb \/_th (k+¢)

keqQ keQ
- Z (h,k — g"Vo(k) = (h,—¢') Z (h, k)
\/_keQ \/_keQ
= (h,—g")(h)
hence applying U; to equation (4) gives
U Ud(h) = (h,—g) ——=(h) = (h. )
iU = ———————=Ui =\ =9 )= =\, —=g)u
" N5 I s Jay g7

So computing Use, by using the above expression and equation (2) gives us

Uie(g) = UZ-FQ:\/—_ E (h, g) UUh_\/_N E (hy,g)*(h, —g")up,
heQ,5(h)#£0 he@,5(h)#0
1 1
S E: (h, —g)(h, —g'Yup = —— Ej (h, —
1 *
N VN, Z h9+g Fg+g/=6(9+g)

Q,3(h)

which is what we wanted to show. Hence {e(g)},eq is GU.

Now we want to show that {e(g)}4eq minimizes the probability of a detection
error. We will show that the {e(g)},eq satisfies the conditions of Lemma 6.7, hence
minimizes P..

Note that we can write the singular value decomposition of the conjugate
Bessel map matrix for {e(g)},eq as

Fr=> u,Fy =UYF* (5)
9€Q
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where T € M(d x N) has singular values of 1 along the diagonal. So by equation

(1) and the expression of F* given above we have,

Fo* = NlMZFkuZZ\/é(g)ugf; = N1/4 Z vV 8(9) FrugugFy

keQ 9geQ k.geQ

= N2 3g) Filur, ug) Fy = NV \/3(k) Fu Ty
k,geQ k,eQ

= FY'SF*

So we see that F®* is self-adjoint. Note that the components of the matrix F®*
are given, for any g,h € Q, by [F'®*],, = (e(g), ¢(h)). Since F'®* is self adjoint we

have for all g, h € Q,

(0(h), e(g)) = (eg), ¢(h))" = [(FO*) g n = [F®"]ng = (e(h), ¢(9)).  (6)

Given any g € @) let U; be the corresponding element of Q. Since F®* = FY*XF*

the diagonal elements of F'®* for any g € () are

[F(D*]g,g = (e(9), 9(9)) = ((F)gs T*E(f*)g> (7)

where (F*), is the gth column of F*. Also,

(e(9),9(9)) = (Uie, Uip) = (e, UjUig) = (e, 9). (8)

So we see that all of the diagonal elements of F'®* are constant. Note also that by

equation (6),
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We now define the operators {W;},eq and {II,},eq for all x € H as

and

Note that we can write W(g) = ¢(g)o(g)* and II(g) = e(g)e(g)*. We now examine

the first condition of Lemma 4. We have for all g, h € @),

(g)(W(h) = W(g)Il(h) = TI(g)W (h)IL(h) — TI(g)W (g)II(R)

by (6) and (8) = e(g)[(¢(9), e(h)) (¢, €) — (e, d)(d(9), e(h))]e(h)" = 0.

So condition 1 of Lemma 4 is satisfied.

Now we need to show condition 2, i.e. we want to show that for all h € @,

> T(g)W(g) — ¢(h)p(h)* > 0.
geqQ

By equations (1), (5) and (8) we have,

Y H(gW(g) = > egle(g)dlg)dl) =D e(g){elg), (9)e(g)"

geQ geQ 9€Q
= (e.0) Y _e(g)p(g)” = (e, )"
9€Q
= (e,¢>(UT.7:*)(]:ZtU*) = (e,¢>UTZtU*
= (e,¢>U§U*

118



where ¥ = Tt € M(d x d) is the diagonal matrix with singular values the same

as 2. Since ¢* = UXF™, we have for any g € @,

¢(g) = US(F")q

where (F*), is the gth column of F*. Hence

d(9)p(9)" = US(F")o(F*),5'U™.

Hence to satisfy condition 2 of Lemma 4, for a fixed h € () we want to show that

the d x d matrix

T = [[W9W, = ¢(h)p(h)* = (e, USU™ — US(F*)y(F*); 5"
geQ
= Ul{e, )T — S(F),(F )220

is positive. We will first show that T" = (e, ¢)X — X(F*),(F*); 3" is positive. Let
r € C% Define ¥/2 to be the d x N matrix with diagonal singular values of

(VN5(k))'/? for k € Q. Then,

(x,T'z) = (e,d){x,Ta) — (x, B(F") (F*);Lz)
= (e, 0)(w, Bx) — (S, (F)o{(F)g, X'2))
= (e, 0)(w, Xx) — (S, (F7)g)((F")y, X'a)
= (e,¢)(x, Xz) — [(X'z, (F7),)I”
= (e, )z, Ta) — [((BV2) ', T*EV2(F),)
by Cauchy Schwartz > (e, ¢)(z, Sz) — [|(SY2) | 2| T*SY2(F*), |12

= (e, 0)(w, Xz} — (&, Ba){(F")y, T*E(F),)

by (7) and (8) = (e, d)(x, Xx) — (z,Xx)(e, ) = 0



hence T" is a positive matrix. Now, given any € C? we have

(,Tz) = (z,UT'U*z) = (U*z, T'U’x) >0

hence T is a positive operator. So we see that condition 2 of Lemma 4 is satisfied.

It follows that {e(g)}4e@ minimizes the probability of detection error P.. ]
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Appendix A

Penrose-Moore pseudo inverse

Let A € M(n x m). The Penrose-Moore pseudo inverse is the unique matrix

At € M(m x n) such that,

1. AATA=A

2. ATAAT = At

3. (AAT)* = AAT

4. (ATA)* = ATA.
If A = UXV* is the singular decomposition of A, where U € M(n x n), ¥ €
M(n xm), V€ M(m x m), then the solution to the above is AT = VXTU* where

¥T € M(m x n) is of the form

1/0'1

ZT: 1/0’2

where {o;} are the singular values of A.
Also, if A € M(n x m) with singular value decomposition A = UXV* we
define AY2 by AY/? = UXY2V* where X'/ has diagonals {,/7;}, i.e. the singular

values of AY? are {/0;}.
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Appendix B

Hilbert space definitions

Let K=R or K=C.

Definition B.1. Let H be a vector space over K. A real-valued function || - || on

H is a norm if:
1. Forall z € H, ||z]| > 0.
2. ||z|| = 0 if and only if z = 0.
3. Forall 2,y € H, [lz +y] < [lz] + ]
4. For all x € H and a € K, |Jaz| = |al||z|.

Definition B.2. Let H be a vector space with norm || - ||. H is complete if every
Cauchy sequence in H converges, that is if a sequence {f;};,cz C H has the property

that for any € > 0, there exists an N > 0 such that for all n,m > N,

||fn - me S €
then there exists an f € H such that
Tim |I£, — £ = 0.

Definition B.3. A Hilbert space H is a Banach space over K with a K-valued

function (-,-) defined on H x H, called an inner product, that has the properties:
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1. For all o, € K and x,y,z € H,

{0z + By, 2) = afz, 2) + By, 2).

2. Forall x,y € H,
(z,y) = (y, z)"
where * indicates complex conjugation.

3. Forall z € H, (z,z) = ||z|]*.

Definition B.4. Let H be a Hilbert space. H is separable if there exists a countable

dense set X in H.

Separable Hilbert spaces always have an orthonormal basis, as the following

theorem shows.

Theorem B.1. Let H be a separable Hilbert space. Then there exists a complete

orthonormal set in H.

Definition B.5. Let H be a Hilbert space and T': H — H a linear operator. T is

bounded if there exists a constant A € R such that for all x € H,
1T(z)| < All]l.
For bounded linear operators T, the adjoint 7™ is defined for all x,y € H by
(Tw,y) = (2, T"y).

However, if T is not bounded and defined on only a dense subset of H, more care
must be used to define the adjoint. The following gives a more general definition of
the adjoint, which reduces to the above definition when the operator 7' is bounded.
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Definition B.6. Let H be a Hilbert space and T a linear operator defined on a
dense subset Dom(T") of H. Define Dom(7™) as the set of all y € H such that the

operator T}, defined for all z € H by
Ty(x) = <T$7y>

is bounded. Then by the Hahn-Banach theorem, we can extend T}, to all of H, and

hence there exists a unique element 7%y € H such that
T* is defined to be the adjoint of T, with domain Dom(T™).

Definition B.7. Let H be a Hilbert space and T a linear operator defined on a

dense subset of H. T is self-adjoint if T' = T™.

B.1 Examples of Hilbert spaces

Let K=R or K=C.

1. Let K C Z. Define I*(K) by

P(K) = {{ai}ieK CK:Y al* < oo} .

1€EK

For all {a;}icx, {bi}icx € 1*(K), we have the inner product defined by

({aitiex, {bitiex) = Z a;bj

1€EK

where * represents complex conjugation. With this inner product, I?(K) is a

Hilbert space. In section 2.2 dealing with finite frames, K = Zy where
Zy ={0,1,2,...,N —1}.
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2. Let  C R and consider the space
L*(Q) = {f measurable functions on €2 : / IfI? < oo} .
Q

L?(Q) is a Hilbert space with inner product defined for all f,g € L*(Q2) by

(f,9) = /Qf@)g*(x)dx
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