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1. Introduction

By a switching system we mean a (finite) set of modes together with a set of
switching rules of a special form. A more detailed definition will be provided later
but, for orientation, let us consider a prototypical example.

Example 1: Let X be the plane R? and suppose one has available two modes given
by the differential equations

&= fi(=) (1=1,2 z€ X)

(Actually, we suppose that there are (closed) sets U; C X for which each mode is
available so it is only in U; N U, that both j = 1 and j = 2 would be available.) The
switching rule is a modified form of the heuristic: Don’t switch unless you must! In-
troducing the complementary forbidden sets R; := X'\ U;, we consider the interesting
case in which R; contains a global attractor for the mode £ = f1(z) and similarly for
R3; we assume, here, that Ry, R, are disjoint so at least one mode is always available.
Suppose we start the system with state z(0) in (the interior of) U; NU; and in mode
1. Our solution coincides with the solution of £ = f;(z) until this hits the boundary
OlUy = ORy; this is inevitable since we have assumed R; contains a global attractor.
Since it is forbidden to enter R in mode 1 (i.e., for a state z(t) € Ry the mode j =1
is unavailable), we switch to mode 2. With this change in mode the trajectory may or
may not enter R; but coincides with a solution of £ = f,(z) until hitting U, = dR,.
We expect, then, to follow the individual differential equations alternately, switching
fromj=1toj=2at dR; and back from j =2toj=1at dR;. O

An apparently minor quibble arises: Suppose there would be a point £ € dR; for
which the equation £ = fi1(z) has a trajectory 7 passing through ¢ but staying locally
in Uy (see Figure 1), i.e.,

&, £

Figure 1 &2



tangential* to OR, at £. Do we or do we not switch? This figure shows a neighboring
trajectory 7 entering R; at &; so, for the switching system, the policy is clear: switch
modes at £. On the other hand, the figure shows another neighboring trajectory 7,
which never hits dR; until & so the policy for the switching system is again clear:
switch modes at &. Taking limits through trajectories like 7; we would expect switch-
ing at ¢ for a switching system trajectory coinciding (in part) with the earlier part
of 7 while taking limits through trajectories like 79 would suggest, for the switching
system, that one continue to coincide with 7 and defer switching until &. In order
to have any chance of preserving the principle that a limit of solutions should be a
solution, we accept both possibilities: switching at £ and deferring switching until
¢'. This means, of course, that we must accept the consequence that a solution for
the switching system which initially coincides with the early part of 7 must then
have a nonunique continuation. This possibility of nonuniqueness is a significant
characteristic® of the theory of switching systems — although for the considerations
of this paper it does not materially affect the results. Even apart from this possibility,
we will see from Examples 3, and 4 that care is needed in deducing properties of a
switching system from corresponding properties of the modes used to define it.

In the next section we will (very briefly) indicate some possible applications/
examples of the formulation although a more detailed exploration of these will be
deferred to a later presentation. Here, these are only intended as suggestive and to
motivate the precise formulation of the switching rules in Section 3.

Section 4 contains our principal result, on the continuous dependence of regular
solutions, together with a global existence result. Section 5 discusses an important
special case: linear switching systems. Finally, the last section will note some open
problems and directions for generalization. A principal topic for further discussion is
the existence of periodic solutions but this will be deferred to a separate paper [6];
it is in this context that the possibility of nonuniqueness described above becomes
overwhelmingly significant.

2. Motivation

The original motivation for formulating a notion of ‘switching systems’ came from
an attempt to model thermostats. The two modes, in this case, correspond to FUR-
NACE OFF and FURNACE ON and the thermostat is a device to switch between these.

4 Although shown as such in Figure 1, this need not mean tangency in the usual geometric sense since
we do not impose enough regularity on 8R; for this to be necessarily meaningful; it might be better
to say that 7 fails to be transversal at £. All we really mean, here, in using the term ‘tangential’, is
that 7 contains a point ¢ of 3R, but does not enter R; at £.

®Note that the geometry of Figure 1 is generic in that some (nearby) point of tangency must occur
for any small perturbation of the direction field and/or the boundary 9R;.




It consists of a sensor (measuring the temperature ¢ at a particular position) and a
pair of set points 8y, 8, (Typically, the gap 6, —60; > 0 is fixed and the mean (6, +6;)/2
is adjustable.) with two internal states corresponding to the two modes. If the fur-
nace is OFF, then it will be switched ON when @ crosses #; from above; in particular,
the furnace will always be on when 8 < 6;. When, eventually, the temperature rises
to have @ cross the upper set point 8; (from below), then the furnace will be switched
OFF; no recrossing of the lower set point affects the state until this occurs; the furnace
is always OFF for 6 > 0,.

This, together with the partial differential equation governing the evolving state
(spatial temperature distribution), seems to describe the physics quite well except for
the same minor quibble noted in the Introduction: What happens if, e.g., with the
furnace ON, the sensed temperature 6(t) rises to #; without (immediately) crossing?
(Since the evolution is given by a pde, one can find initial conditions for which this is
would actually occur.) It was the analysis of this situation which led to the present
model. A completely different model is discussed, for example, in [4]; the discussion
in [1] is closer in its concerns with the present analysis. More detailed analysis of
switching system thermostat models will be deferred to [7].

An entirely different setting leading to switching system models is the Hamilton
— Jacobi — Bellman formulation of optimal feedback control of multimodal (variable
structure) systems with switching costs. Suppose one has a system which can operate
in any of J modes, e.g., corresponding to differential equations

(2.1) i = f;(z) G=1,...,J)

with attendant (z,7)-dependent running costs but with the possibility of switching
at any time from the j-th to the k-th mode with cost ¢; x(z); there may also be other
control possibilities implicit in ( 2.1). We suppose V;(z) is the optimal infinite horizon
(discounted) cost if one is at the state z in the mode j. Clearly, we would switch to
the k-th mode if V;(z) > Vi(z) + ¢; k() but would not switch if the reverse inequality
would hold, i.e., we would always choose

(2.2) k = argmin{Vi(z) + cji(z) : k=1,...,J}

where (z,j) is the current state and k is to be the ‘new’ mode (set ¢;;j(z) := 0 for
completeness). For a discussion of this approach, see [3]. The effort, then has gone
into the construction of the value functions {V;(-)} with ( 2.1, 2.2) taken as defining
the controlled dynamics. We observe that the possibility of nonuniqueness in ( 2.2)
means that a further, more detailed, analysis of the dynamics is needed precisely at
the switching surfaces

Sik == {z : Vi(z) = Vi(z) + c;p(2)}-



If we let R; be the open set
R; :={z: Vj(z) > Vi(z) + ¢;i(z) for some k # j},

then we will obtain a switching system model for the optimally controlled dynamics.
Note that the possibility of nonunique continuation if a trajectory 7 of £ = f;(z) is
tangential to the switching surface simply means that the optimal cost is attained
nonuniquely: either continuing without switching or paying the switching cost and
continuing in a new mode give the same (optimal) cost.

There appear to be connections between the theory of switching systems presented
here and ‘viability theory’, c.f., [2]. Of particular interest, in this connection, is the
notion of a ‘heavy trajectory’, cf. | |, corresponding to the reluctance to change modes
implicit in our switching rules. Our considerations are, however, almost disjoint from
those of [2] since we can also write, e.g., ( 2.1) as a differential inclusion z € F(z)
by setting F(z) := {f;(z) : j = 1,...,J} but we are obviously emphasizing the case:
F(z) finite whereas [2] emphasizes the quite distinct case: F(x) convex.

A final motivating setting comes from singular perturbation theory. Consider, for
example, a system

(2'3) T = f(x’ y)a ey = g(lﬁ, y)

for very small € > 0. A principal concern of singular perturbation theory is to initiate
an analysis of ( 2.3) by comparison with the reduced order (implicit) model

(2.4) z = f(z,y) , g(z,y) =0.
If we can solve g(z,y) = 0 to obtain y = Y (z), then ( 2.5) becomes simply
(2.5 i = 1.(5) = /(5. Y (2)).

Suppose, however, the graph {(z,y) : g(z,y) = 0} would look like that of Figure 2.
As shown, we observe

A
— y=Y,(X)
a b
(( x —9
y=Y (x)
*\ y=Y1 (X)

Figure 2



that A = d¢g/dy is negative, corresponding to stability of the perturbation equation:
ey = Ay, along the branches y = Y;(z) for j = 1,2 but we have A > 0 (instability)
on y = Y,(z). Thus, local analysis shows that once we have y ~ Y;(z) with a < z we
would expect to stay close to the solution of

& = fi(z) := f(z,Y1(z))

(for very small € > 0) unless/until this solution would reach £ = a. Assuming
fi(a) < 0, this trajectory would (try to) enter the forbidden region Ry := (—o0,a) for
which Y7 does not exist. One would have to make a more detailed analysis of ( 2.3)
to see just what would happen then but, assuming Y2(Z) would be globally attractive
for ¢ = ¢(&,¢) for T < a, we would expect a rapid transient behavior ‘switching’ to
the branch y = Y;(z). The solution would then stay close to this branch unless/until
it reached z = b, with a similar ‘switching’ there if f,(b) > 0. This behavior is, of
course, the standard hysteresis loop and is essentially similar to the description of
the thermostat above. Other interesting varieties of behavior become possible when
T,y may ‘live’ in higher-dimensional spaces. We defer to [6] any further discussion of
this and of the extent to which the switching system model may provide a suitable
reduced order model with which to initiate the analysis of ( 2.3). The considerations
seem complementary to those of [5].

3. Definitions

Motivated by the examples of the previous section, we introduce a formal defini-
tion of ‘switching system’. This may not be the most general possible notion (c.f.,
Section 6 for further comment) but more than covers the motivating settings.

First, by a mode we mean a semidynamical system with state space X:
(3.1) 7: Rt x X — X continuous, with 7(0,£) = ¢ and

n(t+s,€) =n(t,m(s,€)) for t,s >0.

Note that 7 may be interpreted as the solution map: ¢ =: z(0) — z(t) for an
autonomous differential equation® £ = f(z) but the exposition is somewhat simpler
this way and more general in some respects. We will consider a variable structure
system corresponding to a set {7; : j € J} of such modes where J is suitable index
set (usually finite: 7 =1,...,J ).

For each j € J we assume we are given a forbidden set R; C X while for each pair
(4,k) € J x J there is an admissible switching set Sjx C X. (Any of these sets may

8This restriction to autonomous equations is not very significant in the sense that one can formally
include ¢ as a component of the state. Somewhat more restrictive is the implicit assumption that a
unique global solution (i.e., for all t € ") exists for each initial £ € X, see Section 6.



possibly be empty.) Our concern with R; is that the mode 7; may possibly enter R;
at some € dR;, by which we mean

(i) for some & we have m;(-, &) € X \ R; on (0,¢) with ¢ >0
(3.2) and ;(e, &) = &;
(ii) (e, &) € R for arbitrarily small € > 0.

We impose the set of geometric hypotheses:’

) SixNRe=0 ,R;=X\ 8y
(i) each S, is closed in X (so each R, is open);

i) for each £ € OR; there is some k € J such that & € Sj;

) for each j € J: for each £ € X there is a neighborhood N;(&)
which nontrivially intersects only finitely many of {S; :}.

By a switching system we mean a specification:
L=, {mj:7€J},{Six: 5,k J}

subject to ( 3.1) and ( 3.3).

For a function: ¢ —— [z(t),7(t)] : Rt — X X J to be considered as a possible
solution of such a switching system X we first require that

(i) J() is piecewise constant with isolated® ‘jumps’;
(3.4) (i) whenever j(-) is constant (= k) on an interval (s,t) we have
z(t) = me(t — s, z(s)).

Note that this automatically forces z(-) to be continuous: % — X since each mode
7k is continuous in ¢. The requirement that the ‘jumps’ in j(-) be isolated means that
J(+) will have both left- and right-handed ‘limits’ at a jump:

(3.5) J(t=) =7 ,5(t+) =k (with 5 # k).

We refer to such a time ¢ as a switching time and to the situation as a transition
(from mode 7; to mode 7y) or, more succinctly, as a switch: j ~ k. If t' is a switching
time (and there are any subsequent switches) then there is a unique nezt switching

"This set might be weakened slightly if we did not prefer to keep it independent of any knowledge
of {7;}. For example, (iii) is really needed only if m; would enter R; at £ and even then we might
permit & € 3Ry if m does not enter Ry at &; compose the reformulation in Section 6.

8This requirement could be relaxed somewhat and we could refer to the notion here as defining a
regular solution of X.



time t". We refer to (¢',¢") as an interswitching interval ® We impose the switching
rules:

(i) a switch: j ~ k is permitted at time ¢ only if z(¢) € S;
(3.6) (ii) if z(¢) € Rj, then j(¢) = j is forbidden — hence ¢ must be a
| switching time if 7; enters R; at z(¢) when one ‘arrives’
at z(t) = € € R; with j(t—) = J.

Thus, by a solution of the switching system X on the time interval [0,7) we mean
a function pair

[2(), 3()] : [0,T) — X x J

subject to ( 3.4) and ( 3.6). For definiteness we take j(-) to be left-continuous. The
values [z(0), 7(0)] are called the initial data for the solution; we have z continuous at
0 so z(0+) = z(0) but we do permit (subject to ( 3.6) (i)) an immediate switch for
3 ().

Remark 1: Usually we only consider solutions with T' = oo, i.e., [0,T) := RF. It
should be clear that there is nothing ‘magic’ about 0 and any interval I := [a, b) would
be equally appropriate but, as we consider only autonomous systems here, there is no
loss of generality in translating in time by a to consider [0,T) with T := b — a; initial
data at ¢ = a then becomes initial data at ¢ = 0. The other interesting possibility
would be to consider solutions ‘for all time’ : I = R; in this case it is somewhat
irrelevant to consider ‘initial data’. This possibility will be of interest to us in the
context of stable linear switching systems in Section 5: note Theorem 6.

Example 2: We present here, partly for its own sake!® and partly in contrast with
the flavor of Example 1, an example with an infinite dimensional state space X.

We take this space to bell

(3.7) X° = {¢(-) : measurable from R* to [0,1]}.

The metric topology we consider on X° will be that induced by a weighted L!-norm:

(3.8) d(e, €)= [~ o(s)l€(s) — €(o)lds,

9We have j(-) constant (say, = k) on such an interswitching interval and ( 3.4) (ii) requires the
solution simply to follow the mode 7 during it.

10The specific significance of this particular example lies in its canonical relation to general linear
switching systems as discussed later in Theorem 6.

1 The particularly interesting subset of X° is
Xo:= {¢(") : measurable from R* to {0,1}}

and we could really have used any X suitably embedding X,.



where we assume that:

(3.9) the weight ¢ is positive and, nonincreasing with

/oo p(s)ds =: M < oo,
0

e.g., p(s) = Ce . Next, set J := {1,2} and define the modes 7;(7 = 1,2) by

(3:10) ol = { 670 Trant

for t € Rt and ¢ € X°. One easily verifies that each 7; satisfies ( 3.1). Even before
introducing the sets {§;x} we note a representation formula

(3.11) [z(8)](s) := { (s —¢) for s >t,

Jjit—s)—1 on [0,t]

for any measurable switching function j(-), not necessarily satisfying ( 3.4) (i). Note
that this automatically makes [z(-),7(-)] satisfy ( 3.4) (ii) whenever ( 3.4) (i) really
does hold.!?

Next, suppose we have a specified function ¢ : R" — R such that:

() $(0) =0, J°y(s)ds
(3.12) @) r(90) 52 £ o
(i) [$(t) —(s)| < Keps)(t -

We then introduce the sensor functional

s) fort > s>0.

(3.13) ¢ 0[¢] ;=/0 (s) £(s)ds

and, for any X°-valued state function z(-), the associated sensor function
(3.14) ts 0(t) = 0(t; 7) = B[z(t)] := /0 »(s)[z(t)](s) ds.

Note that 8 is continuous on X° and that if z(-) is given by ( 3.11) we have
(3.15) i(t) :/O D(t + 5)€(s) ds+/ w(t — 8)[j(s) — 1]ds.

so that, by ( 3.9) and ( 3.12) (ii), () is almost independent of ¢ for large ¢: the
¢-dependent part of 8(t) is the first integral in ( 3.15) which is bounded by f* ¢

120bserve also that Xp is invariant: if ¢ = z(0) € Xo, then z(t) € Xo for each t € RT for any j(-).
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which goes to 0 as ¢ — co. We have

A

00 —0) = [Tle+s) - (e +9)E(s)ds
+ [ 10— o)~ ple = ) ~ 1lds
+ (e - 9)i(s) - 1]ds

A

(3.16) 0() — 8| < /0 " Ko(t' + 5)(t — t')ds

t'

+ A Kp(t' —s)(t —t')ds + /Ot_t’ P(s)ds
< [KM + (0)](t —¢t).

In terms of 4[-] we define, finally,

Ri={¢€ X:0[¢ < Ci}, Ry = {¢ € X :0[¢] > Cq},
(317) 31,1 = {6 €X: 0[5] Z 01}, 82,2 = {E € X: 0[6] S Cg},
Si2:=0R={€X:0¢]=C1}, S =0Ry={6cX:0[¢]=Cy}

where C;, C, are specified constants with 0 < C; < Cy < 1. One immediately verifies
( 3.3) since 4[] is continuous. Note that for a (possible) solution [z(-),7(-)] we can
have a switch: j ~» k at time ¢ only if 6(t) = C;. Thus, if (¢,,t,+1) is an interswitching
interval we have |0(t,4+1) — 8(t,)| = C; — C4 so, by ( 3.16),

(3.18) tyr1 —t, > (Cy — C1)/[KM + ©(0)] =: Tmin

which certainly ensures ( 3.4) (i).

It is interesting to note that if, e.g., we were to proceed in the mode 73 then
z(r + t) = ma(2, £) with £ := z(7),

~

O(r+t) = 0[m(t,¢)]
- /0°°¢(t+s)g(s)ds+/0 D(t — )2 — 1]ds
/Otw(s)ds — 1 by (3.12) (i)

v

so R is a global attractor for 73 and, indeed, one reaches Ry (from any starting point
£ € X, proceeding by 7, in time not greater than 7 = 7, where

/:2 Y(s)ds = C,.
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Similarly
Omi(t )] = [ e+ )¢(s)ds
< /;oozﬁ(s)ds = 1——/0t¢(s)ds — 0

so R; is a global attractor for 7; and one has an upper bound 7; for the time to reach
Ri.

For the switching system X := [J, {m;},{S;x}], this ensures that, for every con-
sistent starting point [z(0),7(0)} (i.e., z(0) & R;(0) ) one has at least one solution of
¥ — e.g., corresponding to switching whenever this is permitted by ( 3.6) (i) — and
every solution switches infinitely often with the uniform bounds

Tmin S tu+1 - tu _<_ Tmaz +— max{rl,rz}

for interswitching intervals. Clearly, the state function z(-) is always related to the
switching function 7(-) through the representation formula ( 3.11) and one relates j(-)
to z(-) through 6(-) and ( 3.6); one always has ( 3.4) in this case. [

We next consider the appropriate notion of convergence for switching systems.
We say X" — X2 providing

(i) Jm,J°=J (slightly more generally, J° = limsupJ” );

(ii) if £ € RY then £ € R} for all n > 7;(€);

(iif) if &0 is the limit of a subsequence £™™ — £° with each
E"(m) € S;},(cm), then £° € S; k3

(3.19) (iv) ( 3.3) (iv) holds uniformly in n, i.e., for each j, £ there are

a neighborhood N = N;(&), and a finite subset K = K;(¢) C J
such that §7 N N = ¢ for k ¢ K and each n;

(v} w}(t, &) — 7}(t, €) locally uniformly, i.e., uniformly on some
[0,T] x X-neighborhood of each (t, ), for each j.

(This is actually a form of ‘upper convergence’ for switching systems. It would be
plausible to adjoin the condition

3= S}),k only if there is a sequence ¢ — €%with ¢&" € Tk

as a complement to (iii) above. Since we will only seek to prove an upper semi-
continuity result for the solution set, the definition ( 3.19) is adequate for our pur-
poses.)

4. Basic Results

In this section we formulate and prove our basic general results. The first two
results give a kind of continuous dependence of the solution set on the initial data
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and the system: we show (under suitable hypotheses) that the limit of solutions is a
solution when such a limit exists and that such limits always exist for subsequences
corresponding to the possible choices when nonunique continuations are permitted
by the switching rules ( 3.6). We also provide an existence result in a somewhat more
restricted setting.

For the first results we must introduce a suitable notion of convergence for se-
quences {[z",j"|}. For the state trajectories {z"(-)} we use, simply, uniform'® con-
vergence on [0,7] — uniform on finite intervals [0,7"] if T = co. For the indez
functions {37(-)} the relevant notion is again the natural one but is a bit more dif-
ficult to describe. It is convenient, here, to think of an index function j(-) as being
specified by its sequence!* of switching times

(41) O=:to<ti1 <...<tp:=T

and the assumed interswitching indices {7, : ¥ =0,1,...,7} where j(0) = jo and, for

v=1,...,p,
(4.2) Jj@) =3, for t,_1 <t <t,.

Suppose we have an index function j°(-) with isolated switching times {¢J : v =
0,...,7°} as in ( 4.1). If &° = oo we say that j*(-) — j°() if 2" — o0 = P° (e.g.,
™ = oo for n large ) and, for each v =1,2,..., one has:

" ) 5ot

(ii) gr =30 for n >n,.
If 2° < 0o we ask instead that " > ° for every (large enough) n and that we have
(4.3) for each v =1,...,5°. ( We will also require ( 4.3) (ii) for » = 0 although the
initial index 7, has no direct effect on the state trajectory since the condition { 3.4)
(ii) is effectively applicable only for nontrivial intervals.)

Theorem 1: Suppose {L"} is a sequence of switching systems on X converging to
a switching system X° in the sense of ( 3.19) and suppose [z, ;"] is a solution of X"
on [0,T] for each n = 1,2,.... Let [z% 5% : " — X x J with j°(-) satisfying ( 3.4)
(i). Then, if [z", ;"] — [2°,7°] as above, [z°, 5] is a solution of X° on [0, T].
PROOF : This is just the assertion that the limit of solutions is a solution (modulo
independent verification of the regularity condition that switching times are isolated
for the limit). The proof is quite straightforward.

We have already defined the switching times {¢t* : v = 0,..., p";n = 0,1,...}
and now define the corresponding switching points £* = z™(t%). By the uniform

13We will always take X to be a metric space (or a topological vector space) so such uniformity is
meaningful.

14Note that ( 3.4) (i) prohibits having & = oo for finite T but when T' = oo we can have either 7 < oo
ort, >oc0oasv—o00=:0D.
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convergence, we have z%(-) continuous and, using ( 4.3), we see that £7 — &2 as
n — oo for each fixed v = 1,...,5°. We must verify the switching rules ( 3.6) for
[z°,7°] and also ( 3.4) (ii), with ( 3.4) (i) given by assumption.

Fixing v, we set j := j°_ (= j*, for large n by ( 4.3) ) and k := j2(= j7) so
at T := t one has a switch: j ~ k for j°(-). Since &} € $f for each n = 1,2,...
and ¢" — ¢0, we have ¢ € Sﬁk by ( 3.19) (iii). Next, suppose one were to have
g := z°(f) € R? for some  which is not a switching time and had j°(f) = 5. We would
then have j"() = j for large n since £ must be in the interior of the interswitching
interval (t?_,,t") for each large n with v fixed. Hence " := z"(f) — & would imply
& e R{ for large enough n since, by ( 3.3) (ii), R? is open. But ( 3.19) (ii) would
then give £* € R} which is a contradiction. Thus ( 8.6) (ii) holds at non-switching
times. Since z°(:) is continuous, z°(¢)) € R? would also give z°(f) € R} for nearby
times since }2? is open; that is impossible. Thus ( 3.6) (ii) always holds.

The verification of ( 3.4) (ii) for ¢,s in the interior of an interswitching interval
(t9_1,t°) is an immediate consequence of (3.19) (iv) since

22(t) = lLim z"(t) = lim m(t — s,2"(s))

= m(t — s,lim z"(s)) = m(t — s,2°(s))

and this extends to the endpoints by continuity. O

Theorem 1 shows that a limit, when it exists, must be a solution. To complement
this, we next show that, in some sense, such a limit always exists. A certain additional
condition is needed and we say that a set of index functions (or the corresponding
solutions) is uniformly regular if, for each finite T' (we consider only T" = T'if T' < oo

), there is a minimum length 7 = 7(T") for interswitching intervals in [0,7"] — more
formally, if
(4.4) t, <T' = t,.;+7(T") <t,

for each (t,-1,t,) associated with j(-) in the set.

Theorem 2: Suppose {£"} is a sequence of switching systems converging to 3° in the
sense of ( 3.19) and suppose [z",j"] is a solution of £" on [0,T] for each n = 1,2,....
Assume {7"} is uniformly regular on [0,T] and z"(0) =: &% — &3 ,5"(0) = jo. Then
there is a subsequence n(m) such that [z™™), ;™) converges to a solution [z°, ;%] of
0 with £°(0) = £J.

PROOF : We will proceed by repeated extraction of subsequences, followed by a Can-
torial diagonal argument. Abusing notation slightly, we continue to write {[z",5"]},
etc., for the subsequences at each stage. For exposition we treat only the case T' = oo
(so ‘solution’ means a global solution), leaving the trivial modification for T' < oo to
the reader; we also, similarly, assume lim U™ = oo although it may or may not turn
out that #° = 0o0. As above we denote the switching points by ¢ := z"(t7).
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The construction proceeds by recursively (in ) obtaining jO and then t2, £2. This
will determine [z°(-),j°(-)]. The construction will immediately give the convergence
[z, 7™ — [2°,°] with ( 3.4) (i) following from the assumed uniform regularity. Ap-
plication of Theorem (T1) then shows [z°, 5] is a solution of X° as asserted.

We have 57 = 50 and £ — £ by assumption and, of course, t2 = 0 = ¢5. It may be
that j7* = j& = j¢ ( infinitely often) but it is also possible that ¢? is (infinitely often)
a switching time for j%(-). In the latter case, having a switch: j := j0 ~ k(n) := 57
we must have {§ € 87,,,. By ( 3.19) (iv) and the fact that & — &, this means
k(n) € K = K;(£3) for all but finitely many n. Since K is finite, this means there
must be at least one index k € K such that k(n) = k for infinitely many n. Choose
70 = k and extract the sequence for which k(n) =k = ;0.

Working now with this subsequence (still denoted by [z", "] ), consider {¢t}} which
necessarily has a convergent subsequence (noting that we will accept convergence to
00); we take t9 to be the limit so, extracting this subsequence, we now have ¢} — 9.
Note that the uniform regularity condition ensures that

T=ti—tg >min{l,7(1)} =171 >0
so, in the limit, ] — 3 > ;. For t3 < &' < t' < 9 we have (with j = j} = j?)
(4.5) g(t) = 7}t — 15, &) — T (t — 1o, &)

uniformly on [¢',t'] by { 3.4) (ii), ( 3.1), and ( 3.19) (v). It follows that this can be
taken to define z°(-) as a continuous function on [t3,%9] (on [t3, 00) if t$ = co ) with
£ := z°(t9) well-defined if t{ < co. We obtain ( 3.6) (ii) for z°(-) on [t3,9] exactly
as in the proof of Theorem 1.

Assuming 9 < oo, it is clear from ( 4.5) and ( 3.19) (v) that &7 := z™(t}) —
2°(t) =: €. As before, since each t} is a switching time we have ¢} € STy, for each
n with 57 = j* = 50 and k(n) = jP = j*(t7+). As before we can select k € K;(¢9)
and extract a subsequence such that each j» = k =: j2. As before, we extract a
subsequence for which ¢§ — t9 with ¢t — 7 > min{L,7(t+ 1)} =1y s0 13 — 1 > 1.
As before we have

(4.6) z"(t) = w3 (t — ¢, €7) — 7t — 13, &) =: 2°(t)

uniformly on any [¢',¢'] C [t3,t3], defining z°(-).

Note that the switching times cannot ‘bunch up’ since, for any T < co, we must
have t$ > vr(T") if 1§ < T' so v < T'/7(T"'). The same argument given above for
construction of 3?,19,2°(:) on [t3,%9], and &) shows that we can proceed recursively
with 9 — oo unless we have t§ = oo for some 7 = 7° < co. The argument also
shows that [z", %] — [z°, j° on [0, T] for each v (up to v = D if I < o0 )
where, of course, this refers to the resulting subsequence remaining after all the
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extractions to this point. Clearly this convergence carries over to the subsequence (of
the orginal sequence) obtained by a Cantorial diagonal construction since, from some
v-dependent point on, this coincides with the subsequence directly associated with
arriving at t8. The definition of convergence on [0, 00) shows that we must necessarily
have [z™(™), j7{m)] — [0, 7°] on [0, 00) for the diagonal subsequence, as asserted and,
by Theorem 1, we then also know that [z°, 7°] is a solution of £°. O

We turn next to an existence theorem for global solutions, i.e., on [0,00). We
first provide a cautionary example, showing that even in a case with J = {1,2} with
each 7; asymptotically stable it is (surprisingly?) possible for the switching system
to support ‘blowup’ — solutions which ‘escape to infinity’ in finite time.

Example 3: Take X = R? and let my, 7, be the solution operators associated with
the ordinary differential equations:

() &=(1+]a]) (_; _g)x+(3)];
@) &= (1+]|z?) (; :g)x+(140)},

respectively. Clearly the solution paths in R? are the same as for the linear equations:

(4.7)

(i) @ =wu+5v+10,
v = —bu — 2v — 4;

(i) @ =wu—5v+10,
v="5u—2v+4

(4.8)

which are easily seen to be exponentially stable: the characteristic exponents for ( 4.8)
are [—1 £ 4¢]/2. For any starting point, then, ( 4.7) has bounded solutions so the
velocities are also bounded and the solutions go exponentially to the same attractors:
(0,-2),(0,2).
Now take
Ri:={(u,v) :v < =1}, Ry := {(u,v) : v > 1}

S1,2 := {(u,—1)}, S2,1 := {(u,1)}.
One easily sees that every solution of the resulting switching system ¥ will alternate
modes with switching points alternately on v = £1 so (eventually) one keeps |v| < 1.
If one then has u(f) > 0, we subsequently have & > 5(1 + u?), giving blowup before
t+ 7/20. (Similarly, u(?) < —16 gives 4 < —(1 + u?). )
Note that if we had used the linear equations ( 4.8), instead of ( 4.7), to define the
modes 7y, T3 then we could not get blowup in finite time but nevertheless would obtain

instability (unbounded solutions) for a switching system comprised of exponentially
stable modes. [
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Theorem 3: Let X := [J,{m,},{S;r}| be a switching system. Suppose the index
set J is finite and each S;r(s # k) is compact. Then for any consistent initial
data (£,7) € X x J (i.e,, £ € R; ) there is global regular solution'® [z(-),j(-)] with
z(0) = £,5(0) = 7.

PROOF : Simply follow the condition ( 3.4) (ii) in developing the evolution of z()
with switching as permitted/required by ( 3.6), choosing almost arbitrarily when
nonunique choices may occur. We show that switching times will ‘almost automat-
ically’ be isolated and that the construction cannot stop (i.e., one can neither have
finite escape time nor an impasse for which no admissible continuation exists).

We set & := £, jo = j(0) := 7. This is permissible since, by assumption, £ & Rj.
It is possible that £ € S; for some k # 7, in which case we can choose to switch
immediately, making 0 = to a switching time and 53 = k # 3 = 7. If one had
£ € OR; with 7; entering R; at £ then an immediate switch is mandatory by ( 3.6)
(ii) and some switch is permissible by ( 3.3) (iii); else one could permissibly choose
n=Jgp=7

Now proceed in the mode 7;(7 = 1) until at time f one arrives at some S; x(k # j).
Either & := z(f) := m;(f — to, &) is in AR, and =; enters R; at & so, as above, a
switch is mandatory by ( 3.6) (ii) and available by ( 3.3) (iii) or an optional choice
is available and one can choose either to continue in #; or to switch, making ¢ a
switching time ;.

Next, we observe that there is an absolute minimum interswitching time 7 > 0
before mandatory switching'®. To see this, note that if we make a switch: j ~» k it
must be at some £ € §; ;. Then the evolution proceeds in mode 7 and a subsequent
switch cannot be mandatory unless/until m; (£, £) =: £ would be in dR; for some f
(and 7 enters Ry at £ ). By ( 3.3) (i), the closed sets S, and Ry are disjoint so, by
the continuity of m;, there exists 7 = 74,(£) > 0 and N = N (&) such that m(t, &) € Ry
for (t,€) € [0,7] x N. By the assumed compactness of S;;, we can cover S;i by a
finite number of these neighborhoods and let 7; ; be the smallest of the associated 7's.
The minimum of these (over the finite set {(5,k) € J x J:j # k} ) is then 7.

The assumptions made for this theorem do not imply disjointness of §;; and
Ski (k # 1,7), etc., so it would be conceivable that the geometry would permit such
voluntary switching as to violate the condition ( 3.4) (i). This is the point of the use of
“almost” in the first paragraph of this proof: we must!7 restrain our voluntary choices
so as to avoid violation of ( 3.4) (i). Certainly the minimum time 7 for mandatory

15Indeed, we see that (almost) every solution constructed following the switching rules ( 3.6) is regular
(satisfying ( 3.4) (1)) and global.

16Note that in many contexts it is reasonable to have: S;x C R; for k # j. In this case one would
have the same minimum 7 for voluntary switching as is obtained here for mandatory switching.

17 Alternatively, we could work with a more general notion of solution but this leads to technical
complications and we do not discuss this here; see Section 6, however.
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switching means that it is always possible to avoid violation of ( 3.4) (i) — e.g., one
could choose to switch only when this is mandatory.

Clearly the construction of [z(-),7(-)] then proceeds for ¢ — co. Note that the
number of switching times may be infinite, with z(-) defined inductively on the inter-
switching intervals by the appropriate mode: z(t) = m;(t—t,—1, &,-1) fort,; <t <t,
with £, then given as z(¢,). On the other hand, there may be a last switching time
with 2(t) = m;(t -1, ) for £ <t < oo ( assuming this never would give z(t) € R;, trig-
gering a mandatory switch). In either case, this defines [z(-),j(-)] : R — X x J and
it is clear from the construction that (assuming such restraint in voluntary switching
as may be needed to avoid violating { 3.4) (i)) any such [z, j] is, indeed, a solution of
L as desired. We may note, also, that all solutions are obtainable in this way. [

One might feel that the restriction to finite J and compact §; for 5 # k avoids
the difficulties observed in connection with Example 3. Indeed, Theorem 2 shows
that ‘escape to infinity in finite time’ is then impossible. It is tempting to conjecture
that, with these restrictions, if each component mode has the boundedness property:

(4.9) for each solution the set {z(¢):t € R} is bounded

then the same would be true for the switching system. We will see that this need
not be true even if the state space X is taken to be locally compact: we provide a
counterexample with X = R? and two modes.

Example 4: Begin by defining a mode 7; as the solution operator for a differential
equation : £ = f(z) for z = (u,v) € R2 =: X. The direction of (the 2-vector) f(z)
will be specified by describing the integral curves; the speed |f(z)| along the curves
can be specified independently. We first set

S:={u<-2}u{v|>1}U{(x,0) : |u] < 2}.
This will be the set of stationary points for the flow (f(z) = 0) and elsewhere we set
|f(z)| := dist (=, S).

The direction of f is irrelevant (undefined) on §, particularly for {u < —2} and
{]v] > 1}, and need only be determined on

{(w,v) :u> -2, |v]| <1} \ {(u,0) : u > —2}.

For u < 2 we take f(u,v) to be of the form: (e,0) with sgna = —sgnv. Finally,
we fill out the half-strip {(v,v) : v > 2;|v| < 1} with the family of integral curves
{C(X) : 0 < A < 1} given by

CA) ={(2+[VX —v][A+v]/[1 = A],v) : =X <v < VA}
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Each point z = (u,v) in the (open) half-strip is on a unique integral curve C(A) and
we take the direction of f(z) to be tangent to that curve, oriented so that motion
along the curve is counterclockwise; see Figure 3. This defines ;.

Figure 3

Yy

Now define another mode 7, by setting m,(t, £) := —m (¢, —€) on R x R2. Clearly
we have ( 3.1) for each 7 = =; (j € J := {1,2})and it is easy to see that ( 4.9) holds
for each mode since, for my, the set {z(t) : t € R*} for a solution consists either of a
single point in § or of (part of) a segment {(u,vA) : —2 <4 <0} withO < A <1
together with (possibly) (part of) the curve C()\) together with (possibly) (part of)
the segment {(u,—X) : —2 < u < 0}. We set

Ri={(u,v): —2<u<-10<v<1}, §2:=08R;;
Ry ={(yv,v):1<u<2 -1<v<0}, S3;,:=0R,

to complete the specification of L.

Now consider the (unique) solution of ¥ starting in mode m; (i.e., 7(0) = 5, = 51 =
1) at z(0) = & = (0,—A;) with 0 < A; < 1. The state moves (in mode ; ) to the
right until reaching (2, —;), then loops around on C(};) until reaching (2, X;) with
Az := 1/Ay, then moves left until reaching the switching point &, := (=1,Xz). All of
this takes finite time so the speed is bounded away from 0 (since the path is bounded
away from §). Now the state continues moving left (in mode ;) until reaching
(=2, Az), then follows —C(X2) around until reaching (—2,—\s) with Ag := v/A;, then
moves right until reaching the switching point ¢; := (1,—Xs). Etc. The complete
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path of this solution is an expanding ‘spiral’ which is composed, alternately, of curves
C(Azn-1) and —C(Az,), connected by straight segments along v = +),. Note that
Atr = VA, (v = 1,2,...) so A, — 1. Since each curve C(},) includes the point
(2+A3/2/[1 - X,],0), this shows that the complete path is unbounded: ( 4.9) fails for
Y. O

5. Linear Switching Systems

As a particularly interesting and important case, we consider certain bimodal
systems (J = {1,2}) with linear dynamics.

Let X be, e.g., a real Banach space and suppose A is the infinitesimal generator
of a Cy semigroup S of linear operators on X:

(i) S(t+s)=8(t)S(s), 8(0)=1;
(5.1) (i) ¢+~ S(t)¢ continuous in ¢ for each £ € X ;
(iii) ||S(t)|| < Me“ for t € RT.

We now assume the two modes are given by
(5.2) T =Az+u; (1=1,2)

where uy,u; are specified (constant) elements of X so the standard variation of pa-
rameters formula gives

(53 7i(t,€) = SE + ([ S(s)dslu
We also suppose A € X* is specified (with A # 0) and set
(54) Rl = {6 eX: <A, f) < al},

Ry:={6€ X:()NE > as},
31,2 = {(A, f) = al} =0dRy, 32,1 = {(/\, f) = 042} = 0R,

where oy < ay are specified scalar values. A switching system X specified as in ( 5.3,
5.4) will be called a linear switching system. What characterizes linear switching
systems is the representation for solutions:

65)  a() = SO+ [ S =s)uds
= zo(t) + /Ot o1(8)[S(t — s)u1]ds + /Ot 02(8)[S(t — s)uz]ds
where zo(t) := S(t)¢ with ¢ := z(0) and

or(t) := {1 if j(t) = k; else 0} (k=1,2)
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Although the switching surfaces S, are not compact, as assumed for Theorem 3, we
see that one still has global existence:

Theorem 4: Let ¥ be a linear switching system. Then for any consistent initial
data (£, 7) the set of global solutions is non-empty and equicontinuous with a lower
bound 7(7") on lengths of interswitching times.

PROOF : The argument for existence is exactly as in the proof of Theorem 3 except
for the discussion of the minimum for interswitching intervals. Since the switching
surfaces Sy 2,821 are parallel hyperplanes, we see that any interswitching interval
must permit time for a transit across the gap.

From the representation ( 5.5) we can see that any such function ( i.e., whether
or not one obeys the switching rules ( 3.6) ) satisfies

(5:) o)~ =) < Joofd) - 2olt)] + [ IS( ~ s)usiolds
< Jaol®) ~ zo(0)] + M7 - 1

where
M = M(T") := Mmaz {|u1], |uz|}maz {1,¢T }.

If (¢,%) is an interswitching interval, then ( 5.4) gives

az —eq = [ (A, 2(f) — (1)) | < A |=(F) — =(t)].
Given any T' < 00, o(-) is uniformly continuous on [0, T"] so there is some 75 = 7o(T")
such that

|zo(f) — zo(t)| < (B—a)/2|A] if (T—2t) <7,
for 0 <t <t <T' we aslo set

1 =1 (T") = (o — 1) /w |A\| M.

Then ( 5.6) gives the lower bound
(6.7) (T —1t) > min{r,,n} =: 7(T")

as well as the equicontinuity. [0

Remark 2: Suppose ©(s) is a nondecreasing bound for |S(s)¢ — €] so ( 5.1) (ii) gives
©(s) — 0 as s — 0; let 9 be the inverse function of . Since

|zo(F) — zo(t)] < [IS()]| [S(E—t) € — €] < Me” (- 2),

we can use ¢([az — 01)/2 |A| Mmaz{1,e“T'}) as 7(T"). In particular, if £ € D(A) we
can take p(s) := M|A¢|s for small s (any M bounding Me“* ) and this gives 7()
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decaying at worst like e“T" if w > 0 and fixed (independent of T") in the stable case:
w < 0. Since what we are really estimating is

<\, zo(f) — zo(t) >=< S*(F—t)A — X, S(t)¢ >,

we could proceed rather similarly if we bounded |$*(f—t)A — )| instead. In particular,
if A* generates an adjoint semigroup S*(-) on X* and if A € D(A*), then we obtain
the same ‘at worst exponential’ decay rate for 7(-), now for arbitrary £ € X. O

We call a linear switching system X stable if the defining semigroup S(-) is (expo-
nentially) stable: w = —a < 0 in (5.1) (iii). Note that in this case

[€]s := sup{e™|S(t)¢| : t € RT}

defines an equivalent norm!® on X(|¢| < |€|« < M|¢|) and use of this norm makes
M =1in ( 5.1) (iii). Without loss of generality we henceforth assume that M =1 so

IS@I < e
with @ = —w > 0. If, in addition, one has
(5.8) S(o) is compact | so S(t) is compact for ¢t > o]

for some o > 0, then we call X compact but we note that stability alone, without
( 5.8), already gives certain compactness.

Lemma 1: Let S(-) be stable and, for Y C X, set

So = So(U) :== {0} U{S(t)u:t e RT,uec U},

Ir = Ir(U) = {/OT S(t)u(t)dt : u(-) measurable, U — valued}.

Suppose U is compact. Then §; is compact and, for each T > 0 (including T = oo ),
Ir(U) is precompact in X.

PROOF : Note that ( 5.1) gives continuity of S(t)u jointly in (t,u) so the image of
[0,T] x U is compact for any T' < co. On the other hand, the tail is covered by any

e -ball at 0 if T > [logu/€e]/a where p := maz{|u| : v € U} < co. This makes S
precompact and one easily sees that it is closed in X, hence compact.

18 Alternatively, we could take
eloi= [ is(eran?
0

to retain a Hilbert space structure for X if it is originally Hilbertian.
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For It we consider T' < oo first. Then one easily sees that Ip(U) C T§(U), hence
is precompact. For T = oo we show I, totally bounded. For any € > 0 we cover Ip
by €/2- balls, taking T' > [log (2u/ea)]/ e so, uniformly,

[/ (t)dt| </ e *udt <e/2

Then I, is contained in the e-ball cover with the same centers: each integral in I
is the sum of one in I7+ and a small tail. O

Theorem 5: Let ¥ be a stable linear switching system. Then there is a bounded
invariant set B C X such that ( the state component of ) every solution of ¥ eventually
enters and stays in 8. For any compact set Y C X there is a compact convex set S(U)
such that (the state component of) every solution which starts in U will lie entirely
in $(U). Finally, if ¥ is compact then B, above, can be taken to be compact.

PROOF : From ( 5.5), any solution of ¥ has
2(t) = S(02(0) + |

u(s) := {u;qu-s) for s <t; 0 for s > t}.

Thus, z(t) will be in $(U) for all such z(-) with z(0) € U and for each t € R* if we
set

with

S(U) := o[ So(U) + 1]

where I, := I ({u1,u2,0}). Both So(U) and I, are compact by Lemma (L1) so this
$(U) is compact and convex as desired.

The same analysis gives z(t) € [B + IJ(Be == {€ € X : [{| < €}) when t >
[log (|z(0)|/€)]/a so, e.g., [Bi + 1] =: B is globally attractive. This B will not, in
general, be invariant so we take

(5.9) B :={S(t) + L({us,us}) : E€ B, t e R},

Taking ¢ = 0, we see that B C B so B is globally attractive; B is obviously bounded
and we need only show invariance. For ¢ € B we have, from the definition ( 5.9), that

£ = S(t)f + /(;tS(t — s)uj(s)ds

for some & € B, t € R*, measurable 7() : [0,t] — J. Any solution [z(-),s(-)] with
z(0) = ¢ will have, by ( 5.5),

o) = SEISWE+ [ St~ SJusiads] + [ S(r = e)usiod

~ t+r
= S(t-i—r)f—i—/o S(t+r — s)ujzs)ds
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where we have set A
{39 o)

J(s—1t) on (¢t +r].
This shows z(r) € B for any such z(-), any r € R%, i.e., B is invariant.

Finally, suppose ¥ is compact, i.e., ( 5.8). Clearly, if z(t) € B for any solution
[2(-),7()] and some t € R, then z(t+ o) is in 'y := [S(c) B + I.] which is precompact
by ( 5.8) and Lemma 1; hence, the compact convex set I'; := ¢ol'; is a global attractor.
Again, this may not be invariant but we can introduce

s := {S(t)€ + L(cof{us,us}) : £ €Ty, t € R*}

which, as for B above, is an invariant global attractor. It is not difficult to verify
from its form, noting the definition of T'y, that I's is convex. Since I's C [So(T'z) + I.],
it is precompact. We set T’ := I's and note that I' is obviously convex, compact, and
globally attractive. To see its invariance, note that if [z(-),s(:)] is any solution of X
starting at £ € I’ (so one has & — & with & € I's ), then for any t € R*

ze(t) = S(t)& + /Ot S(t — s)uj(sds
R S(t)§+/0tS(t—s)uj(3)ds = 2(t)

by the continuity of S(¢). On the other hand, the proof of invariance of I's shows
zp(t) €ETssoz(t) €T3 =T. O

We conclude this section by considering solutions on all of R for a stable linear
switching system . For such a solution [z(-),7(-)] : ® — X x J, we refer to the
restriction of j(-) to (—oo,?| as the switching history (at time ) of the solution; it is
convenient to represent this by a {0,1}-valued function n(f) on R*:

(5.10) n(@)(s) = n(E;s) == 3(f— ) — 1.

At least for the class of bounded solutions (i.e., with z(-) € L*¥(R — X)), we will
see that the restriction of z(:) to (—oo,?] can be recovered from n;. This permits
a canonical representation in terms of a system as in Example 2; abstractly, the

dynamics and switching are characterized by the function ¥ appearing in ( 3.13) and
the values of Ci,C; in ( 3.17).

Theorem 6: Let ¥ be a stable linear switching system as in ( 5.3), ( 5.4) such that
each R; is globally attractive for «;. Then, if [z(-),7(-)] is a bounded solution of ¥
on (—o0,?] and n(f; s) is given by ( 5.10), we have

(5.11) (f) = vy + /0°°n(t“; 8)(S(s)[uz — u1])ds
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with v; := /oo S(s)u;ds.
0
Next, let L° be, as in Example 2, defined by ( 3.10), ( 3.17) with
(5.12) P(t) 1= ¢ < A, S(t)[uz — ua] > te Rt

with ¢ := 1/ < A,v; — v; > and using suitable constants Cy,Cs in ( 3.17). Let
[z(-),5(:)] : ® = X x J be a bounded solution on (—c0,0] =: R~ of ¥; define
y(-) : R* — X° by y(t) := n(t;-) as in ( 5.10) and let 7 be the restriction of J() to
R*. Then [z(-),5(-)] is a solution on Rt of £° and z(-) is given on R* by ( 5.11).

PROOF : Define Z(t) on (—oo,#] by the right hand side of ( 5.11) with ¢ (variable)
replacing . Using ( 5.5) we have

£
z(f) = S(F - t)z(t) +/ S(F — 5) uj(syds
t
for t <t as the restriction of [z(:), ()] is a solution on [t,f] of ¥. Since
Uics) = v+ [5(8) — 1[uz — 1] = uy + 9 (5T — 8)[ue — uy),

a bit of manipulation gives

for arbitrary ¢t <. As z(-) is bounded by assumption and one easily verifies that %(:)
is also bounded, this gives

2(8) — #()| < e COM

for some M and arbitrarily large (f —t), whence z(f) = Z(£) as desired.

Our choice of ¢ for ( 5.12) gives the normalization ( 3.12) (i); if we take p(t) :=
c¢|Ale** in (3.8), then ( 3.9) and ( 3.12) (ii) hold. The condition ( 3.12) (iii) can be
obtained along the lines of Remark 2 if either [u; — u1] € D(A) or A € D(A*) but we
always have
(5.13) |%(2) — % (s)] < p(s)v(t — )

where v: R" - RF with y(r) -0 as r — 0,

taking ¢ as above and ~(r) := |[S(r) — 1][uz — u4]|- Going over Example 2 we see
that ( 3.12) (iii) was used only to obtain a uniform lower bound on the interswitching
intervals through Lipschitz continuity of f. We would now have ( 3.16) replaced by a
uniform continuity estimate

10(2) ~ (") < AIr(t —#) +ele — &)
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and this again gives ¢,41 — t, > Tpin as in ( 3.18). We will be taking
(5.14) Cj 1= claj— < A, v >] (1 =1,2)

for ( 3.17). One easily sees that v; is globally attractive for 7; (7 = 1,2) so the
assumption that R;, as given by ( 5.4), is attractive for n; implies, with our definitions,
that 0 < C; < C; < 0. We see from ( 5.11) that

<Az() >=< A\, v > +/0°°n(t‘; s)w(s)ds/e,

i) = /0°°n(t‘; 8)u(s)ds = ¢[< A, z(E) > — < A,y >]

so ( 5.14) gives
(5.15) 0({) =c¢; =< A,IIJ(t_) >= 0y

with y(t) = n(t,--) entering the region R? under =¥ (i.e., in the senses of ( 3.17),
( 3.10)) precisely if z(t) were entering R; under =; (in the senses of ( 5.3), ( 5.4)).
Thus the switching rules for ¥ and X° exactly correspond, specifying precisely the same
permissible and mandatory transitions. The validity of ( 5.11) and the dynamics for
the switching components then give the desired correspondence!® of solutions. [

6. Comments and Discussion

It was already mentioned above that more detailed consideration of certain direc-
tions for further investigation will be presented in [6], [7]. We note here, quite briefly,
some other possible extensions of the notions presented here and possible areas for
further investigation.

The most obvious of these would be consideration of time-dependent problems.
This could involve either time-dependent modes or time-dependent sets {S;:} or
both. As noted, the usual trick of absorbing the time-dependence into an augmented
state handles the local theory but unduly complicates the consideration of global
(asymptotic) questions. No essentially new ideas seem to be involved here.

Slightly more delicate would be the treatment of solutions for which one admits
the possibility of a limit of switching times, a possibility we have eschewed here in
restricting consideration to ‘regular solutions’. If ¢ would be a limit: ¢, — t— with
each ¢, an isolated switching time for a switch: j, ~» 7,.1, consider the set of pairs

p S nl?{(jvaju-f'l) 4 2 D}

19Note that X may have unbounded solutions on R for which ( 5.11) does not apply and, of course,
%0 has solutions on ®* which do not correspond to any solution on Rt of ¥I. The correspondence
is: { solutions of £° on R} < { bounded solutions of £ on R }.
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and note that this must be nonempty if we have ( 3.3) (iv). Then, without attempt-
ing to assign a value to j(£), it would be plausible to accept a solution with j(-) =k
on an interval (,?) for any k such that some (7,k) is in P since j(-) must take the
value 7 infinitely often as t, — f— and z(#) must be in §; ;. Similar considerations
would apply to consideration of j(-) constant on an interval (?,7) and then switching
infinitely often to the right of £. These, however, would be only the simplest possibil-
ities and it is not entirely clear how to define ‘solution’ so as to omit or significantly
weaken the condition ( 3.4) (i).

An interesting possibility, also, would be to weaken the implicit assumption that
X is specified?® before introducing the modes {x; : § € J}. One could, alternatively,
associate a state space X; with each 7; and then ‘glue these together at the switching
sets S;x, i.e., one would have (continuous) functions Tj; : X; D S;x — X; and
would have distinct left- and right-hand limits for z(-) across a switch: j ~ k so
z(t—) = €. € S;x C Xj and z(t+) = & := T p(€-) € Xi. In ( 3.4) (ii) we would use
¢ for z(t) or &; for z(s) in the obvious way. Note that each m; would only be defined
on X; (which might be thought of as manifold with boundary dR; ) and ‘z; enters
R; at ¢ would mean, simply, that ¢ € dR; := (bdry X; ) is not a possible initial
value for 7;; this involves, also, a modification of the notion ( 3.1) of ‘mode’. One
can generalize the notion of switching system by not requiring each 7; to be defined
on all of R x X. Let us weaken ( 3.1) to:

(i) for each £ € X there exists an interval I(£) C Rt with
¢ — I(£) upper semicontinuous: if £ € I(¢,) for any
¢, — € in X, then [0,f] C I(£);

(ii) (¢, &) € X is defined for ¢ € X,t € I(§)

(6.1) with 7(0, £) = &;
(iii) te€ I(n(s,€)) < (t+s) C I(£) and then
n(t + s, &) = n(t, 7 (s, &));
(iv) if & — £€ X and T € I(&,), then
7(+, &) — (-, €) uniformly on [0,7]

Now suppose we are given an index set J, a family of state spaces {X; : 7 € J}
and a family of modes {r; : j € J each acting on the corresponding X; as in (6.1)
with the time intervals now denoted by I;(&) for £ € Xj, 7 € J. Next, suppose we
are given sets S;; C X; (possibly empty) for k # 7 and maps T : S;x — Xix. We

20Ty connection with this, one could also consider j-dependent index sets: J; := {k : one has
(nonempty) sets S;x C X;}. It seems likely that one could always construct a ‘universal’ J and a
universal X = U{X; : j € J} in such a way as to reduce this more general notion to the original.
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assume:

(i) each §;x is closed in Xj; each T} is continuous from
Sik to X \ Ek;
(6.2) (ii) for each ¢ € X there is a neighborhood N of ¢ for which
{k€J:[Sjxn N]+# 0} is finite;
(iii) &= {f € Xj: I](f) = {0}} C §;:= U{Sj,k : k #£ j}.

The specification

Y= {J,{(Xj,7m;) : 7€ I {(Sjes Tjk) : 5,k € I,k # 3}}s
as above, is then a switching system.

It is now convenient to define a solution of ¥ (on an interval [0, T] with*! T' < o)
as given in terms of a finite?? partition

O=t, <thi<...<tp=T.
We assume we give, for v =1,...,7,

(63) 3 =j, € J and zu() . [tu—l,tu] N Xj

satisfying, forv =1,...,0:

() z(t) =m(t —t-1, &) on [t1,t]
with 7 = 7, and €&} = z,(t,-1) € Xj
(implicitly this requires [0,t, — ¢,—1] C I;(€));
(ll) :l:,,(t,,) =: Ef € Sj,k and £5+1 = Tj,k(sf)
with j =g,k =j,41 for 1<v < v (and forv =0
unless j; = j, and &F = §,).

(6.4)

Note that we have [z(-), 7(-)] well-defined on [0, t] except at {t, : v =0,...,0—1}, with
7(-) J-valued and z(-) taking values in the appropriate state space for each subinterval
of the partition. It is then sightly awkward to define z(¢,) but we have the limits
z(t,—) = €& | and z(t,+) = &L.

It is not difficult to see that any switching system in the earlier sense becomes
a switching system in the sense just defined on taking X; := X \ R;, each T} to
be the (suitably restricted) identity map, and each mode 7; ‘maximally defined’ on
Rt x X; to give ( 3.1) from ( 3.3). The requirement that 7}, not take values in & is

21We now define a solution on R by requiring that the restrictions be solutions on [0, T for arbitrarily
large T'.

22This subsumes the regularity condition ( 3.4) (i) from the original definition.
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just a weaker form of the earlier requirement in (3.3) (i) that S;x N Ry = 0 since we
recognize € as corresponding, for the original definition, to the set of points in dR;
at which 7 would enter Rj. The solution set for the re-interpreted switching system
(new definitions) corresponds precisely to the original solution set.

One advantage of this reformulation of the notion of switching system is to make
it easy to define an extension of a switching system. We will call ¥/ := {J’,...} an
extension of ¥ and write ¥ D X (equivalently, we call ¥ a restriction of ¥’) if
each is a switching system (in the sense of our reformulated definition) with

JCJ',X; closed in X;(j€JCJ), Sk C S,

and if m;, Tj are the appropriate restrictions of 7, Tj ;. It is easy to see that every
solution of ¥ is also a solution of ¥'. Conversely, if we take S;r to be S!, N X;
whenever j,k € J C J', then any solution of ¥’ which stays in {X; : 7 € J} will
also be a solution of ¥. In particular, whenever we would have an invariant set (as
in Theorem 3) we could cut down the state space(s) in the obvious way to obtain a
restriction of ¥ — indeed, this is essentially what it means to have an invariant set.

Finally, we note the interesting possibility of considering two-point boundary value
problems and/or (optimal) control problems in the context of switching systems as a
generalization of the usual problems for differential equations.
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