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At the leading order, M-theory admits minimal supersymmetric compactifi-
cations if the internal manifold has exceptional holonomy. The inclusion of non-
vanishing fluxes in M-theory and string theory compactifications induce a superpo-
tential in the lower dimensional theory, which depends on the fluxes. In this work,
we check the conjectured form of this superpotential in the case of warped M-theory
compactifications on Spin(7) holonomy manifolds. We perform a Kaluza-Klein re-
duction of the eleven-dimensional supersymmetry transformation for the gravitino
and we find by direct comparison the superpotential expression. We check the con-
jecture for the heterotic string compactified on a Calabi-Yau three-fold as well. The
conjecture can be checked indirectly by inspecting the scalar potential obtained after
the compactification of M-theory on Spin(7) holonomy manifolds with non-vanishing

fluxes. The scalar potential can be written in terms of the superpotential and we



show that this potential stabilizes all the moduli fields describing deformations of
the metric except for the radial modulus.

All the above analyses require the knowledge of the minimal supergravity
action in three dimensions. Therefore we calculate the most general causal N' = 1
three-dimensional, gauge invariant action coupled to matter in superspace and derive
its component form using Ectoplasmic integration theory. We also show that the
three-dimensional theory which results from the compactification is in agreement
with the more general supergravity construction.

The compactification procedure takes into account higher order quantum cor-
rection terms in the low energy effective action. We analyze the properties of these
terms on a Spin(7) background. We derive a perturbative set of solutions which
emerges from a warped compactification on a Spin(7) holonomy manifold with non-
vanishing flux for the M-theory field strength and we show that in general the Ricci
flatness of the internal manifold is lost, which means that the supergravity vacua
are deformed away from the exceptional holonomy. Using the superpotential form

we identify the supersymmetric vacua out of this general set of solutions.
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1. INTRODUCTION

Low dimensional compactifications of M-theory have previously been discussed in
the literature. The amount of supersymmetry obtained in the low-dimensional effec-
tive theory is directly related to the holonomy of the internal manifold. Compact-
ifications on Riemannian manifolds of exceptional holonomy are of special interest
because they allow us to obtain theories with less supersymmetry and in a differ-
ent number of space-time dimensions. In particular, M-theory compactifications
on Spin(7) holonomy manifolds' lead to a minimal supersymmetric theory in three
dimensions. Early papers which have considered compactification of M-theory on
exceptional holonomy backgrounds are [2] and [3].

Recall that there is a close connection between the theory of Riemannian man-
ifolds with reduced holonomy and the theory of calibrated geometry [4]. Calibrated
geometry is the theory which studies calibrated submanifolds, a special kind of min-
imal submanifolds of a Riemannian manifold, which are defined using a closed form

called the calibration. Riemannian manifolds with reduced holonomy usually come

'For a mathematical introduction into the subject of manifolds with exceptional holonomy the

reader can consult the book by Dominic Joyce [1].



equipped with one or more natural calibrations. Based on this close relation to
calibrated geometry and generalizing the result for the superpotential found in [5],
Gukov made a conjecture about the form of the superpotential appearing in string
theory compactifications with non-vanishing Ramond-Ramond fluxes on a manifold

X of reduced holonomy [6]

W= Z /X(Fluxes) A (Calibrations) . (1.1)

In this formula the sum is over all possible combinations of fluxes and calibrations.
This conjecture has been previously checked by computing the scalar potential from
a Kaluza-Klein reduction of the action for a certain type of theories. This, in
turn, determines the superpotential. We want to emphasize that this procedure
is an indirect verification of (1.1). In this thesis we present a direct computation
based on the general observation that the gravitino supersymmetry transformation
contains a term proportional to W. For the Type IIB theory these potentials have
been computed in [7] and [8]. The superpotentials for Type IIA compactifications
on Calabi-Yau four-folds were derived in [9, 10, 11], while the scalar potential for
M-theory on Gy holonomy manifolds has been computed in [12]. One of our main
goals will be to compute directly the superpotential for the three-dimensional theory
obtained from compactification of M-theory on Spin(7) holonomy manifolds. Having
the form of W we can then determine the concrete form of the scalar potential
which arises in the low energy effective action. This is another important problem
addressed in this thesis.

It is well known that for a conventional compactification of the heterotic string



on a Calabi-Yau three-fold, i.e. without taking warp factors into account, turning
on an expectation value for the heterotic three-form will induce a superpotential,
which breaks supersymmetry without generating a cosmological constant [13]. In
the context of Gukov’s conjecture [6], it was argued in [14] that this superpotential
can be written as in (1.1), generalizing the original proposal [6] to fluxes of Neveu-
Schwarz type. For an earlier discussion on the superpotential one can consult [13].
Due to the fact that this is a rather important result, we have included in our thesis
the superpotential derivation for the heterotic theory alongside with the derivation
for M-theory on Spin(7) manifolds. We shall check the above conjecture for both
theories in section 5.1 by computing the superpotential explicitly from a Kaluza-
Klein reduction of the gravitino supersymmetry transformation.

Of great importance are the compactifications of M-theory and string theory
with non-vanishing expectation values for tensor fields. The previously mentioned
procedures play a very special role when trying to find a realistic string theory
model that could describe our four-dimensional world. Especially interesting are
the so called warped compactifications. Such compactifications were first discovered
for the heterotic string in [15] and [16] and were later generalized to warped com-
pactifications of M-theory and F-theory in [17, 18, 19]. In these compactifications
tensor fields acquire non-vanishing expectation values, while leaving supersymmetry
unbroken. The compactification generates scalar fields in the low-energy effective
supergravity theory, the so called moduli fields. The vacuum expectation values of
the moduli fields characterize the vacuum. If the compactified theory contains no

scalar potential, the moduli fields can take any possible values and the theory loses



its predictive power because the vacuum is undetermined. However, it was realized
in [5, 7, 8, 19, 20] and [21] that for string theory and M-theory compactifications
with non-vanishing fluxes a scalar potential emerges, which stabilizes many of the
moduli fields. More specifically, the restrictions imposed by supersymmetry on the
fluxes lead to constraints on the moduli fields of the theory and most of these moduli
fields will be stabilized, hence the number of possible vacua is reduced.

In this thesis we would like to consider warped compactifications of M-theory
on a smooth and compact Spin(7) holonomy manifold. As we have mentioned be-
fore the resulting action has an N/ = 1 supersymmetry in three dimensions and it
is interesting from several reasons. First of all these theories are closely related to
four-dimensional counterparts with completely broken supersymmetry. This is be-
cause they can not be obtained by a dimensional reduction from a supersymmetric
four-dimensional theory?, thus one might understand the mechanism of N' = 1 su-
persymmetry breaking in four dimensions by studying the three-dimensional theory
with A/ = 1 supersymmetry. Also, because the string world-sheet is two-dimensio-
nal one expects to observe interesting phenomena upon compactification of string
theory to two dimensions [9] and for this reason three-dimensional compactifications
of M-theory are attractive. Another strong reason to pursue a serious analysis of
M-theory on such a background is the close relation which exists between manifolds
with Spin(7) holonomy and manifolds with G holonomy. We would like to remind

the reader that M-theory compactified on manifolds with Gy holonomy generates

2The minimal supersymmetric theory in four dimensions compactified on S! produces a three-

dimensional theory with A" = 2 supersymmetry.



a minimal supersymmetric theory in four dimensions which is appealing from a
phenomenological point of view.

As well, models with A/ = 1 supersymmetry in three dimensions are interest-
ing in connection to the solution of the cosmological constant problem along the
lines proposed by Witten in [22] and [23] and exemplified in the three-dimensional
case in [24]. The basic idea of this proposal is that in three dimensions supersym-
metry can ensure the vanishing of the cosmological constant, without implying the
unwanted Bose-Fermi degeneracy. However, this mechanism does not explain why
the cosmological constant of our dimensional world is so small, unless there is a
duality between a three-dimensional supersymmetric theory and a four-dimensional
non-supersymmetric theory of the type that we are discussing. So, M-theory com-
pactifications on Spin(7) holonomy manifolds allow us to address the cosmological
constant problem from a three-dimensional perspective.

In general, due to membrane anomaly [25, 26, 27] and the global tadpole anom-
aly [18], the compactification of M-theory on eight-dimensional manifolds involves
the presence of a non-vanishing flux for the field strength [17]. The supersymmetry
imposes restrictions on the form of the field strength flux. In the Spin(7) holonomy
case the restrictions imposed to the flux were derived in [28]. It was later shown
in [29] and [30] that these constraints can be derived from certain equations which
involve the superpotential

W =DuW =0, (1.2)

where D4W indicates the covariant derivative of W with respect to the moduli



fields which correspond to the metric deformations of the Spin(7) holonomy mani-
fold®. We want to note that the compactness of the internal manifold was essential
in the analysis performed in [29] and [30]. In the present paper we restrict ourselves
to manifolds with Spin(7) holonomy which are smooth and compact?. However, as
stated in [29], the result obtained using (1.2) is valid for non-compact manifolds as
well but the proof does not involve the above equations. The existence of a Ricci
flat metric for such manifolds is not guaranteed as in the Calabi-Yau case, there-
fore we will tacitly suppose that there are such metrics and we will perform all the
derivations under this assumption. Even if we will be concerned only with compact
manifolds which have Spin(7) holonomy we would like to mention a few papers, such
as [31, 32|, where non-compact examples of such manifolds have been constructed
and analyzed. Also in [33] aspects of topological transitions on non-compact man-
ifolds with Spin(7) holonomy and phase transitions have been considered. A more
complete list of papers regarding M-theory on singular manifolds with exceptional
holonomy can be found in [34] which is a recent review of the subject.

In this thesis, we calculate the Kaluza-Klein compactification of M-theory on
a Spin(7) holonomy manifold with non-vanishing fluxes. Our calculation is similar
to that of [20], which has been done in the context of M-theory compactifications
on conformally Calabi-Yau four-folds. We will see that the resulting scalar potential
leads to the stabilization of all the moduli fields corresponding to deformations of the

internal manifold, except the radial modulus. This scalar potential can be expressed

3In the previously mentioned papers the external space is considered to be Minkowski.

4A compact manifold with Spin(7) holonomy is simply connected. For details see [1].



in terms of the superpotential which has appeared previously in the literature [6, 29|
and [30].

This thesis is based on our recent results published in [30, 35] and [36]. However
several additions were necessary in order to present the results in a logical fashion.
In what follows we present the structure of this thesis.

In chapter 2 we study the possible solutions of the equations of motion of
M-theory on a warped geometry with a Spin(7) holonomy internal manifold. We
start by introducing in section 2.1 the M-theory action and we define the quartic
polynomials which define the quantum correction terms. In section 2.2 we derive
perturbatively the form of the equations of motion and we discuss the Ricci flatness
problem of the internal manifold. In section 2.3 we have collected some of the most
important properties of the above mentioned quartic polynomials.

Chapter 3 is devoted to the derivation of the low energy effective action that
emerges from M-theory compactification on Spin(7) holonomy manifolds in the pres-
ence of non-zero background flux for the field strength. We start in section 3.1 with a
simpler situation with the compacification of the theory without background fluxes.
In section 3.2, we take the fluxes into account and derive the complete form of the
bosonic part of the action. In this way we are able to identify the scalar potential
which arises in the compactified theory due to the inclusion of fluxes.

Some of the vacua emerged from compactification which were found in chap-
ter 2 are candidates for supersymmetric solutions and they correspond to a minimal
supergravity theory in three dimensions. The conditions which lead to a supersym-
metric background can be derived by knowing the three-dimensional supergravity
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theory. Also, the analysis of the properties of these solution requires the knowledge
of the above mentioned supergravity. Hence, chapter 4 is dedicated to the derivation
of the most general off-shell three-dimensional N' = 1 supergravity action coupled
to an arbitrary number of scalars and U(1) gauge fields. In section 4.1, we present
the algebra of supercovariant derivatives which describes the superspace geometry.
We then discuss Ectoplasmic integration, the technique used to calculate the density
projector, which is required to integrate over curved supermanifolds. In section 4.2,
we solve the Bianchi identities for a super three-form subject to the given algebra
required for Ectoplasmic integration. In section 4.3, we detail the use of Ectoplasm
to calculate the density projector. In section 4.4, we complete the supergravity
analysis by first deriving the component fields and then calculating the component
action. We end the analysis by giving the supersymmetry transformations for the
component fields and putting the component action on shell, i.e., we remove the
auxiliary fields by their algebraic equations of motion.

Chapter 5 contains our main analyses of the topic. Rather than computing
first the scalar potential and from there obtaining the superpotential, we compute
in section 5.1 the superpotential directly by a Kaluza-Klein compactification of the
gravitino supersymmetry transformation. We illustrate this idea in section 5.1.1
in the case of M-theory compactified on a Spin(7) holonomy manifold and in sec-
tion 5.1.2 we compute the superpotential for the heterotic string compactified on a
Calabi-Yau three-fold. In section 5.2 we determine the form of the scalar potential
generated for the moduli fields by the field strength flux. We conclude that most

of the moduli fields are stabilized but the radial modulus remained unconstrained.



We also show that the result obtained at the end of chapter 3 is a particular case
of the more general construction of chapter 4. Based on (1.2) and using the form
(1.1) for W, we derive in section 5.3 the conditions imposed on the internal flux
by a supersymmetric solution and we investigate the conditions under which the
supersymmetry is broken dynamically by the internal flux.

Our concluding remarks are presented in chapter 6. We give a summary of
our results and comment on the physics implied by the explicit form of the scalar
potential. We conclude this section with some open questions and directions for
future investigations suggested by our findings.

Finally, details related to our calculations are contained in the appendices. In
appendix A, we provide the conventions used in this thesis as well as some useful
identities and small derivations of results which were used in different sections of
this work. In appendix B, we provide the conventions used in chapter 4 and we
provide various derivations and check procedures needed in the previously mentioned
chapter. In appendix C, we provide relevant aspects related to manifolds with

Spin(7) holonomy which were used in some parts of our computation.



2. M-THEORY VACUA

In this chapter we find all the vacua generated by a warped compactification of
M-theory on compact eight-dimensional manifolds with Spin(7) holonomy in the
presence of a non-zero flux for the field strength. We will take into consideration

3
/ , Where

all the known terms in the low energy effective action up to the order 51712
k11 is the eleven-dimensional gravitational coupling constant. Not all the terms in
the effective action are known to this order. Therefore we will need a criterium to
consistently eliminate the contribution to the equations of motion that comes from
these unknown terms. Terms like F?R? are known to appear in the /{1_12/ ® order [37]
but they are suppressed in the large volume limit [38], which is the most realistic
compactification scenario. In this limit the “radius” of the internal manifold® is much
bigger than the eleven-dimensional Planck length and because of this property their
ratio generates a big number. It is natural to consider as the key ingredient for our

analysis a perturbative series expansion in terms of the above defined ratio. The

most obvious ansatz is to consider the leading order of the internal metric to be

!The “radius” of the manifold is nothing else but the characteristic length (the average size) of

the manifold.
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proportional to the square of this dimensionless parameter. If we restrict ourselves
to the first few orders of this perturbative expansion we can exclude the contribution
that comes from the above mentioned unknown terms. We would like to mention
that such a large “radius” expansion for the case of a Calabi-Yau manifolds was
previously considered in [39] and [40].

This chapter is organized as follows. In section 2.1 we introduce the low
energy effective action of M-theory with all the known leading quantum correction
terms. Also we carefully define the quartic polynomials in the Riemann tensor, that
enter in the definition of the quantum correction terms. In section 2.2 we analyze
perturbatively the equations of motion and we derive conditions that have to be
satisfied by the internal background flux in order to have a valid solution. Also
at the end of section 2.2 we argue that in general the internal manifold looses its
Ricci flatness once the quantum correction terms are taken into account. However
we show that the manifold remains Ricci flat if a certain condition is satisfied by
the warp factors. This relation is rather important because it shows under what
conditions we obtain a supersymmetric solution after compactification. In section
2.3 we discuss some of the properties of the quartic polynomials Fg, Jy and Xsg.
These properties are used throughout our analysis presented in section 2.2 and we
have considered it is useful to have them listed in a separate section. In particular
in sub-section 2.3.2 we prove that Jy vanishes on a Spin(7) background and we also
derive a compact expression for the first variation of .Jy with respect to the internal
metric. At the end of sub-section 2.3.2 we compute an elegant formula for the trace

of the first variation of J,.
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2.1 The Low Energy Effective Action

For completeness we introduce in this section the bosonic truncation of the ele-
ven-dimensional supergravity action along with its known correction terms. The

effective action for M-theory has the following structure
S=5S+5+.... (2.1.1)

In the above expression Sy represents the bosonic truncation of eleven-dimensional

supergravity [41] and S; represents the leading quantum corrections term. Sy is of

/

— . —2/3 . . . .
order ki, S; is of order ;" and the ellipsis denotes higher order terms in ;.

The explicit expressions of Sy and S; are

1 1
So =5+ d"z/=guR — —5 (FAxF+3CANFAF), (212a)
2I{11 Miq 4l{11 M1
Sl = —Tg/ C N Xg + blTQ/ dll.iE\/ —dJ11 (JO - %Eg) + ... y (212b)
M11 Mll

where ¢1; is the determinant of the eleven-dimensional metric of My, F' = dC' is
the four-form field strength of the three-form potential C' and b; is a constant

1

b = ————.
1 (271.)432213

(2.1.3)

T, is the membrane tension and it is related to the eleven-dimensional gravitational

coupling constant by

2 2\ 1/3
T, = (%) . (2.1.4)

K11

Xg is a differential form of order eight whose components are quartic polynomials

in the eleven-dimensional Riemann tensor

1
Xs(Mi1) = 15 5.7 TrR* — 1 (TrR2)2] , (2.1.5)
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where R;; = %Rijkl e® A e is the curvature two-form written in some orthonormal
frame e’. Furthermore, Fg and J, are also quartic polynomials of the eleven-dimen-

sional Riemann tensor and have the following expressions [42]

Eg(Myy) = — L 6450 M- RMIN: L RMaNay o (2.1.6)

' YABCM/{N!..M}N} MiNy

MiNy...MyN. M N} MN}
Jo(Myy) = "8 v vy B Ny - R,

+ § Es(Myy). (2.1.7)
The tensor ¢ is defined by its contraction with some antisymmetric tensor A
M Ms Ay Appage = 24Tr A% — 6(TrA?)? . (2.1.8)

More details regarding the properties of polynomials Fg, Jy; and Xg can be found in

section 2.3.

2.2 The Equations of Motion

In this section we perform a perturbative analysis of the equations of motion and
we derive the conditions that the internal flux has to satisfy in order to have a valid
solution. We conclude this section with a discussion about the way the internal
manifold gets deformed under the influence of higher order correction terms.

The equation of motion which follows from the variation of action (2.1.1) with

respect to the metric is

1 1
RMN(MH) - EQMNR(MH) - ETMN
1 1) 1
= — \/—__9591\/11\7 \/—g((]o — §E8) s (221)

13



where T/ is the energy momentum tensor of F' given by
Tyun = Fapor Fn"9 — s 9un Frors FPORS (2.2.2)

and we have set 8 = 2xk%,b;T». We have listed in appendix A.2 the expressions for
the external and internal energy-momentum tensor. Also in the above mentioned
appendix we provide the results obtained for the external and internal components
of the term in right hand side of the Einstein equation (2.2.1).

Without sources the field strength obeys the Bianchi identity
dF =0, (2.2.3)

and the equation of motion

1
d*F:§F/\F+bﬁX8. (2.2.4)
1

The metric ansatz is a warped product

ds? = Gy dXM dXN = N (2, y) datdx” + G (y) dy™ dy"™

= AWy () datdz” + e2BY) g, (y) dy™dy™ (2.2.5)
where 7, describes a three-dimensional external space M3 and g, is a Spin(7)
holonomy metric of a compact manifold Mg. As usual the big Latin indices M, N
take values between 0 and 10, the Greek indices pu, v take values between 0 and 2
and small Latin indices m, n take values between 3 and 10. Also, XM refers to the
coordinates on the whole eleven-dimensional manifold M, z* are the coordinates
on M3 and y™ are the coordinates on Mgz. We want to note that M, is the direct

product between M3 and Mg only in the leading order approximation.
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In what follows we introduce a dimensionless parameter “t” defined as the
square of the ratio between lg, the characteristic size of the internal manifold Mg,

and [y, which denotes the eleven-dimensional Planck length

lll

- (L> >1, (22.6)

where [g is given by
(ls)® :/ d*y /9, (2.2.7)
Mg

and we have considered the large volume limit for Mg, which means that lg > [y;.
We will suppose that all the fields of the theory have a series expansion in “t”
and we will analyze the equations of motion order by order in the “t” perturbative
expansion. The main ansatz is to consider that the metric of the internal compact

space Mg has the following series expansion in “t”
Gonn = [0 n + [0 QT + -+ (2.2.8)
Thus the inverse metric is
g™ =t g 2 g L (2.2.9)

where the above expansion coefficients are derived in appendix A.2. It is obvious
now that the Riemann tensor, the Ricci tensor and the Ricci scalar of the internal

manifold Mg will have a series expansion in “t” of the form

R pn (Mg) = [RO)e, 4+ ¢t RV 4, (2.2.10a)
Rn(Mg) = [R9)n + t 7 RW] 0 + ..., (2.2.10D)
R(Mg) =t'RW +¢2R® .. (2.2.10¢)

15



where the coefficients in the above expansions can be determined in terms of the

mn

expansion coefficients of ¢,,, and ¢™" and their derivatives. It is not so obvious at

this stage of computation that the right ansatz for the warp factors is
A=t3AY ¢+ = A=14t3A4% ¢ | (2.2.11)

and similarly for B. The motivation for this ansatz comes from the fact that the
internal Finstein equation receives contributions from the quantum correction terms
in the ¢t~ order of perturbation theory. It is natural to suppose that the effect of
warping appears at the same order in the equations of motion to compensate for
this extra contribution.

The Poincaré invariance restricts the form of the background flux F' to the

following structure

where F} is the external part of the flux
Fi = g€ [V f ()] dzt Ada” A dzP A dy™, (2.2.13)
and Fj is the internal background flux
= % Fronpg(y) dy™ N dy™ N dyP N dy? . (2.2.14)

We also expand the coefficients f and F},,,, in a power series of ¢

f=rO+e Wy (2.2.15)
and
Frnpg = F\0) At B+ (2.2.16)

16



Taking into account that the three-dimensional external space described by 7,
is not at all influenced by the size of the eight-dimensional manifold Mg described
by gmn, all the quantities that emerge from the metric 7, are of order zero in
an expansion in “t”, in other words all these quantities are independent of the
scale “t”. The external manifold suffers no change due to the deformations of the
internal manifold and 7, generates the same equations of motion as in the absence
of fluxes and without the quantum correction terms. The zeroth order of the external

component of equation (2.2.1) reads

Ry (Ms) — 50w R(Ms) =0, (2.2.17)

therefore
R, (M;3) =0, (2.2.18a)
R(M3) =0, (2.2.18b)

which means that the external space is Minkowski?. However our result does not
eliminate the possibility for an AdS3 background in the case when membranes are
included in the analysis (see e.g. [43]).

A careful analysis of the internal and external Einstein equations to orders
no higher than t=2 and ¢ 3, respectively, reveals that the internal manifold remains

Ricci flat to the ¢t2 order in perturbation theory

RO — R — R — (2.2.19)

mn

2In three dimensions the Riemann tensor is proportional to the Ricci tensor.
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and the Ricci scalar vanishes to the =2 order
RW =R® =R® =0, (2.2.20)

These results are natural because we expect to observe deformations of the internal
manifold starting at the t=3 order since the quantum correction terms are of this
order of magnitude in an expansion in “¢” and in addition the warp factors were
chosen to be of the same order of magnitude. As a matter of fact, to order ¢t=2 even
the warping has no effect and the eleven-dimensional manifold is a direct product
between Mj and Msg.

We can also derive from the equation of motion (2.2.4) that the covariant

derivative of the external flux vanishes to order =2
Vif O =V, fO =v,,f®=0. (2.2.21)

Collecting these facts we are left with the following field decomposition for V,, f,

Rmn(Mg) and R(Mg)

VS =tV f® + 74V, @ + ... (2.2.22a)
Ron(Mg) =t R®) +t7* RW + ... (2.2.22b)
R(Mg) =t™*RW 4+ ... (2.2.22¢)

To order t~* the external component of the equation of motion (2.2.1) has the

following form

2
RW — 4AA®) _ 14AOBE) _ L [FQ(O)} +18EY (M) =0, (2.2.23)

where we have introduced the Laplacian
AW = [V, v, (2.2.24)
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and

2 ! / ! !
|:F2(0)i| — [g(l)]aa [g(l)]bb [g(l)]mm [g(l)]nn F(O) F(O)

abmn * a’b/m'n’ *

(2.2.25)

We note that the right hand side of (2.2.1) has been evaluated on the un-warped
background because to this order the warping is not felt by that term. To order ¢t—*
in perturbation theory the trace of the internal Einstein equation has the following

form

3[RW — TAWAB® _ 14AWBE) = 217 3 A ES) (0 . (2.2.26)

Eliminating the R term from equations (2.2.23) and (2.2.26) we obtain an equation
for the warp factor A® and the leading order term of the internal flux FQ(O) which

is defined below
2
3AMA® _ L [Fg(’)} +18EO (M) — 2" BAD EP (M) =0, (2.2.27)
The equation of motion for the external flux at the order ¢t~* is [40]

ADFE _ L FO 0 g %5];;4)( Mg) =0, (2.2.28)

where the Hodge (") operation is performed with respect to the leading order term
(9], of the internal metric. If we subtract (2.2.28) from (2.2.27) and integrate?

the resulting expression we obtain that FQ(O) is self dual with respect to ") operation

3The integration is performed on a manifold which we have denoted M}, whose metric is
[9™M]un. In some sense we can think of [¢(1],,,, as being the undeformed Spin(7) holonomy metric
and the next order term [g(o)]mn being the deformation from the exceptional holonomy metric.
Hence M} can be thought as the undeformed Spin(7) holonomy manifold. We also want to note

that E§4)(Mg) is the Euler integrand of Mjg.
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KO = O (2.2.29)

The leading order term of the internal flux FQ(O) is a four-form defined on M}

F9 = LRO) g™ A da'™ A da’ A da'? (2.2.30)

T 417 mnpq

where 2’ are the coordinates of M. Also, FQ(O) satisfies

1 15
11 4

where x5’ is the Euler character of M§. The last relation is obtained from integrating
out the equation (2.2.28) and considering that the internal flux is self dual. The
condition (2.2.31) is nothing else but the perturbative leading order of the global
tadpole anomaly relation® that the internal flux has to obey when compactifications
of M-theory on eight-dimensional manifolds are taken into consideration [18].

The difference between equations (2.2.28) and (2.2.27) together with the self
duality condition (2.2.29) of the internal flux produces an equation which relates

the warp factor A to the external flux
AW [F® —348) 4217 3 ED (Mg)] = 0. (2.2.32)
Also the self-duality of the internal flux implies the vanishing of the following ex-

pression

abc

[F O ase [FO1," = 29D [F O apea [F O] = 0, (2.2.33)

4We remind the reader that we have not considered space-filling membranes in our calculations.
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where the details of the derivation are provided in appendix B of [44]. Therefore we
are left with the following form for the internal Einstein equation to the order ¢=3

in perturbation theory

5Y (3)
R® _ %gﬁ% RW 4+ 3[¢M AW v, V,](A+2B)® + 5 (5 ) =0, (2.2.34)
gmn

where 0Y /6¢g™" and its trace are computed in section 2.3.2. The internal manifold
remains Ricci-flat only under a very specific condition. To determine this condition

we replace in (2.2.34) the expression for the perturbative coefficient of the Ricci

scalar R obtained from (2.2.26)

5Y (4)
RW — 7AM (A + 2B)(3) — g (gabW) , (2.2.35)

and we recast (2.2.34) in the following form

Sy \ W
RS+ kit |9 (55 ) — 380 (4 28)9)

5y \W
+ {6 (5gmn> — 3V, V, (A+ 2B)(3)] =0. (2.2.36)
One quick way to obtain a supersymmetric theory after compactification is to ask
for Ricci flatness of the internal manifold. Of course this requirement is not the most
general one but in this way we can preserve for example the exceptional holonomy of
the internal manifold. Ricci flatness of Mg is not the whole story and we will see in
chapter 5 that the internal flux has to satisfy restrictive conditions as well if we want
a supersymmetric solution. Therefore, it is natural to look for vanishing solutions

of (2.2.36). Now it is easy to see that Ricci flatness to this order in perturbation

theory requires that

ViV (A+2B)® =

(2.2.37)

wl™

~

(@9

S >
3|

~_
S
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which is a strong constraint on the warp factors and the Y polynomial. To simplify

the problem and to find cases where equation (2.2.37) is satisfied one fixes
A+2B =0, (2.2.38)

which leaves us with only one warp factor. Hence we are left with the problem of
finding suitable internal manifolds for which the first variation of the polynomial
Y vanishes. As explained in [45], even if the polynomial Y vanishes because of the
exceptional holonomy of the internal metric its first variation does not vanish in
general.

Our analysis in chapter 3 assumes (2.2.38) and takes into consideration only
manifolds for which the right hand side of (2.2.37) is zero. We would like to note

that the above assumptions simplify relation (2.2.32) to
AW [ —34@0] = 0. (2.2.39)

This happens because the Laplacian of Ejg is proportional to the trace of the variation
of Y which vanishes according to (2.2.37). This shows clearly that the external
flux controls the warping and with appropriate boundary conditions one obtains
f® = 3AG) which, according to [46], is exactly the condition for a supersymmetric
solution to this order in perturbation theory. However, we will see in chapter 5
that this is not the whole story and one has to impose additional conditions on the
internal flux for a supersymmetric background.

We can conclude that the internal manifold gets modified at the ¢~ order in
perturbation theory in the sense that in general it looses its Ricci flatness unless the
very restrictive constraint (2.2.37) is satisfied.
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2.3 Some Properties of the Quartic Polynomials

In this section we look at some of the properties related to the quartic polynomials
in the Riemann tensor which appear in the low energy effective action of M-theory.
More precisely we will derive several relations obeyed by the polynomials which
appear in the definition (2.1.2b) of S;. There are three different subsections, one for
each of the polynomials Eg, Jy and Xy, respectively. We want to emphasize that all
the properties of these polynomials are computed on an undeformed background, i.e.,
our background is a direct product M3x Mg with M3 being maximally symmetric and
Ms being a Spin(7) holonomy manifold. Obviously the warping and the deformation
of the background will correct all the relations derived in the following subsections
but these corrections are of a higher order than t=* and we can neglect them as our

analysis stops at this order in perturbation theory.

2.3.1 Properties of the Eg Polynomial

Let us focus now on the properties of the quartic polynomial Eg defined in (2.1.6) for
an eleven-dimensional manifold. As in [42] we generalize its definition by introducing
a polynomial E,(Mp) for any even n and any D -dimensional manifold Mp (n < D)
as follows

En(MD) =+ 5%1[]?: RK1K2M1M2 R RKn_lKnMn_an , (231)

where the indices take values from 0 to D — 1 and the “4” corresponds to the
44 2

Euclidean signature and the “—” corresponds to the Lorentzian signature. As we

have mentioned at the beginning of section 2.3, Fy is computed on a direct product
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manifold M;; = M3 x Mg, therefore we have [20]
Eg(Mg X Mg) = _E8<M8) — 8R(M3)E6(Mg) = —Eg(Mg), (232)

where R(Ms3) is the Ricci scalar for the external manifold which is zero in our case.
If n = D in formula (2.3.1) then E,(M,,) is proportional to the Euler integrand of

M,,. In particular for Eg(Mg) we have that

/ By(Ms)y/gd'y = =5 (2.3.3)
" 120,

where yg is the Euler characteristic of Mg. If the manifold Mg has a nowhere-
vanishing spinor, Fg(Mg) and Xg(Ms) are related in the sense that their integrals
over Mg are proportional to the Euler characteristic of Mg. The details of this
correspondence are provided in section 2.3.3. The variation of Eg(Mg) with respect
to the internal metric can be derived using the definition (2.3.1) or much easier from
(2.3.3) to be

dEs(Myg) _ 1

—— g™ Es( M. 2.34
. 29 s(Msg) , ( )

therefore the trace of the variation is

Es(M,

We want to note that the variation of Fg given in (2.3.4) is of order ¢~° whereas its

trace (2.3.5) is of order t~1. Finally, for further reference, we provide the perturbative

expansion for Eg(Msg) and Eg(Mg)

Es(Mg) =t Es™W(Mg) + ..., (2.3.6a)

Eg(Mg) =t 2 Eg®(Mg) + ... . (2.3.6b)
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2.3.2 Properties of the Jy Polynomial

In this subsection we look closely at the properties of the quartic polynomial Jy
defined in (2.1.7). We particularize the background to be Spin(7) holonomy compact
manifold and we compute the value of Jj integral on such a background. We will
also calculate the first variation of Jy with respect to the internal metric and the
trace of its first variation.

As we will show, for a Spin(7) holonomy manifold the integral of the quartic
polynomial Jy vanishes. Below we provide the detailed proof of this statement. The
essential fact that constitutes the basis of the demonstration is the existence of the
covariantly constant spinor on a compact manifold which has Spin(7) holonomy.

The quartic polynomial Jy can be expressed as a sum of an internal and an
external polynomial [20]. Furthermore, these polynomials can be written only in
terms of the internal and external Weyl tensors [47, 48]. Since the Weyl tensor
vanishes in three dimensions we are left only with the contribution from the internal

polynomial

/M JO(MH)\/—_gd“x—/ Jo(Mg) /g d®y . (2.3.7)

Mg

Because the internal manifold has a nowhere-vanishing spinor, the integral of the
remaining internal part can be replaced by the kinematic factor which appears in

the four-point scattering amplitude for gravitons, as explained in [49]

/MJO(Mg)\/gdSy:/M Y \gd%, (2.3.8)

where we have denoted the kinematic factor by Y. As a matter of fact Jy represents
the covariant generalization of Y and the modifications of the equations of motion
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are given in terms of Y and its variation with respect to the internal metric. This

kinematic factor was written in [45] as an integral over SO(8) chiral spinors®

Y = / dipr, Ay exp(Rapmn 1, T b Y T™ YR) (2.3.9)

where (2.3.9) is evaluated using the rules of Berezin integration. As argued in [45],
Y is zero for Ricci-flat and Kahler manifolds, but for general Ricci-flat manifolds it
does not necessarily have to vanish. In our case, the 8, of SO(8) decomposes under
Spin(7) as 7@ 1. The singlet in this decomposition corresponds to the Killing spinor
n of the Spin(7) manifold. If the holonomy group of the eight-dimensional manifold
is Spin(7) and not some proper subgroup, then the covariantly constant spinor 7 is
the only zero mode of the Dirac operator, as proved in [1]. Moreover, the parallel

spinor obeys the integrability condition (e.g. see [50])
Rupn D1 = 0, (2.3.10)

therefore the integrand of (2.3.9) does not depend on the Killing spinor 7 and implies

the vanishing of Y for Mg with Spin(7) holonomy
Y =0 for Hollg(Ms)] = Spin(7), (2.3.11)

which implies the vanishing of the integral (2.3.7). It has been shown in [51] that ¥
vanishes in the (G5 holonomy case as well. The Calabi-Yau case is another example
where the polynomial Y vanishes [45]. The fact that the manifold is Ricci-flat and
Kéhler ensures the existence of the covariantly constant spinors, which is sufficient

to imply Y = 0 as explained in [52]. We conclude that the integral of J, vanishes if

5The eight-rank tensor “t” that appears in [45] is different from our convention.
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the internal manifold admits at least one covariantly constant spinor, in particular
it vanishes for an internal manifold which has Spin(7) holonomy.

In what follows we will derive the first variation of Y with respect to the
internal metric. One can use (2.3.9) to compute the variation of Y and the following

result is obtained [51]
§Y = detosghbs (Tiiz) o (D7) g0 (D7) 5,5, . ..
(T7%%) 5,53 Risigjige Risigois Risicisio O Ririsiois - (2.3.12)
Because the internal manifold has a nowhere vanishing spinor we can transform from
the spinorial representation to the vector representation 8, of SO(8). From [50] we

have the following relation between these representations
V& = —i(nl) 0%, (2.3.13)

where 7 is the unit Killing spinor. After performing the change of representation in

(2.3.12) and using the identity (A.1.28) and relation (A.1.32) we obtain
§Y = —218 ghrksmims QI8 I ViV 50 (2.3.14)

where we have introduced

—ab

Q mn — Qabmn + 6ab

mn ?

(2.3.15)

Q) being the Cayley calibration of the Spin(7) holonomy manifold Mg. To provide
a perturbative expansion for {2 we have to remember that the volume V), of the

internal manifold Mg can be expressed in terms of the Cayley calibration

/Q A*Q = 14V, | (2.3.16)
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hence the Cayley calibration perturbative expansion is

Qe = Q0 +1Q0) + ... (2.3.17)

mnpr

The polynomial z*7%™7ms i cubic in the eight-dimensional Riemann tensor and it

is defined by
FRrksmrms \g\fl garaskrks Sbi--bemrms Ry asbiby Ragasbsby Rasagbsbe - (2.3.18)
It is obvious that the perturbative expansion of z™™" has the following form
P PO K (2.3.19)

Finally we determine the expression of the first variation of Y with respect to

the internal metric

oY
5gi8j8

_ _215 §i7i8 krks ﬁj7j8m7m8 VZ‘7Vj7Zk7k8m7m8 , (2320)

which contributes to the internal Einstein equation. It is obvious that the leading
order of (2.3.20) is t7°, i.e., the leading order of z™""". However the term §Y /g%
which appears in the equation of motion (2.2.1) is of order t~3. In other words, =3 is
the order at which the equations of motion receive contributions from the quantum
correction terms. As we have explained in section 2.2, it is natural to suppose that
the warping effects are visible to the same order in the perturbation theory and this
is why we have considered the ansatz (2.2.11).

In addition we also need the trace of (2.3.20) with respect to the internal

metric. We provide in what follows the main steps of the derivation. We begin the
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computation by using the definition (2.3.15) for  and we obtain that
oYy

e 15| o (s J7Js . N7 . krksmimsg
Gisjs = -2 gl8JSQ k7ks Q m7msvl7vj7z
5gi8js

+ Gisgs L7 ks 5%%8 V.,V Zrrhsmms
+ Gicis 6]177288 Qj7j8m7m8vi7vj7zk7k8m7m8
+AVV, (2am™) } . (2.3.21)

We denote the first, the second and the third terms in the square parentheses of

(2.3.21) with T3, T, and T3, respectively. Using (A.1.31), T} can be rewritten as
Ty =20 (2 ™) + AN (Q - 2)

—2(V.VP + VV,) (2 2) — 4VV, (20n™) | (2.3.22)

where A = V,V“is the Laplacian and -z is a short notation for the full contraction
between the Cayley calibration €2 and the z polynomial. The sum of the second and

the third terms in (2.3.21) can be rewritten as
Ty+ T3 =2(V, V' +V'V,) (2 2) . (2.3.23)

It was noted in [46] that

Q-2=0, (2.3.24)

therefore we obtain an elegant and compact expression for the trace of (2.3.20)

oY
n—— = —210 Az, 2.3.25
Grnn 5o z ( )
With the observation that

the result (2.3.25) can be expressed as

Y
gmn;— = —2'" A Eg(Ms) (2.3.27)

Gmn
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where Eg(Ms) is given by (2.3.1) for n = 6 and D = 8. It is very interesting to
note the similarity of formula (2.3.27) with the corresponding one for Calabi-Yau
manifolds [40]. We also want to emphasize that the shift of the Cayley calibration
toward (2 is exactly what is needed in order to obtain the simple form of the trace
given in (2.3.27). A simple analysis of formula (2.3.27) reveals that the trace of the

first variation of Y is of order ¢—4.

5Y
gz — = 2" AW EP (M)t~ + ..., (2.3.28)

mn

where Eé3)(M8) was introduced in equation (2.3.6b) and A was defined in (2.2.24).

2.3.3 Properties of the Xg Polynomial

The integral of Xg(M;g) over an eight-dimensional manifold Mg is related to the
Euler characteristic yg of the manifold if Mg admits at least one nowhere vanishing
spinor

Xs(Mg) = — 8. (2.3.29)

In our calculation Mg has Spin(7) holonomy, so there is a Killing spinor on Mg and
therefore we can use the above property in our derivations.

In what follows we will justify the relation (2.3.29). The eight-form Xg is
defined by relation (2.1.5) and can be expressed in terms of the first two Pontryagin

forms P, and P

1 2
P1 = —@TI'R s (2330&)
— 1 2\2 4
Py = (TR — 2TrRY (2.3.30b)
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as follows

1 2
Xs = 15 [P — 4P (2.3.31)

where R is the curvature two-form. The existence of a covariantly constant spinor
on a Spin(7) holonomy manifold means that we have a nowhere vanishing spinor
field on the eight-dimensional manifold. It has been shown in [49] that under these
circumstances there is a necessary and sufficient condition which relates the Euler

class and the first two Pontryagin classes of the manifold

1 1
e—§Pg+§Pf:0, (2.3.32)

where e is the Euler integrand of Mg. Hence, the eight-form Xy is proportional to

the Euler integrand of Mg

Xs(Ms) = —— e(Mg), (2.3.33)

and from here the relation in (2.3.29) follows immediately.
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3. COMPACTIFICATION OF M-THEORY ON SPIN(7)

HOLONOMY MANIFOLDS

In this section, we perform the compactification of the bosonic part of M-theory ac-
tion on a Spin(7) holonomy manifold Mg. Since Spin(7) holonomy manifolds admit
only one covariantly constant spinor, we will obtain a theory with N/ = 1 supersym-
metry in three dimensions. We use the following assumptions and conventions. The
eight-dimensional manifold Mg is taken to be compact and smooth. As seen before
in chapter 2 we shall assume the large volume limit in which case the size of the
internal eight-manifold I, = (Vj;,)"/® is much bigger than the eleven-dimensional
Planck length {1;. Here V,;, denotes the volume of the internal manifold.

It was shown in [17, 18, 28] that compactifications of M-theory on both con-
formally Calabi-Yau four-folds and Spin(7) holonomy manifolds should obey the

tadpole cancelation condition

1 Ap X8
— FSNFy + Ny =T 22 3.1
4%%1 " 2 2 + Vg 29, (3.1)

where [} is the internal part of the background flux, yg is the Euler characteristic of

the internal manifold and Ny represents the number of space-time filling membranes.
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We have slightly changed the notation in the sense that a symbol with a “hat”
above it denotes the corresponding background value. k1 is the eleven-dimensional

gravitational coupling constant, which is related to the membrane tension 75 by

T, = (2—7;2)1/3 . (3.2)

K11

Equation (3.1) is important because it restricts the topology of the internal mani-
fold as the Euler characteristic is expressed in terms of the internal fluxes. In our
computation, we consider the case Ny = 0, in other words the Euler characteristic of
the internal manifold depends only on the internal flux and we have no membranes
in our analysis. Under this assumption, in the case when the background fluxes
are zero, i.e. Fy = 0, the tadpole cancelation condition (3.1) restricts the class of
internal manifolds to those which have zero Euler characteristic. In this case there
is no need for a warped geometry and the target space is simply the direct product
M3 ® Myg. In section 3.1, we consider this particular case and we show that no
scalar potential for the moduli fields arises under these circumstances. To relax the
constraint and allow for manifolds with non-vanishing Euler characteristic we have
to consider a non-zero value for the internal background flux Fy. Consequently, we
will have to use a warped metric ansatz as we did in the analysis from chapter 2
and we will impose the requirement (2.2.38) for the warp factors. In section 3.2, we
show that the appearance of background fluxes generates a scalar potential for some
of the moduli fields appearing in the three-dimensional low energy effective action.
Later on in section 5.2 we will see that the anti-self-dual part of the four-form Fis

the one that generates the scalar potential.
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3.1 Compactification with Zero Background Flux

We want to compactify the action (2.1.1) on a compact and smooth Spin(7) holono-
my manifold whose Euler characteristic is zero. Because of this property and because
of the exceptional holonomy of the internal manifold, the quantum correction terms
(2.1.2b) vanish upon an integration over the internal manifold. Therefore, the only
contribution to the three-dimensional effective action will come from (2.1.2a), i.e.
from the bosonic truncation of the eleven-dimensional supergravity. In order to
achieve our goal, we make the spontaneous compactification ansatz for the eleven-
dimensional metric gysn (2, y), which respects the maximal symmetry of the external

space which is described by the metric 1, (z)
ds* = gyn dXM dXN =1, () da*dz” + gomn(z,y) dy™dy" (3.1.1)

where ¢,n(x,y) is the internal metric. Here z represents the external coordi-
nates labeled by p = 0,1,2, while y represents the internal coordinates labeled
by m =3,...,10, and M, N run over the complete eleven-dimensional coordinates.
In addition, g, (z,y) depends on a set of parameters which characterize the possible
deformations of the internal metric. These parameters, called moduli, appear after
compactification as massless scalar fields in the three-dimensional effective action.
In other words, an arbitrary vacuum state is characterized by the vacuum expec-
tation values of these moduli fields. In the compactification process we choose an
arbitrary vacuum state or equivalently an arbitrary point in moduli space and con-

sider infinitesimal displacements around this point. Consequently, the metric will
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have the following form

Irn(T,Y) = Grmn(Y) + 6Gmn(2,Y) (3.1.2)

where §,,, is the background metric and 9¢,,, is its deformation. The deformations
of the metric are expanded in terms of the transverse traceless zero modes of the

Lichnerowicz operator
AL Cab = - Cab — 2Rabmn€mn + QR(ameb)m , (313)

where e, is some symmetric second rank tensor. The transverse traceless zero
modes of A describe variations of the internal metric leaving the Ricci tensor
invariant to linear order. Furthermore, it was shown in [50], that for a Spin(7)
holonomy manifold, the zero modes of the Lichnerowicz operator e4 are in one to
one correspondence with the anti-self-dual harmonic four-forms &4 of the internal

manifold

eAmn(y) = %SA mabc(y) Qnabc(y) ) (314&)

€Aabcd(y) = — €4 [am(y)chd]m(y) ) (314b)

where A =1,...b; and € is the Cayley calibration of the internal manifold, which
in our convention is self-dual. The tensor e! = is symmetric and traceless (see [50]).
b, is the Betti number that counts the number of anti-self-dual harmonic four-forms
of the internal space.

Besides the zero modes of the Lichnerowicz operator there is an additional vol-

ume changing modulus, which corresponds to an overall rescaling of the background
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metric. So the metric deformations take the following form

0Gmn(,y) = A(2) Grun (Y +Z¢ ) eamn(y) , (3.1.5)

where ¢ is the radial modulus fluctuation and ¢* are the scalar field fluctuations
that characterize the deformations of the metric along the directions e4. Therefore

the internal metric has the following expression

G (%) = Gun(y) + 0(a +Z¢> ) eamn(y).- (3.1.6)

The three-form potential and the corresponding field strength have fluctuations
around their backgrounds é(y) and [ (y), respectively, which in this section are
considered to be zero. The fluctuations of the three-form potential are decomposed
in terms of the zero modes of the Laplace operator. Taking into account that
for Spin(7) holonomy manifolds there are no harmonic one-forms (see (C.2) ) the

decomposition of the three-form potential has two pieces

5C<$,y) = 501(317, y) + (502(1],y)

bo b3
=" Al@) Awrly) + 307 (@) Gy), (3.17)

where w; are harmonic two-forms and (; are harmonic three-forms. The set of b,
vector fields Af(x) and the set of by scalar fields p’(z) are infinitesimal quantities
that characterize the fluctuation of the three-form potential around its background

value. The fluctuations of the field strength F' are then
5F(£L’,y) = 5F1($7 y) + 6F2(x7 y)
_ZdAf A wi(y +de YA C(y) . (3.1.8)
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Substituting (3.1.6), (3.1.7) and (3.1.8) into .S and considering the lowest order

contribution in moduli fields we obtain

1

Sop =535 | d'o /= { ROM5) = 18(0.6)(0°¢)
263 J

b2 b3
= Ky £t =Y L1(0ap") (0%

I,J=1 I,J=1

- i Gan(0a0")(@°6™) ) + ..., (3.1.9)

A,B=1

where 7 = det(n,, ) and the ellipsis denotes higher order terms in moduli fluctuations.

ks is the three-dimensional gravitational coupling constant
K5 = Vi K11 (3.1.10)
and V), is the volume of the internal manifold

VMSZ/ d*y /3, (3.1.11)
Ms

where § = det(gmn). The details of the dimensional reduction of the Einstein-Hilbert
term can be found in appendix A.3. The other quantities appearing in (3.1.9) are

the field strength fI of the by U(1) gauge fields A?
fis = 0l = 5(0.A5 — 03AL) (3.1.12)

[e7

and the metric coefficients for the kinetic terms

3
Ky = Axwy, 3.1.13
1J MW /Ms wr Wy ( a)
2
[,[J— C[/\*CJ, (3].].3b)
VMS Mg
1 8 ~ ~ab ~mn
gAB = d YNV 3GeAam€BmMmY g . (3113C)
Wi S
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With the help of (3.1.4a) and (3.1.4b) we can rewrite (3.1.13c) as follows

1
gAB:V— SA/\*gB- (3114)
M8 Mg

Note that the Hodge x operator used in the previous relations is defined with respect
to the background metric. As we can see in the zero flux case, the action contains
only the gravitational part plus kinetic terms of the massless moduli fields and no
scalar potential. Therefore, if the flux is zero we have no constraint on the dynam-
ics of the moduli fields and the vacuum of the three-dimensional theory remains

arbitrary.

3.2 Compactification with Non-Zero Background Flux

In this section we relax the topological constraint imposed on the internal manifold
and allow for a non-vanishing background value for the field strength of M-theory,
i.e. we consider manifolds with non-vanishing Euler characteristic. Because of this
assumption we will have nonzero contributions in the three-dimensional action which
come from the quantum correction terms (2.1.2b). We start with the warped ansatz
(2.2.5) for the metric
ds® = gay XM dXN

= 2AW) N () daxtdz” + e AW Gmn(x,y) dy™dy"™ | (3.2.1)
where we have imposed the condition (2.2.38) on the warp factors. In equation
(3.2.1) A(y) represents the scalar warp factor, 1, (z) is the metric for the maximally
symmetric external space, i.e. Minkowski, and gy, (z,y) has Spin(7) holonomy. As
we did in the previous section we will decompose the field fluctuations in terms of
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harmonic forms. The metric fluctuations will have the same decomposition as in
(3.1.5) and also the field strength and its associated potential will have the decom-
positions (3.1.8) and (3.1.7), respectively. Maximal symmetry of the external space

restricts the form of the background flux to

F(y) = Fi(y) + F2(y), (3.2.2a)
F1(y) = %éam Om f (y) dz® A dz® A dx? A dy™, (3.2.2b)
F5(y) = 4 Frnpa(y) dy™ A dy™ A dy? A dy* (3.2.2¢)

therefore, C' has the following background

Cly) = Ci(y) + Ca(y) (3.2.3a)
Ciy) = — & capy [(y) dz® Ada® A da?, (3.2.3b)
Coly) = & Crnp(y) dy™ A dy™ A dy?. (3.2.3¢)

Next we consider the compactification of the eleven-dimensional action. We

start with the Einstein-Hilbert term which becomes

s [ eV ROn) = g [ asv=i{Ron
by
~18(040) (9°0) = D Grs (0a0") (@°6")} + ... (3.2.4)

I,J=1

where g1 = det(gyn) and Gy is given in (3.1.14). The details of the dimensional
reduction can be found in appendix A.3. Let us take a closer look at the second
term in (2.1.2b). We have showed in section 2.3.2 that the exceptional holonomy
implies the vanishing of integral of the quartic polynomial Jy. Also, regarding the

term of S; which involves the quartic polynomial Eg, we can use properties (2.3.2)
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and (2.3.3) to obtain

1
b1T2 / dHI vV —3d11 <J0 — —Eg) == / dBZ‘ Vv T2 ﬁ . (325)
My 2 M 24

We want to emphasize that the metric used in computing (3.2.5) is the un-warped
one. In other words, in the language of chapter 2, we are considering only the leading
order contribution in a perturbative series in the “t” parameter and therefore we
can neglect in the first approximation the contribution which comes from warping.

The remaining terms in S consist of the kinetic term for ', the Chern-Simons
term, and the tadpole anomaly term, i.e. the term proportional to Xg. The expres-

sions (3.1.8) and (3.2.2) of the field strength F' imply that

/ F/\*F:/ Fl/\*ﬁl—l-/ FQ/\*FQ
M11 Mll Mll

+/ 5F1 /\*5F1+/ 5F2/\*5F2, (326)
M11 Mll

where the first term is subleading and will be neglected. To leading order, the last

two terms in the above sum can be expressed as

1
— [5F1 /\*6F1+(5F2/\*6F2]
4kT My
b2
1
- d3 — K I JafB
2% " T/ —7N { LJZ:1 IJfaﬁ f
b3
+ 3 L1 (0ap) @07} (3:2.7)
1,J=1

where fI, K;; and L;; were defined in (3.1.12) and (3.1.13). Due to the specific
structure of C'(x,y) and F(x,y), which are given in equations (3.1.7), (3.1.8), (3.2.2)

and (3.2.3), the Chern-Simons term will have the following form to leading order in
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moduli field fluctuations

CANFANF=3 CyA By A Fy

M1 My
+2/ SCyNOFy NFy + ... (3.2.8)
M
Since the first term in (3.2.8) cancels the tadpole anomaly term, we obtain the

following result

1
3 CANFANF+ 15 CA X3g
12%11 My My
1 R
SCo NS AEy + ... (3.2.9)
611 Jan,

Using the harmonic decomposition for the field fluctuations (3.1.7) and (3.1.8) we

derive

1 A
5Cy NSFy N Fy = — Z SU/ A A dAT (3.2.10)

6/4/11 M1 3 I,J=1

where we have defined

1 .
Ey = AW NFy. 3.2.11
IJ 3V, /SW w 2 ( )

The coefficient (3.2.11) is proportional to the internal flux and this is the reason
why we did not obtain a Chern-Simons term in section 3.1. This completes the
compactification of M-theory action on Spin(7) holonomy manifolds. Using the
above results we obtain to leading order in moduli fields the following expression for

the low energy effective action

1

Sip = . [ oV {ROM) — 18(2.6)(0%0)

by
— Z L[J ap ) 00‘ J Z gIJ a¢ (aa¢J)

I1,J=1 I1,J=1
b2
S [Kag Sl 70 4 &1y o AL f] —v} . (3.2.12)
1,J=1
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where we have denoted by V' the scalar potential

1

V p—
Wi

/ Py AFy — 262 Ty X8 (3.2.13)
e 24

We can see clary now that besides the Einstein-Hilbert term, the kinetic terms and
the Chern-Simons term we have an additional piece in the action because we choose
to have some non-vanishing value for the background of the field strength. The
relation (3.2.13), which defines the scalar potential, is very similar with the tadpole
anomaly cancelation condition (3.1) and we will see in chapter 5 that this property
will determine that V' depends only on the anti-self-dual part of F, whereas the
self-dual part of Fy is dynamical in nature and under special conditions can break

the supersymmetry of the theory.
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4. MINIMAL THREE-DIMENSIONAL SUPERGRAVITY

COUPLED TO MATTER

Some of the vacua obtained after compactification are supersymmetric and they
correspond to a minimal supergravity theory in three dimensions. The analysis of the
properties of these vacua requires the knowledge of the supergravity action. Hence,
this chapter is dedicated to the derivation of the most general off-shell three-dimen-
sional N' = 1 supergravity action coupled to an arbitrary number of scalars and
U(1) gauge fields. Component formulations of supergravity in various dimensions
with extended supersymmetry have been known for a long time [53]. In general, the
extended supergravities can be obtained by dimensional reduction and truncation
of higher dimensional supergravities. For example, a four-dimensional supergravity
with A/ = 1 supersymmetry leads to a three-dimensional supergravity with A = 2
supersymmetry after compactification. For this reason the component form of three-
dimensional N' = 2 supergravity is known. Although there has been much activity
in three dimensions [54, 55, 56, 57, 58, 59, 60, 61, 62|, there is no general off-shell
component or superspace formulation of three-dimensional N = 1 supergravity in
the literature. There are, however, on-shell realizations with N' > 1 given in [63, 64].
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The N = 1 theory cannot be obtained by dimensional reduction from a four-dimen-
sional theory and requires a formal analysis.

Although the off-shell formulation of N/ = 1 three-dimensional supergravity
has been around since 1979 [65], there has been little work done on understanding
this theory with the same precision and detail of the minimal supergravity in four
dimensions. The spectrum of the /' = 1 three-dimensional supergravity theory
consists of a dreibein, a Majorana gravitino and a single real auxiliary scalar field.
Since our formal analysis yields an off-shell formulation, we can freely add distinct
super invariants to the action. The resulting theory corresponds to a non-linear
sigma model and copies of U(1) gauge theories coupled to supergravity. We will
present the complete superspace formulation in the hope that the presentation will
familiarize the reader with the techniques required to reach our goals. In this section
we use the Ectoplasmic Integration theorem to derive the component action for the
general form of supergravity coupled to matter. The matter sector includes U(1)

gauge fields and a non-linear sigma model.

4.1 Supergeometry

Calculating component actions from manifestly supersymmetric supergravity de-
scriptions is a complicated process. However, knowing the supergravity density
projector simplifies dramatically this procedure. The density projector arises from
the following observation. Every supergravity theory that is known to possess an

off-shell formulation for a superspace with space-time dimension D, and fermionic
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dimension N can be be shown to obey an equation of the form

/de O EL - /d% 1DV L)) (4.1.1)

E~! is the super determinant of the super frame fields E4™, DV is a differential op-
erator called the supergravity density projector, and the symbol | denotes taking the
anti-commuting coordinate to zero. This relation has been dubbed the Ectoplasmic
Integration Theorem and shows us that knowing the form of the density projector
allows us to evaluate the component structure of any Lagrangian just by evaluating
(DVL|). Thus, the problem of finding components for supergravity is relegated to
computing the density projector.

Two well defined methods for calculating the density projector exist in the
literature. The first method is based on super p-forms and the Ethereal Conjecture.
This conjecture states that in all supergravity theories, the topology of the super-
space is determined solely by its bosonic submanifold. The second method is called
the ectoplasmic normal coordinate expansion [66, 67], and explicitly calculates the
density projector. The normal coordinate expansion provides a proof of the ecto-
plasmic integration theorem. Both of these techniques rely heavily on the algebra
of superspace supergravity covariant derivatives. The covariant derivative algebra

for three dimensional supergravity was first given in [65]. In this paper, we have

modified the original algebra by coupling it to n U(1), gauge fields:!

Va, Vot = (1)as Ve = (1)asB M, (4.1.2a)

'We do not consider non-abelian gauged supergravity because the compactifications of M-theory

on Spin(7) manifolds that we consider lead to abelian gauged supergravities.
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[Vom Vb} = % (’yb)ozéRvé + (vaR)Mb + % (7b)aﬂWBIt1
- [2(7b)a626d + % (7b7d>a€(vaR)}Mda
(Va, Vi) = —220e[ 29 + L (19 (V4R) | Vi + Eape| R

— 29Q2VPR+ 2 R?) [Ma+ 3 canc(¥) S VWL,
where

vwl=o,

ﬁab . ﬁba _ nabﬁab _ (,yd)aﬁzﬁd =0,
and

VaZd = 1 (1)as R + 1 [Capn™ + L /% (1)as | VaR

N

(4.1.2b)

(4.1.2¢)

(4.1.3a)

(4.1.3b)

(4.1.3¢c)

The superfields R, 3,° and R are the supergravity field strengths, and W/ are the

U(1) super Yang-Mills fields strengths. ¢; are the U(1) generators with I =1...n.

M, is the 3D Lorentz generator. Our convention for the action of M, is given in

appendix B.1. An explicit verification of the algebra (4.1.2) is performed in appendix

B.3, where it is shown that the algebra closes off-shell.

4.2 Closed Irreducible Super Three-forms

Indices of topological significance in a D-dimensional space-time manifold can be

calculated from the integral of closed but not exact D-forms. The Ethereal Conjec-

ture suggests that this reasoning should hold for superspace. Thus, in order to use

the Ethereal Conjecture [68], we must first have the field strength description of a
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super three-form. In this section, we derive the super three-form associated with
the covariant derivative algebra (4.1.2).

We start with the general formulas for the super two-form potential and super
three-form field strength. A super two-form I's has the following gauge transforma-

tions

0T ap = ViaKpy — $ T Kk (4.2.1)

which expresses the fact that the gauge variation of the super two-form is the super
exterior derivative of a super one-form K. The field strength (G5 is the super exterior
derivative of I’y

Gapc = %V[AFBC) - %T[AB|EFE|C) . (4.2.2)

We have a few comments about the notation in these expressions. First, upper case
roman indices are super vector indices which take values over both the spinor and
vector indices. Also, letters from the beginning(middle) of the alphabet refer to
flat(curved) indices. Finally, the symmetrization symbol [ ) is a graded symmetriza-
tion. A point worth noting here is the that the superspace torsion appears explicitly
in these equations. This means that the super form is intimately related to the
type of supergravity that we are using. The appearance of the torsion in these ex-
pressions is not peculiar to supersymmetry. Whenever forms are referred to using a
non-holonomic basis this phenomenon occurs.

A super form is a highly reducible representation of supersymmetry. Therefore,
we must impose certain constraints on the field strength to make it an irreducible

representation of supersymmetry. In general, there are many types of constraints
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that we can set. Different constraints have specific consequences. A conventional
constraint implies that one piece of the potential is related to another. In this case

if we set the conventional constraint

Gapy =35 Vil = 3 (V)@ lepy) =0, (4.2.3)

we see that the potential I, is now related to the spinorial derivative of the potential
I'o3. This constraint eliminates six superfield degrees of freedom.
Since (G5 is the exterior derivative of a super two-form it must be closed, i.e.

its exterior derivative Fy must vanish. This constitutes a set of Bianchi identities
_ 1 1 E _
Fapep = 57 ViaGpep) — 1 Tiap Geiop) = 0. (4.2.4)

Once a constraint has been set, these Bianchi identities are no longer identities. In
fact, the consistency of the Bianchi identities after a constraint has been imposed
implies an entire set of constraints. By solving the Bianchi identities with respect
to the conventional constraint, we can completely determine the irreducible super
three-form field strength. Since we have set G, = 0, it is easiest to solve Fi,3,5 = 0

first

Fops = § V@G0 = 1 Tiagl Gro) = =5 (V)@sl Gepro) - (4.2.5)

To solve this equation, we must write out the Lorentz irreducible parts of G,3,. We
first convert the last two spinor indices on G5 to a vector index by contracting with
the gamma matrix: Ge,s = (7/),6Ges. Further, Gop, = Gp,, implies that G is a
symmetric tensor, so we make the following decomposition: G, = G + %nabGdd,

where the bar on G, denotes tracelessness. With this decomposition, the Bianchi
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identity now reads

Fapys = =5 (1) 0s(7)15)Ges = 0, (4.2.6)
where the term containing G%; vanishes exactly. The symmetric traceless part of
this gamma matrix structure does not vanish, so we are forced to set G, = 0. Thus,
our conventional constraint implies the further constraint Gz, = (74),G. The next
Bianchi identity reads

Fopyi = 5 V(0 Goma = 31 Va Glasy) = 5 Tias” Griya
+ 3 Tua)” Gripy) - (4.2.7)

Using our newest constraint and substituting the torsions we have

Fagya =3 (1) (52 V) G + 5 () () Ged
=1 (1)(3/Va) G+ 3 (V) (0p) Eed” | (Vo)) G5 + Gpa (4.2.8)
here we have replaced the antisymmetric vector indices with a Levi-Civita tensor
via; Gyed = €ed” Ga, and further decomposed G, into spinor and gamma traceless
parts; Ga = (Va),” G + CA;'W, respectively. Contracting (4.2.8) with e (7¢)*? 6,”
implies G, = V,G. Substituting this result back into (4.2.8) implies that G.* = 0.

Thus, we have derived another constraint on the field strength
Gave = €. (Va) S VoG (4.2.9)

The third Bianchi identity will completely determine the super three-form
Faped = V(0G e + VieGaap = Tog" Grea — Ty "G pop — Tialie” Grlap)

= 5cde(%)(aavﬁ)v0G + (V[d)aﬁvdG — (Y)apGecd + ('7[0%1})&/3 RG. (4.2.10)

49



Note that Gy, = —(75)ar G- Contracting with (75)*” yields the following equation

for the vector three-form
Ghyea = 26004 [V?G + RG] . (4.2.11)
The final two Bianchi identities are consistency checks and vanish identically
Fobed = % Va Gl — 3V Gegja — 3 Top)” Grleg) + 3 Tipe” Grigje =0, (4.2.12a)
Fabed = 3 V1aGred) — $T1ap " GEjea) = 0. (4.2.12Db)
We have shown that the super three-form field strength related to the supergravity
covariant derivative algebra (4.1.2) is completely determined in terms of a scalar
superfield G. In 3D, a scalar superfield is an irreducible representation of super-

symmetry, and therefore the one conventional constraint was enough to completely

reduce the super three-form.

4.3 Ectoplasmic Integration

In order to use the Ethereal Conjecture, we must integrate a three-form over the

bosonic sub-manifold. The super three-form derived in the previous section is

Gapy =0, (4.3.1a)
Gape = (Ve)ap G (4.3.1b)
Gabe = €ped (V) Vo G, (4.3.1c)
Gabe = 2€a5e| V2 G + RG] . (4.3.1d)

The only problem with this super three-form is that it has flat indices. We worked
in the tangent space so that we could set supersymmetric constraints on the super
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three-form. Now we require the curved super three-form to find the generally co-
variant component three-form. In general, the super three-form with flat indices is

related to the super three-form with curved indices via
Guno = ()PP EJEPES Gepa, (4.3.2)

where we have used a different symbol for the curved super three-form just to avoid
any possible confusion. As it turns out, the component three-form is the lowest
component of the curved super three-form g,,n0 = Gmno|- Using the usual component
definitions for the super frame fields; E | = €,% E ¢ = —, % we can write the

m

lowest component of the vector three-form part of (4.3.2)

Imno = _Gonm’ - % w[ma Gno]a’ - % w[ma wnﬁ Go]aﬂ’ + wma ¢nﬁ 1/)07 Gaﬁ'y| . (433)

Since this is a 0 independent equation, we can convert all of the curved indices to

flat ones using e,

Gave = Gavel = 20" Gogal — 300" U’ Gaapl + 0 067 10 Gagy|
—{2eae [V2+ RI] = L0y e0a (1) Vo = 30380 (s F Gl (43.4)
We note in passing that this equation is of the form D?*G|. Since g is part of a
closed super three-form, it is also closed in the ordinary sense. Thus, any volume
be abe

three-form w®* = w €%° may be integrated against g, and will yield an index of

the 3D theory if gu. is not exact. We are led to define an index A by

A= / w €% gupe - (4.3.5)

abc

If we define ég Jave = D?G| we can read off the density projector
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D? = -2V + 9,2 (Y)I Vo — 10,2 9,” €™ (1) ap — 2R. (4.3.6)

«

The Ethereal Conjecture asserts that for all superspace Lagrangians £ the local

integration theory for 3D, N/ = 1 superspace supergravity takes the form

/ drd*0E'L = / dre  (DL|). (4.3.7)

4.4 Obtaining Component Formulations

We are interested in describing at the level of component fields the following gen-
eral gauge invariant Lagrangian containing two derivatives for 3D, N' = oo gravity
coupled to matter
L=kK@) R+g>h@) WTWI + g(®);; V'V, P/
+Qu LW +W(0). (4.4.1)
This action encompasses all possible terms which can arise from the compactification
of M-theory which we are considering. The first term is exactly 3D supergravity
when K (®) = 1. The second term is the kinetic term for the gauge fields. The
third term is the kinetic part of the sigma model for the scalar matter fields . The
fourth term represents the Chern-Simons term for the gauge fields. Finally, W (®)
is the superpotential.
In order to obtain the usual gravity fields we must know how to define the
components of the various field strengths and curvatures. This is done in a similar
manner as before when we determined the three-form component field of the super

three-form. In this case, we go to a Wess-Zumino gauge to write all of the torsions,
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curvatures and field strengths at 6 = 0

T, | =ty + 00 Tyl + 000 T3, (4.4.2a)
Tl =ty + ?/f[ff Ty + Q/J{f%fTaﬂ ) (4.4.2b)
Ry =1y + ¢[§ Ry + w[f wa Ry, (4.4.2¢)
Fo'l = fu + ¢[¢f‘7:5b]1| + ?/J[f%]vfsﬂ : (4.4.2d)

The leading terms in each of these equations, i.e. ¢,7, .5, r,° and f,,’ correspond,

respectively, to the exterior derivatives of 1,7, e,™, w,¢ and A,’, using the bosonic
truncation of the definition of the exterior derivative of a super two-form given in
(4.2.1). By definition the super covariantized curl of the gravitino is the lowest

component of the torsion T,,7. Substituting from (4.1.2) we have
fa =T | = =2eame[ 2]+ 5 ()P (VsR)] |- (4.4.3)
This equation implies the following:

VaR| = =5 (Va)ay €™ f3y (4.4.4a)

S = 1™ 7 — (w)s” fPP] . (4.4.4b)

The lowest component of ¥%? is indeed gamma traceless. The other torsion yields

information about the component torsion

Tl = 0=t + (V)as ¥V Uy (4.4.5)

which can be solved in the usual manner to express the spin connection in terms

of the anholonomy and gravitino. The super curvature leads us to the component
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definition of the super covariantized curvature tensor

Ry’ = 10’ = Y] (V) Rl + 008 [ =2 (00))5° ] = 2 (7)s* VRl
+ V5 R|0y] = eapa [R*] + 29 (= 2V2R| — 2R?|) ] . (4.4.6)
Contracting this equation with £%, and using the component definitions (4.4.4) leads

to the component definition
V2R = =4 R = 120, 0y (Ve)as Bl + § €™ Tabe + 107 (1) fary - (4.4.7)
The super field strength satisfies
For 1= " + 590 01)s"Wal = 5eae(v) g VIWG], (4.4.8)
which implies
VaWil = =3 (Ve)apfar — 58 (Ve)ap (1) ¢’ WS . (4.4.9)
From (4.1.3) we have Vo, VW] = 0 so we can derive
VW, =1(v) VWi - 3 RIW]]. (4.4.10)

We now have complete component definitions for R and W, and enough of the com-
ponents of %% and Ry to perform the ectoplasmic integration. Since the gauge
potential T'}, for the U(1) fields appears in our Lagrangian we must also make com-

ponent definitions for it. I/ has the gauge transformation
6Tl =V, K", (4.4.11)
so we can choose the Wess-Zumino gauge

rj=verl|=o0. (4.4.12)
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We are now in a position to derive the full component action. We introduce

the following definitions for the component fields
Rl=B, Wi=X\,
¥|= ¢, Vad|=y,, V|=F
VoDl =1 (1)apAL, VPVsTL =2 0L, (4.4.13)

in addition to the curl of the gravitino defined in (4.4.2). Using these component

definitions the terms in the action become

/ d*rd’0ET K (®)R = / d*ze” (DK (P)R)|
— /d?’[L‘ e_l{ — QBV2K| + vaKl [ _ % (,ya)ﬂagabCfbcﬂ

— 0 (N B] + K[ = 1B = L e+ 10,56 fi] (44.14)

/ Lxd®0E hy, WHW,” = / d’x e (D*hWW,7)|
= /d3:1: e_l{ + Vahp|[ — 3% (7)™ f.,] )‘BJ

+ (7)™ 0 NING ]+ gl [ = 2(3) P (VAN

_ % VI P bl )\ﬁJ + 3( %)Up fde[ S )\pJ + B\ /\ﬁJ

+ % fabjfabj - % 6(156 @Z}c’y /\'yj fabl} - 2v2 hIJ| )\61 )\ﬂj } y (4415)

/ dPre ' QWP = / dPre  (D°Q W77
— / d*x e—1{§ Qri AN = VOQrs| (V) ap AN

L QAN — QI () LA N — B QuIEALRLY . (440
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/ Prd?0E g, VOV, BT = / dP*z e (D?g;; V'V, D7)

= [ e {4g51[3 (0%as Vo™ = L BN
+20;l[ -3V Ved + 27 ]
+ 9| [V NI + £ (1) 5 XAV + 207 )aptls FIX]
— 2V |x*'xs — [2B + %%a%ﬁgabc(%)aﬂ} 94| X“'xd

/d3xe1W(<I>) — /d3 e {(D2W)| = /d3:ce1{ — IV
ULV = 2B+ 30,0, e (1)as] W1} (4.4.18)

This component action is completely off-shell supersymmetric. We now put it on-

shell by integrating out B and F?. The equation of motion for F' leads to

: 1 .. 5W (59]91 k1 725}1]‘] I J
Z:_ 1) - « o
=g |{5<1>a‘ T X X TG AT A
al 725K 8. al
+2Vagulx™ + % —5@‘3—%;( “asta X } (4.4.19)

and the equation of motion for B yields
B = %2K|‘1{9‘2hu|X"1Aa" —2W] = gyIx*'xd
(VLK (1) 5 + 2V K]|) } . (4.4.20)
To be completely general we assume that the coupling functions depend on some

combination of matter fields, F¢, thus:

3 X3 i

— K —‘F 44.21
v K| O (1.4.21)

2]:(1|

VOF Vo F| +Z

6]-““
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With this definition, we can substitute for F* in (4.4.20), leading to

e o T o
+[ gkz|——% g”lgg ggfj ]x“’“xcf
[ nl L P wi

This equation for the scalar field B is what is required to obtain the on-shell su-
persymmetry variation of the gravitino. To see this we begin with the off-shell

supersymmetry variation of the gravitino
5Qwaﬁ - Dagﬁ - 6a(jﬁozal[ﬂ + Taab|¢b18) - galpa'y(Ta’Yﬁ| + Ta’ye|we/8)
= Do’ — 1e%(10) B — Y, (7)) artt.” . (4.4.23)
By converting to curved indices and keeping in mind the variation of e, ¢

dge™ = —[&?ﬁTBad| + s%ngdHedm = —551&&7(7‘[)57%’", (4.4.24)

the supersymmetry variation of the gravitino can be put into a more canonical form

S, = Dine® — L e%(vm) B (4.4.25)

The other fields have the following supersymmetry transformations

Sgem® = 07, (V ) py » (4.4.26a)
0B = 1% (Ya)are™ frr» (4.4.26D)
SAL = =57 (1)0 s, (4.4.26¢)
SAh = %™ (Vo) ag (2 L+ 5 ()AL (4.4.26d)
0t = =X » (4.4.26e)
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Soxt, = =5 (1)apVed' +eaF", (4.4.26f)
GoF" = —e*(5 (Y)aVexs + 1 BXG) - (4.4.26)
The purely bosonic part of the lagrangian is
Sp = /d3x o1 [ _ %HfZé,abc Fabe + ggﬁhulfabl J G| VeV o
—3Qule™ALf. — kB = 20,W|F' — 2BW| + 4g;F'F7] . (4.4.27)

The equations of motion for B and F* with K(®) = 1 and fermions set to zero are

B=-2r"W|, (4.4.282)

Fr=1g70,W|. (4.4.28b)

4

Substituting these back into the bosonic Lagrangian we have
SB — /dgl' e—l [ . i’i_2€abcrabc + %g_2hIJ|fabI (;7b o gz’j|vc¢ivc¢j
— 3 Qe ALSL — (L g7|OW[O,W| —2:°W?) | (4.4.29)

The scalar potential for this theory can be read off from above and is given by

V(p) = Lg"o,W|0,W| — 2k*W |2, (4.4.30)

4

and the on-shell supersymmetry variation of the gravitino takes the form
Sy = Dme” = K2 () W1 (4.4.31)

We want to note that the superpotential W determines the scalar potential in the
action and also it appears in the gravitino transformation law. These properties give
us the possibility to determine the explicit form of the superpotential, as we will see
in section 5.1, and to subsequently show in section 5.2 that the three dimensional
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action obtained from compactification of M-theory on a Spin(7) holonomy manifold
is a particular form of (4.4.29).

From the form of (4.1.2) and the discussion of the above section, it is clear the
issue of an AdS3 background is described in the usual manner known to superspace

practitioners. In the limit
R=V), Z.t=0,
W,” =0, R*=0, (4.4.32)

the commutator algebra in (4.1.2) remains consistent in the form

Var Vot = (19asVe = VA1 )ap M, (4.4.33a)
Vo, Vol =3VA(1)a’ Vs, (4.4.33b)
[vm Vb} =—A Eabe MC, (4433C)

and clearly the last of these shows that the curvature tensor is given by R,;¢ =

— Aeg®. This in turn implies that the curvature scalar is

£ Rype = —6X . (4.4.34)
Through the equation of motion for B in (4.4.28) we see that

VA= —2r2W], (4.4.35)

where we have used the definition (4.4.13) for B and the imposed limit (4.4.32)
on R. Thus, there is a supersymmetry preserving AdSs background whenever the
condition

W] <0 (4.4.36)
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is satisfied, i.e. the space has a constant negative curvature. On the other hand,

supersymmetry is broken whenever

W| >0. (4.4.37)

It is obvious from the condition (4.4.35) that W| = 0 corresponds to a supersym-
metric Minkowski background. We will see in section 5.3 that the proportionality
between W| and the curvature scalar plays an important role in selecting the possible

supersymmetric solutions obtained after performing the compactification.
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5. THE SUPERPOTENTIAL CONJECTURE

In the previous chapter we have derived the most general off-shell three-dimensio-
nal NV = 1 supergravity action coupled to an arbitrary number of scalars and U(1)
gauge fields and we have also identified the scalar potential and the gravitino super-
symmetry transformation. We have now all the information necessary to analyze
the properties of the theory derived in chapter 3. We know that the three-dimensio-
nal action obtained from compactification includes a superpotential, whose concrete

form has been conjectured in [6]

W:/MF/\Q, (5.1)

where M denotes the internal manifold. In section 5.1 we will check directly that
the superpotential is indeed given by (5.1), by performing a Kaluza-Klein reduction
of the gravitino supersymmetry transformation law. We will repeat the procedure
for the heterotic theory on Calabi-Yau three-folds and we will check the above
conjectured form for W for this case as well.

An important question is the relationship between the three dimensional action

obtained from the compactification of M-theory on a Spin(7) holonomy manifold and
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the general form of the action shown in (4.4.29). This aspect is analyzed in section
5.2. We check that the form of the scalar potential and subsequently the complete
action is a particular case of the more general class of models discussed in chapter
4 as expected.

The constraints imposed by supersymmetry on these compactifications were
derived in [28] and [69]. In [29] it was shown that these constraints can be derived
from the superpotential (5.1). In section 5.3 we identify the subset of supersymmet-
ric solutions by analyzing these supersymmetry conditions and we derive conditions

that the internal flux has to satisfy for a supersymmetric background.

5.1 The Superpotential

In the next two sub-sections we consider the compactification of the gravitino su-
persymmetry transformation law for M-theory on Spin(7) manifolds and Heterotic
theory on Calabi-Yau three folds. We determine by direct comparison the conjec-

tured form (5.1) for W in both cases.

5.1.1 M-theory on Spin(7) Holonomy Manifolds

Let us start with M-theory on Spin(7) manifolds. The eleven-dimensional super-

symmetry transformation of the gravitino ¥,, takes the form
§Uar =Vl — = (Da79" = 861,19 ( Fpors (5.1.1)

where capital letters denote eleven-dimensional indices and ( is an anticommuting
Majorana spinor. In order to compactify this theory on a Spin(7) holonomy mani-
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fold, we will make the ansatz (3.2.1) for the metric. The eleven-dimensional spinor

¢ is decomposed as

(=¢e®E, (5.1.2)

where ¢ is a three-dimensional anticommuting Majorana spinor and ¢ is an eight-di-
mensional Majorana-Weyl spinor. Furthermore, we will make the following decom-

position of the gamma matrices

Ly =7%®%, (5.1.3a)

T =18®Ym, (5.1.3b)

where v, and 7, are the gamma matrices of the external and internal space, respec-
tively. We choose the matrices v,, to be real and antisymmetric. 79 is the eight-di-
mensional chirality operator, which anti-commutes with all the v,,’s. In compactifi-
cations with maximally symmetric three-dimensional space-time the non-vanishing
components of the four-form field strength F' have the form given in (2.2.12). Us-
ing the particular form for F' and the decomposition (5.1.3) for the v matrices, we

obtain the external component of the gravitino supersymmetry transformation

5\11 = V#C — @ e (’)/“ X ’}/mnpq>anqu

+ 2 @Y™ i€ — 5 0u Al © "), (5.1.4)
where we have used a positive chirality eigenstate v9& = £. Considering a negative
chirality spinor corresponds to an eight-manifold with a reversed orientation [49, 70].

We decompose the eleven-dimensional gravitino as we did with ¢ in (5.1.2)

U, =1, ®¢, (5.1.5)
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where 1), is the three-dimensional gravitino. After inserting (5.1.2) and (5.1.5) in
(5.1.4), we multiply both sides of this equation from the left with the transposed
spinor 7. To evaluate the resulting expression we notice that on these eight-mani-
folds it is possible to construct different types of p-forms in terms of the eight-di-

mensional spinor £ as
Wajy...ap = §T7a1...ap£ . (516)

Since ¢ is Majorana-Weyl, (5.1.6) is non-zero only for p = 0,4 or 8 (see [50]). By
this argument we notice that the expectation values of the last two terms appearing
in (5.1.4) vanish, as they contain only one internal gamma matrix. The Spin(7)
calibration, also called the Cayley calibration, is given by the closed self-dual four-
form [28, 69]

anpq - fT'Ymnpqg . (517)

Neglecting the contribution from the warp factor we obtain from (5.1.4)

0, = Ve — e / FANQ, (5.1.8)

Mg
where we have again dropped a multiplicative constant in front of the second term
on the right hand side. By comparison with formula (4.4.31) we can then read off

the form of the superpotential

W= [ FAQ, (5.1.9)

Mg
which is what we wanted to show. In the next section we perform the same analysis
for the case of heterotic theory on Calabi-Yau three-folds. We note that we had to
rescale the superpotential, i.e. x*W| — W/, in order to have agreement. We will
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see in section 5.2 that the same rescaling of the superpotential lowest component
W| is needed in order to have agreement between the compactified action and the

supergravity result.

5.1.2 The Heterotic String on Calabi-Yau Three-folds

In order to derive the superpotential for the four-dimensional heterotic string, we
will consider the compactification of the gravitino supersymmetry transformation
law, as we did in the previous section. Recall that the most general gauge invariant
N = 1, D = 4 supergravity action can be described in terms of three functions
(see e.g. [71, 72]). These are the superpotential W, the Kahler potential K, and
a holomorphic function H,,, which plays the role of the gauge coupling. In the
following we will take Hy,, = d4. The theory is formulated in terms of massless
chiral multiplets, containing a complex scalar ¢ and a Weyl spinor ¢/ and massless
vector multiplets, containing the field Aj with field strength £, and a Weyl spinor
A% We shall be adding a real auxiliary field D* to the vector multiplets. The

bosonic part of the Lagrangian takes the following form?

G =—3R— KD, ¢" D'y — LFL F™ —V (¢, ¢"). (5.1.10)
Here V (¢, ¢*) describes the scalar potential given by

V(p, ¢*) = exp(K)(KYW;W; — 3W*W) + LD°D,. (5.1.11)

In this formula K% is the inverse matrix to K;; = 0;0,K (¢, ¢*) where the partial

derivatives are with respect to the scalar fields ¢, and W; = ;W + ;K W. The

1We will be following the conventions of [72].
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complete Lagrangian is invariant under N’ = 1 supersymmetry. The relevant part

of the supersymmetry transformations takes the form

N =F;, o"e —iD" g, (5.1.12a)

5, =2V e +i 52y, W (5.1.12b)

Here A\* and v, are positive chirality Weyl spinors, describing the gluino and grav-
itino, respectively, ¢ is a four-dimensional Weyl spinor of positive chirality, while £*
is the complex conjugate spinor with negative chirality. If the space-time is flat, the
complete supersymmetry transformations tell us that supersymmetry demands (see
72))

W,=D=W =0. (5.1.13)

In what follows we will use the above supersymmetry transformations to determine
the superpotential and D-term for the heterotic string compactified on a Calabi-Yau
three-fold.

It has been known for a long time that gluino condensation triggers sponta-
neous supersymmetry breaking in the heterotic string compactified on a Calabi-Yau
three-fold Y3 (with no warp factors) without producing a vacuum energy [13]. In this
process the Neveu-Schwarz three-form H of the heterotic string acquires a vacuum
expectation value proportional to the holomorphic three-form €2 of the Calabi-Yau
three-fold. It was shown in [13] that this generates a superpotential, which will
break the supersymmetry completely. In a more recent context? it was argued in

[14] that the superpotential which is induced by such a non-vanishing H-field extends

2For an earlier discussion of the form of the superpotential see [13].
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the conjecture (5.1) to superpotentials with non-vanishing fluxes of Neveu-Schwarz
type, i.e.

W= [ HAQ. (5.1.14)

Y3

The argument, which motivated the above formula, was based on the identifica-
tion of BPS domain walls with branes wrapped over supersymmetric cycles. More
concretely, the BPS domain wall of the N' = 1, D = 4 theory originates from
the heterotic five-brane wrapping a special Lagrangian submanifold of Y3. This is
because the five-brane is a source for the Neveu-Schwarz three-form field strength
H. Here we would like to compute the form of the superpotential and the form of
the D-term appearing in (5.1.12) in this particular model by a direct Kaluza-Klein
reduction of the gravitino and gluino supersymmetry transformation, respectively.
Recall that the ten-dimensional N/ = 1 supergravity multiplet contains a metric
guMN, & Spin-% field W,;, a two-form potential By/y, a spin—% field A and a scalar
field ¢. The super Yang-Mills multiplet contains the Yang-Mills field Fj,, and a
spin—% field x?, the so-called gluino. The relevant part of the A" = 1 supersymmetry

transformations in the ten-dimensional string frame takes the form

00, = V,.( + £ (775 ® Y Hae) €, (5.1.15a)

Sx* = —1F3~"¢. (5.1.15b)

a

Here p describes the coordinates of the four-dimensional Minkowski space, and
a,b, ... describe the six-dimensional internal indices, while o describes the gauge
index.

We consider a Majorana representation for ten-dimensional Dirac matrices
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with I'j; real and hermitian, apart from I'g which is real and antihermitian. The
matrices I'j; can be represented as tensor products of 7, the matrices of the external

space, with ,,, the matrices of the internal space

I,=v,®1, (5.1.16a)

Lo =7 ® Ym, (5.1.16b)
with

V5 = % Epvpo V. (5.1.17)

We can also introduce the matrix

Y = §VI© Emnpars 1 (5.1.18)

which determines the chirality in the internal space. Here g) represents the deter-
minant of the internal metric. Thus v, are real and hermitian, apart from -, which
is real and antihermitian, and +,, are imaginary and hermitian as are 5 and . The
relation between I', the matrix which determines the chirality in ten-dimensions, s
and v is

T=—7587. (5.1.19)

Consider ¢ a ten-dimensional Majorana-Weyl spinor of positive chirality. In or-
der to compactify transformations (5.1.15) to four dimensions, we decompose this
ten-dimensional spinor in terms of the covariantly constant spinors of the internal
manifold:

(=e"®&§ +e®E, (5.1.20)
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where &, and £ = (£,)* are six-dimensional Weyl spinors with positive and negative
chirality, respectively, and ¢ is a four-dimensional Weyl spinor of positive chirality,
whose complex conjugate is €*. Similarly, we decompose the ten-dimensional grav-
itino as:

V=4 ® &+ ® £ (5.1.21)

where v, is a four-dimensional Weyl spinor of positive chirality, that represents the
four-dimensional gravitino.
In complex coordinates the gravitino supersymmetry transformation takes the

form
00, =Vl + %[5 © mnpH™ + YmapH™P)] ¢
+ % [%L’YB & (’Ymanmnﬁ + anﬁHmﬁﬁ)} C. (5.1.22)

To evaluate the resulting expressions we use the identities (see e.g. [73] or [74])

Y&+ =0, (5.1.23a)
Y &+ = 41172 Qonmp &, (5.1.23b)
Ymnp &+ = 28 VimInjp €+ 5 (5.1.23¢)
Ymip &+ = Ymnp &+ = 0. (5.1.23d)

We now decompose our ten-dimensional spinors as in (5.1.20) and (5.1.21) and make
use of formulas (5.1.23a) and (5.1.23). Multiplying the resulting expression from the

left with &' = €7, we obtain the transformation:

0 = Ve — 50" 1641172 Hnp Q™77 (5.1.24)
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After integration over the internal manifold we obtain:

6, = Ve +ive™ ||Ec]|2e™ | HAQ, (5.1.25)

Y3
where we have used that:

V:£—8/1/J/\J/\J=6—146_K2, (5.1.26)
3

with V' being the volume of the internal Calabi-Yau manifold. If we choose

€4 1|72 = e"/2Re (5.1.27)

and rescale the fields:
b — 5, (5.1.28a)
H— 3 H, (5.1.28b)

then we obtain the four-dimensional supersymmetry transformation for gravitino,

5, =2V, +ivue 52 [ HAQ. (5.1.29)
Y3

In the above formulas K = K; 4+ K5 is the total Kahler potential, where K; is the

Kaéhler potential for complex structure deformations

K, = —log (z / Q/\Q) , (5.1.30)
Y3

and K5 is the Kahler potential for the Kahler deformations

4
Ky = —log (5 / J/\J/\J) . (5.1.31)
Y3

Comparing this result with (5.1.12) we find the superpotential

W= [ HAQ, (5.1.32)

Y3
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as promised.

Let us now consider the gluino supersymmetry transformations in (5.1.15). If
we again decompose the gluino as in (5.1.21) and the spinor ¢ as in (5.1.20), we
obtain after comparing with (5.1.12) the form of the four-dimensional D-term up to
a multiplicative constant

D*=F*_Jm". (5.1.33)

Here we have used
Jmn = —Zfi%m@ ) (5~1~34)
while the expectation value for the other index contractions appearing in the four-
dimensional gluino supersymmetry transformation vanish. As we have mentioned
in the previous section, supersymmetry demands D® = 0, which in this case gives

the well known Donaldson-Uhlenbeck-Yau equation
JMEFY . =0. (5.1.35)

The fact that the Donaldson-Uhlenbeck-Yau equation originates from a D-term

constraint was first discussed in [75]. Furthermore, supersymmetry demands
W, =0, (5.1.36)

where we are using again the notation W; = ;W + 0;K; W, where K; is the
Kahler potential for complex structure deformations and is given in (5.1.30). It is
straightforward to evaluate this constraint to obtain W; = fy3 ¢; N2 =0, where ¢;
is a complete set of (2,1) forms [76]. This implies that H is of type (0,3). However
in this case

W #0, (5.1.37)

71



and we therefore see that no supersymmetric solutions can be found. It is expected
that this situation changes if we consider instead a “warped” compactification of the
heterotic string [15, 16]. The resulting background is in this case a complex manifold
with non-vanishing torsion. Manifolds with non-vanishing torsion have also been
discussed some time ago in e.g. [77]. As opposed to the previous reference, the
manifolds we shall be interested in have a torsion that is not closed. It is expected
that supersymmetric ground states can be found in this case. In [78] it was computed

the form of this superpotential and checked, that it takes the same form as (5.1.32).

5.2 The Scalar Potential and the Effective Action

In this section we show that the action (3.2.12) is a particular case of the more
general construction presented in section (4.4). Let us elaborate this in detail.
First, we will show that the scalar potential (3.2.13) can be written in terms of the

superpotential

W= [ FKAQ, (5.2.1)

Mg

and subsequently we will perform a series of field redefinitions to obtain agreement
between the relevant terms in both actions. The form of the superpotential W was
conjectured in [6] and we have checked this conjecture in the previous section. More
explicitly we have used the supersymmetry transformation for the gravitino (4.4.31)
to identify the form of the superpotential. Using the anomaly cancelation condition
(3.1), the scalar potential becomes

1

V= _"
VMS Mg

Fy A*EFy_, (5.2.2)
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where

FQ_ = % [FQ _*F2:| (523)

is the anti-self-dual part of the internal flux F,. Using the definition (3.1.14) for
Gap we can obtain the functional dependence of the scalar potential V' in terms of

the superpotential (5.2.1)

br
VW= Y G*” D,W DV, (5.2.4)
A,B=1

where GAP is the inverse matrix of G4 and we have introduced the operator
DA = 0,0+ KAQ. (525)

From equation (C.6) we can see that the action of D4 on the Cayley calibration
produces an anti-self-dual harmonic four-form and this motivates the appearance of
GAB in formula (5.2.4).

What we observe from (5.2.4) is that the external space is restricted to three-
dimensional Minkowski because the scalar potential is a perfect square, in agreement
with [29]. Furthermore, when D4W = 0 the scalar potential vanishes. This relation
provides a set of b; equations for b, +1 fields, which lives us with the radial modulus
unfixed at this level. Its rather possible that non-perturbative effects will lead to a
stabilization of this field, as in [79)].

A few remarks are in order before we can compare the compactified action
to the supergravity action. For a consistent analysis, we must take into account
all of the kinetic terms for the metric moduli. Furthermore, the scalar potential

(5.2.4) does not seem to be a special case of (4.4.30). The discrepancy arises for two
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reasons. First, in the general case the superpotential may depend on all of the scalar
fields existing in the theory and the summation in (4.4.30) is taking into account
all of these scalars, whereas in the compactified version the superpotential depends

only on the metric moduli

oW #£0 i=0,1,...b, (5.2.6)

where “0” labels the radial modulus. Second, because of (C.4) the superpotential

has a very special radial modulus dependence in the sense that
QW =2W , (5.2.7)

and this is the reason why the summation in (5.2.4) does not include the radial
modulus. Keeping these remarks in mind we proceed to show that the result coming
from compactification is a particular case of the general supergravity analysis.

We begin by rescaling some of the fields in the supergravity action (4.4.29)

23 gij| = Lij , (5.2.8a)
L gy = (5.2.8b)
2K3 ’

W =W, (5.2.8¢)

therefore the relevant terms in the supergravity action, which we denote by Sj, can

be written as

T s /=g { = Lyj 0.6 9

2x3 Ju,
— [L7 OW W —4 W] }. (5.2.9)
In the above equation the indices ¢, 5 = 0, 1,...b0;. In what follows we will drop

the label “0” from the radion ¢y = ¢ and the derivative with respect to it 0y = 0
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and we will denote by A, B... the remaining set of indices, i.e. A, B=1,...,b;.
In (5.2.9) we have placed bars on the scalar fields and the derivative operators which
involve them in order to avoid confusion since we require one more field redefinition.

The relevant terms in the compactified action (3.2.12), which we denote by

S4p, have the following form

o= [ #rV=a0{ ~1800)" - Gan(n0)0"0")
~ G D, WDEW |
=57 [ 0V a0 { = 18000)570) - Gan(0u0")(0°")
~ [GB(@4W)(@sW) + 4G OaW)W + GW?] |, (5.2.10)

In the above equation we have used expression (5.2.5) for D4 and we have introduced
G' =G4 Kp and G = G'P Ky K.
In order to make the comparison between (5.2.9) and (5.2.10), we have to

redefine the fields in (5.2.9) in the following manner

¢ = Loo® + Load™ (5.2.11a)

ot = ™. (5.2.11b)

Keeping track that ¢ is the radial modulus, we obtain the following form for S

Sh= g | eV 2 (2,0)("0)

N 2_'%3 M3 N L_OO
LoaLop AN/ aa B AB(g 11/ 77
— (Lap = ) (@a0")(@767) — [ L7 (0a0) (0617
+ AL LogW (DAW) + A(L L2, + 3Log + 1)1 } . (5.2.12)

Surprisingly, we have that

LoaLop

(LAB —
00

) LPC = 5,°, (5.2.13)
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and as a consequence we can perform the following identifications

1

w=1g (5.2.14a)
LoaL

Lap— 5= = Gap, (5.2.14b)
LOO

LAP = g8 (5.2.14c)

L Loy = G'PK3p, (5.2.14d)

A(L°L2 4+ 3Lgo +1) = GAP K K. (5.2.14e)

With these identifications, both actions are seen to coincide. The remaining kinetic
terms and the Chern-Simons terms that were left in the actions (4.4.29) and (3.2.12)
can be easily identified and we conclude that the compactified action is in perfect
agreement with the general supergravity action. Therefore we can conclude that
M-theory compactified on manifolds with Spin(7) holonomy produces a low energy
effective action that corresponds to a particular case of the minimal three dimen-
sional supergravity coupled with matter. Hence under particular conditions we can

obtain supersymmetric solutions. In the next section we address this issue.

5.3 The Internal Flux and Supersymmetry Breaking

We have seen that the internal flux is responsible for generating a scalar potential
for some of the moduli fields. Equation (5.2.2) shows clearly that only the anti-self-
dual part of F} is responsible for the emergence of V. The self-dual part is dynamic
in nature and we have seen in section 2.2 that this component of the internal flux

is the solution of the equations of motion. Let us investigate under what conditions
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the solution is supersymmetric.

Since the expressions in which the internal flux appears are of order t~* or
higher our analysis will be performed on an undeformed and unwarped background
as we have previously considered in section 2.3. In other words to ¢t=* order in
perturbation theory we do not have equations which involve both the internal flux
and the corrections due to the warping or due to the deformation of the internal
manifold. As a consequence in this section the manifold Mg is considered to be a
Spin(7) holonomy manifold. Under these circumstances it is very easy to select the
supersymmetric solutions. We want to emphasize that our discussion involves the
leading order perturbative expansion coefficients of the Cayley calibration Q® and

0). However, the discussion is not influenced by this

the one for the internal flux F(
fact because the perturbative expansion of the fields does not affect their represen-
tation, i.e., all the expansion coefficients will belong to the same representation as
the original field. Our analysis is based only on the fields representations therefore
in what follows we drop the upper index which denote the order in perturbation
theory and the discussion will make no distinction between the full quantities F' and
Q and their leading contributions F© and Q) respectively.

The constraints imposed to the internal flux in order to obtain a supersymmet-
ric vacua in three dimensions have been determined in [28]. Later on in [29] these

constraints have been derived from certain conditions imposed to the superpotential

W whose expression was conjectured in [6] to be

W= [ FAQ. (5.3.1)

Mg
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We have shown in section 5.1 that (5.3.1) is indeed the superpotential of the theory
and we have proved in section 5.2 that the scalar potential of the effective three-di-

mensional theory is

b4
35—

VW] = Y G*” D,W DWW, (5.3.2)

A,B=1

where GAB is the inverse matrix of G4p5, which was defined in (3.1.14). We have
denoted by b‘;s_ the refined Betti number which represents the number of anti-self-
dual harmonic four-forms £4. The covariant derivative D4 was defined in (5.2.5)

through its action on the Cayley calibration
DyQ=¢&,. (5.3.3)

As we have discussed in section 5.2 the minimum of the scalar potential (5.3.2) is
zero due to its quadratic expression. Therefore an AdSs solution is excluded and a
three-dimensional supersymmetric effective theory is obtained only when the scalar
potential vanishes, i.e., for a Minkowski background. In other words supersymmetry
requires

D,W =0 A=1,...,b; (5.3.4)

[ 1:

Unlike for the four-dimensional minimal supergravity case we do not have to im-
pose W = 0 as well in order to obtain V = 03. However having set the Minkowski
background in the three-dimensional theory we are left with no choice and we must
impose W = 0. This is because the three-dimensional scalar curvature is propor-

tional to the superpotential?. To summarize, the conditions that W has to satisfy

3The scalar potential in the four-dimensional case contains a term proportional to 2.

4See the discussion at the end of the section 4.4 for more details.
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in order to have a supersymmetric vacua are

W=0 and D,W =0, (5.3.5)

where D 4W indicates the covariant derivative of W with respect to the moduli fields
which correspond to the metric deformations of the Spin(7) holonomy manifold.
Therefore if we want to break the supersymmetry of the effective three-dimensional

theory, all we have to do is to impose

W #0 or DaW #0, (5.3.6)

and as we will see below the only way we can break the supersymmetry is through
the first condition in (5.3.6) because the second condition in (5.3.5) is always valid.
It is natural to have D,W = 0, i.e. a Minkowski background, because this is the
only solution found in section 2.2. Since the general solution that emerges from
our analysis invalidates the second condition in (5.3.6) from the beginning, the
only way we can break the supersymmetry is to have a non-vanishing value for the
vacuum expectation value of the superpotential W. It is obvious that once the
supersymmetry is broken the relation that exists between W and D4W is no longer
valid and we can have, for example, D4W = 0 and W # 0 without generating any
inconsistencies. In other words the superpotential is no longer proportional to the
three-dimensional scalar curvature for a non-supersymmetric theory. Having said
that let us see what constraints we should impose on the internal background flux
in order to obtain a supersymmetric solution.

All the fields on Mg form representations of the Riemannian holonomy group
Spin(7). In particular, the space of differential forms on Mg can be decomposed into
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irreducible representations of Spin(7) and because the Laplace operator preserves
this decomposition the de Rham cohomology groups have a similar decomposition
into smaller pieces. Here we are interested in the four-form internal flux of the field
strength of M-theory, therefore we need the decomposition of the fourth cohomology

group of Mg
H*(Mg, R) = Hy. (Mg, R) ® Hyy (Mg, IR) ® Hypo (Mg, IR) ® Hye (Mg, R) . (5.3.7)

In the above expression the numerical sub-index represents the dimensionality of the
representation and the + stands for a self-dual or anti-self-dual representation. We
denote by b} the refined Betti number which represents the dimension of H}'(Mjs, IR).
It is shown in [1] that for a compact manifolds which has Spin(7) holonomy b3, = 0,

hence the decomposition (5.3.7) becomes
H*(Mg, R) = Hy. (Mg, R) ® Hy, (Mg, R) ® Hys— (Mg, IR) . (5.3.8)

Therefore on a compact Spin(7) holonomy manifold the internal flux can have three
pieces

Ey=Fy+ @ Fypr @® Fys- . (5.3.9)

However we have showed in section 2.2 that the most general solution which emerges
from the equations of motion has to be self-dual, whereas the anti-self-dual piece
generates the scalar potential as shown in section 5.2. Therefore the dynamical com-
ponent of the internal flux is Fy+ @ Fay+. The non-dynamical component vanishes,
i.e. Fy5- = 0, because the scalar potential vanishes. Although not obvious, the

vanishing of the F35- piece is related to the second set of equations in (5.3.5). To
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see this let us rewrite D4W using the definition (5.3.1)

DAW = | DsQAE,. (5.3.10)

Mg
The variation of the Cayley calibration with respect to the metric moduli belongs

to Hy, (Ms, IR) and therefore

DAW: fA/\F35— y (5311)

Mg

hence D4W vanishes when Fj35- vanishes

In other words the general solution for the internal flux precludes a non-vanishing
cosmological constant in the effective three-dimensional theory.

Regarding the first condition in (5.3.5) we can easily see that it is satisfied as
long as Fy+ = 0 because the Cayley calibration belongs to Hy, (Mg, IR) and therefore

we have that

W= Q/\ng/ QA Fyy | (5.3.13)
Mg Mg
hence
Fii =0 = W=0. (5.3.14)

This result means that the only piece from the internal flux that accommodates a
supersymmetric vacuum is

Fy = Fops . (5.3.15)

Due to the fact that we obtain from the equations of motion that the internal flux
has to be self-dual and the external space is Minkowski, i.e. the F35- piece is
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identically zero, the only way we can break supersymmetry is by turning Fj+ on
in such a way that we obtain a non-vanishing value for the superpotential. It is
interesting to note that breaking the supersymmetry in this way does not affect
the value of the cosmological constant which remains zero. Such an interesting
scenario with a vanishing cosmological constant and broken supersymmetry has
already appeared in a number of different contexts [11, 20, 8, 40] and [80]. However,
in contrast to the superpotentials appearing in the previous references, it is expected
that the superpotential (5.1) receives perturbative and non-perturbative quantum
corrections. For an analysis of some aspects of these corrections see [29]. This
completes our discussion about M-theory compactifications on Spin(7) holonomy

manifolds.
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6. CONCLUSIONS

In this thesis we have analyzed the properties of the most general warped vacua
which emerge from a compactification with flux of M-theory on Spin(7) holonomy
manifolds. More specifically we have looked at the conjecture made in [6] for the
superpotential which arises in such compactifications. We have also computed the
scalar potential generated by the internal flux and we have determined the conditions
imposed on the flux by a supersymmetric solution.

The existence of the quantum corrections terms in the low energy effective
action of M-theory forced us to perform in chapter 2 a perturbative analysis of
the problem. The perturbative parameter “t” was defined in (2.2.6). We have
determined that a consistent solution of the equations of motion requires the self-
duality of the leading order term of the internal flux. We have also shown that the
internal manifold remains Ricci flat to the t=2 order in the perturbation theory, as
shown in (2.2.19). By analyzing (2.2.36) we have shown that the Ricci flatness of the
internal manifold is in general lost to order 3. However, imposing the restrictive
condition (2.2.37) the internal manifold remains Ricci flat to this order as well. As

a matter of fact this is the order in the perturbation theory where the influence of
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the quantum corrections terms is felt in the equations of motion and it is natural
to expect deformations of the internal manifold to occur at this order. We have
also derived a relation between the warp factor “A” and the external flux given by
(2.2.32). We have collected some of the properties related to the quartic polynomials
in section 2.3. In particular in section 2.3.2 we have shown that J; vanishes on a
Spin(7) background and we have computed its first variation on a Spin(7) holonomy
background. We have also determined a nice formula (2.3.27) for the trace of the
first variation of Jy.

The results obtained in chapter 2 helped us to understand what approxima-
tions and what kind of ansatz have to be employed in the compactification procedure
for the background metric. In chapter 3 we have performed the Kaluza-Klein com-
pactification of M-theory on a Spin(7) holonomy manifold with and without fluxes.
When fluxes are included, we generate a scalar potential for moduli fields. The main
results from chapter 3 are the formula that gives the three-dimensional low energy
effective action 3.2.12 and the expression 3.2.13 of the scalar potential generated by
the background flux of the field strength.

The analysis performed in chapter 5 uses information about the form and the
structure of minimal supergravity in three dimensions. Therefore in chapter 4 we
have derived the general form of 3D, N = 1 supergravity coupled to matter. The off-
shell component action is the sum of (4.4.14) and (4.4.15). In addition the on-shell
bosonic action is given in (4.4.29). The supersymmetry variation of the gravitino,
(4.4.31), was shown to be proportional to the superpotential. The latter statement

was an important ingredient in order to check the form of the superpotential for
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compactifications of M-theory on Spin(7) holonomy manifolds conjectured in [6].
Chapter 5 contains various analyses related to the compactified theory. In
section 5.1 we have checked the conjecture made in [6] regarding the form of the
superpotential, which is induced when non-trivial fluxes are turned on in different
types of string theory and M-theory compactifications. We have accomplished this
task by performing a Kaluza-Klein reduction of the gravitino supersymmetry trans-
formation. In section 5.1.1 we have considered warped compactifications of M-theory
on Spin(7) holonomy manifolds. Since the gravitino supersymmetry transformation
contains a term proportional to W, we were able to verify the conjecture of [6] by a
direct calculation of the superpotential. As it is well known from [13], a compacti-
fication of the heterotic string on a Calabi-Yau three-fold leads to a superpotential,
which breaks the supersymmetry completely. We have checked that this superpo-
tential can be written in the form (5.1.32), which extends the conjecture made in [6]
to fluxes of Neveu-Schwarz type [14]. In section 5.2 we have showed that the scalar
potential can be expressed in terms of the superpotential. Interestingly, formula
(5.2.4) shows that the potential is a perfect square, hence only compactifications
to three-dimensional Minkowski space can be obtained in agreement with [29]. It
is plausible that non-perturbative effects will modify this result to three-dimensio-
nal de-Sitter space along the lines of [79]. This will be an interesting question for
the future. In section 5.3 we have determined the condition (5.3.15) which has to
be satisfied by the internal flux in order to obtain a supersymmetric solution. The
analysis was based on the set of conditions (5.3.5) that were imposed to the superpo-

tential. We have shown the existence of solutions to the three-dimensional equations
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of motion, which break supersymmetry and have a vanishing three-dimensional cos-
mological constant. Such an interesting scenario has recently appeared many times
in the literature.

Contrary to the superpotential appearing in compactifications of M-theory on
Calabi-Yau four-folds, it is known that this N’ = 1 superpotential receives pertur-
bative and non-perturbative quantum corrections [29]. The computation of these

corrections along the lines of [80] represents an interesting open question.
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A. CONVENTIONS, IDENTITIES AND DERIVATIONS

A.1 Conventions and Useful Identities

This appendix contains the conventions and the main formulas used in the com-
putations related to the Kaluza-Klein procedure. In what follows we present some
conventions related to the Levi-Civita tensor density, some algebraic identities which
involve generalized Kronecker delta and Levi-Civita symbols, and a few useful I'-

matrix identities. We choose to have

e =1, (A.1.1)

and because the covariant tensor density €, s, is obtained from %" by lowering

the indices with the help of the metric coefficients g,;, we will have that

where g = det(gmn). Therefore the product of two Levi-Civita symbols can be
reexpressed as
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The generalized Kronecker delta symbol which has appeared in (A.1.3) is defined as

Oyl = nldpl . o (A.1.4)
where the antisymmetrization implies a 1/n! pre-factor, e.g.,

n

a 1 a a
iy = 57 (300 — 830, (A.1.5)

For a single contraction of a (p+ 1)-delta symbol in an n-dimensional space we have

Sy, = (n =) Gyl (A.1.6)
therefore in an n-dimensional space a p-delta symbol is related to an n-delta symbol

as follows

ay...apMmi...Mnp—p ] 5a1...ap

Oty ppmremma = (R =D)L, 7 (A.1.7)
As above, the antisymmetrization of two or more gamma matrices implies a

1/n! pre-factor, e.g.,
1
L = D'y = o1 (Tl =Tl ). (A.1.8)
Using the fundamental relation
{T), T} = 267, (A.1.9)

one can deduce the following gamma matrix identities

[, I = 21", (A.1.10a)
[Pmnp; FT] = 2anpr 5 (AllOC)
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and

{T,,,T7} = 25,.", (A.1.11a)
Doy T7) = —40" T (A.1.11b)
{anp, Fr} = 6(5T[m1“np} . (A.l.llc)

In what follows we present our conventions regarding differential forms. If «,
is a differential form of order p, or an p-form, then its expansion in components is
given by

my ™ NN AT (A.1.12)

.....

Let us consider the wedge product between a p-form o, and a g¢-form 3,. a, A 3, is

a (p + q)-form, so

ap A\ By = (ap A B)miimpeg ™ Ao N dx™ P (A.1.13)

L
(p+q)

1 m m.
%A@:HEWWTW%W ,,,,, ,,,,, mpg AT A da (A.1.14)
therefore
(p+q)
(Oép N /8q)m1 ,,,,, Mptq p‘ q' a[ml ----- mp /6mp+1 ----- merq] : <A115>

1
dOép = ol 8[m1 AOmg,...ompi1] dz™ A .. A dxTrr (A116)
p!
Since day, is a (p + 1)-form
1 mi1 m.
doy, = T (doy)my ... mpyy AT AN ™ (A.1.17)



we have that
<dap)m1,...,mp+1 = (p + 1) a[m1 Omg,...ympy1] - (A118)

The Hodge * operator of some p-form on a real n-dimensional manifold is defined

as
\/g kim kpmyp
Sdx™PU AN LA da™ (A.1.19)
where
€1.n = + 1. (A.1.20)

Regarding the integration of some p-form «, on a p-cycle C, we have that

1
/ ay = —'/ Qmymydx™ Ao N dz™ (A.1.21)
Cp P Je,

We can also introduce an inner product on the space of real p-forms defined on a

n -dimensional manifold M

1
(o, Bp) = / a, Nx3, = —~ / Qg omy, 377 Vadzt AL ANd™ . (A1.22)
M P Jm

We end this appendix with the derivations of some important formulas used in
the computations performed in section 2.3.2. We also list some other useful identities
providing the appropriate references for detailed explanations.

In general one has
1 Pq

therefore if n is a Killing spinor then V,,n = 0 and we obtain the integrability
condition
Rapmn ™" = 0. (A.1.24)
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If we multiply (A.1.24) from the left with 7.y we obtain
RapmnTilcal ™1 = 0.
Using the identities (A.1.10) and (A.1.11), we can show that
[Ty = T + 00,10 — 0T

and

Ty = Dy — 00, — 400 T,

If we sandwich the relation (A.1.27) between 77 and 1 we obtain that

ﬁrabrmnn = Qabmn — 5

mn ?

where

Qabmn = ﬁrabmnn

(A.1.25)

(A.1.26)

(A.1.27)

(A.1.28)

(A.1.29)

is the Cayley calibration of the Spin(7) holonomy manifold and the Killing spinor is

normalized to unity, i.e., 77 = 1. We remind the reader that for a Spin(7) holonomy

manifold, terms like 7I",,, ., are not zero only when p = 0,4 or 8. For details see

reference [50]. This is the reason why we have no contribution from the last term

in (A.1.27). Using (A.1.28) we can recast (A.1.25) as

Rabanmncd - 2Rabcd .

(A.1.30)

We have the following one index contraction between two Cayley calibrations

(see for example [81] and [82])

Q' gy = 60,0505 + 900 2,

91
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We use the following expression for the variation of the Riemann tensor in

terms of the metric fluctuations

6Rabmn - _V[a|vm5.g\b}n + V[a|Vn5g\b}m . <A132)

The above result can be easily derived using the relation which exists between the

derivative operators associated with two conformally related metrics.

A.2 The Inverse Metric and Other Derivations

In this appendix we derive the power expansion in ¢ for the inverse metric and we
provide some useful relations used in the analysis of section 2.2. We start with the
derivation of the inverse internal metric ¢"" followed naturally by the expansions
for the Riemann tensor, the Ricci tensor and the scalar curvature that correspond
t0 gmn Which has Spin(7) holonomy. Once we know this expansions we can perform
a conformal transformation to find the corresponding tensorial quantities for the
internal manifold!. Also at the end of this appendix we provide the expressions
for the external and internal energy-momentum tensor associated with F; and F3,
respectively, and we list the results obtained for the term in the right hand side of
(2.2.1) for the external and the internal cases.

Let us consider two arbitrary square matrices A and B with real entries?. We
want an expression for (A+ B)™! in terms of A, A~!, B and B~!. While there is no

useful formula for (A+ B)™!, we can use a Neumann series to invert A+ B provided

'We have to take into account that the full metric (2.2.5) is warped.

2The reader should not confuse these matrices with the warp factors.
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that B, for example, has small entries relative to A. This means that in magnitude

we have

lim (A~ B)" = 0. (A.2.1)

n—oo
Under this assumption the inverse of A + B matrix can be expressed as an infinite

series

o0

(A+B)'=> (-4 - (A.2.2)

k=0

which in a first approximation is given by
(A+B)y'=A"1—A'BA .. (A.2.3)

The above setup helps us to compute the inverse of the matrix g,,, introduced in
(2.2.8). If we set Ay =t [gW]mn and By = (6] mn, which is the “small” matrix?,

then the formula (A.2.3) translates into

g =t HgWmn 2@ (A.2.4)

where we have defined
g1 = 19" (A.2.5a)
91" = ~lg1" g N [g 1™ (A.2.5b)

and as usual ¢"" represents the inverse of g,,,.
By performing the appropriate conformal transformations we obtain the in-
ternal and external components of the eleven-dimensional Ricci tensor and the ele-

ven-dimensional Ricci scalar that correspond to the metric (2.2.5). The results are

3The perturbative parameter “¢” was introduced in (2.2.6) and in the large volume limit “t” is

much bigger than the unity.
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provided in terms of the un-warped quantities, denoted here without a tilde above
the symbol
Ry (My1) = Ry (Ms) — 1 @A B[ AA 4 3(V,,A) (V™ A)

+6(V,,A) (V™B)], (A.2.6)

Rmn(Mll) = Rmn(Mg) — 3VmVnA — 6VmVnB — gmnAB
— 3(VimA) (V4 A) = 3Gmn(ViA) (VFA)
+ 6(VmB) (VB) — 6gmn(ViB) (VFB)

+ 6VmAVB, (A.2.7)

R(My,) = e AR(Ms) + e >BPR(Mg) — e ?P[6AA + 14AB

+ 12(V,,A) (V" A) +42(V,,B) (V"B)

+36(V,,A)(V"B)], (A.2.8)
where A = V"V, is the internal Laplace operator. We mention that formulas (2.34)
- (2.36) in [83] represent a generalization of the above equations?. Because the warp
factors A and B are of order ¢ =3 we will truncate (A.2.6), (A.2.7) and (A.2.8) and we
will retain only the linear contributions in A and B. The “linearized” expressions

are

R[},V(Mll) = RMV(Mg) — nul’ AA + ey (A29a)
Ron(Mi1) = Rypn(Ms) — 3V, VA — 6V, VB — gmn AB+ ..., (A.2.9b)
R(My1) = R(M;) + R(Mg) — 6AA —14AB + ... . (A.2.9¢)

4The reader must be aware of a small typo in formula (2.35) of [83] where the term —d 8,,, A 9, B

should read —d 0,,A 0, A.

94



Let us compute the external and the internal components of the energy-mo-
mentum tensor associated with the field strength F. Because of the specific form
(2.2.12) of the background flux the energy-momentum tensor defined in (2.2.2) will

have the following form

Ty = =30 (Vo f) (V™ F) = 2 0 Fapman F™™ + (A.2.10a)

Toon = —6(V o f) (Vo f) + 3Gmn (Vo f) (V2 £)

+ Fmaprnabp - %gmnFaberabpr + ... 5 (AQlOb)

where the ellipsis denotes higher order terms which contain warp factors. We are

also interested in computing the trace of the above tensors

nwj Tuu = _9(vmf) (me) - %FabmnFabmn
= —9[gW]" Vo fO] [V f P70

[F(O)]abmn[F(O)]“bm” T (A.2.11a)

|w

G T = 18(Vonf) (V™) = 18 [¢WV]™ [V f P [V f P12 + ..., (A2.11D)

where we have provided the leading order contribution of these terms. We want to
note that trace of T}, vanishes to order t* in the perturbation theory.

The external component of the left hand side of equation (2.2.1) is

1 9 1 B
b= [\/__g(J0 - 5Eg)} = Es(Msy), (A.2.12)

where we have used (2.3.2) and the fact that Jo(M;;) does not depend on the external

metric and it vanishes on a Spin(7) holonomy background®. The internal component

5See section 2.3.2 for details.
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of the left hand side of equation (2.2.1) is

ot |VEat - 5| = -

g

W 9 (A.2.13)

where we have used equation (2.3.4) and 0Y/d¢g™" is given in (2.3.20). The trace of

the above equation is

b g™ s (Ve - B| = 2T EOR) (A2

2

where we have used (2.3.27) in its derivation. It is obvious that (A.2.14) is of order

t~* in the perturbation theory.

A.3 Dimensional Reduction of the Einstein-Hilbert Term

In this appendix we present the technical details related to the compactification of
the Einstein-Hilbert term. We treat first the zero flux case and then we calculate
the reduction for the non-zero background flux case. As usual the Greek indices
refer to the external space, the small Latin indices refer to the internal space, and
finally the capital Latin indices refer to the entire eleven dimensional space.

We start with the following ansatz for the inverse metric

9" (@, y) = g™ (y) + o(x +Z¢A ) A" (@ y) 4+ (A.3.1)

where we have denoted by ¢™"(x,y) the inverse metric of g,,,(x,y) and by ¢™"(z)

the inverse metric of G, ()

Imn(T,Y) G (2,9) = 0", Gun(y) 3" (y) = 0m” . (A.3.2)
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Due to these facts we obtain that

W™z, y) = =3 (y) eaan(y) 3" (y) - (A.3.3)

The tracelessness of e4 4, implies the tracelessness of h}". The ansatz (3.1.1) implies

that the only non-zero Christoffel symbols are

e, = 30 (0.0 + Ounus — Osnuv) (A.3.4a)
I, =0, (A.3.4b)
Coun = = 517 (O5gmn) , (A.3.4c)
L% = 39" (OmGon + OnGmb — ObGimn) (A.3.4d)
T = 59" (Ougon) (A.3.4e)
I, =0. (A.3.4f)

Using the following definition of the Ricci tensor
Ryn = aAF]?/[N - aNFf\ZA + FJI?/INFEB - FJI?/[BrﬁN ) (A.3.5)

we can derive the expression for the eleven-dimensional Ricci scalar

R(Myy) = R(M3) + R(Mg) + g""0al'y,,, — "0, + 0T, It

uvs ab
— [Tyl + 9™ Thglan + ™" T L]
+ 9" Tl + 9™ Tl (A.3.6)

where R(M;) denotes the three-dimensional Ricci scalar and R(Myg) is the eight-di-

mensional Ricci scalar. We can determine that

/Mud“g;\/%R(Mn) :/

d"x v/ =gn {R(Ms) + T, I,
Mi1

— (0ag"™) 5 = [Tl + 9™ T3, T+ g™ DTl ] o (ABT)
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where we have integrated by parts with respect to the internal coordinates and we
have used the fact that the internal manifold is Ricci flat, i.e. R(Mg) =0. It is easy

to see that we obtain the following results

/ d"o/ =g " T4, TE, = 16VM8/ B3 /=1 (050)(0%9) (A.3.82)
My

[ v 0, = 4V [ dtavi { @0) 00

by
+5 3 G007 (06"}, (A3.80)

A,B=1

N T U VA YRR R VAR e
M

=V [ ey {20.0) @070) + Y G0t )} (A3s0)

A,B=1

where Gap was defined in (3.1.14) and V), represents the volume of the internal
manifold and it is defined in (3.1.11).

We know that after compactification we arrive in the string frame even if we
started in eleven dimensions in the Einstein frame. Therefore we have to perform
a Weyl transformation for the external metric. The fact that we do not see any
exponential of the radial modulus seating in front of R(Mj3) is because we have
consistently neglected higher order contributions in moduli fields. However it is not

difficult to realize that the Weyl transformation that has to be performed is

8 s - (A.3.9)

Nap — €

The only visible change in this order of approximation is the coefficient in front of

the kinetic term for radion. All the other terms in the action remain unchanged.
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Therefore the Einstein-Hilbert term is

1 1
g |, VI RO = 5 /M 3 @' v { RO,
by
— 18(006) (0°0) = 3 Gan (Bud™) (070%) b+ (A.3.10)

A,B=1

Let us analyze what happens when we turn on the fluxes. It is easy to derive
an expression for the Ricci scalar in the non-zero background case. For this task we

rewrite the warped metric (3.2.1) as

gMN = €2A(y) gMN, <A311)
where the barred metric is given by
gun dXMaXN =n,,(2) detdz” + e 3AW) g, (2, y) dy™dy"™ (A.3.12)

The Christoffel symbols that correspond to the metric (A.3.12) are

I =T, (A.3.13a)
T =T (A.3.13b)
[hn=e T, (A.3.13¢)
Do = D = 5 (07,00 + 610m — gmng™ 0] A, (A.3.13d)
T = T (A.3.13¢)
Iy, =T, (A.3.13f)

where the unbarred symbols are computed in (A.3.4). We can repeat the computa-
tion for the Ricci scalar corresponding to the metric (A.3.12) and at the end we will

obtain a formula similar to (A.3.6). Due to the simple relations (A.3.13) between
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the Christoffel symbols, the Ricci scalar for the metric (A.3.12) reduces to
R(Mi1) = R(Myy) +21€* [¢”V,V,A — § g V,AV,A] (A.3.14)

where R(My;) is given in (A.3.6).
To compute the Ricci scalar that corresponds to the metric (3.2.1) we have to

perform the conformal transformation (A.3.11). The result of the computation is
R(My) = e WR(My) + e [ ¢V, V, A(y)
59" VaA(y) ViAly) |- (A.3.15)

Using the fact that the second term in (A.3.15) produces a total derivative term

which vanishes by Stokes’ theorem and the last term is subleading, we obtain that

/ d"x /=g é(Mll) = / d" ez /=g R(My,) e 3AW (A.3.16)
My My

As expected, to leading order the kinetic coefficients receive no corrections from

warping. Therefore we conclude that

[ ate T B = - / de\/—_n{R(Mg)

2
2K, Mis 2K3

—18(8,0) (0°¢) — Z G (Dud™) aa¢>3)}+..., (A.3.17)

A,B=1

i.e. to leading order we obtain the same result as in the zero flux case.
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B. MINIMAL THREE-DIMENSIONAL SUPERGRAVITY

SUPLEMENT

This appendix contains our notations and conventions related to the derivation of
the minimal three-dimensional supergravity. The conventions and notations are
presented in appendix B.1. Appendix B.2 describes the derivation of the three-di-
mensional Fierz identities. In appendix B.3, we derive the closure of the three-di-

mensional super covariant derivative algebra.

B.1 Notations and Conventions

We use lower case Latin letters for three-vector indices and Greek letters for spinor
indices. Supervector indices are denoted by capital Latin letters A, M. We further
employ the early late convention: letters at the beginning of the alphabet denote
tangent space indices while letters from the middle of the alphabet denote coordinate

indices. The spinor metric is defined through

Co,C°7 =6,76,7— 6,76, = 6,78, (B.1.1)
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and is used to raise and lower spinor indices via

0,= 0"C,,,

oF = C*v4,.
Some other conventions

diag(ne ) = (—1,1,1),
Eabe gdef = - 5[ad6be(50}f )
2 — 41,
The y-matrices are defined through
(79)a” (45" = 180 + £()a”
and satisfy the Fierz identities
(7)ap(7a)"’ = =0"8p" = =(1")a" (1a)3)’
g% ('Vb)aﬁ(’VC)'y& = Coy (’Ya)ﬁa + (/VG)OWCS@’(S :
For the Levi-Civita symbol, we have the contractions
ab

ey = —84%0,°0 5,

abc b
€ Edec = _5[da63} ’

€ab08dbc = —2(5da.

The Lorentz rotation generator is realized in the following manner

exp [—5 Ay M™] = exp [—5 cane A 71" ] = exp [ 4]
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(B.1.2b)

(B.1.3a)
(B.1.3b)

(B.1.3¢)

(B.1.4)

(B.1.5a)

(B.1.5b)

(B.1.6a)
(B.1.6b)

(B.1.6¢)

(B.1.7)



Infinitesimally, the action of the Lorentz generator is

[ M., o(z)] =0,
[ M, pa(x)] = %(’Va)aﬂ pﬂ(x)>

[ M, Ab(@] = &bac Ac(x) .
Some useful identities

Xiap) = _OocﬁXﬂ/w

T,YCﬁ(; + TﬁCM + T(;C,yg =0.

B.2 Derivation of Fierz Identities

Choosing the real basis

we can show by explicit substitution that

(7)as (1) = =005
Basis free, we can derive that

(7)a(1a)" = (7)a (Ya)y CesC™" = (1) (V) 00

= (1)a (Vg = 05" (V" Ya)a = 5 (V) (0 (Va) gy = 5010 0 -

Using this last result and (B.2.2) we also have

(1)as(1)" = =(4") (T (W) -
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(B.1.8b)

(B.1.8c)

(B.1.9a)

(B.1.9b)

(B.2.1)

(B.2.2)

(B.2.3)

(B.2.4)



The second Fierz identity can be derived directly from the defining relation (B.1.4)

{(7a)70(76)05 — 77ab576 + Eabc<,yc)’y§}<fyb)aﬁ. (B25)
Using (B.2.2) we can simplify this relation

e ()as(ve)y = (V)re0(a"05)° — (7)apd
= (1ar85" + (7)s002" = (1ards + Car(7)5 - (B.2.6)

A consequence of this identity is the following relation

(7[6)(046(761})[3)0 = —2¢€q4cd C&r (Va)aﬁ . (B27)

B.3 Supergravity Covariant Derivative Algebra

The algebra of supergravity covariant derivatives given in the literature is not written
in our conventions, and does not contain the gauge fields. To get the correct algebra
we take the form given in the literature with arbitrary coefficients and add the

superfield strengths F,;, and F¢ associated with the U(1) gauge theory

Va, Vst = (1)ap Ve = (7)asR M., (B.3.1a)
Ve, Vi} = —a(0)a’ RVs + ¢ (Vo R)My + Foy
+ [ = 203)a’ S5 + 05 (77)a"(VeR) [ M, (B.3.1b)
[Va, Vo} = 2eue [ dE+e2 ()P (V5R) [V + ape F 11
F Eape [ R+ 2n(fV°R+ g2 R*) | My, (B.3.1¢)
where

R R = R = (3,754 = 0., (3.3.2)
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and

vaggf = _411 (Ve)aﬁnef + % [Ca,@nfd + %efde(%)aﬁ]vd}%. (B33)

By checking the Bianchi identities,we will set the coefficients and derive constraints

on the new superfield strengths as in (B.3.3). The Bianchi identity
Hv(aavﬁ}av'y)} =0, (B34)

looks like
[V Yk Vb = =(1)as{ (§ = a) (%) BV + Fl
+ () [ = 258 + 160 (VR) | M |
+ (e = (T, RIM, + [By0] + ras). (B.3.5)

This equation is satisfied if ¢ = 1 and

(70)(065?7])0 =0 = fﬁ]/c = (VC)WQWC{- (B36)

1
3
The identity

{Va, Vb, V] +{[Ve, Vi), Vi } =0, (B.3.7)

is quite complicated, so we restrict our attention to one algebra element at a time.

The terms proportional to ¢; are
(vd)aﬁgdce:ftel - % (70)(Q6VB)W5[ =0. (B38)

Multiplying by (v¢)* implies V°W{ = 0. Multiplying by (v,)*? and antisymmetriz-
ing over a and c leads to
F =1y, VW (B.3.9)
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Terms proportional to V, are

—(7)apeeac RV + a(ve) (o’ (1) 36 RVa = 0, (B.3.10)
which means a = —%. Continuing to the terms proportional to 5.V,
2d5dce(7d>aﬁzaev6 + (’Yc)(a(s(’)/d)ﬁ)gzglvo =0. (B?)ll)

Using (B.2.7) and the fact that ¥,. is gamma traceless, we see that d = —1. The
terms proportional to RV, are
Japy VT = {%1 € Cav('Vc)bp(VpR) + %e(’YC)va<vBR) + (VC)v(a(vﬂ)R)

+ % b (’VC)Oéﬁ<v7R) + % b ('VC)V(OL(VB)R)} AV (B.3.12)

Hence Jugy = 0. Jap, is symmetric on af and therefore it is the sum of two
independent irreducible spin tensors corresponding to the completely symmetric
[117J and corner B:] Young tableaux. Both of these should vanish separately.

Taking J(as,) = 0 we see that

de+8b+6=0. (B.3.13)
Then setting J %v = 0 we have
—8e+2b—3=0. (B.3.14)
Thus,
e=b=—1. (B.3.15)

We now turn to the last terms, they are proportional to the Lorentz generator.

Looking at non-linear terms involving R we have
[g—2a)e, /" (Ya)apR*M; =0, (B.3.16a)

[f =453 (V)apey’ VERM; =0, (B.3.16b)
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which implies that

g=2a=-1, (B.3.17a)

f=4b=-2. (B.3.17b)
We have used the following fact to extract these contributions
VaVaR = 3 (19)as(VaR) — CosV?R. (B.3.18)

The remaining terms in this Bianchi identity are
{0Map 2R + (1 )as(VeR) +2020) (V) B

— 203y 1 a0 (VaR) = (1)as(VaR)S f My =0, (B3.19)

After converting the free vector index into two symmetric spinor indices by contract-
ing with (7¢),s we have an expression of the form 7, ofﬁ,ﬂ;/\/l # = 0. This tensor is the
product of two rank two symmetric spin tensors and has the following decomposi-

tion in terms of Young tableaux: [(T]1®[T1=[CT1]1® EB &) Bjj . The completely
symmetric term vanishes identically. The box diagram ~ CWO‘;BJJM(;M 7 takes
the form
0={-2V°R—12V°S +8 b V'R + 2V°R} M., (B.3.20)
which implies that
vy, =-1V/R. (B.3.21)
The gun diagram ~ C’”o‘jj(m)wj\/lf takes the form
0= {-4(y)asRS — 8V(eSs  + (24+2—5)e (v)ps VaR} My, (B.3.22)
which implies that
VieSs! =16/ (1)ssVaR — § (1) R, - (B.3.23)
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Thus, the spinorial derivative of ¥/ takes the form
Vol = =2 (7)asRe + & [Capn’® + 367 (1e)ap] V4R. (B.3.24)

This completes the analysis of the spin-spin-vector Bianchi identity. We now move

on to the spin-vector-vector Bianchi identity
[Vas Vo), Vet + [ Ve, Vet, Vot + [[Ve, Vo b, Vi b = 0. (B.3.25)

This identity is satisfied identically, yielding no further constraints. The final iden-
tity is all vector derivatives: [[V[,, Vi}, Vg} = 0. This identity yields some more

differential constraints which are of no consequence to the derivations.
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C. REVIEW OF SPIN(7) HOLONOMY MANIFOLDS

This appendix contains a brief review of some of the relevant aspects of Spin(7)
holonomy manifolds. An elegant discussion can be found in the book written by
Joyce [1]. On an Riemannian manifold X of dimension n, the spin connection w is,
in general, an SO(n) gauge field. If we parallel transport a spinor ¢ around a closed
path ~, the spinor comes back as U, where U = Pexp fﬁ/w dx is the path ordered
exponential of w around the curve . The set of U transformations form a subgroup
of SO(n) called the holonomy group of the manifold X.

A compactification of M-theory (or string theory) on some internal manifold
X preserves some amount of supersymmetry if X admits one (or more) covariantly
constant spinors. Such spinors return upon parallel transport to their original values,
i.e. they satisfy U1 = 1. The holonomy of the manifold is then a (proper) subgroup
of SO(n). A Spin(7) holonomy manifold is an eight-dimensional manifold, for which
one such spinor exists. Therefore, if we compactify M-theory on these manifolds we
obtain an A/ = 1 theory in three dimensions. Spin(7) is a subgroup of GL(8, R)

defined as follows. Introduce on IR® the coordinates (zy,...,xs) and the four-form
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dxijm = dx; A dz; N dxy, A dzg. Define a self-dual four-form €2 on R? by

Q = dx1934 + dz1256 + dT1278 + dT1357 — dT 1368
— dx1458 — dv1467 — dTo358 — dT2367 — dT2a57

+ droses + drzase + drzars + dxsers - (C.1)

The subgroup of GL(8, IR) preserving {2 is the holonomy group Spin(7). It is a com-

pact, connected, simply connected, semisimple, twenty-one-dimensional Lie group,

which is isomorphic to the double cover of SO(7). Many of the mathematical prop-

erties of Spin(7) holonomy manifolds are discussed in detail in [1]. Let us here only
mention that these manifolds are Ricci flat but are, in general, not Kahler.

The cohomology of a compact Spin(7) holonomy manifold can be decomposed

into the following representations of Spin(7)

HY(X,R)=IR, (C.2a)
HY(X,R)=0, (C.2b)
H(X,R) = H% (X, R), (C.2¢)
H*(X,R) = His(X, IR), (C.2d)
HYX,R) = Hy+(X,R) ® Hy, (X, R) ® Hye (X, R), (C.2¢)
H?(X,R) = Hjs(X, R), (C.2f)
HY(X,R) = H3(X,R), (C.2g)
H'(X,R) =0, (C.2h)
H¥X,R)=IR, (C.2i)

where the label “ 47 indicates self-dual and anti-self-dual four-forms, respectively,
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and the subindex indicates the representation. The Cayley calibration {2 belongs to
the cohomology Hi, (X, R).

Next we will briefly discuss deformations of the Cayley calibration. More
details can be found in [1] and [84]. The tangent space to the family of torsion-free
Spin(7) structures, up to diffeomorphism is naturally isomorphic to the direct sum
H} (X,R) ® Hg, (X,R) if X is compact and the holonomy is Spin(7) and not
some proper subgroup. Thus, if the holonomy is Spin(7) the family has dimension
1 + b, and the infinitesimal variations in 2 are of the form c{2 + £, where £ is a
harmonic anti-self-dual four-form and ¢ is a number.

When we are moving in moduli space along the “radial direction” ¢, the Cayley

calibration deformation is

00 = Ko, (C.3)
or in other words
o)
— =KQ. 4
5 (C.4)

If we consider infinitesimal displacements in moduli space along the other b, direc-

tions, then the Cayley calibration deformation is
00 = 6 (€4 — K4Q), (C.5)

or in other words

;Tging_KAQ’ (C.6)

where &4 are the anti-self-dual harmonic four-forms. If the movement in the moduli

space is not along some particular direction then

00 =061 Ex+ (60 K — 6 K2)Q. (C.7)
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We note that the potential

P:%ln(/MSQA*Q),

generates K = 0P and K, = —04P. The fact that

/ QAQ = 14V, = 27
Mg

fixes K = 2, where V), is the volume of the internal manifold.
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