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Chapter 1: Introduction

1.1 Background

One of the central topics in algebraic geometry is to study the spaces whose
points represent objects of same class. Such objects can be schemes, morphisms and
sheaves, and usually come in families. Moduli spaces can be thought of as solutions
to the classification problems of certain geometric objects. Many moduli spaces arise
as quotients of schemes by reductive algebraic groups. The construction of such
spaces are frequently done by utilizing Grothendieck’s Quot scheme and Mumford’s
geometric invariant theory. If we can understand the geometric structure of moduli
spaces, we will get a better insight into the geometry of those objects themselves.

The main interest of this thesis is about moduli spaces of stable sheaves and
the main tools come from toric geometry. The first formal definition of toric variety
was introduced by Demazure [Dem70] in 1970. Back then, it was referred to as
the toroidal embedding [KKMS73]. After 1980, the study of toric varieties grew
rapidly and gradually became a important part of modern algebraic geometry. A

" as an open dense

toric variety X is an algebraic variety containing an torus (C*)
subset such that the natural action of the torus on itself extends to an action on

X. Toric varieties can be constructed by fans [CLS11,Ful93]. A fan is a collection



of strongly convex rational polyhedral cones closed under taking intersections and
faces. As the geometric properties of toric varieties are translated and encoded in
the combinatorial data of fans, they are more computable. Toric geometry creates
a deep connection between algebraic geometry and convex geometry, and provides
a testing ground for many general theorems.

Toric stacks are stacky generalizations of toric varieties. The word “stack”
was first introduced by Deligne and Mumford [DM69] for the original French term
“champ” given by Giraud [Gir66]. Roughly speaking, each point in an algebraic
stack comes with an automorphism group. A scheme can be thought of as an
algebraic stack in which this group is trivial. The major motivation for stacks comes
from moduli problems. In many moduli problems, there are no fine moduli schemes,
because the geometric objects that we want to parametrize usually have nontrivial
automorphism groups. The moduli stacks can remember the automorphisms.

Toric stacks were first introduced by Borisov, Chen and Smith [BCS05]. Just
as a toric variety corresponds to a fan, a toric stack is associated with a stacky fan.
Fantechi, Mann and Nironi showed that every smooth toric Deligne-Mumford stack
X has an open dense orbit isomorphic to a Deligne-Mumford torus 7 = T x BG,
where T is a torus and G is a finite abelian group. The natural action of 7 on itself
extends to an action on X [FMN10]. Similar to toric varieties, toric stacks serve as
an important class to test conjectures about algebraic stacks.

The central topic of this thesis is about moduli spaces of torus-equivariant sta-
ble sheaves on Hirzebruch orbifolds, which form an important class of 2-dimensional

toric stacks. Every toric variety or orbifold contains an torus as an open dense



subset and the regular action of this torus can be lifted to the moduli space. Using
the technique of torus localization, one can give a combinatorial description of the
fixed point loci of these moduli spaces.

Torus-equivariant vector bundles on toric varieties were first introduced by
Klyachko [Kly90] in terms of multi-filtrations of vector spaces satisfying certain
compatibility conditions. This combinatorial description was extended to torsion
free sheaves and applied to study moduli problems for P? [Kly91]. Knutson and
Sharpe extended Klyachko’s work and made his results accessible for physicists
[KS97]. A systematic approach to classify arbitrary coherent sheaves was proposed
by Perling [Per04a]. Based on the idea of filtrations, he defined A-families and
constructed moduli spaces of vector bundles of rank 2 on any smooth toric varieties
[Per04b]. Later, Payne showed that the moduli space of toric vector bundles can
be constructed as a locally closed subscheme of a product of partial flag varieties
[Pay08].

Extending techniques used by Payne, Kool constructed coarse moduli spaces
of pure toric sheaves on toric varieties via GIT [Kooll]. He matched p-stability
and Gieseker stability with GIT stability, and gave a combinatorial description of
the fixed point loci of moduli spaces of p-stable reflexive sheaves. Gholampour,
Jiang and Kool extended Perling’s A-families of toric varieties to S-families of toric
stacks. For weighted projective stacks P(a, b, ), they showed that toric sheaves can
be locally described by multi-filtrations with both torus grading and fine grading
induced by the stabilizer group [GJK17].

One central object of studying moduli problems is to compute invariants as-



sociated to the moduli spaces such as the Euler characteristics, Donaldson-Thomas
invariants and BPS invariants. Torus localization is an important tool for comput-
ing invariants when the underlying algebraic variety or stack is toric. The Euler
characteristic of a quasi-projective variety with an regular torus action is the Euler
characteristic of the fixed point locus. With the combinatorial description of the fix
point loci of moduli spaces, Kool calculated explicitly the generating functions of
Euler characteristics of moduli spaces of stable sheaves on P? and the Hirzebruch
surface [Kool5]. Following Nironi’s construction on moduli spaces of sheaves on pro-
jective Deligne-Mumford stacks [NirO8b], Gholampour, Jiang and Kool calculated
the generating functions for P(a, b, ¢) and proved their modularity for P(1,1,2) and
P(1,2,2), generalizing Klyachko’s result for P? [GJK17]. We extended their work to
another important class of toric stacks, namely Hirzebruch orbifolds.

The general problem of counting geometric objects is classical in enumerative
geometry, among which curve counting has gained most attention. The Donaldson-
Thomas invariants, introduced by Thomas and Donaldson [Tho00, DT98], are the
virtual counts of stable sheaves on a Calabi-Yau threefold X. Several significant
contributions have been made since then. To name a few, Maulik, Nekrasov, Ok-
ounkov and Pandharipande flourished the case of ideal sheaves of curves [MNOPO06].
Okounkov and Pandharipande studied DT invariants for local curves by localization
and degeneration methods [OP05]. Joyce and Song generalized DT invariants for
semistable sheaves [JS12]. Recently, Bryan, Oberdieck, Pandharipande and Yin
studied reduced DT invariants of abelian threefolds and related them to modular
forms [BOPY15]. Toda showed that generating functions of generalized DT in-
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variants of semistable sheaves on local P? can be described in terms of modular
forms [Tod17].

Other counting theories include Gromov-Witten theory, Gopakumar-Vafa the-
ory and Pandharipande-Thomas theory. They share many properties and have close
connections to Donaldson-Thomas theory. Maulik, Nekrasov, Okounkov, Pandhari-
pande related GW theory of curves and DT theory of ideal sheaves in the case of local
toric surfaces [MNOPO06]. Katz proved the DT/GV correspondence for semistable
sheaves on local contractible curves [Kat08]. Toda proved the unweighted Euler
characteristic version of DT /PT correspondence for torsion free sheaves of rank one
on a Calabi-Yau 3-fold [Tod10] and Bridgeland proved the weighted version [Brill].

Donaldson-Thomas invariants are constructed based on the perfect obstruction
theory on the moduli space of stable sheaves [BF97, LT98]. Consider the moduli
space of stable sheaves on a Calabi-Yau threefold X with class . The coarse moduli
space, denote by M(X; @), is a quasi-projective scheme [HL10]. When there are no
strictly semistable sheaves, it admits a virtual fundamental class [M(X; a)]*"". The

Donaldson-Thomas invariant DT'(X; «) is defined as f[ M 1. Behrend proved

Xsa)Jvir
that DT invariants can also be expressed as the weighted Euler characteristic of
some constructible function, called Behrend function [Beh09]. In the presence of
strictly semistable sheaves, Joyce and Song introduced generalized DT invariants
via PT invariants [JS12].

As an important application of torus-equivariant sheaves, Gholampour and
Sheshmani studied the case when X is the total space of the canonical bundle

of P? [GS15b]. They showed that any compactly supported semistable sheaves are
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scheme theoretically supported on the zero section and DT'(X; ) is the signed Euler
characteristic of the moduli space of stable sheaves on P? when there are no strictly
semistable sheaves. They also adopted Joyce-Song’s stable-pair theory [JS12] and
tested the integrality property of the generalized DT invariants for certain classes of
strictly semistable sheaves. We extend part of their results to the local Hirzebruch

orbifold and will continue to investigate in the future work.

1.2  Outline

There is a nice class of vector bundles and projective bundles over toric va-
rieties. They can be constructed from toric fans and hence are also toric varieties.
This type of bundles has been well studied in the book [CLS11]. Given a fan, one
can construct the line bundle corresponding to a Cartier divisor by extending the
fan. Consequently, every vector bundle that can be decomposed into line bundles
and its projectivization can be constructed from a fan.

This construction can be naturally generalized to the toric Deligne-Mumford
stacks. Such stacks can be described by a stacky fan as in [BCS05]. In the chapter
2, we show that certain types of vector bundles can be constructed from stacky fans.
As an application, we first give a general fan description of the weighted projective
stacks. Then we construct projective bundles over weighted projective lines P(a, b)
and describe the Hirzebruch stacks, denoted by H%. When ged(a,b) = 1, in which
case H is an orbifold, the stacky fan can be drawn as below. Here s,t € Z are

chosen so that r = sa + bt. Note that the fiber of the Hirzebruch surface over P! is



always P!, But this is not true for Hirzebruch stacks, in which case only the fiber

over a non-stacky point is P!.

P3 = (_a’7 t)

Let X be a nonsingular toric variety of dimension d. A. A. Klyachko [Kly90],
M. Perling [Per04a] and M. Kool [Kool0] have given a combinatorial description
of T-equivariant coherent sheaves on toric varieties. The idea is that every toric
variety can be covered by affine T-equivariant subvarieties U, = C¢, corresponding
to the maximal cones in the fan. Locally, a sheaf is described by families of vector
spaces, called o-families. Those o-families agree on the intersection of cones and
satisfy some gluing conditions.

The above idea is generalized to smooth toric Deligne-Mumford stacks first
by A. Gholampour, Y. Jiang and M. Kool in [GJK17]. Such stacks are covered by
open substacks U, = [C¢/N(o)] [BCS05, Proposition 4.1]. Hence locally, a sheaf
corresponds to a module with both X (T)-grading and X (N (c))-fine-grading. The
local data of such a sheaf consists of families of vector spaces with fine-gradings,
called S-families. To obtain a sheaf globally, the gluing conditions are imposed.

In the case of weighted projective stacks P(a, b, ¢), the gluing conditions are given



explicitly in [GJK17].
In the chapter 3, we give the gluing conditions for Hirzebruch orbifolds. To

glue the local data for any two substacks U,, and U,,,, we pull back the local data

i1
to their stack theoretic intersection. Matching S-families over the intersection allows
us to describe T-equivariant coherent sheaves on Hirzebruch orbifolds. Then we can
study torsion free sheaves and locally free sheaves on H% and construct the moduli
spaces.

In the chapter 4, we investigate some basic properties of H% including its
coarse moduli scheme and modified Hilbert polynomial. From F. Nironi’s work
[Nir08b], we know that a modified version of Hilbert polynomial is needed to define
the Gieseker stability for stacks. Let e be the structure morphism from H% to its

coarse moduli scheme H. With fixed polarization L on H and generating sheaf £ on

H we define the modified Hilbert polynomial for a sheaf F as

Pe(F,T)=xH®, Fo & @ L")

and the modified Euler characteristic as

xe(F) = Pe(F,0)

In the chapter 5, we consider the moduli scheme of Gieseker stable and p-stable
torsion free sheaves of rank 1 and 2 on Hirzebruch orbifolds. Extending the work

of [Kool0], we generalize the characteristic function and match the GIT stability



with Gieseker stability. By lifting the action of the torus T to the moduli scheme
Mg [Section 5.1], we can describe explicitly the fixed point locus (Mf;)" by the
GIT quotient /\/lif with gauge-fixed characteristic function Y similar to [Kool0,
Theorem 4.15].

In the case of rank 1, it leads to the counting of partitions, which generalizes L.
Gottsche’s result for nonsingular projective surface in [G6t90]. In the case of higher
rank, we express the relation between generating functions of the moduli space of

p-stable torsion free and locally free sheaves, which generalizes L. Gottsche’s result
in [G6t99).
Theorem 1.2.1. Suppose ged(a,b) = 1. Let Pe be a choice of modified Hilbert

polynomial of a reflexive sheaf of rank R on H® and xe be the modified Euler

characteristic. Then

H XgeZ Hab(R Cl?X(c/‘))qXE

Z e(Mya (R, c1, Xe)) (1 — q % )2R(1 — q vk)2R

Xe€EL k=1

We compute the generating function HYP(q) := Ze(M;’Lgb(Z,cl,Xg))qXE for
locally free sheaves over Hirzebruch orbifolds H with fixed generating sheaf &£
and polarization L given in [Section 4.4]. Especially when r = 0, we obtain an
expression for the orbifold P(a,b) x P!, which is parallel to M. Kool’s result for

P! x P! [Kool0, Corollary 2.3.4].

Theorem 1.2.2. Suppose ged(a,b) = 1. Let f = (5 + 1)(m + C) where C =
a+b+ab—1. Let p = ged(b,r) = b and q = ged(a,r) = a as r = 0. Then for
fized first Chern class ci(F) = Zx + ny where c1(D,,) = x,¢1(D,,) =y, D,, is the
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divisor corresponding to the ray p;, the generating function H;’lb(q) for the orbifold

P(a,b) x P! s

( =) > 4D +2) ) o/ "3 4 (2 > 42> ) of ~Fit ik k-
Cs Cy Cs

1 Cy Cs

where

Cr={(i,j,k, ) €Z*: 2| m+i,2|n+52|j—1,2b|i—k2a|i+k,i=pqj
—Jj <1<j,—pgj <k <pqj},

Co={(i,j,k, 1) €Z*: 2| m+i,2|n+342|j—1,2b|i—Fk2a|i+k,
—i<k<pql <i,—pqj < k,l <j},

Cs={(i,5,k, ) €Z*: 2| m+i,2|n+42|j—1,2a|i—Fk?2b|i+k,
—i<k<pql <i,—pqj < k,l<j},

Com {( k) €752 | mA4i2 | n+42] j+hbli—e < k< <},

pq pq
05_{(@',j,k)ez3;2|m+i,2yn+j,2|j+k,a|@',—piq<k<piq<j},

Co={(,7,k)€Z®:2|m+i,2|n+j2a|i+k2b|i—F,

—pgj < k <pgj <i}.

Moreover, in the case of a = 1,b = 2, we can get more explicit expressions
[Proposition 5.2.5].

In the last chapter, we study the Donaldson-Thomas invariant DT (X’; o) when
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X is the total space of the canonical bundle over a Hirzebruch orbifold H% and « is
the class of a compactly-supported coherent sheaf. If a 2-dimensional coherent sheaf
F is semistable, then we can show that F is stack theoretically supported on the
zero section. Hence we can use the result of chapter 5 to calculate DT invariants.
However, in the orbifold case, sheaves of different K-group classes might have
same modified Euler characteristic. We need to count colored partitions to track
K-group classes. In the case when r = 0, we can obtain an explicit formula for the

generating function of Donaldson-Thomas invariants DT'(X; «).

Theorem 1.2.3. Suppose ged(a,b) = 1. Let X be the total space of the canonical
bundle over P(a,b) x P! and i : S & P(a,b) x P! — X be the inclusion of the
zero section. Denote by g := [(—1,0)],h := [(0,—1)] the K-group classes of the

generators of Pic(P(a,b) x P') 2 Z & Z. Then

Z DT X O[ p#pzaqﬁqﬂb

a
OLEKO )

= (=) G*(—po, Pia , —Po-1a)H? (=G0, Gp ;—P0s Pia s —Po-1)a)s
i£0,b—1 j#0 i£0,b—1

where « is given by

Z*<1_Z#pza —g)(1—h g—Z#ngl— )(1—h)gj>

11



and G(pia), H'(gjp; Pia) are defined as

1
G(pia) = — s
Lo 1T (1 = popa -+ Pia(PoPa - * Po—1)a))
1
H'(qjp; pia) =
’ [Tiao (1 = (Popa - Po-1)a)*)
1
szo H}Cﬁ (1 —dqoqp - - ij(]?opa s 'p(b—l)a)k)
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Chapter 2: Toric Stacks

In this section, we will briefly review various definitions of stacky fans and
their associated toric Deligne-Mumford stacks. Toric stacks were first introduced
in [BCS05] and later in [FMN10]. The theory was further generalized in [GS15a]
which encompasses all the notions of toric stacks before. In this paper, we will refer
to [BCS05] the notation of toric stacks most of the time, but use [GS15a] when

constructing the vector bundles.
Definition 2.0.1. A stacky fan [BCS05] is a triple (N, X, 5 : Z" — N) where
e N is a finitely generated abelian group of rank d, not necessarily free.
e Y is arational simplicial fan in Ng := N®zQ with n rays, denoted by p1, ..., py,.

e (3:7" — N is a homomorphism with finite cokernel such that f(e;) ® 1 € Ng

is on the ray p; for 1 <7 < n.

Given a stacky fan, the way to construct its corresponding toric stack [Zy /G|
is as follows:

The variety Zs is defined as C" — V(Jg) where Jy = ([, ,, zi|0 € ¥) is a
reduced monomial ideal. Suppose N is of rank d, then there exists a free resolution
072 & 7% 5 N = 0of N. Let the matrix B : Z" — Z" be a lift of the map

13



B :Z" — N. Define the dual group DG(S) = (Z""")*/Im([B Q]*), where (—)* is the
dual Homy(—,Z). Let Y : (Z")* — DG(p) be the composition of the inclusion map
(Z™)* — (Z™)* and the quotient map (Z"*")* — DG(f). By applying the functor
Homgz(—,C*) to 8, we get a homomorphism Gz := Homgz(DG(5),C*) — (C*)"
which leaves Zy, invariant.

The quotient stack [Zx/Gp| is called the toric Deligne-Mumford stack associ-

ated to the stacky fan .

Definition 2.0.2. A (non-strict) stacky fan [GS15a] is a pair (2,8 : L — N), where

Y is a fan on the lattice L and N is a finitely generated abelian group.

Remark 2.0.3. Since the fan is defined on L instead of IV, we are allowed to assume
that [ is of not finite cokernel. Interested readers can read [GS15a] for more details.
In our paper, we will only consider 8 with the finite cokernel, in which case the

construction of G in [GS15a] essentially agrees with [BCS05].

Remark 2.0.4. The stacky fan defined in Definition 2.0.1 is a special case of Defi-
nition 2.0.2. When N is free, the toric stack arising from such a stacky fan is called
a fantastack in [GS15a). When N is not free, the toric stack can be realized as a

closed substack of a fantastack, called the non-strict fantastack.

Let 3: L =7Z" — N = Z* be a homomorphism with the finite cokernel as in
Definition 2.0.1. Given a cone o € ¥ in N, set ¢ = cone ({e;|p; € o}) where {e;}I,
is the standard basis for L. Define & in L as the fan generated by all the cones &.
Then the stack defined by a triple (N, 3,8 : L — N) [GS15a] is same as the stack
defined by a pair (i, p: L — N) [GS15a]. Conversely, if the rays of S in L are €,

14



the image of S under B is a stacky fan 3 in N. Since these two definitions agree in
the case of the fantastack, we will use them interchangeably when constructing the

vector bundle.

Remark 2.0.5. In general, ¥ can be a non-complete fan in L. A non-complete

fantastack is essentially the extended toric Delign-Mumford stack defined in [Jia08].

2.1  Weighted Projective Stack

Let wy,ws,...,wn11 € Zso. The weighted projective stack P(wy, ..., w,41)
is the quotient stack [C"™' — {0}/C*|] where u € C* acts by p(x1,...,Tps1) =
(U 2y, ooy e, ). We will give a general description of the stacky fan for the
weighted projective stack. Firstly, we assume ged(wy, ..., w,y1) = 1, which means

P(wy, ..., w,41) is an orbifold and the lattice N is free.

Proposition 2.1.1. Let ged(w;, ..., wp11) = N for 1 < i < n. Suppose \; = 1.

Define the map 3 : Z"' — Z™ by the following n x (n + 1) matriz B:

B
)\—2 big -+ big1 by by o bipor bin b1 ns1
1
Ai
0 0 3 bi1i biciiv1 0 bicine1 bicim bicingr
i1
Ai
0 0 0 ;1 bigy1 0 bino1 bin bint1
An
0 0 0 0 0 A bn—l,n bn—l,n—i—l
n—1
Wn+1 W,
0 O 0 0 0 0 -
L An A



where b;; are chosen so that

n+1
w; + Z bjjw; =0 for1 <i<n-—1, (2.1.1)
j=it+1

Mot
X

Ai
0 < by, boy, -+ by < ;1 for2<i<n-—1.

1

FEach column represents a ray in the fan 3. The maximal cones of the fan are
given by any n rays. Then the triple (2", %, B) corresponds to the weighted projective

orbifold P(wy, ..., Wpy1)-
Note that the choice is not unique.
Proof. The triple induces P(wy, ..., wy,41) if the following two statements are true:
e DG(B) =Z.
o 3V :Z"! — Zis given by {wl wy ... wn+1:|'

If DG(8) = Z"™'/Im(B*) = Z, then [wl wo ... wn+1:| spans the integer
null space of the matrix B because b;; are chosen to satisfy (2.1.1). Let B;

denote the minor of B by removing the ith column. If we can show that

b
ged(det(By), ..., det(B,11)) = 1, then there exists a matrix with determinant
B
1. Hence Z"™! /Im(B*) = Z.
When i = n,n 4+ 1, we obtain two diagonal matrices and det(B,.1) =
Wpy1,det(B,) = —w,. For 1 < i < n — 1, we compute by induction that

16



det(B;) = (—1)""~“w;. Denote by

bi,i-l—l e bi,n—l bi,n bi,n+1
>\i+2 b b b
i+1,n—1 i+1,n i+1,n+1
)\i+1
Ci =
An
0 bn—l n bn—l n+1
)\nfl
Wn+1 w.
0 ce 0 n __n
B )\n )\n .

the bottom-right (n—i+1) x (n—i+ 1) submatrix of B, then det(B;) = A;-det(C;).
For i =n — 1, because ged(wy,, Wyt1) = A, and A\,_1|w,,—1, integers b,_1, and

bp—1n41 can be chosen so that

Wn,
det(Cn,l) = —bn,1’n>\— —

n

b Wn+1 Wn—1
n—1,n+1 .
)\n )\nfl

Suppose integers b; j41, ..., b ,+1 are chosen so that

n+1

W;

det n 7 § bz n+1—1 17

( ]>\z+1 ) )\'L
Jj=t+1

then we can expand the matrix C;_; by the first column and get

Ai ,
det(C’i,l) = biflyi det(C’l) — 1 det(Cz)

Ai
n+1
. W
+1— 7 z+1
- (_1)n Zbi—l,ir - n : E bz 1])\
7 z j=it1 i+1
_; Wi—1
— (—1)"¢
( ) )\iil )
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where C! is the submatrix of C;_; by removing the first column and the second row.

Now we get det(B;) = (—1)"“w; and ged(det(By), ..., det(B,y1)) = 1.

If bj; > ’\;1 or bj; < 0, then we can left multiply a elementary matrix and the

integer null space will be unchanged. O]

Example 2.1.2. Consider the stack P(1,2,4,8). Since ged(2,4,8) = 2, ged(4,8) =

4, the matrix for 8 : Z* — Z? will be

2 a b c
0 2 d e
00 2 —1

such that 4 4+ 4d +8e = 0,2+ 2a + 4b + 8¢ = 0. One of the solutions for this system

is as follows:

211 -1
0 21 -1
00 2 -1

When \; # 1, the lattice NV is not free and can be identified as Z" @& Z/\ Z.

In this case, P(wy,...,wp41) 18 a uy,-banded gerbe over P(’j\’—i, s w;—l“), which is

isomorphic to the root stack [FMN10]

w Wn+1

..... bY}

n+1

Proposition 2.1.3. Choose ci,...,cp41 S0 that Y .7 ¢yt =1 mod Ar. Set ¢ =

([e1], -y [Cnt1]) where [¢;] is the class of ¢; modulo \y. Let B' the matrix corresponding
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to P(5%, ..., &) as in Proposition 2.1.1. Define the map 3 : M = I DL MZ by

BI
B = |: . Then the triple (Z",%, B) corresponds to the weighted projective stack
c

P(wl, ceey U)n_|_1).

B0
Proof. The [B Q] matrix as in [BCS05] is given by . Since S Gyt =
C )\1
1 mod Ay, the vector |y, wy --- Wpyq x| SPans the integer null space of the
matrix [B Q). O

2.2  Vector Bundles

In [CLS11], it mentions a class of toric morphisms that have a nice local
structure. This can be naturally generalized to the morphisms of fantastacks.

Let N, Ny be free abelian groups. Denote the bases of Z™ and Z™ by
{e1,...,en, } and {en, 41, ..., €n,1n, }- By abuse of notation, we also assume the ba-
sis of Z™7 2 is {eq, ..., €n,, €ny 41y s €nyiny }-  Consider the exact sequence of the

fantastacks given by a commutative diagram

(1d,0) pro
O—> gn. ——r ZMEBZM — Y2 — 0

lﬂl f lg ng (1.2.1)

O—>N1—>N1®NQ$>NQ—>O

such that the rows are exact and the column morphisms are of the finite cokernel.

Suppose there exists a splitting morphism g satisfying the following conditions:
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1. Ais a rkN; x rk/Ny integer matrix such that

Bi(ei) ) _
f(Bi(e;)) = ifl1<i<n
0
Blei) = :
Apa(ei) i _
g(Ba2(e;)) = ifng +1<i<n+ns.
\ i 52(61')

2. Given cones 0, € ¥y and 09 € Y9, the sum o7 4 05 lies in X, and every cone

of ¥ arises this way.

Then we say (3, 8 : Z™1"2 — Ny & N) is globally split by (X4, 51 : Z™ — Ny)

and (22752 C 4™ — NQ)

Theorem 2.2.1. If (X, 5 : Z" ™2 — N1@Ny) is globally split by (X1, 51 : Z™ — Ny)

and (22,62 24" — Ng), then ngg = leﬁl X Xz%@.

Proof. Denote the matrices for 5; and [y by

B, = [ﬁ1(61) Bi(ez) --- ﬁ1<€n1)}’

By = |:B2(€n1+1) Baleni+2) -+ 52(€n1+n2)1'

B, AB,
The matrix for 5 is given by B = . It is not hard to show that DG(5) =

0 By
DG(51) & DG(B2) and BY = ) @ By, which implies o & o1 X a, where a, ap and

ay are obtained by applying Homgz(—, C*) to Y, 8Y, B .
It remains to show Zy, = Zx,, X Zx,,. The C-valued points of Zy, are z € C"*"2
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such that the cone generated by the set {p; : z; = 0}, where p; is the cone generated
by b; in Ng, belongs to Y. Since every cone of X is the sum of cones in X; and ¥,
the C-valued points of Zy, are exactly the product of C-valued points of Zy, and

Zs,. O

Example 2.2.2. Consider the following exact sequence of fantastacks

(0, 1>T
_ L (Lo) 1

0 —— 2 — 22— 7

)

0 2
0 > 7 > 772 > 7t

g

0.

It can be shown that Xs 5 = [C?/us] = C x [C/us] = Xs, 5, X X4,

Remark 2.2.3. The above exact sequence of fantastacks can be better understood
if we draw the corresponding stacky fans defined in [BCS05]. The morphism from

the middle stacky fan to the right can be viewed as the projection of rays from the

2,2
(RN :
projection

which is compatible with X5, 3 — A, 5, induced from the projection onto the second

lattice Z? to Z,

w

coordinate.

Remark 2.2.4. The morphism of stacky fans below corresponds to a morphism

of stacks Xs 5 — [C'/us]. Indeed, Xs 4 is a line bundle over [C'/u,] whose fiber
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over the stacky point corresponds to the non-trivial representation of uo. Hence the

stacky fan of &y, g is not globally split.

(07 1)V (27 1) projection\ 2

~

With the above theorem and examples in mind, we can generalize [CLS11,

Definition 3.3.18].

Definition 2.2.5. Given an exact sequence like (1.2.1), we say (X, : Z"1" —
N1 @ Ny) is (locally) split by (X1, 51 : Z™ — Ny) and (X9, By : Z™ — Ny) if there

exists a morphism g : Ny — Ny @ N, satisfying the following conditions:

1. For every maximal cone o; € X9, there exists an rk/V; x rk/V, integer matrix

A, such that

51(61') ] .
f(Biler)) = if1<i<my
0
5(61') = :
A;Ba(e
g(ﬁ2(€z)) - ( ) if e; € 0j.
\ I Bale:)

2. Given cones 0, € ¥y and g9 € Y9, the sum o7 4 05 lies in X, and every cone

of ¥ arises this way.

Remark 2.2.6. The map ¢ here essentially gives the bijection ¢/ — & for the case

of toric varieties in [CLS11, Definition 3.3.18].
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Theorem 2.2.7. If (X,5 : Z"%"2 — Ny @ Ny) is (locally) split by (31, 1 : Z™ —
Ni1) and (X9,82 : Z™ — Ns), then ¢ @ Xsp — Xy, 5, s a locally trivial fiber
bundle with fiber Xx, g,, i.e., Xs, g, has a cover by affine open substacks U satisfying

(b_l(Z/{) = leﬂl X U.

Proof. The proof is similar to that of [CLS11, Theorem 3.3.19]. O

Therefore, if the stacky fan of a vector bundle is locally split, then for every
stacky point of the base, the representation of the stabilizer group at that point on
the fiber is trivial.

Note that the above theorem can be generalized to the case where N; and Ny

are not free.

Example 2.2.8. Consider the following morphism of stacky fans.

(1,1) -2 1

projection

.
A T (4

The induced morphism ¢ : Ay, 3 — P(2,1) corresponds to a line bundle such that
its fan is locally split. But it cannot be written globally as the product of one-

dimensional toric stacks. Indeed, it represents Op(271)(—4) by the next theorem.

For a vector bundle over a stack, the fiber over a stacky point might correspond
to a non-trivial representation of the stabilizer group. In this case, the corresponding
stacky fan is not locally split. To include this type of stacky vector bundles, we

generalize [CLS11, Sec. 7.3] to the case of toric stacks.
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Let’s assume N is free. Given a triple (N, %, 5 : Z™ — N), we define the new

stacky fan (N x Z, ENJ, 5: Z" — N x Z) as follows:

1. B(e;) = (B(e;), —a;) for 1 <i < n.

2. Blent1) = (0,1).

3. Given o € ¥, set ¢ = Cone <(0, 1), Ble) @ 1| Be) ®1 € 0(1)) € Ng x Q,

and let 3 be the set consisting of & for all o € 3 and their faces.

The natural projection Z"*! — Z" is compatible with 5 and ¥. Therefore it gives

a toric morphism 7 : X5 7 Xy 5.

Theorem 2.2.9. Denote by D,, the divisor corresponding to the ray p;. Then

T Xy 5 — Xo g is a line bundle whose sheaf of sections is

0/\’2,5 (D) = OXE,B (Z aiDPi)'

Recall that the category of locally free sheaves on [Z/G] is equivalent to that
of G-linearized locally free sheaves on Z. These G-linearized invertible sheaves L;,
without considering the equivariant structure, are all isomorphic to the trivial sheaf
Oz. By the construction of a toric stack, G can be thought of as a subgroup of
(CH)™. Each g = (A1, ..., \s) € G induces an isomorphism O; — ¢*Oz sending 1
to A\;. The sheaf L; has a G-invariant global section z; such that ¢*z; = \;z; and

corresponds to Oy 3(D,,). [BHO6]
Proof of Theorem 2.29. We will use the definition of stacky fan from [GS15a].
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Given a triple (N, %, 5 : Z" — N), we can construct the corresponding fan 5
in Z", which corresponds to a toric variety Zg. Then by [CLS11], we can construct a
new fan 3 € Q" x Q. Given & € &, set 5 = Cone ((0,1), (e;, —a;)|e; € 7) and let &
be the set consisting of cones ¢’ for all o € S and their faces. By [CLS11, Proposition
7.3.1], m: Zg, — Zg is a line bundle whose sheaf of sections is Oz_(}_; a;De,) where
D., is the divisor corresponding to the ray generated by e; in 5. Note that 3 is not
a complete fan, but the proposition still keeps true.

It suffices to show that the Gg-linearizion of this bundle exists and the action

of G on Zy, can be lifted . Define B’ 1 2" X Z, — N x Z by the following matrices

Then GE’ = (g and its action on the line bundle is compatible with the action of
Gp on Zy. The toric stack A, 5 defined by the stacky fan (8,3 : ZM X7 — N X Z)
induces the above line bundle.

However, the rays of 5 do not form a standard basis. Hence Xg 5 1s not a
fantastack and it is not a stacky fan defined in Definition 2.0.1.

Consider the morphism of stacky fans given by the following commutative

diagram

"Xl —2— 7" X 7
NxZ —= s NxZ
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where « is defined by the matrix

—a; —ay -+ —a, 1

and I,, is the n x n identity matrix. Let ¢ = Cone (ei|a(ei) € f]’) The morphism
satisfies the conditions mentioned in [GS15a, Theorem B.3]. Thus X5 5 — X5, 3 is

an isomorphism and Xj 7 is a fantastack. The matrix of E is given by

pBler) --- PBlen) 0

—a; -+ —a, 1

Example 2.2.10. Consider the morphism of stacky fans as below.

(0,1)

(_27 1) ‘\/V’ (]-7 1) projection T2 ‘ 1

~

Then ¢ : Ay g — P(2,1) is a line bundle whose sheaf of sections is Op(21)(—3) and

its fan is not locally split.

Again this theorem can be generalized to the case where N is not free.
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2.3 Projective Bundles

Consider the locally free sheave
&= OXz,ﬁ (DO) ©---D OXE,,B (DT)

given by the cartier divisors D; = 7 | a;;D,, for 0 <i <7, then P(£) — Ay 5 is a
projective bundle.
Assume N is free. Given a triple (N, X, 5 : Z™ — N), we define the new stacky

fan (N x Z", 3,3 ZntH 5 N x Z") as follows:

L. B(ej) = (B(ej), ar; — agj, -+ ,a,; — agj) for 1 < j <n.

2. Bleps14i) = (0,6;) € N X Z" for 0 < i <r, where g = —€; — ... — e, € Z".

3. Given o € ¥, set g; = Cone (B(ej) ®1|6(e;) ®1 € 0(1)) + Cone ((0, €p), ...,
(0,€;-1),(0,€:11), ..., (0,¢,)) and let 3 be the set consisting of cones &; for all

o€ X, 1 <17 <r and their faces.
Then the natural projection of the fan 3 induces a toric morphism 7 : Xz 5 = X5 5.
Theorem 2.3.1. X5 5 is the projective bundle P(E).
Proof. The proof is similar to that of [CLS11, Theorem 7.3.3]. O

Suppose ged(a, b) = 1, then by Propostion 2.1.1, the fan of P(a,b) is given by

B(e1) = b and f(es) = —a . Suppose r = sa + tb, then consider

£ = O]P’(a,b) S¥ O]P’(a,b)<SDel + tDez)
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where D, is the divisor corresponding to the ray generated by e;. Hence E 7 — 72
is given by

B(el) = <b73)7 ﬁ(eQ) = (—CL, t)v
(2.3.1)

Bles) = (0,-1), Blea) = (0,1).
If ged(a,b) = d # 1 and ¢, § + 022 =1 mod d, then by Proposition 2.1.3, the

fan of P(a,b) is given by 8" : Z* — Z @ Z/dZ such that

Fle) = (e mod d), 5(er) = (5.3 mod d)

Suppose d | 7 and 7 = s + t5, then 3747 Z/dZ is given by

B(el) = (273761 mod d)? /g<62) = (_%7t702 mod d)a

5(63) = (07 _170)7 E<€4) = (07 170)‘

Definition 2.3.2. The Hirzebruch stack H® is defined as
He" = P(Op(ap) ® Op(ap)(r))

and its fan is given by (2.3.1) when ged(a,b) = 1 and by (2.3.2) when gcd(a,b) =
d#1andd|r.

From now on, to simplify the notation, we assume ged(a,b) = 1'. In this case,

'Our method still works without this assumption.
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P1 = (b7 8)
09 _
P2 =
pP3 = (_a7t>

X
03 04
Pa = (07 _1)

Figure 2.1: H®

the matrix for 3 : Z* — Z? is given by

(2.3.3)

where = sa + bt. The stacky fan can be drawn as below and H is called the

Hirzebruch orbifold.

2.4 Bundles over Gerbes

In (2.3.2), we require the condition that d | r. The reason is that when N is

not free [Definition 2.0.1], Ay is a banded gerbe over X5® [FMN10]. Hence the line

bundles Ox,(D,,) do not generate the K-theory any more.

Example 2.4.1. The stacky fan for the weighted projective line P(6,4) is given by

p2:(—§’>|0)

N

1

(2]1)

~ ||

where the last coordinate comes from the torsion part Z/27Z. However Op 4y(D,, )

~
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Op(6,4)(6) and Op(s.4)(D,,) = Opay(4). The construction in the previous two sec-

tions won’t give us the total space of Opg4)(1).

In general, given a line bundle £ on a toric Deligne-Mumford stack Xy, if there

exists a minimal positive integer n such that
L" = Oxg (5ia:Dy,),

then we can modify the stacky fan construction in the last section to show that the
total space of L is toric.
Consider a toric stack given by the fan (N, X, 3 : Z" — N), N not necessarily

free. We define the new stacky fan (N x Z, 5, E; Z" — N x Z) as follows:

1. B(e;) = (B(e;), —a;) for 1 <i < n.

2. ﬁ(en-i-l) = (0,71)

3. Given o € ¥, set 0 = Cone <(O,n), Ble)®1|Ble)®1 e a(l)) € Ny x Q,
and let  be the set consisting of ¢ for all o € ¥ and their faces.
Theorem 2.4.2. X5 5 is the total space of the line bundle L over Xs g

Proof. The proof is similar to that of Theorem 2.2.9. ]

Example 2.4.3. Consider the line bundle £ 22 Opg4)(1). Since £2 = Op 4)(D,, —
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D,,), the stacky fan for the total space of L is given by

(0,2]0)

(=3,110) (2,-111)

where the last coordinate comes from the torsion part Z/2Z. One can show that

Xy, = [C3 — V(x, z)/C*] where the action is given by

TE€C: (2,y,2) = (Pz, 7y, 72).

Now we can extend the construction to the projective bundles. Given a triple

(N,%, B : Z™ — N), consider the locally free sheaf

E=Ox, ®L, B BL,

over the corresponding toric stack Xs,. Suppose there exist minimal positive integers

n,; such that

L= Oxg (D aiDy)

=1

for 1 <i <r. We define the new stacky fan (N x Z", 3,3zt 5 N ox 7") as

follows:

L. g(%’) = (5(63‘);@1;','” ,arj) for 1 <j<n.

2. Blent:) = (0,me;) € N x Zr for 1 < i <.
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3. B(ensri1) = (0,e9) € N X Z" where ¢g = —nje; — ... — n,e,.

4. Given o € X, set g; = Cone (5(6]-) ®1|B(e;) ®1 € 0(1)) + Cone ((0, eg), ...,
(0,n;_16;1), (0, 51€:41), ..., (0, npe,)) and let 3 be the set consisting of cones

o; for all o € 3, 1 < i < r and their faces.

Theorem 2.4.4. X5 5 is the projective bundle P(E).

Now we can finally give the fan description of the Hirzebruch stack H% when
ged(a,b) =d # 1 and d fr.
Suppose there exists a minimal positive integer n such that nr = sa + tb, then

the stacky fan of H is given by 3 : Z* — Z2 & Z/dZ as follows:

g(el) = (g,s,cl mod d), 5(62) = (—%,t,cz mod d),

Example 2.4.5. Let £ = Op(g4) ® Op4)(1). Then the stacky fan for P(€) is given

by
(0,2]0)

(2,1]1)

(=3,-1]0)

(0,-2]0)

where the last coordinate comes from the torsion part Z/2Z. One can show that
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[C* — V (xy,yz, 2w, wz)/(C*)?] where the action is given by

(1,\) € C*: (2,9, z,w) — (7%, Ay, 72, TAw).
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Chapter 3: Sheaves on Hirzebruch Orbifolds

The Hirzebruch orbifold can be covered by open substacks of the form [C?/H]
where H is a finite group. Hence, to describe a sheaf on the Hirzebruch Orbifold,
we can define it locally over each substack and then glue each part together.

Let T = (C*)? act linearly on Spec C[xz1, z5] and suppose the action is given
as t - x; = x(m;)(t)(z;) for some m; in the character lattice X(T). Given a T-
equivariant sheaf F on [C?/H], the corresponding module can be decomposed into

X(T)-graded weight spaces:

Suppose H acts by h-z; = x(n;)(h)(x;), then F(m) can be further decomposed into

X (H)-graded weight spaces:

neX(H)

Hence the category of T-equivariant sheaves on [C?/H], by [GJK17], is equiv-
alent to the category of stacky S-families. A object F in this category consists of

the following data:
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e A collection of vector spaces {F(m)n }mex (T)nex(m)-

e A collection of linear maps
{xi(m) : F(m) = F(m 4+ m;)}iz1,2,mex(T)-
induced by multiplication by x; satisfying
Xi(m) = F(m)n = F(m +mi)nin,, X;(m +mi) - xi(m) = xi(m +m;) - x;(m)
fori,j=1,2,m e X(T) and n € X(H).

3.1 Open Affine Covers

Let N,, be the subgroup of N = Z? generated by the rays of ; and N(o;) be
the quotient group N/N,,. By [BCS05], each 2-dimensional cone o; defines an open

substack U; = [C?/N(o;)] of H®. One can show that
Uy = Uy = [CP)(Z/VZ)], U = Us = [C*/(Z/aL)).

The integer null space of the matrix B (2.3.3) is spanned by [a 0 b r}
and [0 1 0 1}. Hence (1,\) € Gg = (C*)? acts on Zx = Spec Clz,y, z,w] —

V(zy,yz, zw, wx) by

) (z,y, 2, w) = (7%, My, 702, 7" \w
(
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and H® = [Zs/Gj).

Let 81 be the morphism given by the first two columns of the matrix B. It
induces a stacky fan with two rays and the corresponding toric stack [Z;/G4] is ex-
actly [C?/(Z/bZ)]. Consider the open subvariety U; of Zs, defined as the complement
of the vanishing locus of the monomial zw. There is a natural closed embedding

¢y : Z1 — Uy given by

¢1(Zl) = (C2 X 1= {(l',y, 1, 1)} € (C2 X ((C*)Q = Ul'

By [BCS05], an element g € G belongs to G if and only if ¢4 (Z1)-gNé1(Z1) #
(). In this case,

=17 A=1=\A=71".

Let py, be the group of bth roots of unity, then

U = [CP ), 7€ m: (v,y) = (T, 7"y).

Similarly, one can show that

Uy 2 [C?ug), 7€ o (y,2) = (177y, 702),

b

Z/{B = [(Cz/lu’a]? TE Ha - (Z,U)) — (T Z7Trw)>

U 2 [C¥ /), T€Emy: (w,x)— (T"w, 7).

Consider the morphism ggz U — Hﬁb induced by Z; ﬂ) U, — Zs.. We can
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compute stack theoretic intersections via the fiber product of U; and U; over Heb.

Uiy = Uy Xqyao Uy ——— [spec Clz, y]/ )

| I

[spec Cly, 21/ tta] SN, Y

By calculating the fiber product of the corresponding groupoids [ALR07], one can

show that

Upy = [C x C* /iy X pra], (11, v) € iy X g < (y,7) = (™ "y,vp'7).

Similarly, the fiber products of other open substacks are given as follows:

z/[23 = [(C x C* x H'a/,ua X Ma]; (,u, V) € Ha X Ha : (Za )‘77—) - (:U“bZnuT)VV:u_lT)'
Usy = [C x C*/piq X 1), (1) € pra X iy (w0, 7) = (Ww,vp= '),

Uy = [Cx C X /iy X o), (1,) € iy X iy (2, A\, 7) — (uz, v "\, v~ tr).

Actually Usz can be further simplified. Consider the groupoid morphism

(11 X 1o, %0) : (e X CX C*ZC X C*) — (ftg X ftg X CX C* X g ZC x C* X pq)

defined by

V() = (), Yolz, A) = (2, A, 1).

One can show that it is a Morita equivalence and hence

u23 = [C X C*/H'a]a HE Ha - (Za >‘) - (:ubzhur)‘)'
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Similarly,

Uy = [C x C* /),

The open immersions ¢;; : U;; =

peE (2, A) = (phe, n”"A).

[ZU/GU] — Z/{Z = [ZZ/GZ] and 5]'1' : uij — Z/{j

are induced from (ﬁ,’j : Zij — Zz and (bji : Zji = Zij — Zj.

P12
P23
O34
Ga1

b2

P32

a3

¢14 :

Sy, ) = (yrT, 7).
(z,\) = (2, N).
C(w, ) = (TTw, ).

(x,\) = (x, \).

To find X (T')-grading on each open substack U;, we need to determine how

the torus T is embedded in H%. One can show that

Unzza = Urg Xygap Uzy = [(C*)Q/,Ub X fha]

(p, 1t') € pip X g = (0, B) = (u(p!)re, =" ).

Hence Uyo34 = (C*)2. Suppose (o, 8) acts on itself by multiplication, then we can

extend this action to the orbifold H by requiring all the open immersions to be

T-equivariant.
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For example, from the following commutative diagram

//—\

21234 E— 212 =CxC —— Zl = Spec C[J?,y] ZQ = 8pec (C[y,Z]

/—\A

(@, ) —— (B,a7!) —— (%, B) (Ba”,a™?)
(170)l(0,1) (0»1)}1,0) (a,O)l(O,l) (r,l)l(—b,o)
(tior, t98) —— (LB, 17 a™) ——— (t%a%, tayy) (toBtial t70a?)

\—//

we see that T-weights are (0,1) and (—1,0) on Zjs, (a,0) and (0,1) on Zy, (r,1)
and (—b,0) on Zs.

Similarly, one can show that T-weights are given by the following tables:

T-weights on Z; T-weights on Z;;
U (a,0),(0,1) U2 (0,1),(—1,0)
Us (r,1),(=0,0) Uss | (—=b,0),(—r,—1)
Us | (=b,0),(—r,—1) Usy | (—r,—1),(1,0)
Uy | (0,-1),(a,0) U (a,0),(0,1)

3.2 Gluing Conditions

To describe T-equivariant torsion free sheaves on H, we first determine the

stacky S-family F} of the sheaf F; on each open cover ;. Then we pull back those
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families to the intersection ¢;; and match them for all 4, j. This allows us to glue
those sheaves F; to get a sheaf F on H%. Note that this gluing approach follows
closely the work of [GJK17].

Let’s first compute the family Fmg, which is the pullback of F 1.

Given a torus action ¢ - z; = x(m;)(t)(z;), the associated box By [GJK17] is
defined as the subset of X(T) of the form ), ¢;m; with 0 < ¢; < 1. By the above
table, the T-weights on U; are (a,0) and (0,1). Hence ¢; = £ for 0 <k <a—1 and
¢2 = 0. Note that the box Bt of U; can also be viewed as [0,a — 1] x 0 and the size
of this box is a.

For the stacky family Fy, denote by

k/a,0)F1(l1,12)

the vector space whose T-weight is (k/a + 11)(a,0) 4+ (0 + I3)(0, 1).

Consider the inclusion U5 — U; induced from

CxC"—=C?% ¢y (y,7) = (17%y) = (x,y).

We first restrict the sheaf F; to Im(¢12) = C* x C and then pull it back along the
morphism ¢1s.
The sheaf F is torsion free, hence the vector spaces (4/q4,0)F1(l1,l2) stabilize for

l1 > 0, [y fixed. It means that they are isomorphic for {; > 0 [Kooll]. We denote
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this limit by

(k/a,0) F1(00, 12).

The sheaf Fi|c+xc corresponds to a S-family G, and

(k/a,O)G(lh 12) = (k/a,O)Fl(OOa l2)

is independent of I; because G is a C[z*, y]-module and multiplication by x induces
an isomorphism of vector spaces.

Pulling back the family G1 to Zis along the étale morphism ¢y, we get a
C[r*,y]-module. An element of F}, at the weight (k/a + I1)(a,0) + (0 + I5)(0,1)

can be uniquely written as

/_
@ Uk/®7k k

0<k/<a—1
where Vi € (w/0,00G1(l1, l2), since the T-weight of 7 is (—1,0) on Uss.

Next, we set the fine-grading on the limit space (x/q,0)F1 (00, l2) by

(t/a,0)F1(00,12)m = (5/a,0)G1(0, 12)m.

Thus the fine-grading of S-family G, for any [, will be

/a0 G115 2)m = (k/a,0)G1(0, l2)m—at, ® g

Here ®ji, means tensoring with the 1-dimensional representation of the group p of

weight 1 € Z/VZ.
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Since the py, X pe-weight of 7 is (—1,1) on Uie, the S-family of Fm at the

T-weight (k/a + {1)(a,0) + (0 + l3)(0,1) with the fine grading is

@ (k’/a,O)Gl (lh lQ)m ® ﬂlgikl ® ﬂslik

0<k'<a—1
meZy

= @ (&' /a,0)F1(00, 12)m ® ﬂlszklﬂll ® k.

0<k'<a—1
meZy

Similarly, one can show that the S-family of Fy 15 at the T-weight (0 -+ 1)(r, =) +

(7/b+12)(—b,0) is

P wimFall,00), @ @7 @ i 7"
0<5'<b—1
n€Zq

Since multiplication by 7 is an isomorphism, the S-family Fmg is determined by its
elements at the weight (0/a + 0)(a,0) 4 (0+1)(0,1) = (0,1) for all [ € Z. Therefore

it suffices to compute the S-family FLlQ at the above weight, which is given by

@ (k’/a70)F1(OO, l2)m X ,&b—k/ &® ﬂ];/.
0<k’<a—1
mEZb

Similarly, we only compute the S-family F} 5 at the weight (0 + 1)(r,1) + (0/b +

0)(—=b,0) = (Ir,1), which is given by

P im0 @i @ .
0<5'<b-1
n€Zaq
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We can’t equate them since they are at different weights. To jump from the weight
(Ir,1) to (0,1), we multiply the second family by 7" as the T-weight of 7 is (—1,0).

As a result, the fine grading is changed to

@ (O,j’/b)Fz(l, 00), ® ﬂ;j/—Hr ® /fbi'/*“".

0<j'<b—1
TLGZU,

Hence the gluing conditions on the substack 5 are given by:

meZy, n€Lq
B wenFilcohm@ i @l = @ imFall,0), ® i7" @ "
0<k<a—1 0<j<b—1

for all | € Z. Here ®fif means tensoring with the 1-dimensional representation of
the group pp of weight k € Z/bZ and ®/i} means tensoring with the 1-dimensional
representation of the group p, of weight j € Z/aZ.

Similarly, we can get gluing conditions for other substacks.

Proposition 3.2.1. The category of T -equivariant torsion free sheaves on the Hirze-
bruch orbifold H is equivalent to the category of finite stacky S-families {]3’2-}2-:1,273,4

on U; satisfying the gluing conditions given by the following equalities of ji, X py, TEP-
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resentations:

@ (k/a,O)Fl(OOJ l)m X ﬂl;k X ﬂ’;

0<k<a—1

mGZb
@ (0.4/6) F2(00, 1) m
MEZLq
B GpoFaoo,Dm @iy’ @ i
0<j<b—1
MEZLq

@ (0k/a)F1(00, D)m

meZy

B wimFal,o0)n @ @ "

0<j<b—1

NELq

B GwoFsl o)

NELq

@ o,kja)Fa(l, 00)n @ i, ¥ @ plhthr

0<k<a—1

nely

@ (k/a,0)F1(1,00)y

nely

for alll € Z and similar gluing conditions between the corresponding inclusions.

3.3 Examples

In this section, we will give some examples of torsion free sheaves of rank 1

and 2 on H.

Example 3.3.1. Let F' be a torsion free sheaf of rank 1 on the Hirzebruch surface

H!'. Then the gluing conditions are

(0,0)F1(OOJ) = (0,0)F2(1700); (o,o)Fz(OOJ) = (0,0)F3(l700)>

(070)F3(OO7Z) = (070)F4(l700), (0,0)F4(OOJ) = (O,O)Fl(laoo)-

On each chart, (070)}7} can be described as follows:



(A3, A4> :

Example 3.3.2. Let F be a locally free sheaf of rank 1 on the Hirzebruch orbifold
H2. The charts U; and U, has a box of size a, while the charts U, and Uz has a box

of size b. Since the rank is 1, the only possible choice for nonzero biﬁ’i is

by = (k/a70)7b2 = (Ovj/b)ab?) - (]/ba 0)7b4 - (O7k/a)

For fixed i, j, The T-weights of the generator on each chart are given by

Z/{l . (l{i/(l -+ Al)(a,O) -+ AQ(O, 1), UQ . AQ(T‘, 1) -+ (]/b -+ A3)(—b, 0),

U3 . (]/b+ Ag)(—b, 0) + A4(—’f‘, —1), Z/[4 . A4(0, —1) + (k/a+A1)(a,O)

Set

By =k +aAy, By = Ay, B3 = j + bAs, By = Ay.

The sheaf F is uniquely determined by B;. We will show below that the fine grading

is also determined.
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Suppose the p,-weight of the generator is m; on chart U;, then

(k/a,O)Fl (Aly A2)m1 —(k/a,0) G1(07 A2)m1faA1 —(k/a,0) Fl(OO, A2>m17aA1-

The first equation of the gluing conditions implies that

m =k+aA+j—rAy =B+ B3 —rBy; mod b.

Similarly, one can show that the fine gradings of all the generators are deter-

mined as follows:

Bi+Bs—rBy modbonl;, B+ Bs—rBy modaonls,

By + Bs+rBy modaonl;, By+ Bsg+rBy modbon Uy.

Denote by Lp, B, B, B, the T-equivariant locally free sheaf of rank 1 corre-

sponding to (By, By, By, By) € Z*.

Proposition 3.3.3. Let Pic’ (H®) be the T-equivariant Picard group of the Hirze-

bruch orbifold. Then

(B1, Ba, B3, By) € Z* v L5, ,.8s.8,) € Pic" (H®)

1S a group isomorphism.

Remark 3.3.4. The non-equivariant Picard group of the Hirzebruch orbifold H2
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1S Z ® 7Z and
Lip00) = (=1,0) Lo, = (=1,0)

L0100 = (0,-1) Lo001) = (=r,—1)
Example 3.3.5. Let F be a locally free sheaf of rank 2 on the Hirzebruch surface

'H,}l. On each chart, Fl can be described by a double filtration of C?:

(A A) (As, Ar)

Hence F is fully determined by Ay, A, A3, Ay € Z, Ay, Ao, Ag, Ay € Z> and
Py, Py, Ps, Py C C?, which can also be viewed as a point (P, Py, Ps, Py) € (P1)*. The
label P;; stands for the vector space P; N P;.

Generally, for torsion free sheaves, the double filtrations may not have strict
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corners [Kool0].

(A1 4)

Example 3.3.6. Let F be a locally free sheaf of rank 2 on the Hirzebruch orbifold
He. Since the rank is 2, either 1 or 2 box summands are nonempty. There are 4

possible choices for , F; to be nonzero.

L.y, Fy # 0 for by = (k/a,0),by = (0,5/b),bs = (j/b,0),bs = (0,k/a).
On each chart, it is described by a double filtration as for H!!.
Since we will later work on stable sheaves and the decomposable sheaves are
not stable, we’d like to classify all the types of indecomposable sheaves. They
are listed below:
(a) P;’s are mutually distinct and A; > 0 for all 1.
(b) P;’s are mutually distinct and A; = 0 for only one .
(¢) Only two of P;’s are same and A; > 0 for all 1.
2. bFZ # 0 for by = (k/a,0),bo = (0,5/b),bo = (0,5'/b),b5 = (j/b,0),b3 =
(45'/6,0),b4 = (0, k/a).

Suppose A, — Ay = Ay > 0 and A} — Ay = Ay > 0. Denote Az = A} —

As. Sheaves of this type are fully determined by Ay, As, Az, Ay, b 1 A3 € Z,
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A1, A9, Ay € Zsp, and Py # Py, C C2. They are decomposable and can be

described as follows:

3. 3, F # 0 for by = (k/a,0),by = (K'/a,0),by = (0,5/0),by = (j/b,0),bs =

(0,k/a),bs = (0, K /a).

It’s similar to the second case and all the sheaves of this type are decomposable.

4. Two box summands are nonzero for all the charts.

It can be easily seen that F is decomposable in this case.
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Chapter 4: Hilbert Polynomial

4.1 K-Group

Let Ko(H) be the Grothendieck group of coherent sheaves on the Hirzebruch
orbifold He. By [BH06], Ko(H®)g is isomorphic to the quotient of the Laurent

polynomial ring Q[z*, y*, 2=, w*] by the ideal generated by the relations

yZwt =1
(I-2)(1-y)(1-2)=0
(- 21— )1 —w)=0

(1—2z)(1-2)(1—-w)=0

(1-y)(1—2)(1—w)=0.

It is isomorphic to the quotient ring Q[¢*, h*]/I where I is generated by

(I—g")(1—g¢")(1—h)
(1—g")(1—=g¢")(1—-g"h)
(1-g¢*(A—=h)(1—gh)

(1-g")(1=h)(1—gh).
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Here g := [(—1,0)], h := [(0, —1)] are K-group classes of the generators of Pic(H%) =
YASYA
Recall that the T-action on H® has four fixed points corresponding to the

origin of each chart. Denote them by Py, P, P3, P,.

Proposition 4.1.1. In Ko(H®), we have

[Op @ ] = (1—g*) (1 =h)g",  [Op, ® fig) = (1—¢")(1 = h)g",

[Op, @ 1] = (1= ¢g")(1 —g"h)g", [Op, @ i3] = (1 —g*)(1 — g"h)g".

Proof. The sheaf Op, ® [i} is described by a S-family where Fy=F;=F, =0 and

F only consists of a single vector space C with p,-weight i at the position (0, 0).

Using the description of the line bundle introduced in Proposition 3.3.3, we

can construct the exact sequence:

0 — L@1,1,00) — L(a-1,0,00 D L0,1,00 — L0,000 — Op, — 0.

Hence

[Op]=1+g'h—g"—h=(1-g")(1-h).

Since By = aA; = 0, By = Ay = 0, the fine grading of Op, ® [i} is equal to B3 mod b
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on U;. As a result,

[Op, @ fiy] = [Op, @ Lopi0] = (1= g*)(1 = h)g".

The calculation for other charts is similar. OJ

Now let’s consider the general case. Suppose there is a S-family such that
F, = Fy = Fy, = 0 and F) consists of a single space C with yu-grading i at the position
(k/a+A;)(a,0)+A5(0,1). The corresponding sheaf is Op, @ L(ktaa,,42,i—k—aA;+rA45,0)-

Therefore its class in Ko(H?) is

(1—g")(1 —h)g" ™ 2n = (1 - g*)(1 — h)g".

As a result, the class of such a sheaf in Ko(H) only depends on the fine

grading. This is quite useful when we calculate the Hilbert polynomial later.

4.2 Riemann-Roch

Riemann-Roch on Deligne-Mumford stacks was first proved in [Toe99]. Later,
[Edil2] gives a simpler proof based on the equivariant localization theorem. In our
paper, we will follow the notation of inertia stacks used in the appendix of [Tsel0],
which is essentially same as [Edil2, Section 4].

Recall from [BCS05] that for each d-dimensional cone in the fan ¥, Box(o) is
the set of elements v € N = Z? such that v =Y . ¢;b; where b; is the 1th column

of the matrix B (2.3.3). Denote by Box(X) the union of Box(¢) for all d-dimensional
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cones.

Since H%® = [Z/G] is a quotient stack, each component of its inertia stack
is isomorphic to [Z9/G| where Z9 denotes the locus of points fixed in Z by g. By
[BCS05], the elements v € Box(X) are in one-to one correspondence with elements
g € G that fix a point of Z.

Suppose ged(a,b) = 1. A box element for the stacky fan of the Hirzebruch
orbifold H® can be in py, p3, 01, 02, 03, 04. Hence to find all the components of the
inertia stack, we classify all the substacks which correspond to the minimal cones
that contain the box elements.

If a box element is on py, then x = 0 and the corresponding stabilizer g = (7, \)

must satisfy A = 1,7 = 1,7"\ = 1. Suppose gcd(r,b) = p, then

g= (V5 1),l=1,..,p— L

Hence the corresponding component of the inertia stack is

X, 2[Z279/G] 2 [C* - V(yz,2w)/(C)?], (1,A): (y,2,w) = Ay, "2, 7" \w).

Let ged(r, a) = q. We summarize all the components in the table below:
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stablizer g

substack [Z9/G]

(1, A) € (C*)*-action

(627“/_71%, 1)
p1 [C* =V (yz, zw)/(C*)?] | (y,2z,w) = (Ay, 702, 7" Aw)
l=1,..,p—1
(7
P3 [C® = V(zy,wz)/(C*)] | (z,y,w) = (7%, Ay, 7" w)
[=1,...,q—1
(627“/?1%, 67271'\/?1%)
o [C% — V(zw)/(C*)?] (z,w) = (%2, 7" \w)
byll=1,..,b—1
(627r\/—71é7 e—QWJTI%M)
oD [C? — V(2w)/(C*)?] (z,w) —= (7%, 7" A\w)
2Hll=1,...,a—1
(627“/?%7 1)
o3 [C* — V(xy)/(C*)?] (z,y) = (1%, Ay)
ap1 =1, a1
(VT 1)
04 [C* — V(yz)/(C*)?] (y,2) = (\y, 7%2)
byll=1,.,b—1

Write IHZ for the inertia stack of the Hirzebruch orbifold He. Let 7 : IH® —

H% be the natural projection. Suppose a vector bundle V' on IH® is decomposed

into a direct sum @, V; of eigenbundles with eigenvalue ¢;. Let o, be the group of all

roots of unity, then we define p(V) := 37 ;V* and ch i KO(H®) — A*(IH®) @ fise
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as the composition

KO(H®) T KO(IH®) 2 KO(IH™) © proe L A*(IH®) © fine.

For a line bundle L on H®, define Td : Pic(H®) — A*(IH™®) & pio as

Td(m*L) if the eigenvalue of 7L is 1

1
ch(1— (1 m L)

—

Td(L) =

if the eigenvalue of 7*L is ¢ # 1.

Then by Riemann-Roch, the Euler characteristic of a coherent sheaf F on H% is

given by
X(F) = / ., WF) - TdO(D,,)) - TAO(D,n) - TA(O(Dys) - Td(O(Dy.)

where D, is the divisor corresponding to the ray p; in Figure 2.1.

Proposition 4.2.1. Suppose ged(a,b) = 1. Consider the line bundle (m,n) €

Pic(H®) (Remark 3.5.4). The Euler characteristic is given as follows:

-1 ml
~1+n  1+4n  (I+n)m nn+1)r 4 w," n+1
x((m.n)) = a T T @ 2ab | lzl L —wya b
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where p = ged(b,r), ¢ = ged(a,r) and wy, = e for k = a,b,p,q. FEspecially,
X(Oyar) = x(O(D,,)) = x(O(D,,)) = 1. Suppose r = uab — via — vb such that

0<wv <b,0< v <a, then x(O(D,,)) =2 —u.

Proof. The only 2-dimensional component of IH® is H% itself. By [EM13] and

[CLS11], the orbifold Chow ring is

Qlo,y, 2, wl/ (w2, yw, b — az, sz +y + tz — w) = Q[z,y]/(2?, ay® + ray)

and fH;‘Eb Ty = §.

The 1-dimensional components come from p; and p3. By [BCS05], the substack
[Z9/G] for p; is isomorphic to the substack constructed from the quotient stacky
fan 3/p; [BCS05]. One can show that Z(p;) = C?* — V(y,w) and the action of
G(p1) = C* x pup on Z(py) is given by (A, ()(y,w) = (A\y, \(*w). Hence the Chow
ring is Qy]/(y*) and [, y=3.

Similarly, the Chow ring is Q[y]/(y?) for another type of 1-dimensional com-
ponents and fxpg Yy = é

There are 4 types of 0-dimensional components induced by ¢;. Two of them are

1
=

isomorphic to By, and others Bji,. The Chow ring is Q and | By L = 5 B, 1 =
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Thus IH® is the disjoint union of 7 types of components in general. Depending
on the relations among a,b and r, there may be fewer types.

On each type of components, the Chern character of a line bundle C7L( (m,n))
is given by

m 1 m
(1 + (ot ny) + S(—a+ny)’, (L+ ny)wp”, (14 ny)wy”,

(m—nsa)l m—ntb)l ml ml
Wy, s w((l ) y Wy s Wy .

Note that [ runs over {1,...,p — 1} for the 2nd type, {1,...,q — 1} for the 3rd type,

{1,...,b—1; ]% {1} for the 4th and 7th types, {1,...,a — 1; o {1} for the 5th and 6th

types.

One can also show that ﬁ(O(Dm)) : ﬁ((’)(Dm)) : ﬁl(O(DPS)) -Td(O(D,,))

on each type of components is

1 o4 e (= =
TG T T G T T T

1 1
(1 i w{)—al)(l o w,f“l)’ (1 _ wa—bl)(l _ wébl)’

( boor 1 b1 l+y 14y

1 1 )
(1= w1 =w®) " (1 —w, ™) (1 —w, ") )

Adding all the integrals together, we get the desired result.
To prove x(Oya) = x(O(D,,)) = x(O(D,;)) = 1, we repeatedly use the

following two facts:
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p—1 1 p—1 1
o If a,p are coprime, Z —_— = Z
=1

_ ,y—al e
1 W, — 1 wy,

1 1

TR B
1—%@ 1—wpl

Adding all the integrals together, we get the desired result.
To show x(Oya) = x(O(D,,)) = x(O(D,;)) = 1, we repeatedly use the

following two facts:

p—1 1 p—! 1
o If a,p are Coprimea Z 1_—M - Z 1 — wl '
—1 p =1 P
1 1
=1.
l-w, 1w

b—1 a—1

s t 1—witl 1—wil
Om,) =->—-Lio_ b~ _ ol
X(O(Dy2)) b o Z 1—wlb Z 1—wha

1=1 =1

b a
AL at!

Now suppose r = sa + bt is chosen so that s > 0 and ¢ < 0. Assume s =
u1b — vy and t = —uga — vy where 0 < v < 0,0 < vy < a,u; > 0,uy > 0. Then
r = (u; —ug)ab — via — vab. Set u = u; — up. Hence r can be written uniquely as
r = uab — via — v9b satisfying the conditions of the proposition.

One can show that

—p  ifp|jandbtj
b—1
il
dowl=qb-p ifb]j
=1
Ly 0 otherwise.
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Therefore,

b—1 b—1 s—1
1 _wlfl 5l S
Z 1—wl B Z ;wb - (I_? —1—(u1 = 1))(=p) + (b —p)ur = —s + bus.
l=1 =1 T
AL LRy
Similarly,

=1

a
aftl

Hence x(O(D,,)) = —u1 +us +2 =2 —u.

4.3 Coarse Moduli Space

Suppose ged(a, b)=1. Then the coarse moduli space of the Hirzebruch orbifold

H is a toric variety H given by the following fan

p1 = (b/p,s/p)

ps = (—a/q,t/q)

03

P4 = (07 _1)
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where r = sa + bt,p = ged(b,r) and g = ged(a, ). Since ged(a,b) =1, > and 5 are

integers. Let D; be the divisor corresponding to the ray p;. Then

b
“Dy~ 2Dy
q

p
S t
—Di+ Dy + —D3 ~ D,.
p q
To find the Picard group, we need to determine when a Weil divisor is Cartier.
Suppose D = t,D; + t2D; is Cartier. Denote by n, the primitive generator of the
ray p. Then for each o;, there exists m,, = (z;,v;) such that (m,,,n,) = —t, for all

p € 0;(1), where 0;(1) denotes the collection of rays of o; [CLS11].

For o4, it implies
b s
—T1+ —y = —h
p p

y1 = —lo
from which we get ]% | —t1 + ]%tg. By checking each o0;, one can show that the

conditions for D to be Cartier are IQ) | 1, ;”—‘; | ta. Therefore

ba b ba
Dy} 2 {t,-D, +ty—D,} = 7.
p pq

b
PlC(H) = {tl—Dl + tg—
p pq

The Cartier divisor tlng + t4§—‘;D4 is ample if and only if for each o;, there
exists m,, = (;,y;) such that

(my,;,m,) = —t, for all p € 0;(1)

(Mg, ,m,) > —t, for all p € X(1)/0;(1)
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One can compute that

bt ba sa ba
Mg, = _t17 0 y Moy = 07 0 y Mgy = _t47 _t4 y Mgy, = __t4 - tl? _t4
L= ), Mg, = (0,0), Mo, (pq o ), Mg, = ( o o )

is a solution. We get several inequalities which reduce to ¢; > 0, t4 > 0. Thus
b ba ) . .
Oxu(ty—D; + t4—Dy) is ample if and only if ¢1,¢4 > 0.
p pq

Consider the ample line bundle L = OH(}—l;Dl + Z—ZD4). By the property of
the root stack [FMN10], we see that ¢ : H® — H is a morphism with divisor

multiplicities (p, 1, ¢, 1). Hence

ba r . ba
€L = Oy (bD,, + —D,,) = (ba(1 + € Pic(H™®
#ar (0D, - ps) = (ba( pq) pq) (7).

For any coherent sheaf F on H, we can then define the Hilbert polynomial

of F with respect to €*L as
P(F,T) = x(F®eLh).

Proposition 4.3.1. Suppose ged(a,b) = 1. Consider the line bundle (m,n) €

Pic(H®), then

bar at+b+2m+r
+n+ 1+

P((m,n),T
((m,m).T) = (2pq 2pq
q—1 ml
b

ml
a wq
s et B .
+Z 1—(,0 al Z ]-_wq_blp(J) —}-X((’fﬂ,ﬂ))

=1
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Proof. To calculate x((m + ba(1+ -)T,n+ ;—ZT)), we note that

Z—Zsa Z—z(’r—tb) Z—‘;tb Z—‘;(r—sa)
wpt = wy =1,wi =wd =1.
Then the result follows. O

4.4 Modified Hilbert Polynomial

By [OS03] [Nir08b], A locally free sheaf £ on Hirzebruch orbifold H is a
generating sheaf if for every geometric point z of H%, the representation &, of the
stabilizer group at that point contains every irreducible representation.

One can show that £ = sz_ol(—k, 0) is a generating sheaf, although is not
of minimal rank usually. Let € : H% — H be the structure morphism. Fix the
generating sheaf £ as above and the ample invertible sheaf L = O( }%Dl + %D‘l)‘ We
define the modified Hilbert polynomial for a sheaf F on the Hirzebruch orbifold H2

as

Pe(F,T) = x(H", F@ &' @ L)

and the modified Euler characteristic as

xe(F) = Pe(F,0).
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Proposition 4.4.1. Suppose ged(a,b) = 1. Then

v’a’r  b*a? ab
Pe((m,n),T) :(W+ pq)T2+<%(a+b+r+2m—1+ab)

1
—i—ab(n—l—l))T—l— +n(a+b+2m+ab—1—m‘).

Proof. To prove the proposition, we note that

q—1 ab 1 (m+k)l

ab-1a=1 (mtk)l
=0, since p | ab.

DI e Z 1—wal

_ w al
k=0 [=1
ab—1 b—1 +k)l
wém )
° E — =10
k=0 I-w,

Then the result follows.

Proposition 4.4.2.

= PS([OR; ®ﬂi] ,T) = a,
=b.

PE([OH ® /}’Z] ,T)

PS([Opz ®la(iz] 7T) = PE([OP3 ®ﬂf1] ’T)

Proof. Recall from Proposition 4.1.1 that [Op, ® ] = ¢'+ g**'h— g*** — g'h. Hence

PS<<_iaO)7T) + PS((_G —1, —1),T)

PE([OP1 ®:&Z]>T) =
— Pe((—a —,0),T) — Pe((~i,~1),T) = a.

]

Similarly, we can obtain the other results

Generally, if there is a S-family such that Fy = Fg = F4 =0 and Fl consists

of a single space C with u,-weight i at the position (k/a+ Ay)(a,0) + A2(0, 1), then
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the K-group class of the corresponding sheaf is (1 — ¢%)(1 — h)g’ and Pe(Op, ®
Lkvads,Asi—k—aAi4742,0), 1) = a.

Thus the modified Hilbert polynomial of a sheaf corresponding to a single
space C in one chart only depends on the chart itself.

We will now look at the modified Hilbert polynomial of indecomposable locally
free sheaves of rank 2 on the Hirzebruch orbifold H2.

Recall that a necessary condition for such a sheaf to be indecomposable is

exactly one nonzero box summand for each chart. In this case, we set

By =k+aA,, By =A, B3 =j+bAs, By = A4

A = CZA1,A2 = Ay, A3 = bA3,A4 = Ay

A locally free sheaf of such kind is entirely determined by Bi, Bs, B3, By € Z,
Al,AQ,Ag,A4 S ZZO such that a | Al,b ’ A3 and P,P P P, C C?%. It is in-
decomposable if and only if it satisfies one of the conditions in the first case of

Example 3.3.6

Proposition 4.4.3. Let F be a sheaf with exactly one nonzero boxr summand for

each chart. Then the modified Hilbert polynomial of F is given by

Pe (=B, — B3 — Byr, =By — By))
-+ Pg((—Bl—Al —Bg—Ag—B47“—A4T,—BQ—A2—B4—A4))

— (1 =96pp,)A1As — (1 —0p,p, ) AoAs — (1 — Sp,p, ) AsAy — (1 — Op,py ) Ay\y.

where dp,p, is 1 if P; = P; and 0 if P; # P;.
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Proof. We can define another toric sheaf G such that its S-family G satisfies

dlm(bGl(ll, lg)m) = dlm(bFz(ll, l2)m)

for all charts. Then according to [GJK17, Lemma 7.7], [F] = [G] € Ko(H™).

To define the S-family G, we set

bGi(l17 l?) = bL(B1,BQ,B3,B4),i(l15 l2) @ bL(B1+A1,B2+A2,B3+A37B4+A4),i(l1a l2>

in the following regions

L > A+ Ajorly > Ay + Ay,

h<Ai+Ajand lp < Ajy + Ajy, if P= Py

for 1 < i <4 . Note that if P, # P;,, then a rectangle of size A;A;;1 is removed.

Hence the modified Hilbert polynomial is decreased by A;A; ;. O]
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Chapter 5:  Moduli Space of Torsion Free Sheaves

5.1 Moduli Functor

Suppose the modified Hilbert polynomial of a pure coherent sheaf F of dimen-
sion d is

d )
K

Pg(F, T) = Zagﬂ(./—'.)?
i=0 ’

Then the reduced modified Hilbert polynomial is defined as

PS (Fa T)
F.T)= ——-=
pe( ) oy (F)
and the slope of F is defined as
pe(F) = =,
Qg d

Definition 5.1.1. F is Giescker-stable if pg(F') < pg(F) for every proper subsheaf

F' C F. [Nir08b]

Definition 5.1.2. F is p-stable if pg(F') < pg(F) for every proper subsheaf F' C

F.
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For toric varieties or orbifolds, we only need to check all the equivariant sub-
sheaves for stability. It’s proved for reflexive sheaves in [Kooll] and recently for
torsion-free sheaves in [BDGP18].

We can then define a moduli functor M7, , where M3 (.S) is the set of equiva-
lent classes of S-flat families of Gieseker stable torsion-free sheaves on the Hirzebruch
orbifold H% with the modified Hilbert polynomial Pg. It’s shown in [Nir08b] that
there exists a quasi-projective scheme Mjp, that corepresents M3, and is indeed
a coarse moduli space. The closed points of M}, are therefore in bijection with
isomorphism classes of Gieseker stable torsion free sheaves on H2 with the modified
Hilbert polynomial Pe.

We also define a moduli functor M’Iﬂi C M, which only consists of u-stable
locally free shaves. The coarse moduli space is an open subset M/, C M5,

To get similar results of [Kooll, Theorem 4.15], we need to modify the defi-
nition of the characteristic function for #% and match the GIT stability with the

Gieseker stability.

Definition 5.1.3. Suppose ged(a,b) = 1. Let F be a torsion free sheaf on the
Hirzebruch orbifold H. The characteristic function Y7 is defined as the disjoint

union
a—1b—1

XF = H H (k.j)XF

k=0 j=0
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where ;X7 : (Z*)* — Z* is the characteristic function

(e)XF (M), epXFE(M2), k)X F (M3), @) XF (M)

= (dime((k/a,0)F ), dime (0,575 Fi2 ), dime (6,0 F ), dime (o,/a) Fit ) -

restricted to the following box summand

bl = (k/CL?O)?bQ = (Oaj/b)vb?) = (]/bv O)7b4 = (O7k/a)

Let F be a torsion free sheaf of rank 2, then F is u-stable if and only if F**
is p-stable. Since F** is locally free, indecomposability of F** implies that the S-
family ,, FZ** # 0 for only one box element by Example 3.3.6. Hence 4, F, # 0 for the
same b;. As a result, the characteristic function of a stable sheaf F must be of the

form

— —

XF = (kj)XF-

Denote by Gr(m,n) the Grassmannian of m-dimensional subspaces of C". We

define the following ambient quasi-projective variety:

a—1b—1 4

A:HH H H Gr(e X7 (m;),2)

k=0 j=0 \ i=1 m,cZz2

Then there is a locally closed subcheme Ny of A whose closed points are framed
[Koo10] torsion-free S-families with characteristic function y. Consider the special
linear group G = SL(2,C). Then G acts regularly on A leaving Ny invariant. For

any G-equivariant line bundle £ € PiCG(./V;-(‘), we can define the GIT stability with
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respect to £ [Dol03]. Denote by N3 the G-invariant open subset of GIT stable

points. We obtain a geometric quotient 7 : /\/;:2 - M = /\/}?/G

Proposition 5.1.4. Let X be the characteristic function of a torsion free sheaf of
rank 2 on the Hirzebruch orbifold H®. Let Pe be the modified Hilbert polynomial
with respect to the ample sheaf L = (’)(%Dl + %D4) and the generating sheaf € =

Zb:Bl(—k,O). Then there exists an ample equivariant line bundle Ly € Pic®(Ny)

such that any torsion free sheaf F on H® with characteristic function X is Gieseker

stable if and only if it is GIT stable w.r.t. Ly.

Proof. If X7 = (x,j)X7, then the S-family has exactly one nonzero box summand for
each chart. Hence the double filtrations are similar to the cases of toric varieties as

in [Kooll] and the proof carries over without any difficulties. O

Remark 5.1.5. For locally free sheaves of rank 2, we can also match the p-stability
with the GIT stability w.r.t some line bundle £;ﬁ. But in general, the line bundle

E’% is different from L. We denote the GIT quotient w.r.t this line bundle by M;s.

Suppose F is a T-equivariant sheaf on the Hirzebruch orbifold #. By ten-
soring a character of T, the equivariant structure is changed, but not the underlying
sheaf. This degree of freedom can be fixed by requiring B3 = By = 0. In this case,
we call Xz gauge-fized. Note that our definition is slightly different from [Kooll]
as we choose Bs, By from o4, which has the largest index, to make the calculation
easier.

By [Kooll], the Hilbert polynomial of a torsion free sheaf on a smooth toric
variety is fully determined by the characteristic function of that sheaf. The result
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also applies to the Hirzebruch orbifold H2. Therefore, we can write Xp, for the set
of characteristic functions with the modified Hilbert polynomial Pg.
Since the T-action lifts naturally to M}, , we get the following two theorems

similar to [Kooll].

Theorem 5.1.6. For any choice of a generating sheaf £ on the Hirzebruch orbifold

H, there is a canonical isomorphism
S T ~ S
Mi)"= T Me
XE(Xp )9

Since (geometrically) p-stability and locally freeness are open properties for

the moduli functor M%_ [Kooll] [HL10], we obtain

Theorem 5.1.7. For any choice of a generating sheaf £ on the Hirzebruch orbifold

He there is a canonical isomorphism
r o’

My = T M.

X
XG(XPE; )gf

5.2 Generating Functions

Denote the moduli scheme of p-stable torsion free, resp. locally free, sheaves
of rank R with first Chern class ¢; and modified Euler characteristic Xe by

Myav(R, c1, Xe), TESD. M;Q?Ib(R, 1, Xe)- Our goal is to use the idea of fixed point loci
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to compute the following two generating functions:

> e(Mya (R, 1, xe))*®

Xe€ZL

Z e(M’;'\-IL?‘b(R7 C1, Xf))qxg

XeEL

for R = 1,2 with fixed ¢;.

5.2.1 Rank 1

Consider p-stable torsion free sheaves of rank 1 on the Hirzebruch orbifold H

with fixed first Chern class ¢; = m?% + ny where z = ¢,(D,,),y = c1(D,,). Let

GCl (q) = Z G(MHgb(laChXS))qxg

XeEL

be the generating function. Note that e(Mya(1,c1, xe) = G(M'Hgb(l,Cl,Xg)T> by

torus localization.

Proposition 5.2.1.

00
HT" (a+b+2m+ab—1—nr) H

1
Gm%Jrny(q) =q (1 _ q—ak)2(1 _ q—bk)Z'

k=1

Proof. An equivariant line bundle L(p, B, B, B,) is non-equivariantly trivial if and
only if

Bl+Bg+TB4:0;B2+B4:O.
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If F is a torsion free sheaf of rank 1, then F ® L(p,4+B,rBs,—Bs,—By) 1S gauge-
fixed. Therefore, we only consider torsion free sheaves of rank 1 with reflexive
hulls L g, B,,0,0)-

For fixed c1, the reflexive hull is uniquely determined as L(_, —n0,0) = (m,n).

The modified Euler characteristic is given by

1
xe((m,n)) = —;n(a+b+2m+ab— 1 —nr).

For a torsion free sheaf F with the reflexive hull L(_,, _, 0,0, the cokernel sheaf

Q of the exact sequence

0—=F = Lcm—noo —2Q—0

can be described by young diagrams. By Proposition 4.4.2; the modified Euler
characteristic of Q increases by a, resp. by b for each cell in the young diagrams on
charts U, and Uy, resp. Us and Us. Hence the closed points of Mmb(l, c1,xe)? are

in bijection with four partitions (A1, A2, Az, Ay) such that

1+n

(a+b+2m—+ab—1—nr) —a(#\ + #\1) — b(#Aa + #X3) = xe.

]

Remark 5.2.2. By Proposition 4.4.2 and Proposition 4.1.1, the modified Euler

characteristic of Q is independent of the fine grading, whereas the K-group class is
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not. Hence we do not need to consider the colored Young diagrams as in [GJK17].

5.2.2 Rank 2

For a toric surface, there is a nice expression that relates the generating func-
tions of torsion free and locally free sheaves given by [G6t99]. We also derive a

similar relation for the Hirzebruch orbifold H2, which is given in Theorem 1.2.1.

Proof of Theorem 1.0.1. The proof is similar to that of [GJK17, lemma 7.4] except

in our case the moduli scheme is stratified by the modified Euler characteristics. [J

Let F be a locally free sheaf of rank 2 on the Hirzebruch orbifold H%. By
tensoring with L(p,1,B,,Bs,—Bs,—B4), We only consider sheaves with By = By = 0,
which are gauge-fixed.

From Example 3.3.6, we know that there are three types of indecomposable
sheaves. Hence, the connected components of the fixed locus M;’{‘E’le(R, c1,xe)T can

be explicitly classified as follows:

1. P; are mutually distinct and A; are all positive.

Consider four equivariant line bundles Li, Lo, L3, Ly C JF generated by

Py, Py, P3, P, respectively.

Ll = LBl,BQ+A2,A3,A47 L2 = LBl+A17327A3:A4’

L3 - LBl+A1,BQ+A2,O,A47 L4 - LB1+A1,BQ+A2,A3,O'

!For notation, see Section 4.4 and Example 3.3.6
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Any equivariant subsheaf of F is contained in one of L; and does not have
bigger slope. Hence it suffices to test pg(L;) < us(F) for all L;. The stability

conditions are given by

A < pgho+ As+ (r +pg)As, pgho < Ay + As + (r + pg) Ay,

As < Ay +pghy + (1 +pg)Ay, (1 +pg)As < Ay + pghAs + As.

Denote by D the set of points (P, P, P3, P;) € (P')* where Py, P, P, Py are
mutually distinct. Then the connected component of the fixed locus is given
by D/SL(2,C) and e(D/SL(2,C)) = e(P* — {0,1,00}) = —1.

. P; are mutually distinct and one of A; is 0.

Suppose A; is 0, then the above inequalities are reduced to

Pl < Az + (r +pq)As, Az < pgha + (r + pq)As,

(r + pq)As < pgAs + As.

Hence the connected component is D/SL(2,C), where D is the set of
points (P, P3, Py) € (P')3 where P,, P3, P, are mutually distinct, and
e(D/SL(2,C)) = 1.

. P; = P; for some ¢, j and A; are all positive.

Suppose P = P, P3, P, are mutually distinct. Then we need to consider line

bundles L}, L3, Ly where L] = L(p, B, as,a,))- The stability conditions are are
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given by

A+ pghs < A+ (r+pg)Ay, Az < A+ pgAs + (1 + pg)Ay,

(T +pq)/\4 <A\ +qu2 + Ag.
Similar to the case 2, the topological Euler number of this component is 1.

Thus there are 11 types of incidence spaces contributing to the generating
function similar to the case of Hirzebruch surface in [Kool5].

Consider locally free sheaves of rank 2 with fixed first Chern class ¢; = 2z +ny
where ¢1(D,,) = z,¢1(D,,) = y. By Proposition 4.4.3, one can show that

T

1 =—(2B1+ A+ Ag+ Ayr) - (2B + Ay + Ay)y.

Hence

2B1+ M+ A3+ Ayr = —m, 2By + Ay + Ay = —n.

If F is of the first type mentioned above, then the modified Euler characteristic

is given by

Pg ((_Bl7 —BQ), O) + Pg ((_Bl — Al — A3 — A47", —BQ — AQ — A4), O)
—A1Ay — AoAs — AsAy — AyA
mn n’r 1

1 r r

where C' = a+b+ab—1. Similarly, we can obtain the modified Euler characteristics

for other types.
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Let

be the generating function. Define f = %(C’ —rin+C+m+ 5" — ”TQT. Then

H\%bx—i-ny (q) = -

HP (@) = ) e(Myu(2, c1, xe))a®

Z qf—%(A2+A4)(A1+§A2+A3—§A4)

A1, A2, Ag, Ay € Zs0,a | A1, b | Ag

2| —m — Ay — A3 —7A4,2| —n — Ag — Ay

+ 2.

A1 < pgh2 + Az + (r + pg)As
pqh2 < A1+ Az + (7 + pg)Ag
A3 < A1 +pgAa + (7 + pg)Ag

(r+pa)As < A1 + pgAa + Ag

q

A1, A2, A3, Ay € Zso,a | A1, b | Ag

2| —m —A] — A3 —7TA4,2| —n — Ay — Ay

A1+ A3z < pgA2 + (7 + pg)As

pghAz < A1 + Az + (r + pg)As

(r+pg)Ag < A1+ pgha + A3

+ 2.

q

A1, A2, A3,Aq € Z>0,a | A1, b | A3

2| —m —A] — A3 —7TA4,2| —n — Ay — Ay

pah2 + (r + pa)As < A1 + Az

A1 < pgh2 + Az + (r + pg)As

Az < A1 + pgAa + (r + pg)Ag

+ 2.

q

A1, A2, A3,Aq € Z>0,a | A1, b | A3

2| —m — A1 — A3 —7rA4,2| —mn — Aa — Ay

A1+ pghe < Az + (r + pg)As

Az < A1 + pgAa + (r + pg)Ag

(r+pg)Ag < pgAa + Az + A

+ 2.

q

A1, A2, Ag, Ay € Z>0,a | A1, b | Ag

2| —m—Ay — A3 —71A4,2| —n — Ay — Ay

pgA2 + Az < A1+ (r 4+ pg)Ag

A1 < pgh2 + Az + (r + pg)As

(r+pg)Aa < pgAz + Az + Ay
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T

+ E : qf—é(A2+A4)(A1+gA2+A —5A4)+A3A
A1, Ao, Ag, Ay € Z>0,a | A1, b | Ag
2| —m — Ay — A3 —71A4,2| —n — Ay — Ay
Az + (r+ pg)As < A1+ pgA2
A1 < pgh2 + Az + (r + pg)As

paA2 < A1+ Az + (7 + pa)Ag

+ > q

A1, Ao, Ag, Ay € Zs0,a | A1, b | Ag

=2 (Aa+As) (A1 +5Ao+A3— 5 As)+AsAy

2| —m — Ay — A3 —7A4,2| —n — Ag — Ay
A1+ (r+ pg)As < pgAz + Az
pah2 < A1 + Az + (7 + pg)Ag
A3 < A1 +pghAz + (7 + pg)Aa

+ Z qf*%(/\2+/\4)(%/\2+1\3*%/\4)

A2, A3, Mg € Z>0,b | Ag

2| —m — A3 —rA4,2| —n — Ag — Ay
pgh2 < Az + (7 4+ pq)Ag
A3 < pgAz + (74 pg)Ag

(7 +pa)As < pgha + Ag
+ Z qf*%A4(A1+A3*%A4)

A1,A3, Ay € Zso,a | A1, b | Ag
2| —m —A) — A3 —71A4,2 | —n — Ay
A1 < Az + (r+pg)As
Az < A1+ (7 +pg)As

(r+pa)Aa < A1+ Ag

+ Z q

A1, A2, Ay € Z0,a | Ay

f=2(A2+Ag)(M+5A2—FAy)

2| —m —A] —7rA4,2| —n — Ay — Ay
A1 < pgAa + (r + pa)Ag
pqh2 < Ay + (r + pa)Ag

(r+ pa)As < A1 + pgA2

4 Z qf—%A2(A1+§A2+A3)

A1, A2, A3 € Z>g,a | A1,b | Ag
2| —m—A;] —A3,2| —n — Ag
A1 < pgha + Ag
pgh2 < Ay + Ag

Az < A1 + pgh2

Note that the first term corresponds to the component of the first type and the
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negative sign comes from e(P' — {0, 1,00}) = —1. The signs for the remaining terms
are positive because the topological Euler number is 1 for the other components.

Using proper substitutions, we can simplify this generating function further.

2

Proposition 5.2.3. Suppose ged(a,b) = 1. Let f = 3(C —r)n+C +m+ 22 —2F

where C =a+b+ab—1. If r > 0, the generating function H“bﬂny(q) equals

o)~ DD R Jo s

C1

(Z+Z+Z+Z> — Lyt Ljh— g Lii—rg?

Cy C3 Cy

where

Cr={0G, 4,k ) €Z*:2|m+i,2|n+752|j—12al|i+k+r(j—1),

2b | i —k,i=pqj,—j <1<j,—pgj—r(i—1) <k<pgj},
Co={(i,j,k, 1) €Z*: 2| m+i,2|n+42|j—12a|i+k+r(+]1),

20 |i—kk<pgl <il<j,—i—r(j+1)<k,—pgj—r(j+1) <k},
Cs={(i,5,k, ) €Z*: 2| m+4,2|n+752|j-0120|i+k+r(—1),

2a |i—k,k<pgl <il<j,—i—r(j+1)<k,—pgj—r(j+1) <k},
Co={(i,5,k, ) €Z*: 2| m+i,2|n+52|j-012b|i+k—7r(—1),

2a |i—k,k<pgl <il<j,—i+r(j—1)<k,—pqgj <k},
Cs={(i,5,k, ) €Z*: 2| m+4,2|n+352|j—1L2ali+k—r(—1),

2b | i —k,kE<pgl <i,l<j,—i+r(j—1) <k, —pqgj <k},
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Co={(i,5,k) € Z* : 2| m+14,2 | n+ 5,2 [ j+k,2b | 2i +7(j + k),

7 rj

<k<i},

T('+k:)<"< j
-0 1,1 < pqj — -
2 r+pqg T+pg Pq

Co={(i,5,k) €Z?:2|m+i,2|n+j2]|7+k2a|2i+7r(+Ek),

T('+k)<"< '
—5U 4,1 <pqj — -
2 r+pg  r+pq Pq
Cs={(i,j,k) €Z*:2|m+i,2|n+j2a|i+k+2rj2b|i—k,

—pqj —2rj <k < pgj <i},

Co={(i,j,k) €Z*:2|m+i,2|n+j2a|i+k2b]|i—k,

—pqj <k < pgj <i},

PTOOf. Set’i:A1+A3—TA4,j:A2+A4,k:A1—A3—TA4,l:AQ—A4. The

first term is split into two

_ 3 o 295 _ 3 qf ~23(it54)

i,j,k,l €L i,j,k, 1 €Z
2| m+i,2|n+4,2]5—1 2|m+i,2|n+5,2]5-1
2 |i—k,2a|i+k+r(G—1) 2b|i—k,2a|i+k+r(G—1)
pqj < i, —j <Il<j i < pqj,—i<pgl <i+r(i—1)
—pqj —r(j —1) < k < pgj —i—r( =l <k<i

based on whether pgj < i or pqj > j. By same substitutions, the first three terms
can be combined into one. The remaining terms can be obtained by the following

substitution.
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Term | Substitutions

dth | i=AM+As—rAg, =N+ AN, k=A — A3 — 1Ay, Ll = Ay — Ay
5th | i=A1+As—7rAy, i =N+ Ak =—A+ A3 —rAy, L =Ny — Ay
6th |i=A1+As+7rA\y,j =N+ A k=—-AN+As+rAy, I =N — Ay
Tth | i=A+As+rM,j =N+ A k=M —Asg+rAy I =N — Ay
8th |i=As—7rAy, i =N+ A, k=N — A

9th |i=MAN+A3—rAy, =N, k=N — A3 —1Ay

10th | i=A —rAy, i =N+ Ay k=N — Ay

11th | i=A1+ A5, =Nk =A1 — A3

]

If r = 0, the above result yields the Theorem 1.2.2 for the orbifold P(a, b) x P*.

Remark 5.2.4. If a = b = 1, the orbifold becomes the variety P! x P! and f =

%t +m +n+ 2. Consider a torsion free sheaf F of rank 2 with ¢; = mz + ny

where ¢;(D,,) = z,¢1(D,,) = y. Suppose cz(F) = cry. One can show that X (F) =

—c+ mn + m + n + 2. Hence the above generating function agrees with the one

given in [Kool10, Corollary 2.3.4] when A = 1. Note that the divisor Dy in [Kool10]

is really D, in our paper, but Dy ~ Dy in the case of P! x P!,

Let (i,7) € Pic(H®).
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stability. Suppose F is a locally free sheaf of rank 2 on the Hirzebruch orbifold H2

with ¢1(F) = 22 4 ny. Then
Xe(F®(i,7) =xe(F)+i2+n+2j)+jlab+a+b—1—r+m—nr—rj).

Let g(i,7) =i(2+n+2j)+jlab+a+b—1—r+m—nr—rj). We obtain

an isomorphism
MYE,(2 =~ MYPL(2 % 2j ]
pn (25 €15 Xe) = Mo (2,0 + — + 2]y, Xe + 9(i, 7)),
which induces

2 , y
> (M (2,0 + — o+ 2]y, Xe))a¥ = @’y " oMy (2, e1, xe) Ja¥e.
Xe €L Xe€EZ

Thus for the Hirzebruch orbifold, the only interesting cases for the generating

functions are (m,n) = (0,0),(0,1),(1,0) and (1,1).

Proposition 5.2.5. Consider the orbifold H{?, which is P(1,2) x P, In this case,
r=0,a=1b=2p=1,9=2,C=4. Let (F) = mx + ny where c¢1(D,,) = x

and ¢1(D,,) = y.

81



1. If (m,n) = (0,0), then f = 4.

o0
Hvb 2: 2 4 412

t=1
q—(2u+2p)p q—(2u+2p)(2t+1)

+ZZZ4‘1 e e 1 —?1*(2u+2p)

tlulpl

—(2u+2p—2)p q—(2u+2p—2)(2t+1)

+2 224‘1 e = TR

t=1 u=1 p=1
oo 2t o0 B
+ 303 dgt -2 q P —q e
t=1 p=1 (1 — q~W+4=2p))(1 — q~2»)
oo 2t—1 o apt
_ _ q J— q
+ Aqi2Ct=2p D)
; ; (1 —q “=2))(1 — q~2)
> 4—4¢(t+1) N 4—(4t—2)t
4 q
+;2(2t— DT " +;2(2t— OF R
> ey 2 qi22e)
2(2t — 1 202t — 1) —m—
D2 - Dz + o2 - D

8 18 11°
= 2¢? +5+—+—+OH .
g gt q

2. If (m,n) = (1,0), then f =5.

—(2u42p—2)p qf(2u+2p72)(2t+1)

Hvb Z Z Z 2q (4t+1)(t—p+1) 4 — (;(2u+2p_2)

tlulpl

~(ut2p=2)p _ = (2ut2p-2)(2t+1)

+ i i Z 2q (4t+2) (t—p+1)+t+u 9 — (;(2u+2p_2)

t=1 u=1 p=1

oo oo 2t—1 2u+2p—2)p —2t(2u+2p—2)

—( _
+ Z Z Z 2q7 D0 = 1—- q_(Qu(—ll—Qp—Z)

t=1 u= lp—

~(Qut2p=2)p _ = (2ut2p-2)(2t+1)

o [e.e]
+ Z Z Z 2q° ey D 1-— q__(2u+2p—2)

t=1 u=1 p=1
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co 2t—1

+ Z Z 2q57(4t+1)(t7p)72p

t=1 p=1
co 2t—1

+ZZQq (4t+1)(t—p)—p

t=1 p=1
oo 2t—1

+ Z Z 2q57(4t+3)(t7p)72p

t=1 p=1
oo 2t—1

+ Z Z 2q5—(4t+3)(t—p)—3p

t=1 p=1
—(4t4+1)(t+1)

Z 2t 1— (4t+1) Z 2t

q—2p2 o q—4pt

(1 —q @W=2)(1 —q=%)
q—2p2 . q—4pt

(1 —q-=2)(1 — q=2)
q—2p2 i q—4pt

(1 —q @=2)(1 —q=%)
q—2p2 . q—4pt

ﬂ—q*“ﬂﬂﬂ—q”ﬂ

—(4t—1)t

q(4t1

j{:4t1

Ak

12 12 14 20 17°
= 2¢° +4¢? +6q+8+—+—5+—5+—5+0|-| .
q ¢ q q q
3. If (m,n) = (0,1), then f =6.
Hvb Z4t2 6—(2t+1)2
oo oo 2t—1 6212124 1) q—(2u+2p—2)p _q—2t(2u+2p—2)
—2t(2t—2p+
T Z Z Z 4q " 1 — q~(ut2r-2)
t=1 u=1 p=1
o0 o0 2t-1 i) q@ur2pp _ 2t(2ut2p)
£ Y o
t=1 u=1 p=1
o 2t —op? 9p(2t+1)
Lo (4t+2)(t—p+1) q q
+;;;;(1 (1 —q-UrF2=2)(1 — q=2)
oo 2t—1 _2p2 . —4pt
Lo F—Att—p+1) q q
+;;;;(1 (1 —q-UrF2=2)(1 — q=2)
00 f-24(2t+D) 6—(2t—1)(2t+1)
- Z (4t — 1 T ow T Z At — — q(4-2)
o0 f-2026=1) —(2t+1)(2t+3)
I R ML
5 14 3 17 1
:2¢+wf+&f+q+9+—+~3——§+—Z+O{—
qa dqq q q q
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4. If (m,n) = (1,1), then f = ?

HYL (@) =

0 o0 —(2u+2p—2)p _ —(2u+2p—2)(2t+1)
DD q
Lo L L 1 — q(u+2p-2)
u=1 p=
oo oo 2t—1 —(2u+2p—2)p _ ~—2t(2u+2p—2)
7—(4t—1)(t—p+1)—utp 9 d
+ ; z; Z 2q 1— - Cur2r—2)
u=1 p=1
oo oo 2t—1 —(2u+2p—2)p _ . —2t(2u+2p—2)
8—(4t—1)(t—p) 2pq !
53 3) P
t=1 u=1 p=1
oo oo 2t—1 —(2u+2p—2)p _ —2t(2u+2p—2)
7—(4t+1) (t—p)—p+u 4 q
53 3) P
t=1 u=1 p=1

) —2p% _ _—2p(2t+1)
(4t+3) (t—p+1) q q
DHRTS (= ) (1= q )

tlp—

) —2p? _ _—2p(2t+1)
(4¢+3) (t—p+1)—p q q
+ Z Z 24 (1 — q @+2-29)) (1 — q2»)

t=1 p=1
- (4t+1) (t—p+1) q72p2 _ q72p(2t+1)
+ 2q +1)(t—p+
; ; (1 —g-r2=2m)(1 — q=2r)
) —2p% _ _—2p(2t+1)
q q
+ 2q (4t+1)(t—p+1)+p
ZZ (1— g 22)(1 — g 2)

75 L (2041)(4+1) 75 $(2t+1)(4t—1)
+22t 1 — q-(t+D) +22t 1 — -1

75 Lt 1)(4t+1) 2—1(2t—1)(4t—1)
+ Z 2(2t - 1) 1 — (4t—2) + Z 2<2t o 1) 1— q—(4t_2)

14 18 24 22 17°
_2q +4q +6q +8q —|—10q +14+E+_+$+¥+O|::| .

q

Proof. We will show how to rewrite the sums over Cy and Cj in the case of (m,n) =

(0,0). The calculation of other parts is similar.
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The second and third terms can be combined into one
Z4q47iij+ijk7iklfili
Cy
where
Ch={(i,j,k,1)€Z*: 24,2 |j,2|1,2 | k,4|i~k,—i<k<2<i,—2j<kIl<j}

It can be then split into two terms by either ¢ < 2j or 25 < 3.

( Z 4 Z )4q47iij+ijk7iklfili

1" 1"
02 03

where

Cy ={(i,j,k,1) €Z*: 20,2 j,2 | 1,2 | k,4|i—k, —2j<—i<k<2<i<?2j},

Cy={(i,5,k,1) €Z*: 24,2 4,2 1,2 | k,4|i—k, —i<—-2j<k<2<2j<i}.

Suppose ¢ = 4t + 4, then we have the following picture for the case ¢ < 27.

—i kT2 2 R 2j
At —4 -2t —2 0 ot + 2 4t + 4 |
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Hence j =2t +242u,l =2t +2 —2p,k =4t +4 — 4p — 4s and

oo oo 2t 2t4+1-p

Z qiijfiijrilirili _ Z Z Z Z q4t2+8t74pt74p+2up+2p2+4+23(u+p)

Cél t=1 u=1 p=1 s=1
0 oo 2t (2u+2p)p 2u+2p)(2t+1
_ } :} : 2 : (4t+4) (t—p+1)+2p+2u 4 —q y2i+1)
q _ q2u+t2p
l—q
t=1 u=1 p=1

This is the second term of the generating function in the case of (m,n) = (0,0).
Suppose ¢ = 4t + 2, we will obtain the third term. The fourth and fifth terms
come from the case when 2; < i.
Basically, we split the terms by 4 | i or 4 | i+ 2 when ¢ is even, and by 4 | i + 1

or 4 | i+ 3 when ¢ is odd. Then the result follows from tedious calculation. ]
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Chapter 6: Donaldson-Thomas Invariants

The Donaldson-Thomas invariant DT'(X; ) of a Calabi-Yau manifold X, con-
structed by [Tho00], is the virtual count of stable sheaves on X with Chern character
«. It is originally defined in the case when there are no strictly semistable sheaves.

Let X be a Calabi-Yau threefold over C. Denote by Ky(X) = Ky(coh(X)) the
Grothendieck group of the abelian category coh(X) of coherent sheaves on X. The

Euler form [JS12] is an anti-symmetric bilinear map:

¥ Ko(X) x Ko(X) = Z

x(E][F]) = Zizo(_l)idimEXti(57F>

for all £, F € coh(X). The numerical Grothendieck group K (X) is the quotient of
Ky(X) by the two-sided kernel of y. The Euler form descends to a non-degenerate
anti-symmetric bilinear form on K (X).

Define the positive cone C'(X) to be

{[F] € K(X)|02 F € coh(X)}.

Fix an ample line bundle Ox (1) on X. For any a € C(X), write M4 (X;a) (resp.
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M(X; ) for the moduli space of Gieseker-(semi)stable sheaves on X with class
a. It is shown in [HL10] that M (X; ) is a quasi-projective scheme of finite type
and M (X; ) is an open subscheme.

In the case My (X;a) = M (X;a), i.e. there are no strictly semistable
sheaves, M,(X;a) is proper and admits a virtual class [M(X;a)]"" €

Ag(M(X; ). The Donaldson-Thomas invariant is defined as

DT(X:a) = / 1.

[MS(XW)}VH

One can also define DT(X;a) via a constructible function wv,(x;a)
M (X; o) = Z, called the Behrend function [Beh09]. Then the Donaldson-Thomas

invariant can be expressed as the weighted Euler characteristic:
DT (X;a) = x(Ms(X;a), v, (x5a))-
In addition, if M(X;«) is smooth, then
DT (X;a) = (—1)imMX) o A (X a)). (6.1)

If the moduli space M (X;a) contains strictly semistable sheaves, then
DT (X;«) cannot be defined via the virtual cycle. It is also not a good idea to
use (6.1) as the definition because it is not unchanged under deformations of X.

Instead, Joyce and Song defined a Q-valued invariant DT(X; o) for M, (X; @),

called the generalized Donaldson-Thomas invariant [JS12], which is given by the
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naive Euler characteristic [Joy06] weighted by the Brehend function. Their version
of stable-pair theory provides us a concrete tool to compute DT(X; «).

DT(X; ) is deformation-invariant. When M, (X;a) = M (X;a), DT(X;a)
coincides with the original invariant DT'(X; «).

In the previous discussion, the Calabi-Yau 3-fold X is assumed to be compact.
If X is non-compact, the Euler form on coh(X) may not be defined. Hence we need
to consider the abelian category coh.(X) of compactly-support coherent sheaves on
X [JS12, Section 6.7].

By [Full3], Ky(cohes(X)) can be identified with the image of the compactly-
supported Chern characteristic ches @ Ko(cohes(X)) — HEM(X;Q). Hence the
Euler form

X : Ko(coh(X)) x Koy(cohes(X)) = Z

is well-defined and mapped to the pairing

Heven(X;Q) X H(::esven<X’Q) N Q

(o, B) = deg(a¥ - B -td(X))3

given by the Poincaré duality.

For any coherent sheaf F with compact support, the Hilbert polynomial is
defined as x(Ox(—t),F).

If X is compactly-embeddable [JS12], one can still define DT(X;«) via the
Behrend function and stable-pair theory. But the moduli space is not necessarily

proper if X is not compact. As a result, the Donaldson-Thomas invariant may not
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be deformation-invariant.

6.1 Local Hirzebruch Orbifolds

Now we study the Donaldson-Thomas invariant DT'(X; «) when X is the total
space of the canonical bundle over a Hirzebruch orbifold H% and « is the class of
a compactly-supported coherent sheaf. In the case when r = 0 and « is the class
of a 2-dimensional sheaf such that ¢;(«) is the class of the zero section, we find an
explicit formula for the generating function of Donaldson-Thomas invariants.

Suppose ged(a,b) = 1. Recall that the stacky fan of the Hirzebruch orbifold

H is given by

02

P2
P3 = (—CL, t)

03 04

Hence 0D, ~ aD,,, D,, ~ sD,, +D,, +tD,, where D,, is the divisor corresponding

P31 = pa

to the ray p;. The canonical bundle of the Hirzebruch orbifold H% is

-~ ~ a+b—r
W’){%b == OH&b(Z _,Dpz) = OH%b(_T’DPI - 2Dp4>7

%

Let X be the total space of the canonical bundle wy» over H2. Then X is a
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Calabi-Yau stack [PS06] of dimension 3, called the local Hirzebruch orbifold.

Denote by S & H% the zero section of wyee. By [Beh04], the compactly-
supported cohomology groups of X can be identified with the cohomology groups
of H2:

HE(X,Q) = H 2 (H, Q).

Let € : H% — H be the morphism from H to its coarse moduli scheme.

X
=
T

Recall that p = ged(b,7),q = ged(a,r),r = sa + bt and Pic(H®) = Z & Z. Fix the
ample sheaf L & (’)H(%Dl - Z—ZD4) on H and the generating sheaf & = @ '(~k,0)
on H® [Section 4.4]. Denote by 7 : X — H® the projection map. Let F be a
compactly-supported coherent sheaf of dimension 2 on X such that ¢;(F) = k[S]

for some k > 0. Its modified Hilbert polynomial is defined as

Prg = X(m*E@ T L7 F).
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Since O(D,,) = (a,0) and O(D,,) = (r, 1), we have

k(a+b—r)

- D, —2kD,,) = (—k(a+b+1),—2k)

k  ~
Wign = Opgr(—

By Proposition 4.4.1, Pg(Oya,T) > Pe(wh.,T) for any k > 0. It implies that

H O(w;“_lgb) = Hom(Oyyas, wﬁgb) = 0. Hence F is set theoretically supported on S.

Proposition 6.1.1. If F as above is semistable, then the stack theoretical support of
F is 8. Denote by Ms(X; P) (resp. Mgs(HP; P)) the moduli space of compactly-
supported semistable torsion-free sheaves of dimension 2 on X (resp. HP®) with

modified Hilbert polynomial P. Then

Mo (X P) 2 M (H; P).

Proof. The ideal sheaf of § in X is isomorphic to w;}lb = (’)Hgb(aer_TDpl +2D,,),

a

hence there exists an exact sequence

F @ Wy = F = Fls = 0.

Since F is semistable, to prove Hom(F ® w;{ib,}" ) = 0, it suffices to show that

P(F ®wy,,,) > P(F) by [HL10], where P(F) := Pe(F,T) = x(H®, FREV @€ LT)

denotes the modified Hilbert polynomial.

Because of the generating sheaf £ = @Zb:_ol(—k, 0), the only new contribution

to the linear term of the modified Hilbert polynomial comes from the 2-dimensional
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component of the inertial stack IH®, which is H% itself.
Recall that the Chow ring of the Hirzebruch orbifold H is Q[xz, w]/(x?, aw? —

raw). Then P(F ® w,y,) > P(F) because

/ chy(€* L") - chy (wpar)
Hab

= / (bx + b—aw)T- <Lb_rx + 2w)
Hab prq a

b
= (u+2)T > 0.
bq

Hence F = Fs. O

By Serre duality for Deligne-Mumford stacks [Nir08a], Ext*(F, F) = Hom(F,
F @ wya) = 0 for any torsion-free semistable sheaf F on H* as shown in the
proof of the previous proposition. Hence in the case when there are no strictly
semistable sheaves, M (X; Pe) and M,(X; o) are unobstructed and smooth. Hence

the Donaldson-Thomas invariant DT'(X’; «) is the signed Euler characteristic:
DT(X;a) = (=1)"mMEDe (M (X; )
In the variety case, i.e. a = b =1, we also have
DT(X; Pe) = (=) M F) (M (X Pr)).

But it does not hold when & is an orbifold. Sheaves of different K-group classes

might have same modified Hilbert polynomial. The moduli space M (X; Pe) will
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have components of different dimensions.
Denote by Meyen (resp. Moqq) the components of the moduli space M (X'; Pe)
with even (resp. odd) dimension. Then the Donaldson-Thomas invariant DT'(X; Pe)

can be expressed as

DT(X, Pg) = Q(Meven) — €(M0dd).

Hence the coefficients of generating functions we obtained in Chapter 5, for
example Proposition 5.2.1, might not be Donaldson-Thomas invariants. We need to
modify those generating functions to track both K-group classes and Euler charac-
teristics. This process involves colored partitions.

Let « be the class of a 2-dimensional compactly-supported semistable sheaf on
X with ¢;(a) = [S]. Since this sheaf is stack theoretically supported on S = H®, it
corresponds to a semistable sheaf F of rank 1 on the Hirzebruch orbifold H%. By
tensoring — ® (7, j), we assume that the reflexive hull of F is Lg,,0,0), in which case

c1(F) = 0. The cokernel sheaf Q of the exact sequence

00— F — L(0707070) — Q — 0

is O-dimensional.

By Example 3.3.2, in each chart U;, the stacky family bi]:"i is nonzero only for

94



7 =k =20. The set

{(ll, lg} € Z220| (0,0) Qi(ll, lg) 7é 0 i.e. (0’0)17@'([1, lQ) = 0}

corresponds to the stacky family ,, Q, and defines a colored Young diagram for each
chart.
For example, in the chart U, the p-weight of (9/4,0)91(0,0) is 0 by Example

3.3.2, because B; = 0 for all ¢. Since the py-action on U is given by

TEmy: (z,y) = (172, 7"y),

the ,ub—weight of (0/a,0) Ql (ll, 12) is

lia — lyr  mod b.

The Young diagram associated to Q| is nonempty if and only if (g/4,0)Q1(l1,l2) # 0.
The color assigned to each block is determined by the p,-weight. Similarly, Young

diagrams for other charts are also colored based on the fining gradings.

Example 6.1.2. Suppose ged(a,b) = 1 and r = 0, then the orbifold is P(a, b) x P
The colored Young diagram associated to F for the first chart is illustrated as

follows:
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2a

3
O©©|
IS

Note that ia might be bigger than b, so the color is given by ia mod b.

Proposition 6.1.3. Let F be a torsion free sheaf of rank 1 on the Hirzebruch
orbifold H® such that the reflevive hull of F is L0p,0,0)- Denote by \,(F) the
corresponding colored Young diagram for chart U; and #,\;(F) the number of boxes

with color 1 in the diagram \;(F). The K-group class of F is

a—1
1-— Z #Hi M (F Z F#i Mo (F )(1 - h)gl

=

—Z#mg D= g — S EMENL - )1 g

=0

where g = [(—=1,0)],h := [(0,—=1)] are K-group classes of the generators of

Pic(H®) 2 Z & Z.
Proof. The result follows from Proposition 4.1.1 O]

Let My (1,c1 = 0, xe) be the moduli scheme of stable torsion free sheaves of
rank 1 on H® with first Chern class ¢; = 0 and modified Euler characteristic ye.
Our goal is to stratify this moduli scheme by K-group classes and determine the
dimension of each component.

By the above proposition, we know that the K-group class of a torsion-free
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sheaf of rank 1 is fully determined by #;A;(F). So the problem of determining the
dimension is reduced to that of counting colored partitions.

When r = 0, i.e. the orbifold is P(a,b) x P!, the group action on each chart
always fixes one variable. For example, the action on the first chart is given by
T € wp : (r,y) — (7%x,y). Hence the Young diagram is colored by layers as
illustrated in Example 6.1.2. In this case, there is a simple formula for the generating

function.

Proposition 6.1.4. Suppose a Young diagram is colored based on the weight of -
action on C* given by 7 € py : (z,y) — (t%¢,y). Let p; be the variable that tracks
the color i mod b. Then the generating function for the colored partition is given
by

1
G(pia) = — .
[0 ITi=0 (1 = Popa -+ Pia(PoPa - Po-1)a)¥)

Proof. The result follows from the observation that for each horizontal layer of a
Young diagram, the number of boxes with color (i + 1)a is always equal to or one

less than that of ia. For example, the Young diagram in Example 6.1.2 corresponds
to the term (popap2a) - (Popap2a) - Po- O
As a result, the generating functions for charts ; and U, are both G(p;).

Similarly, the generating functions for charts Uy and Us are

1
[0 1520 (1= g0 - - qio (@0 -+~ Ga—1)*)

H(qpp) =

Hence the partition function for stable torsion free sheaves of rank 1 with
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c1 = 0 on P(a,b) x P! is given by

a ab— —a —
q2 @D G2 () H (o bg),

where q tracks the modified Euler chracteristic and p;, (resp. ¢;») tracks the number
of boxes with color ia mod b (resp. jb mod a) in charts Uy and Uy (resp. Uy and
Us).

Note that by setting p; = ¢; = 1, we will get back the generating function

! 1
Go(q) _ q%(a—i-b—&-ab—l)
IH (1 _ q—ak>2(1 _ q—bk)Q

in Proposition 5.2.1

However the coefficients of the above partition function are still not Donaldson-
Thomas invariants. We need to determine x(F,F) for any torsion free sheaf F of
rank 1 with fixed K-group class.

When X is an orbifold, it is not easy to calculate x(F,F) directly. Given a
sheaf F on a variety X, if ch(F) = @;u; € &;H*(X,Q), then the dual class of F
is defined as ch”(F) = @;(—1)"v;. But this is not true for orbifolds because of the
existence of p in the definition of ch [Section 4.2]. The eigenvalues are assigned as
the weights for the decomposition of eigenbundles.
(—1)dim Mo (¥50)

However, we are only interested in . So we carry out the fol-

lowing steps to determine whether x(F,F) is even or odd.
Proposition 6.1.5. Given a sheaf F on the Hirzebruch orbifold He. Suppose there
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exists a locally-free resolution

no ni
0— @ﬁgj — @le —>.F,
j=1 i=1
then

NFLF) = (0 +m2) + s (X(L1s ® £1,) + x(Lri @ £1)))

X (X(L25 © £5) + x(Lay © £5)) = Xy (X(L1s @ £4) + (£ © L)) ).

The result also holds when the K-group class of F is [D;2, L1] — [D}2, Laj]-

Proof. The dual sheaf of F is defined as the derived dual. The Euler form is bilinear

and x(Oya) = 1 by Proposition 4.2.1. O

Therefore, to determine whether X' (F, F) is even or odd, we need to find the

pattern for x(£) + x(£") for any line bundle £ on P(a,b) x P'.

Proposition 6.1.6. Define X[L£] := x(£) + x(£Y) and

0 ifit]
52"]' =
1 ifil g

Suppose ged(a, b)=1. Consider the line bundle (m,n) € Pic(P(a,b) x P'). Then

Xl(m,n)] = (8pm + dam)(n — 1) mod 2.
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Proof. By Proposition 4.2.1, when r = 0, the Euler characteristic is given by

b—1 a—1
_l+n 1+4n  (14n)m w n+1 w™ on+1
x((m,m)) = 2a + 2b * ab +ZZI:1—wb_“l b +l21:1—wa—bl a
b—1 (,L}ml
We first consider the case when n = 0. Using the fact that Z% =
= 1 — wb al
b—1 —ml w—ml w—ml .
b b b —m
— and ~ — =w, ", we get
l:11_wbl 1_wbl 1_wbl b
b—1 a—1
~ 1 1 ml 1 mll
Xl(m, 0)] = =+ + +) w - + ) wy ~.
I=1 I=1
Note that
b1 -1 if btm
Yor -
=1 b—1 if b | m.
Therefore
%[(ma O)] = 5b,m + 5a,m-
When n =1,
R, 1) = 2x((m,0)) =0 mod 2.
When n > 2,
x((m, n)) = x((=m, —n)) = 2x((m, 0)) + (Gp,m + dam)(n — 1).
Hence

Xl(m,n)] = (Gpm + dam)(n —1) mod 2.
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]

Denote by #pi, (resp. #¢;») the number of boxes with color i@ mod b (resp.
jb mod a) in charts Uy and Uy (resp. Us and Us).

From Proposition 6.1.3 , we know that changing the position of a colored box
won’t change the K-group class as long as the coloring is kept unchanged. Hence
we can assume that corresponding Young diagrams for F are empty for charts Us

and U, and have the following shapes for charts i, and Us,.

#pov
] (a—l)b
#pa 0la \L N
#p(bfl)“()a... X blol-1pb
Olal-{ < (b-1)a 0 0"'0"'|0|
(0,0) (0,0) #qa-1p #a #ao

Consider the following sheaves:

Fo = EB L(ia,#pm,QO)@L(ba,O,O,O) @ L(jb,#qu,o,())@L(o,o,ab,())

0<i<b—1 0<j<a—1
= B (~ia,~#pi) P(-ba,00 @ (—jb, —#an) @ (—ab,0),
0<i<b—1 0<j<a—1
Fi= @ L((i+1)a,#pm,o,o) @ L((j+1)b,#qj,,,o,0)@L(o,o,o,o)
0<i<b—1 0<j<a—-1
= P ~G+Da—#pa) P (—G+1)b —#q) EP0.0).
0<i<b—1 0<j<a—1

Then the K-Group class of F is [Fy] — [F1].

Proposition 6.1.7. Suppose gcd(a,b)=1. Given a sheaf F on P(a, b) x P! as above,
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then

X(F, F) =1+ a+b+ #po + #Pp—1)a + #qo + #qa—1» mod 2.

Proof. By Proposition 6.1.5, we need to decide whether Y[L ® L'V] := x(L ® L") +

X(LY ® L) is even or odd for any summands L, L' of Fy and F;.

Notice that

;[(Z - j)a7 #pm #pja] = [((Z + 1) (] + 1))&, #pia - #pja]a
X1 = 9)b, #aiw — #qip) = X[((E+ 1) — (5 + 1))b, #qi — #4jp),
55[(@ - b)a’ #pia] = SCJ[Z.C% #pia]a %[(Z + 1- b>a7 #pia] = %[(l + 1)&7 #pia]a

%[(] - a)b> #sz] = %[jbv #Qib]v %[(] +1- (Z)b, #qw] = %[(] + 1)b7 #%b]

So they can be grouped into pairs and won’t influence the evenness of x(F,F).

Since

odd ifj=0,a—1
Oaia—(j+1)b + Oaia—jb + Obia—(j+1)b + Obia—jb =

even otherwise,

one can show that

o>~

—1 a—1

Xlia — (74 1)b, #pia — #qjp) + X[ia — jb, #Dia — #qjs) = b(no+nqe—1) mod 2.

I\
=)

A 7=0
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Similarly,

b—1 a—1

52[(2 + 1)a - (] + 1>ba #pia - #qu] + 5(/[(@ + 1)a - ]ba #p’ia - #ij]

Il
o
Il
o

i=0 j

= b(no+nge_1) mod 2.

So the sum of above terms is even.

Next, one can show that

i=0 j=0
b—1 b—1
= X—a. 01+ (Xlia — (j + La, #pia — #pjal +X1(i + 1)a — ja, #pia —#pja])
=0 Z%]<:j0
=b mod 2
Similarly,
a—1 a—1
X[ib — (j + 1)b, #qi — #4qp] = a mod 2.
i=0 j=0

Lastly, one can also show that

b—1

> " Xlia — ab, #pia] + X[(i + 1)a — ab, #pia] = #p0 + #Pp—1)a-
=0

a—1
> " Xlib — ab, #q) + X[ + )b — ab, #qs) = #6o + #a-1y-
7=0

Since there are 2a 4 2b+ 3 summations in Fy and JF; in total, the result follows

from adding all the above terms together. O]

Proposition 6.1.8. Suppose ged(a,b) = 1. When X is the total space of the
canonical bundle over P(a,b) x P! and « is the class of a 2-dimensional compactly-
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supported sheaf over P(a, b) x P! with ¢;(a) = [S], the Donaldson-Thomas partition

function is given by
a+btab-1 _ _ _ _ _ _
(=)™ 2 G*(—q po, 4 “Pia » —4 “Pio-1)a) H*(—=a 90, a7"Gj , —q " qa—1yp)-
——— —
i7#0,b—1 j#0,a—1

Proof. The dimension of the moduli space is

1= xX(F,F)=a+b+#po+ #Pp-1)a + #490 + #qa—1p mod 2.

]

By setting p; = ¢; = 1, we get a generating function such that the coefficients

are DT(X; Pe).

Proposition 6.1.9. Suppose ged(a,b) = 1. Let X be the total space of the canonical

bundle over P(a,b) x P!, then

1
> DT(X; Pe = abT® + (§(a +b+ab—1)+ab)T + xe)q*

a atbtab—1 —a  —a —a —a _ _ _ _
:<_1> +bq 2 GQ(_q 4 4, —q )Hz(_q b>q ba"' »q b7_q b)7
~—_—— ~—_———
i#£0,b—1 j#0,a—1

where G(p;,) and H(g;) are given in Proposition 6.1.4.
Example 6.1.10. Suppose a = 1 and b = 2. Then X is the total space of the

canonical bundle over P(1,2) x P'. The DT partition function is given by

) | 1 1
" o (0= (Gop1a=2%) TTso (1 + 2o (pop1a2)5)” [T (1 — (@0a2)")
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By setting pg = p1 = qo = 1, we get

> DT (X; Pe = 2T° + 4T + xe )¢
¢ 1 1 1
[0 (1= (@2%) Tliso (14 a7 (a72)%)* Tljso (1 — (a72)F)*

Next, we are interested in finding a generating function for DT'(X; «).

Recall that in Proposition 6.1.4, we introduced p;, and g; to track colored
boxes. Indeed, variables p;, (resp. gj») are keeping track of the K-group classes of
Op, ® fii* and Op, @ fii* (vesp. Op, @ 42’ and Op, ® (i) defined in Proposition
4.1.1, where P is the origin of chart U). By Proposition 4.1.1, we need to impose

the following relation among these variables:

PoPa " Po—1)a = Qb - * * Gla—1)b-

Our goal is to combine terms of the DT partition function in Proposition
6.1.8 that represent the same K-group class based on this relation. We modify the

function H(g¢j,) in Proposition 6.1.4 into

1

Hk;>0 (1 - (p(]pa e 'p(b—l)a>k)
1

) a—2 .
szo Hj:(] (1 —4qoqy - - qu(popa " 'p(b—l)a)k)

H'(q;p; Dia) =

Then we get a generating function for DT (X; «), which is given by Theorem 1.2.3.

Example 6.1.11. Suppose a = 1 and b = 2. Let X be the total space of the

canonical bundle over P(1,2) x P! and i : § 2 P(1,2) x P! < X be the inclusion of
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the zero section. In this case gy = pop1. Hence

1 1
E DT (X;a)plPoptt = — ’
( )PPl oo (1— (popl)k)4 [ (1 +p0<p0p1)k)2
a€Ko(X) +=0 =

where « is given by

i (1= #p0(1 = 9)(1 = h) = #p1(1 = 9)(1 = h)g).

Remark 6.1.12. Let o be the class of a 2-dimensional compactly supported
semistable sheaf on X with ¢;(a) = k[S] for & > 1. This sheaf is stack theoret-
ically supported on & and hence corresponds to a semistable sheaf F of rank k on
Heb. If F is strictly semistable, the Donaldson-Thomas invariant DT'(X; «) is not
the signed Euler characteristic any more. We need to adopt the stable-pair theory

from [JS12] and generalize the method of [GS15b] to the orbifold case.
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