
ABSTRACT 

 

Title of dissertation: AEROMECHANICAL BEHAVIOR OF 

TWIST-MORPHING, HIGH-SPEED, SLOWED RPM 

ROTORS 

  

 Elizabeth Ward, Doctor of Philosophy, 2018 

  

Dissertation directed by: Professor Inderjit Chopra 

Professor Anubhav Datta 

Department of Aerospace Engineering 

 

This thesis describes the first comprehensive analysis of a composite coupled edgewise 

rotor in high-speed forward flight. The design objective was to use composite coupling, namely 

extension-torsion coupling, to morph the built-in twist of a UH-60A-like rotor in slowed RPM 

flight. As a part of this work, this study included the first analysis of a morphing rotor using full 

3-D analysis coupled with aeromechanics. The use of 3-D FEM along with an integrated trim 

solver and aerodynamic modeling was shown to have been key in developing a fundamental 

understanding of how composite coupling effects rotor performance and the aerodynamics in 

different flow conditions. 

This research shows that extension-torsion composite coupling in the spar of a 

UH-60A-like rotor can provide a significant increase in the efficiency when the RPM is reduced. 

This was achieved through a combination of delayed stall drag along the retreating side of the rotor 

and reduced negative lift along the advancing side, providing an overall improvement in rotor 

efficiency. A comprehensive analysis was performed using a full 3-D FEA based aeroelastic 

computational structural dynamics (CSD) solver with the inclusion of a freewake aerodynamics 

model. A reduction of RPM down to 85% of the nominal hover RPM (which is well within the 

operational capacity of current turboshaft engines) showed an improvement in the lift-to-drag ratio, 



𝐿/𝐷𝑒, over all blade loadings, 𝐶𝑇/𝜎. The maximum improvement in efficiency occurred at the 

peak blade loading, 𝐶𝑇/𝜎 ≈ 0.1. A further RPM reduction to 65NR (65% of nominal RPM), an 

RPM that future rotorcraft could potentially achieve with improvements in variable drive train 

design, showed general efficiency improvement at blade loadings below 𝐶𝑇/𝜎 = 0.08, with no 

change in the peak efficiency when compared to an uncoupled rotor. A hygrothermally stable 

Winckler layup was shown to perform just as well as a nominal coupled layup at 85NR, and 

marginally better at 65NR, in addition to contributing to practical manufacturability of the rotor 

design. Close study of the strains in the rotor showed that a rotor with an extension-torsion coupled 

composite spar would be within the realm of practical manufacturability as the axial strains around 

the azimuth fell well within IM7/8552’s allowable tensile strain of 6000 𝜇𝜀. Tensile strain is 

directly related to the amount of twist change in the rotor and is reduced when the RPM is slowed 

and the rotor untwists towards its original cold shape.
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a Speed of sound, [m/s] 

c  Chord length, [m] 

𝒄𝒅𝑴
𝟐  Sectional drag ÷

1

2
𝜌𝑎2𝑐 

c.g. Center of gravity 

𝑪𝑯  Rotor drag coefficient (shaft axis) 

𝑪𝑳  Rotor lift coefficient (wind axis) 

𝒄𝒍𝑴
𝟐  Sectional lift ÷

1

2
𝜌𝑎2𝑐 

𝒄𝒎𝑴
𝟐  Sectional moment ÷

1

2
𝜌𝑎2𝑐2 
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𝑳/𝑫𝒆  Lift to drag ratio, rotor efficiency 

𝑴𝑨𝑫𝑽  Advancing tip Mach number 

R Rotor radius, [m] 

𝒕𝒑𝒍𝒚  Composite ply thickness, [mm] 

𝒕𝒔𝒑𝒂𝒓  Rotor spar wall thickness, [mm] 

𝑽∞  Forward flight speed, [m/s] 

𝜶  Shaft tilt angle, [deg], positive tilt back 

𝜷
𝟏𝒄
, 𝜷

𝟏𝒔
  First harmonic flapping motion, [deg] 
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𝝁  Advance ratio 

𝝆  Air density, [kg/m3] 

𝝈  Rotor solidity 

𝝂𝟏𝟐  Orthotropic ply Poisson’s Ratio 

𝝍  Rotor azimuthal location, [deg] 



1 

 

 

Introduction 

1.1 Motivation 

As new rotorcraft technology is matured, there is always a consistent and important 

overarching goal: increased speed. Helicopters have an operational niche; with the unique 

ability to perform and operate in constrained environments they are a vital asset to aviation. 

However, when compared to other fixed-wing propeller aircraft of the same weight class, 

they are considered slow and relatively inefficient in forward flight (low lift-to-drag ratio). 

Higher speed is vital to the success of search and rescue operations, military utility 

missions, Medevac flights, and disaster relief applications; the faster and more efficient the 

vehicle, the larger the impact on saving lives. The Department of Defense’s Future Vertical 

Lift (FVL) initiative envisions a 50-100% increase in speed from current generation 

helicopters, but with the constraint of maintaining the same level of hover performance 

(power loading and figure of merit).  

Historically, helicopter rotor designs compromise efficiency in hover and forward 

flight in order to strike a balance between peak capabilities in both flight regimes. A rotor 

optimally designed for hover (with high twist) experiences negative lift at high speeds due 

to flow asymmetry, and high tip transonic drag and its resulting nose-down pitching 

moments on the advancing blade. This leads to increased power requirements (low 

efficiency) and large vibrations. Additionally, conventional helicopters have been limited 

to approximately 155-160 kts by drag divergence and compressibility effects on the 
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advancing side. These problems could be alleviated, however, if the rotor is able to reduce 

its RPM, ideally with minimal performance and loads penalties. Slowing RPM at high 

speed reduces the problem of drag divergence, but aggravates another – the very high 

advance ratio, 𝜇 = 𝑉∞/Ω𝑅, leads to increased flow asymmetry and even more negative lift. 

The twist required for an efficient rotor at high 𝜇 is very different (much lower) from that 

required in hover [1]: reducing the twist of the rotor in forward flight would improve the 

rotor efficiency. 

In the 1970s, many high-speed compound rotorcraft designs met limited success 

for a variety of reasons, but an important reason was the need to compromise hover 

performance with forward flight performance. With the exception of the XH-51A (which 

encountered dynamic problems), none considered RPM variation. Current production 

helicopters, with edgewise rotors, mostly have a fixed RPM. However, engine technology 

has matured to a point where a reduction of 15% RPM is possible from engine speed alone 

with less than a 5% loss in specific fuel consumption (SFC) [2]. This factor has been a key 

enabler for modern high-speed compound demonstrators such as the Sikorsky X-2 and the 

Eurocopter X3. The study of composite coupling in rotor blade has mostly been focused 

on tiltrotor applications, as tiltrotors already employed a 20% reduction in RPM between 

hover and cruise modes (412 RPM and 333 RPM respectively). Prior studies have shown 

that it is difficult to tailor tiltrotor blades to achieve a significant change in twist without 

an additional weight penalty and careful inertial tuning. This is because these blades have 

low aspect ratios and are torsionally very stiff (~8/rev). 

Today, with the advent of slowed rotor technology, there is a renewed interest in 

compound helicopter designs. There have also been significant advances in materials and 



3 

 

manufacturing processes to make a case for re-examination of composite tailoring 

particularly in the context of slowed edgewise rotors.  

 

1.1.1 The Edgewise Rotor vs. Tiltrotor Problem 

It is important to first clarify that the edgewise rotor problem cannot be approached 

in the same way as the tiltrotor problem because there are several key fundamental 

differences.  

1) The required change in twist from hover to forward flight to improve the rotor 

efficiency is the first difference to note. This is due to the operational flow 

conditions. As highlighted in Figure 1-1, edgewise rotors operate under vastly 

different flow conditions than tiltrotor blades in forward flight. In the case of 

edgewise rotors there is flow asymmetry over the rotor disk, and because of this 

the rotor requires less twist at high speed in order to improve efficiency. 

Tiltrotors operate in axial flow and like propellers require more twist in forward 

flight to improve aerodynamic efficiency.  

 

   

Figure 1-1. A UH-60A Blackhawk (left) and a V-22 Osprey tiltrotor (right) in forward flight. 

 



4 

 

2) Due to sizing constraints, tiltrotors have relatively short and thick rotor blades 

and have a high torsion frequency (~8/rev). This makes them difficult to twist. 

On the other hand, edgewise rotor blades are softer to accommodate greater 

dynamic loads on the control system/swashplate due to the flow asymmetry 

over the rotor disk. They generally have a torsion frequency significantly lower 

than tiltrotor blades (~3.5-4.5/rev) so they are far easier to twist.  

3) Following from the difference in flow regime is the difference in the blade 

dynamics. Edgewise rotor blades are generally longer and far more flexible (to 

absorb dynamic loads) which means the changes in blade frequencies have a 

much greater impact on the rotor dynamics. 

4) The geometry of edgewise rotors is also beneficial to the slowed RPM problem: 

the increased radius (compared to the chord) provides better centrifugal loading 

authority and thin, slender beams allow more torsional flexibility.  

 

Therefore, the behavior of an edgewise rotor is expected to be very different from the 

behavior of a tiltrotor under slowed RPM. 

Although the conditions seem to indicate that edgewise rotors would vastly benefit 

from changing twist in forward flight, limited research has been done on self-twisting 

edgewise rotors. Until the work conducted as a part of this research, prior studies mostly 

focused on structures alone, i.e. without aeromechanics [3].  
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1.1.2 Passive vs. Active Twist 

Changing the twist of the rotor blade in flight can be accomplished in two different 

ways: through an active twist approach or through a passive twist approach. Active twist 

requires the introduction of active materials such as piezoceramics [3] or piezofibers such 

as Active Fibre Composites (AFC) or Macro Fibre Composites (MFC) [4]. Rodgers et al. 

built a 1/6th Mach scale CH-47D blade model in the mid 1990’s and tested it at Boeing 

Helicopters (Philadelphia, PA). A collaboration within the European Integrated Project 

produced a more intensive investigation in which a number of parameter optimization 

studies were conducted and then implemented in BO-105-like rotor blades [5, 6]. This 

concept was formalized into an optimization methodology as recently as 2017, by 

Kovalovs et al. [7]. The one major feature that differentiates active from passive twist 

rotors is that an active system requires a feedback control mechanism [8] which often 

requires complicated electronics and control algorithms. Additionally, there are weight 

penalties associated with the required actuation system and power drawn that negates some 

of the positive aspects of these designs (for more examples see [9, 10]) 

Passive twist, if possible, can be mechanically simple and does not require feedback 

mechanisms (heavy actuation/on-board power conditioning system). The change in blade 

shape could then be achieved through only a change in the rotor’s operational environment, 

such as a change in the rotor RPM. This method for improving rotor efficiency is attractive 

as there are no moving parts. This leads to low maintenance designs and therefore a 

reduction in cost. For these reasons, only passive twist is considered in this research. 
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1.2 Prior Work 

The fundamental basis of the research presented here is composite tailoring and the 

structural coupling this can introduce. It is therefore important to review past work on the 

application of composite tailoring in a rotor blade. This work also required a review of how 

composite properties can be simplified for fast but accurate analysis*-. 

 

1.3 Composite Tailoring of Rotor Blades 

There has been widespread use of composite materials in rotor blade design since 

the early 1960’s. This has been in part due to their high specific strength, high stiffness, 

and superior fatigue life when compared to metals [11, 12, 13]. Composites also provide 

better corrosion resistance, improved damage tolerance, and allows for more advanced 

rotor blade geometries. Tailoring the layup of composite materials has been shown to have 

a favorable influence on the aeroelastic behavior of blades and as such requires a careful 

planning of ply orientation in the laminate; introducing structural coupling does not require 

that any additional weight be added to the system. 

However, although there is a wealth of analytic research that has shown composite 

couplings can be beneficial to the performance and aeroelastic stability of the rotor, to date 

there does not seem to be any production blades that incorporate it in the structural design. 

What is widely adopted in current production level blades is a balanced laminate – one that 

negates any structural coupling terms and treats the composite material as a lightweight 

homogenous material. 

One of the reasons for this lack of structural optimization at the production level is 

a lack of experimental data and a limited understanding of composite failure modes, 
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particularly in regards to delamination. In order to influence the future of rotor design, 

careful consideration of the local stresses and strains in the rotor in such a highly dynamic 

environment is required. This is even more important when considering the inclusion of 

composite couplings that may impact fatigue life.  

The concept of self-twisting rotor blades is not new. Two common coupling 

methods are discussed here. Extension-torsion coupling is the most widely studied, 

specifically in the context of tiltrotors. As the name of the coupling implies, twist is induced 

by a change in axial force. In order to achieve blade twist, there must be axial actuation. 

This is best achieved through RPM variation, which is an important feature in current 

tiltrotor operations. The other coupling reviewed here is bending-torsion coupling.  

To see an aerodynamic efficiency improvement in edgewise rotors, we require less 

twist, especially towards the blade tip. However with this coupling, it is difficult to achieve 

adequate bending moments to cause significant twist in articulated rotors. Additionally, 

bending-torsion coupling does not generally produce a static change to the overall rotor 

shape; rather, due to flap/bending variations around the rotor disk this is a dynamic 

coupling. Therefore bending-torsion coupling is not the ideal solution to the problem that 

this research aims to address, i.e., reducing the overall twist of the rotor to improve rotor 

aerodynamic efficiency. However, it should be noted that bending-torsion coupling does 

have its benefits and is addressed in Section 1.3.1.2. 

 

1.3.1.1 Extension-Torsion Coupling 

It is clear that there is not a single twist distribution that is best for a rotor in hover 

and also in cruise. All helicopter rotors end up with a twist that is a compromise between 
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the two. Because of this, there has been a plethora of research on methods to improve the 

performance in both modes of flight. Methods of passively changing the twist started with 

the characterization and understanding of composite coupling in simple beams and 

eventually progressed to scaled blade models.  

A method of achieving this coupling is by using an antisymmetric layup. Beams 

with this design have a single ply orientation on the top flange and the equivalent in 

magnitude but opposite in direction on the bottom flange. When an axial or extensional 

force is applied to the beam, the opposing shear forces provide the bi-moment required to 

twist the beam. This is illustrated in Figure 1-2 for both a solid cross-section beam and a 

box beam. 

 

 

1.3.1.1.1 Extension-Torsion Coupled Beams 

Historically, rotor blades have been modeled as one dimensional beams. In order 

to model them as such requires that the strain energy in the one dimensional beam is about 

 

Figure 1-2. Mechanism of Extension-torsion coupling in thin plates and its equivalent 

representation in a box beam type structure 
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the same as in a three dimensional blade. Because the out-of-plane warping deformation of 

a cross section are significantly smaller than deformations in the bending, shear, and twist 

deflections, it has been accepted that one can separate the three dimensional blade problem 

into two parts: the two dimensional local deformations in the cross section, and the one 

dimensional global deformations of the full blade. 

In 1988, Rehfield, Hodges, and Atligan [14] extended the work of Rehfield [15] on 

a linear composite beam theory (which was validated with rotor blade, box beam, and 

circular tube finite element results [16, 17, 18]). In this work they identified the significance 

of including non-classical effects in thin-walled composites, namely torsional warping and 

bending-shear coupling. At this time (1988), Bauchau and Hong also presented a non-linear 

elastic theory for a box beam with variable twist [19] in which they identified the same 

non-classical effects as being important. In classical beam theory, the assumption of that 

there is no deformation in the cross section is crucial, as it simplifies the three dimensional 

problem into one that can be modeled as a one dimensional beam. However, out of plane 

warping becomes a significant concern when using anisotropic materials like carbon 

composites and thus the inclusion of torsional warping in the analysis of extension-torsion 

coupled beams is important. The inclusion of bending-shear coupling is important as it 

significantly reduces the effective bending stiffness of a beam, which can in turn strongly 

influence the blade dynamics, especially lag mode stability (shown also in the later studies 

of Smith and Chopra [20] and Jung and Kim [21]). Bauchau and Hong also required a small 

strain assumption, as the requirement for strain levels within the operating environment of 

the material is important for the fatigue life concerns. 
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Hong and Chopra [22] further studied the aeroelastic stability of hingeless rotor 

blades. At the time of this work, there had been a few attempts to analyze composite, 

hingeless blades; most notable was the work of Mansfield and Sobey [23], who treated the 

blade as a cylindrical tube. However, the work of Hong and Chopra focused on including 

composite materials in the finite element formulation of Srinaveri and Chopra [24] which 

was a single-load-path structure that included the main rotor blade, the flexbeam, and the 

torque tube. Although the composite rotor model used in this study was relatively simple, 

is showed that there were benefits of composite tailoring on the aeroelastic stability of the 

full blade. Chandra, Stemple, and Chopra built simple box beams to experimentally 

validate the coupling relationships due to different fiber directions [25]. This work was 

built on in 1991 when Smith and Chopra, recognizing that there were very few cases of 

extension-torsion coupled experimental validation with the exception of the work done by 

Nixon and Hodges et al. [26, 16], provided correlation between analysis, experiment, and 

finite element solutions for a more varied set of ply orientations [27]. 

 

1.3.1.1.2 Extension-Torsion Coupled Tiltrotor Blades 

There is extensive research on extension-torsion coupled tiltrotors, most of which 

has come to the same conclusion: in order to achieve an appreciable improvement in 

performance significant weight must be added to the system. This is due, in part, to the stiff 

torsional frequency of the rotor (~8/rev). The following cited works provide a brief 

overview of the scope and breadth of composite coupling research in rotor blades. For a 

more thorough review, interested readers are also encouraged to reference the book 

“Nonlinear Composite Beam Theory” [28]. 



11 

 

 Application of extension-torsion coupling to a rotor started with the XV-15 as early 

as 1986 when Bauchau et al. [29] considered two designs that analytically provided the 

required change in torsion to achieve passive twist change. One of the limitations of this 

study, however, was the requirement to match of the baseline XV-15 stiffness properties 

(flap, lead/lag, and torsion) and inertial properties (c.g. location and mass distribution). 

With such rigid design requirements, the first design was only able to achieve 0.5° of twist 

in response to a 15% reduction in RPM. When the bending and torsion constraints were 

relaxed, the second design was able to achieve a 2° change in twist over the same RPM 

variation. However, this analysis did not include aerodynamics. 

Two designs were then developed by NASA in 1987 to determine whether the 

desired twist could be achieved within the material design limits. It was found that the 

analytical predictions were within 11% at the design limit loads [18]. Further results 

showed that tip weights up to 60 lbs. could practically improve the rotor performance and 

reduce the hover and forward flight power requirements by up to 6.1 and 6.5% respectively 

[30]. It should stressed that this improvement came at the expense of a significant weight 

increase to the rotor, and therefore is not considered a practicable solution. 

In 1994 Lake et al. [31] recognized that the incorporation of advanced composite 

structures not being included in new production rotorcraft, namely tiltrotors, was in part 

due to a lack of experimental data. In response to this they developed a four bladed 

articulated model rotor hub with 42 in. (1.07 m), NACA0012, twisted, rectangular 

planform, extension-torsion coupled blades. Close agreement was found between the 

analytical model and the experiment: the inclusion of extension-torsion coupling, even at 

this scale, allowed for up to 5.6° of elastic twist. In 1996, Kosmatka and Lake [32] 
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considered a similar problem, however this research focused more on the effect of ply 

orientation on the blade natural frequency than on the characterization of the variable twist. 

For cantilevered beams with extension-torsion coupling, it was shown that as the strength 

of extension-shear coupling is increased, there is a reduction in the bending mode natural 

frequencies that was highly dependent on the ply orientation (31-46% decrease), and an 

increase in the torsion natural frequency, although to a lesser extent (5-6% increase). 

In 2000, Soykasap and Hodges [33] conducted an analytical study on the effect of 

introducing composite coupling to a tiltrotor blade. Through a formal optimization process, 

it was determined that a box beam spar could produce enough extension-torsion coupling 

to improve performance while passing the Tsai-Wu failure criterion and avoiding any 

instability, including whirl flutter. Although these results were promising there was no 

means to validate the results due to a lack of experimental results.  

In 2005 Ozbay, et al., considered the possibility of achieving extension-torsion 

coupling by incorporating a passive twist control in a tiltrotor blade referred to as the 

Sliding Mass Concept, or SMC [34]. The goal of this study was to increase the 

effectiveness of extension-torsion coupling without modifying the structural stability 

characteristics, which in tiltrotors can lead to whirl flutter. Using a nonstructural 1.0 kg/m 

sliding mass value, analysis showed a 4.4% improvement in hover performance. However, 

there was negligible improvement in the forward flight performance.  

For small scale rotor designs, this coupling may not be strong enough to provide a 

performance improvement. In 2015, Peng et al. [35] developed 7.87 in. (200 mm) long 

rotors that incorporated both composite coupling and a tip mass to achieve a passive twist 

change. While they were able to achieve excellent twist change in hover, they only 
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achieved 2.4° of their predicted 30° nose-down twist due to RPM limitations in propeller 

mode. 

 

1.3.1.1.3 Extension-Torsion Coupled Edgewise Rotors 

Until recent developments, no edgewise rotor vehicles slowed their RPM at high 

speed, and so any application of extension-torsion coupling to them has been limited. When 

this coupling has been considered in the structural design, it has been chosen mainly to 

modify the rotor natural frequencies for vibration mitigation. Oh, Song, and Librescu 

expanded on theirs, and others’, work on the free vibration problem of rotating beams 

[36, 37, 38, 39] while including the non-classical effects of composites. Their work 

culminated in good agreement between their formulation and the available theoretical and 

experimental predictions of eigenfrequencies. This work also identified trends in the 

natural frequency changes when modifying ply angle, pre-twist, and preset of the rotor. 

In 2011 Mahadev and Dancila [40] considered a novel star-beam airfoil at the tip 

of the rotor. Although their design was shown to be effective in the lab, it is not yet feasible 

to implement on realistic rotors or wind turbines. Additionally, this study was purely a 

structural study; the effects of coupling on the aerodynamics was not considered. Without 

an aerodynamic and trim solution no clear conclusions can be drawn on rotor performance. 

In fact, without aerodynamics, the word “edgewise” or “tiltrotor” cease to have any 

meaning. 
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1.3.1.2 Bending-Torsion Coupling 

Another coupling commonly considered for rotorcraft applications is bending-

torsion coupling. This mechanism is usually used to pitch the blade in response to out-of-

plane bending (flapping) motion. It could also be used to pitch the blade in response to in-

plane (chordwise or lead/lag) bending. In order to introduce bending-torsion coupling, one 

method is to apply a symmetric layup. In this design the orientation of plies in both the top 

and bottom of a beam is the same. As shown in Figure 1-3, when a bending (flapping) force 

is applied, the top of the beam is put into compression and the bottom is in tension. This 

produces the bi-moment required to twist the rotor. 

 

Although this coupling is often used in the research of wind turbines, there have 

been several studies using it to modify the vibration loads of rotors in a conventional 

helicopter orientation.  

 

 

Figure 1-3. Mechanism of Bending-torsion coupling in thin plates and its equivalent 

representation in a box beam type structure 
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1.3.1.2.1 Bending-Torsion Coupled Wind Turbines 

In operation, wind turbines experience large variations in velocity field and 

bending-torsion coupling could potentially be employed to reduce bending loads, increase 

fatigue life, and improve rotor aerodynamic efficiency. In a recent study, in 1999, Goeij, 

et al. [41] examined whether the mechanical properties of an anisotropic composite 

material could be utilized to introduce a passive control system for a wind turbine rotor 

blade. They considered the use of bending-torsion coupling to modify the rotor pitch as 

wind speeds varied. In order to produce the best torsional response, the composite material 

was applied as the rotor skin (rather than being incorporated into an internal blade structural 

element), leading to points of high stress and a likely failure point on the blade’s leading 

edge, where the layup orientation changed abruptly. However, alternative designs in which 

the coupling was applied to a box beam spar yielded an acceptable response while 

eliminating the failure points.  

Another study by Bottasso, et al. in 2012 [42] considered a composite coupled wind 

turbine blade through introduction of coupling in the blade skin in conjunction with 

coupling and thickness optimization in the spar cap. This design yielded performance 

improvement over the results when either method was used alone. Work by Federov and 

Berggreen [43], in which they applied unidirectional composite material in the spar flanges 

showed that purely by changing the coupling (biasing the fibers from the radial axis) one 

can reduce the blade stiffness by 30-35%. However, applying a single layup along the 

entire blade span was deemed to be unsafe by Stablein in 2016 [44], as the tower clearance 

of the blade tip was a restricting design criterion. Therefore it was shown that coupling 
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only needs to be introduced in key regions of the blade so as to improve the efficiency and 

avoid tower strikes. 

 

1.3.1.2.2 Bending-Torsion Coupled Edgewise Rotors 

There is extensive literature that covers bending-torsion coupling in rotorcraft. In a 

very recent study (2008) Bao designed and fabricated five rotors with composite couplings 

to reduce vibrations [45]. With no additional weight, it was found that modifications to the 

blade spar produced notable changes to the vibratory hub loads, namely the 4/rev vertical 

hub force. These tests were conducted only up to an advance ratio of 𝜇 = 0.3. 

Characterization of how the coupling improved the aerodynamic efficiency was not 

documented. However, while bending-torsion coupling has been shown to have a 

stabilizing effect on the aeroelastic stability of the rotor, it has also been shown to have a 

negative impact on the ground resonance stability [46]. 

There were also attempts to achieve bending-torsion coupling through the use of 

active controls. The implementation of piezoelectric actuators on a rotor tip in conjunction 

with a composite layup, by Bernhard in 2000 [47], was shown to achieve 2° half peak-to-

peak response and if phased correctly was shown to reduce vibrations in the main rotor. 

Other work (see the work of Bernhard and Chopra [48], Koratkar and Chopra [49], Straub 

et al. [50], and Cesnik et al. [51]) also showed promising twist response, but practical 

application to a rotor was difficult as most of these systems or methods resulted in bulky 

designs and as such were difficult to implement in real systems.  
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1.3.2 Composite Homogenization 

When working with composite structures, the modeling problem often becomes too 

involved if each individual layer is modeled separately in the analysis. It is important, 

therefore, to consider ways to simplify the model without losing its fundamental material 

properties. Composite homogenization allows the designer to model large numbers of plies 

with a smaller FEA mesh size. 

Early work on homogenization studied alternating layers of an isotropic material. 

The work by White and Angona [52], Postma [53], Rytov [54], Behrens [55], and Salamon 

[56] used, for the most part, varying wave propagation theories, in which the wave equation 

is derived from the stress/strain relations and the equation of motion. White and Angona 

and Salamon used a static approach by assuming specific stresses/strains in the medium. 

White and Angona used these assumptions to calculate the elastic constants in an 

alternately layered composite, while Salamon calculated the compliances of stratified rock 

masses. Rytov and Behrens studied the propagation of elastic waves in a layup using 

dispersion techniques, calculating phase velocity for different directions of propagation 

and polarization. However, Chou, Carleone, and Hsu [57] determined that these prior 

methods, although approached in a variety of ways with differing boundary conditions, 

yielded identical formulae. Their study provided a more generalized approach to 

determining the stiffness matrix for an equivalent homogenous material and provided a 

closed form solution. This approach also allowed for each layer in the lamina to be 

orthotropic, whereas the previously mentioned methods limited their plies to be isotropic.  

The basic assumptions of this method combine the hypotheses of both Voigt (all 

strain components through the laminate thickness are continuous) and Reuss (all stress 
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components through the laminate thickness are continuous) to avoid the problems of 

delamination due to non-uniform stresses at the ply interface and interlaminar shear, 

respectively. The method adopted in the current work was that of Chou et al and is further 

discussed in Section 3.1.1. This method is computationally efficient and has been validated 

by other researchers (see Bogetti, et al. in 1995 [58] for example). 

Sun and Li used an approach very similar to that of Chou et al. in 1988 [59]. This 

study, however, could not be used when there were high stress gradients, so Sun and Liao 

expanded upon this further in 1990, using a mix of global and local approaches in a 

laminate [60]. In areas of high stress gradients, such as free edges and at crack locations, a 

detailed local analysis is used. In areas where stresses are more evenly distributed, the 

previous method by Sun and Li was used. 

In 2000, Pagano and Yuan [61] revisited their work from 1974 in which a three 

dimensional laminate model was created to predict the response of a laminate in response 

to thermal and mechanical loading. Like Chou et al., Pagano and Yuan did not limit the 

material type to isotropic layers, nor did the analysis require repetition or even symmetry. 

They found that creating representative volume elements led to the potential for severe 

macrostress gradients so there are limitations when homogenization is used to attempt 

prediction of detailed failure characteristics. However, using it for general predictions is a 

good first attempt to characterize patterns and identify high risk areas in the laminate. 

 

1.3.3 Analysis of Composite Rotors 

The approach to modeling composite rotors has primarily been to use 1-D beam 

based analysis, however such analyses may not be able to provide accurate stress/strain 
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distribution in the blade. They also do not consider the potential for chordwise bending. 

Future rotorcraft concepts are beginning to consider structures that may require detailed 

structural analysis. Swept and anhedral tips, radial non-uniformity in materials and 

geometry, discontinuities in spar shapes, chordwise (along the airfoil) flexibility, and 

ballistic damage cannot be modeled from first principles using 1-D beams. 

 

1.3.3.1 Beam Analysis in Rotors 

The Euler-Bernoulli beam theory has been the most frequently used method of 

modeling rotor blades. As far back as 1926, when Glauert formulated blade element theory 

(BET), rotor blades were treated as rigid beams flapping about a hinge at the root [62]. 

Houbolt and Brooks [63] applied the Euler-Bernoulli assumption to formulate linearized 

equations of motion for elastic blades experiencing small flap bending, lag bending, and 

torsional deformations. As rotor designs developed to include hingeless rotors, 

formulations were refined to include moderate to large deformations. In 1974 Hodges and 

Dowell established a general moderate-deflection nonlinear theory for coupled flap, lag, 

and torsion dynamics of rotor blades including second order nonlinear terms [64]. This was 

followed soon after by work to expand the analysis to include exact kinematics, multiple 

load paths, and higher order nonlinearities by researchers including Ormiston and Hodges 

[65], Kvaternik and Kirshna [66], Rosen and Friedmann [67], and Johnson [68]. 

The beam formulation by Timoshenko [69] differs from Euler-Bernoulli in that the 

assumption that a cross section remains perpendicular to the beam axis is not needed, i.e. 

transverse shear cannot be considered negligible. This theory provides better results for 

beams that are short and when the wavelengths of higher modes approach the beam 
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thickness. This theory is also better for composite materials where extension-shear 

coupling can be a key design element. For example, Chandra and Chopra [38], Smith and 

Chopra [27], and Jung et al. [39] all verified that in the analysis of composite beams neglect 

of transverse shear deformations would produce incorrect results. It was shown by Cortinez 

and Piovan that shear deformations and torsional warping only really effect the beam 

frequencies when analyzing a closed cross section [70]. There is a vast literature on 

composite beams, including many review papers and books (see Hodges’ Nonlinear 

Composite Beam Theory for rotorcraft oriented treatment [28] and the historical review of 

aeroelasticity in rotors by Friedmann and Hodges [71]). 

 

1.3.3.2 Shell Finite Elements in Rotors 

Shell elements, an intermediate compromise, are used by researchers in the wind 

turbine community, such as the work by Bazilevs et al. in 2011 [72], but gyroscopic terms 

are not very pronounced in wind turbines. Shell elements have also been used in the work 

of Bauchau and Bottasso [73, 42], and explored by Kang et al. in the development of the 

RCAS comprehensive analysis [74]; however, finding a way to obtain shell properties (like 

beam properties) is a problem in and of itself. 

 

1.3.3.3 Solid/3-D Finite Elements in Rotors 

There has been very limited work on the dynamic analysis of rotors with three 

dimensional models because for most classical configurations, beam models were found to 

be adequate. 3-D models are routinely used for static stress analysis based on previous 

flight test measured loads and/or dynamic loads from lower order beam analyses, but have 



21 

 

so far not integrated with aerodynamics and trim due to their unacceptable computational 

run times. 

The design of advanced rotors with radially changing cross sections requires us to 

consider full 3-D FEA modeling, similar to what is used in static analysis, but now with 

dynamics. For this research, X3D, a new next-generation 3-D FEA based computational 

structural dynamics solver for rotor aeromechanics is used.  X3D includes structural 

dynamics, aerodynamics, and rotor trim. These are briefly discussed in the next two 

sections and more thoroughly in Chapter 4. 

 

1.4 Structural Dynamics in X3D 

Development of X3D (an abbreviation for Experimental 3-Dimensional dynamic 

analysis of rotors) began in 2008 at AFDD within the umbrella of the US Department of 

Defense (DoD) High Performance Computing Modernization Program (HPCMP) 

Computational Research and Engineering Acquisition Tools and Environments – Aviation 

(CREATE-AV) program. Since its original presentation in 2009 by Datta and Johnson, 

X3D was shown to be parallelizable [75], capable of being unified with multibody 

dynamics [76], and fully integrated with 3-D CFD [77] in 2014.  

As a part of this work, an idealized UH-60A-like blade mesh with an articulated 

root flap/lag/torsion hinge and a pitch link for control was developed. It was then coupled 

with Helios, a next generation rotorcraft CFD simulation tool. The coupled airloads were 

compared to measured experimental data for a high speed test [78]. The baseline rotor 

model used in this thesis is based on this original UH-60A-like model. A rotor trim solution 



22 

 

with lower order lifting line aerodynamics (2-D table lookup with freewake) is also 

available. 

Analysis in X3D uses 3-D finite element models, usually generated using a 

computer aided design (CAD) software and meshed with Cubit, a mesh preprocessing 

software developed by Sandia National Laboratories [79]. This is a departure from classical 

rotor analysis as it does not require the calculation of beam cross sectional properties such 

as EI and GJ. Development of a formal CAD based method for modeling, meshing, and 

morphing complex real rotors was conducted by Staruk, Ward (nee Weiner), and Chopra 

starting in 2013. This work, the subject of a number of subsequent papers cataloguing its 

progress [80, 81, 82, 83, 84, 85], produced a methodology, the first of its kind, for creating 

CAD-based 3-D models of generic rotor blades and was applied to an advanced tiltrotor 

specifically released by NASA. This model was then coupled with Helios to simulate 

conversion mode flight (the transition of the tiltrotor nacelles from their hover to cruise 

position) to identify numerous unique and complex loading mechanisms. The material 

modeling component of that work is a part of this dissertation (see Chapter 3:). In addition, 

the morphing piece of that work focused on a UH-60A-like rotor and forms the central 

investigation of this thesis. The work presented in this dissertation used X3D to understand 

how modifying an original UH-60A-like rotor to a composite rotor effected the 

performance in slowed-rotor, high-speed, forward flight regime and to understand if the 

blade could be seamlessly morphed into a different twisted distribution depending on RPM 

[86, 87, 88, 89]. 
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1.5 Aerodynamic Modeling and Trim Solution in X3D 

In addition to the structural dynamics, morphing rotors require aerodynamic 

modeling and trim capabilities, just like any other rotor. The aerodynamic model in X3D 

includes blade element momentum theory (BEMT) for hover and a free-vortex wake option 

in general. In forward flight the wake can be modeled using linear inflow or the Maryland 

Freewake free-vortex wake [90] (linear inflow uses the elementary models of Coleman, 

Feingold and Stempin, Drees, and the more recent White and Blake model for low speed 

flight [91]). 

 

1.6 Specific Objectives of this Thesis 

The objective of this thesis is to investigate the variation of built-in twist in a 

helicopter rotor blade during flight by changing rotor speed (or revolutions per minute, 

RPM) in conjunction with extension-torsion composite coupling. In the context of this 

research, this is defined as “self-twisting” of the rotor blade. Using composite coupling is 

a passive phenomenon, requiring no active actuation in the blade; the only requirement is 

that the blades be designed with composites/extension-torsion coupling and the rotor be 

capable of variable RPM. 

The composite coupling in this research aims to reduce the twist of the rotor so as 

to reduce the drag and negative lift in high speed forward flight. This leads to an 

improvement in rotor efficiency, or lift-to-drag ratio (𝐿/𝐷𝑒).  

The incorporation of tailored composite materials in rotors introduces inherent 

design concerns, such as manufacturing complexity, but it is assumed that addressing these 
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concerns is a natural step to changing the design methodology and advancing the state-of-

the-art in structural composition for future rotor blades. 

There are three overarching objectives of this research: 

1. To develop an integrated modeling methodology for self-twisting rotors that 

includes: 

a. Computational Structural Mechanics (CSM) 

b. Aerodynamics and trim solution 

c. Integrated stress/strain analysis 

2. To quantify the potential for performance improvement  

3. To identify key criteria for the design and fabrication of self-twisting rotors 

 

The specific questions that this work aims to answer are: 

1. Can extension-torsion coupling be introduced into a rotor spar in order to tailor 

twist distribution in response to RPM variation? 

2. What range of RPMs provides improved aerodynamic efficiency? 

3. To what extent can the aerodynamic efficiency be improved as a result of 

reduced twist in slowed-rotor high-speed forward flight? 

4. What are the mechanisms that contribute to an improvement in aerodynamic 

efficiency? 

5. Do practical manufacturability concerns limit the strength of extension-torsion 

coupling in a rotor? 

6. Are composite materials capable of withstanding the stresses/strains 

experienced by a rotor in high speed forward flight? 
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1.7 Test Data 

The analyses performed in this work were validated with experimental data. 

Validation was carried out using a number of different data sets, as indicated in Table 1-1, 

the principle data set being that of the full-scale UH-60A test data acquired recently in 

2011 as a part of a comprehensive and intricate test program including high 𝜇, slowed RPM 

tests where the rotor was taken up to 𝜇 = 1.0 and slowed to 40% of the nominal RPM 

(NR). This unique data set is perfectly suited to validate predictions. 

Table 1-1. Test data requirements and their corresponding source 

Validation Experimental Data Test Set 

Composite Box Beams 
Chandra and Chopra, 1990 [25] 

Smith and Chopra, 1991 [27], 

Material Homogenization 
Chandra and Chopra, 1990 [38] 

TRAM 

Rotor Validation, incl.: 

Shank drag validation 

Performance measurements 

UH-60A test data, 2013 [78] 

Hygrothermally Stable Layups 
Winckler, 1985 [92] 

Haynes and Armanios, 2009 [93] 

 

1.8 Contributions 

 There are many contributions from this work that enhance the state-of-the-art in 

rotor modeling and design; they fall into two major categories. The first, is the contribution 

of analytical predictions for future validation of self-twisting rotors. These include: 
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 The first comprehensive 3-D structural aeromechanical analysis of an 

extension-torsion coupled, slowed RPM, edgewise rotor. The fundamental rotor 

geometry can be changed based on the operating state – here where the twist 

morphs in response to a change in RPM 

 This integrated analysis provides detailed performance results (𝐿/𝐷𝑒, power, 

trim angles), airloads (𝐶𝑙𝑀
2, 𝐶𝑑𝑀

2, 𝐶𝑚𝑀
2), and stress/strain distribution of 

morphing rotor blades. In the context of this research, integrated means there is 

no isolated piecewise integration of cross-sectional analysis, aeroelastic 

analysis, and stress/strain recovery with artificial constraints on each piece or 

iteration in the workflow. The use of X3D allowed for a single integrated 

analysis. It should be noted that no formal optimization was carried out (even 

though analysis is naturally suited for such). 

 

Through this research, several key contributions were made in regards to the fundamental 

understanding of how rotor performance is effected by modifying the composite-induced 

twist in variable RPM, high-speed cruise conditions. This work presented the first detailed 

aeromechanical explanation of the performance improvement due to the reduced twist of 

an edgewise rotor in high speed forward flight. The following observations were also made: 

 

1) A maximum efficiency (𝐿/𝐷𝑒) improvement of 20% over the baseline was 

observed with a 15% reduction in RPM.  

2) At 85NR it was observed that the rotors with extension-torsion coupling (both the 

nominally coupled layup and with a hygrothermally stable layups) was more 
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efficient than an uncoupled rotor at all blade loadings (𝐶𝑇/𝜎). This has important 

implications with respect to the current status of engine/drive train technology as a 

15% reduction in engine speed is currently available with minimal SFC losses. 

3) This study showed the first application of a hygrothermally stable spar design on 

the aeromechanical analysis of rotor blades. At 85NR the rotor with the Winckler 

layup was equally as efficient as the purely academic antisymmetric layup with the 

added improvement of practical manufacturability.  

4) This work showed that a full aeromechanical solution is required to characterize 

the rotor performance. Twist change due to RPM variation alone (without the 

inclusion of aerodynamics), did not reveal insight into performance trends observed 

in the full rotor solution.  

5) When the RPM was further reduced to 65NR extension-torsion coupling provided 

no significant improvements in maximum efficiency over the baseline case, 

however at low blade loadings the coupled rotors still outperformed the uncoupled 

baseline. The maximum improvement seen at 65NR was 15%.  

 

1.9 Organization of the Dissertation 

The work presented here focuses on the integration of composite coupling 

capabilities with an edgewise rotor in high-speed forward flight. Chapter 1 presented the 

basis for this research and a discussion of prior work in a variety of research areas: beam 

analysis, composite coupling, composite modeling, and the integration of these key areas. 

Chapter 2 provides the methodology used to determine preliminary cross sectional 

properties. This process was used to form a fundamental understanding of how composite 
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coupling effects static deflections of a beam. The properties calculated as a part of this 

methodology were not extended to the full composite rotor, but rather allowed for basic 

generalizations and characterization of composites in multi-cell beams/rotors. Chapter 3 

presents the methodology for calculating homogenized material properties. This chapter 

includes verification and validation of the chosen method which was key for the 

simplification of rotor meshes. 

Chapter 4 presents the methodology for modeling the UH-60A-like rotor used as 

the base rotor model in this thesis. This included the establishment of an appropriate shank 

drag correction term required for validation of the baseline structural model against 

slowed-rotor experimental test data. This work included the development of several 

different rotor meshes, and established the baseline design criterion for the analysis of 

rotors with modified material properties.  

Chapter 5 presents the key results of analysis of the twist-morphing rotor. Here 

forward flight airloads and structural blade loads are examined for a variety of rotor 

models. Careful comparisons are made between uncoupled and coupled rotors to determine 

how a change in built-in rotor twist (as a result of reduced RPM) effects the aerodynamic 

efficiency and what the mechanisms that contribute to this result are. The dynamic strains 

experienced by the morphing rotors are also taken into consideration. Chapter 6 provides 

concluding remarks as well as recommendation for future work.  



29 

 

 

 Thin-Walled 2-D Cross-Sectional Analysis 

Thin-walled composite beams are often used in the fabrication of helicopter rotor 

blades. Therefore, as a part of this work, calculating the cross-sectional properties of such 

beams was necessary for a fundamental understanding of how composite materials and 

layup selection could impact the dynamics of the rotor. This chapter describes a simplified 

cross-sectional analysis that was employed for this purpose and to understand the effects 

of composite couplings on the dynamics of beams. 

 

2.1 Methodology 

This methodology is based on the Rehfield method [15]. This methodology also 

assumes St. Venant torsion: the cross section rotates as a rigid body and there is no 

distortion in the plane of the cross-section. Warping is not constrained and is uniform along 

the span of the beam [94]. 

 

2.1.1 Coordinate systems and cross-sectional displacements 

Figure 2-1 shows a cross section of a thin-walled beam. In the description of the 

beam deformations and for deriving the strains in the beam, several sets of frames will be 

used. The orthogonal Cartesian frame has axes (𝑥, 𝑦, 𝑧) are fixed in space with 𝑦 − 𝑧 in the 
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plane of the undeformed section and the x-axis, defining the beam reference axis, 

perpendicular to it.  

 

A second frame is the orthogonal curvilinear frame with axes (𝑥, 𝑠, 𝑛) along the 

wall of the cross-section. The s-coordinate is along the local tangent to the midline of the 

walls and the n-coordinate along the tangent normal. For the purpose of cross-sectional 

analysis, the beam section will be treated as a curved shell structure. 

 

 

Figure 2-1. Cross sectional geometry and coordinate system 

 

 

 
Figure 2-2. Orthogonal curvilinear coordinates. The pole, P, and the coordinates in (𝒓, 𝒒) for 

point A and B are also shown. 
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The origin of the Cartesian coordinate system can be chosen arbitrarily, but for 

convenience is assumed to be at the center of rotation of the cross section. This point, 𝑃, is 

set to 𝑦 = 𝑧 = 0. The r-coordinate is the normal distance to the tangent at any given point 

on the mid-line of the wall from point 𝑃. The q-coordinate is the distance to the normal at 

the same point from P. The r- and q-coordinates for two points, A and B, on the mid-line 

of the wall are also illustrated in Figure 2-2.  

Also shown in Figure 2-1 are the translations U, V, and W of the origin of the 

Cartesian frame along the x-, y-, and z-axes respectively. The global torsional deformation 

about the x-axis is a rotation by angle 𝜙. These deformations (the three translations and 

rotation) result in the wall deformations (𝑢, 𝑣𝑡 , 𝑣𝑛) along the x-, s-, and n-axis respectively. 

The midline deformations of the wall are denoted by (𝑢0, 𝑣𝑡
0, 𝑣𝑛

0).  

The assumptions of Euler-Bernoulli theory for bending state that cross-sections of 

the beam that were plane and normal to the undeformed beam axis (𝑥-axis) remain plane 

and normal to the deformed beam axis and that the Poisson effects are negligible and the 

cross-section retains its shape after bending. The assumptions of both the St. Venant theory 

and Vlasov’s theory also state that the cross-section does not deform and that it rotates as 

a rigid body. Therefore, the only strains in the wall of the beam cross section are the axial 

strain 𝜀𝑥𝑥 and the shear strain 𝛾𝑥𝑠.  

 

2.1.2 Relation between (𝒚, 𝒛), (𝒓, 𝒒), and (𝒔, 𝒏) coordinates 

Figure 2-2 shows the cross-section of a thin-walled beam and also the (𝑦, 𝑧), (𝑟, 𝑞), 

and (𝑠, 𝑛) coordinates. The midline of the shell is chosen as the reference curve.  
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The differential relations between the coordinates can be derived considering a 

point 𝐴(𝑦, 𝑧) on the reference curve as shown in Figure 2-3. The tangent to the reference 

curve makes an angle 𝜃 with the y-axis and also defines the direction of the s-coordinate 

at A; this means that 𝜃 is a function of 𝑠. Consider an adjacent point 𝐴′(𝑦 + 𝑑𝑦, 𝑧 + 𝑑𝑧). 

The coordinates of 𝐴′ can also be written as 𝐴′(𝑟 + 𝑑𝑟, 𝑞 + 𝑑𝑞) or 𝐴′(𝑠 + 𝑑𝑠, 𝑛 + 𝑑𝑛). As 

shown in Figure 2-3, the following relations can be derived for the differential quantities: 

 

𝑑𝑠 = 𝑟𝑑𝜃 + 𝑑𝑞      𝑑𝑟 = 𝑞𝑑𝜃   

2-1   

𝑑𝑦 = 𝑑𝑠 cos 𝜃        𝑑𝑧 = 𝑑𝑠 sin 𝜃   

 

 

 

 
Figure 2-3. Cross section showing 𝑨(𝒚, 𝒛) after a small rotation about the pole, P 
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In Equation 2-1, 𝜃 is the angle between the positive y-axis and the positive s-axis. The 

following notation will be used: 

(… ),𝑠 = 
𝜕(… )

𝜕𝑠
     (… ),𝑠𝑠 =

𝜕2(… )

𝜕𝑠2
 

The following differential relations between the (𝑦, 𝑧) coordinates and the s coordinate can 

be derived from Equation 2-1: 

 

 

𝑦,𝑠 = cos 𝜃   𝑧,𝑠 = sin 𝜃 2-2 

 

 

Setting 𝑦1 = 𝑧1 = 0, the relationship between the (y, z) and (r,q) coordinates are:   

 

 

𝑦 = 𝑦1 + 𝑟 sin 𝜃 + 𝑞 cos 𝜃 = 𝑟𝑧,𝑠 + 𝑞𝑦,𝑠  

2-3  

𝑧 =  𝑧1 − 𝑟 cos 𝜃 + 𝑞 sin 𝜃 =  −𝑟𝑦,𝑠 + 𝑞𝑧,𝑠  

 

 

From Equation 2-3, 𝑟 and 𝑞 can be related to 𝒚 and 𝒛 through: 

 

 

𝑟 = 𝑦𝑧,𝑠 − 𝑧𝑦,𝑠  

2-4  

𝑞 = 𝑦𝑦,𝑠 + 𝑧𝑧,𝑠  

 

 

Additionally, Equation 2-3 can be rearranged to show the relationship between the (𝑥, 𝑦, 𝑧) 

and (𝑥, 𝑟, 𝑞) coordinates as: 

 

 

{ 
𝑥
𝑦
𝑧
 } = [

1 0 0
0 sin 𝜃 cos 𝜃
0 − cos 𝜃 sin 𝜃

] { 

𝑥
𝑟
𝑞
 }

  

2-5 
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The quantities 𝑟,𝑠 and 𝑞,𝑠 can be calculated using Equations 2-2 and 2-4: 

 

 

𝑟,𝑠 = 𝑦,𝑠𝑧,𝑠 + 𝑦𝑧,𝑠𝑠 − 𝑧,𝑠𝑦,𝑠 − 𝑧𝑦,𝑠𝑠 = 𝑦𝑧,𝑠𝑠 − 𝑧𝑦,𝑠𝑠  

2-6  

𝑞,𝑠 = 𝑦,𝑠𝑦,𝑠 + 𝑦𝑦,𝑠𝑠 + 𝑧,𝑠𝑧,𝑠 + 𝑧𝑧,𝑠𝑠 = 1 + 𝑦𝑦,𝑠𝑠 + 𝑧𝑧,𝑠𝑠  

 

2.1.3 Strain – Displacement relations for the cross-sectional wall 

Figure 2-4 shows the beam displacements; 𝑈 along the x-axis and 𝑉and 𝑊 along 

the 𝑦- and 𝑧-axes respectively. The center of rotation is the Pole, P, and the angle of twist, 

𝜙, is about the 𝑥 -axis. 

 

The axial deformation of the point A is composed of the following: 

 
 

Figure 2-4. Kinematics of bending and rotation for global bending displacements 𝑽 and 𝑾 
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- Extension due to axial force:    

𝑢1(𝑥, 𝑦, 𝑧) = 𝑈(𝑥)  

- Deformation due to bending about z-axis:  

𝑢2(𝑥, 𝑦, 𝑧) =  −𝑦𝑉,𝑥(𝑥)  

- Deformation due to bending about y-axis: 

𝑢3(𝑥, 𝑦, 𝑧) = −𝑧𝑊,𝑥(𝑥)  

   -   Deformation due to torsion related warping:      

       𝑢4(𝑥, 𝑦, 𝑧) =  𝜓(𝑦, 𝑧)𝜙,𝑥(𝑥) 

      where, 𝜓(𝑦, 𝑧) is the warping function 

 

Due to axial force, bending moments about the y- and z-axes, and torsion, the total 

axial deformation at a point on the midline of the shell is: 

 

𝑢0 = 𝑈 − 𝑦𝑉,𝑥 − 𝑧𝑊,𝑥 + 𝜓𝜙,𝑥 2-7 

 

 

The axial deformation pattern or warping function 𝜓(𝑦, 𝑧) is due to the application 

of a torsional moment. When the ends of the beam are not constrained, the cross-sections 

are not restrained from warping and therefore the beam is allowed to deform out of plane. 

This is called warping due to Free Torsion or St. Venant Torsion. If, however, one or both 

ends of the beam are restrained, 𝜙,𝑥 is not constant, 𝑢4,𝑥 ≠ 0, which means axial 

stresses/strains arise which result in modifying the torsion response. This is called 

Restrained Torsion or Vlasov Torsion. Vlasov torsion is essential for thin cross sections 

that are open. It is not particularly significant for closed cross-sections. 

x 



36 

 

As shown in Figure 2-4, the tangential and normal displacements of the wall at 

point A are given by: 

 

𝑣𝑡
0 = 𝑉𝑦,𝑠 +𝑊𝑧,𝑠 + 𝑟𝜙 

2-8  

𝑣𝑛
0 = 𝑉𝑧,𝑠 −𝑊𝑦,𝑠 − 𝑞𝜙 

 

Using a small strain assumption, the midline strain, 𝜀𝑥𝑥
0 ,is given by 

 

𝜀𝑥𝑥
0 = 𝑢,𝑥

0 = 𝑈,𝑥 − 𝑦𝑉,𝑥𝑥 − 𝑧𝑊,𝑥𝑥 + 𝜓𝜙,𝑥𝑥 2-9 

 

 

As an example, for a beam of rectangular cross-section, Figure 2-5 shows the shear 

strains 𝛾𝑥𝑦 and 𝛾𝑥𝑧. For a beam with a curved cross-section, Figure 2-6 shows the 

membrane shear strain 𝛾𝑥𝑠,always along the midline of the wall. The relationships between 

𝛾𝑥𝑠, 𝛾𝑥𝑦, and 𝛾𝑥𝑧 are: 

𝛾𝑥𝑠 = 𝛾𝑥𝑧 cos 𝜃 + 𝛾𝑥𝑧 sin 𝜃 = 𝛾𝑥𝑦𝑦,𝑠 + 𝛾𝑥𝑧𝑧,𝑠 

2-10 
𝛾𝑥𝑦 = 𝛾𝑥𝑠 cos 𝜃 =  𝛾𝑥𝑠𝑦,𝑠 

𝛾𝑥𝑧 = 𝛾𝑥𝑠 sin 𝜃 =  𝛾𝑥𝑠𝑧,𝑠 

The shear strain in the midline of the wall is written using the small strain assumption: 

 

𝛾𝑥𝑠
0 = 𝑢,𝑠

0 + 𝑣𝑡,𝑥
0  2-11 
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where 𝑢,𝑠
0 = −𝑦,𝑠𝑉,𝑥 − 𝑧,𝑠𝑊,𝑥 + 𝜓,𝑠𝜙,𝑥  

 𝑣𝑡,𝑥
0 = 𝑉,𝑥𝑦,𝑠 +𝑊,𝑥𝑧,𝑠 + 𝑟𝜙,𝑥  

 𝛾𝑥𝑠
0 = (𝜓,𝑠 + 𝑟)𝜙,𝑥  

 

 

 

 

Figure 2-5. Shear strains in the wall of a rectangular beam 

 

 

Figure 2-6. Axial strain and shear strains in the wall of a thin walled beam 
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This is the membrane shear strain. For thin-walled beams, the thickness or transverse shear 

strain, 𝛾𝑠𝑛, can be neglected. The strain-displacement relations for small strains and small 

deflections are summarized below: 

 

𝜀𝑥𝑥
0 = 𝑈,𝑥 − 𝑦𝑉,𝑥𝑥 − 𝑧𝑊,𝑥𝑥 + 𝜓𝜙,𝑥𝑥 

2-12  

𝛾𝑥𝑠
0 = (𝜓,𝑠 + 𝑟)𝜙,𝑥 

 

2.1.4 Torsion Related Warping 

2.1.4.1 Shear Flow  

The result of applying a twisting moment, 𝑀𝑥, to the cross section is a shear stress, 

𝜏𝑥𝑠, in the shell wall. The shear flow, 𝑞𝑠, is then defined as 

𝑞𝑠 = 𝜏𝑥𝑠𝑡 2-13 

where 𝑡 is the wall thickness. For thin-walled beams, the shear flow can be assumed to be 

constant through the thickness. The shear strain, 𝛾𝑥𝑠, is related to the shear stress through: 

𝜏𝑥𝑠 = 𝐺𝛾𝑥𝑠 2-14 

𝑞𝑠 = 𝐺𝑡𝛾𝑥𝑠  

where 𝐺 is the shear modulus. 

 

Substituting in the expression for shear strain from Equation 2-12 and using Equations 2-13 

and 2-14 the relationship between shear flow and shear strain can be written as  

𝑞𝑠 = (𝐺𝛾𝑥𝑠)𝑡 = 𝐺𝑡[(𝜓,𝑠 + 𝑟)𝜙,𝑥]  
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𝜓,𝑠 =
𝑞𝑠

𝐺𝑡𝜙,𝑥
− 𝑟 

2-15 

 

The twisting moment can also be expressed in terms of the shear flow as 

𝑀𝑥 = ∮𝑞𝑠𝑟𝑑𝑠 
2-16 

 

2.1.4.2 Torsion Related Warping Deformation 

Recall from Equation 2-11 the definition for shear strain in a thin wall: 

𝛾𝑥𝑠 = 𝑢,𝑠 + 𝑣𝑡,𝑥  

St. Venant’s theory of torsion assumes that the cross section rotates as a rigid disc about its 

pole. For a point a distance 𝑟 from the pole, the expression for the tangential displacement 

of the shell wall due to torsion (from Equation 2-8) plugged into the shear strain definition 

yields the expression 

 

𝛾𝑥𝑠 = 𝑢,𝑠 + 𝑟𝜙,𝑥 2-17 

 

Assuming continuous axial displacement around the profile, Equation 2-17 can be 

rearranged to yield 

 

𝜙,𝑥 =
∮𝛾𝑥𝑠𝑑𝑠 − ∮𝑢,𝑠𝑑𝑠

∮ 𝑟𝑑𝑠
=
∮𝛾𝑥𝑠𝑑𝑠

∮ 𝑟𝑑𝑠
 2-18 
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An expression for the torsion related warping function, 𝜓, can now be constructed using 

Equations 2-15 and 2-18. 

 

𝜓,𝑠 =
𝑞𝑠

𝐺𝑡𝜙,𝑥
− 𝑟 

 

𝜓 = ∫
𝑞𝑠

𝐺𝑡𝜙,𝑥
𝑑𝑠

𝑠

0

−∫ 𝑟𝑑𝑠
𝑠

0

 
 

 
= ∫

𝑞𝑠
𝐺𝑡
[
∮ 𝑟𝑑𝑠

∮ 𝛾𝑥𝑠𝑑𝑠
] 𝑑𝑠 − ∫ 𝑟𝑑𝑠

𝑠

0

𝑠

0

 
2-19 

 

It should be noted that the calculation of cross-sectional warping is important for open 

cross sections and neglecting it underestimates the beam’s twist distribution. However, for 

thin walled cross sections, the warping is considered local, and is small enough that it can 

be neglected. An example of calculating the warping term for a single celled cross section 

is shown in Section 2.4.3.1. 

 

2.2 A Review of Classical Laminated Plate Theory 

A composite ply or lamina consists of two parts: fibers and a matrix. The most 

common composite materials are unidirectional, where all fibers are aligned in one 

direction. Another common form is a fabric ply, which is made up of fibers woven together. 

For simplicity, this research only considers unidirectional plies. A laminate is an assembly 

of plies defined by how the fibers in each layer are oriented in relation to a reference axis. 
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The orientation of a single layer is denoted by 𝜃𝑘. Therefore, a laminate made up of 𝑛 plies 

is designated as 

[𝜃1\𝜃2\𝜃3\…\𝜃𝑛] 

 

The stresses and strains are related through a generalized Hooke’s law: 

 

[
 
 
 
 
 
𝜎1
𝜎2
𝜎3
𝜏23
𝜏31
𝜏12]
 
 
 
 
 

=

[
 
 
 
 

𝑁𝑜𝑟𝑚𝑎𝑙 𝑆𝑡𝑟𝑒𝑠𝑠 𝑎𝑠 𝑎 𝑁𝑜𝑟𝑚𝑎𝑙 𝑆𝑡𝑟𝑒𝑠𝑠 𝑎𝑠 𝑎 
𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑁𝑜𝑟𝑚𝑎𝑙 𝑆𝑡𝑟𝑎𝑖𝑛 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑆ℎ𝑒𝑎𝑟 𝑆𝑡𝑟𝑎𝑖𝑛

𝑆ℎ𝑒𝑎𝑟 𝑆𝑡𝑟𝑒𝑠𝑠 𝑎𝑠 𝑎 𝑆ℎ𝑒𝑎𝑟 𝑆𝑡𝑟𝑒𝑠𝑠 𝑎𝑠 𝑎 
𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑁𝑜𝑟𝑚𝑎𝑙 𝑆𝑡𝑟𝑎𝑖𝑛 𝑓𝑢𝑛𝑐𝑖𝑡𝑜𝑛 𝑜𝑓 𝑆ℎ𝑒𝑎𝑟 𝑆𝑡𝑟𝑎𝑖𝑛]

 
 
 
 

[
 
 
 
 
 
𝜀1
𝜀2
𝜀3
𝛾23
𝛾31
𝛾12]
 
 
 
 
 

 

{
 
 

 
 
𝜎1
𝜎2
𝜎3
𝜏23
𝜏31
𝜏12}
 
 

 
 

=

[
 
 
 
 
 
 
𝐶11 𝐶12 𝐶13 𝐶14 𝐶15 𝐶16

𝐶22 𝐶23 𝐶24 𝐶25 𝐶26
𝐶33 𝐶34 𝐶35 𝐶36

𝐶44 𝐶45 𝐶46
𝑆𝑌𝑀 𝐶55 𝐶56

𝐶66]
 
 
 
 
 
 

{
 
 

 
 
𝜀1
𝜀2
𝜀3
𝛾23
𝛾31
𝛾12}
 
 

 
 

 

 

Table 2-1. Definition of material properties required for characterization of an orthotropic composite 

material 

Parameter  

𝐸1 Young’s Modulus in principle/fiber direction 

𝐸2 Young’s modulus in transverse direction 

𝐺12 Shear modulus in the 1-2 plane 

𝜈12 Poisson’s Ratio:  

Load in principle direction, strain in transverse direction 

𝜈21 =
𝐸2𝜈12
𝐸1

 
Poisson’s Ratio:  

Load in transverse direction, strain in principle direction 

 

A single ply or lamina is orthotropic (or transversely isotropic). The plies 

considered here are assumed as such. This means that the material has two orthogonal 

planes of symmetry and requires only five independent constants (Table 2-1) to populate 
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the C matrix. Assuming a state of plane stress in an individual ply (which is typically the 

case), the stress-strain relationship for a ply becomes: 

 

{

𝜎1
𝜎2
𝜏12
} =  [

𝑄11 𝑄12 0
𝑄12 𝑄22 0
0 0 𝑄66

] {

𝜀1
𝜀2
𝛾12
} 

 

  

where [

𝑄11 𝑄12 0
𝑄12 𝑄22 0
0 0 𝑄66

] =

[
 
 
 
 

𝐸1
1 − 𝜈12𝜈21

𝜈21𝐸1
1 − 𝜈12𝜈21

0

𝜈12𝐸2
1 − 𝜈12𝜈21

𝐸2
1 − 𝜈12𝜈21

0

0 0 𝐺12]
 
 
 
 

 

 

Rotation of the ply properties along the fiber axis to the global frame is accomplished using 

the following transformation. 

 

{

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦

}

𝑘

 = [
𝑐2 𝑠2 2𝑐𝑠
𝑠2 𝑐2 −2𝑐𝑠
−𝑐𝑠 𝑐𝑠 𝑐2 − 𝑠2

]

−1

[

𝑄11 𝑄12 0
𝑄12 𝑄22 0
0 0 𝑄66

] [
𝑐2 𝑠2 𝑐𝑠
𝑠2 𝑐2 −𝑐𝑠
−2𝑐𝑠 2𝑐𝑠 𝑐2 − 𝑠2

] {

𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦
}

𝑘

 

   

 

= [

𝑄̅11 𝑄̅12 𝑄̅16
𝑄̅12 𝑄̅22 𝑄̅26
𝑄̅16 𝑄̅26 𝑄̅66

] {

𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦
} 2-20 

   

where 𝑐 = cos(θk) and 𝑠 = sin(𝜃𝑘)  

 

    and: 

𝑄̅11 = 𝑐
4𝑄11 + 2𝑐

2𝑠2(𝑄12 + 2𝑄66) + 𝑠
4𝑄22 

𝑄̅12 = 𝑐
2𝑠2(𝑄11 + 𝑄22 − 4𝑄66) + (𝑐

4 + 𝑠4)𝑄12 
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𝑄̅22 = 𝑠
4𝑄11 + 2𝑐

2𝑠2(𝑄12 + 𝑄66) + 𝑠
4𝑄11 

𝑄̅16 = 𝑐
3𝑠(𝑄11 − 𝑄12 − 2𝑄66) + 𝑐𝑠

3(𝑄12 − 𝑄22 + 2𝑄66) 

𝑄̅26 = 𝑐𝑠
3(𝑄11 − 𝑄12 − 2𝑄66) + 𝑐

3𝑠(𝑄12 − 𝑄22 + 2𝑄66) 

𝑄̅66 = 𝑐
2𝑠2(𝑄11 + 𝑄22 − 2𝑄12 − 2𝑄66) + (𝑐

4 + 𝑠4)𝑄66 

 

Using these relations, the generalized Hooke’s law for the entire laminate can be written 

as: 

{
 
 

 
 
𝜎1
𝜎2
𝜎3
𝜏23
𝜏31
𝜏12}
 
 

 
 

= [
[𝐴] [𝐵]
[𝐵] [𝐷]

]

{
 
 

 
 
𝜀1
𝜀2
𝜀3
𝛾23
𝛾31
𝛾12}
 
 

 
 

 

 

where 𝐴𝑖𝑗 = ∑{𝑄𝑖𝑗}𝑛
(𝑧𝑘 − 𝑧𝑘−1)

𝑛

𝑘=1

 
 

 
𝐵𝑖𝑗 =

1

2
∑{𝑄𝑖𝑗}𝑛

(𝑧𝑘
2 − 𝑧𝑘−1

2 )

𝑛

𝑘=1

 
 

 
𝐷𝑖𝑗 =

1

3
∑{𝑄𝑖𝑗}𝑛

(𝑧𝑘
3 − 𝑧𝑘−1

3 )

𝑛

𝑘=1

 
 

 

2.3 Derivation of Cross-section Stiffness Matrix 

The global beam deformations (𝑈, 𝑉, 𝑊, and 𝜙) result in the local deformations of 

the shell wall (𝑢0, 𝑣𝑡
0, 𝑣𝑛

0 ). These, in turn, lead to strains and stresses in the shell wall that 
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resist the applied loads. The resultants of these wall stresses should be equal to the applied 

loads and moments acting on the cross-section. 

 

2.3.1 Material Law 

Figure 2-7 shows an element of the shell wall and the stress resultants acting on 

that element. The assumption of thin walls implies that the shell wall acts as a membrane 

and that the contributions of the bending stiffness (as in Kirchoff theory) and the transverse 

shear stiffness (as in Mindlin theory) to the cross-section stiffness of the thin-walled beam 

are negligible. Therefore, only the axial stress resultant (𝜎𝑥𝑥) and the shear stress resultant 

(𝜏𝑥𝑠) need to be considered in the analysis. 

 

Recall from before the simplified Hooke’s law for an orthotropic material from 

Equation 2-20. Integrating through the wall thickness yields: 

 

 

Figure 2-7. Laminate stress resultants acting on an element of the wall 
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∮{

𝜎𝑥𝑥
𝜎𝑥𝑠
𝜏𝑥𝑠
}  𝑑𝑛 = {

𝑁𝑥𝑥
𝑁𝑠𝑠
𝑁𝑥𝑠

} = [

𝐴̅11 𝐴̅12 𝐴̅16
𝐴̅12 𝐴̅22 𝐴̅26
𝐴̅16 𝐴̅26 𝐴̅66

] {

𝜀𝑥𝑥
𝜀𝑠𝑠
𝛾𝑥𝑠
} 

 

Expanded out we get the following three equations: 

𝑁𝑥𝑥 = 𝐴̅11𝜀𝑥𝑥 + 𝐴̅12𝜀𝑠𝑠 + 𝐴̅16𝛾𝑥𝑠 

 

𝑁𝑠𝑠 = 𝐴̅12𝜀𝑥𝑥 + 𝐴̅22𝜀𝑠𝑠 + 𝐴̅26𝛾𝑥𝑠 

 

𝑁𝑥𝑠 = 𝐴̅16𝜀𝑥𝑥 + 𝐴̅26𝜀𝑠𝑠 + 𝐴̅66𝛾𝑥𝑠 

 

The zero hoop stress assumption tells us that 𝑁𝑠𝑠 = 0 such that 

0 = 𝐴̅12𝜀𝑥𝑥 + 𝐴̅22𝜀𝑠𝑠 + 𝐴̅26𝛾𝑥𝑠  

𝜀𝑠𝑠 = −
𝐴̅12

𝐴̅22
𝜀𝑥𝑥 −

𝐴̅26

𝐴̅22
𝛾𝑥𝑠 

 

This equation can now be inserted back into the expressions for 𝑁𝑥𝑥 and 𝑁𝑥𝑠 to yield 

 

 

{
𝑁𝑥𝑥
𝑁𝑥𝑠

} =

[
 
 
 
 (𝐴̅11 −

𝐴̅12
2

𝐴̅22
) (𝐴̅16 −

𝐴̅12𝐴̅26

𝐴̅22
)

(𝐴̅16 −
𝐴̅12𝐴̅26

𝐴̅22
) (𝐴̅66 −

𝐴̅26
2

𝐴̅22
)
]
 
 
 
 

{
𝜀𝑥𝑥
𝛾𝑥𝑠
} 2-21 

 

where we can use the notation: 

[
𝐴11 𝐴16
𝐴16 𝐴66

] =  

[
 
 
 
 (𝐴̅11 −

𝐴̅12
2

𝐴̅22
) (𝐴̅16 −

𝐴̅12𝐴̅26

𝐴̅22
)

(𝐴̅16 −
𝐴̅12𝐴̅26

𝐴̅22
) (𝐴̅66 −

𝐴̅26
2

𝐴̅22
)
]
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The cross-section stress resultants are: 

𝑁 = ∫∫𝜎𝑥𝑥𝑑𝑛 𝑑𝑠

𝑛𝑠

 Axial force 

2-22 

𝑀𝑧 = −∫∫𝜎𝑥𝑥𝑦 𝑑𝑛 𝑑𝑠

𝑛𝑠

 Bending moment (lag) about the z-axis 

𝑀𝑦 = −∫∫𝜎𝑥𝑥𝑧 𝑑𝑛 𝑑𝑠

𝑛𝑠

 Bending moment (flap) about the y-axis 

𝑀𝑥 = ∫∫𝜏𝑥𝑠(𝜓,𝑠 + 𝑟)𝑑𝑛𝑑𝑠

𝑛𝑠

 Torsion about the x-axis 

 

These are the resultant forces and moments arising out of the stresses in the shell 

wall and are in equilibrium with the applied static loads on the cross-section.  

The cross-section stress resultants shown in Equation 2-22 are expanded using the material 

law from Equation 2-20 and the strain-displacement relations from Equation 2-12. 

𝑁 = ∫∫𝜎𝑥𝑥𝑑𝑛 𝑑𝑠

𝑛𝑠

 2-23 

 
= ∫𝐴11𝑈,𝑥 − 𝑦𝐴11𝑉,𝑥𝑥

𝑠

− 𝑧𝐴11𝑊,𝑥𝑥 + 𝐴16(𝜓,𝑠 + 𝑟)𝜙,𝑥 + 𝜓𝐴11𝜙,𝑥𝑥 
 

 

In Equations 2-23 and 2-24 the global strains have been rearranged as axial strain, 

bending about the z-axis, bending about the y-axis, the rate of twist, and the restrained 

warping (𝑈,𝑥, 𝑉,𝑥𝑥,𝑊,𝑥𝑥, 𝜙,𝑥, 𝜙,𝑥𝑥). The other cross-section stress resultants can be 

evaluated in a way similar to Equation 2-23. 
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𝑀𝑦 = − ∫∫𝜎𝑥𝑥𝑧 𝑑𝑛 𝑑𝑠

𝑛𝑠

 

2-24 

 

= ∫−𝑧𝐴11𝑈,𝑥 + 𝑦𝑧𝐴11𝑉,𝑥𝑥
𝑠

+ 𝑧2𝐴11𝑊,𝑥𝑥 − 𝑧𝐴16(𝜓,𝑠 + 𝑟)𝜙,𝑥

− 𝑧𝜓𝐴11𝜙,𝑥𝑥 

𝑀𝑧 = −∫∫𝜎𝑥𝑥𝑦𝑑𝑛 𝑑𝑠

𝑛𝑠

 

 

= ∫−𝑦𝐴11𝑈,𝑥 + 𝑦
2𝐴11𝑉,𝑥𝑥

𝑠

+ 𝑦𝑧𝐴11𝑊,𝑥𝑥 − 𝑦𝐴16(𝜓,𝑠 + 𝑟)𝜙,𝑥

− 𝑦𝜓𝐴11𝜙,𝑥𝑥 

𝑀𝑥 
= ∫∫𝜏𝑥𝑠(𝜓,𝑠 + 𝑟)𝑑𝑛 𝑑𝑠

𝑛𝑠

 

 

 

= ∫((𝜓,𝑠 + 𝑟)𝐴16𝑈,𝑥 − 𝑦(𝜓,𝑠 + 𝑟)𝐴16𝑉,𝑥𝑥 − 𝑧(𝜓,𝑠 + 𝑟)𝐴16𝑊,𝑥𝑥
𝑠

+ (𝜓,𝑠 + 𝑟)
2
𝐴66𝜙,𝑥 + 𝜓(𝜓,𝑠 + 𝑟)𝐴16𝜙,𝑥𝑥)𝑑𝑠 

 

Equations 2-23 and 2-24 can be arranged in matrix form as: 

{ 

𝑁
𝑀𝑦

𝑀𝑧

𝑀𝑥

 } = [𝐾]

{
 

 
 

𝑈,𝑥
𝑊,𝑥𝑥
𝑉,𝑥𝑥
𝜙,𝑥

 

}
 

 
 2-25 

 

where [𝐾] is a 4x4 symmetric cross-section stiffness matrix. 
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The beam strain measures are: 

𝑈,𝑥 Axial strain 

𝑊,𝑥𝑥 Bending curvature about y-axis (beamwise bending) 

𝑉,𝑥𝑥 Bending curvature about the z-axis (edgewise bending) 

𝜙,𝑥 Rate of twist (St. Venant torsion measure) 

𝜙,𝑥𝑥 Change of rate of twist with 𝑥 (Vlasov torsion measure) 

  

The elements of the (symmetric) stiffness matrix are identified as: 

𝐾(1,1) =  ∮𝐴11𝑑𝑠 Axial stiffness 

2-26 

𝐾(1,2) = 𝐾(2,1) =  ∮−𝑧𝐴11 𝑑𝑠  Extension-bending coupling 

𝐾(1,3) = 𝐾(3,1) =  ∮−𝑦𝐴11𝑑𝑠 Extension-bending coupling 

𝐾(1,4) = 𝐾(4,1) = ∮𝐴16(𝜓,𝑠 + 𝑟)𝑑𝑠 Extension-torsion coupling 

𝐾(2,2) =  ∮−𝑧2𝐴11 𝑑𝑠 Bending stiffness 

𝐾(2,3) = 𝐾(3,2) =  ∮−𝑦𝑧𝐴11 𝑑𝑠 Bending-bending coupling 

𝐾(2,4) = 𝐾(4,2) = ∮−𝑧𝐴16(𝜓,𝑠 + 𝑟)𝑑𝑠 Bending-torsion coupling 
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𝐾(3,3) =  ∮−𝑦2𝐴11 𝑑𝑠 Bending stiffness 

𝐾(3,4) = 𝐾(4,3) =  ∮−𝑦𝐴16(𝜓,𝑠 + 𝑟)𝑑𝑠 Bending-torsion stiffness 

𝐾(4,4) = ∮(𝜓,𝑠 + 𝑟)
2
𝐴66𝑑𝑠 Torsion stiffness 

 

2.4 Example: Chandra-Chopra Box Beam 

In order to validate this methodology, it was applied first to a thin-walled, 

composite box beam, modeled after the experiments of Chandra and Chopra in 1992 [38]. 

This example has been widely studied including analysis performed by Popescu and 

Hodges [95], Bauchau and Hodges [96], and Smith [27]. 

 

Table 2-2. Material properties of composite material used in Chandra-Chopra box beam experiments 

 IM7/8552 

𝑬𝟏, 𝑮𝑷𝒂 (𝒑𝒔𝒊) 142 (20.59𝑒6 ) 
𝑬𝟐, 𝑮𝑷𝒂 (𝒑𝒔𝒊) 9.79 (1.42𝑒6) 
𝑮𝟏𝟐, 𝑮𝑷𝒂 (𝒑𝒔𝒊) 6.14 (0.89𝑒6) 

𝝂𝟏𝟐 0.42 

𝒕𝒑𝒍𝒚,𝒎𝒎 (𝒊𝒏. ) 0.183 (0.005) 

 

2.4.1 Definition of Chandra-Chopra Box Beam 

The Chandra-Chopra box beam, illustrated in Figure 2-8 has an exterior width of 

0.953 inches and an exterior height of 0.537 inches. The walls are made up of 6 layers of 

anisotropic carbon fiber composite, the material properties of which are listed in Table 2-2. 



50 

 

The example considered in this work is an uncoupled box beam, in which the layers of 

composite material are all arranged at 0°.  

 

 

2.4.2 Cross Section Idealization 

For this analysis, calculation of the cross-sectional stiffness coefficients was done 

through integration along the midline of the four walls. This is illustrated in Figure 2-9 as 

a rectangle with the updated dimensions of 0.923 in. in width and 0.507 in. in height. 

 

Figure 2-8. Dimensions of Chandra-Chopra box beam cross section 
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Table 2-3. Calculated values of 𝑨̅ for a layups defined by [𝟎°]𝟔 

 Value 

𝐴̅11 625307.19 

𝐴̅12 18112.35 

𝐴̅16 0 

𝐴̅22 43124.63 

𝐴̅26 0 

𝐴̅66 26700 

𝐴11 = 𝐴̅11 −
𝐴̅12
2

𝐴̅22
 617700 

𝐴16 = 𝐴̅16 −
𝐴̅12𝐴̅26

𝐴̅22
 0 

𝐴66 = 𝐴̅66 −
𝐴̅26
2

𝐴̅22
 26700 

 

 
 

Figure 2-9. Idealization of box beam cross-section, where integrated area is within the beam 

wall centerlines. The four walls are designated as T, R, B, and L for top flange, right web, 

bottom flange, and left web. 
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2.4.3 Uncoupled – All walls [𝟎°]𝟔 

As previously stated, in this example all six layers of composite material are 

oriented at 0° from the beam axis. Values of 𝐴̅𝑖𝑗 = ∑𝑄̅𝑖𝑗 for [0°]6 are shown in Table 2-3. 

These are the same for all four sides of the box. 

 

2.4.3.1 Cross-section Stiffness coefficients 

The cross-sectional stiffness values are calculated based on the values in Table 2-3. 

𝐾(1,1) = ∮𝐴11𝑑𝑠 = ∫𝐴11
𝑇 𝑑𝑠

𝑏

0

+∫𝐴11
𝐿 𝑑𝑠

𝑏

0

+∫𝐴11
𝐵 𝑑𝑠

𝑏

0

+∫𝐴11
𝑅 𝑑𝑠

𝑏

0

 

 = 𝑏(𝐴11
𝑇 + 𝐴11

𝐵 ) + ℎ(𝐴11
𝑅 + 𝐴11

𝐿 ) 

 = 0.923(2)(617700) + 0.507(2)(617700) 

 = 1766622 

 

𝐾(1,2) = 𝐾(2,1) =  −∮𝐴11𝑧𝑑𝑠 

 

= −∫(
ℎ

2
)𝐴11

𝑇  𝑑𝑠

𝑏

0

−∫𝐴11
𝐿 (

ℎ

2
− 𝑠) 𝑑𝑠

ℎ

0

−∫(−
ℎ

2
)𝐴11

𝐵 𝑑𝑠

𝑏

0

−∫𝐴11
𝑅 (−

ℎ

2
+ 𝑠) 𝑑𝑠

ℎ

0

 

 
= −𝑏 (

ℎ

2
) (𝐴11

𝑇 − 𝐴11
𝐵 ) = 0 

Note: Because 𝐴11 is the same for all sides of the beam, ∮ 𝑧𝑑𝑠 = 0 

 

𝐾(1,3) = 𝐾(3,1) = −∮𝐴11𝑦 𝑑𝑠 
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 = −∫(
𝑏

2
− 𝑠)𝐴11

𝑇  𝑑𝑠

𝑏

0

−∫𝐴11
𝐿 (−

𝑏

2
)𝑑𝑠

ℎ

0

−∫(−
𝑏

2
+ 𝑠)𝐴11

𝐵 𝑑𝑠

𝑏

0

−∫𝐴11
𝑅 (−

ℎ

2
)𝑑𝑠

ℎ

0

 

 
= −𝑏 (

ℎ

2
) (−𝐴11

𝐿 + 𝐴11
𝑅 ) = 0 

Note: Because 𝐴11is the same for all sides in this problem, ∮𝑦𝑑𝑠 = 0 

 

𝐾(1,4) = ∮𝐴16(𝜓,𝑠 + 𝑟)𝑑𝑠 = ∮𝐴16𝜓,𝑠𝑑𝑠 + ∮𝐴16𝑟𝑑𝑠 

 = 𝑏(𝐴16
𝑇 + 𝐴16

𝐵 ) + ℎ(𝐴16
𝐿 + 𝐴16

𝑅 ) = 0    NO extension-torsion coupling 

 

𝐾(2,2) = ∮𝐴11𝑧
2𝑑𝑠 

 

= ∫(
ℎ

2
)
2

𝐴11
𝑇 𝑑𝑠

𝑏

0

+∫𝐴11
𝐿 (

ℎ

2
− 𝑠)

2

𝑑𝑠

ℎ

0

+∫(−
ℎ

2
)
2

𝐴11
𝐵 𝑑𝑠

𝑏

0

+∫𝐴11
𝑅 (−

ℎ

2
+ 𝑠)

2

𝑑𝑠

ℎ

0

 

 
= 𝑏 (

ℎ2

4
) (𝐴11

𝑇 + 𝐴11
𝐵 ) +

ℎ3

12
(𝐴11

𝐿 + 𝐴11
𝑅 ) = 86693.4 

 

𝐾(2,3) = ∮𝐴11𝑦𝑧 𝑑𝑠 
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= ∫(
𝑏

2
− 𝑠) (

ℎ

2
)𝐴11

𝑇 𝑑𝑠

𝑏

0

+∫𝐴11
𝐿 (−

𝑏

2
) (
ℎ

2
− 𝑠) 𝑑𝑠

ℎ

0

+∫(−
𝑏

2
+ 𝑠) (−

ℎ

2
)𝐴11

𝐵 𝑑𝑠

𝑏

0

+∫𝐴11
𝑅 (

𝑏

2
) (−

ℎ

2
+ 𝑠)𝑑𝑠

ℎ

0

 

 
= 𝐴11

𝑇 [(
ℎ

2
) (0)] + 𝐴11

𝐿 [(−
𝑏

2
) (0)] + 𝐴11

𝐵 [(−
ℎ

2
) (0)] + 𝐴11

𝑅 [(
𝑏

2
) (0)] 

 = 0 

 

∮𝐴16𝑧𝑑𝑠 
= ∫𝐴16

𝑇 (
ℎ

2
) 𝑑𝑠

𝑏

0

+∫𝐴16
𝐿 (

ℎ

2
− 𝑠) 𝑑𝑠

ℎ

0

+∫𝐴16
𝐵 (−

ℎ

2
)𝑑𝑠

𝑏

0

+∫𝐴16
𝑅 (−

ℎ

2
+ 𝑠)𝑑𝑠

ℎ

0

 

 
=
ℎ𝑏

2
(𝐴16

𝑇 − 𝐴16
𝐵 ) = 0 

𝐾(2,4) = ∮−𝑧𝐴16(𝜓,𝑠 + 𝑟)𝑑𝑠 = ∮−𝑧𝐴16𝜓,𝑠𝑑𝑠 − 2𝐴𝑒∮𝑧𝐴16𝑑𝑠 = 0 

 where 𝐴𝑒 is the area contained within the midline of the cross section’s wall 

 

 

𝐾(3,3) = ∮𝐴11𝑦
2 𝑑𝑠 

 

 

= ∫(
𝑏

2
− 𝑠)

2

𝐴11
𝑇 𝑑𝑠

𝑏

0

+∫(−
𝑏

2
)
2

𝐴11
𝐿 𝑑𝑠

ℎ

0

+∫(−
𝑏

2
+ 𝑠)

2

𝐴11
𝐵 𝑑𝑠

𝑏

0

+∫(
𝑏

2
)
2

𝐴11
𝑅 𝑑𝑠

ℎ

0
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=
𝑏3

12
(𝐴11

𝑇 + 𝐴11
𝐵 ) +

𝑏2ℎ

4
(𝐴11

𝐿 + 𝐴11
𝑅 ) = 216825.4 

 

 

 

∮𝐴16𝑦 𝑑𝑠 
= ∫

𝐴16
𝑇

𝐴66
𝑇 (

𝑏

2
− 𝑠) 𝑑𝑠

𝑏

0

+∫
𝐴16
𝐿

𝐴66
𝐿 (−

𝑏

2
)𝑑𝑠

ℎ

0

+∫
𝐴16
𝐵

𝐴66
𝐵 (−

𝑏

2
+ 𝑠) 𝑑𝑠

𝑏

0

+∫
𝐴16
𝑅

𝐴66
𝑅 (

𝑏

2
) 𝑑𝑠

ℎ

0

 

 
=
ℎ𝑏

2
(
𝐴16
𝑅

𝐴66
𝑅 −

𝐴16
𝐿

𝐴66
𝐿 ) = 0 

𝐾(3,4) = ∮−𝑦𝐴16(𝜓,𝑠 + 𝑟)𝑑𝑠 = ∮−𝑦𝐴16𝜓,𝑠𝑑𝑠 − 2𝐴𝑒∮𝑦𝐴16𝑑𝑠 = 0 

 

𝐾(4,4) = ∮(𝜓,𝑠 + 𝑟)
2
𝐴66𝑑𝑠 

 
= ∮(

𝑞𝑠
𝐺𝑡𝜙,𝑥

)

2

𝐴66𝑑𝑠 

 
= ∮(

𝑞𝑠
𝐴66

∙
∮ 𝑟𝑑𝑠

∮ 𝛾𝑥𝑠𝑑𝑠
)

2

𝐴66𝑑𝑠 
 

 

= ∮(
𝑞𝑠
𝐴66

∙
2𝐴𝑒

𝑞𝑠 ∮
𝑑𝑠
𝐴66

)

2

𝐴66𝑑𝑠 

 
=
4𝐴𝑒

2

∮
𝑑𝑠
𝐴66

=
4(0.923 ∙ 0.507)2

1.0812𝐸 − 04
=  8177.6 

 

It was shown by Smith that 𝐺𝑡 = 𝐴66 [27]. 
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These results are summarized in Table 2-4, as well as compared to other analyses [95]. For 

this uncoupled composite cross section, it can be seen that there is excellent agreement 

between all analyses.  

Table 2-4. Results of current methodology compared to results from other analyses for an uncoupled 

Chandra-Chopra box beam 

 NABSA VABS PRESENT 

K(1,1) 0.177𝐸07 0.177𝐸07 𝟎. 𝟏𝟕𝟕𝐄𝟎𝟕 

K(2,2) 0.869𝐸05 0.869𝐸05 𝟎. 𝟖𝟔𝟕𝐄𝟎𝟓 

K(3,3) 0.215𝐸06 0.215𝐸06 𝟎. 𝟐𝟏𝟕𝐄𝟎𝟔 

K(4,4) 𝟎. 𝟖𝟏𝟔𝐄𝟎𝟒 𝟎. 𝟖𝟏𝟗𝐄𝟎𝟒 𝟎. 𝟖𝟏𝟖𝐄𝟎𝟒 

 

2.4.4 Example: Single-Cell Warping 

Recall from Equation 2-19 

𝜓 = ∫ 𝜓,𝑠𝑑𝑠
𝑠

0

= ∫ (
𝑞𝑠
𝐴66

[
∮ 𝑟𝑑𝑠

∮ 𝛾𝑥𝑠𝑑𝑠
] − 𝑟) 𝑑𝑠

𝑠

0

 

 

= ∫
𝑞𝑠
𝐴66

[
∮ 𝑟𝑑𝑠

∮ 𝛾𝑥𝑠𝑑𝑠
] 𝑑𝑠 − ∫ 𝑟𝑑𝑠

𝑠

0

𝑠

0

 

For a closed cross section, ∮ 𝑟𝑑𝑠 = 2𝐴𝑒, where 𝐴𝑒 is the cross-sectional area. For 

a single cell section, the shear flow, 𝑞𝑠, is constant. Therefore the expression for warping 

can be rewritten as: 

∫ 𝜓
𝑠

0

=
2𝐴𝑒

[∮
1
𝐴66

𝑑𝑠]
 ∫

1

𝐴66
𝑑𝑠 − 2𝐴𝑒

𝑠

0

 

When integrating warping around a closed loop, we must have  

∮𝜓𝑑𝑠 = 0 

Based on this we can calculate the cross-sectional warping terms for the box beam: 
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𝐾(1,5) =  ∮𝜓𝐴11 𝑑𝑠 = 0 

𝐾(2,5) =  ∮𝑧𝜓𝐴11 𝑑𝑠

= 𝐴11 [
2𝐴𝑒

[∮
1
𝐴66

𝑑𝑠]
 ∫

(
ℎ
2
)

𝐴66
𝑑𝑠 − 2𝐴𝑒

𝑏

0

]

𝑇

+ [
2𝐴𝑒

[∮
1
𝐴66

𝑑𝑠]
 ∫

(
ℎ
2
− 𝑠)

𝐴66
𝑑𝑠 − 2𝐴𝑒

ℎ

0

]

𝐿

+ [
2𝐴𝑒

[∮
1
𝐴66

𝑑𝑠]
 ∫

(−
ℎ
2
)

𝐴66
𝑑𝑠 − 2𝐴𝑒

𝑏

0

]

𝐵

+ [
2𝐴𝑒

[∮
1
𝐴66

𝑑𝑠]
 ∫

(−
ℎ
2
+ 𝑠)

𝐴66
𝑑𝑠 − 2𝐴𝑒

ℎ

0

]

𝑅

= 0 
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𝐾(3,5) = ∮𝑦𝜓𝐴11 𝑑𝑠 =

= 𝐴11 [
2𝐴𝑒

[∮
1
𝐴66

𝑑𝑠]
 ∫

(
𝑏
2
− 𝑠)

𝐴66
𝑑𝑠 − 2𝐴𝑒

𝑏

0

]

𝑇

+ [
2𝐴𝑒

[∮
1
𝐴66

𝑑𝑠]
 ∫

(−
𝑏
2
)

𝐴66
𝑑𝑠 − 2𝐴𝑒

ℎ

0

]

𝐿

+ [
2𝐴𝑒

[∮
1
𝐴66

𝑑𝑠]
 ∫

(−
𝑏
2
+ 𝑠)

𝐴66
𝑑𝑠 − 2𝐴𝑒

𝑏

0

]

𝐵

+ [
2𝐴𝑒

[∮
1
𝐴66

𝑑𝑠]
 ∫

(−
ℎ
2
)

𝐴66
𝑑𝑠 − 2𝐴𝑒

ℎ

0

]

𝑅

= 0 

 

𝐾(4,5) = ∮𝜓(𝜓
,𝑠
+ 𝑟)𝐴16𝑑𝑠 =  0 

For the calculation of 𝐾(5,5) it is easier to determine the warping in a piecewise manner 

based on the specific cross-sectional geometry being analyzed.  

Recall from Equation 2-19: 

𝜓 =
2𝐴𝑒

∮
𝑑𝑠
𝐴66

∫
𝑑𝑠

𝐴66

𝑠

0

−∫ 𝑟𝑑𝑠
𝑠

0

 

For a rectangular cross section this can be rewritten using the dimensions of the cross 

section. 

Here 𝐴𝑒 = 𝑏ℎ 
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and ∮
𝑑𝑠

𝐴66
=
2(𝑏 + ℎ)

𝐴66
 

 
so 

𝜓 = ∫ (
𝑏ℎ

𝑏 + ℎ
− 𝑟) 𝑑𝑠

𝑠

0

 

 

For the right, left, top, and bottom segments, it can be shown that  

𝜓𝑅 = 𝜓𝐿 = −𝛽
𝑏ℎ

4
 

𝜓𝑇 = 𝜓𝐵 = 𝛽
𝑏ℎ

4
 

 
where 𝛽 =

𝑏 − ℎ

𝑏 + ℎ
 

 

The torsional stiffness can now be easily written as 

𝐾(5,5) = (𝛽
𝑏ℎ

4
)
2

∮𝐴11𝑑𝑠 = (𝛽
𝑏ℎ

4
)
2

𝐾(1,1) 

 

2.4.5 Extension-Torsion Coupled Beam 

An antisymmetric layup introduces tension-torsion coupling to a box beam. Here, 

the top and bottom flanges of the box beam have the same ply angle, but applied in opposite 

directions. The left and right webs are maintained quasi-isotropic by alternating between 

+15° and −15° layups.  

 

 



60 

 

Table 2-5. Calculated values of 𝑨̅ for an antisymmetric Chandra-Chopra box beam 

 [𝟏𝟓°]𝟔  [−𝟏𝟓°]𝟔  [+𝟏𝟓°/−𝟏𝟓°]3 

𝑨𝟏𝟏 553470.4 

𝑨𝟏𝟐 50950.3 

𝑨𝟏𝟔 129649.8  -129649.8  0 

𝑨𝟐𝟐 49285.5 

𝑨𝟐𝟔 15895.8  -15895.8  0 

𝑨𝟔𝟔 59537.9 

 

The results of this cross-sectional analysis are summarized and compared against 

other analyses in Table 2-6. Here is can be seen that there are fairly significant errors in the 

bending and lag stiffness values (𝐾22 and 𝐾33).  

Table 2-6. Results of current methodology compared to results from other analyses for an 

antisymmetric Chandra-Chopra box beam 

 NABSA VABS PRESENT 

K(1,1) 0.137E07 0.137E07 0.143E07 

K(2,2) 0.608E05 0.608E05 0.703E05 

K(3,3) 0.143E06 0.143E06 0.102E06 

K(4,4) 0.173E05 0.174E05 0.172E05 

K(2,4) 0.180E05 0.180E05 0.179E05 

 

This is due to the initial assumptions made in the formulation of these expressions. 

From the kinematic formulation we assumed a form for the shear flow (𝑞𝑠, Equation 3-14). 

From the material law (Equation 2-21) this holds only if 𝐴16 = 0. Therefore for the 

uncoupled example, the solution for lag and bending stiffness is near exact but in the case 

of a coupled beam, the 𝐴16 terms begins to play a part and we get larger errors in the leg 

and bending stiffness. The axial stiffness, 𝐾11, however is within a 5% error, and the 

torsional stiffness, 𝐾44, and extension-torsion coupling term, 𝐾24 are within a 1% error or 

less. 
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Using the Mixed Method for calculating the cross-sectional stiffness values will 

help to reduce these errors and can be seen in Appendix I. 

 

2.5 Example: Multi-Cell Cross Section 

In most aerospace applications the cross sections being considered have multiple 

cells. Accounting for the shear flow is an important part of correctly calculating the cross-

sectional stiffness values. In this section we consider two examples: a simple two-celled 

box beam to show how shear flow is accounted for and the tilt-rotor aeroacoustic model 

(TRAM rotor) for methodology validation of an aerodynamic structure with multiple cells. 

 

2.5.1 Two-Cell Box Beam 

Calculation of the cross-sectional stiffness values follows the same formulation as 

before. However calculation of the shear flow for both cells must now be considered. This 

example shows how the shear flow and twist rate are calculated. Consider a box beam as 

shown below: 

 

Figure 2-10. Two-cell box beam with shear flow 

Cell 1 Cell 2 

𝒒𝟐 𝒒𝟏 

Web 1 Web 2 Web 3 
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Note that the shear flow is 𝑞1 in Web 1, 𝑞2 in Web 3, and (𝑞2 − 𝑞1) in Web 2. For this 

problem we have three unknowns: 𝑞1, 𝑞2, 𝜙,𝑥 

 

For each cell, the following is true: 

2𝐴𝑖𝜙,𝑥 = 𝑞𝑖∮
𝑑𝑠

𝐴66
 

For this particular problem: 

2𝐴1𝜙,𝑥 = 𝑞1∫
𝑑𝑠

𝐺𝑡𝐶𝑒𝑙𝑙 1

− 𝑞2∫
𝑑𝑠

𝐺𝑡𝑊𝑒𝑏 2

= 𝛿11𝑞1 − 𝛿12𝑞2 

2𝐴2𝜙,𝑥 = −𝑞1∫
𝑑𝑠

𝐺𝑡𝑊𝑒𝑏 2

+ 𝑞2∫
𝑑𝑠

𝐺𝑡𝐶𝑒𝑙𝑙 2

= −𝛿21𝑞1 + 𝛿22𝑞2 

This can then be represented as: 

[
𝛿11 −𝛿12
−𝛿21 𝛿22

] {
𝑞1
𝑞2
} = (2𝜙,𝑥) {

𝐴̅1
𝐴̅2
}  

Shear flow can then be easily solved for: 

𝑞1 =
𝛿22𝐴̅1 + 𝛿12𝐴̅2

∆
(2𝜙,𝑥) 𝑞2 =

𝛿12𝐴̅1 + 𝛿11𝐴̅2
∆

(2𝜙,𝑥) 

  

where ∆= 𝛿11𝛿22 − 𝛿12
2  

 

Unfortunately there is still one unknown: 𝜙,𝑥. For an isotropic beam, the axial 

strain, 𝑈,𝑥, will not play a part, and in order to simplify this analysis we will consider that 

the moment, 𝑀,𝑥, is only affected by the St. Venant torsion, 𝜙,𝑥 such that 

𝑀𝑥 = 𝐾(4,4)𝜙,𝑥 

From Equation 2-16 

𝑀𝑥 = ∑2𝐴̅𝑖𝑞𝑖 = 2𝐴1𝑞1 + 2𝐴2𝑞2 
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so 

𝑀𝑥 = 2(𝐴1𝑞1 + 𝐴2𝑞2) =  4 [
𝛿22𝐴̅1

2 + 2𝛿12𝐴̅1𝐴̅2 + 𝛿11𝐴̅2
2

∆
]𝜙,𝑥 = 𝐾(4,4)𝜙,𝑥 

𝜙,𝑥 =
𝑀𝑥

4
[

∆

𝛿22𝐴̅1
2 + 2𝛿12𝐴̅1𝐴̅2 + 𝛿11𝐴̅2

2] 

 

Plugging this expression in we get the shear flow as 

𝑞1 = 
𝛿22𝐴̅1 + 𝛿12𝐴̅2

𝛿22𝐴̅1
2 + 2𝛿12𝐴̅1𝐴̅2 + 𝛿11𝐴̅2

2 (
𝑀𝑥

2
)  

𝑞2 =
𝛿12𝐴̅1 + 𝛿11𝐴̅2

𝛿22𝐴̅1
2 + 2𝛿12𝐴̅1𝐴̅2 + 𝛿11𝐴̅2

2 (
𝑀𝑥

2
) 

 

2.5.2 Example: TRAM Blade 

The tilt-rotor aeroacoustic model (or TRAM) rotor is an experimental 1/4-scale 

model of the V-22 tiltrotor developed by NASA. Based on old engineering drawings, cross 

sections were modeled at eight radial stations to calculate the bending (flapwise and 

lagwise) and torsional stiffnesses. These values were then compared with documented 

experimental results. 

Figure 2-11 shows that there is generally good agreement for the flapwise (𝐾22) 

and torsional (𝐾44) rigidity. However this method over-predicted the chordwise bending 

stiffness ( 𝐾33). While it was shown before that this cross-sectional methodology a strong 

coupling value for 𝐴16 can introduce errors into the cross-sectional stiffness values for lag 

and bending. However, the extent of these errors are far smaller for the box beam than what 

was calculated for the TRAM rotor. It is suspected that incomplete material property 

information contributes to the discrepancy in the lag stiffness. The materials listed in the 
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original drawings are either no longer in production or no material properties were 

available. Best estimates were used based on the material information contained in the 

Composite Materials Handbook (CMH-17) [97]. 

 

Figure 2-11. Flapwise (𝑲𝟐𝟐), Chordwise (𝑲𝟑𝟑 and Torsional (𝑲𝟒𝟒) stiffness of the TRAM rotor at 

eight radial locations 
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  3-D Material Modeling 

3.1 Importance 

In most applications resolving each layer of a laminate (defined as a stack of 

laminae or plies) results in a significant increase in the size of analysis. The use of 

composites in 3-D FEA required the consideration of how to effectively model all plies 

while keeping the problem size within an acceptable level. Therefore, in order to simplify 

the problem material homogenization becomes a necessary step in meshing.  

The material homogenization method used in this research is based on the work of 

Chou and Carleone [57] and combines the assumptions of Voigt and Reuss. Employing 

this method allows for the design of simpler meshes with minimal effect on performance 

results, as will be shown later. The resolution of some interlaminar stresses, however, must 

be compromised. 

 

3.1.1 Homogenization Method 

Material homogenization is a method to combine a number of composite layers and 

effectively smear the properties into a single homogenous anisotropic solid layer. In order 

to do this, it is important to take into account the elastic moduli of the composite material, 

the volume fraction of each layer, and the orientation of each ply in the laminate. 
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For any material, the linear stresses and strains are related by Hooke’s Law: 

 

{
 
 

 
 
𝜎11
𝜎22
𝜎33
𝜎23
𝜎31
𝜎12}
 
 

 
 

[𝑘]

= [𝐶𝑘]

{
 
 

 
 
𝜀11
𝜀22
𝜀33
𝜀23
𝜀31
𝜀12}
 
 

 
 

[𝑘]

 𝒐𝒓  

{
 
 

 
 
𝜎1
𝜎2
𝜎3
𝜎4
𝜎5
𝜎6}
 
 

 
 

[𝑘]

= [𝐶𝑘] 

{
 
 

 
 
𝜀1
𝜀2
𝜀3
𝜀4
𝜀5
𝜀6}
 
 

 
 

[𝑘]

 3-1 

  

where 𝑘 refers to the 𝑘𝑡ℎ ply of the laminate. Homogenization aims to find a similar 

constituent matrix, [𝐶], that represents the entire laminate, within which the ply orientation 

can vary. 

Prior to the work of Chou and Carleone [57], material homogenization was carried 

out using one of three assumptions: 1) the rule of mixtures, 2) Voigt’s hypothesis, and 3) 

Reuss’ hypothesis. Well defined in the Classical Laminated Plate Theory (CLPT) literature, 

the rule of mixtures is a simple method that volume averages the Young’s Moduli of the 

different composite plies. Unfortunately, this method is not applicable to any other elastic 

constants, and is only true if the composite structure is flat and loaded uniaxially. In order 

to model 3-D composite structures and account for out of plane effects, CLPT is not 

acceptable. 

Voigt’s hypothesis made the assumption that all six of the strain components 

throughout the laminate are uniform. However, this assumption means that the stresses at 

the ply interfaces are not in equilibrium which would lead to delamination of the laminate, 

as illustrated by Figure 3-1. Reuss’ hypothesis acted as the counterpoint to Voigt’s and 

assumed that all of the stress components throughout the laminate are uniform. If one were 
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to use this hypothesis, then the strains at the ply interfaces would not be in equilibrium and 

would be too large for the material to remain bonded. This would cause a shearing of the 

lamina. This is illustrated by Figure 3-2. 

 

 

The present work employs a method that mixes the two material homogenization 

hypotheses discussed above. Now normal strains in the individual ply fiber plane (the 1- 

and 2- direction), and the shear strain in the plane of the plies are assumed to be equivalent 

to the corresponding strains in the homogenous element: 

 

 

 

Figure 3-1. Voigt's hypothesis leads to an imbalance in normal stresses and potential delamination of plies 

 

 

𝛔𝟑𝟑,𝐤=𝟏 

𝛔𝟑𝟑, 𝐤=𝟐 

 

Figure 3-2. Reuss' hypothesis leads to an imbalance in in-plane strains and potential shearing of plies 

 

 

𝛆𝟏𝟏,𝐤=𝟏  

              
𝜺𝟏𝟏,𝒌=𝟐  
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𝜀𝑖 = 𝜀𝑖
𝑘  (𝑖 = 1,2,6, 𝑘 = 1,… , 𝑛) 3-2 

 

where the subscript, 𝑖, corresponds to the vector elements indicated in Equation 3-1. To 

ensure there is stress continuity at the ply interfaces, it is also assumed that the ply level 

normal stresses perpendicular to the plane (out-of-plane stresses) are equivalent to the 

corresponding stresses in the homogenous element: 

 

𝜎𝑖 = 𝜎𝑖
𝑘  (𝑖 = 3,4,5, 𝑘 = 1,… , 𝑛) 3-3 

 

Equations 3-2 and 3-3 represent a total of 6𝑛 linear equations (3 of the 6 stresses 

and 3 of the 6 strains). The three remaining stresses and three remaining strains, are then 

assumed to be volume averaged, i.e. 

 

𝜀𝑖 = ∑ 𝑉𝑘𝜀𝑖
𝑘

𝑛

𝑘=1
  (𝑖 = 3,4,5) 

3-4 

𝜎𝑖 = ∑ 𝑉𝑘𝜎𝑖
𝑘  (𝑖 = 1,2,6)

𝑛

𝑘=1
 

 

where 𝑉𝑘 is the volume of the material or ply k relative to the total volume of the laminate 

(the volume fraction). 

Using Equations 3-2 through 3-4 and the assumption that each ply is at least 

monoclinic in nature (which is always true for the current study as we consider only 

orthotropic or transversely isotropic materials), i.e., 
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[𝐶𝑘] =

[
 
 
 
 
 
 
𝐶11 𝐶12 𝐶13 0 0 𝐶16

𝐶22 𝐶23 0 0 𝐶26
𝐶33 0 0 𝐶36

𝐶44 𝐶45 0

𝑆𝑌𝑀 𝐶55 0

𝐶66]
 
 
 
 
 
 

 

one can solve for the 36 constituent constants, 𝐶𝑖𝑗  (𝑖 = 1 − 6, 𝑗 = 1 − 6), for the entire 

laminate. Note that Hooke’s Law provides the assumption of symmetry 

𝐶𝑖𝑗
𝑘 = 𝐶𝑗𝑖

𝑘, 𝑖 ≠ 𝑗 

as well as an additional 12𝑛 linear equations: 

𝜎𝑖
𝑘 = 𝐶𝑖𝑗

𝑘𝜀𝑗
𝑘 

This yields the solution 

𝐶𝑖𝑗 = 𝐶𝑗𝑖 = 0  (𝑖 = 1,2,3,6; 𝑗 = 4,5) 

 

𝐶𝑖𝑗 = ∑𝑉𝑘
𝑛

𝑘=1

[
 
 
 
 

𝐶𝑖𝑗
𝑘 −

𝐶𝑖3
𝑘𝐶3𝑗

𝑘

𝐶33
𝑘 +

𝐶𝑖3
𝑘 ∑

𝑉𝑙𝐶3𝑗
𝑙

𝐶33
𝑙

𝑛
𝑙=1

𝐶33
𝑘 ∑

𝑉𝑙

𝐶33
𝑙

𝑛
𝑙=1

]
 
 
 
 

  (𝑖, 𝑗 = 1,2,3,6) 

 

𝐶𝑖𝑗 =
∑

𝑉𝑘

Δ𝑘
𝐶𝑖𝑗
𝑘𝑛

𝑘=1

∑ ∑
𝑉𝑘𝑉𝑙

Δ𝑘Δ𝑙
(𝐶44

𝑘 𝐶55
𝑙 − 𝐶45

𝑘 𝐶54
𝑙 )𝑛

𝑙=1
𝑛
𝑘=1

, Δ𝑘 = |
𝐶44
𝑘 𝐶45

𝑘

𝐶45
𝑘 𝐶55

𝑘 |   (𝑖, 𝑗 = 4,5) 

 

There is one significant downside to using this method – the order in which the 

plies are layered has no impact on the homogenized constants. Therefore when deciding 

on groups of plies to be homogenized, care needs to be taken so that any desired coupling 

is not lost. 
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For example, consider a hygrothermally stable laminate, defined by Winckler [92], 

where 𝜃 is an arbitrarily chosen ply orientation. 

 

[𝜃, (𝜃 + 90)2, 𝜃, −𝜃, (−𝜃 + 90)2, 𝜃] 

 

It can be shown using CLPT that this layup has a non-zero extension-torsion coupling term 

for all 𝜃. If this layup were to be homogenized into a single element using the present 

methodology, however, the effect of the antisymmetric layup would be cancelled out. The 

properties of opposing ply orientations (𝜃 vs – 𝜃 and (𝜃 + 90) vs (−𝜃 + 90)) would 

eliminate any coupling. This is because a finite element with smeared material properties 

takes on the material characteristics of a homogenous material, which by definition cannot 

be coupled. Therefore to preserve the coupling of a layup like this, the laminate would have 

to be divided into two elements: one for the top four plies and one for the bottom four plies. 

 

3.1.2 De-Homogenizing Process 

While homogenization simplifies the problem and dramatically reduces 

computational time, detailed stress and strain information is lost at a ply level. One of the 

main problems of composite laminates is the danger of delamination. It is important, 

therefore, to accurately predict interlaminar stresses and strains, or at least achieve a close 

approximation. In the following section we consider a 2-D finite element with 

homogenized material properties and how stresses and strains would be calculated at points 

through the laminate’s thickness. 
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The solid elements used for meshing the present analysis are 2nd order, 27-noded, 

hexahedral elements. The analysis outputs all 6 stresses and 6 strains at each node in the 

component mesh. Figure 3-3 (a) shows a representative face of a homogenized element, 

with 9 nodes indicated by red dots, representing a notional composite laminate composed 

of three plies at three different orientations, 𝜃1, 𝜃2, and 𝜃3. 

Sun and Liao [60] proposed a solution for calculating the stresses and strains at the 

ply level. Consider nodes 𝑃1 and 𝑃2 in Figure 3-3. From the analysis we know all 6 stresses 

and 6 strains at these points in the homogenized mesh. Say we would like to determine the 

stresses and strains at a point 𝑇1. Recall from Equation 3-2 and 3-3 that the in-plane stresses 

(𝜎11, 𝜎22, and 𝜎12) and out-of-plane strains (𝜀33, 𝜀23, and 𝜀31) calculated by the analysis 

are the same at the nodes whether we are considering the homogenized mesh, or the ply 

resolved mesh. That leaves us with 6 unknown ply resolved stresses/strains: 𝜎33, 𝜎23, 𝜎31, 

and 𝜀11, 𝜀22, 𝜀12. Recall from Hooke’s Law the relationship between the stresses and strains 

for the entire laminate is related by 

 

  
         (a) Homogenized/Coarse mesh           (b) Ply resolved mesh 

Figure 3-3. A solid homogenized element representing an original 3 ply layup 
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{
 
 

 
 
𝜎11
𝜎22
𝜎33
𝜎23
𝜎31
𝜎12}
 
 

 
 

= [𝐶]

{
 
 

 
 
𝜀11
𝜀22
𝜀33
𝜀23
𝜀31
𝜀12}
 
 

 
 

 

Hooke’s Law applies to each individual ply as well, with the constituent matrix 

[𝐶𝑘] defining the individual ply properties, which vary based on the fiber orientation 𝜃. 

Expanding three of the six equations from Hooke’s Law yields the following: 

𝜎33 = 𝐶31
𝑘 𝜀11 + 𝐶32

𝑘 𝜀22 + 𝐶33
𝑘 𝜀33 + 𝐶34

𝑘 𝜀23 + 𝐶35
𝑘 𝜀31 + 𝐶36

𝑘 𝜀12 

𝜎23 = 𝐶41
𝑘 𝜀11 + 𝐶42

𝑘 𝜀22 + 𝐶43
𝑘 𝜀33 + 𝐶44

𝑘 𝜀23 + 𝐶45
𝑘 𝜀31 + 𝐶46

𝑘 𝜀12 

𝜎31 = 𝐶51
𝑘 𝜀11 + 𝐶52

𝑘 𝜀22 + 𝐶53
𝑘 𝜀33 + 𝐶54

𝑘 𝜀23 + 𝐶55
𝑘 𝜀31 + 𝐶56

𝑘 𝜀12 

 

Or written in matrix form: 

{

𝜎33
𝜎23
𝜎31

} =  [

𝐶33
𝑘 𝐶34

𝑘 𝐶35
𝑘

𝐶43
𝑘 𝐶44

𝑘 𝐶45
𝑘

𝐶53
𝑘 𝐶54

𝑘 𝐶55
𝑘

] {

𝜀33
𝜀23
𝜀31
} + [

𝐶31
𝑘 𝐶32

𝑘 𝐶36
𝑘

𝐶41
𝑘 𝐶42

𝑘 𝐶46
𝑘

𝐶51
𝑘 𝐶52

𝑘 𝐶56
𝑘

] {

𝜀11
𝜀22
𝜀12
} 3-5 

 

During homogenization, it was assumed that the out-of-plane stresses 

(𝜎33, 𝜎23, 𝜎31) and the in-plane strains (𝜀11, 𝜀22, 𝜀12) are the same between plies (at the 

interlaminar surface) so that plies will not delaminate or de-bond from one another. 

Therefore, these are known for Equation 3-5. To maintain a smooth distribution through 

the thickness of the ply (to avoid stress or strain discontinuities), the calculated stresses and 

strains at points not located at a ply interface, such as 𝑇1, are linearly interpolated using the 

known values at 𝑃1 and 𝑃2. 
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Equation 3-5 can then be rearranged to calculate the out of plane strains (𝜀33, 𝜀23, 

𝜀31). 

{

𝜀33
𝜀23
𝜀31
} = [

𝐶33
𝑘 𝐶34

𝑘 𝐶35
𝑘

𝐶43
𝑘 𝐶44

𝑘 𝐶45
𝑘

𝐶53
𝑘 𝐶54

𝑘 𝐶55
𝑘

]

−1

{

𝜎33
𝜎23
𝜎31

}  − [

𝐶31
𝑘 𝐶32

𝑘 𝐶36
𝑘

𝐶41
𝑘 𝐶42

𝑘 𝐶46
𝑘

𝐶51
𝑘 𝐶52

𝑘 𝐶56
𝑘

] {

𝜀11
𝜀22
𝜀12
} 3-6 

 

From these, the laminar in-plane stresses (𝜎11, 𝜎22, 𝜎12) can be calculated using Hooke’s 

Law. 

 This method of determining the interlaminar stresses and strains is straightforward 

when considering regular 2-D quadrilateral elements (all corners are right angles). 

However the models used in this research are not made of regular quadrilateral elements 

but rather irregular tetrahedral elements. Tetrahedral interpolation of stresses and strains, 

as required to move from Equation 3-5 to 3-6, poses a non-trivial problem that is outside 

the scope of the present work.  

 

3.2 Validation 

Validation of the composite homogenization model was required before application 

of composite coupling to a rotor. Validation was carried out on two vastly different 

structures: a box beam, and a solid flexbeam. Validation of the beam model was performed 

using the experimental results produced by Chandra, et al. [25]. Three antisymmetric 

layups were considered. Two of the beams tested were defined by a [0/𝜃]3 layup and the 

third by a [𝜃]6 layup. These experiments provide reliable static deflection data to validate 

the material homogenization employed to simplify the structural model.  
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Table 3-1. Material properties of composite materials used in Chandra and Haynes extension-torsion coupled 

beam experiments 

 

 IM7/8552 T300/976 

𝑬𝟏, 𝑮𝑷𝒂 (𝒑𝒔𝒊) 142 (20.59 × 106) 125 (18.13 × 106) 

𝑬𝟐, 𝑮𝑷𝒂 (𝒑𝒔𝒊) 9.79 (1.42 × 106) 8.45 (1.23 × 106) 

𝑮𝟏𝟐, 𝑮𝑷𝒂 (𝒑𝒔𝒊) 6.14 (0.89 × 106) 4.3 (0.62 × 106) 

𝝂𝟏𝟐 0.42 0.328 

𝒕𝒑𝒍𝒚,𝒎𝒎 (𝒊𝒏. ) 0.183 (0.005) 0.152 (0.006) 

 

3.2.1 Chandra-Chopra Box Beam 

For the Chandra-Chopra layups, the thin walled box beams were composed of 6 

layers of IM7/8552 graphite-epoxy, the material properties of which are listed in Table 3-1. 

Two meshes were created for this case. The first, Figure 3-4 (a) is a fine or ply resolved 

mesh. In this case each element represented only a single ply’s thickness. In contrast to this 

is the coarse, or homogenized, mesh (Figure 4-4 (b)). A cross section of the ply resolved 

mesh contained 960 elements. The homogenized mesh contained 60 elements. All elements 

are 27-noded, isoparametric, second order, Lagrangian hexahedral elements. Each model 

was designed to match the dimensions of the box beams built by Chandra et al. [25]. 
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Figure 3-5 shows the twist induced along the beam span due to an axial tip force of 

1 lb for three different layups with both the ply resolved and homogenized meshes. For the 

exception of the [15°]6 case, homogenization has minimal impact on the results. In general, 

predictions match the experimental data for the [0°/30°]3 and [0°/45°]3 cases extremely 

well. 

     
(a) Ply resolved or fine box beam mesh      (b) Homogenized or coarse box beam mesh 

Figure 3-4. Cross section of two box beam meshes created to validate homogenization method 
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Figure 3-5. Twist due to a tip axial force of 1 lb for three nominal antisymmetric box beams 

 

3.2.2 TRAM Rotor/Flexbeam 

The TRAM rotor flexbeam experimental data was provided to the University of 

Maryland by NASA. The flexbeam acts as the primary flapping hinge and is rigidly 

attached to the gimbaled hub, as illustrated in Figure 3-6. 

Homogenized Properties 

Original 

Properties 
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Two different structural meshes were created to model the flexbeam: a fine, ply 

resolved mesh consisting of 32,225 nodes and 3,660 elements, and a coarse, homogenized 

mesh made up of 4,515 nodes and 30 elements. Structural analysis was carried out on the 

fine flexbeam, and the beamwise deflections matched experimental data well. It was found 

to be significantly stiffer in the chordwise direction [98] which was assumed to be due to 

uncertainty in material properties, as indicated in Section 2.5.2. 

Although the structural properties were not exact to the experimental data, this 

model can still be used to determine the effects of homogenization on the stress/strain 

calculations. Figure 3-7 through Figure 3-18 show a side by side comparison of the fine 

and coarse flexbeams for all 6 stresses and all 6 strains. 

From these figures it can be seen that the ply resolved mesh naturally has more 

local stress bands and concentrations, most notably on the top surface. Part of this is due 

to the fact that in the ply resolved mesh, there were more regions in which the number of 

plies changed (there was more variation in the thickness of the flexbeam that was 

eliminated in the simplified coarse mesh). The homogenized mesh, however, was able to 

 

Figure 3-6. TRAM hub cross section top view and side view 
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capture the peak positive and negative magnitude stresses and strain. These figures also 

show that the stress/strain distribution is very 3-dimensional in nature, with independent 

variation along the span, chord, and thickness of the structure. 

The largest differences between the two meshes occurs in the shear stresses and 

strains, most noticeably in 𝜀13, even though the general patterns are similar. The 

homogenization was carried out over a substantial thickness containing many plies of many 

materials (details cannot be provided due to proprietary restrictions), so it is expected that 

the shear stresses and strains differ more substantially than the in-plane stresses and strains. 

Additionally, although there were no attempts to recover the individual ply stresses and 

strains, this example was chosen to understand the stress/strain patterns for a structure with 

known static deflection data. The pattern of 3-D stresses and strains in the homogenized 

mesh as well as the maximum amplitudes appear to be well captured. 

For the rotor used in this research, the thickness of the structure is significantly 

lower and the number of plies over which homogenization is carried out is greatly reduced.
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Figure 3-7. Principle stress (in Pa) in the radial or x-direction for a ply resolved and homogenized TRAM flexbeam due to a static bending load 

 



80 

 

 

 

Figure 3-8. Principle stress (in Pa) in the lagwise or y-direction for a ply resolved and homogenized TRAM flexbeam due to a static bending load 
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Figure 3-9. Principle stress (in Pa) in the flapwise or z-direction for a ply resolved and homogenized TRAM flexbeam due to a static bending load 
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Figure 3-10. Shear stress (in Pa) in the x-y plane for a ply resolved and homogenized TRAM flexbeam due to a static bending load 
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Figure 3-11. Shear stress (in Pa) in the y-z plane for a ply resolved and homogenized TRAM flexbeam due to a static bending load 
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Figure 3-12. Shear stress (in Pa) in the x-z plane for a ply resolved and homogenized TRAM flexbeam due to a static bending load 
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Figure 3-13. Principle strain (in Pa) in the radial or x-direction for a ply resolved and homogenized TRAM flexbeam due to a static bending load 
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Figure 3-14. Principle strain (in Pa) in the lagwise or y-direction for a ply resolved and homogenized TRAM flexbeam due to a static bending load 
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Figure 3-15. Principle strain (in Pa) in the flapwise or z-direction for a ply resolved and homogenized TRAM flexbeam due to a static bending load 
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Figure 3-16. Shear strain (in Pa) in the x-y plane for a ply resolved and homogenized TRAM flexbeam due to a static bending load 
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Figure 3-17. Shear strain (in Pa) in the y-z plane for a ply resolved and homogenized TRAM flexbeam due to a static bending load 
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Figure 3-18. Shear strain (in Pa) in the x-z plane for a ply resolved and homogenized TRAM flexbeam due to a static bending load 
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3.3 Stress/Strain Analysis 

Calculation of stresses and strains was also evaluated before launching into the 

analysis of morphing rotors. To demonstrate this, two examples were considered: a simple, 

rectangular-section, cantilevered beam subject to a tip shear force, and the Chandra-Chopra 

box beam. 

3.3.1 80 Ply Cantilevered Beam 

For this problem, a short, thick, rectangular cantilevered beam made up of 80 plies 

was considered. Here the orthotropic plies are arranged in the 4 layer pattern  

[−45°/+45°/0°/90°], repeating 10 times, mirrored about the centerline. The dimensions 

of this beam are listed in Table 3-2. This beam was cantilevered and subjected to a 1 lb tip 

vertical force (unit shear force) in the z-direction. 

Table 3-2. 80 ply beam dimensions 

 MINIMUM  

DIMENSION 

(IN.) 

MAXIMUM  

DIMENSION 

(IN.) 

 

X-AXIS 0 5 𝑥 = 5.0 

Y-AXIS -0.125 0.125 𝑏 = 0.5 

Z-AXIS -0.5 0.5 ℎ = 1.0 
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Figure 3-19. Schematic of 80 ply rectangular beam cross section 

The mesh created for this problem modeled every single ply in this beam and contained  

Figure 3-20 and Figure 3-21 show the stress components, 𝜎13 and 𝜎12 respectively, through 

the beam thickness at the midspan of the beam (𝑥 = 2.5 in) compared to ANSYS results. 

It can be seen here that the transverse shear stress 𝜎12 is nearly indistinguishable from the 

ANSYS results. The transverse shear stress 𝜎13 is shown to be slightly overpredicted, but 

by a margin of less than 2%. These results are on par with the results obtained from VABS 

(see [28]) and shows that X3D agree with other detailed analysis tools. Additionally, Figure 

3-21 shows that the simplification of the beam into 10 elements (each element representing 

8 plies with an associated homogenized material definition) provides very similar results, 

slightly overpredicting the magnitude of 𝜎13 but capturing the proper distribution trend. 
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Figure 3-20. Transverse shear stress 𝝈𝟏𝟐 of an 80 ply beam through the thickness, at midspan 

 

Figure 3-21. Transverse shear stress 𝝈𝟏𝟑 of an 80 ply beam through the thickness, at midspan 
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3.3.2 Chandra-Chopra Box Beam 

One of the current limitations to using X3D is that the calculated stresses and strains 

are in the global beam axis. However, when considering composite materials, it is more 

important to consider the stresses and strains along the fiber direction (the fiber or material 

axis), to be indicated here by the prime superscript. In this section we consider the same 

Chandra-Chopra box beam that was defined in 3.2.1. For the box beam considered in this 

example, we consider the same six-layer webs and sides as before. 

The transformation relationships for the strains and stresses from the global axis to 

the fiber axis are given in Equations 3-7 and 3-8, respectively. 

{

𝜀𝑥′
𝜀𝑦′
𝛾𝑥′𝑦′

} = [
𝑐2 𝑠2 𝑐𝑠
𝑠2 𝑐2 −𝑐𝑠
−2𝑐𝑠 2𝑐𝑠 𝑐2 − 𝑠2

] {

𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦
} 3-7 

 𝜀𝑥
′ = 𝜀𝑥 cos

2(𝜃) + 𝜀𝑦 sin
2(𝜃) + 𝛾𝑥𝑦 sin(𝜃) cos(𝜃)   

 𝜀𝑦
′ = 𝜀𝑥 sin

2(𝜃) + 𝜀𝑦 cos
2(𝜃) − 𝛾𝑥𝑦 sin(𝜃) cos(𝜃)   

 𝛾𝑥′𝑦′ = 2(𝜀𝑦 − 𝜀𝑥) sin(𝜃) cos(𝜃) + 𝛾𝑥𝑦[cos
2(𝜃) − sin2(𝜃)]  

where 𝑐 = cos(𝜃) and 𝑠 = sin(𝜃)  

   

{

𝜎𝑥′
𝜎𝑦′
𝜏𝑥′𝑦′

} = [
𝑐2 𝑠2 2𝑐𝑠
𝑠2 𝑐2 −2𝑐𝑠
−𝑐𝑠 𝑐𝑠 𝑐2 − 𝑠2

] {

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦

} 3-8 

 𝜎𝑥
′ = 𝜎𝑥 cos

2(𝜃) + 𝜎𝑦 sin
2(𝜃) + 2𝜏𝑥𝑦 sin(𝜃) cos(𝜃)   
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 𝜎𝑦
′ = 𝜎𝑥 sin

2(𝜃) + 𝜎𝑦 cos
2(𝜃) − 2𝜏𝑥𝑦 sin(𝜃) cos(𝜃)   

 𝜏𝑥′𝑦′ = (𝜎𝑦 − 𝜎𝑥) sin(𝜃) cos(𝜃) + 𝜏𝑥𝑦[cos
2(𝜃) − sin2(𝜃)]  

 

Six different meshes were created. As indicated in Table 3-3, three used homogenized 

material definitions (1, 2, and 3 plies through the wall thickness), and three were fully 

resolved (6, 12, and 18 plies through the wall thickness). This was done to determine if 

homogenization significantly affected the ply resolved stresses and strains and to see if a 

finer mesh (more than one element through a single ply’s thickness) is required to converge 

to a final solution. Figure 3-23 and Figure 3-24 show all 6 stresses and strains, respectively, 

for all six box beam meshes at 50%R through the top web’s center thickness, as indicated 

in Figure 3-22.  

 

 

Table 3-3. Total nodes and elements for Chandra-Chopra beams designed for stress/strain validation 

Plies through  

spar thickness 
Nodes Elements 

1 2952 240 

2 7872 800 

3 11808 1280 

6 23616 2720 

12 47232 5600 

18 70480 8480 
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Figure 3-22. Location of plotted stresses and strains 
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Figure 3-23. Global stresses for Chandra-Chopra box beam with alternating layers of 𝟎° and 𝟒𝟓° oriented composite material at 50%R and the 

center, top flange due to a unit axial tip load 
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Figure 3-24. Global strains for Chandra-Chopra box beam with alternating layers of 𝟎° and 𝟒𝟓° oriented composite material at 50%R and the 

center, top flange due to a unit axial tip load 
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As with the flexbeam example, it can be seen that regardless of the material resolution 

(homogenized or ply resolved) the stresses and strains follow the same general trends. The 

differences between the homogenized and ply resolved results are small enough that we 

have confidence in the dynamic stresses and strains calculated as a part of the final rotor 

calculation. Additionally, resolving the mesh more than the thickness of an individual ply 

does not change the solution to any significant degree. This is an advantage of second order 

elements with internal nodes. 

The stresses and strains can be transformed to the fiber axis. Figure 3-25 and Figure 

3-26 show the strain in the principle fiber directions (𝜀11 and 𝜀22) based on Equation 3-7. 

Because the factors contributing to the fiber oriented strains (𝜀𝑥, 𝜀𝑦, 𝛾𝑥𝑦) are nearly identical 

for all six meshes, the fiber oriented strains (𝜀𝑥
′ , 𝜀𝑦

′ , 𝛾𝑥𝑦
′ ) fall within the same range of 

strains. In fact, the maximum and minimum strains shown in Figures 3-23 and 3-24 are 

practically identical, regardless of mesh size. This is important as the allowable tensile and 

compressive strains of a composite material are based on fiber orientation. This shows that 

homogenization does not lead to a loss in strain information.  
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Figure 3-25. Strain in the global radial axis compared to strain in the 

fiber orientation 

 

 

 

Figure 3-26. Strain in the global lag axis compared to strain in the 

transverse fiber orientation 
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 Rotor Modeling 

Special care was taken to model a rotor in 3-D elements. For the structure, three 

different rotor meshes were constructed (with one, three, and four plies through the spar) 

to represent several composite layup schemes. Five different material models were 

considered for the rotor spar: 

1. Titanium 

2. Uncoupled (quasi-isotropic) composite (balanced structure) 

3. Nominally (extension-torsion) coupled composite 

4. Hygrothermally stable Winckler layup composite 

5. Hygrothermally stable Haynes layup composite 

 

4.2 Baseline Structural Model 

An idealized UH-60A-like blade with a titanium box-beam-like spar was used for the 

baseline rotor model, identical to that validated in Reference [99]. The model matches the 

first three modes of the UH-60A blade exactly and the next three modes approximately at 

the operating RPM (hover) of 258 (27 rad/s). The model has the UH-60A aerodynamic 

geometry based on the data provided in the NASA Ames Master Database [100]. The rotor 

model is treated as fully articulated with a coincident flap and lag hinge located at 4.66%R, 
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a non-linear built in twist of −16°, and a tip sweep in the outer 6.9% of the blade span 

reaching a maximum of 20° at 94.5%R. The rotor has four identical blades with a total 

rotor solidity of 𝜎 = 0.0826. For the trim solution, only one blade needs to be modeled. 

The torque offset is included.  

Only the internal construction is idealized: a rectangular spar is used (based on public 

domain drawings). The geometric profile is kept SC1095 throughout (the aerodynamic 

modeling accounts for SC1094 R8 from 49-82%R). The inner profile is also consistent 

throughout, so it has the same mass per length and stiffness properties only twisted about 

its beam axis. The locus of the beam axis (along the ¼ chord line) is described precisely in 

the model. 

The spar is the box-beam-like section in Figure 4-1 and is the only part of the blade 

where composite material properties were applied, when the blade is modified. For the 

modified blades, the baseline titanium spar was replaced with IM7/8552 graphite-epoxy 

oriented in either an uncoupled or a coupled layup. Although composite material weighs 

significantly less than titanium, the blade mass and CG were kept constant through the 

addition of weight in the front and rear webs. The elements defining the webs were not 

altered; their material density was increased to account for weight balance. This maintained 

uniform mass and c.g. properties between models, but changed the moments of inertia. The 

total blade mass is always kept constant, regardless of the spar’s material. With total mass 

and c.g. remaining constant, with the c.g. ahead of the quarter-chord line, and torsion 

frequency not altered drastically, the aeroelastic stability is not expected to change. 
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The baseline (titanium spar) rotor model was validated with experimental results from 

a full-scale, slowed RPM, UH-60A rotor tested in the Ames high-𝜇, 40 ft x 8ft full-scale 

wind tunnel in 2010 [78].  

 

 

Figure 4-2. UH-60A instrumented blade shank 

  

4.3 Aerodynamic Model  

The aerodynamic model has no assumptions and is the same for all cases presented in 

this dissertation. The exact geometry and airfoil decks are included. The blade is made up 

of two airfoils: SC1095 from 20-49%R and 82-100%R, and SC1094 R8 from 49-82%R. 

 

 

Figure 4-1. Idealized UH-60A blade cross section with highlighted spar 

 

Rear Web 
Front Web 
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Between 8-20%R, there are no airfoils; this area is considered the blade shank. Special 

consideration is needed to model this shank particularly in high advance ratio regimes 

where this shank provides a significant amount of drag. Validation at high-𝜇 required 

careful consideration of the highly instrumented blade root end, or the shank, shown in 

Figure 4-2. 

 

 

Figure 4-3. Distribution of airfoils along rotor span 

 

The blade shank is an unfaired drag producing structure extending from 8-13%R, with 

a transition to blade airfoils from 13-20%R. The nominal blade airfoils were shown in 

Figure 4-3. The shank has been accounted for in the analysis by a correction to the drag 

table of the nominal SC1095 airfoil. 

Contemporary analyses report significant deficiencies in predicted performance 

without the use of a shank drag correction. However, the magnitude of the corrections are 

ad hoc and depend strongly on the comprehensive code. Yeo [101] used a shank drag 

coefficient of 0.4 for 8-13%R and 0.02 for 13-20%R to match measured performance at 

high-𝜇. Ormiston [102] assigned a drag coefficient of 1.5 across both segments. Potsdam 

modeled the blade shank using a first principles approach (CFD) which resulted in a drag 

coefficient between 0.14-0.18, however drag on the non-aerodynamic blade could not be 

 



105 

 

calculated [103]. The current analysis found that a shank drag coefficient of 0.75 across 

both segments provided good correlation of rotor efficiency at the highest advance ratio:  

𝜇 = 1.0. Figure 4-4 shows the predicted and measured rotor efficiency, 𝐿/𝐷𝑒 , compared at 

different thrust levels. Rotor efficiency, 𝐿/𝐷𝑒, is defined by Equation 1 and assumes zero 

shaft angle (𝐶𝐿 = 𝐶𝑇 and 𝐶𝑋 = −𝐶𝐻). The 𝐿/𝐷𝑒 match well at high advance ratios and 

acceptably at low advance ratios. However, the analysis consistently over-predicts the 

maximum 𝐿/𝐷𝑒 and the range of 𝐶𝑇/𝜎 before stall experienced by the rotor at all advance 

ratios. 

𝐿

𝐷𝑒
=

𝐶𝐿
𝐶𝑃
𝜇
− 𝐶𝑋

=
𝐶𝑇

𝐶𝑃
𝜇
+ 𝐶𝐻

 

(1) 

 

 

 

Figure 4-4. Analytical vs. experimental results for rotor efficiency vs. blade loading for a UH-60A rotor with 

a titanium spar at an RPM of 10.8 rad/s and various advance ratios 
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Figure 4-5, Figure 4-6, and Figure 4-7 respectively show the prediction of thrust 

(𝐶𝑇/𝜎), drag (𝐶𝐻/𝜎), and power (𝐶𝑃/𝜎) – the contributing components of 𝐿/𝐷𝑒 – varying 

with collective. The predictions show the correct trends at least up to 𝜇 = 0.6 and provide 

adequate confidence in the aerodynamic model. Note that an exact match is not expected 

as the rotor is representative only, not an exact model of the UH-60A. The validation 

ensures the fundamental aeromechanical behavior of a slowed RPM, high 𝜇, articulated 

rotor is included in the model. 

 
Figure 4-5. Analytical vs. experimental results for 𝑪𝑻/𝝈 as a function of collective for a UH-60A rotor with a 

titanium spar at an RPM of 10.8 rad/s and various advance ratios 
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Figure 4-6. Analytical vs experimental results for 𝑪𝑯/𝝈 as a function of collective for a UH-60A rotor with a 

titanium spar at an RPM of 10.8 rad/s and various advance ratios 

 

Figure 4-7. Analytical vs. experimental results for 𝑪𝑷/𝝈 as a function of collective for a UH-60A rotor with a 

titanium spar at an RPM of 10.8 rad/s and various advance ratios 
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Figure 4-8 shows the top view of the rotor wake over two turns at four different 

advance ratios: 0.96, 0.8, 0.6, and 0.4. Here it can be seen that at high 𝜇 the wake washes 

backwards by over 10 rotor radii and there is no significant distortion. As the advance ratio 

is decreased, the distance traveled by the wake significantly decreases to the point where 

we see at a normal helicopter operating 𝜇=0.4 the wake is only washed back by 

approximately 5 rotor radii.  

 Viewing the rotor wake from behind, as in Figure 4-9, and from the side, Figure 

4-10, shows more clearly how the rotor wake is distorted based on the operational 𝜇. It is 

clear from these figures that as the advance ratio decreases, the wake becomes more 

distorted. 
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Figure 4-8. Top view of rotor wake trajectory for advance ratios of 𝝁 = 𝟎. 𝟒 to 𝝁 = 𝟎. 𝟗𝟔 
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Figure 4-9. Rear view of rotor wake trajectory for advance ratios of 𝝁 = 𝟎. 𝟒 to 𝝁 = 𝟎. 𝟗𝟔 
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For each case considered in this research, the same computational constants were 

used. The time step that was chosen for structural and aerodynamic computation was  

Δ𝜓 = 7.5°. As can be seen in Figure 4-11 (a) and (b), there are slight differences in the 

results at time steps larger than 15°, but the results quickly converged as the time steps 

were reduced. The choice of Δ𝜓 = 7.5° was chosen for accuracy as well as speed. Other 

important inputs were that the induced tip loss factor was set to 1.15, the free-wake model 

 

Figure 4-10. Side view of rotor wake trajectory for advance ratios of 𝝁 = 𝟎. 𝟒 to 𝝁 = 𝟎. 𝟗𝟔 
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was initialized using linear inflow for the first two turns, and a single free tip vortex was 

used, rolling up from 50% radius outboard, with a core size of 0.2 times the tip chord. 

 

 

4.4 Composite Layup Designs 

In order to down-select to the most effective layup for the rotor model, a simple 

cross-sectional analysis was used to understand the effect of ply angle on the stiffness 

properties of the rotor spar. Equation 4-1 shows the linear relationship between axial force 

and torsion moment and axial strain and rate of elastic twist. For no moments,  

𝑀𝑥 = 0, Equation 4-2 gives the relationship between axial force, 𝐹𝑥, and twist rate, 𝜙′. 

While 𝐾1,4 represents the extension-torsion coupling, the actual twist produced by a given 

extension force – the twist sensitivity – is determined also by the torsional stiffness, 𝐾4,4, 

that allows the blade to twist, and the extensional stiffness, 𝐾1,1, that induces twist. 

 

 

  (a) 𝜇 = 0.3                 (b) 𝜇 = 1.0 

Figure 4-11. Elastic twist variation due to computational time step for low and high advance ratios 
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{
𝐹𝑥
𝑀𝑥
} = [

𝐾1,1 𝐾1,4
𝐾1,4 𝐾4,4

] {
𝑢𝑒
′

𝜙′
} 

4-1 

𝜙′ =
𝐾1,4

𝐾1,1𝐾4,4 − 𝐾1,4
2 𝐹𝑥 

4-2 

 

The composite layups were only applied to the top and bottom flanges of the rotor spar. 

An uncoupled [0°/90°] layup was applied to the rear and front webs for all blades 

considered. The first reason for this design choice was to eliminate variations between 

composite rotors with different layups. Secondly, it was found that introducing an 

antisymmetric layup to the left and right webs of the spar did not strongly effect the strength 

of the coupling. 

 

4.4.1 Coarse Mesh 

A coarse rotor mesh was used for multiple cases: uncoupled layup, nominally 

coupled layup, and the homogenized hygrothermally stable layups. For all, each blade cross 

section contained 37 elements and 177 nodes. The rotor mesh is made up of 16 radial cross 

sections with a total of 5841 nodes and 592 elements. 

 

4.4.1.1 Uncoupled Composite 

In the uncoupled spar all four sides of the spar were built with a homogenized 

[0°/90°] layup. Because carbon fiber is significantly lighter than titanium, in order to 

maintain blade mass and c.g. location the material density of the spar webs was artificially 

increased. Table 4-1 shows what material densities were used on each side of the box beam 
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spar. The same values used for the spar web density were also used in all other rotor 

designs, as only the ply angles, not the material, was changed in the top and bottom flanges. 

Table 4-1. Material density definitions for the modified composite spar in the UH-60A-like rotor 

meshes. 

  

 COMPOSITE SPAR  

DENSITY (KG/M3) 

TRAILING EDGE WEB 23000 

LEADING EDGE WEB 23000 

TOP FLANGE 1580 

BOTTOM FLANGE 1580 

 

Figure 4-12 shows approximately how big the weights would have to be. If tungsten 

is used, see in Figure 4-12 (d), there is little difference between the current thickness of the 

spar webs and the increased thickness including the balancing weights. In this work, 

inclusion of the weight is modeled by simply increasing the density of the spar webs. Note 

that the increase in weight is not additional weight but simply what was required to keep 

the blade mass the same as the titanium blade and not change the top level inertial 

properties of the rotor (effecting autorotation index, ground resonance, rotor start-up and 

shut-down, etc.). This is not a weight penalty, but merely a compensation to bring it back 

to the baseline.
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(a) Approximate inner dimension of spar with aluminum balancing weights  (b) Approximate inner dimensions of spar with titanium balancing weights 

 

(c) Approximate inner dimension of spar with stainless steel balancing weights   (d) Approximate inner dimensions of spar with tungsten balancing weights 

Figure 4-12. Web balancing weights for composite coupled rotor to maintain original blade mass and mass properties 
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Figure 4-13. Coarsest rotor mesh cross section. Note that there is only one element through the spar thickness. 
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4.4.1.2 Nominal Coupled Composite 

The mesh for the nominal coupled composite rotor is the same as the uncoupled 

mesh, but with updated material definitions. Rather than a [0°/90°] layup, two different 

layups were considered based on the experimental work conducted by Chandra and 

Chopra: [𝜃]𝑛 and [0°/𝜃]𝑛. To determine which layup should be chosen, a simple study of 

the effect of ply angle and layup scheme was conducted. 

 

Figure 4-14 shows the twist sensitivity (Equation 4-2) for the Chandra-Chopra box 

beams validated in Figure 3-3 for 𝜃 = 0 to 90°. It is clear that the twist sensitivity of all 

[𝜃]6 layups is higher than the mixed [0°/𝜃]3 layups – which is why the [15°]6 case 

 

Figure 4-14. Twist sensitivity due to unit axial force as a function of ply angle 𝜽 for nominal 

coupled box beams 
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achieved more twist than the [0°/30°]3 or [0°/45°]3 cases. High twist sensitivity is desired 

for the purpose of this work so a [𝜃]𝑛 layup with 𝜃 = 45° was chosen for the rotor spar. 

This layup is designated as the nominal coupled spar. 
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Figure 4-15. Fine rotor mesh cross section for the Haynes layup. Note that there are three elements through the spar thickness. 
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Figure 4-16. Fine rotor mesh cross section for Winckler layup. Note that there are four elements through the spar thickness. 
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4.4.2 Hygrothermally Stable Layups 

A nominal layup can swell, warp, and lose its material properties and structural 

integrity under humidity and temperature fluctuations (that might be encountered by rotor 

blades over the span lifetime). It also has manufacturing limitations under conventional 

high temperature curing. Hygrothermally stable layups attempt to avoid these limitations. 

Here, the top and bottom flanges still a mirror image of each other like the nominal layup, 

but consist of multiple ply orientations that are meant to provide stability from thermal or 

moisture fluctuations.  

Two hygrothermally stable families of layups were proposed by Winckler [8] and 

Haynes [9]. Both combined two layups with extension-shear coupling that were 

individually hygrothermally stable, in opposite directions. The opposing shears, caused by 

axial loading acting at equivalent distances from the full layup’s centerline, provide a 

purely torsional moment, as illustrated in Figure 1. In this paper the Winckler and Haynes 

layups are denoted by ‘W’ and ‘H’ respectively. 

Winckler and Haynes applied their layups to thin, solid, plates built of 6 and 8 plies, 

respectively. In this research, the same principle is applied to a box beam, i.e., the layup 

chosen for the top and bottom of the box were both individually hygrothermally stable and 

provide extension-shear coupling. 

The layups are summarized in Table 4-2. In order to maintain the same mass and 

minimize any inertial differences between each blade examined in this study, the rotor spar 

wall thickness was kept constant and then divided into elements representative of each ply 

orientation for a given layup. Table 4-2 shows that a Winckler layup requires a minimum 
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of 4 plies on either the top or bottom to achieve hygrothermal stability, compared the 

Haynes layup requirement of 3.  

As was done with the Chandra-Chopra beam models in Section 3.3.2, multiple rotor 

meshes were created in order to verify the homogenization of the spar materials. Two finer 

meshes were created: one for the Haynes layup (with three ply orientations), and one for 

the Winckler layup (with four ply orientations). If the spar was to be designed with the 

correct ply thickness (as was done with the Haynes and Winckler experiments) there would 

be differences between the spar dimensions for each blade design. Instead, the spar wall 

thickness, 𝑡𝑠𝑝𝑎𝑟, was held constant and the thickness of the individual ply, 𝑡𝑝𝑙𝑦, was varied 

to fit within the rotor spar dimension. As an example, Figure 4-17 shows how the Winckler 

layup was applied to the rotor spar. Here the element with spar thickness 𝑡𝑠𝑝𝑎𝑟 has been 

divided into four elements with equal thickness (𝑡𝑝𝑙𝑦 = 𝑡𝑠𝑝𝑎𝑟/4). If fewer plies were 

needed for the layup, the ply thickness would be larger. 

Table 4-2. Layup definition for composite spar designs used in this study 

 Top Layup Bottom Layup 

U [0°/90°] [0°/90°] 

N [𝜃] [−𝜃] 

H [21.2°/−63.8°/−48.7°] [−21.2°/63.8°/48.7°] 

W [𝜃/(𝜃 + 90°)2/𝜃] [−𝜃/(−𝜃 + 90°)2/−𝜃] 
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4.4.2.1 Winckler 

Winckler [92] determined that there was a family of layups that would maintain 

extension-torsion coupling while remaining hygrothermally stable. The full laminate had 

to satisfy two conditions: (1) the extension-torsion coupling term had to be nonzero and  

(2) the curvature due to thermal or hygral fluctuations remained zero (𝜅𝑇𝐻 = 0).  

The laminate can also be considered as two symmetric halves, which on their own 

have no extension-torsion coupling. These halves allow us to consider a partial solution 

where each laminate must satisfy three conditions: (1) the laminate is symmetric  

([𝐵] = 0), (2) the thermal shear strain is zero (𝜀6
𝑇𝐻 = 0), and (3) there is a non-zero 

extension-shear coupling (𝐴16 ≠ 0). These requirements allowed for the laminate to shear 

in response to an applied load, but not to changing thermal conditions. The two halves are 

designed to shear in opposite directions so that when bonded together provide the  

bi-moment required to twist the beam. These requirements led to the following 

hygrothermally stable extension-torsion coupled laminate: 

[𝜃/(𝜃 + 90°)2/𝜃/−𝜃/(−𝜃 + 90)2/−𝜃] 

 

where 𝜃 is any arbitrary ply angle. 

 

 

Figure 4-17. Application of a Winckler layup to the UH-60A box beam like spar 
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There are many variations of this layup that will still maintain hygrothermal 

stability. The one most pertinent to this research, as shown in the bottom of Figure 1-2, is: 

[𝜃/(𝜃 + 90°)2/𝜃/  𝐶𝑂𝑅𝐸  /−𝜃/(−𝜃 + 90°)2/−𝜃] 

In this layup, core refers to any isotropic material that does not interfere with the symmetry 

of the layup or could represent empty space. As was done with the nominal coupled layup, 

it was important to determine what angle 𝜃 to use in order to maximize the extension-

torsion coupling. Again using Equation 4-2 the twist sensitivity was calculated for this 

layup and is shown in Figure 4-18. Any value between 10° and 25° would provide a high 

sensitivity. Based on these results, a value of 𝜃 = 25° was chosen. 

 

 For the rotor, because the Winckler layup contains 4 layers of equal thickness on 

the top and similarly on the bottom of the beam, the Winckler spar blade mesh was 

designed with four elements through the spar thickness, as shown in Figure 4-16. The final 

 

Figure 4-18. Twist sensitivity due to unit axial force as a function of ply angle for a Winckler, 

hygrothermally stable layup 
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blade mesh contained 12,375 nodes and 1,360 elements. The cross section has 375 nodes 

and 85 elements. 

4.4.2.2 Haynes and Armanios 

In 2009, Haynes and Armanios sought to expand on the families of hygrothermally 

stable, extension-torsion coupled laminates. Numerical optimization showed that a 6-ply 

layup (3 plies on the top and bottom respectively) improved the extension-torsion coupling 

capabilities of the Winckler layups. This claim was verified by Haynes and Armanios 

experimentally, and validated using X3D, as shown in Figure 4-19. For these experiments, 

two laminates were constructed from T300/976 graphite/epoxy sheets based on the layup 

of Winckler (where 𝜃 = 25°) and the Haynes layup discussed here. The material properties 

of this material are listed in Table 2-1. 

Each laminate was cut into slender beams (1.0” by 7.0” or 2.54 cm by 17.78 cm), 

an increasing tip load was applied, and the resulting twist at the tip of the beam was 

recorded. Here it can be seen that the 6 ply laminate designed by Haynes achieves more 

twist than the Winckler laminate at all blade loads. The large range of force required a 

nonlinear (geometric) solution, where the strains are no longer small nor a linear function 

of displacement. 
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It should be noted that because a different number of plies was required for both 

laminates, the thickness of the beam varied from 0.912 mm (0.04”) for the Haynes laminate 

to 1.216 mm (0.048”) for the Winckler laminate. However, as mentioned earlier, to keep 

the rotor geometry and meshes as similar as possible, the thickness of the spar for the 

composite blade was not altered. Instead, it was divided into three elements through the 

spar thickness, as indicated in Figure 4-15. This mesh contains 10,197 nodes and 1,104 

elements. The cross section contains 309 nodes and 69 elements. 

 

4.4.2.3 Hygrothermally Stable Coarse Mesh 

The use of the Winckler and Haynes rotor meshes was time consuming and 

inefficient. To improve run time and demonstrate feasibility, the coarse mesh, used earlier 

for the uncoupled and nominal cases, was also used for the hygrothermally stable layups. 

 

Figure 4-19. Experimental vs. analytical results for twist as a function of applied axial loading for 

a Winckler and Haynes beam 
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Accordingly the spar material definition in the upper and lower flanges of the spar were 

calculated based on the homogenization procedure given earlier in Section 653.1.1. 

The material definition for the homogenized matrices are included in Appendix II. 
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 Results and Discussion 

The main objective of this research was to improve a helicopter rotor’s efficiency 

in high speed forward flight. The effect of extension-torsion composite coupling on rotor 

performance was studied by examining the following:  

 

1. Effect of composite coupling on radial twist distribution as a function of rotor 

rotational speed (rotor RPM in hover is considered 100% nominal rotation speed or 

100NR) 

2. Comparison of uncoupled to nominal coupled layup rotor at 100NR 

3. Comparison of uncoupled to nominal coupled layup rotor at reduced rotation speed 

(85NR, 65NR) 

4. Effect of hygrothermally stable layups on rotor performance 

 

Each layup considered was first studied in vacuum to obtain the desired twist 

distribution (described above) and blade frequencies. Then consideration of the overall 

rotor performance was followed by analysis of sectional aero-environment. Finally, 

consideration of the blade strains was attempted. The lift to drag ratio, 𝐿/𝐷𝑒, is considered 

the metric for overall rotor performance. Changes in 𝐿/𝐷𝑒 are studied for the various layups 

for identical trim conditions. The underlying aeromechanics behind the changes are 

explained by changes in rotor frequencies and the aerodynamic environment. The resulting 
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changes in blade strain are also investigated. All of these phenomena are part of a single 

integrated analysis. When layups change, there is no extra requirement to constrain the 

frequencies to reproduce the same dynamics and loads. When the loads change, there is no 

uncertainty in the trim solution or strains. A unified analysis allows changes in material 

properties to flow into the blade dynamics, aerodynamics, trim, and strains. 

 

Variation in rotor twist was calculated in vacuum. This twist is then the “built-in” 

twist at any rotor speed. Analysis of the rotor in forward flight was carried out at a speed 

of 157 𝑘𝑡𝑠 and a constant rotor shaft tilt of 𝛼 = 0°. This is a stringent flight condition both 

due to the asymmetry of the flow field and due to the fact that the inflow is entirely induced. 

As such, a free-wake is required. Gains, if any, are expected to be higher than those seen 

in more normal conditions. Problems, too, if any, are more likely to appear under these 

conditions and allows for us to study and address them in advance. 

 

Figure 5-1. Rotor efficiency as a function of thrust for an uncoupled composite rotor at three 

different RPMs. Note that the overall rotor thrust range decreases as the rotor slows. 
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It is well understood that as the rotor RPM is decreased, the rotor naturally will 

produce less (dimensional) lift, as shown in Figure 5-1. It was therefore reasonable to 

assume, for this research, that if greater than 70% RPM reduction will eventually be 

accomplished with a supplementary lifting body such as a wing and a thruster such as a 

propeller to ensure full vehicle equilibrium. Therefore the focus of this research is entirely 

on the rotor. 

 

5.2 Effect of Coupling on Radial Twist Distribution 

To ensure that the composite coupled rotors matched the built-in twist of the baseline 

titanium-spar rotors at 100NR, and that they untwisted as the rotor RPM was slowed, the 

following method was employed: 

 

1. Apply the composite coupling to the baseline spar with layup opposite to what is 

actually intended in the final rotor (so the top is now [−𝜃] and bottom is [𝜃]) 

2. Spin this blade in vacuum at 100NR and record the twist distribution 

3. Now re-define the blade geometry (composite mesh) with the 100NR twist 

distribution (from Step 2), and correct the direction of composite coupling (top 

returns to [𝜃] and bottom to [−𝜃]) 

4. Verify that the correct twist is achieved by spinning the new blade at 100NR and 

compare the twist distribution to that of the baseline titanium spar blade 

 

 

The twist distribution along the blade span at varying RPM is shown in Figure 5-2. In black 

is the original built-in twist of the UH-60A rotor. When the above methodology was used, 
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a new twist built-in twist distribution was determined for an extension-torsion coupled 

rotor, shown in purple. In the context of this research, a nominal coupled rotor (denoted by 

N) is defined by a classical antisymmetric layup (see Section 1.3.1.1 for details) with the 

ply angle defined by 𝜃. 

 In Figure 5-2 it can be seen that as the rotor RPM is increased (65NR in yellow, 

85NR in red) the rotor twists towards the titanium rotor distribution. At 100NR, the coupled 

rotor distribution, shown in blue, matches well with the titanium rotor twist distribution. It 

can also be seen from this figure that as the rotor is slowed, the natural reduction in 

centrifugal forcing allows the rotor to return to its cold shape twist.  

 

 

Figure 5-2. Twist as a function of radial location for baseline titanium spar UH-60A blade 

compared to twist of rotor with a nominal layup composite spar at 100NR, 85NR, and 65NR. 

Calculated in vacuum. 
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5.3 Rotor Dynamics 

Because the present analysis is unified, there is no extra requirement for the new 

composite blade to match the original titanium blade frequencies. However, it was still 

important to understand whether modifications to the blade structure are likely to cause 

resonance crossings at the reduced operational speeds, and if they do, know where so that 

they can be avoided. Figure 5-3 shows how the new uncoupled composite rotor frequencies 

compare to the titanium spar rotor frequencies (shown by the black dashed lines for 

reference). For both the uncoupled and coupled rotors, the first three structural modes 

match closely with the titanium model. The biggest difference in these modes can be seen 

in the 2nd flap mode, in yellow, which is slightly higher for the uncoupled rotor and slightly 

lower for the nominally coupled rotor. 

Significant differences can be seen in the next three modes. These modes, although 

designated by their dominant motions, are highly coupled. For the coupled rotor, all three 

higher mode frequencies are significantly reduced when compared to both the titanium and 

uncoupled rotors. This is to be expected as introducing extension-torsion coupling is 

designed to soften the torsional stiffness of the rotor. 
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Table 5-1. Frequencies of the first 6 modes of the uncoupled composite spar blade 

nondimensionalized with operating RPM 

Mode Type 
100NR 85NR 65NR 

/Ω100 /Ω85 /Ω65 

1 Lag 0.280 0.283 0.290 

2 Flap 1.038 1.039 1.041 

3 Flap 2.705 2.782 2.946 

4 Lag (coupled*) 3.446 3.957 5.008 

5 Torsion (coupled) 4.036 4.499 5.497 

6 Flap (coupled) 5.284 5.649 6.500 

*coupled: these are coupled flap-lag-torsion modes designated  

by their principle (dominant) motions 

 

 
 

Figure 5-3. Fanplot for a UH-60A-like rotor with an uncoupled composite spar 

compared to the titanium spar 
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Table 5-2. Frequencies of the first 6 modes of the nominal coupled composite spar blade 

nondimensionalized with operating RPM 

  

Mode Type 
100NR 85NR 65NR 

/Ω100 /Ω85 /Ω65 

1 Lag 0.279 0.282 0.290 

2 Flap 1.038 1.039 1.041 

3 Flap 2.567 2.600 2.661 

4 Lag (coupled*) 3.483 3.816 4.518 

5 Torsion (coupled) 3.900 4.345 4.870 

6 Flap (coupled) 4.599 4.892 5.975 

*coupled: these are coupled flap-lag-torsion modes designated  

by their principle (dominant) motions 

 

 
 

Figure 5-4. Fanplot for a UH-60A-like rotor with a nominally coupled composite spar 

compared to original titanium spar 
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As indicated by the vertical dotted lines in Figure 6-3 and 6-4, two slowed operating RPMs 

were considered: 85NR and 65NR. As established by Snyder et al., current helicopter 

engines are capable of slowing by 15% with minimal specific fuel consumption (SFC) 

degradation [2]. This research considered 85NR as one of the slowed operational speeds in 

order to take advantage of this. Improvement at this RPM would only require design 

modification to the rotor system without the needs for complex variable drive systems. The 

other slowed operational speed of 65NR was chosen in order to consider the potential for 

future advancements in engine technology beyond current capabilities. 

 

5.4 Performance 

As indicated in Section 4.2, the measure of rotor efficiency is the 𝐿/𝐷𝑒 ratio. To 

determine the maximum rotor performance, a collective sweep was carried out. For each 

point, the rotor was set to a fixed collective, 𝜃0, and trimmed to zero cyclic flapping (𝛽1𝑐 

and 𝛽1𝑠) measured at the flap hinge. Each point in Figure 5-5 shows the performance for a 

different collective, ranging from 0° to 14°. 

Each point had a forward flight speed of 𝑉∞ = 157 𝑘𝑡𝑠 (𝜇 = 0.37 for 100NR). 

Additionally, the shaft tilt was kept constant at 𝛼 = 0°. 
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Figure 5-5. Rotor efficiency as a function of blade loading for a UH-60A-like rotor with titanium 

spar. Each point along the curve represents a different collective setting with 𝑽∞ = 𝟏𝟓𝟕 𝒌𝒕𝒔, 
 𝝁 = 𝟎. 𝟑𝟕 

 

 

5.5 Effect of Nominal Layup on Performance at 100NR, 85NR, and 

65NR 

In order to make a consistent comparison, the results for the coupled composite 

rotor spar are compared to a blade with an uncoupled composite spar, instead of the 

baseline titanium spar. This ensures that any performance differences found subsequently 

are due entirely to coupling and not the substitution of composite materials per se.  
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 At the hover RPM, 100NR (27 rad/s), the efficiency of all blades must remain the 

same. This was ensured by reproducing the UH-60A twist distribution at 100NR, as well 

as maintaining the baseline titanium spar’s rotor mass and sectional c.g. locations. As can 

be seen in Figure 5-6 (a), the 𝐿/𝐷𝑒 for both the uncoupled and nominal coupled rotors has 

been maintained at 100NR for all blade loadings, 𝐶𝑇/𝜎. 

When the rotor RPM is slowed to 85NR, see Figure 5-6 (b), while both rotors see 

an increase in efficiency it is clear that the coupled rotor outperforms the uncoupled rotor 

at all blade loadings, reaching a maximum 𝐿/𝐷𝑒 of 8.2 compared to the uncoupled rotor’s 

maximum of 6.9 (at 𝐶𝑇/𝜎 ≈ 0.1), an improvement of 20%. 

When the RPM is slowed further to 65NR (Figure 5-6 (c)), the coupled rotor again 

outperforms the uncoupled rotor but only at lower blade loadings (up to 𝐶𝑇/𝜎 ≈ 0.075). 

The coupled and uncoupled rotors at 65NR only reach a peak 𝐿/𝐷𝑒 ratio of 6.9; there is no 

improvement in maximum efficiency at this RPM. The greatest improvement in efficiency 

occurs at 𝐶𝑇/𝜎 ≈ 0.025 where we see a 15% improvement over the uncoupled rotor 

efficiency.
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(a) 100NR, 𝝁 = 𝟎. 𝟑𝟕    (b) 85NR, 𝝁 = 𝟎. 𝟒𝟔                 (c) 65NR, 𝝁 = 𝟎. 𝟓𝟕 

 

Figure 5-6. 𝑳/𝑫𝒆 ratio for uncoupled and nominal coupled rotors for (a) 100NR, (b) 85NR, and (c) 65NR 
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5.6 Aeromechanics of composite rotor 

To understand the cause of the performance change between the uncoupled and 

coupled rotors, Figure 5-7 considers lift versus drag at two different radial locations (75%R 

and 89%R) and three different RPMs. Although there are differences between the three 

RPM at 75%R (a and c), the effects are more clearly observed outboard at 89%R (b and d). 

Two conclusions can be drawn from this figure: 1) the drag has more distinct variation as 

the rotor RPM is varied and 2) there is variation in negative lift between the uncoupled and 

coupled rotors.  

First, we consider the drag in more detail. Figure 5-8 shows the azimuthal variation 

of drag. For both the uncoupled and coupled rotor, a reduction in RPM from 100NR to 

85NR yields a very large reduction in drag along the advancing side of the rotor. Further 

RPM reduction to 65NR yields a relatively smaller reduction. For the uncoupled rotor, a 

significant drag spike appears on the retreating side of the rotor at 85NR. For the coupled 

rotor, this spike is eliminated. At 65NR the uncoupled rotor shows a rapid increase in drag 

along the advancing side. For the coupled rotor this increase is eliminated, but a spike on 

the retreating side appears instead. 
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Figure 5-7. Lift vs drag for the uncoupled and nominal coupled rotor at two radial locations (75%R and 89%R) and three nominal RPM (100NR, 

85NR, and 65NR). Calculated in vacuum. 
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As the rotor RPM is reduced from 100NR to 85NR the advancing tip Mach number 

decreases from 𝑀𝐴𝐷𝑉 = 0.89 to 𝑀𝐴𝐷𝑉 = 0.80, so the blade tip leaves the transonic region 

when the rotor is slowed. This change in operating environment alone, with or without 

composite coupling in the blade spar, would result in a substantial reduction in drag, which 

is what was observed on the advancing side of the rotor. In addition to this change in 𝑀𝐴𝐷𝑉, 

  

       (a) Uncoupled, 89%R                       (b) Coupled N (𝜽 = 𝟐𝟓°), 89%R 

 
Figure 5-8. Drag as a function of azimuth at 𝑪𝑻/𝝈 ≈ 𝟎. 𝟏 for uncoupled and nominal coupled 

rotors at 89%R for 100NR, 85NR, and 65NR 

  

(a) Uncoupled, 89%R                      (b) Coupled N (𝜽 = 𝟐𝟓°), 89%R 

Figure 5-9. Mach number as a function of angle of attack at 𝑪𝑻/𝝈 ≈ 𝟎. 𝟏 for uncoupled and 

nominal coupled spar rotors at 100NR, 85NR, and 65NR 
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the coupled rotor is also untwisted (as shown in Figure 5-2). This reduces the drag on the 

advancing side of the rotor. As the rotor RPM is further reduced to 65NR, the overall 

change in drag around the azimuth is not as significantly affected, as the aerodynamic 

environment does not change fundamentally from an 𝑀𝐴𝐷𝑉 = 0.80 to 𝑀𝐴𝐷𝑉 = 0.66 (both 

are in the high subsonic region, but below transonic).  

To understand drag behavior Figure 5-9 shows how Mach number and angle of 

attack (denoted as AoA) vary along the azimuth. At any given RPM, between uncoupled 

and coupled, the Mach number range does not change. This is an indication that 

compressibility is not a factor in the rotor efficiency change from composite coupling. The 

main factor is the change in angle of attack distribution. This figure shows that the 

uncoupled rotor at 85NR and the coupled rotor at 65NR enter stall (𝐴𝑜𝐴 > 15°) along the 

retreating side of the rotor. This accounts for the spikes in the drag coefficient at 85NR and 

65NR, seen previously in Figure 5-8. 

 

 

(a) Uncoupled, 89%R                      (b) Coupled N (𝜽 = 𝟐𝟓°), 89%R 

Figure 5-10. Lift as a function of azimuth at 𝑪𝑻/σ≈0.1 for uncoupled and nominal coupled rotors 

at 89%R for 100NR, 85NR, and 65NR 
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The second observation made from Figure 5-7 was that there were variations in the 

negative lift between the uncoupled and coupled rotors. These have a significant impact on 

rotor performance. Figure 5-10 shows the azimuthal variation of lift. Again, both the 

uncoupled and coupled rotor have very similar distributions at 100NR. When the rotor 

RPM is reduced to 85NR, however, the uncoupled rotor generates significantly more 

negative lift on the advancing side of the rotor, whereas the coupled rotor does not. This is 

an important effect that occurs outboard of 90%R. With an increase in negative lift comes 

a need to make up the lift somewhere else around the azimuth in order to maintain the same 

blade loading. This leads to an increase in angle of attack (to the point of stall in this case) 

and therefore an increase in the drag.  

It should be noted that the choice of the nominal layup with 𝜃 = 45° for this study 

was made to achieve maximum untwisting of the rotor blade, but was not optimized to 

maximize the aerodynamic performance at multiple slowed RPMs. It is possible that a 

different layup angle could have provided an increase over the uncoupled rotor 𝐿/𝐷𝑒 ratio 

at 85NR and 65NR if the change in twist was less extreme. 

Figure 5-11 shows the pitching moment at the 89% radial location, just inboard of 

the swept portion of the rotor. Here it can be seen that there are no differences between the 

uncoupled and coupled rotor other than the retreating side stall that was also seen in the 

drag plots for the uncoupled rotor at 85NR and the nominal coupled rotor at 65NR. The 

lack of difference in the pitching moment tells us that there is minimal difference in the 

dynamic twist. This indicates that the change in negative lift is, in fact, from the static 

untwisting of the rotor (changing the “built-in” twist due to composite coupling) and not 

from any resulting change in the torsion (dynamic twist) from the changing pitching 
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moments. Near the blade tip there are greater differences, but a lifting line analysis is 

inadequate for concrete conclusions.  

 

Moving outwards closer to the tip of the blade, Figure 5-12 shows the pitching 

moments at 95%R, in the swept portion of the blade where the Mach number is higher. 

Again both blades perform similarly at 100NR, ignoring the uncoupled rotor local stall 

(due to negative AoA) on the advancing side (90° azimuth). When the rotor is slowed to 

85NR the coupling reduces the nose down pitching moment along the advancing and the 

retreating side. At 65NR the Mach number is already low enough that there is not a 

dramatic influence by the coupling on the pitching moment.  

 

(a) Uncoupled, 89%R                      (b) Coupled N (𝜽 = 𝟐𝟓°), 89%R 

Figure 5-11. Pitching moment as a function of azimuth at 𝑪𝑻/σ≈0.1 for uncoupled and nominal 

coupled rotors at 89%R for 100NR, 85NR, and 65NR 
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A more accurate calculation of the magnitude of pitching moments requires CFD 

to capture 3-D transonic effects. In future work it would be advantageous to use CFD to 

accurately characterize this phenomenon, but the calculations here allow us to understand 

the basic trends. With larger negative pitching moments from CFD, the benefits of 

untwisting the rotor at these high 𝜇 conditions are expected to be greater. 

As previously mentioned, the pitching moment has a strong influence on the elastic 

or dynamic twist of the rotor. As shown in Figure 5-13 the uncoupled rotor experiences 

elastic twist excursions much larger than that experienced by the coupled rotor when the 

RPM is reduced, however this is not due to pitching moments. As shown in Table 5-1, the 

uncoupled rotor has a mode near 4/rev (3.96/rev). The introduction of coupling shifts this 

frequency away from resonance at 85NR. Similarly, at 65NR the uncoupled rotor has a 

mode near 3/rev (2.95/rev) and again the coupling shifts this mode away from resonance. 

Thus, as previously stated, there are significant dynamic and aerodynamic coupled 

phenomena, that are tied to the changing blade frequencies, that call for an integrated 

 

(a) Uncoupled, 95%R                      (b) Coupled N (𝜽 = 𝟐𝟓°), 95%R 

Figure 5-12. Pitching moment as a function of azimuth at 𝑪𝑻/σ≈0.1 for uncoupled and nominal 

coupled rotors at 95%R for 100NR, 85NR, and 65NR 
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analysis, such as the one conducted here. An isolated structural analysis would not be 

sufficient as it would not capture these coupled aeromechanical phenomena and artificially 

constraining the blade frequencies and cross-sectional properties would not reveal the 

benefits of this coupling. 

 

 

5.6.1 Aeromechanics of Hygrothermally Stable Composite Rotors 

The hygrothermally stable layups, when applied to the same box beam spar, once 

again affected the built-in twist of the rotor strongly, as shown in Figure 5-14. The 

Winckler layup achieved twist very similar to the nominal layup at the slowed rotor speeds; 

the Haynes layup twisted relatively less. As should be apparent by now, these mean nothing 

by themselves; an aeromechanical analysis is required to compare their relative merit. 

 

(a) Uncoupled, 95%R                      (b) Coupled N (𝜽 = 𝟐𝟓°), 95%R 

Figure 5-13. Elastic twist as a function of azimuth at 𝑪𝑻/σ≈0.1 for uncoupled and nominal coupled 

rotors at 95%R for 100NR, 85NR, and 65NR 

 



147 

 

 

 

 

                (a) Winckler Layup                 (b) Haynes Layup 

Figure 5-14. Twist as a function of radial location in vacuum for (a) Winckler layup spar with 

θ=25° and (b) Haynes layup spar 
 

 

 

 
 

Figure 5-15. Fanplot for a UH-60A-like rotor with a hygrothermally stable Haynes layup 

composite spar compared to titanium spar 
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Table 5-3. Nondimensionalized frequencies (/rev) of the first 6 modes as a function of the percentage 

change in the nominal RPM for a rotor with a hygrothermally stable composite coupling 

Mode Type 
100NR (/𝛀𝟏𝟎𝟎) 85NR (/𝛀𝟖𝟓) 65NR (/𝛀𝟔𝟓) 

Haynes Winckler Haynes Winckler Haynes Winckler 

1 Lag 0.279 0.279 0.282 0.282 0.290 0.290 

2 Flap 1.038 1.038 1.039 1.039 1.041 1.041 

3 Flap 2.606 2.594 2.645 2.630 2.727 2.704 

4 Lag (coupled*) 3.601 3.579 3.961 3.940 4.719 4.716 

5 
Torsion 

(coupled) 
3.909 3.844 4.436 4.354 5.190 5.039 

6 Flap (coupled) 4.760 4.695 5.034 4.947 6.022 5.904 

*coupled: these are coupled flap-lag-torsion modes designated by their principle 

(dominant) motions 

 

 
 

Figure 5-16. Fanplot for a UH-60A-like rotor with a hygrothermally stable, Winckler layup, 

composite spar compared to titanium spar for 𝜽 = 𝟐𝟓° 
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Figure 5-15 and Figure 5-16 show the frequencies of the hygrothermally stable composite 

rotors compared to the titanium spar rotor. There is little difference between the first four 

modes with maximum differences in the two higher modes (5 and 6), as shown in Table 

5-3. In general, the hygrothermally stable composite spar blades are softer than the 

titanium, again shown in the dashed black lines. 

 

Figure 5-17. Comparing performance of coarse, homogenized material mesh to fine, ply resolved 

mesh for Winckler layup (𝜽 = 𝟐𝟓°) and Haynes layup at 100NR 
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As indicated in Section 4.4.2.3, homogenized material properties were applied to 

the coarse mesh brick in the Winckler and Haynes layups. It was important to first validate 

that this simplification did not impact the rotor performance. Figure 5-17 (a) and (b) show 

the performance results for both the coarse and fine mesh Winckler rotor at two different 

rotor RPMs. Figure 5-17 (c) and (d) show the same, but for the Haynes layup. It is apparent 

that the mesh size does not have an impact on the rotor performance, regardless of layup 

applied or rotor RPM. These results reinforced confidence in the homogenization method 

and accuracy for this spar design and allowed us to continue our investigation using only 

the coarse mesh.  

It only remains to be seen whether the Winckler and Haynes layups provide similar 

improvements as the nominal coupling or whether hygrothermal stability imparts a penalty 

in performance. At 100NR, shown in Figure 5-18 (a), there are no discernable differences 

between the rotor performances of the three coupled rotors. When the rotor RPM is reduced 

to 85NR (𝜇 = 0.46), see Figure 5-18 (b), the Winckler layup with 𝜃 = 25° and the nominal 

layup with 𝜃 = 45° outperform the Haynes layup, with a maximum 𝐿/𝐷𝑒 difference of 0.3 

at 𝐶𝑇/𝜎 ≈ 0.1. When the RPM is slowed further to 65NR (𝜇 = 0.57) the Winckler layup 

outperforms both the nominal and Haynes blades by 0.3 and 0.5 respectively, at their peak 

(𝐶𝑇/𝜎 ≈ 0.09). Based on these results it was determined that the Winckler blade was the 

most desirable design. 
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(a) 100NR, μ=0.37                85NR, μ=0.46                 (c) 65NR, μ=0.57 

 

Figure 5-18. L/De ratio vs. blade loading for Chandra-Chopra composite spar design compared to the hygrothermally stable designs of Winckler 

and Haynes at (a) 100NR, (b) 85NR, and (c) 65NR 
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Figure 5-19 and Figure 5-20 show the drag and lift variations of the Winckler blade 

compared to the nominal blade. The differences between the two are hardly discernible, 

which indicates that including hygrothermal stability does not significantly alter the rotor 

behavior. Investigation of lift, pitching moment, and elastic twist (as shown earlier for the 

nominal coupled blade) revealed the same and consistent patterns and are not repeated here. 

Of the three layups studied the Winckler layup provides the best performance, improving 

𝐿/𝐷𝑒 at both slowed RPMs, relative to the uncoupled blade. 

 

  

(a) Nominal (𝜽 = 𝟐𝟓°), 89%R                     (b) Winckler (𝜽 = 𝟐𝟓°), 95%R 

 

Figure 5-19. Drag as a function of azimuth comparing the nominal coupled spar design to the 

Winckler layup (where 𝜽 = 𝟐𝟓°) for 100NR, 85NR, and 65NR 



153 

 

 

 

5.7 Rotor Hub Loads 

Reduction of rotor RPM could possibly lead to substantial changes to the loads 

experienced at the rotor hub. Figure 5-21 shows that for the Winckler rotor this is not the 

case. There is in fact an overall reduction in the 4/rev vertical shear force, 𝐹𝑧, as the rotor 

RPM is reduced. At 85NR a more distinct 8/rev response is introduced. Slowing the rotor 

further to 65NR, the magnitude of this 8/rev content is diminished and the hub load returns 

to a similar loading to that of 100NR. Removing the mean of the hub vertical shear, (Figure 

5-22), shows clearly that there is also a phase shift in the loading between 100NR and the 

85NR and 65NR cases. 

 

      (a) Nominal (𝜽 = 𝟐𝟓°), 89%R                      (b) Winckler (𝜽 = 𝟐𝟓°), 95%R 

 

Figure 5-20. Lift as a function of azimuth comparing the nominal coupled spar design to the 

Winckler layup (where θ=25°) for 100NR, 85NR, and 65NR 
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Figure 5-21. Vertical hub shear for a four bladed Winckler rotor at peak blade loading, 𝑪𝑻/𝝈 ≈ 𝟎. 𝟎𝟏 

 

Figure 5-22. Mean removed vertical hub shear for a four bladed Winckler rotor at peak blade 

loading, 𝑪𝑻/𝝈 ≈ 𝟎. 𝟎𝟏. 
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Figures 5-23 and 5-24 show how the change in rotor RPM effects the hub rolling 

(𝑀𝑥) and pitching (𝑀𝑦) moments, respectively. Figure 5-23 shows that there is an increase 

of about 27% in the peak-to-peak rolling moment when the RPM is reduced from 100NR 

to 85NR. However, there is a reduction in moment when the RPM is further reduced to 

65NR, back down to the 100NR level. This is perhaps an indication that the increase from 

100NR to 85NR is due to the change in blade natural frequencies (change in response) and 

not an increase in flow asymmetry due to increasing advance ratio, 𝜇 (change in/greater 

airloads). Similarly, for 𝑀𝑦, there is a 20% increase in peak-to-peak pitching moment when 

the RPM is reduced to 85NR. Further reduction in RPM to 65NR, however, decreases the 

moment significantly to benign levels (a 66.6% decrease from the 100NR peak-to-peak 

moment). As for rolling moment, some higher frequency content (8/rev) is also introduced 

in the pitching moment down at 65NR. 

So overall, there is no dramatic detrimental effect on the hub loads – the 4/rev 

vertical shear generally drops below the 100NR level with about a 27% increase in hub 

rolling moment. 
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Figure 5-23. Hub roll moment (positive roll left, advancing side up), 𝑴𝒙, for a four bladed Winckler 

rotor at peak blade loading, 𝑪𝑻/𝝈 ≈ 𝟎. 𝟎𝟏 

 

Figure 5-24. Hub pitching moment (positive pitch up), 𝑴𝒚, for a four bladed Winckler rotor at peak 

blade loading, 𝑪𝑻/𝝈 ≈ 𝟎. 𝟎𝟏 
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5.8 Composite Spar Strains 

Practical design requires that strength constraints of the materials be met. The 

material considered here, IM7/8552, has strain allowables of approximately 6000 

microstrain (με) in tension, 4500 𝜇𝜀 in compression, and 3000-4500 𝜇𝜀 under cyclic 

loading [1] in the fiber direction. Figure 5-25 through Figure 5-27 show axial strains in the 

radial direction that the uncoupled and Winckler blade experiences at 100NR (E11 in the 

legend refers to 𝜀11 or 𝜀𝑥). Transformation of strain from the blade frame to the fiber 

direction can be carried out using Equation 5-1. 

 

𝜀𝑥
′ = 𝜀𝑥 cos

2 𝜃 + 𝜀𝑦 sin
2 𝜃 + 𝜀𝑥𝑦sin (𝜃)cos (𝜃)  5-1 

 

 

 

 

 

Figure 5-25. Axial strain in uncoupled rotor at 100NR, 𝝍 = 𝟎°  
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For the homogenized spar meshes there is no applied ply angle between the global 

and fiber frame, as the calculated material properties already include the appropriate ply 

orientations. The Winckler blade utilizes four different ply orientations to ensure 

hygrothermal stability. When both the fine and coarse global strain results were 

 

Figure 5-26. Axial strain in a Winckler coupled rotor at 100NR, 𝝍 = 𝟎°  

 

 

Figure 5-27. Axial strain in a Winckler coupled rotor at 100NR, 𝝍 = 𝟗𝟕. 𝟓° where large axial strain in the 

spar is found 

Point A 
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transformed into the coordinate’s corresponding ply direction, Figure 5-28 (a) and (b), were 

obtained. These show that the difference in the fiber strain between both is minimal, with 

the fine mesh naturally providing greater resolution.  

 

Note the fiber strain is well within the allowable strain for IM7/8552. A margin of 

safety of about 1.9 tension and 2.6 in compression is found. Figure 5-28 (b) shows the fiber 

 

(a) Strain at at 50%R, Point A, and azimuth             (b) Strain at 25%R, Point B, and azimuth  

 𝜓 = 0°                                   𝜓 = 97.5° 
 

Figure 5-28. Fiber tensile strain, 𝜺𝟏𝟏, for ply resolved (fine mesh) and homogenized (coarse mesh) 

blades with a Winckler layup of [25°/115°/115°/25°] 

 
 (a) 85NR              (b) 65NR 

Figure 5-29. Reduced axial strain for the Winckler rotor at 85NR and 65NR, at 𝝍 = 𝟎° 
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strain at 25%R, along the advancing side of the rotor, and at a leading edge corner of the 

spar (reference Point B in Figure 5-27). At this area of high strain concentration it can be 

seen that the fiber direction strains still do not exceed the allowables. 

Extension-torsion coupling is brought into play by extensional strain, so naturally 

the Winckler blade encounters higher strains at higher RPM. Figure 5-26 shows generally 

that there is greater axial strain towards the blade root compared to the uncoupled rotor, in 

Figure 5-25. In order to achieve the same twist as the uncoupled rotor at 100NR, the 

coupled rotor goes through a change of approximately 10° twist at the tip. As the rotor 

RPM is decreased, and the coupled blade begins to return to its cold shape (reduces the 

built-in twist), the large strains disappear, as shown in Figure 5-29. 

This is further illustrated by Figure 5-30 (a) and (b). In this figure the maximum 

and minimum 𝜀11 value in the blade spar was plotted as a function of azimuth. It should be 

noted that these values do not all occur at the same node, but are clustered: at two points at 

the root end of the blade for extension, and at three points at the tip for compression. Figure 

5-30 (a) highlights magnitude difference in extensional strain experienced by the rotor as 

the rotor RPM, and therefore the centrifugal load, is reduced. Figure 5-30 (b) highlights 

how the reduction in RPM also reduces centrifugal stiffening. It can be seen here that as 

the RPM is reduced, the spar experiences much stronger spikes of compressive strain. This 

figure also illustrates, however, that regardless of location, the maximum and minimum 

strains experienced by the rotor fall with the allowable ranges for IM7/8552. 
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Figure 5-30. Maximum and minimum strain 𝜺𝟏𝟏 experienced by the Winckler spar at various RPMs 

 

It is also industry practice to consider the potential for rotor overspeed up to 15% 

of the nominal RPM. Figure 5-31 shows that at 115NR, the Winckler spar rotor strains fall 

within the allowable strains for IM7/8552. As expected, with an increase in centrifugal 

loading, there is an increase in the axial strain. While it is not recommended to continuously 

operate at this speed, the composite material is able to withstand it. 
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Figure 5-31. Increased axial strain for the Winckler rotor in oversped conditions  

(115NR, at 𝝍 = 𝟏𝟏𝟐. 𝟓°) 
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 Conclusions 

6.1 Summary 

The goal of this research was to investigate the variation of built-in twist in a 

helicopter rotor blade during flight due to the inclusion of composite coupling, in particular 

extension-torsion coupling, and characterize its effects on the efficiency of an articulated 

rotor in high-speed flight. To study this, a UH-60A-like rotor with a metallic spar was used 

as the baseline blade as it is the only production rotor that has undergone extensive wind 

tunnel testing at slowed RPMs, down to 40NR, and high advance ratios, up to 𝜇 = 1.0. 

This baseline blade was validated using the UH-60A test data from the Ames high-𝜇, 40 ft 

x 8ft full-scale wind tunnel in 2010, including analytical compensation for the highly 

instrumented, non-aerodynamic blade shank. 

The UH-60A blade was then modified, replacing the spar material with composite, 

IM7/8552 ply layups. The baseline inertial properties, such as c.g. and mass, were 

maintained to ensure proper comparisons could be made. Three extension-torsion coupled 

layups were analyzed: one with a purely academic antisymmetric layup, and two that were 

hygrothermally stable. To provide reliable comparisons, all composite blades were 

designed to have the same twist at 100NR, or the hover RPM. The composite coupling 

allowed for the blades to de-twist towards the built in twist (cold shape) as the RPM was 

reduced. 
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The benefits of coupling were studied in detail. Departure from the baseline 

titanium spar performance and the relative differences in the aerodynamic operating 

envelopes of all the blades was characterized. Additionally, as a preliminary step in 

characterizing the manufacturability of the rotor, strains were analyzed to determine 

whether they remained within the allowable limits for IM7/8552. This provided key 

information on where a more detailed strain analysis should be conducted for accurate 

characterization of possible failure modes. 

 

6.2 Specific Conclusions 

Based on the current study, the following specific conclusions are drawn: 

(i) To account for the non-aerodynamic, highly instrumented blade shank that was 

used in the experimental testing of the UH-60A blade, validation of an analytical 

shank drag coefficient was conducted. It was determined that a shank drag 

coefficient of 0.75 across 8-20%R was sufficient to provide an acceptable 

correlation of 𝐿/𝐷𝑒, including drag, power, and thrust, up to an advance ratio of 

𝜇 = 0.6. As most rotors do not have such highly instrumented, non-aerodynamic 

sections, it is assumed that this correction will not be needed for the analysis of 

future rotor designs. 

(ii) When the rotor is slowed to 85NR, the extension-torsion coupling from the 

nominal layup, with 𝜃 = 45°, provides enough twist differential from the 100NR 

case to provide an increase in rotor aerodynamic efficiency. As the uncoupled 

rotor does not untwist as the rotor slows it is well established that the twist plays 

a large role in this efficiency gain. The maximum value of rotor efficiency 



165 

 

improvement seen was 20% over the uncoupled blade, occurring at a blade 

loading of 𝐶𝑇/𝜎 = 0.1. Additionally, coupling provided an improvement in 

aerodynamic efficiency over the entire range of blade loading. 

(iii) Though a highly coupled phenomenon, the improvement in rotor efficiency was 

shown to be due to a decrease in negative lift along the advancing side of the 

rotor. This reduction was shown to play a role in the reduction in drag and 

alleviation of stall. 

(iv) The nominal composite coupling can only provide a performance boost for a 

limited range of operating RPMs and blade loading combinations. At 65NR it 

was shown that the maximum rotor efficiency was not affected by the change in 

rotor twist, however at blade loadings below 𝐶𝑇/𝜎 = 0.09 the composite coupled 

rotor outperformed the uncoupled rotor by a maximum of 15%. 

(v) It was shown that the use of hygrothermally stable extension-torsion coupled 

layups does not negatively impact rotor performance and provides practical 

manufacturability to the design. At 85NR the Winckler layup performed equally 

as well as the nominal layup with an 𝐿/𝐷𝑒 of 8.14 at 𝐶𝑇/𝜎 ≈ 0.1. The Haynes 

layup performed marginally worse than the Winckler rotor, but still better than 

the uncoupled rotor. 

(vi) When the rotor RPM was reduced to 65NR, the Winckler rotor outperformed both 

the nominal and Haynes rotors by a maximum 𝐿/𝐷𝑒 of 0.3 and 0.5 respectively, 

at 𝐶𝑇/𝜎 ≈ 0.09, showing an improved performance range over the nominally 

coupled rotor. 
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(vii) The axial strain seen in the Winckler rotor falls within the allowable strain for 

IM7/8552 for RPMs up to 100NR. This strain was not found in the uncoupled 

rotor at 100NR (where there was no change in twist) and was reduced as the rotor 

RPM slowed (less change in twist). The elastic twist and the extension needed to 

induce it play a key role in axial strain. 

 

6.3 Recommendations for Future Work 

The research presented in this dissertation is the first step in proving the benefits of 

designing future slowed-rotor designs with composite coupling. However, significant work 

needs to be done in order to make these design choices a reality in future generations of 

high speed rotorcraft. There are two areas specifically that are recommended for future 

work: experimentation and analysis. 

Unfortunately, with the exception of the experimental tests conducted by Ames, 

there are no data sets to validate high-speed, slowed rotor designs with composite coupling. 

To validate the results shown in Chapter 5, it would be prudent to build and test a Mach 

scaled rotor with no coupling, and an identically constructed blade with a Winckler layup. 

As the spar and ply thickness was idealized based on a simplified UH-60A model, a more 

formal design optimization should be conducted to achieve the desired coupling at this 

scale. Additionally, there must be careful consideration of manufacturing techniques avoid 

delamination at material junctures or locations of changing ply orientation. The design of 

a clean blade is also crucial as it would eliminate the shank drag uncertainty that had to be 

accounted for (via analytical tuning) as discussed in Section 4.3. 
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The strength of an integrated analysis tool like X3D is in its capability to conduct 

formal optimizations. Therefore, a study should be conducted to determine the optimum 

slowed RPM and the required layup to achieve the ideal spanwise twist distribution in both 

hover and cruise conditions. 

As X3D is capable of coupling with Helios, the aerodynamics should also be 

upgraded to CFD for further study of the 3-D aeromechanics of the morphing system. This 

would provide a more accurate prediction of the dynamic pitching, especially towards the 

rotor tip. However, while the framework exists, modifications are required to CFD software 

tools to enable true compatibility with the 3-D structural dynamics provided by X3D. 

Another modification to X3D that would be beneficial is the need for a scheme that 

allows the solver to orient the composite ply properties based on undeformed mesh shapes. 

The current version of this tool cannot rotate the material properties to follow the twist of 

the rotor and so must be done by the problem designer manually. Automation of this 

process would allow for easier application of composites and a more streamlined process.  

Finally, a detailed analysis of interlaminar stresses/strains should be conducted. 

While the current results provided gross trends and are helpful in identifying key areas of 

possible failure, it does not provide the ply resolved stresses and strains that would define 

specific failure modes. This requires an automated process for three-dimensional 

interpolation of stress/strain values at known mesh nodes to ply interfaces, which are not 

necessarily located at discrete nodes. 
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Appendix I 

 

Recall from Section 2.1.2 the strain-displacement relations based on kinematics: 

 

𝜀𝑥𝑥
0 = 𝑈,𝑥 − 𝑦𝑉,𝑥𝑥 − 𝑧𝑊,𝑥𝑥 +𝜓𝜙,𝑥𝑥  

2-12 
𝛾𝑥𝑠
0 = (𝜓,𝑠 + 𝑟)𝜙,𝑥 

where 
(𝜓

,𝑠
+ 𝑟) =

2𝐴𝑒

∮
𝑑𝑠
𝐴66

(
1

𝐴66
) 

 

The shear strain 𝛾𝑥𝑠
0  in Equation 1a is obtained from kinematic and displacement 

considerations using equilibrium of displacements. 

 

A.1  Shear strain from stress equilibrium of an element 

The shear strain can also be obtained from force balance. Consider a simple 

rectangular element, depicted in Figure A1 below.  

 

A1. Simple rectangular element 

x,s

x,s+ds

x+dx,s

x+dx,s+ds
dx

ds

Co-ordinates

x,s

x,s+ds

x+dx,s

x+dx,s+ds
dx

ds

Co-ordinates



170 

 

 

A2. Forces experienced by rectangular element’s faces 

 

Figure A2 shows the forces acting on the four faces of the element.  The balance of 

forces in the 𝑥 − and 𝑠 − directions yields the following equations: 

 

𝑁𝑥𝑥𝑑𝑠 − (𝑁𝑥𝑥 +
𝜕𝑁𝑥𝑥
𝜕𝑥

𝑑𝑥)𝑑𝑠 +𝑁𝑥𝑠𝑑𝑥 − (𝑁𝑥𝑠 +
𝜕𝑁𝑥𝑠
𝜕𝑠

𝑑𝑠)𝑑𝑥 = 0 

𝑁𝑥𝑠𝑑𝑥 − (𝑁𝑥𝑠 +
𝜕𝑁𝑥𝑠
𝜕𝑥

𝑑𝑠)𝑑𝑥 = 0 

 

Simplifying this we get: 

 

𝜕𝑁𝑥𝑥
𝜕𝑥

+
𝜕𝑁𝑥𝑠
𝜕𝑠

= 0 A-1 

𝜕𝑁𝑥𝑠
𝜕𝑥

= 0 A-2 

 

The first of the equilibrium equations, Equation A-1, defines the shear flow as: 

xx(N )ds

xx
xx

N
(N dx)ds

x






xs
xs

N
(N ds)dx

s






xs(N )dx
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N
(N dx)ds

x






Forces on each face
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
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𝑁𝑥𝑠 = 𝑁𝑥𝑠
0 −∫

𝜕𝑁𝑥𝑥
𝜕𝑥

𝑑𝑠
𝑠

0
 A-3 

where N𝑥𝑠
0

 is a constant. 

The second of the equilibrium equations, Equation A-2, indicates that xsN  is 

independent of 𝑥 and therefore has the same value at all cross-sections. 

 

A.2  Solve for 𝑵𝒙𝒔
𝟎  

Equation A-4 relates the stress flow (in units of force per unit length) to the strains 

through a stiffness matrix. It is assumed that we know the strains which will enable us to 

find the corresponding stresses. This expression can also be written in semi-inverted form, 

as shown by Equation A-5. 

{
𝑁𝑥𝑥
𝑁𝑥𝑠

} = [
𝐴11 𝐴16
𝐴16 𝐴66

] {
𝜀𝑥𝑥
0

𝛾𝑥𝑠
0 } A-4 

{
𝑁𝑥𝑥
𝛾𝑥𝑠
0 } =

[
 
 
 
 𝐴11 −

𝐴16
2

𝐴66

𝐴16
𝐴66

−
𝐴16
𝐴66

1

𝐴66]
 
 
 
 

{
𝜀𝑥𝑥
0

𝑁𝑥𝑠
} A-5 

 

In Equation A-5 it is assumed that the direct strain, 𝜀𝑥𝑥
0 , and the shear flow, 𝑁𝑥𝑠

0
, are 

known. The name “Mixed Method” comes from the fact that we know one displacement 

and one force. Expanding Equation A-5 yields: 

𝑁𝑥𝑥 = (𝐴11 −
𝐴16
2

𝐴66
) 𝜀𝑥𝑥

0 +
𝐴16
𝐴66

𝑁𝑥𝑠 

A-6 

𝛾𝑥𝑠
0 = −

𝐴16
𝐴66

𝜀𝑥𝑥
0 +

1

𝐴66
𝑁𝑥𝑠 

 

Substituting the relation for 𝑁𝑥𝑥 into Equation A-3 we get: 
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𝑁𝑥𝑠 = 𝑁𝑥𝑠
0 −∫

𝜕𝑁𝑥𝑥
𝜕𝑥

𝑑𝑠
𝑠

0

 

A-7 
 

= 𝑁𝑥𝑠
0 −∫ (𝐴11 −

𝐴16
2

𝐴66
)(
𝜕𝜀𝑥𝑥

0

𝜕𝑥
)𝑑𝑠

𝑠

0

 

 
= 𝑁𝑥𝑠

0 −∫ (𝐴11 −
𝐴16
2

𝐴66
) (𝑈,𝑥𝑥 − 𝑦𝑉,𝑥𝑥𝑥 − 𝑧𝑊,𝑥𝑥𝑥 + 𝜓𝜙,𝑥𝑥𝑥)𝑑𝑠

𝑠

0

 

 

The second term of Equation A-7 contains 𝑈,𝑥𝑥, 𝑉,𝑥𝑥𝑥, 𝑊,𝑥𝑥𝑥, and 𝜙
,𝑥𝑥𝑥

 which 

represent (higher order) shear related terms. For first approximation, these are neglected 

and Equation A-7 collapses to a constant. Now that 𝑁𝑥𝑠 = 𝑁𝑥𝑠
0 , it can be substituted into 

Equation A-5 to express the shear strain as: 

 

𝛾𝑥𝑠
0 = −

𝐴16
𝐴66

𝜀𝑥𝑥
0 +

1

𝐴66
𝑁𝑥𝑠
0           (𝐹𝑜𝑟𝑐𝑒 𝑒𝑞𝑢𝑖𝑙𝑖𝑏𝑟𝑖𝑢𝑚) 

A-8 

 

There are now two relations for 𝛾𝑥𝑠
0 :  Equation 2-12, which was obtained from 

displacement and kinematic considerations and Equation A-8, which was obtained from 

force-equilibrium conditions. The shear strain from Equation 2-12 will not, in general, 

satisfy the force equilibrium conditions. It is possible to obtain a better approximation for 

𝛾𝑥𝑠
0  by equating the two expressions and requiring that the integral of the difference over 

the contour is zero.   

 

∮[(𝜓,𝑠 + 𝑟)𝜙,𝑥 +
𝐴16
𝐴66

𝜀𝑥𝑥
0 −

1

𝐴66
𝑁𝑥𝑠
0 ]𝑑𝑠 = 0 A-9 

 

Equation A-9 is solved for the shear flow: 
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𝑁𝑥𝑠
0

 =
∮
𝐴16
𝐴66

𝜀𝑥𝑥
0  𝑑𝑠

∮
1
𝐴66

𝑑𝑠
 +
∮(𝜓,𝑠 + 𝑟)𝜙,𝑥 𝑑𝑠

∮
1
𝐴66

𝑑𝑠
 

A-10 

 

=
∮
𝐴16
𝐴66

 𝑑𝑠

∮
1
𝐴66

𝑑𝑠
𝑈,𝑥 −

∮𝑦
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝑉,𝑥𝑥 −
∮𝑧

𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝑊,𝑥𝑥 +
∮𝜓

𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝜙,𝑥𝑥

+
2𝐴𝑒

∮
𝑑𝑠
𝐴66

𝜙,𝑥 

 

 

The stress-strain relations can now be expressed as follows: 

𝑁𝑥𝑥 = (𝐴11 −
𝐴16
2

𝐴66
) 𝜀𝑥𝑥

0 +
𝐴16
𝐴66

𝑁𝑥𝑠 

A-11 

 
= (𝐴11 −

𝐴16
2

𝐴66
) (𝑈,𝑥 − 𝑦𝑉,𝑥𝑥 − 𝑧𝑊,𝑥𝑥 + 𝜓𝜙,𝑥𝑥) +

𝐴16
𝐴66

𝑁𝑥𝑠 

 

𝑁𝑥𝑠 = 𝑁𝑥𝑠
0 =

∮
𝐴16
𝐴66

𝑑𝑠

∮
1
𝐴66

𝑑𝑠
𝑈,𝑥 −

∮𝑦
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝑉,𝑥𝑥 −
∮𝑧

𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝑊,𝑥𝑥

+
∮𝜓

𝐴16
𝐴66

 𝑑𝑠

∮
𝑑𝑠
𝐴66

𝜙,𝑥𝑥 +
2𝐴𝑒

∮
𝑑𝑠
𝐴66

𝜙,𝑥 

 

Equation A-11 is in mixed form. 𝑁𝑥𝑥 is expressed in terms of the displacements 

and also 𝑁𝑥𝑠. In the displacement method, 𝑁𝑥𝑠 would have contained only the final term.  

Because 𝑁𝑥𝑠 is expressed in terms of displacements, Equation A-11 has both 𝑁𝑥𝑥 and 𝑁𝑥𝑠 

in terms of displacements and can now be used for calculation of the stiffness matrix. 

 

A.3  Derivation of the cross-section stiffness matrix (Newtonian Method) 

 

1. Axial Force  
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𝑁 = ∮𝑁𝑥𝑥𝑑𝑠 = ∮ [(𝐴11 −
𝐴16
2

𝐴66
) (𝑈,𝑥 − 𝑦𝑉,𝑥𝑥 − 𝑧𝑊,𝑥𝑥 + 𝜓𝜙,𝑥𝑥) +

𝐴16
𝐴66

𝑁𝑥𝑠] 𝑑𝑠 

 
= 𝑈,𝑥∮(𝐴11 −

𝐴16
2

𝐴66
)𝑑𝑠 −𝑊,𝑥𝑥∮𝑧 (𝐴11 −

𝐴16
2

𝐴66
)𝑑𝑠 − 𝑉,𝑥𝑥∮𝑦(𝐴11 −

𝐴16
2

𝐴66
)𝑑𝑠

+ 𝜙,𝑥𝑥∮𝜓(𝐴11 −
𝐴16
2

𝐴66
)𝑑𝑠 +

(∮
𝐴16
𝐴66

𝑑𝑠)
2

∮
1
𝐴66

𝑑𝑠
𝑈,𝑥

−
∮
𝐴16
𝐴66

𝑑𝑠 ∮ 𝑦
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝑉,𝑥𝑥 −
∮
𝐴16
𝐴66

𝑑𝑠 ∮ 𝑧
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝑊,𝑥𝑥

+
2𝐴𝑒 ∮

𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝜙,𝑥 +
∮
𝐴16
𝐴66

𝑑𝑠 ∮𝜓
𝐴16
𝐴66

 𝑑𝑠

∮
𝑑𝑠
𝐴66

𝜙,𝑥𝑥 

 

2. Bending Moment about z-axis: 

𝑀𝑦 
= −∮𝑁𝑥𝑥𝑧 𝑑𝑠 

 
= −∮[(𝐴11 −

𝐴16
2

𝐴66
) (𝑧𝑈,𝑥 − 𝑦𝑧𝑉,𝑥𝑥 − 𝑧

2𝑊,𝑥𝑥 + 𝑧𝜓𝜙,𝑥𝑥) +
𝐴16
𝐴66

 𝑧𝑁𝑥𝑠] 𝑑𝑠 

 
= −𝑈,𝑥∮(𝐴11 −

𝐴16
2

𝐴66
) 𝑧𝑑𝑠 +𝑊,𝑥𝑥∮𝑧

2 (𝐴11 −
𝐴16
2

𝐴66
)𝑑𝑠

+ 𝑉,𝑥𝑥∮𝑦𝑧 (𝐴11 −
𝐴16
2

𝐴66
)𝑑𝑠 − 𝜙,𝑥𝑥∮𝜓𝑧 (𝐴11 −

𝐴16
2

𝐴66
)𝑑𝑠

−
∮
𝐴16
𝐴66

𝑑𝑠 ∮ 𝑧
𝐴16
𝐴66

 𝑑𝑠

∮
𝑑𝑠
𝐴66

𝑈,𝑥 +
∮𝑧

𝐴16
𝐴66

𝑑𝑠 ∮ 𝑦
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝑉,𝑥𝑥

+
(∮ 𝑧

𝐴16
𝐴66

𝑑𝑠)
2

∮
𝑑𝑠
𝐴66

𝑊,𝑥𝑥

𝑊,𝑥𝑥 −
2𝐴𝑒 ∮ 𝑧

𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝜙,𝑥

−
∮𝑧

𝐴16
𝐴66

𝑑𝑠 ∮𝜓
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝜙,𝑥𝑥 
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3. Bending Moment about y-axis 

𝑀𝑧 = −∮𝑁𝑥𝑥𝑦 𝑑𝑠 

 
= ∮ [(𝐴11 −

𝐴16
2

𝐴66
) (−𝑦𝑈,𝑥 + 𝑦

2𝑉,𝑥𝑥 + 𝑦𝑧𝑊,𝑥𝑥 − 𝑦𝜓𝜙,𝑥𝑥) −
𝐴16
𝐴66

𝑦𝑁𝑥𝑠] 𝑑𝑠 

 
= −𝑈,𝑥∮(𝐴11 −

𝐴16
2

𝐴66
)𝑦 𝑑𝑠 +𝑊,𝑥𝑥∮𝑦𝑧 (𝐴11 −

𝐴16
2

𝐴66
)𝑑𝑠

+ 𝑉,𝑥𝑥∮𝑦
2 (𝐴11 −

𝐴16
2

𝐴66
)𝑑𝑠 − 𝜙,𝑥𝑥∮𝑦𝜓(𝐴11 −

𝐴16
2

𝐴66
)𝑑𝑠

−
∮𝑦

𝐴16
𝐴66

𝑑𝑠 ∮
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝑈,𝑥 +
(∮𝑦

𝐴16
𝐴66

𝑑𝑠)
2

∮
𝑑𝑠
𝐴66

𝑉,𝑥𝑥

+
∮𝑦

𝐴16
𝐴66

𝑑𝑠 ∮ 𝑧
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝑊,𝑥𝑥 −
2𝐴𝑒 ∮𝑦

𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝜙,𝑥

−
∮𝑦

𝐴16
𝐴66

𝑑𝑠 ∮𝜓
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝜙,𝑥𝑥 

 

4. Torsion: 

𝑀𝑥 = ∮𝑁𝑥𝑠(𝜓,𝑠 + 𝑟)𝑑𝑠 = 2𝐴𝑒𝑁𝑥𝑠
0  

 

= 2𝐴𝑒

∮
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝑈,𝑥 − 2𝐴𝑒

∮𝑦
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝑉,𝑥𝑥 − 2𝐴𝑒

∮ 𝑧
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝑊,𝑥𝑥

+ 2𝐴𝑒

∮𝜓
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝜙,𝑥𝑥 +
4𝐴𝑒

2

∮
𝑑𝑠
𝐴66

𝜙,𝑥 

 

5. Vlasov bi-moment: 



176 

 

𝑀𝜔 = ∮𝑁𝑥𝑥𝜓𝑑𝑠 

 
= ∮ [(𝐴11 −

𝐴16
2

𝐴66
) (𝜓𝑈,𝑥 − 𝑦𝜓𝑉,𝑥𝑥 − 𝜓𝑧𝑊,𝑥𝑥 + 𝜓

2𝜙,𝑥𝑥) +
𝐴16
𝐴66

𝜓𝑁𝑥𝑠] 𝑑𝑠  

 
= 𝑈,𝑥∮(𝐴11 −

𝐴16
2

𝐴66
)𝜓𝑑𝑠 −𝑊,𝑥𝑥∮𝑧𝜓(𝐴11 −

𝐴16
2

𝐴66
)𝑑𝑠

− 𝑉,𝑥𝑥∮𝑦𝜓(𝐴11 −
𝐴16
2

𝐴66
)𝑑𝑠 + 𝜙,𝑥𝑥∮𝜓

2 (𝐴11 −
𝐴16
2

𝐴66
)𝑑𝑠 

+
∮𝜓

𝐴16
𝐴66

𝑑𝑠 ∮
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝑈,𝑥 −
∮𝑦

𝐴16
𝐴66

𝑑𝑠 ∮𝜓
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝑉,𝑥𝑥

−
∮𝜓

𝐴16
𝐴66

𝑑𝑠 ∮ 𝑧
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝑊,𝑥𝑥 +
2𝐴𝑒 ∮𝜓

𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

𝜙,𝑥

+
(∮𝜓

𝐴16
𝐴66

𝑑𝑠)
2

∮
𝑑𝑠
𝐴66

𝜙,𝑥𝑥 
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Rehfield Method Mixed Method 

𝑲(𝟏, 𝟏) =  ∮𝑨𝟏𝟏𝒅𝒔 𝐾(1,1) =  ∮(𝐴11 −
𝐴16
2

𝐴66
)𝑑𝑠 +

(∮
𝐴16
𝐴66

𝑑𝑠)
2

∮
𝑑𝑠
𝐴66

 

𝑲(𝟏, 𝟐) = ∮𝒛 𝑨𝟏𝟏 𝒅𝒔  𝐾(1,2) =  −∮𝑧 (𝐴11 −
𝐴16
2

𝐴66
)𝑑𝑠 −

∮
𝐴16
𝐴66

𝑑𝑠 ∮ 𝑧
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

 

𝑲(𝟏, 𝟑) =  ∮𝒚 𝑨𝟏𝟏 𝒅𝒔 𝐾(1,3) =  −∮𝑦 (𝐴11 −
𝐴16
2

𝐴66
)𝑑𝑠 −

∮
𝐴16
𝐴66

𝑑𝑠 ∮𝑦
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

 

𝑲(𝟏, 𝟒) =
𝟐𝑨𝒆

∮
𝒅𝒔
𝑨𝟔𝟔

∮
𝑨𝟏𝟔
𝑨𝟔𝟔

𝒅𝒔 𝐾(1,4) =
2𝐴𝑒

∮
𝑑𝑠
𝐴66

∮
A16
A66

𝑑𝑠 

𝑲(𝟏, 𝟓) = ∮𝑨𝟏𝟏𝝍 𝒅𝒔 𝐾(1,5) =  ∮𝜓(𝐴11 −
𝐴16
2

𝐴66
)𝑑𝑠 +

∮
𝐴16
𝐴66

𝑑𝑠 ∮𝜓
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

 

𝑲(𝟐, 𝟐) =  ∮𝑨𝟏𝟏𝒛
𝟐 𝒅𝒔 𝐾(2,2) =  ∮ 𝑧2 (𝐴11 −

𝐴16
2

𝐴66
)𝑑𝑠 +

(∮ 𝑧
𝐴16
𝐴66

𝑑𝑠)
2

∮
𝑑𝑠
𝐴66

 

𝑲(𝟐, 𝟑) =  −∮𝑨𝟏𝟏𝒚𝒛 𝒅𝒔 𝐾(2,3) =  ∮𝑦𝑧 (𝐴11 −
𝐴16
2

𝐴66
)𝑑𝑠 + 

∮ 𝑦 
𝐴16
𝐴66

𝑑𝑠 ∮ 𝑧
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

 

𝑲(𝟐, 𝟒) =
𝟐𝑨𝒆

∮
𝒅𝒔
𝑨𝟔𝟔

∮𝒛
𝑨𝟏𝟔
𝑨𝟔𝟔

 𝒅𝒔 𝐾(2,4) = −
2𝐴𝑒

∮
𝑑𝑠
𝐴66

∮𝑧
𝐴16
𝐴66

𝑑𝑠 

𝑲(𝟐, 𝟓) = ∮𝑨𝟏𝟏𝒛𝝍 𝒅𝒔 

𝐾(2,5) =  −∮𝜓𝑧 (𝐴11 −
𝐴16
2

𝐴66
)𝑑𝑠

− 
∮𝜓 

𝐴16
𝐴66

𝑑𝑠 ∮ 𝑧
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

 



178 

 

𝑲(𝟑, 𝟑) =  ∮𝑨𝟏𝟏𝒚
𝟐 𝒅𝒔 𝐾(3,3) =  ∮𝑦2 (𝐴11 −

𝐴16
2

𝐴66
)𝑑𝑠 +

(∮𝑦
𝐴16
𝐴66

𝑑𝑠)
2

∮
𝑑𝑠
𝐴66

 

𝑲(𝟑, 𝟒)

=  −
𝟐𝑨𝒆

∮
𝒅𝒔
𝑨𝟔𝟔

∮𝒚
𝑨𝟏𝟔
𝑨𝟔𝟔

 𝒅𝒔 

𝐾(3,4) = −
2𝐴𝑒

∮
𝑑𝑠
𝐴66

∮𝑦
𝐴16
𝐴66

𝑑𝑠 

𝑲(𝟑, 𝟓) =  ∮−𝑨𝟏𝟏𝒚 𝝍 𝒅𝒔 𝐾(3,5) = −∮𝑦𝜓(𝐴11 −
𝐴16
2

𝐴66
)𝑑𝑠 −

∮𝑦
𝐴16
𝐴66

𝑑𝑠 ∮𝜓
𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

 

𝑲(𝟒, 𝟒) =
𝟒𝑨𝒆

𝟐

∮
𝒅𝒔
𝑨𝟔𝟔

 𝐾(4,4) =
4𝐴𝑒

2

∮
𝑑𝑠
𝐴66

 

𝑲(𝟒, 𝟓) = 𝟎 𝐾(4,5) =
2𝐴𝑒 ∮𝜓

𝐴16
𝐴66

𝑑𝑠

∮
𝑑𝑠
𝐴66

 

𝑲(𝟓, 𝟓) =  ∮𝝍𝟐 𝑨𝟏𝟏 𝒅𝒔 𝐾(5,5) = ∮𝜓2 (𝐴11 −
𝐴16
2

𝐴66
)𝑑𝑠 +

(∮𝜓
𝐴16
𝐴66

𝑑𝑠)
2

∮
𝑑𝑠
𝐴66
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Appendix II 
 

[𝟎°/𝟗𝟎°] material input for all spar sides: 

C11 =  8.4964824e+10, C12 =  3.4095141e+09, C13 =  2.4671402e+09, C14 =  1.0791216e-07, C15 =  0.0000000e+00, C16 =  0.0000000e+00, 

                               C22 =  8.4964824e+10, C23 =  2.4671402e+09, C24 =  4.5273753e-06, C25 =  0.0000000e+00, C26 =  0.0000000e+00, 

                                                       C33 =  9.2648354e+09, C34 =  5.7703760e-08, C35 =  0.0000000e+00, C36 =  0.0000000e+00, 

                                                                              C44 =  4.6900000e+09, C45 =  0.0000000e+00, C46 =  0.0000000e+00, 

                                                                                                     C55 =  4.2800173e+09, C56 =  2.5104202e-08, 

                                                                                                                            C66 =  4.2800173e+09, 

 

Winckler material input, spar bottom: 

C11 =  6.0533389e+10, C12 =  2.3295247e+10, C13 =  3.8592107e+09, C14 =  1.5040564e+10, C15 =  0.0000000e+00, C16 =  0.0000000e+00, 

                               C22 =  6.0533389e+10, C23 =  3.8592107e+09, C24 = -1.5040564e+10, C25 =  0.0000000e+00, C26 =  0.0000000e+00, 

                                                       C33 =  1.0439325e+10, C34 =  1.0033361e-07, C35 =  0.0000000e+00, C36 =  0.0000000e+00, 

                                                                              C44 =  2.3923186e+10, C45 =  0.0000000e+00, C46 =  0.0000000e+00, 

                                                                                                     C55 =  5.0221459e+09, C56 =  3.0100084e-07, 

                                                                                                                            C66 =  5.0221459e+09, 
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Winckler material input, spar top: 

C11 =  6.0533389e+10, C12 =  2.3295247e+10, C13 =  3.8592107e+09, C14 = -1.5040564e+10, C15 =  0.0000000e+00, C16 =  0.0000000e+00, 

                               C22 =  6.0533389e+10, C23 =  3.8592107e+09, C24 =  1.5040564e+10, C25 =  0.0000000e+00, C26 =  0.0000000e+00, 

                                                       C33 =  1.0439325e+10, C34 =  0.0000000e+00, C35 =  0.0000000e+00, C36 =  0.0000000e+00, 

                                                                              C44 =  2.3923186e+10, C45 =  0.0000000e+00, C46 =  0.0000000e+00, 

                                                                                                     C55 =  5.0221459e+09, C56 =  1.0033361e-07, 

                                                                                                                            C66 =  5.0221459e+09, 

Haynes material input, spar bottom: 

C11 =  5.7413434e+10, C12 =  2.6404196e+10, C13 =  3.8589661e+09, C14 = -1.2872736e+09, C15 =  0.0000000e+00, C16 =  0.0000000e+00, 

                               C22 =  5.7435446e+10, C23 =  3.8594552e+09, C24 = -2.3871905e+10, C25 =  0.0000000e+00, C26 =  0.0000000e+00, 

                                                       C33 =  1.0439325e+10, C34 = -5.5904230e+08, C35 =  0.0000000e+00, C36 =  0.0000000e+00, 

                                                                              C44 =  2.7032135e+10, C45 =  0.0000000e+00, C46 =  0.0000000e+00, 

                                                                                                     C55 =  5.0223039e+09, C56 = -3.6115455e+08, 

                                                                                                                            C66 =  5.0219879e+09, 

Haynes material input, spar top: 

C11 =  5.7413434e+10, C12 =  2.6404196e+10, C13 =  3.8589661e+09, C14 =  1.2872736e+09, C15 =  0.0000000e+00, C16 =  0.0000000e+00, 

                               C22 =  5.7435446e+10, C23 =  3.8594552e+09, C24 =  2.3871905e+10, C25 =  0.0000000e+00, C26 =  0.0000000e+00, 

                                                       C33 =  1.0439325e+10, C34 =  5.5904230e+08, C35 =  0.0000000e+00, C36 =  0.0000000e+00, 

                                                                              C44 =  2.7032135e+10, C45 =  0.0000000e+00, C46 =  0.0000000e+00, 

                                                                                                     C55 =  5.0223039e+09, C56 =  3.6115455e+08, 

                                                                                                                            C66 =  5.0219879e+09, 
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