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Abstract

Efficient storageand retrieval of multi-attributedatasets have become one of the essential requirements for
many data-intensive applications. The Cartesian product file has been known as an effective multi-attribute
file structure for partial-match and best-match queries. Several heuristic methods have been developed to
decluster Cartesian product files across multiple disks to obtain high performance for disk accesses. Though
the scal ability of the declustering methods becomes increasingly important for systems equipped with a large
number of disks, no analytic studies have been done so far. In this paper we derive formulas describing the
scalability of two popular declustering methods Disk Modulo and Fieldwise Xor for range queries, which are
the most common type of queries. These formulas disclose the limited scal ability of the declustering methods
and are corroborated by extensive simulation experiments. From the practical point of view, the formulas
given in thispaper provide a simple measure which can be used to predict the response time of a given range
guery and to guidethe selection of a declustering method under various conditions.

Index Terms: multi-attribute access methods, range query, file declustering, scalability, Disk Modulo, Field-
wise Xor, Hilbert curve all ocation method.

1 Introduction

A variety of complex data management requirements have arisen in many large-scale data-intensive applications
which often need support for multidimensional objects and sophisticated access methods. Typical examples
are scientific data [21, 45], cartography and census data [36], the Earth Observing System (EOS) and remotely
sensed image[ 7], and geographic information systems[43]. Frequent operationson thesedatasetsincludevolume
visualization, transient detection, computation of trends and compositions, and accessing spatio-temporal subset
of images. For dataretrieva, all of these operations trand ate to requests for multidimensional subspaces from
the dataset, that is, to multidimensional range queries. Thus efficient support for these types of queriesis of
paramount importance.

During the past few years, much research effort has focused on devel oping high performance database man-
agement systems. One approach is to build multiprocessor database machines, which have becomeincreasingly
popular (for example, Bubba[4], Gamma[12], Teradata[5, 13], Tandem [25], Oracle paralel server [14], DB2
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parallel edition [2]). In such systems, database relations are generally partitioned horizontally and distributed
across multiple processors. Another approach isto employ disk arrays [6, 22] or paralel file systems[10, 28].
In both approaches, the key motivation is to exploit parallelism (especially in 1/0) by distributing database files
across multiple processors and/or disks aiming at closing the gap between processor and I/O performance, and
thereby minimizing the response time of queries. The problem of distributing files across multipledisksis called
file declustering.

Most of the research cited above focuses on declustering database files using the values of a single attribute
or aset of attributes so that disk accesses can be performed efficiently through the partitioning attributes. Under
such schemes, however, queries based on non-partitioning attributes would not be processed efficiently because
thereisno guaranteethat the answer set to such aquery iswell distributed acrossdisks. Several heuristic methods
have been developed to decluster a Cartesian product file [34], which has been known as a multi-attribute file
structure effective for partial-match and best-match queries[42]. There are afew well-known multidimensional
declustering methods for Cartesian product files: Disk Modulo (DM) [15], Fieldwise Xor (FX) [31], Error
Correcting Codes (ECC) [18], Hilbert Curve Allocation Method (HCAM) [17] and Vector-based declustering
method [8].

Although ample analytic studies have been done for partial match queries [1, 15, 31, 46], rdatively little
attention has been given to range queries [32, 33]. To the best of authors' knowledge, no anaytic results have
been provided so far for the scalahility of multidimensional declustering methods with varying number of disks.
The scalahility of declustering methods becomes increasingly important as system configurations with large
numbers of disks become more common.*

In this paper, we present the scalability analysis of some existing declustering methods using the response
time of hypercubic range queries as a metric to make the analysis tractable. In the performance model, we do
not include the computational cost for mapping range values into data block addresses, because it is negligible
compared with the cost of accessing disk blocks. Our work includes the first analysis of the Fieldwise Xor
method for hypercubic range queries. Specifically,

1. Analytic formulas are derived to disclose the limited scalability of Disk Modulo and Fieldwise Xor
declustering methods. We shall show that as the number of disksincreases beyond a certain threshold, the
response time either no longer improves or improves by far lessthan ideal.

2. Optima conditionsfor Disk Modulo and Fiel dwise Xor methods are described.

3. Other declustering methods (for example, HCAM) are compared to show that declustering methods may
have disparate performance behavior under various conditions.

The analytic results are corroborated by simulation experiments. For non-hypercubic range queries, however,
the behaviors of the declustering methods are drifted from the formul as depending on the shapes of queries. This
is aso demonstrated by simulation experiments.

The analytic results presented in this paper could be used to predict the performance of the declustering
methods when they are applied to more general multidimensional data structures. In [37], we have evaluated
techniques which alow the declustering methods developed for Cartesian product files to be used to decluster
grid files [39], which can handle non-uniformly distributed datasets in a more space-efficient manner.

Therest of the paper is organized as follows. Section 2 defines terminology for Cartesian product files and
types of queries of our interest, and also surveys previouswork. Section 3 derives the formulas of scalability and
some optimal conditionsof Disk Modulo method. Section 4 presents some optimal conditionsfor Fieldwise Xor
method and derives a simple formula describing its scalability. In Section 5 we present experimental results to

'For examples, the IBM SP-2 at University of Maryland is equipped with 112 SCSI disks. And a 5.5 terabyte data warehouse was
recently reported to be built on an enterprise server with 540 disks each 9 gigabytes controlled by Veritas Volume Manager. Sybase
MPP (previously called Sybase Navigation Server) has demonstrated scalable performance on the 128-node IBM SP-2 at the Maui High
Performance Computing Center.



demonstrate the correctness of the analytic formulas given in this paper and their applicability to more general
cases. Finaly, in Section 6 we discuss the contributions of this paper and suggest future work.

2 Background and Survey

Symbol Definition
d Dimensionality of a given Cartesian product file
M Number of available disks
S Side length of a given hypercubic range query

[i1,...,14] | A bucket of ad-dimensional Cartesian product file
R¢(s, M) | Responsetime of an A -disk declustering method f for
ahypercubic query of sidelength s

x[i] The i-th least significant bit of an integer

Table 1: Definition of Symbols

In this section, we define the terminology for Cartesian product files and types of queries of our interest. For
the purpose of analysis, we aso define query response time and strict optimality. The symbols commonly used
in this paper are summarized in Table 1. We then survey declustering methods that have been reported in the
literature.

2.1 Cartedgan product filesand Range queries

A d-attributefileisa set of records, where each record r isan ordered d-tuple (r1, o, . . ., 74) of values. (Most of
the definitionsin this section are similar to thosein [15].) Let D; denote the domain of the :-th attribute. Thusa
d-attributefileisasubset of D1 x Do x...x Dy. Inorder to store afile on disk, the records are partitioned into
buckets (or pages), containing mutually digoint sets of records. A file F' iscaled a Cartesian product file if it
satisfies the following definition:

DEFINITION 1 Let D; be partitioned into m; disoint subsets D;1, D;2,. .., D;y,. A d-attribute file F’ is a
Cartesian product fileif all therecordsin Dy, x Dy;, % .. .x Dg;, arestored in a single bucket, where each D;;,
is one of the subsets Di1, Do, ..., Dimi . Thebucket b C Dljl X D2j2 X...X ded is denoted by [jl,jz, Ce ,jd].

As an example, let D1 = Dy = {a,b,c,d},Dll = Dy = {a,b} and Do = Dy = {C,d}. Then the
following is a Cartesian product file:

Bucket[1,1] = D11 x D21 = {(a,a),(a,b),(b,a),(b,b)}
Bucket[1,2] = D11x D22 = {(a,¢),(a,d),(b,c),(b,d)}
Bucket[2,1] = Diox Dy = {(c,a),(c,b),(d,a),(d,b)}
Bucket[2,2] = D12x D22 = {(¢, ¢),(¢,d),(d,c),(d,d)}

A rangequery g isad-tuple < I, I, ..., I; >, where [; isaninterva [/;, u;] C D;. The answer set of the
query g is{(a1,...,aq) | l1 < a1 <ur A---ANlg < aqg < ug}. Given arange query, the buckets containing
records qualified by the query are retrieved from disks and are searched for the records. Since we are more
concerned about the number of disk buckets accessed rather than the number of qualified records, in this paper
we only consider the problem of retrieving the buckets from multiple disks. We therefore define the size of a
guery and then define the query response time using the number of buckets fetched from individua disks.



DEFINITION 2 The size of a d-attribute (or d-dimensional) range query is defined by its d side lengths one for
each attribute. For agiven query g =< Iy, I»,...,1; >, thei-th sidelength s; is the number of subsets D;;,’s
overlapped by theinterval [;. Thatis, s; = |[{D;;, € D; | D;;, N I; # 0} . Thenumber of buckets to be fetched
by the query ¢ isgiven by s1 X s x - - - X s4. The query ¢ iscalled hypercubicif s = sp = - -+ = s4.

In the above example, if aquery ¢ is<[a, b],[b,c]>,thens; = 1and sp = 2, and two buckets Bucket[1, 1] and
Bucket[1, 2] are fetched by the query.

DEFINITION 3 Theresponse time of a query ¢ is defined asmax2,{ N;(¢)}, where Misthe number of disks used
and N;(q) isthe number of buckets fetched fromdisk z to answer the query ¢. Let R ¢(s, M ) denote the response
time of an M -disk declustering method f for a hypercubic range query of sidelength s.

Sincethedisksare assumed to beindependently accessible, thisdefinition impliesthat thetimerequired to respond
to the query ¢ ismax { N;(¢)} units, with each unit being the time required for one disk seek and/or accessto
retrieve a bucket. For example, in scientific workload such as matrix multiplicationsand FFT, where theload is
uniformly distributed, the 1/O performance appears to be directly proportional to the available parallelism [41].
Therefore, we conjecture that the maximum number of bucketsfetched from the samedisk (i.e., max, { N;(¢)})
isthe best measure of the actual responsetime.

Finally, we define the strict optimality of declustering methods.

DEFINITION 4 An M -disk declustering method is said to be strictly optimal if for any query ¢ the response time
is [ oMy Ni(g)/M].

Note that this definition does not make any assumptions about the probability distribution of either queries or
data. Evidently it is not guaranteed that a strictly optimal declustering can be achieved for every Cartesian
product file.

2.2 Survey of declustering methods

Early prototypes of parallel database systems such as Gamma [12] and Bubba [4] are based on the shared-
nothing architecture model [44] and employ partitioning strategiesto distributedatabase rel ations across multiple
processing nodes. 1n addition to round-raobin, range and hash partitioning [11], Gamma provides a hybrid-range
partitioning scheme. The hybrid-range partitioning [23] is a combination of fragmentations of relations (sorted
on a partitioning attribute) and round-robin partitioning. Bubba also provides both hash and range partitioning
mechanism. One of the interesting features of Bubba is a partitioning mechanism based on the heat and
temperature of relations. Bubba considersthe access frequency (heat) of each tuplewhen creating partitions of a
relation; the god is to balance the frequency with which each partition is accessed (temperature) rather than the
actual number of tuples on each disk [9]. In addition Bubba provides partitioning based on multiple attributes
by declustering inverted indexes of declustered relations [4].

Staggered striping [3] has been proposed in multimediainformation systems environment. The goal of the
staggered striping is to provide continuous (i.e., hiccup-free) display of multimedia objects. The approach for
resolving the I/O bandwidth limitations is to decluster contiguous multimedia sub-objects (say, X; and X ;1)
across multipledisks such that the disk containing the first fragment of X;, 1 isk disks(termed stride) apart from
the disk containing the first fragment of X;. Under this method, bandwidth fragmentation can be relieved with
additional memory for buffer space and additional network capacity.

Ghandeharizadeh et al. have proposed a declustering method called MAGIC to partition relations based
on multiple attributes [24]. MAGIC partitions relations by constructing a grid directory on a relation where
each entry in the grid represents a fragment of the relation. The goa of MAGIC is to maximize throughput
for relatively small queries in multi-use environments. To determine the desired degree of declustering and the
relativefrequencies of splitsper each dimension, MAGIC utilizesthefrequencies of queriescontainingindividua
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attributesin the sel ection predicates and the average resource requirements (i.e., cpu time, disk accesses, network
bandwidth and so on).

A number of methodshave been proposed to decluster Cartesian product files: Disk Modulo (DM), Fieldwise
Xor (FX), Error Correcting Codes (ECC), Hilbert curveall ocation method (HCAM) and vector-based declustering
method. These declustering methods exploit the property of Cartesian product files that each subspace is stored
in aseparate bucket and isuniquely identified by its d-dimensional coordinates. Among these methods, DM, FX
and ECC have been originaly invented for partial-match queries and the other two for range queries.

It has been shown in [15] that DM is strictly optimal for many cases of partial-match queries including all
partial-match queries with only one unspecified attribute. Kim et al. have shown that when both the number
of disks and the size of each fidld (i.e, domain of an attribute) are a power of two, the set of partia-match
gueries which are optimal for the FX is a superset of that for the DM [31]. They have aso investigated the
strict optimality of the FX for range queries[32]. Faloutsoset al. have empirically shown that ECC outperforms
DM and FX for partial-match queries, but ECC works only for Cartesian product files of al side lengths power
of two [18]. HCAM uses Hilbert space-filling curve to impose a linear ordering on the buckets in a Cartesian
product file. Then it traverses the buckets in the order assigning each bucket to a disk unit in round-robin way.
In [17], it has been empirically shown that HCAM outperforms DM, FX and ECC for small range queries and
large number of disks.

Abdel-Ghaffar et al. [1] have provided a coding-theoretic analysis of declustering Cartesian product files
for partial-match queries. Both necessary and sufficient conditions are provided for the existence of a strictly
optimal disk allocation method. Sung [46] has conducted a performance analysis of Disk Modulo and derived
explicit expressions of response time for partial-match queries using Fourier transform. It can be easily shown
that the closed form of response time for range queries can also be derived using the same technique. > Whereas
these explicit expressions give simple and neat proofs for afew theorems related to strict optimality of DM for
partial-match queries, it seldom gives an intuition as to the efficiency and scalability of Disk Modulo for either
partial-match queries or range queries.

A vector-based declustering method has been proposed in [8]. This declustering method is particularly
suitablefor 2-dimensiona image and cartographic databases. Queries of interest are fixed-radius circles, and the
goa of this method is to guarantee “one-block-access-per-disk”. For the given number of available disks, this
method generates the best feasible pair of integer vectors so that the response time can be minimized by aligning
all the bucketswith thevectors. No procedure has yet been devel oped to generate such vectorsfor three or higher
dimensiona Cartesian product files. In 2-dimensional cases, by their notion of optimality, the performance of
thismethod is less than 7 percent off from optimum.

Severa similarity-based graph-theoretic declustering methods have been developed. Fang et al. [20] have
proposed decl ustering methods using Minimal Spanning Tree (MST) and Short Spanning Path (SSP). They have
made an attempt to place similar buckets (i.e., buckets close to each other) on different disks. An iterative
declustering algorithm based on similarity has been proposed by Liu et al. [35]. They used Kernighan-Lin
partitioning algorithm [30] to find an initial partition. We have recently developed an improved algorithm with
the goa being to minimize both the response time and the data imbalance among multiple disks [37]. The
advantage of the similarity-based declustering methods is that they can handle more general data structures
such as grid files [39] and R-trees [26] as well as Cartesian product files and hence are particularly suitable
for non-uniform datasets with hot spots or correlation between attributes. However, the complexities of these
methods are at | east quadratic while al the previously mentioned methods (i.e., DM, FX, HCAM etc.) are linear.
The declustering methods surveyed in this paper are summarized in Table 2.

2By replacing the complex number terms of Equation 1 in [46] with the ones corresponding to the subdomains overlapped by arange
predicate for each attribute, the same technique can derive aformula representing all possible bucketsthat need to be fetched by arange
query and thereby a closed-form formula of responsetime.



Types Declustering methods
Single-attribute round-robin, range, hash [11], hybrid-range [23],
heat/temperature locality[9]
grid-based Disk Modulo [15], Fieldwise Xor [31], ECC [18],
Multi-attribute HCAM [17], Vector-based [8], MAGIC [24]
graph-theoretic | MST/SSP [20], Iterative [35], Minimax [37]

Table 2: Classification of Declustering methods
3 Scalability of Disk Modulo declustering

Du and Sobolewski have shown in [15] that the Disk Modulo (DM) is strictly optimal for a large class of
partia match queries including partial match queries with only one unspecified attribute. Li et al. have done
extensive performance analysis for arbitrary range queries and concluded that Disk Modulo (or CMD by their
own terminology) method is nearly optimal for any range query [33]. In contrast to their conclusion, however,
we shall show that Disk Modulo alocation method has severely limited scalability under certain conditions.

STOCK NAME
A-C DF GI J MO PR SU VZ

71-80| 3 0 1 2 3 0 1 2

61-70| 2 3 0 1 2 3 0 1

5160 1 2 3 0 1 2 3 0

4150 O 1 2 3 0 1 2 3

3140| 3 0 1 2 3 0 1 2

m O — XU T

21-30| 2 3 0 1 2 3 0 1

1120 1 2 3 0 1 2 3 0

om0 O 1 2 3 0 1 2 3

Figure 1: Disk allocation by Disk Modulo declustering method (M = 4)
The Disk Modulo (DM) method assigns each bucket [i1, iz, . . ., i4] in a Cartesian product file to adisk unit
(il—l—iz—l—...—l—id) mod M

where M is the number of available disks. For example, consider a stock database stored in a 2-dimensional
Cartesian product file with stock name and stock price as its partitioning attributes. Figure 1 illustrates the
Cartesian product file each of whose two attribute domains are partitioned into 8 intervals, and whose buckets
are distributed across 4 disks by the Disk Modulo declustering method. Each bucket is annotated by a disk unit
number to which the bucket is assigned.

To get anintuition to the scal ability of DM, consider a square range query given to a 2-dimensional Cartesian
product file. The buckets mapped on the diagonal of the square range query are assigned to the same disk. Thus
the maximum number of buckets read from the same disk is no less than the number of buckets on the diagona
of the query, which is equa to the side length of the query. In the above example of the stock database, if a
sgquare query of side length 3 isgiven by < [N, T],[21,43] >, then three buckets are retrieved from disk unit
0, and two buckets from each of disk units 1,2 and 3, which implies the response time of the query isthree. In



generd, for d-dimensional Cartesian product files, the following lemma provides an intuition to the distribution
of buckets in the answer set of a given query across multiple disks.

NOTATION 1 Let C(n,r) denote the number of selections with repetition of n objects chosen from r types of
objects.

Lemma 3.1 For agiven d-dimensional hypercubic subspace of side length s, let .5}, be the set of buckets whose
Manhattan distance from the origin of the subspace is equal to k. Then the cardinality of 5y, is

Lk/S) . '
S =) (?)(“’“;jjs‘l)(—ly. ®

=0

Proof. By definition 5} isisomorphic to an integer vector set 5; = {(z1,...,24) | 214+ -+ 24 = k,0 <
x; < s}. Consider another integer vector set 7, = {(z1,...,24) | 214+ ---+ 24 = k,z; > 0}, whichisa
superset of S;. Then, let f;, and ¢, be the cardinality of .5}, and T}, respectively. Since |S%| = |5}] = f» and
d+k-1

d—1 , dl we haveto do isto show

[Tx| = gr = C(k,d) =

oy |
fr=> ( -)gk—is(—l)z- 2

1
=0

We shall show thisby induction on &.
(i) Basis If0< k < s (i.e, |k/s| = 0), 5, and T}, areidentical. Thus,

/sl |
fr=ge= ), ( ; )gk—is(—l)z-

=0

(ii) Induction. Supposen > 0, and assume the Equation (2) holdswhen 0 < k& < ns (i.e, [k/s| < n). Now,
ifns <k <(n+1)s(.e,|k/s] =n),

Sy = Ty —{(z1,...,2q) € Tp | ON€Or more z,'s > s}
= Tk—U{(xl,...,wd)ETkHSS Z$g<(i—|—l)8}
=1 l’[ZS

= Tk—LnJ O{(wl,...,xd)ETkHsS Z < (i4+ s, {ag |20 > s} =3}

i=15=1 x¢>8
For giveni and j, let

Thij={(z1,. . 2q) €T | is < Y wp < (i+ 1)s, {ag | 20 > s} = j}

l’[ZS

and
Bri;={(y1, .- ya) | ve = |2e/s] . (21, ..., 2q) € Thijt-

Then, for each element (y1, ..., y4) € Br.;,

d
Zygzi and 212] and 1y, > 0.
=1 ye>1
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d d i—1
Thus, Byl =1 . |JCti—4,5)=1| . : .
|Bk.i. (])( 3> ) (] o1
Now note that the set 77, ; ; can be split into mutually disjoint subsets each of which corresponds to an
elementin By ; ;. In other words,

Thij = U {Genma) € Thay [ Lae/s] = we}-
(y15+-Ya) EBr i j

Since each of the subsetsisisomorphicto 5},

Thijl = |Brijl X 1Si_isl = [Brijl fo—is-
Therefore,

il = > [Tl

1i=17=1

5

i=17=1

= gk‘Z(d—l_z:_l)fk—is

=1

Ir

From induction, fi_;s = Z]L’;/O‘SJ” (j)gk_]‘g(—l)j. Thus, it follows that

Tk gk—zn:(d—l_;_l)?i(a.{)gk—js(—l)j

( (
— @
Mz 7
Z o+
> M=
. QL
i
S .
1
by U
~~ _|_
| -.
=
~— |
=
TN
-~
U
SN——
N
T
o
—
|
=
~=

The proof is now complete. O

Theorem 1 If agiven query is d-dimensional hypercubic of side length s, then for any M,
d(s—1)
Rpar(s, ) > ‘Max |55, 3

Proof. Let » be abucket at the corner of the subspace retrieved by the query each of whose coordinates is
minimal in the corresponding dimension. Then, by the Disk Modulo scheme, all the buckets which have the
same Manhattan distance from the bucket = are assigned to the same disk. Since the set 5 is not empty (i.e,
|Sk| > 0) only for k suchthat 0 < & < d(s — 1), the maximum number of buckets fetched from a disk cannot
be lessthan the largest value of |5%| for 0 < k£ < d(s — 1). The proof is now complete. O

Although the closed-form expression of |5%| in Equation (1) is not available as yet, it is relatively easy to
derive upper bounds of |5y for two and three dimensions. In 2-dimensional space, |Sj| isbounded by s; in
3-dimensional space, it is bounded by 3%2 for even s and by ﬁjl for odd s. In general, we conjecture that the
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Distribution of points at various distance (3D; s=10) Distribution of points at various distance (4D; s=7)
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Figure 2: Manhattan distance vs. the cardinality of 5y

|Sk| becomes maximal when k is an integer closest to ﬂsz—_ll See Figures 2(a) and 2(b) for the distribution
of |5k in 3-dimensional and 4-dimensional cases. Therefore, coupled with this conjecture, we claim that Disk

Modulo does not improve response time at al by increasing the number of disksbeyond M = V(S—Z_DJ + 1
Corollary 1 For sguare or cubic range queries of sidelength s,

Ropar(s, M) = S if M > s when the dimensionality is two,
PRSI 35 ity > |20 4 1 when the dimensionality isthree.

Notethat Li et al. [33] havereached the conclusionthat Disk Moduloisoptimal for range querieson Cartesian
product files for almost all cases. While this might be true in the past when system configurations with large
number of disks were not usudl, it is no longer true. From Theorem 1 and Corollary 1, it is apparent that the
performance of Disk Modulo saturates and adding more disks provides no benefit. The position of the threshold
depends on the size of the query. Thisis corroborated by simulation results given later in this paper.

Theorem 2 For a given 2-dimensional square range query of sidelength s, let o = [s/M | and 5 = s mod M .
Then the following properties are satisfied:
(i) Rpm(s,M) = (2a 4+ 1)s — a(a + 1)M for any s and M. That is, when Misfixed, Rpn(s, M) isa
piece-wise linear function of s.
(i) Rpa(s, M) = Rop(s, M)+ —[52/M]if M < s, where Ro,(s, M) istheresponsetime of a strictly
optimal declustering method.
(iii) Disk Moduloisstrictly optimal if and onlyif M < s A 32— M3+ M > 0.

Proof. Property (:i): If M > s,thena = 0and Rpas(s, M) = s by Corollary 1. Thus, the property (7) holds.
If M < s, splitthe square query region into four digjoint subregions, whosesizesare M ax M o, Max3, BxMa
and 3 x 3. Then, since the first three subregions have at least one side of length multiple of A, the bucketsin
these subregions are uniformly distributed across the M disk units. (See Theorem 3.2 in[15].) Specifically, the
number of buckets accessed from each disk is M a? 4+ 2a/3. However, the buckets in the fourth subregion (i.e.,
3 X 3 subregion) are not uniformly distributed, and the maximum number of buckets from the same disk is 3 by
Corollary 1. Therefore, since 5 = s — aM, the response time of the s x s query isgiven by

Rpm(s, M) = Ma?+2a3 + 3 = (2a + 1)s — a(a + 1)M.
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Properties (i7) and (ii7): Since Ropi(s, M) = [s2/ M| = Ma? + 2a3 + [3%/ M, we obtain
Rou(s, M) = Ropls, M)+ 4 — |32/ M].

By Corollary 1, itisclear that M < s isthenecessary condition for the strict optimality because R pas(s, M) =
s> [s2/M| = Rop(s, M) if M > s. Thus, the necessary and sufficient condition for the strict optimality is
M < s A = [p?/M],whichisequivaentto M < s A 32— M3+ M > 0. O

Theorem 2 givesthe closed form expressionsof responsetimeaswell asthe necessary and sufficient condition
for the strict optimality of Disk Modulo declustering method. The implications of this theorem are (1) DM can
be strictly optimal only when the number of disksis small and the query sizeisrelatively large, and (2) for some
range queries (s < M), increasing the number of disks does not improve the response time at al. In addition,
for any M > 3, thistheorem givesatighter upper bound on the response time than Ro,+(s, M ) + M — 2 given
in [33] when the dimensionality is two.

4 Scalability of Fieldwise Xor declustering

Kim and Pramanik [31] have shown that when both the number of disks and the size of each field are power
of two, the set of partia match queries which are optimal under Fieldwise Xor (FX) declustering method is a
superset of that for Disk Modulo declustering method. Based on similar assumptions, in this section we shall
present a sufficient condition for the strict optimality of the Fieldwise Xor declustering method for hypercubic
range queries. Further, we shall show that while the performance of the Fieldwise Xor tends to improve as the
number of disksincreases, its scalability isstill significantly limited under certain conditions.

STOCK NAME
AC DF GI J MO PR SU VZ

71-80| 3 2 1 0 3 2 1 0

61-70| 2 3 0 1 2 3 0 1

5160 1 0 3 2 1 0 3 2

4150 O 1 2 3 0 1 2 3

3140| 3 2 1 0 3 2 1 0

m O — XU T

21-30| 2 3 0 1 2 3 0 1

1120 1 0 3 2 1 0 3 2

om0 O 1 2 3 0 1 2 3

Figure 3: Disk allocation by Fieldwise Xor declustering method (M = 4)

The Fieldwise Xor method replaces the summation operation in the Disk Modulo disk assignment formula
with a bitwise exclusive-or operation () on the binary values of bucket coordinates. This scheme assigns a
bucket [i1, iz, . . ., i4] to adisk unit number

(il@iz@...@id) mod M.

Figure 3illustratesthe same Cartesian product file used in Section 3 whose buckets are distributed across 4 disks
by the Fieldwise Xor declustering method. Each bucket is annotated by a disk unit number to which the bucket
isassigned.
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The basic approach to the scalability analysis of Fieldwise Xor isto show that the response time of a given
guery depends on the location of its answer set within the corresponding Cartesian product file and increasing
the number of disks does not improve the response time of the query under certain conditions. For the purpose
of the anaysis, we make the foll owing assumptions:

1. The number of disksisapower of two (i.e., M = 2F).
2. Queries are hypercubic of sidelength a power of two (i.e, s = 2).

It is also assumed that the sizes of Cartesian product files are sufficiently large. Thus, it is not necessary to use
the field transformation functions proposed in [32], which are injective mappings for the attributesin a given
Cartesian product file the number of subdomains of which are less than the number of disks.

Recall that in agiven d-dimensiona Cartesian product file, ahypercubic range query retrieves aset of buckets
which belong to a subspace delimited by the query and hence the answer set can be uniquely identified by itsside
length and the coordinate of its origin. By origin we mean a bucket at the corner of the subspace each of whose
coordinates isminimal in the corresponding dimension. We begin the analysiswith a notation about query sizes
and locations within a Cartesian product file.

NOTATION 2 Let ¢;(2™) denote a hypercubic range query whose side length is 2 and whose origin is |ocated
at/ = [il, 12, .. .,id].

Sincethe Fieldwise Xor usesxor () and nod operations to determinethe disk unit number for each bucket
in a Cartesian product file, we give a notation for the binary representation of integers. Then, in the following
lemmas, we present some fundamental properties related to such operations on binary representation of bucket
coordinates, which are useful in deriving the formula of FX scalability.

NOTATION 3 z[i] denotes the i-th least significant bit of an integer =. «[1] and z[n] represent the least and the
most significant bits of an n-bit integer «, respectively.

Lemma 4.1 For non-negativeintegersa, b and m suchthat |a — b| < 2™, thefollowing properties are satisfied
for any integer & > m:
(i) If a[k] = b[k], then a[k + 1] = b[k + 1].
(i) fa[k] =0 A b[k] =1 A a < b, thenalk 4+ 1] = b[k + 1].
(iii) Ifa[k] =0 A b[k] =1 A a > b, thenalk + 1] = b[k + 1].

Proof. We shall prove the first property by contradiction. The other proofs are similar. Suppose a[k 4+ 1] #
b[k + 1]. Then, without loss of generality, we can assume a[k + 1] = Oand b[k + 1] = 1. First, if @ > b, then
the minimal value of @ which is greater than b is 2"+ 4 a[k] x 25~1, and the maximal value of b which isless
than a is2¥ + b[k] x 28=1 4+ 2¥=1 — 1. Since a[k] = b[K],

la—b] > (2" afk] x 267 — (28 4 b[k] x 2871 4 2671 - 1)
2k+l _ 2k _ 2k—l + 1= Zk_]_ + 1

Second, if @ < b, then the maximal value of « which islessthan b isa[k] x 281 4+ 2#=1 — 1, and the minimal
vaueof b whichislarger than a is2* + b[k] x 2¥~1. Likewise, since a[k] = b[k],

la—b] > (284 b[k] x 2°71) — (a[k] x 2871 4 2F-1 — 1)
= 2F_2lig=2k111

Therefore, since & > m, in both the cases,
la—b] > 214 1> 2™,

Thisisacontradiction to the assumptionthat |a — 5| < 2™. The proof of thefirst property is now complete. The
other proofs are omitted. O
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Lemma 4.2 For non-negativeintegersa,b,:,mand k suchthat: < a,b < i+ 2™ — land k > m,
alk] = i[k] A blk] # i[k] = a < b.

Proof. Leta =i+ afor0<a < 2™ —1 Then, a = (i — i mod 2°°1) + (: mod 2¥=1 + «), and it follows
that (i — ¢ mod 2°~1)[k] = i[k] and O < (i mod 2¥=1 + o) < 2F=1 4 27 — 2 < 2k — 1, Thus, the following
properties are satisfied:

alk] = k] ifandonlyif 0<imod2" 14 <2811,

alk] = d[k] ifandonlyif 2°=1 <imod2*=! o <2814 2m 2,
From these, we obtain

alk
b[K]

=ik] = a-i<2"1_imod2*-1-1
#ik] = b—i>2""1—imod21

—

Therefore, if a[k] = i[k] A b[K] # i[k], then a isalways |essthan b. O

The following lemma presents an interesting relationship between two buckets in the answer set of a given
hypercubic range query whose sidelengthislessthan the number of disks. Thislemmashall providekey leverage
for deriving Theorem 3.

Lemma 4.3 For any pair of buckets X = [z1,...,24 andY = [y1, ..., yq] intheanswer set of a given ¢;(2™),
the following property is satisfied for any integer & > m:

(i1Bi2d® .. di)k]l=0= (21B 226 .. Ba)k+1l=(n1By2P...Dya)k+ 1] 4
where the coordinates of I aregiven by [i1, .. ., i4].

Proof. To prove this lemma, we have to show that there always exist an even number of (z;, y;) pairs such
that 2 [k + 1] # y;[k+ 1 if (i1 B 12 ... & ig)[k] = 0holds. Consider z;[k] and y;[k] of X and Y for some
Jj (1< j <d). Sincethebuckets X and Y areintheanswer set of the ¢;(2™ ), the following property is satisfied:

i <wjy <i;+2" -1
Consequently, if z;[k] = y;[k], then z;[k 4+ 1] = y;[k + 1] from the first property of Lemma4.1. Otherwise,

either «;[k] = ¢;[k] A y;[k] = ¢;[k] or a;[k] = ¢;[k] A y;[k] = ¢;[k] holds. Thus, it follows from Lemma 4.2
that if x][k] 75 Y; [k] then

vilk] = 4 [k] A yilk] = GlR] A xg <yyooor (k] = GIk] A ylk] = GIEL A 25 >y,
In both the cases, from the second and third properties of Lemma4.1, the followings are satisfied:
ij[k] = 0= w;lk + 1] = y;[k + 1],
ilk] = L= a;[k + 1] # y;[k + 1.

These imply that the number of (z;, y;) pairssuch that =; [k + 1] # y;[k + 1] isequal to the number of 7;’s such
thet i;[k] = 1, which isaways even from the condition (i1 & i2 & . . . & ¢4)[k] = 0. The proof is now complete.
U

Before giving a theorem which formulates the scalability of the Fieldwise Xor declustering method, we
present the following lemmato give an intuition to the response time distribution and optimal conditions.

12



Lemma 4.4 When M = 2%, for a d-dimensional hypercubic range query ¢ = ¢;(2™), the following properties
are satisfied:
(i) 1f 28 <27, then Rpx (27, 2%) = 274=% and FX is strictly optimal.
(i) 1f 2k > 2™ then 2md=F < Rpx (27, 2F) < 2m(d=1),
(i) Rpx(2m,25+1) > [RFx(Zm,Z’“)/ZW-

Proof. Suppose two distinct buckets X = [z1,...,24] and Y = [y1,...,y4] &€ in the same line which is
paralel with the j-th dimensional axis in the d-dimensional space. Then, z; # y; and 2, = y, for any { such
that1 < (¢ < dand( # j. Thus, itisthe case that

(i) Forany k < m, a most 2"~* bucketsin the same line have the same (mod2*) value.

(ii) Forany k > m, each bucket in the same line has a unique (mod2*) value.

First, if & < m, thenintheworst case the same ( mod2*) value appearsin each of 27 *(4=1) |ine segmentswithin
q. Therefore,
RFX(vazk) < me(d—l) w om—k _ omd—k

From the fact that Ry (27, 2%) > Ropi(27,2F) = 2md /2% = 2md=k 'we obtain
RFX(vazk) — Zmd—k‘

Second, if £ > m, then
RFX(vazk) < me(d—l)

because in the worst case the same ( mod2* ) value appearsin every lineof ¢;(27). Therefore,
2k < Rpx(2m,2k) < 2,

Finally, the third property of this lemmais satisfied because when the number of disksis increased from 2% to
2"+1 &t best the buckets previously assigned to the same disk ¢ are evenly distributed across two disks ¢ and
g+ 2k, O

From Lemmad4.4 (i), itisevident that theinequality £ < m isthe sufficient condition for the strict optimality
of the Fieldwise Xor method. However, the condition is not a necessary condition due to the left inequality
2md=k < Rpx (2™, 2%) of Lemmad.4 (ii). The Fieldwise Xor can beindeed optimal for some queries even when
k > m. For example, consider the Cartesian product file givenin Figure 3. Thebucketsin thisfile are distributed
across 4 disks (M = 22,i.e, k = 2) by the Fieldwise Xor method. If aquery ¢ isgivenby < [T, Y], [52, 65] >,
then the ¢ is square and the side length s = 2 (i.e., m = 1). This particular query ¢ requires exactly one bucket
from each of the 4 disks and the response time of the ¢ isoptimal.

Now in the following theorem we show that the scal ability of the Fiel dwise Xor method for hypercubic range
gueriesis severely limited.

Theorem 3 Let Ryx(2™,2") be the expected response time of the 2*-disk Fieldwise Xor declustering method
for a d-dimensional hypercubic range query of side length 2. Then for any integer & > m,

_ 3_

Rpx (27,2841 > ZRFX(ZW,Z’“). (5)
Proof. For any pair of buckets X = [21,...,24] and Y = [y1,...,yq] in the answer set of a given ¢;(2™)
where I = [i1, ..., 4], it followsfrom Lemma4.3 that

(i1 ia®...0i)k]=0A (1B 22®...0ag)mod2" = (y1 B y2 @ ... D yq) mod 2
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implies

(wl@ T2 D @xd) mod 2°+1 = (y1® Yo B...D yd) mod 2°+1,
In other words, for agiven query ¢;(2™),if (i1 @ i2 & ... & iq)[k] = 0holds, then theresponsetime of the query
isnotimproved at all even when the number of disksisdoubled up (i.e,, R px (27, 28*1) = Rpx (27, 2%)). From

thefact that (i1 & i2 & ... & t14)[k] = O holdsfor the half of the entire query population and Lemmad4.4 (jii), we
obtainﬁFX(Zm, 2k+l) > %ﬁFX(Zm, Zk) O

If there exists a declustering algorithm with ideal scalability, then it must be the case that R o, (s, 281) =
%Ropt(s, 2%) for any integer k. In other words, by doubling up the number of disks, an ideal declustering
algorithm must be able to cut the half of the response time for any query. In contrast, from the above theorem,
the Fieldwise Xor can improve the average response time of such queries at best only by 25 percent by doubling
up the number of disks. This means that the scalability of the Fieldwise Xor is far from ideal when the number
of disksislarger than the sidelength of ahypercubic query. Through simulation experiments, we shall show that
the actual scalability of Fieldwise Xor is even worse than Theorem 3 suggests.

5 Experimental results

In this section, we validate the correctness of the anaytic formulas presented in the previous sections and
show their applicability to more genera cases through simulation experiments. We carried out experiments for
multidimensional range queries of various sizes and shapes and various numbers of disks. In addition to the
Disk Modulo (DM) and the Fieldwise Xor (FX), we compared Hilbert Curve Allocation Method (HCAM) and
vector-based method to show the limited scalability of the Disk Modulo and the Fieldwise Xor methods. The
results from the vector-based method are available only for 2-dimensional Cartesian product files because the
vector generation procedure for higher dimensional Cartesian product files has not been developed yet [8].

Descriptions of the HCAM and the vector-based method

STOCK NAME
A-C DF GI J MO PR SU VZ

(el IEEY Y BT S IR R R

870 9| 3] o] '3| o] 3| o] |3

51-60

41-50

31-40

m O — XU T

21-30

11-20

0-10

0 3 0 1 2 3 0 3

Figure 4. Disk alocation by the HCAM (M = 4)

Before we present the experimental results, we describe the Hilbert curve alocation method (HCAM) [17] and
the vector-based declustering method [8] for comparison. The HCAM uses the Hilbert space-filling curve to
impose a linear ordering on the buckets in a Cartesian product file. Figure 4 shows such an ordering that starts
from a bucket at the lower-left corner (i.e., bucket [0, O]) of the same Cartesian product file used in Section 3.
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Then it traverses the buckets in the order assigning each bucket to a disk unit in round-robin way. Figure 4
illustrates the buckets distributed across 4 disks by the HCAM.

STOCK NAME
AC DF GI J MO PR SU VZ

71-80| 3 2 3 2 3 2 3 2

61-70| 1 0 1 0 1 0 1 0

51-60| 2 3 2 3 2 3 2 3

41-50| O 1 0 1 0 1 0 1

31-40| 3 2 3 2 3 2 3 2

m O — XU T

21-30| 1 0 1 0 1 0 1 0

11-20| 2 3 2 3 2 3 2 3

o10)| O 1 0 1 0 1 0 1

Figure 5: Disk alocation by the vector-based method (M = 4)

The vector-based declustering method generates a pair of integer vectors for a given number of disks and
alignsthe bucketsin aCartesian product filewith the vectors. Specifically, givenapair of suchvectorsu = (a, b)
and v = (¢, d), al the buckets with coordinates of the form [z + ma + ne,y + mb + nd] for any integers m
and n are assigned to the same disk with a bucket [z, y]. For example, the vector-based method generates two
vectorsu = (0,2) and v = (—2, 1) for 4 disks. If abucket [0, O] is assigned to the disk unit O, then

bucket [0, 2] isassignedto disk unit 0 (m = 1and n = 0),
bucket [0,4] isassignedto disk unit 0 (m = 2 and n = 0),
bucket [1,2] isassignedto disk unit0 (m = land n = —1),

and so on. Figure 5 illustrates the buckets distributed across 4 disks by this method.

Arrangements of experiments

The purpose of our experiments is to validate and provide a better understanding of the analytic results given
for the Disk Modulo and the Fieldwise Xor. Since there are various parameters such as the number of available
disks, the sizes and shapes of range queries and the dimensionality of a given Cartesian product file, which affect
the performance of the declustering methods, our experiments were designed to show:

¢ How closely DM and FX methods scale and follow the formulas given in Theorems 1, 2 and 3 as the
number of disksincreases in two or higher dimensional cases.

¢ How closdly the performance of FX matches the formula given in Theorem 3 when the side lengths of
gueries and Cartesian product files are not power of two.

¢ How much thesizesand shapesof range queriesaffect the performance of DM and FX methodsemphasizing
the cases with large number of disks.

In our experiments, we used d-dimensional hypercubic Cartesian product files with a side length N. To
computethe expected response timeof agiven type of d-dimensional range queries, we generated aset of distinct
gueries of the same size and shape at all possible positionswithin a given Cartesian product file. Thiswas based
on an assumption that every bucket of a Cartesian product file is equaly likely to be requested by queries (i.e.,
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the uniform distribution of queries). For each declustering method with a varying number of disks and for a
giventype of d-dimensional range queries, we averaged the responsetimes over the set of queries. By definition,
the response time of a query isthe maximum number of buckets accessed from the same disk.

Since the number of all possible queries is exponential on the dimensionality, for alarge Cartesian product
file and high dimensionality, each simulation run may require processing an excessively large number of queries,
making the simulation take too long. Thus, in our experiments, we limited the dimensiondlity to two, three and
four. The sidelength NV of the hypercubic Cartesian product file was 64 except for a4-dimensiona case where
N was 32.

Results

The first set of experiments were carried out to examine the scalability of DM and FX declustering methods
with respect to the increasing number of disks. In these experiments, the shape of queries was fixed to be square
and the number of disks was varied from 4 to 32. Figure 6(a) and 6(b) illustrate the average response time
of square range queries of two different sizes in a 2-dimensiona Cartesian product file. Figure 6(c) and 6(d)
show the results from the similar experiments done on 3-dimensiona and 4-dimensional Cartesian product files,
respectively. In addition to the plots for the four declustering methods (i.e,, DM, FX, HCAM and vector-based),
optimal response times are a so presented as alower bound, which may not always be achieved.

With only a few exceptiona cases, the response time of DM was very close to optimal before the number
of disks grows beyond certain threshold values, which were 7, 15, 10 and 7 in Figure 6(a)-(d), respectively.
However, when the number of disks becomes larger than those threshold vaues, the response time of DM
does not improve and remains constant. For example, Rpas(s, M) = s = 7 when M > s in Figure 6(a),

Rpm(s, M) = {%J = 37 when M > P(S—z_l)J + 1 = 10in Figure 6(c), and Rpas(s, M) = 44 when
M > {@J + 1 = 7in Figure 6(d). These results match the formulas given in Theorem 1 and Corollary 1,

and & so confirm our early conjecture given in Section 3 that |S| becomes maximal when s isan integer closest
to A5=D)

T?le behavior of FX isalittle more involved than that of DM. Under most circumstances, the response time
of FX is optimal or close to optima only when the number of disks is a power of two and is no greater than
the side lengths of square range queries. These results corroborate the formulas given in Lemma 4.4. Other
than these situations, the response time of FX is far from being optimal, though FX tends to outperform DM
when the number of disks becomes larger than the threshold val ues described above for DM. More importantly,
the response time of FX shows quasi-periodic patterns. When the number of disks is greater than the side
lengths of square range queries, noticeable improvements in its performance were observed only when the
number of disks was increased from 2¢ — 1 to 2%, and the response time remained amost constant in between
2% and 2*+1 — 1. We also observed that the formula given in Theorem 3 was satisfied in all the cases. For
example, Ryx(7,16)/Rrx(7,8) = 5.73/7.0 = 0.82 > % in Figure 6(a), Rrx(15,32)/Rrx(15,16) =
12.31/15.0 = 0.82 > 2 in Figure 6(b), Rrx(7.32)/Rrx(7,16) = 26.43/29.52 = 0.90 > 2 in Figure 6(c),
and Rpx (4,16)/Rrx(4,8) = 28.99/36.25 = 0.80 > 2 in Figure 6(d).

In thisset of experiments, both vector-based methodsand HCAM sca ed much better than DM and FX. Inthe
2-dimensional cases, the responsetime of the vector-based method was very closeto optimal. Thisisdue mainly
to the fact that the vector-based method uses a unique pair of integer vectors best fit for the specific number of
disks. HCAM was the second best in the 2-dimensional cases with only a few exceptions when M is small,
and reasonably close to optimal in higher dimensiona cases. For example, in Figure 6(d), the performance of
HCAM was | ess than 38 percent off from optimum.

Another set of experiments were carried out to investigate the effects of increasing sizes of queries for a
2-dimensional Cartesian product file. In these experiments, the shape of queries was fixed to be square and the
side length of the square queries was varied from 2 to 32. Figure 7(a)-(d) show the average response time of
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Figure 6: Effects of increasing numbers of disks

square range queries when the number of disks M = 16, 32, 48 and 64, respectively.

When M = 16, as shown in Figure 7(a), the relative performance of the DM, FX and HCAM declustering
methods was identical to the result given by Himatsingka et al.in [27]. For small queries (where s < M),
the performance of the vector-based and HCAM was the best, followed by those of FX and DM. On the other
hand, for large queries (where s > M), the performance of all the methods becomes closer to each other with
the exception of HCAM with s > 30. Note that the DM curve in Figure 7(a) changes its slopes at s = 16
(i.e, s = M) from 1 to 3. Specifically, the function of DM curve was s when 1 < s < M and 3s— 32 when
M < s < 2M — 1. Thismatchesthe formulagiven in Theorem 2(i).

However, when the number of disksgrows larger, as shown in Figure 7(b)-(d), the performance gap between
the clustering methods becomes more striking. For example, in Figure 7(d), the vector-based was thebest and the
HCAM was the second best. Whereas the vector-based and HCAM arefairly closeto optimal, both DM and FX
arefar from optimal. Evidently thisis because small queries become a dominant portion of the query population
as M grows. FX outperforms DM at all times when the number of disksis a power of two (i.e, M = 32 and
M = 64 in Figure 7(b) and 7(d), respectively). The performance of FX, however, deteriorates rapidly as the
size of queries grows when the number of disksis not a power of two (i.e., M = 48in Figure 7(c)) and actually
becomes worse than that of the case when a smaller power-of-two number of disks are used. For example, we
have observed Rrx (s,48) > Rpx(s,32) when s > 19 in Figure 7(b) and 7(c). Thisisevidently an anomaly
of the FX declustering method.
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Declustering of 2D Cartesian product files (M=16;F:N=64) Declustering of 2D Cartesian product files (M=32;F:N=64)
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Figure 7: Effects of increasing query sizes

To examinethe effects of query shapes, we measured the average response time of non-square range queries.
In these experiments, the number of disks was varied from 4 to 32. Figure 8(a) and (b) show the results
of rectangular queries of size 4x 12 and 3 x 15, respectively. Under most circumstances, the vector-based
method was the best closely followed by DM, and FX was the worst among the DM, FX, HCAM and vector-
based declustering methods. HCAM was better than DM only when M > 23 in Figure 8(a) and M > 3lin
Figure 8(b). The performance of DM tendsto improve as the aspect ratio (i.e., the ratio of the two side lengths)
of queriesincreases, where the range queries become quite similar to partial-match queries.

The main conclusions from our experiments are:

¢ For large queries and small number of disks, the performance of various declustering methods was quite
close to each other and not very far from optimal.

e AsLi et al. concluded in [33], the Disk Modulo is a reasonabl e choice for declustering Cartesian product
files under various circumstances. However, if the prevailing type of queries is hypercubic or near-
hypercubic of side length s, then the Disk Modulo does not improve response time by increasing the

number of disks beyond V(S—z_l)J +1.

¢ Other than afew cases with small number of disks, the performance of the Fieldwise Xor showed quasi-
periodic patterns. In other words, when M > s, Rpx (s, M) for 28 < M < 21 was almost equal to or
dightly worse than R - x (s, 2%, and most noticeable improvementswere observed only when the number
of disks was increased from 2¢ — 1 to 2¢. Moreover, the performance of the Fieldwise Xor tends to be
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Declustering of 2D Cartesian product files (Q:4x12;F:N=64) Declustering of 2D Cartesian product files (Q:3x15;F:N=64)
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Figure 8: Effects of query shapes

worse than that of the Disk Modulo if the number of disksis not a power of two and the size of queries
becomeslarge. Therefore, by replacing the Disk Modulo with the Fieldwise Xor, we expect performance
improvement only when the number of disksis a power of two.

¢ HCAM scaed well and was fairly close to optimal in al our experiments. This result coincides with
the observation made in [17]. Under most circumstances, the vector-based method was the best for
declustering 2-dimensional Cartesian product files. However, since the vector generation procedure for
higher dimensional Cartesian product files has not been devel oped asyet, HCAM appearsto be an effective
declustering method of most general applicability.

6 Conclusion and Future Work

We have studied the problem of declustering Cartesian product files focusing on the scalability of Disk Modulo
and Fiddwise Xor methods. Using the response time of hypercubic range queries as a metric, we have
derived a few formulas which state the limited scalability and the optimal conditions for both the declustering
methods. Through simulation experiments we have validated the correctness of the formulas, and e aborated
some recommendations for choosing declustering methods under various situations. The main contributions of
this paper are:

e The anaytic formulas given in Theorem 1, Theorem 2 and Corollary 1 provide upper bounds of the
performance improvementsfor Disk Maodul o declustering method with increasing number of disks.

¢ Through agebraic analysis summarized in Theorem 3 and simulation experiments, we have shown that
the scalability of Fieldwise Xor is severely limited and its performance deteriorates rapidly as the size of
gueries grows when the number of disksis not a power of two. Thisis the first analytic and empirica
result of the Fieldwise Xor declustering method for hypercubic range queries.

¢ Through simulation experiments, we have shown that the Hilbert curve allocation method (HCAM) scales
well and isfairly closeto optimal in all our experiments.

From the simulation experiments, we have observed that the average response time of non-square range
gueries does not follow the analytic formulas, and the performance behaviors of the declustering methods may
depend significantly on the shapes of queries. For example, the performance of Disk Modulo improved as the
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aspect ratio (i.e., theratio of the side lengths) of queriesincreased and outperformed the HCAM in many cases.
To compl ete the scalability study of declustering methods, we plan to extend the anaysis for Disk Modulo and
Fieldwise Xor to non-hypercubic range queries.

It iswidely believed that the Hilbert space-filling curve achieves the best clustering among reported linear
mapping schemes [19, 29]. In [38], we have recently derived closed-form formulas of the number of clusters
required by a given query region of an arbitrary shape for the Hilbert curve, and have shown that the Hilbert
curve achieves far better clustering than z-curve, which is aso called Morton curve. This means that when a d-
dimensiona spaceismapped ontoalinear spaceby Hilbert curve, thelocality between objectsin the d-dimensional
space is expected to be well preserved in the linear space. Since HCAM exploits such a clustering property of
Hilbert curve, it can achieve better declustering than other linearization methods such as z-ordering [40] and
Gray coding with bit-interleaving [16]. Since the analysis of the declustering properties of the HCAM is not
available yet, we propose the scalability anaysis of the HCAM as our future research.

The assumption made in this paper and most of the literature was that queries are uniformly distributed in
agiven d-dimensiona space. However, this assumption may not hold in many rea-world applications. Even
though the systems studied by many scientific applications are spread over a Euclidean space, the measurements
are not uniformly distributed over the space. The system properties are often measured in the regions where an
interesting phenomenon takes place. For example, in a 3-dimensiona aircraft simulation, the region close to
airfoil and other control surfaces will be paid more attention than others because the main physical phenomena
of interest happen in the region. More interestingly, in some adaptive applications, the region of interest may
change between different time units. Thus, it may be desirable to know the customized access patterns of such
applications where the distribution of queriesisnot uniform.

Onepossibleway isto let users specify aset of pointsor regionsof interest in the problem domain which may
have different priorities or access frequencies. Then the problem domain may be divided into afinite number of
equivalence classes so that a declustering method can be applied to each equivalence class separately. Anissue
that arises here is under what criterion the problem domain will be divided into multiple digoint classes. We
plan to develop parametric metrics which consider the expected access patterns for given regions of interest and
spatial distance from those regions.
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