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Empirical analyses of high-dimensional biomedical data, including genomics, proteomics,
microbiome, and neuroimaging data, consistently reveal the presence of strong modularity in
the dependence patterns. In these analyses, highly correlated features often form a few distinct
communities or modules, which can be interconnected with each other. While the intercon-
nected community structure has been extensively studied in biomedical research (e.g., gene co-
expression networks), its potential to assist in statistical modeling and inference remains largely
unexplored. To address this research gap, we propose novel statistical models and methods that
capitalize on the prevalent community structures observed in large covariance and precision ma-
trices derived from high-dimensional biomedical interconnected data.

The first objective of this dissertation is to delve into the algebraic properties of the pro-
posed interconnected community structures at the population level. Specifically, this pattern

partitions the population covariance matrix into uniform (i.e., equal variances and covariances)



blocks. To accomplish this objective, we introduce a block Hadamard product representation
in Chapter 2, which relies on two lower-dimensional “coordinate” matrices and a pre-specific
vector. This representation enables the explicit expressions of the square or power, determi-
nant, inverse, eigendecomposition, canonical form, and the other matrix functions of the original
larger-dimensional matrix on the basis of these lower-dimensional “coordinate” matrices.

Estimating a covariance matrix is central to high-dimensional data analysis. Our second
objective is to consistently estimate a large covariance or precision matrix having an intercon-
nected community structure with uniform blocks. In Chapter 3, we derive the best-unbiased
estimators for covariance and precision matrices in closed forms and provide theoretical results
on their asymptotic properties. Our proposed method improves the accuracy of covariance and
precision matrix estimation and demonstrates superior performance compared to the competing
methods in both simulations and real data analyses.

In Chapter 4, our goal is to investigate the effects of alcohol intake (as an exposure) on
metabolomics outcome features. However, similar to other omics data, metabolomic outcomes
often consist of numerous features that exhibit a structured dependence pattern, such as a co-
expression network with interconnected modules. Effectively addressing this dependence struc-
ture is crucial for accurate statistical inferences and the identification of alcohol intake-related
metabolomic outcomes. Nevertheless, incorporating the structured dependence patterns into mul-
tivariate outcome regression models remains difficulties in accurate estimation and inference. To
bridge this gap, we propose a novel multivariate regression model that accounts for the correla-
tions among outcome features using a network structure composed of interconnected modules.
Additionally, we derive closed-form estimators of regression parameters and provide inference

tools. Extensive simulation analysis demonstrates that our approach yields much-improved sen-



sitivity with a well-controlled discovery rate when benchmarking against existing multivariate
regression models.

Confirmatory factor analysis (CFA) models play a crucial role in revealing underlying latent
common factors within sets of correlated variables. However, their implementation often relies on
a strong prior theory to categorize variables into distinct classes, which is frequently unavailable
(e.g., in omics data analysis scenarios). To address this limitation, in Chapter 5, we propose
a novel strategy based on network analysis that allows data-driven discovery to substitute for
the lacking prior theory. By leveraging the detected interconnected community structure, our
approach offers an elegant statistical interpretation and yields closed-form uniformly minimum
variance unbiased estimators for all unknown matrices. To evaluate the effectiveness of our
proposed estimation procedure, we compare it to conventional numerical methods and thoroughly

validate it through extensive Monte Carlo simulations and real-world applications.
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Chapter 1: Introduction

1.1 Estimation of Large Covariance Matrix

Technological innovation has had a profound impact on scientific discoveries by integrat-
ing the analysis of large-scale datasets into various fields. Statistically, a covariance matrix or the
precision matrix (i.e., the inverse of a covariance matrix) is crucial in understanding the intricate
relationships among massive and dependent covariates. Thus, considerable attention has been
concentrated on the use of an appropriate covariance (or precision or correlation) matrix estima-
tor. A practical issue arises from the fact that the sample size n in research is often inadequate in
comparison to the number of covariates, say p. Thus, when the number of covariates exceeds the
sample size, i.e., p > n, the sample covariance matrix, which is a natural choice of the covariance
matrix estimator in the case p < n, fails to be a reliable estimator due to the absence of positive
definiteness (Dykstra, 1970) and the inconsistency of eigenvalues and eigenvectors (Johnstone,
2001; Johnstone and Lu, 2009; Johnstone and Paul, 2018). Consequently, Fan (2005) asserted
that it is essentially challenging to obtain an appropriate covariance estimator without imposing

a structure assumption on a large covariance matrix.



1.2 Classical Covariance Structures

Focus has been devoted to structured or patterned matrices, not only because they hold
significance in theoretical analyses for multivariate models but also because they serve as funda-
mental tools in numerous applications. Many notable instances of structured matrices have found
applications in multivariate analysis.

One straightforward example involves testing a given (known) covariance matrix statisti-
cally based on multivariate normal observations (Korin, 1968). Another example is the adop-
tion of a sphericity structure by Mauchly (1940), where the diagonals are identical and the off-
diagonals are zero. Wilks (1946) then proposed an intraclass, or called uniform, or complete
symmetry structure, characterized by equal diagonals and equal off-diagonals. Wilks developed
likelihood ratio tests (LRTSs) to statistically evaluate hypotheses related to population means or
population covariance structures. The estimation and hypothesis testing problems under the uni-
form covariance structures were further explored by Roy and Murthy (1960); Geisser (1964);
Aitkin et al. (1968); Haq (1974); Mathai and Katiyar (1979); Clement et al. (1981); Bhoj (1987),
and others. Building upon Wilks’ uniform structure, Votaw (1948) introduced two types of com-
pound symmetry structures, wherein the blocks exhibit uniform structures and derived the LRTs
for the corresponding hypotheses. The exact distributions of the LRTs were examined by Con-
sul (1968) and Mathai and Rathie (1970). From a symmetry perspective, matrices with Toeplitz
or circular Toeplitz structures have proven essential in various applications, including physics,
mathematics, and signal processing (Olkin and Press, 1969; Olkin, 1972).

Many classical covariance structures can be generalized to linear structured covariance

matrices, wherein only a few covariance parameters are unknown (Srivastava, 1966; Anderson,



1969; Anderson et al., 1970; Anderson, 1973). Furthermore, reducible and totally reducible
matrices were investigated by Rogers and Young (1975), Young (1976), and Sinha and Wieand
(1979).

In addition to parameterizing the covariance matrix unknown up to serval parameters, an-
other approach to design the covariance matrix is by adopting blocks in the covariance structure.
For instance, Afifi and Elashoff (1969) partitioned the covariance matrix based on the dichoto-
mous and continuous variables. The block versions of Wilks’ uniform structure were discussed
by Fleiss (1966), Arnold (1973), and Rogers and Young (1974), while the block forms of Votaw’s

compound symmetry structures were extended by Szatrowski (1982) and Ze7ula et al. (2018).

1.3 Recent Developments of Covariance Structures

Recent statistical methods have made successful advancements in addressing the estimation
problem associated with high-dimensional structured covariance matrices within the asymptotic
framework where the number of covariates p grows with the sample size n together. For exam-
ple, a shrinkage method involves shrinking the sample covariance matrix to the identity matrix
(Ledoit and Wolf, 2004). Several penalty methods have also been established to estimate large-
scale covariance and precision matrices (Friedman et al., 2008; Rothman et al., 2008; Lam and
Fan, 2009; Ravikumar et al., 2011). Under the assumption of bandability, i.e., the entries in the
covariance matrix decrease to zero from the diagonal to the off-diagonal direction, the banding
or (its smooth version) tapering covariance estimator has been proposed (Wu and Pourahmadi,
2003; Bickel and Levina, 2008a; Bickel and Gel, 2011). Additionally, various versions of thresh-

olding covariance estimators, along with their theoretical properties such as optimal convergence



rates under different matrix norms, have been studied (Karoui, 2008; Bickel and Levina, 2008b;
Rothman et al., 2009; Cai and Liu, 2011; Cai and Yuan, 2012).

However, the sparsity assumption may be violated in many real-life applications. For in-
stance, the financial returns and house prices studies (Fan et al., 2016), and the interactive features
in biomedical studies (Chen et al., 2018). The spiked sparse covariance matrix has been explored
by Johnstone (2001). Alternatively, the conditional sparsity assumption, i.e., a structure assump-
tion combined with sparsity and low-rank approximation, has been proposed, and the large co-
variance matrices have been consistently estimated using multi-factor models (Fan et al., 2008,
2013, 2018). Under another non-sparsity assumption, i.e., the Toeplitz structure (a special case
of bandable covariance structure), Cai et al. (2013) and Cai et al. (2016) have studied the problem
of estimating large covariance matrices and optimal convergence rates. Expository literature on
structured covariance matrix estimation can be found in Pourahmadi (2013), Wainwright (2019),

and Fan et al. (2020).

1.4 Interconnected Community Structure

The accumulating availability of community detection, network division, or clustering tech-
niques has led to enormous scientific discoveries and challenges in many studies involving large-
scale networks, such as biologics, biomedicine, plant science, computer science, finance, social
networks (Newman, 2006). Characterizing the structures or latent patterns in networked systems
is crucial as they may quantitatively describe the complex interactions among high-dimensional
features or variables (Wu et al., 2021). Novel discoveries based on structured networks could

deepen our understanding of the scientific mechanisms behind them, see various real examples in



He et al. (2015), He et al. (2019), Pal et al. (2020), and Perrot-Dockes et al. (2022). Conventional
community detection methods typically impose an independence assumption that the latent com-
munities are not correlated, resulting in block-diagonal structures in networks, particularly when
the number of features in networks is extremely high (Zhao, 2017; Lee and Wilkinson, 2019).
However, modeling the networks with independent communities may mislead subsequent statis-
tical analysis due to oversimplification. Alternatively, an interconnected community structure is
much more flexible for network analysis by allowing non-null connections among features at the
community level. In other words, we may add non-null off-diagonal blocks to the structure of
networks to represent correlations among communities. Wu et al. (2021) examined the relation-
ships between the independent communities and interconnected communities, as well as between

overlapped communities and interconnected communities.

1.5 A New Interconnected Community Structure with Uniform Blocks

In the present dissertation, we propose an interconnected community structure that exists
in a wide range of high-dimensional datasets. This structure can be implemented in popula-
tion covariance matrices, correlation matrices, or weighted adjacency matrices in various fields,
including genetics, proteomics, brain imaging, and RNA expression data, among many others.

From a sample perspective, an interconnected community structure with well-organized
blocks is widely observed. It exhibits several characteristics: (1) it is latent, meaning that network
or community detection algorithms need to be employed to analyze the raw data in a preliminary
study; (2) it is non-sparse, i.e., the elements of the covariance or correlation matrix have small but

non-zero values; (3) it demonstrates an almost constant-valued block form, where the elements



within each block are nearly identical, exhibiting low variability; and (4) it may contain single-
tons or isolated nodes. When the singletons are identified, we refer to the proposed structure as
an interconnected community structure with generalized well-organized blocks. In other words,
we can form an interconnected community structure with well-organized blocks from a gener-
alized version by extracting the features that are reordered by community detection algorithms
and excluding the singletons. The population versions of the interconnected community struc-
tures with (generalized) well-organized blocks are referred to as the interconnected community
structure with (generalized) uniform blocks.

Yeast Genome Study. One example of the interconnected community structure with well-
organized blocks (without singletons) is observed in the yeast genome study (Spellman et al.,
1998). We plot a heat map of the sample correlation matrix for 724 selected genes in Fig-
ure 1.1(B), where a K-medoids clustering algorithm was applied to the raw dataset, see Fig-
ure 1.1(A). Figure 1.1(C) represents the population correlation matrix may have 8 by 8 uniform
blocks.

Proteomics Study. Another example is from a proteomics study (Yildiz et al., 2007) in
Figure 1.1(D). The sample correlation matrix is analyzed, revealing an interconnected community
structure with generalized well-organized blocks among 184 protein features using the NICE
algorithm (Chen et al., 2018) in Figure 1.1(E). Extracting the structure without singletons results
in a sample correlation matrix with 107 protein features, shown in Figure 1.1(F). It suggests a
population correlation matrix with the corresponding uniform-block structure in Figure 1.1(G).

Seed Quality Study. A 923 by 923 sample correlation matrix is calculated from raw seed
quality data (Perrot-Dockes et al., 2022), plotted in Figure 1.1(H). An interconnected community
structure (without singletons), as shown in Figure 1.1(I) in the sample correlation matrix, is
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provided by a hierarchical clustering algorithm. This implies a population correlation matrix
with the corresponding 7 by 7 uniform-block structure. See the illustration in Figure 1.1(J).

NMR Study. We observe a 249 by 249 sample correlation matrix calculated from a subset
of raw NMR data (Ritchie et al., 2023) in Figure 1.1(K). An interconnected community structure
with generalized well-organized blocks is revealed in the sample correlation matrix by a commu-
nity detection algorithm (Chen et al., 2023). See Figure 1.1(L). A 170 by 170 sample correlation
matrix (of residuals) extracted in Figure 1.1(M), which implies a population correlation matrix
with the corresponding 5 by 5 uniform-block structure in Figure 1.1(N).

Exposome and Metabolites Study. Another real-data example of the pattern of well-organized
blocks in sample correlation matrices is found in a study involving the exposome and metabolites
(ISGlobal, 2021). Figures 1.1(O) and (S) are the heat maps of the correlation matrices among
exposome and metabolite features, respectively. In this study, there are 169 exposome variables
and 221 metabolite variables for 1192 subjects. In particular, Figure 1.1(P) contains the heat
map of the sample correlation matrix calculated by the clustering method (Wu et al., 2021) for
exposome variables, while Figure 1.1(T) contains the heat map of the sample correlation matrix
calculated by the clustering method for metabolite variables. Omitting the singletons, 89 out of
169 exposome variables are identified to form a 9 by 9 well-organized blocks (Figure 1.1(Q)) and
141 out of 221 metabolite variables (Figure 1.1(U)) are identified to form a 7 by 7 well-organized
blocks. We may assume that their population correlation matrices have block forms, as shown in
Figure 1.1(R) and (V), respectively.

EPSI Study. The presence of an interconnected community pattern is detected in the sample
correlation matrix for an echo-planar spectroscopic imaging (EPSI) dataset, including 445 com-

binations of neurometabolites and regions-of-interest (ROIs) detected by the NICE algorithm
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(Chen et al., 2018) and shown in Figure 1.1(W) and (X). Among these 445 combinations, the
sample correlation matrix of 227 combinations is extracted and implies the underlying popula-
tion correlation matrix has the structure of uniform blocks in Figure 1.1(Y) and (Z).

Other Studies. In addition to the above studies, analogs of the interconnected community
pattern were uncovered in a cutaneous melanoma dataset from the genome-wide association study
(He et al., 2015), a neuroimaging activation and connectivity dataset, a DNA methylation dataset
(Chen et al., 2016), and a gene expression profiling dataset from the host peripheral blood study
(Chen et al., 2018). Recently, it was extracted from a multiple myeloma dataset (He et al., 2019),
a citation network study (Pal et al., 2020), and an RNA-seq dataset from the cancer genome atlas
study of acute myeloid leukemia (Wu et al., 2021).

Throughout the current research, we concentrate on the population covariance matrices
having interconnected community structures with uniform blocks, as illustrated in Figure 1.1(C),
(G), J), (N), (R), (V), and (Z). The proposed interconnected community structure with uniform
blocks has two-fold advantage. On the one hand, it leads to a dramatically reduced number of
covariance parameters (from p(p + 1)/2 to K + (K + 1) K /2 where K is the number of diagonal
blocks) but remains adequate flexibility to deal with the arbitrary dependency between covariates.
On the other hand, the non-sparse uniform correlations between blocks might represent some
stability (e.g., with respect to time or location in applications (Votaw et al., 1950)) and symmetry

in experimental quantities, therefore, improving the interpretations.



1.6 Organization

The rest of the dissertation is organized as follows. The definitions and properties of
uniform-block matrices and their applications in hypothesis tests are presented in Chapter 2.
An estimation procedure for the covariance matrix that is assumed to have the uniform-block
structure is conducted under both low- and high-dimensional frameworks in Chapter 3. Multi-
variate outcomes having an interconnected community structure with uniform blocks are ana-
lyzed by using autoregressive regression models in Chapter 4. A semi-confirmatory factor model
with uniform-block interconnected community structure is studied and an estimation procedure
is proposed for the unknown matrices and factor scores in Chapter 5. All technical proofs and

supplementary materials are appended at the end of the dissertation.
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Figure 1.1: The plots in the first column are the heat maps of sample correlation matrices for the
raw datasets. The plots in the second column are the heat maps of sample correlation matrices
with reordered features/variables using community detection algorithms. We call these structures
interconnected community structures with (generalized) well-organized blocks (if the singletons
exist). The plots in the third column are the heat maps of sample correlation matrices with fea-
tures/variables that are extracted from the reordered ones. We call these structures interconnected
community structures with well-organized blocks. The plots in the fourth column are the heat
maps of population correlation matrices that are assumed to have the interconnected community
structures with uniform blocks.

10



Chapter 2: A New Representation of Uniform-Block Matrix and Applications

2.1 Introduction

Covariance matrices with specific structures or patterns have been extensively studied for
their crucial roles in theoretical and practical applications of multivariate analysis. Numerous ex-
amples of structured covariance matrices have been employed in multivariate analysis. Mauchly
(1940) proposed a spherical covariance matrix with identical positive variance parameters along
the diagonal and zero correlation parameters off the diagonal. Wilks (1946) extended the spheric-
ity structure to have equal non-zero values for the off-diagonal correlation parameters, terming
it the uniform (intraclass or complete symmetry) structure in the application to parallel forms of
a test in educational studies. Furthermore, Votaw (1948) expanded Wilks’ complete symmetry
structure by incorporating the interchangeability of mutually exclusive subsets of variables, intro-
ducing two types of compound symmetry covariance structures, which were utilized in medical
experiments (Votaw et al., 1950). In addition to the spherical and intraclass symmetric structures,
Olkin and Press (1969) proposed another covariance structure known as circular symmetry, which
was applied in physical studies and time series analysis.

A number of technological breakthroughs have led to significantly large-dimensional vari-
ables in real-world practice, necessitating the consideration of more complex covariance struc-

tures to reduce dimensionality. Customarily, various covariance structures have been developed,
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including the bandability (Wu and Pourahmadi, 2003; Bickel and Levina, 2008a), the sparsity
(Karoui, 2008; Bickel and Levina, 2008b; Cai and Liu, 2011), and the combination of sparsity
and low-rank (Fan et al., 2008, 2011). Alternatively, to address the high dimensionality problem,
covariance matrices can be assumed to have a block structure, where the number of unknown
parameters is remarkably smaller than the original dimension. For instance, Rogers and Young
(1974) generalized Wilks’ intraclass structure to an arbitrary order in an educational study, such
that all diagonal blocks have the same intraclass form, as do all off-diagonal blocks. Szatrowski
(1976) studied covariance matrices with block compound symmetry structures, including type I
and type II, and applied them to the analysis of educational testing data (Szatrowski, 1982). Olkin
(1972) introduced circular symmetry structures in blocks and proposed a more general structure
known as block circular symmetry for applications in physics. Roy and Leiva (2011), Roy et al.
(2015), Roy et al. (2016), and Zezula et al. (2018) have extensively investigated a block structure
referred to as blocked compound symmetry or equicorrelation (partition) (Leiva, 2007; Roy and
Leiva, 2008), and applied it in brain imaging and bone densitometry studies. In this chapter, our
focus is on a covariance or correlation matrix with a particular block structure that is commonly
observed in empirical applications.

We concentrate on investigating a specific block pattern called uniform-block (UB) struc-
ture, motivated by its numerous real-world applications in Chapter 1. Specifically, the UB struc-
ture is characterized by diagonal and off-diagonal elements within each diagonal submatrix be-
ing equal to two constants and all elements within each off-diagonal submatrix being equal to a
constant. A partitioned matrix having a uniform-block structure is denoted as a uniform-block
matrix. The concept of UB structures is not completely new and has been introduced by various

researchers in different contexts. For instance, Geisser (1963) referred to it as the uniform case
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of order m and derived an information test statistic for the population mean vector, when the co-
variance matrix of a normal population has a UB structure of order m = 1 or 2. Morrison (1972)
extended Geisser’s information test statistic to a more general order. Huang and Yang (2010) in-
vestigated the random sampling issues in the presence of a UB structure in the correlation matrix.
Cadima et al. (2010) referred to it as a k-group block structure and studied the eigendecomposi-
tion of correlation matrices with a UB structure. Roustant and Deville (2017) named a correlation
matrix with UB structure a parametric block correlation matrix with p blocks, and provided nec-
essary and sufficient conditions for its positive definiteness. Roustant et al. (2020) investigated
the Gaussian process regression problems using the name of generalized compound symmetry
block covariance matrices for UB matrices. Recently, Archakov and Hansen (2022) examined
this structured matrix, referring to it as a block matrix with block partition, and provided canoni-
cal forms for both symmetric and nonsymmetric cases.

However, to the best of our knowledge, there have been limited comprehensive studies on
the algebraic properties of UB matrices, which restricts their applications in various fields, in-
cluding statistics, biometrics, economics, finance, and others. For example, Geisser (1963) was
the first to derive the null distributions of the information test statistics concerning the population
mean vector(s) for both single and multiple samples, given a covariance matrix with a 2 by 2
UB structure. Specifically, Geisser (1963) derived an analogous version of Hotelling’s (general-
ized) T?-statistic regarding the population mean vector based on a single normal sample, and an
analogous version of Hotelling’s (generalized) T -statistic, known also as the Hotelling-Lawley
trace (Lawley, 1938; Hotelling, 1947, 1951), for testing the equality of population mean vectors
based on multiple normal samples. Under the null hypotheses, both of Geisser’s information

test statistics follow identical distributions as linear combinations of independent F'-variates. Al-
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though Geisser (1963) and Morrison (1972) also extended these results to a general case with an
arbitrary number of diagonal blocks, proofs were omitted.

In this study, we presented the algebraic properties of UB matrices through a novel block
Hadamard product representation. In essence, given a vector consisting of the block sizes, a UB
matrix can be uniquely determined by a diagonal matrix and a symmetric matrix of much smaller
dimensions. Moreover, these two lower-dimensional matrices (and the block-size vector) can
be viewed as the “coordinates” of a UB matrix since many important algebraic calculations on
UB matrices only depend on their “coordinate” matrices. As a result, this representation greatly
simplifies the algebraic operations, including the power computation, inverse calculation, eigen-
values determination, and determinant evaluation of a UB matrix, by leveraging its “coordinate”
matrices. As an application in statistics, we revisited and rigorously established the exact null dis-
tributions of Geisser’s information test statistics for a general number of orders, including single
and multiple sample cases.

We organize the remainder of this chapter as follows. Section 2.2 presents the definitions
and properties of UB matrices. Section 2.3 and Section 2.4 demonstrate the exact null distribu-
tions of Geisser’s information test statistics for one-sample and multiple-sample cases, respec-
tively. Lastly, we summarize our findings and provide remarks and discussions in Section 2.5.
Technical proofs are given in Chapter A. Throughout this chapter, let T denote the transpose
of a vector or matrix. Let I,,,J,, € R™*" denote the identity matrix and all-one matrix, respec-
tively. Let 0,,5,n, 1,xm € R™*™ denote the all-zero matrix and all-one matrix, respectively. Let
diag(-) and Bdiag(+) denote the diagonal matrix and the block-diagonal matrix, respectively. Let
tr(-) and det(-) denote the trace and determinant of a square matrix, respectively. Let sum(-)
denote the sum of all elements of a matrix. Let corr(X) = diag /2 (ay1,...,0p) X X X
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diag="/? (041, ..., 0,p) denote the correlation matrix of covariance matrix X with diagonal el-

ements o1y, ..., Opp.

2.2 Uniform-Block Structure and Uniform-Block Matrix

In this section, we begin by defining a uniform-block structure and matrix. Next, we intro-
duce a block Hadamard product representation for uniform-block matrices, which unveils their

algebraic properties.

Definition 2.2.1 (partition-size vector and partitioned matrix by a partition-size vector). Given a
p by p matrix N € RP*P and a positive integer K € Z. such that K < p, we define:

(1) a column vector p = (py, . . . ,pK)T € Zf is a partition-size vector, if p > 1 for every
kandp=p, + -+ pk;

(2) the K by K partitioned matrix (Ny) of N is the partitioned matrix of N by p, if the

(k,k")-th block Ny has dimensions py, by py for k, k' =1,... K.

Definition 2.2.2 (uniform-block structure and matrix). Given a partition-size vectorp = (p1,...,p K)T
and the K by K partitioned matrix (Nyy) of a symmetric matrix N by p, we define:

(1) the structure of (Nyy ) is a uniform-block structure, if there exist real numbers ayy, and
biw satisfying that the diagonal block Ny, = ayl,, +bgid,, for every k = k' and the off-diagonal
block Ny = b1y, xp,, With by = by for every k # k'

(2) the partitioned matrix (Nyy) is a uniform-block matrix if it has the structure of uniform-
block. Furthermore, let N[A,B,p| = (Ny) denote this uniform-block matrix, where A =
diag (a11,...,axk) is a K by K diagonal matrix and B = (byy) is a K by K symmetric matrix
with by, = by for every k # k.
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Remark (non-symmetric uniform-block structure and matrix). We impose the condition of sym-
metry on a uniform-block structure or matrix, as defined in Definition 2.2.2, because we will be
considering covariance or correlation matrices with this structure. However, it is worth noting that
a non-symmetric uniform-block structure and matrix can also be defined by removing the condi-
tion by, = by for every k = £/, i.e., allowing B to be an arbitrary K by K matrix. Nonetheless,
throughout this chapter, unless explicitly stated otherwise, we refer to a uniform-block structure

or matrix as symmetric.

Following Definition 2.2.2, we introduce two important instances of UB matrices: the par-
titioned matrices of an identity matrix I, and an all-one matrix J, are UB matrices, by a pre-
determined partition-size vector p = (py, ..., pK)T. For simplicity, we will use I [p]| and J [p]

instead of I [Ix, Ok« x, p|] and J [0 « i, J i, p] throughout the chapter.

Ip1 0p1 XPp2 cee 0;01 XPK

0p2 XPp1 Ipz ce 0[’2 XPK
I[p]:I[IIOOKXKvp]:Ip: ’

OPK Xp1 OPK Xp2 v IPK

Jpl 1p1 Xp2 v lpl XPK
1p2 Xp1 Jpz T lpz XPK

JIp| =) 0kxk,Jr,P] =T, =

lpK Xp1 IIUK Xp2 JPK

Using the notations I[p| and J[p|, we propose the following novel block Hadamard product

representation of a UB matrix, which extremely simplifies the algebraic calculations involving
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UB matrices.

Lemma 2.2.1 (block Hadamard product representation of a UB matrix). Given a pre-determined
a partition-size vector p = (py, . . . ,pK)T, suppose the K by K partitioned matrix (Ny ) of a p
by p symmetric matrix N by p is a UB matrix N [A, B, p|, where A = diag (a11,...,axk) is a

diagonal matrix and B = (byy) is a symmetric matrix with by, = by for every k # k'. Then,

NIA,B,p]=Aol[p|+Bo][p|,

holds uniquely for A and B, where o denotes the block Hadamard product satisfying that A oI [p|
is the block-diagonal matrix Bdiag (a111,,, ... ,axkl,,) and B o J[p] is the symmetric block

matrix (b Ly, xp,, )-

Remark (block Hadamard product representation). The matrix operator o can be regarded as a
specialized form of block Hadamard product that is specifically tailored for block matrices, as
discussed in works (Horn et al., 1991; Giinther and Klotz, 2012). We provide an illustration of
Lemma 2.2.1 in Figure 2.1. A proof of Lemma 2.2.1 is available in Chapter A. From the proof,
it is evident that the block Hadamard product representation holds (except for uniqueness) when
pr = 1 for some k. Furthermore, the representation also holds for non-symmetric uniform-block

matrices.

By Lemma 2.2.1, the block Hadamard product representation is crucial for a UB matrix,
as it provides an explicit expression involving the diagonal matrix A, the symmetric matrix B,
and the partitioned-size vector p. Therefore, we suggest utilizing the notation N [A, B, p| in Def-

inition 2.2.2 (instead using the usual notation N (A, B, p)) throughout this chapter to emphasize
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Z|A, B, p| Aol|p] BoJ|p]

Figure 2.1: Illustration of the block Hadamard product representation of a UB matrix
S[A,B,p] = Aollp] + Bo Jp], where p = (2,3)", K = 2, p = 5, each square repre-
sents an element of 3 [A, B, p], different colors represent different values.

the importance of this representation. As demonstrated below, A, B, and p are sufficient and
necessary for determining the expressions for the power, inverse (if it exists), and eigenvalues of

a UB matrix N A, B, p|.

Corollary 2.2.1 (algebraic properties of UB matrices). Given a common partition-size vector
p = (p1,-..,px)’, suppose N = N[A,B,p|, Ny = Ny [A,,B1,p| and Ny = N [As, By, p|
are UB matrices with K by K diagonal matrices A = diag (a11,...,axk), A1, Ay, K by K
symmetric matrices B = (byy), By, By. Let A = A+B x P € REXE with P = diag(py, ..., pr).

(1) (Addition/Subtraction) suppose N* = Ny £+ Ns, then the partitioned matrix of N* by p
is a UB matrix, denoted by N* [A*, B*, p|, where A* = A + A, and B* = By £+ By;

(2) (Product) suppose N* = Ny X N, in general, N* is not a UB matrix. But, if Ny and N,
are commute, i.e., N1 X No = Ny X Ny, then N* is a UB matrix, denoted by N* [A*, B*, p|, where
A*=A; xAs=A"" and B* =A, X By + B X Ay + B; X P X B, = B*' ; in particular,

(2-1) (Square) suppose N* = N x N, then the partitioned matrix of N* by p is a UB matrix,

denoted by N* [A*, B*, p|, where A* =A x Aand B* =A X B+ B XA+ B x P X B;
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(2-2) (Power) suppose N* = N x --- x N = N™ with integer m > 2, then the partitioned
matrix of N* by p is a UB matrix, denoted by N* [A(m),B(m),p}, where AV = A, BY = B,
A™) = A D 5 A and B™) = A x BB x A+ B x Px B form! =2,...,m;

(3) (Eigenvalues) N [A, B, p| has p real eigenvalues in total, those are ayy with multiplicity
(pr — 1) fork =1,..., K and the rest K eigenvalues are identical with those of A;

(4) (Determinant) N [A, B, p| has the determinant <H£<:1 aﬁ*l) x det (A);

(5) (Inverse) suppose N is invertible and N* = N, then the partitioned matrix of N* by p
is a UB matrix, denoted by N* [A*, B*, p|, where A* =A " and B* = —A~' x B x A™".

(6) (Canonical Form) let py = 0, pr, = Z:/:1 prfork =1,..., K (then px = p), and \;
denote the j-th eigenvalue of N [A, B, p|, where \y = -+ = \ji_1 = 11, A\j41 =+ = A\jp—1 =
22, - Npg 141 = 0 = Npg—1 = Qi and the rest N5, \p,, ..., \s; are identical with the
eigenvalues of A (in the decreasing order). Thus, there exists an p by p orthogonal matrix T’
satisfying that T' x N[A,B,p] x T'T = diag (A, \a,...,)\,) and T can be constructed by K

Helmert submatrices and K row vectors as follows:

iil 0(171—1)><p2 SR 0(101—1)><pK
51,111><p1 51,211><p2 e 51,K11><p}(
I'= ,
o(pK—l)Xpl o(pK—l)sz <o fiK
fK,lllXpl 6K,211><p2 e gK,KllXpK

where H), € RPs=D%Px s the submatrix of a standard Helmert matrix of order py, without the first

row (Lancaster, 1965) and &, = (§k1, &k 2, - - - ,fk,K)T € REX1 s the eigenvector (normalized to
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the unit length) of A corresponding to the eigenvalue \;, for every k.

Remark (sufficient and necessary condition for positive definiteness). Let P = diag(p, . .., px)-
We observe that the term A = A + B x P plays a critical role in determining the eigenvalues,
determinant, and inverse of an invertible UB matrix N [A, B, p]. Although A is not symmetric
in general, it has K real eigenvalues because A = (AP_1 + B) P is similar to a real symmetric
matrix P'/2 (AP~ + B) P'/? (because they have the same characteristic polynomial), which has
K real eigenvalues. Therefore, N [A, B, p| is positive definite or invertible, if and only if A is

positive definite (i.e., ax, > 0 for every k) and A has K positive eigenvalues.

Remark (quadratic subspace). Consider the trace as an inner product, and let .27 denote the finite-
dimensional Hilbert space of p by p real symmetric matrices. A subspace % of o/ is said to be a
quadratic subspace of o, if B € %8 implies that B? € % (Seely, 1971). By the square property
in Corollary 2.2.1, the collection of all UB matrices having a common partition-size vector forms
a quadratic subspace. Quadratic subspaces are useful in studying the completeness of minimal
sufficient statistics in a family of multivariate normal distributions (Seely, 1971, 1977; Zmyslony,
1980). For example, Szatrowski (1980) explored the relationship between the quadratic subspace
and the explicit representation of maximum likelihood estimators for covariance matrices in a
normal model. Roy et al. (2016) proved the optimal properties of the unbiased estimator that they

derived for estimating a blocked compound symmetry covariance matrix.

Remark (algebraic properties for non-symmetric UB matrices). Most results in Corollary 2.2.1
also hold for non-symmetric uniform-block matrices. Specifically, the sum, difference, and prod-
uct of two non-symmetric UB matrices are still a non-symmetric UB matrix with the same ex-
pressions of A* and B* as in Corollary 2.2.1. The determinant and inverse (if it exists) of a
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non-symmetric UB matrix are also a non-symmetric UB matrix with the same expressions of A*
and B*. However, it is worth noting that although a non-symmetric UB matrix N [A, B, p] still
has p eigenvalues, i.e., ax, with multiplicity (p; — 1) for every k and K eigenvalues of A, some
of the K eigenvalues of A may be complex. Subsequently, we may rearrange the K Helmert
submatrices in I' below the remaining K row vectors, resulting in a block-diagonal canonical
form for a non-symmetric UB matrix (please see Theorem 1 in Archakov and Hansen (2022)). If
A is diagonalizable, the canonical form will have a diagonal structure, and I'" remains the same

as in Corollary 2.2.1, where \;,, ..., A5, may be ordered in decreasing real parts.

The results in Corollary 2.2.1 highlight the following two-fold advantage of using the block
Hadamard product representations of UB matrices. First, calculations on K by K matrices A and
B can replace calculations on a larger p by p matrix N, where K is typically much smaller than
p, e.g., a proteomics study has KX = 7 and p = 107 and a brain imaging study has X = 5 and
p = 227 in Chapter 3. This reduction in matrix size can significantly improve computational
efficiency. Second, the results involving addition or subtraction of UB matrices with a com-
mon partition-size vector, as well as operations such as taking the square (or power), computing
eigenvalues, determinant, and inverse (if it exists) of a UB matrix can be expressed in terms of
the “coordinates” A, B, and p. These results greatly facilitate the use of UB matrices in various
fields of applications. For example, in Chapter 3, we proposed the best-unbiased covariance- and
precision-matrix estimators when the number of diagonal blocks K is fixed, as well as a modified
hard-thresholding covariance matrix estimator when K grows with the sample size, respectively.

Before proceeding to hypothesis testing problems in the next sections, we specify the rela-

tionships between a covariance matrix and its precision and correlation matrix.
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Corollary 2.2.2 (covariance matrix with a UB structure). Given a partition-size vector p =
(P15 - - ,pK)T, suppose 3 = X [A B, p| is a p by p positive definite covariance matrix with
a uniform-block structure, where A = diag (a1, ...,axr) and B = (bgy) with by, = by
for every k # k'. Then, the partitioned matrix of ® = X' by p is a UB matrix, denoted
by © [Ae,Be,p|; the partitioned matrix of E = corr (X) by p is a UB matrix, denoted by

E [Ag, Bz, p|, where

Ag =A"" A= = C V2 x A x CV/?

[

Bo=-A"1"xBxA™! Bz =C'?x B x C/?

with A = A + B x P, P = diag(p, . ..,pk), C = diag(ci1, - . ., Ck ), and cxp = agg + by, for

every k.

2.3 Testing A Specific Mean for One-Sample

In the case where the number of diagonal blocks K = 1 or K = 2, Geisser (1963) proposed
an information test statistic for testing a specific mean vector based on a multivariate normal sam-
ple and derived its exact null distribution in closed form. The distribution of Geisser’s information
test statistic under the null hypothesis is identical to the distribution of a sum of several indepen-
dent ['-variates. However, for the general case K > 2, Geisser (1963) provided an algorithm
for calculating the information test statistic and explicitly formulated the exact null distribution,
but omitted the proofs. In this section, we present the exact null distribution of the one-sample
Geisser’s information test statistic using the notations of UB matrices: this exact null distribu-

tion is equivalent to the distribution of a linear combination of mutually independent F'-variates,
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where the last variate is exactly the Hotelling’s 7" statistic.
Specifically, given p-dimensional normal vectors X7, ..., X, N (u, X [A,B, p]), the

null and alternative hypotheses are given by

Hy:p=po versus Hp:p# po, (2.3.1)

where the covariance matrix is known to have a UB stricture, A = diag (ai1,...,axk) is an
unknown diagonal matrix, B = (bg/) is an unknown symmetric matrix with by, = by for every
k#k,p= (p1,...,px)" is a known partition-size vector, and gy € RP? is a pre-determined
vector. To guarantee positive definiteness of 3 [A, B, p|, we assume A is positive definite and
A = A + B x P has positive eigenvalues only, with P = diag (p1, ..., px)-

Before deriving Geisser’s information test statistic for a specific mean vector, we introduce
the maximum likelihood estimator of 3 [A, B, p|] based on a multivariate normal sample. Let
X =n'Xi+-+X,),S=mn-1)">" (X;— X)(X: — X)", and (Sgs) denote
the sample mean, the (unbiased) sample covariance matrix, and the partitioned matrix of S by p,
respectively. If the sample size is larger than the total number of unknown covariance parameters,
ie.,n > K+ (K + 1)K/2, then we can obtain the best-unbiased estimators of A and B, denoted

by A= diag (ay1,...,axk) and B = (bkk/> with /l;k/k = Ekk/ for every k # k', respectively,

where ay;, and by are given by

sum (Sgxr) koK
G = P X tr (Sgr) — sum (Slck)7 D = 4 Pr X Di 7 (2.3.2)
pr X (pr — 1) sum (Sgxr) — tr (Sgxr) L= 1
pe X (pw —1)
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for every k and every k, k' respectively (see the details in Chapter 3). It is clear that the maximum
likelihood estimator ayy, is exactly the average of the off-diagonal elements within the (k, k)-
th diagonal block of (Sgx); Des is exactly the average of diagonal elements within the (k, k)-
th diagonal block minus ay; and Zkk/ is the average of all elements within the (k, k')-th off-
diagonal block. By Corollary 2.2.2, the plug-in estimators of X [A, B, p| and © [Ag, Be, p| are
> [K, ﬁ, p} and © [K@, ]A3@, p] , where A and A = A+ B x P are assumed to be positive definite

and have positive eigenvalues only, respectively, and K@ and ﬁ@ are given by K@ = A and

~—1

Bo= -A'xBxA

Theorem 2.3.1 (exact null distribution of Geisser’s one-sample information test statistic). Geisser’s

one-sample test statistic for the hypotheses in (2.3.1) is given by

— T A~ ~ ~
U=nx(X-p) x6 [A@,B@,p] x (X = o).
Under H,, it follows a distribution U that is identical with the distribution of

K

(k) 2
Y =D Fy ) o T
k=1

where T?> = K(n — 1)(n — K)_lFI(f;tll)( is the Hotelling’s T*-statistic and Fd(}?% are (K + 1)

mutually independent F-variates with degrees of freedom df, and df, fork =1,... K + 1.

Remark (information test statistic U). Geisser’s information criterion was proposed by Geisser
(1963) to test the hypotheses in (2.3.1) using analysis of variance tables. In the distribution U,
the last variate is precisely Hotelling’s (generalized) 7-statistic, which is most likely used in
multivariate inference (Anderson, 1992).
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Remark (related distributions under Hy). (1) As n — oo, U asymptotically follows a chi-square
distribution X;Q) where p = p; + - - - + pg (Geisser, 1963);
(2) Given a significance level « and an arbitrary vector a € R?, the 100(1 — «)% simulta-

neous confidence interval for a measurable function a "y has the form

a' X + j:\/Z/{(a) xaTs [K,ﬁ,p] a/n,

where U («v) denotes the upper a-th percentile of the distribution &/ (Morrison, 1972);

(3) An approximate of I/ is suggested as the distribution of C'y F{,, ¢,y by Morrison (1971),
where the scale coefficient C'; and the second degree of freedom C5 are determined by equating
the first two cumulants of C' F{, ¢,) to those of ¢. The specific values of C; and C; for K = 2
can be found in Spjgtvoll (1972) and Young (1976). Furthermore, Dyer (1982) considered the
distribution of the sum of generalized F' variates and Lee and Hu (1996) extended the above result

to independent F'-variates with arbitrary coefficients and degrees of freedom.

Remark (related distributions under ;). (1) The non-null distribution was analogous to the null
distribution U, except that one or more F'-variates are non-central (Geisser, 1963);

(2) An approximate non-null distribution of U can be represented as D; F{,, p,)(d), where
the noncentrality parameter § = n ( — o)’ © [Ae, Beo, p| (1t — po), and the scale coefficient
D, and the second degree of freedom D, are determined by equating the first two cumulants of

D1 F . p,)(6) to the non-null distribution of U.
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2.4 Testing the Equality of Means for Multiple-Sample

We consider a general M -sample mean test (M > 1), where the samples are drawn from
M normal distributions with means u(m) € RP, form = 1,..., M, and an equal covariance
matrix with a UB structure X [A, B, p| € RP*?,

Specifically, suppose the m-th sample X fm), ceey Xé’:;”) has asize of n,,,, form =1,2,... M.
Thus, the grand sample size is denoted by n = nq + - - - + ny, and we assume n > max{M, K +
(K +1)K/2} Let X0 = b (X 4 X)X =0 (X 4y XOD),
and S = (n— M)~' 30 S <X§m) — X(m)> (X](m) — X'(m)>T denote the m-th sample
mean, the grand sample mean, and the (pooled) unbiased estimator of the common covariance
matrix, respectively. The maximum likelihood estimators K, B can be obtained similarly to those

in (2.3.2), yielding the estimators K@, ﬁ@, and © [K@, ﬁ@, p} , respectively. Therefore, the null

and alternative hypotheses can be written as

HM . py® =2 g0 versus HOD ) £ 10 for some m! | (2.4.1)

Theorem 2.4.1 (exact null distribution of Geisser’s multiple-sample information test statistic).

Geisser’s multiple-sample information test statistic for the hypotheses in (2.4.1) is given by

M
Uy = nn (X = X)' 8 Ao, Bo,p| (X - X).
m=1
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Under HéM), it follows a distribution Uy, that is identical with the distribution of

(k) 2
2 (M = 1)k = DE 1) sy + 16
1

K
k=
where T¢ is the Hotelling’s Tj-statistic, F [E;j ) g, are I mutually independent F-variates (and

independent from T7?) with degrees of freedom df, and df, fork =1,... K.

Remark (information test statistic Uy;). The Hotelling’s (generalized) 7}3-statistic, also known as
the Hotelling-Lawley trace, is commonly used to test the equality of multiple populations means,
assuming these multiple normal populations have the same (arbitrary) population covariance ma-
trices (Lawley, 1938; Hotelling, 1947, 1951). However, it is intractable to obtain the exact null or
non-null distribution of Hotelling’s T};-statistic, and various approximations have been proposed

in the literature (Ito, 1956, 1960; Pillai and Young, 1971; Siotani, 1971; McKeon, 1974).

2.5 Discussion

In this chapter, we concentrate on the algebraic properties of a specific type of block ma-
trices, where each block is uniform. We chose to parameterize the matrices in this way for two
key reasons. First, the uniform-block pattern has been popularly discovered in plenty of large-
scale biological data. Second, from a biological perspective, the variables that are clustered into
the same community may exhibit stochastic equivalence or comparable patterns, while variables
from different communities may have coherent connections at the community level. Compared
to the conventional diagonal or block-diagonal structure, the proposed uniform-block structure

offers more flexibility and is better suited for real data analysis, since the information contained
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in the non-zero off-diagonal blocks can potentially provide valuable insights into the scientific
mechanisms.

In addition to defining a uniform-block structure, we have discovered a unique block
Hadamard product representation for a uniform-block matrix. This representation plays an im-
portant role because it allows for the transformation of a large-scale uniform-block matrix into
two lower-dimensional matrices and an integer-valued vector. The block Hadamard product rep-
resentation simplifies the computations related to uniform-block matrices. With these algebraic
properties, the uniform-block matrices are applicable to various statistical problems. For exam-
ple, covariance estimation with the uniform-block structure in Chapter 3, hypothesis testing for
the information test statistics, the multivariate linear regression models in Chapter 4, and confir-
matory factor analysis models in Chapter 5.

In conclusion, a uniform-block matrix (or structure), its associated algebraic properties, and
the block Hadamard product representation have broad applications in a range of fields, including

linear algebra, statistics, economics, and many others.

28



Chapter 3: Covariance Matrix Estimation for High-Throughput Biomedical Data

with Dependence Structure of Interconnected Communities

3.1 Introduction

Technological innovations in biomedicine have facilitated the generation of high-dimensional
datasets with simultaneous measurements of up to millions of biological features (Fan and Lyv,
2008). In the past few decades, numerous statistical methods have been developed to analyze
these large-dimensional datasets. Estimating a covariance matrix (or a precision matrix) is fun-
damental to these analyses (Fan et al., 2016; Cai et al., 2016; Wainwright, 2019) because a covari-
ance matrix not only describes the complex interactive relations among variables but also leads
to accurate inferential and predictive results for clinical outcomes (He et al., 2019; Ke et al.,
2022). Since the dimensionality of the variables is much larger than the sample size, we resort to
advanced statistical methods rather than traditional covariance estimation strategies (Johnstone,
2001; Johnstone and Paul, 2018). The shrinkage and thresholding methods can provide a reliable
and robust covariance estimator under the sparsity assumption (Ledoit and Wolf, 2004; Bickel
and Levina, 2008b; Rothman et al., 2009; Cai and Liu, 2011). In addition, prior knowledge
of a covariance structure can greatly improve the accuracy of estimation and statistical infer-

ence (Fan, 2005; Bien, 2019). For example, recent methods can accommodate Toeplitz, banded,

29



block-diagonal covariance structures (Cai et al., 2013; Bickel and Levina, 2008a; Devijver and
Gallopin, 2018).

In the present research, we consider a widely prevalent covariance structure in a large
body of high-dimensional datasets (see the examples in Figure 3.1, extra examples in Chapter B,
and more examples in Figure 1.1). A well-organized block pattern is widely observed in most
commonly used biomedical data types, including genetics, proteomics, brain imaging, and RNA
expression data, among many others (Spellman et al., 1998; Yildiz et al., 2007; Chiappelli et al.,
2019; Chenetal., 2016; He et al., 2019, 2015; Wu et al., 2021). This block pattern exhibits several
properties of highly organized networks. For example, there is high modality as some variables
are clustered in the multiple and coherently correlated communities; there is small-worldness as
these communities are interconnected; and the network is scale-free as the remaining variables are
isolated if singletons (see the top parts of Figure 3.1(B) and (C)) are detected (Newman, 2006).
Therefore, we can specify this well-organized block pattern by assigning the high-dimensional
variables to multiple interconnected communities (see the middle parts of Figure 3.1(B) and (C)),
which are more informative, and a set of detected singletons. The interconnected community
structures might not be directly available from the high-dimensional biomedical data, but they can
be estimated by several clustering algorithms and network detection methods (Magwene, 2021;
Wu et al., 2021). Although there are potential benefits to leveraging the estimated interconnected
community structure to enhance the estimation of large covariance matrices, existing statistical
methods are restricted to establishing a connection between this structure and the covariance or
precision parameters and providing precise estimates. To address this methodological gap, we
propose a novel statistical procedure that enables closed-form estimators of large covariance and

precision matrices and supports robust statistical inference.
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Figure 3.1: A: top, heat map of the sample correlation matrix calculated by a K-medoids cluster-
ing algorithm for Spellman’s yeast genome study, showing 8 by 8 well-organized blocks (without
singletons) in the structure; bottom: an assumed population correlation matrix with an 8 by 8
uniform-block structure. B and C: top, heat maps of the sample correlation matrices calculated
by a network detection algorithm for proteomics and brain imaging datasets, respectively, show-
ing the block patterns (with singletons); middle, heat maps in the black frames in the top parts,
showing 7 by 7 and 5 by 5 well-organized blocks respectively in the structure; bottom, assumed
population correlation matrices with a 7 by 7 and a 5 by 5 uniform-block structures, respectively.
D: top, illustration of a network model with 5 communities; bottom, a corresponding population
matrix with a 5 by 5 uniform-block structure.
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We propose a parametric covariance model that subdivides the covariance matrix into
blocks or submatrices and assigns each block to either a community or an interconnection be-
tween two communities based on the observed interconnected community structure. Linking
the covariance parameters and the underlying network topological structure, we can facilitate a
closed-form estimator of each covariance parameter (using only the elements within the corre-
sponding block) and can establish the asymptotic properties for the proposed estimators. Specif-
ically, we derive the explicit estimators using advanced matrix theories including the block
Hadamard product representation of a covariance matrix with the above structure, and the thresh-
olding covariance regularization in the high-dimensional setting, where the number of covariance
parameters in all blocks exceeds the sample size.

Our method makes at least three novel contributions. Firstly, we have developed a fast
(closed-form) and accurate procedure for estimating a large covariance (and precision) matrix
with a particular structure that is applicable to various high-throughput biomedical data includ-
ing genomics, metabolomics, proteomics, neuroimaging data, and many others. Our method
quantitatively characterizes the interconnected community structure by estimating parameters in
both diagonal sub-matrices (i.e., communities) and off-diagonal sub-matrices (i.e., interactions
between communities), and thus better reveals the interactive mechanisms of a complex biosys-
tem. By utilizing this interconnected community structure, our large covariance matrix estimation
procedure also outperforms comparable methods in terms of accuracy and is numerically robust
to model misspecification. Consequently, our approach can lead to a more precise selection
of biological features of interest (e.g., cancer-related gene expressions) in the context of multiple
testing which relies on the accurate and reliable large covariance- and precision-matrix estimation
(Fan et al., 2012; Fan and Han, 2017). Secondly, we have derived the exact variance estimators
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of the covariance parameter estimators and established the asymptotic properties, which enables
us to evaluate covariance patterns and provide confidence intervals. Lastly, we have extended our
method to accommodate scenarios where the number of diagonal blocks exceeds the sample size,
allowing for scalability to accommodate ultra-high-dimensional datasets.

The rest of the chapter is organized as follows. Section 3.2 introduces our proposed method.
We first mathematically define the uniform-block structure and the uniform-block matrix in Sec-
tion 3.2.1. Then, in Section 3.2.2, we derive the best-unbiased covariance- and precision-matrix
estimators for small K by taking advantage of the block Hadamard product representation. We
generalize the estimating procedure to large K with a diverging number of diagonal blocks in
Section 3.2.3. Section 3.3 contains thorough numerical evaluations of our method under various
scenarios. Section 3.4 illustrates the use of our method in two real-world applications. We pro-
vide a discussion in Section 3.5. Additional data examples, the exact covariance estimators for
the covariance parameters in the blocks, more simulation studies, and all the technical proofs are

given in Chapter B.

3.2 Methodology

3.2.1 A parametric covariance model with a uniform-block structure

Suppose X € R™*P is an n by p observed data matrix containing n independent and identi-
cally distributed p-variate normal vectors X1, ..., X,, ~ N(u, X) with mean p := E(X;) € R?,
positive definite covariance matrix 3 = cov(X;) € RP*? (denoted by ¥ > 0), and precision
matrix  := 37!, Let S* and S denote the biased and unbiased versions of the sample covariance

matrix, respectively: S == (n —1)7'>°" (X; — X)(X; — X)" and S* == n~'(n — 1)S with
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X =n"YX;+---+ X,), where M denotes the transpose of a matrix (or a vector) M. More-
over, we require that the covariance matrix has the uniform-block structure described below. The
parameterization of this covariance structure is illustrated in two steps.

We specify the parametric covariance matrix based on our previous discussions of the
uniform-block structure. First, we use a vector to characterize the community sizes. Specifi-
cally, given the dimension p of the covariance matrix 3 and the number of communities A, let
p1,- -, Px be positive integers satisfying p, > 1 (k = 1,...,K)andp = p; + --- + px and
let p := (p1,...,px)" be the partition-size vector, which is assumed to be fixed throughout the

paper. Given p, we can express X partitioned by p in block form:

Yo Y ... Xk
221 222 .. EQK
(Spw) = : (3.2.1)

where Xy € RP-*Pe (k' = 1,..., K). Second, following (3.2.1), we specify the diagonal
submatrix Xy, = aril,, + OriJp, for every k and the off-diagonal submatrix Xy == brar 1y, xp,,
with by = by for every k # £/, where I, J,, and 1,,; are an s by s identity matrix, an s by s
all-one matrix, and an s by ¢ all-one matrix, respectively. Using K < p; + - - 4+ px = p, we can

represent a large covariance matrix X by a smaller diagonal matrix A = diag(ayy,...,axk), @
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smaller symmetric matrix B := (bg) with by, = by, for every k # £/, and a known vector p:

arly, + b1dp, b121p, xps - b1k Ly, xpi
b211p2 Xp1 CL?QI;DQ + b22J;D2 B b2K1p2 XPK
E(A7 B7p) = (Ekk’) ==
k1 1pexp bolpixpe - axilp +bkicdp,

(3.2.2)
In this chapter, we say that the pattern in (3.2.2) is a uniform-block structure. If (A, B, p)
has the structure in (3.2.2), it is a uniform-block matrix. This covariance parameterization strat-
egy based on X, and X has been widely used in the statistics literature. For example, the
generalized estimation equations where the working correlation structure has a compound sym-
metry as well as linear mixed-effects models with a random intercept both have this pattern. In
practice, this parameterization strategy can characterize the covariance structure well using a par-
simonious model (as shown in Figure 3.1). In Section 3.3, we demonstrate that the performance
of this parameterization is robust under misspecification and matrix perturbation. By building the
parsimonious and effective covariance-matrix specification, we can develop reliable and accurate
covariance-matrix estimations using the likelihood approach and achieve optimistic properties.
Notice that the partition-size vector p is assumed to be known throughout this chapter.
In practice, it can be learned by a preliminary algorithm (for example, a K-medoids clustering
algorithm (Magwene, 2021) or a network detection algorithm (Wu et al., 2021)) before estimating
the covariance matrix. Also, the above definition of a uniform-block matrix does not guarantee its
positive definiteness in general. Thus, additional constraints should be imposed on the uniform-

block matrix 3(A, B, p) to ensure that it is a valid covariance matrix. We defer the discussion of
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these constraints to the next section.

3.2.2 Matrix estimation for the uniform-block structure with a small &

Given a partition-size vector p and the parametric covariance matrix 3 (A, B, p) with the

uniform-block structure (3.2.2), we define a ¢-dimensional parameter vector

L T
0 = (an; oo aiK, b, bk, Do, 7bKK)

consisting of the covariance parameters in the blocks. That is, the parameters of interest are in
the upper triangular part of 3(A,B,p). Also, ¢ = K + K(K + 1)/2. Thus, the problem of
estimating a p by p symmetric covariance matrix reduces to that of estimating the ¢g-dimensional
parameter vector €. In practice, ¢ is considerably smaller than p(p + 1)/2, thereby remarkably
reducing the dimensionality of the parameters of interest.

The small K setting can be specified as follows: ¢ < n while K, p, and ¢ are fixed and p
can be greater than n. In other words, both the number of diagonal blocks K and the number of
parameters in the blocks ¢ = K + K (K + 1)/2 are smaller than the sample size n. Moreover,
we require that /' and the dimension of the covariance matrix p, which is proportional to K, are
fixed, so that ¢ is also fixed. Also, p can be large enough to exceed n with small K. In this section,
we first introduce an explicit maximum likelihood estimator of @ with asymptotic properties and
then refine it to be the best-unbiased estimator, whose exact variance estimator is also provided in
closed form. Finally, we provide the best unbiased covariance- and precision-matrix estimators
for small K.

We start with the maximum likelihood estimation. Specifically, let (Sy,,) be the block form
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of the biased sample covariance matrix S* partitioned by p. If the data X are normally distributed,

then the log-likelihood function of the data can be expressed by
n _ n . .
én(07X) X Elog (det [{E<A7Bap)} l]) - §tr [( kk’) X {Z<A7Bap)} 1} .

A typical way to estimate @ in the literature is to derive the score function by taking the first-order

partial derivative of the log-likelihood function with respect to 8;:

d n d{Z(A,B,p)}" .

= 0,0:X) = - tr [{Z(A,B,p) — (S}, =1,....q), (323

7, (6:X) = 5 tr | {Z(A,B,p) — (Si)} X 2, ; q), (3.2.3)
where 6; € {ai1,...,axK,b11,...,b1Kk,b22, ..., bk} denotes the jth component of 6 and

O{X(A,B,p)}1/00; € RP*? is a matrix whose entries are functions of 6;.

However, solving the score equation (3.2.3) is challenging. Although the unknown entries
agr and by are uniformly and elegantly arranged in 3(A, B, p), they are entangled in a complex
way in the precision matrix Q2 = {3(A,B,p)}~*. In other words, 6; is implicit in 2 so that
the closed form of €2 is not accessible in general. The complexity of the calculation increases if
the scale of the precision matrix increases. Alternatively, the existing numerical algorithms for
solving @ (for example, the method of averaging (Szatrowski, 1980)) rely on iterative updating
schemes, which require a long computational time and may lead to unstable estimates. These
facts motivate us to reconsider the possibility of deriving a closed-form estimator of 8. Thus,
we aim to find an explicit expression for €2 in terms of ay; and by by taking advantage of the
special covariance structure in (3.2.2). More precisely, we speculate that 2 has an analogous

form to (3.2.2), which indeed can be fulfilled by realizing the following representation of the
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block Hadamard product.

Lemma 3.2.1. Given a partition-size vector p = (p1, ... ,pK)T satisfying pr > 1 for every k
and p = p1 + --- + pk, I,, and J, partitioned by p are uniform-block matrices, expressed by
I(p) = I,(Ix,0kxx,p) = Bdiag(l,,,.... 1) and J(p) = Jp(0kxx, 1 xx:P) = (Ipyxp,, ),
respectively, where 0, ; denotes the r by s zero matrix and Bdiag(-) denotes a block-diagonal
matrix. Suppose a p by p matrix N partitioned by p is a uniform-block matrix of the form (3.2.2),

expressed by N(A, B, p), then the following representation is unique,

N(A,B,p) =Acl(p) + BoJ(p),

where o denotes the block Hadamard product satisfying that Aol (p) = Bdiag (a111p,, . . ., axxl,, )

and B o J(p) = (bkk’lpkxpk/)'

Based on Lemma 3.2.1, we derive several basic properties of a uniform-block matrix, which
are summarized in Chapter 2. These properties reveal how A, B, and p determine the algebraic
operations for a uniform-block matrix N(A, B, p) and how a collection of uniform-block matri-
ces with the same p form a quadratic subspace (Seely, 1971). If we view A, B, and p as the
“coordinates” of a uniform-block matrix, then using the notation N(A, B, p) can simplify the
mathematical operations between p by p uniform-block matrices into those between their cor-
responding lower-dimensional K by K “coordinates”. Following Chapter 2, we get two useful

results for the covariance and precision matrices.

Corollary 3.2.1. (1) Given X(A, B, p) defined in (3.2.2), X(A,B,p) = 0 if and only if A = 0

and A has positive eigenvalues only, where A == A + B x P and P .= diag(p, . .., px)-
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(2) Suppose (A, B,p) = 0 and Q = {X(A,B,p)} ! is the precision matrix. Then, Q
partitioned by p is a uniform-block matrix as well, which can be written by X(Aq,Bq,p) =

AqolI(p) + Bg o J(p), where
Ag=A"' Bo=—-A"'"xBxAl (3.2.4)

The first assertion of Corollary 3.2.1 finalizes the additional constraints that guarantee that
3(A,B,p) = 0. The second assertion confirms that the precision matrix © = {3(A,B,p)}*
partitioned by p is a uniform-block matrix, expressed by 2(Aq, Bq,p). Furthermore, (3.2.4)
provides the relations between Ag, B, and A, B.

Therefore, applying the representation of the precision matrix in Corollary 3.2.1, we can

rewrite the partial derivative of the log-likelihood in (3.2.3) as

0 n *
%EH(O;X) = §tr {Z(A,B,p) — (Spw)} {

0Aq
(]
06,

OBg,
06,

I(p) +

o J(p) H . (3.25)

where 0; € {ai1,...,axK,b11,-..,b1k,b22, ..., bk} (j = 1,...,¢q). In contrast to (3.2.3), the

derivatives in (3.2.5) can be calculated by:

OAq L 0Bq
ayy,

Do, = AT'ERAT'BAT + 0, PAT'BEy, (k=1,...,K),

~AE,PA-IP! k=Fk
B kk )
9Ba _ (kK =1,...,K),

—A_l(Ekk/ + Ek/k)PA_ll)_l, k #£ k'

Aa _,
8bkk/ — VK XK, abkk/

where E;;, € RE*E denotes a matrix with 1 in the (k, k') entry and 0 otherwise. The explicit
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forms of the derivatives highlight the advantage of (3.2.5) over (3.2.3). Owing to (3.2.5), we can

explicitly derive the analytic form of the maximum likelihood estimator for 6:

* * sum(S) k£
i tr(Sh,) B sum(S;,) 7 521@' — ) Dk XD ’ , (3.2.6)
pe—1  pex(pr—1) sum(Sy;/) — tr(Sip) E=k
pex (pw—1) 7

for every k and &', where sum(M) = > 7, >°%_ m;; denotes the sum of all entries in M :=
(mj;) € R™. Technical details are referred to Chapter B. We denote the maximum likelihood
estimator of € as

* . [Tux ~x% e T Tk e T
0" = (ayy, -, Qg b1, O ey Doy oo Ulckc) -

The strong consistency, the asymptotic efficiency, and normality for 6* can similarly be derived
by standard procedures in the literature (Ferguson, 1996; van der Vaart and Wellner, 1996; van der
Vaart, 2000). Please refer to Chapter B.

Despite its asymptotic property, 6* is biased under a finite sample size and, therefore, is not
a uniformly minimum variance unbiased estimator. Namely, 6* is not the best unbiased estimator
for 8. Thus, it is natural to consider an unbiased estimator of @ by replacing S* with the unbiased
version S in (3.2.6). Specifically, let (Sy; ) be the block form of S partitioned by p. Substituting

Sy for Sy, in (3.2.6), for every k and k', we have

sum (Sgx)
S k) kA K
~ tr(S S ~ L)
G = kkl) _ _sum( ’f‘f)l L D= { PR X . G2
pk‘ - pk X (pk‘ - ) Sum(skk/) —_— tr<Skk/) k: . k/
pe X (pw —1)
We denote the above unbiased estimator as 8 — (arq, ... ,EKK,EH, . ,glK,gQQ, . ,ZKK)T.
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Alternatively, since S = n(n — 1)7!S*, we have a relation between the maximum likelihood

estimator * and the unbiased estimator 0:

n

-~ n
~ ~x
n—1 kk> n

-1

~ n

by (kK =1,...,K), 8= 6"

n—1

Moreover, the following theorem summarizes the optimal property of 6.

Theorem 3.2.1 (Optimal property of 0). 6 is the best-unbiased estimator of 0, and

=X, X(AB,p) =Aocl(p)+BolJp) (3.2.8)
are the best unbiased estimators of p and (A, B, p), where A= diag(aiy, ..., axk) and B =

(gkk/) with by = by for every k # k' are the best unbiased estimators of A and B.

Geisser (1963) and Morrison (1972) derived the same estimator 0 based on an analysis
of the variance table, but they did not show the above optimal property. Furthermore, after
calculating A=A + B x P with the best unbiased estimators A and E we derive the best-

unbiased estimator for the precision matrix, as summarized in the following corollary.

Corollary 3.2.2. If both A and A are positive definite, then

Q(Aq, Ba,p) = Ag o I(p) + Bo o J(p) (3.2.9)

is the best unbiased estimator of Q(Aq, Ba, p), KQ =A ! and Bg = ~A'x B x ;{_1.

The covariance matrix of the proposed estimator 6 can be calculated from the Fisher infor-
mation matrix based on the asymptotic normality. Given a small K (say, K < 3, empirically),
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the Fisher information matrix and its inverse may have explicit expressions. For some real ap-
plications in which K is relatively large (say, K > 3), a calculation of the inverse of the Fisher
information matrix might be burdensome and unstable. Alternatively, we provide the exact vari-
ance and covariance estimators of the elements of 6 in Corollary 3.2.3 and Chapter B under a

finite sample size, respectively.

Corollary 3.2.3. The exact variance estimators of ayy, and by are

~ 2a3,
Var<akk) - (n _ 1)(1% _ 1)7
_ o= L@k + prbie)® — (2ans + prbiw)bre} k=F
Val"(bkk/) =
1
2(n — D) prpr {pepw (Vi + Vi) + 2(ans, + prbur) (s + prbew)}, b # K
— 1)pprr

for every k and k'. The exact covariance estimators of ay and by for every {, k and k" are given

in Chapter B.

At the end of this section, we briefly introduce how we can extend the above estimation
procedure to situations with singletons. In addition to the communities assumed to follow the
uniform-block structure (for example, the blocks in the black frames in the top parts of Fig-
ure 3.1(B) and (C)), the other singletons on the diagonal are also commonly detected in real ap-
plications (see the diagonal entries outside the black frames in the top parts of Figure 3.1(B) and
(©)), such as a proteomics study (Yildiz et al., 2007) and a brain imaging study (Chiappelli et al.,
2019). Notice that a structure of well-organized communities with singletons may imply that a
population covariance matrix of the form Xy = {X(A, B, p),Dy; D/, D,}, where D; € RP*4,

D, € R¥? and Xty € R(P+d)x(p+d) and d denotes the number of singletons. Following the
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decomposition idea in Fan et al. (2013), we can estimate X)) in two steps. First, we partition
the unbiased sample covariance matrix Sy = {(Skx), S1; SlT, S, } in the same way. Second, we
obtain the best unbiased estimator f)(& B, p) based on (Sy) and obtain the hard-thresholding
estimator ﬁ(full) of the matrix Ry == {0,xp, S1; SlT, S, } (Bickel and Levina, 2008a), yielding
the consistent estimator f](fu“) = Bdiag{ZN](K, ﬁ, D), 045q} + ﬁ(full) under a matrix norm if p is

fixed and d may grow with the sample size n.

3.2.3 Matrix estimation for the uniform-block structure with a large K

In Section 3.2.2, we estimated the covariance matrix with the uniform-block structure and
its precision matrix for small K. However, there are applications where the covariance matrices
are uniform-block matrices with more diagonal blocks than the sample size. More specifically,
a large K occurs when K, ¢ > n and K, p, and ¢ grow with n. In other words, the number of
diagonal blocks K is greater than the sample size n, and so is the number of covariance param-
eters in the blocks: ¢ = K + K(K + 1)/2. Moreover, we require that K, the dimension p of
the covariance matrix (which is proportional to K'), and g grow with n and diverge as n goes to
infinity. In this section, we generalize the proposed estimation procedure for small K and intro-
duce a consistent covariance-matrix estimator by modifying the hard-thresholding method with
large K. Denote |[M|g = (37_; >=%,_; m?;)"/* and |[M||s = max|y|,—1 ||Mx||; as the Frobenius
norm and spectral norm of M = (m;;;) € R™" respectively, where [|x||, == (37_, 23)"/? for
x = (z1,...,2,)" €R".

For normal data X € R"*? with population mean p = 0,,, the unbiased sample covari-

ance matrix S = X' X/n, and the population covariance matrix with the uniform-block structure
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3(A,B, p) for large K, we propose a new thresholding approach based on the work by Bickel
and Levina (2008b). Since covariance matrix (A, B, p) is fully determined by A, B, and p
according to Lemma 3.2.1, we threshold the estimates of A and B, rather than S, to yield a

covariance-matrix estimate. Specifically, given a thresholding level A = \,, > 0, let
Zikk()\) = Zikk X I[(|Eikk| > )\), /b\kk’(/\) = Zkk’ X H(|Ekk1| > )\) (3.2.10)

be the hard-thresholding estimators of a, and by, respectively, where a, and gkk/ are the best
unbiased estimators for every k and &’ and I(-) is the indicator function. We regard the new

covariance-matrix estimator
S\(Ax, By, p) = Ay o I(p) + By o J(p) (3.2.11)

as the modified hard-thresholding estimator of (A, B, p), where KA = diag{a,...,axK},
By, = {bu(\)} with by (N) = bui(X) for every k # k'. The consistency of this modified

hard-thresholding estimator is summarized below.

Theorem 3.2.2 (Consistency of the modified hard-thresholding estimator). Given a positive-
definite covariance matrix with the uniform-block structure (A, B, p) = (0;;/) defined as (3.2.2),
suppose K = K(n) > n — oo and log(K)/n — 0 as n — oo, and there exist constants

0 < Cpy, Cgy < 00 such that 330_ Y7 ol < Cp, and mjaxZ?,:l o |% < Cy for
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0<po<2and( < qy <1, then

IZ1(A5, By, p) — (A, B,p)||2 < Op(1)C,, {

ISA(Ax, By, D) — Z(A,B,p)||s < Op(1)Cy {

where we choose \ = C{log(K)/n}/? for some positive constant C.

The performance of the modified hard-thresholding estimator (3.2.10) relies on the choice

of A\, which can be determined by applying the resampling rule in Bickel and Levina (2008a,b).

3.3 Numerical Studies

3.3.1 Simulations

To evaluate the performance of the proposed method comprehensively, we simulate data
and benchmark them against comparable estimation methods for large covariance (and precision)
matrices in the following three scenarios.

In Scenario 1 (Section 3.3.2), we generate normal data using a covariance matrix with a
uniform-block structure ¥ ,(Ag, By, p1) for n subjects for small K. That is, the number of
diagonal blocks K is small so that the number of covariance parameters in the blocks ¢ is smaller
than the sample size n, whereas the dimension of the covariance matrix p can be greater than n.
We first focus on evaluating the finite-sample performance of the parameter vector estimator 6
in (3.2.7) by comparing the estimates with the ground truth. We also assess the accuracy of the
exact covariance estimator for 6, as presented in Chapter B. We then present the performance of

the covariance estimator f]l (;&1, B, ,p1) in (3.2.8) and the precision estimator ﬁl (;&971, ﬁQJ, D1)
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in (3.2.9) by comparing their losses in the matrix norms with those of existing covariance- and
precision-matrix estimators.

In Scenario 2 (Section 3.3.3), we simulate normal data using the covariance matrix X »(Ao, Bo, p2)
with the structure of uniform blocks for large /K. That is, the number of diagonal blocks K is
greater than and grows with the sample size n, as does the number of parameters in the blocks ¢
and the dimension of the covariance matrix p. Then, we compare the modified hard-thresholding
estimator 22(1/&2, fig, p2) in (3.2.11) with its competitors by computing the losses in the matrix
norms.

In Scenario 3 (Section 3.3.4), we perform a misspecification analysis for ig(gg, ﬁg, D3)

and 23(Aq 3, ﬁﬂvg, p3) when the covariance matrix is not a uniform-block matrix.

3.3.2 Scenario 1: comparison for small K covariance matrix

We first set the true covariance uniform-block matrix as 3¢ 1 (Ao, Bo, p1) = Ag o I(p1) +

By o J(p1), where the number of diagonal blocks K = 5; the partition-size vector

D1 = (pindapindvpindapindapind)T = Pina X 1xx1

with individual component p;,g = 30, 45, or 60; the number of parameters in the blocks ¢ =

K + K(K + 1)/2 = 20; the dimension of the covariance matrix p = K X pjpq = 150, 225, or

46



300; and A, = diag(ag 11, - - ., a0xx) and By = (bo xx) With by grr = b i for k # k'

6.731 —1.690 0.696 —2.936  1.913

5.215 3.815 —1.010 0.703

A, = diag(0.016,0.214,0.749,0.068,0.100), By = 4.328 —3.357 —0.269
6.788  0.000
3.954

The true precision matrix Q0 1(Aq,0, Bao, P1) = AqooI(p1) +Bao o J(p1) is given by (3.2.4),
thatis, Aq = Aal and By = —(Ag+BoxPy;)~! xBoanl, where Py 1 := diag(pind, Pinds Pind, Pind; Pind)-
Specifically, we let n = 50, 100, or 150 satisfying ¢ = 20 < n. We generate the data matrix X by
drawing an independent and identically distributed sample from N (0,1, X0 1(Ag, By, p1)) and
repeat this procedure 1000 times.
For each replicate, we calculate ay;, and gkk/ using (3.2.7) to obtain Kl = diag(a1, - .-, axK),

B, = (Zkk/), Kﬂ,l = K;l, and f}gm = —(A; + By x Poi)t x B, x K;l and then cal-
culate their standard errors by substituting the estimates ay;, and gkk/ for ay and by, respec-
tively, in Corollary 3.2.3. We also calculate the estimates of the covariance matrix and pre-
cision matrices using (3.2.8) and (3.2.9) and denote them by ipmp. = il(gl,ﬁl,pl) and
ﬁpmp, = ﬁl(XQJ, ﬁg,l, p1), respectively. In addition, we estimate the covariance matrix us-
ing the conventional methods including the soft-thresholding method (soft; Antoniadis and Fan,
2001), the hard-thresholding method (hard), the adaptive-thresholding method (adaptive), and the

principal orthogonal complement thresholding method (POET), as shown in Figure 3.2. We also

estimate the precision matrix using the graphical lasso method (glasso; Friedman et al., 2008), the
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bandwidth test (banded; An et al., 2014), Bayesian frameworks with G-Wishart prior (BayesG;
Banerjee and Ghosal, 2014) or with the k-banded Cholesky prior (BayesKBC; Lee and Lee,
2021), as also shown in the figure. Finally, we evaluate the performance of all methods using
the losses in the Frobenius and spectral norms respectively, that is, ||§)* — ¥0.1(Ao, Bo, p1)||F>
|2, = Zo1(A0,Bo, p1)ls, 12 — 2.1(Ac0,Bao, p1)lr, and [ Q2. — Q01(Aq.0, Bao,p1)s for
the method .

For the 1000 replicates, we assess the relative bias, the Monte Carlo standard deviation, the
average standard error, and the empirical coverage probability based on 95% Wald-type confi-
dence intervals for each covariance parameter, as presented in Table 3.1. The results in Table 3.1
demonstrate that the proposed best-unbiased estimators ay and Zkk/ achieve satisfactory perfor-
mance: the relative bias in the parameter estimations are generally small in contrast to the Monte
Carlo standard deviations; as the sample size n increases, the average standard errors become
smaller for all covariance parameters; the average standard errors are approximately equal to the
Monte Carlo standard deviations with comparable corresponding 95% empirical coverage proba-
bilities. We demonstrate the performance of covariance- and precision-matrix estimators in terms
of the Frobenius and spectral norms and computational times for the proposed procedure and the
competing methods in Figure 3.2. Our estimating procedure outperforms the existing meth-
ods as it 1s much faster and has smaller matrix norms losses. Compared with the conventional
precision-matrix estimators, the proposed precision-matrix estimator has much lower losses be-
cause the true precision matrix has many non-sparse blocks (that is, the off-diagonal entries in
Bq  are very small but different from 0). As the dimension p increases, the matrix norms losses
between the proposed covariance estimate and X ; (Ao, By, p; ) increase while those between the

proposed precision estimate and Q1 (Aq o, Ba o, p1) decrease slightly. One possible explanation
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is that we fix n and ¢, then ipmp_ is determined by Kl, I~31, and p; while ﬁprop_ is determined by

~_1 ~ ~ ~
A, .Bi, (A1 + By xPyq)"', and p;.

p = 150 p = 225 p = 300
n bias __MCSD __ASE __ CP___ bias __MCSD _ ASE __ _CP__ bias __MCSD __ASE __ CP
ao11 0 0.1 01 955 0 0 0 952 0 0 0 957
ag,22 0 0.8 08 939 0 0.7 0.7 95 0 0.6 06 947
aoas 01 2.8 28 957 0.1 23 23 953 0 19 2 93
ao.44 0 0.3 03 948 0 02 02 953 0 02 02 954
a0 55 0 04 04 946 0 03 03 947 0 03 03 943
bo11 17 1394 1357 914 08 1353 1362 931 04 1341 1359 932
bo,12 6 86.9 87.5 948 43 85.7 872 95.1 1 86.2 88.2 95
bo.13 56 79.4 78 954 35 71.7 779 959 23 759 78 969
bo1a 26 1103 1051 918  -08 104 1053 937 0.1 1036  104.8 95
50 bgas 2 80.7 782 935 1.9 78.1 784 94 33 776 784 937
booa 09 1057 1053 932 74 105.7 104 912 57 1063 1066 939
boos 0.1 88.6 871 927 3.1 86.6 863 933 4l 89.5 87.8 937
bo.24 13 85.6 86.1 954 27 86.2 858 953 04 88.7 864 952
bo.25 32 66.1 655 957 33 634 649 954 29 67.9 66.1 957
bo.33 0.7 88.1 881 936 05 86.6 87.7 933 33 90.1 883 935
bo 34 04 91.6 91.1 944 26 913 913 93 12 914 909 935
bo 35 29 614 593 956 09 58.1 591 958 19 602 595 963
b0 44 0.1 1405 1372 921 26 137 1377 942 49 1322 1362 931
bo.as 0.5 78.6 74 942 .15 735 739 962 -2l 738 738 9%
by 55 1.6 80.7 796 927 22 814 795 927 04 80.4 80 93
ag,11 0 0 0 951 0 0 0 949 0 0 0 92
ag,22 0 0.6 06 958 0 04 05 962 0 04 04 948
ao0.33 0 2.1 2 942 0 16 16 949 01 14 14 953
a0 44 0 02 02 963 0 0.1 01 955 0 0.1 01 954
a0 55 0 0.3 03 953 0 02 02 951 0 02 02 953
bo,11 0.3 97.6 957 935 7.1 97.3 9.7 935  -l.1 937 955 946
bo.12 12 59.6 618 954 2.1 61.3 624 958 23 62.5 619 947
bo.13 11 522 547 968 04 543 55 956 12 55 548 949
bo1a 04 725 741 954 31 754 743 943 02 745 739 948
100 bo15 08 55.6 552 938 37 56 55.9 9% 07 56.8 553 9438
booa  -16 715 74 951 23 734 745 94 18 765 74.4 94
bo23 23 58.3 61 941  -0.1 60.6 613 942 15 64.3 614 938
bo,24 1.7 59.9 606 953 33 61.7 606 955 0.1 61.8 60.7 945
bo.25 18 454 461 956 19 483 466 948 17 462 463 95
bo.zz 26 58.9 615 953  -16 60.7 615 939 05 64 618  94.1
bo 34 14 633 64 949 35 62.7 637 948 06 66.7 64 935
bo.35 12 398 416 962 15 439 419 948 2 419 417 954
b0, 44 0.8 93.1 9.6 963 -39 938 959 947  -08 98.8 9.4 93
bo.45 0 502 52.1 9%  -19 545 522 933 -12 539 52 947
by 55 0.8 57.1 56.1 94 41 56.7 568 949 0 56.6 562 939
ag,11 0 0 0 95 0 0 0 9% 0 0 0 946
ao.22 0 0.5 05 937 0 04 04 955 0 03 03 941
a0.33 0 16 16 951 0 13 13 936 0 11 L1 963
a0 44 0 0.1 01 947 0 0.1 01 951 0 0.1 0.1 9%
a0.55 0 0.2 02 953 0 0.2 02 952 0 02 02 944
bo11 26 75.1 783 956 28 713 777 943 58 76.5 773 943
bo,12 11 49.7 506  95.1 13 49.4 502 95.1 11 516 503 937
bo.13 23 44.1 449  96.1 1 444 447 962 -15 459 44.4 94
bo 14 36 583 606 959 05 61.9 604 942 46 60.3 598 937
150 bo.1s 0.6 46.1 451 945  -16 459 449 949  -14 449 449 937
bo,22 11 61.7 60.6 95 27 60.5 602 936 12 61.7 606 939
bo.23 11 514 501 946 08 495 499 942 09 50 50 942
booa 05 486 496 958 2 483 495 953 -12 495 494 944
bo.25 14 36.7 377 952 -1l 372 375 945 21 38.7 378 956
bo 33 11 52.1 506 944 13 495 505 947 02 493 503 944
bo 34 -1 524 524 949 36 515 526  95.1 1 514 521 944
bo.35 23 332 341 956 -8 337 341 953 1 355 34 941
bo,44 15 772 78.8 95 32 81.2 79 939 39 79.7 782 932
bo.as 26 423 425 955 27 43.1 425 945 04 429 424 952
by 55 0.6 469 458 934 07 46.8 458 942 07 46.4 459 945

Table 3.1: Estimation results (x100) for agxx and by 4 in Scenario 1 under n = 50, 100, or
150, where bias denotes the average bias, MCSD denotes the Monte Carlo standard deviation,
ASE denotes the average standard errors, CP denotes the coverage probability based on a 95%
Wald-type confidence interval.
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Figure 3.2: Results of the losses in the Frobenius and spectral norms and the execution time
for the proposed covariance- and precision-matrix estimators and the conventional estimators in
simulation studies. The proposed estimators outperform the competitors regarding fewer losses
and shorter computational times.

3.3.3 Scenario 2: comparison for large K covariance matrix

The true covariance matrix is X 2(Ao x, Bo x, P2) = Ao x 0 I(p2) + Bo x © J(p2), where

K = 30,40, 0r 50; p2 = (Pind; - - - » Pina) |

,Pind) = Pind X 1 x1 With the individual component p;,qg = 10;
¢q=K+K(K+1)/2 =495, 860, or 1325; p = K X pina = 300, 400, or 500; and A x and By x
are generated depending on the value of K. For each K, we first generate a ' by K diagonal

matrix A x and a symmetric matrix B x satisfying 3 2(A¢ k., Bo i, p2) > 0, or equivalently,

50



Aok = 0and Ay i = Ag ik + Bo x X Py is invertible, where Py ;¢ := diag(ping, - - -, Pind) €
REXK " Then, we simulate the data matrix X based on an independently and identically dis-
tributed sample of size n = 30 from N (0,x1, X0 2(A¢ x, Bo i, p2)), where all K, p, ¢ > n. For
each K, the above generation procedure is repeated 1000 times. To estimate 3¢ (Ao i, Bo k', P2),
we adopt the modified hard-thresholding estimator in (3.2.11). The thresholding level A is cho-
sen by following a similar procedure to that in Bickel and Levina (2008a,b). We also compare
our method with the estimation methods for large covariance matrices used in Scenario 1 (Sec-
tion 3.3.2). For 1000 replicates, we plot the average losses in terms of matrix norms in Figure 3.2.
The results in Figure 3.2 show that the proposed modified estimator produces the smallest loss

by taking advantage of the underlying structure.

3.3.4 Scenario 3: simulation analysis under model misspecification

In this scenario, we assess the performance of the proposed covariance- and precision-
matrix estimators under the model misspecification when the true covariance matrix does not have
a uniform-block structure. Specifically, we set the true covariance matrix Yo, = X 3(A¢, Bo, p3)+
M, = 0, where K = 5; p3 = ping X 11 With ping = 30; ¢ = 20; p = K X ping = 150; and A,
and By are identical with those in Scenario 1 (Section 3.3.2). Matrix M, follows a Wishart distri-
bution with p degrees of freedom and parameter o1, where o = 0.1, 0.5, or 0.8. It is clear that if
o =0, then Yy, = X 3(A¢, By, ps) is a uniform-block matrix; if o > 0, then Y, and the true
precision matrix Y ! are not uniform-block matrices because the uniformity does not hold. For
each o, we generate X based on a random sample with a size of n = 50 (satisfying ¢ = 20 < n)

by drawing from N (0,1, Yo, ). We fit the data using the covariance-matrix estimator in (3.2.8),
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the precision-matrix estimator in (3.2.9), and the other estimators for large covariance and pre-
cision matrices described in Scenario 1 (Section 3.3.2). We simulate 1000 replicates for each o.
The average losses |2, — Yo, [[r, [|Z. — Yo ls, €2 — Yol and Q. — Y5 L ||s are calculated
among 1000 replicates for the method *. The results are plotted in Figure 3.2.

The results in Figure 3.2 show that the proposed covariance-matrix estimator works well
under the misspecified covariance structure. Compared with the traditional covariance-matrix
estimators, the losses in terms of matrix norms are smaller for our proposed method. The losses
in terms of matrix norms for our precision-matrix estimator are comparable with those for the
other methods. One possible reason is that the inverse of a non-uniform-block matrix is not a
uniform-block matrix so the proposed precision-matrix estimator cannot take benefit from the
underlying structure.

In summary, our method can robustly and accurately estimate covariance matrices with the
dependence structure of interconnected communities. Since recent multiple testing correction
methods, e.g., to control the false discovery proportion (FDP; Fan et al., 2012; Fan and Han,
2017), are based on the covariance matrix estimate, we also evaluated the influence of covariance
estimation on the accuracy of feature selection (see the extra simulation study in Chapter B). Our
simulation results showed that our approach can largely improve the sensitivity while preserving

the FDP compared to competing methods.
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3.4 Data Examples

3.4.1 Proteomics data analysis

We apply the proposed method to estimate the covariance matrix of high-throughput pro-
teomics data for cancer research (Yildiz et al., 2007). Specifically, 288 subjects (180 male and
108 female, aged 62.4 + 9.4 years) participated in this case—control study. Matrix-assisted laser
desorption ionization mass spectrometry was utilized to identify the abundant peptides in human
serum between case and control samples. After preprocessing (Chen et al., 2009), 184 features
in the serum were selected as candidate proteins and peptides. Of these, 107 were identified by
the network detection algorithm (Chen et al., 2018) and used to form a sample correlation matrix
with 7 by 7 well-organized blocks (see the first two heat maps of Figure 3.3(A)). Our aim was
to estimate the large correlation matrix and to understand the interactive relations between these
107 features.

We focus on the p = 107 features in the K = 7 communities for the n = 288 participants,
therefore ¢ = 35. The partition-size vector p = (34,18,14,14,13,10,4)" was provided by
the network detection algorithm (Chen et al., 2018). Let Ay = diag(ag 11, .- ., a0 xx) and By =
(bo ks ) With by grr = bo i for k # k" denote the K by K unknown diagonal matrix and symmetric
matrix, respectively. We assume that the p by p population correlation matrix is a uniform-
block matrix whose diagonal entries are 1 (that is, agxr + boxr, = 1 for every k), expressed
by Ro(Ag, By, p). Since ¢ = 35 < n = 288, the estimates and standard errors of ag xx and
bo i can be obtained by the best unbiased estimators (3.2.7) and Corollary 3.2.3, respectively.

We summarize the results in the third and fourth plots of Figure 3.3(A), where the sum of the

53



estimates of ag , and by i is equal to 1 for every k because the diagonal entries in the sample
correlation matrix are 1. The fourth plot of Figure 3.3(A) shows that the 95% confidence intervals
of the correlations between the (1,2), (2,4), and (6, 7) blocks contain 0. The (1, 3), (1,4), (1,5),
(1,6), (2,3), (2,5), (3,4), (3,5), (3,6), (3,7), and (5, 7) blocks have negative correlations while

the remaining blocks have positive correlations.

3.4.2 Brain imaging data analysis

The second example is a brain imaging study based on echo-planar spectroscopic imaging,
which can simultaneously measure multiple neurometabolites in the regions of a whole brain
(Chiappelli et al., 2019). The data were collected from 78 participants (39 male and 39 female,
aged 42.1 £ 18.8 years). Five neurometabolites were identified in 89 brain regions: choline,
myo-inositol, creatine-containing compounds, N-acetylaspartate, and glutamate—glutamine. We
first estimated the sample correlation matrix for the combinations of the neurometabolites and
brain regions (that is, 445 = 5 x 89) and applied the approach developed by Chen et al. (2018) to
extract a structure for the latent well-organized blocks with 227 combinations from the possible
445 (see the first heat map of Figure 3.3(B)). This structure has five diagonal blocks and 10 off-
diagonal blocks (see the second heat map of Figure 3.3(B)). We next applied the proposed method
to estimate the correlation matrix.

For this application, we obtained n = 78 and p = (77,49, 36,33,32)" from the prelim-
inary network detection algorithm (Chen et al., 2018), so K = 5, p = 227, and ¢ = 20. We
estimated ag y and bg xiy With (3.2.7) and their standard errors with Corollary 3.2.3. The re-

sults are plotted in the third and fourth plots of Figure 3.3(B). The third plot of Figure 3.3(B)
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shows all the estimated correlations. The correlations within all diagonal blocks and those be-
tween the (1,2), (1,4), (2,4), and (3, 5) blocks are positive with the 95% confidence intervals
not containing 0. The correlations between the (1,3), (1,5), and (2, 5) blocks are negative with
the 95% confidence intervals not containing 0. The (2, 3), (3,4), and (4, 5) the blocks have the
95% confidence intervals for the correlations containing 0. The five diagonal blocks are as fol-
lows: (1) 74 regions with choline (including three regions with other metabolites), (2) 49 regions
with myo-inositol, (3) 26 regions with /V-acetylaspartate (including 10 regions with glutamate—
glutamine), (4) 33 regions with creatine-containing compounds, and (5) another 32 regions with
N-acetylaspartate. The off-diagonal blocks show the positive relations among choline, myo-
inositol, and creatine-containing compounds, and also between /V-acetylaspartate and glutamate—
glutamine across the brain. There is also a global negative correlation relation between two sets
of metabolites across the brain: (1) choline, myo-inositol, and creatine-containing compounds
and (2) glutamate—glutamine and N-acetylaspartate. The region-level correlations may assist in
providing an understanding of the neurophysiological mechanisms relating to metabolites in the

central nervous system.

3.5 Discussion

We have developed a computationally efficient method for estimating large covariance and
precision matrices with a uniform-block structure. In our empirical analyses of multiple types
of high-throughput biomedical data, we found that most of these datasets, including gene ex-
pression, proteomics, neuroimaging, and exposome data, among many others, exhibit a latent

yet well-organized block pattern (see the examples in Figure 3.1 and Chapter B). By leverag-
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Figure 3.3: A: the first two are the heat maps of the sample correlation matrices for the proteomics
dataset, the third one exhibits the estimates of by (their standard errors are between 0.03 and
0.07; for each k, the estimate of agy; is one minus the estimate of by i, with standard errors
around 0.01), and the fourth one contains the confidence intervals for by s (4 refers to the 95%
confidence interval on the right of 0, — refers to the 95% confidence interval on the left of 0,
0 refers to the 95% confidence interval containing 0). B: the first two are the heat maps of the
sample correlation matrices for the brain imaging dataset, the third one exhibits the estimates of
bo ri (their s.e. are between 0.07 and 0.11; for each k, the estimate of ay j, is equal to one minus
the estimate of by 5, with standard errors around 0.01), and the fourth one contains the confidence
intervals for by i (+ refers to the 95% confidence interval on the right of 0, — refers to the 95%
confidence interval on the left of 0, 0 refers to the 95% confidence interval containing 0).

ing the uniform-block structure, we provide an accurate estimate of the parameter vector for
a large covariance matrix with a drastically reduced number of parameters. We further derive
the covariance- and precision-matrix estimators in closed forms, which significantly reduce the
computational burden and improve the accuracy of statistical inference.

In a uniform-block structure, we assign one parameter for the diagonal entries and one pa-
rameter for the off-diagonal entries in a diagonal block, and one parameter for all entries in an
off-diagonal block. This parameterization strategy is driven by the fact that the intra-block and
the inter-block variances are relatively small in a large sample correlation matrix (see the box
plots in Chapter B). Given the strong block patterns in the correlation matrices (see the examples
in Figure 3.1 and Chapter B), this parameterization strategy appears valid. It is also analogous to

the commonly used compound symmetry covariance structure in linear mixed-effect models and
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generalized estimating equation models. In addition, we demonstrated that our method generally
performs well when there are multiple parameters within each block, as in Scenario 3 (Sec-
tion 3.3.4). Therefore, our approach is, overall, robust and fast for high-dimensional biomedical

data as it considers the commonly observed block-wise covariance structures.
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Chapter 4: Modeling Multivariate Outcomes with Interconnected Modules: Eval-

uating the Impact of Alcohol Intake on Plasma Metabolomics

4.1 Introduction

Simultaneous measurement of hundreds of thousands of biological features has revealed
complex scientific mechanisms across various fields (He et al., 2019; Ke et al., 2022). Numerous
statistical methodologies have been developed to address the challenges associated with high-
dimensional data analysis. For instance, shrinkage and penalty techniques have been employed
in linear regression models, leading to the establishment of theoretical properties for the sparse
estimators (Tibshirani, 1996; Efron et al., 2004; Hastie et al., 2015). Similarly, analogous reg-
ularization methods have successfully extended to estimate large-scale covariance or precision
matrices while incorporating assumptions of bandability, sparsity, or low-rank structures (Wu
and Pourahmadi, 2003; Bickel and Levina, 2008a,b; Bickel and Gel, 2011; Fan et al., 2011,
2013). From an inference perspective, multiplicity-adjusted procedures have been proposed to
enable the simultaneous testing of numerous hypotheses, irrespective of whether the underlying
test statistics are independent (Benjamini and Hochberg, 1995; Storey et al., 2004; Efron, 2004)
or heavily correlated (Benjamini and Yekutieli, 2001; Efron, 2007; Leek and Storey, 2008; Fan

et al., 2012; Fan and Han, 2017).
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Conventionally, statistical methods for handling high-dimensional variables can be broadly
categorized into two classes. In the first class, high-dimensional variables are considered as
predictors. For example, regression shrinkage methods, e.g., the lasso (Tibshirani, 1996) and
its many variants, are commonly used to select the variables of interest (Yuan and Lin, 2007;
Fan and Lv, 2008; He et al., 2019). In the second class, high-dimensional variables are treated
as multivariate outcomes in regression models. For example, high-dimensional imaging data
are often modeled as outcomes while spatial dependence is taken into account. In addition,
multiple testing methods widely used in omics data analysis can be categorized into this class
(Leek and Storey, 2008; Fan et al., 2012; Fan and Han, 2017). In this chapter, our focus lies
within the second category of data analysis, as we aim to investigate the effect of alcohol intake
on metabolomic profiles. Specifically, our goal is to incorporate the structured dependence among
the multivariate outcomes into exposures or predictors of interest.

The challenge of incorporating the dependence structure into a multivariate regression
model is twofold. First, the pattern of dependence structure can be latent and complex, which
implies that we need to detect or estimate this structure before modeling. For example, gene
co-expression network analysis (Wu et al., 2021) and seed quality analysis (Perrot-Dockes et al.,
2022). On the other hand, given a detected dependence structure of data, it is also challeng-
ing to utilize the pattern in a multivariate regression model, since the covariance structure of
(marginal) outcomes is implicitly influenced by the detected pattern. In our empirical analyses
of various high-dimensional datasets, including gene expression, proteomics, brain imaging, and
seed quality, among others in Chapter 3, a particular structure, called the interconnected commu-
nity structure, is most prevalent (please see a real example in Figure 4.1(C)). In particular, the
pattern has several characteristics: it is latent, i.e., it is the output of applying network detection
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algorithms to the raw data; it is non-sparse, i.e., elements of the covariance or correlation matrix
have small but non-zero values; it has an almost constant-valued block form, i.e., elements of
each block are almost the same, exhibiting low variability; and it may have many singletons or
1solated nodes (see a real example with the singletons in Figure 4.1(B)). But, as we discussed,
due to the existence of this structured covariance or correlation matrix in data, it is essential to
incorporate the corresponding structured dependence into a statistical model to obtain reliable
and accurate results. A few questions naturally arise: given this pattern in the covariance or cor-
relation structure, (1) does the matrix consisting of all dependence parameters have a specific
structure? (2) what is the relationship between the dependence structure and the covariance or
correlation structure at the population level? (3) how can we estimate the dependence parameters
and the other parameters, e.g., the regression coefficients, simultaneously?

To address these questions, we propose a Multivariate Autoregressive regression model with
Uniform-block Dependence (MAUD) that incorporates the above latent dependence structure
found in data into a parametric regression model, and we furthermore develop an estimation
procedure for the dependence parameters and regression coefficients and establish the finite- and
large-sample properties of the proposed estimators.

The MAUD makes at least three contributions. First, biological features in outcomes are
divided into communities (or groups, or clusters) based on a preliminary study (e.g., a network de-
tection algorithm), and the dependence parameters both within and between communities are de-
fined in the MAUD. We notice that the dependence structure is naturally a uniform-block structure
(see Chapter 2) rather than an arbitrary one. A uniform-block structure brings two advantages.
One is that structures preserved under common algebraic operations, i.e., the corresponding co-

variance, correlation, and precision matrices also have uniform-block structures with explicit
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Figure 4.1: A: 249 by 249 sample correlation matrix (of residuals) calculated from a subset of raw
NMR data (Ritchie et al., 2023); B: an interconnected community structure with generalized (with
singletons) well-organized blocks in the sample correlation matrix provided by a community
detection algorithm (Chen et al., 2023); C: a 170 by 170 sample correlation matrix (of residuals)
extracted from the black frame in B, which is called an interconnected community structure with
well-organized blocks; D: a population correlation matrix with an interconnected community
structure with (5 by 5) uniform blocks; E: a partition-size vector £ = (L, Ly)" = (2,3)" with
R =5and G = 2; F: an illustration of the block Hadamard product representation N (A, B, £) =
A o I(£) + B o J(£); G: an illustration of a uniform-block matrix N (A, B, £), where the cells
with different colors in the matrices represent the elements with different values, the cells with
different colors in £ represent the features in different communities.

expressions in terms of the dependence parameters. The other one is that computations become
efficient, i.e., computations of uniform-block matrices are simplified in the estimation procedure
due to both dimensionality reduction and closed-form expressions. The second contribution is
that the regression coefficient estimator is derived by the ordinary least-squares (OLS) method,
which is identical to the generalized least-square (GLS) estimator and the feasible generalized
least-square (FGLS) estimator, so it has an exact covariance matrix. Simultaneously, the depen-

dence parameter estimators are derived by the maximum likelihood (ML) method and have an
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asymptotic covariance matrix in closed form. The third contribution is that the covariance matrix
of the regression coefficient estimator is exact and explicit in terms of the dependence parameters
and the design matrix. In summary, compared to the conventional models that use a diagonal or
block-diagonal structure to model dependence in network data (i.e., ignoring the non-null off-
diagonal elements), the proposed MAUD offers more accurate estimates and inferences.

This chapter continues with Section 4.2, which is concerned with our methodology of de-
pendence modeling, estimation, and statistical inference: Section 4.2.1 introduces a simultaneous
autoregressive regression model for multivariate outcomes; Section 4.2.2 specifies the multivari-
ate autoregressive regression model with a uniform-block structure and establishes the relation-
ship between the dependence parameters and the covariance matrix; Section 4.2.3 describes the
estimation procedure with theoretical properties; Section 4.2.4 presents the hypothesis tests for
the regression coefficients and dependence parameters. In Section 4.3, we conduct simulation
studies to evaluate the proposed methodology. We then apply the proposed method to real data
in Section 4.4 and provide a discussion in Section 4.5. All proofs, additional figures, and tables

are given in Chapter C.

4.2 Methodology

4.2.1 A simultaneous autoregressive regression model

Let Y* = (y%,...,y") € RS*" denote the data matrix, where y* = (y;1, .. .,1:s) € RS*!
denotes the S-dimensional multivariate outcomes of features for a participant ¢ = 1, ..., n. Let
y") € R™" denote the r-th row vector of Y*. We assume that the dependence structure of

the S-dimensional multivariate features reflects an interconnected community structure (see Fig-
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ure 4.1(B)). Without loss of generality, the r-th feature (within the first R features) can be as-
signed to community g with ¢ : {1,2,... R} — {1,...,G},r — g as the community assigning
function, i.e., ¢(r) = g. The interconnected community structure demonstrates that: (1) any two
pairs of features r; and 75, r3 and r, within community g are coherently and positively corre-
lated, i.e., cor (y"),y("?)) & cor (y2),y("9)) > 0if ¢(r1) = ¢(r2) = ¢(r3) = ¢(r1) = g; (2)
communities g and ¢’ can further be interconnected, denoted by g ~ ¢, if cor (y"),y")) # 0
for ¢(r) = g and ¢(r') = ¢'; (3) as demonstrated in Figure 4.1(B), a subset of features (i.e.,
indexed by {R+1,...,S}) belongs to none of the communities, for which we denote a general-
ized community assigning function ¢* : {1,2,...,S} — {0,1,...,G} with ¢*(r) = ¢(r) = ¢
ifre{l,...,R}and ¢*(r) =0ifr € {R+1,...,5}. We further let L, denote the cardinality
of the community g for g = 1,...,G and L refer to the number of features in no communities
and S = R+ Ly with R = Ly + --- + Lg. We assess the association between the multivariate
outcomes y; and covariate vector x; € RP*! for s = 1,...,n while accounting for the complex

dependence structure by the following simultaneous autoregressive regression model:

1
yiT:IBTTXi—i_ L. —1 Z Pgg (yir’_ﬁzxi)
I T (e )=¢(r)=g

[\

within community g

1
+ Pog (Yirr — BXi) +éir, 4.2.1)
g/%;g \/<L9 - 1) (Lg/ - 1) e (zr//:)_g/ % ( )

between communities ¢g and ¢’

where y;, € R denotes an outcome of r-th feature (e.g., a biomarker), 3, € RP*! denotes
the feature-specific regression coefficient vector, T denotes the transpose of a vector or matrix,

x; € RP*! denotes the covariate vector across all features for the i-th participant (e.g., intercept,
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age, and sex), p,; € R denotes the autoregressive dependence parameter within g-th commu-
nity, p,s = pyy € R denotes the autoregressive dependence parameter between g-th and ¢'-th
communities, €;, € R denotes an independently and identically distributed (i.i.d.) error following
N (0,w,), and w, > 0 denotes the feature-specific variation fori = 1,...,nandr =1,...,S.
We note that model (4.2.1) reduces to a general linear model for feature r that belongs
to none of the communities. Model (4.2.1) builds upon the conventional autoregressive model
used in neuroimaging studies (Bowman, 2005; Derado et al., 2010; Risk et al., 2016; Lee et al.,
2023) and it extends the model to a generalized form that includes community-wise dependence.
If all autoregressive dependence parameters, both within and between communities, are equal
to 0, then model (4.2.1) reduces to a general linear model (Worsley and Friston, 1995; Friston
et al., 1995). If the autoregressive dependence parameters within communities p,, 7 0 but those
between communities py,, = 0 for every g # ¢, then model (4.2.1) resembles other existing

models in the literature (Bowman, 2005; Derado et al., 2010; Lee et al., 2023).

4.2.2 The MAUD

Due to the complex dependence pattern, a matrix representation of (4.2.1) is required for
parameter estimation. Without loss of generality, we focus on the features in communities only,
because the features in no communities (i.e., ¢*(r) = 0) can be modeled separately. We express

the Multivariate Autoregressive regression model with Uniform-block Dependence (MAUD) as
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follows:

yi=| : i+ ¥ x |y, — | : x| +e €8N0, S,  (42.2)

Rxp L Rxp 4

fori = 1,...,n, wherey, = (yir,...,yir) € R € = (¢1,...,er) € REXL B, =
cov(e;) = diag (wy, . .., wr) € R*E with the covariance matrix notation cov(-) and the diagonal

matrix notation diag(-); the autoregressive dependence matrix Y is a partitioned matrix:

Yy Y ... Yig
Yoo Yo ... Yoq
T = 9
Yo Yo ... Yqo
p
ng = Yag (JLg - ILg) S RLQXLgy Yog = L = 17 g/ =9,
g —
, Pag
Yoy = 'Vgg’JLngg/ € RFoxF ) Yag' = Vg'g = = 9 #9,

\/(Lg - 1)(Lg/ - 1)’

Y4¢' 18 the autoregressive dependence parameter p,, scaled by a constant, I and J denote the

identity matrix and matrix of ones, respectively. We can further present Y in terms of ~y,,:

Ay =diag(—m1,--.,—Yeq)
Y (A, By, £) = Ax 0 1(£) + By 0 J(£), with 4.2.3)

By = (799’>
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where I(£) = Bdiag (I.,,, ..., I..) with the block diagonal notation Bdiag(-), J(£) = (JL!,ng, ) ,
and o denotes the block Hadamard product satisfying AyolI(£) = Bdiag (—y111.,, - .., —vcclLe)
and By o J(r) = ('Ykk’JLngg/)- The above matrix Y (A, By, £) is also known as the uniform-
block matrix (see Chapter 2) The autoregressive dependence parameter matrix Y is intrinsically

linked with the covariance matrix X as below:
Y, ~ N (BropX, X)), T=>Iz—-")"Iz—71)", (4.2.4)

fori =1,...,n, where BT = (B;,...,8r) € RP¥ and we set &, = I (i.e., w, = 1 forall 1)
in (4.2.2) for the sake of easy presentation. We present the case of ¥, # I in Chapter C. Suppose
3} in (4.2.4) is positive definite, denoted by 3 > 0, we define €2 as the precision matrix, i.e., {2 =
¥~!. We aim to reparametrize 3 and €2 by ~,,, and thus the parameters of € in the likelihood
function can be substituted by scaled autoregressive dependence parameters 7y,,. Consequently,
V¢ can be directly estimated by maximizing the likelihood function. However, the connections,
between v,, and X, between 74, and €2, are not explicit. We resort to Corollary 4.2.1 for the

derivation.

Corollary 4.2.1 (express X and €2 by v,,). Both 2 and X partitioned by £ are uniform-block

66



matrices, with the following block Hadamard product representations (see Chapter 2):

Aq = (g —Ay)
Q(AQ,BQ,E) :AQ OI(E)—FBQ OJ(£), with 5

Bq = —2By +AxBy + ByAy + ByLBy
(4.2.5)
As, =Ag
Y (Ax,Bx,£) = Ax o I(€) + Bs o J(£), with : (4.2.6)
Bs = —-Ag'BoAy

where Ay, By are defined in (4.2.3), As, Aq are diagonal matrices, Bx, Bq are symmetric

matrices, L = diag (Ly, ..., Lg) € R and Aq = Aq + BoL.

Corollary 4.2.1 establishes the closed-form representation of {2 and X in terms of Y (or
Y4¢') by leveraging several derived properties of the block Hadamard product of the uniform-

block matrices (see Chapter 2).

4.2.3 Estimation of the MAUD parameters

The goal of this section is to estimate the vector of scaled autoregressive dependence pa-
rameters v = (Y11, ...V V22, - s V26 - - VGe) | € REGHD/2XL and the regression coef-
ficient vector 3 = vec (‘BT) e RApx1 simultaneously in the MAUD of form (4.2.4), where
vec(+) denotes the vector of columns of a matrix (Henderson and Searle, 1979). We further de-

note 8 = (87, 'yT)T € RIEP)FGGEH)/2]X1 45 the vector consisting of all unknown parameters.
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We consider the following multivariate normal distribution for the MAUD:

Ynr)x1 ™~ N (X(nR)x(Rp)ﬁ(Rp)ben & E) ,

wherey = (y],...,y) € ROAXI, x = ((IR ox)) ..., (Ig ®xZ)T)T e RR)*(5p) and

® denotes the Kronecker product. Consequently, the likelihood function is
0, (6;x,y) = g [~ Rlog(27) + log det (Q) — tr (SQ)] , 4.2.7)

. —Bx,)" € RP*E i the residual matrix.

where S =n~' 3" (v, — Bx;) (¥
Typically, we adopt the feasible generalized least-square (FGLS) approach to estimate 0

iteratively. Specifically, at iteration ¢ > 1, the FGLS estimator of 3 is straightforward by
30 — {XT |:I'n, 2 Q(t—l)i| X}‘l 7 (In ® ﬁ(t—l)) y € REPX1

where Q-1 = (3"~Y) and 4~V are the estimators of € and  at the (¢t — 1)-th itera-
tion, respectively. Based on B\(t), we further update ¥*) by maximizing the log-likelihood func-
tion (4.2.7) while plugging B8*):

Y € argmax(, (B(t),'y;x, y) ,

V€O,

where ©., C RE(E+D/2x1 i the parameter space of .
The above estimation of < by optimizing of (4.2.7) is challenging because estimating the

large covariance or precision matrix is essentially difficult (Fan et al., 2016; Cai et al., 2016).
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On the other hand, the advanced methods for large covariance or precision matrix estimation
(e.g., shrinkage and thresholding approaches) are not applicable, because they may yield biased
estimate of autoregressive dependence parameters in the model (i.e., as constraints, the diagonals
of each Yy, are 0). Therefore, Corollary 4.2.1 plays a critical role in the MAUD autoregressive
dependence parameter estimation using the likelihood approach. Specifically, plugging [/3\“)

rewrite the likelihood function in (4.2.7) as below:

G
lp (B(t)’%x,y) = g{ Rlog(2m) —1—2 (Ly — 1) log (agq,q4e) + logdet (Ag)
g=1

— sum [AQ o diag <tr <S§?> - (Sg)c» +Ba© (Sum (Sg))} }

(4.2.8)

where ag 4, is the (g, g)-th diagonal element of Aq = Agq () € RY*C, expressed in terms of
~in (4.2.5); Bqg = Bo (v) € R Aq = Aq(v) = Aa(7) + Ba (v)L € RY*¢ with
L = diag(Ly,...,Lg), also expressed in terms of ~ in (4.2.5); <S(gt;,> is the G by G parti-

tioned matrix of ) by £, sum(-) denotes the sum of all elements of a matrix, (sum (Sé?,)) =

<sum <S‘E‘2l>>zg’1 € R*Y; and ® denotes the (entry-wise) Hadamard product. Compared to
the log-likelihood function in (4.2.7), the alternative form in (4.2.8) largely reduces the number
of parameters from R(R + 1)/2 of Q to G(G + 1)/2 of v (e.g., from 14, 535 to 15 for the NMR
data with R = 170 and G = 5).

In addition to simplifying the matrix calculations in the log-likelihood function, the follow-

ing theorems state that we can obtain the estimator of 8 without using the iteration algorithm.

Theorem 4.2.1 (properties of B). Suppose Conditions 1, 2, 3, 4, 5, and 6 hold. Then, the FGLS
estimator of 3 is equal to the generalized least-square (GLS) estimator of 3, while it is equal to
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the OLS estimator, denoted by ﬁ, namely,

B = {xT (In ® ﬁ(t’l)) x}_le (In ® ﬁ(t’l)) y
={x"(I,® Q)x}fle I, 2 Q)y

= (xTx)_ley (4.2.9)

forallt > 1. In addition, B is (weakly) consistent, asymptotically normally distributed, asymp-

totically efficient, and

n —1
B~N|B2(As,Bs b (Zm]) : (4.2.10)
=1

We remark here that in general, the explicit variance estimator or the finite-sample proper-
ties of an FGLS estimator is intractable (Hayashi, 2011).
Consequently, based on the OLS estimator B , classical optimization algorithms (e.g., Newton—

Raphson) can be straightforwardly implemented to obtain :

q € argmax/, (B,’y; X,y) , (4.2.11)

V€O,

where the log-likelihood function is given by (4.2.8). Accordingly, we obtain p = (p11, . . ., ﬁgg)T €

REEHD/2X of po v in (4.2.1) with pyg = (Ly—1)7, for g’ = gand pyy = pyrg = /(Lg — 1) (Ly — 1Yy

for ¢’ # g, which completes the MAUD parameter estimation.

Theorem 4.2.2 (properties of ). Suppose Conditions 1, 2, 3, 4, 5, and 6 hold. Then, v in (4.2.11)
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is the unique ML estimator, (weakly) consistent, asymptotically normally distributed, and asymp-

totically efficient.

Then, p is (weakly) consistent, asymptotically normally distributed, and asymptotically

efficient under the mild regularity conditions.

Theorem 4.2.3 (properties of ). Suppose Conditions 1, 2, 3, 4, 5, and 6 hold. Then, 8 =

—~ T
<[3T, ’yT> satisfies the score equation with respect to 0, i.e.,

0
21, (6 — 0.
00 n( ,x,y) 0=0 !

In addition, the Fisher information matrix of the log-likelihood function (,, (0;x,y) is
Vs O(rp)x(G(G+1)/2)
0ic:(G+1)/2)x () o,

and it is positive definite, where

\Ilﬂ :xT [I’ﬂ & Q (AQ7B97£)]x = (AQ,BQ,E) X (szx;r> € R(RP)X(RP),
1=1

_ (0 (m_n 0Q (Aq,Ba,£) 00 (Aq,Bq, £)
\IJ‘Y - <w3]/) ’ ¢”/ o 2 tr { |: a,-yj b (AE’BZ7£) 87]’ 3 (szBflae) )

¥i € {m1,--- G-+ 726s - - -, Yaa | denotes the j-th component of y for j = 1,...,G(G +

1)/2, and ¢§;7,) is simplified to a closed-form expression in Chapter C.

4.2.4 Inference about the MAUD parameters

In this section, we describe statistical inferences about 3 and ~.
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Inference about (3. We conduct statistical tests for 3 using the estimator presented in (4.2.9).

Without loss of generality, we are simultaneously testing the following Rp covariate-wise hy-

potheses:
Hoyrq: B9 =0 versus Hy,,:069#0, q=1,...,p,r=1,...,R, (4.2.12)
(a) - - - : (1) O
where ;" is the ¢-th component of the r-th regression coefficient vector, i.e., 3, = < r e, Oy ) .

An exact covariance matrix of B is available from (4.2.10):

n —1
=5 = cov (B) — 3 (As, B, ) @ (Z xixiT> c DX (ED) 4.2.13)
=1

In general, given a pre-determined matrix C* € R**(%P) with a full rank, we can test a secondary

parameter (SP) o* = C*3 € R**L:

Hosp: 0" = 0 versus Hysp: 0" # 0p.

We construct a Wald-type test statistic using the estimator o* = C* ,é\ that follows a multivariate
normal distribution with mean C*3 € R**! and covariance matrix C*X EC*’T € Rs*s,

Inference about ~v. By applying Theorem 4.2.3 and utilizing the log-likelihood function
in (4.2.8), we can compute the observed information matrix to estimate the asymptotic standard
errors of 4. Subsequently, we perform G(G + 1)/2 Wald-type tests to evaluate the null and

alternative hypotheses:

Hogg i Yy =0 versus  Hygy 7y 20, g<g¢g =1,....G. (4.2.14)
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Multiple testing correction procedures (e.g., false discovery rate, FDR) can be further performed
to account for the multiplicity and dependence of the simultaneous tests (Benjamini and Hochberg,

1995; Leek and Storey, 2008).

4.3 Simulation Studies

In this section, we use Monte Carlo simulation studies to (1) evaluate the performance of
MAUD for parameter estimation; (2) assess the performance of statistical inference about regres-
sion coefficients of MAUD, and compare it with those of competing linear regression models,
including the ordinary least-square regression model (OLS; Worsley and Friston, 1995), the au-
toregressive model for multivariate block-diagonal outcomes (AMBD; Lee et al., 2023), and the
mixed model for repeated measures (MMRM; Bove et al., 2022); and (3) perform sensitivity
analysis for the MAUD under model misspecification when the underlying covariance matrix

does not have the interconnected community structure.

4.3.1 Data generation

We generate the multivariate outcomes y, from N (®Bx;, 3), where i = 1,...,n. We firstly
specify the mean vectors by sampling x; from a standard normal distribution and specifying the
regression coefficients B' = (8y,...,Bg) oxr With p = 2. We vary the regression coefficients
associated with the covariates of interest (i.e., 57(2)) across communities while setting the other
non-zero regression coefficients different from 57(,2). Specifically, we set ﬂﬁl) #+ 5,(,2) and 67{2)
depending on k in 3, = ( ﬁl), ﬁ,@)T for the first two features within each community and

set 3, as zero for the other features, where « is the effect size (i.e., the mean over standard
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deviation). We consider various settings with n € {100, 300,500}, R € {10,100,200}, and

k € {0.4,0.6,0.8}. Next, we set the covariance matrix ¥ = X (Ax, By, £) with

—0.77 0.77 0.11 —0.57
Ay = ~1.15 , By = 1.15 1.12
—0.24 0.24

This covariance structure has G = 3 interconnected communities. For R € {10, 10,200}, we set
the communities sizes £7 € {(3,3,4), (30, 30, 40), (60, 60, 80)}, respectively. We simulate 100

replicates for this setting.

4.3.2 Evaluation of estimation of the scaled autoregressive dependence param-

eters by the MAUD

For each replicated dataset, we apply the MAUD to estimate 3 using (4.2.9) and -~y us-
ing (4.2.11). We evaluate whether the MAUD provides an accurate scaled autoregressive depen-
dence vector ~. To assess the performance of estimator 4, we use the evaluation metrics includ-
ing the average relative bias (denoted by “bias”), the Monte Carlo standard deviation (denoted
by “MCSD”), the average asymptotic standard error (denoted by “ASE”), and the 95% coverage
probability based on the Wald-type confidence interval (denoted by “95% CP”) for each element
of ~.

Table 4.1 summarizes the estimate of <y (the complete results are available in Chapter C).
The results demonstrate that the biases are relatively small, especially when compared with the

Monte Carlo standard deviations, and the asymptotic standard errors are close to the Monte Carlo
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(n,R)  parameter bias MCSD ASE 95% CP
Y11 0.0077 0.0459 0.0492 0.96
Y12 -0.0022 0.0376 0.0397 0.93
(100, 10) Y13 -0.0072  0.0417 0.0375  0.93
Y22 0.0197 0.0908 0.0947 0.97
V23 0.0143 0.0682 0.0622  0.94
Y33 0.0107 0.0533 0.0492  0.93

b 0.0195 0.0240 0.0233  0.87
2 -0.0126 0.0583 0.0679  0.99
(100,100) 713 0.0099 0.0781 0.0776  0.94
Yoo 0.0152 0.0304 0.0280  0.92

V23 0.0283 0.0793 0.0725  0.89
V33 0.0125 0.0130 0.0141 0.89

Y11 0.0168 0.0148 0.0164  0.85
12 -0.0092  0.0648 0.0698  0.99
(100, 200) 713 0.0128 0.0898 0.0795 091
Va2 0.0192 0.0180 0.0198  0.89
V23 0.0257 0.0808 0.0723  0.86

V33 0.0130 0.0097 0.0099  0.78

Table 4.1: Estimation results of v under n = 100, where “bias” denotes the average of esti-
mation bias, “MCSD” denotes the Monte Carlo standard deviation, “ASE” denotes the average
asymptotic standard error, “95% CP” denotes the coverage probability based on a 95% Wald-type
confidence interval.

standard deviations. As the number of features increases, the biases slightly increase, and there-
fore, the coverage probabilities based on 95% Wald-type confidence intervals are slightly smaller
than the nominal level. As the sample size increases, the asymptotic standard errors decrease and
are closer to the Monte Carlo standard deviations, and the coverage probabilities based on 95%

Wald-type confidence intervals become closer to the nominal level.

4.3.3 Evaluation of statistical inference about the regression coefficients by the

MAUD

We also evaluate the statistical inference about the regression coefficients by the MAUD

and compare it with those of the OLS, AMBD, and MMRM. In contrast, we also use the true

75



covariance matrix X (Ax, By, £) as an “estimator”, denoted by “TRUE”. Since we are interested
in selecting a subset of features that are associated with the covariates of interest, we evaluate the
statistical inference from the perspective of variable selection. In general, the false positive rate

(FPR) and the true positive rate (TPR), defined below:

# {(q, r): B9 £ 0, Hy,,isrejectedat o, 1 < ¢ <p,1 <r < R}
#{(a.r) B0 £01<qg<p1<r <R}
# {(q, r): B9 =, Hy,,isrejectedat o, 1 < ¢ <p,1 <r < R}

#{(ar): 8 =01<q<p1<r <R}

TPR, =

Y

FPR, =

Y

are commonly used criteria to evaluate variable selection with a given cutoff « ranging from 0
to 1. To avoid making an ad-hoc choice of cutoff, we utilize receiver operating characteristic
(ROC) curves, as a statistical model with a higher area under the curve indicates a more accurate
statistical inference.

We demonstrate the results in the first two rows of Figure 4.2 for R = 100 and R = 200.
In general, the MAUD has the closest behavior to TRUE, and the ROC curves produced by the
MAUD uniformly outperform the other methods which are followed by those of the AMBD,
MMRM, and OLS, respectively. The difference between their TPRs becomes larger at the same
FPR when the effect size increases. When v = 0.8, the AMBD yields a slightly higher TPR
than that of the MAUD at the same FPR. One possible explanation is the AMBD gains statistical
power probably because it uses fewer parameters to model « than the MAUD does. The OLS

and MMRM have unreasonable performances due to the lowest TPRs.
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Figure 4.2: ROC curves under various levels of effect size x for different covariance matrix
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estimators, different statistical models, and different noise levels of covariance matrices.

4.3.4 Misspecification analysis of the MAUD

We assumed a known interconnected community structure for the MAUD in the last two
studies. However, the latent covariance structure may deviate from the interconnected community
structure in practice. Here, we assess the robustness of the MAUD under model misspecification.
In particular, we introduce a perturbation term E, ~ Wishart (R, olg) for o € {1,2,3} x 107

and E, = 0. for 0 = 0. We generate the simulated datasets 100 times with covariance matrix
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3 =3 (Ax,Bx,£) + E, under n = 500 and R = 100.
For each simulated dataset, we calculate the estimates of 3 and X 5 Then, we similarly
test the covariate-wise hypotheses and plot the ROC curves in Figure 4.2 based on all replicates.
As expected, the ROC curves in the third row of Figure 4.2 show that the TPR increases
at the same FPR when the effect size increases. As the noise level becomes larger, the TPR
decreases. We note that when o = 1074, the elements of E, nearly have the same order of
magnitude as those of the true covariance matrix. It implies that the MAUD can handle slight and

moderate levels of noise on the covariance structure.

4.4 Investigation of the Effect of Alcohol Intake on Plasma Metabolomics

To investigate the influence of alcohol consumption on plasma metabolomics, we apply the
proposed method to a nuclear magnetic resonance (NMR) plasma metabolomics dataset, with a
particular focus on the associations between the NMR metabolic biomarkers and alcohol intake.
The dataset is accessible at UK Biobank and described in Ritchie et al. (2023). It comprises
S = 249 NMR metabolic biomarker measurements as outcomes; alcohol intake frequency (912
participants daily, 1175 three or four times a week, 1017 once or twice a week, 424 one to three
times a month, 300 special occasions only, and 156 never) as the exposure; and the intercept, age
(when attended assessment center, 63.39 4= 7.61 in year), sex (1840 male and 2144 female), BMI
(body mass index, 26.28 4= 4.11), and heavy smoking (883 participants yes, and 3101 no) as the
covariates. This dataset has p = 6 and n = 3984 participants.

Detecting the interconnected community structure of NMR data. We fit the data to a multi-

variate linear regression model using the least-square method and obtain the estimated regression
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coefficient matrix %54gx6. We next calculate the residual matrix and apply a network detection
algorithm proposed by Chen et al. (2023). After reordering the biomarkers, the correlation matrix
of the residuals demonstrates 2 = 170 biomarkers are categorized into 5 communities with sizes
of Ly =77, Ly =47, Ly = 19, Ly = 11, and L5 = 16, and the remaining Ly = 79 biomarkers
are in no communities, regarded as the singletons (see the heat map in Figure 4.1(B)). We also
obtain the estimated regression coefficient matrix ‘%’2‘4%6, which is calculated based on %§4gx6
by arranging its rows according to the reordered biomarkers, i.e., the first & = 170 rows of
53’54gx6 are the estimates for the biomarkers in communities and the last Ly = 79 rows are the
estimates for the singletons. The names of the biomarkers, their community indexes, and their
source communities, defined by Ritchie et al. (2023), and ‘%’2‘49Xﬁ, are available in Chapter C.
Statistical inference about *B449.. Based on the detected interconnected community struc-

ture, we aim to estimate and conduct statistical inference about the regression coefficient matrix

B170x6
549%6 = based on the proposed MAUD and the general linear model, separately.
.I.
DBrgxo
_ o B170x6 _ -~
Firstly, we partition B35, 4 = . Then, we estimate the standard errors for B170x6
R
Br9x6

using the proposed MAUD and those for ‘%%w using the general linear model (see the results
in Chapter C). Finally, we select alcohol intake-related NMR biomarkers based on the inference
results at FDR level 0.05. We also plot the 95% confidence intervals for all regression coefficients
in Figure 4.3.

Result. Our findings reveal that at FDR level 0.05, most high-density lipoprotein (HDL)
biomarkers and Apolipoprotein A1l biomarkers have significant positive associations with alcohol

intake.
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Figure 4.3: Forest plot of 95% confidence intervals for 249 biomarkers regression coefficients,
biomarkers in “black” refer to the significant ones in 5 communities, biomarkers in “blue” refer
to the significant singletons, biomarkers in “grey” refer to the non-significant ones.
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Specifically, among all 249 NMR biomarkers, there are 12, 80, 44, and 58 NMR biomarkers
associated with the intermediate-density lipoprotein (IDL), very-low-density lipoprotein (VLDL),
low-density lipoprotein (LDL), and HDL, respectively. In Table 4.2, we report the numbers of
biomarkers by the communities (i.e., within the 5 communities or no communities), the statistical

decisions, and the signs of estimated regression coefficients.

In 5 Communities In No Communities
significant . significant . Total
P — non-significant —=———— non-significant
IDL 8 0 2 1 1 0 12
VLDL 4 1 56 2 6 11 80
LDL 13 0 21 2 3 5 44
HDL 36 3 3 10 4 2 58

Table 4.2: Statistical results of the effect of alcohol intake frequency on the biomarkers associated
with the lipoprotein at level & = 0.05, where “IDL” refers to the intermediate-density lipoprotein,
“VLDL” refers to the very-low-density lipoprotein, “LDL” refers to the low-density lipoprotein,
“HDL” refers to the high-density lipoprotein, and + and — refer to the signs of estimated regres-
sion coefficients.

For LDL, the coefficients of 13 significant NMR biomarkers among the first 170 ones are
positive, the coefficients of the rest 5 significant NMR biomarkers (i.e., phospholipids to total
lipids in small/medium/large LDL percentage, and cholesterol to total lipids in small/medium
LDL percentage) negative and positive, respectively.

For HDL, 36 NMR biomarkers (out of the 39 significant ones) are positively associated
with, and the rest 3 (i.e., triglycerides to total lipids in small/medium/large HDL percentage),
are negatively associated with the alcohol intake frequency. Among the 14 remaining signifi-
cant biomarkers, the alcohol intake frequency is negatively associated with phospholipids to total

lipids in medium HDL percentage, cholesterol to total lipids in very large HDL percentage, free

cholesterol to total lipids in very large HDL percentage, and cholesteryl esters to total lipids in
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small HDL percentage only, is positively associated with the other ones. In summary, among 58
HDL biomarkers, there are 36 ones positively associated with alcohol intake frequency. There-
fore, the increasing frequency of alcohol intake significantly has a positive effect on the above
36 biomarkers. In addition to the biomarkers associated with lipoprotein, we also observe that
there is a significant association between alcohol intake and Apolipoprotein B to Apolipoprotein
Al ratio, while the association between alcohol intake and Apolipoprotein Al is significantly
positive, that between alcohol intake and Apolipoprotein B is not significant at level 0.05. This is
agreed with the result that apolipoprotein A1 may play an important role when increasing alcohol
consumption raises HDL cholesterol levels (Silva et al., 2000).

In contrast, we also apply the AMBD and MMRM to the NMR dataset. Their inference

results and the forest plots are presented in Chapter C.

4.5 Discussion

We developed a new multivariate regression technique MAUD to jointly model correlated
multivariate outcomes. Compared to the classic linear regression approaches that model each
outcome separately, the MAUD can effectively improve the statistical inference, i.e., the MAUD
produces higher statistical powers and fewer false positive findings than the competing ones. This
framework is applicable for various omics data analyses (e.g., differential expression analysis)
because these datasets often exhibit latent interconnected community structures.

We build the MAUD based on the autoregressive model while accounting for the intercon-
nected community structure. We bridge the gap between the autoregressive dependence parame-

ters and the parameters in a large covariance model. By leveraging the interconnected community
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structure, we develop efficient (i.e., closed form) estimators for the dependence parameters in the
autoregressive model. By accounting for the dependence of multivariate outcomes, we obtain
more accurate inference and thus can select the omics features with improved accuracy. This
may also lead to potentially improved reproducibility and replicability for high-throughput data
analysis. Based on the simulation studies, the MAUD is also robust to model misspecification.
Although we use the interconnected community structure for the MAUD, a more general frame-
work can be developed for the covariance structure under the autoregressive model.

In our data application, we found that alcohol intake can increase the level of “good choles-
terol” HDL which may protect the cardiovascular condition. In addition, our findings on HDL and
related pathways of Apolipoprotein Al and Apolipoprotein B are biologically sensible. However,
we may cautiously consider the potential cancer risks of over intake of alcohol. These jointly may
provide a new perspective on alcohol intake for public health.

In conclusion, our proposed MAUD, estimation, and inference procedures are applicable
to a wide range of network studies where an interconnected community structure with uniform

blocks is present.
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Chapter 5: Semi-Confirmatory Factor Analysis for Multivariate Data with In-

terconnected Community Structures

5.1 Introduction

Factor analysis is a widely utilized technique in multivariate data analysis, aimed at de-
composing observed data into linear combinations of unobserved common factors and describing
the relationship between observations in terms of common factors (Anderson, 2003). It is com-
monly categorized into two classes: exploratory factor analysis (EFA) and confirmatory factor
analysis (CFA). In applications where there is no prior theory guiding the analysis, EFA is typ-
ically the preferred choice to explore the relationship between intercorrelated observations and
latent common factors. On the other hand, CFA is employed when there is strong evidence sup-
porting a specific factor structure in the data, i.e., the covariance matrix of the common factors
has a particular structure rather than a diagonal one. As extensively discussed in the literature,
CFA offers two primary advantages. First, it effectively reduces the dimensionality of the data
by utilizing common factors. Second, unlike EFA, a CFA model allows for flexible design of the
factor loading matrix, making it possible to leverage knowledge gained from preliminary studies,
particularly in cases where the common factors are found to be correlated in a particular form.

Detailed justifications and further references on the advantages of CFA can be found in classi-
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cal works (Lawley, 1958), overviews (Schreiber et al., 2006; Jackson et al., 2009), and related
literature (Basilevsky, 2009; Brown, 2015; Gana and Broc, 2019).

In statistical literature, factor analysis is inherently associated with the estimation of large
covariance matrices (Fan et al., 2013; Fan and Han, 2017; Fan et al., 2019). EFA allows us to
express a large population covariance matrix 3J,, of p-dimensional observations in terms of the
factor analysis parameters: L,k (the factor loading matrix), 3¢ (the covariance matrix of K
common factors), and ¥, (the covariance matrix of error terms). The relationship is given by
> = LL" + X, (refer to Figure 5.1), under the identification conditions LL is diagonal and
Yy = Ix (Bai and Li, 2012; Fan et al., 2013, 2020). However, in practice, the prior knowledge
necessary for CFA is often unavailable. As a result, EFA has gained widespread popularity

(Friguet et al., 2009; Bai and Li, 2012; Fan et al., 2012).
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Figure 5.1: Illustration of the workflow for the SCFA, CFA, and EFA models: we first apply
a community detection algorithm to the raw data; if the interconnected community structure is
detected, then we use the SCFA model; otherwise, we consider the conventional EFA or CFA
models.
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Interestingly, in a CFA model, the large population covariance matrix 3., determined by
L, X, and X, exhibits a particular structure that finds extensive application in network data
analysis. Specifically, we consider two cases: the orthogonal or oblique common factors, re-
spectively, under the conditions L has a block-diagonal form (where non-zero column vectors lie
along the diagonal) and X is arbitrary positive definite. First, we consider a CFA model with
the orthogonal common factors. From a network analysis perspective, 3 possesses a commu-
nity structure, that is, the variables between communities are independent, consequently, 3 is a
block-diagonal matrix (Newman and Girvan, 2004; Fortunato, 2010). Second, when the common
factors in a CFA model are dependent, we refer to the structure of 3 as an interconnected com-
munity structure. In this scenario, the variables between communities exhibit correlation, leading
to a uniform-block structure in X (see real examples in Figure 5.2). Both the community struc-
ture and interconnected community structure commonly manifest in large network data. Each
community represents a scientific mechanism, such as a biological pathway (Wu et al., 2021), or
a social tie within social groups (Homans, 2013).

In practice, on the one hand, the interconnected community structure can be extracted from
the sample covariance matrix using community detection algorithms (Chen et al., 2018; Wu et al.,
2021; Perrot-Dockes et al., 2022), while the corresponding population covariance matrix has a
uniform-block structure. On the other hand, a CFA model is unavailable due to a lack of the
requisite knowledge, while the covariance matrix of the observations 3 has a “similar” pattern to
the uniform-block structure. Motivated by this intriguing covariance structure similarity, current
research focuses on exploring whether a CFA model can be informed by the detected intercon-
nected community structure and the corresponding (uniform-block) covariance matrix. Thus, a

CFA model, assisted by prior knowledge from the empirical interconnected community detec-
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Figure 5.2: Real examples of the interconnected community structures (the first row) and the
corresponding assumed population covariance matrices (the second row). A: the sample and
assumed population covariance matrices for a seed quality study (Perrot-Dockes et al., 2022); B:
the sample and assumed population covariance matrices for a nuclear magnetic resonance study
(Ritchie et al., 2023); C: the sample and assumed population covariance matrices for an echo-
planar spectroscopic imaging study (Chiappelli et al., 2019); D and E: the sample and assumed
population covariance matrices for an environmental study involving exposome and metabolites
(ISGlobal, 2021).

tion, may offer both scientifically and statistically explainable dimension reduction for the data.
However, a statistical framework for this purpose is currently unavailable. Although numerous
software and computational packages have been developed (Fox, 2006; Rosseel, 2012; Oberski,
2014; Huang, 2020), the computational burden often becomes unmanageable for many applica-
tions, particularly in high-dimensional data scenarios. To address this gap, we propose a novel
semi-confirmatory factor analysis (SCFA) model.

The SCFA model first estimates the factor loading matrix L by leveraging the particular
pattern (i.e., a uniform-block structure) and the community sizes obtained from the detected in-
terconnected community structure. Additionally, it estimates the factor scores, as well as the co-
variance matrices of common factors and error terms. The presence of interconnected community
structures has been observed in diverse domains, including brain imaging, biology, plant science,

computer science, gene expression, and others (Girvan and Newman, 2002; Colizza et al., 2006;
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Simpson et al., 2013; Levine et al., 2015; Huttlin et al., 2017; Zitnik et al., 2018; Perrot-Dockes
et al., 2022). Real examples showcasing these structures can be found in Figure 5.2. Therefore,
SCFA demonstrates considerable potential for wide-ranging applications.

The SCFA model offers several significant contributions to the field. First, the proposed
model provides a unique and elegant decomposition representation for the covariance matrix of
the observations ¥ with valuable guidance by integrating the data-driven interconnected com-
munity structure. As the prior theory for the observations, we apply clustering or community
detection algorithms to access the detected interconnected community structure in preliminary
studies. Second, we demonstrate that the factor loading matrix L, covariance matrix of com-
mon factors X ¢, and covariance matrix of the error terms 2, can be explicitly determined using
some elements of 3 only (illustrated in Figure 5.1). The determination potentially enhances the
estimation procedure and leads to more accurate and reliable results. Third, we derive explicit es-
timators for all unknown matrices in the SCFA model, significantly reducing the computational
burden. Furthermore, we establish both finite-sample and large-sample theoretical guarantees
for the proposed estimators. These offer assurance regarding the computational time and the
accuracy and reliability of the estimated parameters. Fourth, the SCFA model provides a more
comprehensive and nuanced understanding of the relationships between the observed variables
and common factors.

The remainder of the chapter is organized as follows. Section 5.2 presents the SCFA model
with specifications in the factor loading matrix, and details the estimation procedure for all un-
known matrices and factor scores. The following two sections, Section 5.3 and Section 5.4, eval-
uate the proposed estimation procedure using simulated and real data, respectively. All technical

proofs are presented in Chapter D.

88



5.2 Methodology

5.2.1 A confirmatory factor analysis model

Let X = (Xi,...,X,)" denote a p-dimensional vector of observations, f = (f1,..., fx)"
denote a K -dimensional vector of common factors (1 < K < p), and u = (uy,...,u,)" denote

a p-dimensional vector error terms. A (strict) factor model can be defined as

Xp><1 = Mpx1 + prK.fol + Upx1,

satisfying  E(f) =0xx1, E(u) =0,., cov(u)=2%,, cov(f,u)=0, (5.2.1)

where p is a p-dimensional mean vector, without loss of generality, we assume p = 0,,1; L =
(¢;x) is a p by K factor loading matrix; and 3,, is a p by p diagonal matrix. Furthermore, let
3 = cov(X) and Xy = cov(f) denote the p by p covariance matrix of X and the K by K

covariance matrix of f, respectively. Thus, based on specifications (5.2.1), we have

Y=LYL" + 3, (5.2.2)

where T denotes the transpose of a vector or matrix. In particular, the common factors are said
to be orthogonal if Xy = Ik or to be oblique if ¢ is not diagonal.

Given the prior theory, we may consider zero elements in specified positions of L. For
example, if we set a condition ¢;;, = 0, then it implies that the k-th factor does not affect the j-th
response, where j = 1,...,pand k = 1,..., K. Under these zero conditions, Joreskog (1969)

called the above factor analysis as confirmatory factor analysis. In the present paper, we specify
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the factor loading matrix L as below:

L,«x = Bdiag (44, ..., £K)

Cpot1,1 0 . 0
Us 1 0o ... 0
0 Ll - 0
= o Uy g =u#0, k=1...,K, (523)
0 U0 ... 0
0 0 PN gﬁK—l"‘lyK
0 0 ... Uk

where Bdiag(-) denotes a block-diagonal matrix; py, ..., px are integers such thatp = p; +-- -+
DK P = ZZ,:I i 18 the cumulative sum (we define py = 0); £, = (ﬁﬁk71+1,k, . ,Eﬁk,k)T is the
pr-dimensional non-zero sub-vector of columns of L; the first element of £, is a known non-zero
number (5, 11 = t, # 0 but the other elements of £, are unknown, fork =1,..., K.
Typically, we estimate the (p — K') non-zero elements of L, the K(K + 1)/2 elements
of symmetric X, and the p elements of diagonal X, in a CFA model (5.2.2) with (5.2.3) by
using a likelihood-based approach. Furthermore, we also estimate the common factor f using a

least-square-based approach.
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5.2.2 The SCFA model

Specifications of factor loading matrix L in (5.2.3), i.e., the positive integer values py, . .., px
are determined by the detected interconnected community structure in the raw data. Specifically,
we apply the community detection algorithm to the raw data, yielding an interconnected com-
munity structure (precisely, we refer to this interconnected community structure at the sample
level as one with well-organized blocks, see the first row in Figure 5.2). These well-organized
blocks imply the population covariance matrix has also an interconnected community structure
(precisely, we refer to this interconnected community structure at the population level as one
with uniform blocks, see the second row in Figure 5.2). Thus, our prior knowledge includes
that the population covariance matrix has an interconnected community structure (with uniform
blocks), the sizes of the communities py, ..., px satisfying p = p; + - - - + pk, and the number
of communities K&

Incorporating the interconnected community structure in the covariance matrix of observa-

tions, X is a uniform-block matrix (see Chapter 2):

> =3 (A,B,p)=Acl(p)+Bol(p) (5.2.4)

where p = (p,. .., ]oK)T is the K -dimensional partition-size vector satisfying p = p; + -+ - +
pr (see Chapter 2); A = diag(aiy,...,axk) and B = (bg) are K by K diagonal matrix
and symmetric matrix, respectively (see Chapter 2); I(p) = Bdiag (I,,,...,I,,) and J(p) =

(lpk ka,) with identity matrix I and all-one matrix 1; o is the block Hadamard product, i.e.,

A oI(p) = Bdiag (a11L,,, . .., axkl,, ) and B o J(p) = (bpw1,,xp,, ) (see Chapter 2).
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Substituting covariance matrix (5.2.4) into the parametric covariance model (5.2.2), we

obtain the following confirmatory covariance analysis model:
¥ (A,B,p) = LZL" + 3, (5.2.5)

Moreover, we refer to model (5.2.1) with (5.2.5) as a semi-confirmatory factor analysis (SCFA)
model. The following corollary describes the relationship between X (A, B, p) between L, 3¢,

and X2,,, respectively.

Corollary 5.2.1 (Parametrize L, X¢, and X, in terms of A, B, and p). Suppose p-dimensional
vector X with zero mean and known covariance matrix 3 (A, B, p), satisfies a SCFA model,
where p = (p1, ... ,pK)T is a known with py, > 2 for every k, A = diag (a11,...,axx) > 0
is known and positive definite, and B = (byy) > 0 is also known and positive definite with

bix = brrr for every k # k'. Then, we have the analytic solutions:

Ek = Lklpkxla i.e., gﬁkfﬁrl,k == gﬁk,k = L, k= 1, R ,K;

Xy =diag (1. 0 ) Bdiag (1. 1) = (bkkl ) :

Lily

Y. =Aol(p) = Bdiag (anlp,, ..., axxlp,)-

In particular, if we assume v, = --- = g = 1, then £, = 1, . for all k, ¥y = B, and
Y. =Aol(p).
Lete = (14, .., LK)T € RE*1 denote the vector of the first elements of £, . .., £x. Under

the condition ¢ = 1, we refer to model (5.2.1) with (5.2.5) as a standard SCFA model.

Corollary 5.2.1 demonstrates the following facts for a standard SCFA model. We would like
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to decompose a p-dimensional vector X with zero mean and covariance matrix 3. into a confir-
matory factor model (5.2.1). Given the knowledge from preliminary research, covariance matrix
32 has an interconnected community structure (with uniform blocks), i.e., ¥ = ¥ (A, B, p), and
factor loading matrix L has preassigned 0’s as (5.2.3). Furthermore, if 3 (A, B, p) is known
with A > 0 and B > 0 (therefore X (A, B, p) > 0, see Chapter 2), and ¢ = 1k, by Corol-
lary 5.2.1, then: (1) the covariance matrix of ' common factors is exactly the K by K positive
definite matrix B; (2) the non-zero sub-vectors of L in (5.2.3) are equal to all-one vectors; and (3)
the covariance matrix of error terms or idiosyncratic components is exactly the diagonal matrix
Bdiag (a1L,,, ..., axkl,, ) (or expressed by A o I(p)).

In other words, given L in (5.2.3), symmetric X ¢, and particular diagonal XJ,,, the under-
lying ¥ = LX fLT + 32, has the interconnected community structure (with uniform blocks) as
3. (A, B, p). On the other hand, Corollary 5.2.1 substantiates that 3 (A, B, p) in a standard SCFA
can be uniquely decomposed into L = Bdiag (1,,x1,...,1,,x1), X = B, and 3,, = A o I(p)
satisfying 3 (A, B, p) = LE;L" + 3,

Therefore, for a fixed & in a standard SCFA model: (1) the k-th set of responses { X, |41, - -
has equal influence on the k-th common factor f; only (while has no influences on the other
common factors); (2) the k-th set of error terms {uz, 41, ..., uz, } has a common variance ay
(apr > 0 due to A > 0) and are uncorrelated to the other sets of error terms; and (3) the k-th
common factor fj, has a variance by, and has a covariance b, with the other k’-th common factor

fk’ for & 7é k.
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5.2.3 The estimation procedure

Let X,,», denote the data matrix. Applying a community detection algorithm to the raw
data, we assume an interconnected community structure is detected, which implies the population
covariance matrix has the uniform-block structure in (5.2.4). Based on the detected structure, we
obtain the prior knowledge of the specific pattern in the covariance matrix (i.e., the interconnected
community structure), the number of communities, i.e., K , and the community sizes, i.e., p =
(P1,....Px) " satisfyingp =Py +---+Px and p, > 2fork =1,... , K. Theoretical properties
related to the detected communities can be found in Chen et al. (2018) and Wu et al. (2021). For
ease of presentation, we suppress the notation ~and use K = K and p = p.

Suppose its rows X, ..., X,, are independently and identically distributed and satisfy the

proposed standard SCFA (5.2.1) with (5.2.5):

Xi:Lfi“"U/i, 221,,TL,

S(AB,p) =LZ;L" +%,, with ¢=1g,.

Let S,x, = X'X/n denote the sample covariance matrix. In this section, we would like to
estimate the factor loading matrix L, the covariance matrix of common factors X ¢, the covariance

matrix of error terms 32,,, and the factor scores f;.

Theorem 5.2.1 (The proposed matrix estimators). Let (Sy/) is partitioned matrix of S by p (see

Chapter 2). The maximum likelihood estimators of L, 3¢, and %5,, are

L=Bdiag(I,x1,. ... 1, x1), Xy=B, 3,=Acl(p)=Bdiag@ul,,,... dxxl,,),
(5.2.6)
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whereg = dlag (611, ce ,aKK), E = (gkk’> with /b\kk’ = /b\k’k: and

sum (Sgx) /
~ Pk tr (Skk) — sum (Skk) /b\ B W? k 7£ k
Ak = 1 y o Ogr = ’
pk(pk - ) sum (Skk) — tr (Skk) I Y
pe(pr —1)

for all k and k', tr(-) and sum(-) denote the trace and the sum of all elements of a matrix,

respectively.

We remark here that the proof of Theorem 5.2.1 is straightforward by Corollary 5.2.1. In
addition, the derivation of maximum likelihood estimators ay; and gkk./, and their exact closed-

form variance estimators, i.e., var (ax;) and var <bkk/> , are presented in Chapter 3.

Theorem 5.2.2 (Properties of the proposed matrix estimators). The proposed matrix estimators

LS £, and iu are uniformly minimum-variance unbiased estimators (UMVUE).

The proof of Theorem 5.2.2 depends on the fact that all ay; and Ekk/ are the UMVUE of

ayr and byr. See the details in Chapter 3.

Theorem 5.2.3 (The proposed factor score estimator and its properties). The proposed factor

score estimator of f; is

fori =1,....,n, where ¥,, = A oI(p) and f]u — Ao I(p) are diagonal matrices. So, the
proposed OLS estimator is identical to the generalized least-square (GLS) estimator and the

feasible generalized least-square (FGLS) estimator. In addition, under mild regularity conditions,
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ﬁ is (weakly) consistent, asymptotically normally distributed, asymptotically efficient as p — oo.

The proof of Theorem 5.2.3 follows the arguments in Chapter 4.

5.3 Simulation Studies

We first assess the finite-sample performance of the proposed estimators in (5.2.6) for a
standard SCFA model and compare it with a standard CFA model numerical solved by function
“cfa()” in the R package lavaan (Rosseel et al., 2023). Then, we evaluate the performance of esti-
mation of the factor scores in (5.2.7). In contrast, we also compare it with a standard CFA model
numerically solved by the “cfa()” function, and with a standard EFA model numerically solved
by the “fa()” function in the package psych (Revelle, 2023). Lastly, we perform a misspecifica-
tion analysis for the SCFA under the scenario where the underlying interconnected community

structure is violated.

5.3.1 Data generation procedure

We randomly generate the vectors of observations X; = L,k f; + u;, where the fac-
tor loading matrix L = Bdiag (1,,x1,- - ., 1y, x1), the common factor f; ~ N (0xx1, Brxx),
and the error term u; ~ N (0,51, Agxx o I(p)) fori = 1,...,n. Specifically, we set p' €

{(15,15,20), (30, 30,40)} with K = 3 and p € {50,100}, n € {200, 500,800}, and

0.1 2.02 0.79 1.15
A= 0.2 , B= 3.13 1.63

0.5 3.69
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We repeat the above data generation procedure 100 times.

5.3.2 Study 1: performance of parameter estimation

We fit the standard SCFA model (i.e., ¢ = (1,1, 1)T) to each simulated dataset using the
estimators in (5.2.6).

In contrast, we also fit a standard CFA model to each simulated data using the function
“cfa()” in R package lavaan. Specifically, we use the function “cfa()” to estimate all £, in the
factor loading matrix L, all diagonal elements of A o I(p), all elements of B.

To evaluate the estimation performance for L, ¢, and 3, it is equivalent to access the
estimation performance for all ag; and by So, we consider the following metrics: the aver-
age bias, Monte Carlo standard deviation, average standard error, and 95% Wald-type empirical
coverage probability, using the proposed estimates, for each ay; and by, in Table 5.1. We also
compute the average bias and asymptotic standard error using the results produced by lavaan,
for all elements of £;, A o I(p) (in Chapter D), and each by, in Table 5.2. The execution time for
both methods is calculated.

The estimation results, as presented in Tables 5.1 and 5.2, demonstrate that our estimation
procedure produces the expected estimates. Specifically, for each parameter, the bias is relatively
small when compared to the Monte Carlo standard deviation, while the average standard error
is close to the Monte Carlo standard deviation. Furthermore, both the bias and average stan-
dard error decrease as the sample size increases, and the 95% coverage probability approaches
the nominal level as the sample size grows. The proposed estimators are comparable with the

estimates produced by lavaan and are computationally less expensive.
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(n,p) bias MCSD ASE  95% CP (n,p) bias MCSD ASE  95% CP

(200, 50) (200, 100)

a1y 0.0002 0.0027 0.0027 0.95 a1y 0.0002 0.0018 0.0019 0.95
s 0.0009 0.0051 0.0054 0.95 ass 0.0003 0.0035 0.0037 0.94
ass 0.0000 0.0107 0.0115 0.98 ass3 -0.0001  0.0082 0.0080 0.94
b1y 0.0045 02133 0.2037 0.95 b1y 0.0265 0.2193 0.2056 0.97
bia  -0.0224 0.1746 0.1855 0.97 b1 -0.0071 0.1822 0.1868 0.97
b3 -0.0048 02155 0.2108 0.97 b 00126 02117 02112 0.95
by -0.0123 03570 0.3140 0.91 by -0.0025 0.3440 0.3143 0.93
by -0.0195 02983 0.2671 0.92 bos 0.0078 0.2598 0.2670 0.96
bz -0.0128 03785 0.3715 0.95 b -0.0319  0.3512  0.3683 0.94
(500, 50) (500, 100)

aiy 0.0002 0.0015 0.0017 0.96 a1y 0.0000 0.0011 0.0012 0.96
azz  -0.0001 0.0035 0.0034 0.94 a2 -0.0004 0.0024 0.0023 0.92
ass 0.0002 0.0067 0.0073 0.97 ass3 0.0004 0.0054 0.0051 0.95
by -0.0006 0.1280 0.1283 0.96 b1y -0.0104 0.1175 0.1275 0.97
bo  -0.0280 0.1123 0.1171 0.97 b1 -0.0135  0.1071 0.1171 0.99
b3 -0.0122 0.1475 0.1323 0.93 b1 -0.0060 0.1350 0.1327 0.92
by -0.0135 0.1878 0.1982 0.97 bys 0.0030 0.1936 0.1988 0.95
by -0.0517 0.1775 0.1674 0.94 bos -0.0023 0.1501 0.1693 0.98
bz -0.0490 0.2359 0.2323 0.95 b 0.0034 02153 0.2348 0.96
(800, 50) (800, 100)

a;;  -0.0003 0.0012 0.0013 0.97 a1y 0.0000 0.0009 0.0009 0.94
azy  -0.0002  0.0029 0.0027 0.94 a2 -0.0001  0.0017 0.0019 0.96
ass 0.0008 0.0053 0.0057 0.96 ass3 -0.0004 0.0043 0.0040 0.92
by -0.0102 0.1086 0.1009 0.90 b1y 00122 0.1024 0.1019 0.95
bo  -0.0148 0.0858 0.0926 0.95 b1 -0.0042  0.0931 0.0934 0.93
b3 -0.0150 0.1052 0.1050 0.94 b 0.0200 0.1010 0.1059 0.97
by -0.0020 0.1423 0.1572 0.96 bao 0.0294 0.1561 0.1585 0.96
bos 0.0061 0.1308 0.1343 0.97 bas 0.0396 0.1201 0.1352 0.97
b 0.0109 0.1732 0.1866 0.97 b 0.0204 0.1489 0.1864 0.98

Table 5.1: Estimation results of A = diag (a11, as2, ass) and B = (bgg) with by = by for
k # k' in Study 1 by using the proposed method under various n and p, where “bias” denotes the
average of estimation bias, “MCSD” denotes the Monte Carlo standard deviation, “ASE” denotes
the average asymptotic standard error, “95% CP” denotes the coverage probability based on a
95% Wald-type confidence interval. The computational times of 100 replicates are around 0.05
seconds and 0.07 seconds for p = 50 and p = 100, respectively.

5.3.3 Study 2: performance of factor scores estimation

We also examine the proposed estimation procedure for the factor scores in (5.2.7) in a

standard SCFA model. As the competing methods, we fit the standard CFA and EFA models using
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(n,p) bias MCSD ASE (n,p) bias MCSD ASE

(200, 50) (200, 100)

by -0.0105 02255 0.2107 b1y 0.0055 0.2331 0.2124
bio  -0.0274 0.1734 0.1846 b1 -0.0132  0.1819 0.1856
b3 -0.0138 02161 02114 b1 0.0071 02114 0.2126
by -0.0266 03711 0.3300 bao -0.0206 03728 0.3302
bz  -0.0300 0.2976 0.2694 bos 0.0032 0.2581 0.2705
bz -0.0399 03922 0.4122 by -0.0256 03617 0.4126
(500, 50) (500, 100)

by -0.0078 0.1254 0.1335 b1y -0.0134  0.1221 0.1331
b, -0.0303 0.1128 0.1170 b1 -0.0124  0.1089 0.1176
b3 -0.0137 0.1486 0.1337 b -0.0078 0.1382  0.1341
by -0.0236 0.1951 0.2088 bao 0.0166 02167 02113
by -0.0532 0.1824 0.1699 bos -0.0007 0.1540 0.1724
bz -0.0445 02697 0.2605 by -0.0026 02515 0.2633
(300, 50) (800, 100)

by -0.0151 0.1103 0.1051 b1y 0.0103 0.1097 0.1064
bo  -0.0156 0.0842 0.0928 b1 -0.0058 0.0938 0.0936
b3 -0.0155 0.1032 0.1063 b 0.0190 0.1038 0.1072
boo 0.0001 0.1496 0.1663 boo 0.0200 0.1772 0.1673
bs 0.0082 0.1316 0.1367 bs 0.0364 0.1249 0.1373
b 0.0193 0.1987 0.2092 b 0.0180 0.1718 0.2092

Table 5.2: Estimation results of A = diag (a11, a2z, ass) and B = (bgg) with by, = by for
k # k' in Study 1 by using the lavaan package under various n and p, where “bias” denotes the
average of estimation bias, “MCSD” denotes the Monte Carlo standard deviation, “ASE” denotes
the average asymptotic standard error. The computational times of 100 replicates are around 97
seconds and 1776 seconds for p = 50 and p = 100, respectively.

the function “cfa()” in R package lavaan and the function “fa()” in R package psych, respectively.

fi — fi|| based on

We compute the average and standard deviation of the Euclidean loss >,

100 replicates for each method in Tabel 5.3.

The results demonstrate that the proposed method outperforms the standard CFA and EFA
numerical approaches due to the smallest loss. Compared with the standard EFA model, both
the proposed SCFA and standard CFA model take advantage of the dependent structure of the
common factors. We also note here the conventional numerical approaches may not handle the

case of a large dimension p.
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SCFA CFA EFA

(n,p) standard standard standard
mean . ean . ean .
devation devation devation
(200,50)  38.52 1.20 56.44 14.82  502.35 24.94
(200,100)  27.31 0.82 48.80 13.60 504.62 19.48
(500,50)  96.43 2.15 114.17 14.09 1267.38 21.55
(500,100)  68.21 1.36  93.59 19.34  1266.60 23.55
(800,50) 154.59 241 173.20 14.24 2026.37 31.64
(800,100) 109.31 1.83 134.56 21.73 2024.54 30.97
Table 5.3: Euclidean losses of " | ‘ ﬁ — fi|| in Study 2 by using a standard SCFA model, CFA

model, and EFA model, respectively, under various n and p, based on 100 replicates.

5.3.4 Study 3: misspecification analysis

We assess the robustness of the proposed SCFA model because the interconnected com-
munity structure may not hold in real applications. Therefore, we generate X; ~ N (0,41, %)
with 3, = 3 (A, B, p) + E,, where n = 500 is fixed, 0 € {0.1,0.3,0.5} is the noise level and
E, ~ Wishart (p, o1,,) We also repeat this data generation procedure 100 times.

For each simulated dataset, we compute the average bias, Monte Carlo standard deviation,
average standard error, and 95% coverage probability for each parameter using the proposed
method, similarly to Study 1, in Table 5.4. Table 5.4 shows that when the assumption of a

uniform-block structure is violated, the proposed SCFA is still robust for the estimates of by .

5.4 Real Application

We fit the standard SCFA model to an echo-planar spectroscopic imaging (EPSI) dataset.
A description of the complete dataset and basic statistical analysis can be found in Chiappelli
et al. (2019). There are 78 participants (average age is 42.1 with standard deviation 18.8) with

227 measurements of combinations of neurometabolites and brain regions, including 39 male
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noise

level (n,p) bias MCSD ASE 95% CP (n, p) bias MCSD ASE 95% CP

(500, 50) (500, 100)
a1 49805 02932 0.0860 0 a1 100059 02839  0.1188 0
ass 50391 03023  0.0886 0 aso 9.9546 02984  0.1194 0
ass 50162 02659  0.0801 0 ass 9.9940 02492 0.1064 0
o =0.01 b11 200261 01755  0.1478 091 b11 00031  0.1589  0.1495 0.93
b1o 200052 0.1373  0.1318 0.96 bio 0.0060 01433  0.1322 0.94
b1s 00241 01618  0.1463 0.92 b1 00148 01377  0.1454 0.95
bao 00097 02276 02210 0.97 bao 00027 02398  0.2199 0.96
bas 00064 0.1872  0.1821 0.94 bas 00114 01842 0.1805 0.93
b33 00164 02629 02523 0.93 b33 0.0299 02445 02485 0.96
(500, 50) (500, 100)
a1 149683 08653  0.2550 0 a1 30.0094 09440  0.3540 0
ass 147400 07478 0.2528 0 aso 300733  0.8624  0.3559 0
ass 149031 07004  0.2237 0 ass 299873 07588  0.3091 0
o =0.03 b11 200093 02663  0.1917 0.83 b11 00043 02296  0.1916 0.89
b1o 00273 02271  0.1623 0.82 bio 0.0288  0.1998  0.1615 0.90
b1s 00042 02061  0.1728 0.94 b1 00102 01957  0.1725 0.92
bao 00363 03749 02641 0.83 bao 0.0043 03045 02626 0.88
bas 00267 02335 02073 0.93 bas 00169 02201  0.2063 091
b33 00322 03338 02848 0.92 b33 00121 02709  0.2829 0.96
(500, 50) (500, 100)
a1 251933 14343 0.4280 0 a1 500152  1.6098  0.5892 0
asn 249853 12179 04261 0 azo 500171 15973 0.5904 0
ass 250542 12210 03712 0 ass 499621 13609 05116 0
o =0.05 b11 200384 04052 0.2340 0.75 b11 200077 03684 02340 0.79
b1o 00306 02730  0.1920 0.84 bio 0.0229 02394  0.1908 0.88
b13 00186  0.2879  0.1982 0.82 bis 00013 02263  0.1985 0.94
bao 0.0499 04656 03090 0.78 bao 20.0036 04390 03046 0.84
bas 00507 03120 02325 0.86 bas3 20.0096  0.2986  0.2307 0.90
b33 200018 03781 03151 0.85 b33 00301 03836 03158 0.88

Table 5.4: Misspecification analysis results of A = diag (a11, .. ., as3) and B = (bgx) with by, =
b for k # K’ in Study 3 by using the proposed method under various ¢ and p, where “bias”
denotes the average of estimation bias, “MCSD” denotes the Monte Carlo standard deviation,
“ASE” denotes the average asymptotic standard error, “95% CP” denotes the coverage probability
based on a 95% Wald-type confidence interval.

participants and 39 female participants. We adopt Chen et al. (2018)’s community detection
algorithm to the dataset. These 227 measurements of combinations are categorized into X = 5
interconnected communities with sizes of 77, 49, 36, 33, and 32, illustrated as Figure 5.2(C).
Next, we fit the dataset to a standard SCFA model with ¢ = 15.;. The estimation results are
summarized in Table 5.5.

The results demonstrate that 227 combinations of neurometabolites and brain regions can
be decomposed into 5 unobserved common factors: (1) the first common factor influences choline
(74 out of 77 are measurements of choline across brain regions); (2) the second common factor
influences myo-inositol (49 out of 49 are measurements of myo-inositol across brain regions);
(3) the third common factor influences “mixed” neurometabolites (26 out of 36 and 10 out of

36 are measurements of /V-acetylaspartate and glutamate—glutamine, respectively, across brain

101



regions); (4) the fourth common factor influences creatine-containing compounds (33 out of 33
are measurements of creatine-containing compounds across brain regions); and the fifth common
factor influences N-acetylaspartate (32 out of 32 measurements of N-acetylaspartate across brain
regions). In addition to the classification of combination measurements, these 5 common factors
can be furthermore classed into 2 groups: the first group contains the first, second, and fourth
common factors, and the second group contains the third and fifth common factors. Among each
group, the common factors are significant positive associated with each other. Between the two

groups, the common factors are significantly negative associated.

estimate (SE) 95% CI estimate (SE) 95% CI

ap;; 0.3386(0.0063)  (0.3264, 0.3509) bye  0.6092 (0.0995) (0.4142, 0.8041)
azy  0.3908 (0.0091)  (0.3730, 0.4086) boz  -0.1159 (0.0730) (-0.2591, 0.0272)
asz  0.3666 (0.0100)  (0.3470, 0.3862) bas  0.3290 (0.0804) (0.1715, 0.4865)
aqqy 03812 (0.0109)  (0.3599, 0.4025) bas  -0.2863 (0.0786)  (-0.4404, -0.1322)
as;  0.3736 (0.0108)  (0.3524, 0.3948) bss  0.6334 (0.1037) (0.4301, 0.8367)
b1 0.6614 (0.1073)  (0.4511, 0.8717) bsy  0.0426 (0.0727) (-0.1000, 0.1851)
b1 0.3823 (0.0851)  (0.2156, 0.5490) bss  0.5172 (0.0938) (0.3333,0.7011)
bz -0.2494 (0.0798) (-0.4059, -0.0930) by 0.6188 (0.1016) (0.4197, 0.8179)
bia  0.4389(0.0892)  (0.2641, 0.6136) bis -0.1256 (0.0737) (-0.2701, 0.0188) |

b5 -0.3354(0.0835) (-0.4992,-0.1717) bss  0.6264 (0.1028) (0.4248, 0.8279)

Table 5.5: Estimation of the correlation matrix of 227 combinations of neurometabolites and brain
regions, where “SE” denotes the estimated standard error, “95% CI” denotes the 95% Wald-type
confidence interval, and { denotes the 95% CI containing 0.

5.5 Discussion

We propose a semi-confirmatory factor analysis model by incorporating a widely observed
interconnected community structure in real applications. It is more computationally efficient
than the conventional numerical methods by leveraging closed-form solutions and exact variance

estimators. Our proposed model is available for diverse data applications.
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The proposed model provides an elegant decomposition representation for the covariance
matrix of the observations, which bridges the gap in the conventional CFA models. Under the
guidance of the detected interconnected community structure, we derive the uniformly minimum-
variance unbiased matrix estimators for the standard SCFA model. In addition, we develop the
factor score estimators by a least-square method, which is identical to the GLS and FGLS es-
timators with expected optimal properties. We examine the performance of estimation and the
robustness of the proposed estimators and compare the proposed model with the traditional com-
peting ones. Using a real EPSI dataset, we validate the SCFA model and find the observations
can be clustered into five unobserved common factors, which can be furthermore categorized into
two significant negative associated classes.

Lastly, the proposed SCFA model can be applied to a rich variety of studies with latent

interconnected community structures.
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Chapter 6: Conclusions

Recent advancements in community detection and structure characterization have provided
valuable insights into the complex interactive relations among features in various large-scale net-
work data, including biology, biomedicine, computer science, finance, plant science, and many
others. Incorporating the detected community structures into statistical models can lead to a better
understanding of the underlying scientific mechanisms. However, subsequent statistical analy-
ses are challenging due to the high dimensionality of features, the dependence structure of the
detected communities, and the heavy-computational burden. Our focus is on an interconnected
community structure with uniform blocks that allows non-null connections among features at the
community level and is frequently observed in high-dimensional network data.

In Chapter 2, we proposed a block Hadamard product model to represent a covariance
matrix with a uniform-block structure. This representation is critical for unraveling the uniform-
block matrix and simplifying operations with matrices with unknown parameters, e.g., the prod-
uct, the inverse, and the eigendecomposition of a covariance matrix.

In Chapter 3, we have developed a computationally efficient method for estimating large
covariance and precision matrices with a uniform-block structure. Building on the algebraic prop-
erties of uniform-block matrices, we formulate closed-form solutions to the unknown covariance

(and precision) parameters in the blocks. Then, we established exact variance estimators and the

104



asymptotic properties of the covariance parameters, including strong consistency, convergence
rate, asymptotic efficiency, and normality. We also have extended this approach to a large num-
ber of diagonal blocks and obtained a consistent covariance-matrix estimator under some regular-
ity conditions. Finally, by capitalizing on the uniform-block structure, our estimating approach
outperforms the conventional large covariance- and precision-matrix estimation methods.

In Chapter 4, we proposed a novel multivariate regression model that accounts for the
dependency parameters among features within and between groups, leveraging the preliminary
community analysis. We also derived efficient estimators of regression coefficients in close-
form and dependence parameters simultaneously and present a statistical inference procedure.
Extensive simulation studies and an analysis of nuclear magnetic resonance (NMR) data validated
our proposed method with accurate inferences.

In Chapter 5, we proposed an adaptive confirmatory factor analysis model for intercon-
nected data with a uniform-block structure. Under mild conditions, we provided an elegant sta-
tistical interpretation and derived the best-unbiased estimators for the confirmatory factor analysis
model with uniform blocks in closed form. We compared the proposed estimation procedure to
conventional numerical methods and validated it through various Monte Carlo simulations and

real applications.
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Appendix A: Supplementary Materials for Chapter 2

A.1 Technical Proofs

A.1.1 Proofs in Section 2.2

Proof of Lemma 2.2.1. The proof of the block Hadamard product representation is straightfor-
ward. To show the uniqueness, consider two equal UB matrices N [A;, By, p] = (Ny ) and
N, [As, By, p] = (N ) with a common pre-determined partition-size vector p = (pi, ..., px)
satisfying that p,, > 1 for every k and p = p; + --- + pk, wWhere A; = diag (a;11, ..., G kK)
is a diagonal matrix and B; = (b; x4) is a symmetric matrix with b; j1, = b; g for i = 1,2. By
the equality, Ny j5» = No i for every k and £'. If k # £/, then b1 Ly xp,, = b2 gr1p, xp,, and
therefore by pir = bo . If k& = K, then ay g1, + b1 dyp, = a2rily, + boxidy,, equivalently,
(a1 ek — a2 kk) + (0166 — b2.6k)] Lpp + (D1 1k — D2.sek) Iy, = Oy xp,.- Due to py, > 1, off-diagonally,

b1k = ba ki diagonally, a; yr = as ki Eventually, A; = Ay and B; = B. [ |

Proof of Corollary 2.2.1. (1) holds and the proof is straightforward. (2), (2-1), and (2-2) hold

because of the following equalities

(AroX[p]) x (AzoI[p]) = (A1 x Ag) oI [p], (ByoJ[p]) x (B2oJ[p]) = (By x P xBy)olJp],

(BroJ[pl) x (Ago1[p]) = (B X Az) o J[p], (Asol[p]) x (ByoJ[p]) = (A1 x By) o J[p],
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which are easy to verify since A; and P are diagonal matrices for ¢ = 1,2 and B, is a symmetric
matrix for ¢ =1, 2.

(3) and (4) are proved by using induction with respect to the number of diagonal blocks
K. Specifically, we assume that both (3) and (4) hold for the case of K and check whether
they hold for the case of K + 1. Letn = (771,...,77K)T € RE, a,b € R, ¢ € N and
q > 1. Denote A* = Bdiag(A,a) € REFDXEF) p* — Bdiag (P,q) € REFDxE+D),
and B* = (B,m;n",b) € REFDXEFD We would like to obtain the eigenvalues of the (p + ¢)
by (p + ¢) UB matrix N* [A*,B*, p*] with (K + 1) diagonal blocks, where p* = (pT7q)T.
By definition, the eigenvalues of N* [A*, B*, p*] are the solutions to the characteristic equation
det (N*[A*,B*, p*| — AL,;,) = 0. Equivalently,

(A—AMg)ol[p|+BoJ[p]  (mly,xq)
0 = det (N* [A",B*, p*| — \L,,) = det :

(M Lgxpy,) (a—= A1, +b],

where (7;1,, x;) € RP*? and (bi1,x,, ) € RI*P.
Without loss of generality, assume that ((a — \) I, + bJ,) is invertible, or we can consider
e > 0 satisfying that ((a — A\) I, + bJ,) + €I, is positive definite and let ¢ — 07. Then, the

characteristic equation can be written as

0 =det[(a — \) I, + bJ,] (A.1.1)

x det {[(A — ALx) o T[p] + B o J [p]] = () [(@ = NI+ 037 (i)} (AL2)

In other words, the eigenvalues of N* [A*, B*, p*| consist of some eigenvalues of (al, 4 bJ,) and

some roots of the rational equation (A.1.2) = 0 (not a polynomial equation, i.e., not a character-
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istic equation).

First, it is easy to observe that the eigenvalues of (al, + bJ,) are exactly a with multiplicity
(¢ — 1) and (a + bg). We will discard (a + bq) because it is not the eigenvalue of N* [A*, B*, p*].
Second, using the fact [(a — \) I, +bJ,] " = (a = A\)"'T, = b(a—N)"" (a— X+ bg) " J,, we

simplify (A.1.2) to (A.1.3) as below,

det {(A — AIg)oI[p] + (B - #’quf) oJ [p]} , (A.1.3)

which is the determinant of a UB matrix with K diagonal blocks. Thus, use the induction assump-

tion and A = diag (a1, ..., axk), this determinant equals to the product of Hszl (agr — NP
and (A.1.4), which is
q T q T
det ¢ (A — I B ——F— P, =detq(A—-Ng)———Fnqn P;.
e{( K)+< a_A+bqnn) } e{( K)o }
(A.1.4)

Thus, (A.1.2) = 0 yields the solutions consist of a; with multiplicity (p, — 1) fork =1,... K
and the roots of (A.1.4) = 0, which are the eigenvalues of A* = A* + B* x P*. It is because,
A 0x 1 B n P 0k 1 A an

0xx a n" b 0k q n'P a+bq
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Assuming that (a + bg — A) is invertible, we obtain

0 = det (A" — Mg41)
= det (a + bg — \) det { (A — Ng) — (qn) (a +bg —\) "' (n"P)}

= det (a + bg — \) det {(A — Mg) — #nnTP} )

Since (a + bg) cannot be the eigenvalue of A*, all eigenvalues of A* are the roots of the ra-
tional equation (A.1.4) = 0. In summary, the eigenvalues of N* [A*, B*, p*| consist of a with
multiplicity (¢ — 1), agx with multiplicity (pr — 1) for & = 1,..., K, and all eigenvalues of
A*=A"+B" x P".

(5)LetA* = A'and B* = —A~! x B x A~!, where the inverses exist by the assumption.
Thus, A* is a diagonal matrix and B* is a symmetric matrix. It is because both A and P are

diagonal matrices, so they are commute, and the following equalities are equivalent

BxPxA'xB=BxA!'xPxB,
A+BxP)xA ' xB=BxA'x(A+PxB),
A 'XBx(A4+PxB) '=—(A+BxP)' xBxA!

B~" =B".
Then, follow the analogous lines of arguments for the square formula,
AXA"=Ig, AXB"+BXA"+BXxPxB" =0k,

thus, (A o I[p] + B o J[p]) x (A" oI[p] + B" o J[p]) = Ik o L[p] + Oxxx 0 I [p] = L,.
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Finally, the proof of (6) is straightforward, noting that ﬁkﬁ,: =1, 1, ﬁk llTX o = 00, —1)x1
for every k, and suppose A is the common eigenvalue of A and N [A, B, p|,if € = (&1, ... ,SK)T

is the corresponding eigenvector of A, then the corresponding eigenvector of N[A, B, p| is

(§111><p17"'7§K11XpK)T- [ |

A.1.2 Proofs in Section 2.3 and Section 2.4

Before proving the main theorems, we present two lemmas below.

Lemma A.1.1 (Craig’s Theorem). Suppose X € RP is a normal vector with mean p € RP and
positive definite covariance matrix 3 € RP*P. Let Y1, Yy € RP*P be two real symmetric matrices.

Then, X 'Y, X and X "Y,X are independently distributed if and only if Y1 XYy = 0,

Proof of Lemma A.1.1. This result was originally proposed by Craig (1943). Please refer the
corrected proof and discussion in Ravishanker and Dey (2002, page 175, proof of Result 5.4.4),
Mathai and Provost (1992, page 209, proof of Theorem 5.2.1), Driscoll and Gundberg (1986) and

Ogawa and Olkin (2008). |

Lemma A.1.2. Suppose X € RP? is a normal vector with mean p € RP and positive definite
covariance matrix ¥ € RP*P, Let Y € RP*P be a real symmetric matrix. Then, X 'YX follows
a non-central chi-squared distribution with degree of freedom m and noncentrality parameter

0= % w' Y if and only if YX is idempotent with rank m.

Proof of Lemma A.1.2. Please refer the proof and discussion in Muirhead (2005, page 31, proof
of Theorem 1.4.5), Mathai and Provost (1992, page 199, proof of Theorem 5.1.3) and Zhang

(2018). |
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Proof of Theorem 2.3.1. The proof can be divided into three steps. First, we need to decompose
U into a sum of several components. Second, we examine the independence of these components.
Third, we determine the distribution of each component.

Step 1: decomposition of U. The following equality demonstrates an elegant way to de-

compose U:

>)

(KxP>_1—le1§x g (Px&)_l. (A.1.5)

Equality (A.1.5) holds if and only if P~ x A — A~ x Bx A = A~ x P~'. First, right-
multiple A on both sides of (A.1.5) and switch P~! and A on the right hand side since both A and
P are diagonal matrices, yielding that (A.1.5) holds if and only if P"'—=A~'xB = A~ xAxP".
Then, right-multiple P on the both sides, (A.1.5) holds if and only if Iy — A~! x B = A~! x A.
Next, left-multiple A on the both sides, yielding that (A.1.5) holds if and only if A — B x P = A,
which holds by the definition of A.

Using (A.1.5) and substituting K@ and ﬁe, we have

6 [Re.Bo.p| ~4"

~—1

—~ ~ -1
Since both A and P are diagonal matrices, A o I[p] — (A X P) o J[p] is a block diagonal

i (Al 1 1 1 11
matrix Bdiag (@1;'L, — @y1'py Jps -, Grlpr — GrexcPie Joic )-
. ~—1 ~—1 _1 . .
Let Wi, = Bdiag (0p,xpy - - -, G Loy — QoD Tpis - - - Opexpic ) for every k, which is a

UB matrix, expressed by Wy, = Wy [Ay, By, p| for every k, where both A, = diag (O, . ,Zi,;kl, . 70)

and B, = diag (O, e —ARRDE - - ,O) have the non-zero values on the (k, k)-th elements.
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Herein, U can be written as a sum of (K + 1) components:

»

U

n (X — o) (éwk> (X — o) +1 (X = po) " [(P x A>_1 oJ[p]} (X — po)

]~

n (X = o) Wi (X — o) +1 (X — o) {(P x 3>1 OJ[p]] (X — ho)

B
Il

1

Fi+Fy+ -+ Fx + Fp,

where Fj, denotes n (X — y,o)T W, (X — Mo)’ for k = 1,...,K, and Fx,, denotes the last
term n (X — uo)T [(P X 3) o J [p]} (X — po). Next, we will show these F}, are mutually
independent in Step 2 and each follows a F'-distribution in Step 3.

Step 2: independence. Recall X — pg follows N (p — po,n '3 [A, B, p]). To show
Fi, ..., Fxy are mutually independent, by Lemma A.1.1, we need to check Wy x (n '3 [A, B, p]) x
W, = 0,, for every k # k' and Wy, x (n !X [A,B, p]) X [(P X 3)_1 oJ[p]} = 0,, for

every k. Itis easy to check the former holds by using the representation of Wy, = Wy, [A;, By, pl:

Wi x 3 [A,B,p] x Wy
= (Ax o I[p] + By, o J[p]) x (A oI[p] + B o J[p]) x (Ax o I[p] + Bw o J[p])
= [(AxA) o I[p] + (AxB + B,A + B,PB) o J[p]] x (A o I[p] + By o J[p])
= (ArAAw) o I[p]
+ [(AxB + B,A + B,PB) A, + A;AB; + (A;B + B, A + B, PB) PB;/| o J[p]
= 0, i 0 I[p] + O i 0 J[p)]

=0,p.
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To check if the latter one holds,

W, x $[A,B, p| x {(p % A)‘l oJ[p]]
— (Ax o I[p] + B, 0 J[p]) x (A o I[p] + Bo J[p]) [(P < &)_1 oJ[p]]
— [(AxA) o Ip] + (AB + B4A + B,PB) o J[p]] x [(Pa) o J[P]}
- [2a(PA) "+ A+ Ba BB P (PR) ] caip
. [((Ak +BiP)A + (A, + B,P)BP) (PA) _1} o J[p]
= Oxxx © J[P]

= Opxpa

using Ay, + BiP = 0 k.
Step 3: distribution. Now, we specify the distributions for Fi, ..., F'x4 respectively. Fur-
¢ _ (XT 2 (1), T\ T _ (7 )T\ T,
thermore, let X = (X e, XD ) and po = (g 7 - -, Mg , where X', " €
RP* for every k. Focus on the first ' component, i.e., F, for k = 1, ..., K. Substituting the block

diagonal matrix Wy, we have

_ T _ _ T n n —
Frp,=n (X - Mo) Wi (X - Ho) = (X(k) - H(()k)) <A_ka - A—ka) (X(k) - .Uék)) :
Ok AkkPk

_ T _
Let Uy = n (X = ) [(1/aw)l, — 1/ (anp)By,) (XO = ) and Vi = (p—1)(n -
1)(akk/axi) forevery k. Thus, Uy, /Vy = F,/((pr—1)(n—1)) forevery k. Let My, = L,, —J,,, /Dx

for every k. It is clear that M? = (L, — J,,. /pk)” = L, + Jp. /Dk — 2J,, /D = My, therefore M,
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is idempotent. We can observe that

tr (MkSkkMk) = tr (MkSkk) =tr (Skk — 1Pk><11]—3|—k><18kk/pk) =tr (Skk) — tr (lgcxlskklka1) /pk

= tr (Sgx) — sum (Sgx) /o = (Pr — 1) k-

Thus, by the fact that (n — 1)S, ~ Wishart (n — 1,3,;), where X, is positive definite for
every k because (01xp, ..., 0’ ..., 015, ) B (015p,,..., ... ,OIXPK)T =o' Yo >0
for any a« € RP*. So, (n — 1)S; can be expressed as Z;:ll Z](k)ZJ(k)’T where ka), e Zflk_)l

are mutually independently distributed as N (0,, 1, Xxx) for every k. We then observe that

n—1

J=1

[aary

="z 'm,z".
1

<.
Il

On the one hand, X and S are independent, so U, and V), for every k are mutually in-
x (k) _ (k) k) _ k)
dependent. On the other hand, /n ( X ny ) ~N{p Ky 2k ). By Lemma A.1.2

and

1 1 1 1
—IL, ——] )E = (—I ——] ) aptL,, + brrd =1 —p_lJ ,
(akk Dk ARkDE Pk kk Qi Dk kDR Pk ( kkXpy kk pk) PK k Ipk

which is idempotent with rank (p, — 1). Therefore, Uy, follows a x*(\;) distribution with degree

of freedom (p; — 1), and the noncentrality parameter is given by

1 oN\T L .
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Since My, = I,, — p,'J,, is also idempotent with rank (p; — 1). Therefore, a;;V}, follows a

central y?-distribution with degree of freedom (n — 1)(py — 1). Furthermore,

Up/(pr — 1)

Fie= = Dy 7 — D - 1)

(®)
~ = DEG ey (k) k=1, K

_ o\ -1 _
For Fiey1 = n (X — ,uo)T {(PA) oJ [p]} (X — po), consider a transformation Y =
CX, where C = Bdiag (11xp,/P1, - - - Lixpr /Px) € RE*P. As X ~ N (pu, X[A,B,p]), Y ~

N (py,%,), where

11><p1/-1'(1)/p1
p, =Cp = : , 2, =CxXABp xC =AxP'+B.

llpru(K)/pK

-
Furthermore, let vy = C X pg = <llxp1uél)/p1, - llpry,(()K)/pK) . By noting that (PC) T x

T x (PC) =T o J[p| forany ' € REXX then,

Fgp=n(X - Ho)T (P£>_l o J[p]] (X — o)

—n(x - w)" |C)" (PR) " PO)] (X - )

—n (X — )" [CTPA'PPC (X - o)
—n (¥ —w)  (PAT) (¥~ )

— T /\_ —
—n (Y =) (5,") (¥ - w).
~ ~ ~ —1 ~ ~ —1 ~ N\ — ~
where PA-1 — P (AP”P 4 BP) —p [(AP*1 i B) P} _ pp! (AP*1 + B) _ 5
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EwlF I((I,iztlf)((éK—H), where

By the definition of the Hotelling’s T2-statistic, Fx, ~ T? =
Oxt1 = 5n (py — 28 2, (y — v0).

Finally, by the mutual independence of I, ..., F, Fixi1, U 1s decomposed as a linear

combination of mutually independent F'-variates, distributed as Zle (px— 1)F$}371)7(n71) (pe—1) (0r)+

Ko ) (8xc11). Under Ho, 6, = 0for K =1,..., K + 1. ]

Proof of Theorem 2.4.1. We also divide the proof into three steps.
Step 1: decomposition of Uy;. Let Z = (X(l)’T, cee X'(M)’T)T denote a (pM )-dimensional

M),T)T

normal vector with mean pz = (u(l)’T, 7Y and covariance matrix Xz = N ' ®

3 [A,B,p], where N = diag (ny,...,ny) € R¥*M and ® denotes the Kronecker product.

Thus, there exits Cz = [Nl/2 x (Iny —n~ ' Jy x N)|] @ I, € ReM)*M) uch that

B B _ T
(v (X0 =X)", v (X0 - X)) =€y x 2.
Therefore, U,; can be rewritten as

U = (Cz x Z)7 {IM ) [K@,ﬁ@,p} } (Cy x Z).

[~ o~ ~ —1 o\ -1
Using the same decomposition, © [A@, B@,p} =A ol[p|— (A X P) oJ[p]+ (P X A> o

116



J[p], Uy can be expressed by

Uy =(Czx2)" (CzxZ)+(CzxZ) (I @Wgy1) (Cz x Z)

e (f; wk>

(CZ X Z)T (IM ®Wk) (CZ X Z) 4+ (CZ X Z)T (IM ®WK+1) (CZ X Z)

]~

b
Il

1

Fi+-+ Fg + Fgy,

where W, = Bdiag (0p1 S ™ T [ UUUUY | N pr) = Wy [A;, By, p] with A, =
diag (0,...,dp;,...,0) € RE*K and By, = diag (0, ..., —dyp; - -.,0) € RE*K having the
non-zero values on the (k, k)-th elements, and Wy | = (P X 3) - o J[p]. Next, we need to
prove the mutual independence between F7, ..., Fx,q and specify the distribution for each of
them.

Step 2: independence. By Lemma A.1.1, we need to check

[C—ZF(IM ® Wk)CZ] (Ni1 ® [A7B7p]) [C;(IM ® Wk’)CZ] = O(pM)X(pM)7 k 7£ kla k7 K = 17 R K

[Cz(1 @ Wi,)Cz] (N"' ®@ B[A,B, p) [CZ(Iir ® Wii1)Cz] = 0panyxnry, k=1,... K.

Let M = NY/2 x (I, —n~'J); x N). Given k # k' and Cz = M ® L, and the fact (A ® B)' =

AT @ BT, we can observe that

Cz(Ly ® Wy)Cz = (M'IyM) ® (LW,L,) = (M) @ Wy,

Cz(Iy ®@Wy)Cz = (M'M) @ Wy
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On the one hand, we can calculate the following result:

[C2(1y @ W,)Cz] (N @ Z[A, B, p]) [Co (I @ Wy)Cg]

= [(M™)N"' (M'M)| @ [W,Z[A,B,p| Wy].

Noting that W;, = W, [Ay, By, p] and Wy, = Wy, [Ay, By, p|, we have the result W, x 3 [A, B, p| x
Wk/ = Opxp. Therefore, [C—Zr(IM X Wk>Cz} (N_1 & E[A, B,p]) [C—Zr(IM & Wk/)CZ} = 0(pM)><(pM)-

On the other hand, we can calculate that

[Cz(Iy @ W,)Cz] (N7' ®@ S[A,B, p) [CZz(1y ® Wiy1)Cz]
= [(MM)N'(M'M)] ® W, S [A,B, p] W]

= 0(prr)x (prr)

using the result W, X [A, B, p| Wi = 0,5,

Step 3: distribution. By definition, for k =1,... K

Fo=2Z"x[Cz(Iy@Wy)Cz] x Z=2Z" [[M'M) @ W,] Z,

Let W), = Bdiag (0p1><p17 api L, — aipy s ,OPKka) have non-zero values on the (k, k)-
th element for every k. Let U, = Z T ((MTM) ® V~Vk> Z and Vi, = (n — M)(pr, — 1) A/ arg,
and therefore, U, /Vy, = Fy./ [(n — M)(pr — 1) fork =1,... K.

Since S is independent from X (1), cee X M) then S is independent from Z, and therefore

U and V;, are independent for every k. By Lemma A.1.2 and Z ~ N (,u,z, N '® XA, B, p]),
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we obtain that

[(M™™) @ W] [N' @ S[A,B,p]] = (M'MN") @ (W, x S[A,B,p]).

- 2 -
whose square equals (MTMN_1)2® (W;C X E[A,B,p}) = (M'MN ) (W;C X E[A,B,p})

since

1 T 1
M ' MN! = (Nl/2 (IM - EJMN)) X (Nl/2 (IM - EJMN)> x N1
1
— (IM _ —NJM> x N7 x N2 x <1M — EJMN) x N1

(3 D) < (v L)

1 1 1
=Ipy — —NJy — —NJu + —2NJMNJM
n n n

=1, — n 'NJu,

and using JyNJy; = nJy. It is clear that Iy, — n~!NJ,, is an idempotent matrix since its
square equals Iy, + n2NJyNJy — 2n 'NJy, = Iy — n7INJ,,. Also, the result shows that
W, x 3[A, B, p| is an idempotent matrix.

Therefore, Uy, follows a noncentral x2-distribution with the noncentrality parameter d;, =
iny [(MTM) ® VNVk] pz and a degree of freedom rank ((MTM) ® VNVk> = rank (M'M) x
rank (Wk) = (M — 1)(py — 1) by using the fact that rank (A ® B) = rank(A)rank(B).

Given ax, Vi = (n — M)(pr — 1)@y, the result that (py — 1)ag, = tr (MgSixMgx), and

the fact that (n — M)Sy, ~ Wishart(n — M, 3;;), we obtain that a,;, Vy follows a central y2-

119



distribution with a degree of freedom (n — M)(py — 1). Therefore, for k = 1,..., K,

Uy
Vi,
X(M D1 (%)

Fio = (n— M)(pe — 1)y

= (n—M)(p, — 1)
X(" M)(pr—1)
Mot OO = Do~ D] M =Dpe— 1)
X(n M)(px—1) /l(n— M)(pr — 1)] (n—M)(pr— 1) %

. (k)
= (M - 1)( 1)F(M 1)(pr—1), (n—M)(pk—l)(ék)'

Let Cy = Bdiag (L1xp, /D1, - - -, Lixpy /DK ), let v(™ = Cyp™), and let Y CYX( ™) for
every j and m with mean (™ = Cy x (™ and y = Cy x Z[A,B,p] x Cy, = AP™' + B =
(A+BP)P' = AP~' = (PA!)"". Thus, Y™ = Cy X forevery mand Y = Cy X.

Finally, F'x 1 can be expressed by

m=1
M
=Y (X = X)" [CFPATPIPCy | (X - X)
m=1
M o
=Y (P -¥) (PAT) (¥ - Y)
m=1
1 M N _ T
—tr |(Sy) Yo (YY) (Y -¥)
m=1
which is Hotelling’s T;-statistic. |
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Appendix B:  Supplementary Materials for Chapter 3

B.1 Extra Data Examples
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(b) correlations for metabolite data

Figure B.1: Heat maps for exposome and metabolite data in an environmental research

We present two extra real-data examples for the pattern of well-organized blocks in sample

correlation matrices. In this study, there are 169 exposome variables and 221 metabolite variables
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for 1192 subjects. First, 89 out of 169 exposome variables are identified to form a 9 by 9 well-
organized blocks. Second, 141 out of 221 metabolite variables are identified to form a 7 by 7
well-organized blocks. In particular, Figure B.1a contains the heat maps of the sample correlation
matrix calculated by the clustering method (Wu et al., 2021) for exposome variables from the
ISGobal dataset (ISGlobal, 2021). Figure B.1b contains the heat maps of the sample correlation
matrix calculated by the clustering method for metabolite variables from the ISGobal dataset. All

data examples can be found at https://github.com/yiorfun/UBCovEst.

B.2 Exact Covariance Estimators for 5

Corollary B.2.1. Given a partition-size vector p = (py,...,px)" and a UB matrix ¥ = ()
partitioned by p, let cy, = t1(Eg)/pr = axk + by denote the average of the diagonal entries in
Siw let Brx = sum(Xgr)/(p2) = awr/pr + bk, denote the average of all entries in Xy, for every
k, and let Py = sum(Xgx)/(prprr) = brrr denote the average of all entries in Xy for every
k # k. Let agr, = tr(Skx)/Drs Bri = sum(Syx)/p: for every k, and Brwr = sum(Sgr )/ (Pepir)
for every k #£ K.

(1) o, Ekk/ are the best unbiased estimators of ayy, Prr for every k and k'; the variances

of ay, and Ekk, are

~ 2
var (agg) = —(n Tp (aik + 2ap1bkk +pkbik) ,
— 1)px
= (ark + prbir)’ b= &
~ _ 2 9 —
var (5%') _ ) (n—1)p; |
1
-~/ N / b2 ’ b2/ 2 b /1.t /b 1.0 ]{] k/
2(n — 1)pupw 1ok (0 + 0ig) + 2 (arr + prbik) (arw + prbew)} #
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respectively, for every k and K'; the covariance between iy, Qpyr, Brk, and Py are

- 2 ~ o~ 2
cov (O, ki) = bk by, cOV (@ck, 5141«) = biwbiwr, k#K
n—1 n—1
2 9 ,
_ W (ark + pibre)”, k=k
cov <akk; 51«14) =\ P ,
2
— lbkk’bk’k; k£ k'

respectively, for every k and K'; the covariance between [y, and the other estimators are

;

Py Drrr (bk’kbkk” + bk”kbkk’) ) k#Kk#E

- 1
cov (akk) ﬁk’k”) - m P (bk’k” + bk”k’) (akk + pkbkk») s k= k/

P’ (bk’k” —|— bk”k’) (akk —|— pkbkk) , ]{; = k”
(
Pk (bk’kbkk” + bk”kbkk’) 9 k 7é kl? k 7& k//

~ o~ 1
cov <ﬁkk7 ﬁk’k”) = m (akk‘ +pkzbkzk) (bk/kz” + bk”kz’) , k=F ?

(arr + prbik) (brr + bprir) , k= K"

\
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respectively, for every k, k' # k" ; and

cov <5k1 ko> ﬂh,lg) =

7

1
2(n—1)

b1, iy Okots + Bioky Okoty + b1 ksbkyt + bioky bkyy

1
= (Whghybisky + Woes Dkrty) + D1y ky Oty + Diokey Oty + 01k Oy to + Dtoies by, 5
P,

1
= (oo Dt kr F CgkiaOryty) F 0y ks Daty + Bigkey bty + Otika Oryto + Ot Okt
Pigy

1
D7 (aklkl bl2k2 + ak‘lkl bk‘2l2) + bllk‘2bk§1l2 + lek‘Qbklll + bl1k1 bk‘glg + blzkl bk‘zlla
Py

—2_ (al1l1 +pllbl1l1) (GZQZQ + p12b1212> ’

Pl Pl

(bz2112 + 612211) +

1
(a’klkl bl1k2 + Ay ey bk2ll) + bl1kzbk1l2 + bl2k‘2bk1ll + bllk1 bk2l2 + bl2k1 bk2117

Y25

2
o= (ugty + Piobiots) (@, + Pl )
2441

(bl2211 + b12112> +
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(1-1) kv # Ui, los ko # 11, 1y

(1-2) kv # b1, las ko =14

(1-3) k1 7§ li,los ko = 1y

(2-1) k1 = l1; ks 7é l1,1o;

switch ky, ko in (1-2)

(2-2) ky =l ko = o

i.e.,var (6117l2>

(3-1) ky = loy ko # 1y, lo;

switch kq, ko in (1-3)

(3-2) kv = loy kp = Iy

i.e.,var (512,l1> .



for every ki # ko and 11 # [s.

(2) Furthermore, using the below transformations

973 1 P  —Dk Ok ~ ~

= forevery k, by = B forevery k # K,
~ pr— 1 ~
br, -1 Brk

the q by q covariance matrix of 0 consisting the variance and covariance estimators for 0, can

be obtained by var(0) = ®, x var{(a1,...,dkk, 511, . ,B}K, 322, EKK)T} x @ where
®,, € R is a matrix containing the elements of p only. In particular, by rearranging the order

of the elements ofg, we can obtain the results in Corollary 3.2.3.

B.3 Technical Proofs

B.3.1 Proof of Lemma 3.2.1

Proof of Lemma 3.2.1. See the proofs in Chapter 2. [

B.3.2 Proof of Corollary 3.2.1

Proof of Corollary 3.2.1. The result can be obtained immediately from the properties of UB ma-

trices in Chapter 2. [
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B.3.3 Derivations of the maximum likelihood estimator and its property

Starting from

a%jen(e;X) L {{m,s,p) — ()} {%‘;@ o1(p) + 2© oJ(mH |

let (M) denote M = X(A,B,p) — (S;,/) partitioned by p. Then the system of the score

equations is

tr {(Mkk’> X —8@(A@,B@,p)}

da1

tr {(Mkk’> X —6@(A@,B@,p)}

Jasa

S, (0:;X) =3 | tr {(Mkk;/) X —8®(A@’B@’p)} = 01 (B.3.1)

8(1KK

tr { (My) x 2hebeor)}

|3

Obx K

tr {(Mk’k’) X —GG(A@,B@,p)}

Recall the notations P = diag(ps, . ..,px) and A = A + B x P. Using a fact that (A x P)~! —

A xBx A" = (Px A)™', and doing some algebra, we obtain the following derivatives,

O0A 0B
©_ —a,;,fEkk, 26 _ AT'ELATBAT 4 a,;,fA_lBEkk, for every k,
86ka aakk
_ A1 —1p-1 — L/
0Ae =0xxK, OBo = A BuPATP beh , forevery k and £’
Oby Obyy

—A_l(Ekk/ + Ek/k)PA_lp_l, k # k'
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Then, the individual equations (B.3.1) can be simplified as

00 (Ae,B KK OB
tr{(Mkk/) X (Ao, @,p)} = (—ap?) tr (M) +ZZsum (Myy) ( 6) =0,
.

da da
kk o kk

00(Ae,Be,p) L&
tr{<M’“’“’> T b =) sum(M) abkk,

(=1 0'=1

for every k and &/, where (0Bg/Oaxy), (OBe /b)) € RE*K and the subscript (¢, ¢) denotes
the (¢, ¢) element of (0Bg /Oax) or (0Be /Obk).

Now, we claim the system of score equations (B.3.1) has a unique solution. Since A =
diag (a1, . .., axx), then —A™> = diag (—a 7, ..., —ay%), denoted by A*. Let 3* € R?*!

denote a vector as below,

= {tr(My1), ..., tr(Mgxg),sum(My;), ..., sum(M;g), sum(Mas), . .. ,sum(MKK)}T )

Let BU* ¢ RE*(—K) denote a matrix with k th row

fork =1,..., K, and let B®* € R~5)x(4-K) denote a matrix with rows

{ ( ) ( ) ( ) 2.1 ( ) 1 ( ) ( ) 2.2
5bkk’ 1,1 , 6bkk’ 1,2 5bkk’ , Y 8bkk’ K 8bkk’ K1 ’ abkk’ , Y
¢ &kk/ K-1,K ¢ ékk/ K,K—-1 ’ E kk'/ KK
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for every k < k’. Thus, the system of the score equations (B.3.1) can be rewritten as

and rank = rank(A*)+rank(B®"*) due to Ix —A*(A*)~! = 0 &, which
0—K)xK B~

satisfies the condition provided in Buaphim et al. (2018, Theorem 3.10, p.334).
On the one hand, rank(A*) = K by the positive definiteness that ay;, > 0 for every k. On
the other hand, to compute rank(B(®*), use the fact vech(AX B) = (BT ® A) x vech(X), where

the matrices A, B and X with suitable sizes, and ® denotes the Kronecker product. Since

OBe B —A_lEkkPA_lpil, k=Fk

b 7
—A_l(Ekk/ + Ek/k)PA_lp_l, k #£ k'

for every k and k’, where Ey;. and E; + E/. span the entire matrix space of symmetric matrices
with the size of K by K. Thus, rank(B®*) = (K + 1)K/2 due to the equivalence of the
matrix space and the vector space spanned by the matrices. Therefore, the coefficients matrix
of the given homogeneous system of linear equations has full rank and has a unique solution
B* = 0,4x1. Finally, the solution to equation (B.3.1), denoted by 5*, must be the maximum
likelihood estimator due to the uniqueness.

Following equation (B.3.1), the first-order partial derivative of the score function with re-
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spect to @ is

0%0,(6;X)  0%,(6;X)

98, (6;X) _ [ gempe™ T pempe® T | _ 1 H, H, (B.3.2)
JOBIOM.T  9OBIH®).T 2 7
where 04 = (ayy,...,axk)",0® = (by1,...,bix, by, ..., bxk) ", and therefore @ = (OW:T §®-T)T

the blocks H; € REXK H, € REX(4-K) and Hy € RO~5)x(a=K) Tn particular, given k and &/,

(

. 0

K K 0 0Be 0 0Be B
" Zé:l ZE,ZI [{ Otm Sum(Mw)} <aakk>e',z " Sum(Mw) {aamm (6%/%) }z/,e] o=k

K K 9 OBe J 9Be
! — M ’ M ’
\Ze:l 2ot [{ Omm sum(My )} <8akk)é',€ + sum(Ma) {aamm (aakk) }Z’J , mt

form=1,2,..., K;and

9 0Be 0 OBe
M, Mo
{8amm sum(M )} (@bkk/)w,z o sum(Me) {aamm (abkk/) }K’J ’

K
; 0 %) }] 0 OB
e e
g {(%mm, sum(Mm)} (abkk/>f,¢ + sum(My) {3 - (abkk/>} , ] )

form,m’ =1,2,..., K. The first-order partial derivatives 0 sum(My ) /D, and O sum (Mg ) /Oy

=
|

TMN i Mx

are easily computed, where My = X4 — S, for m,m/, ¢, ¢ = 1,2,... K. The second-

order partial derivatives 0(0Be /Jak)/Otmm, O(OBe /Obkk )/ Oamm, and O(OBe /by )/ Obpm
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are matrices for m, m’', k, k' = 1,2, ..

(

0 [(0Bo\
aamm aakk B

and,

(

o (OBo)
aamm abk’k’ B

and,

0 0Be
abmm’ abk’k’

( (

\
(

\ \

., K, shown respectively as below.

—ATEy A7 (2Ei AT BAT + BAT'EATY)

— (2a5Xk + apf A7 Egr) A7'BE;,

—~A'E,,A"'BA'E,,,, A}

A_lEmmA_lEkkPA_lp

—2
— Oy

~ AN (Epm A 'Ey, + EfcATE,,,,) ATIBAT!

A_lEmmA_lBEkka

~A'Ey PAYE,,,A7'B - PE,,,) A",

A'E, A (B + Epy,) PA-P

~ A" (Egp +Epr) PAYE,,,A7'B — PE,,,,)A™",

Afl(Emm + Ekk)PAfl(Ekk + Emm)PAflp,

A_l(Emm/ + Evm + Ekk)PA_l(Ekk + Em + Em/m)PA_ll), m 75 m’
Ail(Emm + Ekk” + Ek/k)PAil(Ekk/ + Ek’k + Emm)PAilP,

A (Enm + Epm + Egy + Ep) PA Y (Epy + Epg + Epr + E) PATIP,

k#m

k=K

k£ K

By the unbiasedness from Theorem 3.2.1, the expectations of H;, H,, and H3 depend
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on the terms E(sum(My)) = (1 — ¢,)pe(aw + beepe), E(sum(Myp)) = (1 — ¢,)peperbee and
E(tr(My)) = (1 — ¢,)pe(ae + by) only, where ¢, = (n — 1)/n. Then Fisher’s information ma-
trices for n observations and one observation can be calculated by I,,(0) = — E(9S,,(0;X)/00)
and I;(0) = L,(0)/n, respectively. Since both a determinant operator and a trace operator are
continuous, the log-likelihood function ¢,(0;X) is continuous with respect to 6. In addition,
there is a unique solution to the likelihood equation for every n. Thus, 0" is strongly consistent,
asymptotically normal, and asymptotically efficient, following the classical arguments in Fergu-
son (1996); van der Vaart and Wellner (1996); Stuart. et al. (1999); Bickel and Doksum (2015a,b),
i.e., 0 — 0 almost surely as n — oo and \/n(0* — ) — N(0,x1,1;'(0)) in distribution as

n — 00.

B.3.4 Proof of Theorem 3.2.1

Proof of Theorem 3.2.1. Recall ani.i.d. random sample X; ~ N(u, X(A,B,p))fori =1,... n,
where (A, B, p) is supposed to be a UB matrix with diagonal matrix A and symmetric matrix
B,and p = (p1,...,px)' is a given partition-size vector with p, > 1 for every k and p = p; +
o+ pr. Let X ~ N(u,X(A,B,p)) and X = (X1 + -+ X,,)/n. Let X, X, , By, € RPE
satisfying X; = (X;|,.... X, ). X = (X,,.... X, )\ and p = (p) ,....p) )", re-

spectively.

First, we prove that 6 is unbiased. By 3(A, B, p) = (Z4), we can obtain that

Y = COV(Xpm ka/) = E{(ka - /J’pk)(ka/ - “Pk'>T}’

Siw /1 = COV(XPk7 ka/) = E{(ka - “’pk)(ka/ - /l'pk/)T}-
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for every k and k. Let Cpr = > 1 (Xip, — Xip)(Xip, — Xip,,) ' forevery k and &/, which

(N

can be simplified to

n

Chw = Z(Xi,pk = Hp ) (Xip, — :U*pk/)T —n(Xp, — .U'pk)(XPk/ - 'U’Pk’)T'

i=1

Taking expectation on the both sides, we have E (Cgrr) = (n — 1) for every k and £’. Recall

that, given & and &', Xy, = apily, + birdp, for k = k" and Xy = bpr 1y, p,, - Define

ark/Pr + b = sum (Bey) /03, k=F
Qi = Qi + bpp = tr (Ekk’> /pk; Bri =

b = sum(Zpp ) / (PP ), k# K

By (n — 1)Sgr = Cypr, we have the following results:

Ak = Py t1(Ska), Bk = ;.2 sum(Sy), Bew = (pepr) " sum(Sp)

are unbiased estimators for ayy, S for every k and for 3y for every k # k’. Furthermore,

" pkgkk — Qpp, k=L
B s T pr—1 B
aprp = Qg — ———————,  bppr = b ;
pr—1 -
Bkk’a k 7é k/

are unbiased estimators for ayy and by every k and &'
Next, we prove the optimal property of 6. Let Y = (X/,...,X])T € R denote a
vector consisting of all observations. By normality assumption, Y ~ N(u,, V), where p, =

(1n ® Ip) X e RPFrandV=1,® E(A’Byp) € RpnXxpn,
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First, we prove it = X is the best linear unbiased estimator (BLUE). Equivalently, we need
to check the conditions of Theorem 1 and Corollary 2 in Zmyslony (1976). Since X (I, 0xxx, P) =
I,, the identity matrix I, ® I, € span(V). Let M~ denote the generalized inverse for some ma-
trix M, and let Py = (1, ® L){(1, ® L) (1, ® L)} (1, ® L,)", which can be simplified to

n~'J, ® I, by using the fact 1., = 1, /n. Thus, Py is an orthogonal projector because
Pi=n"1,®L)(n ), 0L) =n"J, xJ,) ©L, =n"'J, @1, = Py,
Py =n"'J) @I =P,

Then, V and P, are commutative, because

PoV=n"J,9L){L, ®X(A,B,p)} =n""J,L,) @ {[LX(A,B,p)} =n"'J, ® (A,B, p),

VP, = {I, ® (A,B,p)}(n '], ®L,) = n ' (IJ,) ® {Z(A,B,p)I,} = n"'J, ® (A, B, p).

Hence, all estimable functions have the best estimator, which can be expressed in terms of the

solution to the following normal equation

1.oL) (L,oL)p=(1,21,)"Y.

So, it = X is BLUE. This coincides with the arguments of the proofs in Roy et al. (2016) and
Koziol et al. (2017).

Second, we can prove ayy and Bkk/ are best quadratic unbiased estimator (BQUE) for oy
and [y for every k and k’. We need to check the conditions of Theorem 2 in Zmyslony (1976),

or the lines of analogous arguments in Roy et al. (2016) and Koziol et al. (2017), that is, given
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PyV = VP, and R = I, — Py, there exist BQUE for the parameters of quadratic covariance if
and only if span (PyVPy), i.e., the smallest linear space containing PoVPy, is a quadratic space.
Since X (A, B, p) is a UB matrix, {X(A, B, p)}? is a UB matrix, expressed by (3?) (A%, AB +
BA +BPB, p), so span{X(A, B, p)} is a quadratic subspace and the identity matrix I(p) belongs
to it. So, span (V) is a quadratic subspace. In addition, it is clear that P is idempotent, because
P} = (I, —Py)> =L, — L, Py — P, + P} =L, — 2Py + Py = I,, — Py = Py. By the result
(2.e) from Seely (1971), span(PyVPy) = {Py VP, : V € span(V)} is a quadratic subspace. Since
span{3(A, B, p)} and span(V) are quadratic subspaces, we can find bases for them respectively.

Recall the definition of the block Hadamard product. 3(A, B, p) has a base as follows:

Ewol(p), Ewol(p), foreveryk, (Es+Ew)od(p), forevery k# K,

where E;;, denotes a K by K matrix in which (k, &) entry is 1 and the other entries are 0’s for

every k and k’. Thus, the base for span (V) is

L @ {Ewol(p)}, L, @{Ewol(p)}, foreveryk, I, ® {(Ew +Ep)ol(p)}, foreveryk # k'

By Result 2 from Roy et al. (2016); Koziol et al. (2017), (ITTL ®1,)Y is the complete and minimal

sufficient statistic for p, and

Y ' xPyx [, @ {Ewol(p)}] xPyxY, Y xPyx[L,®{EwolJ(p)}] xPyxY, foreveryk,

Y xPyx[I, @ {(Epw +Epi) oJ(p)}] x Py x Y, forevery k # K/,

are the complete and minimal sufficient statistics for 3. Given the above base for span(V), we
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follow the arguments about the coordinate-free approach (Roy et al., 2016; Koziol et al., 2017;
Wichura, 2006), the BQUE:s for ay, and [y are the least square estimators satisfying the normal

equations as below.

vec (Py x [I, ® {Eg 0 I(p)}]) " X vec (Py x [L, @ {Eg, 0 I(p)}]) X ayy
= vec (Py x [L, @ {Ew o I(p)}])T
x vec {(Pox Y) x (Py x Y)T},

vec (Py x [L, ® {Ey, 0 J(p)}]) " x vec (P x [L, @ {Exx 0 J(p)}]) X Buk
= vec (Py x [I, ® {Ep, 0 J(p)}])"
xvec{(PoxY)x (PoxY)'},

vee (Py x [L, @ {(Exw + Epy,) 0 J(p)}]) ' % vee (Po x [L, @ {(Exwr + Exi) 0 J(p)}]) X B

= vec (Py x [I, @ {(Eww + Ewi) o J(p)}) T

x vec{(PgxY) x (PoxY)"},

for every k, every k, and every k # k', respectively, where vec(M) denotes a single vec-
tor by stacking the columns of M (Henderson and Searle, 1979). In addition to the fact that
vec(A) T vec(B) = tr(A' B), the idempotent matrix Py commutes with the base of span(V), the

above equations can be simplified as below.

tr (P I, ® {Exx 0 I(p)}]*) i = (PoY) " [I, @ {Eg 0 I(p)}] (PyY),  for every k,
tr (Po [T, @ {E, 0 J(p)}]) Bix = (PY) " I, ® {Ep 0 J(p)}] (PY'),  for every k,

tr (PO L, ® {(Egxr + Egri) © J(p)}]Q) B = (PY) " [I, @ {(Eper + Epi) o J(p)}] (PY), forevery k # k/
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Define the residual vector ro = Py x Y € RP”, the solutions to the simplified normal equations

are
T . T E
iy = T Buoro 5 ri e Buod@lire
tr (Po [I, ® {Eg, o I(p)}]) tr (P [L, ® {Ex, o J(p)}]°)
T
~ ! E !
G = o @ {(Ew + Exi) 0 J(p)}] "0 forevery k # K,
where the denominators can be further simplified respectively:
tr (Po [, @ {Eg o I(p)})2) = (n — 1) tr{Eg 0 I(p)} = (n — 1)py, _for every k,

tr (PO L, ® {Exx J(p)}]Q) = (n — 1) tr{(ExPE) o J(p)} = (n — 1)p;  for every k,
tr (Po (L, ® {(Exw + Epp) 0 J(p)}?) = (n — 1)(2ppw) forevery k # k',
Let r; = (rgpl,rgm, - ,riTpK)T € R? denote the 7 th subvector of ry satisfying that ry =
(r},ry,...,7])". Forevery k and ¥/,

Qg = Zri—l,—pkriypk/{(n - 1>pk}7

B = Zsum Tip)sum(riy, ) /{(n — 1)pi} = Zsum rip)/{(n = Lpi},

n

Buw =Y 2(sum(ryy,) sum(ryy,, )/ {2(n — Dpep} = Z{Sum(ﬁ,pk) sum(7ip,, ) }/{(n = 1)prpi}.

i=1 i=1

By the facts that 7;,, = X, — X, and Cpr = Y1 | (Xip, — Xp ) (Xip, — X)) =
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n T /
et TipTip,, for every k and &', then,

1=1 i=1

n
— , . —_— . T
k =k :sum(Cyp) = sum (E rz,pkriypk) 5 sum szk zpk g sum? (Tipe)s

1=1

n
k=K tr(Cp) = tr (Z ri,pkr;pk) Ztr Tipn Zpk Z T Tipi

=1

n n n
k # K :sum(Cpp) = sum (Z T‘i,pkriT,pk,> = Z suin (Timkri—,rpk/) = Z sum (7;p, ) sum (Ti,pk/) )

Finally, the estimators for p and 3 are respectively BLUE and BQUE, but also they are functions

of complete statistics. Thus, we have the following best-unbiased estimators

1 sum(Cg) P
SO _ 1 tr(C ~ — 2 0 VT
/J':_ZXi; Xk = ( kk)a Baw =" Lon )
Lt n Pk 1 sum(Cpp) /
, k#k
n—1  pepe
for p, vy, and Py for every k and &', [ |

B.3.5 Proof of Corollary 3.2.2

Proof of Corollary 3.2.2. The result can be obtained immediately from the properties of UB ma-

trices in Chapter 2. |

B.3.6 Proofs of Corollary 3.2.3 and Corollary B.2.1

of Corollary 3.2.3. Roy et al. (2016) and Koziol et al. (2017) provided their formula (4.17) for

calculating the variance of a quadratic form Y AY " for some matrix A satisfying A = Py AP,,

var (YTAY) =2 X tr (PgAVAV),
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where Y ~ N (pu,, V) and Py = I, — Py as defined in the proof of Theorem 3.2.1. Recall the

proof of Theorem 3.2.1,

7 [I, ® {Ep 0 J(p)}] 1o
(n—1)p} ’

= _ 1o L@ {Ewol(p)}]ro B =
7o (I, ® {(Exe + Eii) 0 J(p)}] 7o
(n —1)(2prpw) ’

for every k

By = for every k # k'

Let x = z(k,k), y = y(k,k), and z = z(k, k) denote the terms Ey o I(p), Exx o J(p), and
(Egrr + Epi) o J(p) respectively. Then, let w denote any of z, y, and z and let Q = Q(w) =
Py x (I, ® w) x Py. So, Py x Q x Py = P} x (I, ® w) x P3 = Q due to the fact that P} = P,
In addition, recall that PoV = VP,. Thus, var(Y 'QY) = 2 x tr(P,QVQYV), which can be

simplified as below:

2 x tr (PoQVQV) = 2 x tr [Po{Py(L, @ w)Py}V{Po(L, ® w)Py}V]

=2 x tr{Py(I, ® w)V(I, @ w)V},

where we use the fact that P, commutes with I,, ® w and V, respectively. Therefore,
var {rOT(In ® w)'ro} = var [YT{PO(In ® w)PO}Y}
=2 x tr{Py(I, ® w)V(I, ® w)V}

=2(n—1) x tr{(wX)(wX)}

=2(n—1)s,,
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where s, denotes tr{(wX)(wX)}. Hence, using these notations,

1

0} B )sx 28,

var (agg) = m var {r{ (I, ® 2 = (n =1 for every k,
~ 1 n—1)s 2s
var <5kk> = CE var {r] (L, ® y)ro} = (72 — 1)2)]7% = = i)p% for every k,
= 2(n—1)s 2s
T z z ’
2 = ITL = — f k k 5
var <5k;k > T = 12207, var {ro (L, ® z)’ro} In— 1220~ I(n— 1piph or every k #

where s, s, and s, are the traces of (z3)?, (yX)? and (2X)? respectively. In fact, the expressions
of the covariances among «’s and B ’s are associated with terms of the products of any two of
(xX), (yX) and (zX), where z = z(k, k), y = y(k, k), and z = z(k, k') for every k and every
k # K'. We focus on the calculations of (X)?2, (yX)?, and (23)? only.

First, we calculate the tr(zX)? as below:

(2%)(2%) = {(ExA) o I(p) + (ExB) 0 J(p)} {(ExrA) o I(p) + (ExB) o J(p)}
= {(ExrA)(ExrA)} o I(p) + {(ExxA) (ExB)} 0 J(p) + {(ExB)(ErxA) } o J(p)
+ {(ExxB)P(ExB)} o J(p)

= {(ExA)?*} o I(p) + { (EirA) (ErB) + (EreB)(EA) + (B B)P(EfB)} o J(p),

therefore, for every £,

tr{(zX)(zX)} = pk(azk + 2aibik + pkbik).

Then, we calculate the tr (y2)2 as below:
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(¥2)(y2) = {(ExxA + ExxPB) 0 J(p)} {(ExxA + E:PB) o J(p) }

therefore, for every £,

tr {(y=)(y=)} = pi (ark + prbre)’.

Finally, we calculate the tr(zX)? as below:

(23)(2X) = [{(Exr + Exg)A + (Egpr + Eprg)PBY P {(Egps + Epri)A + (Egr + Epi)PBY] 0 J(p),

therefore, for every k # k/,

tr{(zee X) (2 X) } = bi/kpipi/ + bik,pipi, + 2pipr (rr + Prbir) (Qrrrr + Do b ).

We complete the proof of variance estimators. |

Proof of Corollary B.2.1. The expressions of the covariances among a’s and E ’s are associated
with terms of the products of any two of (zX), (yX), and (2X), where x = z(k, k), y = y(k, k),
and z = z(k, k") for every k and k£ # k’. One may obtain the covariance estimators by calculating

tr{(zX)(y2)}, tr{(2X)(2X)}, and tr{(yX)(2X)}, respectively in a similar manner. [
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B.3.7 Proof of Theorem 3.2.2

Lemma B.3.1. (Gaussian Hanson-Wright inequality) Let X € RP be a Gaussian vector with

mean zero and covariance matrix 3 and A € RP*P. Then, for every t > 0, we have

12 t
T T i
pr (‘X AX — F (X AX)‘ = t) < 2exp (—len { "21/21421/2%’ ||21/2A21/2||0p}> ’

where the positive constant C' does not depend on p, A, and t.

Proof of Lemma B.3.1. It can be derived from the case with a sub-Gaussian variable. See the
original proof in Hanson and Wright (1971) or Wright (1973) and a modern version in Rudelson

and Vershynin (2013) or Vershynin (2018, Theorem 6.2.1). [ |

Proof of Theorem 3.2.2. We aim to prove it within 4 steps.

Step 1, we would like to find out the upper bounds for the absolute values of the biases for
the modified hard-threshold estimators under different cases.

Case 1: for a fixed A and every fixed k£ and £/, let 0 = by and 0 = Ekk/, hence let
o = ol(Jo| > A). Assuming that |0 — o| < A/2, or equivalently, 0 — \/2 < 7 < 0 + \/2,
we obtain: if o € [-\/2,A/2], then & € [—A\, )], or equivalently, |0] < A, and therefore,
6 =0and [0 — 0| = |o| € [0,A\/2]; if 0 € (3)\/2,00), then & € (), 00), or equivalently,
|o| > A, and therefore, 0 = g and [0 — 0| = |6 — o] € [0,\/2]; if 0 € (—00, —3)/2), then
o € (—oo,—\), or equivalently, |o| > A, and therefore, o = g and |0 — 0| = |6 — 0| € [0, \/2];

if 0 € (\/2,3)\/2], then ¢ € (0,2)] and it can be larger than A or be smaller than )\, therefore
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o0 — 0| €]0,\/2], 7€ ()2
0 €{0,c}and |0 — 0| = , which is between 0 and 3\/2;

o] € (A/2,3)/2], 7 €(0,A]
if o € [-3A/2,—)\/2), then ¢ € [—2),0) and it can be larger than —\ or be smaller than — ),

o — o] €[0,\/2], T€[-2)\—))
therefore ¢ € {0,0} and |[0—0| = , which is also between

‘O—’ S [)‘/273)‘/2]7 o€ [_)‘70)
0 and 3\ /2. Put the above arguments together, for a fixed A, under the assumption [0 —o| < \/2,

(

lo —a| € 0,\/2], o € (—o0, —3\/2)
{lo —oal,lol} <lo|V(A/2), o €[=3A/2,=)/2)
[0 —al= 90| €[0,)/2], o €[=A2,A/2]

{lo —ol.lol} <lolv (A/2), o€ (A/2,30/2]

5 — ol €[0,7/2], o € (3)/2,00)

therefore the maximum of |6 — o| might be either |o| if A\/2 < |o| < 3A/2 or \/2 otherwise. In
other words, we may write [0 — | < |a| A (3A/2).
Case 2: for a fixed A and every fixed &, let 0 = agi, and & = ayy, hence let o = cl(|a| > A).

We assume that |agr — agr| < A/2 and |Ekk — bgr| < A/2 holds simultaneously, then

akk - akk| = |&kk _Zkk - (Oékk - bkk) | = | (akk - Oékk) - (gkk - bkk)| < \&kk - Oékk| + |gkk - bkk’ <A

So, the above assumption is equivalent implies that |0 — o| < A, or equivalently, 0 — A < 7 <

o+ A if o € (—oo0,—2)), then ¢ € (—oo, —\) and therefore |¢| > A, and ¢ = 7, and thus
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o —o| =|c —0o| €0,A];if 0 =0, then |o| < X and therefore 0 = 0, and |0 — 0| = |o| = 0;
if o € (0,2)], then ¢ € (—A\, 3\ and therefore |7| can be larger than A\ or be smaller than A,

o —a| €]0,A], @€ (N3
thus ¢ = {0,0}, and thus |0 — | = , which is between 0 and

lo| € (0,2A], g e (=
2); if 0 € [-2),0), then ¢ € [—3A, \) and therefore |o| can be larger than A or be smaller

o0 —0o| €]0,\, o€[-3)\-)\)
than A, thus ¢ = {0,0}, and thus |0 — 0| = , which is

|U| € (072)\]7 o€ [_Aa)‘)

between 0 and 2)\; if o € (2), 00), then & € (A, 00) and therefore [7| > A, and ¢ = &, and thus
|0 —o| = |6 —o| € [0, A]. Put the above arguments together, for a fixed A, under the assumption

lo —a| <A,

.

lo — o] € [0, Al o € (—00,—2))
{‘&_O—|7|O"} < |U|V)\7 S [_2)\70)

5-0l =10, 5=0 7

{5 —ol.lol} <lo| VA, o€ (0,2)

lo — o] €0, ], o € (2), 00)
\

therefore the maximum of |6 — o| might be either |o] if 0 < |o| < 2 or A otherwise. In other
words, we may write |0 — | < |o| A (2\). Thus, at Step 1, we conclude that |ag; — agk| <
lakk] A (2)) and |/b\kk/ — brr| < |brr| A (3M/2) for a fixed A\ and every k£ and k' under the

assumptions: maxi<x<s |k — o] < A/2 and maxy < <k |ber — brwr| < A/2. We denote the
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following event sets

EE\?) = { max [agr — akk| < )‘}7 Eg) = { max |ar — k| < )‘/2}’
1<h<k 1<k<K

EE\ZI) = {121}53( ‘gkk - bkk‘ < )\/2} ; ES\?;) = {Kgé%;i]( ‘Zkk’ — b

<2},

and the event sets Eg\l,) and E%) implies that Eg\?). The probability of their complement sets can

be bounded as below:

(1]

(1)7C> — ~ _ < ~ _
pr (EN pr (12}2}( |k — agr| > )\/2) < K X pr(|ag, — apr| > A/2),

pr <E§\27)£> = pr ( max ‘Ekk — bkk’ > )\/2) < K x pr <’gkk — bkk‘ > )\/2) ,

1<k<K

> /\/2),

1<k£k/ <K

pr (Eg\?})’c) = pr ( max ‘gkk/ — bkk/‘ > )\/2> <Kx(K-1)xpr ()gkk/ — b

where [1] holds due to the union bound.

Step 2, we would like to compute the upper bounds for the above three probabilities re-
spectively.

Let Ey € REXE denote the matrix whose (k, k) entry is 1 and the other entries are
0 for every k and k. Then, let Ay = (p; 'Ex) o I(p), Bir = {—pi' (o — 1) 'Egi} o
I(p) + {p; " (pe — 1) "Es.} o J(p) and By = {(pp) "Epw} o J(p) for every k and k # K.
Let W = (X/,...,X,))" € R"™ and decompose X = (X,..., X )7, where X, =

(Xpo 115+, Xp,)" € RPx for every k, pp = 0 and pj, = Z:/:1 py denote the sum of the first
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k elements of p for k =1, ..., K. Note that pt = 0,,; is known and S = XX /n, thus,

n n B
W LoAwW =) X AuX; = Z tr (X X, ) = o tr(Sex) = Nkk,
i=1 k

WL eB) W =>Y XB,X,=

m {sum(Sy) — tr(Ske)} = nbis,

W' (1, @Buw)W=> X/BuwX; = Zsum (Xip X, )=

, sum(Skk/) = ngkk/,
i=1 PrPr’ o PPk’

for every k and for every k # k' respectively.

On the one hand, oy, Ekk/ are unbiased estimators of ay, and by for every k and £/, let

QW =WT (L, @A) W — E{WT (L, ® Ag) W} = n (Gs — ),

Q=W (L, @B )W —E{W' (I, @B, ) W} =n @ek/ — bkk’) :
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for every k and £’. On the other hand, applying the result of Lemma B.3.1, given a § > 0,

pr (’&kk — Odkk| > (S)

(ot

> n(5>

(nd)? )
H (I, 1/2 12||?’ (1 ®2)1/2 (I, ® Ag) (I ®2)1/2
© )2 (L, ® Aw) (I, © 2) HF . n ® Awe) (I,

<2exp | —C'min

op

pr (‘gkk — bkk’ >0

)
<2exp | —C'min { ‘ (nd)” no
>)

25
1,0 2)" (1,0 By (Lo DT 2 (@ Bu) (1 o2
F O

pr (‘Zkk’ — bgrr | >

(nd)? no

29
[0 022 (10 Bu) (Lo 2| |0 22" (1, @ By (1, & 5)'
F

< 2exp | —C'min

op

for every k, for every k, and for every k # k' respectively, where C' is a positive constant. By the
properties of Kronecker product and Frobenius norm,

2
|2 D) 1@ Aw) Mo =) -

o B (1, A (1, 0 2

=n |2 Aut
=n x tr { (Z2A,Z1?) (ZV2A,,2%) )
=n x tr (ZV2AZAREY?)

=n X tr (AkszkkE) ,
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and

2
H(In © )2 (I, @ B (I, ® 2)1/2HF — 0 % tr (B SB3)

2
H(In ® )2 (1, @ By) (I, ® E)WHF =n X tr (B B D) .

Then, calculate the traces,

n
n X tr (Akszkkz) = p_k (aZk + 2akkbkkz +pkb2k) ;

n

n X tr (B XBuX) = B {ap, — 2anr(arr — bk + Prbir) + i (arr + Dbk — bkk)Q} ;

pr(pr — 1

n X tr (Bkk/EBkk”E) = nbi,k
By the properties of the operator norm, let A, () denote the largest eigenvalue of M,

2

H (L, ® £)"* (L, © Ay) I, ® )"/ op

jp = L. ® (='2A,,2?)||
[0 (SS9 {10 (27A0) )
= Anax [I ® { (ZV?A1,2"?) (124,212 }]
= Ao { (B12A,212) (S1/2A,,31/2) )

= Anax (2 2ARZALEY?)

and

2
= Amax (VB EB, X'?)

[0 2 1 ) 9
op

2
= )\max (ZI/QBkk/EBkk/ZI/2) .

op

H(In ® )Y (L, @ By) (I, ® £)"/?

Therefore, under the assumption about X, there exist positive constants C'; , and Cs , satisfying
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that

C?, = C’in = max max
: s K 1<k)<K

D (ZPAZAEY?) A (Z° B EB Z2) A (Z B EBiw =Y2) } < o0,

and

022’* = CZ,B,p = m]E{lX 1<%1I?’§K {tr (AkkEAkkE) ,tl” (Bkszkkz) 7tl" (Bkk/ZBkk/E)} < Q.

Therefore,

2
K x pr(|age — agr| > 0) < 2K exp (—C’min {@, n_d}) ,
02,* Cl,*

K X pr (‘Ekk - bkk) > 5) < 2K exp (—C’min {g—gz, g}) ,
2 Ll

~ 2
K x(K—1)xpr <’bkk/ — by | > 5) <2K(K —1)exp (—Cmin{g—g,g}) .
2,% ¥

Step 3, let U = Cnmin {\*(2C3,)"",A\(2C1,,)"'} = Cnmin{X\* A}, where constants
(1« and (s, are absorbed into constant C'. Set n-! log(K) — 0as K > n — oo. Let A =
ny/log(K)/n — 0T, then nA\? = n?log(K) — oo, while A < X since A\ — 0. So, we have
Cn\? . Cn?log(K)

I — 1 — lim ——=2 — oy,
M eB) A Tog(K) % Tlog(k) "
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Therefore, the Forbenius norm is bounded as below,

£-=

‘ Zpk Ol — gk 2 Zpk pe— 1) <bkk — bkk) + Z DkPr’ (bkkz’ — bkk’)2

k£k!

Z {ain A (2))° }+ Z k(e — 1) {bix A (3X/2) }+Zpkpk’ {0 A (33/2)° I

ktk!

and the spectral norm is bounded below

===l =[=-=]
S 1

= sup ‘ak ! A (20) + ( — 1) }bk
1<5'<p

A (3M/2) + Z P |brrin | A (3A/2) ¢,

k#k(5")

where k(j') = kif 7/ € {pr_1 + 1, pr—1 + 2,...,px} for every k.
Finally, step 4, set 0 < py < 2 and therefore x°~7° is monotonically increasing on (0, c0).
Let w'@? = a2, A (2X0)%, w"h? = b2, A (3A/2)2 for every k and k'. After doing some algebra,

we have

2—po
(@)
wkk

= (a) [P0 @[\ "
SYARUREATA)
k=1 -

@V (S |
(g i) (oot
K
< (207 (Zpk |Oékk|p0) ;

k=1

)
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and

K

> pelpe — 1) {bi A (3M/2)°} < (1%%(‘%(;2‘)2 {Zp’“ o — 1) ’wkk
k=1 ==
< (3a/2)°77 {Zpk(pk —1) |bkk|p0} )

k=1
2—po K
) (zpkpk/
k=1

)

: Wiper
= 1<kAk <K
< (3)\/2)2—130 (Z PrPr! |bkk’|p0> .
k£k!
Put them together,
N 2
Hz >
F
K K
< e {af AV proe — 1) {8 A (BN/2)°E ) prp (B A (30/2)°)
k=1 k=1 k£k!
K
< (207" (Zpk \akk|p°> +(30/2)" (Zpk(Pk —1) \bkk\m) +(30/2) (Z PrP |bkk’\m)
k=1 k=1 k£k!

(2>\)2 PO HEHpO (vector

Y
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| | (vector)

where || - denotes the entrywise norm. For the spectral norm, consider 0 < ¢p < 1,

|=-=]
S

A (2N) + (priy — 1) [broran| A BA2)+ D pi [birin| A (3M/2)

k#k(5")

= sup ‘O‘ku')k(j')
1<5'<p

< sup (207 |agrmgn |
1<’ <p

+(30/2)7 (b — 1) |brgrgn ™ + BA2)'™™ D p
kERG)

< @07 sup § Jangugn[”
>) P

+ (e — 1) |oegoran] ™ + D pi [brrgry
k#k(5")

< @)=,

where || -% ||; denotes the maximum absolute column sum (with go-th power entrywisely).
In summary, given log(K)/n — 0as K = K, > n — oo, we select Cn*> = 5 and
A = ny/log(K)/n — 0, then 2K (K — 1)exp(—U) — 0. Furthermore, for 0 < p, < 2

2 < 2077 Z 0 and £ - Bls < (20)' 70| £, with

probability 1. u

B.4 Extra Simulation Studies

B.4.1 Extra simulation studies in Scenario 1

Examination of the accuracy of the covariance estimator. Based on Corollary B.2.1, we
would like to verify the accuracy of covariance estimators in Scenario 1, for each pair of v 11, . . . , o, kK
and 311, . . ., Boxk for the sample sizes n = 50, 100, or 150, with 1000 Monte Carlo replicates.

For each replicate, we compute the covariance estimate of every pair of «;’s and (3;’s by sub-

stituting the estimates ay, and Ekk/ in Corollary B.2.1. Based on 1000 replicates, the average
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of estimated covariance is obtained (denoted by AC) for every pair of ay’s and Sy’s. We also
substitute the real values in the covariance formulas (denoted by RC) for every pair of o’s and
Bo’s. As a standard, the Monte Carlo covariance is also computed (denoted by MCC) for every
pair of «’s and [y’s. The results of pairs involving ag’s, 5y’s, and «aq’s-F;’s are tabulated in an
Excel file, which is available at https://github.com/yiorfun/UBCovEst.

The results in the tables show that the covariances evaluated at the true values are almost
identical to the empirical ones computed by the Monte Carlo method. In addition, given a rela-
tively small sample size, say n = 50, the proposed method may slightly overestimate the covari-
ances for some pairs of a’s and (y’s. It may be because the number of unknown parameters (i.e.,
g = 20) is much close to n = 50. As the sample size is larger than 50, the proposed method is
applicable to provide reasonable covariance estimation.

Evaluation of the estimated covariance matrix estimator on multiple testing. We also con-
duct an extra simulation study to investigate the advantage of a covariance matrix estimate with
less bias. In other words, a covariance matrix estimate with a larger bias might produce an in-
appropriate type 1 error or cause a loss in statistical power. Specifically, we set pi,g = 100
(therefore p = 500) and generate a sample with n = 50 from N (g9, X1 (Ao, Bo, p1)), where
o = (fot, - - - ,uop)T, toj = 0.3 for j =1,...,10 and po; = O otherwise, and the other settings

are the same as those in Scenario 1. To simultaneously perform hypothesis tests

HOj = 0, against Hlj Ny 7& O, j = 1, - D,

we apply the principal factor approximation (PFA) method to estimate the false discovery pro-

portion (FDP) due to the presence of the dependence among test statistics (Fan et al., 2012;
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Fan and Han, 2017). Among 100 Monte Carlo replicates, given a sequence of threshold val-
ues t, we calculate the medians and standard errors (s.d.) of the total number of rejections
R(t), the number of correct rejections S(t), and the false discovery proportion FDP(t) using
the true covariance matrix X (Ag, Bo, p1), its POET estimator EIPOET, and the proposed esti-
mator f]pmp. = ENll (111, 1§1, p1>, respectively.

The results presented in Table B.1 demonstrate that the proposed covariance matrix esti-
mator behaves more similarly with the true covariance matrix than the POET estimator due to the
less bias. For example, given a threshold value ¢ = 0.0527, the approximate FDP(¢) are 0.00,
0.79, and 0.13 for the truth, the POET estimator, and the proposed estimator, respectively. It im-
plies the bias of the POET estimator might lead to an inappropriate PDP. Also, S(t) is estimated
by 10, 4, and 10 for the truth, the POET estimator, and the proposed estimator, respectively, which

implies that there is a loss in statistical power for the POET estimator.
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B.4.2 Extra simulation study in Scenario 3

Justification of the proposed parameterization strategy. To justify the proposed parameter-
ization for the structure of uniform blocks, we compare the box plots of the off-diagonal entries
in the diagonal blocks and those of all entries in the off-diagonal blocks based on the real data
examples, to those based on the simulated datasets in Scenario 3 (Section 3.3.4). The box plots
are presented below, which demonstrate that although the true covariance matrix Y, is not a UB
matrix, the proposed estimation procedure can yield a more competitive estimate for the covari-
ance matrix and a not-worse estimate for the precision matrix than the conventional methods do,
if the variations in blocks are small. Therefore, these results show that it is reasonable to consider
the structure of uniform blocks for the real datasets because the variations in blocks are close to
those in the simulated data with 0 = 0.8 for the proteomics study and the brain imaging study,
respectively.

To conduct simulations in Section 3.3 and in Section B.4, we load the R packages “pfa”
(Fan et al., 2012) (with some modifications), “CovTools” (Lee et al., 2021), “POET” (Fan et al.,
2016), “CVTuningCov” (Wang, 2015) (with some modifications), and implement the estimation
procedures by using the software R (R Core Team, 2021). R code for the numerical studies in
Section 3.3 and the data examples in Section B.4 are available at https://github.com/

yiorfun/UBCovEst.
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(c) Box plots for the Spellman dataset (d) Box plots for the simulated dataset with o =
0.1 in Scenario 3
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Figure B.2: Box plots of the off-diagonal entries in the diagonal blocks and of all entries in the
diagonal blocks.
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Appendix C:  Supplementary Materials for Chapter 4

C.1 Definition

Definition C.1.1 (consistent estimator of a covariance matrix, also see Definition 8.2.1 in Fomby
etal. (1984) or page 68 on Schmidt (2020)). If a covariance matrix 3 depends on a finite number
of parameters 01, . .. ,0,, and if by depends on consistent estimators 51, ceey é\p, then X is said to

be a consistent estimator of 3.

C.2  Properties of UB-Matrices

Corollary C.2.1 (square-inverse transformations). Let £ = (L, ..., LG)T be a partition-size
vector satisfying that R = Ly + -+ + Lg and L, > 1 for all g, and N1,No € R**% be two
matrices satisfying the square-inverse relationship, i.e., No = (I — Nl)_l (Ir—N 1)_1.

(1) If Ny = N1 (A1, B1,£) is a UB matrix with diagonal matrix A; and symmetric matrix

B, then Ny is a UB matrix, expressed by No (A2, Bo, £). Specifically, let L = diag (L, ..., Lg),
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A5 and B, can be calculated using A1, B, and L as below:

In—-N=N"(A"B"£), A"=Ic—-Ai, B'=-B;, A"=I;—A ~BL
(Ir—N))"' =N"(A*,B*,0), A*=A""' B"=-A""'B'A"

Iz —Ny) "Iz —Ny) "' =Ny (A3, By, £), Ay =A"2 B, =A*B* +B*A* + B*LB*.

(2) If Ny = N5 (Ag, Bo, £) is a UB matrix with diagonal matrix Ay and symmetric matrix
B, then Ny is a UB matrix, expressed by N1 (A1, B1,£). Specifically, let L = diag (L, ..., Lg),

A1 and B, can be calculated using Ao, By, L, and Ay = Ay + BsL as below:

Ny'=N'(ABl£), A'=4;", B'=-A;'B:A"
I, —N,=N"(A"B*,0), A" = AT’%7 B* is the solution to the algebraic Riccati equation:
A" XB " +B*xA"+B*xLxB*—B' =0q.¢;

N1:N1 (Al,Bl,E), A1 :Ig—A*, Blz—B*
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C.3 Plug-In Estimators

The plug-in matrix estimators are given by

~ [~ o~ ~ ~ Ay =diag (-1, .., —Yec)
¥ (AT, BT,E> — Ay o I(€) + By 0 J(£), with . (€3
By = (77\/99’)

~ —~ 2
0 (Kn,fsg,e) = Aq o I(£) + Bg o J(£), with Ao = (IG _AT> ,

Bqo = —2By + AxBy + ByAy + ByLBy
\
(C3.2)
~ ~—1
~fm - . . As =Aq
> (Ag, Bg,ﬁ) — As o I(€) + By 0 J(£), with , (C.3.3)
By = Ag'BoA,

where we assume ;&Q =0, BQ = ;&Q + ﬁQL has positive eigenvalues only.
By Theorem 4.2.2, we note that the matrix estimators Y <A\T, ﬁ‘r7 E) in (C.3.1), 0 (KQ, ﬁm E)

in (C.3.2), and by (Kz, ﬁg, £> in (C.3.3) are consistent estimators in the sense of Definition C.1.1.

C.4 Technical Conditions and Proofs

Condition 1. Covariance matrix ¥ (Ax, Bx;, £) and the proposed estimator > (;1\2, fi’g, K) are
positive definite, or equivalently, AE,A\E > 0 and both Ay, = As + By x L and 32 =

;1\2 + Bs; x L have positive eigenvalues only.

Condition 2. Covariate vectors x1, . ..,x, € RP are linear independent.

159



Condition 3. Sample size n > max {p, G(G + 1)/2}.

Condition 4. Unknown regression coefficient vector 3 does not depend on unknown scaled de-

pendence parameter vector .

Condition 5. Each element of n='® g5 converges to a finite function with respect to =, as n goes

to infinity, uniformly for ~y in the compact set ©.

Condition 6. Each diagonal element of

nZ{PQV‘”"BQ’@]E(Az,Bz,e) [aﬂ(A“’B“’ ” (me)

0v;j 0,

converges to 0, as n goes to infinity, uniformly for ~ in the compact set ©, for all j.

Proof of Corollary C.2.1. The requirement for a unique solution to the algebraic Riccati equation

can be found in Ran and Rodman (1984) and Abou-Kandil et al. (2003). |
Proof of Corollay 4.2.1. Using the result in Corollary C.2.1,the proof is straightforward. [ |

Proofs of Theorem 4.2.1, Theorem 4.2.2, and Theorem 4.2.3. We check that Conditions 1, 2, 3, 4
satisfy Assumptions 1-4 in Magnus (1978). In particular, Conditions 2 and 3 imply the design
matrix x € R ) hag a full rank; and the partial derivatives (C.4.1) and (C.4.2) imply that
each element of the matrix X (Ax, By, £) are twice differentiable function with respect to ~;,
where -, belonging to {V11,...,%¢;---s%a;---,Ycc} denotes the j-th component of « for
j=1,...,G(G + 1) /2. Therefore, the properties hold by Theorem 1 in Magnus (1978).

Then, we start with the following equality

Xz—Rp)X(nR) (I & NRX R)(nR)X(nR) (nR)x(Rp) =N® (Z XX, )
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for N € Rf*® Taking N = Iy, we obtain that an alternative form of x'x, i.e, x'x = I ®

(>, x;x ). By Condition 2, ("7, x;x; ) is invertible, so is x' x. Suppose N is invertible, then

)

n n -1
N® (Z XZ-X:) Ip ® (Z X,XI)
i=1 i=1
" -1
N'® <Z Xp(j)] = [x" (I, ®N) " x] -
i=1

n -1
(XTx)*le (I, ® N)x (XTX)*l = Iz ® (Z xixj)
=1

-1

=N® (i Xixj>
i=1

Following Condition 1 and Theorem 1(A) in Lu and Schmidt (2012), we replace N = ¥ (Ax, By, £)
andN = & <K2, ﬁg, E), respectively, and complete the proof of the equality of the OLS esti-
mator and the FGLS estimator (see more discussions in Puntanen and Styan (1989) and a case of
G = 1 in He and Wang (2022)). Under the normality assumption for the MAUD, we obtain the
normal distribution for B

We follow the lines of arguments in the proof of Theorem 3 in Magnus (1978). Specifically,
letv; € {71,.--,Ma,---+7%06, - - -, Ve } denote the j-th component of v for j = 1,..., G(G +

1)/2. Then, ®., = (@/é?)) and @Dj(.;’,) is given by

0(I, ® = (As,Bs, £)
0,

(v _ 1
w]]/ - §tr{

x (I, ® % (As, Bs, £))

0, ® X (Asg,Bx,£)) "
8'7j/

<In®z<Az,Bz,e>>}

0Q (Aq,Bq,¥£)
an/

n {{ag (Aq,Bq, 0)

= —tr
0v;

: [sas 50|

|5 ass.0]

forj,j'=1,...,G(G+1)/2, where GLIGH D) _ (%A oI(€)+ 9Ba
9; 9v;

oJ(#). Recall
0 ) ®)

161



the following “coordinate matrices”,

Ay =diag (=711, -+, —vca), By = (4¢);
Aq = (I — Ay)?, Bo = —2By + AxBy + ByAy + ByLBy;
As = Ag, By = —Ag'BoAg’;

and let E,,, € R“*¢ denote a matrix whose (g, ¢’)-th element is 1 and the others are 0.

Q(Aq,Bq, ¢ A B
If v; = 744 for some g, then o0 ( ;’;] 2, £) = (%ﬁ;) oI(£) + (%ﬁ:) o J(£), and
0Aq
o, = 2(1 + 749)Egg,
5 J (C4.1)
B
3’): = —2(1 + 749)Egg — (EggBx + ByEyy) + EjyLBy + ByLE,,.
Q(Aq,B B
If 7; = 7,4 for some g # ¢/, then Gl g’; 2.4 = 0gxcoI(€) + (8879) o J(£), and
j j
0A
8’)? = 0cxc,
. j (C4.2)
B
8»79 = -2 (Egg’ + Eg’g) + (Egg/ + Eg/g) (AT + LBT) + (AT + BTL) (Eggl + Eg/g) .
j

Due to E, for g,¢' = 1,...,G, vec[0S2 (Aq,Bq,£) /0v;] for j = 1,...,G(G + 1)/2 are
linearly independent, yielding Assumption 5 in Magnus (1978) is satisfied. Thus, ¥ > 0 follows
the result of Lemma 1 in Magnus (1978).

Now, we follow the lines of the proof of Theorem 5 in Magnus (1978). Given the first-
order partial derivatives in closed form, we can obtain the second-order partial derivatives in

closed form, which is omitted here. So, Assumption 10 and Assumption 11 in Magnus (1978)
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are satisfied because both the following facts: Qn*Q@/)J(,;,) converges to a finite function with re-
spect to ~y, as n goes to infinity, uniformly for + in the compact set O, for all j and j’; and
n~tr {[0°Q (Aq, Ba, £) / (97,07;)]  (As;, Bx, £)}? converges to 0, as n goes to infinity, uni-
formly for - in the compact set ©, for all j and j'. Given the consistency, v is the unique ML

estimator due to the result of Lemma 2 in Magnus (1978). |

C.5 The Case of X # I

We set a new parametric covariance matrix

Y= —-")"'Z (I —1)",

where Y =Y (AT,BT,E) and Ee = Ee (AE,BG,E) with A'r = dlag (—")/11, cey —"}/GG), B‘r =

(Yo' )s Va'g = Vag'» Ae = diag (w11, . .., waa), and Be = 0gxq.

Therefore, we can prove ¥ and (2 are also uniform-block matrices.

Q (AQ,BQ,E) = (IR — T) 26_1 (IR — T) ;
A=A —2AvA +ATAY

Bo = —A_'By + AvA_'By — ByA_' + ByA_'Ay + ByA_'LB~.

We can observe that both Ag and B, are symmetric.
Finally, extra simulation results and R code for the numerical studies are available at

https://github.com/yiorfun/MAUD.

163


https://github.com/yiorfun/MAUD

Appendix D:  Supplementary Materials for Chapter 5

D.1 Technical Proof

D.1.1 Proof of Corollary 5.2.1

Proof of Corollary 5.2.1. Based on

3 (A,B,p) = Bdiag (41, ..., £x) x £y x Bdiag (¢ ,...,£5) + S,

we rewrite it:

2 (A7B7p) = A © I(p) + B © J(p) = Bdlag (a’l,llpu s 7aK,KIpK) + (b]ﬁk/lPkXPk/)

= Bdiag (£1,...,£x) x Xy x Bdiag (€] ,...,£5) + Xy,

where matrices A = diag (a1, ..., ax k) and B = (by 4) with by, = by v for every k # k' are
known, ¢ = (0 ) € R is an unknown symmetric matrix with o ¢y, = o7 i for every

k # k', and 3, = diag (04 11, - - -, Oupp) € RP*P is an unknown diagonal matrix.
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Do some algebraic, we have that

Bdiag (€1, . .., £x) x Xy x Bdiag (€] ,...,£5) + =,

T
»81 0p1><1 0f11 --- Ofi1K 21 01><pK
Ople 0p2><1 Of21 --- OfoK 01><p1 01><PK
= + X
T
0pK><1 éK OfK1 --- OfKK 01><p1 EK
px K KxK Kxp

= <<0‘f’kk/£k€;—/)pk ka/> + dlag (O'u711, P agu,pp) .

In other words, Bdiag (¢1,...,£x) x Xy x Bdiag (¢],...,£}) + X, has the diagonal blocks
(o—f,kkeke;)pk o, T diag (Cupr 14155 1415+ - - » Ougpp ) fOr every k and the off-diagonal blocks
(Uf»kk’eke;cr’)pkxpk, for every k # k.

Since X (A, B, p) has the diagonal blocks ay, £ I, + bx xJ,, for every k and the off-diagonal
blocks by 111, xp,, for every k # k', by the definition of the equality of two matrices, we obtain

that

T : !
ak’klpk =+ kangk = O'chkEk‘ek + dlag (O-U:Z_’kfl‘i‘l,ﬁkfl‘i‘l’ Ce 70—uvl3k,ﬁk) s k = k = 17 e K

b’%k'lpkxpkl = O'f,kk/ekeg/, k 7é k/, ]{Z, /{Z/ = 1, e ,K.

First, we recall that the first element of £y, i.e., {5, ,+1% = tx # 0, for every k.

Second, for fixed k, the equalities of diagonal elements yield a; + b = Tyimm +
afykkéfn,k for all m = pr_1 + 1,...,px, while the equalities of off-diagonal elements yield
bk = Of jilm sl i for all pairs m # m’ = pp_1 + 1,. .., pg.

(case 1) We focus on the off-diagonal equalities. If og . = 0, then by, = 0 but this
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is impossible because B >~ 0, by Hadamard’s inequality, by, # 0. If of e # 0, we define
Ver = brk/0ppr thus bf . = Ly Ly for all pairs m # m' = pr_y + 1,..., . Taking
m = pr—1 + 1 and m’ # m, we obtain that by ; = (0, ;. Fixing m’, and due to p; > 2, taking
another m” € {px_1 + 1,...,px} while m” # m’ and m” # m, we obtain that brx = telmr -
By b} . = Lo il e = (b 1/ t)?, we derive b . = 1, or equivalently, £y, ) = by ,./tx = v, for
allm =pr_1+1,...,ppand o gk = b /03

(case 2) We focus on the diagonal equalities. Since ay i + bpr = Oumm + Ufﬁkggnyk =
Owmm + Of kkly = Owmm + ik WE haVe 0oy = ap i forall m = pr_y + 1,..., Py

Third, for fixed pair k& # k', if o prr = 0, then by 111y, xp,, = Op, xp,,» Which implies that
bew =0 = 0fppr. If op iy # 0, then we define b};k, = by /0 ¢k, therefore, bz’k,lpkxpk, =
£l = (Lo ply w), Or equivalently, by, = €y o lry g for all pairs m = pp_y + 1,..., Py and
m' = pp—1+1,...,pr. By the result in (case 1), by ;, = ikl 1r = txtp for all pairs m and
m’. So, we have b}, = iy, or equivalently, o g = by g / (Ltnr)-

In summary, we conclude £, = ;1,1 for every k, ¥y = diag (¢7',...,15") x B x

diag (¢7',... 1% ), and B, = A o I(p). [

Finally, extra simulation results and R code for the numerical studies are available at

https://github.com/yiorfun/SCFA.
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