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1.1 Introduction

1.1.1 Statement of the main result

We study a two-center two-body problem. Consider two fixed centers ); and
()2 of masses m; = mo = 1 located at distance y from each other and two small
particles Q3 and @4 of masses m3 = my = p < 1. @;s interact with each other via
Newtonian potential. If we choose coordinates so that @5 is at (0,0) and Q) is at

(—x,0) then the Hamiltonian of this system can be written as

H

I L i I p B 1 o
20 2p Qs Qs —(=x.0)[ [Qal  1Qi—(=x.0) Qs —Qul
(1.1.1)

We assume that the total energy of the system is zero.
We want to study singular solutions of this system, that are solutions which
can not be continued for all positive times. We will exhibit a rich variety of singular

solutions. Fix g9 < x. Let w = {w;}32, be a sequence of 3s and 4s.

Definition 1. We say that (Q3(t), Q4(t)) is a singular solution with symbolic

sequence w if there exists a positive increasing sequence {t; };?‘;0 such that

o 1" =1lim; ,t; < oo0.
o |Q3(tj) — Q2] < eo, [Qu(t;) — Q2 < 0.

o If w; =4 then for t € [t;_1,t;], |Q3(t) — Q2| < €0 and {Qu(t) }sept,_,+,) Winds
around (); exactly once.
If w; = 3 then for t € [t;_1,t;], [Qu(t) — Q2| < €0 and {Q3(t) }ier,_,¢;) Winds

around ()7 exactly once.



o |Qi(t)| = oo as t — t*.

During the time interval [t;_1,?;] we refer to @, as the traveling particle and
to Q7_w,; as the captured particle. Thus w; prescribes which particle is the traveler
during the j trip.

We denote by X, the set of initial conditions of singular orbits with symbolic
sequence w. Note that if w contains only finitely many 3s then there is a collision
of 3 and ()5 at time t*. If w contains only finitely many 4s then there is a collision

of Q4 and @)» at time t*. Otherwise at we have a collisionless singularity at t*.

Theorem 1. There exists p, < 1 such that for pu < p. the set 3, # ().
Moreover there is an open set U in the phase space and a foliation of U by
two-dimensional surfaces such that for any leaf S of our foliation ¥,N.S is a Cantor

set.

Remark 1. By rescaling space and time variables we can assume that y > 1. In

the proof we shall make that assumption and set ¢y = 2.

Remark 2. It follows from the proof that the Cantor set described in Theorem 1
can be chosen to depend continuously on S. In other words X, contains a set which
is local a product of a five dimensional disc and a Cantor set. The fact that on
each surface we have a Cantor set follows from the fact that we have a freedom of

choosing how many rotations the captured particle makes during j-th trip.

Remark 3. The construction presented in this paper also works for small nonzero

energies. Namely, it is sufficient that the total energy is much smaller than the



kinetic energies of the individual particles. The assumption that the total energy
is zero is made to simplify notation since then the energies of (Y3 and )4 have the

same absolute values.

Remark 4. One can ask if Theorem 1 holds for other choices of masses. The fact
that the masses of the fixed centers ()1 and (o are the same is not essential and is
made only for convenience. The assumption that ()3 and )4 are light is important
since it allows us to treat their interaction as a perturbation except during the
close encounters of ()3 and 4. The fact that the masses of ()3 and Q)4 are equal
allows us to use an explicit periodic solution of a certain limiting map (Gerver map)
which is found in [G1]. It seems likely that the conclusion of Theorem 1 is valid if
msz = i, my = cp where c¢ is a fixed constant close to 1 and pu is sufficiently small

but we do not have a proof of that.

1.1.2 Motivations.

1.1.2.1 Non-collision singularity in N-body problem

Our work is motivated by the following fundamental problem in celestial me-
chanics. Describe the set of initial conditions of the Newtonian N-body problem
leading to global solutions. The compliment to this set splits into the initial condi-
tions leading to the collision and non-collision singularities.

It is clear that the set of initial conditions leading to collisions is non-empty
for all N > 1 and it is shown in [Sal] that it has zero measure. Much less is known

about the non-collision singularities. In particular the following basic problems are



still open.

Conjecture 1. The set of non-collision singularities is non-empty for all N > 3.

Conjecture 2. The set of non-collision singularities has zero measure for all N > 3.

Conjecture 1 probably goes back to Poincaré who was motivated by King
Oscar II prize problem about analytic representation of collision less solutions of
the N body problem. It was explicitly mentioned in Painlevé’s lectures [Pa] where
the author proved that for N = 3 there are no non-collision singularities. Soon
after Painlevé, von Ziepel showed that if the system of N bodies has a non-collision
singularity then some particle should fly off to infinity in finite time. Thus non-
collision singularities seem quite counterintuitive. However in [MM] Mather and
McGehee constructed a system of four bodies on the line where the particles go
to infinity in finite time after an infinite number of binary collisions (it was known
since the work of Sundman [Su]) that binary collisions can be regularized so that the
solutions can be extended beyond the collisions). Since Mather-McGehee example
had collisions it did not solve Conjecture 1 but it made it plausible. Conjecture 1
was solved independently by Xia [X] for the spacial five-body problem and by Gerver
[G1] for a planar N body problem where N is sufficiently large. The problem still
remains open for N = 4 and for small N in the planar case. However in [G1] Gerver
sketched a scenario which may lead to a non-collision singularity in the planar four-
body problem. Gerver has not published the details of his construction due to a
large amount of computations involved (it suffices to mention that even technically
simpler large N case took 68 pages in [G1]). The goal of this paper is to realize

4



Gerver’s scenario in the simplified setting of two-center-two-body problem.
Conjecture 2 is mentioned by several authors, see e.g. [Sim, Sa3, K|. Tt is
known that the set of initial conditions leading to the collisions has zero measure
[Sal] and that the same is true for non-collisions singularities if N = 4. To obtain the
complete solution of this conjecture one needs to understand better of the structure

of the non-collision singularities and our paper is one step in this direction.

1.1.2.2  Well-posedness in other systems

Recently the question of global well-posedness in PDE attracted a lot of at-
tention motivated in part by the Clay Prize problem about well-posedness of the
Navier-Stokes equation (see e.g. [LS]). One approach to constructing a blowup so-
lutions for PDEs is to find a fixed point of a suitable renormalization scheme and
to prove the convergence towards this fixed point. The same scheme is also used to
analyze two-center-two-body problem and so we hope that the techniques developed
in this paper can be useful in constructing singular solutions in more complicated

systems.

1.1.2.3 Poincaré’s second species solution.

In his book [Po] , Poincaré claimed the existence of the so-called second species
solution in three-body problem, which are periodic orbits converging to collision
chains as ;1 — 0. The concept of second species solution was generalized to the non-

periodic case. In recent years significant progress was made in understanding second



species solutions of both restricted [BM, FNS] and full [BN] three-body problem.
However the understanding of general second species solutions generated by infinite
aperiodic collision chains is still incomplete. Our result can be considered as a
generalized version of second species solution. All masses are positive and there are
infinitely many close encounters. Therefore the techniques developed in this paper

can be useful in the study of the second species solutions.

1.1.3 A glimpse of the 4-body problem

Consider the same setting as in our main result but suppose that ), and
Q)2 are also free (not fixed). Then we can expect that during each encounter light
particle transfers a fixed proportion of their energy and momentum to the heavy
particle . The exponential growth of energy and momentum would cause ); and
(2> to go to infinity in finite time leading to a non-collision singularity.

A proof of this would however involve a significant amount of additional com-
putation due to higher dimensionality of the full four-body problem. Indeed planar
four-body problem has 16 dimensions since each particle has two position and two
momentum coordinates. Removing the translation invariance we are left with 12
dimensions. Taking into account the rotation invariance leaves us with 10 dimen-
sions. Energy conservation and taking a Poincaré section kills two more dimensions
so we obtain a eight dimensional Poincaré map. We expect however that similarly
to the problem at hand the Poincaré of the full four-body problem will have only

two strongly expanding directions while other directions will be dominated by the



most expanding ones. This would allow our strategy to extend to the full four-body

problem leading to the complete solution of the Painlevé conjecture.

1.1.4 Plan of the paper.

The paper is organized as follows. Section 2.2 and 3.3 constitute the main
framework of the proof. We give a proof of the main Theorem 1 based on a careful
study of the hyperbolicity of the Poincaré map. In Section 3.3, we summarize all
later calculations and we prove the hyperbolicity results of Section 3.3. All the
later sections provide calculations needed in Section 3.3. We define the local map
to study the local interaction between (3 and ()4 and global map to cover the
time interval when @4 is traveling between )1 and ()5. The Section 4.1, 4.3, 4.4
and 4.5 are devoted to the calculations of the derivative of the global map, while
Section 5.1,5.2, and 5.3 computes the derivative of the local map. Finally, we have
two appendices. In Appendix A.1, we include an introduction to the Delaunay
coordinates for Kepler motion, which is used extensively in our calculation. In

Appendix B.2, we summarize the main information concerning Gerver’s model in

G1].



2.2  Proof of the main theorem

2.2.1 Idea of the proof.

The proof of the Theorem 1 is based on studying the hyperbolicity of the
Poincaré map. Our system has four degrees of freedom. We pick the zero energy
surface and then consider a Poincaré section. The resulting Poincaré map is six
dimensional. In turns out that for orbits of interest (that is, the orbits where the
captured particle rotates around Q2 and the traveler moves back and forth between
@1 and )7) there is an invariant cone which consists of vectors close to a certain
two dimensional subspace such that all vectors in the cone are strongly expanding.
This expansion comes from the combination of shearing (there are long stretches
then the motion of the light particles is well approximated by the Kepler motion
and so the derivatives are almost upper triangular) and twisting caused by the close
encounters between ()4 and Q3 and between Q)4 and ();. We restrict our attention
to a two dimensional surface whose tangent space belong to the invariant cone
and construct on such a surface a Cantor set of singular orbits as follows. The two
parameters coming from the two dimensionality of the surface will be used to control
the phase of the close encounter between the particles and their relative distance.
The strong expansion will be used to ensure that the choices made at the next step
will have a little effect on the parameters at the previous steps. This Cantor set
construction based on the instability of near colliding orbits is also among the key

ingredients of the singular orbit constructions in [MM] and [X].



2.2.2  Main ingredients.

In this section we present the main steps in proving Theorem 1. In Subsection
2.2.3 we describe a simplified model for constructing singular solutions given by

Gerver [G1]. This model is based on the following simplifying assumptions:

o =0, x =o00.

e The particles do not interact except during a close encounter.

e Velocity exchange during close encounters can be modeled by an elastic colli-

sion.

e The action of @); on light particles can be ignored except that during the
close encounters of the traveler particle with (); the angular momentum of the

traveler with respect to ()2 can be changed arbitrarily.

The main conclusion of [G1] is that the energy of the captured particle can be
increased by a fixed factor while keeping the shape of its orbit unchanged. Gerver

designs a procedure with two steps of collisions having the following properties:
e The incoming and outgoing asymptotes of the traveler are horizontal.
e The major axis of the captured particle remains vertical.

e After two steps of collisions, the elliptic orbit of the captured particle has
the same eccentricity but smaller semimajor compared with the elliptic orbit

before the first collision (see Fig 1 and 2).



For quantitative information, see the Appendix B.2.

Since the shape is unchanged after the two trips described above the procedure
can be repeated. Then the kinetic energies of the particles grow exponentially and
so the time needed for j-th trip is exponentially small. Thus the particles can make
infinitely many trips in finite time leading to a singularity. Our goal therefore is to

get rid of the above mentioned simplifying assumptions.
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Figure 1: Angular momentum transfer collision

In Subsection 2.2.4 we study near collision of the light particles. This assump-
tion that velocity exchange can be modeled by elastic collision is not very restrictive
since both energy and momentum are conserved during the exchange and any change

of velocities conserving energy and momentum amounts to rotating the relative ve-
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Figure 2: Energy transfer collision

locity by some angle and so it can be effected by an elastic collision. We recall a
formula relating the angle of rotation to the minimal distance between the particles.
In Subsection 2.2.5 we state a result saying that away from the close encounters
we can disregard interaction between the light particles and the action of () to the
particle which is captured by @) can indeed be disregarded. In Subsection 2.2.6 we
study the Poincaré map corresponding to one trip of one light particle around ;.
After some technical preparations we present the main result of that section Lemma
2.2.6 which says that after this trip the angular momentum of the traveler particle
indeed can change in an arbitrary way. Finally in Subsection 2.2.7 we show how to

combine the above ingredients to construct a Cantor set of singular orbits.

11



2.2.3 Gerver map.

Following [G1], we discuss in this section the limit case p = 0,x = oco. We
assume that Q3 has elliptic motion and )4 has hyperbolic motion with respect to the
focus Q5. Since p = 0, Y3 and Q)4 do not interact unless they have exact collision.
Since we assume that (4 just comes from the interaction from @); located at (—oo, 0)
and the new traveler particle is going to interact with ()1 in the future, the slope of
incoming asymptote ; of 4 and that of the outgoing asymptote §+ of the traveler
particle should satisfy 6~ =0, 0+ = 7.

The Kepler motions of ()3 and Q)4 has three first integrals F;, G; and g; whereF;
denotes the energy, G; denotes the angular momentum and g; denotes the argument
of periapsis. Since the total energy of the system is zero we have £, = —FEj3. It turns
out convenient to use eccentricities e; = \/TG?EZ instead of G since the proof
of Theorem 1 involves a renormalization transformation and e; are scaling invariant.
The Gerver map describes the parameters of the elliptic orbit change during the
interaction of )3 and 4. The orbits of Q)3 and @), intersect in two points. We pick
one of them. We use a discrete parameter j € {1,2} to describe if the points meet
at the first or at the second intersection (the intersection points will be numbered
chronologically along the orbit of Qy).

Since )3 and ()4 only interact when they are at the same point the only effect
of the interaction is to change their velocities. Any such change which satisfies

energy and momentum conservation can be described by an elastic collision. That

12



is, velocities before and after the collision are related by

U3 — Uy
2

4 U3 Ty

Us — Uy
2

Va + v,
TL(O{), UI: & L

5 n(a), (2.2.1)

where n(«) is a unit vector making angle o with vy — v, .

With this in mind we proceed to define the Gerver map G, j.(Es3, €3, g3). This
map depends on two discrete parameters j € {1,2} and w € {3,4}. The role of j
has been explained above, and w will tell us which particle will be the traveler after
the collision.

To define G we assume that ()4 moves along the hyperbolic orbit with pa-
rameters (—FEs, e4, g4) where gy is fixed by requiring that the incoming asymptote
of ()4 is horizontal. We assume that ()3 and ()4 arrive to the j-th intersection point
of their orbit simultaneously. At this point their velocities are changed by (2.2.1).
After that the particle proceed to move independently. Thus ()3 moves on an orbit
with parameters (Es, €3, g3), and Q4 moves on an orbit with parameters (Ej, &4, §1).

If w = 4, we choose « so that after the exchange (), moves on hyperbolic orbit

and 0] = 7 and let

G€47j74(E37 €3, 93) = (E?n é?)a §3)

If w = 3 we choose a so that after the exchange ()3 moves on hyperbolic orbit and
05 = m and let

G, j3(Es,€e3,93) = (E4,é4,§4)-

In the following, to fix our notation, we always call the captured particle Q)3

and the traveler ()4.

13



We will denote the ideal orbit parameters in Gerver’s paper [G1] of Q3 and
Q4 before the first (respectively second) collision with * (respectively **). Thus, for
example, G;* will denote the angular momentum of ()4 before the second collision.
Moreover, the realistic values after the first (respectively, after the second) collisions
are denoted with a bar or double bar.

Note G has a skew product form

€3 = fe(€37937€4)7 g3 = fg(€3,93,€4)7 E:a = Est(€3793,€4)-

This skew product structure will be crucial in the proof of Theorem 1 since it will
allow us to iterate G so that E3 grows exponentially while e and g3 remains almost
unchanged.

The following fact plays a key role in constructing singular solutions.

Lemma 2.2.1. (/G1)) There exist (e}, g3), such that for sufficiently small 6 > 0
given W' W" € {3,4}, there exist \g > 1 and functions €}(es, g3), €)(es, g3), defined
in a small (depending on §) neighborhood of (e, g%), such that

(a) for €}, €5 given by ei(e5, g3) = €5 and el(el, g5) = €5, we have
(e3,93, E3)™ = Ger 1o (€3, 93, E3)", (€3, —gs, MoE3)" = Gerr 207 (€3, 93, E3)"
b) If (es, g3) lie in a & neighborhood of (€%, g%), we have
3,93
(637 937 E?)) = Geﬁl(eg,gg;),l,w’ (637 g3, E3) 5 (537 _§3a E&) = Geﬁ{(eg,gg),?,w” (éS7 g37 E3> s

and

where A\g — 0 < X\ < Ao + 9.

14



Part (a) is the main result of the above lemma. It allows us to increase
energy after two collisions without changing the shape of the orbit in the limit case
w = 0,x = oco. Part (b) is of the mrs technical nature, which allows us to fight
against the effect of perturbations coming from the fact that g > 0 and x < cc.

Lemma 2.2.1 is a slight restatement of the main result of [G1]. Namely part
(a) is proven in Sections 3 and 4 of [G1] and part (b) is stated in Section 5 of [G1]
(see equations (5-10)—(5-13)). The proof of part (b) proceeds by a routine numerical
computation. For the reader’s convenience we review the proof of Lemma 2.2.1 in

Appendix B.2 through explaining how the numerics is done.

Remark 5. 1. In fact Gerver produces a one parameter family of the periodic
solution. Namely one can take ej to be any number between 0 and ‘/75 and

g5 = 0. In the course of the proof of Theorem 1 we need to check several

1
3

non-degeneracy conditions. This will be done numerically for e} =
2. We try to minimize the use of numerics in our work. The use of numerics
is always preceded by mathematical derivations. Readers can see that the

numerics in this paper can also be done without using computer, but we do

not expect interesting mathematics there.

2.2.4 Asymptotic analysis. Local map.

We assume that the two centers are at distance x > 1 and that Q)3, ()4 have
positive masses 0 < p < 1. We also assume that ()3 and )4 have initial orbit

parameters (FEj3, (3, e3, g3, €4, 94) in the section {z4(0) = —2, 74(0) > 0} (Here /5

15



stands for the mean anomaly of Q3, see Appendix A.1). We let particles move until
one of the particles reach the surface {x, = —2, ©4 < 0} moving on hyperbolic orbit.
We measure the final orbit parameters (Eg, I, 5, Gs, ,€4,3G4). We call the mapping
moving initial positions of the particles to their final positions the local map L. In

Fig 3, the local map is to the right of the section {z = —2}.

Lemma 2.2.2. Suppose that the initial orbit parameters (Es, 03, es,gs, €4, gs) are
such that the traveler particle(s) satisfy 0= = O(u) and 0 = 7 + O(u) then the

following asymptotics holds uniformly

(Es,€3,33) = Ge, (F3, €3, g3) + 0(1),
as p — 0, x — oo.

The lemma tells us Gerver map is a good approximation of the local map L
for the real case 0 < u < 1 < y < oo for the orbits of interest. Lemma 2.2.2 will
be proven in Section 5.3 where we also present some additional information about

the local map (see Lemma 5.2.2).

2.2.5  Asymptotic analysis. Global map.

As before we assume that the two centers are at distance y > 1. We as-
sume that initially ()3 moves on an elliptic orbit, ()4 moves on hyperbolic orbit and
{z4(0) = =2, ©4(0) < 0}. We assume that |y,(0)| < C' and after moving around ¢,
it hits the surface {xy, = —2, &, > 0} so that |y4| < C. We call the mapping moving

initial positions of the particles to their final positions the global map G. In Fig
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3, the global map is to the left of the section {x = —2}. We let (Ej, (3, €3, g3, €4, g4)
denote the initial orbit parameters measured in the section {x; = —2, &4 < 0}

and (E’g, l5, €3, Gs, €4, g4) denote the final orbit parameters measured in the section

{LL’4 = —2, Ty > O}

Lemma 2.2.3. Assume that |ys| < C holds both at initial and final moments. Then

uniformly in x, p we have the following estimates
(a) B3 — E3 = O(n), Gs—G3=0(u), §s—gs=0(u).

(b) 0f =7+ O0(n), 6 =O0(n).

The proof of this lemma is given in Section 4.1.

2.2.6  Admissible surfaces.

Given a sequence w we need to construct orbits having singularity with sym-
bolic sequence w.

We will study the Poincaré map P = G o LL to the surface {z4 = —2, 24 > 0}.
It is a composition of the local and global maps defined in the previous sections.

Given ¢ consider open sets in the phase space defined by

1
00 = {[ = (=5)| les =il loa =il 051 <6, les— il < V5,

Ua(8) = {1Bs = Bf'|, les — €57, los — g5°1, 1051 <6, Jea—ei"| < V3.

We will also need the renormalization map R defined as follows. Partition our

section into cubes of size 1/,/x and on each cube we rescale the space and time so

that
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e in the center of the cube (Y3 has elliptic orbit with energy —%.
e the potential of the fixed centers is still 1/|Q) — Q.

In addition we reflect the coordinates with respect to x axis.

After the rescaling we apply the dynamics until 4 becomes equal to —2 again.
Note that the rescaling changes (for the orbits of interest, increases) the distance
between the fixed centers by sending x to Ay. Observe that at each step we have the
freedom of choosing the centers of the cubes. We describe how this choice is made
in the next section. In the following we give a proof of the main theorem based on

the three lemmas, whose proofs are in the next section.

Lemma 2.2.4. There are cone families Ky on T,(T*T?), x € U(§) and Ky on

T.(T*T?), = € Us(8), each of which contains a two dimensional plane, such that
(a) dP(K1) C Ky, d(RoP)(Ky) C Ky.

(b) If v € Ky, then ||dP(v)|| > cx|v]|. If v € Ka, then ||d(R o P)(v)|| > ex||vl|| for

some ¢ > 0 independent of x.

We call a C' surface S; C Ui(d) (respectively Sy C Uz(d) admissible if

TS, C Ky (respectively T'Sy C ICo).

(2]

Lemma 2.2.5. (a) The vector w = 7

15 1 IC;.
(b) Any plane 11 in K; the map projection map e, o, = (deq, dl3) : IT — R? is

one-to-one. In other words (ey, {3) can be used as coordinates on admissible surfaces.

We call an admissible surface essential if 7, s, is an I X T! for some interval
I. In other words given e4 € I we can prescribe {3 arbitrarily.
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Lemma 2.2.6. (a) Given an essential admissible surface Sy € Uy(6) and é, € 1(S7)
there exists I3 such that P((é4,13)) € Us(8). Moreover if dist(é,, 1) > 1/x then there

is a neighborhood V (¢4) of (é4,13) such that Teqts © P maps V' surjectively to
{les —ej] < Ko} x T

(b) Given an essential admissible surface So C Us(9) and é4 € 1(Sy) there
exists I3 such that R o P((é4,1s)) € Uy(0). Moreover if dist(éy, 1) > 1/x then there

is a neighborhood V (&4) of (E4,13) such that me, 4, 0o R o P maps V surjectively to
{les — €| < K&} x T

(¢) For points in V(é4) from parts (a) and (b), the particles avoid collisions

before the next return and pé < d < %.

Note that by Lemma 2.2.4 the diameter of V' (é4) is O(d/x).

2.2.7 Construction of the singular orbit.

Fix a small € > 1/x. Let Sy be an admissible surface such that the diameter

of Sy is much larger than 1/y and such that on Sy we have
|63—é3| <g, |gg—§3|<€.

where (€3, g3) is close to (ef, g5). For example, we can pick a point @ € U;(d) and

let w be a vector in Ky (x) such that a%s(w) = 0. Then let
SO = {(E?n €3> €3, g3, €4, 94)(:3) + aw + (07 b7 07 07 Oa O)}age/l_(

where K is a large constant.
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We wish to construct a singular orbit in Sy. We define S; inductively so that S
is component of P(S;_1) NUs(6) if j is odd and S; is component of (R o P)(S;_1) N
Uy(6) if j is even (we shall show below that such components exist). Let x =
lim; 00 (RP?)77Sy;. We claim that & has singular orbit. Indeed by Lemma 2.2.1 the
unscaled energy of Q, satisfies F(j) > (A\g—0)7/2 where 6 — 0 as & — 0. Accordingly
the velocity of Q4 during the trip j is bounded from below by ¢\/E(5) > c(Xg—0)7/*.
Therefore t;,, —t; = O((Ag — 0) /%) and so t, = lim; ., t; < 0o as needed.

It remains to show that if we can find a component of P(S5;) inside Us(9) and
a component of (RoP(Ss;41)) inside Uy (9). Note that Lemma 2.2.6 allows to choose
such components inside larger sets Us(K0) and Uy (K0).

First note that by Lemma 2.2.3 on P(Ss;) () Ua(K ) and on (RoP?)(Sz;) (| U2(K9)
we have 0, = O(u). Also by Lemma 2.2.6 e4 can be prescribed arbitrarily. In other
words we have a good control on the orbit of @Q)y.

In order to control the orbit of Q3 note that by Lemma 2.2.4(b) the preimage
of Sy; has size O(1/x) and so by Lemmas 2.2.2, 2.2.3 and 2.2.5 given ¢ we have that
es and g3 have oscillation less than e on Sy; if i is small enough. Namely part (b)
of Lemma 2.2.5 shows that e; and g3 have oscillation O(1/x) on the preimage of Sy;
while Lemmas 2.2.2 and 2.2.3 show that the oscillations do not increase much after
application of local and global map. Thus there exist (és, g3) such that on Ss; we
have

63—é3 <eg, |gg—§3|<€.
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Also due to rescaling we have |E5 — (—3)| = O(1/,/X). Set
Saj1 =PV(€/(65,35)),  Sajra = (RoP)V (" (é5,Gs)). (222)
Then on ng+1 we shall have
les —e3"| < Ke, |93 — g3 < Ke and |E5 — E5| < Ke

while on §2j+2 we shall have

* * ]-
les — ex| < K%, g3 — g5] < K?¢ and ‘Eg - 5‘ < K/\/x.

Denote
Sajp1 = Saj1 N {les — €"(€3,95)| < V6},  Sajya = Sajpa N {lea — €(e3,93) < V6}.

Taking e so small that K% < § we get that Sy; 11 € Us(d), Saj12 € Up(d) as needed.
Finally we use the freedom to choose the appropriate partition in the defini-
tion of R to ensure that R is continuous on the preimage of V(¢/(é3, g3)) so that

V(€'(és, gs)) is a smooth surface.

Remark 6. In fact we do not need to use exactly €’(é3, g3) and €”(é3, g3) in (2.2.2).

Namely any V (e}) and V(e}) would do provided that

.i.

€4 — 62(é37§3)‘ <g, ;

€4 — GZ(ég,gg) <eE.

Different choices of 61 and ei allow us obtain different orbits. Since such freedom
exists at each step of our construction we have a Cantor set of singular orbits with

a given symbolic sequence w.
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3.3 Hyperbolicity of the Poincaré map

3.3.1 Construction of invariant cones

Here we derive Lemma 2.2.4, 2.2.5 and 2.2.6 from the asymptotics of the

derivative of local and global maps.

Lemma 3.3.1. Suppose © € U;(0) and L(x) satisfies 0, = O(u), 05 = 7+ O(u).

Then there exist a linear functional iz and a vector U; such that

dL(z) = iu(a:) @ 1(x) + B(@) + o(1).

Moreover

This lemma is proven in Section 5.3.

We further define two new sets in the phase space:

A

U1(6) = {|(e3, g3, B3)—Ges (€3, 95, B3)| < 6, |0f] < d and |Ga+Ga—(G5+GY)| < 0},

Us(6) = {|(es, g3, B3)—Ges= (5", 3", E3)| < 8, 107] < 0 and |G3+Ga— (G +G7)| < 0}

Note that if & > Consté then by Lemma 2.2.2 UZ(S) contains the part of U;
consisting of the orbits which will have a close encounter with (), during the next

excursion around Q).

Lemma 3.3.2. (a) For each C there exists C such that if |y(x)| < C and |y(G(zx))| <

C then Q, passes within distance C /x from Q1.
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(b) Let @ and y = G(x) be such that |y(x)| < C, ly((y))| < C and Q4 passes
within distance C/x from Qy. Then there exist linear functionals 1(x) and 1(z) and

vectorfields u(y) and u(y) such that
AG(x) = xu(y) @ 1(z) + xi(y) @ () + O(ux).

Moreover there exist vector w; and linear functionals L,i- such that if x € ﬁz(g) and

5 — 0 then

In addition, if y € R™*U1(8) and § — 0 then

span(u(y), u(y)) — span(w;, 0)

and In addition, if y € U(6) and § — 0 then

span(u(y), u(y)) — span(wsy, )

o)

where W = 30

This Lemma is proven in Section 3.3.

Lemma 3.3.3. The following non degeneracy conditions are satisfied.
(a1) span(iy, B(ly(0)dRwy — 1y (dRw,)w)) is transversal to Ker(ly) N Ker(l,).
(a2) dey(dRwsy) # 0.

(b1) span(iiy, B(y(w0)wy — 1y(w1)w)) is transversal to Ker(ly) N Ker(ly).

(b,?) de4(w1) 7£ 0.
This Lemma is proven in Section 3.3.
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Definition 2. We now take K; to be the set of vectors which make an angle less
than a small constant n with span(dRws, ws), and Ks to be the set of vectors which

make an angle less than a small constant 1 with span(wy, ;).

Proof of Lemma 2.2.4. Consider for example the case where € Uy(§). We claim
that if 6, are small enough then dL(span(wy,w)) is transversal to Kerly N Kerls.
Indeed take T' such that I(T'") = 0. If T' = aw; 4+ aw then al(w;) + al(w) = 0. Tt
follows that the direction of T is close to the direction of T' = Iy(@)w;, — L (w; ).
Next take T’ = bw + bt where bl(w;) + bl(w) # 0. Then the direction of dLI is close
to iy and the direction of dIL(T") is close to B(I) so our claim follows.

Thus for any plane II close to span(ws, ) we have that dL(II) is transversal
to Kerl, N KerTz. Take any Y € 5. Then either Y and w; are linearly independent
or Y and w are linearly independent. Hence dLL(span(Y,w;)) or dL(span(Y,w)) is
transversal to Kerly N Kerly. Accordingly either Iy(dL(Y)) # 0 or L(dL(Y)) # 0. If
I(dL(Y)) # 0 then the direction of d(G oLL)(Y) is close to u. If I,(dLL(Y)) = 0 then
the direction of d(G o L)(Y)) is close to u. In either case d(RG o L)(Y) € K; and

[|d(G o L)(Y)|| > ex||Y||- This completes the proof in the case & € Uy(d). The case

where & € Uy(0) is similar. O

Proof of Lemma 2.2.5. Part (a) follows from the definition of IC;. Also by part (b)
of Lemma 3.3.3 the map 7 : span(w,w) — R? given by 7(I') = (dl3(T), dey(T)) is

invertible. Namely if I' = aw + aw then

dey(I’ -
a= de;‘((w;, a = dis(T) — adls(w).
Accordingly 7 is invertible on planes close to span(w, @) proving our claim. H
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To prove Lemma 2.2.6 we need two auxiliary results.
Sublemma 3.3.4. Given é, there exists l3 such that P(éy, l~3) € Uy(0).
The proof of this Sublemma is postponed to Section 3.3.

Sublemma 3.3.5. Let F be a map on R? which fives the origin and such that if
|F(2)| < R then ||dF(X)|| > x||X]||. Then for each a such that |a| < R there exists

z such that |z| < R/x and F(z) = a.

Proof of Lemma 2.2.6. (a) Similarly to the proof of Sublemma 3.3.4 it suffices to

show that for each (&4,13) such that |e; — e3*| < v/§ there exist (é4,13) such that
P(éa,I3) = (e1,15) (3.3.1)

since then the restrictions on (Ejs, e3, g3) and 6, will be satisfied automatically. Our
coordinates allow us to treat P as a map R X T — R x T. Due to Lemma 2.2.4 we
can apply Sublemma 3.3.5 to the covering map P : R? — R? with Yy = ¢y obtaining
(3.3.1). Part (b) of the lemma is similarly proven.

We give the proof of the part (¢) in the part (b) of Lemma 5.2.2. O

3.3.2 Expanding directions of the global map

Estimating the derivative of the global map is the longest part of the paper.
It occupies Sections 4.2-4.5.

It will be convenient to use the Delaunay coordinates (Ls, {3, G3, g3) for Q3 and
(G4, g4) for Q4. Delaunay coordinates are action-angle coordinates for the Kepler
problem. We collect some facts about the Delaunay coordinates in Appendix A.1.
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We divide the plane into several pieces by lines x4 = —2 and z4 = —g. Those

lines cut the orbit of )4 into 4 pieces:
o {x,=-2, i4<0}— {x4 = —g, Ty < 0}. We call this piece (I).
X X . .
. {I4 =Ty Ty < 0} — {x4 =-% Ty > 0} turning around Q1. We call it
(II1).
o {oi= —2 > 0} = {os = =2, &y > 0}. We call it (V)
o {x,=-2, &4 >0} = {xy = -2, 24 <0} turning around Q5.

We composition of the first three pieces constitutes the global map. The last piece

defines the local map. See Fig 3.

(1) (1) -~

—-¥ I o0 ,-"I

h ' Lo
) (IV (V)
x=—x/2 p i,

Figure 3: Poincaré sections

The line x4 = —% is convenient because if ()4 is moving to the right of the
line x4 = —g, its motion can be treated as a hyperbolic motion focused at )o with
perturbation caused by ¢); and Q3. If ()4 is moving to the left of this line, its motion
can be treated as a hyperbolic motion focused at ), perturbed by ()» and (3.

Since we use different guiding centers to the left and right of the line of x4 =

—% we will need to change variables when (), hits this line. This will give rise
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to two more matrices for the derivative of the global map: (I1) will correspond
to the change of coordinates from right to left and (IV') will correspond for the
change of coordinates from left to right. Thus dG = (V)(IV)(LII)({I)(I). In turn,
each of the matrices (1) and (IV') will be products of three matrices corresponding
to changing one variable in the times. Thus we will have (1) = [(4i7)(7)](i) and
(IV) = (@) (@) ()]

The asymptotics of the above mentioned matrices is presented in the two
propositions below.

To refer to a certain subblock of a matrix (£), we use the following convention:

Thus (f)33 is a 4 x 4 matrix and (f)44 is a 2 x 2 matrix. To refer to the (i,7) — th
entry of a matrix (f) (in the Delaunay coordinates mentioned above) we use (£)(, j).
For example, (I)(1,3) means the derivative of L3 with respect to G when the orbit

moves between sections {z4, = —2} and {x4 = —K} :

2

Proposition 3.3.6. Under the assumptions of Lemma 3.3.2 the matrices introduced
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above satisfy the following estimates.

1+0() O() O O(p) | O(p)  O(n)
O(x)  O(px) O(ux)  O(ux) | O(ux) O(ux)
" O(p)  Ow) 14+0() O | Ok Ou)
) =
O(p)  O(w)  Ow)  1+0() | On) O
o1) O O O(w) | O(1) 01)
o1) O O O(w) | O(1) 0O1)
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
(1) =
0 0 0 1 0 0
0 0 0 0 1 0
Jar/krLs3 1 1 1 1 1 1 1 1
| GG T0Q) 0 OGE) OGE) | ~mmrer, +OR) 7 +OR)
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
[(4id) (2d)] =
0 0 0 1 0 0
01/) O/ O/ O(/x?) o y
O(1/x) O@1/x*) O(1/x*) O(1/x?) —leL +O(1/x) —%JrO(l)
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1+0(1/x) O(1/x) O(1/x) O(1/x) | O(u/x) O(u/x)

O(x) O(1) O(1) O(1) o) o)
O(1/x) O@/x) 1+0(1/x) O@1/x) |O/x) Ou/x)
= O(1/x) O(/x) O(/x) 1+001/x)|O0k/x) Ou/x)
O(/x)  Ow/x) O/x)  O/x) | 01) 0O@1)
O/x)  Olu/x)  Olu/x)  Olw/x) | O1) 0O@)
[(@")(i")] =
- 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

o) o0/ 01/ oup| o) M on

L3 3
1 1
O(1/x) O1/x’) O(1/x*) O(1/x?) —§+0(1/x) —£—+0(1/x)
L 3 3 n
(iii') =
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
| e T0R) OGr) OGh) O |~ +0() —kals+0(3) |




O(*x)  O(n) O(n) O(n) | O(n) O(n)
O(x) 14+0(u)  On) O(w) | 0(1) 0(1)
O(w*x)  O(w)  1+0(u) O |0 O

O(?*x)  O(n) O(p)  1+0(u) | O(n) O(n)

O(p?x)  O(p) O(u) O(u) | O(1) O(1)

_O(M2X) O(n) O(u) O(p) | O(1) O(1)

where kp = 1+ p, Ly = Ly + O(u) = Ls + O(u) = Ls + O(p), G5 = G5 + O(p),

Gs =Gy + O(p). Here L3 and Gs are the values of the Delaunay coordinates at the
initial point and Ly and Gs are the values of the Delaunay coordinates at the final

point.

Proposition 3.3.7. The O(1) blocks in Proposition 3.3.6 can be written as a sum
of continuous functions of  and y and an error which vanishes in the limit yu —

0, x = 00. Moreover the O(1) blocks have the following limits for orbits of interest.

L : 1/212 .
+ — 4 = —L 1— Az/ %2 —1/2L,
(u=| 2L+ i Ve | G A
] LiN L L? ] ’ 1/2L3 | 1/2L2
2(Li+GY)? 2(L3 + GY) (L2 + G2)2 2+G2
LR
2 2
Iy =
(L11)44 51
oL, 2
In addition for map (I) we have
CuL ciz \'
4444 4
<(I)(571)7(I)(671))T: T3/ 72 =o' o772 {2 5
2(L3+Gi)  2(Li+GY)

Here and below the phrase after the first collision means that the initial orbit

has parameters (3, e3*, g5*) +o(1) for Q3, Gy satisfies G4+ G5* = G5+ G +0(1) and
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that at the final moment the angular momentum of ()4 is close to G*. The phrase
after the second collision means that the initial orbit has parameters (1, €3, g5)+o(1)
for Qs3, G4 satisfies G4 + G5 = G5* + Gi* + o(1) and that at the final moment the
angular momentum of @4 is close to GJ.

The estimates of (1), (I1I), (V) from Proposition 3.3.6 are proven in Sections
4.1-4.4. The estimates of (II),(IV') are given in Section 4.5. Proposition 3.3.7 is
proven in Section 4.3.2.

In the following, we prove Lemma 3.3.2 based on the Proposition 3.3.7.

Proof of Lemma 3.3.2. dG is a product of several matrices. We will divide the
product into three groups. The following estimates are obtained from Proposition

3.3.6 by direct computation.

1+0(n) O()  On) O(p) | O(w) O
O(x) O(x) O(ux)  O(px) |O(ux) O(ux)
O(p)  O(p) 1+0(u) O | Ow) On)

O(p)  O(w) O 1+0(u)| O On)
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M = [(@d") (@) (1)) (i)

1+0(1/x) O(1/x)

O(x) O(1)
O(1/x)

O(1/x)

O(1/x)

O(1/x)

O(1/x)
O(1)
14+0(1/x)

O(1/x)

O(1/x)
O(1)
O(1/x)

1+0(1/x)

O1/x)  O(u/x)

V)Git) =

O(u/x)
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We decompose (¢)(1) and (V)(iii’) as

1+0(u) O()  On) O(u) |0
O(x) O(px) O(px)  Ofux) |0
O(p)  Ow) 140 O |0
(0)(I) =
O(w)  O(w)  O(w)  1+0(u) |0
0 0 0 0 1
0 0 0 0 0
1 0 0 0 |0 Ou)
0 1 0 0 [0 O(p)
0 0 1 0 | O(u) O
= [bl]a]
0 0 0 1 | O(u) O(w)
O(1) O(p) O(p) Ow) | O(1) O()
O(1) O(p) O(w) O(w) | O(1) O(1)
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(V) (') =

Note that [d] and [a] are bounded so they do not change the order of magnitude of

the derivative growth. On the other hand, denoting D = [¢] M [b] we obtain

O(ux) O(*x) O(*x) O(p*x) | O(p) O(ux)
O(x) O(ux) O(px) O(ux) | O(1) O(x)
O(ux) O(u*x) O(*x) O(u*x) | O(n) O(ux)

O(ux) O(*x) O(*x) O(p*x) | O(p) O(ux)

O(ux) O(*x) O(*x) O(p*x) | O(x) O(x?)
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Note that Dy, = M 44. In particular

D(5,6) (kR kR) 1
= | =5, 7 (111)44 —f-O(l)
X2 L3’ Ls 1
L3
e . (5,6) . .
It follows that if y is large and p is small then >— 1s uniformly bounded from
X

above and below. Hence D can be represented as

D= o1 +x@ @1 +O0(uy),

where

i@ = (0(u/x), O(1/x), O(1/x), O(p/X), 1,0(1/x))", T =(0,0,0,0, gg 2;

1),

u = (O(;L), 1, O([L), O(M)? O(:u)’ O>T7 ? = (17 O(U)? O(:u)’ O(N)? 0, O)

and we have used the fact that ggggg =0 (%) .

Since dG is obtained from D by multiplying from the right and the left by

bounded matrices we get

dG = a1+ xi® 1+ O(1*x),

where

|
I
=
=L
S
I
=
Sl
e |
Il
B
e ||
Il
=l

In the limit 4 — 0, x — oo, we have

a' = (0,0,0,0,1,0)", 1=(0,0,0,0,0,1),

=

' =(0,1,0,0,0,0)", T =(1,0,0,0,0,0)
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Id 0
Let [a] = limy_, 0[a]. Then [a] = , where the limiting ex-

0 (L)

pression of (I)y4 is given in Proposition 3.3.7. This allows us to compute the lim-
iting values of 1 and L Similarly Proposition 3.3.7 shows that as x — oo, u — 0
@ — (0,1,0,0,0,0)T and it allows us to compute the limiting components of % except
that we do not have the exact expression for dls(u). However we do not need to know
this component because we only interested in the span of 4 and u and dlz(u) can be
suppressed by subtracting a suitable multiple of w. Thus the asymptotic parameters

of dG can be summarized as follows:

- GuL 1 _
l: #7070707_f71 ) 12(17070707070>)
2+ G2 2+ G2
. T (3.3.3)
L
w=1{0,0,0,0,1,————1] , @=(0,1,0,0,0,0)7.
L3+ G3
O

3.3.3 Checking transversality

We study the local map numerically. The O(1/u) part of dL in Lemma 3.3.1

18

a(-[/37 637 G37 g3, G47 g4)+ is

Lemma 3.3.8. The O(1 art of the matriz dL. =
( //1/) P f 8<L3,£3,G3793,G4,g4)_

(using the notation of Lemma 3.5.1):

(a) for the first collision,
I = [*, %, %, %, —3.34129, 2.47981].
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@ = [0.48639,0.670896, —0.318336, —0.0030828, 0.202124, 0.642799).

(b) For the second collision:
ly = [, %, %, %, —1.3908,0.1897].

Uy = [—1.72492,4.40127,0.911991, —0.740133, 0.591504, —0.495709).

114 ”

(¢) If Q3 and Q4 switch roles after the collisions, the vectors uy and uy get a “—
1
sign. The computation is done using the choice of E5 = —5 and e5 = o at Gerver’s

collision points.
To check the nondegeneracy condition, it is enough to know the following.

Lemma 3.3.9. If we take the directional derivative of the local map along a di-

rection T; € span{ws_;, W}, such that 1; - (dLT;) = 0, then we have in the case
OE;
or;

w=0,x — oo, for the both collisions i=1,2, # 0, where Ef is the energy of
Q)3 after the close encounter with Q4. These derivatives are computed in Gerver’s

case starting with E5 = —1/2,e5 = 1/2 and evaluated at Gerver’s collision points.

See the Appendix B.2.2 for concrete values.

The proof of the two Lemmas are postponed to Section 5.3.

Now we can check the nondegeneracy condition.

Proof of Lemma 3.3.3. The items (a2) and (b2) are seen directly using (3.3.3) and

Lemma 3.3.8. We focus on items (al) and (b1). For instance, to check (b2), deqw # 0.

1 2
We notice de, = <G4 dG, o dL4) because of e, = /1 + (G4/L4)?. So we get

€4 LZ L?l

desw = L—;l # 0 using (3.3.3). Item (a2) is proven in the same way.
1
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We can equivalently formulate the transversality condition as follows:

ot () Li(Bi(Li(w)ws—; — 1;(ws—;)W)) 20, (3.3.4)

o |

L) L(B;(L(w0)ws_; — L(ws_;)d))

where the subscript ¢ = 1, 2 indicates the first or the second collision. The case? =1
is equivalent to (al) if we substitute we by dRw,y. The case i = 2 is equivalent to
(b1).

The computation of 4;’s are done in Lemma 3.3.8. We have 1; - 4 # 0 based
on these numerics.
When checking the nondegeneracy condition (3.3.4), we denote I'; = 1;(@0)ws_; —
1;(ws_;)w and we can replace I'} by T; satisfying 1; - (dLT;) = 0. Indeed, dLI; as a

vector in span{u;, B;I";}, can be represented as

dLT; = byii; + b B;T,.

A

We should have b, = —1, - B;I" and ZNJZ =1,-4; # 0 up to a multiple of a nonzero

constant in order to make sure dLLI'; € Kerl;. We have the following equality.

det = —det

From the hypothesis of Lemma 3.3.9, we have 1;(dLLI';) = 0. We only need to make
sure Ti(d]LF,;) # 0 to guarantee the nondegeneracy of the determinant. Indeed,
L = (1,0,0,0,0,0). So Ti(dILI‘i) # 0 holds if the vector dILT'; has nonzero first entry.
As we know dILI"; means to take directional derivative of the local map along the

+

oF
direction I';. This is exactly the 8F3 checked in Lemma 3.3.9. [
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3.3.4 The reflection and renormalization

The above calculations address two steps of collisions in Gerver’s model (c.f.
Appendix B.2.1 and [G1]). After two steps, we are supposed to get an ellipse of the
same eccentricity but smaller semimajor (c.f. part (b) of Lemma 2.2.1) and then we
zoom in the picture such that the ellipse has the original size. We call this procedure

[k

the renormalization. Notice in part (b) of Lemma 2.2.1, g3 gets a sign. In fact,
after two steps of collisions in Gerver’s model, the ellipse gets reflected along the
x-axis. We should treat four steps of collisions and two renormalizations as a period.
However, the calculations for the third and fourth step of collisions can be obtained
from the first and the second respectively by studying the reflection carefully.

In the following, we formulate a lemma explaining the effect of reflection and
then discuss the renormalization as a remark. We stress that in the calculation of

the local and global map, we already take into account the renormalization. We

only explain how the computations are done.

3.3.4.1 The reflection

Lemma 3.3.10. If we reflect the our system along the x-axis, then under the same
assumption as Lemma 3.53.1 and 3.3.2, we have the following result for the global
and local maps.

(a) The statement of Lemma 3.3.2 remains unchanged. The vectors and functionals

“w o

T, w, W in (3.3.8) remain unchanged, while 1 gets a sign in its first entry.

(b) The statement of Lemma 3.53.1 remains the same.
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Ey

ar’;

m

The vectors and functionals 1y, 15,1y, Uy in Lemma 3.3.8 and the vector

“©o»

Lemma 3.3.9 get a sign in their last four entries.

(¢) The nondegeneracy conditions Lemma 3.3.3 hold.

Proof. After the second collision, we need to apply the renormalization R. Simul-
taneously, there is a reflection along the z-axis. As a matter of fact, we see this by

comparing the smaller ellipse in Fig 2 with the rounder ellipse in Fig 1. The effect

“_»

of the reflection is to give a sign to the G3, g3, G4, g4 variables while keep L3, {3

unchanged. Therefore, if we look at the global map, the reflected matrix dG would

a(L37€3)f an a<G3ag37G4ag4)f
(L3, l3): (G, 93, G4, 94)'

w_»

be the same as the old one in the diagonal blocks
(where i means “initial”, f means ”final”) while the remaining entries get a
sign. We see from (3.3.3) that after the reflection, 1 gets a “-” sign since G, does

while other vectors remains the same.

O—

For the local map part, we notice 1; has the form of , U
PP N 8(L37£35G35%37G4ag4)7
a(L37€37G37g37G4794)+ aES 8E3

has the form of and = for

0— or; O(Ls, l3,Gs, g3, G4, ga)~

1 = 1,2 and the superscripts “+” standing for entering and exiting the section
|Q3 — Q4] = . As a result, we need to make the changes stated in the lemma.

To check the nondegeneracy condition, we proceed as in the proof of Lemma

_ OB+
3.3.3. Essentially, we need 1; - 4; # 0 and the first entry of 6F3 is nonzero. These

i

can be easily verified. O
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3.3.4.2 The renormalization

The renormalization occurs after the second collision (see Fig 2). When calcu-
lating the matrices and vectors, we already take into account the renormalization.
Let us explain how the information of Appendix B.2.2 is fit into the matrices. For
the global map, we always choose L3 to be close to 1. In (I) and (i), we use
the information after the second collision with the renormalization I~/3 = 1 and
G, = G4/ Ls, Gg = (G3/L3. This is where the renormalization occurs. For the other
calculations, such as (¢ii’) and (V') before the first and the second collision, and (1)
and (i) after the first collision, no renormalization is needed.

For the local map part, only the vector iy in Lemma 3.3.8 undergoes such a
rescaling. We divide the first, third, and fifth entries of 4y by L3 after the second

collision in Appendix B.2.2.
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Chapter 4
The global map

4.1 CY estimates for global map

4.1.1 Equations of motion in Delaunay coordinates

We use Delaunay variables to describe both the motions of Q3 and Q4 (see
the Appendix A.1 for an introduction). We have eight variables (Ls, ¢35, G3, g3) and
(L4, 04, Gyg, gs). We eliminate L4 using the energy conservation and ¢4 will play the
role of independent variable.

After setting v34 = P34/p and dividing (1.1.1) by g the Hamiltonian (1.1.1)

takes the form

vi o2 1 1 1 1 U
7 T G S - = (411
S o o P ) [ P e [ o7
When @, is moving to the left of the section {z, = —x/2}, we consider the motion

of (Y3 as elliptic motion with focus at ()2, and ()4 as hyperbolic motion with focus
at ()1, perturbed by other interactions. We can write the Hamiltonian in terms of

Delaunay variables as

Lo 1 1 M
23 202 1Qal 15— (—.0) Qs Qul

Hy =

When @, is moving to the right of the section {z, = —x/2}, we consider the mo-
tion of ()3 as an elliptic motion with focus at ()5, and that of ()4 as a hyperbolic
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motion with focus at (); attracted by the pair 2, Q3 which has mass 1 + u plus a

perturbation. For |Q4] > 2 we have the following Taylor expansion

B Qs Qs ( 0 )
= O ——=1.
Qs — Qi 1o e U \jar

Hence the Hamiltonian takes form

H:U_?%_,_U_z_ L T+p 1 B 1 _HQ3'3Q4+O< M3)_
22 [Qs] Q4] |@s—(=x,0)| Qs—(=x,0)] [Q4l |Qa|
In terms of the corresponding Delaunay variables we have
1 (1+ p)? 1 1 pQa - Qs ( P >
Hp =— + — — — +0 | —= ).
Uoen 2Lf (@t (GO @it (G0l [QaP Q4P
(4.1.2)

1
We shall use the following notation. The coefficients of Y7 in the Hamiltonian will
1

be called k;, = 1 and k% = (1 + p)?. The terms in the Hamiltonian containing Q4

will be denoted by

1 1Q4 - Q3 ( Iz ) 1 1
Vr = — - +O0|—==],and Vp = — — .
Qi G0 Q4P QP Pl les-adl
(4.1.3)
Here subscripts L and R mean that the corresponding expressions are used when ()4

is to the left (respectively to the right) of the line Q = —%. Likewise for the terms

containing ()3 we define

B 1 Qs - Qs ( I )
Ug = — - OlioE )
L o ) [ /N ER TN (11.4)
1 7
Uy, =

Qs — (—x.0)] Qs — Qaf’

The use of subscripts R, L here is the same as above. Let us write down the full
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Hamiltonian equations with the subscripts R and L suppressed.

.

j_ 00U 1 0 U
ST 0ty 0Qy  ° LR 0Ly 0Qs
. 0@ oU p 0Qs U
3= “aA s BT A~ A
) (993 Q3 0Gs  0Qs (4.1.5)
L0 oV B g, oV
T Qs ! 0Ly 9Q4’
G 0Qu OV G, oV
[ T o Q0 M 0G0y
Next we use the energy conservation to eliminate L,. We have
L3 1 1
=kpL}- (1—3L3
k2 5 ( 3<‘Q3+(X70)‘+‘Q4+(X70)‘
+“Q4'3Q3+O< 3>+O(1/X2)>) ‘= kpL3 + Wh,
|Qa| [on
\ (4.1.6)
Ly 1 1 I
_kL3< 3L2( + - +0(1 2))
A Qs+ ol Tl 1@ - TN
=k L3+ Wp.

We use (4 as the independent variable. Dividing (4.1.5) by ¢, and using (4.1.6)

to eliminate L, we obtain

dls

dgs

= (kL3 +W)——
— (kL3 + W)
= (kL3 + W)=

—(kL3 +W)

Qs
0/l

( 1

an |
dg3 3@3

9Q3

0Gs

9Q4

= (kL3 + W)= 2

094

— (kL3 +W)—

Qs
0G,

ou
1 0Qs

L 99
8L3

ou

oU
Qs
oV
Q4
oV

Qs

(1 + (kL3 + W)
(1 + (kL3 + W)

(1 + (kL3 + W)

ou
1 0Qs

(1 + (KL3 + W)

(1 + (kL3 + W)
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9Q4

Qs OV
0Ly 0Q4

—) (1 + (KL3 + W)

Qs

0L,

004

0Ly
9Q4

0Ly

0Qs

0Ly

ov >
Q4
ov

9Q4
ov

3@4)
ov

- 0Qs

Qs

0Ly

)
)

ov
Q4

)

+O(L+

|Qaf®

(4.1.7)
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We shall use the following notation X = (Ls, (3,G3,93), Y = (G4, g4).

4.1.2 A priori bounds

4.1.2.1 Estimates of positions

We have the following estimates for the positions.

Lemma 4.1.1. We assume that the position of Q3 is bounded and the y-component

of Q4 s also bounded. Namely, suppose that
Q3| < C and |Quy| < C (4.1.8)

for some constant C. We also assume that the initial energy of Q3 is —1/2.
(a) We have

’% <C' (4.1.9)

0X

for some constant C" independent of jn and x.
(b) When Qg4 is moving to the right of the section {x = —x/2} and to the left

of {x = =2}, then we have the estimates

Qs — Q3| = (1 +O0(w)t, [Qs—Qs] €[1,x/2] and |Qs+ (x,0)] > x/2. (4.1.10)

(c) When Q4 is moving to the left of the section {x = —x/2}, we have the following

estimates

Qs — Q1] =x — (1 4+0(u)t, |Qs— Q1] € (0,x/2] and |Q4], |Qs — Q3| > x/2.

(4.1.11)
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The intuition behind this lemma is the following. Since the total energy of
the system is zero and )3 and ()4 interact only weakly with each other, then both
particle have energies close to 1/2 in absolute value. Since Q)4 spends most of the
time away from )1, Q)2 and (3 most of its energy is kinetic energy so it moves with
approximately unit speed. Since it makes a little progress in y direction its velocity
is almost horizontal most of the time. This explains (4.1.10) and (4.1.11). To give

the complete proof we have to use the Hamiltonian equations. See section 4.1.3.

Lemma 4.1.2. Ifinequalities (4.1.8), (4.1.10) and (4.1.11) are valid and in addition

1/C <|Lg|,|Ls) < C, |G, |G4| < C, (4.1.12)
then we have
9Q4 0Q4 0Q4 Q4
“=1 _ 01 T4 Tl — Zxd — Ot
864 O( )7 3(L4,G4,g4) O(t)’ 894 Q4 0 and 8G4 Q4 O( )
ast — 00.

Proof. This follows directly from Lemma A.1.2 in Appendix A.1.4. We point out

that the estimate % -4 = O(t) is nontrivial.
4

4.1.2.2 Estimates of potentials

Lemma 4.1.3. Under the assumptions of Lemma 4.1.2 we have the following esti-

mates for the potentials U, V, W :

1 1
VR:O(;‘FH), UR:O(——FE)’ tE[Q,X/2]>



Proof. This follows directly from equations (4.1.3), (4.1.4) and (4.1.6). O

4.1.2.3 Estimates of gradients of potentials

To take partial derivatives w.r.t. Delaunay variables, we use the formulas

0 _0Qs 90 0 0Qs 0

X 0X 0Qs’ Y oYy 8Q4
Lemma 4.1.4. Under the assumptions of Lemma 4.1.2 we have the following esti-

mates for the gradients of the potentials U,V

(9UR 1 1% (‘9VR 1 ,u 8@4 0VR
Qs =0 (X t2) * 0Q, =0 (X ) (G4, g4) BQ4 =0 ( > - telz/2,
oy _ (L A _0Qs OV (1
00, ~ ¢ (x) 90, ¢ (X) (G 00, <x ) < W24
(4.1.13)

Proof. The estimates for the terms are straightforward. Indeed, we only need

3,4
1
to use the fact that the derivative of functions of the form m has the form of
T
m together with the estimates in Lemma 4.1.1.
0
The estimates of all ————— terms are similar. We consider for instance
8(6‘4, 94)
ggi ggfz We have
00, 9V, 0 + (x, 0 0
Q1 0Ve _ 0Qs Qut (x )3 +O( ‘ s |Qal™ 3) (4.1.14)
0G4 0Qs  0G4|Q4+ (x,0)]

The second term here is O(u/t?) due to (4.1.10) and Lemma A.1.2(a). To handle

the first term let 8;2%4 = (a,b), Q4 = (x,y). Note that equations (A.1.3), (A.1.4),

4
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(4.1.8), (4.1.10) and (4.1.12) show that x, ¢ and ¢ are all comparable in the sense that
the ratios between any two of these qualities are bounded from above and below. On
the other hand Lemma A.1.2(a) tells us that az+vy = O(t). Since by = O(b) = O(t)

we conclude that ax = O(t) and thus @ = O(1). Thus the first term in (4.1.14) is

% Q4+ ax
Qs+ (x,0)]3°

The numerator here is O(x) while the denominator is at least (y/2)®. This completes

0Q4 OVR

50, 00, Other derivatives are similar. OJ

the estimate of
Plugging the above estimates into (4.1.7) we obtain the following.

Lemma 4.1.5. Under the assumptions of Lemma 4.1.2 we have the following esti-
mates on the RHS of (4.1.7).
(a) When Q4 is moving to the right of the section {x = —x/2} and to the left

of the section {x = —2}, we have t € [2,x/2] and

dLg dG3 dgg dG4 dg4 1 2 dgg
d€4 ’ d£4 ’ d£4’ d£4 ’ d€4 X2 + 12 ’ d£4 ( )

(b) When Q4 is moving to the left of the section {x = —x/2}, we have t € [x/2, x|

and

dLg ng dgg dG4 dg4 1 dgg
Cs I BT _ o= ), 22 =0().
d£4 ’ d£4 ’ d€4’ d€4 ’ d£4 X2 ’ d£4 ( )

In Section 4.3 we will need the following bounds on the second derivatives.

Lemma 4.1.6. Under the assumptions of Lemma 4.1.2 we have the following esti-
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mates for the second derivatives.

2 1 2 1 2
8UR:0(F+“), avR:()( +“>, awp"VR):O(ﬁ), te2,x/2

Q2 ©2) 003 X3 th)7 0Qs0Q4 t?

92U, ( 1 ) 9V, ( 1 ) 9*(Ur, V) < 1 )

——=0(=), =—==0|—=), ———<=0(=] telx/2,x]

202 ) 0@ ) 0Qs0Q, % x/2.X
(4.1.15)

We omit the proof since it is again direct computation.

4.1.3 Proof of Lemma 4.1.1

proof of Lemma 4.1.1. We first impose an assumption
1
5 L3(0)] < |Ls(t)] < 2[Ls(0)]-

This is always correct if the time ¢ is small due to the continuity of the Hamiltonian

1
flow. Then using formula (A.1.3), we find |Q4] > ZL3(O)2|€4|. Using the estimate of
potentials in Lemma A.1.2 and Lemma 4.1.5, we get — = O | — + = | , where ¢
d£4 X2 12
is actually |Q4| without using Lemma 4.1.1. Then we integrate the equation w.r.t.
4, we find the oscillation of L3 is O(u) for ¢4 € [2,2 4 §) and 6 small. As a result
our assumptions on L3 always hold and we can integrate over time of order y and

get that the oscillation of Lz is O(p). Similar argument holds for other variables

G3, g3, G4, g4. So we get that the oscillations of the variables G3, g3, G4, g4 are O(pu).

0Qs

0X
equation (A.1.1). So it is enough to bound L3 and G3. This follows from the above

To show part (a), we notice depends on /3, g3 periodically according to

argument.
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: -1
To show part (b) and (c), we use the Hamiltonian equation ¢, = 57 + O(p).
4
The O(u) oscillation estimates above together with the equation A.1.3 show that

|Q4| grows linearly. This completes the proof of the Lemma 4.1.1. O

4.1.4 Avoiding collisions

Here we exclude the possibility of collisions. The only possible collisions may
occur for the pair Q3,4 and the pair ()1,Q4. The fact that Q3 and Q)4 do not
collide to each other will be shown in Lemma 5.2.2 in Section 5.3. Now we prove

there is no collision between ()4 and ;.

Lemma 4.1.7. If the angular momentum G4 has O(1) change when evaluated on
the section {xy = —2} after applying the global map compared with the value before

applying the global map, then there is no collision between Q4 and Q).

Proof. Suppose there is such a collision, we derive some estimates. Consider the

Hamiltonian equations for the ()4 part. Let us write the Hamiltonian equations as
Y' =V,

where Y = (Gy, g4) and V is the RHS of the corresponding Hamiltonian equations.
We run the orbit coming to a collision backward so that we can compare two

orbits exiting collisions. If we write the equation as Y, = V;, orbit coming to

in

!/

collision with time arrow reversed and Y,,,, =

Vyut for orbit exiting collision, we have

1

Vin_vou =0 ———
'f (|Q4—Q3|2

). This difference is created by the motion of ().
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We have

, oV 7 )
Yiu = Your) = 20 (Vi = Your) + O [ -2
( =2 ) (,Q4_Q3|2

We integrate the equation along an orbit starting from ()7 and ending at {x, = —x/2}.
The initial condition is Y;, — Y,.; = 0 since G4, g4 are conserved quantities for Kepler

motion and they assume the same values before and after the (4, )1 collision. Using

4 oy A "
the fact that —dly = O(1), and / @) (—> dly =0 , we have
P oY 4 ( ) 6 ’Q4 — Q3|2 4 (IM/X)

Yin = Your = O(p1/X) (4.1.16)

in the section {z4 = —x/2}.
Let us see what happens to the angular momentum of (), when measured w.r.t. Q)s.

From equation (4.1.17) and the Appendix A.1, we have the formula
Gar/kr = Gar + vayX.

Here vy, is the y component of the velocity of ()4 measured in the section {4, = —x/2}.
Using the equation (A.1.5) in the Appendix A.1.2, equation (A.1.3) and equa-
tion (4.1.16) that we obtained just now, we have vay;n — Vayowe = O(p/x). This
means, if we measure the angular momentum of Q4 w.r.t. @, in the section {x = —x/2},

we have

G4R,in - G4R,out = O(M)

However, as we know, if we measure the angular momentum of Q)4 w.r.t. Qs
along orbits after close encounter with ()3 and before the next close encounter, in

Gerver’s construction, the angular momentum differ by O(1). The difference is still
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O(1) when measured in the section {z = —x/2} according to Lemma 2.2.3. This is

a contradiction. So collision between ()4 and @), is excluded.

]
4.1.5 (Y estimates, Proof of Lemma 2.2.3
Proof of Lemma 2.2.3. We use Lemma 4.1.5.
dLg ng dgg dG4 dg4 —0 1 + 1%
d£4 ’ d€4 ’ d&;y d£4 ’ d£4 N X2 t2 ’
dLs dGs3 d
For part (a) of the lemma, we integrate the equations of B ﬁ, overt € [2, x|
dly’ dby’ dby
twice since ()4 moves far from ()5 then comes back. Therefore we get
T
2/ e + —dt = O(u) after integration.
2 X
. . dGy dgy
For part (b) of the lemma, we integrate the equations of 0. a0, OVt te2,x/2].
4 aly
We get O(u) again after integration. O

The next lemma gives more information about the )4 part of the orbit than

Lemma 2.2.3.

Lemma 4.1.8. Under the same hypothesis as Lemma 4.1.1, we have:

(a) when Q4 is moving to the right of the section {x = —x/2}, we have

G
tang4:j:L—4+O(u/t+1/m, uz0, [t — oo
4

(b) when Q4 is moving to the left of the section {x = —x/2}, then G,g = O(1/x)

as x — o0.

Proof. We prove part (b) first. We have shown that there is no collision between
@4 and Q) in Section 4.1.4. When Q4 and (), are close, their motion is a Kepler
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motion perturbed by ()2 and (3. If we neglect the perturbation. The angle formed
by the two asymptotes are O(1/x) since the vertical drift of Q4 is O(1) when its
horizontal distance to ()1 becomes O(y). In terms of Delaunay variables, this angle
is 2arctan%. This shows G = O(1/x) since L is close to 1. The argument of
periapsis ¢ is also O(1/x), since the x-axis lies inside the O(1/x) angle formed by
the two asymptotes. If we introduce the perturbations from ()5 and ()3, then using
Lemma 4.1.5, after integrating over time Y, the perturbations from )» and ()3 give
rise to an O(1/x) oscillation of Gy, gs.

Then consider part (a). This condition g = 4 arctan G/L means horizontal
asymptote (see equation (A.1.5)). We want to allow the asymptotes to be slightly
tilted. Part (b) shows that when measured at the section {z = —x/2}, we have
|Garl, 94| = O(1/x), the slope of the asymptotes of Q4 expressed using the coor-
dinates system of the left of the section {z = —x/2} is g4r £ arctan % =O(1/x).
When passing through the section {z = —x/2}, we need to express the asymptote
using the coordinates system of the right. This is g4z — arctan %f =0(1/x).

Then we want to see the propagation of the error as ()4 moves towards (). In the

right case.

dGy dgs _ (1  u
d€4’d€4_0( +t2)’ as xY — 0o.

2
Notice here ¢ goes from x/2 to 2 if )4 goes from the section {z = —x/2} to {x = —2}.

We define a new variable s = x/2 — t. Suppose when s = 0, we have t = x/2, we

want to know the behavior of GG, g at time s = T', then we have

9(T) = 9(0), G(T) = G(0) = /0 t%—i— %ds =0 (WL—T) +O0(1/x) asx — oc.
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We identify x/2 — T = |t| to get part (a) of the lemma. O

4.1.6 Choosing angular momentum

Proof of the Sublemma 3.3.4. The Poincaré map P restricted on the admissible sur-

face Sy is a function of two variables. If we fix e; = €4, then P becomes a function

of one variable /3. By working out the vectors and functionals of Lemma 3.3.1

and Lemma 3.3.2 in (3.3.3), we see that (9i€3 does not lie in the Kerl;. Therefore
0 c(x)

.= ui(x) + O(1), for some number ¢ depending on @ smoothly. We
3 H

also have 1;(IL(x)) - u;(x) # 0 (This is done when checking the nondegeneracy con-

dL(x)

dition). In Lemma (3.3.3), we see that 1; contains nonzero 9/de4 component. This
implies, the projection of P = GoL to the e4 component, i.e. 7., P(l3,¢,4) : T' — R!
as a function of ¢3 with e, = ¢, fixed is strongly expanding with derivative O(x?/u).

Since we have the relation e = /1 4 2(G/L)?, we study G, instead of e4. We
denote by Mg the angular momentum of ()4 measured w.r.t. ()2 and by My that

measured w.r.t. ();. We have

ML:MR—U4 X (—X,O):MR—’U4yX, (4117)

where vs and vy, are velocity and the y component of velocity of Q)4 respectively.
When @, is moving to the left of x4 = —x/2, the angular momentum My, is almost
conserved. We can adjust v4, to make Mj negative or positive. The physical
meaning is, by varying 3, we can make the orbit of ()4 turn around (), clockwisely,
or anti-clockwisely. If we increase the closest distance between Q4 and 7 from 0,

in the first case, ()4 tends to stay in the upper half plane, and in the second case, it
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tends to stay in the lower half plane whose image in the section {z4 = —2, 24 > 0}
can be below any prescribed y coordinate.

It follows from the proof of Lemma 4.1.7 that the range of 7., P(¢3, €4) contains
a point in a O(p) neighborhood of é;. Indeed, if Q4 collides with @1, the Gy, L4
variables of the returning orbit deviate only by O(u) from its initial values. Then it
follows from the strong expansion of the map 7., P ({3, €4) that a C' neighborhoods
of &4 is covered if /3 varies in a C'u/x* neighborhood. We choose C' large enough to
cover a v/d neighborhood of e}*. The function ., P(¢3,é,) is continuous since the
Poincaré map P is. Then we use the Intermediate Value Theorem to find ¢3 such
that |, — ef*| < /0.

Since ey changes substantially ()4 must pass close to @); and hence LL(éy, l~3)
must have 6] small. Therefore by Lemma 2.2.2 (&4, l3) has (Ej, e3, g3) close to

G’é4,274(E3(é4, l~3), 63(64, Zg), 93(54, l~3)) It fOHOWS that
|E5 — B3| < K6, e — e[ < K0, [g5 — g5"| < K.

Next Lemma 2.2.3 shows that after the application of G, (Ej,es, g3) change little

and 0; becomes O(u). O

Proof of Sublemma 3.3.5. Without the loss of generality we may assume that a =
(r,0). Let V(z) be the direction field defined by the condition that the direction of
dF(V(z)) is parallel to (1,0). Let v(¢) be the integral curve of V' passing through the
origin and parameterized by the arclength. Then F(v(t)) has form (o(t),0) where

o0(0) =0 and |6(t)| > x as long as |o| < R. Now the statement follows easily.  [J

95



4.2 Derivatives of the Poincaré map

In computing C' asymptotics of both local and global maps we will need
formulas for the derivatives of Poincaré maps between two sections. Here we give
the formulas for such derivatives for the later reference.

Recall our use of notations. X denotes ()3 part of our system and Y denotes
()4 part. Thus

X == (L3>€3>G3793)7 Y - (G4vg4)'

(X,Y)? will denote the orbit parameters at the initial section and (X, Y)/ will denote
the orbit parameters at the final section. Likewise we denote by £} the initial “time”

when ()4 crosses some section, and by ff: final “time” when (4 arrives at the next.

We abbreviate the RHS of (4.1.7)) as
X' =U, Y =V.

Here ’ is the derivative w.r.t. ¢,. We also denote Z = (X,Y) and W = (U, V) to
simplify the notations further.

Suppose that we want to compute the derivative of the Poincaré map between
the sections S* and S/. Assume that on S we have £, = ¢(Z") and on S/ we have
(4 = 05(ZF). We want to compute the derivative D of the Poincaré map along the
orbit starting from (Z¢,¢%) and ending at (Z/,¢/). We have D = dF3dF>dF; where
Fy is the Poincaré map between S* and {¢; = (1}, F, is the flow map between the
times ¢! and ¢/, and Fj3 is the Poincaré map between {{, = ¢/} and S/. We have

* )

Fy = ®(Z",,(Z"), 0L) where ®(Z, a,b) denotes the flow map starting from Z at time
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a and ending at time b. Since

ov . . .
(210, 0) = Id
aZ( *9 Uk *) )

0P
=W

, D¢
we have dFy = Id — W(l}) ® DZ4i' Inverting the time we get

-1
D f
dFy = <Id—W(€ff)® g4> .

DZf

f
Finally dF, = gggi:; is just the fundamental solution of the variational equation

between the times ¢ and ¢{. Thus we get

-1
DUt DZ(t) DU}
D= |Id—W( 4 2 1d—wW(; 1. 4.2.1
. Z () o .
Next, we study the fundamental solution DZ(0)) of the variational equation. We

consider (03 and ()4 individually. The variational equation takes form
0X \'_ ou 9x Loy 0X ' _ou 9x Loy
OX (L)) — 0XoX(¢) Y ox(e) \oY(¢)) oXoY(ti) oYy oYy (¢)
oy \' _av oy LoV X oy \'_ oV oy LoV oX
OX(Li)) oY OX(¢)  O0XoX(¢) \oY(¢)) oYy oY(t) o0XoY ()

Using the Duhamel principle we see that the solution of the variational equation

should satisfy

OX(t) _ 0 7 “ nou oy X ef LOU O
aX(0) (e, ty) +/ei U(&,E*)a—Y@X(éi)d&, Y (@) _/K U(&’e*)@_}/ay(@)d&“
or ' ¢ oy _oX 24 v 09X
= i nYr _ "oV
(4.2.2)

where U and V denote the fundamental solutions of

oo , OV
[U—a—XUandV—a—YV

respectively.

27



4.3 Variational equation

The next step in the proof is the C' analysis of the global map. It occupies
sections 4.3-4.5. We shall work under the assumptions of Lemma 3.3.2. In particular
we will use the estimates of Section 4.1 and Appendix A.1.

The plan of the proof of Proposition 3.3.6 is the following. Matrices (I), (III)
and (V) are treated in Sections 4.3 and 4.4. Namely, in Sections 4.3 we study
the variational equation while in Section 4.4 we describe the contribution of the
boundary terms. Finally in Section 4.5 we compute matrices (II) and (IV) which
describe the change of variables between the Delaunay coordinates with different

centers which are used to the left and to the right of the line x = —%.

4.3.1 Estimates of the coefficients

Lemma 4.3.1. We have the following estimates for the RHS of the variational
equation.
(a) When Q4 is moving to the right of the section {x = —x/2}, we have t €

12,x/2] and
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1 W 1 W 1 . W 1 W 1 W 1 7
X2 |Q4l? X2 Q4 x*  [Quf? X2 |Q4l? X2 |Q4l? X2 |Qa?
1 ke 1 ke 1 ke 1 K 1 N 1 s
P e TIRE TP 2Tl | YTl xR
1 W 1 W 1 W 1 W 1 W 1 7
e TeE el TR el v TP T P
1 n W 1 W 1 L W 1 W 1 L W 1 + 7
R R e A i T S
1 L i 7 i 7 i 7 1 L 1 p
Il VTP TIRE IR | Y TReP xR
1 L i 7 i 7 i 7 1 Iz 1 Iz
Tl TR ¢ IalE ¢TI x Tl X TP
In addition we have
¢ L'sign(sy) 5
w_ 1| @ i- (10 +O(a+ u)
oY % —€LP —&Lsign(2y) 1Q4l?)
G2+ L2)P(1 =€) (G*+L?)(1=¢)°
o _ 1 ( —{G4Lisign(i4) £GuL; >T+O(H+ f )
0Ly x \(Li+GHA =& (L*+GP(1—¢)° X Q)"
where & — |Qal _ Q4 — @of
X X

(b) When Q4 is moving to the left of the section x = —x/2, we have t € [x/2, x|

and ~ _
11 1 1| p p
X2 X2 o X2 x
1 1 1 1|1 1
X X2 X X x
1 1 1| p p
X222 23 N
11 1 1| pu p
Y SEED GHED D G D G G
1 opw popy1 1
22 X X x X
1w p op1l 1
L2 2 ¢ % x x




In addition we have

{ LPsign(ay) {7
w_ 11 1-¢° (1-¢)? +O(g)
oY X —¢L —¢L%sign () X/’
(1-98)? (1-8)?
where £ = @.

Proof. (a) We estimate the four blocks of the derivative matrix separately.

oy

0X
the largest component of U. Opening the brackets in the second line of (4.1.7) we

e We begin with part. We consider first the partial derivatives of 5 since it is

get

dls 1 Qs U , ,0Q4 OV 00, OV (1 " )
— = —k+—=WHEL—== ——+k*L A 2kW————+40 | = + .
dly L3 P0Ls 0Q3 POLs 0Q4 OLy 0Q4 X2 |Quf?

(4.3.1)

Note that by (4.1.6)

— 5 1 1 NQ4'Q3> ( 1Y )
W kR?’LE‘(|@3+<><,0>|*r@4+<><,o>1+ AR

oL, n
_O<X+ |Q4‘2)

(4.3.2)
Observe that the RHS of (4.3.1) depends on Lj in three ways. First, in contains
several terms of the form L%'. Second, @3 depends on Lj via (A.1.2). Third, Q4

depends on L3 via (A.1.5) and L4 depends on L via (4.1.6). In particular we need

to consider the contribution to %Z—Z coming from
0Ly 0  0L,0Q4 0O
OL3 0Ly  OL3 0Ly 0Q4

0
By Lemma A.1.2 and equation 4.1.10 we have 5’;% = O(|Q4]). Therefore the main
4
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oW 0Q. 0Ly
90, 0Ly OL3’

1
contribution to (2,1) entry is O( ) and it comes from

0 1 0Ly O 30Qu 8‘|/Q4|2

W, nd ——— (KRL3Z=2 . ).
RoLs 13 " 9Ly 0L, ( oL, 9L, 8Q4)

For the (2,2),(2,3), (2,4) entries, the computations are similar. We need to act

o o0 0
663 8G3 893

——— is O | — 4+ ——— | . It remains to consider the contribution coming
d(l3, G, g3) 2 Q4

Qs

d(ls,G3,93) 0Q3
directly from Lemmas 4.1.1, 4.1.3, 4.1.4, and 4.1.6.

on (4.3.1). (4.1.6) and (4.3.2) show that the contribution coming from

from Now the bound for (2,2),(2,3) and (2,4) entries follows

Next, consider (1,1) entry. We need to estimate

83 ((W w)2s OU (1+<kL3+W)aQ4 a_v))

8L 863 an aL4 aQ4
0 0 ou
Using the Leibniz rule we see that the leading term comes from oL, (kzL§ 86533 5 Q3>
1 oUR
which is of order O The estimates for other entries of the —— part
< w) ox "
are similar to the (1,1) entry. This completes the analysis of ——= 3 X
0
e Next, we consider %
Using the Leibniz rule again we see that the main contribution to the deriva-
304 OV
3
tives of V comes from differentiating 091 0Q4
8Q4 ov
33@4 Q4

Consider the (5,5) entry. The main contribution to this entry comes from

0 <L38Q4 8V) :Lg( 0*Qq OV n 0Q, 0*V 8Q4>‘

Gy \ " g1 0Qq 0Gidgs 0Qs ' dgi Q7 0G4
1 e 1 W
By Lemmas 4.1.4 and 4.1.6 the first term is |Q4|-O \Q E =0 —+W
4
. 1 7 1 -
and the second term is |Qq4|? - O (— + —> =0 (— + —) . This gives the
GO\ T i o) e

desired upper bound of the (5,5) entry. Notice that O(1/x) term comes from
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o (0Q, OV - 1
L3 . where V = ————————_ Thus we need to find the asymp-
3G, (894 (%24) Qi+ (0] o
totics of 90
=2 (Qa+ (1, 0))
139 | o (4.3.3)
e Q4+ (x, 0)?
Q4 . . L
Let P = (a,b). Arguing in the same way as in the estimation of (4.1.14) we see
94

that @ = O(1). Accordingly the numerator in (4.3.3) is O(x) so if we differentiate the
denominator of (4.3.3) the resulting fraction will be of order O(x)O(x?) = O(x™?).

Hence O(1/x) term comes from

0 (9
L3 8G4 < 894 (Q4 + (X? 0)))
’ ‘Q4+ (Xvo)‘g

The numerator here equals to

0 8Q4 82@4
8_G4 (8_94 : Q4> + 9G1043 - (x,0).

The first term is O(x) due to Lemma A.1.2(a) so the main contribution comes from

the second term. Using Lemma A.1.3 we see that (5,5) entry equals to

L3L? X sinh u (,u+ o )
VIZ+ G2 1Qa+ (X, 0) X |Qaf?

Recall that L3 = Ly(1 + o(1)) (due to (4.1.6)) and sinh u = sign(u)

|04 Ly

———— (due
V I3+ G?

to (A.1.4)). Since Lemma 4.1.1 implies that |Q4| = |¢4|/L3(1+ 0(1)) we obtain that
O(1/x)-term in (5,5) is asymptotic to

 Lisign(u)  x|Q4]
L2+ G? (x —|Qa)*

Since u and Z, have opposite signs we obtain the asymptotics of O(1/y)-term
. . ) . Vg .
claimed in part (a) of the Lemma 4.3.1. The analysis of other entries of —— is

oYy

similar.
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ou
e Next, consider the B term.

oY
The analysis of (2,5) entry is similar to the analysis of (2,2) entry except that

2
8iG4 (k2L§%%> contains the term k?L3 824221}4 % which is of order O(1/y)

due to Lemmas 4.1.6 and A.1.3 which provides the leading contribution for large ¢.

The analysis of (2,6) is similar to (2, 5).
: . : Mg . . . :
The estimate of the remaining entries of oy similar to the analysis of (1,1)
entry.

ov
e Thus to complete the proof of (a) it remains to consider —. We begin with

0X
(5,1) entry. We need to act by 0?13 + gﬁi 8(24 on
Qs 0OV 0Q, 0V
KLy +W)—=—= . —— (1+ kL3 +W ——)
W 50 g U WL 80

The leading term for the estimate of (5,1) comes from

+ . — . +O R —|— e O
(8L3 8L3 8L4 894 8Q4 8L3 8L4 894 8Q4 X2 |Q4|2

0 <8Q4 . oV
0Ly \ 095 0Q4

alyzed in the same way as (5,5) term. The analysis of (6,1) is the same as of

Observe that O(1/x) term here comes from > which can be an-

(5,1).
: 0 0Ly 0 Qs 0V
The (5,2) entry is equal to (8_63 + 0 8L4) {( 991 0@4) I‘} where
T =kL3+ W + prped@s OV 2/<:L§W@ OV 0@ OV

3OL, 00, OLy Q4 0Ly 0Q4

Now the estimate of the (5,2) entry follows from the following estimates
I'=0(1), — — | =0| =+ ,
(1) < dgs  0Q4 X2 |Quf?
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(i+8L4 ) ) (0Q4_ av> _0Qs 9 oV amg(a@' aV)
0ls 0l 0L, 394 8@4 894 0l aQ4 Ols Ly 894 5@4

_o(2 (L L)(l L))ZO(i 4 )
(!@41” i) \x TP RRTONE

and
0 0L, d\. (1 4
(@*a—ega—m)“o(vﬂw)'

%
The remaining entries of X are similar to the (5,2) entry. This completes the

proof of part (a).

(b)e The estimate of 8(,;;; and ZL;(L are the same as in part (a) however,

now |Qy| is of order x so O(u/|Q4]?) is dominated by other terms. In addition to
compute the leading part we need to use part (¢) Lemma A.1.3 rather than part
(b). Moreover, in order to be able to use the formulas of that Lemma we need to

shift the origin to @;. Therefore the coordinates of Q)3 become (x,0). Then we have

Qs (—x,0) Qi (—x,0)
WV _ps| 9GO [Qi—(GOF 99 Q- (GOF |, (H) |
oy Pl 9%Q,  (—x,0) Qs (=x,0) X

T9G? Qs (GO 9GAg Qs — (X, 0)P

0
Now the asymptotic expression of % follows directly from Lemma A.1.3(c). We
ov ov
“—7 sign in front of the matrices of v and oL,

dt 1
comes from the fact that the new time ¢, that we are using satisfies d_t4 = —E—Fo(l)
1

point out the subtle point that the

as u — 0, x — oo.
ou
e Next, we consider the a—yj} term.

First consider (1,5). We need to find G, derivative of

[an oU

0Q, 0OV
a—&-a—%](kL§+W)(1+(kL§+W) )

OL, 0Q,

64



Differentiating the first factor we get using Lemma 4.1.6

(4.3.4)

0 8@3 oU N an 82U 8@4 —0 ﬂ
0G4 \ 03 0Qs -0l 0Q30Q4 0G4 B xX*/)
When we differentiate the product of the remaining factors then the main contribu-

tion comes from

) (8Q4 av)_ Qi OV 0Qs 0 (3‘/), (4.3.5)

0G, \OL, 0Q,) 0L,0G, 0Q, 0Ly 090G, \0Q,

To bound the last expression we use Lemma A.1.3. Namely, the second derivative

9*Qu ovy, Q4
= O(1) + £4(0,1), is almost vertical for ¢4 € 2 and —— =
8G46L4 ( ) 4( ) 4 £X/ X] Q |Q4|3
Q1 — Qs) is almost horizontal. This shows that 07 v = i The main

Q1 — Qs 0G40L4 8Q4 X%
contribution to the second summand in (4.3.5) comes from W ( Qi)) . Using
4

Lemma A.1.2, we get

208 (¢ (1)) - oo (2 oo -

0Qs U

005 005 O(1/x?) we get the required estimate for (1,5)

for 44 € [x/2, x]. Since ——
entry.
: Uy, o :
The estimates of other oy terms are similar to the estimate of (1,5) entry,
dar
except for (2,5) and (2, 6) entries which are different because d_; is larger than the
4

other coordinates of U.

Now consider (2,5). We need to compute

0 1 8Q3 oUu 0Qs 0OV
L3 — 1 L3 —
e <(k + W3 + 31, agg)( + (k +W)8L4 a@))
R, 20Qs OU 5 ,0Q, OV 0Q, oV 1
=5 (k+L3W+kL3aL3 30, kL38L4 0. 2kWaL4 50, "
1 o 1 1 1 1
0+ttt =0(3)
(4.3.6)
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where the analysis of the leading terms is similar to (4.3.4), (4.3.5).

0
e Finally, we consider a—];(L We begin with (5,1). We need to compute

0 0L 9] ((0Qs OV,
8L3 8L3 8L4 894 8Q4

where

¢0Qs OV o ey 9Qa OV 100Qa OV
Ligr, a0, YL, a0, VW ar, a0,

0 0L 0] (0Qy OV
6L3 (9[13 8L4 894 6Q4
OLy 0 (0Qs OV 0Ly 9°Qs 0V L 9L40Qa 9V 9Q,
6L3 8L4 094 8@4 N 0L3 8L4894 8@4 0L3 894 8@?1 6L4 '

['=kL}+ W +k?

The main contribution to [ > comes from

The two summands above can be estimated by O(1/x?) by the argument used to

L
bound (4.3.5). Next a direct calculation shows that I' = O(1), L,)ig + gLi Oij =
L (0Q4 OV 2 o .
O(1) while B0, 00,) = O(1/x?) by Lemma 4.1.4 This gives the required bound
4 4

for the (5,1) entry. The bound for the (6, 1) entry is similar.

Next, consider (5,2). It equals to

i 4 == 0Ly 0 8Q4 ) (‘9_V T
853 853 8L4 094 (‘3Q4
Ly, Qs 0OV 0Q4 "
at; 0t 8LJ (894 8Q4) comes from 7 (3g4 v <|Q4—Q3>>
0Ly 0O

and it is of order O (% . On the other hand the main contribution to 8i€3 + — 0, L4] r

1
comes from (ZTW and it is of order O ( 2) . Combining this with C° bounds men-
3 X

tioned used in the analysis of (5,1) we obtain the required estimate on the (5,2)

The main contribution to {

)%
entry. The remaining entries of —L are similar to (5,2). [

0X

4.3.2 Estimates of the solutions

We integrate the variational equations to get the 22 in equation (4.2.1).
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Recall that map (I) describes the transition between sections {z = —2} and
{x = —%} , map (III) describes the transition between sections {x = —%, T < O}
and {x = —g, x> 0} and map (V) describes the transition between sections {x = ——} ,

and {z = —2}.

Lemma 4.3.2. The following estimates are valid

(a) For maps (I) and (V'),

(4.3.7)

(b) For map (II1),
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oy (¢])
) oy (@)

has the following limits as pp — 0, x — o0

T S T
2 2 2 2
Map (1): Q(Ii‘é +Gi) -y ., Map (V): 2(11‘:13 +GI)
Y S ¥ S Y S
2(L3 + G3)? 2(L3 4+ G3) 2(L3 + G2)2
LR
2 2
Map (I11):
ap (I): | 5
2L, 2
oY GiL G\
In addition for map (1) we have — — | ——= S
OL3 2(L3+G%) 2(L3+ G?)?

Proof. (a) We divide the proof into several steps.

Step 1. Keeping in mind the integrals

x/2 1 x/2 m
—dt=0 d dt =0
[ =00 ma [T i =00

we conclude using the Gromwall Inequality that if (6.X,dY)(¢}) = O(1) then (6X,8Y)(t) =

O(1) for all t € [¢%,¢1].

Step 2. Plugging the estimate of step 1 back into the variational equation
we see that (0L3,0G3,dg3)(t) — (6 L3, G5, 093)(0) = O(u). This proves the required
bound for (§ L3, G3,093).

Step 3. Steps 1 and 2 imply that

5Y (1) = %(t)éY(t) + S—Z(t)aLg(O) +0 ( a > .

142
We treat this as a nonhomogeneous linear equation for Y. Thus

SY (t) = V(0,)8Y(0) + ( /0 tV(s,t)g—Z(s)ds) SL3(0) + /O 0 (HV(s,t)H a ) ds

1+ 52
(4.3.9)
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where V(s,t) denotes the fundamental solution of the corresponding homogeneous
equation. (4.3.9) immediately implies the required bound for dY.

Step 4. Plugging the estimates of steps 2 and 3 into the equation for 6/3 we
see that if (0L, dGs,dg3)(0) = 0 and hence (6L3,0G3,0g3)(t) = O(p) for all ¢ then
6ly =0 (HLtg) proving the required bound for d/.

(b) We use the same steps as in part (a). On step 1 we show that (6.X,0Y)(¢) =
O(1) for all t. On step 2 we conclude that (L3, 0G3,0d93)(t) — (0 L3,dG3,0g3)(0) =
O(1/x). On step 3 we prove the result of part (b) for §Y. On step 4 we use the
results of step 3 to show that if 6X(0) = 0 then (0L3,0Gs3,0g3)(t) = O(u/x) and
03(t) = O(1/x).

To prove (c¢) we need to find the asymptotics of V. Consider map (I) first. V
satisfies

oV

By already established part (a) V = O(1) so the above equation can be rewritten as

. 2
V_LSAVJFO( a +ﬁ).

x(1=¢) #4+1 X
L2
—_— L
(G%+ L?) ‘ -
where A = 13 12 . Now Gronwall Lemma gives V ~ V
(GEy 122 (GP 12
where V is the fundamental solution of V = %AV Using ¢ as the independent
dv - . 1
variable we get T B Ef)gAV' Note that £(¢4) = o(1), £(£]) = 3 + o(1).
d
Making a further time change dr = (15_%3 we obtain the constant coefficient

linear equation Z—V — —AV. Observe that Tr(A) =det(4) = 0 and so A2 = 0.
T
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Therefore

V(o,7) = Id — (1 — 0)A. (4.3.10)
Since 7 = — & have 7(0) = 0, 7 (- ) = & Plugging this into (4.3.10)
ince 7 = STsE we have 7(0) = 0, 7| 5 | = 5. Plugging this into (4.3.10) we

get the claimed asymptotics for map (I). The analysis of map (V) is similar. To

analyze map (III) we split

ay (¢y) oy (ey) oY (¢4)
G40 :
where (' = . Using the argument presented above we obtain
3 _L 1 _L
2 2 2 2
oy () _ oY (¢f) _
oy (ty) Loy
1 1 1 3
2 | 22 2|

Multiplying the above matrices we obtain the required asymptotics for map (III).

oY (¢} oY
Next using the same argument as in analysis of 8YE é‘j we obtain oL. ~W
where
. ¢L? GL Grr \"
W=—"7>—1— | AW :
i—gr | T\ ey (e

In terms of the new time this equation reads

dW

dr

GL Grr: \"
AW .
* ((L2 +G?)7 (L% + G2)2> ]
Solving this equation using (4.3.10) and initial condition (0,0)”, we obtain the

SyI1n 1C .
(SL

U
3
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4.4 Boundary contributions and the proof of Proposition 3.3.6

According to (4.2.1) we need to work out the boundary contributions in order

to complete the proof of Proposition 3.3.6.

4.4.1 Dependence of ¢, on variables (X,Y")

. ¥
To use the formula (4.2.1) we need to work out (U,V)(¢)) ® ﬁ and
o)

(Uav)(€£)®m

. Consider x4 component of )4 (see equation (A.1.5)).
r4 = COS g4(Li sinh Uyg — 64) — sin g4(L4G4 cosh U4).

For fixed x; = —x/2 or —2, we can solve {4 as a function of L4, Gy, gs. From
the calculations in the Appendix A.1.2, Lemma A.1.2, and the implicit function

theorem, we get

= (0(x), 0(1),0(1)),

15 15 15
for the section x4 = —x/2, (8 g Ol 0 4) /
Ta=—x/2

ILs" 0G4 Oga
8[/47 8G47 (994

= (0(1),0(1),0(1)).

r4=—2

for the section x4 = —2, (

Using equation (4.1.6) which relates Ly to L3, we obtain for the section {z, = —x/2},

a(()a(%ly) e (O(x),0(1/x),0(1/x),0(1/x),0(1),0(1)), .
(Z/[, V) I = (O<1/X2>, O<1>7 O(l/XQ)7 O(l/X2>7 O<1/X2)7 O(l/Xz))T’

For the section {x, = —2},

0ly

oL, (0(1), O(1), O(k), O(u), O(1), O(1)),

o=z (4.4.2)
(U,V) = (O(M>’O(1)’O(M)vo(ﬂ)70(/~b)70(u>>T'

r4=—2
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The matrix (U, V) ® 944

has rank 1 and the only nonzero eigenvalue is

8(X, Y) ra=—x/2
ol
O(1/x), and (U,V) ® i X,4Y) e has rank 1 and the only nonzero eigenvalue is

O(p). So the inversion appearing in (4.2.1) is valid.

4.4.2  Asymptotics of matrices (I), (/11), (V') from the Proposition 3.3.6

Here we complete the computations of matrices (I), (III) and (V).
The boundary contribution to (). In this case, £} stands for the section

{x4 = —2} and ¢} stands for the section {4 = —x/2}. So we use equation (4.4.2)

. vt

to form (U,V)(al) & (9(X—,4§/)Z
ot

X, Y)!

in equation (4.2.1) and equation (4.4.1) to form

UV @ . We have

; 1
(m — U e a(ff‘;)f> _

1+0(1/x)  O(1/x?) O(1/x?%) O(1/x?%) O(1/x?) O(1/x?)
O(x) 1+0(1/x) O(1/x) O(1/x) o(1) O(1)
O(1/x) O(1/x*)  1+0(1/x*)  O@1/x*) O(1/x?) O(1/x?)

o/x)  0/x’)  Oo@/x*) 1+0@/x%) | O/x%) O(1/x?)

O(1/x) O(1/x?) O(1/x%) O(1/x*) |1+0@1/x*)  O(1/x?

O(1/x) O(1/x?) O(1/x?%) O(1/x?) O(1/x*) 1+0(01/x?)
(4.4.3)

Now we use equation (4.2.1) and Lemma 4.3.2 to obtain the asymptotics of the
matrix (/) stated in Proposition 3.3.6.

The boundary contribution to (/1)
ol

oy

This time we use equation (4.4.1) to form both (U, V)(¢}) ®
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9,
U, V)t @ XYY in equation (4.2.1).

-1
VA
The matrix (Id — UV ® ao?,—%) has the same form as (4.4.3). Now we

use equation (4.2.1) and Lemma 4.3.2 to obtain the asymptotics of the matrix (/1)

stated in Proposition 3.3.6.

The boundary contribution to (V)

This time we use equation (4.4.1) to form (U, V)(¢}) ® % and equa-
tion (4.4.2) to form (U, V)(¢) ® 8—&{ in equation (4.2.1)
4. : ) ® vy q 2.1).
ot

-1
The matrix (Id — UV e ) has the form

a(X,Y)!

O(w)  O®) O O(1?) O(n)  1+0(n)

Now we use equation (4.2.1) and Lemma 4.3.2 to obtain the asymptotics of the

matrix (V') stated in Proposition 3.3.6.

4.5 Switching foci

Recall that we treat the motion of ()4 as a Kepler motion focused at (), when
it is moving to the right of the section {x = —x/2} and treat it as a Kepler motion
focused at Q7 when it is moving to the left of the section {x = —x/2}. Therefore,
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we need to make a change of coordinates when @4 crosses the section {x, = —x/2}.
These are described by the matrices (/7) and (IV'). Under this coordinate change
the 3 part of the Delaunay variables does not change. The change of G4 is given
by the difference of angular momentums w.r.t. different reference points (Q; or @2).
To handle it we introduce an auxiliary variable vy,-the y component of the velocity
of Q4. Relating g4 with respect to the different reference points to v, we complete

the computation.

4.5.1 From the right to the left

8(L3, l3,G3, g3, Gar, 94L)
8(L3, l3,Gs, g3, Gar, 94R)

(1), (47) and (ii7) correspond to the following coordinate changes.

We have (I1) =

= (4i7)(i7)(¢) where matrices
904=X/2

(@.9)ir (3) = @van (5) ™ (@ode (5) * (Gadur (5)

proof of matrices (i) and (iii)(ii) in Proposition 3.3.6. (i) is given by the relation

. : Gur
———sinh UgRr SIN gag + —5  COS 4R cosh U4AR
Lip Wgr

Guin =G — AR <0, Lyp=Fkpls———.
4R 4R, U4y 1 — €4z cosh g ) 4R RL3 3 L%

G
where last relation follows from (4.1.6). Recall that by Lemma 4.1.8 g4z = arctan ——+
4R

O(1/x). In addition (4.5.1) below and the fact that G4z and Gy, are O(1) implies
vy = O(1/x). Now the asymptotics of (i) is obtain by direct computation. We

dvay
dL3

d'U4y o d’U4y OLsr

the other derivatives are similar but easier. We have = .
dLs dL.r 0L

compute

The second term is kg + O(1/x). On the other hand

< ( L sinh uyp sin g4p + Gin cos g4 cosh u ) o
9. \ — 7 4R 4R 79 4R 4R €4R
dv4y B OL4r Ligp L421R 4o OLin cosh uyp Ovar Olsn
= 4R .
dL4 1-— €4R cosh U4R 1-— €4R cosh U4R 8€4R 8L4R
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The main contribution comes from the first term which equals

B Gar i
Lir(Lig + Gig)

O(1/x)-

The second term is O(1/x) since vgg = O(1/x). Next rewriting

4R
o —Tm tanh U4AR sin Jar + —— LZR COS 4R
v (1/ coshuyr) — eqr
we see that
8’04y 8643 2
——— =01 @) =0(1
ST = 0(1/x¢) X 0(x) = O(1/)

since gﬁm = O(x) by (4.4.1).

(11) is given by

GL :GR/kR+XU4y' (451)

Here G4p and vy, are independent variables so the computation of the derivative of
(ii) is straightforward.

To compute the derivative of (iii) we use the relation
Gur
L3y

1 — ey, coshuyy,

———sinh uyy, sin g47, + —— c0s g4, cosh uyy,

4L
GL = GL7 Vay =

where u;, < 0. Arguing the same way as for (i) and using the fact that by Lemma

l
418, Gp,gr = O(1/x), —sinhuy, coshug, ~ —= we obtain

€r
0Gyr, 09ar
= ——F — HOT
R
Hence
(5G4L _((5G4R/k’}3) +X(5U4y

+ HOT

— ]{RL351}4y + HOT =

0gar = —

/{IRLg kRLS

completing the proof of the lemma.
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4.5.2 From the left to the right

At this step we need to compute

8(L3, (3, G, g3, Gar, 94R)
8(L3a€3703793, G4L794L) T4=x/2

(V) = = (iad") (i) (")

where the matrices (iii’), (#¢') and (i') correspond to the following changes of vari-

ables.

(G.9)i (3) 2 Goowe (5) 3 (Goone (5) 4 (G)n (3)-

proof of matrices (ii’) and (1i°)(i’) in Proposition 3.3.6. (i') is given by
Gy

1 . . L
———sinh Uqr, SIN gar, + T35 COSgar cosh U4y,
4L L4L

< 0.
1 — ey, cosh uyy,

Vgy =
Here uy, > 0 and G4z, gar, = O(1/x).
(7') is given by
GR/kR = GL — XV4yL-

Now the analysis is similar to Subsection 4.5.1. In particular the main contribution

to [(47)(7")]44 comes from

O(Gar; Vay) _ O(Gar;vay) O(Gar, vay) _ kr —kgrx 1 0
O(Gargar) O(Garvay) O(Gargar) 0 ) _iQ L0 (l) 1 L0
The analysis of 43 part is similar.
(17i") is given by
. . G4r
———sinhuyg sin g4r + 77 c0S g4 cosh uyp
Gr = Gg, Vgy = ——2 AR <0.

1 — espcoshusp
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G
Here uyp < 0, and by Lemma 4.1.8 tan g4 = _L_4R + O(1/x). To get the asymp-
4R

totics of the derivative we first show that similarly to Subsection 4.5.1, we have

dve. — G4R
Y \Ls(kRL3 + Gip)

+0(1/x), 0(1/x*), 0(1/x*), O(1/x%), ‘kaLgiazR’ _leLs)

and then take the inverse. O
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Chapter 5
The local map

5.1 Approaching close encounter

In this paper we choose to separate local and global map by section {z4, = —2}.
We could have use instead {z4y = —10}, or {xy = —100}. Our first goal is to show
that the arbitrariness of this choice does not change the asymptotics of derivative
of the local map (we have already seen in Sections 4.3.2 and 4.4 that it does not in
change the asymptotics of the derivative of the global map).

We choose the section {|Q3 — Q4| = p"}, 1/3 < k < 1/2. Outside the
section the orbits are treated as perturbed Kepler motions and inside the section
the orbits are treated as two body scattering. We shall estimate the errors of this
approximation. We break the orbit into three pieces: from {z4 = —2,%4, > 0}
to {|Qs — Q| = p*}, from {|Q5 — Q| = p*} to {|Qf — Qf| = p*} and from
{lQ3 — Qi1 = p*} to {wy = 2,34 > 0}.

In this section we consider the two pieces of orbit outside the section {|Q3; —
Q4] = 1*}. The Hamiltonian that we use is (4.1.1). Then we convert the Cartesian

coordinates to Delaunay coordinates. The resulting Hamiltonian is

1 1 1 1 [

Hy = - - - - .
Y A 7 B To YO ey TR o Wy e R o Ny

The difference with the Hamiltonian (4.1.2) is that we do not do the Taylor expansion
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to th tential L
o the potential ——————.
Q3 — Q4

The next lemma and the remark after it tell us that we can neglect those two

pieces.

Lemma 5.1.1. Consider the orbils satisfying the conditions of Lemma 3.3.1. For
the pieces of orbit from x4 = —2,14 > 0 to |Q3 —Qy | = u™ and from |QF — Q5| = p~
toxy = —2,24 >0, 1/3 < k < 1/2 the derivative matrices have the following form

in Delaunay coordinates

Proof. The proof follows the plan in Section 4.2. We first consider the integration
of the variational equation. We treat the orbit as Kepler motions perturbed by ),
and interaction between (3 and ()4. Consider first the perturbation coming from
the interaction of ()3 and (4. The contribution of this interaction to the variational

equation is of order If we integrate the variational equation along an

Kk
Qs — Qu?
orbit such that |Q3 — Q4] goes from —2 to p”, then the contribution has the order

w L
O (/ Wdt) =0(u'%). (5.1.1)
-2
Similar consideration shows that the perturbation from @ is O(1/x?).
On the other hand absence of perturbation, all Delaunay variables except (3
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are constants of motion. In particular, the solutions to the variational equations

have the form

3AL o
I1d — 76271 + O(,ul 2 + 1/X3)

where A/ is the time it takes to go from one section to the next and es; means a
6 x 6 matrix whose (2, 1) entry is 1 and others are 0.
Next we compute the boundary contributions. The analysis is the same as

Section 4.4. The derivative is given by formula (4.2.1). We need to work out
o ot

XYT and (U, V)(4]) ® (X, V)

U, V)(ty) ® . In both cases we have
(u’ V) = (07 ]-7 O, 0, 0, 0) —+ O(Iul—Qn)'

For the section {zy = —2}, we use (4.4.2). For the section {|Q3 — Q4] = p"}, we

have
0 _ (3|Q3 - Q4I)‘1 00 __(@u-Q- S
IX,Y) Oy (X,Y) (@ — Qu) - A2 an 1.

We will prove in Lemma 5.2.2(c) below that the angle formed by Q3 — Q4 and vz — vy
is O (') (the proof of Lemma 5.2.2 does not rely on section 5.1). Thus in (5.1.2)

we can replace Q3 — Q4 by v3 — vy making O (u'~") mistake. Hence

oty (v3 — vy) - _8(3%}_,3?)4) +Of 1_,{)
8(X,Y) (U3—U4).%;CZL 2 s

Note that 88;% is parallel to v4. Using the information about v3 and v4 from Appendix
B.2.1 we see that (vs,v4) # (v4, v4). Therefore the denominator in (5.1.2) is bounded

away from zero and so




ol
We also need to make sure the second component — is not close to 1, so that

0l
a—diin rtible when |Q3 — Q4| = p* ser the final
XYV s invertible when |Qs 4| = p” serves as the fina
0ty

section. In fact, due to (4.1.7), . = —1. Using formula (4.2.1), we get the
3

asymptotics stated in the lemma. O]

Id— (U, V)() ®

Remark 7. Using the explicit value of the vectors ly, 13, w, @ in equations (3.3.3),

we find that in the limit 4 — 0,y — oo

( B(X,Y)"

o(x, Y><—2>) spanfuw, @} = span{w, i}

and

s (o) 7= b (o) -

This tells us that we can neglect the two matrices corresponding to the pieces of
orbit from x4 = —2,4 > 0 to |Q; — Q;| = p* and from |QF — Qf| = p~ to

ry = —2,44 > 0. We thus have the identification

a(L37 637 G37 gs, G47 g4)+

dL =
6(L37 637 G37 gs, G47 94)7

+O0(p' )

where (Ls, (3, G3, g3, G4, g4)T denote the Delaunay variables measured on the section

{1Q3 — Qil = u*}.

5.2 (Y estimate for the local map

In Sections 5.2 and 5.3 we consider the piece of orbit from [Q5 — Q| = p*
to |Q3 — Qf| = p*. Because of Remark 7, we simply write dL to stand for the

derivative for this piece.
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It is convenient to use the coordinates of relative motion and the motion of

mass center. We define

Qsng

: (5.2.1)

vy =v3 vy, Qi =

%N

Here refers to the relative motion and ”+” refers to the center of mass motion.

To study the relative motion, we make the following rescaling:
g :=Q_/p, T7:=1/pand v_ remains unchanged. (5.2.2)

In this way, we zoom in the picture of 3 and Q4 by a factor 1/pu.

Then we have the following lemma.

Lemma 5.2.1. (a) Inside the sphere |Q_| = u”,1/3 < k < 1/2, the motion of the

center of mass is a Kepler motion focused at Qo perturbed by O(u~).

Ut 2Q+

), = — 0, = ——2 4 O(u). 5.2.3
Q+ 27 Ut |Q+|3 + (/j’ ) ( )
(b) In the rescaled variables, the relative motion is a Kepler motion focused at the
origin perturbed by O(u*+2F).
/ V- / q- 1+2k
= — =——+4+0 5.2.4
d = = g O, (524)
where we use " to stand for the derivative w.r.t. the new time T.

Proof. Note that (5.2.1) preserves the symplectic form.

dv3 N ng + dU4 A dQ4 =dv_ A dQ_ + dU+ VAN dQ+,

The Hamiltonian becomes

O N Y O W B 1 ) 1
I ST 2N [ R e Uy B 1o Mo M T JAy My ()] R4 JY M O]
P w2 Q- 3lQs-Q-F

+

oM A R To N

Q. aAqup oW o)
(5.2.5)
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where the O(p*) includes the |@_|* and higher order terms. In the following, we
drop O(1/x) terms since 1/x < p. So the Hamiltonian equations for the motion of

the mass center part are

: 2
QJr = U_+7 i}+ Q+

3 = Tig,p T oW

proving part (a) of the lemma.
Next, we study the relative motion. From equation (5.2.5), we get the equa-

tions of motion for the mass center part is

Q_ _ = b = pQ— Q- 4 3@+ - Q-[Q+ 4 O(u2”),

27 T 20Q-P  |QiP [RE

as u — 0, where O(p?*) includes quadratic and higher order terms of |Q_|. After

making the rescaling according to (5.2.2) the equations for the relative motion part

become

2 2
, U_ , q— noq- 3 |Q+ : Q—|Q+ 142k
_ =y = n _ L O(M ). 5.2.6
2 2P Q4? |Q+]° ( ) ( )

[]

Lemma 5.2.1 implies the following C° estimate.

Let v3,, Q34 be the velocities and positions measured at the time when the
orbit of the system enters |Q3— Q4| = p” and U:;: 4 Q:’TA be the velocities and positions
measured at the time when the orbit of the system exits |Q3 — Q4 = p*, 1/3 < k <

1/2.
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Lemma 5.2.2. (a) We have the following equations

(

1 _ _ 1, _ _ ok e
vy = §R(04)(U3 _U4)+§(U3 + oy ) + O(ui=29/8 4 =ty

1 N L ok e
vj = _éR(O‘)(U:’, _U4)+§(U3 +op) +O(u 2B 4 e, (527)

QF + Q7 = Q5 + Q1 +0(u),

Q3 — Qi =p", Q3 —QF| = p~,

cosa —sino

where R(«a) = ,

sin  cosa

a:7r—|—2arctan( 7 ), and—:%— Gin =2v_ x Q_.

! 4Ll~2

_H
in 21Q-|"
(b) We have L}, = O(1). If a is bounded away from 0 and 27 by an angle independent
of u then Gy, = O(u) and the closest distance between Q3 and Q4 is bounded away
from zero by dp and from above by /o for some § > 0 independent of .

(¢) If a is bounded away from m by an angle independent of i, the angle formed by

Q- and v_ is O(p'™").

(d) The time interval during which the orbit stays in the sphere |Q_| = u" is

At = pAT = O(u").

Proof. In the proof, we omit the subscript in standing for the variables inside the
sphere |Q_| = p* without leading to confusion.

The idea of the proof is to treat the relative motion as a perturbation of Kepler
motion and then approximate the relative velocities by their asymptotic values for
the Kepler motion.
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Part (d) is the easiest. The radius of the sphere |Q_| = p* is p*. The relative
velocity is O(1) and it gets larger when ()_ gets closer to the origin. So the total
time for the relative motion to stay inside the sphere is O(u").

Fix a small number §;. Below we derive several estimates valid for the first d;
units of time the orbit spends in the set |Q_| < pu*. We then show that At < ;. It
will be convenient to measure time from the orbit enters the set |Q_| < pF.

Using the formula in the Appendix A.1.1, we decompose the Hamiltonian (5.2.5)

as H = H,¢ + h(Q-i—a U-i-) where

g B QP Q. Qp
AR TR T 2AQiF

+ O, as p— 0,

and h depends only on (), and v,.

. L
Note that H is preserved and h = O(1) which implies that — is O(1) and
o

2

moreover that ratio does not change much for ¢ € [0, §;]. Using the identity % =
2
v

L
— — —— we see that initially — is uniformly bounded from below for the orbits

4 20Q-]

from Lemma 2.2.2. Thus there is a constant d, such that for ¢ € [0,9;] we have

Sopr < L(t) < 5&

2
Expressing the Cartesian variables via Delaunay variables (c.f. equation (A.1.3)

in Section A.1.2) we have up to rotation by angle g

1 1
G = ;LQ(COShu —e)=0"), ¢ = ELG sinhu = O(u") (5.2.8)

where u — esinh v = ¢. We have

. OH 9Q_

G = 90_ 09 O(IQ-*) = O(u*"). (5.2.9)

Since G = 2v_ x Q- we conclude that G = O(u") and hence G(t) = O(u") for
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all t € [0,6,]. This shows that e = O(u*!). Now equation (5.2.8) shows that

coshu = O(p"!) and so £ = O(u"1). Next

oH o ,u2 a[—Irel aQ* - :LLQ K =1\ __ /L2 2k—1
ToL = e aq. op ~ ap TOWIOWT) =g O

/é:

3

J
Since the leading term here is at least 2—2 while £ = O(p
i

of the lemma. In particular the estimates derived above are valid for the time the

#~1) we obtain part (d)

orbits spends in |Q_| < p”. Next

OH  OH 0Q_
g=-21 _W% — O(u")O(u"t) = O(u>). (5.2.10)

3+=1) Therefore g and

Integrating over time At = O(u") we get |- — g—| = O(u
G 3k—1
arctan 7 change by O(u**1).
We are now ready to derive the first two equations of (5.2.7). Let us denote

1/2) —
till the end of the proof ¢ = arctan g, v = M Recall (see (A.1.3)) that

L 3
P1 = P1COSg+ Posing, py = —pising + pscos g where (5.2.11)
_ g sinhu . puG  coshu
PL=T1 ccoshew’ P27 I21_ecoshu’

Consider two cases.
(I) G < p*7. In this case on the boundary of the sphere |Q_| = p we have

¢ > o3p~ 7 for some constant d3. Thus

G G
Dy %coshucosg—i—%sinhusing 7 +tang
e = +0(e?") = tan(g£¢)+0 (™).

G
—Fcoshusing—i—%sinhucosg il—ftang
where the plus sign is taken if « > 0 and the minus sign is taken if u < 0. Is arctan

is globally Lipshitz, this completes the proof in case (I).
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G
(IT) G > p"*7. In this case 7> 1 and so it suffices to show that 22 (or &)
p1 P2
changes little during the time the orbit is inside the sphere. Consider first the case

where |g~| > % so sin g is bounded from below. Then

P2 cotg+ O(pt~ =)

b1
s
proving the claim of part (a) in that case. The case |[¢g7| < 1 is similar but we need
to consider L. This completes the proof in case (II).

D2
Combining equation (5.2.3) and Lemma 5.2.1(c) we obtain

Qi = Q1 +0(u"). (5.2.12)

We also have QT = Q= + O(u*) according to the definition of the sections {|Q%| =
w"}. This proves the last two equation in (5.2.7). Plugging (5.2.12) into (5.2.3) we
see that

vi =vl +0(u").

This completes the proof of part (a).

The first claim of part (b) has already been established. The estimate of G
follows from the formula for a. The estimate of the closest distance follows from the
fact that if « is bounded away from 0 and 27 then the Q)_ orbit of Q_(¢) is a small
perturbation of Kepler motion and for Kepler motion the closest distance is of order
G. We integrate the G equation (5.2.9) over time O(i*) to get the total variation
AG is at most u®*, which is much smaller than p. So G is bounded away from 0 by
a quantity of order O(u).

Finally part (c) follows since we know G = p”|v_|sin£L(v_,Q_) = O(p). O
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Proof of Lemma 2.2.2. Letting u = 0 in the first two equations of (5.2.7) we obtain

the equations of elastic collisions. Namely, both the kinetic energy conservation

o3 * + [oi [* = Jvg [* + oz |”

and momentum conservation

+ + _ - -
Vg + Uy = U3 + Uy

laws hold. On the other hand, the Gerver’s map G in Lemma 2.2.2 is also defined
through elastic collisions. As a result, Lemma 5.2.2 says actually the same thing as

Lemma 2.2.2 up to a change of variables going from Cartesian to the set of variables

Es3,l3,G3, 93, G4, ga- O

5.3 Derivative of the local map

5.3.1 Justifying the asymptotics

Here we give the proof of Lemma 3.3.1. Our goal is to show that the main
contribution to the derivative comes from differentiating the main term in Lemma

5.2.2.

Proof of Lemma 3.5.1. Since the transformation from Delaunay to Cartesian vari-
ables is symplectic and the norms of the transformation matrices are independent of
1, it is sufficient to prove the lemma in terms of Cartesian coordinates. To go to the

coordinates system used in Lemma 3.3.1, we only need to multiply the Cartesian

8(L3a €3a G?)a g3, G4a 94)Jr

the left
3(@37037Q4,U4)+ on e

derivative matrix by O(1) matrices, namely, by
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a(Q37 Vs, Q4a 1)4)7
a(L37 637 G37 gs, G47 g4>_

dL stated in Lemma 3.3.1.

and by on the right. This does not change the form of the
As before we use the formula (4.2.1). We need to consider the integration of
the variational equations and also the boundary contribution. The proof is organized
as follows. The main part of the proof is to study the relative motion part, while
controlling the motion of the mass center is easier.
Using ¢ as the time variable the equations for relative motion take the following

form (recall that the scale for £ is O(u"1)):

oL oOH

0H
— _9,-273 _ 9,273 _ 24k
57 2u %L 57 (1 2u*L aL—i—...) o),
oG 0H OH
— = u 3 1 =2u 23—+ ... | = O(utt?s (5.3.1)
dg 0H OH
2 =3 (1 —2u 2=+ ... | = O(u*"
where ... denote the lower order terms. The estimates of the last two equations

follow from (5.2.9) and (5.2.10) while the estimate of the first equation is similar to
the last two.

Then we analyze the variational equations.

d(S_L MH—H MH—K MH—Q& SL MQ.;,_,.; 0
e @y
T =0 ’u1+n Mzn ILL].-FQH sa | +O M1+2n 0
o
dég _ K— K K i
- MQ/-@ 1 M2 1 #2 Sg M2 0

(5.3.2)
In the following, we first set () = 0 and work with the fundamental solution
of the homogeneous equation. Then we will prove that 6Q), is negligible.
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Introducing 6¢’ = we need to find the asymptotics of the fundamental

#3I€72
solution of ~ ~ ~ _ _ -
dg_éL 'ulJrn M1+Ii MSnfl 5L
dgf -0 gl e el 5G (5.3.3)
dégl —K —K K
i T e T o9’

Integrating this equation over time ;*~! we see that the fundamental solution
is O(1). Now arguing the same way as in section 4.3.2 we see that the fundamental

solution takes form

MQH MQN ,u6f£72

Id+ 0O 2 el e , (5.3.4)

1 1 u?’n—l

In the following it is convenient to use variables L' = pL, G and g. In these variables

fundamental solution part of the variational equation is

M?H M2n—1 M?H
Id+ O AT L . (5.3.5)
Hgﬁ—l /JJ3H—2 Hgﬁ—l

Next, we compute the boundary contribution. In terms of the Delaunay vari-

ables inside the sphere |Q_| = p”, we have

oc  (OQ-I\T" 01—l . .. .

oL, G,g) ( ol > a(L'. G, g) = (O(p"),0(1"7),0). (5.3.6)
oQ-| _, 91Q0-] _ ool .

Indeed, due to (5.2.8) we have 9y = 0, o = O(p), e O(y") and
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0|Q-| = O(p"1). Combining this with (5.3.1) we get

oG
#25 MQH*I O
oL 3G dg o
- - < - =0 3K 3r—1 . 5.3.7
(az’azw)@a(y,c:,g) p 0 (5:3.7)
uSﬁfl uSI{*Z 0
Using (4.2.1) we obtain the derivative matrix
- . -1
MQH H2n—1 0
oL, G, g)"
— ' 7 — | Id+ 0O 3K 3k—1
(L, G.g) i prr 0
#3/171 M3n72 0
MZH 'u21171 MZH MQH u2n71 0
Id+ O M?m ,u3n—1 M?m Id— O M3n M3m—1 0
’u3n71 ’u3n72 ’u3n71 /L3f$71 M3f$72 0
MQH MZH—I MZH
=Id+ O u?m M3n—1 u?m =JId+ P.
M?m—l M3n—2 M?m—l

(5.3.8)
We are now ready to compute the relative motion part of the derivative of

the Poincaré map. For the space variables, we are only interested in the angle

0 := arctan (@) since the length |(¢1, ¢2)| is fixed when restricted on the sphere.
¢

We split the derivative matrix as follows:
o0_,v_ )" (L', G,g9)"o(L',G,g)"

v )t -
a0_,v )~  O(L.G gt o(L,G,g)- d6_,v ) (5.3.9)
(

a0_,v )" (L' G,g)~  0O_,v )" I, G, g)"
oL, G,g)t 0(0_,v_)~ O G,g)" 9(O_,v_)"

=1+1I.
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Using equations (5.2.8) and (5.2.11) we obtain

1 pto1
o(0_,v_)"
— = = -1 ) 3.1
oG | (5310
1 p b1
Next, we consider the first term in (5.3.9).
9(0_,v_ )" oL~ d(0_,v_)* oG~ a(0_,v_)" dg~
I = .
orr oo T et Cae) T ¢ P06 u)
(5.3.11)
Using the expressions
e G x Q= o |Q s L0 Q)
71 30 =u_ _=lu_ _|sin L(v_, Q-
we see that
oL~ oG~
=0(1 — = " ). 3.12
RE O(1), 500 ) (O"),0(u")) (5.3.12)
(00"

Next, we have = (0(1),0(1)) from equations (5.2.8) and (5.2.11). To

obtain the derivatives of g we use the fact that

&

= pL! —2|ul /
= +e ME(G/ul, g,u),
lg,singcoshu 1:F%tang (G/uL', g,u)

P2 sin g sinh u £+ % cos g cosh u tan g +

D1 - cos gsinhu F

ok
where FE is a smooth function satisfying e O(1) as £ — oco. Therefore we get
g

G
g = arctan <22 — e_2|“|E(G/,uL',g)) F arctan —- as £ — oo,
D1 wL

We choose the + when considering the incoming orbit parameters. Thus

0 arctan z—f 0 arctan % oL’ 0 arctan % oG

Jg

O (14 0(e2vhy) = + L + L
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Hence

dg 1 0G
————=0(—-) = +0(1 0.3.13
3o~ (1) 5y +OW (5:3.13)
darctan —-
where the 1/p comes from Tu and all other terms are O(1) or even smaller.

Therefore

G
. 1 o0, v )* . (9arctan—'uL,_ o0, v )" ) 9G-
N e A Tee B+ 90, v )

N (8(0’1})4’ oL~ N (0, v_)* o (8arctan§—2 0 arctan /g,_ oL~

oL+ 2o o) | ogt 00 v) oL~ 060
(5.3.14)

Since the expression in parenthesis of the first term is O(1), I has the rate of growth

required in Lemma 3.3.1.
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Now we study the second term in (5.3.9)

I1=0

+0

3k—2

®

0(0_,v_

oG~

o(0_,v_)~

MQn—l H?H
u3m—1 MSH
M3K72 M3ﬁ71
L', G,g)”
00, v_)~
ﬂﬁn—l
+0 MSnfl
H?m—l

oL, G,g)”

d(0_,v_)~

(5.3.15)

where we use the assumption that x < 1/2, which implies p?* < 3! and p*~! <

w2, The first summand in (5.3.15) is O(p**~!).Therefore (5.3.13) implies that

Il =

=~

0

i

I

3k—1

3k—1

3k—1

oG~

e

94

+O(p™ ).

(5.3.16)



Now we combine (5.3.14) and (5.3.16) to get

darctan 2
a(0_,v )t 1| a_,v )t At =06, )*
- oG- dg+

+o*rNH | @ ——n

/ Py — /
oO0_v )t oL 90w )t [ Oarctant Qarctan T g/

v 1
o+ Col_o- T o Zl|at - T - o)

(5.3.17)

(5.3.17) has the structure stated in the lemma. In (5.3.17), we use the variable

0_ for the relative position ()_ and we have % = O(u"). To get back to Q_,
U
: 0(Q-,v)* . .
i.e. to obtain W, we use Q_ = p"(cosf_,sinf_). So we have the estimate
9Q* o oo+ o
= O(u~ — O(u*). To get —— h for-
LG o) O(p )8(L,,G,,g,)+ O(pr). To get aQ:,Weuset e transfor
o—  O0(r_,0_)

mation from polar coordinates to Cartesian, 862_: =3 (U B where
6822_ = 0 and 6(9@_— _ %869__ (—sinf-,cos67).
oG~ oL~ oL~
o=~ W and 5o= = G

-
1 02 1 O arctan =

12 Z_ 20| the angle 6_ plays no role. Finally, we have T:pl = 0.

r— = |QZ| = p*, therefore we have

So we have the estimate

= 0 since in the expression

= ;(O(M“)lx% 0(1)1><2) X (O(l)lxg, O(/ﬁ)lxg) + 0(1)4><4 + O(M?m_l)-

It remains to show that other entries of the derivative matrix are O(1). Consider
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the following decomposition
0 Q_,U_,Q+,U+)+ a(Q 7U—7Q+>U+>+ a(L/ G v 4, Q—HU-!—)

(

Q- v_,Qy,vy)" 8(L G,9,Q1,v)T 0L, G, g,Q, vy ) ()

mDG%Q%mx)mLGQQ%MWg(UGQQ%W)
( )~

o/ G 95 Q+7U+)( Z) 8(L G 97Q+7 U4+ Q U—7Q+7U+>
N N0 (5.3.18)
0 Id B Id B’ 0 Id

MACA'N + MADB'N

(BC + E)A'N + (BD+ F)B'N BD+F

We have already computed M, A, C, A" and N (see (5.3.10), (5.3.7), (5.3.12),
(5.3.13)), where C'is (5.3.5) and ACA’ = Id+ P is (5.3.8). We still need to compute

B,B',D,E,F.

1

From the Hamiltonian (5.2.5), we have (= _2MLI3

+ O(p**). We need to

supplement (5.3.1) and (5.3.2) by the following equations.

d v ’
e 2 011+ 002 = O
5.3.19
dvy 2Q+ 2K '3 2k+1 ( )
a \opt O(p™) ) 2uL”)(1+O0(p™)) = O(u).
oL
doQ)+ L2 50, o el e
dr | = " oG
U+ uo 0 S, po el e
e 5
g
~(5.3.20)
It follows from (5.3.6) and (5.3.19) that
! H k=1 | 2r—2
B.B'=0 ® O ([, 1> 2,0]) .
i
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Next, we obtain

,LLQK ILLQK
,U,H Iu?m—l Iu?m 3K
Iun M?mfl M?m Iun
MS/@—I :U“SH_I

It is a straightforward computation that CA" > DB’S so ADB’ is only a small
perturbation to the P part in ACA’ = Id+ P in (5.3.8), and therefore M ACA'N +

MADDB'N in (5.3.18) has the same structure as M ACA’N obtained in (5.3.14) and

1 +u5rs—1 ,LLK
(5.3.15). We also have the entry BD + F = . The entry

Mn 1 + M5n71

1 oG~
(BC + EYA'N + (BD + F)B'N = ;[O(;ﬂ“)hxg ® 6.0 +0(p").  (5.3.21)
Finally, we have that the entry MAD = [O(p*1)]3x2.
This estimate of the matrix in (5.3.18) is enough to conclude the Lemma. ]

The above proof actually gives us more information. Now we use the Delaunay
variables (Ls, (3, G3, g3, G4, g4)* as the orbit parameters outside the sphere |Q_| =
w® and add a subscript in to the Delaunay variables inside the sphere. We relate

Lemma 5.2.2 to the above proof.

Corollary 1. The derivative of the local map has the following form

1 .
dL = ;(ﬁ +O0(p 1) @1+ B+ 0(u™ ),

where 4,1 and B are computed by discarding the O(p*~") and O(u*) errors in

(5.2.7). In particular,

U =

a(L37€37G37937G4794)+ a(Q37U37Q47U4)+ 304
8(@37037Q4,U4)+ o MaGm ’
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0Gy, 0(Qs,v3, Qq,v4)~

1= .
a(Q?w U3, Q47 U4)_ a(-[/37 637 G37 g3, G47 g4)_

Proof. We first discard the O(p**~!) and O(u") errors in (5.2.7), and rewrite (5.2.7)

in terms of the coordinates of the relative motion and motion of mass center as

Q" =0, v = Rla)o™ = R(/2 + 9)([v],0), QT =Q7, vf = vy,

The derivative matrix is block diagonalized. We get identity for the derivative of the
motion of the mass center part, which agrees with the entry BD + F' in (5.3.18) in
the limit 4 — 0. Then we only need to focus on relative motion part. On the other
hand, our computation of (5.3.14) is based on formula (5.2.8), where the velocity

can be written as v* = R(a/2 + ¢)(1/L’,0) + O(e™2), |u| — oo. We also have

00~
1/L" = |vZ| as p — 0. Moreover, in (5.3.14), we have m is of the same
+ + N
order as 8((98,+)—’ which implies % = O(u”)a(ea?—;))_ as i — 0 since
QT = pur(cosbr, cos ). So we only consider 8(881]—_)— in the following.
U
Then compute the derivative
vt ot Oa 0G;, ot Oa oL, ovt
= ® + ® + ,
0-,v_)- Oa 0Gsy, ~ O00-,v_)~  Oa 0L, ~ 0O_,v_)~ 0(0_,v_)~

(5.3.22)

where in the last summand we use 9/0 to stand for the partial derivative w.r.t. the

0 0
ezplicit dependence on v_. Notice 86? = O(1/p) and aTOf = O(1). This matrix
1 R m mn
has the form of —u®14 B up to a change of variables to Delaunay variables outside

i
the sphere.
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We notice g = a/2 + arctan —= Pz and v= = (p,py ). We express

P
by
5yt B Syt 0 arctan = Y Tl
0(0_,v_)~ 8arctanp2 IO_,v_)~  OZ|0(O-,v_)"
Py
0 arctan —— Gi
1 o)t
Then we identify " uawaé;jr ) + aG—M 3(9693 )" n (5.3.14) with
ovt da o(0_,v )t . ot oa  OvT d|vZ|
B G Then we identify 8[)—'+ n (5.3.14) with S0 L + ] dl and
_ Dy
(0_,v_)* Qarctanzﬁ—?_ Jot 8arctanp—§
finall f — L .3.14) with —
nally, we identify e ® 50 in (5.3.14) wit (R
9 arctan 22
o pl
o0_,v_)" - oL~ ., ovt O] _ ;-
and e ® T 500 with 9000 ) using 1/L = |vZ]|.

Now we have shown that the formal derivative in (5.2.7) agrees with the derivative

we obtained in the proof of Lemma 3.3.1. O]

Corollary 2. If we take derivative along a direction I' = +/(0) = O(1), where

v i (—e,€) = R® is a curve parameterized by v, and aaCZ" = O(u) in the following

set of equations

g |? + [vF |* = [og |> + |vg | + o(1),

vy +ui =v5 +vy +o(l),

\ Q3 + Q7 = Q3 +Qy +o(1),

obtained from equation (5.2.7), then the o(1) terms are also o(1) in the C' sense.

Namely, we can drop the o(1) terms when we take the derivative —.

dy

Proof. For the motion of the mass center, it follows from Corollary 1 that
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IQy,vy)* 10(Qy,vy)*
=-—— ®l xdy Ldax 1). 1
NQ_,v_,Qy,vy)” [ Do ® 1+ (04x4, Idyxa) + o(1). We already
@)

Jr
obtained that a(Qg—’v*) = O(p*F) in equation (5.3.21). Our assumption —aﬁc;in
«

1-T'" = O(n) suppresses the 1/ term. We are only left with Id with a small

perturbation. This proves the motion of mass center part of the Corollary.

For the energy conservation part, we use the Hamiltonian (5.2.5). It is enough
to show [vF]? = |[vZ|*+0(1) with C* small perturbation if we take 1 derivative, since
we already proved the lemma for the velocity of the mass center. In (5.2.5), the terms
involving only @), v, are handled using the result of the previous paragraph. The
term —ﬁ vanishes after taking 1 derivative due to |Q)_| = p*. All the remaining

) 0Q-

terms has ()_ to the power 2 or higher. We have 0
_l’_

also have a@% = O(1) since we have dLI' = O(1). As a result, after taking the

= 0(1) since I' = O(1). We

derivative, any term involving @_ is of order O(u"). This completes the proof of

the energy conservation part. O]

5.3.2 Proof of the Lemma 3.3.8

In the following, we first try to work out the O(1/u) term in the local map.
We need that span{w;, w} does not lie in Kerls_; in order to check the nondegen-
eracy condition. Any vector in span{w;,w} has the form of (0,x*,0,0, %, x). We will

pick a vector in the span of the form (0,0,0,0,*, %) to show it does not lie in the

0G4y’ Ogs

for the functional 1.

Kerls_;. For this purpose, we only need to work out

Proof of Lemma 3.53.8. The proof is done numerically.
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5
To simplify the computation, we treat L3, ¢35, G5, g5 as fixed. This will be enough

Before collision, 1 =

for us to check that span{w,@w} does not lie in the Kerl since the first four entries

0G, " 09y

from the expression of GG, in Lemma 5.2.2, up to a term of order u”, we have

(3%, aGi") = (v —v7) % (8_, ‘9_) Qu+ vy v ) x (an)-( o ‘%4_>+0<w>.
oG, 9, oG, dg; o, ) \oG; ag;

We need to eliminate ¢, using the relation |Q3 — Q4| = p*.

of w are zero according to equation (3.3.3). When we consider we see

(afz ae;) __(a\@g—@4r)1 (81623—@4\ a\@g—@41)

9G- Dgr oy oGy ' 0Og;
0Qs Qs . [(99s 0@
B (Qi’) - Q4) ’ <8GZ ) ﬁ) _ (U?’ — ) . (E7 E) O( 1*“)
0Q; . 9% |
(QS_Qﬁl)'% (U3—U4).%

Here we replace Q5 — Q; by vy — v, using the fact that the two vectors form an

angle of order O(u'~").

0Cin 0Gin\ _ (o oy, (9 9\
oGy ag; ) ¢ aG; dg; ) "

So

(7 1) (Gt 52
—(vg —vy) X an 9G,_09s + O(u").
ol o 0@y
(v —vy) - _8&1

We use mathematica and the formulas and data in the Appendix B.2.2 to work out

in the lemma.

After collision,i = —.
!

In equation (5.2.7), we let u — 0. We need to eliminate ¢ using the condition
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Q3 — Qf| = p~. This is nothing but equation (5.1.2). We apply the implicit

function theorem to (5.2.7) when 1 = 0 to obtain

0Qs, v, Qi vi) | 9(Q,v3. Qivvi) o 04y X, YH)
X+, YT) oe] X+, YT o

= % (o,o,R (g + a) (v3 —v4),0,0, =R (g + a) (v5 = v4)>T
0.0, R (D) 0 —oD00 R (Z) 0 - o)

d 0
R(e) and the formula for ﬁ

use mathematica and these formulas to work out the — in the lemma. To obtain a

Oa

symbolic sequence with any order of symbols 3,4 as claimed in the main Theorem,

where R(7/2+a) =

is given in (5.1.2). Again

we notice that the only difference is that the outgoing relative velocity changes sign
(v —vf) = —(v§ —v]). So we only need to send @ — —a. We point out that we

renormalize the vector 4y according to the discussion in Section 3.3.4. O]

5.3.3 Proof of the Lemma 3.3.9

Recall in Lemma 3.3.1 and 3.3.2 we have the form of local map and global
map
dlL = %u@l—i— B+ O(u"), dG= X2E®I+Xﬁ®i+0(u2x),
where we suppress the subscript ¢ standing for the first or second collision. Moreover,

in the limit y — oo, u — 0,

spanf{t, u} — span{w;, w}, 1—1;, 1 =1, 11, i=1,2

~

We first have the following abstract lemma that reduces the study of the local map

of the > 0 case to u = 0 case.
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Lemma 5.3.1. Suppose the vector T’ € span{i, @} satisfies 1-dLL = 0 when pu > 0.
We normalize T such that its (° norm is 1. Then in the limit i — 0, the directional

derivative of the local map along the direction T has a limit
dLT — A, for A € R,
and for the vector I'; = lim,, [e span{ws_;, '} satisfying L; - A; = 0 and L; - Ty = 0.

Proof. Now let us consider u > 0,y = oo. After the action of the local map,
we obtain a plane spanned by u and BT up to an error of order O(u3~1) where
I'"=1(a)u — l(u)u € Kerl.

We want to find a vector I' € span{@, @} such that the directional derivative
dLI € Kerl

Suppose dLT' = bu + bBI' € span{u, BI"}, then 1- dLT = bl-u+0l-BI' =
gives b = —1- BI"” and b=1-u up to a multiple of a nonzero constant. Due to the

normalization of I, we know |b| and |b| are bounded.

~ 1 ~ ~ ~
dLT = —u®1-T + BL + O(u") = bu + bBT' + O(p**1).
o]

The limit lim bu + bBI” exists since each term is written down explicitly and has a
limit. Therefore we have the convergence dLT — A;. Moreover, 1, - A; = 0 since

1-dLT =0 and 1 — 1,. We get the following by making comparison,

1 ~ . -
—u®l-I'=bu+O(u"), BT =bBI"+O(u").
0

This implies

1 -
“1-T =b+0(u").
7
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Therefore 1 - T = by — 0 as . — 0. Finally, we see that limuf = I';. The
reason is that T'; is determined by Kerl; N span{ws_;, w} and [ lies in the cone

span{u,u} N{x :1-x = bu}. Obviously, the former is the limit of the latter. O

In the following, it is more convenient for us to change setting to polar coor-

dinates.

5.3.3.1 Equations to solve the elastic collision in polar coordinates

We need the following quantities.

1
1. polar angle, related to u by tan% =1/1 te tang for ellipse.
—e

E: energy. e: eccentricity, e = /1 + 2EM?2.

G: angular momentum, g: argument of periapsis. We have the formula r =
G2

ﬁ for conic sections in which the perigee lies on the axis ¢» = w. The su-
— ecos

perscript + means before or after collision, evaluated on the sphere |Q3 — Q4| = p".

The subscript 3,4 stand for Q3 or Q4.

Lemma 5.3.2. We choose the positive y axis as the axis ¥ = 0. Then the equa-
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tions (5.2.7) can be rewritten as follows using polar coordinates,

p

Ef +Ef = FE; + Ef +0(1),

Gy + Gy =G5 + Gy +o(1),

ey ey ey . er o
o cos( +95) + Frcos(vy —gi) = Z=cos(y +g5) + 5= cos(vy —gq) +o(1)
3 4 3 4

Py +7 =75 + 7 +o(l),

L |T3_’F?4_|_:uﬂa |F§__4|::u7
(5.3.23)

+£12
+ (G3)

= , +o(1)

3 — T T, T ,

where we have L — ey sin(yy +g5) as p — 0.

+ (G3)?

- L—eysin(yy —g5)
Proof. The equations for 7"5%4 in the equations (5.3.23) are obtained from the polar
coordinates representation of conic section after proper rotation, where g§4 in the

Gerver’s case can be found in the Appendix B.2.1 and B.2.2.

The first three equations here are energy conservation and momentum conser-
vation. The energy conservation is straightforward. Now we focus on the momentum
conservation. The position vector is 7 = ré,. Then the velocity is 7 = 7¢, + mﬁéw.
Momentum conservation means Fg + 7':2 = F; + ff’j .

Componentwisely, we have
= ot —ah= =l = — ot +,/,+
Py +7y =75 +75, T3y Hryvy =rgvy +rily

Using the fact that r; = r; = r§ = r} and %)) = G, we obtain from the second
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equation that

G; +G; =G} +Gf.

This is the angular momentum conservation. For the other conserved quantity,

GZ
consider r = —— . So we get
1 —ecosy
. G? o G e .
7= ——(1 — 6COS¢)2€SID¢¢ = —@esml/zr—z =-G sin .

To obtain the last equation in the equations (5.3.23), we simply replace sin v here

by cos(v) + g§4). O

Lemma 5.3.3. Under the same assumption as Corollary 2 and if in addition we

use the equations |Fx — 7y| = p*, then we have in the limit yn — 0 that

dry dr{ dry dry Ay dyf  dyy  dyy
dy Ay dy d Ay Ay dy dY

Moreover, in the equations 0fr§f4 of (5.3.23), the o(1) terms are also C* small when

taking the v derivative.

Proof. To prove the statement about r§4 equations in (5.3.23), we use the Hamil-

tonian (4.1.1). The r3;, of (5.3.23) solve the Hamiltonian system (4.1.1) in terms of

polar coordinates. The estimate (5.1.1) shows the __r gives small perturba-

Q3 — Q|

tion to the variational equations. The two O(1/x) terms in (4.1.1) are also small.

This shows that the perturbations to Kepler motion is C! small.

+
r
Then we consider the derivatives 813/174' We consider first the case of “—”. We
use the condition for the Poincaré section |73 — 74| = u”, to get
d
Ty —Ty) — (75 —74) = 0.
(7= 73) - (7 = )
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d
e
dvp

We also know the angular momentum for the relative motion is Gy, = (73 — 7)) X

—

This implies (75 — 77) (73 — T4).

(73 — 7y) = O(y), which implies 7% — 7 is almost parallel with 7 — 7. When taking

derivative along I', parameterized by v, we require —= = O(p). This implies

P

d

dy

(=) x (=7 + =7 x (27— 7)) = Ol

d
dyp
Since @(f}, — ) is almost perpendicular to (3 — ;) using the above analysis, and

d
the perpendicular relation becomes exact in the limit g — 0, we get — (73 —77) = 0.

dip

d dr; di);

@T_’% = d_:;é” + Tid_lfzéwr In the limit p — 0,
we have r3é,, = 146,036y, = Yaéy,, So the two components of @(’Fg —7) =0
im lies%—@ d%_%

P T dw’ A

The lemma is now proved for variables with “—”. To repeat the above argu-

(7% — F4)> ~0.

Then we take limit 1 — 0, using |73 — 7| = p* we get, (% — ) X (

We write 7; = rié,,, i = 3,4, then

in

ment for “+” variables, we first need to establish O(p). Indeed, we use equa-

b
. 3G+ @G+ 3([/ G g Q+ ’U_A'_)i
tion (5.3.8) and (5.3.18) to get o= m LR A =
( ) ( ) s alb a(‘L/vGin?g)Q—‘r?U-i-)_ a¢

O(M3H7 17M3Ka M?I;Qa M?ZQ) : O(lv H, ]-7 ]—1><27 11><2) = O(,u)

d . .
It remains to show ( (75 — F4)> = O(1) in the “+ 7 case. We know it is

dp
true in the “-”7 case. Then the “4” case follows, since the directional derivative of
the local map dLI" is bounded due to our choice of T'. O

Using this lemma, we get the following set of equations from equation (5.3.23)
by taking limit g — 0, which are valid not only in the C° sense but also in the

C! sense when taking ¢ derivative. (The C'-ness of the first three equations are
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established in Corollary 2.)

(

Ef + Ef = E; + Ej,
Gi+Gf =Gy + Gy,
G oos(i + gF) + - cos(i — g5) = S cos(u + g5) + Sk cos(¥F — 7)
Gy RN Gy PGy ’
(GF)? _ (G3)?
1 —eysin(yy +g5) 1 —egsin(y +g5)
vy =15 (=),
(G5)? B (GY)?
1-— e{fsin(@/}; +g§f) 1 —eisin(@b}f —gI)’
(Gg)? _ (G)?
1 —egsin(vy +95) 1—epsin(yy —g;y)
1/15 = ¢Z(= w)?
Vi =i (=),

(5.3.24)

where the fourth and fifth equations are Q3 + Qf = Q3 + Qy, which implies

rs =r; and ¢35 = ¢; using Lemma 5.3.3. The sixth and seventh equations are in

— - + gt
fact r; =7, and ry =1/

We set the total energy to be zero. So we get Ef = —E3i. This eliminates

Ef. Then we also eliminate ¢5f4 by setting them to be 1.

Proof of the Lemma 3.3.9. We take directional derivative along a direction I' €

KerlN span{w,w}. Since we have in Delaunay coordinates w = (0,1,0,0,0,0) and
—L
(Ly)* +(Gy)

the same form in our polar coordinates using the formula tan

w = (0,0,0,0,1,a), where a = 5 from equations (3.3.3). They have

P 1+6t U
1—ce¢ 2

relating ¢ and ¢ through u. Our I" has the form of (0,1,0,0, ¢, ca). Moreover, the
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constant ¢ will be fixed by the r; = r; condition, i.e. the seventh equation in
(5.3.24) since that is an equation involving only incoming orbit parameters and an
equation talking about exact collision.
Due to the special form of I', we consider v lying in the intersection of the
hyperplances E;, = —FE; = const, G5 = const, g5 = const, where the constants are
fixed by Gerver’s values in the Appendix.
We write the remaining equations (the second, third, fifth and sixth) in (5.3.3)
formally as F(ZT, Z7) = 0, wherein Z+ = (B, G4, 95, G195 ) and Z= = (B3 ,¢, G5, 95, Gy, 91 )-

We have

OF 0zt  OF

o7+ oy oz =0

However, we have only four equations of F while 5 variables (E5, G5, g5, G4, g)

0z~ - ozt _
in Z*. To decide ——, we need one more condition I - 8_ = 0, where 1 =
N o
(L+ + ——1—0,0,0, L+)2+(G+)2, ) from equations (3.3.3). So we form a matrix of
5 %X 5 by . Then we get
8Z+
~1
1 o7+ 0 o7+ 1 0
OF | 00 | 9F |' 00 | OF OF
oz+ 07~ oz+ 0z~

+
We use numerics to complete the computation. We only need the entry 8—@5 to

prove the Lemma 3.3.9. It turns out this number is 1.07507 for the first collision and
—1.66364 for the second after numerical computation. Both are nonzero. Therefore

we complete the proof of Lemma 3.3.9. O
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A.1 Delaunay coordinates

A.1.1 Elliptic motion

The material of this section could be found in [Al]. Consider the two-body

problem with Hamiltonian

P2k
H(P,Q) = % ok (P,Q) € R,

This system is integrable in the Liouville-Arnold sense when H < 0. So we can

introduce the action-angle variables (L, /¢, G, g) in which the Hamiltonian can be

written as

mk?

H(L7£7 G?.g) - _ﬁ7

(L,¢,G,g) € T*T2.

The Hamiltonian equations are

. . mk2

We introduce the following notation E-energy, M-angular momentum, e-eccentricity,
a-semimajor axis, b-semiminor axis. Then we have the following relations which ex-

plain the physical and geometrical meaning of the Delaunay coordinates.

L? LG k G\’
Y e B M= e=y1-(Z).
Tk mk’ 2a’ G, e <L>

Moreover, g is the argument of periapsis and / is called the mean anomaly, and /¢
can be related to the polar angle ¢ through the equations

Y 1+e U

tan — = tan—, wu—esinu=~/.
2 1—e 2
, a? 1 . .
We also have the Kepler’s law T = W which relates the semimajor a and the
T

period T of the ellipse.
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Denoting particle’s position by (g1, ¢2) and its momentum (py, p2) we have the

following formulas in case g = 0.

sin v
q1 = a(cosu — e), p = —vVmka V2 —0,
1 —ecosu
V1 —e2cosu
g2 = a1 — e2sinu, = \/mka_l/Ql—,
—ecosu

where u and [ are related by u — esinu = /.

Expressing e and a in terms of Delaunay coordinates we obtain the following

L2 < G2> LG
Q= cosu—1+A/1—— 1], g =—sinu.

mk L2  mk
) (A.1.1)
mk sin u mk G cosu
pr=—— , 2=y :
L 1— 1—%—;cosu L 1-— 1—%—;cosu

Here g does not enter because the argument of perihelion is chosen to be

zero. In general case, we need to rotate the (qi,q2) and (pi,ps) using the matrix

cosg —sing

sing cosg

Notice that the equation (A.1.1) describes an ellipse with one focus at the
origin and the other focus on the negative x-axis. We want to be consistent with

4

[G1], i.e. we want g = /2 to correspond to the “vertical” ellipse with one focus at

the origin and the other focus on the positive y-axis (see Appendix B.2.2). Therefore
we rotate the picture clockwisely. So we use the Delaunay coordinates which are

related to the Cartesian ones through the equation

1 G?
©=— <L2 (cosu —1/1- ﬁ) cosg + LGsinusing]) )
m
1 9 G?\ . .
q2:—k —L* | cosu — 1_ﬁ sing + LG sinucosg | .
m
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A.1.2 Hyperbolic motion

The above formulas can also be used to describe hyperbolic motion, where we

need to replace “sin — sinh, cos — cosh” (c.f.[Al, F]). Namely, we have

L? 2 L
qlz—k(coshu— 1—|—G—>, q2:—cljsinhu,

m L2 m
) (A.1.3)
mk sinh u mk G coshu
e T e o T T e
1— 1+%coshu 1— 1+%coshu
where v and [ are related by
G 2

u—esinhu = ¢, where e = (/1 + <Z> : (A.1.4)

This hyperbola is symmetric w.r.t. the x-axis, opens to the right and the particle
moves clockwisely on it when u increases (¢ decreases). When the particle moves to
the right of z = —g line we have a hyperbola opening to the left and the particle
moves anti-clockwisely. To achieve this we first reflect (¢, o) around the y-axis,
then rotate it by an angle g. If we restrict |g| < 7/2, then the particle moves anti-
clockwisely on the hyperbola as u increases (¢ decreases) due to the reflection. Thus

we have

1
G =—— (cos gL*(coshu — €) 4 sin g LG sinh u) ,
m

k (A.1.5)
1
R~ (—singL*(coshu — €) + cos gLG sinhu) .
m
If the incoming asymptote is horizontal, then the particle comes from the left, and
as u tends to —oo, the y-coordinate is bounded and x-coordinate is negative. In
) G
this case we have tan g = —7:9€ (—7/2,0).
If the outgoing asymptote is horizontal, then the particle escapes to the left,

and as u tends to 400, the y-coordinate is bounded and x-coordinate is negative.

G
In this case we have tang = +t7.9€ (0,7/2).
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When the particle 4 is moving to the left of the section {z = —x/2}, we
treat the motion as hyperbolic motion focused at ). We move the origin to Q).

The hyperbola opens to the right. The orbit has the following parametrization

1
G =— (cos gLZ(coshu — e) — sin g LG sinh u) ,
i (A.1.6)

Qo :#(sin gL*(coshu — e) 4 cos g LG sinh u).
A.1.3 Large ¢ asymptotics: auxiliary results

In the remaining part of Appendix A.1 we study the first and second order
derivatives of Q4 w.r.t. the Delaunay variables (L, ¢, G, g)4. These computations are
used in our proof. The next lemma allows us to simplify the computations. Since
the hyperbolic motion approaches a linear motion, this lemma shows that, we can

replace u by In(F¢/e) when taking first and second order derivatives.

Lemma A.1.1. Let u be the function of {,G and L given by (A.1.4). Then we can

approximate u by In(F¢/e) in the following sense.

ou _

T _
u:Fln?—O(lnM/f), 57

+1/0+0(1/¢%),

0 0 o 9\
(5736 ) (vt =0/l (57 56) (e =00/,
Here the first sign is taken if u > 0 and the second sign is taken then u < 0.

The estimates above are uniform as long as |G| < K, 1/K < L < K, { > {y and the

implied constants in O(-) depend on K and £y.

Proof. We see from formula (A.1.4) that sinhu ~ coshu = L + O(In |4]) when
e

l
u > 0 and sinhu ~ —coshu ~ —= 4+ O(In |[¢|) when v < 0 and |u| large enough.
e
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This proves C? estimate.
Now we consider the first order derivatives. We assume that © > 0 to fix the

notation. Differentiating (A.1.4) with respect to ¢ we get

ou ou ou 9
50" ecoshu% =1, 57 = 1/0+O(1/¢7).

Next, we differentiate (A.1.4) with respect to L to obtain

ou Oe . U
ETA a—Lsmhu — ecoshua—L =0.
Therefore,
ou sinhuw  Oe 1 Oe 0
OL 1—ecoshudL e OL +0(e™) oL In(e) + O(1/}¢)).

0
The same argument holds for —. This proves C! part of the Lemma.

oG
2
Now we consider second order derivatives. We take 12 as example. Combin-
ing
Pu 0 de O 0 ou '\
8_LU?J - a—Lisinhu — 2COShu8_28_Z — ecoshu({)—[jé —esinhu (8%) =0.

with C! estimate proven above we get

@__16_26_2_86%_}_ a_u 2_|_O l
OL2  eOL? edLOL OL !

19%  (10e)” 1 0? 1
_ 1 1oe f I | =
68L2+<68L) +O<£> oL HHO(e)
This concludes the C? part of the lemma. O

In the estimate of the derivatives presented in the next two subsections we

shall often use the following facts. Let f = Ine. Then

G G?
fa = 2+ G2 fL:_L(LQ—I-GQ)’ (A-17)
I? - G? 2GL
(flee = EEYeask fre = (L4 G (A.1.8)
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A.1.4 First order derivatives

In the following computations, we assume for simplicity that m = k = 1. To

get the general case we only need to divide positions by mk.

Lemma A.1.2. Under the same conditions as in Lemma A.1.1 we have the following

result for the first order derivatives

Q4 ‘ 0Q, Q4
=0, |—— =0, ==. 0,
(a) ‘354 ( ) 8(L4,G4794) ( ) 094 @
In addition
Qs

(b) If in addition we have

G
gF arctanf‘ < C/l where — sign is taken for u > 0

and + sign is taken for u < 0 then we have the following bounds for (A.1.5)

0Q . % 9Qs —
e smhu(O, m)—i—O(l), L = —sinhu ( 2V L2 + G2,

L Yo

(c¢) If in addition to the conditions of Lemma A.1.1 we have G,g = O(1/x) and

¢ = O(x), then we have the following bounds for (A.1.6)

0Q4
G

Q4

= sinhu(0,1) + O(1), BL

= sinhu(2,0) + O(1).

Remark 8. The assumptions of the lemma and the next lemma hold due to

Lemma 4.1.8.

Proof. We consider only the case u > 0. We have

Q4 = O(1) — sinhu(cos gL? + sin gLG, sin gL* — cos gLG), as { — oo.  (A.1.9)
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Now the first three estimates of part (a) follow easily. Next

% = —(cosh u)ul,(cos gL*+sin gLG, sin gL*—cos gLG)—sinh u(sin gL, — cos gL)+O(1).

Using Lemma A.1.1 we obtain

0 1
Q- % - é(sinh 2u)ul|(cos gL? + sin gLG, sin gL* — cos gLG)|?

+ (sinhw)?(sin gL, — cos gL) - (cos gL* + sin gLG, sin gL — cos gLG) + O({)
1
= 5(sinh 2u)(—Ine)y(L* + L*G?) + L*G(sinhu)? + O(¢) = O(¢)
where the last equality relies on (A.1.7).
We prove (b) in the + case, the - case being similar. Assume first that g is

G
exactly equal to arctan 7 Using (A.1.9) and (A.1.7) we obtain

9Q4

el (coshu) fg(cos gL? + sin gLG, sin gL* — cos gLG)

—sinhu(sin gL, — cos gL) + O(1)

—sinhu< G <L3+LG2 0)—( GL - L ))—I—O(l)
a L2+ G \VI?+ G? VIZ+G* I+ @G

. L?
= sinh u <O, \/ﬁ) + O(l)

0
& = (coshu) fr(cos gL* + sin g LG, sin gL* — cos gLG)
oL (A.1.10)

— sinh u(2 cos gL + sin gG, 2sin gL — cos gG) 4+ O(1)
G*/L [ L3+ LG? 207 + G? GL
— _sinh |
o U(L2+6‘2 ( L2+G2’O) ! (\/L2+G2’ \/L2+G2)> row

. GL
= —smhu (2\/ L2 =+ G2, \/ﬁ) + O(l)

G G
This proves (b) under the assumption g = arctan T If ‘g — arctan f‘ < % then we

get an additional O(1) error in the above computation which does not change the
final result.
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Part (c) follows from part (b) since both g and arctan% are O(1/0). O

A.1.5 Second order derivatives

The following estimates of the second order derivatives are used in integrating

the variational equation.

Lemma A.1.3. We have the following information for the second order derivatives

of Q4 w.r.t. the Delaunay variables.

(a) Under the conditions of Lemma A.1.2(a) we have

PQu__, Qi 00, ( 0 0 ) <8IQ4|2) 00, P9 o0

dg2 0.0G, — 0G, \9G, dg, dga G2
2
In addition aa—[% =0(0).
(b) Under the conditions of Lemma A.1.2(b) we have we have
82(024 L2

o7 = (EENEEE (L coshu, —2G sinh u) + O(1),
1

2 2
0*Qy _ (_ L?sinhu ,O) +oq),
0940G 4 VL +G?
0%Q, GLsinhu
I (TSN o /T2 4GP cosh |
99:0L4 (\/m, + G2 cos u) + O(1),
0?Q, L

OGOL ~ (L2 + G2)3/2 (=LG coshu, (L* + 3G®) sinhu) + O(1).

(c) Under the conditions of Lemma A.1.2(c) we have

2 2
%—% = —coshu(1,0) + O(1), 3922(4; = —Lsinhu(1,0) + O(1),
2 2
gggz = Lsinhu(0,2) + O(1), aang = coshu(0,1) + O(1).
, PQu : :
Proof. The estimate 562 = O(¢) follows immediately from Lemma A.1.2. The
1
2
estimate % = O(¢) follows immediately from (A.1.5) (or (A.1.6)).
4
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The estimates of the derivatives involving g4 are relatively easy since the de-

2
pendence of ()4 on g4 is through a rotation. We consider

oL, 84g4’ for example, the

other derivatives are similar. Differentiating (A.1.10) with respect to g and using

(A.1.7) we get

82
(s = coshufr(—L*sing 4+ LG cos g, L* cos g + LG sin g)
8L4ag4

—sinhu(—2Lsing + Gcosg,2Lcosg + GsinG) + O(1)

. G? —L?°G+ L*G L3+ LG? . —2LG+ LG 2L?+ G?
= —sinhwu 3 3 , —sinhu )
L2+ G\ VI2+G? VI + G2 VIZ+G? VI G2

G? LG 2L2+G2>
= —sinhu [ 0, ———— ) —sinhu | — , O(1
sin u< L2—|—G2> sin u< o VT (1)

LG
— i _ 2 2
_slnhu< P Ewerk 2v/ L —{—G)—i—O(l).

90*Q4 9*Q4
and

Next, we compute 9G.oL. 962 We consider only the case v > 0 and

take the + sign. The other cases are similar.

G
As in the proof of Lemma A.1.2 it suffices to consider the case g = arctan —.

Differentiating the expression for % and using Lemma A.1.1, (A.1.7) and (A.1.8)
4

we obtain

2
88224 = —L(sinhu((Ine)g)? — coshu(lne)ge)(cos gL + sin gG, sin gL — cos gG)
1

+ 2L coshu(lne)g(sin g, —cos g) + O(1)

— [ sinh L7 26 L ¢ 0
= SInn w <L2 + G2)2 (LQ + G2)1/2 + (L2 + G2)1/27 )

¢ — L +0(1)
L2+ G2 \ (L2 + G212 (L2 +G?)\/?

+ 2L sinh u

L? .
= m smh ’LL(L, —QG) -+ 0(1)
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proving the estimate for %2(%14. Next,

32
5 6822 = —(sinhu)pg(cos gL? + sin gLG, sin gL? — cos gLG) — (sinhu),(sin gL, — cos gL)
40Ly

— (sinhu)g(2cos gL + sin gG, 2sin gL — cos gG) — sinh u(sin g, — cos g) + O(1)

= —(sinhu(lne)r(Ine)g — cosh u(ln €)GL)(L(L2 4+ G2)1/2,0)

bl GL L? Ll 212 + G* GL
—+ cos U(ne)L (L2+G2)1/27_(L2+G2)1/2 -+ cos u(n@)G (L2+G2)1/27(L2+G2)1/2
. G L
— sinhu ((L2 ST (2% G2)1/2) +O(1)
Part (c) follows from part (b) as in Lemma A.1.2. O
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B.2 Gerver’s mechanism

B.2.1 Gerver’s result in [G1]

We summarize the result of [G1] in the following table. Recall that the Gerver

scenario deals with the limiting case x — oo, u — 0. Accordingly @); disappears at

infinity and there is no interaction between ()3 and ()4. Hence both particles perform

Kepler motions. The shape of each Kepler orbit is characterized by energy, angular

momentum and the argument of periapsis. In Gerver’s scenario, the incoming and

outgoing asymptotes of the hyperbola are always horizontal and the semimajor of

the ellipse is always vertical. So we only need to describe on the energy and angular

momentum.
Ist collision | @(—gpey, &9+ €1) | 2nd collision Q(e3,0)
Qs Q4 o Q4
energy —1/2 1/2 —1/2 —ﬁ 1/2 — ﬁ
angular momentum | €1 = —&op pP1 — —P2 —co \/560
eccentricity €0 — €1 €1 — &g
semimajor 1 1 1 — (2)? 1 __0
semiminor €1 — &g P1 — P2 €0 — g \/550 — \/551
Here
Pra = YEVVAAXAR) L ey
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and (X,Y") stands for the point where collision occurs (the parenthesis after @ in
the table). We will call the two points the Gerver’s collision points.

In the above table ¢y is a free parameter and e; = \/1—753.

At the collision points, the velocities of the particles are the following.

For the first collision,
() (e
goe1 +1 egoe1 +1 Rp,” Rp,
2 Y 1
U;—: 60 ) 81 ) Ué_l‘—: _]-+_7__ .
€01+ 1 goe1 +1 Rps™  Rp

For the second collision,

— -1 2 -1 — 2
(32 () 5-02) - (29)
€ €o €0 €o € €0

B.2.2 Numerical information for a particularly chosen ¢y = 1/2

V3

1
For the first collision ej : 3 — -

We want to figure out the Delaunay coordinates (L,u, G, g) for both Q3 and Q.

(Here we replace ¢ by u for convenience.) The first collision point is

V3 1+\/§>

(X, Y) = (—8061,50 +€1) = ( 1 5

Before collision

) 3
(L,u,G,g)5 = (1, —%, \/7—,7r/2> . (L,u,G,g); = (1,1.40034, p;, — arctan p;),

where

Y+ YVIFAX T R) - V5T?2
i ;( R _ (50+5l); TR 52798125,
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After collision

2 1
—W, —5,7r/2) . (L,u,G,9)f = (1,0.515747, —po, — arctan py),

<L7U7Gag>§_ = <]-7 3

where

L Y Y2+ A4X+R)  —(eo+e1)— b+ 20E1
2

= = = —1.894006654.
P 2 2

1

For the second collision ej : \/75 — 5
1
The collision point is (X,Y) = (e2,0) = (Z_L’ 0)
Before collision
1 2
(L,u,G,g); = (1, —%, —3 7r/2) . (Lyu,G,g); = (1, 0.20273,v/2/2, — arctan \/7_> )
After collision
1 = 1

1
(L,u,G,9)s = ( ,—7?/2) . (Lyu,G 9)f = <—,—O.45815,\/§/2,arctan ?) .

VB v

B.2.3 Control the shape of the ellipse

proof of Lemma 2.2.1. Using Lemma 2.2.2, we only need to control the shape of the
ellipse in the case studied by Gerver, i.e. u=1/y = 0. We use the Lemma 5.3.3.1
again. The idea of the computation is similar to the proof of Lemma 3.3.9. The only
difference is, we replace the two conditions used in the proof of Lemma 3.3.9 by the

following: the incoming and outgoing asymptotes of the hyperbola are assumed to

. . . G, i
be horizontal, i.e. we substitute g; = — arctan — and g = arctan —i. We can
4 Ly

still compute the derivatives of F3, G5, g4 w.r.t. ¢ for the second collision. Then
2G5 E3dGs + G3dE;

V1—-2G2E;

we use the formula e3 = /1 — 2G%E3 to obtain dez = —
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0 0q
So we first obtain the two entries g% _ —0.158494 and 99 _ 0.369599. The
8w2 3¢2

meanings of the two entries are the changes of the eccentricity and argument of

periapsis after the second collision if we vary the phase of the second collision.

. Oe g :
We need more work to figure out the two entries =2 and ﬁ, which are the changes

I dr

of the eccentricity and argument of periapsis after the second collision if we vary

the phase of the first collision. We use the relation

ey  0és OBf  0é3 0G§  Oes 0gf
= — + = + ===
oy OB oy OGT Oy 0gy Oy

The reason is, if we vary 1, in the first collision, then this will vary the shape of the
ellipse after the collision, i.e. E*, G§,g4. We notice that the quantities F3, G, g3
after the first collision is the same as those before the second collision. we replace

some of the By, G&, g by Ey, G5, 5 to obtain the following form

des  Oes OEf ~ Oey 0G3  0es 075
O OFE; 01 0G; O Ogy 0Py’

Similarly we have

dgs  0gs OE5 = 0gs 0GY 073 055
o1 OBy 019Gy O dgz 0Py’

OEF 0GE dgt
du1’ 91 Dy

) (€3, g3), we need more work when computing the

As the proof of Lemma 3.3.9, we immediately obtain ( ). To obtain

0 0 0
OE; 0G5 975

second collision. Now we consider the second collision only.

the remaining (

This time, we consider in equation (5.3.23) the variables E5 , G5, g5 as variables as
contrast to treating them as constants as we did in the proof of Lemma 3.3.9.

We still denote the implicit function as F = 0. We obtain the 7 x 7 matrix
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OF
O(Ey, Gy, 95, B, Gy, Gy )
O(E5, Gy, 95, B, Gy, G o)
(¢, By, Gy, 95)

. Therefore we can compute the derivatives

using the implicit function theorem in the following

way
OF ONES G g5, Ef,GI. G ,7r) . OF
O(Es,GY, 93, Ef,GI,Gy,7) (v, E5,G3 ., 93) 0, By, Gy,95)
- déy 993 :
This is enough for us to work out —— and ——. It turns out that the resulting
I oXl}

matrix is

0¢ 09 20725 2.9

Do Oy | _ 0.620725  2.9253

dez  0gs ’

— = —0.158494 0

Oy Oty
which is obviously nondegenerate. O
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