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CHAPTER I

INTRODUCTION

This  s tudy  was i n i t i a t e d  because  o f  i n t e r e s t  in  the  work r ep ort ed  

by A. V. Hae f f  ( 2 ) ,  in which a m p l i f i c a t i o n  was d i s c o v e r e d  in a s i n g l e  beam 

o f  moving e l e c t r o n s .  In the  same paper ,  r e s u l t s  o f  exper i ment s  on a mixed 

p a i r  o f  e l e c t r o n  beams o f  d i f f e r e n t  v e l o c i t i e s  were r ep o r t e d ,  and a 

s imple  t h eo ry  o f  a m p l i f i c a t i o n  in such a mixed beam was p r e s e n t e d .  The 

s i n g l e  beam a m p l i f i c a t i o n  was e x p l a i n e d  on the b a s i s  o f  the  space  charge  

d e p r e s s i o n  o f  p o t e n t i a l  i n  the  beam ( s e e  Appendix 3) .  Experimental  data  

i n d i c a t e d  g a i ns  o f  60 db were p o s s i b l e  in t h i s  d e v i c e ,  in f a c t  the  g a i n s  

were as good as t h o se  o f  the double  beam tubes  t e s t e d ;

The t h eory  which was used to e x p l a i n  the  double  stream ga i n ,  as i s  

shown l a t e r ,  g i v e s  r e s u l t s  which i n d i c a t e  t h a t  no ga in  may be o b t a i n e d  

in an e l e c t r o n  s tream u n l e s s  two groups o f  e l e c t r o n s  o f  f i n i t e l y  d i f 

f e r e n t  v e l o c i t i e s  dominate the  s i t u a t i o n .  The e x i s t e n c e  o f  gain due to  

d e p r e s s i o n  o f  p o t e n t i a l ,  where a more or l e s s  c ont i n uous  v e l o c i t y  range  

o f  e l e c t r o n s  e x i s t s ,  i s  c o n t r o v e r s i a l .  The b a s i c  d i f f e r e n c e  i n  the two 

c a s e s  i s  t h a t  the  space  charge d e pr e s s e d  beam has a s p a t i a l  d i s t r i b u t i o n  

o f  e l e c t r o n s ,  in  c o n t r a s t  to the  assumed homogeneous mixture  o f  the  

t h e o r y .

S h o r t l y  a f t e r  the  p u b l i c a t i o n  o f  t h i s  paper,  the w r i t e r  v i s i t e d  

Dr. Haef f .  At t ha t  t ime Dr. Hae f f  e x pr e s s ed  i n t e r e s t  in de t ermi n i n g  the  

a c t u a l  e l e c t r o n  v e l o c i t i e s  in t he  s i n g l e  s tream tube ,  but t h i s  was never  

done.  Some t ime l a t e r  i t  was dec i ded  by the  author  to a t t ack  t h e o r e t i 

c a l l y  the  problem o f  wave propagat ion  in the  space  charge de pr es s ed  beam, 

and to at t empt  to r ep ea t  H a e f f ’ s exper iment ,  wi th c o n d i t i o n s  more c l o s e l y  

r e l a t e d  to t ho se  which can be t r e a t e d  t h e o r e t i c a l l y .



CHAPTER I I

THEORETICAL CONSIDERATIONS

The b a s i c  methods used in s o l v i n g  problems o f  wave p r op a g a t i o n  in  

e l e c t r o n  s t reams  were e s t a b l i s h e d  by Hahn (3)  and Ramo ( 1 2 ) .  This  p r o

cedure ,  o r i g i n a l l y  a p p l i e d  to the k l y s t r o n ,  i n v o l v e s  c e r t a i n  l i m i t i n g  

assumpti  o n s :

1. A l l  t i m e - v a r y i n g  q u a n t i t i e s  in the beam are assumed to be much 

s m a l l e r  than the  c or r e s p o nd i n g  s t a t i c  v a l u e s ,  e xce pt  f or  the  e l e c t r i c  and 

magnet ic  f i e l d s ,  which may not  e x i s t  exce pt  in the p r e s e n c e  o f  d i s t u r b 

ances  .

2. Wave f u n c t i o n s  are assumed to be harmonic and o f  the  form

f  (x 3 y) e-ja) t"y  z . co i s  the angular  f requency  o f  the d i s t u r b a n c e ,  t i s  

t ime,  z the  d i s t a n c e  in the d i r e c t i o n  o f  wave p r o p a g at i o n ,  and y  i s  the  

pr op a g a t i o n  c o n s t a n t ,  which i n d i c a t e s  the v e l o c i t y  o f  p r op a ga t i on  and/or  

r a t e  o f  a m p l i f i c a t i o n  or a t t e n u a t i o n .

Other as sumpt i ons  may be n e c e s s a r y  for  a p a r t i c u l a r  problem.  The 

g en e r a l  Hahn-Ramo method s o l v e s  the  problem by p r o c ee d i n g  d i r e c t l y  from 

Maxwel l ' s  e q u a t i o n s  and the  e q u a t i o n s  o f  c o n t i n u i t y  o f  charge and o f  

motion o f  a charged body.  A c h a r a c t e r i s t i c  equat ion  i s  u s u a l l y  found,  

the  s o l u t i o n s  o f  which g i v e  c h a r a c t e r i s t i c  v a l u e s  o f  y . '  In some c a s e s ,  

in p a r t i c u l a r  t h o se  o f  c ont i nuous  v e l o c i t y  d i s t r i b u t i o n s ,  no c h a r a c t e r 

i s t i c  e qu a t i o n  e x i s t s ,  f or  the s o l u t i o n s  are dependent  on the  impressed  

boundary c o n d i t i o n s  o f  a d i f f e r e n t i a l  e qu a t i o n .  This  d i f f e r e n t i a l  equa

t i o n  i s  d e r i v e d  in Appendix 1, and i s  d i s c u s s e d  s u b s e q u e n t l y .

Macfarlane  and Hay have p u b l i s h e d  a t h e o r e t i c a l  paper e n t i t l e d  

“ The S l i p p i n g  Stream A m p l i f i e r "  ( 6) .  They o b t a i n  r e s u l t s  in which ampl i 

f i c a t i o n  i s  o bt a i n e d  in a beam in which t her e  i s  a v e l o c i t y  g r a d i e n t  in 

a d i r e c t i o n  t r a n s v e r s e  to the motion o f  the  e l e c t r o n s .  A c l o s e  examina-
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t i o n  r e v e a l s  t h a t  the  s o l u t i o n  I s  q u i t e  dependent  on the  p r e s e n c e  o f  a 

t r a n s v e r s e  magnet ic  f i e l d  and t r a n s v e r s e  e l e c t r o n  mot ion.  The tube  

d e s c r i b e d  o p e r a t e s  in many ways l i k e  a magnetron.  In such a tube the  

c r o s s e d  e l e c t r i c  and magnet ic  f i e l d s  a l low the e l e c t r o n s  to move i n t o  

p o s i t i o n s  in which they  may i n t e r a c t  wi th  f i e l d s  o f  the  proper phase to  

cause  energy to  be g iven  up to  the  f i e l d s  by the e l e c t r o n s .  The type o f  

tube d e s c r i b e d  by H a e f f  cou ld  not  p o s s i b l e  have o p e ra t ed  in such a mode,  

s i n c e  no t r a n s v e r s e  DC e l e c t r i c  and magnet ic  f i e l d s  were p r e s e n t .

S e v e r a l  w r i t e r s  (9)  (11)  have p u b l i s h e d  t h e o r e t i c a l  papers  on the  

a m p l i f i c a t i o n  c h a r a c t e r i s t i c s  o f  two t h i n  laminar e l e c t r o n  beams in c y 

l i n d r i c a l  c o o r d i n a t e s .  These r e s u l t s  i l l u s t r a t e  the  d e c r e a s e  in gain  

produced when the two groups o f  e l e c t r o n s  are p h y s i c a l l y  s e p a r a t e d .  They 

do n o t ,  however,  shed l i g h t  on the co nt i nu o u s  type o f  v e l o c i t y  d i s t r i b u t i o n

B i r d s a l l  ( 1 ) and Haus (4)  have a t t a c k e d  the problem o f  a homogeneous  

e l e c t r o n  beam with a r b i t r a r y  v e l o c i t y  d i s t r i b u t i o n ,  ex tended  to f i n i t e  

beams. They reach the  g en e r a l  c o n c l u s i o n  t h a t  in order  f or  a beam to  

have ga in  modes,  the e l e c t r o n s  must have a v e l o c i t y  d i s t r i b u t i o n  having  

two peaks ,  s e p a r a t e d  by a r e g i o n  o f  v e l o c i t y  in which t h er e  are r e l a t i v e 

l y  few e l e c t r o n s .  I t  i s  i n t e r e s t i n g  to no t e  t ha t  in n e i t h e r  c ase  did the  

author  suc ce ed  in o b t a i n i n g  an a n a l y t i c a l  c r i t e r i o n  f or  g a i n .  This  i s ,  

u n f o r t u n a t e l y ,  the  usual  r e s u l t .

The D i f f e r e n t i a l  Equat ion .  The eq u a t i on  which must be s o l v e d  in the  

a n a l y s i s  o f  a " s l i p p i n g "  s tream,  d e r i v e d  in Appendix 1, i s  w r i t t e n  below 

for  a two - d i me ns io n a l  C a r t e s i a n  beam and a 6 independent  c y l i n d r i c a l  beam.

d 2E „ CO2 CO2
“ 2  ̂ + ( y  + 2") ( 1 + t-  2—-—~n~2  ̂E2 = ®  ̂ ^d x z c 2 Ljco-yv o ( x)J ■

d2E l  dE 9 co2 co2
- V 1 + — ~—■ + ( y  + - 2 > < i  + r — = 0 (- }d r z r dr c 2 Ljco-yv ( r ) ] z

The s p e c i a l  c h o i c e  o f  v e l o c i t y  f u n c t i o n s  v q ( x ) and v q ( r )  i s  taken up in  

Appendix 3. The c h o i c e  o f  boundary c o n d i t i o n s  i s  not l i m i t e d .  Those
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c o n d i t i o n s  which seem most n a t u r a l  are ones  in which the  beam i s  l o c a t e d  

i n  f r e e  space  or i s  surrounded by p e r f e c t l y  c on d u ct i ng  metal  w a l l s .  The 

problems  are much s i m p l i f i e d  i f  t h e s e  w a l l s  are j u s t  at the edge o f  the  

beam i t s e l f .  Other ,  more c o m p l i c a t e d  boundary w a l l s  may be imagined,  but  

do not  bear on the  p r e s e n t  problem.

I f  a c y l i n d r i c a l  beam i s  c o n s i d e r e d ,  one boundary c o n d i t i o n  i s  
5 dE

Ez = = 0 at  r = 0 . Thi s  i s  n e c e s s i t a t e d  by the  p h y s i c a l  requirement

t h a t  the  f i e l d s  be f i n i t e  everywhere  f or  the  c y l i n d r i c a l  equat ion  ( 2_) has  

two i ndependent  s o l u t i o n s ,  one o f  which i s  f i n i t e  at  the  o r i g i n ,  the  o t h e r  

i n f i n i t e .  The f i n i t e  s o l u t i o n  has  a zero d e r i v a t i v e  at the o r i g i n .  A 

second boundary c o n d i t i o n  i s  t h a t  Ez i s  zero at the  c on d u ct i ng  wal l  o u t 

s i d e  the  beam. I f  t h e  beam i s  in f r e e  space ,  the  s o l u t i o n  must approach 

zero at  i n f i n i t y .  A C a r t es i a n  beam has Ez = 0 at  c on d u ct i ng  w a l l s ;  i f  i t

i s  in f r e e  space ,  the  s o l u t i o n  at i n f i n i t y  must v a n i s h .

I f  two boundary c o n d i t i o n s  be p l a c e d  on s o l u t i o n s  o f  ( 1 ) or  ( 2 ) ,  as  

i s  the  c a s e ,  o n l y  c e r t a i n  v a l u e s  o f  y  w i l l  s a t i s f y  both.  These are to be

de termined.  A p r i o r i  i t  might seem l o g i c a l  to at tempt  to apply t he  W.B.K.

(Wentze l ,  B r i l l o u i n ,  Kramers)method (5)  to t h i s  problem,  but the  l i m i t a 

t i o n s  o f  t h i s  method p r o h i b i t  i t s  us e .  Our approach w i l l  be f i r s t  by 

means o f  a n a l y s i s  o f  laminar  beams wi th d i s c r e t e  v e l o c i t i e s  and then by 

an a lmost  e x a c t  s o l u t i o n  o f  the C a r t e s i an  case .

Thin coupled  beams at  a d i s t a n c e .  Our f i r s t  approach to the  problem 

o f  a space  charge d e p r e s s e d  e l e c t r o n  beam i s  the a n a l y s i s  o f  e l e c t r o n  

beams which are deco up l ed  from one another  by moving them apar t .  Common 

s en s e  p r e d i c t s  t h a t  two beams which g i v e  a c e r t a i n  amount o f  gain when 

wel l  mixed,  w i l l  g i v e  l e s s  as they  are moved apart  so t h a t  t h e i r  coup-  

l i n g  f i e l d s  i n t e r a c t  l e s s .  An i n t e r e s t i n g  problem i s  t ha t  o f  adding a 

t h i r d  beam o f  i n t e r m e d i a t e  p o s i t i o n  and v e l o c i t y  to a s e t  o f  two beams.

Thi s  w i l l  be t r e a t e d  u s i n g  as the model a t h i n  beam ( t h i n  in the x 

d i r e c t i o n )  which e x t en d s  to i n f i n i t y  in the  y d i r e c t i o n  and t r a v e l s  

p a r a l l e l  to the  z a x i s  i n  which d i r e c t i o n  i t  i s  very l ong .  Because the
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beam i s  taken i n f i n i t e s i m a l l y  t h i n  ( f o r  mathemat i ca l  c o n v e n i e n c e ) ,  i t  

does  not  s u f f i c e  to make the  space  charge d e n s i t y  f i n i t e .  I t  must be 

i n f i n i t e ,  in  such a way t h a t  j  /oodx = c o n s t .  The beam may then be con-
A c r o s s  

B e am
s i d e r e d  the  l i m i t  o f  a p h y s i c a l  beam as the width i s  d e c r e a s ed  to zero .

The e qu a t i o n  to be s o l v e d  now i s  ( 1 ) .  Cons ider  three '  beams s i d e  by 

s i d e ,  as i n  Fi g .  l .  The s p a c i n g  i s  a, and space  charge  in the  two o u t e r  

beams i s  the  same, w h i l e  t h a t  in the c e n t e r  beam may be v a r i e d  i ndepend

e n t l y .  The t h re e  beams have v e l o c i t i e s  v ( 1- 8 ) ,  v , and v ( 1 +8 ) .  8 i so y o o
a measure o f  the  f r a c t i o n a l  v e l o c i t y  d i f f e r e n c e  o f  the  beams. They are 

in  f r e e  space .

Values  o f  y  sought  are always  near  j o > / v q , f or  rea s on s  made apparent

in Appendix I .  I t  i s  c o n v en i e n t  to use  t h i s  as an approximat ion to y

f or  the  s o l u t i o n  o u t s i d e  the  beams; in t h i s  r e g i o n ,  t he  equat ion  becomes

2

Ez + ( y 2 + - ^ t ) e 2 = o (3)

A f u r t h e r  approximat ion concerns  the  r e l a t i v e  v a l u e s  o f  v and c,  the  

v e l o c i t y  o f  l i g h t .  We assume v « c ,  and l e a v e  out  the  ao/c term, o b t a i n i n g
9 OJ2E + y *E = 0,  or approx i mate l y  (3a)  E" - —̂ -E = 0.  This  eq u a t i on  has  the

Z Z  Z  y  £ i Z

± CO o
e lementary  s o l u t i o n s  . The on l y  d i f f e r e n c e ,  p h y s i c a l l y ,  between

t h i s  s o l u t i o n  and the e xa ct  one,  i s  a smal l  change in the way in which 

the  f i e l d s  decay away from t he  beams. There are four  r e g i o n s  in which

the  s o l u t i o n s  o f  (3a)  are found.  They s h a l l  be denot ed  as f o l l o w s :
60 x

x < - a Ez = A^e vo

60x  =  60x

-a<x<0 Ez = A2e v° + B2e v°
60 x  °  60 x

0 <x<a E = A~ev° + B , e  T°z 3 3

° 0 )x

a<x Ez = B4e v°

The c o n d i t i o n s  under which the A and B may De e l i m i n a t e d  are the re-n n *

qui rement s  o f  c o n t i n u i t y  o f  the s o l u t i o n s  o f  Ez and o f  i t s  f i r s t  d e r i v a -

t i v e .  The use  o f  i n f i n i t e s i m a l l y  t h i n  beams r e s u l t s  in a s l i g h t l y

d i f f e r e n t  c o n d i t i o n ,  f o r  i f  eq u a t i on  ( 1 ) be i n t e g r a t e d  a c r o s s  one o f  the
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beams (from x - e to x + e ) , the  e qu a t i o n  becomes

2 2

( x+e)  -  E' ( x - e )  + E2 ( r 2A )  J***  , ■ ^ ° °  s i  = 0 .  ( 4 )
2 2 c 2 x e ( j ^ r v a ) 2

v n r e p r e s e n t s  the  v e l o c i t y  o f  the  p a r t i c u l a r  beam, coon t he  p lasma f requency
3C  ̂̂  2

I f  Qn be made to d e no t e  J \  and l e t t i n g  ( y 2+— ) be approximated by
CO2 X c

— 17, (4 )  becomes  v zo 2

E ; ( x + e ) - E ' ( x - e ) = ^   5 (4a)

The r e l a t i o n s  which the  four  s o l u t i o n s  and t h e i r  d e r i v a t i v e s  wi th r e 

s p e c t  to x must s a t i s f y  are c o l l e c t e d  below.

° COa -  COa CO a

at x =  -a :  A2e v° = A2e v° + B2e v° (5)
-C O a  ,  . -COa Ct>a — COa

at  x = 0

at  x = +a:

= A2e *0 + B2e

CO

( v P *
o 1

CO.
= __ [A,v iO

A3 +B3

CO

) ( —
V o P 2

II >

-COa

+ B 3 e  v = B„e

CO u>
— [ - B 4e
V

O

2 ~ 2 >  ̂y p ' “ ~ L"3 u 3 2 2
o 2  o

CO a -  CO-a = CO a

l3e

= CO a , , „ . -  CO a CO a -  CO a

B 4 e  '■777T- '  l " " 4 c  " ~ 3 C T  “ 3
I o
v( ico-yv ) 2

The Pn q u a n t i t i e s  r e p r e s e n t  —---------- -—- . In order  t h a t  t h e s e  s i x  e q u a t i o n s
coQ̂

be c o n s i s t e n t ,  the  de t ermi nan t  o f  the  c o e f f i c i e n t s  o f  and B must be
n n CO a

zero .  Let  us d e f i n e  a d e m e n s i o n l e s s  beam s p a c i n g  parameter  K = e v° •

The d e t er mi n a n ta l  eq u a t i on  a f t e r  q u i t e  a b i t  o f  r e d u c t i o n  i s  found to be

8^4P 1P 2P 3 + 4 \ 4( P 1P2+P2P3+P 1P3) (6)

+ 2(A.4- 1 )P2 + 2 \ 2(A.2- 1 ) ( P 1 P3) + ( 1 - A 2) 2 = 0

This  r e l a t i o n  i s  o f  the s i x t h  degree  in y ,  but i f  Qx = Q3 ( s pa c e

charge  in  o u t e r  beams e q u a l ) ,  i t  r educes  to a c ub i c .  S i n ce  the r e l a t i o n

would have e n t i r e l y  r e a l  c o e f f i c i e n t s  f or  a v a r i a b l e  j y ,  the s o l u t i o n s  

must be s a t i s f i e d  for both j y  and ( j y ) * t which means t h a t  i f  one s o l u t i o n
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has  a r e a l  p a r t  a,  anot her  has  the same Imaginary p a r t  but r e a l  p a r t  - a .

A new v a r i a b l e  i s  now d e f i n e d ,  which measures  the  d i f f e r e n c e  o f  y  

from a non-growi ng  wave wi th  phase  v e l o c i t y  v o . Thus we l e t
ja> y

J -   ( l - e ) , a n d  e = l  . I t  i s  n e c e s s a r y  i n  r e d u c i n g  ( 6 ) to make the
v o

V o

approximat ion y $ v o = ja>S, but the  q u a n t i t y  appears  i n  a p o s i t i o n  o f  

secondary  i mp ort ance .  F i n a l  r e d u c t i o n  o f  ( 6 ) g i v e s

CD- z *

* 1 * 2  + -  1 Z <
2

r S 4R.

R,
- R , — —

1 2
) + e 2 [ s 4 - r 1 s 2 +r 2 s 2

1 R1 1

T 2> +
_1_
4 ( 1 -"v4

§ 2 1 r ? r 9 1 9 .
+ * 1*2 2

( 1- j - 1 2 ( 1- 
^  8 c T * ’ ] = 0

_  co [co dx Q
The new q u a n t i t y  R i s  g iven by R = —  — 2-5— = - s-

n V co2 covo o
t e g r a l  i s  taken from one s i d e  to the o t h e r  o f  the  n th beam.

where the i n -
V co* cov

F i g u r e s  2 , 3, 4 show the  e f f e c t  o f  v ar y in g  each o f  the parameters  

R, 8, K, by p l o t t i n g  the l o c i  which the s i x  c h a r a c t e r i s t i c  v a l u e s  o f  e 

take as one parameter  at  a t ime i s  changed.

In each case  R, A., or 8 i s  v a r i e d ,  and the l o c u s  o f  the v a l u e s  e

p l o t t e d  as the  parameter  i s  v a r i e d .  In a l l  c a s e s  t h e r e  are s i x  modes.  

They appear in  two s e t s  o f  t h re e  which are n e g a t i v e s .  Thi s  i s  oecause  

of  the  e q u a t i o n ' s  b e i ng  a f u n c t i o n  o f  e 2 . Two o f  each o f  t h e s e  t h re e  

are complex c o n j u g a t e s  f or  c e r t a i n  ranges  o f  the p aramet ers ,  i n d i c a t i n g  

modes wi th ga in  and a t t e n u a t i o n .  Two o f  the s i x  modes are always  p u r e l y  

p r o p a g a t i o n a l , and have l a r g e  r e a l  e.

In the  F i g u r e s ,  l i b e r t y  has  been taken to m u l t i p l y  8 2 , R and e 2 by 

a f a c t o r  which makes t h e i r  magni tudes  o f  the  order  o f  u n i t y .  P r a c t i c a l  

v a l u e s  o f  S2 would be . 0 1  or  l e s s  and would r e s u l t  in v a l u e s  o f  € o f  the

order o f  . 1  wi th  R in the ne ighborhood o f  . 01 .  The p h y s i c a l  s i g n i f i c a n c e
c- Qo f  K, e , and o has  been e x p l a i n e d ;  R = —  — , and can be c a l c u l a t e d  for

V coz
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co co2Vil 27tW co2
a f i n i t e  oeam o f  width W : R = —  V  = ------  °— 9" - ^ i s  the  d i s t a n c eV C O 1 A. c o

o  e

t r a v e l e d  by an e l e c t r o n  at v e l o c i t y  vo dur i ng  one c y c l e  o f  the o p e r a t i n g
2ttW

f r eq u e nc y .  For beams narrow compared to X e , ------ may be o f  the  order  o f  1 .
*

i s  commonly . 0 1  or l e s s ,  making R o f  the  order  o f  . 0 1 .

The curve o f  F i gure  2 shows the  d e c r e a s e  o f  ga i n  o c c a s i o n e d  by a d d i 

t i o n  o f  c u r r e n t  to the  c e n t e r  beam. Gain v a n i s h e s  c o m p l e t e l y  when the  

c ur re nt  i n  the  c e n t e r  beam e q u a l s  65% o f  t ha t  in each o f  the  o t h e r s .

Oddly,  the  c ur re nt  i n  the  c e n t e r  beam a f f e c t s  very  l i t t l e  the  two propa-  

g a t i o n a l  modes.

Fi gure  3 i n d i c a t e s  the e f f e c t s  o f  i n c r e a s i n g  beam s p a c i n g .  The gain  

d e c r e a s e s  w h i l e  the  phase  v e l o c i t y  o f  the  modes remains  c o n s t a n t  u n t i l ,  

f or  X -  1 . 3 1 ,  ga i n  d i s a p p e a r s .  Again,  the  two p u r e l y  p r o p a g a t i o n a l  modes,  

be i ng  f u n c t i o n s  o f  the  two o u t e r  beams, vary but l i t t l e .

The f i n a l  curve ,  Fi gure  4, shows what happens as S ,  the  v e l o c i t y

s e p a r a t i o n ,  i s  v a r i e d .  For smal l  v e l o c i t y  d i f f e r e n c e ,  i n t e r a c t i o n  i s  i n 

s u f f i c i e n t  to produce  g a i n ,  as i s  a l s o  t rue  for  e x c e s s i v e l y  high v e l o c i t y  

di  f f e r e n c e .

For the  s p e c i a l  case  o f  zero c ur re nt  i n  the c e n t e r  beam, i t  i s  

s i mpl e  to invoke  a l i m i t i n g  c o n d i t i o n  f or  gain ( t h e  zero d i s c r i m i n a n t  o f  

the  r e s u l t i n g  q u a d r a t i c ) .  Thi s  g i v e s  as a c r i t e r i o n  for  the  p r e s e n c e  o f  

gain

s 4 _ R  S 2 +  ( l - 1 , )  <  0  . ( 8 )
1 4 X 4

When the t h i r d  beam i s  p r e s e n t ,  i t  i s  s t i l l  p o s s i b l e  to s e t  up a c o n d i t i o n

o f  t h i s  t yp e ,  but i t  i s  much l e s s  s impl e .

The same method may be employed to s o l v e  the  problem o f  four or more 

t h i n  beams i n  f r e e  space ,  but i t  i s  easy  to imagine  the  g r e a t e r  d i f f i 

c u l t y  as the  number o f  e q u a t i o n s  i n c r e a s e s .  When the  method i s  a p p l i ed  

to a t h i n  c y l i n d r i c a l  beam, as i s  f ormulated  by Parzen ( 9 ) ,  the c o e f f i -
C O a

c i e n t s  in each e q ua t i on  are not  s imply e T° , but zero and f i r s t  order  

B e s s e l  f u n c t i o n s .  C r i t e r i a  for  gain  are c o r r e s p o n d i n g l y  d i f f i c u l t  to
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o b t a i n  and t h e r e  i s  n o t h i n g  to i n d i c a t e  t ha t  the  r e s u l t s  would oe v i t a l l y  

d i f f e r e n t  from t h os e  o f  the  C a r t e s i a n  problem.

The p o i n t  to be made by the  f o r e g o i n g  i s  t h a t  the p h y s i c a l  s e p a r a 

t i o n  o f  beams wi th  d i s c r e t e  v e l o c i t y  d i f f e r e n c e s  does  n o t  i n t r o d u c e  any 

new e f f e c t s  but merely  d e c r e a s e s  t endency  toward a m p l i f i c a t i o n .  The 

a d d i t i o n  o f  c o n d u c t i n g  w a l l s  near the beam w i l l  have some e f f e c t  on the  

g a i n ,  in g e n er a l  to d e c r e a s e  i t ,  s i n c e  the  Ez w i l l  oe l e s s  everywhere ,  

g o i n g  to zero at  t he  conduct or  i n s t e a d  o f  at  i n f i n i t y .  Les s  l o n g i t u d i 

nal  f i e l d  w i l l  produce l e s s  beam i n t e r a c t i o n ,  and g i v e  l e s s  ga in .

C a r t e s i a n  c a s e ,  co nt i n u o u s  v e l o c i t y  d i s t r i b u t i o n .  Equat ion ( 1 ) may

be s o l v e d  a lmost  e x a c t l y ,  f or  a r b i t r a r y  boundary c o n d i t i o n s ,  Dy use o f  a

t r a n s f o r m a t i o n  o f  v a r i a b l e s 1. The eq u a t i on  must be s i m p l i f i e d  by e n m i 
ty2

n a t i o n  o f  the  v e l o c i t y  o f  l i g h t  t e r m — -  . The e qua t i o n  which can De
c^

s o l v e d  i s

d 2E
, + r 2 ( l + f - ------^°  . 2 ) Ez = 0 (9 )

dx"* [j  c o - - y v o ( x ) ] 2

The v e l o c i t y  v o(x )  i s  assumed l i n e a r  in x,  which i s  s u f f i c i e n t l y  ge ne ra l
co+jyv ( x )  dv

to be o f  i n t e r e s t .  The s u b s t i t u t i o n  u = ---------- -------  i s  made, and i f
dvn dx
dx°

be denot ed  by v  ̂ , the  equat ion  (9)  r ed uces  to the form

d2E co2
~ 2 L - < 1----^2“ 2> Ez = 0 *duz V . U *  2o

which i s  f r e e  o f  e x p l i c i t  dependence on y  . The boundary c o n d i t i o n s  are 

c o n s i d e r a b l y  a l t e r e d .  I f  the beam i s  e n c l o s e d  at each edge by conduct i ng  

p l a n e s ,  the  c o n d i t i o n s  t h e re  are s t i l l  Ez = 0; i f  the beam i s  in f r e e

space ,  the  s o l u t i o n  o f  E" + y 2E = 0,  o u t s i d e  the oeam must be e jrx on
1 dE 1 dE

the  p o s i t i v e  x s i d e ,  so —  ------  = +jy  i s  r e p l a c e d  b y —    = - 1. On
E dx E du

Z Z

the  n e g a t i v e  x s i d e ,  the  c o n d i t i o n  i s  the n e g a t i v e  o f  t h i s .

The unknown q u a nt i t y  i s  the mapping o f  the  range o f  x acros s  the  

oeam i n t o  the  complex u p l an e .  Herein l i e s  the  most important  s t e p .  

C e r t a i n l y ,  (.10) c o n t a i n s  no r e f e r e n c e  to beam width,  and condu ct ing  p l a t e s

1F i r s t  u se d  by M a c fa r la n e  and Hay ( 6 ) ,  on a d i f f e r e n t  problem
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in the  p h y s i c a l  model c e r t a i n l y  have no s i m i l a r  r e p r e s e n t a t i o n  in the u 

p l a n e .  As i t  happens ,  the  problem must be s o l v e d  in a backhanded ( p e r 

haps  even underhanded)  way. Two v a l u e s  o f  u ( u A and u B) must be found

at  which the  boundary c o n d i t i o n s  at  the beam edges  ( x A and xB) are 

s a t i s f i e d .  I t  w i l l  be shown t h a t  t h e r e  are i n f i n i t e l y  many s e t s  o f  such 

v a l u e s  o f  u. u A and u R a l s o  must s a t i s f y  o t h e r  c o n d i t i o n s ,  in t h a t  for  

sane complex y  and f or  g i ve n  v ( x A) and v ( x B) they  must t rans form i n t o

r e a l  v a l u e s  o f  x.  For g i ve n  v ( x A) and v ( x R) t her e  are  a c ount ab l e  s e t

o f  such u A and u D.A  B

Fi gure  7 shows two p o i n t s ,  marked A and B, in  the  complex u p l a n e .

In Appendix 3 i t  i s  shown t ha t  f or  l i n e a r  v e l o c i t y  v a r i a t i o n ,  v^ = co . 

This  i s  the  c a s e  t h a t  w i l l  be d i s c u s s e d .  The a d d i t i o n a l  r equirements  on 

u A and u B are i l l u s t r a t e d .  S i n ce  u i s  l i n e a r  i n  x and, more d i r e c t l y ,  in  

v o ( x ) , no te  t h a t  the  l i n e  j o i n i n g  uA and uB must p a s s  through
CO CO CO CO

u = -------—  = —-  = -----  . (For p r a c t i c a l  t u b e s —  i s  o f  the  order  o f  10 or
dv /dx v co co

o  /  . o o o
CO

g r e a t e r . )  u and u must a l s o  be the  proper  d i s t a n c e s  from u = ----  so
A a  COO

t h at  the  r a t i o  o f  t h e s e  d i s t a n c e s  e q u a l s  the r a t i o  o f  v A to vB. A f u r t h e r  

r equirement  may be p l a c e d  upon gain modes,  namely t ha t  uA and u B f a l l  in  

the  f i r s t  and second quadrants  o f  the u p l a n e ,  or ,  a l t e r n a t e l y ,  in the  

f o u rt h  and t h i r d  quadrants .  This  i s  n e c e s s a r y  for  r e a s on s  g i ven  in 

Appendix 5 . The meaning o f  such a requirement ,  p h y s i c a l l y ,  i s  t hat  the  

phase  v e l o c i t y  o f  the  growing wave cannot  be g r e a t e r  than the  v e l o c i t y  

o f  the  f a s t e s t  e l e c t r o n s  or l e s s  than t h a t  o f  the  s l o w e s t .

Now t hat  i t  has  been e s t a b l i s h e d  how the  v a l u e s  u A, uR must l i e ,  we 

s h a l l  i n v e s t i g a t e  what p r o p e r t i e s  Ez ( u ) ,  the s o l u t i o n  to (10.) must have  

at t h e s e  p o i n t s ;  The s i m p l e s t  boundary c o n d i t i o n s ;  t h o s e  o f  condu ct ing  

w a l l s  at  xA and x B, r e q u i r e  Ez( x A) = Ez ( x B) = 0 = Ez ( u A) = E2 ( u B) .  The 

s o l u t i o n  Ez (u) must,  then,  have z er o s  at  u A and u B, in  which c a s e ,  i f  

the  u A and u„ s a t i s f y  the  o t h e r  s t a t e d  c o n d i t i o n s ,  E (u) a long  the l i n eA d &
j o i n i n g  uA and u B g i v e s  the s o l u t i o n  a long  the c o r r es p on d i n g  segment o f  

the  x - a x i s .  No o t h e r  p a r t  o f  the u p l ane  a f f e c t s  t h i s  p a r t i c u l a r  

s o l u t i o n .
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In or de r  to f i n d  uA and u fi s a t i s f y i n g  the r eq u i r emen t s ,  Ez (u) must 

be de termined  over  a l a r g e  p a r t  o f  the complex u p l a n e .  Even more than 

t h i s ,  s i n c e  (10)  i s  o f  the  second order ,  Ez(u)  may be any o f  a wide range  

o f  f u n c t i o n s .  Thi s  wide range o f  f u n c t i o n s  are a l l  l i n e a r  combinat ions  

o f  two i ndependent  s o l u t i o n s  o f  ( 1 0 ) .  Let  a p a r t i c u l a r  p a i r  be c a l l e d  

f x(u)  and f 2( u ) .  The g e n e r a l  s o l u t i o n  i s  f x(u) - <fif2 ( u ) ,  in  which <p i s  

an a r b i t r a r y  complex number. Al l  we are r e a l l y  i n t e r e s t e d  in about the  

s o l u t i o n s  i s  t h e i r  z e r o s ,  s i n c e  u A and u B must be p i c k e d  from them. A
f

zero  o f  f j  « <pt2 makes 4> = —-  . A l l  z eros  o f  a l l  l i n e a r  c ombi nat i ons  can
f  i f 2

be found by p l o t t i n g  —  . I f  we choose  a p o i n t  i n  the u p l a n e  at  ran-
I tdom, and <p = <p t h e r e ,  we s earch  f o r  o t h e r  p o i n t s  where —-  = d> » Theseo *■ ^  o
A 2

p o i n t s  are a l l  z e r o s  o f  some p a r t i c u l a r  s o l u t i o n  o f  (iQ.).  U s u a l l y ,  curves
f ,

can be drawn in  the  u p l an e  a l ong  which —- v a r i e s  p e r i o d i c a l l y  through the
^2

same s e t  o f  v a l u e s .  These we s h a l l  c a l l  the l o c i  o f  zeros  o f  the  s o l u t i o n s ; 

and on t h e s e  the  ne xt  arguments w i l l  be based.

Let  us  c o n s i d e r  the  eq u a t i on

d2E 1
— z + - j  Ez = 0.  
duJ u z

For u s u f f i c i e n t l y  l e s s  than u n i t y  in  a b s o l u t e  v a l u e ,  (IQ.) reduces  

to ( 1 1 ) .  S i m i l a r l y ,  the  s o l u t i o n s  o f  (10.) w i l l  become as ympt ot i c  to

t h o s e  o f  (11)  i n  the  same r e g i o n .

The s o l u t i o n s  o f  (.11) are r e l a t i v e l y  s impl e .  Two o f  them are
nT3 T3

Sin ( —  In u) and >Ju Cos (—  In u) . The z er os  o f  t h e s e  f u n c t i o n s  l i e  
2 2

on the  p o s i t i v e  r e a l  u a x i s ,  s i n c e  v a l u e s  o f  u on the p o s i t i v e  r ea l  a x i s

map onto both s i d e s  o f  the  r ea l  In u a x i s ,  on which a l l  the z er o s  o f

Sin Z and Cos Z are l o c a t e d .  The z eros  o f  t h e s e  two f u n c t i o n s  are shown

p l o t t e d  vs .  In u i n  Fi gure  5. They are e q u a l l y  spaced in the  In u p l a n e ,

but crowd t o g e t h e r  at u = 0 in the  u p l a n e .  The f u n c t i o n  which i s  the
>T3

r a t i o  o f  t h e s e ,  Tan (— - I n  u ) ,  has i t s  z e r o s  where the  z er os  o f
>T3 2 >13

Sin  ( In u) are ,  and p o l e s  where the  z e r o s  o f  Cos (—  In u) are .  The
2 2

l o c i  o f  z e r o s  o f  a r b i t r a r y  s o l u t i o n s  o f  (11 )  in the In u p l an e  are h o r i 

z o n t a l  l i n e s .  In the  u p l ane  t h e s e  become r a d i a l  l i n e s .
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The n e x t  s t e p  i s  to de t ermi ne  in what way the  l o c i  o f  z e r o s  o f  s o l u 

t i o n s  o f  (10 )  d i f f e r  from t h e s e  r a d i a l  l i n e s .

I f  j u  i s  s u b s t i t u t e d  f or  u in ( 1 0 ) ,  the  equat ion  becomes

d2E, 1 (12)
d( j u )  1 ( j u )

For r e a l  j u ,  t h a t  i s ,  imaginary u, the  s o l u t i o n s  o f  (12)  w i l l  be o s c i l l a 

t o r y ,  wi th  z e r o s  l y i n g  on the  Im u a x i s  as shown on the  l e f t  s i d e  o f  

F i gur e  6.  The accumulat ion  o f  z e r o s  toward the  o r i g i n  i n d i c a t e s  a branch 

p o i n t  and e s s e n t i a l  s i n g u l a r i t y  t h e r e  as in  the  a s y mp to t i c  f u n c t i o n s .

The l o c i  o f  z e r o s  o f  a r b i t r a r y  s o l u t i o n s  o f  ( 1 2 ) ,  which a l s o  q u a l i f y  as 

z er os  o f  s o l u t i o n s  o f  ( 1 0 ) ,  l i e  as i l l u s t r a t e d  in the  o t h e r  p a r t  o f  

Fi gure  6.  S i n ce  f ( - u )  and f ( u )  are both f u n c t i o n s  s a t i s f y i n g  ( 1 0 ) ,  a l l  

l o c i  have n e g a t i v e  c o u n t e r p a r t s .

The s earch  for  p o i n t s  which s a t i s f y  a l l  r equi rement s  on uA and u0 

i s  f r u i t l e s s ,  f or  none o f  the  l o c i  i l l u s t r a t e d  in Fi gure  6 could  pass  

through two such p o i n t s  as are shown in Figure  7.  We conc lude  t ha t  no 

gain modes are p o s s i b l e .

This  hav i ng  been e s t a b l i s h e d ,  we turn to the modes which do not  

g i v e  ga in .  The i r  u A and uB are not  l i m i t e d  by requi rement s  o f  f a l l i n g  

i n t o  c e r t a i n  quadrants ,  as they l i e  on the r e a l  u a x i s .  They must,  how- 

e ve r ,  be spaced a p p r o p r i a t e l y  wi th r e s p e c t  to the  —  p o i n t .  Within the
CO

o
l i m i t a t i o n s  o f  u A and u g f o r  a p a r t i c u l a r  s e t  o f  v A and v B, two s e t s  o f  

a pp ro p r ia t e  p o i n t s  uA and uB can be found,  one s e t  o f  which l i e s  on the  

p o s i t i v e  rea l  a x i s ,  one on the n e g a t i v e  rea l  a x i s .  These g i v e  r i s e  to  

two s e t s  o f  c h a r a c t e r i s t i c  v a l u e s  o f  y ,  one o f  which g i v e s  waves wi th  

phase  v e l o c i t y  >vA and the o t h e r  wi th  phase  v e l o c i t y  <v B, so no p o s s i b l e  

waves have the  v e l o c i t y  o f  any o f  the  e l e c t r o n s .  The l o w e s t  modes,  with  

v e l o c i t y  most d i f f e r e n t  from e l e c t r o n  v e l o c i t i e s ,  have Ez o f  uni form s ign  

from xA to x0 : the n e x t  modes,  wi th v e l o c i t i e s  c l o s e r  to e l e c t r o n  v e l o c i 

t i e s ,  have E z p o s i t i v e  for  some par t  o f  the beam, n e g a t i v e  f or  the r e s t .  

Such a mode i s  hard to d e t e c t ,  for  most d e t e c t o r s  i n d i c a t e  an i n t e g r a t e d  

v a l u e  o f  the  f i e l d  over  the beam. The o t h e r  modes are o f  s u c c e s s i v e l y
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h i g h e r  o r de r ,  and t h e i r  o n l y  importance  in  p r a c t i c e  i s  the power which 

they  make u n a v a i l a b l e  f or  o ut put .  The modes o f  the  C a r te s i a n  c o o r d i n a t e  

beam have v e l o c i t i e s  very s i m i l a r  to t h o s e  c a l c u l a t e d  f o r  a c y l i n d r i c a l  

beam in Fi gure  8.

I t  i s  p o s s i b l e  to f i n d  modes with very  l a r g e  gain  when coo=* o>. These  

may be i n t e r p r e t e d  as o s c i l l a t i o n s  o f  the  plasma.  They are not  p r a c t i c a l  

f o r  use  in a tube ,  f or  in  a d d i t i o n  to the i n h e r e n t  i n s t a b i l i t y ,  the prob

lem o f  a t t a i n i n g  plasma f r e q u e n c i e s  o f  the order  o f  3000 me. i s  d i f f i c u l t .  

An a d d i t i o n a l  c o m p l i c a t i o n  i s  the  l a r g e  d i f f e r e n c e  in v e l o c i t y  a c r o s s  the  

beam r e q u i r e d  to s a t i s f y  t h e s e  modes.

We re t urn to t he  s o l u t i o n s  o f  e quat ion  ( 10J when the  v e l o c i t y  g r a d i 

ent  v'  i s  g r e a t e r  than or l e s s  than coo . The form o f  the s o l u t i o n s  w i l l  

be s i m i l a r  to t h o s e  d i s c u s s e d  above f o r  s m a l l e r  v e l o c i t y  g r a d i e n t s ,  ex

c ep t  t he  c h a r a c t e r i s t i c  v a l u e s  o f  the  p r op a ga t i on  c o n s t a n t  y  w i l l  be more 

t i g h t l y  grouped.  I f  the  g r a d i e n t  v ' e q u a l s  or e xceeds  2a>o , the  mathe

m a t i c a l  s o l u t i o n s  show o n l y  two p o s s i b l e  v a l u e s  o f  y ,  which g i v e  v e l o c i 

t i e s  c o r r e s p o n d i n g  to the  beam v e l o c i t y  at  the  two edges .  For v e l o c i t y  

g r a d i e n t s  o f  t h i s  s i z e ,  the  assumpt ion o f  a p l ane  wave s o l u t i o n  i s  some

what q u e s t i o n a b l e ,  anyhow. P a r t i c u l a r l y  s i mp l e  s o l u t i o n s  are d e r i ved  

when v'  = 2co } b e i n g  r e d u c i b l e  to  B e s s e l  f u n c t i o n s .  These s o l u t i o n s  wereo o 3 &
examined in d e t a i l  and found to produce no gain modes.

When the  beam i s  in f r e e  s pac e ,  wi th no condu ct ing  w a l l s ,  the bound-
dE ,

ary c o n d i t i o n s  at the  beam edges  are ----- /E„ = . In terms o f  u t h e s e
dE

are s imply — - / e = +1. Let  us again c o n s i d e r  an a r b i t r a r y  s o l u t i o n  o f
du z dE

( 1 0 ) ,  c h a r a c t e r i z e d  by i t s  l o c u s  o f  z er o s .  I t s  d e r i v a t i v e  f u n c t i o n - — !— ' du
a l s o  has  z e r o s  a long  approx imate ly  the  same l i n e ,  f or  the  approximate

symmetry o f  the  f u n c t i o n  about the  l o c u s  r e q u i r e s  i t .  The matching  
dE

f u n c t i o n  — - /E  has  a l t e r n a t i n g  zeros  and p o l e s  a long  the l o c u s ,  
du z

dE .
I n t u i t i o n  shows t h a t  the p o i n t s  at which the  f u n c t i o n  ---- - / E ,  has

du z
v a l u e s  o f  ±1 l i e  a long  a l i n e  which i s  very near ,  but not  n e c e s s a r i l y  

c o i n c i d e n t  wi th  the  f i r s t .  Again,  i t  seems n e c e s s a r y  to draw the con

c l u s i o n  t h a t  the  type o f  modes which p r opagat e  do not  i n c l u d e  smal l  gain
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with smal l  r a t i o  o f  plasma f requency  to o p e r a t i n g  f requency .

When the beam i s  e n c l o s e d  by condu ct ing  w a l l s  at a d i s t a n c e ,  the  

t r a n s f o r m a t i o n  o f  boundary c o n d i t i o n s  i s  c o m pl i c a t e d .  The nat ure  o f  the  

f r e e  beam s o l u t i o n s  f o r  t h in  laminar  beams i n d i c a t e s  t h a t  moving the  con

d u c t i n g  w a l l s  away from the beam does  not  i n t r o d u c e  new r e s u l t s .

The c a s e  o f  an e l e c t r o n  beam i n  which the v e l o c i t y  d i s t r i b u t i o n  has  

even symmetry about the  c e n t e r  i s  e a s i l y  i n v e s t i g a t e d ,  f o r  the  symmetry 

o f  v e l o c i t y  r e q u i r e s  even or odd symmetry i n  the  s o l u t i o n .  For odd sym

metry,  the  s o l u t i o n  must be zero in  the  c e n t e r ,  which p u t s  i t  in the  

c l a s s  wi th beams c o n f i n e d  by c o n d u c t i n g  p l a t e s .  For the  s o l u t i o n s  with  

even symmetry,  the  f i r s t  d e r i v a t i v e  must be zero at the c e n t e r .  This  

g i v e s  a boundary c o n d i t i o n  which may be d i s c u s s e d  in the  same terms as 

b e f o r e .  The same c o n c l u s i o n  i s  reached regard i n g  ga in .

The changes  o f  importance  in the mode p a t t e r n  are t h o se  which occur  

when the v e l o c i t y  d i f f e r e n c e  or the  space  charge d e n s i t y  i s  i n c r e a s e d .

In the  former i n s t a n c e ,  the  mode v e l o c i t i e s  are crowded t o g e t h e r ,  the  

d i f f e r e n c e  o f  v e l o c i t y  o f  the  two fundamental  modes i s  i n c r e a s e d ,  and the  

e f f e c t  seems the  same as an i n c r e a s e  in the plasma f requency .  When space  

charge  d e n s i t y  i s  i n c r e a s e d ,  the  mode v e l o c i t i e s  are spread f a r t h e r  

ap a r t ,  and aga in ,  o f  c ou r s e ,  the  plasma frequency  i s  i n c r e a s e d .

Changes i n  plasma wave l ength ,  b e ing  determined from the  d i f f e r e n c e  

in v e l o c i t y  o f  the  two fundamental  modes,  are probably  the  on l y  e x t e rn a l  

e v i d e n c e s  o f  s l i p p i n g  o f  e l e c t r o n s ,  f or  plasma wavelength can be measured  

d i r e c t l y  as t w i c e  the d i s t a n c e  between minima o f  RF current  in the  beam. 

The e f f e c t  o f  s l i p p i n g  i s  pr oba bl y  d e l e t e r i o u s  to the  o p e r a t i o n  o f  high  

c u r r e n t  t ube s ,  where bandwidth i s  a l ready  l i m i t e d  by high space  charge  

d e n s i t y ,  and the  i n c r e a s e  o f  e f f e c t i v e  plasma frequency w i l l  cause  a d d i 

t i o n a l  narrowing.

Computed s o l u t i o n s  for  c y l i n d r i c a l  beams. Because  o f  the  a n a l y t i c  

d i f f i c u l t i e s  i n  the  s o l u t i o n  o f  the  genera l  s l i p p i n g  c y l i n d r i c a l  beam, 

i t  was c o n s i d e r e d  an e x c e l l e n t  o p p o r t u n i t y  when the  use  o f  the I n s t i t u t e
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f o r  Advanced Study E l e c t r o n i c  D i g i t a l  Computer was made a v a i l a b l e  for  

work on t h i s  problem.  I t  was d e c i de d  t ha t  the  w r i t e r  should  prepare  the  

code f or  the  machine,  in order  t h a t  e x p e r i e n c e  i n  t h i s  be a v a i l a b l e  at  

RCA L a b o r a t o r i e s ,

The method chosen f o r  p r e l i m i n a r y  a n a l y s i s  was t ha t  o f  s o l v i n g  (_2) 

f o r  chosen v a l u e s  o f  y  and a t t e m p t in g  to de termine  whether any y  not  

p u r e l y  imagi nary  cou ld  r e s u l t  in s o l u t i o n s  which would s a t i s f y  the  bound

ary c o n d i t i o n s ,  A comple te  survey  o f  the  y  p l an e  would r e q u i r e  e x c e s s i v e  

t ime,  w h i l e  a method o f  i t e r a t i o n  and s u c c e s s i v e  approx imat ions  might not  

converge  r e a d i l y  when handled  by the computer.  An a t t r a c t i v e  method was 

forward i n t e g r a t i o n  o f  e qua t i o n  ( 2 ) ,  s a t i s f y i n g  the  boundary c o n d i t i o n s  

E' = o at  r = 0, to the  f i n a l  va l ue  o f  r, at  the  boundary.  The value  

E r finap might be c a l l e d  f  ( y ) .  I t  w i l l  be zero f o r  y  s a t i s f y i n g  the

boundary c o n d i t i o n s ,  and s i n c e  the  c o e f f i c i e n t s  o f  the  equat i on  (2)  are  

r e g u l a r  e x c e p t  at  y  = jo^/v, the  f u n c t i o n  f  (y)  w i l l  be a n a l y t i c  e v e r y 

where in  the  f i n i t e  y  p l a n e  exce pt  on p o r t i o n s  o f  the  imaginary a x i s 1. 

Thi s  l e a d s  to the  method o f  c o un t in g  z e r o s  o f  a complex f u n c t i o n  i n s i d e  

a c l o s e d  contour  by c o un t i ng  e n c i r c l e m e n t s  o f  the o r i g i n  o f  f ( y )  as y  

t r a v e r s e s  a chosen contour ,  as i n  a Ny qu i s t  p l o t .

The ne t  number o f  e n c i r c l e m e n t s  o f  the  o r i g i n  w i l l ,  i n  the absence  

o f  s i n g u l a r i t i e s  o f  the  f u n c t i o n  w i t h i n  the contour ,  equal  the  number o f  

z e r o s  i n  the  c ont o ur .  The a p p l i c a t i o n  o f  t h i s  to the d e te r m i n a t i o n  o f  

the  p r e s e n c e  o f  gain modes i s  s i mp l e  and d i r e c t :  cont ou rs  o f  y  are

chosen which do not  c r o s s  the imaginary  a x i s ,  and which are o f  such s i z e  

and p o s i t i o n  t h a t  a l l  modes o f  i n t e r e s t  would l i e  i n s i d e ,  y  i s  t r a v e r s e d  

p o i n t  by p o i n t ,  wi th a s u f f i c i e n t l y  f i n e  mesh so t h a t  any f  (y) does  not  

p r o c e e d  more than 90° between p o i n t s .  Record i s  made when f  (y)  c r o s s e s  

the  c o o r d i n a t e  axes ,  wi th due regard to d i r e c t i o n .  When the  contour  i s  

c l o s e d ,  four q u a n t i t i e s  are o b t a i n e d ,  be i ng  the  ne t  number o f  t imes  each

^^Ihis q u a l i t y  o f  th e  s o l u t i o n  r e s u l t s  from a theorem  o f  Fuchs, s e e .  f o r  example  
Copson, T heory  o f  F u n c t io n s  o f  a Complex V a r ia b le ,  pp. 2 3 3 -3 4
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o f  the  four  major axes  was crossed* T he s e s ho u l d  be a l l  equal  to the  num

ber o f  z e r o s  in the  contour* Thi s  p r o v i d e s  a v a l u a b l e  check o f  the  

method*

The IAS computer i s  a 40 d i g i t ,  p a r a l l e l ,  b i nary  high speed genera l  

purpose  computer,  wi th an i n t e r n a l  h igh  speed memory o f  102  4 words o f  40 

d i g i t s ,  and at  the  p r e s e n t  t ime the only  e x t e r n a l  memory i s  p r ov ide d  by 

IBM punched cards* I t e r a t i v e  i n t e g r a t i o n  p r oc ed ur es ,  whi l e  p r a c t i c a l  i n 

s o f a r  as  computat ion t ime i s  concerned,  are not  d e s i r a b l e  because  the  r e 

quired  memory i s  too great*  The o t h e r  a l t e r n a t i v e s  to the  s o l u t i o n  o f  

the  d i f f e r e n t i a l  e qu a t i o n  are the  forward i n t e g r a t i o n  methods* Mainly  

becaus e  o f  the  w r i t e r ’ s u n f a m i l i a r i t y  wi th Runge-Kutta and a l l i e d  methods,  

a method d e v i s e d  by Milne (7 )  was employed for  i n t e g r a t i o n *  Thi s  i s  a 

s i mp l e  d e v i c e ,  u t i l i z i n g  s t o r e d  v a l u e s  p r e v i o u s l y  c a l c u l a t e d  to determine  

r e s u l t s  a c cu ra t e  to f i f t h  d i f f e r e n c e s *  I t  was f e l t  t ha t  use  o f  such a 

method, wi th the s impl e  means f or  changing s i z e  o f  i ncremen t s  o f  r and y  

and f o r  h a n d l i n g  the  complex v a r i a b l e s ,  would be f r u i t f u l *  The code  

prepared  f o r  the  machine s o l u t i o n  a l lowed any v a l u e s  o f  the  c o n s t a n t s  o f  

the  beam to be chosen ,  wi th s h i f t i n g  r o u t i n e s  to a l l ow i n c r e a s e  o f  the  

v a r i a b l e s  o u t s i d e  the  l i m i t s  o f  t he  machine,  which are ±1* A s e t  o f  

checks  was i n c l u d e d  to s top  c a l c u l a t i o n  i f  the  i ncremen t s  proved too  

l a r g e  f or  accuracy*

The f i n a l  code was prepared in two e d i t i o n s *  The f i r s t  o f  t h e s e  

covered a r e c t a n g u l a r  contour  o f  y ,  making counts  o f  a x i s  c r o s s i n g s  as 

o u t l i n e d  above,  and would s top o n l y  on comple t ion  o f  the  contour* The 

p h y s i c a l  c o n s t a n t s  such as beam diamet er ,  f requency ,  etc* could be g iven  

any chosen v a l u e s ,  and pr o v i s io n  was made f o r  c o n s i d e r i n g  a beam with  

c on du c t i ng  boundary at  the  beam edge,  or  any f i n i t e  d i s t a n c e  away; t h i s  

was done by making a s t ep  f u n c t i o n  f a l l i n g  to zero at the beam edge*

The r e s u l t i n g  s o l u t i o n  has a d i s c o n t i n u i t y  in the second d e r i v a t i v e ,  which 

i s  smoothed out  in the f u n c t i o n  i t s e l f *  The second e d i t i o n  o f  the code  

recorded  v a l u e s  o f  f  ( y )  f or  y  on a l i n e  p a r a l l e l  t o  the  imaginary 7  a x i s ,  

as many as 70 complex v a l u e s  on a s i n g l e  run*
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The a c t u a l  p r e p a r a t i o n  o f  the  code o c c u p ie d  the  g r e a t e r  p a r t  o f  a 

month,  and e r r o r  f i n d i n g  took about t h r e e  weeks.  The s t a t i s t i c a l  chance  

o f  e r r o r  in p r e p a r a t i o n  o f  punched cards  i s  low,  but n o n e t h e l e s s  3 such 

e r r o r s  had to be d e t e c t e d  by p r e l i m i n a r y  runs on t r i g o n o m e t r i c  and B e s s e l  

f u n c t i o n s .  P r i o r i t y  o f  machine t ime accounted  for  a d e la y  o f  s e v e r a l  

months.

At the  t ime o f  the  i n i t i a t i o n  o f  the  computing problem,  the  work on 

the  work on the  C a r t e s i a n  case  had not  been comple ted ,  and the  experimen

t a l  work had no t  been begun.  The r e s u l t s  o f  t h e s e  i n d i c a t e d  t h a t  extreme  

c o n c e n t r a t i o n  on d e t e r m i n a t i o n  o f  p r e s e n c e  o f  gain was not  n e c e s s a r y .

The r o o t - c o u n t i n g  code was used on l y  in broad sweeps o f  the y  p l a n e ,  and 

f o r  a p r a c t i c a l  s e t  o f  c o n s t a n t s  t h i s  c overage  showed t h a t  no r o o t s  were 

count ed .  S mal l er  segments  o f  the p l an e  were covered ,  and in  no case  were 

any r o o t s  d i s c o v e r e d .  Some i n d i c a t i o n  o f  the  amount o f  c a l c u l a t i o n  i n 

v o l v e d  i s  i n d i c a t e d  by the  amount o f  t ime r eq ui red  f or  a t y p i c a l  contour  

t r a v e r s e ,  32 mi n ut e s .  During t h i s  t ime,  the  machine performed no l e s s  

than 106 e l emen t ary  o p e r a t i o n s .

Because  o f  the l a r g e  amount o f  t ime r eq u i r ed  f or  the contour  t r a v 

e r s e s ,  and the  smal l  amount o f  u s a b l e  dat a  (4  numbers) o b t a i n e d  at  the  

end o f  each run,  i t  was d e c i de d  to c o n c e n t r a t e  on o b t a i n i n g  s e t s  o f  v a l u e s  

o f  f  ( y ) , and t h i s  was done.  In Figure  8 are shown some mode v e l o c i t i e s  

c a l c u l a t e d  f or  a s l i p p i n g  c y l i n d r i c a l  s tream,  as compared wi th mode 

v e l o c i t i e s  o f  an e q u i v a l e n t  u n i v e l o c i t y  beam. The beam used in t h i s  c a l 

c u l a t i o n  was .080  i n c h e s  i n  d i amet er ,  i n s i d e  an .080 inch  tube.  Beam 

c e n t e r  v o l t a g e  was 100 v. and beam current  6 ma. I t  may be thought  de

s i r a b l e  to o b t a i n  dat a  f o r  a l l  p o s s i b l e  p h y s i c a l  c a s e s ,  but the e s t i m a t e d  

machine o p e r a t i n g  c o s t  o f  $400 per  hour and the  d e s p e r a t e  need o f  i t s  

s e r v i c e s  by high p r i o r i t y  government a g e n c i e s  p r ev en t e d  even c o n s i d e r a 

t i o n  o f  t h i s .  The w r i t e r  i s  h i g h l y  i n d eb t e d  to the s t a f f  at  IAS for  the  

chance to  us e  t h i s  e x c e l l e n t  machine.



CHAPTER I I I

EXPERIMENTAL INVESTIGATION

Equipment . In order  to at tempt  to r ep ea t  the experiment  o f  Haef f ,  

and a l s o  to produce e xpe r i men t a l  c o n d i t i o n s  more n e a r l y  f r e e  o f  compl i 

c a t i o n ,  a demountable  tube was c o n s t r u c t e d .  Thi s  n e c e s s i t a t e d  the b u i l d 

i n g  o f  a vacuum sys tem.  The main f e a t u r e s  o f  t h i s  tube ,  which i s  i l l u s 

t r a t e d  in  p l a t e s  1 and 2, are shown g r a p h i c a l l y  in t h e s e  and in Fi gure  9, 

The tube c o n s i s t s  o f  an evacu at ed  bras s  e n ve lo p e ,  e n c l o s e d  by a g l a s s  

s l e e v e .  The br as s  p a r t  a c t s  as an a l i g n i n g  j i g  f or  the e l e c t r o n  gun,  

the  two r es on a n t  c a v i t i e s ,  the c o l l e c t o r ,  and any o t h e r  c y l i n d r i c a l  

e l e c t r o d e s .  The e l e c t r o n  gun used throughout  the i n v e s t i g a t i o n  has  an 

,050" d i amet er  o x i d e  ca thode ,  and produces  a beam which can be r e a d i l y  

c o n f i n e d  to an ,060" d iamet er  through the  l e ng t h  o f  the  tube ,  which i s  

about 15 i n c h e s  in  l e n g t h  from gun to c o l l e c t o r .  In most o f  the e x p e r i 

ments ,  t h e  e l e c t r o n  beam was c o n f i n e d  by a s e t  o f  molybdenum t a p e s ,  which 

form a d r i f t  space  ,125" on a s i d e .  The t apes  are o n l y  ,001" t h i c k ,  and 

hence may be made to r o l l  on r o l l e r s  around the  c a v i t i e s .  In t h i s  way 

c a v i t y  movement i s  p o s s i b l e  wi t h out  va ry ing  the  p o s i t i o n  o f  anyt h i ng  e l s e  

in  the  tube .  The l a r g e  e l ec t r o m a g n e t  i l l u s t r a t e d  produces  l a r g e  l o n g i 

t u d i n a l  magnet i c  f i e l d s  which reduce t r a n s v e r s e  beam expans ion to a very  

smal l  v a l u e ,  The power supply v i s i b l e  in  p l a t e  1 was c o n s t r u c t e d  to 

enabl e  quick changes  to be made i n  the  e l e c t r o d e  v o l t a g e s  and to make 

o b s e r v a t i o n  o f  e l e c t r o d e  c u r r e n t s  rapid and c o n v e n i e n t .

Among the  r e f i n e m e n t s  in t h i s  demountable tube assembly are:  

c a v i t i e s  which may be tuned and decoupled  from o u t s i d e  the vacuum, tuoe  

s i d e s  cut  away f o r  o b s e r v a t i o n  o f  c o n d i t i o n s  wi th i n  the tube,  i n t e r c h a n g e 

a b l e  c o l l e c t o r  as sembl y ,  and a diaphragm with a pe r t ur es  o f  graded diameter  

by which beam s i z e  can be approximated by measuring i n t e r c e p t i o n  o f  cur

ren t  on the diaphragm. Tuning and adjustment  o f  the beam aperture  i s
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done by means o f  a rod hav ing  a h a l f - g e a r  a t t a c h e d .  This  can be made to  

mesh wi th o t h e r  g e ar s  in the tube to perform t h e s e  f u n c t i o n s .  The vacuum 

s ys tem,  to which the  tube i s  connec ted  r i g i d l y ,  can mai nta i n  a p r e s s u r e  

o f  5 x l 0 ’ 8 mm. Hg a b s o l u t e  at  the gage,  which for  accuracy i s  mounted in  

a p o s i t i o n  o f  symmetry with r e s p e c t  to the  e l e c t r o n  gun. The system i s  

c o m p l e t e l y  demountable ,  b e i n g  as sembled with the  use  o f  neoprene O - r i n g s .  

The high  speed o f  t he  vacuum pump, 300 l i t e r s  per  second,  t o g e t h e r  wi th  

the  l a r g e  s i z e  o f  the  l i q u i d  n i t r o g e n  trap,  both c o n t r i b u t e  toward ob

t a i n i n g  the  very  low p r e s s u r e  in  the  system.

The ra d i o  f requency  system i s  s k e t c he d  in  Fi gure  10. The s i g n a l  

g e n e r a t o r  f e e d s  the  tube through a t u ne r .  The o ut put  i s  fed through a 

s up e r he t er od y n e  r e c e i v e r  and ob s erv e d  on e i t h e r  a meter  or  an o s c i l l o 

s cop e  tube .  The loop in each res onan t  c a v i t y  i s  f ed  from the c o a x i a l  

l i n e  through a non-matched he r m e t i c  s e a l .  The c o a x i a l  l i n e  i s  r i g i d ,  

and emerges  through an O - r in g  g land s e a l .  C a v i t i e s  are moved l o n g i t u d i 

n a l l y  by p u sh in g  and p u l l i n g  on t h i s  c o a x i a l  l i n e ;  c o up l i n g  i s  a d j u s t e d  

by r o t a t i n g  i t ,  which r o t a t e s  the  loop i n s i d e  the  c a v i t y .  Thi s  has  

proven to  be a s a t i s f a c t o r y  type  o f  c o u p l i n g  f or  t h i s  type o f  work, in  

which l i t t l e  s i g n a l  power i s  i n v o l v e d ,  and l a r g e  l o s s e s  are t o l e r a b l e .

Experiments  performed.  The i n i t i a l  exper i ments  were d e s i g ne d  to 

d et ermi ne  i f  i n c r e a s i n g  waves could  be s e t  up in  a s l i p p i n g  stream o f  

e l e c t r o n s .  In order  to i n s u r e  t ha t  p o s i t i v e  ion n e u t r a l i z a t i o n  o f  the  

beam would not  d e s t r o y  the  v e l o c i t y  d i f f e r e n c e ,  exper iments  with a con

t i n u o u s  beam were compared with exper i ments  in which the  beam current  was 

p u l s e d  by a p p l i c a t i o n  o f  p u l s e d  v o l t a g e  to a gun e l e c t r o d e .  In both t h es e  

c a s e s  the  measurement c o n s i s t e d  o f  a p p ly in g  input  to the  i n p ut  c a v i t y  and 

o b s e r v i n g  the  o ut put  v o l t a g e  whi l e  one o f  the  e l e c t r o d e s  was swept in 

v o l t a g e .  The v o l t a g e  o f  the  e n t i r e  c a v i t y  system was swept with r e s p e c t  

to the  gun e l e c t r o d e s .  Typi ca l  o f  the  obs erve d wave forms are t hose  shown 

i n  F i gure  11, for  s i m i l a r  c o n d i t i o n s ,  p u l s e d  and c o nt i n uo us .  The d e c r e a s e

o f  o u t pu t  at  low v o l t a g e  i s  due to d e cre as ed  c a v i t y  c o up l i n g  caused by
Sin r/2.  2

l o n g  t r a n s i t  t imes;  t h i s  f a c t o r  should  be [-------------J , where r i s  the
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t r a n s i t  t ime through the RF gap o f  the c a v i t y .  In t h e s e  terms,  the o d -  

s er v e d  b e hav i or  o f  the  c a v i t i e s  i n d i c a t e d  t hat  the e f f e c t i v e  gap l e n g t h  

was . 060" ,  as compared wi th the p h y s i c a l  gap l e n g t h  o f  . 040".  The maxima 

and minima o f  the  t r a c e s  are due to the  fundamental  wave o f  the e l e c t r o n  

steam; v e l o c i t y  modulat ion  o f  the  beam at  the  i np ut  r e q u i r e s  t h a t  the RF 

c a v i t y  c u r r e n t  have such minima. An i n t e r e s t i n g  o b s e r v a t i o n  not  recorded  

by any p r e v i o u s  e xp e r i m e nt e r  was the non - zero  minima o f  c a v i t y  current  

v i s i b l e  i n  most o f  the  o s c i l l o s c o p e  t r a c e s .  This  must be due to the  f a c t  

t h a t  the  f i n i t e  gap does  not  e x c i t e  e n t i r e l y  v e l o c i t y  modulat ion on the  

beam, but some cu r re nt  modulat ion as  w e l l .  The r e s i d u a l  current  modula

t i o n  i s  o f  the  wrong phase  to produce the  t o t a l  c a n c e l l a t i o n  o f  RF current  

at the  minima.  Another reason f or  t h i s  e f f e c t  i s  the f a c t  t h a t  in a 

f i n i t e  beam, the  "slow" and "fas t"  waves do not  have the  same plasma  

f r eque nc y  r e d u c t i o n  f a c t o r  p ( S ee  Appendix I ) .  This  w i l l  g i v e  r i s e  to 

unequal  e x c i t a t i o n  o f  the  two waves.

To overcome the  d i f f i c u l t i e s  i n t r o d u c e d  by the t r a n s i t  t ime f a c t o r ,  

the  c a v i t i e s  were moved so as to make the  d r i f t  space  l e n g t h  i n c r e a s e .

I f  e x p o n e n t i a l  ga in  o c cu r r e d  i n  the  tube ,  the  out put  vs . '  d r i f t  space  

v o l t a g e  curve  shoul d  not  be s i m i l a r  f or  d i f f e r e n t  tube l e n g t h s ,  but should  

i n c r e a s e  c o n s i d e r a b l y  at  the  low v o l t a g e  end,  where the beam has h i g h e s t  

space  charge  d e n s i t y  and g r e a t e s t  s l i p .  In a number o f  d i f f e r e n t  e x p e r i 

ments ,  u s i n g  d i f f e r e n t  v o l t a g e s  and c u r r e n t s ,  no such e f f e c t  was n o t i c e d .  

Some o f  the  curves  are shown i n  Fi gure  12. The d i f f e r e n c e  in the  p a t t e r n  

o f  the  maxima and minima i s  due to the d i f f e r e n c e  in the number o f  e l e c 

tron p lasma wave l e n g t h s  between the  c a v i t i e s ,  but the  e nve l ope  o f  the  

cur ves  i s  the  same f or  d i f f e r e n t  tube l e n g t h s ,  i n d i c a t i n g  no ga in .

By o b s e r v a t i o n  o f  the d r i f t  tube v c l t a g e  f or  each minimum o f  the  

o u t pu t  v o l t a g e ,  the  plasma frequency can be c a l c u l a t e d .  Thi s  i s  done in  

Fi gure  13. The plasma f requency  produced in t h i s  e x e r c i s e  i s  as great  as 

267 . 5  m e g a cy c l e s .  In some t e s t s ,  i t  was 375 me. ,  and no gain e x i s t e d .

From the  known beam di amet er  and v e l o c i t y ,  the amount o f  the s l i p  can be 

det ermi ned .  The amount o f  gain produced by an e q u i v a l e n t  double  stream



21

a m p l i f i e r  wi th  h a l f  i t s  e l e c t r o n s  hav ing  the  v e l o c i t y  o f  the beam c e n t e r  

and the  o t h e r  h a l f  at the  edge v e l o c i t y  would be,  f o r  a tube o f  the l e ng t h  

us ed  h e r e ,  about  30 db. We c onc lude  t h a t  i t  has  been i l l u s t r a t e d  t ha t  

ga in  in the  e l e c t r o n  beams obs erve d due to s l i p p i n g  i s  n o n - e x i s t e n t .

There y e t  remained,  f o l l o w i n g  t h i s ,  to at tempt  to show the o r i g i n  

o f  the  ga in  o b t a i n e d  by Dr. Ha ef f .  I t  was thought ,  be f or e  dat a  on the  

e x a c t  tube c o n s t a n t s  he used  was made a v a i l a b l e ,  t h a t  the  r ep or t ed  phe

nomena might  be due to the v e l o c i t y  change between c a v i t i e s  and d r i f t  

tube ,  a c c o r d i n g  to the  theory  o f  Tien and F i e l d  ( 1 3 ) ,  which p o s t d a t e d  

H a e f f ’ s work. When c a l c u l a t i o n s  were a p p l i e d  to t h e s e  c o n s t a n t s ,  the  

p o s s i b i l i t y  o f  e x p l a n a t i o n  on the  b a s i s  o f  the  v e l o c i t y  jumps was ru l ed  

o u t .  The demountable  tube was a l t e r e d  to r e p r e s e n t  the  Haef f  tube i n s o 

far  as the  d r i f t  r e g i o n  i s  concerned (See  Fi gure  14) .  The same c l a s s  o f  

exper i ments  as b e f o r e  was performed,  with a lmost  the  same r e s u l t s .  The 

on l y  d i f f e r e n c e  was t h a t  the d r i f t  tube v o l t a g e  could be ope ra t e d  lower  

and o u t pu t  s t i l l  o bs erv ed ,  because  the  r e l a t i v e l y  high and c o ns t an t  

v o l t a g e  p l a c e d  on the  c a v i t i e s  caused the  t r a n s i t  t ime e f f e c t  to d i s a p 

p e ar .  These  e xp e r i men t s  proved to be a good check on the  p r e v i o u s  con

c l u s i o n  t h a t  r e g a r d l e s s  o f  the  amount o f  s l i p  ( w i t h i n  p r a c t i c a l  l i m i t s  

o f  beam s t a b i l i t y ) ,  gain does  not  o c cu r .

More through a c c i d e n t  than for  any o t h e r  reason,  i t  was d i s c o v e r e d  

t h a t  ga i n  c ou l d  be o b t a i n e d  in t h i s  m o d i f i e d  tube i f  the c o l l e c t o r  v o l t 

age were l owered to the  range 50- 150 v o l t s .  The o ut put  curves  vs .  d r i f t  

tube v o l t a g e  (See  Figure  15) so n e a r l y  resembled t h ose  o f  Ha e f f  that  i t  

was thought  t h a t  the  e f f e c t  might be the same one.  I t  was l a t e r  l earn ed  

t h a t  t h i s  cou l d  not  have been the  c a s e ,  f or  H a e f f ' s  c o l l e c t o r  p o t e n t i a l  

was much too h i gh ,  as examinat ion  o f  h i s  data  showed. The e f f e c t  was 

t r a c e d  to s econdary  e l e c t r o n s  at low v e l o c i t y  from the c o l l e c t o r .  These  

e l e c t r o n s  were f o c u s s e d  back through the  c a v i t i e s  and d r i f t  tube,  r e 

f l e c t e d  from the  r eg i on  in f r o nt  o f  the ca thode ,  and r e f o c u s s e d  through  

the  tube .  These secondary e l e c t r o n s ,  hav ing  energy approximate ly  equal  

to t h a t  o f  the primary beam l e s s  the c o l l e c t o r  p o t e n t i a l ,  could  not  for
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energy r e a s o n s  re t urn  to the ca thode .  While t h i s  s o r t  o f  m u l t i p l e  f o c u s 

s i n g  might  seem to  be a mat ter  o f  low p r o b a b i l i t y ;  with c a r e f u l l y  a d j u s t ed  

gun v o l t a g e s  and c o l l e c t o r  v o l t a g e ;  the primary and secondary beams i n 

t e r a c t e d  as a double  stream to produce a gain o f  about 30 db g r e a t e r  than 

the  magni tude o f  the  space  charge waves or fundamental  mode. The n e t  

ga in  o f  the  d e v i c e  was never  p o s i t i v e ,  but s i n c e  the space charge wave 

ga in  ( k l y s t r o n  ga in )  o f  a tube may be made many db, the mechanism could  

produce  ne t  ga in  i f  used in a tube wi th more e f f i c i e n t  and we l l -mat ched  

c a v i t i e s .

A n a l y s i s  was c a r r i e d  out  to determine  i f  the c o l l e c t o r  v o l t a g e ,  

d r i f t  tube v o l t a g e ,  and beam c ur re nt  were c o n s i s t e n t  with double  stream

o p e r a t i o n .  Double stream theory  g i v e s  as the  c o n d i t i o n  for  maximum gain
co V

the  c o n d i t i o n — a = a c o n s t a n t  near u n i t y .  The AV here  i s  approximate ly
co AV

th e  c o l l e c t o r  v o l t a g e .  The c o n d i t i o n ,  w r i t t e n  in terms o f  current  and 

v o l t a g e s ,  may be e x p r e s s e d  at  c o n s t a n t  f requency  as 2 Tube/ V 2o1: r

= c o n s t .  Data was taken by maximizing ga i n ,  and i s  p r e s e n t e d  in Figure

16. The c u r v e s ,  which should be a f ami l y  o f  p a r a b o l a s ,  are r ea so n a b l e
cu V

a pp rox i mat i ons  t h e r e t o .  For maximum ga i n ,  the c o n s t a n t — ~  can not  be
ĉ AV

much l e s s  than u n i t y .  The v a l u e s  found e x p e r i m e n t a l l y  are in q u i t e  good 

agreement  wi th t h i s .  Anomal ies  in the  dat a  were due to m u l t i p l e  peaks  

i n  the  ga i n  maximum, which in turn were due to improper f o c u s s i n g  at  

c e r t a i n  v o l t a g e s .  To o b t a i n  r e a l l y  maximized gain ,  i t  was n e c e s s a r y  to 

use  a magnet i c  c o l l e c t o r  assembly ,  c a r e f u l l y  a d j u s t ed  v o l t a g e s ,  and a 

l a r g e  magnet i c  f i e l d .

The l a r g e  d r i f t  tube was r e p l a ce d  once more by the  t a p es ,  and 

measurements  proved t ha t  w hi l e  some double  stream i n t e r a c t i o n  was p r e s e n t  

at  the  same v o l t a g e s  as b e f o r e ,  the s m a l l e r  d r i f t  tube did not  al low  

s e c o n d a r i e s  to re turn as r e a d i l y  and gain was reduced to the order  o f  one 

or two db.

In t h e  p r o c e s s  o f  a t t e m p t i n g  to d e t e r m i n e  t h e  o r i g i n  o f  t h e  g a i n ,  

one i d e a  which came f o r t h  was t h a t  e l e c t r o n s  r e f l e c t e d  e l a s t i c a l l y  from 

t h e  c o l l e c t o r  and a t  an a n g l e  t o t he  a x i s  were p i c k e d  up by t he  ma g n e t i c
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f i e l d  and r e f o c u s s e d  at lowered l o n g i t u d i n a l  v e l o c i t y  down the tube.  

E l e c t r o n s  which have t r a n s v e r s e  energy o f  20  v o l t s  or more, at magnet ic  

f i e l d  s t r e n g t h  o f  500 gauss ,  d e s c r i b e  t r a n s v e r s e  s p i r a l  motion in a 

r a d i u s  o f  a smal l  f r a c t i o n  o f  a m i l l i m e t e r .  Such e l e c t r o n s  would have  

l i t t l e  d i f f i c u l t y  p a s s i n g  through the  system,  and would behave in much 

the  same way as t ho se  o bs erved .  The e x pe c t e d  number o f  e l a s t i c a l l y  r e 

f l e c t e d  e l e c t r o n s  i s  o n l y  a few p e r c e n t  o f  the  primary e l e c t r o n s ,  so t here  

i s  a problem o f  magni tudes  here .  In t ube s  b u i l t  by Hae f f ,  g r i d s  at the  

gun end could  produce  s e c o n d a r i e s  and t r a n s v e r s e l y  f o c u s s e d  e l e c t r o n s  

which c o u l d  e x p l a i n  the  g a i n s  o b t a i n e d .  Thi s  i s  taken up in Appendix 4 .

J.  A, Reutz ,  o f  the  RCA L a b o r a t o r i e s ,  has made t e s t s  on a h e l i x  type  

t r a v e l i n g  wave tube which show e f f e c t  o f  low v e l o c i t y  s e c o n d a r i e s  from 

the  c o l l e c t o r .  This  i s  done by measuring the  i n t e r a c t i o n  o f  the  beam 

with  a h e l i x  wave t r a v e l i n g  in  the  "backward" d i r e c t i o n ,  from c o l l e c t o r  

toward gun. For a p a r t i c u l a r  tube wi th  130 microamperes  primary beam 

c urrent ;  the  r e v e r s e  c u rre nt  produced i n t e r a c t i o n  e q u i v a l e n t  to 8 mi cro

amperes c u rr e n t  i n  the  r e v e r s e  d i r e c t i o n ;  undoubtedly  in the measurement  

on the  demountable  tube the secondary c u r re nt  was much h i g h e r .  Ignorance  

o f  the  s u r f a c e  c c n d i t i o n  o f  the c o l l e c t o r ,  which i s  s u b j e c t  to contamina

t i o n  from s e v e r a l  s o u r c e s ,  makes i t  d i f f i c u l t  to c o r r e l a t e  the  data with  

t h a t  o f  t h e  t w o - c a v i t y  t ub e s .
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APPENDIX 1

DERIVATION OF THE WAVE EQUATION. SIMPLE SOLUTIONS

The problem o f  wave p r op a g a t i o n  in an e l e c t r o n  beam which has v ar y

i n g  v e l o c i t y  a c r o s s  i t s  c r o s s  s e c t i o n  can be s e t  up i n  genera l  c o o r d i n a t e s  

by use o f  Maxwel l ’ s e q u a t i o n s .

-  -  3 EV x H = pv  + e - — (Al )
Bt

V x E = ~M0—  ( A2)

V ° E = —  (A3)

V ° H = 0 ( A4)

p l u s  the c o n t i n u i t y  equat ion

* ( nv \  — -
d t
dp

V /  (pv )  -  ( A5)

and the  f o r c e  eq u a t i on

d _  _  _  __ d d d dx d dy d dz  (A6 )
—  (mv) = ° e ( E  + v x B )  ■ —  = — + —  —  + —  —  + --------- —
dt dt 3 t  dx  3t  By Bt B z Bt

These e q u a t i o n s  are w e l l  known. The t o t a l  d e r i v a t i v e  o f  v in (A6 ) 

i n d i c a t e s  the  Lagrangian form o f  t h i s  e qu a t i o n ,  in which the o b s e rv e r  

moves with a p a r t i c u l a r  e l e c t r o n .

The p h y s i c a l  s i t u a t i o n  we wish to s o l v e  i s  d e s c r i b e d  as f o l l o w s :  an 

e l e c t r o n  beam i s  c o l l i m a t e d  so t h a t  i t  d r i f t s  in the z d i r e c t i o n .  An 

i n f i n i t e  (or  n e a r l y  so)  magnet ic  f i e l d  p reven t s  the  e l e c t r o n s  from having  

t r a n s v e r s e  v e l o c i t y  ( d i r e c t i o n s  p e r p e n d i c u l a r  to the z a x i s  w i l l  be 

c a l l e d  t r a n s v e r s e ) .  The e l e c t r o n  beam must f low so t ha t  the  d i s t u r b a n c e s  

in the  beam caused by s i g n a l  are s i n g l e  va lued f u n c t i o n s .  This  c o n d i t i o n
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i s  thought  to be met in most s m a l l - s i g n a l  t u b e s .  Another c o n d i t i o n  to 

be r e q u i r e d  i s  t h a t  the d i s t u r b a n c e s  are much s m al l e r  than the s t a t i c  

v a l u e s  o f  space  charge  d e n s i t y  p  and v e l o c i t y  v, so t h a t  p r od u c t s  o f  d i s 

turbance  terms are smal l  compared to  p r od u ct s  o f  s t a t i c  and d i s t u r b a nc e  

t erms.  Space charge  d e n s i t y  and v e l o c i t y  are assumed to be o f  the form 

Po + p 1 and v o + v 1? where s u b s c r i p t  1 i n d i c a t e s  the  AC or d i s t u r b an c e  

p a r t ,  and 0 the  s t a t i c  p a r t .

I t  i s  assumed t h a t  i f  the  e x c i t a t i o n  on the  beam i s  s i n u s o i d a l ,  the  

out put  w i l l  be s i n u s o i d a l ;  a l l  product  terms o f  AC p a r t s  must be dropped.  

The type  o f  s o l u t i o n  assumed i s  a wave p r o p a g a t i n g  as . D er iv a

t i v e s  wi th r e s p e c t  to z and t are r e s p e c t i v e l y  - y  and jo>.

I f  the  cur l  o f  eq u a t i on  (A2) i s  taken and (Al )  s u b s t i t u t e d ,  making 

use  o f  the  i d e n t i t y  V x V x A = V(V • A) - V2A, t here  o b t a i n s

The i n f i n i t e  c o l l i m a t i n g  f i e l d  r e q u i r e s  a l l  but the z component o f  v to  

v a n i s h ,  and e l i m i n a t e s  the  v x B term in (A6 ) . The v e c t o r  Lap l ac ia n  can 

be broken up i n t o  z - d i r e c t e d  and t r a n s v e r s e  components,  a zV2 Ez + V2 Et .

I t  w i l l  be un ders tood  t h a t  i s  omi t t e d  from a l l  q u a n t i t i e s  E, p,

v in the  e q u a t i o n s ,  and w i l l  be unders tood  to be a common. factor  o f  a l l .  

In C a r t e s i a n  c o o r d i n a t e s  the t r a n s v e r s e  terms are v e c t o r  components in  

t r a n s v e r s e  d i r e c t i o n s ,  and dependent  on t r a n s v e r s e  e l e c t r i c  f i e l d  com

p o n e n t s .  The mode o f  i n t e r e s t  i s  what has  been c a l l e d  the  t r a n s v e r s e  

magnet i c  (TM) mode in e l e c t r o m a g n e t i c  wave g u i d i n g  s t r u c t u r e s .  To o b t a i n  

the  p r o p a g a t i o n  c o n s t a nt  o f  t h i s  type  o f  wave, the  z component o f  (A7) 

a lone  i s  needed.  Th i s  i s

Us i ng  the l i n e a r i z i n g  approx i mat i ons ,  (A5) becomes

V(V • E) - V2E = -u.oe
3 2E

° B t 2
(Al )

3p
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The p e r t u r b e d  p a r t  i s

p  l ~̂ P i  ^P  i  ( AQ/ o - —  + V - —  =  -  - —  ; ~ y p  v ,  -  y v  p ,  =  -  l ^ p  n  ̂ '
Bz °Bz Bt ° 1 ° 1 1

I t  can be reduced to g i v e  the  r e l a t i o n  between AC v e l o c i t y  and charge  

d e n s i t y  *

yp-
P i  =    V ,  ( 4 1 0 JJ^- yv  1

S i n c e  the  v e l o c i t y  i s  z - d i r e c t e d ,  (A6 ) becomes  

Bv. Bv. e e
~ —  +  - — v  =  - - E  ; j c t J V,  ■ y v  v ,  =  - - E  . ( A i l )
T i l -  T W  O  m  z  1 7 O  1 m 2

I t  g i v e s  the  r e l a t i o n  between AC f i e l d  and v e l o c i t y .  The two e q u a t i o ns  

( A1 0 ) and ( A l l ) may be combined to  g i v e  the  r e l a t i o n  between charge  

d e n s i t y  and f i e l d .

P i =  -  ■,  y P ° ^  ,  2 • E < M 2 )( j ^ - y v o ) 2 ^

Now, we have (A8 ) ,  which t e l l s  the  f i e l d  which w i l l  be produced by 

a c e r t a i n  charge  d e n s i t y  and v e l o c i t y .  ( A l l ) and (A12) t e l l  the  charge  

d e n s i t y  and v e l o c i t y  s e t  up by a g i v e n  e l e c t r i c  f i e l d .  The combinat ion  

may be used to e l i m i n a t e  p x and v 2. There r e s u l t s  the  equat ion

Cl>2 'V 2 O  — CO2 D  ■
- V 2 E z  E + —...P p m  E + — Po me   E =  0 . ( 4 1 3 )

c 2 ( j ^ y v o ) 2 z c 2 ( j ^ y v o ) 2

The L ap l a c i an  V2 may be broken up i n t o  z and t r a n s v e r s e  components.  The 

z component i s  a second d e r i v a t i v e  wi th r e s p e c t  to z and the  t r a n s v e r s e

p a r t  depends on the  c o o r d i n a t e  s ys tem.  For C ar t es i an  c o o r d i n a t e s ,
~d2<p B2c£> B2<£>
Bx2 + By 2 Bz
1 B Bep 1 B20  B20

r Br^Br^ + r 2 B(92 + Bz 
c o o r d i n a t e  s ys t e ms ,  i s

V2<±> = — ~ +    — r- , and f or  c y l i n d r i c a l  c o o r d i n a t e s
^ 2 B y 2 B z 2
j. B Bc£> 1 ej f j j  u

S72ct> = --------( r — ) + —=■ — -7 + — - 5-  . The f i n a l  wave e qu a t i on ,  i n  t h e s e  two

B 2 E  B 2 E  „ OJ2 CO2

— P  + — 2* + + ~ ) ( 1  + ~T‘ ^ l ) E z = °B x 2 B x 2 c 2 ( j )  2
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1 B BE 1 3 2E co2 co2
— + - ?  777^  + ( y 2+ - « ) ( l  +------- 2------ 5 ) E = 0 ( A15)r 3r Br r 2 W 2 c 2 ( j c ^ y v  ) 2 2 -----

e
Here - p o-— has  been r e p l a c e d  by co2 , the  square  o f  the  plasma angularHl£
f r e q u e n c y .

For t u b e s  wi th c i r c u l a r  c y l i n d r i c a l  beams and no v a r i a t i o n  o f  e x c i 

t a t i o n  in  the  6 d i r e c t i o n ,  the  6 d e r i v a t i v e  d i s a p p e a r s .  In C ar te s ia n  

s y s t ems  i n  which the  beam i s  i n f i n i t e  in the  y d i r e c t i o n ,  the  y d e r i v a 

t i v e  d i s a p p e a r s .  These two c a s e s  are the  ones  d i s c u s s e d  in  the  t e x t .

There i s  n o t h i n g  in the  above d e r i v a t i o n  which p r o h i b i t s  the  use  o f

more than one v e l o c i t y  group o f  e l e c t r o n s  in the  beam at the  same p o s i t i o n .
2CO

I f  t h i s  i s  the  c a s e ,  the   s   term i s  r e p l a c e d  by a sum o f  such terms,
( j ^ y v o ) 2

f or  the  t o t a l  s pace  charge d e n s i t y  i s  a sum o f  the  p a r t i a l  ones ,  and the  

AC e l e c t r i c  f i e l d  i s  common to a l l .

Simple  s o l u t i o n s .  About the  s i m p l e s t  type o f  s o l u t i o n  which can be

imagi ned i s  one o b t a i n e d  by making E independent  o f  t r a n s v e r s e  c o o r d i n a t e s ,
2 2CO

The p r o p a g at i o n  e q u a t i o n  r ed uc es  to the  c r i t e r i o n  1 + -------- 2 5 = 0 . v
( j ^ y v o > 2

must o f  course  be i nd ep en de nt  o f  c o o r d i n a t e s .  The r e s u l t i n g  v a l u e s  o f  y
(co±co )

are j  —— . The two v a l u e s  i n d i c a t e  two waves,  one t r a v e l i n g  f a s t e r ,
v o

the  o t h e r  s lower  than the  e l e c t r o n s .  Only when t h e r e  i s  c o up l i n g  and the  

waves grow i s  i t  p o s s i b l e  to i s o l a t e  t h e s e  two waves.  The s o l u t i o n s  are
j  { a> l  *■—  s ±£Lp  z  ) { c j t  -  — z  } S i n  CO

thus  o f  the  form e To and may be combined as e ' o (— z ) .
Cos v o

Al l  q u a n t i t i e s  vary i n  t h i s  f a s h i o n ,  so t h a t  i f  at one point  a long  the  

beam the AC charge d e n s i t y  was z er o ,  i t  would have s u c c e s s i v e  zeros  at
7TV

p o s i t i o n s  c o r r e s p o nd i n g  to Az = — - . Thi s  i s  approx imate ly  the  c a se  in
6 0 o  ( C O ± p C O  )

a n o n - i n f i n i t e  beam, f o r  t h e  s o l u t i o n s  f or  y  can be w r i t t e n  j    , inv o
which p i s  a r e d u c t i o n  f a c t o r  l e s s  than u n i t y .  In f i n i t e  beams, the  term

co2I + _ _ ± ------ - must be some n e g a t i v e  q u a n t i t y ,  in order  t h a t  the  s o l u t i o n
( j c o - y vo )

f o r  E decay o u t s i d e  the  beam l i m i t s ,  and the r e s u l t  i s  a s ma l l e r  e f f e c 

t i v e  oj . P h y s i c a l l y ,  t h i s  e f f e c t i v e  r e d uc t io n  o f  ojo can be e x p l a i n e dO
by the d i v e r g i n g  o f  the  e l e c t r i c  f l u x  l i n e s .  The s m a l l e r  the d iameter  

o f  the  beam compared to the d i s t a n c e  between bunches,  the  more R.F.
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e l e c t r i c  f i e l d  i s  e x t e r n a l  to  the  beam, and l e s s  i n t e r n a l .

When the  beam i s  a mixture  o f  e l e c t r o n s  o f  d i f f e r e n t  v e l o c i t i e s ,  but 

i s  s t i l l  o f  i n f i n i t e  c r o s s - s e c t i o n ,  the s imple  c r i t e r i o n  becomes
co2

1 + 2  —---- 2-b------   = o . Thi s  i s  taken up in  Appendix 2 ,
n (3o>*yvo n ) 2

The s i g n i f i c a n c e  o f  the  term ‘‘plasma f r e q u e n c y ” which i s  a pp l i ed  to 

<̂>o may be a p p r e c i a t e d  i f  the  c o n d i t i o n s  i n  a beam not  in uniform motion  

are s t u d i e d .  Let  us  assume a c o l l e c t i o n  o f  e l e c t r o n s  i n f i n i t e  in the  

x, y p l a n e  e l e c t r o n  group i s  e x c i t e d  by a f i e l d  in  the z d i r e c t i o n  at  

f requency  o>. The e q u a t i o n s  are now:

■ o — = - 2 i  . e E -  3 v i
Bz e ’ °Bz Bt m. BtO 1

They have the  s o l u t i o n  co ■ =  co . Thi s  i n d i c a t e s  t h a t  an e l e c t r o n  plasma  

w i l l ,  i f  d i s t u r b e d ,  o s c i l l a t e  at  u n d im i n i s h in g  ampl i tude  at  the  frequency  

oo^; t h i s  i s  one way o f  e x p l a i n i n g  what happens in a modulated beam. The 

minima o bs e rv ed  are p o i n t s  where the  o s c i l l a t i o n  i s  i n s t a n t a n e o u s l y  zero .



APPENDIX 2

MIXED BEAMS

A problem ve ry  s i m i l a r  to t ha t  o f  the  s l i p p i n g  stream i s  t hat  o f  the  

modes o f  p r o p a g a t i o n  o f  a mixture  o f  e l e c t r o n s  o f  d i f f e r e n t  v e l o c i t y ,  

such t h a t  i n  e v er y  p a r t  o f  the  c r o s s  s e c t i o n  the  d i s t r i b u t i o n  o f  v e l o c i 

t i e s  among the  e l e c t r o n s  i s  the  same. The g e ne r a l  c r i t e r i o n  for  t h i s ,  

s e t  up by H a e f f ,  i s  o b t a i n a b l e  from the  e q u a t i o n s  o f  Appendix 1 and i s

a  f  '  ( V ) d V
I  7 -— 2— r r -  = - 1 -o (joj-yv ) 2

e
where f  (v  ) i s  d e f i n e d  by —  dp -  f ' ( v  )dv , and i s  the  d i s t r i b u t i o n

me ° °
f u n c t i o n  o f  v e l o c i t y .  I f  o n l y  d i s c r e t e  v e l o c i t i e s  are p r e s e n t ,  the  i n 

t e g r a l  becomes a sum. The problem o f  two d i s c r e t e  v e l o c i t y  c l a s s e s  was 

d i s c u s s e d  by H a e f f  in  a manner which l e f t  in  q u e s t i o n  the r e s u l t s  o f  

adding a t h i r d  c l a s s .  In o r de r  to i l l u s t r a t e  the  genera l  problem o f  a 

c o n t i n u ou s  v e l o c i t y  d i s t r i b u t i o n ,  the  w r i t e r  has  used s e v e r a l  g ra p h i c a l

r e p r e s e n t a t i o n s .  In the  f i r s t  o f  t h e s e ,  we p l o t  the  l o c u s  o f  the  f u n c t i o n  
1

---------------  ̂ f o r  a p a r t i c u l a r  argument o f  y .  In Fi gure  17 are shown s t e p s
( j ^ - y v o ) 2
i n  t he  development  o f  t h i s  l o c u s ,  which i s  c a r d i o i d a l .  A v a l ue  o f  Arg y  

which i s  in  the ga in  r e g i o n  has been chosen .  The s a t i s f a c t i o n  o f  the  

c r i t e r i o n  i s  brought  about by adding v e c t o r s  drawn from the o r i g i n  to the  

l o c u s ;  the  l e n g t h  o f  each v e c t o r  i s  we ight e d  by the co* f or  the  group o f  

e l e c t r o n s  at  t h a t  v e l o c i t y .  Two v e c t o r s  are i n d i c a t e d  which can be summed 

to  equal  - 1 . The w e i g h t i n g  f a c t o r  o f  each v e c t o r  depends on t he charge  

at the  p a r t i c u l a r  v e l o c i t y  i t  r e p r e s e n t s .  The r e g i o n s  A, A' o f  the  

f i g u r e  are r e g i o n s  where a smal l  amount o f  charge w i l l  he lp  the most in 

the summation.  The r eg i on  B i s  one where charge  c o n t r i b u t i o n s  w i l l  de 

t e r i o r a t e  the  sum. I t  s t and s  to reason t ha t  charge v e l o c i t i e s  in the  B  

r e g i o n  cannot  he lp  to produce ga i n ,  and need to be o f f s e t  by even g r e a t e r  

charge  in  the  A and A' r e g i o n s .  The B r e g i o n ,  r e f e r r i n g  back to the l o c us
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o f  jco-yv,  c o rr es po nd s  to e l e c t r o n  v e l o c i t i e s  and wave v e l o c i t y  almost  

e q u a l .  I t  f o l l o w s  from t h i s  t h a t  the  a d d i t i o n  o f  a beam o f  i n t e r m e d i a t e  

v e l o c i t y  to a s e t  o f  two beams w i l l  always d e t e r i o r a t e  the ga in .  This  

method o f  p r e s e n t a t i o n  does  not  i n d i c a t e  how much the gain i s  d e t e r i o r a t e d ,  

but  o n l y  shows how much more charge must be added to re turn i t  to s t a t u s  

quo.

A p r e s e n t a t i o n  which does  i n d i c a t e  the e f f e c t  o f  the  a d d i t i o n  o f  

o t h e r  beams may be s e t  up. Cons ider  the  l e f t  hand s i d e  o f  (A16) ,  in i t s
C O 2

summation form, Z  ------ 2_s----   s as a f u n c t i o n  in  the complex y  p l a n e .  This
( j c o - y v j 2

f u n c t i o n  i s  c o m p l e t e l y  d e f i n e d  i f  the charge d e n s i t y  o f  each v e l o c i t y
CO

c l a s s  i s  g i v e n .  The f u n c t i o n  has  double  p o l e s  at  y  = j — , c orrespondi ng
v n

to each beam v e l o c i t y  whose magni tudes  are p r o p o r t i o n a l  to the  charge  

d e n s i t y  a t  each v e l o c i t y .  The c h a r a c t e r i s t i c  v a l u e s  o f  y  are d e f i n e d  as 

the  - l ’ s o f  the  f u n c t i o n .  I t  i s  obs erve d t h a t  for  imaginary y  the  func

t i o n  i s  a lways  n e g a t i v e .  A p l o t  showing l i n e s  o f  c o n s t a n t  magnitude and 

phase  o f  t h i s  f u n c t i o n  f or  a system o f  two v e l o c i t y  c l a s s e s  i s  shown in 

Fi gure  17. I f  the  magni tudes  o f  the  p o l e s  are sma l l ,  a l l  - l ’ s f a l l  on 

the  i magi nary  y  a x i s  (no g a i n ) .  I f  the  p o l e s  are l a r g e ,  and equa l ,  the  

- l ’ s f a l l  on t h e i r  p e r p e n d i c u l a r  b i s e c t o r .  I f  they are unequal ,  the  

- l ’ s f a l l  n ea r er  the l e s s e r  p o l e .  F i gure  18 a l s o  shows the  r e s u l t s  o f  

adding  a t h i r d  v e l o c i t y  c l a s s  o f  i n t e r m e d i a t e  v e l o c i t y .  The r e s u l t  i s  

much the same as f or  each o f  the two o u t e r  p a i r s  o f  p o l e s  s i n g l y .  The 

gain modes o f  a group o f  v e l o c i t y  c l a s s e s  in  a mixed beam are s i m i l a r  to 

t ho se  due to the  i n t e r a c t i o n  between a d j a c e n t  v e l o c i t y  c l a s s e s .  This  i s  

b e l i e v e d  to be an important  r e s u l t ,  a fundamental  reason why t h e r e  i s  no 

a m p l i f i c a t i o n  in  a s l i p p i n g  stream.

F i n i t e  mixed beams. B i r d s a l l  (1)  and Haus (4)  ana lyzed the e f f e c t

o f  f i n i t e  s i z e  o f  a mixed beam, and the  e f f e c t  o f  c ont i nuous  v e l o c i t y

c l a s s e s .  The c o n c l u s i o n s  are much the  same as above.  The method o f

a n a l y s i s  o f  a f i n i t e  Ca r te s i a n  or c y l i n d r i c a l  beam i s  r e l a t i v e l y  s i m p l e ,

s i n c e  the  form o f  the  e q u a t i o ns  (A14) and (A15) and zero boundary c o n d i -
oo f ’ ( v ) dv

t i o n s  c a l l s  f or  1 - J  -------   §- = k 2 and k 2 may be o b t a i n e d  from f u n c t i o n
o ( j yv o)
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tables , ,  in the Cartes i an  case ,  k 2 = (— ) , where a i s  the beam width,
a

and n i s  an i n t e g e r .  The r e s u l t i n g  s o l u t i o n s  are i n f i n i t e  in number, 

but because d e t e c t i n g  systems can only d e t e c t  r e a d i l y  the f i r s t  mode 

(n = 1) t h i s  i s  the only  s o l u t i o n  o f  p r a c t i c a l  i n t e r e s t .

The s o l u t i o n s  o f  Haus in a cont inuous  v e l o c i t y  d i s t r i b u t i o n  i nv ol ve  

t aking  a p a r t i a l  i n t e g r a l ,  which reduces  the order o f  the s i n g u l a r i t y  at
C O

j —  to u n i t y .  This  can be rep res en ted  by an analogue c o n s i s t i n g  o f  a
 ̂o

two-dimensional  e l e c t r i c  charge d i s t r i b u t i o n ,  whose d i s t r i b u t i o n  funct ion  

i s  the d e r i v a t i v e  o f  the v e l o c i t y  d i s t r i b u t i o n  funct i on  f ' ( v )  o f  the  

o r i g i n a l  problem.



APPENDIX 3

VELOCITY DISTRIBUTIONS

C y l i n d r i c a l  beam. A c y l i n d r i c a l  beam in a i n f i n i t e l y  s t rong  mag

n e t i c  f i e l d  w i l l  t r a v e l  in  a s t r a i g h t  l i n e ,  and the e l e c t r o n  v e l o c i t y  at  

any p o i n t  i n  i t s  c r o s s  s e c t i o n  w i l l  have a v e l o c i t y  dependent  on the  

e l e c t r i c  p o t e n t i a l  t h e r e .  Because  o f  the n e g a t i v e  s i g n  o f  the space  

charge ,  the  p o t e n t i a l  at  the  c e n t e r  o f  the  beam w i l l  be reduced over  t h a t  

at  the  edge .

Cons i der  a beam o f  c i r c u l a r  c r o s s  s e c t i o n ,  t r a v e l i n g  down a c i r c u 

l a r  tube o f  equal  or g r e a t e r  d i amet er  and o f  i n f i n i t e  l e n g t h .  The space  

charge d e n s i t y  i s  assumed uni form over  the  e n t i r e  c r o s s  s e c t i o n .  Under 

t h e s e  c o n d i t i o n s ,  P o i s s o n ' s  law ( e qu a t i o n  (A3) becomes

P dy
^ Er

£ dr

+ c

2

V -  + c . l n r  + c 9 (MX)
4e O

c l and c 2are c o n s t a n t s  o f  i n t e g r a t i o n .

S i n c e  no l i n e  charge e x i s t s  at  the  o r i g i n ,  the  s o l u t i o n  w i t h i n  the  

beam has  c x = 0.  Out s i d e  the beam, p  i s  zero ,  and c 1 i s  r eq ui red  to make 

the  s o l u t i o n  match at  the  boundary.  Within the  beam, the v o l t a g e  may be

1 d dV__ __ ( r — )
r dr dr

dV p r 2
r__ = -

dr

dV
dr ~2e

e x p r e s s e d  as

pr 2v = Vo - z —  . (Ai8)
° 4e

I f  the  v e l o c i t y  corr es p on d i n g  to t h i s  p o t e n t i a l  i s  c a l c u l a t e d ,



and, making the  assumpt ion t h a t  the v e l o c i t y  d i f f e r e n c e  i s  smal l  compared 

to the  a b s o l u t e  v e l o c i t y ,  t her e  i s  o b t a i ne d

Vo i s  the  v e l o c i t y  at  the  c e n t e r  o f  the beam and a>o the usual  plasma  

( a n g u l a r )  f re qu e nc y .  Thi s  i s  the  v e l o c i t y  d i s t r i b u t i o n  which was used in  

the  c o mp u ta t i on a l  code.

I f  the  beam does  not  c o m p l e t e l y  f i l l  the  tube in which i t  i s  en

c l o s e d ,  t h e r e  r e s u l t s  a v o l t a g e  at  the  beam c e n t e r  which i s  even l e s s  

than t h a t  when the  beam f i l l s  the  tube .  Thi s  means t ha t  there  must be 

a l o n g i t u d i n a l  f i e l d  at  the  p o i n t  where the beam e n t e r s  t h i s  tube .  I f  

the  tube i s  too l a r g e ,  the  beam may be u n s t a b l e  by v i r t u e  o f  the l a r g e  

p o t e n t i a l  d i f f e r e n c e .  T he r e f or e ,  i t  pays to make the  tube as smal l  as  

p o s s i b l e  i n  p r a c t i c a l  expe r i men t s  when i t  i s  d e s i r e d  to o b t a i n  the h i g h 

e s t  beam c u r r e n t s .

C a r t e s i a n  beam. The type o f  beam d i s c u s s e d  here  i s  one which e xtends  

to i n f i n i t y  in the y d i r e c t i o n ,  but i s  o f  f i n i t e  width in the  x d i r e c t i o n .  

I t  t r a v e l s  in t he  z d i r e c t i o n ,  as u s u a l ,  and so the  P o i s s o n  equat ion  i s  

s imply

The beam here  may be e n c l o s e d  by conduct ors  o f  any p o t e n t i a l  at  both 

s i d e s  o f  the  beam. Both the  l i n e a r  and t he  squared term in the v o l t a g e  

may be p r e s e n t .  I f  c x and c 2 are made such v a l u e s  t h a t  the v o l t a g e  

a c r o s s  the  beam i s  a p e r f e c t  square o f  a l i n e a r  f u nc t i o n  o f  x, the v e l o c i 

t y  w i l l  be l i n e a r  in x. The v o l t a g e  w i l l  then vary as (x - a ) 2 , and the  

v e l o c i t y  as  (x  - a ) .  Al l  t ha t  i s  n e c e s s a r y  to produce t h i s  c o n d i t i o n  i s

( 4 1 9 )

d 2V p
dx 2 e O

2

v + c t x + c 2 (420)
o
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to apply c o r r e c t  v o l t a g e s  to the s i d e  p l a t e s .

In the  p a r a b o l i c  v o l t a g e  d i s t r i b u t i o n ,

/o<x-a)2 1 m 2
V 2e 2 e V°O

dv
%,= ; ■^°= (&2 I 1

The v e l o c i t y  gradi ent  i s  seen to be e x a c t l y  equal to  a>o , a r e s u l t  

which i s  h i gh l y  u s e f u l .



APPENDIX 4

ANALYSIS OF HAEFF'S DATA

Through the  g e n e r o s i t y  o f  the  Naval  Research Laboratory ,  the  author  

o b t a i n e d  p e r m i s s i o n  to rev iew the  dat a  taken on the  s i n g l e  stream ampl i 

f y i n g  t u b e s .  The t ube s  were b u i l t  and o p e r a t e d  by Mr. R. S. Ware, who 

was working wi th  Dr. Ha e f f  at  t h a t  t ime,  but has s i n c e  l e f t  the Labora

t o r y .  At the  t ime t h i s  r ev i ew was made, the work d e s c r i b e d  in t h i s  

d i s s e r t a t i o n  was 95% comple te .

The main o b j e c t  was to determine  whether the  gain found by Haef f  

c ou l d  have been due to the  same phenomenon as d i s c o v e r e d  by us ,  t h a t  o f  

secondary  e l e c t r o n s  forming a double  s tream.  The p o s s i b i l i t y  o f  t h e s e  

b e i ng  c o l l e c t o r  s e c o n d a r i e s  was q u i ck l y  d i s c o u n t e d  when i t  was d i s c o v e r e d  

t h a t  throughout  the  work at  NRL, the  c o l l e c t o r s  were mai nta i ned  at  a 

v o l t a g e  300v.  g r e a t e r  than t h a t  o f  the  out put  c a v i t y ,  whicn was i n  turn  

always  about  450v» or  more above the cathode  p o t e n t i a l .

The t y p e s  o f  tu bes  used by Hae f f  had n o t h i n g  out  o f  the  ord i nary  in  

t h e i r  c o n s t r u c t i o n  through the  c a v i t i e s  and d r i f t  r e g i o n .  The c a v i t i e s  

had been removed from 707 type k l y s t r o n  t u b e s ,  and the  d r i f t  tube was a 

% inch  d i amet er  by 12 i nch long  non-magnet i c  tube .  The c o l l e c t o r  was o f  

t anta lum,  formed i n t o  a l o n g  cone i n t o  which the  e l e c t r o n s  p e n e t r a t e d .

The f i r s t  s i n g l e  s tream tube was a c t u a l l y  a double  stream a m p l i f i e r  

with o n l y  a s i n g l e  cathode  o p e r a t i v e .  The cathode  was a d i r e c t l y  he at e d ,  

t h o r i a  c oa t e d  t u n g s t e n  z i g - z a g  o f  maximum d i mens i ons  around % i n c h .  This  

was f o l l o w e d  by a g r i d ,  ma i n t a i ned  at  p o s i t i v e  v o l t a g e ,  with w i re s  p e r 

p e n d i c u l a r  to t h o s e  o f  the cathode .  Thi s  tube gave many d e c i b e l s  o f  ga iq ,  

more gain  at  t imes  than when used as a double  stream a m p l i f i e r .  The 

d a t a  shows t h a t  i t  was n e c e s s a r y  to c a r e f u l l y  a d j u s t  the g r i d  v o l t a g e ,  

the  magnet i c  f i e l d ,  and even the  cathode  c u r r e n t ! ! ) .  Grid v o l t a g e  for
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b e s t  ga in  was near  40 v o l t s ,  which l e a d s  us  to b e l i e v e  t h a t  i t  was 

s e c o n d a r i e s  from the  g r i d  which caused double  stream i n t e r a c t i o n .  In 

t h i s  tube the  i n t e r c e p t e d  cu r re nt  on t h i s  and a f o l l o w i n g  g r i d  was as 

high as  53 out  o f  60 mi 1 l i a m p e r e s , wi th an a d d i t i o n a l  3 ma. caught  by 

t h e  c a v i t y  g r i d s .  The number o f  s econdary e l e c t r o n s  r e l e a s e d  under t h e s e  

c o n d i t i o n s  would c e r t a i n l y  be o f  the  same order  o f  magnitude as the  primary  

c u r r e n t .

Another tube on which da t a  was taken and a m p l i f i c a t i o n  d i s c o v e r e d  

had an a c c e l e r a t i n g  g r id  wi th somewhat h ig h er  v o l t a g e .  Another tube had 

a g r i d  wi th v o l t a g e s  as h i gh  as 500.  This  l a t t e r  tube cou ld  not  p o s s i b l y  

be e x p l a i n e d  on the  b a s i s  o f  secondary  e l e c t r o n s ,  f or  none o f  the  e l e c 

t r o d e s  had a p p r o p r i a t e  v o l t a g e s .  I t  i s  n e c e s s a r y  to d e v i s e  some new ex

p l a n a t i o n ,  and the  f o l l o w i n g  i s  thought  to be a c r e d i b l e  one.

Al l  e l e c t r o n s  in an e l e c t r o n  beam formed by a g r i d l e s s  ( o r  gr idded)  

gun d e s i g n e d  f or  p a r a l l e l  e l e c t r o n  f low and c on f i n ed  by a very  high mag

n e t i c  f i e l d  have e s s e n t i a l l y  the  same l o n g i t u d i n a l  v e l o c i t y .  As t he  mag

n e t i c  f i e l d  i s  weakened,  the  e l e c t r o n  pa t hs  can no l o n g e r  be s t r a i g h t  i f  

t r a n s v e r s e  v e l o c i t i e s  have been i n t r o d u c e d  by the  gun s t r u c t u r e .  The 

e l e c t r o n s  w i l l  f o l l o w  a s p i r a l  path,  and the  l o n g i t u d i n a l  component o f  

v e l o c i t y  w i l l  be s m a l l e r  than b e f o r e .  In a gun wi th  very c l o s e  cathode-  

g r i d  s p a c i n g  ( p o s i t i v e  g r i d )  many o f  the  e l e c t r o n s  have a p p r e c i a b l e  

t r a n s v e r s e  v e l o c i t y  e s p e c i a l l y  i f ,  as in the  tube used by Hae f f ,  the gun 

i s  t emperature  l i m i t e d .  The e l e c t r o n s  wi th t r a n s v e r s e  v e l o c i t i e s  should  

have c o n t i n u o u s l y  d i s t r i b u t e d  l o n g i t u d i n a l  v e l o c i t i e s ,  but i f  the magnet ic  

f i e l d  i s  low,  the  s p i r a l  p a t h s  o f  some o f  the e l e c t r o n s  may carry them 

i n t o  the  s i d e  o f  an a p e r t u r e  p l a t e ,  r a t h e r  than through the  aper ture .

Those o f  a group o f  e l e c t r o n s  o f  g r e a t e r  t r a n s v e r s e  v e l o c i t y  may come to 

a f o c us  on the  a pe r t ur e  and p a s s  through to the  d r i f t  r e g i o n ,  thus  form

i n g ,  a l o n g  wi th the  s t r a i g h t - 1 i n e - p a t h  e l e c t r o n s  a double  stream o f  two 

d i f f e r e n t  ranges  o f  l o n g i t u d i n a l  v e l o c i t y .  I t  w i l l  be remarked t hat  the  

l i m i t i n g  ap e r tu r e  o f  the  gun used was much s ma l l e r  than the c a v i t y  and 

d r i f t  tube d i amet er .  The above d e s c r i b e d  phenomenon may occur  as shown 

in  F i gure  18.



38

The q u e s t i o n  has  been r a i s e d  as to whether the  s ource  o f  H a e f f ’ s 

ga in  might  have been the  v e o b c i t y  jump o c c u r r i n g  between the  c a v i t i e s  and 

the  d r i f t  t ube .  Thi s  may be d i s p o s e d  o f  by c a l c u l a t i n g  the ga in ,  which 

f o r  v o l t a g e  r a t i o s  o f  3 to 1 would be about 7 db. S i nce  a l l  obs erved  

g a i n s  were much h i g h e r ,  even at  v o l t a g e  r a t i o s  l e s s  than t h i s ,  i t  i s  im

p o s s i b l e  to accou nt  f o r  the  gain in  t h i s  way. Dr. Rudolph Kompfner, now 

o f  B e l l  Tel ephone  L a b o r a t o r i e s ,  has communicated to the  w r i t e r  t h a t ,  f o l 

lowing^ r e c e i p t  o f  a NRL r e p o r t ,  he b u i l t  a s i n g l e  s tream tube and o b t a i n e d  

l a r g e  g a i n s ,  but maximum ga i n  was o b t a i n e d  at the l o w e s t  d r i f t  tube v o l t 

age manageable ,  25 v o l t s ,  wi th a v o l t a g e  r a t i o  o f  80.

The Haeff  data i s  f urther  quest i onabl e  in that ,  in much o f  the ex

per imentat ion,  d i f f i c u l t y  was encountered with ion or e l e c t r o n  o s c i l l a 

t i o n s  in the gun. This  might have caused some t r ou bl e ,  s in c e  i t  was not  

i n d i c a t e d  whether the output  s i g n a l  with zero input was indeed zero.

At another p o i n t  in  the data,  a graph showed gain vs ,  system pres sure .

This curve showed p re s s u r e s  d e f i n i t e l y  in  the range where i ons  could  

change f o c u s s i n g .  The gain decreased g r e a t l y  as pressure  went up, proba

bly i n d i c a t i n g  t hat  the s e n s i t i v e  f o c u s s i n g  c o n d i t i o n s  were destroyed in 

the presence  o f  i o n s .

The s ource  jDf the  ga in  i n  H a e f f ’ s tubes  may y e t  be q u es t i o n e d ,  but  

we b e l i e v e  t h a t  o n l y  the  s ource  o f  the  second ( l o w - v e l o c i t y )  part  o f  the  

beam i s  i n  q u e s t i o n .  The f a c t s  have been g iven  as  f a i r l y  and o b j e c t i v e l y  

as p o s s i b l e ;  s i n c e  the  t ubes  r ep or t ed  on no l o n g er  e x i s t ,  i t  would be 

d i f f i c u l t  to f i n d  o u t  more about them. In the l i g h t  o f  our e x p e r i e n c e ,  

we f e e l  t h a t  i t  i s  not  n e c e s s a r y  l o n g e r  to assume the gain  a mystery .



APPENDIX 5

WAVES IN TWO LINEARLY COUPLED SYSTEMS 
WITH DIFFERENT PHASE VELOCITIES

Here i t  w i l l  be i l l u s t r a t e d  t h a t  the coupled  waves formed when two 

waves o f  d i f f e r e n t  phase  v e l o c i t y  i n t e r a c t  l i n e a r l y  can grow with d i s 

t a n c e .  Thi s  growing wave must have phase  v e l o c i t y  i n t e r m e d i a t e  to t h os e  

o f  the  o r i g i n a l  s o u r c e s .

Let  us c o n s i d e r  two uncoupled waves t r a v e l i n g  with d i f f e r e n t  v e l o c i t y  

and i n  the  same d i r e c t i o n , ,  Let  us c o n s i d e r  two p l a n e s  A and B perpen

d i c u l a r  to the  wave motion such t ha t  the two waves,  assumed to be har

monic f u n c t i o n s  ( s c a l a r  or v e c t o r )  p r o g r e s s  6 y and 0 2 in phase ,  r e s p e c -  

t i v e l y ,  between the  two p l a n es ;  in o t h e r  words the d i s t a n c e  A-B i s —-

A form o f  l i n e a r  c o u p l i n g  which i s  s u i t a b l y  genera l  i s  a d i s c r e t e  

c o u p l i n g  c o n s t a n t  k and d i s c r e t e  d i s t a n c e  between p o i n t s  o f  c o up l i ng .

I f  wi th zero c o u p l i n g ,  the 1s t  wave i s  d e s c r i b e d  by a qu an t i t y  Ex at  A 

and Ei e j l̂ i at  B, then l i k e w i s e  E2 , E2e j ^2  d e s c r i b e s  the  2nd wave at  A and

B0 With c o u p l i n g ,  t h e  f i r s t  wave i s  E2 at  A and [E^kEg]  e j 91 at  B, l i k e -
1 * 0wi s e ,  wi th  c o u p l i n g ,  the  second wave becomes E2 , LE2+kE1J e J 2 . The 

c o u p l i n g  c o e f f i c i e n t  i s  assumed symmetr ical  f or  s i m p l i c i t y ,  but t h i s  i s  

n o t  n e c e s s a r y  to  prove  e x i s t e n c e  o f  a growing wave. I t  s ta nd s  to reascn  

t h a t  b i l a t e r a l  c o u p l i n g  i s  n e c e s s a r y  to a c e r t a i n  e x t e n t ,  f o r  i f  one wave 

c ou l d  pe r t u r b  the  o t h e r  w i t h o ut  the  r e v e r s e ,  the second wave would j u s t  

become l i k e  the  f i r s t .

I f  the  wave d e s c r i b e d  by the  coupl ed  r e l a t i o n s  [Ej+kEg] e-> 01 and 

[E2 +kE. ]*£■* &2 at  B i s  a true  coupled wave, the  r a t i o  o f  the wave f u nc t i o n  

at B to t h a t  at  A must be the  same f or  both s o u r c e s .

w a ve l en g th s  f or  wave 1 and —-  wavelength f or  wave 2.
277-
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E
T hi s  r e l a t i o n  can be s o l v e d  f o r — L . Two v a l u e s  are found,  g iven  below

E 2

E, e 1 2 - 1
E., 2k 4k + e CA23)

Now, the  r a t i o  g i v e n ,  u s i n g  e i& ^ 1 + j 9 ,  f or  smal l  6 X i s

( 9  ̂ ~9 2 ) 2- k 2E2+kE, (  [ 9 . - 9 A_  e ^ 2  * ( 1  + ± j v - ) ( 1  + j d 2) ( A2 4)

( ^  $ )
I f  t h i s  be s i m p l i f i e d  and the  term -9%— -— — n e g l e c t e d ,  i t  becomes

0 l +02 ( A 25)

o f  e

Let  us o b s e r v e  t h a t  the  f i r s t  two terms are the l i m i t  as 6 l t  9 2~+Q,

—— — . The phase  v e l o c i t y o f  the c o u p l ed wave i s  i n t e r m e d i a t e  to

t h o s e  o f  the  uncoupled  waves i f
( V e 2 >‘

i s  r e a l ,  f or  which the

c o n d i t i o n  i s  k > The term under the  r a d i c a l  i s  the source  o f

ga i n  and a t t e n t u a t i o n  waves,  both o f  which are produced f o r  s u f f i c i e n t l y  

l a r g e  k.

The above does  not  p e r f e c t l y  r e p r e s e n t  any a c t ua l  a m p l i f i e r  where k 

may be a f u n c t i o n  o f  9 y- 9  2 . A h e l i x - t y p e  t r a v e l i n g  wave tube has  maximum 

g a i n ,  under c e r t a i n  c o n d i t i o n s ,  when the  beam and h e l i x  wave t r a v e l  at  

the  same speed ,  as g i v en  i n  ( A25) . The c o up l i n g  o f  two beams i n  a double  

stream a m p l i f i e r  i s  n o n - a m p l i f y i n g  when the  d i f f e r e n c e  i n  v e l o c i t i e s  i s  

zer o ,  but gain v a n i s h e s  f o r  s u f f i c i e n t l y  high d i f f e r e n c e .  The most im

p o r t a n t  f e a t u r e  o f  the a n a l y s i s  i s  the f a c t  t h a t  phase  v e l o c i t y  o f  the  

growing wave i s  between t h o s e  o f  the  o r i g i n a l  waves.
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J TO INFINITY
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2  A X IS : O U T OF P A P E R

I TO INFINITY

M O D E L  F O R  3~ B E A M  A N A L Y S IS

Figu re  1." Cross  s e c t i o n  o f  model fo r  a n a l y s i s  o f  th re e  th in  beams s id e  
by s i d e . ’
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F ig u re  2. Loci o f  p ro p a g a t io n  c o n s ta n t  v e r s u s  c u r re n t  in  c e n t e r  beam.
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s e p a r a t i o n .
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F ig u r e  5. Loci  o f  z er o s  o f  s o l u t i o n s  o f  Equation ( H )  .
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Figure 6.' Loci of  zeros of  so lut ions  of  Equation (12) »*>
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Figure 7. Geometric r e la t io n s  which must be s a t i s f i e d  at end poin ts  o f  s o lu t io n s ,  Cartesian beam s o lu t io n .
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F ig u r e  8 . Computed v e l o c i t i e s  o f  fundamental and h igh er  order  modes
o f  s l i p p i n g  and u n i v e l o c i t y  beams, c y l i n d r i c a l  beam s o l u t i o n .
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Figure 9.' Diagram showing basic  features  of  var iable  length two-cavity demountable tube. CO
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Figure 10.' Block diagram o f  system used in experimental work.
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Figure 1 1 . Output v o l ta g e  vs ,  d r i f t  tube v o l ta g e ,  for pu lsed  and continuous  
s i n g l e  beam.
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Figure 12. Observed output versus d r i f t  v o l ta g e  for  d i f f e r e n t  
d r i f t  l en gth s  in two c a v i ty  demountable tube.
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TWO CAVITY TUBE WITH VARIABLE POTENTIAL 
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Figure 14. Basic  p a r t s  o t  tube or the type used by Haeff .
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Figure 15, Observed output vo l tages  i l l u s t r a t i n g  gain at low c o l l e c t o r  voltage



IK
(C

AT
HO

DE
 

CU
RR

EN
T)

 I
N 

M
A

56

8  

7  

6  

5 

4  

3 

2  

I

2 0  4 0  6 0  8 0  100 120 140 160
COLLECTOR VOLTAGE

Figure  16.'  Experim enta l  data  showing s i m i l a r i t y  o f  output  o f  tube  
with  low c o l l e c t o r  v o l t a g e  to th a t  o f  a s im p le  double  
stream a m p l i f i e r .  T h e o r e t i c a l l y ,  curves  should  be 
p a r a b o l i  c. •
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F ig u re  17. Curves i l l u s t r a t i n g  c o n d i t i o n s  for  gain  in  a mixed beam.
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Figure 18. Contour maps showing the e f f e c t  o f  adding a 
th ir d  stream to a double stream a m p l i f i e r .
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Figure 19. Hypothetical electron paths which would produce a double stream e f fe c t  
in a gridded gun.
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COMPLETE TEST SETUP

P l a t e  1. Photograph o f  com ple te  ap p aratu s .  Power s u p p l i e s  in rack at  
l e f t ,  vacuum system in  c e n t e r ,  and RF equipment on bench at  
r i g h t .
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Plate 2. Closeup o f  demountable tube, i l l u s t r a t i n g  construction  and basic  parts .
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