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Abstract

In this report, we address the problem of parameter learning for belief networks with fixed
structure based on empirical observations. Both complete and incomplete (data) observations are
included. Given complete data, we describe the simple problem of single parameter learning for
intuition and then expand to belief networks under appropriate system decomposition. If the
observations are incomplete, we first estimate the “missing” observations and treat them as though
they are “real” observations, based on which the parameter learning can be executed as in complete
data case. We derive a uniform algorithm based on this idea for incomplete data case and present
the convergence and optimality properties. Such algorithm is suitable trivially under complete
observations.
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1 Introduction

As discussed in [1][13], both the network structure and the associated CPTs can be provided
by human experts as the prior information. In many applications, however, such information
is not available. In addition, different experts may treat the systems in various ways and thus
give different and sometimes conflicting assessments. In such cases, the network structure and
corresponding CPTs can be estimated using empirical data and we refer to this process as learning
[6][10][11][12] . Even if such prior information does exist, it is still desirable to validate and improve
the model using data.

Learning belief networks consists of both structural learning (deriving the dependency struc-
ture G) and parametric learning (estimating P). The structure of the network may be known or
unknown, and the variables in the network may be observable or hidden. Usually, human experts
would rather give for a problem domain the dependence relationships between random variables
than the corresponding numerical values, especially when not all of the variables are observable.
Therefore we can say that finding the topology of the network is often the relatively easy part and
thus the known structure, hidden variable learning problem is of great importance.

In this report, we address the problem of parameter learning under fixed structure. Both
complete and incomplete (data) observations are included. Given complete data, we describe
the simple problem of single parameter learning for intuition and then expand to belief networks
under appropriate system decomposition. If the observations are incomplete, we first estimate the
“missing” observations and treat them as though they are “real” observations, based on which the
parameter learning can be executed as in complete data case. We derive a uniform algorithm based
on this idea for incomplete data case and present the convergence and optimality properties. Such
algorithm is suitable trivially under complete observations.

Before we proceed to the learning problems, we give the following definitions which are used
throughout.

Definition 1.1 A belief network is a Directed Acyclic Graph (DAG) G = (X, E, P)in which: The
nodes X represent variables of interest (propositions); The set of directed links or arrows E represent
the causal influence among the variables and the parents of a node are all those nodes with arrows
pointing to it; The strength of an influence is represented by conditional probabilities attached to
each cluster of parent-child nodes in the network.

We let X = [Xy,...,X,], with n as the number of nodes in the graph. Each random variable
X; assumes discrete values from finite alphabet A;, whose cardinality is |A;|. We use capital letters
to denote random variables and lower case letters to denote values. For example, X; = x; means
random variable X; assumes the value ;. If we know that X; assumes its jth value from A;, we

write X; = 7.

Definition 1.2 An observation is an instantiation © = [z1,...,x,]| of X, with x € R™ and assume

. AN
values in A = A1 X, ..., xA,.



Definition 1.3 If every node in X is instantiated (observed), we call x a complete (full) observa-
tion, or a complete data set. Fach such an x is called a configuration.

Definition 1.4 If there are some random variables in X that are not instantiated, such an obser-
vation is called an incomplete data.

Definition 1.5 The instantiated set of nodes S C X forms the evidence set, while N = X\S is
called the non-evidential set.

In cases of full observation, S = X; but in practice, mostly S C X, which means incomplete
data.

Definition 1.6 If we mark the nodes in X that belongs to S with * and those in N with 7, then
we form the observation schema S*. FEach instantiation of the schema is called an evidence under
schema S™.

For example, in a 5 node belief network which takes only binary values, such a schema is
S = (%,7,7,%,%) and one possible instantiation is (0,7,?,1,0)7.

Definition 1.7 Suppose we have a batch of observations D = [Dy,..., D] with each D; € R"
complying with schema Si‘". If SZ-+ = S]”-L, Vi,j =1,...,L, we say D is a uniform batch of obser-
vations. If, on the other hand, Si+ may or may not be the same as S;f for i # j, we say D is a
hybrid-schema observation set.

The rest of this report is organized as follows: We first introduce the problem of parameter
learning under complete data in section 2, which includes the simple parameter learning in section
2.1 for intuition and the system decomposition mechanisms used in belief network parameter learn-
ing in section 2.2. Then based on this, the incomplete data case is studied in section 3, where the
algorithm and corresponding convergence and optimality analysis is stated.

2 Parameter Learning under complete data

In this section, we begin with the simple one-parameter learning case, then we move to multi-
variable parameter learning in belief networks.

2.1 Simple parameter learning

Imagine we have a (not necessarily fair) coin, and we conduct an experiment whereby we flip the
coin in the air, and it comes to land as either head or tail. We assume that different tosses are



independent and that, in each toss, the probability of the coin landing heads is some underlying
unknown real number 6. Our goal here is to estimate 6 based on the outcomes of the experiment.

Define the likelihood function as Pp(D) = 6"(1 — 0)?, which is the probability with which we get
a particular data set D with h heads and t tails given that the probability 6 has a certain value.
It is straightforward to verify that the value of 6 which maximizes Py(D) is hLth This is called
mazimum likelihood (ML) estimate for 6.

In Bayesian analysis, however, we put a distribution over anything about which we have uncer-
tainty. In this case, since we are uncertain about 6, we define a prior distribution P(#). Then we
have a joint distribution of both the tosses and the parameter 6:

P(zy,--,2pn,0) = P(x1,--,2,]0)P(0)
P(9)0"(1 —0)t, (1)

where P(z1,---,x,|0) = Py(D) is just the likelihood function. Now as we see more data, the
posteriori distribution over the parameter changes. In particular, using Bayes rule, we have

P(0|D) = (2)

An appropriate such distribution for a parameter is the Beta distribution. A Beta function
distribution is parameterized by two numbers ay, a;. Intuitively, these correspond to the number
of imaginary heads and tails that have been seen. The Beta function function with these parameters
has the following form,

P(6) = Beta(8|ay, o) o< 8% 1(1 — gy 1 (3)

and some of the Beta distributions are shown in figure 1.
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Figure 1: An Illustration of some Beta Distributions

Beta distributions have properties that make them particularly useful for parameter estimation.



e First, for Beta(0|ap, ay), the probability of next coin toss coming out head is:

P(X = hlf) — /01 P(6)P(X = h|6)d6

_ / " p(0)9do
0
- % (4)

ap + oy

which is just the result of ML estimate. This supports our intuition that the Beta distribution
corresponds to having seen ayp, heads and oy tails (imaginary or real).

e Second , as we get more data, specifically we get a data set D with h heads and ¢ tails, we
have
P(0|D) = Beta(0|ap + h, o + 1). (5)

This property that the posteriori distribution belongs to the same family as the prior dis-
tribution is called conjugacy under the observation data. Such priors are called conjugate
priors. Using conjugate priors will allow us focus on the hyper-parameters ayp, oz and the
observations only, without having to worry about the form of posterior: distribution and the
usually non-trivial integration steps.

Extending multinomial (for example m-ary) case, such a conjugate prior is Dirichlet distribution:
P(8) = Dirichlet(f|au, ..., am), (6)
and based on a multinomial sampling distribution Py(D), the posteriori distribution is
P(0|D) = Dirichlet(0|a; + N, ...,am + Np,), (7)
where N;,1 <1i < m is the number of times that the outcome is i, given the data set D.

Staring from a rather uniform (“flat”) distribution, the Beta distribution will become more and
more focused around some certain value. The use of an entire distribution rather than a single
number to model the parameter 6 has the advantage that if reflects not only our current estimate
for the value of 6, but also our degree of confidence about that.

Note that: 1. ML estimate is the expectation of Bayesian estimate; 2. ML estimate approaches
to Bayesian estimate when sample size becomes unboundedly large (which means prior belief be-
comes less and less important as the data accumulate); 3. Given ML estimate, it is straightforward
to obtain the hyper-parameters for Dirichlet distribution. So in this report, we focus on ML esti-
mate.

The usefulness of the coin flipping here lies in the fact that: 1. It is simple and intuitive; 2.
If, by some decomposition mechanism, we can break a complex problem into multiple independent
single parameter learning problems, we can use the flip coin techniques here for each of them; And,
such computations would be possibly done in a distributed manner, as we will see next.



2.2 Parameter learning for a belief network
2.2.1 System decomposition

For a discrete-valued belief network G = (V, E, P) with fixed structure, the joint probability dis-
tribution (JPD) can be represented as

n

p(z1, .y y) = l:lp(mZ]HZ) (8)

If we order the nodes in such a way that the order of a node is larger than those of its parents
and smaller than those of its children (the so-called topological ordering), we have

p(l‘i|l‘1, ceny $i,1) = p(ﬂ7l|Hl), (9)

which means given its parent set II; C {z1,...,2;-1}, the set of variables that render z;, each
variable x; is conditionally independent of all its other predecessors {z1, ..., z;—1 }\IL;.

Suppose data D = [Dy, ..., Dy are generated independently from some underlying distribution,
with each D; = [z1[i],...,%,[i]]T. The problem here is to find the CPT parameters  that best
model the data. The parameter 0 is actually a 3-dimensional matrix, with its element 6;;; defined
as the probability that variable X; takes on its j** possible value assignment given its parents II;
takes on their k*" possible value assignment, or

0ijr, = P(X; = 2] |IT; = «F). (10)

We assume in this report that 6;;, > 0, V4, j, k, and Py(D) continuous with 6. If we define
L(6; D) = Py(D) as the likelihood function given some parameter 6, the Maximum Log-Likelihood
formulation for this problem is:

maxg log L(0; D)

s.t. > 0ijk = 1,and (11)
Gijk S [0, 1]
Moreover, we have:
L
LO;D) = []Po(zall],... znll])
I=1
L n
= 111 Po: (L [0)
I=14=1
n L
= [I1I Po: (0 m[0)

s
I
—_
—
I
—
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s
&=
=
S
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where L;(6;; D) 2 17, Py, (2:[l]|TI;[1]). The first equality comes from the fact that D consists of
independent observations and the second equality follows (8). 6; is a 2-dimensional matrix, with
rows occupied by its possible values and columns defined according to its parents’ status. From
(12) we get

log L(6; D) = > log L;(6;; D). (13)
=1

The above derivation gives us a decomposition of the belief networks learning problem based

on independent observations. Namely, the maximum likelihood solutions of (11) are just those
achieved by the sum of the solutions from the following independent estimation problems:

For each X; € X:
maxg, log L;(0;; D)
s.t. > 0ijk = 1,and (14)
0:jx € [0, 1]

For each L;(0;; D), we make further decomposition as follows.

Definition 2.1 The set of nodes S; = (X;,11;) forms the extracted schema for node X;. X; assumes
values from A;. 1I; takes values from [Ix,cm, Aj. Let K = [IIx,em, 4;l-

There are all together L samples, for which we define the groups as:

Definition 2.2 Group Gj is the set of instantiations of S; in D with 1I; = ﬂf. The number of

elements in Gy, is Ny, = |G| = Zlel I{w’.“\Dlp where I{fr’?\Dl} is the indicator function defined as:

1 f z occurs in D
Iy = { / : (15)

0 otherwise

and Y, Ny, = L.

Further, we can sub-divide G;; according to the value of X;:

Definition 2.3 In G, Giji is the set of instantiations where X; = x!, and N, = |G| =
ZlL:1 1 I 7Dy} number of elements in group G with Zj‘;l Nijr = Nig.

So the decomposition is:

L
Li(03 D) =[] Po, (x:ll]ITL:[1])
=1



K | Al

= I I1 01"

k=1{IL=7F}  j=1{X;=a!|IL;=xF}

K
= II 6D, (16)
k=1,{Il;=rk}
or
K
log Li(0;D) = > log Lf(8; D), (17)
k=1,{T;=rk}

where LF(0;; D) = H‘]’g (Xime? [i=r) Hjj;jk is just the likelihood function of multinomial distribu-

tion under parameter 6.

Then the ML solutions of (14) are again those achieved by the sum of the solutions from the
following independent estimation problems:

For each II; = Wf ,
maxg, log L¥(6;; D)
s.t. 300k = 1,and (18)
Hijk € [0, 1]

Or equivalently, by defining r; = 0, y; = Nyjk, and f/(r;D) = ]_[ljiil‘ rY . we consider the

j 9
maximum log-likelihood problem,

For each II; = 7F, }
max, log L(r; D)
st. > ;rj=1,and (19)
rj € [0,1]

which is just a generalization of the simple parameter learning problem discussed in section 2.1.

The decomposition log L(6; D) = >"% ; ZkK:L (M=t} log L¥(6;; D) first exploits the conditional
independence structure embedded in belief networks and helps to reduce the problem to n inde-
pendent ML estimate problems; then, each such problem is further decomposed as shown in (16).
We can thus do the learning in a “local” and distributed manner.

2.2.2 Parameter estimation

In this section, we derive the ML estimates for problem (19) and provide the optimality results.
For some concepts of estimation theory, we refer to [23].



Lemma 2.4 Given complete data set D, log .Z(T‘; D) is negative and strictly concave inr = [rq,

Proof. Without loss of generality, L(r; D) can be rewritten as

[A;]—1

_ [4;]-1
LDy = (I[ - Y
j=1

Define J = |A;| for simplicity,

f(r)

Jj=1

and define function f : R — R! as

= log L(r; D)
J—1 J—1

= Zyjlogrj—i-yjlog(l— 5)-
j=1 j=1

”.,ﬂA”L

(20)

(21)

Obviously, L(r; D) < 32 ey L(r;y) = 1, where ) is the set of all possible combinations of D, so

log L(r; D) < 0.

Let » = A+ (1 — A\)3, where a and [ satisfy the constraints in (19) and 0 < A < 1. Since
log(z) is strictly concave in z, we have

J-1

Z yjlog(Aoy + (1 — X)B;j) > A Z yjlogaj +

Jj=1

Also note that

J-1

1= (Ao +(1—

j=1

From (22) and (23), we have

fQa+(1-=XNp) >

= Strictly concave. D

J-1

J=1

J-1

J—1
)\Zyjlogaj—i—(l—)\)Zyjlogﬁj

j=1 j=1
J-1

J—1
+Ayslog(1l — Z a;) + (1= N)yslog(l — Z Bj)
; ot

J—1
(1= D yjlogp;.

J—-1 J—-1
B =AML= )+ (1 =21 =6
=1 j=1

(22)

(23)

(24)

Lemma 2.5 Given complete data set D, log L(0; D) is negative and strictly concave in 0 = {6, }.



Proof. From last section we know that

n K
Le;p)y = II Il Lthesp) =
=1 kZI,{Hi:ﬂ'f}

n K
logL(0;D) = Y. > logLi6:D), (25)
=1 kzl,{l_[i:ﬂf}

where by lemma 2.4, each log Lf (0;; D) is negative and strictly concave in ;. We conclude that
the sum of those negative (and thus non-cancelling), strictly concave functions is also negative and
strictly concave in 0, V1, j, k, or, concave in §. O

Lemma 2.6 The maximum likelihood solution for problem (19) is

J
ri =i/ > s (26)
j=1

where y; = Njji, as defined in definition 2.3.

Proof. Use the f notation as above and obtain the Likelihood Equations

of _
(97’]' N

From (21) it is straightforward to get J — 1 independent equations:

0, j=1,...,.J (27)

Yi _ yJ

=— Vyj=1,...,J—-1, (28)
Ty 1_2;']:117’1'

from which it is easy to obtain that r; = yj/Z‘j]:l yj, and we can check that r; € [0,1] and
23] ’I“j =1.

By lemma 2.4, we know such stationary points are global maxima (because log L(r; D) is
strictly concave). O

Lemma 2.7 The ML estimates for problem (19) are minimum variance unbiased estimators (MVUE).

Proof. Given data set D, suppose the number of occurrence of X;’s J possible values are

[y1,...,ys]T, if we look at node X; under II; = 7F. The multinomial distribution is
poly) = BRIy (29)
i=1 Y%+ ;=1

10



Then for an underlying set of parameters 1), we have for estimator 1[}3' (y) =y;/ S/, y; the expec-
tation

J
E{d;(w)} = Bufus/N} (N2 w)
i=1
- Yi Yi
ZNylzp %: z;é]yzlll;qup
(Zz;t]yl) N—y;
N
= Yi N Yi(1 — o YN—Yi (N —y;) Vi
yJZ:ONyJ'(N_yJ)'w ( d)J) %: Hi;é]yz g(l—%)
(s v)=N-y;

= unbiased.

From (29), we have

Ologpy(y) _yj  N—y;
0 vi o 1=

Then the Fisher information is,

3210gpw(y)}
62¢.
= Ew{d}z + (N yj)z}

= N/i(1—4y), (32)

Iy = —Ey{

while the variance is
1
Vary{y;/N} = szEelyj} - B{y;/N}

= o (N1~ )+ (V) — 3
= i1 =y)/N = 1/T. (33)

= MVUE (achieves Cramer Rao Lower Bound, CRLB). O

11



3 Parameter learning under incomplete data using EM algorithm

In this section, we first brief the idea of EM algorithm, followed by the derivation for belief networks,
and then in section 3.3, we discuss the convergence and optimality properties.

3.1 A brief description of EM algorithm

EM algorithm is broadly applicable for computing maximum likelihood estimates from incomplete
data. Each iteration consists of an expectation step followed by a maximization step, and hence
the name [8][17].

Suppose we have two sample spaces X and ) with many-to-one mapping X — ), where x
can not be observed directly, but instead, only through y. Let the family of sampling densities
depending on ® for X and ) are fe(x) and gs(y), respectively. We call fg(x) as the complete
data specification and g¢(y) as the incomplete data specification, with the following relation:

goly) = | , fe(), (34)

where X (y) is the set of x € X’ that corresponds to y. EM algorithm aims to find a value of ® that
maximizes g3 (y) given an observed y, but does so by making essential use of f3(x). When fs(x)
belongs to an exponential family, we have the EM algorithm:

Let ®®) denotes the current value of ® after p cycles, then for the next cycle:

E-step: Estimate the complete-data sufficient statistics ¢(x) by

) = B {t(x)]y} (35)

M-step: Determine ®®+1) as the solution of the equations

Eg{t(x)} = t® (36)

3.2 EM algorithm derivation

Suppose we have a batch of observations D = [Dy,..., D] with each D; € R™ complying with
schema S;". D may or may not be uniform. The objective is to find the most likely underlying
parameter 6 that can best model the incomplete observations, namely

maxg log Py(D)
s.t. > 0ijk = 1,and (37)
aijk € [0, 1]

and we wish to do this via the maximization of an associated complete data problem. The idea
is that we first estimate and “fill” the missing values based on the evidence and current guess of

12



the parameters, after which we treat them as the real data and apply the ML principle to do the
parameter learning. The estimation of the missing values are called Expectation-step (or E-step)
and the parameter learning step is called Maximization-step (or M-step). It is straightforward to
(v
szl ys!
and the sufficient statistics is just the set {yj}, j=1...,J.

see that a multinomial distribution py(y) = 3-]:1 zp;’j belongs to the exponential family

E-step: For each sample D;, we want to estimate the values for those nodes corresponding
to “?” mark in schema S;' and thus get the augmented data set C(D;). Let N; be the set of
nodes marked as “?” in schema S;", then given D, there are all together [],,, N, | Am| cases in the
augmented data set C(D;). For any entry D} (q) € C(D;), q=1,...,[Inen, [Aml, the evidential
nodes are “clamped” as in observation D;, while the non-evidential nodes take the ¢** combination
from the [[,,cp, |[Am| choices. Then under the current guess 0 of parameter 0, P;(D; (g)) can be
computed using (8), and the probability of Dl+ (q) given Dy is

Py(Dy (@)|Dy) = (38)

M-step: For augmented data set C'(D;) where each entry is a complete observation, we can
either average over those entries or find the most-probable entry to serve as the complete data set
for the ML estimator. At this time, we consider the averaging method, by which we weigh each
D;"(q) according to (38) within each D;.

So the associated problem is: for complete data set C(D) = [C(D;),...,C(Dpr)],

maxy log Py(C(D))
s.t. Zj Hijk = 1, and (39)
Hijk € [0, 1]
where
— L —
log Pp(C(D)) = ) log Py(C(Dy))
=1
L HmeNl ‘Am‘
= > Y. FiDf(q)|Di)log Psy(Dif (q))
=1 q=1
n L 1_[meNl ‘Am|
= 2> F;(Df (¢)|D1) log Py, (Xi(D; (¢)) L(Df (a))).  (40)

Compare (40) with (13), we can take similar decompositions and by lemma 2.6 we have for
node X; under II; = Wf,
A Nijk

Ok = N,

, (41)

where Nijk and Nj;, can be obtained as in definition 2.2 and 2.3, except that the complete data
D;"(q) is weighed by P;(D;"(q)|D;). So

13



HmeNl ‘Am|

o Zlel Zq:l I{zgmf‘pﬂq)}P@(Dl—'—(Q)|Dl)
L meN, m
DD D I{ﬂf\plﬂ“(q)}Pé(DlJr(QNDl)
where 6 is the current set of parameters and [ 2DF(q)} is the indicator function defined as
!
| 1 if z occurs in D} (q)
IMD?L (@ — { 0 otherwise (43)

One may easily observe that such augmentation is of combinatorial complexity, and even when
A; = {0,1},¥i , the entries for C(D;) would be 2/M! which makes the computation in (42) in-
tractable in most cases.

However, notice that

) HmENl ‘Am‘
Pé(fﬂf,WﬂDz) = Z I{zg,ﬂﬂplﬁ-(q)}Pé(D?(Q)|Dl)a (44)
g=1
and
HmeNl ‘Am|
Py(r}|Dy) = 221 I{Wf\pf(q)}Pé(DfL(Q)’Dl)’ (45)
q:
we can simplify (42) as '
i — iy Py(a], wf|Dy) (46)

Sty Py(nf|Dy)
where Pé(wj ik

!, 7% Dy) and Py(n¥|D;) can be calculated using standard inference algorithm given D
[5][20][21]. So we don’t need to do the augmentation explicitly and hence avoid the combinatorial
complexity. Compare (46) with (26), we can see that we just replace the “hard” counting measures
yj, Vj € J in (26) with the “soft” estimation Pj(z],7F|D;) for y;, Vj € J. By lemma 2.7, (46) is

the MVUE estimator for the complete data augmented using 6.

Now we got the ML estimates for problem (39). Recall that our goal is to find the ML estimates
that best model the incomplete data set D, we treat the estimates 0 as the current guess of true
parameter 6 and do the E-step and M-step again. Repeat such process and we get the EM algorithm
for discrete-valued belief network. If we define operator H (1)) as

L Py(z!,n%D
) = 5 o

then the EM process can be summarized as the iteration

g+t = H(6W), (48)

for some initial (). The EM algorithm can be thought of finding the fized point of operator H,
and such fixed point 6* is just the best set of parameters that model the data set D.

14



More generally, we can extend (48) to the small-step size version of iteration, which falls within
the stochastic approximation framework [2][9][14][25], as shown below:

GPD = (1 — 7)) 4, H(GP), (49)

where 7, € [0,1]. Obviously, if v, = 0, 6P+l = 9) and we ignores the influence from data; if
vp = 1, however, we get (48) as a special case. We assume from now on the nontrivial case where
T > 0.

If we define operator M(v) as
M) = (L =)y +vH(¥), (50)
with v appropriately chosen, then the EM algorithm can be summarized as the iteration
oY) = M (6P, (51)

and the goal here is to find the fixed point 8* of operator M.

3.3 Optimality and Convergence

Lemma 3.1 For one sample D = [D1], the algorithm 6®+D = H(A®)) makes log L(#; D) non-
decrease for each iteration.

Proof. The following proof resembles that in [17]. Let Y denote the observed nodes and Z
denote the non-observed nodes. So log L(6; D) = log L(0;Y = y), and X = [Y, Z]. Given those
nodes in Y “clamped” as indicated in D;, we can obtain by using 6®) the augmented complete
data set X = X(y), where X (y) denotes the multiple cases of X that contains ¥ = y. Such X(y)
may be governed by some unknown parameter set 6, which we want to estimate using ML principle
at M-step. For notation simplicity, we use Y to denote the fact that Y = y.

Since
Py(X()Y) = Po(X(y),Y)/Pp(Y) = Pp(X(y))/Po(Y), (52)

we have

log L(0;Y) = log Py(Y') = log Py(X (y)) — log Py(X (y)|Y). (53)

Take expectation with respect to the conditional probability density of X given Y under current
parameter set 0®) we get

Ejn{log Pp(Y)} = log Py(Y)
= Ejp{log Pp(X(y))} — Bz {log Po(X(y)[Y)}
Q(0,6®)) —T1(0,6®)), (54)

where Q(6,0%)) = Ej,{log Ps(X(y))}, T(9,0%)) = Ej,,{log Py(X (y)[Y)}.
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At M-step, as described in section 3.2, we use the ML principle to find the most probable
parameter based on the complete data set X (y), each entry of which is appropriately weighed
according to its conditional density under ). So,

P+t = arg max Q(0,6®)

= argmax > P (wly) log Po(w). (55)
z€X(y)
and therefore, _ - oy
QP 4Py > (™, ). (56)

Also for any 0,

Py(X]Y)

P (XY }

3 (X1Y)

= —D(@P o)

< 0, (57)

7(0,0W) -~ TP, 0P) = Ej, {log

where D(9®)||9) > 0 is the relative entropy between Pj,) (X[Y) and Py(X[Y'), see [7]. By (56) and
(57), we conclude that

log L(OPTV): D) —1og L(OP); D) = Q6P+ 4®)) — Q@ 6Py
—[T(6P+YD, 4@y — (6@ 4P))]
0, (58)

AV

or log L(0®*V); D) > log L(6®); D). O

Lemma 3.2 For independent uniform D = [Dx,...,Dr] with each D; € R" complying with the
same schema St ,the algorithm 0P+t = H(9P)) makes log L(#; D) non-decrease for each iteration.

Proof. For uniform data D, the actual observed values of the corresponding evidential nodes
may differ between different observations. At E-step, we can obtain for each D; the augmentation
and thus the complete data set C(D) under #%). For notation simplicity, we let D* = C(D).

Observing that Dy, ..., Dy are independent observations and also, each D;r is obtained inde-
pendently of D,,, m # [, we have
Py(Dy) = Py(D;")/ Py(D; | Dy), (59)

and
log Py(Dy) = log Py(D;") — log Py(D;"|Dy). (60)

Take expectation with respect to the conditional probability density of DlJr given D; under o),
we get

log Py(D;) = Epyu{log Py(D;")} — Ej,{log Po(D}|Dy)}
= Ql(67 é(p)) - ﬂ(ea é(]?)), (61)
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where Q;(0,0")) = Ej, {log Py(D;")} and T;(0,0W) = Ej,,{log Pp(D;"| D)}

Then for each D; under é(p), we have

log L(0; D) = Zlong Dy)

ZQl 0,0@) —>"T,(0,6%)), (62)

l

where

Qi(6,0) = é(p){logP(,(Dﬂ}
ZP (9)|D1) log Py (Djf (q))- (63)

Like in Lemma 3.1, T;(9,0®)) < T;(®,§®)), for any 6 75 é(p) so we have

ZTloo <ZTl (64)

At M-step, we find the ML estimate of 6 based on D7 as a whole, each entry of which is weighed
appropriately. The algorithm is 6?1 = arg maxy Ej,, {log Py(D™")}, where

Ejp{log Py(DT)} = Zng(p) (9)|D1) log Py(Djf (q))

= ZQl 9,0®). (65)
!

Thus we can conclude that

Z Ql(@(pﬂ), g(p)) > Z Ql(g(m, §(p)). (66)

l l

Combine (62), (64) and (66) we see that log L(A®*+1); D) > log L(A®); D). O

Lemma 3.3 For independent nonuniform D = [D1,...,Dgr] with each D; € R™ complying with
schema S;* ,the algorithm §P+Y) = H(O®)) makes log L(0; D) non-decrease for each iteration.

Proof. Let Dl+ be the complete data set augmented from D; using 6) and under observation
schema Sl+ . Such D;r is independent of D,,, Vm # [ and let the underlying parameter is 6, as
usual. Unlike with uniform data, the augmentation here differs not only in the observed values,
but also in the observation schemas. Once we finish the augmentation, however, we can average
the entries in D' as before. So in this sense we see that the only difference between nonuniform
and uniform data cases lies in the way of how the augmentation is achieved. Note that for formulae
(59)—(66), we didn’t use the assumption of uniform data, the proof above can be adapted here and
we get log L(0®D); D) > log L(®); D). O

From Lemma 3.1, 3.2 and 3.3 we can immediately have the following result.
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Proposition 3.1 Given independent (but not necessarily uniform) D = [Dy,..., L],~ the algo-
rithm N(g(p—l—l) = H(0W)) makes log L(#; D) non-decrease for each iteration, or log L( (6®); D) >
log L(6%®); D).

Proposition 3.2 Given independent (but not necessarily uniform) D = [Dy,...,Dy], the algo-
rithm 0@+ = M(0®)) makes L(0; D) non-decrease for each iteration.

Proof. We rewrite (62) as

log L(9; D) = Q(8,0®) —T(9,0®) (67)

whereQ(G,H(p) > Q0 9(p) T8, ) > Ti(0 9(p)

We have as usual for any 6 £ o)
T(,0®) <T(@P, §P). (68)

For Q(6,0®), we have
Q(g’é(p)) - ZQZ(Q’g(p)

= ZZ% ¢)|Dy) log Py(Djf (q)). (69)

Since DlJr (q) is a complete observation, by lemma 2.5 we see that each log P (Dl+ (q)), negative,
is strictly concave in 6. It is easy to check that

g1(z) negative and strictly concave V1 =

= Zfl gi(z) & >0,Vl also negative and strictly concave.

We conclude that Q(6, é(p)) is such a linear combination and thus negative and strictly concave.
So for operator M with ~, € (0, 1],

QIM(E™),6%) = Q((1—7)0" + yp H(G®), %)

(1- ’Yp)Q( 6@, 4t ) + ’YpQ(H(é(p)),é(p)) by concavity

(1- 7p)Q(‘§ P) g ) + WpQ(é(p), é(p)) by proposition 3.1
)

AVARLY,

QO 4w

(70)
Combine (68) and (70) we see that log L(M (®)); D) > log L(6®); D) O

Proposition 3.3 The algorithm §®1) = M(0®) will make log L(6; D) converge to log L(6*; D),
where 0% is the the fized point of operator M, and further, 0* is the global maxima.
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Proof. From proposition 3.2 we see that log L(6; D) is non-decreasing under operator M; also
from lemma 2.5, we know that log L(#; D) < 0, bounded above. So the sequence {log L(6; D)}
under M converges to the limit, say log L*(6; D). For continuous (and thus measurable) func-
tion log L(6; D), let 0* be the set of parameters corresponding to log L*(0; D), or log L(6*; D) =
log L*(6; D). From log L(6®*Y; D) —log L(§P); D) — 0 and log L(®*+Y); D) > log L(?); D), we
see that Vlog L(A®); D) — 0 and so #* is a stationary point.

Now we turn to prove that 6* is the fixed point of operator M.

For the constrained optimization problem (37), we exploit the Lagrange Multiplier method [16]
and define the Lagrangian as

=1log Py(D) — AD_ bk — 1), (71)
which implies that 0L/00;;, = Olog Py(D)/00;;1 — A

The gradient Olog Py(D)/00;ji, can be computed locally by using information that is available
in the normal course of belief network calculations, as shown below [4][27].

dlog Py(D) dlog [y Py(Dy)
802’]‘1: 802’]‘1:
B XL: dlog Py(Dy)
=1 90;jk
XL: OPy(Dy) /0,
Py(Dy)

=1

(72)

In order to get an expression in terms of information local to the parameter 6;;, we introduce
X; and II; by averaging over their possible values:

0Py (Dy)/00; 1
Py(Dy)
B #‘;k (Z oo Po(Dy|z]  mE ) Py(a] Zkl))
Py(Dy)
o (S PoDiled 7 ) Py |7 o)) -
Py(D) '

Observe that the important property of this expression is that 6;;, appears only in one term in

the summation: the term for j' = j, k' = k . For this term, Pg(w{/]wf,) is just 61, so we have

OPy(Dy)/00i5 _ Py(Dy|z], wf) Py(rf)
Py(Dy) ‘ Py(Dy)
_ Po(a], 7f| Dy) Py(Dy) Py(rf)
Py(al, wk)Py(Dy)
_ P@( Z’ Z‘Dl) _Pg( Z’ Z‘Dl)
P&l O )
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Since 6* is the stationary point, we have [0log Py(D)/08;1 — A| g—¢= = 0, or

L

Py-(a],7|D

P LY Z’ i)\, (75)
1 zgk

and by which
)‘az]k = ZPQ* Tis 'L|Dl) =

AY Ok = ZZPG* (z],7F|D)) =
J I
L
A = Y P(nf|Dy). (76)

so we have 0}, = Py« (], 7| D)) A = Py« (], 7¥| Dy) ) Py (wF| Dy), or 6* is the fixed point for operator
H. It is straightforward to check that 6* = M (6*).

Since log L(0; D) is strictly concave, 8 is the global maxima. 0O
Based on the above lemmas and propositions, we sum up and get the following proposition:
Proposition 3.4 For any given data set D and let sequence {~,} € (0,1], Vp, the small step size

EM algorithm according to operator M converges to the global maxima of the likelihood function
L(0; D), starting from any guess of initial parameter set 6,

Note that as long as sequence {v,} € (0,1], Vp the proposition holds; the choice of step size,

however, only affects the rate of convergence, as discussed in section 3.4. For Bayesian analysis,
map _ Jijnt e

ik = 0, o, where «;j;, and ayy, are the hyper-parameters for Dirichlet distribution.

Proposition 3.5 After convergence, 6* is the MVUE for augmented complete data C(D) and
henceforth.

Proof. By lemma 2.7, we see that after every iteration, 6@+1) is MVUE for C(D) obtained
under 0®). §* is the fixed point and thus MVUE henceforth. 0O

But is this 6* also the MVUE for the original incomplete data D? The following is such a
proposition which is yet to be proved (or disproved).

Proposition 3.6 The algorithm glrtl) — M(é(p)) achieves MV UE for original problem under D.
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3.4 Convergence rate and choice of step size

For the 3-dimensional matrix 6, we define v = 6;;, which is a J x 1 vector with ¢; = 6;;; as the

4" component. We study the convergence rate problem of matrix 6 by looking at each such . It

can be shown that at the neighborhood of ¥*,

P — gt 2 T (P - y7), (77)
where J(¢*) is the Jacobian matrix and the rate of convergence is defined as
(p+1) _ g
v = lim ¥ v H (78)
pooo || ) — g |

Usually, under some regularity conditions, the rate of convergence is
v = Amax(J(¢*)) the largest eigenvalue of J(¢b*). (79)

Let JH (1) and JM (¢)) denote the Jacobian matrices under operator H and M, respectively. To
obtain JH () and JM (1) under ¢ = 1*, we make the following definitions first.

Definition 3.4 The gradient vector of log L(0; D) with respect to v is

S(D; ) = dlog L(0; D) /0. (80)

We can see from (74) that
S(D;9)(j) = Y Pola, wF|D1) /G (81)

l

Definition 3.5 The gradient vector of log L.(0; D) with respect to 1 is

Se(D*;p) = dlog Le(6; D) /0. (82)
Similarly we have
Sc(D+;¢)(j) = ZZPQ L5 z’D+ ))/Hijk
= ZZIG L5 2|D+ ))/61316
= ZZSC (D" (9);9)(4), (83)
l q

where Iy(x], 7¥|D;" (¢)) is the indicator function.

Lemma 3.6 S(D;v) = Ep{S.(D*;¢)|D}
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Proof.
ZPg(l‘{,WﬂDl) = ZZPQ mz’wz’DJr( )| Dr)
= ZZPO q)|Dy) Py (], xf| D1, D;f (q))
= ZZPe (D ()| D) Iy («], 7F D (q))- (84)

S(D;9) = Ep{Sc(D*;%)|D}. O
Definition 3.7 The negative of Hessian matriz under complete data is I(1p; D) = —0?log L(6; D) /00T .

Definition 3.8 The negative of Hessian matriz under incomplete data is I.(1; D7) = —0%log L.(0; DT) /00T .

def def

Lemma 3.9 I(¢; D) = Z.(¢; D)— Zn(¢; D), where Z.(v; D) = Eg{I.(; DT)|D} and Iy (1); D)

Eg{0?log Py(D*|D) /00T }.
Proof. This lemma is called the missing information principle, firstly originated by Orchard in

1972 [19]. It is straightforward to see that

I(¢;D) = Ep{I(s;D)|D}
— _ZZP(, (D} (q)|Dy)8? log Le(0; D (q))/0v0yp™

+ZZ%W (q)|D1)0? log Py(D;f (q)| Dy) /0™
= Ee{Ic(zp; DD} + Eg{0%log Py(D|D)/0poy™ }. (85)

I(1; D) = Zc(1; D)= Im(¢; D). O
Lemma 3.10 For operator H, JH (y*) = Z.71(v*; D) T, (v*; D).

Proof. This lemma is adapted from [8]. By proposition 3.3 we know that S(D;%*) = 0 and at
the neighborhood of ¥*,

S(D;¥*) S(D;p®)) — I(p®); D) (y* —p®)) =
P o~ PP+ I (9P D)S(D;y ) (86)

%

At M-step, for Q(v, ) = 32, 3, Py (D} (q)|Dy) log Py(Djf (q)) we have
0 = [8Q(¢a¢(p))/8¢]¢:¢(p+l)
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Q

0Q (), @) /0]y + [0°Q(p, ¥ ®) JOpIYT] ) (@ TV — p(P))
S(D;y®) by lemma 3.6

= S(D;¢P)) — T (y® ><w @+ _ )y =
S(D; 9P ~ I (ypP); D) (P — y(P)), (87)

From (86) and (87) we have

=P~ I (@ DY (P D) (P — )y =
) — gt~ (I - w“’, D)I(y®); D)) (P — %)
~ Iy — I (@5 D)W D) (P — %)
~ TN (D) (¥ D) (P — ¢*). by lemma 3.9 (88)

= JH(Y*) = Z7' (¢*; D) I (4*; D). O
Lemma 3.11 Z,(¢*;D) = 3 32 Po(D; (a)|D1) Se(Dy (); %) ST (D (a); ) — 30, S(Dy; 90) ST (Dy; )

Proof. This lemma is similar to and adapted from that proposed by Louis in 1982 [15].
I(y; D) = —0S(D;v)/04¢
OL(6;D;)/0
— :_Zale, ) Onh = — Za 0]’;/) Q’Z’]/éhp

0 a 0
_ —Zaz Le0:D1 g) d}]w

L.(0; D} ooyt
Z—ZZ (9))/0vdy

L(6; D))
iy zqaLcw,Dl*(q))/w >, 0L:(6; Df (9)) /v "
; L(6; Dy) L(6; Dy)

9%Lc(0; D;" (q)) /00T

- _ZZ 76 Dy +ZS ) ST(Dy; )

= —ZZ (6 10g Lo(6; D/ (q)) /0vou” | %lj(l)))

~ OL.(60; D;f (¢)) /0% [0L.(6; D} (9) JOv]"
ZZ[ (0; D (q)) ] l Lo(0; D;f (4))

= ZZI (5 D} (q)) Po(D; (9)| Dr)
—ZZS (D (@);9) S2 (D (@);4) Po(Dy ()| D1) + Y S(Dis ) ST (Diz ). (89)

l

+3°8(Dy;w) ST (D)

l

Since >, >, I.(3; D}t (q)) Py(Dj (q)| D) = I(3; D), and by lemma 3.9 we finish the proof. O
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So at the neighborhood of 6*, we can now compute the Jacobian matrix by using lemma 3.10
and 3.11, as shown below:

e Computation of Z; (¢*; D):

Obviously, I.(¢; D (q)) = —9S (D+( ); )/3% where (D} (q); ¥)(j) = Io(a], 7| D} (a)) /Oiji-
So it is easy to check that for j # 5/, 8S.(D;' (q);9)(j)/0¢; =0 and so

I(;D) = ZZPG Q)| Dy) I.(v; D (q))

= ZZPe (Dif (q)| Dy) diag{Io(x], 7¥| D} (q)) /6% }
= dlag{ZZPe (D (@)|Dy) Io(«l, 7¥| D} (¢ >>/9m}

= diag{ZPe(wf,ﬂf!Dz)/é’?jk}
l
— ding{a}. .

where a; = Zl Pg(.’l}z, ™, ]Dl)/ka j=1,...,J

e Computation of X5, 55, Se(Dj (a); ) ST (D (a);) Po(D} () Dy):
From S,(D;f (9);¥)(j) = To(w!, 7D} (q)) /0ijw, we get Io(al, 7¥|Df (g)) Io(x] , k| D;f () =
0 Vj' # j and thus

Se(Dif (); ) ST (D (q); ¥) = diag{Ty (=], 7F| D" (q)) / 051}, (91)
and similarly we have

ZZS (D} (9); ) ST(D{ (q);¥) Po(D; (q)|Dy) = diag {a;} j=1,....J.  (92)

e Computation of >, S(Dy; ) ST(Dy;1):

Let V = Y, 8(Dy;4) ST(Dy;4), and since S(Dy;9)(5) = Pg(:cl, k| Dy), we have for matrix

V = {vms}:
>, Poal 7k |Dy) Py(af nF|Dy) .
eimk eisk lf m # s
Vs = . (93)
P2(a™ 7k | D .
= 9(9201”\1) itm=s

0

imk

And then we can see that

JH(*) = ' (¢ D) Im(¢*;D)
= diag{1l/a;} [diag{a;} — V]
= I;-W, (94)
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where W = diag{1/a;} V. For each of its element,

D _ 0z2mk Zl P2( €Ty T ‘Dl)
mm -
> Po(af, wf| Dy) 07k

leg( ;n’ z’Dl)
> Po(a, wf | Dy)

(95)

022mk Zl PG( ;n, i |Dl)P0( Z;,T; |Dl)
Zl Pg( 7, Y 'L|Dl) azmk 028k
ezmk

= Py(x™, 7¥|Dy) Py(x5, n¥|Dy)
Oisic >y Pz, | Dy) Z L S

_ i B zIDz)Pe( @}, 7| Dy) (96)

2 Py, mi [ D)
based on the fact that if § = 0%, 0;, = >, Py(z™, 7F|Dy) / > Po(m % D;) under operator H. If we
define wj; = Py(x I 7k|Dy) at 6 = 6%, it is easy to see that W = W A, where A = diag {1/, wjr}

’L Y l
and

wms

Siwd o Sjwywy ... Y wnwy
Siwuwy Yy wy ... Sjwywy
W= , . , . (97)
Siwywy Yy wywy ... Yy wy
Obviously, W =3}, wlwlT where wlT = [wyy, ... ,wy).

For operator M, we have

JM@*) = 1= +4J"7 (")
= I;—yWA. (98)

To study the eigenvalues of JM (¢*), we first look at those of W A. Tt is straightforward to see
that for any non-zero vector ¢ € R”,

T (& > wwi A€)

AW =m0 g
= max Z §,wl§wéA§ Z ax(wwl A)  and, (99)
l l

T (& > wwl A¢€)

M) = i e
= mln Z 5,’[Ul€wé)A§ Z min ’wlwl (100)
I\ , l

zAmin(wl wl A)
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and so we have the following lemmas.

Lemma 3.12 )\maX(wlwlTA) =3, wfl/zl Wi, )\mm(wlwl A)=0

Proof. If we let A = diag {p;} with p; > 0 (this condition stands true if data sample size L is

large enough), then for any non-zero ¢ € R’, we have

Z Fww/ A& = D (Gwy+ ...+ &wn) (prérwy + ... + ps€yw)
1

> (Vpr&iwy + ...+ /pr&wi))® > 0

(101)

So matrix wlwlTA is positive semi-definite, with all of its eigenvalues non-negative. Note also

that in wlwlTA, each row is of a constant factor of any other row, we see that

det ( wlwl H)\ wlwl

and )\mm(wlwl A)=0.

(102)

Let T = (ww] A)(ww] A)T, and we know that Apax(wywil A) = [[ww Al = [tr(1)]V/2. Tt is

easy to check that
w?

Jl wg Wi
Vjj = —=—>— | —=——+ ...+ —L—
T wi [Zl wyy 2 le]
1/2
w2\ 2
1 Wj1

wyw] A positive semi-definite = Apax(wwi A) = > w]l/Zl wy; O

Lemma 3.13 Ao (JM (%) <1,  Apin(JM (%)) >0

Proof.
Amax(W) < Z)\max(wlwlTA)
l
= ;(Zwil/;wjm)
- 2 (5rgen)
<

> Dargh o
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(104)



= ZZPG* !, 7| Dy)

= Z Pg* I1Dy) < (105)

)\min(W) > Z)\min(wlwlTA) =0 (106)
l

Then for operator M with v € (0, 1], we have Apax (JM (¥*)) = 1-4Amin(W) < 1 and Apin (JM (%)) =

1—

YAmax(W) > 0. O

From lemma 3.13 we see that the rate of convergence v = Apax(JM (10*)) < 1, which states also

that at the neighborhood of 68*, operator M will make the parameter sequence converge to the local
maxima 6*. To let the algorithm behaves well, we discuss the choice of step size next.

If we consider vector ) € R’, for every component j we choose v,(j) as follows [3]:

W) > 0 (107)
Z ’)’p(j ) = oo with probability 1 (108)
Z ’yz (j) < oo with probability 1 (109)
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