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Chapter 1

Introduction

The purpose of this paper is to present a self-contained description of a minimal

generating set and defining relations for the ring of invariants
C[X] = C[SL(3,C) x SL(3, (]:)]SL(:&,C)'

This generating set exhibits symmetries which allow for an explicit and succinct
expression of the invariant ring as a quotient.

Explicit minimal generators were first found by [Du] in 1935, and later by
[SR, MS, T] and graphically by [Si]. The much more general results of [AP] addi-
tionally provide minimal generators. However, [N], and later [ADS] were the first
to explicitly describe the defining relations. In an unpublished calculation [PX]
independently describe the defining relations as well. For the state-of-the-art, see
[DF]. Our treatment provides the most succinct and transparent description by
uncovering symmetries which provide a framework for generalization.

Thereafter, we show C[X] is a Poisson algebra and demonstrate the power
of our description of C[X] by computing the bracket. Finally, we apply these
results to understand and describe moduli of convex real projective structures
on a sphere with three disks removed. These applications strongly use results in

[G1, G2, G5, Kil.



1.1 Algebraic Structure of SL(3,C)

The group SL(3, C) has the structure of an algebraic set since it is the zero set of
the polynomial
L1 L1z T13
D=det | zy @y a3 | —1
T31 T32 T33
on C%. Here z;; € Clx1y,x12, T13, T21, T22, Toz, T31, T3, T33], the polynomial ring
over C in 9 indeterminates. As such denote SL(3,C) by &. The coordinate ring
of & is given by
Cle] =Clay; | 1 <d,j < 3]/(D).

Since D is irreducible, (D) is a prime ideal. So the algebraic set & is in fact an
affine variety.
The polynomial D is irreducible, since the determinant of a 2 x 2 matrix is

irreducible by inspection, and

Too2 T23 T12 13 T12 13
D= T11 det — X921 det + T3 det — 1.

T32 X33 T3z XT33 Tog T3

Thus D cannot be factored in x11, 221, 31 since it is of degree 1 in those variables,
but cannot be factored otherwise since the coefficients of those variables are
irreducible as well.

Moreover, if the partial derivatives of D are all zero, then D = —1 and so the

Jacobian ideal has no solutions. Hence, & is a non-singular algebraic variety.



1.2 Representation & Character Varieties of a
Free Group

Let F, be the free group of rank r generated by {xi, ..., x,}. The map
Hom(F,, &) — &*"

defined by sending
p = (p(x1), p(x2), -, p(%r))

is a bijection. Since &*" is the r-fold product of irreducible algebraic sets, " =
Hom(F,, ®) is an affine variety. Moreover, since the product of smooth varieties
over C is smooth, Hom(F,, ®) is non-singular.

As such Hom(F,, ®) is denoted by P& and referred to as the SL(3, C)-representation
variety of F,.

Let C[R] be the coordinate ring of R. Our preceding remarks imply C[R] =
C[®]®". For 1 < k < r, define a matriz variable of the complex polynomial ring

in 97 indeterminates by

k k k

Ty T2 T3

— k k k
Xk Tg1 Loy Tog
k k k
T3y T3 T33

Let A be the ideal (det(x;) —1 | 1 <k <r)in C[2R]. Then
CIR] =C[z; | 1<i,j <3, 1<k <r]/A

Let (x1,Xa,...,X,) be an r-tuple of matrix variables. An element f € C[2] is
a function defined in terms of such r-tuples. There is a B-action on C[MR] given

by diagonal conjugation. That is, for g € &

g- f(X17X27 "'?XT) = f(g_1X197 "'79_1X7“g)'



The subring of invariants of this action C[%R]® is a finitely generated C-algebra

(see [D, P1, R]). Consequently, the character variety

X = Spec,,,,, (C[R]®)

max

is the irreducible algebraic set whose coordinate ring is the ring of invariants.
Therefore, C[X] includes all polynomial maps of the form tr(x;,x;, - - - x;, ), where
1 <i4; <r. For r > 1, the Krull dimension of X is 8 — 8 since generic elements
have zero dimensional isotropy (see [D], page 98).

There is a regular map S8 — X which factors through :8/&: let m be a
maximal ideal corresponding to a point in R, then the composite isomorphism
C — C[R] — C[R]/m implies that the composite map C — C[R]® — C[R]®/(mN
C[?R]®) is an isomorphism as well. Hence the contraction m N C[R]® is maximal,
and since for any g € &, (gmg~') N C[R]® = m N C[R]®, 7 factors through R/ G
(see [E], page 38). Although 2R/® is not generally an algebraic set, X is the
categorical quotient /&, and since & is a (geometrically) reductive algebraic

group 7 is surjective and maps closed -orbits to points (see [D]).

Completely Reducible Representations

For every representation p € R, C? is a F.-module induced by p. A completely
reducible representation is one that is a direct sum of irreducible subrepresenta-
tions. Such representations induce a semi-simple module structure on C?, and
irreducible representations respectively result in simple modules. For any com-
position series of the F,-module associated to p, C3 =1V, D>V, D --- DV, =0,
there is a semi-simple F,-module W = @ V;/V;;1. With respect to a chosen basis
of W, there exists a completely reducible representation p'®). However, its conju-

gacy class is independent of any basis and moreover the Jordon-Hélder theorem



implies that this class is also independent of the composition series.
We characterize these representations by their orbits. If p is not completely

reducible (I > 1), then it is reducible and so for w € F, has the form:

0 dw) e(w)

0 fw) g(w)
In this form, conjugating by

1 0 0

0 1/n 0 |,

0 0 1/n

and taking the limit as n — oo results in

a(w) 0 0
0 dw) e(w)
0 fw) g(w)

This limiting representation is p{), if it had two irreducible summands. Otherwise

we may conjugate p so f(w) may be taken to be 0. Then conjugating this form

of p by
1 0 0
0 I/n O
0 0 1/n?

and taking the limit as n — oo results in

a(w) 0 0
0 dw) 0 |-
0 0 gw



which is p® when it has three irreducible summands. Either way, we have a
sequence, p, € ®p, beginning at p and limiting to p® ¢ &p. It follows that if
Bp is closed then p is completely reducible.

For the converse, we first show that 7(p) = 7(v) if and only if p® = ().
Indeed, suppose that 7(p) = 7w(¢). Then their characteristic polynomials are
equal: x, = xy. Thus x,« = xu. However semi-simple representations are
determined by their characteristic polynomials, so p® = (). On the other
hand, if p©®) = ¥ then p, — p® = () « 4p,. This in turn implies Gp N G is
not empty, and so w(p) = w(v).

Now suppose p has a non-closed orbit, and let 1/ be an element of &p — Gp.
Then p and v are not conjugate. Without loss of generality, we can assume
that & is closed since the dimension of each subsequent sub-orbit decreases.
So ¢ = ) and 7(vp) = m(p). Hence, p® = ¢ and so p cannot be completely
reducible else it would be conjugate to v, which it is not. In other words, if p is
completely reducible, then &p is closed.

Let 2R%® be the subset of SR containing only completely reducible representa-
tions. Then we have just shown that J98%°/® is in bijective correspondence (as

sets) to X, and the following diagram commutes:

R —— X

! [

R —— R/

For a complete treatment of the above arguments see [A, P2].



Simple Representations

Let SR® C R*° be the set of irreducible representations, and let 28"? be the regular
points in fR; that is the representations that have closed orbits and have minimal
dimensional isotropy. These points form an open dense subset of R (see [D]).

We claim that PR = R®, if F,. has rank greater than 1. We have already seen
that the irreducible representations have closed orbits, since they are completely
reducible. So it remains to show that p is irreducible if and only if its isotropy
has minimal dimension. First, however, we address the case of F;.

In this case, all representations have an invariant subspace since the charac-
teristic polynomial always has a root over C. So there are no irreducible rep-
resentations, and the semi-simple representations are exactly the diagonalizable
matrices. Moreover, the dimension of the isotropy of any representation is at least
2-dimensional since any matrix commutes with itself. Also the set of matrices
with distinct eigenvalues is dense; and any diagonalizable matrix has a repeated
eigenvalue if and only if its isotropy has dimension greater than 2. So in this
case, " is the set of matrices with distinct eigenvalues, and R* = {(}}.

Otherwise, F, has rank at least 2. If p € P3¢ has an invariant subspace, it has
non-zero dimensional isotropy since it fixes at least one line in C3. On the other
hand, the representations that have at least two distinct matrix variables having
no shared eigenspaces have isotropy equal to the center, which is generated by
the cubic roots of unity and so is zero-dimensional. If a representation does not
have this property then it must be reducible. Hence, the minimal dimension of
isotopy is zero which is realized if and only if p € 8* C R**. Thus when F, has
r > 1, then R"9 = R?.

In [A], it is shown that 28° /& is a smooth irreducible variety. Moreover, in [G2]



it is shown that & acts properly on A%, and although the action is not effective,
the kernel is the center Z3. Thus the induced “infinitesimal” action on the tangent
space is in fact effective, since the tangent map corresponding to the center is
zero. Thus, if p € R*, the tangent space to an orbit, 7,(0,), is isomorphic to g,
the Lie algebra of &. Together with properness, this implies that :R* — R /& is
a local submersion which in turn implies 7,(R/®) = T,(R)/1,(0,) whenever p
is irreducible.

It is not always the case that the tangent space to the quotient is the quotient
of tangent spaces. See [Ka] for example. The issue that arises is that there can be
smooth points in the quotient that have positive-dimensional isotropy. At these
points, T,(R &) 2 T,(R)/1,(0,), seen by simply comparing dimensions. On the
other hand, it is not clear what happens at the singular points in the quotient
since they will necessarily have positive-dimensional isotropy but yet their Zariski
tangent space will also jump in dimension. A dimension count is not sufficient
however, since it may be the case that the differential to the projection at such

a point is not surjective.



Chapter 2

Polynomial Matrix Identities

Let F;" be the free monoid generated by {xi,...,x,}, and let M7 be the monoid
generated by {x,Xy,...,X,}, as defined in Chapter 1.2, under matrix multiplica-
tion and with identity element [ the 3 x 3 identity matrix. There is a surjection
F — M, defined by mapping x; — x;. Let w € M be the image of w € F;
under this map. Further, let |- | be the function that takes a reduced word in F,
to its word length. Then by [P1, R], we know C[X] is not only finitely generated,

but in fact generated by
{tr(w) | weF, |u <7} (2.0.1)

Let xj, be the transpose of the matrix of cofactors of x;. In other words, the

(i, 7)™ entry of xj is

(—1)i+jCiji<Xk);
that is, the determinant obtained by removing the j* row and i*" column of xj.
Let M} be the monoid generated by {x1,xa,...,x,} and {x},x3,...,x}}.
Observe that (xy)* = y*x* for all x,y € M}, and xx* = det(x)[. Now let N,

be the normal sub-monoid generated by

{det(xx)l | 1 < k <r},



and subsequently define M, = M?*/N,.. Notice in M,., x* = x~!, and thus M, is
a group.

We will need the structure of an algebra, and to that end let CM,. be the group
algebra defined over C with respect to matrix addition and scalar multiplication
in M,. Likewise, let CM be the semi-group algebra of the monoid M.

The following commutative diagram relates these objects:

Ff'" —— F,

| |

! J !

CMf —— CM: —— CM, —— C[x].

|

Since the trace is non-degenerate, all relations in C[X] arise from relations in

CM.,.

2.1 Relations

The Cayley-Hamilton theorem applies to this context and so for any x € CM,.,
x? — tr(x)x? 4 tr(x*)x — det(x)l = 0. (2.1.1)
By direct calculation, or by Newton’s trace formulas

tr(x") = = (tr(x)? — tr(x?)) . (2.1.2)

N —

Together (2.1.1) and (2.1.2) imply
L3y 1 3 1 2
det(x) = gtlr(x )+ 6tr(:x;) — 5tlr(x)tr(x ). (2.1.3)
If x,y € M, then multiplying equation (2.1.1) on the right by x~'y yields,

x?y — tr(x)xy + tr(x Dy — x 'y = 0. (2.1.4)

10



Computations similar to those that follow may be found in [MS, SR|. For any

x,y € CM, and any A € C, equation (2.1.1) implies
(x +Ay)? — tr(x + Ay)(x + Ay)? + tr((x + Ay)*)(x + Ay) — det(x + \y)l = 0.
(2.1.5)

Using equations (2.1.1), (2.1.2), and (2.1.3), we derive equations

dertx -+ 3y) =¥ () + Guy)? - Jo@lnl?) +

6

() + ()i — Str(y)in() — r(x)irxy) ) +

(

 (1nlxy?) 4 JrGonly)? - JuGon(y?) - ay)tey) ) +
( )
(

%tr(x?’) + étr(x)s - %tr(x)tr(xz)) , (2.1.6)

and

(et A+ ay)) =3 Gy = gty ) +

>
o

tr(y)’x — %tr(yQ)X + tr(x)tr(y)y — tr(xy)y) +

r(x)2y — %tr(x2)y + tr(x)tr(y)x — tr(xy)x) 4

N = N~ N = N

>
=}

>
7~ N/ N~ N~

() — %tr(xz)x) | (2.1.7)

11



Substituting equations (2.1.6) and (2.1.7) into (2.1.5) produces equation

1 1
0=\ <y3 —tr(y)y* + 5“(3’)2}’ - 5“(}’2)}’—

1 1 1
Str(y)l——tr(y)* 1+ Str(y)tr(y”)l )+
3 6 2
A (xy2 +y*x + yxy — tr(x)y? — tr(y)xy — tr(y)yx+
1 1
itr(y)2x — itr(yz)x + tr(x)tr(y)y — tr(xy)y — tr(xy?)l—
1 1
étr(x)tr(yfl] + §tr(x)tr(y2)|] + tr(y)tr(xy)ﬂ) +
A <yx2 + x%y + xyx — tr(y)x*—tr(x)yx — tr(x)xy+
1 1
§tr(x)2y — §tr(x2)y—|—tr(x)tr(y)x — tr(xy)x — tr(yx*)l—

1tr(y)tr(x)2|] + %tr(y)tr()g)l] + tr(x)tr(xy)l]) +

2
A0 <x3 — tr(x)x* + %tr(x)2x - %tr(xz)x—
%tr(xg)ﬂ—%tr(x)?’ﬂ + %tr(x)tr(x%ﬂ). (2.1.8)

However, CM,.[\] does not have zero divisors, so each coefficient of a power

of A\ is zero. In particular,

yx? + X%y + xyx = tr(y)x® + tr(x)yx + tr(x)xy — tr(x)tr(y)x + tr(xy)x+

tr(yx®)l + tr(x)tr(xy)l — 1 (tr(x)%y — tr(x?)y — tr(y)tr(x)?l + tr(y)tr(x*)0) .

2
(2.1.9)
Define pol(x,y) to be the right hand side of equation (2.1.9); that is,
pol(x,y) = yx* + X’y + XyX. (2.1.10)

Then substituting x by the sum x + z in equation (2.1.10), yields the funda-

12



mental expression

XZy + zZXy + yXz + yzX + Xyz + zyXx = pol(x + z,y) — pol(x,y) — pol(z,y).
(2.1.11)

Taking the trace of equation (2.1.9) after multiplying it on the left by u and

on the right by v yields equation

tr(uyx?v)+tr(ux®yv) = —tr(uxyxv) + tr(y)tr(ux*v) + tr(x)tr(uyxv)+
tr(x)tr(uxyv) — (tr(x)tr(y) — tr(xy)) tr(uxv)+
(tr(yx?) — tr(x)tr(xy)) tr(uv) — % (tr(x)* — tr(x?)) tr(uyv)+
1
2

(tr(y)tr(x)? — tr(y)tr(x?)) tr(uv). (2.1.12)

1

Suppose x,y € M,. Then substituting v = x~! and u = y~'x~! into equation

(2.1.12), provides equation
tr(xyx'y ) = — tr(yxy 'x ") = 3+ tr(y)tr(y ") + 2tr(x)tr(x ) —
tr(x)tr(y)tr(x 'y ) + tr(xy)tr(x 'ty H—
tr(x tr(y 'xlyx ) + (tr(yx?) — tr(x)tr(xy)+

tr(xtr(y))tr(y 'x7?). (2.1.13)

Equation (2.1.4) implies equation

tr(y”'x %) =tr(x”tr(x Ty ™) — tr(x)tr(y ) + tr(xy 7). (21.14)
Since tr(y 'x'yx~!) = tr((X_ly_1)2 y?),
tr(y 'xlyx ) =tr(x Tty Htr(xty) — tr(x)tr(y)tr(y )+ (2.1.15)

tr(y)tr(xy ™) + tr(x) + tr(xy)tr(y ).

13



Substituting equations (2.1.14) and (2.1.15) into equation (2.1.13), we then derive

the fundamental commutator relation

tr(xyx 'y ) = — tr(yxy 'x ) 4 tr(x)tr(x” Dtr(y)tr(y ™) + tr(x)tr(x )+
tr(y)tr(y ) + tr(xy)tr(x "ty ™) + tr(xy Dtr(xly)—
tr(x~Htr(y)tr(xy ) — tr(x)tr(y Htr(xly)—

tr(x)tr(y)tr(x "ty ™) — tr(xy)tr(x tr(y ') — 3. (2.1.16)

2.2 Generators

From (2.0.1), we need only consider words in F;f of length 7 or less. The length
of a reduced word is defined to be the number of letters, counting multiplicity, in
the word. We now define the weighted length, denoted by |- |, to be the number
of letters of a reduced word having positive exponent plus twice the number of
letters having negative exponent, again counting multiplicity.

For example, in Fy, we have |x;xs| = |xiXo|y, = 2 but [x3x,%| =3 +2 =5
while [x3x;%], =3+2-2=T.

For a polynomial expression e in matrix variables with coefficients in C[X],
we define the degree of e, denoted by |e|, to be the largest weighted length of
monomial words in the expression of e that is minimal among all such expressions
for e. Additionally, we define the trace degree of e, denoted by |e|:, to be the
maximal degree over all monomial words within a trace coefficient of e.

For example, when x,y € M,, |pol(x,y)| < max{2|x|,|x]| + |y|}, while
[pol(x, )l < 2|x] + ||

We remark that given two such expressions e; and e,

lerea] < fer] + fez] and fereafi < max{fes i, [eafu}-

14



We are now prepared to characterize the generators of C[X].

Lemma 2.2.1. C[RR]® is generated by tr(w) such that w € F, is cyclicly reduced,

|w|, <6, and all exponents of letters in w are £1.
Proof. For n > 2, equations (2.1.1) and (2.1.4) determine equation
tr(ux"v) =tr(x)tr(ux""'v) — tr(x " Htr(ux""?v) + tr(ux""3v), (2.2.1)

which recursively reduces tr(w) to a polynomial in traces of words having no letter
with exponent other than +1. If however n < —2 then we first apply equation

(2.1.4) and then use (2.2.1). Hence it follows that w is cyclically reduced, and all

letters have exponents +1.

Substituting x — y and y — xz in equation (2.1.10), and multiplying the

resulting expression on the left by x gives
x’zy? = —(xy’x)z — (xyx)zy + xpol(y, x). (2.2.2)
Replacing y +— y? in equation (2.1.10) produces
y*x* + x*y? + xy’x = pol(x,y?),
which substituted into equation (2.2.2) yields equation

x’zy” = (y’x* + x’y” — pol(x,y?))z + (yx* + X’y — pol(x, y))zy + xpol(y, xz).

(2.2.3)

Now substituting x — y and y +— x?z in equation (2.1.10) and multiplying

zy? +y’z + yzy = pol(y, z) on the left by x? gives

X2zy2 + y2x2z + yxzzy = pol(y, X2z),

15



and

x’zy® + x*y’z + x’yzy = x*pol(y, z),

which substituted into equation (2.2.3) results in
3x%zy? = pol(y,x?z) + xpol(y,xz) — pol(x,y?)z — pol(x, y)zy + x*pol(y, z).
Thus,

Ix*zy*| < 2x| + |zl + 2ly] and |x*zy|. < 2[x] + |z] + 2]y].

For the remainder of the argument assume x,y,z,u,v,w are of length 1.
Replacing y — u+ v in equation (2.2) we deduce |x*z(u? +uv + vu + v?)| < 4.
This in turn implies |x*z(uv + vu)| < 4 and so |x*zw(uv + vu)| < 5. In a like
manner, we have that both |x*z(wuv + vwu)| < 5 and |x*z(wv + vw)u| < 5.

Hence we conclude that
|2x*zwuv| = |[x*zw(uv + vu) + x*z(wuv + vwu) — x*z(wv + vw)u| < 5,

and

|2x*zwuv|;, < 6.

2zwuv we come to the conclusion that |xyzwuv +

Replacing x — x+y in x
yxzwuv| < 5. That is, permuting x and y introduces a factor of —1 and a
polynomial term of lesser degree. Slight variation in our analysis concludes the

same result for any transposition of two letters in the word xyzwuv.

Therefore, if o is a permutation of the letters x,y, z, u, v, w then

|xyzuvw + sgn(o)o(xyzuvw)| < 5 while |xyzuvw + sgn(o)o(xyzuvw) |, < 6.

16



Lastly, making the substitutions x — xy, y — zu, and z — vw in the

fundamental expression (2.1.11), we derive

XYVWZU+VWXYZU + ZUXYVW + ZUVWXY + XYyZUVW + VWZUXYy =

pol(xy + vw, zu) — pol(xy, zu) — pol(vw, zu). (2.2.4)

However, each word on the left hand side of equation (2.2.4) is an even per-

mutation of the first, so

|6xyvwzu| < 5 and |6xyvwzul, < 6.

Hence, if w is a word of length 7 or more, then |tr(w)], < 6. Moreover, this

process gives an iterative algorithm for reducing such an expression. O

As an immediate general consequence we have the following classification of

generators. It is not minimal, however.

Corollary 2.2.2. C[X] is generated by traces of the form

tr(x;), tr(xi_l), tr(x;x;), tr(x;x;Xy), tr(xixj_l), tr(xi_lxj_l),
tr(xixjxgl), tr (XX, X X)), 0 (XX XX X ) tr(xixjxkxl_l),
tr(xix; 'x 1), tr(xg xR ), tr(xexgxg xg ),

tr(xixj_lxkxl_l), tr(xix; XXX, ) 4T (XX XXX X ),

where the indices may not be distinct in a given generator.
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Chapter 3

Structure of C[&*? /8]

3.1 Minimal Generators

As a consequence of Corollary 2.2.2, we have

Lemma 3.1.1. C[® x &|® is generated by

tr(xy), tr(xz), tr(xixs), tr(x;x,'), tr(x;'),

tr(xyt), tr(xy'xyt), tr(x;'xo), tr(x;x.x;ix,t).

Proof. The words of weighted length 1,2, 3,4 with exponents +1 are unambigu-

ously cyclically equivalent to one of

-1 _—1 -1 -1 _—1_-1 2
X1,X2,X1 ,X9 ,X1X2,X1Xg , X2X; ,X] Xy >(X1X2)-

But equation (2.1.4) reduces the latter most of these in terms of the others.
All words in two letters of length 5 are cyclically equivalent to a word with an

exponent whose magnitude is greater than 1, except x1x; 1x%1%,, and X2X1_1X2X1.

Both are cyclically equivalent to (xixj)zxf, which in turn, by equation (2.2.1),
reduces to expressions in the other variables. The only words of weighted length

6 and with exponents only +1 are x;x,x] 'x; ', its inverse, and (x;x;)®. But the
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latter most of these is reduced by equation (2.1.1). Lastly, letting x = x; and

y = Xy in equation (2.1.16), we have
tr(Xox X, X7 ) = — tr(xXox] x5 ) 4 tr(x ) tr(xg ) tr(xg ) tr (x5 )+
tr(xy ) tr(x; ) + tr(xo)tr(xs ) + tr(xxo ) tr(x; ' x, )+
tr(xx; D)tr(xy 'xg) — tr(xy H)tr(x)tr(x; x5 ) —
tr(x )tr(x, Dtr(x;'xg) — tr(x )tr(x)tr(x; x5 ) —
tr(x;xo)tr(x; DHtr(xy ') — 3, (3.1.1)
which expresses the trace of the inverse of the commutator in terms of the other

expressions. O

The center of & is ((&) = {wl | w3 = 1} = Z3. There is an action of ((&)*?

on C[X] given by
(wil, wal) - tr(w(xy,x3)) = tr(w(wixy, weXs)) = w‘lw(xl’")Iww‘zw(”’xz)‘wtr(w(xl, X3)).

Applying this action to the generators and recording the orbit by a 9-tuple, we

can distingish all generators and by doing so grade the ring:

Proposition 3.1.2.

C [%] = Z P(Wl w2)

(w1,w2)EZ3X7Z3

is a graded ring, where P, .,y 15 the linear span over C of all monomials whose
orbit under Z3 x Z3 equals one of the orbits of t(+s); which themselves are in

bijective correspondence with the elements of 73 X Z5.

In fact the situation is general. For a rank r free group, Z3" acts on the gener-
ators of C[X] and gives a filtration. However, since the relations are polarizations
of the Cayley-Hamilton polynomial, which itself has a zero grading, no relation

can compromise summands. So the filtration is a grading.
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3.2 Hyper-Surface in C*

Let

R = Clta), t1), by t-2) te), H=s), Ly ) Ee) Hs)]
be the complex polynomial ring freely generated by {t(;, 1 <@ < 5}, and let
R = Clta), t-) te)s t-2), te)s ts) Ty T-a)]

be its subring generated by {1, 1 <14 < 4}, so R = R[t),t(_s)]. Define the

following ring homomorphism,

R[ts),t(—5)] —= C[& x &]®

by
tay — tr(xq) t1y — tr(xyt)
t) — tr(xz) to) > tr(xy ")
t(g) — tr(xiXs) ta) > tr(xy x5 )
tay — tr(xixy ') t—a) — tr(x] ' x2)
ts) o tr(xixex) x5 ") tos) o tr(xexixy X7 ).

It follows from Lemma 3.1.1 that
CIX) & Rlts), t_s)/ er(I1).

In other words, II is a surjective algebra morphism.

We define
P =tmlntet-) —tatet-s) —t-ntote) — totol-y — t-ntebe

Htayt-1) T tt—2) + e t-s) + tal-a — 3,
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and so P € R. Moreover, by equation (3.1.1),
P — (t) +t—s) € ker(II).
Hence it follows that the composite map
Rlts)] = Rlt@), t(-5)] = Rlte), t-s)]/ ker(ID),

is an epimorphism. Let I be the kernel of this composite map, and suppose there
exists @ € R so Q — t(5)t(—5) € ker(Il) as well.

Then under this assumption, we prove

Lemma 3.2.1. [ is principally generated by the polynomial
ttsy — Pty + Q. (3.2.1)

Proof. The following argument is an adaptation of one found in [N].
Certainly, té) — Pt +@Q € I for it maps into Rl[t(5),t(—5)]/ ker(II) to the coset
representative t%s) — (tes) + ts))te) + te)ts = 0.

On the other hand, observe
Rlt(5)]/1 = Rlt(s), t(-5)]/ ker(II) = C[X],

the dimension of X is 8, and R[t(5)]/I has at most 9 generators. Then it must
be the case that I is principally generated since R[t(5] is a U.F.D., and thus a
co-dimension 1 irreducible subvariety of C? must be given by one equation (see [S]
page 69). Moreover, [ is non-zero since otherwise the resulting dimension would
necessarily be too large.

Seeking a contradiction, suppose there exists a polynomial identity comprised
of only elements of R. Then Krull’s dimension theorem (see page 68 in [S]) implies

t(s) is free. In other words, given any specialization of the generators of R, ts)
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is not determined. Consider (SL(2,C) x {1})? C &2 that is, the matrices of the
a b 0

form | ¢ ¢ 0 | soad—bc=1. Then by restricting to pairs of such matrices,

0 01
we deduce that

tr(xXoX] 'X; 1) = tr(xox; x5 ' x] Y),

since for all g € SL(2,C), tr(g) = tr(¢g~") (see [LP]). Then equation (3.1.1)
becomes

t(5) == P/2,

which is decidedly not free of the generators of R. Thus, the generators of R are
algebraically independent in R[t)]/1.

Since [ is principal and contains a monic quadratic over R, its generator is
expression (3.2.1), or a factor thereof. We have just shown that there are no
degree zero relations, with respect to ¢(5). However, if I is generated by a linear
polynomial over R then f(5) is determined by the generators of R. However this
in turn would imply that all representations who agree by evaluation in R also
agree by evaluation under ).

Consider the representations
p1

Fy — Fy —
a 0 0 a 0 0
xi— |l 0o b 0 and x1— 1 0 b 0
0 0 1/ab 0 0 1/ab
1 1 -1 1 -1 1
Xo— a5 | 1 -1 1 Xo— a5 | -1 -1 —1
-1 -1 -1 1 1 -1
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It is a direct calculation to verify that they agree upon evaluation in R but

disagree under £s). O

Lemmas 3.1.1 and 3.2.1 together imply the following theorem whose result,
in part, is given as an example of the powerful graphical techniques developed in

[Si] and was shown to be true before that by [T].

Theorem 3.2.2. &*2 /& is isomorphic to an affine degree 6 hyper-surface in C?,

which maps onto C8.

Proof. Once we explicitly determine (), it having degree 6 will be apparent. It
then remains to show that X — C?® is a surjection. To this end, let (z; — (1, ..., 25—
(g) be a maximal ideal in the coordinate ring of C®. Moreover, let (y be defined
to be a solution to t* — P((y, ..., (s)t + Q((h, ..., Gs) = 0. Then (¢ta) — G, -1y —
Coy ooy t—a) — (8, L5y — o) + 1 is a maximal ideal in C[X], and so all maximal ideals

of C[C¥] are images of such in C[X]. O

3.3 Singular Locus of X.

The surjection X — C? is generically 2-to-1, that is there are exactly two solutions

to
t2 - P(Cla veny CS)t + Q(Clu very CS) = O
for every point in C® except where P? — 4Q = 0. In this case,
0= (te) +ts)” — dEts = (te) —tes)

which implies i) = t(_5) = P/2. In X, on the other hand, t; = P/2 implies
that P? — 4Q = 0. Let £ denote the locus of solutions to P? —4Q = 0 in X,

which is a closed subset of X.
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It is readily observed that the ¢(5) partial derivative of té) — Pty + Q is zero
if and only if ¢y = P/2. The singular set in X, denoted by J, is the closed
subset cut out by the Jacobian ideal; that is, the ideal generated by the formal
partial derivatives of té) — P5+ Q. Thus J C £. In the proof of Lemma 3.2.1,
we observed that (SL(2,C) x {1})*%/® C £. Additionally, since matrices of the

a 0 0
foom | 0 b 0 commute, restricting to pairs of such matrices enforces the
0 0 1/ab

relation
tr(xxox; 'xy 1) = 3 = tr(xoxix; 'x7 h).

Let (C*)? denote the subset of such matrices in &. Consequently, (C*)*/& C £
as well. We claim both sets satisfy all the generators of the Jacobian ideal, and

so are singular.

oP 0Q
6t(z) 8t(i)

for 1 < |i| <4 and 2t — P. Using the formulas for P and @ (see Chapter 3.4)

Explicitly, the Jacobian ideal is generated by the polynomials —£s)

we derive:

opP

e =~ el Hiey T ieate) Hiealente)
W

oP

St~ Lty Tt T ieatenta) = Henta
@)

oF _y tayt

Dig Y T

oF _y tnt

Di N Tt
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oP

= —tat) + 1l

Ot(~a)
OF oty +1
iy Wl tle
opP
o0 o ento Tl Fientmle ~i-nle)
(-2)
oP
o0 . o Tlealnte ~i-2le) ~ ot
(1)
0Q 2 3

Dt =3t-at-2) T H-s)t) — Ot — t gt T 2-nt-ata)—

2t _ayt—pyt—nta) + 3l + st — teatl_pte)+

by t-nte) — 2bat-ntmte + 2ht{ ntote) — 3ttt +
tatty — Lottty +Hatntl) — tentiy+

tonte) + teatnte — Heatinte) + 2teatate

tat-nteyte) + 2t thte) — 2atl) + tyte +tatntn -
tatntnta) + 2 atmtw — tyteta + 2tateta) — 3ot —

taytat@tu — 2t2th
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8@ 2 2 2
Dy Iy T Oty T Hplen ~ oty oty Hiealin

tayt( ) + 3tata) — Hent{ata) T teatnto—
teatenthy + ot ythy — Loty + 2t eatptot
2tntmte) = 2beattnte) + 2 gtentnte) + 36—
Bttty — 3tate) +tentate) — Hoatnte =
teant-ntmte + 2h-ntete) + 2t tte) — 2ot +
taytot + 3tenta — oyt +Hnte + 2eatetn -

2
2tnt—nte)te — t-ata)te)te T ety

T — Gty + L t? oy + Bttty + 2t +
Dt (-3) T t—al 2 (-2)t(-1) T t_gla)

teatntay — teatinta) +tth) — 3tate) + estate)—

2 2 2 2

tat-nte —t-at-ntote) Hiente +inte + 2 -ot-nte -
Aayteyte) + 3t + teatata) +Hinta — Statw — teatmteto T

2
2t—2)t3)ta) + L)t

oQ
Phos = — 6t(_4) — 3t(—3)t(—2) + t%_z)t(—l) + t%_3)t(1) ittty —

teatatnta) +tyth) T teatate) + 3t nte—
tptmte) + e+ttt — teatntl + teatste+
teyte) — 3ty — teatmtele) + oty + 2t atnta—

2
At (—oytyta) + 2t )t E)ta) + 3ty
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Let i be the polynomial mapping that sends #(; +— £, that is induced by

the automorphism of Fy which sends x; +— xi_l. Then it is readily observed that

oP :~< oP

D) m(ii)). By working out the other partials of () one observes this same

symmetry. So we express the other four partials of @) by:

oQ . 0Q oQ .1 0Q oQ ./ 0Q oQ ./ 0Q
Ot :1<8t(1)>’ Ot :1<8t(2)>’ Ot :1<8t—(3)>’ Dt :1<8t—(4)>’

which may be verified with Mathematica, or by hand.
To show that (SL(2,C) x {1})*?/® is contained in the singular set of X, we

will find the following proposition useful.

Proposition 3.3.1. (SL(2,C) x {1})*?//® is contained in the algebraic set cut

out by the following equations:

L) =tw) for 1 < |Z| <4 (3.3.1)
tay =tmte) —te) —ta) —te +3 (3.3.2)
ts) =3 = 3ty + thy — 3t +tayte) +thy — 3te) + ta)te)

+iete — totete) + ). (3.3.3)

Proof. Let SL(2,C)x {1} be hereafter denoted SL3(SL(2,C)), and let A € SL(2,C)
correspond to A € SL3(SL(2,C)). Since the normal form of such a matrix,
conjugating in &, may be achieved by restricting the conjugation action to
SL3(SL(2,C)), we know that SL3(SL(2,C))*?/& has the same algebraic dimen-
sion as SL(2,C)*?/SL(2,C). Tt is shown in [LP] that this dimension is 3. So if
the above equations are satisfied by SL3(SL(2, C)) then SL3(SL(2,C))*?/® is not
cut out by any further equations.
Since any matrix in SL(2, C) is conjugate to its inverse, it follows that

—_— -

tr(A7Y) = tr(A=1) = tr(A™Y) + 1 = tr(A) + 1 = tr(A).
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Hence equations (3.3.1) are satisfied. Next, using the SL(2, C) identity
A% —tr(A)A+1=0,

one easily derives tr(AB™!) = tr(A)tr(B) — tr(AB). It then follows

tr(AB™1) = tr(AB1) = te(AB-))
=tr(AB™') + 1 = tr(A)tr(B) — tr(AB) + 1
= (tr(A) — 1)(tx(B) — 1) — (tr(AB) — 1) + 1

= tr(A)tr(B) — tr(AB) — tr(A) — tr(B) + 3.

Hence, equation (3.3.2) is satisfied. Lastly, substituting equations (3.3.1) and

equation (3.3.2) into the identity ¢ = P/2 we conclude equation (3.3.3). O

Now, substituting these equations directly into the generators of the Jacobian
ideal results in all generators reducing identically to 0. Hence SL3(SL(2,C))*?/& C
J.

Returning our attention to (C*)**, we observe that diagonal matrices are al-
ready in normal form. So we simply evaluate the generators of the Jacobian ideal
at pairs of diagonal matrices in & x &. Doing so again results in all generators
reducing identically to 0, and allows us to conclude (C*)**/& C J. Both of
these computations, due to the large number of variables, was completed using
Mathematica.

In fact these are both prototypical examples. We have already seen that in
general, if p is singular, then its orbit has positive-dimensional isotropy. In the
case of a free group of rank 1, there are no singular points in the quotient and so
the identity, which has maximal isotropy, remains smooth. Hence the converse
is not generally true. In the case of a free group of rank 2, the situation is much

better.
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Let GL(2,C) x C* be the subset of & consisting of elements of the form

a b 0
c d O
00 adibc

so ad — be # 0.

Using Mathematica we verify that (GL(2,C) x C*)*? /& is singular, after veri-
fying that ¢5y = P/2 on this subset. However, any completely reducible represen-
tation that is not irreducible is conjugate to an element in (GL(2, C) x C*)*? since
there must be a shared eigenvector with respect to its matrix variables. Moreover,
(GL(2,C) x C*)*? /& has the same algebraic dimension as GL(2,C)*?/GL(2,C),
which is 5 (see [DF]). Since the branching locus has dimension 7 they are not
equal, and in fact we have shown that a representation in X is singular if and only
if its orbit has positive-dimensional isotropy. This further implies that the set
X = X —J is connected, since the complement of the branching locus in X divides
it into two isomorphic open subsets (sheets). Since the singular set is contained
in the branching set, each sheet is smooth. Thus there is a path between the
sheets going through £ — J.

As a final note, we give an example of such an element (actually we give a

2-dimensional parameterization of £ — J):

Fy 2 &
a 0 0 1 1 —1
xr— | 0a 0 |m—a| 1 -1 1 |,
0 0 1/a? —1/c —1/c —1/c

so long as a® # 1 and ¢ # 0.
In the case, ¢ = 1, this follows since p is the limit as a — b — 0 with respect

to p1 in the proof of Lemma 3.2.1. Since the limit enforces p; — p; — 0, it must
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be the case that ¢y — P/2, so p is in £. Calculating the Jacobian relations we

determine that all partial derivatives are 0 except for

oP  0Q  (—1+d¥)?

ey ——— - _
®) Ot + Ot(1) 4a*
_ oP N oQ B (—1+ a3)3
®) 8t(_1) 81&(_1) N 4a® ’

which are clearly not always 0. The formulas for the partials and the analysis

carry over exactly for any non-zero ¢, which can be verified by direct calculation.

3.4 Determining ()

For the proofs of Lemma 3.2.1 and subsequently Theorem 3.2.2 to be complete,
it only remains to establish that there exists @) € R so Q — t(5t(—5 € ker(I).
Before doing so, we state and prove the following technical fact, which may be

found in [NJ.

Fact 3.4.1. Define a bilinear form on the vector space of n X n matrices over C

by
B(A, B) = ntr(AB) — tr(A)tr(B).

Then given vectors Ay, ..., An2, By, ..., By2, the n?>xn? matriz A = <[B(AZ-, Bj)) is

singular.

Proof. Consider the co-vector

)
B(As,
oo | B )
| B(A:, ) |
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If By, ..., B, are linearly dependent then so are v(By), v(Bz), ..., v(By2), which im-
plies the columns of A are linearly dependent. Otherwise there exists coefficients,
not all zero, so
ClBl + CQBQ + -+ CnQBnQ = |],
which implies
clv(Bl) + CQ’U(BQ) +--+ Cnﬂ)(BnQ) =0
since the identity [ is in the kernel of B(A, ). So again the columns of A are

linearly dependent. Either way, A is singular. O

Lemma 3.4.2. There exists a polynomial Q € R so @ — tx)t(—s) € ker(Il), and
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in particular

Q =9 — 6t(yt(—1) — 6t()t(—2) — Bt()t(—s) — Otayt(—ay + £y + oy + tis) + oy
) + g gy T g — Btatatn — Stateto—
Statete — Swl-2t-s) + M at-2ta) + Mwtet-n+
Sttt + 3t nl-2te) +iatnteto) Hieat-aletet
t-ntnlwia) +i-nt-lwie) +i-at-nle ot
tat-nteta + Hptnt +ntete) +Hntt-s +htetat
tatyt-s +tentyte) +teatcath) +twte iyt
tentet( s Tttt T Hnteate) et
tataytly + -ty Tttty +twt-ati+
taytatioa +tenteatiy +tentent +tatatios) — 2t g tatny -
2t te)ta) — 2_ntnte) — 2tater + intiates + tythyte
tenti_nthy + ity — oty teto) — twthtcatcn—
tentiytonte — tetintotc — teatiptcata) — tetiytetcn—
teatatnthy — twtetation — tentgta) — tentiyta—
tintate — thteate — teoteantentcnte — tatetetotc -
tentmtetcote — tentoteatwtes + teatintite + ety tito.

(3.4.1)

Proof. The following argument is an adaptation of an existence argument given

in [N], which we use not only to show existence of @), but to derive the explicit
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formulation of @ as well. Indeed, with respect to Fact 3.4.1, let

AlzBlle A4:B4:X2_1 A7:B7:X1X2_1
AQZBQZXQ A5:B5:X1X2 A8238:X2_1X1

Ag B3 = Xl . A6 BG = X9X1 Ag Bg = X2X1 .

Then we see that A has exactly two entries with tr(x;Xox; "X, '). After rewrit-

ing all matrix entries in terms of our generators of C[X], we have
0 =det(A) = P; - tr(xixox; "%, )2 + Py - tr(xx0x, %5 1) + P,
where Py, P», P3 are polynomials in terms of
R = {tr(xy), tr(x7h), tr(xa), tr(x5 1), tr(xyxs), tr(x7 x5 ), tr(xy x5 1), tr(x 'xs) }.

If P, = 0 then we have a non-trivial relation among the elements of R, which
we have already seen cannot exist. Alternatively, one can specialize the elements
of R with the aid of a computer algebra system to verify that P; # 0. Then by
direct calculation, using Mathematica, we verify that P, = —P - P;. Hence it

follows that
—P; =P (t%s) — Pt)) = Pl(t(5) (ts) + t(=5))t5)) = —Pits)t—s),
and so we have shown the existence of
Q = te)t-s):

Lastly, we simplify P3/P;, with the aid of Mathematica, which turns out to be

equation (3.4.1). O
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3.5 QOuter Automorphisms

Given any a € Aut(F), we define a, € End(C[X]) by extending the following

mapping

aq (tr(w)) = tr(a(w)).

If o € Inn(Fy), then there exists u € Fy so for all w € Fy,

a(w) =uwu ",

which implies

1

o (tr(w)) = tr(uwu ™) = tr(w).

Thus Out(F2) acts on C[X]. By results in [MKS], Out(F2) is generated by the

following mappings

\

X1 — X9
- (3.5.1)
X (3.5.2)
X9 F— X9
T (3.5.3)
X9 FH— X9

Let ® be the subgroup generated by 7 and ¢, and let C® be the corresponding

group ring. Then C[X] is a C®-module.

Lemma 3.5.1. The action of C® preserves R, and ® fizes P and ().

Proof. First we note that it suffices to check {¢,7} on

{t(:l:l) )

1<i<4},
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since the former generates C® and the latter generates R. Secondly we observe
that both + and 7 are idempotent.

Indeed, ¢« maps the generators of R as follows:

bty = b1 =t
b) =t = L
te) — te

b—2) =l

by = t(=3) = L)
Likewise, 7 maps the generators of R by:

tay = ) =t
t—1) = t—2) = -
ta) — L)

t-s) = t(-3)

by = t—a) = L.

Hence both map into R. For the second part of the lemma, it suffices to observe

L(t(:|:5)) = (g5 = T(t(ig))), because in C[X], P = t—s) + t(5) and Q= tisyt(—5). U

Observing t(ts)) = 7(ts)) = t(—s) = P — l(5), it is apparent that © does not
act as a permutation group on the entire coordinate ring of X. However, when

restricted to R there is

Theorem 3.5.2. © restricted to R is group isomorphic to the dihedral group, Dy,
of order 8. Moreover, the algebraically independent generators are characterized

as those which ® acts on as a permutation group.
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Proof. Let S = Sym(+1,4+2,4+3,4+4) be the symmetric group of all permuta-
tions on the eight letters +¢ for 1 < ¢ < 4. Then we have worked out, in the
proof of Lemma 3.5.1, that 7 acts on the subscripts of #(1; as the permutation
(1,2)(—1,—2)(4, —4) and likewise, ¢ acts as the permutation (1, —1)(3, —4)(—3,4).

Since ® is generated by these elements, we certainly have a well defined injection

D — 5.

The Cayley table for 2 is:

id L T LT TL TLT LTL | TLTL
id id L T LT TL TULT LTL | TLTL
L L id LT T e | Teme | T T
T T TL id TUT L T | TUTL | LT
LT LT LTL L TLTL id T TULT TL
TL TL T TUT id | Tt | T L VT
TUT T | TuTL | T LT T id VT L
LTL LTL LT TLTL L TULT TL id T
TuTL || TUTe | TUT LTL TL LT L T id

Table 3.1: Cayley Table of ®

where
id — (1) L— (1,-1)(3,—4)(=3,4)
T (1,2)(—1,-2)(4,—4) ot (1,2, —1,-2)(3, -4, —3,4)

TL— (1,-2,—-1,2)(3,4, -3, —4) 77— (2,-2)(3,4)(—3,—4)
tre— (1,-2)(2,-1)(3,-3) Tere (1, —1)(2,—2)(3, —3)(4, —4).
It is an elementary exercise in group theory (see [H]) to show any group

presentable as

{a,b|]a] =n >3, |b| =2, ba=a""b}
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is isomorphic to the dihedral group D,, of order 2n. However, letting a = 7¢ and

b =1 we see |a| =4, [b] =2, D is generated by a and b, and
ba = vt = (1) ' =a b

The last statement in the theorem follows from the fact that {t; | 1 <14 < 4}
are algebraically independent and ® does not act as a permutation group if #(

were included. O

As already noted, the group ring C® acts on C[X]. By brute force compu-
tation, one can establish the following succinct expressions for the polynomial

relations P and ().

Corollary 3.5.3. In C® define Sp to be the group “symmetrizer”

Za.

ge®

Then P = Sgp(p) — 3 and Q = So(q) + 9 where p and q are given by:

p= < (totnteote — Huyteatce + 2ty 2@ tcs)

q:

0| — Col —

(2t 1)t te) + 40ty te) — A t-te) — Stytat-nth) =
At tetnt-e) + 8tateti_y + Sttt — Stiteta+
At sty +tatnteta) + st atetw+Hat et nteto+

4t?1) + 415?3) + 12t(_4)t(_2)t(1) — 12t(_4)t(2)t(3)—12t(1)t(_1) — 12t(3)t(_3)).

Proof. We work out P only since the computation for () is established in the
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same way but longer. Indeed,

1
So(p) :g(SD(t(l)t(—l)t(2)t(—2)) — 4Sn(tayt—2yt(—a))+

2S5 (tmt1) + 2So(tmts))

1
=3 Btwtntet- = 42twtetes + 2bentote +

26yt —o)t—a) + 2tnlpte) + 2(dayt-n+
At )t + A (ats) + dayta)))

=P +3.

With the help of Mathematica or a tedious hand calculation, the formula for @)

is equally verified. O

In [AP] an algorithm is deduced to write minimal generators for C[X] when F,
is free of arbitrary rank. It is the hope of the author that exploiting symmetries
as above will simplify the calculations involved in describing the ideals for free
groups of rank 3 or more. Consequently, this would allow for subsequent advances

in determining the defining relations of X in general.
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Chapter 4

Poisson Structure on C[X]

Let S, 4 be a compact, connected, smooth, orientable surface of genus g with

n > 0 disks removed. Its fundamental group has the following presentation:

T1(Sngs %) = {X1, Y1y o Xgs Vg P1, oy b | Xay1%7 yp L - -nggxglyglbl b, = 1},

which is free of rank = 29 +n — 1. And so its Euler characteristic is x(5;,) =

1—=r4+0=2-2g9—n.

0

Figure 4.1: S5

If we assume 7 > 0, then x < 0. In particular, » = 1 if and only if xy = 0,

and in this case Sy is homeomorphic to an annulus. Otherwise, x < 0. The
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rank 7 = 2 if and only if x = —1, in which case the surface is either S3 or S i;
that is the three-holed sphere (or trinion or pair-of-pants), or the one-holed torus,
respectively.

The coordinate ring of &/ is C[&/&] = Cltr(x), tr(x')] which implies
® /& = C? which we parameterize by coordinates (T(1), T(~1)). We then define

the boundary map
b, : X =R/& = Hom(m (S, 4,%),8) /& — &/&

by sending a representation class [p| — [p}, ] = (T(i), T(~)), to the class corre-
sponding to the restriction of p to the boundary b,;. This is well defined since any
representative of [p] is a conjugate of p, so for any g € & the orbit of p(b;) and
gp(b;)g~! are identical. We note that we are identifying X with conjugacy classes
of representations that have closed orbits, namely those that are completely re-
ducible, so there are no “extended orbits” to concern ourselves with.
Subsequently, we define b = (by,....b,) : X =&/ — (& /&)". The map b
depends on the surface, in particular, the presentation of its fundamental group.
We refer to it as a peripheral structure, and the pair (X, b) as the relative character

variety. Let
§ = ()6 (T, Ti—y) = {lo) 1 6([0) = (T, T-1))s -oes (Tonys Trom)) }-

Each § is cut out of X by the equations tr(b;) = Ty and tr(b; ') = T(_; for
1 <4 < n, and so is an algebraic set. Moreover, they partition X since every
representation has well-defined boundary values.

Let X be the complement of the singular locus (a closed sub-variety) in X, so
X is a non-singular complex manifold that is dense in X. On an open dense subset

of (/&)™ the Bertini theorems (see page 141 in [S]) give that § N X is a non-
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singular submanifold of dimension 8r —8 —2n = 16(g—1) —6n. We claim that the
union of these leaves, F = §NX, foliate X by symplectic submanifolds, making X
a Poisson manifold. Moreover, the Poisson structure extends continuously over
singularities in X. With respect to this structure, we will refer to the relative
character variety (X,b) as a Poisson variety; that is, an affine variety whose

coordinate ring is a Poisson algebra.

4.1 Tangents, Cocycles, and Coboundaries

Let F, be a free group of rank r, and let g be the Lie algebra of & identified with

its right invariant vector fields. For p € R, g is a F,-module, gaq,, given by:

Ad

F, —/— & Aut(g)

where Ad(p(w))(x) = p(w)xp(w)~! is the adjoint representation.
Define C°(F,; gaa,) = g and C"(F,;gaq,) = {F™ — g}, the vector space of

functions F}" — g. Now define 8, : C"(F,; gaq,) — C"(F,; gaq,) by

5nf(W1,W2, "'>Wn+1) :Adp(wl)f(w2a ~-~>Wn+1) + (_1)n+1f(wla "'awn)+

n

Z(_l)if(wla ey WiWi 41y eeny wn+1)‘

i=1
One may verify that 6,41 09, = 0, and so (C*(F,;gaq,),0«) is a cochain
complex with coboundary operator 9.
Let &% " be the set of functions FX" — &. Let f, be a curve in &, and
for (wi,...,w,) € FX™ let €, wo(ft) = fi(wi,...,w,) be the evaluation function.
Then for each evaluation, we have a curve in &, and so we say f; is smooth if and

only if it is smooth at all evaluations (see [Ka]). We define the tangent space at a
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function f to be the vector space of tangents to smooth curves f; where f, = f.
In other words,

TS ) = g =C"(F; gaa,),

given by

Since a function is determined by its evaluations, we consider right invariant
vector fields defined along these coordinates which gives a path with the requisite
properties.

Let I be a finite subset of F,., and let C[®&’] be the coordinate ring of &’. The
set of such I’s is partially ordered by set inclusion and so C[&’] — C[&!] for
J C I. We then define C[¢*] = limC[&']. With this said, we note that R is the
subspace of & that is cut out by the functions ob, ,(f) = f(x)f(y)f(xy)™'. In

other words,

CR] = C[B"]/(obyy — I : x,y EF,),

and R = Spec,,,..(C[R]).

max (

Then Ty (R) = {u € Tp(&™) : u(f(x)f(y)f(xy)™") = 0}, and so
0= u(f(x)f(y)f(xy)™)
= u(f())f¥)f(xy) ™" + f@u(f () (xy) ™ = F@)F () (xy) " ulf (xy))f (xy) 7

which implies uyy = uyx + Ady(x)uy.

However, this is exactly the condition for ¢;(f) = 0, and so
T¢(R) = Ker(d1) = Z'(Fr; gaa,)-
On the other hand, consider a smooth path contained in the orbit O C fR:

fi(x) = exp(tug) f(x) = exp(—tuo) f (x)exp(tuo),
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for some ug € g = CO(FT;gAdP). Then

d

ux.f(x) = E _](C)t(x) = _UOf(X) + f(X)Uo,

which implies uy = Ad(x)uo—uo. However this is exactly the condition dq(ug) =
u, SO
T;(Oy) = Image(do) = B' (Fy; gaq,)-

Therefore, if p € R = R® C R*, and [p] = 7(p) € X, then

Ty (%) = T,(R)/T,(0,) = Z'(Fr; 9aa,)/B" (Fr; 9aa,) = H'(Fr; gaq,)-

4.2 Homology and Fox Derivatives

Let ZF, be the integral group ring of F, and let € : ZF,, — Z be the augmentation
map defined by > ngw — > n,. Define Z-modules Cy(F,) = Z and C,(F,) =
ZF)", and let

an—i—l : Cn—i—l(Fr) — Cn(Fr)

be defined by

an-i—l(wla W2y eees Wn-i-l) :E(Wl)(w2> SaS) Wn+l)+

n

Z(_l)i(wla ey WiWi4 1,y ey Wn-i-l)_'_

i=1

(1) vy, oy W )e(Ws 1)

One can show 9, o 0,01 = 0 and so (C,(F,),d,) is a chain complex with
boundary d,.

In [F] it is shown that the derivations on ZF,,

Der(F,) = {D : ZF, — ZF, : D(xy) = D(x)e(y) +xD(y)},
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are freely generated by the derivations %(xj) = 0;5. Moreover, for every u € ZF,,

there is the “mean value theorem”:

u—e(u) = Z gil:z(XZ —1).

)

These derivations and their generators are called the Fox derivatives.
Recall that the peripheral structure on X is given by the presentation

F, = 71-1(’5(n,g>>k) = {X1>Y1> "'an>YQabl> wey Py | r= 1}7

where

r=XY1X YT XgYgX, ¥y i by =[x, y]Ilb;.

Then with respect to the Fox derivatives and the “mean value theorem,” [Ki

shows

09y = Z b; where

j=1
I\ or or " Or

Zy = Z(gﬂ{i) + (g, yi) + Z(%,bg’)-
i=1 E ! j=1 ~ 7

is the fundamental cycle when n = 0, and consequently [Z,] is a generator of

Hy(F,, {by, ... by} Z) 2 7 (see [GHIW)).

4.2.1 Parabolic Cocycles

Let Fi. C F, be the cyclic subgroup generated by the boundary curve b;. Then de-
fine the set of parabolic cocylces, Z),,.(Fr; gaa,) C Z'(Frigaq,), by f € Z}y,(Fr; gaq,)

par

if and only if f; = f|r € B'(F., gaq,) for all 1 <i <n.
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It is shown in [Ki] that
B'(Fy;8a4,) C Zpoy(Fri 8aa,) C 2" (Fr; gaq,)-
So for [p] € R /& = X" we have
H}oy (Fr:800,) = Zhr (B2 00,)/ B (Fri0aa,) C T (2).

In other words, H,,.(F,;gaq,) is the set of tangents that are zero on the
boundary; that is, the tangents to representations with constant boundary value.
So the distribution H),,(F,;gaa,) C Tj,(X7%) is exactly the tangents to curves
in §NX".

On the other hand, let p — tr(p(w)) for a fixed word w be a “word map.”
The image of sufficiently many such maps (necessarily finite) determines [p].
Then holding the boundary values fixed gives functions in C[§] C C[X]. As
the boundary values are deformed to a different leaf, the word map is likewise
deformed. Therefore, the word maps generate a family of smooth invariant vector
fields that generate the distribution.

Consequently, the Stephan-Sussmann theorem (see page 17 in [DZ]) implies
that X" is foliated by §NX"%. But since X" is an open dense set and all vector
fields corresponding to the distribution are continuous (in fact, non-singular) they
can be extended to a non-singular foliation on X', with leaves given by F = XN§.

Subsequently it can be further extended to a singular foliation on X with leaves

5.

4.2.2 Cup and Cap Products

Given u € Z}

par

(Fr,@ad,), there exists ug(b;) € C’O(Fi,gAdP) SO

u(b) = do(uo(b:))(b) = Ad,(b)uo(bs) — uo(b:)
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as long as b € F.. Define ug(w) € C'(F,, gaa,) by setting ug(w) = 0 unless w = b,

for any 1 <4 < n. In these cases, let ug(b;) be a solution on F' to
50 (Uo) = Uu.

Although ug(w) is not unique, [Ki] shows that if 7, is another such solution and

v € Z),.(Fr, gaq,) then:

tr(uo(y)v(y)) = tr(@o(y)o(y))-

Hence we define U : Z (F,, gag,)** — Hom(Cs(F,), C) by

par

uUJv (Z Nixy) (X, y)) = Z N(xy) (tr (u(x)Adp(X)v(y)) — tr(uo(y)v(y))) )

Subsequently, we define w : Z!, (F,, gaq,)** — C, by

par
w(u,v) = (WUv)NZy =ulUv (Zy).

In [Ki], it is shown that w is well-defined on H,.(F,, gaa,)”?. It is clear that w

par

is bilinear; and that for all vector fields & and & taking values in H),,(Fy, gad,),

par

w(§l>€2) A Hl (FragAdp)X2 - Ca

par

is an element of C[X] and thus smooth.

Moreover, [Ki] shows that on H),,(F,, gad,)

par , w is skew-symmetric and non-

degenerate. Thus w is a smooth non-degenerate 2-form on § N X"%9. Thus it
makes sense to ask whether it is closed, which [Ki] shows to be true.

In [GHJW], it is shown that w arises from the following commutative diagram:

Hl(Sn,ga aSn,g; gAdp) X Hl(Sn,g; gAdp) —U> H2(Sn,g> aSn,g; gAdp ® gAdP)

ltr*

H?*(S,.4,05,.4;C)

lﬂ[zr}

Hy(Sn4;C) =C,

H;ar(Sn,g; gAdp) X H;ar(sn,g; gAdp)
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and it is likewise established that w is symplectic on H},.(F,, gaq,)**. However,
this allows one to verify that the Poisson formula derived in [G5] for closed
surfaces directly generalizes to punctured surfaces.

We note that in the above diagram H,,.(Sy.q; 8ad,) = H)y,(Fr, gaa,) arises
from 7 : Hl(Smg,@Sn’g;gAdp) — Hl(Smg;gAdp) as im(j) = H;ar(Fr,gAdp) =
HY (S5 0yt 9aa,)/Ker ().

Subsequently, it follows that the smooth leaves of X are symplectic and hence
X is a Poisson manifold. Moreover, X is a Poisson variety, as defined in Chapter
4. The dimension of X is 8 — 8 = 16(¢9 — 1) + 8n, and imposing boundary

values provide 2n relations (not necessarily independent) in C[X]. Therefore, the

dimension of any § is greater than or equal to 16(g — 1) + 6n.

4.3 Poisson Structure of a Trinion

Let S be an oriented surface with boundary, a, 8 € m(S) (in generic position),
a N G the set of (transverse) double point intersections of o and 3, €(p, a, 3) the
oriented intersection number at p € aN B, and o, € (S, p) the curve o based

at p. Then it is shown in [G5] that

{tr(p(a)), tr(p(B))} = D e(p, a0, B) ((tr(p(enyp)) — (1/3)tx(p(e))tx(p(6)))

pEan

(4.3.1)
defines a Lie bracket on C[X] that is a derivation; in other words a Poisson
bracket. Moreover, it is the bracket that corresponds to the symplectic form w

on the leaves §.

Theorem 4.3.1. Let X be the relative character variety of S = Ss. Then there

exists a Poisson bracket on C[X], where the generators t(+; for 1 < i < 3 are
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Casimirs, and that is completely determined by the formulae:

{tw.t-o} =P —2t), (4.3.2)

 tete, Py — {ta), Q)

A 4.3.3
{ta) o)} {t(—a) tw ) "

Proof. Formula (4.3.1) shows existence of a bracket. Since a Poisson bracket is
a bilinear, anti-commutative derivation, it is completely determined once it is
formulated on the generators of C[X].

We present the fundamental group of S = S3 as
m1(S) = {X1, X2, X3 © X3Xox; = 1},

so x3 = x; ‘x5 . Hence 7,(S) is free of rank 2.

Figure 4.2: Presentation of m (S50, *)

The boundary curves in S are the words x;, xs, and (x9%;)~!, which are
disjoint in the surface. The sum in formula 4.3.1 is taken over intersections,

and is well-defined on homotopy classes. So the trace of words corresponding
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to disjoint curves Poisson commute; that is, they are Casimirs. Hence ¢4 are
Casimirs, for 1 < < 3, since they correspond to traces of boundary curves (and
their inverses) in S.

Using the derivation property and the identity té) — Pty +Q = 0, we deduce:

te {tay, P} + Pltay, b} — {tea, QF = {ta, 1)} = 2te) {te, i)}

Hence

(2ts) — P){ta), te)} = ts){t@a), P — {t@a), Q}-

So (4.3.3) follows from (4.3.2).
Now assuming (4.3.2) and subsequently using the explicit expressions of P
and ) given in Chapter 3, we further derive explicit expressions for (4.3.3) as

follows.

{tw), P} =(P = 2t(5))(ta) — tayt-2)

{tw), Q} =(P — 2t(5)) (=6t + 3t{_4) — 3tnyts) — 3tpyts) + 3ty +
taytnta +teteata +tetenta + oyt + iyt
ta)ti_s) + taytly +tetioa Tttty — ttentete —
teatatnte) — tmtetls — teatnth + 2tateta+

20 2yt-g)l-a) = Hnte)l-a)
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{t-), P} =(2t) — P)(t-a) — t-nie)

{t(-1), Q} =(2t(5) — P)(=6t(—a) + 3t{y) — Btts) — 3ot + 3tnte)+
tnt-nt-a) +tatotcn Tttty +tyte T yte+
to)tls) + Hentig st + i) T e — totcnteates—
tet-atote — tenteatl) — tototi) + 2ttt
2toteta — Hat-2te)

and so

{tw,te)} =tw (tatey + et + et —te — 6)+
ta) (2t + 2t ats) — dbnte)+
tetat-2 +3t_g — 3tnt-s) — Steyte) + 3oty t
tpto) +ytes +Hiatis oty ety t
tntls) + ot — totentete) — teatcatcnte —

tyt@tt_g) — teatnth

{tea e} =t (te) — tento) — tetea — ttes +6)+
by (48 t2) = 2bnts) — 2eyte) -
tept-nte) — 3ty + 3tate + 3oty — St —
thyte) — tonte) — teatls — tentia — teatiy—
tyti_s) — thytie +tentoteates +ietetntcy+
tntatl) +ttmt)
It remains to compute {t(),t_4)}. Following the results in [G5], we consider

immersed closed curves freely homotopic to o = x;x,' and 8 = xyx] " so they

intersect transversally at double points, and only intersect at double points.
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Figure 4.3: v and 3 in S

Since S is homotopic to a closed rectangle with two open disks removed, we
depict all curves as in Figure 4.3.
We further let o, and 3, be the curves corresponding to o and 3 based at the

point p in (S, p).

S

: _ _ -1 -1
Figure 4.4: a,3, = x5 X1XoX;

Respectively, let o, and [, be the corresponding curves in (S, q).
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K q

\_/

. _ [ s |
Figure 4.5: a3, = x1x5 x| "X

Calculating the oriented intersection number at p and g we find €¢(p, o, 3) = —1

and €(q, o, 3) = 1.

TRt

Figure 4.6: Intersection numbers at p and ¢
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Hence formula (4.3.1) and Figures 4.4,4.5, and 4.6 give

{tw), t-n} ={tr(p(e)), tr(p(5)) }
=e(p, o, B) (tr(p(p0p)) — (1/3)tx(p(e))tr(p(8))) +
e(q, o, B) (tr(p(agfy)) — (1/3)tr(p(a))tr(p(8)))
= — tr(p(apfy)) + tr(p(agfy))
= — tr(xy XXXy ) + tr(xixg X7 %)
=~ ) Tl

Comment 1

Formula (4.3.3) can be derived in the same manner as we derived formula (4.3.2).

Doing so leads to the expression:
1 -1 —1 —1 2.2 —1 1, 1 —1
tr(xixy X X5 X1X2) — tr(x1X5 ) + tr(X; “X1XeX; ) — tr(xy X1X; X1XoXp ).

Subsequently using the polynomial relations derived in Chapter 2 to reduce these
trace expressions to polynomials in ¢;) for 1 < |i] < 5 has provided us with

verification of (4.3.3).

Comment 2

For any Poisson bracket, there is a bivector field whose restriction to symplectic
leaves gives a symplectic form. Putting our calculations together and observing
the symmetry between {4y, } and {t(_4),%()} allows for a succint expression

of the Poisson bivector field in this case.
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Let as5 = {t(4), (5 }. Then the Poisson bivector field, is given by:

T L Ly S T S
Doty " Oty O Oty Oty Ot
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Chapter 5

RP2-Structures on a Pair-of-Pants

5.1 Flat &-Bundles and RP?>-Structures

Recall that the conjugation classes of representations in R whose &-orbits are
closed correspond to completely reducible representations and are in bijective
correspondence with the points of X. Moreover, we showed that the conjugation
classes of irreducible representations are in bijective correspondence with X"¢Y.
Points in an (affine) algebraic quotient that have closed orbits are called semi-
stable. The points which additionally have zero-dimensional isotropy are called
stable.

Every semi-stable representation defines a flat -bundle over S, ;, when F, =
71 (S g, *), whose holonomy homomorphism is completely reducible. This follows

since given p, F,. acts on &. Thus
E,= (3*;; x @) JFy — Shy

is a &-bundle with holonomy p since the fundamental group acts properly and
freely on the universal cover. We impose the discrete topology on & so that it is
necessary flat.

On the other hand, the holonomy of a flat &-bundle over S, , is a represen-

95



tation F, — &. However, conjugating the holonomy preserves the isomorphism
class of bundle. In other words, X parameterizes isomorphism classes of flat
&-bundles over S, , with completely reducible holonomy. We call such bundles
semi-stable flat G-bundles.

The group By = SL(3,R) acts transitively on X = RP?. Let S,, be a
surface with boundary, so x < 0. An (X, &g)-atlas is an open cover of S, ,
with charts {¢, : U, — X} satisfying: if U, N Up is non-empty and connected,
then ¢, o gbgl € ®r. A maximal (X, Bg)-atlas is called an (X, &g)-structure on
Sng- Any (X, ®g)-manifold has a canonical bundle with fiber X and discrete
(coordinate changes are locally constant) structure group &g, given by piecing
together U, x X by coordinate changes. Such a bundle is called a flat (X, &g)-
bundle.

We say that an (X, ®g)-manifold is convez if every path is homotopic to a
geodesic. Moreover, we require that boundary components correspond to simple,
closed geodesics contained in a geodesically convex collar neighborhood in RP?
whose holonomy has real, distinct, positive eigenvalues.

Under these assumptions, the (X, Bg)-bundle has irreducible holonomy. We
say two such structures (with respect to isotopic diffeomorphism classes of the
surface) are equivalent if they give rise to isomorphic bundles. It can be thus
shown that the moduli space of such structures embeds in X by mapping the

structure to the conjugacy class of its holonomy homomorphism (see [G1, G2]).

5.2 Fibration of Convex RP>-Structures

Let B(S,.,) be the moduli space of convex RP? structures on S, ,, and let (IS, ,)

be the space of germs of convex projective structures on collar neighborhoods of
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the boundaries. Then there is a map

qg(gmg) - ‘B(&Sn,g)v (5.2.1)

given by restricting the holonomy homomorphism to the boundary components.

Define the discriminant
d(z,y) = 2*y* — 4(2* + y*) + 18zy — 27,

and note that d is zero if and only if there is a repeated root of the char-
acteristic polynomial #3 — xt?> + yt — 1. Let P(b;) C Sg/Sg be defined by
our boundary condition; that is, conjugacy classes of matrices with real dis-
tinct positive eigenvalues. Then for each 1 < i < n, PB(b;) is determined by
x = tr(b;) > 0 and y = tr(b; ') > 0 and d(x,y) > 0. It is shown in [G2] that
PB(0Sny) = P(by) X -+ x P(b,) = R*, and (5.2.1) is a fibration.

So the foliation X — (& /&)*" restricts to a fibration on the image (S, ;) —

A key step in Goldman’s proof of (5.2.1) is establishing it for the case when
the surface is a three-holed sphere, or a trinion. In this case, explicit forms for
the boundary matrices are formulated. Using the resulting equations we prove

the following theorem.

Theorem 5.2.1. Let B be the image in X of the moduli space of convex RP?-
structures on a three-holed sphere. Then B is a real 2-dimensional fibration over
a real 6-dimensional base defined by the inequalities for 1 <1 < 3: t(4;) > 0 and
d(te), t(—sy) > 0, and the fiber is determined by expressions for t(1s) in terms of

the other sixz generators and two free positive parameters s, t.

Proof. The foliation map b restricts to B and so provides the fibration with

stated dimensions, since our preceding remarks imply that the following diagram
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commutes:

X 2 (&)e)xn

| |

PB(S30) —— P(9S30).
The restriction map is defined by tr(x;) > 0, tr(x; ') > 0 and d(tr(x;), tr(x; ) >

0 for 1 <4 < 3 since these are the boundary generators.

However, in the coordinate ring C[X], for 1 <1 < 3, this corresponds to:
b+ >0 and d( - )) > 0.

Since %5 is locally determined by the other variables using té) —Pt5+Q =0,
and the Casimirs are fixed in a given fiber of the boundary map, we are left with
only Z(44) to determine. Using Mathematica we verify that the fiber is given by
explicit equations for these generators in terms of the two positive free parameters
s,t given in [G2].

Let A1, Ao, and A3 be the largest eigenvalue of x;, X5 and x3 respectively. Then:

N+ tAl —teph +1=0
A3+t —tgla+1=0

A3+t —tepds +1=0,

and A1, A9, and A3 are locally expressed in terms of the Casimirs. Then using
the expressions for the boundary matrices given in [G2], we derive the following

formulas for #(44):
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Since they are in terms of only the Casimirs and s, ¢, and any conjugacy class
of a representation is determined by its values on t(4; for 1 <14 < 4 and t5), it

follows that the fibers are completely determined by these equations. O
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