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Chapter 1

Introduction

1.1 Hamiltonian systems

1.1.1 Hamiltonian systems

A Hamiltonian system with n degrees of freedom is a system of differential equa-

tions of the form

Xt:vH(Xt% Xt:(pla"'7pn7q17"'7QTL) ERan (11)
— OH OH 0OH OH
where VH (z) = (—a—, T B 8_) is the skew-gradient, H(x) =
q dn OD1 Pn

H(pi,--,PnsQ1s-- -5 qn) is the Hamiltonian, and n is the number of degrees of
freedom. An important example is provided by an oscillator with one degree of

freedom, described by the following equation

G(t) + f(q()) =0, q(0) = qo, 4(0) = po, (1.2)

which can be transformed into a Hamiltonian system by the transformation p = ¢

with the Hamiltonian defined by

1
H(p,q) = 5102 + F(q),

where F(q) = [ f(u)du is the potential.



H is a first integral of motion of the system (1.1), i.e., H(X;) = H(Xy), for
all t.
It is well known that the flow of (1.1) preserves the standard symplectic
structure defined by the 2-form
Q= Z dp; N dg;
i=1
and hence the Lebesgue measure. From this we know that there is an invariant

measure on the level sets of (1.1).

1.1.2 Description of the trajectories

We study the case of one degree of freedom only. The systems we are considering

satisfy the following conditions:
(1) H € C3;
(2) limyy|—oo H(z) = +00;

(3) H is generic, i.e., H has only finite number of non-degenerate critical points,

and the critical values are pairwise distinct. Also H has no local maxima.

The trajectories of the Hamiltonian system (1.1) are level sets of H. By our
assumptions, there are three types of level sets, periodic, single points(minima),
or homoclinic separatrices(oo-shaped curves).

Let C(z) = H(z) = U?:(’Zl) Ci(z), =z € R, where C;(z) is a component of
C(z).

The set of all the connected components of the level curves {C(z) : z € R},
with the natural topology, is homeomorphic to a graph I'" with vertices O; and

edges I, where an interior vertex O; corresponds to a component containing



a saddle point and an exterior vertex corresponds to an extremal point. Let
Y :R* - T, Y(z) = (H(x),e(x)) € Cr(H(x)), be the projection of the phase
space to the graph, where e(x) = k if « belongs to the component corresponding
to a point in I. Both H(z) and e(x) are first integrals of the unperturbed system.

A typical illustration of the phase curves and the corresponding graph is shown

in Figure 1.1.

N,

Let zg be a point in the phase space such that Y ~1(Y (z¢)) contains no critical
point of H and has only one component. Let Oy, k = i1, 1s,...,1,, be the saddle
points of H(z) inside the region bounded by Y ~1(Y (z¢)) (k = 2,4 in Figurel.1)
and v, = Y1 (Y (Oy)) the homoclinic loops, which has the oo-shape and bounds
two domains, denoted by Gi (i = 1,2)(G}, G3, G}, G5 in Figure 1.1). We shall

call these domains ”basins”.



1.2 Perturbations of Hamiltonian systems

1.2.1 Autonomous perturbations

We are interested in the long-time behavior of the perturbed system with one

degree of freedom
X;=VH(X{)+¢eb(X{), X;=X, 0<e<<l, (1.3)

where b(z) is an autonomous random field on R? of class C?. We will focus on
the asymptotic properties with the time interval of order 1/ when ¢ — 0.

For the oscillator example, we may consider the following perturbation

G (t) + (g (1) = eb(g"(1),q" (1)), 0<e<1, (1.4)

where b is a smooth function with bounded first and second derivatives. For
example, we may let b(z) = —£B(p°(t),¢°(t))¢"(t), with § > 0 and £ > 0 both
random.

Since VH(x) is orthogonal to VH(x), the trajectories of the unperturbed
system are level curves of the Hamiltonian H(x). As for the perturbed system, the
motion along the trajectories decomposes into two components, a fast component
along the direction of the level curves of H(x), and a slow component along the
direction of the gradient of H, i.e., shift between different level curves of H.
Roughly speaking, the slow motion is the effect of the perturbation and hence
our main concern. This slow motion is better described by a process on the graph
which is the set of all the connected components of the level curves of H(x).

The structure of the phase curves of the system is changed by the perturba-
tion. If we assume divb < 0, the saddles persist but their location will be changed

by a distance of order €. The centers, however, will become foci, i.e., stable spiral



points due to the assumption that divb(z) < 0. The trajectories of the perturbed
system, except the separatrices, are attracted to one of the foci.

The projection Y (X75) represents the slow component of X¢, which captures
the evolution of the system caused by the perturbation. Since the evolution of
the system is expressed mainly in terms of this slow component, we consider the

process on I

1.2.2 The method of averaging

Averaging principle for the perturbations is a method to simplify a system when
its components can be separated into two groups according to their rate of change,
one fast and the other slow. In the case that the fast components are quasi-
periodic or ergodic, the slow components are distributed uniformly on the trajec-
tories of the unperturbed system, thus can be approximated by the “averaged”
system which is the average of the slow components over the trajectories of the un-
perturbed system. Generally speaking, the validity of the approximation requires
careful examination. When the perturbations are stochastic, it is appropriate to
consider the weak convergence.

The idea of averaging was first used by Clairaut, Lagrange and Laplace, and
later by Jacobi, Poincaré, and Van der Pol (see Sanders and Verhulst[15], also
see Arnold, Kozlov, and Neishdadt[3]). Fatou proved the first asymptotic validity
for averaging method. Krylov and Bogolyubov developed averaging method in
the almost periodic case and Bogolyubov proved the averaging principle in the

general case for the system of the form

T =cef(t,x)



where the time-average

1 (T
lim — d
im /0 f(t, x)dt

T—oo T
exists. Bogolyubov and Mitropolskii [4] studied nonlinear oscillation extensively.
But it was Anosov who first proved a general version of the averaging principle
for the system with no saddle points under the ergodicity assumption(see Lochak
and Meunier [13]).

The averaging principle for random perturbations was studied by R. Khs’'minskii[12],
M. Freidlin and A. Wentzell[9], Yu. Kifer, and others. In their work, Freidlin
and Wentzell considered the perturbations of the white noise type. Also they
considered the case for the Hamiltonian systems with one degree of freedom|8].
M. Freidlin and M. Weber[6, 7] considered the white-noise type perturbations for
nonlinear oscillators and a nonlinear pendulum. But no one has ever studied the
averaging principle for autonomous random perturbations.

The presence of the saddle points complicates the problem. If the perturbation
b(x) is deterministic, the limit does not exist in the classical sense, because as
e | 0, the initial point z will belong to the strips leading to the left and right
basins alternatively. Instead, we must consider the convergence in a weaker sense,
e.g., weak convergence or convergence in distribution. Also we need to regularize
the system by some means. Arnold[1] and later Neishtadt[14] studied the system
with saddle points and formulated the averaging principle in this case. But the
first proof was given by M. Brin and M. Freidlin in an independent work[5], while
Neishtadt only gives the statement of part of the results in [5]. Brin and Freidlin
[5] used an additional perturbation of the white noise-type ko ()W, to regularize
the perturbation for the oscillator (1.4) and proved the weak convergence of the

processes Y,® to a limit process Y; on I', which is deterministic in the edges and



branches at the interior vertices with certain probabilities determined by H and
the perturbation. They showed that the limit does not depend on o(x) as k — 0,
which justifies the use of the additional perturbation. They also considered the
case when the initial point is perturbed to regularize the perturbed system (1.3)
and proved the weak convergence.

G. Wolandsky[17] also obtained the result in a special case, using white noise
W, as the additional perturbation. But his approach is unable to show the in-
dependence of the limit of the additional perturbation, and hence did not justify
the regularization.

In this work, we consider a different type of perturbations of the system (1.1).
Instead of a deterministic perturbation, we consider a random field b(z) as the
perturbing term. It seems natural that a system in reality would be affected by
some random factors. Also there are perturbations that do not come from white
noise and not depend on time. The approach also has the advantage in dealing
with limits, when the randomness leads naturally to weak convergence. On the
technical side, the key is the behavior of the system when it approaches a saddle
point corresponding to an interior vertex of the graph I'. This is the main part of
our study. The random field can represent a wide class of perturbations. In par-
ticular, it can be used to regularize the system with deterministic perturbations

as well.

1.2.3 The processes on the graph I

Since it is easier to consider the perturbed systems (1.3) on a finite time interval
than on [0, T/¢], we scale the time by the following transformation X7 = X e

Then



X, = évH(f(f) +b(X7), tel0,T) (1.5)

and it follows that

t
H(X?) - H(XE) = / VH(X?) - b(X)ds. (1.6)
0
Let Y7 = Y()N(f), then Y/ is a random process on the graph I'.

Hip.q)

Figure 1.2

On the time interval [¢, ¢t + h], where h is small but independent of €, before
H ()Z'f) can make a change of an amount of order h, the number of rotations of
the fast component along the level set will be of order h/e. Therefore, inside
each edge of the graph I', the averaging principle holds and the slow component
H ()Z'f) converges uniformly on any finite interval to an averaged motion. More
precisely, let C;(2) be the family of components corresponding to the edge I;, and
G,(z) be the domain in R? bounded by C;(z)(see Figure 1.2).



The averaging principle says that under some conditions, as € | 0 the processes
Yy inside the edge I; will converge to the averaged process Y; = (H;(t), ) defined

in the interior of the edge I; of I' by

H;(t) = B;(Hi(t)) Ti(Hi(t))_la H;(t) = H(xo), (1.7)
where
Ti(z) = ji( | %, and B;(z) = /G‘( )divb(m)dw. (1.8)

where dl is the length element. Since divb(z) < 0, the limit process Y; decreases
with time.

At the vertices, however, the situation is more complicated. The exterior
vertices are generally inaccessible, while interior vertices can be reached in finite
time. With the assumption that divb < 0, the process Y; has a decreasing H-
component and therefore at an interior vertex, which corresponds to a saddle
point, there is one entrance edge and two exit edges. We show that when the
process Y; reaches the vertex, it will spend no time there, and will enter one of

the two exit edges with certain probability determined by H and b.

1.3 Main results

1.3.1 Conditions and conclusions

We say that a random field b(z) satisfies Condition 1 if there are random fields
bi(z), ba(x) € C?, and a random variable & > 0 such that b(z) = by (x) + £by(x)

with probability 1, and E[¢]> < oo, E|by(z)[?, Elba(2)[?, B[ G217, Bl 2%, EI G2 %,



E %P < M < oo, and that £ has a continuous conditional density p(z|by, bs)
given by (z) and by(x).

We say that the random field b(z) satisfies Condition 2 if div(b(z) +
Eba(x)) < 0,divby(z) < 0 for all 2, £ > 0, with probability 1.

The assumption about the perturbation b makes it possible to include varies
types of perturbations in this general form. For example, the case of the deter-
ministic perturbation, which we may denote as by, can be regularized by adding
the small perturbation £by(x) where & and/or by is random.

Since we assume that divb(z) < 0, , for small ¢, the energy level H(X}) is very
close to Y;. Eventually the process will approach one of the minima of H(x) as
botht — oo and € | 0. But at an interior vertex O; of I' corresponding to a saddle
point, the trajectory is very sensitive to the perturbation even if its magnitude is
very small. This raises the following question: how will the trajectory behave at
the level of a saddle point? Or equivalently, which edge will the process Y; enter
after reaching O7

Define a random process Y; = (H;(t),4) inside the edge I; of T by (1.7) and

at the interior vertices we have the following

Conjecture 1.3.1. The process Y; approaches the vertex corresponding to a
minimum after consecutively passing through the vertices Y (x;,),...,Y (x;,) cor-

responding to the saddle points z;,, ..., x; with the probability

l

! ﬁkj

[I5
1 2
j=1""1% + i

where 3, = — [, divb(z)dz, i = 1,2.
k
Nevertheless, after reaching the vertex O; = Y (x;) in finite time, Y; leaves O;

instantly, and enters [;, or I;, with probabilities 3;, 3; Uand f3;,0;.", respectively,

3
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where (3;, = 3;, + 5i,. Also Y, is determined uniquely by the conditions 1 and 2.

However, we are not going to prove the result in this generality. Rather we
restrict ourselves to the special case that there are only one saddle point and two

minima for H, and that H is quadratic in a neighborhood of the saddle point.

THEOREM. (Weak Convergence) Assume that H satisfies the basic conditions
in (1.1.2), and H has one saddle point at the origin and two local minima, H is
quadratic in a neighborhood of the origin, and that b(x) satisfies Conditions 1 and
2. Then the processes Y converge weakly in C([0,T],T"), the space of continuous
functions taking values in T, to the process Y; as € | 0, which is defined inside
each edge I;, 1 =0,1,2, by (1.7), and branching at the interior vertex. Moreover,
starting from a point in Iy, Y; reaches the interior vertex in finite time and leaves

instantly, entering one of the edges Iy, I with the probabilities

o= Bi(§) o = B2(€)
PR+ 809 T Bu(E) + Be(8)

Remark 1.3.2. (1) The assumption that H is locally quadratic is due to a
technical reason. We are working on the general case to eliminate this

extra assumption.

(2) When b;(z) is deterministic, our approach can be used to regularize the

problem for the deterministic perturbation. This is done in Chapter 3.

1.3.2 Idea of the proof

Now we explain briefly our plan of carrying out the proof.

11



We consider only the simplest case, in which the system has only two minima
and one saddle point.

Consider the two stable separatrices coming toward the saddle point when
time increases, that is, the stable invariant manifolds converge at the saddle
point as time ¢ — oo, denoted by </ and ~;, respectively. They bound two
strips leading to the left and right basins (domains bounded by the components
of the homoclinic separatrices of the Hamiltonian system (1.1)), each being a
neighborhood of a minimum. We shall call them ”"flow ribbons”. If a point x
belongs to one of the flow ribbons, then the flow line passing through x will enter
the corresponding basin. The basic assumption is that if we fix by(x) and by(x),
then ¢ has a continuous density, which can be shown to imply that for a small
change of &, the position of x relative to the boundaries of the flow ribbon will
have a small change of the same order as that of £&. Therefore it is distributed
almost uniformly. It follows that the probability that a trajectory passing through
x enters the left or right well is determined by the ratio of the "H-width” of the
flow ribbons corresponding to the two wells.

More precisely, fixing a value &y, we can write
e(b1(x) + Eba(z)) = e(br(x) + Soba(x)) + (& — So)ba(x)
with the change of £ — £y = ae for some a. So we can rewrite this as
eb(z) + %B(x).

We are going to show that for the time interval [0,7"/¢], the second order per-
turbation £23(x) gives rise to a change of order € of the level of H-value of the
trajectory. This justifies the almost uniformity of the distribution of a point in

the flow ribbon, which is the key to our argument.

12



From this we can conclude that the ratio of the probabilities that the trajec-
tory enters the left and right basins is almost the same as ratio of the H-width of
the corresponding flow ribbons. Taking limit as € — 0, we find the ratio for the
limiting process branching at the interior vertex. The weak convergence inside

the edges is routine.

13



Chapter 2

Autonomous Perturbations: One Saddle Point

We begin the study of the autonomous stochastic perturbation of the Hamiltonian
system (1.3) in this chapter, focusing on the behavior near the saddle point. As
a strategy we first condition on b; and by, and consider the randomness caused
by £ only. We establish the almost uniformity and calculate the ratio of the

probabilities that a trajectory enters one of the two basins L and R.

2.1 Trajectories under the perturbations

In this section we consider the behavior of the perturbed systems in a neigh-
borhood of the oco-shaped level curve, which is the homoclinic separatrix of the
unperturbed system. We assume first that the perturbation b(x) is not random.
Although our main results are restricted to the case when the Hamiltonian is
quadratic in a neighborhood of the origin (the saddle point of the unperturbed

systems), we will start our preparation in a general setting.

14



2.1.1 Change of the trajectories

Since the perturbation is small in magnitude, the fixed points of the perturbed
systems are close to those of the original system by a small distance. More

precisely we have the following result.

Lemma 2.1.1. (change of the fixed points) Let B(x) and b(x) be C? vector fields.

Let xg be a non-degenerate fixed point of the system
X; = B(X,),
and b(xg) # 0, then for e small enough, the perturbed system
Xf = B(X?) + eb(X;)
has a non-degenerate fized point x. with ||x. — xo|| = O(g) of order e.
Proof. We need only to show that there exist hq, hs > 0 such that
hie < ||xze — xo|| < hoe.

Let

F(x,e) = B(x) + eb(x),

then

DF(z,e) = (DB(x) + eDb(x),b(x)).

Since DB(zy) is non-degenerate,
DF(x,0) = (DB(x0), b(x0))

is of full rank. By the Implicit Function Theorem, there exists a 6 > 0 and a

neighborhood Us(O) of O, such that F'(z,e) = 0 has a solution z. € Us(O) for

15



each ¢ < 0. If we write F.(z) = F(z,¢) for any given ¢, then F. has an inverse in
Us(O) and z. = F-1(0).

Now we go to estimate the distance between z. and x.

By a variation of the Mean Value Theorem in the multidimensional case, there

is a & such that
1B(2z) = B(xo)l| < [[DB(E)| - l|e — oll
But B(z.) + eb(z.) = F(z.,e) = 0. Thus

leb(ze)l| < [IDBE) - llze — oll,

or
[1b(z2) |
|z — x| > e
IDB(E)
Here [|[DB(&.)|| cannot be zero since if it were, then we would have ||b(z.)|| = 0
and hence ||B(z.)|| = 0 or B(z.) = 0, which is impossible as the non-degeneracy

of DB(xg) ensures that z is the only zero of B(z) in a neighborhood of z.
Now let g(y) = B~!(y) be the local inverse of B(x) in a neighborhood of x,

whose existence follows also from the non-degeneracy of DB(z() by the Inverse

Function Theorem. Let y. = B(xz.), then again by the variation of the Mean

Value Theorem, there exists an 7. such that

19(y=) = 9O} < [1Dg(me)ll - e ll-

But ¢(y.) = z., and ¢(0) = xg. Thus we have

lze = 2ol < [[Dg(ne)|l - [ B(z:)]|

= el Dg(ne)ll - 1z

= 5||DB_1(77€>|| ’ Hb(xe)H

16



To summarize, we have proved that there is an estimation

o)1 |
“ToBie < e~ woll < =IDBT )l - bzl

]

Let B(r) = VH(x). By the lemma, the saddle points of the perturbed system
are away from those of the unperturbed system by a distance of order ¢. Never-
theless, we can find a sufficiently large compact set K containing a neighborhood
of the separatrices or the ”oo-shaped curve” such that in K [|[DB~!(z)]| - [[b(x)]]
has a maximum M. Thus there is an ¢y > 0 such that for any 0 < ¢ < ¢,

H.’Es — .CE()H S MKS. .

2 &)
B &
L

Figure 2.1

To describe the trajectories of the systems, we adopt the notations used in
Brin and Freidlin[5]. Let O be the saddle point of the system (1.1), and O° the
saddle point of the perturbed system (1.3), which tends to O as € | 0. The
two separatrices 7, 7, issued from O form an co-shaped figure which bounds the
region consisting of two domains L and R(see Figure 2.1). For ¢ small enough,
the trajectories for the perturbed system spiral into the corresponding domains
to the left or right of O [11].

Let W'(-,¢) denote the time-t map of (1.3), and G* the time-t map of the
gradient flow of the system

X = VH(X). (2.1)
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Figure 2.2

and G(z) the trajectory of the point z under this flow. Let L® and R° be the

basins of the attraction of L and R, respectively, i.e.,
Lf={x:V"z,e) e L, for t>T(x)>0},

R ={z:9%z,e) € R, for t>T(z)>0}.

Then Lf and R° consists of the central parts that are close to L and R,
respectively, and thin ribbons which we refer to as flow ribbons. The boundaries
of the flow ribbons are the stable separatrices v and : of O°(see Figure 2.2).

To show that a change of £ of order € will cause a change of the same order
at a distant point x, we need to estimate the number of rotations the separatrix
will take when going from a neighborhood of x to a neighborhood of the saddle
point, and the change of H- value for every rotation it takes. Let x; and x5 be
two points on the same separatrix, corresponding to time ¢; and ¢,, then the time

duration can be calculated by the following formula,

by / dl
2 — U1 = — )
Claras) |[VH(2) + €b(2)]
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where C'(z1, x2) is the part of separatrix from z; to x5 and dl is the line element.
When zx is close to the saddle point, the velocity of the motion will be close
to 0, and the time duration will be very large. However, if we can choose a
neighborhood of the saddle point that is large enough to ensure the existence of

some lower bound of the velocity, then the estimation should hold.

2.1.2 H-width of the flow ribbons

First we need to estimate the width or rather “H-width” of the flow ribbons for
one rotation of the separatrices. We consider the left separatrix as the case for

the right separatrix is the same.

Lemma 2.1.2. (H-width of the flow ribbon) Given § > 0. Let x be a point
on the separatriz ~;, outside the neighborhood Us = {x € R* |z| < §}. Let
75 = min{t > 0,G(x) € 77}, and y = G™=(x). Then there exist an gy > 0, and

0 < C1 < Cy such that for all € < ey, andb all x satisfying the assumption,
Cie < H(y) — H(x) < Cae.

Proof. Let x be a point on the separatrix 7; and not in a neighborhood of the
saddle point O°. Let G*(z) be the flow with G°(x) = z, 7 = min{t > 0; G!(z) €
75}, and y = G™(x). Let G.(x,y) denote the region bounded by the flow G*(z),0 <
t <7, from z to y and 7;.(see Figure 2.3). Let C(x,y) be the part of the separatrix
from y to x. Let n(z) be the unit outward normal vector of the boundary of

Ge(z,y). The flux of the flow of the system X! along 0G.(x,y) is given by

j{ (VH(2) +eb(2)) - n(z)dl = 5/ divb(2)dz. (2.2)
9Ge(z,y)

Ge(z,y)

as divVH(z) = 0. But we know (VH(z) + €b(z)) - n(z) = 0 along C(z,y) and

thus

19



/x(vH(z) +eb(2)) -n(z)dl = 5/G ( divb(z)dz. (2.3)

z,y)

Since

(VH(2) +eb(2)) -n(z) = —|VH(2)| + ¢b(2) - n(2),
—[VH(2)| = elb(2)| < (VH(2) + €b(2)) - n(z) < —|[VH(2)| + £[b(2)].

Denote the quantity in (2.2) by F*(z,y), then

- [((FHEI+ b < Fe) < - [ (THE)] - b

For the neighborhood Us of the saddle point O, when ¢ is small enough, say less
than a gy, we can find positive numbers mg and My, with ¢ << my < My, such

that for x and y outside Us,

—MO/ dl < F(z,y) < —mo/ dl.
) )

In fact, we may take a sufficiently large compact set K containing a neighborhood

of the homoclinic separatrix ~v;, = C(H(O)) = Y'(H(0O)). Then there exists
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an £qg > 0 such that for any 0 < ¢ < &,

M, Zgg}ééﬂVH(zﬂ +¢|b(2)]) > mg 261’?(1\1%]6(|VH(2)| elb(z)]) > ¢

Since for € small, we have approximately

Yy

thus
—Mplx —y| < 5/ divb(z)dz < —mgl|x — y|,
Ge(z,y)

or

_ﬁ < |x_y| < _ﬁ,

M() mo

where

8= divb(z)dz.

Ge(z,y)

Easy to see that we can find an upper and a lower bound for 3 independent of x

and y, thus we can find 0 < ¢; < ¢y independent of  and y such that
e < |z —y| < coe.

Since H € C?, by the Mean Value Theorem, there exist a & = &, , between

and y, such that
H(x) = H(y) = VH(E) - (x — ).

Since VH # 0 except at the critical points of H, we can also find positive lower
and upper bounds for |VH(x)| outside Us. Therefore we can find 0 < C; < Cs

independent of x and y such that

Cie < H(y) — H(x) < Cae.
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We need to know how much the separatrices of the perturbed system deviate
from those of the original. We estimate the deviation in a neighborhood of O¢
first. Since near the saddle point, the velocity of the motion is near zero, the
time duration is very large. Because of this, we cannot use the differentiable
dependence of the solution to the initial value problem for the system on the
initial conditions and parameters, as we usually do for an ordinary differential
equation. Instead we use a small perturbation and calculate the asymptotic

expansion of the solution to estimate the change in H-value of the separatrices.

2.1.3 Exit from the )-neighborhood of the separatrices

Let Us = U(0O,0) and UMt = U(O,e'%) be the open balls with center O and

radii 6 and £'/*, respectively.

Lemma 2.1.3. For any § € (0,1), there ezists an €1 > 0 such that whenever
0 < € < €1, and any two points x, y other than O° in the same component of

v NUs,

Proof. Since § < 1, we can always find an £; > 0 such that for 0 < € < ¢y,
1 1

Also, there is an integer k > 2 such that el/k > § and therefore Us C Uf.
Now for any two points other than O° in the same component of v NUs, there

are ty, ty such that X7 =z, Xi =y. We have

H(y) — H(z) = 5/tt2 VH(X) - b(X?)ds.
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Since X¢ € UF, |[VH(X?)| < Ce'/* for some constant C, while ¢, — ¢, =

O(Ine). Therefore, noting that b(z) is bounded in a compact set(say K),
|H(x) — H(y)| < Ce*V¥|Ine.
[l

For convenience we use the time-reversed system X°,, whose trajectories are
the same as those of X except for the orientation. Then the stable separatrices
of X7 become unstable ones of X¢,. Let —v;(or —v2) denote the separatrix ~; (or
72) with the opposite orientation. Also let ®f(-,¢) denote the time-t map of the
flow of X¢,.

Let a = H(O), and Hs = H™'((—00,a+0d)) be the d-neighborhood by H-value

of the separatrices of the original system (1.1).

Lemma 2.1.4. Given § € (0,1), when ¢ is sufficiently small, there exists an
N = N.s of order 0/e, such that after N rotations, the unstable separatrices

—i (or =% ) of the time-reversed system X¢, will leave Hs forever.

Proof. Let Xy € —7f be a point close to O° such that | Xy — O] = Ae. Again we

can find an g4 < e3 such that for 0 < e < g4,
1 1

Also there is an integer k > 2 such that § < el/k and U; C Uf. Let X§ = X,
and t; = min{t > 0: X2, € 0Us}, and X; = X¢, . For k > 1, let t;, = min{t >
te—1 : X%, € OUs}, and Xj, = X°, (see Figure 2.4). By Lemma 2.2, for k& > 0,
H(Xor) — H(Xok11) = 0(e).

Let H(a — §,a +6) = H'([a — d,a + §]). Since K5 = H(a — d,a + §) —

Us is compact, |VH(z) + eb(z)| has a lower bound mgs > 0. When ¢ is small

23



Figure 2.4

enough, ms > . Thus the time duration from Xo;y; to Xokyo is finite. Let
C'(Xok+1, Xog+2) be the part of —72 from Xogi1 to Xogio. Since VH(z) and b(x)
have also maxima in Kj,

|H(Xopr1) — H(Xarsa)| = / T H () (X2 ds| = OGe).

tok+1

Therefore, we can conclude that for any two points x, y € —~; within a rotation,
i.e. between X and X4 for some k, H(z)— H(y) = O(¢e). In particular, for any
point x between X and Xy, H(z) — H(Xy) = O(¢), and hence H(z) —a = O(e).

Now consider the time t-map G*(x) of the gradient flow of H starting at .
Let 7, = min{t > 0: G'(Xy) € =}, and Y, = G™(X}).

Since |Y — Xg14| < Me for some constant M, we have

dl
Ty = / = < Me/my.
C(Xhya,Yr) |VH(I) + 5b(x)|
Thus
T M|VH]| - b
|H(Xpta) — H(Yy)| < 8/ IVH(XE)-b(XE)|ds < 82—“ m” H H
0 0
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Now since we have the estimation Che < H(Yy) — H(X)) < Cae (note that Yj
is outside U?), we know that there is a C5 < O} such that Cse < H(Xjy4) —
H(Xy) < Cs.

Let © € C(Xg, Xp14), and 7, = min{t > 0 : G'(z) € —7}, and y = G™(x).
Then since C( Xy, Xg14) is compact, there is a minimum hy = min{H (y) — H(z) :
x € C(Xg, Xita)} > Cse. Also since C'(Xo, X4) is compact, there is a minimum
Hy =min{H(z) : z € C(Xo, X4)} > a—ce for some ¢ > 0, where a = H(O). Now
for any point x € C(Xy, Xy), let 2o = z, 79(z) = 0, 7(x) = min{t > 7_1(2) :
GH(r) € =75}, and z), = G™@) (). Then H(z)) > kCse +a— ce. Therefore there
is an N = N_; of order d/¢ such that H(xzx) > a+ 0 for all £ > N, and after N

rotations —v; will no longer touch Hjs.

2.2 Deviations inside the -neighborhood

To establish the almost-uniformity of the distribution of the point z within the
flow ribbon, we consider the change of the random variable ¢ of order . As
shown in Chapter 1, we can rewrite this as an additional perturbation term

e?3(x). Therefore we consider the following system instead.
X; = VH(X]) +eb(X;) + £28(X]), (2.4)

In the same fashion as for the perturbed system (1.3), we can show that this
new system (2.4) has a saddle point O¢ which is away from O¢ by a distance of
order €2 and from O by a distance of order ¢, that outside a neighborhood of O,
the H-width of the flow ribbons is of order ¢, that it will take N, s number of

rotatbions for the corresponding time-reversed separatrices, denoted by —4; (or
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—A3%), to get out of the d-neighborhood by H-value Hy, and that for any two
points z and y in the same component of 47 N Us, H(x) — H(y) = o(¢).

We need to consider the effect of this additional perturbation term ((x) in
terms of the deviation of its separatrices —7; (or —32) from —v; (or —Z, resp.)
of X7 when both of them get out of Hs after N, ;s rotations. Due to the delicate
nature of the separatrices in a neighborhood of the saddle point, we need some
additional assumption to simplify the calculation when trajectories are close to
the saddle points. This will of course reduce the significance of our result, but
since the general case is more complicated, we would rather deal with this spe-
cial case first before attacking the general one. The estimation will consists of
there steps. First, we show that the separatrices will get out of the homoclinic
separatrix 7;,, the co-shaped curve in a few rotations and the deviation of —3;
from —7f is of order 2. Secondly, we estimate the increment of that deviation
when the separatrices just get out of the neighborhood U of the origin. Then we
estimate the deviation when the separatrices pass through a square neighborhood
of the origin. When these results are put together, we have the estimation of the

deviation outside a d-neighborhood.

2.2.1 Finite time estimation

Consider the square Dy = {(p,q) : |p| + |q] < 1}. Let Is = {(1,q9) : |q| < ¢}. For
any point « € I, we may identify = with its ¢g-coordinate. Let J = {(p,1) : p €
[—1,1]}, the lower edge of D;. Without loss of generality, we may assume that
the flow of the unperturbed system is transverse to dD;.

Consider the vector field

F(x,&,e) = VH(x) + e(bi(z) + Eba()).
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Define ¢ : R* x I; x R* x [0,59) — R? by ¢(t,q,&,¢) = X5, where X;7 is the

t,q»

solution of
X;P=F(X;56e), X55=(Lq).

Also define 75¢ = min{t > 0 : X,i’,f € dD1}. We need to show that 7% is finite.

By assumption, the flow of the unperturbed system, which has the form
©o(t,q,&,0), is transverse to J. Since J is away from the fixed points of the
vector field F, for € small enough, the flow of the system defined by —F(z,¢,¢)
is also transverse to J, and we can find a lower bound m > 0 for || F|| around J.
Now let y = (1,q), v = @(T;’£7 q,¢,¢), and C(y,y’) denote the part of trajectory

from y to 3'. Then

dl ds
Tq&ﬁ — < e
C(y,y") |F($,€,€)| C(y,y") m

Note that locally, 7‘5’5 is a function defined by the equation gOQ(Tq":’5 ,q,&,¢) =

is finite.

—1, where 5 is the second component of ¢. The unperturbed flow is a local C?
diffeomorphism onto a neighborhood of J. This is because we have an extension
of the differentiability of the solution of the initial value problem of an ODE w.r.t.
the initial condition and parameters. Easy to see that dys/0t # 0 around 0D;.
By the Implicit Function Theorem, there exists a C* function 7 = 754 = 7(¢, &, €)
such that (7, ¢,£,¢) = —1 in a open neighborhood V' of I5 x {£{} x {0} for any
¢ € R*. Define @ : V — J by

(I)(q’ 57 8) = QOI(T(qﬂ 57 5)a q, §7 5)'

Then ® is C?.

Now let G, q € [0, 4], and h = ce for some ¢ > . Let & = ®(¢,£ + h,0), and

x = ®(q,&,0).
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Lemma 2.2.1. The increment of the difference between ¢ and q after the trajec-

tories hit J is given by

A(g,q) = (4 — q)Ce +°M
for some constants C' and M.
Proof.

A(d:q) = (I)((jvg+h7€)_q)(Q7§>€>_‘%+$

= (I)((j7£ + h,f) - q)(qa§+ hao) + (I)((Lg?O) - @(q,f,g)

0o LD b L 02D
- 58_€(q7§+h70) +e @(qag—i_ h,eqf) - 6%(Q7£a 0) —¢& @(Cﬂgaqu)
= 2q)(’éqtho)(— )+ haZ—q}( €+ h,0) + M

= (§—q)Ce+e*M,

where 6; € (0,1), 0, € (0,1), ¢ is between ¢ and q. O

2.2.2 Exit from the oco-shaped curve

For the estimation inside the square, we assume that the Hamiltonian H is
quadratic in a neighborhood U of the origin O. Without loss of generality, we
may assume that U contains the square Dy = {(p,q) : |p| + |q] < 1}. After a

suitable coordinate change, the corresponding Hamiltonian system is of the form

. -1 0
Xt — AXt, A - (25)

01

in U. The corresponding perturbed system then becomes

X: = AX? +eb(XP), (2.6)

28



and the system with the second perturbation term
Xi = AXE + eb(X?) + £28(X5). (2.7)

Again we consider the time-reversed systems. Suppose the systems X¢, and
X¢, start at the points Xy € —f and X, € 3¢, respectively, with |Zo—zo| = Coe.
We will estimate the distance between them when they both get out of the ¢-
neighborhood Hs. We may assume that both X, and )?0 are in the first quadrant.

Write X2, = (p1, ¢;) and X2, = (5;,@). Then we have

Dy = pt_gbl(pta%‘,)

G = —q— 552(2915,%)7
with X§ = (po, q0) and
Dr = Di— €bl<l3ta qt) - 5251(@5; Qt)
G = —q— 5b2(15t, th) - 5252(@, (jt)7

X5 = (ho, do)-

Note that here we use b;(x) to denote the i-th component of b(x), i = 1, 2.
This is not the same as the one we used in Chapter 1, where b; and by are two
different vector fields.

Let 71 = min{t > 0: p, = 1}, ¢ = ¢,,. Similarly, let 77 = min{t > 0: p, = 1},

Lemma 2.2.2. If |po — po| = ag?, |Go — qo| = be?, then |q1 — 1| < Ce2.
The proof involves lengthy and tedious calculation. We put it in an appendix.

Corollary 2.2.3. If o = qo = 1, then |1 — q1| < C&%.
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This is because in the proof of the lemma, we would have |Gy — ¢o| = 0 and
the estimation is a little bit easier.

By the Corollary, we can have the estimation when the two separatrices enter
the square D; when they are mostly in the fourth quadrant. Combine this with
Lemma 2.2.1 and the one we just proved, we know that when the two separatrices
get out of the co-shaped curve in a few rotations, the distance between them is

of order £2.

2.2.3 Estimation near the saddle point

When the orientation-reversed separatrix —; (or —35) takes the n-th rotation,
it enters the square D, at a point on the upper edge and exit at a point on the
right edge of D;. Suppose it hits the upper edge at (p,, 1) (or ((pn, 1), resp.) and
the right edge at (1, ¢,) (or (Gn, 1), resp.). We need to estimate the increment of
the distance between the two separatrices —7; and —4;, i.e., we need to compare
dn — qn and p,, — pp.

By the estimation of the H-width of the flow ribbon, approximately we have
Pn = (ap +na)e and p, = (ay + na)e, where ac(ae, resp.) is the average H-width
of the flow ribbon for —5( —7;, resp.).

Again we consider the e-expansion of the time-reversed systems

Dy = pt_gbl(pt7Qt>>

@ = —q —by(pe, q),
with pg = pn, o = 1. Write

X, =XD 4 exW 12X 4L hot, X5 =(p.1),
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with X%, = (ps, ¢;). Similarly, we have

Di = Dt — Sbl(ﬁta gt) - 5251(]5“@5)7

G = —q— 552(@7 (jt) - 5252(151:, CZ&)?
with pg = pn, o = 1, or

Xe, = X9 1 eXW 122X ot XE= (1),

with )?it = (Pt, ¢¢). By omitting the higher order terms, we have approximately

the solutions as follows,

t
pe = e(pn—ce [ e *bi(e’pn,e ®)ds — 52/ e *Dby(e’pp,e”?) - Xgls)ds),
0

t
e*bo(e’pp, e °)ds — 52/ e’ Dby (e’ pp, %) - Xgls)ds)
0

t

e by (e°pp, e *)ds — 52/ e °’[Dby(e’pp, e ®) - x4 B1(e°pn, e %)]ds),
0

t ~
e*by(e°py, e *)ds — 52/ e’[Dby(€°pp, %) -X(_ls) + Ba(e°pn, e *)]ds)
0

Lemma 2.2.4. With the above notation, we have the difference of the two sep-
aratrices after passing through the square neighborhood Dy in the first quadrant,
given by
oL
(Gn — qn) = (Pn —pn) (1 + n—; + Cp €Ty + Cpae + Cpoe®) + M, + o(e?),

where Cy,; are constants depending on n and b(z) but not ¢.

The proof is put in an appendix.
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2.2.4 Deviation after getting out of the /-neighborhood

Now we can combine all the results obtained so far to estimate the deviation of the
separatrices caused by the change of £ when both separatrices, the one with the
the additional perturbation and the one without, get out of the d-neighborhood.
Since the H-width of the flow ribbon is of order ¢, roughly it takes N = N.;
rotations for the separatrix to get out of the d-neighborhood of the co-shaped
curve. Here N is of order g. Within each rotation, the distance between the

two separatrices increases according to the three lemmas we have proved in this

section. Let &, = |p, — pn|, then we have

Lemma 2.2.5.
Co ~ 2 2 2
Ont+1 = 0n(1 + —3 T C1eTy + Coe + Cie )+ Me® + o(e?).

Proof. We need only to note that outside the square neighborhood Dy, the dis-
tance increases by a factor 1 4+ Ce and plus something of order 2. After some

simple calculation we can see the result easily. Il

Remark 2.2.6. This actually holds in general outside the J-neighborhood. If
0, is the distance between the two separatrices —7; and —4; then outside that
square neighborhood we still have the equality above, since the increment of the
distance is given by Lemma 2.2.1., which holds because of the finite time duration.

We are yet to show that after the separatrices get out of the d-neighborhood,
the distance between the two separatrices is still of order €. More precisely, we

have

Lemma 2.2.7. Given any d > 0, there exists an €5 such that for e < g5, after both

separatrices leave the d-neighborhood, the distance between the two separatrices
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—; and —75 will be approximately c(e,d)e, where c(e,d) can be made smaller

than any given n > 0 by choosing suitable 6 and eg.

Proof. Since the average H-width for the flow ribbon is ae for —~7, it will take
about N rotations for it to leave the d-neighborhood of the oo-shaped curve,

where N is of order d/as. Now by the estimation in Lemma 2.2.4., we have

C
On+1 = 0n(1+ n—g + C1eFy + Coe + Cse?) + Me? + o(€?).

-1

When n is large enough, 7, = In(p,)"! approximately. Let a, = 1+ Cy/n?* +

Cieln(p,) ™! + Cye + C3e2. Define a sequence e, as follows, ey = 1, e; = ay,

€r = AnQp_1 - ... Qy_gy1 for k> 1. Then by recursion we have
n n—1 e
6n+1:50Hak+M€2 - .
En—k
k=1 k=0
Now
N N C
[Ten = [T+ =3+ Cielm(p,) " + Coe + Cse?)
n=1 n=1 n

N
= exp (Z —l— — + Cireln(p,) ™~ + Coe + 0362)>

= exp (ﬁ: ( + Creln(pp) ! 4 Coe + 0352) + 0(1)>

It is well known that

For we can roughly write p,, = nae,

N
1

§ In(p,) "t = E In(nac) < —= [ In(z)dx

1€n(p) eln(nae) < — d/ n(zx)

@zloq

(1 —1Iné).
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Thus by adjusting the constants, we may write

N
H 4y, = X (CO67T 015(1 —In (,).) 025 03:5{5) '

a a
n=1

Let 0(d) denote CO“ +E0(1—1Iné)+ 2% 4 €% again adjusting the constants

yields

n—1
M€2Z €n  _ M€2~ieo‘(6) _ Mfsgea(é)_

Cn—k ae a

Note that dy = ae? for some o, we have

Md Mo
oy = ag?e’® 4 —— en® = ¢ (as + T) e”®) = c(e, d)e.
a a

Given any n > 0, easy to see that we can make c(g,§) smaller than 1 by choosing

0 and g5 small enough. O

2.2.5 The action-angle variables

Outside the oo-shaped curve, the trajectories of the unperturbed system are
periodic. We can introduce the so-called “action-angle variables” to simplify the
system. We follow the description of Arnold [2].

For any h > H(O) + 4, let M;, = H~'(h) denote the closed trajectory on

which H has the constant value h.

Theorem 2.2.8. (Liouville[2]) With the above assumption, there exists a canon-

ical transformation (p,q) — (I,¢), such that

I =1I(h), 7{ dy = 2T,
Mp,
and in the new coordinate system (I, ) the unperturbed system has the form
jt = 07

gbt = W([t).
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Remark 2.2.9. In fact,

1 aS(I,
](h):%fjw pdg, soz—éIQ),
h

where S = S(1,q) is the generating function defined by

q
S(I,q) = / pAq|a=n(n),

q0

with h(I) the inverse function of I(h). Note that ¢ is multi-valued.

For the perturbed system, suppose that in the new coordinate system, the
vector field F' has the form F/(I, ¢, &, ¢) = (eB1(I, ¢, &), w(l)+eBa(1, ,€)). Then

the perturbed system then has the form

I = eBi(I7%, ¢, 6),

Gt = w(ID) +eBo(I7F, 97, €).

Note that the functions B; are periodic in ¢ with period 27.

2.2.6 Estimate outside the J-neighborhood

Now for a point x outside the d-neighborhood, we may assume that it has the
coordinates (I, o). We want to compare the distance between the two sepa-
ratrices —¢ and —3¢, which correspond to the solution (1%, 45 with initial

[f’§+h7 w§7§+h) with initial point (I~0, ©o) when they both reach

point (Iy, ¢o), and (
a neighborhood of z, intersecting the flow line G*(x) of the gradient of H con-
taining x. Here we assume both separatrices start with the same angle ¢, as that
of the point x for convenience. The difference between the two initial points is

c(0,¢e)e from the result of last section. Since the velocity of I is of order ¢, the

amount of time it takes for the system to reach a neighborhood of z is of order
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1/e. We need to work on a finite time interval for using the dependence of the
solution to an ODE on initial data and parameters.
Consider the systems with the time scaling ¢ — t/e, the perturbed systems

are of the form

jt&5 = Bl(Itaf’(p?ﬁaf)? [(?g:[U?

. 1
@t = gw(lf’g)+Bg(lf’5,soi’5,€), #5* = o,
and

I = B Gt e n), I =1,

1
e6th £th E+h  efth E+h
Gt = gw(ff€+ )+ Bo(IpSH, 075, ot = gy

In the following we will work with these scaled systems on a finite time interval.

Let G*(z) denote the flow line of the gradient field of H passing through z.
Let n = max{k : ¢°° = @o + 2km, I7° < L}, 7 = min{t > 0 : ©{* = @y + 2n7}.
Similarly, define 7 = min{t > 0 : ™" = @y + 2n7}.

Define b : R* xRxS' xR — R2 by (¢, I*, ¢, ) = (n(t, I, 9", &), tha(t, I*, 9", ) =

(I%, 5% where IF¢, o7 satisfy the system
XPS = F(I5 0% 6e), It =T 00" = "

Define TIELTZD* = min{t > 0 : o(t, I*, 9%, &) = ¢* 4+ 2nn}. This is the time that
W(t, I*, 9%, &) intersects the flow line of the gradient of H the n-th time after
starting with (I*, ¢*). Now we know that for fixed € and ¢y, the flow 1 is a local
C? diffeomorphism for the initial condition (I, ) = (I, ¢g). Since % £ 0, by

the Implicit Function Theorem, there exists a C%-function 7 = Tf”go =7(I,¢§) such
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that o(7(1,&), I, 00, &) = @o+ 2nm in an open neighborhood U C R x {¢} x R*

of the point (7, Iy, pg, €). Define ¥ : U — R? by
\IJ(]’ 5) = ¢<T(Iv 5)7 -[7 ©0, §)7
then ¥ is a local C?-diffeomorphism and in particular, ¥, is C?. Now

= %(Io,g +h)(Iy — Iy) + %—f(fo, £+ hO)h
_ . (%(zﬂ,g +h)e(s,e) + %—?(10,5 4 he)a> +o(e)

= C(g,& h)e+o(e),

where h = ag, 6 € (0,1), and I° is between I, and 1.

Therefore we have proved the following

Theorem 2.2.10. If the increment of € is h = ae, then at a distant point x, the
change of the left (resp. right) separatriz ~¢ (resp. ~Z) in the gradient direction
of H is C(g,&, h)e + o(e).

Remark 2.2.11. Note that this is actually true for all the trajectories outside

the oo-shaped curve going into one of the basins L and R.

2.3 Branching at the interior vertex

In this section we will prove the distribution formula of the probability that a

trajectory passing through a point x will enter the left or right basin.

2.3.1 Almost uniformity

Since ¢ has a continuous conditional density given b; and by, locally it has an

almost uniform distribution, which means the rate of change for £ is almost
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constant. By Theorem 2.3.3., the increment of change of the separatrices in the
gradient direction of H also changes at an almost constant rate. Let G*(z) be the
flow line of the gradient field of H containing x, and the separatrix ~; intersect

G'(x) at y(§) and z(§) with z between them, then we have the following theorem.

Theorem 2.3.1. (Almost uniformity) Condition on by and by, the distribution
of x in the segment from y to z is almost uniform. More precisely, let w = w(§)
be the intersection point of the other separatriz v; (j # i) with G*(z) between y
and z. Denote the conditional probability measure of & condition on by and by by

P Then

€
&lb1,b2
P2|b1,b2{x € (w,y)|x € (Zay)} =

Proof. Since £ has a continuous conditional density given b; and by, in a neigh-
borhood of &, the distribution of ¢ is almost uniform. By Theorem 2.3.3., when
¢ has a changes h = ac in this neighborhood, the corresponding separatrices will
have a change C(g,&, h)e 4 o(e) in the gradient direction of H near z. Thus the
distances the separatrices move in the gradient direction are proportional to the

corresponding changes of £&. Hence the almost uniform distribution. O

Remark 2.3.2. We can replace I by H in the theorem as from the construction

of the action-angle coordinates we see that I and H are inverse to each other.

2.3.2 Ratio of the H-widths of the flow ribbons

Now since the distribution of the point x is almost uniform in the segment from
y to z, the probability that a trajectory passing through x enters the left or right
basin is proportional to the relative H-width of the flow ribbon leading to the left

or right basin. If y € 77, then w € 72 and z € 7f, with H(y) < H(w) < H(z).
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If we denote the solution to the system (1.3) with initial point = by ¢(t, z, €, €),

and the probability that this system enters the left basin L or right basin R by

pix = PZ\bl,bz{tli)rg) Qp(t,l',g,&") S L}

or
pf’,x = PZ\bl,bg{tli)I& gO(t7 I?fa 8) S R},

then
Pro H(y) — H(w)
pi, H(w)—H(z)

Theorem 2.3.3. (Brin and Freidlin[5]) Let

Bi(€) = /L div(by + bs),  Bal(€) = /R div(by + by).

Then

875
P Br(€)
lim — =
e—0 piﬁ ﬁl (g)
Corollary 2.3.4. Condition on by and by, as € — 0, the probability that the
system (1.3) enters the left (resp. right) basin L (resp. R) as time t — 00 is

given by the following formula

€ iyt = 8
P= P = 5 1 66

E_1; e ﬁr(g)
(resp.  pp = lim pr; FGEYAG] Br(é‘)')

Note that the limits are independent of x, the initial point of the system.
The proof of the theorem we present here is essentially the one given in Brin
and Freidlin[5], with some more details and also minor corrections here. We will

more or less follow their notations.
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Let F*(y,w) denote the flux of V H +¢b through the segment of G*(z) between

y and w, and let ¢ be the time that G*(y) = w, then

F=(y, w) :/0 (VH(G*(y)) +eb(G*(y))) - VH(G*(y))ds. (2.8)

Lemma 2.3.5. (Brin and Freidlin[5]) Let H(O®) = a and let b > a be such that
(a,b] does not contain any critical values of H. Then there exists a C > 0 with
the following property. Suppose that w, z € G'(y), with y € v5, w € 72, z € 7§
and w s the only intersection of G'(y) with the separatrices between y and z.
Also assume that b > H(z) > H(w) > H(y) = H(O%)+ 6 with § > 0 independent

of €. Then
| H(z) — H(w)  (i(§)
) Fwr = a6) 60| <Y

Proof. Since Of is a saddle point, the area of H=(a — §,a + ) does not exceeds

C1V/6 for some constant C; > 0. This is because near the saddle point, the level
curve H (a + 0) is away from the saddle point O°, and hence the oo-shaped
curve by a distance of order v/8, while away from the saddle point, the distance
between this level curve and the separatrices of the unperturbed system is of
order €. Similar for the level curve H'(a — §). Thus we have an upper bound

for the integral of the divergence of b over the set H '(a — §,a + §)

/ divb
H-1(a—6,a+9)

For ( ¢ H ' (a — 8,a+0), [VH(C)| > Cy(H)V/$. Therefore,

< Cy(H, b)V0. (2.9)

|H(w) = H(y) = F(y,w)| =

[ G R -

= £

/ G () - VHG ())ds

= C(y,w)e.
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Similarly,
|H(z) — H(w) — F*(w, z)| = C(w, 2)e.

By the divergence theorem,

Fe(y,w) = —5/ divb, Ff(w, z) = —5/ divb,
Re (y,w) LE(w,z)

where Lf(y, w) is the part of L¢ with the tail flow ribbon cut off along the segment
of G'(y) from y to w, while R*(w, z) is the part with the tail flow ribbon cut off
along the segment from w to z. Now by (2.9)

| = F*(y,w) = €B,(€)] < CaeV/3]5,(¢)]

| = F*(w, 2) = e(€)] < CaeVoI ()],

for some constants C'5 and Cj.

B —Hw) )|,

bet ””“Hw —H(y) Gl
O |HG) - Hw)  Fwz) | Fiw,2) B
Peo = ’ Hy)  Fe(yw)  F(y,w) @(5)‘

fLE(w,z) leb _ fL leb i O(g)
S () divb [, divb

< CV5+0(e).

]

Now that the ratio of the H-width of the flow ribbons near the §-neighborhood
is close to the ratio of the integrals of divergence of b, we need to check that this
ratio is almost the same far away from the d-neighborhood. To this end, we con-
struct a coordinate system outside the d-neighborhood and apply the averaging
principle to the variational equation for (1.3).

For —oo < hy < hy < oo, let K(hy,hy) be a component of H~([hy, hs])

containing no critical points of H. Recall that G! is the time-t map of the
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gradient flow of H and W'(-,¢) the time-t map of (1.3). We say that a solution
to (1.1) or (1.3) is regular if it is not a fixed point and does not tend to any fixed
point in either direction. For a point x € K (hy, he), the regular solution of (1.1)

starting at x is periodic with period T'(x) given by

dl

o) [VH (u)l
Let y € K(hy, hs) be a point with H(y) = h; and let ¢(z) = 2nt(2)/T (y) be the
time parameter rescaled to length 27 on the solution S(y) of (1.1) starting at v,
where

= dl

y [VH(2)]
Let II : K(hy, he) — S(y) be the projection along the gradient flow (2.1). Then
o(II(V(x,e))) is a smooth function and (H(x), p(I1(z))) is a smooth coordinate

system in K (hy, hy). Let
h(z,e) = {[|dG"(x)(VH () + eb(x))[l1(S(y))} ",

where [(S(y)) is the length of S(y), dG*(z) is the derivative of G*(x) with respect

to x and 7 is such that G7(x) = II(z). Then in coordinates (H, ¢),

Xe(t) = (VH(X(t)) +eb(X(1)))h(XE(1), €) (2.10)
has the form
H =cu(e, H,p) 2.11)
p=1,

where v is a smooth uniformly bounded function whose derivatives are uniformly

bounded for « € K (hy, hy) and € € (0,¢p). In fact,

%H(Xa(t)) = VH(X*())(VH(X(t)) + eb(X*(1))) h(X*(2), €)

= eVH(X ()b(X*(1)))h(X"(1),€)

= cu(e, H,p).
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As for ¢, note that

d A dG™(x)(VH(x) + eb(z)) _
—II(X5(1)) = = 1(S(y)~
dt [dG™(x)(VH () + b(x))]|

Note that changing the velocity by a factor A in (2.10) does not change the
trajectories of (1.3) and also L¢ and R°.

Now we consider the variational equation of (2.11), which is the system for the

derivative of the solution of (2.11) with respect to the initial data in the direction

of H.
d _ Ou(e, H,p)
H = cu(e, H, p) (2.12)
p=1,

To work with a finite time interval, we make the scaling t — t /e again and obtain

the system
dt 0H
H=u(e, H, ) (2.13)
p=c L.

Let B be the preimage of Iy under the projection Y, Iy the entrance edge of

the graph T, that is, H(Y 7!(2)) decreases along I as z € I" approaches O.

Lemma 2.3.6. (Brin and Freidlin[5]) As e — 0, the solutions of (2.13) converge
uniformly in B\ (LUR), with first derivatives with respect to H, on bounded time

intervals, to the solutions of the following averaged system

2T
LN (/ 8U(O,H,so>dw> AH
0

21 Jo
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Proof. Apply the classical averaging principle to the system (2.13).
O

Now by Lemma 2.4.5. when ¢ > 0 is small, the ratio of the H-widths of the L¢
flow ribbon and the R flow ribbon is close to 5;(€)/3,(§) in the §-neighborhood
of O¢. By Lemma 2.4.6. as ¢ — 0, this ratio tends to a constant. The theorem

thus follows from the two lemmas.
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Chapter 3

Averaging Principle and Weak Convergence

In this chapter we prove our main theorem. The proof consists of two steps: first
we establish the weak convergence of the processes Y, to the limit Y; inside the
edges of the graph I', which is a version of the averaging principle when the slow
motion is stochastic; then we determine the probability distribution of the limit
process going into one of the edges of the graph at the interior vertex, which
was done in Chapter 2. Also we mention the application of our result to the

regularization of deterministic perturbations.

3.1 Weak convergence in C([0,7],T)

We need some preparation in probability, especially the weak convergence of

stochastic processes on a graph.

3.1.1 Weak convergence via the averaging principle

Let (2, F, P) be a probability space. Let (S, p) be a metric space with Borel
o-field §, and pu, py, po, ... probability measures on (S,S). We say that u,

converges weakly to p, denoted by g, — p, if u,f — pf for every f € Cy(S),
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the class of bounded continuous functions f : S — R. If €, &, &, ... are random
elements in S, we say that &, converges in distribution to &, denoted by &, KR £,
if Po& ! % Po¢™! that is, Ef(&,) — Ef(€) for all f € Cy(S). Here we use
P o &7 to denote the probability measure defined on (S,S) by P(£71(A)) for
an random element ¢ in S. If (&,) is a continuous family of random elements in
(S, p), then we say that &, converges to £ in distribution if for any sequence (ay,),
the sequence &, converges to £ in distribution. Therefore we need only to deal
with the convergence of sequences of random elements.

The graph I' as a metric space is equipped with the distance defined as
d(z1,29) = |[H(Y 1(21)) — H(Y "1(22))] for two points in the same edge of I,

We start by looking at the perturbed system (1.3). After the scaling ¢t — t/¢,

the perturbed system is of the form

€ 1— ~ ~
X, = EVH(XE) +b(X)), (3.1)

Consider the projection Y : R? — I defined in §1.1.3. Recall that Y7 = Y(X?) €
C([0,T],T) for some T" > 0. (Y;%)ce(0,0) is a family of processes on I'. Inside
an edge I; of the graph I, Y = (H(X?),i), where i is the number of the edge.
Conditioning on by, by, for every &, as € — 0, by the classical averaging principle,
the processes (Y)°) converge uniformly to a limiting process Y; = (H;(t), ) inside

the edge I; of ' defined by the following equation:

() = Bi(Hi(t) T (Hy(1) (32)
where
dl :
Ti(z) = /{y(z) NHGD) and B;(z) = /Gi(z) divb(x)dzx. (3.3)
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where dl is the length element, C;(z) is the family of components corresponding

to the edge Iy, and G;(z) is the domain in R? bounded by C;(z).

Lemma 3.1.1. Starting from Iy, the process Y reaches the vertex O in finite

time, and leaves immediately, entering one of the edges I;’s, 1 = 1, 2.

Proof. This follows from our estimation for the separatrices in Chapter 2. In
fact, although the speed dY;/dt approaches zero as Y;® approaches the vertex
O, in a neighborhood of the vertex, the order of the zero is (|In|z — H(O)H)*1
as |z — H(O)| — 0. More precisely, from Chapter 2, we know that at a point
x in a neighborhood of the oo-shaped curve with Y(z) = (2,0) € I, given
b;, i = 1, 2, for fixed £, in one rotation a separatrix will have an increment in
H-value approximately ae in the time |In|H (z) — H(O)|| = |In|z — H(O)||, with

z — H(O) = Cnae for some C' > 0. Thus as ¢ — 0, the mean velocity at z is

approximately
. Qe
v (1) = ———.
() |In |Cnael|
After time scaling, this becomes
!
° (1) = ———,
(@) |In|Cnacel|

which tends to zero but is of order |In |z — H(O)||™'. From this we can calculate
the time 7:° it takes for Y;° to reach the vertex @ from Y (z) = (z,0), with

h = z— H(O). Integrating with respect to z from 0 to h, we have approximately
7o = ch(1 —Inh)

for some ¢ > 0, which tends to zero as h — 0. Therefore we have a finite time for
Y® toreach O. Similarly we can show that it takes a finite time for the process to

exit from an h-neighborhood of O along either one of the exit edges I;, i = 1, 2.
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Letting h — 0, we see that this time tends to zero, too. Thus the process Y,

leaves the vertex O without delay. O]

Corollary 3.1.2. Starting from some point in Iy, the limiting process Y; reaches

the vertex O in finite time, and enters the edges I;, 1 = 1,2, without delay.

Note that the point €& = 0 causes no problem because £ has a continuous
conditional density and we are considering weak convergence.

The convergence holds if we apply any bounded linear functional and so taking
the expectation with respect to £ and b;’s would result in weak convergence.
However, this convergence is valid only inside an edge I; of I'. To complete the
picture, we need to consider the branching of the limiting process at the interior

vertex O which corresponds to the saddle point of the unperturbed system.

3.1.2 The branching at the interior vertex

The graph I' has three edges Iy, I, I, and three vertices, an interior vertex O,
and two exterior ones O;, i = 1,2. Since divb < 0, Y; is decreasing and reaches
the vertex O from I in finite time, it then leaves O immediately and enters one

of the I;’s, © = 1, 2. From results in Chapter 2, we have the following

Lemma 3.1.3. The limiting system Y; enters the left (resp. right) edge I (resp.

I, ) with the probability

ot — [, div(b(z) + &by (x))da
! fL div(by(x) + Eba(x))dx + fR div(by(z) + Eba(x))dx

S div(bi(x) 4 Eba(z))d
div(by (x) 4 Eba(x))dx + [, div(by(z) + £by(x))da

)

(resp. pt=
I
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This follows from the corollary for Theorem 2.4.3.

Now that we have the probabilities then it is the time to prove the weak
convergence. By Lemma 3.1.1., if the system Y starts from (H(z),0) € I, at
time t = 0, then there is a 7:5’5 > (0 such that Y%f = O, the interior vertex

corresponding to the saddle point. Taking the limit results in a finite time %g >0

such that Yie = O. Let ® be a bounded linear functional on C([0,7],T"), then

lim E{®(Yi) b1, bo} = lim By e e {P(V,7)[b1, bo} + lim Ey e {P(Y,7)[b1, bo }
= ll_{% Eogtgi-g’f {CI)(Y;E) ’bb bQ}
+ lm By e e{Iyeen ®(Y)|01, b2}

e—0

+ Mm By cee{liyveern P(Y7)|b1, b}

= Eogtg%g{q)(yt)}
+ li_{%pls,fEt>;g»é{q)(Yf)|bb bt + Mm pii By e { (Y)7) (b1, bo}
= Eogtgf-g{q)(y;f)}

+ plgEt>7~—§{®(Y;f)|b17 ba} +p£Et>%§{(I>(Y})|bl, ba}.

Note that

E{o(Yy)} = E{E{D(Y{)|b1, ba}}
and that the limit and expectation are exchangeable, we have
lim E{®(¥;)} = E{2(Y)}.

Thus the processes (Y;7) converges weakly to the process Y; defined as the
averaged system in (3.2) in the edges but with the probabilities specified above
entering the edges I or Is.

Thus we have proved our main theorem.
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THEOREM. (Weak Convergence) Assume that H satisfies the basic conditions
in (1.1.2), and H has one saddle point at the origin and two local minima, H is
quadratic in a neighborhood of the origin, and that b(x) satisfies Conditions 1 and
2. Then the processes Y converge weakly in C([0,T],T"), the space of continuous
functions taking values in I', to the process Y; as € | 0, which is defined inside
each edge 1;, 1 =0,1,2, by (1.7), and branching at the interior vertex. Moreover,
starting from a point in Iy, Y; reaches the interior vertex in finite time and leaves

instantly, entering one of the edges I, Iy with the probabilities

o BE
: 51(5)+ﬂ2(5)’ " 51(5)—1—52(5)'

3.2 Regularization of deterministic perturbations

Our approach can be used to regularize the deterministic perturbations for which
the perturbed system and the corresponding processes on the graph I' have no
limit in the classical sense, as we mentioned in the Introduction. However, in this
case we can add an additional perturbation term to regularize it.

Let the perturbed system has the form (after time scaling)

. 1—
X[ = EVH(Xg) + b1 (X7), (3.4)

where b(x) is deterministic. Consider a second perturbation term k&bs(z), with

by(x) also deterministic but £ > 0 a random variable. Consider the new system
€K l= &,k &,k &,k
X" = EVH(Xt’ )+ b1 (X[") + kEb2(X]T). (3.5)

If we denote the perturbation term in this system by b(k, z), then by the result

of Chapter 2, the probability that the limiting process on the graph I' go from
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the edge Iy to I; or I, is given by

A [, divb(k, z)dx
el = [, divb(k, x)dx + [, divb(k, x)dz’

_ [ divb(k, z)dx
lim po® = . . .
£—0 [, divb(k, z)dx + [, divb(k, x)dx

Letting Kk — 0, we get the probabilities

B [, divby (x)dx B [, divby (z)dx
b= [, divby (z)dz + [, divby (z)da’ br= [ divby (x)dax + [, divb (x)dz

Note that they are independent of k, &, or by. Our result is the same as that
obtained in Brin and Freidlin[5] for the oscillator, using a white noise-type per-
turbation for the regularization. The difference is that we have a restriction for
the form of the Hamiltonian, which reduces the scope of application of our result.

We are trying to remove this restriction.
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Appendix A

Some results from analysis and differential equations

A.1 Dependence of solution on initial condition
and parameters

The first is an extended version of the dependence of solution to an ODE on the

initial data and parameters. Let
F:IxRFxXR*"—SR", TCR
be a vector field on R”. Consider the system
y=F(tT1z), tel, tcR" zeR"

Let y = y(t, 7, z) be the solution of the system with y(0, T, z) = yq.
This can be deduced from the usual dependence on initial data and parame-

ters. See Taylor[16], §1.6.

Theorem A.1.1. If F is C" in an open set U in I x R¥ x R™, then y(t,7,z) is

C" in (t,T,x) jointly.
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A.2 The Implicit Function Theorem

The Implicit Function Theorem is an important tool and has varies version in

different context. We list a version which is adequate for our use here.

Theorem A.2.1. (Implicit Function Theorem) Let U C R¥, V C R! be open

sets with e € U and zy € V', and
F:DxV —R

a C"-map with F(xo,20) = uo. If D,F(xo,z20) is invertible, then the equation
F(x,2) = ug defines a function z = f(x) in a neighborhood of xq with f a C"-

map.

A.3 The Gronwall inequality

Since we need to compare two solutions of differential equations, we will use
a special version of Gronwall inequality, which is given in Guckenheimer and

Holmes[10]. Since they did not provide a complete proof, we give one here.

Lemma A.3.1. (Gronwall Inequality[10]) If u(t), v(t), and c(t) > 0 on [0,T], ¢

is differentiable, and
o0 <)+ [ utsls)ds,
then
o(t) < ¢(0) exp/otu(s)der/Otc'(s) (exp/ju(7‘)d7‘> ds, tel0,T].

Proof. Let R(t) = fot u(s)v(s)ds and it is easy to see that R’ — uR < uc. Let
U(t) = f(f u(s)ds. Then R exp{—U(t)} — Ruexp{—=U(t)} < c(t)u(t)exp{-U(t)},
or (R(t)exp{—U(t)}) < —c(t)(exp{—U(t)})". Integrating on both sides,
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RO esp(-U@) £ —els)exp{-Ue)Hs+ [ ¢l5)exp(-U(s))ds
= —c(t)exp{—U(t)}—|—c(0)exp{—U(0)}—|—/0 d(s)exp{—U(s)}ds

= —elie{-UO} +cl0) + [ o) e{-U(s)}ds

Thus

u(t) < R(t)+c(t)

c(0) exp{U(1)} + / ¢ (s) exp{U(t) — U(s)}ds

— (0)exp /0 ' u(s)ds + /0 "s) (exp / tu(T)dT) ds.

VAN

A.4 Variational equation

Variational equations arise when we consider derivatives of solutions of an ODE

with respect to the initial condition or parameters. For an ODE of the form
T =uv(t,x).

Let ¢¢ be the solution with the initial condition ¢¢(0) = . Let

_ 99

X(t) = % |, ;

X () is a linear map depending on ¢ and satisfies the following variational equation

X(t) = A(t)X(t), where A(t):%

T=Pzq (t)
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Also, suppose that the original differential equation depends on parameters

a. Let ¢, ¢ be the solution with initial condition ¢, ¢(0) = . Let

Y(t) = aSOgé(t)

§=z0,0=ap

Then Y (t) satisfies the variation equation

where
B @ ov
- Oz ’

T=Pa (t),a=a0

A(t)

T=pa(t),a=agp
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Appendix B

The proof of Lemma 2.2.2.

The proof has a few steps. We start with the asymptotic solutions of the systems

in the form of the e-expansion:
X: =X 4exV 4+ 2XP + hot. (B.1)
X = X9 4 exM 422X 4 hot. (B.2)
Then we have the equations

X0 = ax”, x{ = x,,
X = AxP o), x5! = (0,0),

X® = ax® £ pp(x ). xO, x® = (0,0).

Similarly,
~_(0) ~ ~ ~
Xt = AXt(O)J X(()O) = XO;
(1) ~ ~ ~
X, = AXP +u(Xx9), X =(0,0),
- (2) ~ ~ ~ - -
X, = AXP 4+ DX XV 4+ p(x{"),  X§¥ = (0,0).
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The corresponding solutions can be written as

Xt(O) = (e_tpOa etqo)7
t t
Xt(l) = (e_t/ esbl(e_spoaes%)d&et/ e *ba(e”*po, e°qo)ds)
0 0
t t
x? = (et/ esDbl(eSpo,eSqO)-Xﬁl)ds,et/ e~* Dba(e ™ po, €*qo) - X{Vds),
0 0

X0 = (e "o '),

t t
X = (—et/ e*bi(e*po, € *qo)ds, _et/ e*ba(ePo, € *Go)ds)
0 0
t
Xt(z) = (—et/ €_S[Dbl(esﬁ0,€_5§0)‘X§1)+ﬁl(€s]50>6_850)]d3’
0
t
—e_t/ eS[Dbg(eSﬁo, 6_860) . Xs(l) + ﬁ2(65ﬁ07 e_SLjOHdS)‘
0
Since the higher order terms can be ignored, we have approximately
t
P = poet—aet/ e *bi(e*po, e *qo)ds
0
t
— 526t/ e~ Dby (e*po, e qo) - XMds
0
t
@ = qe —ee” / €y (€°po, € qo)ds
0
t
— gzet/ esDbQ(espo,efsCIo)'Xs(l)dsa
0
and
t
P = Poc +5et/ e by (e"po, € *Go)ds
0
t
— 52€t/ e~*[Dbi(e*po, e *Go) - XLV + Br(e*Po, € Go)]ds
0
t
G = qoe " +€6_t/ e*ba(e’Po, €°qo)ds
0

t
— 52e_t/ e*[Dby(e*po, € o) - Xgl) + B2(e°po, e *do)]ds,
0
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Since 7 = min{t > 0:p, = 1}, 1 = ¢r,, P1 = Pry,We have

1 = poe™ —ege™ /Tl e by (e’po, e *qo)ds
0
— gZem /Tl e"*Dby(e*pg, e *qo) - XWds
0
= [po— (et +%7)(1 — e ™)]e™
= e (py — ebd — ?b7) + b + %01,
where

T1 T1
/ e by (e°py, e °qo)ds = b(l)/ e %ds
0 0

for some number 5? by the mean value theorem for integrals, and
T1 T1
/ e~ Dby(e*po, e *qo) - XVds = bi/ e ‘ds.
0 0
Thus

1 — &b — &2b}

qo — by — 20}

e =

and

T1
@ = qoe_“—se_“/ e*by(e*po, e *qo)ds
0

T1
— 8267—1/ e* Dby (e*po, e *qo) - XPds
0

Similarly, let 74 = min{t > 0:p, = 1}, 1 = Gz, P1 = P7,. Then

T1
1 = ﬁoeﬁ—se”/ e °by(e°po, e *qo)ds
0

— g2 / e *[Dby(e*po, e *qo) - )?S) + Bi(e’po, e *Go)]ds
0
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where again 0 and Y are the numbers coming from the mean value theorem.

Thus we have

o — L—eb) -2 +8) G

po— el — 20+ A7) €

and

7:1 = —lns—l—lnél.

Accordingly we have

T1
g = (joeﬁ—eeﬁ/ e*by(e°po, e °qo)ds
0

— g2 / e’[Dby(e*po, € o) - )~(8(1) + Ba(e’po, e *qo)]ds
0

= ¢ " (qo +ebh + £%by) — e (B + £°by)

where b3 and b} are numbers from the mean value theorem.
Now ¢y — 1 = G5, — @, = @7, — Gr, + Gr, — @r,- We will estimate the two parts

one by one. But first we need the estimation for e~ ™ — e,
po— e} +e*(bi +57)  po — b — <%}
I+ R 1 e — )
Po — po — £(b] — BY) — e(bYpo — bYpo) + *R

(1 —ebf —e?(bi + 7)) (1 — eb] — £2by)
= Po—po— () —bY) — e(blpo — bYpo) + >R’

-7 _ ,—T1

= Po—po— (b — bY) — e(bYpo — blpo + bipo — b3Po)

= Cpe® — (14 po) () — 1Y)

where R and R’ are some constants.
fon e~y (e*po, € *qo)ds B foﬁ e by (e*po, e *qo)ds
1 —en 1—emn

= {I—e™)(1—em)}(I+10)

0 -0 =

29



where

I = / 6851(63150768(50)“—/ e *bi(e’po, e *qo)ds
0 0

~ T1 71
I = e_ﬁ/ e_sbl(espo,e_sqo)ds—e_”/ e *b1(e’po, € *qo)ds
0 0

Now

I = / 68[51(6815076s@o)—bl(espoaes%)]ds—i‘/ e *bi(e’po, e *qo)ds
0

T1
T1
= / e °[b1(e*po, e °Go) — bi(€°po, e °Go) + b1(€°po, € *Go) — bi(e’po, e *qo)]ds
0
+(eT™ —e )0y,
n ab ~ ~ ab s —s ~ —7T —T
= / e[ (€D, € Go) (Bo — o) + ——(€*po, €7qp) (do — qo))ds + (e — e™™)Cy,
0 Op dq
= (e —e™)Cy + (o — po)Cy, + (Go — 90)Cy.

= C?+C'(e™—e ™)

T1
I = / (€°po, e qo)ds — e~ Tl/ e *bi(e’Po, e *qo)ds
0 0
T1
= / “bi(€°po, € qo)ds — e Tl/ e *bi(e’po, e qo)ds
0 0
T1
+ / e °by(e’py, e °qo)ds — e Tl/ e *bi(e’po, e *Go)ds
0 0

= (e T _ T )/ e *b1(e’po, e *qo)ds — e (1)

0
— (e—ﬁ . —7—1>C/// —’TI(I)
Thus

[+ (e —e)Cpt — e (1)
(1—eT)(1—em)
= (e —e™)Cy + (1= e ™)(D))

(L4 p1+p1 — e(b) + 09 — pib) — pib)) + Me?)

by —0f

— C(e—"f‘l o —7‘1) Cl 2
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Now

e —e ™ =Che® — Cre(e ™ —e ™)

and thus
e —e T = (Oe?
and hence
B = e,
Now
G — @ = € (o + b 4 %)) — &b — e (g + bl + %)) + b}

— e Gy —qo+ (B — 1) + (e — e ) (go + £b) — (B — 1Y) + O

= C&?

for some constant C.

61



Appendix C

The proof of Lemma 2.2.4

From

Tn t
1 = e™"(p,— 5/ e °by(e°pp, e *)ds — 52/ e *Dby(e’pp,e”?) - Xils)ds)
0 0

= e (p, —eb?, —e?bl ) 4+eb) 4%}
1n 1n 1n

1n

where ) , and b}, are the numbers from the mean value theorem, we have

0 271
. 1 —eby, —eby,

e = ,
D — €b(1),n — 5%%7”
and
I b}, —e%bi,
1 —eb}, —e?i,
= (pn - 8b(l),n - 82b%,n)(1 + 8b(l),n + 52bi,n + 0(6))
= pn—ebi, +o(e).
Also

(I—e ™)' = (L—py+eb}, +o(e)!
= 1+p, —eb], +o(e).

Similarly for the system (py, ),

Fa t _
1 = e™(p, — 5/ e by (e*pp, e °)ds — 52/ e Dby (e*pp,e”®) - Xgls)ds)
0 0
= ™ (Pp — d;(l)m — 52Z~Jin) + 513%71 + e2pt

1,n
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where 09 and b}, are the numbers from the mean value theorem. From this we

see that . .
G 1—eb}, —e%y,
ﬁn - EB(l],n - 826%,717
and
6—7’” _ ]5” - 68(1),71 - 82(5%,11 + ﬁ?,n)
1 - E:b(l),n - 82(b%,n + 6?,71)
= (o —ebl,, — (b1, + BL)) (L + et , +%(br, + 07,,) + o(?))
= Dn— 55(1],71 + o(e).
Also

(1= = (1—p+etf, +o(e)

= 1+4+p,— 5(3(1)’,1 + o(e).
We have approximately

¢ = e ™(1— 5/ e*bo(e*pp, e %)ds — 52/ e’ Dby (e’ pp, e %) - Xgls)ds)
0 0

= e ™(1- 5bg’n - z—:Qbin) + ebgvn + SQb%’n
where

by (e —1) = / e*by(e’py, e %) ds,
0

by, (e —1) = / ¢* Dby (e, e %) - X ds.
0

Similarly we have

G = e (1 - 5/ e’bo(€°pn, e %)ds — 52/ e’ Dby (e*pp, %) - Xi)ds)
0 0

= 6_7:n(1 - 86(2),71 - 528%,71) + egg,n + 526%,71
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where

(e 1) = / e*ba(€" P e~ ds,
0

(=1 = [ Dbl e) X s
0

To estimate G, — g, we need to estimate I;(l)n — 0], first.

fO%" e by (e Py, e %)ds [ e by (e*py, e )ds
1—e 1—e ™

= {0—e™)(1 ™)} (I + L)

70 0 _
bl,n - bl,n -

where

I, = / e_sbl(esﬁn,e_s)ds—/ e °by(e°pn, e °)ds
0 0

= / e °[bi(e°Ppn,e™?) —bl(espn,e_s)]ds+/ e °by(e°pn, e °)ds
0 Tn

Tn b B
-/ %—pl( W) (B — po)ds + Cule™ — e=™)

= Cn(e_%n - e_Tn) + Cyll(ﬁn - pn)%n

I, = e_%"/ e_sbl(espn,e_s)ds—e_T"/ e by (e°pn, e *)ds
0 0

= e [Tt pne s - e (L)
0

= (e —e ™)Ch(b)(1—e ™) —e ™(I,)

I, + 11,
=™ —e)
Cp(b))(e™ —e ™) +1,

1l—e ™

= (CTII(b1>(€77-n —e ™)+ Cp(Pn — Pn)Tn) (1 4 Pn — 55(1),71(1 — Pn) + 52M)
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from this we can estimate

e —e ™ = Pp—py—e], —b,) +(Bubin — pubiy) + XM
= (1 + 561,ﬂ)(ﬁn - pn) - 8(1 - pn)(a%,n - b(l),n) + €2M,
= (o —pa)(L+2b),, — eCh(1 = pu) (1 + P — b ,(1 = ) + £ M)7,)
— e(1=p)+p, — 513(1)’,1(1 —Pp) +EEM)C (b)) (e7™ — e ™) + 2 M’
and thus

¢ — e = (Bn = ) (1 + &(Cr o + Oy + Cn2¢) + €° M.

In turn we have
by, — 03 = (B — pu) (CO(B) + C(b)er, + CPe + CP)e?) + 2 M, (b)

Recall that p, = (ag + na)e and p, = (ag + na)e, approximately we have

1 1 . p?’l _ﬁn . <~ ) O
B Dn Dape DT P
Also
1 1 C c
Now
bon 1 1 Tn
An— - e *bi(e’pp, e °)ds
DPn 1 —e Pn 0
1 n
= (14+p,— eb(f . +o(e)— / e °by(e°py, e °)ds
’ pn 0
1 Tn n
= — e by (e’pp, e °)ds +/ e by (epn, e °)ds
Pn Jo 0
0, [™ _ _
—e—= e °by(e°pn, e °)ds
pn 0
1/pn b(l)
= / by (1/u, up,)du + by(e“"pp, e ) (1 —e™ ™) (1 - 5—’") :
e~ /pn Pn
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Thus

1/pn
» = / bl(l/u, Upn)du+0(blapn)a

T /pn

where C'(by, p,) is a number depending on b; and p,,. Similarly we have

i,
=t / b1 (1/u, upy)du + C(by, Dp).
pn eifn/ﬁn
v
59 b(l) 1/pn 1/pn B
oS e )de- [ ()
DPn Dn e~™ [Py, e~™ [pn,

+C(b1 y Pns ﬁn))

where we have combined the two constants into a single one.

Now we try to look at the difference

In — Gn = 6_%(1 - 5/ esbz(esﬁn, G_S)dS
0

et [ Db ) KO + (e

0

—e (1 — 5/ e*by(e’pn, e ")ds — 52/ e’ Dbs(e’pp, e°)
0 0

= e —e ™ —e(lll,) + 2 M/,

where

I, = e_%"/ esbg(esﬁn,e_s)ds—e_T"/ e*bo(e’pp, e %)ds
0 0

6_7177. ﬁne;”n e_Tn pneTn
= — / ba(u, P /u)du — / ba(u, py/u)du
pn Pn pn Pn
R
= (1+ eb(l),n —e—" +0(¢)) / ba(u, pn/u)du
n Dn

0

b pne’™
—(1+eb, — 5% +0(e)) / ba(u, pp/u)du

n Pn

= T + I1® — eI1I® 4 o(e)
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where

Pn Pn

]5”6;” pneTn
= / ba(u, P /u)du — / by (u, pp )

- /p”e ” ba(u, Pn/u)du + /p"e " (B2 (14, P f10) = ba(ut, P fu)]due + [pn Dot )l

ne’mn DPn Pn

T ~ ab / / / ~ ~ ~
neTn — pneTn)bQ(Umpn/un) + a_;(un’pn/un)<pn - pn>Tn + b2<vn7pn/vn)(pn - pn)

=

70 Z;(l)n b(l)n
= bat, o) (0, — B,) — & [ 22— 22 )+ o(e))
Pn Pn
~ ab / / / ~
+(pn - pn) (a_;(un7pn/un)7—n - bZ(Unapn/Un))

b0
= Ce (# — ﬂ) + (Pn — ) (C'1 + C").

Pn Pn
Here the term (59, — b9 ,) is absorbed into

0b,y

(o — p) (a—qw;,pg/ugm _ bzwn,ﬁn/vn)) — (B — pa)(C'r + C").

We go estimate the term E(fn/ Pn — b}, /pn, which depends on IV, the difference
of the two integrals, as shown above. Note that there will be a factor 2 in front
of this term when it appears in the expression for ¢, — ¢,, we need only consider

the terms of order 1 or lower. Now

1/1571 677—”/17n
vV = / bl(l/u,uﬁn)du+/ b1(1/w, upy,)du
1

/Pn e~™ /pn

1/pn
+/ [b1(1/u, up,) — by (1/u, up,)|du

—™n [pn
1 1 1 1
b ) (~— - —) byl ) ( - )

n Pn Dn e pneTn

10b =\ (5 ! !
+§8_ql(1/v;” Uy, Pn) (P — Pn) (F B ]m)
~ Co Cy G B(l)n b[l)n
(p p)(52n2+ 1+n+n2)+ €<pn bn o
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Thus

oo, Co f Cy Cy N
B o (Pn—pn) (W + g +Ci + - + pel + 0(1)) +C(by, P, pn)+o(1).

Easy to see that

~ pne’n pre’
HII(lZ) = b(l),n/ ba(u, P /u)du — b(l),n/ b)2(u, pn/u)du = C' + o(1),

Pn Pn
while
[0 pheem b e
me = == o (t, ) s — — ba(u, pn/u)du
n Jpp Dn Pn
0 0, P’
= 2d) + | == - =2 / ba(u, pnfu)du
Dn ( ) Pn Pn Pn 2( / )
0, b
= oaa®) + ¢’ (ﬂ — ﬂ) :
Pn Dan

Note that this term has a factor € in the expression for III, and is absorbed into

1Y, Therefore

b0 Bo
I, = Ce (f — f) + (Pn — Pn)(C'1 + C") + 0(e).

(G —qn) = e ™ —e ™ —¢(Ill,) + M

= (ﬁn - pn)<1 + 5(CYn,O%n + On,l + On,25)) + 52Mn
B0 B0
Lo (B W)

Dn Dn
1

. C .
= (Pn—pu)(1+ n_; + Cp06Tn + C 1 + Cn7252) +e2M, + 0(52).
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