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Let C' be a smooth, connected, complex, projective curve of genus g and let
Dy, D5y be divisors of degree ki, ko respectively. Let S be the decomposable ruled

surface given by the total space of the following P!-bundle over C:

Pc ]P)(OC D Oc(—Dl)) — C.

Let Cp be the locus of (1:0) in S = P(Oc®Oc(—D1)). Then let X be the threefold

given by the total space of the following P!-bundle over S:

ps : P(Os © Og(—FE)) = S

where E = aCy + p(_;l(Dg). This determines an H,-bundle over C' where H, is a
Hirzebruch surface.

In this thesis we determine the equivariant Gromov-Witten partition function
for all “section classes” of the form s+ my f; +ms fo where s is a section of the map

X — C and fi, fo are fiber classes, in the case that a = 0, —1. A class is Calabi-Yau



if Kx -3 =0. For a = 0, the partition function of Calabi-Yau section classes is given

by
g—1+ky g—1+4ko
4992972y, 2wy 2 (9g—1)=k =k mod 2
Z(glk1, ko) =
0 otherwise
where vy, v, count the number of fibers and ¢ = 2sin 3. In the case that a = —1

the partition functions of Calabi-Yau section classes satisfy the following relations
Z(glki, ko) = Z(glk1 — 2, ko + 1)
Z(glk1, ko) = vi Z(glky — 3, ka) + viva Z (glky — 4, k2)
Z(glk1, k) = —¢*vivy°Z(g — 1|k, ko)
+6¢ 0 vy 1 Z (g — 2|ky, ko) + (256¢°v vy + 27¢%viv5 ) Z(g — 4|k, k2)

which allow us to compute all the Calabi-Yau section class invariants from the

following base cases:

g=0 1 2 3
kr=0 0 4 —¢p*Puy? 120"yt + ¢tutuyt
1 672 0 ghfuyt 166" — ¢lutu,”
2 0 0 8¢%v? 649"y + druivy?
3 0 302 16¢%0%v, —ptvtoy!

As a corollary, we establish the Gromov-Witten/Donaldson-Thomas/Stable
Pairs correspondence for the Calabi-Yau section class partition functions for these

families of non-toric threefolds.
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Chapter 0: Introduction

0.1 Gromov-Witten Theory

Enumerative geometry is a branch of algebraic geometry which studies how to
count the number of solutions to various geometric questions. We are particularly
interested in curve counting. Some excellent introductory resources on curve count-
ing are [12,28]. A good curve counting theory needs two important properties. The
first is we would like a compact moduli space with an open component correspond-
ing to embeddings of non-singular curves. Then non-singular curves may degenerate
to more general objects in flat families. The second issue is related to transversality.
In the ideal situation, our moduli space would cut be out of an ambient space by
equations defining subschemes which meet transversely. In practice, moduli spaces
often have irreducible components of different dimensions.

Remarkably, the first theory to adequately address these issues arose from the
interaction between mathematics and theoretical physics (string theory). A string
traces out a two-dimensional manifold in space-time. In closed A-model topolog-
ical string theory, the space-time is a six dimensional manifold and worldsheets
are parameterized by pseudo-holomorphic curves [11]. The path integrals in this

theory are integrals over the moduli space of pseudo-holomorphic curves and are



called Gromov-Witten invariants. These are named for Gromov’s work on pseudo-
holomorphic curves in symplectic geometry and Witten’s work on topological strings.

Kontsevich introduced the moduli space of stable maps in 1992. This provides
a mathematically rigorous framework for these integrals. Let the target space X be
a non-singular, complex, projective variety. The moduli space MQ(X , ) parame-
terizes maps from nodal curves C' to X with homology class § € Hy(X,Z). These
maps must be stable, which means they have finite automorphism groups.

This built on previous work on moduli spaces of curves. Deligne-Mumford
stacks were introduced by Pierre Deligne and David Mumford in 1969. These have
an atlas given by a surjective étale map from a scheme. Roughly, these Deligne-
Mumford stacks parameterize objects which have finite automorphism groups. Sta-
ble curves are Riemann surfaces with at worst nodal singularities and finite automor-
phism groups. They introduced Deligne-Mumford stacks M, which parameterize
stable curves (see [1] for a good account). In the case that X is a point, Kontsevich’s
space reduces to Mg.

The moduli space of stable maps mg(X ,B) is a compact Deligne-Mumford
stack. While it does not have a well-defined dimension, there is an expected or

virtual dimension

vdim M, (X, ) = —Kx - B+ (dimX — 3)(1 — g).

For a threefold the virtual dimension has no genus dependence. For a Calabi-
Yau threefold (that is Kx is trivial), or more generally for a Calabi-Yau class on

a threefold (that is Kx - f§ = 0) the virtual dimension is zero. There is virtual



fundamental class [M (X, 8)]'" € Hoyaim (X, Z) (see [2] for the construction). When
X is a threefold and S is a Calabi-Yau class the Gromov-Witten partition function

may be defined by

Zg%W (u) = Zu2g_2 / L.

e (Mo (X, 8)]vi

0.2 Calculations in Gromov-Witten Theory

A general quintic threefold has finitely many lines, each of which has normal
bundle O(—1)®O(—1). What is the contribution of each line to the Gromov-Witten
partition function? Faber and Pandharipande [7] computed this contribution using
the technique of (virtual) localization. The C*-action on the line P! induces an
action on the moduli space of stable maps to P!. Localization reduces the calculation
of Gromov-Witten invariants to contributions from the fixed points of the moduli
space. For degree one maps the contribution to the partition function is ¢~2 where
¢ = 2sin(u/2).

More generally, Pandharipande [23] calculated the contribution of a nonsingu-
lar embedded curve of genus g, representing an infinitesimally isolated solution to
incidence conditions to be ¢?972"Kx 8,

Bryan and Pandharipande [6] considered isolated genus g curves with normal
bundle O(k;) ® O(ks) (with no incidence conditions). In general the total space
of the normal bundle is not a Calabi-Yau threefold, so we don’t have interesting
numerical invariants without imposing incidence conditions. Therefore they define

invariants by equivariant pushforward to the point. These invariants take values in



Q(t1,t2). For degree one maps the result is (tit,)9 1t F1¢, "2 gF1the,

If one can degenerate a smooth target X to the union of two threefolds X', X"
glued along a smooth divisor, Li’s degeneration formula [14] relates the Gromov-
Witten invariants of the threefold X to the (relative) Gromov-Witten invariants of
X', X”. In [6], this degeneration formula leads to a 1+1 dimensional topological
quantum field theory (TQFT) formalism for the Gromov-Witten theory of local
curves. Gholampour [9] used degeneration and TQFT techniques to study Gromov-
Witten invariants of P2-bundles over a curve C. If g is the genus of C and 3 is a
Calabi-Yau section class then the partition function is 39¢29-2.

This raises the question of what other toric surface bundles over curves are
amenable to these methods. For P! x P!-bundles we obtain an explicit formula
for the equivariant partition functions of section classes. For certain Calabi-Yau
section classes, the partition function is 4992972, and for others the partition function
vanishes. Studying the case of Hj-bundles (where H; is a Hirzebruch surface), we
find the enumerative geometry of section classes for toric surface bundles over a
curve to be richer than anticipated from the first two examples. We fully determine
the equivariant partition functions for all section classes. In the non-equivariant
limit, we find recursions relating the Calabi-Yau section class partition functions for

bundles with different parameters.



0.3 GW/DT/PT Correspondence

Two other curve counting theories are Donaldson-Thomas theory [17] and Sta-
ble Pairs (Pandharipande-Thomas) [29] theory. The Hilbert scheme Hilb, (X, 3)
parameterizes one dimensional subschemes C' C X such that x(O¢) = n and
[C] = 5 € Hy(X,Z). Let I,(X, ) be the moduli space of ideal sheaves J such
that ch(J) = (1,0,—8,—n). The map C' — Jo taking a subscheme to its ideal
sheaf determines an isomorphism of schemes Hilb,, (X, ) — I,,(X, 5). However, the
deformation theory of ideal sheaves leads to a virtual fundamental class. The sup-
port C' may have zero-dimensional components. These may be embedded points or
free points. This is a technical disadvantage of the theory.

Stable pairs are two-term complexes Ox — F where F is pure with one-
dimensional support C, s has a zero dimensional cokernel @, x(F) = n and [C] = p.
The curve C' has no embedded points, but the support of ) consists of points on C'.
Thus this theory avoids the free points which occur in Donaldson-Thomas theory.
There is a moduli scheme P, (X, ) parameterizing stable pairs. The deformation
theory of complexes in the derived category leads to a virtual fundamental class.

If X is a threefold, and g is a Calabi-Yau class (Kx - § = 0) then conjecturally

[18,29] the three partition functions'

ZGW Zu2g 2/ 17

gEZ X B)]vur
DT E
Zﬁ q / 7
nez (g

There we allow disconnected domain curves for stable maps



Zga)=) d" / 1
B )
TLEZ% [Pn(Xvﬁ)}Vir

are related by the change of variables ¢ = —e®™,
Z5" (q)
Z8% () = o = 28 (g).
’ Zy(q) "

Maulik, Oblomkov, Okounkov, and Pandharipande [19] proved the GW /DT
correspondence for toric threefolds. Pandharipande and Pixton [27] proved the
GW/PT correspondence for toric threefolds. In [26] Pandharipande and Pixton
proved the GW/PT correspondence for a number of non-toric varieties including
Calabi-Yau complete intersections in products of projective spaces.

We prove the correspondence for the section class partition functions for our

non-toric threefolds, providing new examples of the correspondence.



Chapter 1: Geometry of P-Bundles Over Ruled Surfaces

In this chapter we will introduce a family of threefolds whose Gromov-Witten
invariants will be our main object of study. Let C be a smooth, connected, complex,
projective curve of genus g and let Dy, Dy be divisors of degree ki, ko respectively.
Let S be the decomposable ruled surface given by the total space of the following
P'-bundle over C":

Pc ]P)(OC D Oc(—Dl)) — C.

We let s = ¢,(Os(1)) € H*(S,Z) and let f; denote the cohomology class of a fiber.
Let Cp be the locus of (1:0) in S = P(O¢ & Oc(—Dy)) and let Cy be the locus
of (0:1)in S =P(O(D;) ® O¢). The cohomology classes of Cy and C; are s and
s + ki f1, respectively.

Then let X be the threefold given by the total space of the following P*-bundle

over S

ps :P(Os® Og(—E)) = S

where E = aCy + p;'(Ds). Following [6], [9] we refer to (ki, k2) as the level. The
inverse image by pg of a fiber class in S is isomorphic to a Hirzebruch surface
Ho = P(Op1 @ Opi(a)). Thus poops : X — C is an H,-bundle over C. Without

loss of generality, we may assume a < 0.



Let F' € H*(X,Z) denote the cohomology class of a fiber (pc o ps)~!(c) for
c € C. Identify S with the locus of (1:0) in P(Og @ Og(—F)) and let S" denote
the locus of (0 : 1) in X = P(Og(F) ® Og). Let Cy = pgl(Co) NS and Cy =
ps'(C1) N S". We denote the cohomology classes of the surfaces S, S’, pg'(Cy), and
ps'(Ch) by Hy, Hj, Hy, and H} respectively. Then {H,, Hy, F'} is a set of generators
for H*(X,Z) and

H{ = H1 —|—aH2 +I{32F7
H) = Hy + Iy F.

The canonical class of X is given by
Kx=—-2H,— (2+a)Hy — (k1 + k2 + 2 — 29) F.
The classes s and f; satisfy
s = Hy - Ho, Ji=H, F,

and we define

f2 2:HQ'F.

Then {s, f1, f2} is a set of generators for H*(X,Z). A class 3 € H*(X,Z) is called
a section class if /- 8 = 1, and it is called a Calabi-Yau class if Kx -8 = 0. Any

section class can be expressed as s + my f1 + mo fo.

Remark 1.0.1. A section class is not necessarily represented by a geometric section
of pc ops : X — C. For instance, we may have the union of a section with fiber

CUTVES.



We have the following relations in the cohomology ring:

Hl'S:(lkl—/{Zg, Hl'flz_a, Hl'f2:]-7

H2'S=—k1, H2'f1:1, H2'f2:0,

F'Szl, F-flz(), Ff2:0

We see that Cy, C1, Cs, C5 represent the cohomology classes

s, s+kifi, s+ (ka—aky)fi, s+kifi+kafo,

respectively.

x3 s+ kif1+kafe

fitafs f2
2 s+ (k2 —ak1) fa.
xT1 B
f2 s+ kif-
f1 :
o S

Figure 1.1: Curve and point classes

1.1 Torus Action

The complex torus T = (C*)? acts on X. The element (29,2;) € T acts
as follows: The first coordinate acts on S = P(O¢ @ Oc(—D;)) by scaling the
line bundle O¢(—Dy). Since the divisor E is invariant under this C*-action, this
extends canonically to a compatible action on X = P(Og & Og(—FE)). The second
coordinate acts by scaling the line bundle O¢(—F). The curves Cy, Cy, Cy, Cy are

invariant under the torus action. For any fiber ' we let x; denote the point given



by the intersection of C; and F. In the case that g = 0, the normal bundles of the

torus invariant sections Cy, Cy, Cs, C3 are given by
Ney/x = O(—ky) ® O(aky — ks), Neyx = O(kr) & O(—k»), (1.1)
Neyx = O(—k1) @ O(ky — aky), Ney/x = O(kr) @ O(ks).
Let t1,t5 be generators of the equivariant Chow group of a point,
Ap(pt) = Qlt1, o]

The tangent weights wy(x;), ws(x;) at the fixed points x; corresponding to the di-

rections given by the normal bundles above are given by

(t1,ta — aty), (=t1,t2), (1.2)

(tla _t2 + a'tl)7 <_t17 _tz)a

respectively. We need to fix a basis B, (we may write B when no confusion can
arise) for the equivariant Chow group of a fiber F’ which is a copy of the Hirzebruch
surface H,. The equivariant Chow ring is generated by t1,%, and the classes of the

torus fixed divisors Dy, D}, D}, D} with relations
DyD; = D\ D; =0,
Dy = D} +t4,
D5 = Dy + ta + aDs,.
The point classes are

P o o VD e e VYT o . T T
(L’Q - D0D37x1 - D0D17I2 - D2D37I3 - D1D2,
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and we have

27 = T(z)x;

xix; =0fori #j

where

T(xg) := t1(ty — aty), T(x1) = —tits, (1.3)
T(x9) := —t1(ty — aty), T(x3) = tits.

We let B, = {0, x1, T2, x3} be the fixed point basis for A%L(H,).

1.2 Deformation Theory

In this section we discuss deformations of ruled surfaces and vector bundles on
ruled surfaces. The deformations in this section are non-equivariant so they don’t
preserve the equivariant Gromov-Witten partition functions, but they do preserve
the Calabi-Yau section class partition functions. We first address the question of
which P!-bundles over ruled surfaces are deformation equivalent to our construction.
Since any rank two vector bundle on a curve is an extension of line bundles, we may
deform to the split case and assume our surface is of the form S = P(O¢ & L) where
L is a line bundle on C. Furthermore, line bundles on C' with the same degree are
deformation equivalent (see [8] 19.3). However, we will see that not all rank two

vector bundles over S can be deformed to split bundles.

Remark 1.2.1. Any (Zariski locally trivial) P'-bundle over a ruled surface S is

giwen by P(V) where V is a rank two vector bundle over S. Two vector bundles V, V'’

11



determine the same P-bundle if and only if V' = V ® L for some line bundle L

(see [10] exercise I1.7.10).

Remark 1.2.2. Given an extension 0 — L — V — L' — 0 where L, L are
line bundles we can deform V to a split bundle by deforming the extension class
v € Ext'(L', L) to 0 inside the vector space. However, there are rank two vector
bundles on ruled surfaces which cannot be deformed to split bundles. As an example
let S =P!' x P! and let V be a rank two vector bundle. The Chern classes c¢i(V) €
H?(S,7Z),c2(V) € H*(S,Z) are preserved in flat families. If V is the direct sum of
two line bundles L, L with c1(L) = as + bf1 and co(L') = cs + dfy then ¢1(V) =
(a+c)s+ (b+ d)fi and c2(V) = ad + be. Suppose V is a direct sum of two line
bundles and c¢,(V) = xs + yfi with x,y even and c2(V) = z with z odd. Then
(V) = ad +be = aly — b) + b(x —a) = ay + bx — 2ab which is even, giving
a contradiction. So any rank two vector bundle with such Chern classes cannot be
deformed to a split bundle. In fact by Theorem 4 in [3] such vector bundles exist: for
(any ruled surface S) given y1,\ € H*(S,Z) and vy € Z such that 2(\- f1) > 71 - f1

and vo + A\ — 71) > 0 there exists a vector bundle V with ¢1(V) = 1, c2(V) = 7.

1.2.1 Kodaira Deformation

In [13] Kodaira gives an explicit deformation from the Hirzebruch surface H, to
H, 2. Note that this is a non-equivariant deformation, and in fact Hirzebruch sur-
faces are torically rigid, but this deformation will have consequences for the partition

functions of Calabi-Yau section classes. See [4] for a good discussion on Kodaira’s

12



deformation and applications to enumerative geometry. We take the following view-
point on this deformation: There is a one-to-one correspondence between sections
P! — H, in class s+ (r +d) f and surjections O & O(—r) — O(d) (see [10] Proposi-
tion V.2.9). We deform an extension corresponding to a section in class s+ (r+d) f
in H,

0=>0(—r—d) > 0a0(-r) = 0(d) =0

to a split extension by deforming v € Ext'(O(d), O(—e—d)) to zero inside the vector

space. We twist the resulting extension by O(—d) to get

0—-0(-r—-2d) = 0a0(—r—2d) -0 —0

which corresponds to a section in class s + (r + 2d) f in H,;24. We need to prove
a generalization to ruled surfaces over higher genus curves which we will refer to as

(generalized) Kodaira deformation.

Lemma 1.2.1 (Generalized Kodaira Deformation). Let C' be a non-singular projec-
tive curve of genus g. Let E, E' be effective divisors of degree r,r'. If r =’ mod 2

then S = P(O¢ & Oc(—FE)) is deformation equivalent to S" = P(Oc & Oc(—E')).

The curve of class s in S is deformed to a curve of class s + Tl;"f in S’

Proof. A surjection O¢ @ Oc(—F) — Oc(D) where D is an effective divisor of
degree d corresponds to a section of class s + (r +d)f in S (see [10] Proposition
V.2.9). If d+r > 2g then O¢(E + D) is very ample (see [10] Corollary IV.3.2), and
we may find a section Oc — O¢(F + D) cutting out a divisor G of degree d + r

avoiding D. This determines a map from O¢(—FE) — O¢(D) which is surjective on

13



C' — G. The canonical section Oc — O¢ (D) is surjective on C' — D. Thus we can

find an extension

0—G— Oc@@c(—E) — Oc(D) —0

where G is a line bundle. We deform to a split extension which corresponds to a
section in class s + (r 4+ 2d)f in S” := P(O¢ ® Oc(—D) ® G) (see [10] Proposition
V.2.9). Since line bundles on smooth complex projective curves are determined up
to deformation by their degree (see [8] 19.3), up to deformation, S” depends only
on g and the degree of Oc(—D) ® G which is —r — 2d. Thus if » =7’ mod 2, and
taking d such that d 4 min(r,r") > 2¢g, we see we can deform S and S” to a common

surface S”. O

14



Chapter 2: Relative Gromov-Witten Invariants

The moduli space of stable maps M,:(X ,B) is a compact Deligne-Mumford
stack parametrizing maps ¢ : ¢’ — X such that C’ is a nodal curve of genus h,
f:[C] = p and Aut(f) is finite. The superscript e indicates that we allow discon-

nected domain curves. Let vdim M;(X ,B) denote the virtual dimension. Then
vdim M, (X,3) = —Kx -
and in particular, for a section class s + my fi; + mo fo we have
vdim M, (X,8) = (a — D)k —ka +2 — 29 + (2 — a)my + 2ma. (2.1)

Note that the virtual dimension does not depend on the genus h of the domain
curve. This is a property of Gromov-Witten invariants of threefolds. The virtual
fundamental class [M; (X, )] € Al ( (X, ﬁ)) is in the dth equivariant Chow
group for d = —Kx - 3. The partition function of degree 8 equivariant Gromov-

Witten invariants is given by

Z3(glk1, k2) Zu% 2= KXﬁ/ 1

heZ [Mp (X,B)]Vir

where the integral is defined by equivariant push-forward to a point. For h suffi-
ciently negative, the moduli space HZ(X . B) is empty, so Zz(g|k1, k2) is a Laurent
series in u whose coefficients are homogenous polynomials in 1, ty of degree Kx - (3.

15



Remark 2.0.1. Fquivariant Gromov-Witten partitions functions are invariant un-
der equivariant deformations. The space X is determined up to equivariant defor-

mation by a, the genus g, and the level (ki, ks).

We define the partition function for section class Gromov-Witten invariants in

Q[t1, t2] ((u, v1,v2)) by

Z(g‘k17k2) = Z Zs+m1f1+m2f2<g|k17k2)v?11v72nz‘

mi,m2
The variables vy, vy keep track of the number of f; and f; fibers. We denote the
non-equivariant limit (given by setting ¢; = to = 0) by Z(g|ki, k2)|t,=t,—0. This

corresponds to the invariants of Calabi-Yau section classes.

Remark 2.0.2. Since X is compact, the equivariant Gromov-Witten invariants

have non-negative degree in tq,ts.

Remark 2.0.3. Equivariant Gromov- Witten invariants may be non-vanishing even
when the virtual dimension is negative. For example, if a = 0 so that X is a P! x P!-

bundle over C, by Theorem 3.1.1 we have
Z5(0[1,2) = —ta9°

By (2.1) the virtual dimension is —1.

2.1 Degeneration

We now discuss degenerated targets and the moduli space of stable relative

maps, following [9,16] and their applications to our family of varieties. Let D be a

16



smooth divisor in X. Let Y[0] = X and D[0] = D. The spaces Y [n] are constructed
by iterating deformation to the normal cone: Y[n| is the blowup of Y[n — 1] x Al
along D[n — 1] x 0 and D[n] is the proper transform of D[n — 1] x Al. We refer
to the central fiber X[n| := Y[n|o over 0 € A" as the n-step degeneration of X. In
the case that the divisor is a fiber F'; X[n] is a chain of varieties whose irreducible
components are X and n copies of the space C' x H,. Let pq,...,p, be distinct
points on C, and let F, be the fiber over p;. Let L = (Iy...,1) € (Zsp)" and let
X|L] be the L-step degeneration of X along each F;. Given a subvariety V C X we
let V[L] denote the L-step degeneration of V along each F; NV

The moduli space of stable relative maps M (X/F, ) parameterizes stable
maps q : C' — X [E] representing the class [ for some L. Here C' is a possibly
disconnected, nodal, genus h curve. The image ¢(C”) must meet the transforms
of Fi,...,F, transversely, and must meet each of the singular divisors of X [E] at
a single node joining two irreducible components of ¢(C’). This is a simplified
requirement which suffices for the case of section classes. If [ is a section class,

M (X/ F, f) is a Deligne-Mumford stack of virtual dimension —Kx - 5.

For each 1 <i <r we have a T-equivariant evaluation map

evi i ML(X/F, ) — F; = H,

and the partition functions of relative, equivariant Gromov-Witten invariants of

degree (8 are given by

Zﬁ<g|k17 k2)a1...ar - Z u2h_2_KX.B /. . eVT<O‘1) u...u eV:(O‘T>
heZ My (X/F,B)]Vir

where ay, ..., q, € AL(H,).
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The partition functions of section class, relative, Gromov-Witten invariants

are given by

Z(glk1, k2)ay..ar = Z Zstmy fr+mafa (glk1, k2)ay..an ] 052

mi,m2

As a polynomial in ¢y, t5 the partition function has degree
Z deg(ay) — ((a — 1)ky — ko +2 — 29+ (2 — a)my + 2my) (2.2)
The relative partition functions with raised indices are defined by

Zg(glhky, ko) = (HT i) > (9lk1, k2)ay i v (2.3)

where T'(v;) is given by (1.3). The functions Z(g|k1, k2)] 7% are defined similarly.

[0}

The following gluing lemma is the primary workhorse of this thesis,

Lemma 2.1.1 (Gluing). For any elements oy, ... ,as and By, ..., 0B in B and inte-
gers ¢ +g" =g, k| + kY = k1, kb + k] = ko we have
Z(glkla kQ)Ocl---Oés’Yl---’Yt = Z Z(g/|k£a ké)ay..as)\Z(g”M:/l,: /‘Cg);\l,..%
AeB

and

Z(g’/ﬁ, k2)a1...as = Z Z<g - 1|k17 k'Q)gl‘..as)\'
\eB

Proof. Consider the case s = t = 0; the other cases are similar. Let C" and C” be
irreducible curves of genera ¢ and ¢” respectively. Let C be a genus g curve given
by gluing C” and C” at the points p’ € C" and p” € C”. Let X' be an H,-bundle over
C" with level (K], k5). Let X” be an H,-bundle over C” with level (k{, k). Then
we construct an H,-bundle X over C' by gluing the fibers F’ and F” over p’ and

18



p’. Let W — A! be a one parameter deformation of X, equivariant with respect
to the action of the two dimension torus T, and such that W, = X and the fibers
W, for t # 0 € Al are level (ki,ky) Hq-bundles over a smooth curve of genus g.
Following [9, 14], let 20 be the stack of expanded degenerations of W, and let 20,
be its central fiber. Let M; (20, B) be the stack of non-degenerate, pre-deformable,
genus h maps to QJ representing the section class 5. Let ev’,ev” be the evaluation
maps
v My (X' JF' B) = F', e : M (X"/F" 3" — F"

and let F' be the fiber of W, given by gluing F’ and F”. Let n = (b, 1", 5, 5")

where W' + 1" = h, 8’ + " = 5. In [14], Li constructs a map
O, My (X'/F', ) xp My, (X" [F',B") = M (2o, B)

and proves the following formula for the virtual fundamental class:

R0 )] " = 3 @, & ([ x,)

> [m;ﬁ (XH/F//, 5//)] Vlr)
n

where A : F' — F x F is the diagonal map. The action of the torus T extends to an
action on the moduli spaces M,,(X'/F', 8'), M;.(X"/F",3") and M, (20, 8), and

Li’s formula holds for equivariant cycles.

The dual basis to the fixed point basis B is given by {xy,z{,zy, zy} where

so the equivariant class of the diagonal is given by

3 3
T
i=0 i=0 ’
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Thus we have,

[M;L(wo,ﬁ)]m = (®), (i(evl)*<$i) n Moy, 5/)]“

n =0

% (e\jf:/);(mz) A [ﬂ;,, (X" /F", 6”)} Vir)

from which the lemma follows. The case of irreducible degenerations of X follows

similarly. O

2.2 Localization

The local Gromov-Witten theory of curves was computed in [6]. We will only
need the case that the base curve is P! and the maps have degree one. Let N be

the non-compact space given by the total space of the rank two vector bundle
O(n1) @ O(ny) — P!

and let F} denote the fibers of distinct points p,...,p, € PL. Given a collection of
divisors F = (F1,..., F.) and a subvariety V', let FNV denote (FiNV,...,F.NV).

Then the local invariants may be written as equivariant integrals
2% (n,ma)pr. e (1, 2)

_ Zuzh—27KN-[IP’1] / e(—R*m. f*(O(n1) & O(ns)))

hel, M; (P1/FP1,1)

where

U I o
Ay
M, (PY/F NP 1)

20



is the universal diagram and e is the equivariant Euler class. Note that relative
stable maps may map to an I_:—step degeneration P! [E], and the map f includes a

contraction. The shift in the exponent is given by

Then we recall the results from [6]:

1
Z°(n1,m2)p, ., (t1, 1) = ¢ T"2— 1714, (2.5)
tth
where
U
= 2sin—.
) sm2

The action of T on X induces an action on the moduli space M (X/ F, B)
and we denote the fixed locus by M, (X/F,3)T. In general the moduli space
m;(X / F, B)T is rather complicated, but in special circumstances we can reduce

the calculation of invariants to the invariants of local curves:

Lemma 2.2.1 (Localization). Let g = 0 and suppose that the only T-fized relative
stable maps q : C' — X[E] representing class B which meet the transforms of each of

the divisors Fi, ..., F, at the point x; have image C’Z[I_j] and that Ne, x = O(ng) @

O(ny). Then
Zg(Olk1, b2)a,..o, = 2 (01, 12)py..p, (w1(25), wa(:)) T (2)"
where wy(x;), wa(x;) are the tangent weights given by (1.2) and T(x;) is given by
(1.3).
Proof. In this case the moduli space /V;(X / F, B)T contains a connected component

M; (C;/FNC;, 1) parameterizing maps g : ¢’ — C;[L]. We will denote the inclusion
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of this component by j : M (Ci/FNCy, 1) — My (X/F, 3) and we denote the virtual
normal bundle of the component by Norm"". Since this is the unique component
whose virtual fundamental class has non-trivial intersection with evi(z;) U ... U
evi(z;) we have

/ ) evi(z;)U...Uevy(z;)
(MG, (X/F,B)¥ir

/ (eviog)*(z;) U...U(ev, 07)*(z;)
(M}, (Ci/ FnCy,1)]vir e(Norm"")

As in [9] Lemma 3.2, the equivariant Euler class of the virtual normal bundle of the

component M (C;/F N C;,1) of the fixed locus is given by
e(Norm™) = e(R*m, f"Ne,/x) = e(R*m. f*(O(n1) @ O(nz)))

and we have a commutative diagram

M;(C’Z/ﬁﬂC’l,l) — FpﬂCi
Jd \
ML(X/F.B) =% F

from which we can see that

. T(x;) ifi=k
(evp 0 7)*(m) =
0 otherwise

In conclusion we have

20k, o)y gy = 3 w2 K8 / evi(z) U ... Uev(zi)

heZ, (M}, (X/F,B)]vir

= st | T(a:) e(—R*m.£*(O(m) & O(ny)))

heZ [M5, (Ci/ FNCy, 1)]Yir

= Z°°(n1,n2) py..p, (w1 (), wa ()T ()"
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where N = P(Op1(n;) ® Op1(n3)). The agreement of shifted exponents — Ky - [P!] =
—Kx - (8 is a consequence of equivariant localization, and can easily be checked

directly. [
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Chapter 3:

3.1 Summary of Results

Gromov-Witten Theory of P! x P!-Bundles

In this chapter we restrict to the case that a = 0, so that X is a P! x P-bundle

over a curve C'. Throughout we use the notation

Q= 2sinE.

2

Then the following theorem is the main result of this chapter:

Theorem 3.1.1. Let a = 0, so that X is a P* x P'-bundle over a genus g curve C.

Then Z(g|ki, ks) = tr (GI~TU ULY?) where!

Ui

Us

1

ty

Q| ot

0

'Here the Kronecker product is defined by

A®B=

0 1/ty 1/
+ ¢
0 —1/ty -1/t
1ty 1/t, 1
Vg | &
—1/ty —1/t, 0
anB  a2B

ang aggB
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tg + 2¢2U2/t2 2¢2U2/t2 tl + 2¢2U1/t1 2¢2?}1/t1
oY

—2¢202/t2 —t2 — 2¢2U2/t2 —2¢2U1/t1 —tl — 2¢2'U1/t1

Remark 3.1.1. We see from the formula above, that if 5 is a section class, Zg(g|k1, k2)
is of the form p(ti,t2)¢?9~2~Kx8 where p(ty,t5) is a homogeneous polynomial of de-

gree Kx - 3 in ty,ts.

Recall Z(g|k1, k2)|t,=t,—0 denotes the non-equivariant limit which is obtained
by setting t; = to = 0. Its terms correspond to Calabi-Yau section classes. The
Calabi-Yau section class partition functions satisfy the following recursions:

Corollary 3.1.1.

g—1+ky g—1+ko

499292y, 2w, 2 (9—1)=k =ky mod 2

Z(g|k1, k2|t =to=0 =

0 otherwise
Remark 3.1.2. The (generalized) Kodaira deformation (Lemma 1.2.1) implies sym-

metry for the Calabi-Yau section class partition functions in Corollary 3.1.1.
Z(glk, k)|t =t,=0 = v1Z(glk1 — 2, k2)|t,=t,=0,

Z(g’kla k2)|t1=t2=0 = U2Z(g|k1> k2 - 2)|t1=t2=0'

Remark 3.1.3. Corollary 3.1.1 invites a comparison with Theorem 1.7 in [9] which
states that if X is any P*-bundle over a curve C' of genus g and B3 is a Calabi-Yau

section class then
Zs(g) = 3962

Corollary 3.1.2. The GW/DT/PT correspondence 5.3.1 holds for the Calabi-Yau
section class partition functions when a = 0. This will be proved in Chapter 5.
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3.2 Calculations

We will see that the full theory is determined by the following basic partition
functions:

Z(O|070)C¥7 Z<0|07 0>a1a2,
Z<O|17O)a10¢27 Z(0| - 1’0)041042’ Z(0|071)a1012’ Z(0|07_1)a1a27

Z(O’()? 0)&1&2&3 N

Lemma 3.2.1. The basic partition functions depend on only the following cohomol-

oqy classes:

Z(0[0,0)a s
Z(010,0) 0y as s, s+ f1, s+ fa
Z(0]1,0) 0,0y s, s+ f1, s+ fa
Z(0[ = 1,0)a10, 5= f1, 8, 5= fi+ fo
Z(0[0,1)aya, s, s+ f1, s+ [
Z0[0, = D)arae  S— fo, 8, s+ f1— fo
Z(0]0,0)ar0505  $» 8+ f1, s+ f2, s +2f1, s+2f2, s+ f1+ fo
Proof. In the cases above, X is a toric threefold. By (2.2) for 5 = s+ my fi + mafs,

the degree of Zg(0|ky, k2)ay....a; as polynomial in Z;,t, is given by

J
N =" deg(a;) — vdim My (X/F,8) = 2j — (2my + 2ms — ky — ky + 2).
=1

Since X is compact, the degree is nonnegative. This provides an upper bound on

mq, mo. To obtain a lower bound, recall that the toric cone theorem implies the Mori

26



cones are generated by the torus-invariant curves. For levels (0,0), (1,0), (0,1) the

cones are generated by (s, f1, f2). For levels (—1,0), (0, —1) the cones are generated

by (s — fi, f1, f) and (s — fa, f1, fa) respectively. []

Let S = P(Op1 @ Op1(—ky)) and let Xy, i, be the threefold given by the total
space

Xk17k2 = Tot (P(OS D Os(—szl))) (31)

The following observation about symmetries among the spaces Xy, r, will simplify

the calculations:

Remark 3.2.1. The space X1 is isomorphic to X_1o because P(Op1 & Op1(—1))
is equivalent to P(Op1 @ Opi (1)) which we may see may tensoring with Opi (1) and
exchanging the order of the line bundles. The transformation exchanges the classes

and weights as follows:

8<—>S—f1,$0<—>l’1,$2 a3, t & —1.

The space Xo1 is isomorphic to X1 because P(Og & Og(—f1)) is equivalent to

P(Og @& Os(f1)). The transformation exchanges the classes and weights as follows:

SHS—fQ,SL’OHZL’Q,xl X3, by & —1o.

The space X1 is isomorphic to Xg 1 because P(Oy, & Oy, ) = P x Hy which is also
a P-bundle over P! x P'. The transformation exchanges the classes and weights as
follows:

f1 ¢ fo, 1 & 29,1 & 1o
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3.2.1 Localization Calculations

In this section we use equivariant localization to calculate certain partition

functions corresponding to the lowest degree effective cohomology classes.

Lemma 3.2.2. The partition functions for the degree s, level (0,0) cap, tube, and
pants are given by
Z5(0]0,0)z, =1
T(xs) ifa=0b

ZS(O‘O? O)Iaxb =
0 otherwise

T(xa)? ifa=b=c
ZS(0|07 O)xaxbrc =

0 otherwise

where a,b,c € {0,1,2,3}.

Proof. Any T-fixed stable relative map representing the class s must have image

-,

Ci[L] for some C; (see Figure 1). Each C; has normal bundle O @ O (see (1.1)).

Applying Lemma 2.2.1 we get
ZS(O|07 0)%% = ZIOC(Ov O)lepr (wl(xi)v wZ(xi))T(xi)r = T(xi)ril

and the other invariants vanish.

O

Lemma 3.2.3. Partition functions for the tubes of degree s, level (1,0) and (0, 1),

degree s — f1, level (—1,0), and degree s — f, level (0,—1) are given by
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[Z,(0[1,0)5:] = ¢! ® :
0 1 0 0
) 1 0 0 0
|:Z.57f1 (0‘ - 17 O)ilbl] = ¢7 & s
0 1 0 —t;
ta 0 1 0
[ZS(0|OJ 1);:] = ¢_1 ® )
0 0 01
) 0 0 1 0
[Zo-1,(00, =1)%] = ¢~ ®
0 —ty 01

Proof. First let the level be (1,0). Any T-fixed stable relative map representing the
class s must have image Co[L] or C5[L] (see Figure 1). The curves Cy and C, each

have normal bundle O(—1) @ O (see (1.1)). Applying Lemma 2.2.1 and (1.2) we get
1
Zs(0]1,0)58 = T(20) Z"°*(=1,0),00(t1, t2) = T(Slfo)(flt— =t1¢7"
2
1
Zs(0]1,0)72 = T'(2) Z2"°(—1,0)0 00 (t1, —t2) = T(2:)¢™' — =tio™
—l2

and Z4(0]|1,0)%s = 0 otherwise. The results for the other levels follow by symmetry

Tp

(Remark 3.2.1).

3.2.2 Degeneration Calculations

In this section we use the gluing formula to solve for more invariants in terms

of the invariants calculated in the previous section.
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Lemma 3.2.4. The partition functions for the degree s+ fi and s+ fa, level (0,0)
tubes vanish

ZS+f1(O‘O’ O)i‘; =0
Zs+f2 (0|O’ O)i: =0

Proof. By attaching two level (0,0) tubes and applying the gluing formula and

Lemma 3.2.2

Lo =000 )0y )+] 0y ) 0o [

s+ f1 s+ f1 s+ f1

we deduce the relation

3
Za1 7,(0]0,0)% = > (Zay £,(010,0)32 05 + 62 Zay £, (0]0, 0)¢)

c=0

= Lstfi (O’O, O)ﬁ + ZS+f1(0|07 O)E

We conclude Z, f,(0[0,0)52 = 0. By a similar argument Z, r,(0/0,0)7s = 0. O

Lemma 3.2.5. Partition functions for the tubes of degree s, level (—1,0) and

(0,—1), degree s + f1, level (1,0), and degree s+ fo, level (0,1) are given by

10 1/ty 1/t
®

[Zerfl (0|170)£Z} = [ZS<O| - 17 O)fiﬂ (b

0 1 —1/ty -1/t

1/ta  1/ty 10
[Ze41,(000,1)5] = [Z.(0]0, -1)5;] = ¢ ®
—1/ta —1/ty 01
Proof. First let the level be (1,0). We notice that the following invariants vanish

by geometric constraints:

Zs+f1 (0’170)% = ZS+f1 (0|1>0)i§ = Zs+f1(0|170)£? = S+f1(0|1 O)ms =
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To see this observe that X9 = H; x P! (3.1), so has a projection X; g — P! x P!
This projection sends the class s + f; to the class s. The points zy, 7 € F' map to
0 € P! and the points x5, 23 € F map to oo € P'. By naturality of deformation to
the normal cone, for each E—step degeneration the projection extends to a projection
T Xl,o[l_:] — (P* x PY)[L]. First suppose the intersection of the image ¢(C") of the
T-fixed stable relative map with each component of X o[L] is irreducible. Then its
image in (P! x P!)[L] is a curve with class s which cannot connect the point 0 on
the transform of 7(F}) to the point co on the transform of m(F3) (see Section 2.1
for an explanation of ¢(C”), F; etc.). Thus ¢(C") cannot meet the transform of Fj
at xg or x1 and meet the transform of Fy at x5 or x3. Now suppose the intersection
of the image of the stable map with some component of XLO[E] is reducible. Then
the (possibly disconnected) image is the union of Co[L] or Cy[L] and a fiber in class
fo (see Figure 1). Since ¢ is admissible, this fiber is disjoint from the transforms of
F; and F5. Thus the image ¢(C”) intersects the transforms of F} and F» in the same
point x; where z; € {xg,x2}. We conclude the above invariants vanish.

Next we attach the level (—1,0) tube to the (1,0) tube to get a (0,0) tube as

represented in the following diagram:

0 0oy =00 ) 6oy J+(] 0 ) 10
s s B s—h s+

Applying the gluing lemma and Lemma 3.2.3, we deduce the relations
L= Z,(0]0,0)2 = Zo_, (0] — 1,0)% Zuy 1, (0]1,0)3

1

1= Z,(0[0,0)% = Zy_5, (0] — 1,032 Zu 1, (011, 0)2%
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which imply

W 0 o
Zoon QL0 = =2, Zy (01,005 = =2
1 1

Now we attach the (0,0) cap to the (1,0) tube to get a (1,0) cap
1,00 (0,0)

Q- 0o 0

s+ f1 s s+ f1

The degree s+ f; level (1,0) cap vanishes by dimension constraints, and Z,(00,0),, =

1 by Lemma 3.2.2 so we get the relations

3

0=2 Zsn(0[1,0)

c=0

which imply

W 0 . ®
Zon 0,02 =2, Zyp 01,07 = &
1 1

o O w0

Zon OL,008 = 2. Zyp(0]1,00% =
1 1

The results for the other levels follow by symmetry (Remark 3.2.1).

]

Lemma 3.2.6. The partition functions for the tubes of degree s + fo level (1,0),
degree s+ f1 level (0,1), degree s — f1+ f2 level (—1,0), and degree s — fo+ f1 level
(0, —1) vanish
Zs1 1,011, 0)58 = Zs— i1, (0] = 1,0)53 =
Zs1 7,010, 1)30 = Zs— o472 (0[0, =1)37 =
Proof. First let the level be (1,0). The following invariants vanish by geometric

constraints,

Zs+f1 (0’170)23 = Ls+fi (0|170)£g = Zs+f1(0|170)£? = S+f1(0|1 O)ms =
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To see this consider the projection X9 — #H; (3.1). This sends the class s + fo
to the section class s. By naturality of deformation to the normal cone, for each
L-step degeneration this extends to a projection 7 : Xjo[L] — Hi[L]. The fiber
curves in H; are isomorphic to P'. The points zg, 22 € F map to 0 € P! and the
points 1, 3 map to oo € P!, First suppose the intersection of the image ¢(C") of
the T-fixed stable relative map with each component of X 1,0[[7] is irreducible. Then
its image in H4[L] is a curve with class s which cannot connect the point 0 on the
transform of 7w(F}) to the point oo on the transform of 7(F;) (see Section 2.1 for
an explanation of ¢(C"), F; etc.). Thus ¢(C’) cannot meet the transform of Fj at
T or xo and meet the transform of F, at x; or x3. Now suppose the intersection of
the image of the stable map with some component of X 170[[7] is reducible. Then the
(possibly disconnected) image is the union of Co[L] or C4[L] and a fiber in class f;
(see Figure 1). Since ¢ is admissible, this fiber is disjoint from the transforms of Fj
and F,. Thus the image ¢(C’) intersects the transforms of F; and F; in the same
point x; where z; € {xg,x2}. We conclude the above invariants vanish.

Now we attach the level (—1,0) tube to the (1,0) tube to get a (0,0) tube as

represented in the following diagram:

J 0o D=0 ) 0o )+(0 Lo ) @0 |
s—fi+fa s—fi+f2 s s—fi s+ f2

We apply the gluing lemma and Lemma 3.2.3, and use that the degree s — f; + fo

level (0,0) tube vanishes (the class is not effective), to get the relations
0= Zs—f1+f2 <O|O7 0)2 = Zs—fl (O’ -1, 0)5128-&#2 (0|17 O)E = _¢71t1ZS+f2 (0|17 O)ii

0= Zs—f1+f2 (Olo’ 0)£2 = Ls—fi (O| -1, 0)£§Zs+f2 (0|17 0);2 = _qb_ltlZS—f—fz (0|17 0);2
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which imply
Zsr 1 (O]1, 0)3) = Zst1,(0[1,0)75 =

We attach the (0,0) cap to the (1,0) tube to get a (1,0) cap

(1,0)  (0,0)

Q= o

s+ f2 s s+ f2

and since the degree s+ fs level (1,0) cap vanishes by dimension constraints we get

the relations
3

0= Z Zs+f2 (0‘17 O)iz

c=0

which imply

Zs11, (0|1, 0)55 = 0, Zs1 1,011, 0)73 =
Zer 1, (0[1,0)77 = 0, Zs11,(0[1,0)70 = 0.

The results for the other levels follow by symmetry (Remark 3.2.1).

]

Lemma 3.2.7. The partition functions for the level (0,0) pants in degrees s + fi

and s + fo are given by

®*t2 a,b,c € {0,1} ora,b,c € {2,3}
Zs+1,(010,0)z,2p2, =

0 otherwise

®*t3 a,b,c €{0,2} ora,b,ce€ {1,3}
Zs+f2 (0|07 O)waxbzc -

0 otherwise

\

Proof. First consider the case of degree s + f;. By geometric constraints (similar

to the proofs of Lemmas 3.2.5, 3.2.6) the invariants Z,, ¢, (0]0,0)4, 4,2, vanish unless
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a,b,c € {0,1} or a,b,c € {2,3}. The partition function for the (1,0) cap is

¢~'t1 a€{0,2}
Z4(0]1,0),, = .

0 otherwise

This can easily be calculated by gluing the (0,0) cap to the (1,0) tube. Now we

glue the (1,0) cap to the (0,0) pants

(1,0)
)
° 0 =009 {
. s+ fi
s+ f1

to get the relations
Zs+f1 (0|07 0)1160900380 ZS(0|17 0)w0T<I0)_1 - Z8+f1 (0|17 0)900000
Zs+f1 (O|07 0)$0$1IOZS(O|17 O)on('rO)_l - Zs+f1 (0|17 0):v0$1
Zs+f1 (0|07 0>x29622?2 ZS(0|17 O)IzT('T2>_1 = Zs+f1 (0|17 O)Izm
Zs+f1 (0|07 0)902:23902 ZS(O|17 0)$2T<x2)71 = s+ fi (0|17 0)332903
and applying Lemma 3.2.5 we get
Zs+f1 (O|O’ 0)1‘0500960 = ¢2t37 Zs+f1 (O|0> 0)9609011’0 = ¢2t§

Zs+f1 (O‘Oa O)mxzmz = ¢2t%> Zs+f1 (0’07 0)362963@ = ¢2t§

We glue the (0,0) cap to the (0,0) pants

(0,0)
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to get the relations
3

> Ze 1, 00,0)0,0,0,T () =0
b=0

which imply
Zs+f1 <O|O7 0)961331:v1 - Zs+f1 (0|07 0)$1I1$0 = ¢2t§a
Zs+f1 (0’07 0)13963933 = ZS+f1 (0|07 0)$39€3$2 = ¢2t%'

The case of degree s + f, follows by a similar argument. n

Lemma 3.2.8. The partition functions for the level (0,0) pants in degrees s + 2f;
and s + 2 fy vanish

Zs+2f1(0\0, O)lEaCBbIc =0

Zs+2f2(0‘0’ O)Iaxbxc =0
Proof. First consider the case of degree s 4+ 2f;. By geometric constraints the in-

variants Zsiap (0(0,0)4,0,2. vanish unless a,b,c € {0,1} or a,b,c € {2,3}. Now we

glue the (1,0) cap to the (0,0) pants

(1,0)
@
s )= (o {
. s+ 2f1
s+ 2f1

to get the relations
Z12,(010,0)sa0 Z(0]1, 0)4 Tg) ™" = 0
Zs24,(0]0, 0)g02120 Z5 (0]1,0) o T (0) ~F = 0
Zs+2f1(0|07 0)x2x2z228(0|17 O)ng(%)_l =0

Z5+2f1 (0|07 0)$2$3$2ZS(0|17 0)$2T(I2)_1 =0
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which imply

Zs+2f1 (0|0, O)xorowo = 07 Zs+2f1 (O‘O, O>xox1zo

Zs+2f1 (0|Ov O)szzftz =0, Z5+2f1 (O‘O’ O)I2x3x2

We glue the (0,0) cap to the (0,0) pants

(0,0)
@
s ) = (00
. s+ 2f1
s+ 2f1

to get the relations

3
Z Zs+2f1 (0‘07 O>fral"awa(xb)il =0

b=0

which imply

ZS+2f1 (0|07 0)1111361 — Ls42f; (0|07 0)111110 =0

ZS+2f1 (0‘07 0>Z313273 - ZS+2f1 (0‘07 0>Z39E3$2 =0.

The case of degree s + 2f, follows by a similar argument.

=0

=0

O

Lemma 3.2.9. The partition functions for the level (0,0) pants in degree s+ fi+ fa

are independent of a, b, ¢

Zs+f1+f2 (O‘Oa O)fbaxbzc =C

where C' € Qlty,t2]((w)) is independent of a,b, c.

Proof. Applying the gluing formula corresponding to the diagrams depicted below:

(1,0) (0,1)

] (]
; ) - o ] ; ) - (O]

s+ f1+ f2 s+ f1+ f2

s+ f1+ f2 s+ f1+ f2
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(0"1)
)
S_fl m s—f2 ) = ..
s+ fa . s+ fi

+f1+f2 s+ f1+ f2

we deduce the following relations (respectively):
¢_1t1 (Zs+f1+f2 (0|07 O)waxbroT(x(J)_l + Zs+f1+f2 <O|O7 O)Iambsz(xZ)_l) - 07

¢_1t2 (Zs+f1+f2 (0|0’ O)xaﬂ?beT(‘rO)_l + Zs+f1+f2 (Ol()» O)xaxme(xl)_l) =0,
_¢_1t1 (Zs+f1+f2 (O‘O’ O)IaxbxlT($l)_l + Zs+f1+f2 (0’07 O)xaxba:3T<x3)_1) =0,
_¢71t2 (Zs+f1+f2 <O‘O’ O)Iafﬂbﬂ?QT(Iﬂil + Zs+f1+f2 (0|07 O)xambx3T(I3)il) = 0.

In fact this implies Zg;f,4,(0(0,0)4,4,2. = C where C' is independent of a,b,c. In
the next section, by studying the level and genus raising operators, we will see that

C=0. ]

3.2.3 Raising Operators

The level creation operators are defined by
U= [Z(0]1,0)2], Uy :=[Z(0[0,1)%] .
We can compute these using Lemma 3.2.3 and Lemma 3.2.5,

Uy = [Z,(0]1,0)2] + [Ze11, (0]1,0)%]

10 ) 1/t 1/t
= ® | ¢! +0 (%]
0 1 0 0 1/t —1/t

Uy = [Z5(0]0, 1)%] + [Z4y1,(0]0, 1)%]
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o 1t 1/t 10
= | o +¢ vy | ®

0 0 —1/ty —1/ty 01

Similarly the level annihilation operators are defined by
Ly :=[Z(0| = 1,0)%], Ly := [Z(0]0,—1)%]
which we may again compute using Lemma 3.2.3 and Lemma 3.2.5,

Ly = [Zy (0] = 1,0)%] + [Z,(0] — 1,0)2]

Tp

10 0 0 /ti 1/t
= ® | ¢~ T )
01 0 —t —1/t; -1/t
= [Zs-1,(0]0, =1)5] + [Z,(0]0, =1)5¢]
0 0 1ty 1ty 10
=|o" vy + ¢ ®
0 —ty —1/ty —1/t, 01

The level annihilation operators satisfy L; = U; ', Ly = U, .

The genus raising operator G = [Z(1]0,0)¢] is given by
G = [Z.(110,0)5;] + [Zees, (110,0)5;] v

+ [Zs+f2(1|07 O)i:} vg + [Z8+f1+f2(1|07 O);Z} U1V2.

We can calculate G by gluing two pairs of pants at two points and applying the

gluing formula:

Z(1]0,0)53 = Z(0]0, 0)az.2q 2 (0]0, 0) 7
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from which we deduce that

o t2 + 2¢2U2/t2 2¢2U2/t2 tl + 2¢2’Ul/t1 2¢2U1/t1
= &

—2¢202/t2 —t2 — 2¢2U2/t2 —2¢201/t1 —tl — 2¢2U1/t1

Ug/tg ’UQ/tQ ’Ul/tl Ul/tl
+C ®

—'l)g/tg —’U2/t2 —Ul/tl —Ul/tl

where C' is as in Lemma 3.2.9. The gluing lemma implies G commutes with the

level creation operators. We calculate the commutator

to + 2¢%va /1y 207 v /19 0 u
[C;,l]i] = (7 &

—2¢2’U2/t2 —tg - 2¢21}2/t2 (%1 0
which implies that C' = 0.

We now prove Theorem 3.1.1:

Proof. As in [6,9] the gluing formula implies the partition functions Z(g|0,0)a,
give rise to a 1+1-dimensional topological quantum field theory (TQFT) taking

values in R = Q(¢1,2)((u)). The corresponding Frobenius algebra is

3
A= EB Re,,
i=0

for z; € B with multiplication given by

3
; @ €y = Z Z (910, O)ifmjexk'
k=0

A TQFT is semi-simple if the corresponding Frobenius algebra is semi-simple. We

prove semi-simplicity of the TQFT. For v = 0 we have

T(x,) ifa=b=c,
Z(0[0,0)5, |u=o = Z5(0|0,0)3c, = ,

Zalp Zalp

0 otherwise
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so the basis {e,, /T (x;)} of the Frobenius algebra for u = 0 is idempotent. Thus the
TQFT is semisimple for v = 0. If R is a complete local ring with maximal ideal
m and A is a Frobenius algebra over R which is free as an R-module, Proposition
2.2 in [5] states that if A/mA is a semi-simple Frobenius algebra over R/m then A
is semi-simple over R. Thus the TQFT is semi-simple. This implies Theorem 3.1.1

(see the proof of Theorem 5.2 in [6]). O
We are now ready to prove Corollary 3.1.1.

Proof. We may check that
G? = (4¢*v; +t])(4¢*vy +13)1.
Taking the trace of this equation and reducing modulo t;, s we see that
Z(Q’/ﬁ, k2)|t1:t2:0 = 42¢4U17)22(9 - Q\k’l, k’2)|t1:t2:0-

Then using this equation and the symmetry implied by the (generalized) Kodaira

deformation

Z(glk1, k2)|ti=ta=0 = 11 Z(glk1 — 2, k2)|t,=t,=0 = v2Z(gl|k1, k2 — 2)|t,=t,=0

(this may also be checked directly from the matrices) we are reduced to checking

the following base cases: For g = 0,
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and for g =1,

]{?2:0 1
k=0 4 0
1 0 0

We conclude,

49929 2y, 2w, 2 (9g—1)=k =ky mod 2
Z(glk, k2)|t,=ts=0 =

0 otherwise
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Chapter 4: Gromov-Witten Theory of H;-Bundles

4.1 Summary of Results

Theorem 4.1.1. Let a = —1, so that X is an Hi-bundle over a genus g curve C.

Then Z(glky, ko) = tr (GgflLl_le;kQ) where

t1+t t
Ly = ¢—1 Lo ® 00 l + 00 ® ltl 2 ﬁ l
01 0 _t (%1 0 —1 t1:;t2 i? (%)
1 1
+¢2 1 1 ® t1(t1+t2)  ti(t1+t2)
1 1
-1 -1 Thts T lits
0 0 ~(ti+t) 0 |1 |00 T
Ly =¢ ! ® — + ® ! ! U_;
. . | 01 ity | 2
9 t1 t1
1
+¢ 1 1 t1+t2
1
~1 -1 0 3
1 0 t1<t1+t2> 0 1 1 2ty 0
G= ® + ¢ @M "
0 -1 0 —lito -1 -1 o=

t2
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2(t1+t2)2

0 O 2 2
t1 t1 U1, 9 t1 t1 U1
® —+¢ —
()t 25| 2 0 1 _ut | 2
t1 t1 t1 t1
2(2t1+t2) t1+2to —2t5 t1—2to
t1(t1+t2) t1(t1+t2) t1(t1+t2) t1(t1+t2)
—(t1+2ts)  2(ti—t2) 3t14+2to 2(t1+t2)
3 tite ti1t2 ti1to tite
+¢ (%1
2to 3t142t2 2(2t1+3t2) 3(t1+2t2)
t1(titt2)  ti(ti+t2) t1(t1+t2) t1(t1+t2)
t1—2to —2(t1+t2)  —3(t1+2t2)  —2(t1+3t2)
tito tito tito tito

Remark 4.1.1. We see from the formula above, that if 5 is a section class, Zg(g|k1, k2)
is of the form p(ti,t2)¢?9~2~Kx8 where p(ty,t5) is a homogeneous polynomial of de-

gree Kx - B in tq,ts.

Recall Z(g|k1, k2)|t,=t,—0 denotes the non-equivariant limit which is obtained
by setting t; = t5 = 0. Its terms correspond to Calabi-Yau section classes. The

Calabi-Yau section class partition functions satisfy the following recursions:

Corollary 4.1.1.

Z(glky1, k2)lt,—ts—0 = V1 Z(glk1 — 3, k2)|ty=ta—0 + viv2Z(glk1 — 4, k2)|t,=t2—0

Z(g|k1> k2) |t1:t2:0 = _¢2U%U2_2Z(g_ 1|k17 kZ) |t1:t2:0+6¢4U%U2_1Z(g_2|k1’ k2)|t1:t2:0

+(256¢81}%U2 + 27¢8vilv2_2)z(g - 4|k17 k2)|t1:t2:0

Remark 4.1.2. The (generalized) Kodaira deformation (Lemma 1.2.1) implies sym-

metry for the Calabi-Yau section class partition functions Z(glky, ka)|t,=t,=0-

Z(g|ky, k2)lt=t,—0 = v1Z(g|k1 — 2, ko + 1)|1,=t,—0
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The Kodaira deformation and Corollary 4.1.1 suffice to compute all the Calabi-

Yau section class invariants in terms of the following base cases:

g=0 1 2 3
ki =0 0 4 —¢*vivg? 12¢"dvyt + ¢tutugt
1 672 0 ghiuyt 166" — ¢lufe,
2 0 0 8¢%} 64l + grufuy?
3 0 31}% 16@521}%02 —gb%fv;l

Corollary 4.1.2. The GW/DT/PT correspondence 5.3.1 holds for the Calabi-Yau

section class partition functions when a = —1. This will be proved in Chapter 5.

4.2 Calculations

We will see that the full theory is determined by the following basic partition

functions:

Z(O|070)047 Z(0|Oa O)alag,
Z(0[1,0)aras;  Z(0]0,1)asas,
Z(O’()? 0)&1&2&3'

Lemma 4.2.1. The basic partition functions depend on only the following cohomol-
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oqy classes:
Z(0(0,0), s
Z000,0) 0100 S, S+ fo, s+ f1— fo, s+ 2f1 —2f2
Z(0]0,0)0y0005 Sy S+ f1, S+ fa, s+ 2fo, s+ f1 — fa, s+ 2f1 —2f,
s+3f1 —3fe,s+4f —4fs, s+2f1 — fo
ZO0I1,0) 0100 S, S+ f1, S+ fo, s+ 2fs, s+ f1— fo, s+2f1 — 2f,
s+3f1—3f2,s+4f1 —4fa s+2f1 — f2

Z(0|071)a16¥2 S, 5+f17 5+f27 5+f1 _f27 5+2f1 _2f27 5+3f1 _3f2

Proof. In the cases above, X is a toric threefold. By (2.2) for 5 = s+ my f1 +mafo,

the degree of Z5(0|k1, k2)a,

.....

«; as polynomial in ¢4, 5 is given by

J
N = "deg(e) — vdim M (X/F, B) = 2j — (—2k; — ka + 2 + 3my + 2m»).

i=1

Since X is compact the degree is nonnegative. This provides an upper bound on
m1,ms. To obtain a lower bound, recall the toric cone theorem implies the Mori
cones are generated by the torus-invariant curves. For levels (0,0), (1,0), and (0,1)

the cones are generated by (s, fo, f1 — fo). O

Lemma 4.2.2. The partition functions for the degree s, level (0,0) cap, tube, and
pants are given by
Z5(0]0,0)z, =1
T(z,) ifa=0b

Z5(0[0,0) sz, =
0 otherwise

T(z4)? ifa=b=c
ZS(0|07 O)wambre =

0 otherwise
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where a,b,c € {0,1,2,3}.

Proof. This follows by the same argument as for Lemma 3.2.2,

]

Lemma 4.2.3. The partition functions for the degree s + fo, 8 + f1 — fa, and s +

2f1 — 2fy level (0,0) tubes vanish

ZS+f2 (O‘O’ O)xa -

Tp
Zs+f1*f2 (0|07 O)gz =0
Zs+2f1—2f2 (O|07 0)£: =

Proof. This follows similarly to Lemma 3.2.4.

O

Lemma 4.2.4. The partition functions for the tubes of degree s, level (1,0) and

(0,1) are given by

¢t (t +t3) a=b=0

Zs(0[1,0)50 =
0 otherwise
4
¢_1(t1+t2> a=b=0
Z5(0[0, 1)ze = oty  a=b=1

0 otherwise

\

Proof. First let the level be (1,0). In this case, any T-fixed stable relative map

representing the class s must have image Co[L] (see Figure 1). The curve Cy has
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normal bundle O(—1) & O(—1) (see (1.1)). Applying Lemma 2.2.1 and (1.2) we

compute
Z,(0[1,0)70 = Z'°°(=1, =1)gco(ts, t1 + 12)T(20) = ¢ 11 (11 + ta),

ZS(O‘lﬂ O)i: =0if ($a,$b> 7é (I’O,LE())-

Next let the level be (0, 1). In this case, any T-fixed stable relative map representing
the class s must have image Cy[L] or C1[L] (see Figure 1). The curves Cy and C;
each have normal bundle O @ O(—1) (see (1.1)). Applying Lemma 2.2.1 and 1.2 we

compute

1

1
Z,(0]0,1)20 = Z'°°(0, =1)o00(t1, 11 + t2) T (w0) = (Cb_lt_) ti(t +t2) = ¢~ (t + ta),

1
2,010,021 = 20, ~ ool )T (or) = (~07' 1) (-tt) =07t
1
Z,(0|0,1)5¢ = 0 if (24, 13) # (20, 20), (71, 71).

]

Lemma 4.2.5. The partition function for the level (0,1), degree s+ fy tube is given

by

t1+to

(Zo15,(0,1)52] = ¢
-1 =1 0 %

Proof. By geometric constraints (similar to the proof of Lemma 3.2.6) the following

invariants vanish

Zs+f2 (0’07 1)% = Zs+f2 (0’07 1)52 = Zs+f2(0’07 1)2 = Zs+f2(0’07 1)963 =

T2 :
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If the image of a T-fixed stable relative map meets the transforms of F; and Fj
at xy, the image must be Cf [E] (see Figure 1). The curve Cy has normal bundle

O @ O(1) (see 1.1). Applying Lemma 2.2.1 and (1.2) we conclude

Zs11,(010,1)32 = Z°°(0, 1)o,00(tr, =t — 12)T(w2) = t1_+¢t2.

Similarly,
s (010, 1) = Z9°%(0, Do (—t1, —t2)T(5) = —2.

Now we attach the (0,0) cap to the (0, 1) tube

(0,1)  (0,0)

Q@ =C oy 0

s+ fa s s+ f2

and since the degree s + f5, (0,1) cap vanishes by dimension constrants we get the

relations
3
0= Zup,(00, 1)k
c=0
from which we can solve for the other invariants. O

Lemma 4.2.6. The partition function for the level (1,0), degree s+ fo tube is given

by

[Zs+1, (011, 0)33] = ®
-1 -1 0 0

Proof. The invariants Z,,,(0[1,0)52 vanish unless a,b € {0,2}. To see this recall
that X [Ij} is a chain of varieties given by a union of X and copies of P! x H;. Since
the intersection of the image ¢(C") of the stable map with the component X is T-
fixed, we have ¢(C") N X is either Cy (possibly with an attached fiber) which has
class s or Cy which has class s+ f5 (see Figure 1). In the second case, ¢(C") = Ch[L].
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In the first case, by considering the projection to H; we see a curve in class s + fo
in P! x H; may join the point zy in one fiber to zy or x, in another fiber, but not
to x1 or xs.

Since Cy has normal bundle O(—1)®O(1), by the above discussion and Lemma

2.2.1 and (1.2) we get

1
ty 4ty

Zsy5,(0]1, 0)s2 = Zloc(_L Doco(ts, —t1 — to)T (z2) = —

By dimension constraints, the partition function vanishes for the absolute geometry
Zs+1,(0]11,0) = 0.

We glue two (0,0) caps to the (1,0) tube

(0,0) s (0,0) s

(L0)
O = Qo P

s+ f2 s+ fo

to produce the relation
3
-3 (S 2000 2005 ) 2000y
b=0 a=0

which implies Zy,(0[1,0)70 = 2Z,,,(0[1,0)70 — tltTltg We may produce a (1,1)

tube by gluing a (1,0) tube to a (0,1) tube, but we have the freedom to swap the

order of the tubes.

0 an 0=0 o ) 0y =0 ©on ) 1o |

This gives us the equation

3

Zorry (011, 1)%0 =~ (Zo(0]1,0)% Z,s 1, (010, 122 + Zay , (0]1,0)22 Z,(0]0, 1)2)
c=0

3
= 3 (20010, 1)2 Zy1. 1, (01, 002 + Z,4 1,(0]0, 1)22 Z,(0]1,0)2)

c=0
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which by Lemma 4.2.4 and Lemma 4.2.5 implies
Zoy1,(011,1)70 =t = (t1 + t2) Zsy 1, (0]1,0)50
O
Lemma 4.2.7. The partition function for the level (1,0), degree s+2 fo tube vanishes
Zorap(1,0)5 =0

Proof. By geometric constraints (similar to the proof of Lemma 4.2.6), Z,,2,(0[1,0)7¢
vanishes unless a,b € {0,2}. We may produce a (1,1) tube by gluing a (1,0) tube

to a (0,1) tube, but we have the freedom to swap the order of the tubes.

0 an D=0 o ) 0y =0 o1y ) 0o |

This gives us the equation

3
Zorap, (011,15 =D (Zerp (011,005 Zes £, (010, 1)z + Zosapo (0]1, 0)52 Z4(0]0, 1)5c)

c=0

NE

(Z5(0[0, 1) Z 425, (0[1,0)5¢ + Zoy 1,(0[0, 1)52 Zs4 1, (0]1, 0)5¢)
c=0

which by Lemma 4.2.4, Lemma 4.2.5, and Lemma 4.2.6 implies
Zs12,(011,1)39 = 0= (t1 + t2) Zs421,(0]1,0)3

We attach the (0,0) cap to the (1,0) tube
(1,00 (0,0)

= o (

s+2fa s s+2f

and since the degree s+ 2f, (1,0) cap vanishes by dimension constrants we get the

relations

3
Z s+2f2 0‘1 O e

o1



from which we see all the invariants vanish.

]

Lemma 4.2.8. Let n > 0. The partition function for the level (1,0) degree s +

n(f1 — fa) tube vanishes
Zs+n(f1—f2)(0|1a O)i: =0 ifn >0

Proof. The image of a T-fixed stable relative map representing the class s+n(f;— f2)
must be the (disconnected) union of Cy[L] and a collection of fibers with total class
n(fi1 — f2) (see Figure 1). Since the map is admissible it meets the transforms of F;

and Fy at the point xy. Thus

Zsin(fi-£(0[1,0)7 =0 if (a,b) # (0,0).

By dimension constraints, the partition function vanishes for the absolute geometry
Zs+n(f1—f2) (0| 1, O) = O

We glue two (0,0) caps to the (1,0) tube

(1,0) (0,0) s (0,0) s

O = CQan P

s+n(fi — f2) s+n(f1— f2)

to produce the relation

3 3
0 — Z <Z Z(0]0,0) 20 Zasn(f— ) (0|1, o>g;> 7,(0[0,0)%.

b=0 a=0

We conclude

ZS+”(f1*f2)(O|170)£g = U
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Lemma 4.2.9. The partition function for the level (1,0) degree s+ fi tube is given

by
2t1+to i 1 1
t1(t1+t2) t1 t1+to t1+to
_ (tatte) 1
Zyor,(0[1,0)%] = ne T ’
[Zs+1,(0[1,0)72] = ¢
_ 1 O to to
t1+to t1(t1+t2)  t1(ti+t2)
1 1 1
to O _t1 _t1

—.

Proof. The space X[L] is a chain of varieties given by the union of X and copies of
H, x PL. The image ¢(C") of the T-fixed stable relative map in X may be any of the
C;, possibly with attached fibers. Assume that there are no attached fibers in the
X component (the analysis is similar and simpler in the other case). If ¢(C") N X
is Cy or C3 which have class s + fi, then ¢(C") is C1[L] or C5[L] respectively (see
Figure 1). If ¢(C") N X is Cy which has class s + f5, then the image of ¢ in one of
the copies of H; x P! has class s + f; — fo; such a curve can join x5 in one fiber to
x9 or 3 in another fiber. If ¢(C’") N X is Cy which has class s, then there are two
possibilities. In the first case the image of ¢ in one copy of H; x P! has class s + fi;
such a curve can join xy in one fiber, to any of the other fixed points in another
fiber. In the second case, the image of ¢(C”) in one copy has class s + fy and the
image in another copy has class s + f; — fo. Such a chain can join xy in one fiber
with zg, 22, or x3 in another fiber.

From the above discussion we conclude that the invariants Z,, , (0[1,0)3! and
Zsy1,(0[1,0)7 vanish because the image of the stable map cannot join these points.

The curves C4, C5 each have normal bundle O(1)® O (see (1.1)), so by Lemma 2.2.1,
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(1.2), and the above discussion we calculate

1
Zsy1,(0[1,0)20 = Z'°(1,0)0,00(—t1, t2)T (1) = -
1
1
Zor 1, (01,038 = Z'°°(1,0)0,00(—t1, —t2) T (3) = T
1

We attach the (0,0) cap to the (1,0) tube

(1,0)  (0,0)

Q- o 0

s+ f1 s s+ f1

to deduce the relations
3
Z Zs+f1 (O|17 0)£2 =Y
c=0

Using the above relations we can write [Z,, , (0|1, 0)7¢] as a matrix in two unknowns

A, B:
B(t1+t2) 1 1
Tq o (til—;;z) _i 0 0
[Zs+f1 (O|17 O)xb] = ¢
B(t1+t2)

—A 0 —-A+ % B

P _mesm s

L ta t2 h -

By dimension constraints, the invariants Z,sy (0[3,0)7¢ vanish. Thus the

gluing formula implies the cube of the matrix vanishes:
Zee 1, (0]1,0)24] = 0.

This yields the equations

t2(2t1 + o) — t1(ty + 12)2B
tito(ty + t2)
ta
t1 (tl + tg) '

A:

Y
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Lemma 4.2.10. The partition function for the level (1,0) degree s + 2f; — fo tube

vanishes
Z8+2f1 f?.(O’l O)xa =

Proof. By geometric constraints (similar to the proof of Lemma 4.2.9), the invari-
ants Zsyof 5, (0[1,0)32, Zso5,—5,(0]1,0)%! vanish. The invariants for the level (1,0)
degree s + 2f; — fy cap vanish by dimension constraints. We attach the (0,0) cap

to the (1,0) tube

(1,0)

CO“

s+2fi—f2 s s+2f1 —

to deduce the relations

ZZS+2f1 f2(0‘1 O)xc =

c=0

By dimension constraints the invariants Z,, 37, —,(0/2,0)7 vanish. Gluing two (1,0)

tubes

0co =000 J @ )J+(] o ) 10

s+3fi—fo s+2fi—f2 s+ f1 s+ f1 s+2f1— fa

we get the relations

w

0= Zapsi-1(012,00% =Y (Zesa—p (0]1,0)2 Zoy 1, (0]1,0)%¢
c=0

+Z54 1, (011,052 Zssap,— 1, (011, 0)5; ) -
One may check these equations imply the desired vanishing.

]

Lemma 4.2.11. Let n > 0. The partition function for the level (0,1) degree s +

n(f1 — f2) tube vanishes

Zs+n fi—1r2) (0|0 1)xa =0 an >0
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Proof. The image of a stable relative map in class s + n(f; — f3) is the (discon-
nected) union of Co[L] or C1[L] and fibers with class n(fy — f2) (see Figure 1). Thus
Zsin(fi—f)(0[0,1)52 = 0 unless a = b = 0 or a = b = 1. We produce a (1,1) tube
by gluing a (1,0) tube to a (0,1) tube and use the freedom to swap the order of the

tubes

0 an 0=0 o ) 0y =0 ©on ) 1o |

to get the equation

Z8+f1+”(f1—f2)(0‘1? 1)£Z =

3
w1 (011, 0032 Zasn(11 =12 (010, 1)3; + Zis 1, (011, 0)5 Z nen) (11— (010, 1))
2. (2

c=0

Zsn(i-1) (010,132 Zai 1 (01,0055 + Zas a1 - 12010, 1)32 Zay 1, (0[1, 0)57)

nMw

from which we see

1

Tt frim 0)1,1)7 = ——
+hn(h-f2) (011, 1)7 r——

Zs+n(f1—f2)<0|0’ 1)58 = 0.

By dimension constraints, the partition function vanishes for the absolute geometry

Zsin(f1-12(0]0,1) = 0.

We glue two (0,0) caps to the (0,1) tube

(0,1) (0,0) s (0,0) s

Co = Qoy P

s+n(f1 — f2) s+n(f1 — f2)

to produce the relation

3 3
0= Z (Z Z5(00,0)a, Zsin(fi—12)(0]0, 1)§Z> Z,(0[0,0)®

b=0 a=0

which implies Z (s —f,)(0]0,1)51 = 0. O
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Lemma 4.2.12. The partition function for the level (0,1) degree s+ fi tube is given

by
1 1 1 1
[Zs+1,(0]0,1)32] = ®? ® ti(titta)  ti(t1tt2)
s+ f1 y ol —
1 1
-1 -1 - —

Proof. The invariants for the level (0,1) degree s + f; cap vanish by dimension

constraints. We attach the (0,0) cap to the (0,1) tube

(0,1)  (0,0)

Q= oy 0

s+ f1 s s+ f1

to deduce the relations
3

> Zoy, (00, 1)2 =0.

c=0

The invariants Z,, r, 1 ,(0/0,2)5¢ vanish by dimension constraints. Gluing two (0, 1)

tubes

) 02 =0 ©0n ) o0y J+() ©0n ) 01 [
s+fi+fa s+ fi s+ f2 s+ f2 s+

we get the relations
3
0= (Zersi (010, 1)5 Zoy 1,010, V)3 + Zoy 1,010, 1) Zey 1,00, 1))
c=0

Using these relations we may write [Z; 4, (0]0,1)%] as a matrix in three unknowns

1 1 _tvﬁ
[Zs+f1(0|07 1)2:] - X e
-1 -1 v W

By dimension constraints the invariants Z oy, (0]1, 1)7¢ vanish. Gluing a (1,0) tube

to a (0,1) tube

0 ay =0 o ) 01y

s+ 2f1 s+ f1 s+ f1
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we get the relations

3
0= Z Zsy1,(011,0)3 Zo1 5, (0]0, 1)7¢
c=0
from which we see
t t 1
Zs+2f2(0|1,1)£(1):0:_ 1+ QU__W
tth tl
@ 1 1
Zorop, (01, D)3 =0= =V — —W
1 tl
and
1 1 — Wita . Wito
[Zs+f1 (O‘O, 1)?;] — ® t1+t2 t1+t2
-1 -1 1%,%4 W

The level creation operators Uy, Us are now determined up to the unknown W. The
commutator [Uy, Us] vanishes if and only if W = — . O

We now have what we need to compute the level creation operators

U= [Z(0]1,0)2], Uy :=[Z(0[0,1)%] .

10 ti(ti +1t2) O 1 1 e
U = ¢2 ® + ® | " vy
0 0 0 0 -1 -1 0 0
2ty +t 1 1 L
t1(t1+t2) t1 t1+t2 t1+t2
GEE)
+¢ ti1to t1 0 O v
1 0 ta 12
t1+ta t1(t1+t2)  t1(ti+t2)
1 1 1
e
10 ty +t2 O 1 1 !
Uy =6~ ® +¢ ® | " vs
0 0 0 ty -1 -1 0o L
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2 ti(ti+t2)  ti(ti+t2)
+¢ &® U1
1 1
1 1 ti1to t1te

We may invert these to recover the level annihilation operators

Ly = [Z(0] = 1,0)%], Ly := [Z(0]0, ~1)%]

0 t1tto

10 0 0 |4 0 z
Li=¢" ® " N
01 0 _tl 1 0 —1 t1;|;t2
1 1
+¢2 1 1 - t1(t1+t2)  ti(ti+ta)
1 1
-1 -1 Thts T lits
oo ~(ti+tz) 0 |1 |00 s
Ly= ¢ ® w ;
01 0 —ty | 01 s
1
- 1 1 t1i+iz
-1 -1 0o &+

ta

Lemma 4.2.13. The partition functions for the (0,0) pair of pants Z(0]|0,0)% are

determined by the invariants computed thus far.

Tp

Proof. Let B be any section class. We apply the gluing formula to the following

diagrams

(0,1)

= “[De
m
-
Il

(0"1)

10 ()
B—fi

29

e
OO - o]
B B
B

)
s—f2 0 = (Lo
. B — fa
J&j



to get the following relations
¢t (tr + 12)Z5(0]0,0) 0,00 T (20) " = Z5(0[1, 0), 0,

Qb_l(tl + tQ)ZB(O|O7 O)xambxoT(mO)_l + ¢_1t2ZB(O|Oa O)l’al'bxlT(xl)_l = ZB(0|Oa 1)wa:vb
—¢~11Z5(000,0) ey T(21) ™ = 67 11125(0]0, 0) s T (w3) ™ = Z5(0] = 1,0)s,,
_Qﬁil(tl—i_t?)ZB(OlO? O)Eal"bfva(IZ)il_(bilt?Zﬁ(Omv 0)$a2bw3T($3)71 = Z5(0’07 _1)%%

The first equation determines the invariants Z(0(0,0),,.,.. Where at least one of
a,b,c is 0. The second equation then determines the invariants where at least one

of a,b,c is 1, and so on.

[]

We may calculate the genus raising operator G = [Z (1]0, 0);”:} by gluing two

pairs of pants at two points and applying the gluing formula:

Z(110,0)z; = Z(00,0)zyz.2, 2 (0[0, 0) o<

1 0 ti(ti+t2) 0 11 2
G = ® + ¢ ®| "M vy

0 —1 0 —tity -1 -1 R

2(t1+t2)? to(t142t2) t1+t t
+¢ 0 0 ® t1 t1 ﬂ+¢2 0 0 ® lt1 2 ﬁ U_%
2
(t142t2) (t1+12) 212 U2 ti+t tn | V2

01| | e e I e
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2(2t1+t2) t14+2to —2o t1—2to
t1(t1+t2)  t1(Ei+to) t1(t1+t2) t1(t1+t2)

—(t1+2t2) 2(t1—t2) 3t1+2t 2(t1+t2)
3 tito t1to t1te tito
+¢ U1
2to 3t1+2to 2(2t1+3t2) 3(t1+2t2)
t1(t1+t2) t1(t1+t2) t1(t1+t2) t1(t1+t2)
t1—2to —2(t1+t2) —3(t14+2t2)  —2(t1+3t2)
tite tit2 ti1to tite

Now Theorem 4.1.1 follows similarly to Theorem 3.1.1. We now prove Corollary

4.1.1.

Proof. We may check that U; satisfies the following equation
Up = ti(t+1t2)¢ 20Uy + ((t2 + 2t1) ¢ g + 110 202) UT + (vf + 2810~ v109) Uy + 07w ]

Taking the specialization t := t; = t5 we may check that G satisfies the following

equation

G* = (™% + 6Lov1v2) vy 2G? + (6¢* v vy — 24t v 03 + St2p*vs + 31292

—18t3 vy + 5103 vy 2G? + (256¢°vivs + 27¢%0] — 216tp v vy + 312t%¢%vivs
9613 ¢ vivs — 16t*¢ vy — 24t*p*viv, + 1326°¢3v103 — 20t°p*v3 — 4t°¢0?
124t vy vy — 4302 )y 2T
Then the desired recursions
Z(glk1, ko )ty =t=0 = vi Z(glkr — 3, k2) |ty =t=0 + viv2Z(g|k1 — 4, ko) |ty =1o=0
Z(glk1, ko) lty=ty=0 = —¢*viv5 2 Z(g— 1K1, ko) |ty =ts=0 + 60 0705 ' Z (g —2|k1, k2) |t =tn=0
+(256¢% v v + 276010y ?) Z (g — 4lk1, k2) |ty =ts=0

follow by taking traces of matrix equations and reducing mod t1, ts. O]
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Chapter 5: Donaldson-Thomas and Stable Pairs Invariants

In this chapter we use the notation Z%W for the Gromov-Witten partition

function.

5.1 Donaldson-Thomas Theory

The moduli space I,,(X, f) parameterizes ideal sheaves [J, such that
ch(Jz) = (1,0,—06,n).

The moduli space has a T-equivariant perfect obstruction theory and virtual fun-
damental class coming from the deformation theory of ideal sheaves. For the fibers
Fy, ..., F, over the points pq, ..., p, there is a relative moduli space of ideal sheaves
I,(X/F,B) [15,18] parameterizing ideal sheaves J; on some X|[L] (see Section 2.1)
such that

(i.) If Y is a component of the singular locus of X[L] or the transform of one
of the divisors F;, then Oy is normal to Y, that is Tor?xm (Oz,0y) =0.

(ii.) Autyz (Jx) is finite

The moduli space has a T-equivariant perfect obstruction theory and virtual

fundamental class. When [ is a section class, the support Z meets the transforms
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of each of the divisors F; at a single point, and there are boundary maps

L(X/F,B) = H,.

For ay,...,a, € B the relative Donaldson-Thomas partition function is defined by
Y (glbi oo, = S0 [ )
neZ In(X/F,B)V" 55

where the integral denotes equivariant pushforward to a point. The reduced relative

partition function is defined by

ZET(g’kla k2)a1...o¢T
Z(]))T(g\kl,]@)

ZETJed(g“ﬁv kQ)Oq---ay- =

The partition functions of section class, relative, reduced Donaldson-Thomas

invariants are given by

DT,red 2 : DT, red mi1,.mo
Z ( ’kl?kQ aq...0p Zs+m1f1+m2f2( |k17k2>a1--~a’rvl 1}2 *

mi,ma2

The degeneration formula for Donaldson-Thomas invariants [15] implies we have the

gluing formula

ZDT red(g|k1,k2)a1 e = ZZDT red( ,|/€/1, k/)oq o ZDT red( ”|/{3/1,, /{3”)
NEB

Y1t

for ky = Ky + kY ko =kl + Kk, g =¢ + ¢’ and
ZDTJed(glkla kQ)Oq---as = Z ZDT’Ted< 1|k1’ kQ)oq s A

AEB

where the invariants with raised indices are defined as in 2.3.

5.2 Stable Pairs

A stable pair is a two-term complex of coherent sheaves

Ox > F
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where F is pure with one-dimensional support C’ and s has a zero dimensional
cokernel ). The moduli space P, (X, ) parameterizes stable pairs where x(F) =n
and [C'] = . It has a two-term T-equivariant deformation/obstruction theory and
a virtual fundamental class coming from the deformation theory of complexes in
the derived category D°(X) [29]. For the fibers Fy, ..., F, over the points pi,...,p,
there is a relative moduli space of stable pairs P, (X/F, 8) [29] parameterizing stable

pairs

-,

on some X[L] (see Section 2.1) such that the support of F pushes down to the class
p € Hy(X,Z) and

(i.) F is pure with finite locally free resolution

(ii.) the higher derived functors of the restriction of F to the singular locus of
X|L] and the transforms of the F; vanish

(iii.) the section s has a zero dimensional cokernel with support disjoint from
the singular loci of X[L]

(iv.) the pair has only finite many automorphisms covering the automorphisms
of X|L]/X.

The moduli space has a T-equivariant perfect obstruction theory and virtual

fundamental class. When [ is a section class, the support C' meets the transforms

of each of the divisors F; at a single point, and there are boundary maps
€ Pn(X/ﬁ, B) = Ha.

For ai,...,a, € B the relative stable pairs (or Pandharipande-Thomas) partition
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function is defined by

ET (gl B = 3 gD / ().

nez [Pn(X/F,B)]vir i=1
The partition functions of section class, relative, stable pairs invariants are
given by

ZPT(g’k17k2)al--~ar = Z fom1f1+m2f2 (g|k17 k2>a1~--arvgn1'u;n2'

mi,ma2

The degeneration formula for stable pairs [15] implies we have the gluing formula

ZP(glkr, k2)arcwmooe = O 27T (G 1L K arar 2T (BT KD,
\eB

for ki = ky + K, ke = k) + k3,9 = ¢ + ¢" and

ZP (glkr, k2)anan = 27 (g = Uk, k2, aor-
AEB

5.3 GW/DT/PT Correspondence

The MNOP conjecture [18] is a conjectural correspondencce between Gromov-
Witten invariants and reduced Donaldson-Thomas invariants. There is also a con-
jectural correspondence between Gromov-Witten invariants and stable pairs invari-
ants [15,20,29]. These conjectures have been proved in the toric case [19, 27].

However, unless C' = P!, they are unknown for our geometry.

Conjecture 5.3.1 (Gromov-Witten/Donaldson-Thomas/Stable Pairs Correspon-

el’ll,

dence). After the change of variables ¢ = —

W(g|klv k2)ay,.ar = Zé)T’red(mkla k2)ay,.ar = Z[?T(g“fh k2)as,.ar
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This change of variables requires some explanation. The rationality conjecture
5.3.2 implies the Laurent series ZgT(gHﬁ, k2)ay....ar can be analytically continued to
a meromorphic function. Thus we can expand the function at ¢ = —1 and express
i

it in terms of u by the change of variables ¢ = —e The functional equation

conjecture 5.3.1 states that Zy" (g|k1, k2)ay....a, 1 invariant under ¢ <+ 1/¢ which

implies the coefficients in the expansion in u don’t involve 7.
We prove the conjecture when f is a section class and a = 0, —1. First we need

to see the correspondence holds for the degree one theory of local curves. Under the

change of variables we have

=rn (8 =00
Define ZFTo¢ and ZPTee similarly to ZSWl°c. Then by Theorem 3 in [21] we have

ZDT,loc,red( — ZGW,IOC(

n17n2)p1...pr nl)”?)pl...pr' (51)

Then we need to show the following lemma which shows the stable pairs partition

function agrees with 2.5 after the appropriate shift and change of variables:

Lemma 5.3.1.

1 —nig—n
ZPT (g, ng)py o, (B, 1) = @2 — 17145
t1te

Proof. The result follows from standard calculations, but we did not find an im-

mediate reference. Applying localization to compute the partition function for the

level (0,0) absolute geometry we have

ZPT,loc(O7 0) — W(L @7 ®)|s,t1,t2 . W((lo)’O) . W(]-7 @; ®)|—s,t1,t2.
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From section 4.9 in [30] we have the calculation of the stable pairs vertex

t1+to

W(L (Da ®)|s,t1,t2 = (1 + Q)T

The edge weight

W(O»O) -
(1) t1ts

may be calculated from the edge character in section 4.6 of [30]. Applying localiza-

tion to compute the level (0,0) cap we have
ZPT,IOC(O’ 0)o = W (1,0, ®>|s,t1’t2 . W((l()),()) ) S((ll))’fs,thtz-
where S((ll)) is the rubber term. By the gluing formula for local curves [21] we have
ZPT,loc(()’ 0) = tits (ZPTJOC(()’ 0)0)2 :

from which we conclude

1
ZPT,IOC 0.0) =
(0,0)o t1ta

t1+1to

and S((ll))|s,t1,t2 = (14¢q) s . We apply localization to compute the level (0,0) tube,

1 -1,0 1
27140, 0)000 = S(1) lsrts - Wiy - 5[0}l -snts = tity

We apply localization to compute the level (—1,0) tube,

oc 1 —-1,0 1
AR (_17 0)0,00 - q1/2 ’ S((l))|8,t1—8,t2 ’ W((l) i S((1;|—S,t1,t2'

The edge weight W((1_) L0 — % may be calculated from the edge character in sec-

tion 4.6 of [30]. We get ZFT1¢(—1,0)000 = ¢/?(1 + ¢)71L = ¢*1%. Similarly,

to

ZPToc(()) —1)g 00 = ¢_1%. Then the other degree one invariants of local curves are
determined via the gluing formula for local curves. m
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Then to prove Corollaries 3.1.2 and 4.1.2, one can go through the proofs of
Theorems 3.1.1 and 4.1.1 and see that the same arguments are valid for stable pairs
theory and Donaldson-Thomas theory. We sketch the types of arguments used to
see that they hold in the stable pairs context:

(i.) Certain invariants vanish by dimension constraints
The virtual dimensions of the three moduli spaces M, (X/F,3), P,(X/F,3) and
I,(X/ F, B) agree, and the degrees of the partition functions must be non-negative
because X is compact.

(ii.) Certain invariants vanish by geometric constraints
In several places in the argument we show that the image of a relative stable map
representing a particular cohomology class cannot satisfy certain relative conditions.
These arguments hold in the stable pairs context if we consider the support of the
coherent sheaf F rather than the image ¢(C’) of a stable map. The arguments
hold in the Donaldson-Thomas theory context if we consider instead the support
Z of OX[E] /Jz. The transversality conditions imply that no roaming points (zero-
dimensional connected components of Z) may intersect the transforms of the divisors
Fy, ... F.. Therefore the roaming points do not affect the analysis of whether Z
may satisfy the relative conditions. Invariants of non-effective classes vanish for all
three theories.

(iii.) Certain invariants may be calculated from the gluing formula
The gluing formula is valid for all three theories, and respects the correspondence
5.3.1.

(iv.) Certain invariants may be calculated from the local curve invariants
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The degree one invariants of local curves satisfy the correspondence 5.3.1 by Lemma
5.3.1 and 5.1. Let the base curve C be P!. Suppose that C; has normal bundle

O(ny) ® O(ngy). Then X is a T-equivariant compactification of
N = Tot (O(n1) ® O(ny)) .

The obstruction theory on P,(N,1) C P,(X, ) is obtained by restriction. Consider
T-fixed relative stable pairs O X[ 2 F such that the support of F pushes down to
the section class # and meets the transforms of the divisors Fi,..., F, at the point
x;. If for all such stable pairs, the support of F is C’z[f/] then we may compute
ZET(O|k1,k2)xi,,,xi from the invariants of local curves. The obstruction theory on
I,(N,1) C I,(X, ) is obtained by restriction. Let Z§T (N, x) denote the degree
zero Donaldson-Thomas partition function of the local curve corresponding to Cj.
Then relative localization satisfies a factorization rule (see the discussion in [21]

Section 4.6):

ZET(OUQ, kj?)oq...ar == T(ZL‘Z‘)TZDT’IOC(nl, ng)pl Dr (w1 l’z w9 ZL‘Z H Z NC |X
JF#i

ZDT O|l€1,]€2 HZ NC \X

and we conclude
Z5T0, k1 ko )ay.a, = T(@i)" ZPT0 N (g, mg)p, o, (Wi (), wa (7))

Remark 5.3.1. This argument applies as well to see the GW/DT/PT holds for
Calabi- Yau section classes for P2-bundles over a smooth, complex, projective curve

C, by the proof in [9)].
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1

Since ¢ is invariant under the transformation ¢ <+ ¢, as a corollary we verify

the functional equation conjecture (see [22] Conjecture 4) for our geometry:

Corollary 5.3.1 (Functional Equation). Let a =0 or a = —1. For a section class

B, ZET(glky, k) = Z5 7" (g|ky, ks) is invariant under the transformation q <> q~*.

Next we prove that rationality conjecture (see [22] Conjecture 3) for our ge-

ometry:

Corollary 5.3.2 (Rationality). Let @ = 0 or a = —1. For a section class 3,
q—%KX'BZéDT(ng,kg) = q_%KX'BZé)T’md(g%l, ko) is the Laurent series expansion in

q of a rational function in Q(q,t1,ts).

Proof. By Remarks 3.1.1 and 4.1.1 and 5.3.1, ZgT(g\kl,k:g) = p(ty,ty) 29 2 Kxb
where p(t1,t2) is a homogeneous polynomial of degree Kx -3 in t1,t3. Thus the power
of ¢'/? in the unshifted partition function q_%KX’BZgT(g%l, ky)is 29 —2 —2Kx - 8
which is even. We see the invariants are proportional to a power of 1 + ¢ times a

power of q. O

5.4 BPS Invariants

We recall the Gopakumar-Vafa BPS state counts as defined in [29]. BPS counts
are hoped to be integers underlying the Gromov-Witten invariants of threefolds,
avoiding multiple cover and degenerate contributions. The connected stable pairs
invariants Fi§* are defined by the equation

ZFgT(q)vﬁ = log (1 + ZZETU'B> .

B0 B0

70



Let a < 0. An effective curve of degree zero in s is of the form ny(f; + afa) + nafo
where nq,n, are non-negative integers, which are not both zero. In this case the
virtual dimension

vdim P,(X, 3) = (2+ a)ny + 2ny

is positive if a > —2 and the degree zero stable pair invariants vanish. Thus for the
section class invariants computed in 3.1.1,4.1.1 the connected invariants agree with
the ordinary ones. For a Calabi-Yau section class 3 we can write
ZET=FT = Y ng e
g'>—00
Following [29], the BPS state counts ny s are defined by this equation.
For a Calabi-Yau section class, Corollary 3.1.1, Corollary 4.1.1, and Lemma

1.2.1, imply the following strengthening of the rationality conjecture 5.3.2:

Corollary 5.4.1 (Rationality, BPS Refinement). Let a = 0 or a = —1. For a
Calabi-Yau section class 5, ng g = 0 unless ¢ = g where g is the genus of C. In

particular, the vanishing conjecture of [29] holds:
ng/,g = O
for ¢’ < 0.

We now restate our main results for Calabi-Yau section classes in terms of BPS
counts. Let X be a level (ky, ks), Hq-bundle over a smooth, connected, complex,
projective curve C' of genus g and let 8 be a Calabi-Yau section class. By Corollary

5.4.1 above, this has a unique potentially non-vanishing BPS invariant corresponding
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to ¢’ = g. Denote this invariant by n, 3(k1, k2). Then we define a generating function
of BPS counts

ng(ky, k2) := § ng,a(ky, k2)vy™ vy
B:s+m1fl+m2f2
B-K x=0
Now our main results for Calabi-Yau section class partition functions may be re-

stated as follows:

Corollary 5.4.2. Let a =0, and let my, mo be integers. If B = s+ myfi +maofs is

a Calabi- Yau section class then

49 my = 9—12+k17m2 — 9—12+k2
ng sk, k2) =
0 otherwise

Corollary 5.4.3. Let a = —1. Then the BPS counts for Calabi- Yau section classes

are determined by the following recursions
ng(ki, ko) = ng(ky — 2, ke + 1),
ng(ki, ko) = ving (k1 — 3, ko) + vivang (k1 — 4, ky),
ng(k1, k2) = —vivy ng 1 (ki, ko) +607v5 'y o(ky, ko) + (2560 024270 vy )ng (ki1 k),

and the following base cases

g=0 1 2 3
ki =0 0 4 v 120205 + oty t
1 1 0 vyt 1607 — vivy*®
2 0 0 8v? 64v2vy + vivy 2
3 0 3v? 16vivy —vivyt
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We can verify the following corollary:

Corollary 5.4.4 (BPS integrality). Let a = 0 or a = —1. For a Calabi- Yau section

class 3, the invariants ng g(k1, k2) are integers.

Proof. This follows from the GW/DT/PT correspondence 5.3.1 and the integrality
of stable pairs invariants. We may also see this directly from Corollaries 5.4.2 and
5.4.3. For a = 0 this follows from the formula. For a = 1, the base cases are integers
and the recursions have integer coefficients. Note that we may also use the second

recursion to find negative values of k; using
ng<k31 — 4, kQ) = U1_2U2_1ng(k71, ]{?2) — v;lng(kl - 37 kg)
O

(Equivariant integrality) Let a = 0 or a = —1. By Remarks 3.1.1 and 4.1.1, for
a section class 3, Zs(glki, ko) = p(t1, ta)$? 2 Kx8 where p(t1, t5) is a homogeneous
polynomial of degree Kx -3 in t,t,. The expression ¢29~2~5x'8 occurs in Pandhari-
pande’s calculation of the contribution of a nonsingular embedded curve of genus g

representing an infinitesimally isolated solution to incidence conditions [23].
Corollary 5.4.5. The polynomial p(t,ts) has integer coefficients.

Proof. For g > 0 this follows immediately from Theorems 3.1.1 and 4.1.1 since the
entries in the matrices have integer coefficients. For g = 0, we can check the claim
for the base cases 0 < ky,ky < 3 and then use the recursions on Z(g|ky, ko) =

tr(GI~TUM UL?) given by taking the traces of the matrix equations

U = t107 Uy + 011,
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U22 = t2¢71U2 -+ ’UQI,
for a = 0 and
Ul = t1(ti+t2) 92U +((2t1 + t2)d ™ o1 + 1020 72) U+ (0] + 2619~ v1v0) Ui,

U24 = (t1+2t2)¢_1U23+(21}2 — tQ(t]_ + t2)¢_2) U22+(Ul — t1¢_11}2 — 2t2¢_1U2) UQ_/USI,

for a = —1. Since the coefficients of these recursions have integer coefficients, the

claim follows. O
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