ABSTRACT

Title of dissertation: LINEAR FORMS IN LOGARITHMS
AND INTEGER POINTS ON
GENUS-TWO CURVES

John Vogler, Doctor of Philosophy, 2006

Dissertation directed by: Professor Lawrence C. Washington
Department of Mathematics

We consider a linear form with algebraic coefficients, evaluated at points on the
analytic Jacobian of a genus-two curve whose projective coordinates are algebraic.
Previous results on the existence of a lower bound of a particular shape are made
explicit. We study various properties of Jacobians of genus-two curves, paying
particular attention to their embeddings into projective space, and give a method
which can be used to find provably all integer points on a genus-two curve. We

apply this method to one particular curve by way of example.



LINEAR FORMS IN LOGARITHMS AND
INTEGER POINTS ON GENUS-TWO CURVES

by

John Vogler

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
2006

Advisory Committee:

Professor Lawrence C. Washington, Chair/Advisor
Professor Niranjan Ramachandran

Professor Thomas Haines

Professor Harry Tamvakis

Professor William Gasarch



(© Copyright by
John Vogler
2006



To my family.

1



Acknowledgments

I would like firstly to thank my advisor, Professor Washington, for the sug-
gestions that prompted this paper, for mathematical advice, and for all of the time
that he spent working with me to finish.

Next, I would like to thank Sinnou David, Victor Flynn, and Michel Wald-
schmidt for kindly taking the time to respond to my emails and questions about
their papers.

None of this would have been possible without the immense support from my
wife, Martha Vogler, who cared for and occupied our children countless hours in
order to give me the space and time to work on my studies.

Lastly, I owe more than I know to God, who got me through it all even when

it didn’t seem possible.

1ii



Table of Contents

1 Introduction and Terminology
1.1 History . . . . . . . .
1.2 The Main Theorem . . . . . . . . . . . ... .. .. ... ... ....
1.3 Genus Two . . . . . . . .

2  Overview of the Main Proof
2.1 Short Overview . . . . . . . . . .
2.2 Long Overview . . . . . . . . . . .

3 Background Material
3.1 Review of Heights . . . . . . . . . .. ... ... .. .
3.2 Review of Hilbert Functions . . . . . .. ... ... . ... ......

4 Some Lemmas

5 The Rank Theorem

6 The Inequality of the Tail
7 Evaluating the Constants

8 Jacobians of Genus 2 Curves
8.1 Classes of Divisors . . . . . . . . . . . ...
8.2 Projective Coordinates . . . . . . . . .. ... ... ..
8.3 Local Series . . . . . . . .
8.4 Quadratic Forms . . . . .. .. ... o
8.5 The Kummer Variety . . . . . . .. .. .. ... ... ... ...
8.6 Heights. . . . . . . . . .
8.7 Projective Group Law . . . . . .. ..o
8.8 Derivatives . . . . . . . . e

9 Application to Diophantine equations
9.1 The General Method . . . . . ... ... ... ... .. ........
9.2 Proving the Inequalities . . . . . . . .. ... ... L.
9.3 Lattice Reduction . . . . . . . . .. ... o
9.4 A Worked Example . . . . . . ... ...

A Index of Notation
B Program for Computing Local Series

Bibliography

v

14
14
16

27
27
33

39

65

71



Chapter 1
Introduction and Terminology

1.1 History

In [1], Baker gave an explicit lower bound for a nonzero linear form in loga-

rithms of algebraic numbers
‘60 + 5 logay + ... + O logak| > Ce—(logH)’Q'

This H denotes an upper bound on the heights of the 3’s. The constant C' depends
on k, the a’s, k, and the degrees of the 3’s, but not on the (3’s themselves.
This theorem has since been improved in various ways, such as by tightening

the bound. For example, in [2], we have

Theorem 1.1. Let by, ..., b, be integers, ay, ..., a, be algebraic numbers other than
0 or 1, and D be the degree of Q(ay, . .., o) over Q. Let B = max{|by|,..., |b,|,e"/P}
and A; = max{h(q;),|log ;| /D,1/D}. Let L = bylogay+...+b,loga,. If L #0,
then

log|L| > —CA,...A,log B
where

C = 18(n + 1)In""1(32D)" % log(2nD).

Another way in which Baker’s theorem has been generalized is by allowing
different kinds of logarithms in the linear form. For example, we can generalize to
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algebraic groups. The multiplicative group G,, has a tangent space Tg,, (C) which

is isomorphic to C, and its exponential map

eXme : TG’UL(C) - Gm

is given by
expg, (2) = €°.

So we may consider our logarithms to be u; € C, where expg (u;) = a; is an
algebraic number for each 4, or, in other words, expg, (u;) € G,,(K) for some
number field K.

In fact, the linear term (3, may be considered a coefficient of ug = 1 in the
tangent space of the additive group G,, 1 € Tg, (C), where expg, () = 2. Then the

linear form is

Bouo + Brur + ... + Bruy,

where u; € Tg,(C) and satisfies expg, (u;) € Gi(K) for certain algebraic groups,
namely Gog = G, and G; = G, for 1 <1 < k.

In this context, it seems natural to ask if the theorem still holds in other
algebraic groups. Except for the particular constants involved, the answer is yes. In

[26], for example, Philippon and Waldschmidt gave the following lower bound.

Theorem 1.2. Let G be an algebraic commutative group of dimension d > 2 defined
over Q. Let

expg : 1a(C) — G(C)

denote the exponential map of G. Fiz a basis of Tg(C) defined over Q, and also an



embedding of G into projective space PN defined over Q. Then there exists a positive
real number C with the following property.
Let K be any number field on which G, the embedding into projective space,

and the basis for T(C) are defined, and let D be its degree. Let
E(Z) = 6121 + 6222 4+ ...+ 6[12[1

be a nonzero linear form with coefficients in K (i.e. 5; € K). Let v € Tg(C) such

that v = expgv € G(K). Let B> e and V > e be real numbers with

log B >h(f;) for1 <i<d,

log V > max(h(y), [o[*)
If L(v) # 0, then
log|L(v)| > —CD**?(log B + loglog V) (log V).

They also had a more precise version of the theorem which, additionally, ap-
plies in the case where the logarithms could come from different algebraic groups.
They did not, unfortunately, evaluate the constant C, or indicate how this might be

done. Hirata-Kohno later improved this bound in [14] to

Theorem 1.3. There exists a positive constant C' with the following property. Let
K be a number field on which the groups G;, the bases of the tangent spaces of the

Gy, and the embeddings of G; in PYi are all defined. Let

L(z) = Pozo + P21 + ... + Baza



be a nonzero linear form with coefficients in K (i.e. 3; € K ), on the tangent space
T6(C). Let W be its kernel. For each 1 < i < k, let u; € Tg,(C) with u; # 0
such that v; = expg, (u;) belongs to G;(K). Write v = (1,u1,...,ux) € Tg(C) and

D =[K:QJ. Let B, E, Vi, ..., V} be real numbers satisfying

Dlog B >logV;

log B > max(e, h(g;),0 < j < d)

log V; > max(h(v;), [wi|” /D, 1/D)

e < E <min(e(Dlog V;)"* / Ju;])
One supposes additionally that for all algebraic subgroups G' of G with T (C) C W,

one has v & T (C). If L(v) # 0, then

log |£(v)| > — CD**(log B + log DE) x

loglog B 4 log D d [k 5 —d
1 log V;)% | (log E
(FEE LD ) ( [Tooev™ ) Gog £

i=1
Again, she did not indicate how to find the constant C'.

Later, in [8], David evaluated the constant C' in the particular case where G;

is an elliptic curve for 1 <7 < k. He proved

Theorem 1.4. Let G; (1 < i < k) be the elliptic curve given by
?/2 = 4a® — 92,4 — g3,
where g2; and gs; are elements of K. Let

L(z) = Pozo + Brz1 + ... + Baza



be a nonzero linear form with coefficients in K (i.e. §; € K). For each 1 < i <k,
let u; be a complexr number such that v; = (1, p;(u;), Pi(u;)) € Gi(K) C P2(K) (or
such that u; is a pole of p;, in which case v; = (0,0,1)). Write v = (1,uy,...,u) €

T6(C) and D = [K : Q. Let B, E, Vi, ..., Vi be real numbers satisfying

Dlog B >logV;

log B >max(eh,h(;),0 < j <k)
log V; > max(h(v;), h M
g [ 71 Y Y _D |u)1’2 Im TZ‘

€(D lOg %)1/2 |w1,i\ vV Im Ti

e < E <min 0 <i<k)
- = ( V3T |ug )
If L(v) # 0, then
log|L(v)| >
k
o CD2k+2(logB + log DE)(log E)—2k—1(10g logB + h+ log(DE))k—i-l H(log Vz)v
i=1
where

C = 2.9(10576F) (424" ( 4 1) +9k+12:3,

Using David’s result, Gebel, Pethd, and Zimmer in [11] and Stroeker and
Tzanakis in [36] independently showed how to find provably all integer points on
an elliptic curve in Weierstrass form. This was shortly generalized in [37], [33], and
[34] to quartics, to general nonsingular cubics, and to all genus-one plane curves,
respectively.

Their technique could also apply to curves of higher genus if two obstacles could
be overcome. Firstly, one would need to compute a set of Mordell-Weil generators
for the Jacobian of the curve in question over Q. Secondly, one would need to
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make the above theorems explicit, or, equivalently, generalize David’s theorem to
more algebraic groups, in particular, to Jacobians of dimension g > 1. This is much
harder to do than simply prove that some constant exists that verifies the inequality.

Mordell-Weil generators are routinely computed on elliptic curves using de-
scent, and this same method can also be used on higher-dimensional abelian varieties
such as Jacobians, although it becomes computationally infeasible when the genus
grows at all large, such as g > 2. But Flynn and others have recently computed a
number of Mordell-Weil groups of Jacobians of genus-two curves (see, e.g., [10]).

It will be our purpose, therefore, to overcome the second obstacle for Jacobians
of genus-two curves. In order to reduce the duplication of our work later by those
wishing to extend to higher genus, we will do as much as we can for arbitrary abelian
varieties and then we will come back and fill in the gaps for genus-two Jacobians.
Finally, we will show how to use this result to find provably all integer points on a

genus-two plane curve.

1.2 The Main Theorem

Let us suppose that G; is an abelian variety, for 1 < ¢ < k, defined over a
number field K of degree D over QQ, and Gy = G,. Then G; embeds into projective
space, so we consider G; to be an algebraic subset of PYi. Let d; be its dimension,
and m; its degree (under the aforementioned embedding). In particular, Ny = 1,
dy = 1, and my = 1. Define m = d! Hfzo(mi/di!). Then the tangent space to G; at

the origin Tg,(C) is a vector space of dimension d;. By fixing a basis of Tg,(C), we



identify T, (C) with C%. We further suppose that the basis is defined over K.

Define the product group G = G, x Gy x ... x Gy, which is a subset of P =
P! x PM x ... x PM and also an algebraic group of dimension d, where d = 1+ d; +
do + ... + dj. Its tangent space is isomorphic to 1g, (C) x T, (C) x ... x T, (C) and
therefore to C.

We also have exponential maps on the G;
expg, : 16,(C) — G|
and an exponential map on the product group G
expg : 16(C) - G

expg (20,21, - - -, Zk) = €XPg, (20) X expg, (1) X ... X expg, (2k).

The image of the exponential map is an element of multiprojective space. It
will be convenient to look at particular coordinates. The exponential map can be
given projectively by holomorphic functions

D, ;¢ C% — C.
We have, therefore,
expg, (zi) = Pi(zi) = (Pio(2i),. .., Pin,(z:)) € PN
and we will also denote
D = (Dg,..., D).
As pointed out in [40], section 4(b), there are maps H;" and H; : Rt — R such

that for all R > 0 and all z € C% with |z| < R, one has

H; (R) < logmax{|®io(z)| ..., [Py (2)|} < H(R).

7
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Furthermore, H;" and H; may be chosen so that H; is constant, and H; is
quadratic,

H'(R)=AfR*+ Bf R+ C;.

(3
Multiplication by a scalar does not change the point in projective space, and
so these functions ®; ; are not uniquely defined, which causes certain complications.

It will, therefore, sometimes be more useful to look at the meromorphic functions
‘I’i . Cdi — CNi

given by the ratios
U, = B,/ Pip.
We will also denote

U = (V... U

Notice that the first coordinate in each embedding is given a special role by this
definition of W. The coordinates should be ordered so that this first coordinate
(numbered 0) is nonzero at the identity of the group G;.

Next, let u; € C% such that v; = expg (w;) € G;(K), and denote u =
(ug, 1y, ...,u;). Notice that we use boldface to indicate a vector, and u; € C%
for i > 0, but dy = 1 so ug is just a complex number.

In order to be able to apply the theorem to classes of abelian varieties G;,
we will allow a finite list of parameters ¥;1,...,9;,,, and we will denote h(G;) =
h(1,9;1,...,9,,). These are assumed to be elements of K.

The fact that G; is an algebraic group implies that the group law can be given
in terms of polynomials in projective space. In particular, for every point (p,q) of
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G; x G; there are polynomials Rg-i) (Xi05 -+ Xing; Xig, - -+, X[ y,) homogeneous of
degree ¢; in the X variables, homogeneous of degree ¢; in the X’ variables, of degree
(at most) ¢} in the parameters v, ,, with integer coefficients, and with length (i.e.
sum of the absolute values of the integer coefficients) at most r;, such that, not all

are zero at (p, q), and, projectively (i.e. up to a scalar multiple),

(2 +72) = R (®i(z), (7).

J

Let ¢ = max{c;}. By the remark preceding Definition 4.1 of [24], one can choose the
projective embedding of the G; such that ¢; < 2 for all i. While we will have ¢ = 2
for genus-two curves (and for elliptic curves), our main theorem will not assume
that ¢ = 2 so that it may be applied to more general embeddings.

Fix an index ¢ and thus a group G,;. By Lemma 4.1 (pg. 291) of [26], or
Proposition 1.2.3 of [41], if one also fixes j and normalizes G; variables by setting
X, ;j = 1, then there exist homogeneous polynomials Ql(j,}j )(Xi,0> ..., Xin,), giving

the k’th partial derivative of the variable X;; in the group G;. Said differently,
](:lj) (Xi,O/Xi,ju Xi,l/Xi,j7 ey Xi,Ni /Xz,j>

is the k’th partial derivative of the ratio X;,;/X; ;, and therefore

0 q)“ (4,5)
S U ICOTE S
8zj (I)i,j koot ( 0

(I)Z,Nz)/q)ql

27.77

where ¢; is the degree of Q,(fv’lj ) in the X variables. When j = l, we clearly have
Q,(;j) = 0. Disregarding the case j = [, in practice ¢; does not depend on j, k, or .
This is, however, not important, since the degree can be increased by multiplying
Q,(i’lj ) by X, j; so one might prefer to regard ¢; as the maximum of the degrees of
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Qz(j,}j) over 0 <7< N;, 1 <k<d;,0<1[<N; Infact, there is a positive integer
k; such that /ﬁiQ,(i’lj Vis a polynomial of degree ¢; in the X variables., of degree ¢} in
the parameters v, ,,, with integer coefficients and length at most ;.

Finally, let h(P) denote the height of the projective point P on the group Gj.
(Height functions will be discussed in greater detail in Chapter 3.) Let h(P) denote

the canonical height

h(P) = lim 4 "h(2"P).

n—oo

Let f; be a number such that
h(P) < h(P) + B

for all points P on G;. (While h depends on the group G;, we will not subscript it
since the group will always be clear from the point P.)

We wish to find an explicit lower bound for the linear form

L(z) = fozo + Brz1 + ... + Ba—12a—1

evaluated at

(Z(], K1y eeny Zd—l) = (Uo, UL,y ooy ULydyy ooey UR,Ly -oey uk,dk).

The bound will involve certain constants (i.e. depending only on the group G)
whose values will be determined in one case in the next section. The general result
will only assume that (' is a constant satisfying the equations and inequalities given
in Chapter 4.

First we define a parameter E such that

logE > 1.
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This parameter allows for better bounds when the numbers |u;| are small, but for
many applications it is easiest simply to take ' = e. Next we define parameters V;,

for each 1 < i < k, which depend on the point u;. They need to satisfy
log V; > max {ﬁ(%), (log E)/D, A7 |u,|? E2/D} .

The numbers B;" and C;" can also affect the result, but to a much lesser degree, so
they only need to be considered if they are very large. About them, we will only

assume that

DlogV; >(247 + BY) [wl £/(50d1(2(k + 1))

DlogV; >(Af + B + C;F)/(50d!(2(k + 1))+ 1)2.

Finally, we have the parameter B which depends on the coefficients ;. We will

assume that

log B > max{h(53;),0 <j <d-—1}

loglog B > max{1, (log E)/D, (loglogV;)/D, h(G;), h; /m, 1 <i < k}
Theorem 1.5. With the notation from this section, if L(u) # 0, then
k
log |£(u)| > —C1D*(log B)(loglog B)%(log E)~ -1 H log V;)%
i=1

It will often be convenient to denote a d-tuple using subscripts from 0 to d —1,
and it will often be convenient to denote it in k 4+ 1 groups of d; elements, with
double subscripts i, j where 0 < ¢ < k and 1 < j < d;. We will use both notations.
Therefore, if z € C%, then 2z; € C (where 0 < i < d) and z;; € C (where 0 < i < k
and 1 < j <d;) but z; € C% (where 0 < i < k).

11



1.3 Genus Two

In the case where G is the Jacobian of a genus-two curve
y: = fi,6$6 + fi,5$5 + fz‘,4$4 + fi,?,SC3 + fz',2362 + fiix + fio,

for each ¢ > 0, we evaluate the constants in Chapter 7. Recall the definitions from
the previous section. In particular, D is the degree of K over @, the numbers A;,
B, and C;" come from the function H;" which must be computed from the period

matrices of each Jacobian. The result is the following:

Theorem 1.6. If the parameters E, V;, and B are chosen so that they satisfy

log £ >1
log V; > max {B(%-), (log E)/D, A7 |u,]? E2/D}
DlogV; >(2AF + B;") |w| E/(150(2k + 3)!(2k + 2)*)
DlogV; >(AF + B + C;)/(150(2k + 3)1(2k + 2)2F)?
log B >max{h(f,),0 < j <2k}
loglog B > max{1, (log E)/D, (loglogV;)/D, h(G;), h; /((2k 4+ 1)12%%), 1 < i < k}
and if L(u) # 0, then
k
log |£(u)] > —CyD**2(log B)(loglog B)**!(log F)~#k+D H(log Vi),
=1

where an upper bound for C is given by the following table.
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Cy

w
IV G0 9 & Crde o 2o ~ | &

2.1 x 10
6.8 x 10112
6.6 x 10219
2.5 x 10399
4.9 x 10764
1.9 x 10808
2.1 x 101102

4.6 x 101448
(2k2)16k2+14k+3222k+8
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Chapter 2
Overview of the Main Proof

2.1 Short Overview

Essentially all proofs in the field of Diophantine approximation come down to

four general steps:

Construct an auxiliary function.

Show it is nonzero.

Find an analytic upper bound.

Find an arithmetic lower bound.

The first step generally uses some form of Siegel’s lemma to get an auxiliary
polynomial with the necessary properties and still have some control on its size (that
is, the size of its coefficients). In our case, we will use Lemma 2.3 (which is Lemma
6.1 of [26]).

The next three steps refer to certain values of the auxiliary function. In our
case, they refer to a large (but finite) set of points and the first several derivatives
of the auxiliary function at those points.

For the second step, we will use a variant of Philippon’s “Lemme de zéros”
([24]), which says that if the auxiliary polynomial has enough zeros of sufficiently

high order, then there exists a subgroup with certain properties. But if the para-

14



meters defining the auxiliary polynomial are chosen correctly, then the existence of
this subgroup can be ruled out from the beginning. The fact that these values of
the auxiliary function are nonzero will be used to get the arithmetic lower bound.

The third step requires the bound on the size of the auxiliary polynomial
given by Siegel’s lemma, and it also generally uses some complex analysis, as well
as the hypothesis that our linear form is especially small. That is, we construct the
polynomial in such a way that, if linear form in logarithms is very small, then this
gives us a way to get a very small upper bound on the values in question on our
auxiliary function.

Finally, the lower bound comes from estimating (that is, bounding) the heights
of the values in question, and using the Louiville inequality: A nonzero algebraic
number of degree D and height h has absolute value > exp(—Dh). This is why it
is important that we deal in algebraic numbers, and it is also why we needed to
perform the second step in order to prove that the values in question are nonzero.
In our case, bounding the height requires looking at the group law on our abelian
variety (on our Jacobian embedded into projective space), describing what happens
to the polynomial when one takes derivatives, examining heights of points, canonical
heights, and so forth. This lower bound is called the “Inequality of the Tail” in the

literature, and so we will use the same name.
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2.2 Long Overview

The main ideas used in this proof come from [8], although his lemmas and
theorems were not appropriate for citing, since they used particular values for the
constants which are only valid for elliptic curves. All of the constants had to be
changed, as well as a few of the arguments, but this proof follows his method.

Define the number

k
Uy = C2D*(log B)(loglog B)*(log E)~**~ T (log Vi),

i=1
where (5 is a constant (i.e. depending only on G) to be determined later.

We begin by hypothesizing that
|L£(u)| < exp(—C3l),

and we will use this to find a contradiction.

Our proof will follow the method of [26] and [14] and [8]. First of all, we may
assume that Gy = —1 as follows. In case 3y = 0, we change 3, to —1 and ug to 0. In
case [y # 0, we change [3; to —3;/ 3y for all i, and we relax the condition log B > h(/3;)
to 2log B > h(3;). In what follows, we will be using the Hilbert function, which we
will denote Hf(G; L), and the leading term of the Hilbert function, which we will
denote H(G; L). Both are discussed in greater detail in the next chapter.

Ultimately, our proof will use P. Philippon’s “Lemme de zéros” [24]. The
following comes from [40] (Prop. 3.1 and the comment following) which is an appli-

cation of the method of [9] to [25].
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Lemma 2.1. Let G = G, X Gy X ... X G embed in P =P x PM x ... x PNe. Let
W be a subspace of the tangent space to G at the origin. Let k be a nonnegative
integer, and T, Ly, Ly, ... Ly be positive integers. Let Y be a finite set of points of
G(C) containing the identity element 0 of the algebraic group G. Suppose that there
is a polynomial P of C[P] of multidegree at most (Lo, Ly, ...Ly,), not identically zero
on G, but with a zero of order at least (k4 1)T + 1 along W at all points of S*+Y.
Then there ezists a connected algebraic subgroup G' of G (G’ # G), such that the

following inequality holds:
T card(X + G'/G')H(G'; Ly, ..., L) < H(G; Ly, ..., L)
where r is the codimension of W NTg (C) in W.

The notation 2* 1 is defined to be
nk+H) — {00+ ...+ 0% :0; € X for all i}.

In our case, W will be the kernel of our linear form, which is a subspace of T (C) of
dimension d — 1 (hence codimension 1), and ¥ = {su:s € Z,0 < s < S} for some
integer S, so that S**+) C {su:s€Z,0 <s < (k+1)S}.

We will need to construct an auxiliary polynomial as in Lemma 2.1. But first
we need to choose parameters so that the conclusion of the lemma cannot be true.
We will define numbers S, T', Sy, T, Uy, Lfﬁ (for 1 <1 < k) and various ¢;, and we

will define L; = |L¥ | for 0 < i < k, where Li is given by the following lemma.

Lemma 2.2. Let T be a positive integer, and let Cy, Lfﬁ, e L}f be positive real
numbers. Let X be a finite set of points of G(C). Then there exists a real number

17



LY such that every connected algebraic subgroup G' of G with T/ (C) C W satisfies
T card(X + G/ /G H(G; LY, ..., L) > 1+ C)H(G; LY, ..., LY),

where r + 1 is the codimension of G' in G, and there is (at least) one such subgroup

G with equality. Additionally, Cs < | LY | < Lf < CsU,/(Dlog B).

Constructing this auxiliary polynomial is the hard part. It will have the form

P = Z aA,zfiX)\
A

for certain rational numbers ay; (in fact, they will be integers in our construction)
where the ¢ runs from 1 to D = [K : Q] and the &; form a basis for K as a vector

space over Q. We denote by C[P] the space of multihomogeneous polynomials with

complex coefficients. It is generated by monomials of the form

i
H XZJ ’ ?
i7j
and by multihomogeneous we mean that the sums > _; A; ; (for all ¢) are the same in

each term of the polynomial. We write (C[P]/I(G))r, to mean the vector subspace

of those with multidegree L, i.e. > i Aij = L; for each i. We write

A = (Nij)o<i<k0<j<n;

which satisfies, for all 7,

N;
> Ay =L

=0

We write X* to mean
Ai,j
115
i7j
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We choose a set A such that {X*}xex is a set of representatives in C[P] of
(C[P]/I(G))L
and we let X run over A in the sum defining P. It will be important later that

card(A) = dimc (C[P]/I(G)),

=Hf(G;L).

Suppose that F is a meromorphic function on C?, and for each i, x; =

(zi0, -+ Tia_1) € CL Then we denote
d-1
oF
Dy F = E i
7 ' z 5] azj
J=0

If V is a vector subspace of C?, we say, as in Lemma 2.1, that P has a zero of order

> T along V at z if exists a basis {x;,...,x,} of V such that the function
F=Po®:C'—C
has
DY o...oD} F(z) =0

for all h-tuples t = (t1,...,t,) € Z" with t; > 0 for all i and |[t| =t; + ... +t, < T.

We will henceforth use the shorter notation

X

DY F(z) =D o...0 DY F(z).

This definition does not depend on the choice of basis of V.
In our case, we want our function F' to have a zero of large order along the
kernel W of our linear form at many (but finitely many) points. Suppose that a
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basis for W is given by f = {f;,...,f;_1}. We will describe how this basis should be
chosen later. (In fact, we will eventually have need to use a different basis. It will

be denoted e = {ey,...,e4_1} and will also be defined later.) Therefore, we want
Df F(su) = 0

forall s € Zsuchthat 0 < s < S; and allt € Z% ! such that 0 < ¢; and Z?;ll t; < 1T,
ie. [t| < Ti. (It will become apparent later why we won’t be taking, as one might
expect, S1 = (k+1)Sand T} = (k + 1)T.)
Well, since
F=Po®=> ax;&E®*
Ai
and
D F(su) = > ax:& DE(@ (su)),
Ai
we see that the system

D} F(su)

is linear in the unknowns ay ;.
Therefore, we use a form of Siegel’s Lemma to solve this linear system for the
unknowns ay ; and thereby find a polynomial P that satisfies our equations and has

bounded height. We will be using

Il ot e

rank at most p. Let 0, M, and p be positive real numbers such that

[2M65+M—|—p+ 1}2,0 < ems,
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and

v

max Z i j| < eM.
1<j<p

=1

Then there ezists (a1, ...,a,) € Z" such that

0 < max |a;| < ¢’
1<i<y

and

max <eP,
1<j<p

v
E ui,ja,-
=1

This is lemma 6.1 of [26] (pg 301) and is proved there using a Pigeonhole-
Principle argument.
In order to use this lemma, we first need an upper bound on the rank of our

system p, the number of equations pu, and the size of the coefficients
& DE @ (su),

and we also need a lower bound on the number of unknowns v.

In order to satisfy the inequality in the lemma, it is necessary that 2p < v,
which is why using the upper bound v for the rank p will not help. Another upper
bound is p, but we can’t prove that the ratio u/v is bounded, so this is also too

large for our purposes, and we need something a bit finer. We will prove
v>C7Dp
where Cf7 is a small constant (less than 2/D) to be given later. We will also prove

1
log(2u) < SUp.
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We will prove that the number

M =log II;’%XZ ‘f, D @A(su)‘
i

satisfies
M < CyUy.
Then we will take
p = Colo
and
d = CoUy/ D,
and after giving values for the constants C7, ..., o, we will show that

1
thereby establishing
1
log(2p) + 6+ M +p+ o exp(—d —m —p) <vd/2p,

and therefore

(2M66+M+p_|_1)2p < e

(using the inequality log(1+x) < z, which is valid for all real z > —1, and therefore
log(1 + i exp(—d — M —p)) < i exp(—6 — M —p) < 3 < 3Uj).

So we conclude that we have a polynomial P such that ' = P o ® has
D F(su)| <e”

for all [t| < T} and 0 < s < Sj, and we also know that |ax ;| < €°.
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Computing the rank required us to use a special basis f, but the remainder
of the argument works better using a different basis e, so we will convert between

them using the following.

Lemma 2.4.

|log max{|D§ F(z)

6] < T'} — log max{|D{ F(z)

6] < T'}| < T log(d — 1),
In particular, we have
IDE F(su)| < exp(—Ci1Up) (2.1)

for all |[t| < T} and 0 < s < 5}, and we also know that
Even if we could show that D F(su) = 0 for all such s and t (which we will

do), we still have not used the hypothesis that
\L(u)\ < eXp(—C3U0),

and we can expect no useful results without using this hypothesis.
We will use the hypothesis as follows. Since L£(u) is very small, u is very near
a point w on the vector space W = ker L, and since w lies in the space along which

we are taking derivatives, the function
f(z) = Dg F(zu),

of a single complex variable, has small derivatives as well, and we can apply to it

the following lemma.

Lemma 2.5. (Extrapolation) Let f be a function analytic in the disc {z : |z| <
R} C C. Let S" and T" be two positive integers and r a real number such that S’ > 2
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and S" <r < %R. Then we have

A\ T 18\
<2l () +5 () max

Proof. See Prop 7.5 of [8], or Lemme 2-3 of [39] (taking £ ={s € Z:0<s < 5"},

1 dt
t! dzt

f(s) ,O§t<T',O§s<S'}

=5, 6=1), or Lemma 2 of [7]. O

This lemma allows us to get more small values than we started with (which,

as we shall see, equates to more zeros). We will use it to prove the following:
Lemma 2.6. Forall |t| < (k+1)T and 0 < s < (k+1)S,
‘Dz F(su)‘ < exp(—C’12U0).

Making use of these lemmas requires relating the values of F'(su) and F(sw).

We will prove that for all |t| < T} and 0 < s < 5,
ID F(su) — D F(sw)| < exp(—CUy)
and conclude therefore that for such s and t,
IDE F(sw)| < 2exp(—Ci1Up).
Next, we will fix some t with |t| < (k4 1)T" and then apply Lemma 2.5 with

f(z) =Dg F(zw)

1
R=2(k+1)SE
S =9
T =(k+1)T.
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While | f|,, might be large, (47/R)T"¥ = E=T"5" is small, and while (18r/8")T"’

might be large, the derivatives f®(s) are small. More precisely, we will prove that

4\TS 1
2|flg (E) < 1 exp(—Ch2Up)

and

t

1
,0<t< T/, 0<s< S/} < ZeXp(—ClgUo)

5(18T)T’S’ma { 1d
X
S/

Adat (s)

so that we may conclude that for all [t| < (k+1)T and 0 < s < (k+1)S,
& 1
}De F(SW)} < 5 eXp(—ClgU()).
Then we will prove that for all such s and t,

1
D F(su) — DE F(sw)| < 5 exp(—C1alp),

and therefore

IDE F(s)] < exp(—Ciali)

forall [t| < (k+1)T and 0 < s < (k+1)S,

Finally, all of the above tells us that F' and many of its derivatives are small,
but Lemma 2.1 needs them to vanish completely. So we will compute bounds on
the heights of such values, with the intent to prove that any nonzero value must, in

fact, be larger than the upper bounds that we already found.

Lemma 2.7. (Inequality of the Tail) If D F(su) # 0, where |t| < (k+ 1)T and

0<s<(k+1)S, and |t| is minimal with this property, then

‘Dz F(su)‘ > eXp(—ClgU()).
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Therefore, we may conclude that for all [t| < (k+1)7 and 0 < s < (k+ 1)S,
Df F(su) = 0, and consequently, the polynomial P has a zero of order > (k+1)T+1
along W at all points su with 0 < s < (k+41)S. By Lemma 2.1, there is an algebraic

connected subgroup G’ of G (G’ # G) with
T card(X + G'/G')H(G'; Ly, ..., L) < H(G; Ly, ..., Ly,).
In order to use Lemma 2.2, first we will prove
Lemma 2.8. The subgroup G’ in the Lemme de zéros has Tg/(C) C W.
Finally, we will arrive at a contradiction by showing that the inequalities
T card(X + G'/G')H(G'; Ly, ..., Ly) < H(G; Lo, ..., Ly,)
T card(X + G'/GH(G, LY, LT, ... . LF) > 1+ C)H(G; LT, LY, ..., L)
together imply that
T card(X + G' /G H(G', Li, L¥, ..., L)
>(1+C) H(G; L LT ... L)
>(1+ Cy) H(G; Ly, ..., Ly)
>(1+4 Cy)T" card(X + G'/G') H(G'; Lo, ..., L)
ST  card(Z 4+ G/ /G H(G; LY LY, ... L),
(see Equation 5.1 for the last inequality) which is a contradiction. Therefore, our

hypothesis that

|L(u)| < exp(—C3Uy),

must be false.
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Chapter 3
Background Material

3.1 Review of Heights

The height of an algebraic number « is given by

h(a) = %log (CD Hmax{l,aﬁ)

where «;, for 1 < i < D, are the D Galois conjugates of o and Cp is the leading

coefficient of the minimal polynomial

D

plx) = Cp [ [(x — i) € Z[a]

i=1

normalized so that the coefficients are integers that do not share a common prime
factor. It can be shown that this height is also given in terms of valuations on a

number field by

1
(K : Q]

for any number field K which contains .. (Here, the number n,, is the degree of the

h(a) = - log [ [ max{1.a[}"}
local field over Q,.)

We also define the height of a k-tuple of algebraic numbers by

1
hayg, ag, ..., ap) = ———— 1ogHmaX{|a1|Z” oo o]}
v

(K- Q]

This height is, in fact, defined on projective points, since the product formula

[Tl =1,
1%
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implies that
h(Bay, fag, ..., Bag) = h(ag, a, ..., ag).
The height function has the properties

h(p/q) = logmax{|p|, |q|}

for a rational number p/q in lowest terms,

h(a™) = |m[h(a)

for any integer m,

h(ef) < h(a) +h(F)

h(a; +ag + ... + ag) < h(ay) + h(as) + ... +h(ag) + log(k)

and any positive integer k. Furthermore,

h(1,a) = h(«)
h(ag +ag + ... + ag) < h(l,aq, 9, ..., ag) + log(k)

h(1, a9, a9, ...;ar) < h(ay) +h(as) + ... + h(ay)
=
It will also be important that the height of a collection of positive integers

including 1 is equal to the logarithm of the greatest integer in the collection.

h(1,nqy, ng, ..., ng) = logmax{1,ny,na, ..., ny }.
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We can prove most of these formulas easily by manipulating the product over
valuations. We write D = [K : Q] for some number field K containing all of the

algebraic numbers in the formula. First of all,
h(1, @) = h(«)
follows directly from the definition. For m > 0,
exp[Dh(a™)] = [T max{1, "]}

= H max{1, || }™

= exp[Dh(a)]™

= exp[Dmh(a)].
Taking logs and dividing by D, we have the result for positive m. For m < 0,
h(a™) =h(1,a™) =h(a™™,1) =h(a™™) = (—m) h(«).
Next,
exp[Dh(af)] = [ [ max{1, |as;}
= [T max{1, lal} (5"}

< Hmax{l, o] } Hmax{l, 81,7}

= exp[D h(a)] exp[D h(f)]

= exp[D h(a) + Dh(5)]
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More generally,

Sexlhlxs) >

= [ [ max{1, {|e:Bi | h<izracis}
< H max{1, {]a;|" }1<i<r} H max{1, {|3;]}" }1<j<s}

= exp[Dh(1, {a;}1<i<r)] exp[D h(1, {ﬁj}ISJ‘Ss)]

= exp|D h(1, {a;}1<i<,) + Dh(L, {Bj}1<j<s)]

For sums, we need to distinguish between finite (non-Archimedean) and infinite

(Archimedean) valuations, since the former satisfy the ultrametric inequality
|z +yl, < max{lz],, |y[,}
whereas the latter do not, but still satisfy the triangle inequality
[z +yl, <lzl, +yl,-

We will distinguish these by writing v t oo and v | co. Using this, and the fact that

ZnV:D,

v|oo
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we have

eXp[D h(Oél + oo+ ...+ Oék)]

= Hmax{l, |a1 + g+ ... + Ozkmu}

v

- Hmax{l, lon + g+ 4 ag] ) Hmax{l, o + g+ ...+ ag)"}

vioo v|oo

< [ max{1, Jaall Janl2 ooy o} T masc{1, [ [ + el + ... + el }

oo v|oo

< [T max{t laa " faaly s oo lanlpd [T &7 max{1, Jan ¥ el ooy o]}

Voo v|oo
= [Tmax{L ol lasly” ... Janl} TT A
v v|oco
= ]{jD Hmax{l, |051‘ZU ; ‘a2‘zu JREES) |O‘k|zy}
v

= kP exp[Dh(1, ay, ay, ..., ay)]

= exp[D(h(1, a1, o, ..., o) + log(k))]
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More generally,

exp[Dh(1,{)  aijhi<j<r)]

=1
k v
= Hmax{l,{ Zaij h<jer}
v =1 v
k v k o
— Hmax{l,{ Zaij }1§j§r}HmaX{1,{ ZO‘“ h<i<r}
vtoo i=1 v v]oo =l v
k
< H max{1, {|Oéij‘zy}1§igk71§j§r} H max{1, {Z ‘Oéij‘:l’}lgjgr}
vfoo v|oo =1
< H max{1, {|ai;|," h<icki<j<r} H k™ max{1, {|agl," hr<ickaci<r}
oo v|oo
= H max{1, {|a;|"" h1<i<k,1<j<r} H k"
v v|oo

I e e

I e

I e

Finally, we define the height of a polynomial with algebraic coefficients to be

the height of the projective point whose coordinates are 1 and the coefficients of the

polynomial. When the polynomial has integer coefficients, we can get more precise

bounds on sums, products, and values of such polynomials by considering, instead

of the height of the polynomial, its length, which is defined to be the sum of the

absolute values of its coefficients.

For example, if P has n terms, degree d, height h(P), and length L, then

h(P(8)) <log L +dh(B) < h(P)+logn + dh(3).

Since h(P) is the log of the maximum of the coefficients of P, the length gives a
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better bound on h(P(()) unless all of the coefficients are equal. The easiest way to
deal with lengths of polynomials is to consider the polynomial of length L to have
L terms and all coefficients +1.

When n is a k-tuple of integers, we will also use the notation |n| to denote the
length of n.

\n\ = |n1\+\n2|++\nk|

3.2 Review of Hilbert Functions

The ring of homogeneous polynomials in N + 1 variables with complex co-
efficients is denoted C[Xy, X1,..., Xn] or (for brevity, and to emphasize that the
polynomials must be homogeneous) C[P"] with those polynomials of degree n de-
noted {C[PV]},,.

An ideal I C C[P"] defines an algebraic variety V and an embedding into
projective space PY. The quotient ring C[PV]/I is the coordinate ring of the variety
and may be thought of as the ring of polynomials on the variety. The subset of
polynomials of degree n is denoted {C[PY]/I},,.

The Hilbert function on I is the dimension of this vector space over C,
Hf(I;n) = dimc{C[P]/I},.

We also write Hf(V;n) to mean Hf([;n), but since Hf depends on the particular
embedding of V' into projective space, the notation Hf (V';n) only makes sense when
a particular embedding of V' is understood.

For every ideal I, there is a polynomial, Hp(I;z), called the Hilbert polyno-

33



mial, such that

Hf(I;x) = Hp(I; x)

for all integers = that are sufficiently large. See [13] for a proof. Furthermore, the
Hilbert polynomial has degree d, where d is the dimension of I (or of V), and the

leading term is

(m/d)a?.

The number m is a positive integer called the degree of I (or of V). The degree is
the maximum number of intersections of a linear space in PV of codimension d. It
turns out that this maximum is achieved generically, in the sense that the collection
of linear spaces in PV of codimension d which achieve the maximum is a Zariski
open subset of all such linear spaces.

Since the Hilbert polynomial must take on values which are positive integers
when the variable z is a sufficiently large integer, by considering finite differences of
this polynomial, it is easy to see that all of the coefficients must be rational numbers,
and, in fact, they must be integers divided by (some factor of) dl.

A lower bound is given by Nesterenko in [23] (see also [29])

r+d+1 r—m+d+1 _
(£0) () -

He also gave an upper bound
Hf(V;z) < m(4x)?, (3.2)

but tighter upper bounds were given by Chardin in [6]

HE(V;2) < m <“”” P d) (3.3)
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with a slightly more improved upper bound given by him in [5]

HE(V: 2) < (‘”;d> +(m—1) (‘”j_l). (3.4)

It is worth pointing out that the lower bound and both of Chardin’s upper bounds
are polynomials in x with the same leading term as the Hilbert polynomial. (This
is a feature not shared with Nesterenko’s upper bound.) In fact, those same three
bounds are all equal when m = 1, which means that we have an exact value for the

Hilbert function of a linear surface,

Hf(L: ) = (x jz_ d) .

When z is very large, we can compare the Hilbert function to the leading term

as follows.

Lemma 3.1. Ifx > 1 then

m (1 dld(d+ 2)2d+1md)
T

Proof. From 3.1 we have

. r+d+1 r—m+d+1
Hf(v@z( d+1 )_< d+1 )

If we expand the binomial coefficient as a polynomial, we get

d+1
1 )
r+d+1\ _ 72%‘%]’
d+1 (d+1)!4
Jj=0
. d+1 . .
where s; is the sum of all j products of d+1—j of the integers 1,2,...,d+1.

Evaluating the above at x = 1 gives

D sp=(d+1) (Zﬁ) = (d+2)L.

J=0
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Using the Binomial Theorem,

r+d+1\ (z-m+d+1) 1 d“sl(xj_(x_my)
d+1 d+1 A2

j=0
1 d+1 j—1 j
— _1)j—i+1 < )S md it
22
(d+ 1) j=0 =0 !
1 d d+1 ]
_ ( 1)) i+1 <) s.md it
|
(d + 1) =0 j=i+1 t
d
1=0
where
d+1
) j —i+1 Jj— z
=gy 2 0 () o
Jj=i+1

In particular, ry = m/d!, r4_1 = m(d+ 2 —m)/2(d — 1)!, and when i < d

d+1
1 d+1 d+1—i
|74 Si(djtl)!( ; )m Zsj
=0
1 d+ 1Y\  gp1- |
g(d+1>!< ; )m (d+ 2)!
—(d+2) (T e
1

S(d + 2)2d+1md+1.

Therefore, we have

r+d+1\ (x—m+d+1\ m ,
d+1 d+1 art

Sd(d + 2)2d+1md+1xd_l
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and so

_ s+d+1\  (r-m+d+l
Hf(v’x)z( d+1 )_( d+1 )

ngd . d(d + 2)2d+1md+1xd_1
m ( d\d(d + 2)2d+1md)
=—x"|1—
d! T

O

Since we will be dealing with products of algebraic varieties, We can generalize

this notion to multihomogeneous ideals in multiprojective space P = PM x P2 x

oo X PNE

I C C[XL(), ~-~>X1,N1a ng(), ey X2,N2a ...,X]%Q, ey Xk,Nk] = C[]P)]

The Hilbert function on I (or on V) is defined by

HE(I;nq,ng, ..., ng) = Aimc{C[P]/1 }1; no.....np-

As in the one-variable case, there is a polynomial, Hp(V;xy, zs, ..., x}), of

degree d, called the Hilbert polynomial, such that
Hf(I; 21, 2o, ..., x) = Hp(L; 21, 2o, ..., T)

whenever all of the z; are sufficiently large integers. This is Theorem 7 (pg 757) of
[38]. See also the appendix of [18].

Furthermore, in the special case when V' = V; x V5 x ... X V. where Vj is a
variety in PYi, the vector space of polynomials on V is a tensor product of those on
Vi

C[P)/I =C[PY]/I)®...® C[PY|/I,
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and therefore,
HE(V) X Vo X oo X Vi, T, ooy ) = HE (Vi 2p) HE (Vo o). HE (Vi ), (3.5)

and therefore similarly for the Hilbert polynomial.

Using the notation of [24] we write
H(V; 21, 29, ..., k)

to denote the homogeneous polynomial consisting of those terms of the Hilbert
polynomial of maximum degree (that is, of degree d), multiplied by the integer d!.
The extra factor is included so that the coefficients of H are all integers.
By Lemma 3.1 and the following paragraph in [24],
H(I; = Y N—T g g
TX1, Ty ey Tp) = a1+___+ak:dca( )m:pl ST
for0 < a; < N;, a1 +...+a, = d, and for all , the coefficient ¢4 (1) is a nonnegative
integer, a generalization of the degree of I in the one-variable case. The numbers

ca(l) are given by

ca(l)=deg (V)=HWVNLiN...NLg1,...,1)

Ni of codimension «;. The reader will

where L; is a general linear subvariety of P
notice the similarity between this formula and the formula for the leading term of

the one-variable Hilbert function.
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Chapter 4

Some Lemmas
Lemma 4.1. Let a;; (1 <i<mn,1<j<m) be complex numbers, fi,... £, ele-
ments of C¢, and f : C¢ — C a complez-valued function analytic in a neighborhood
of z € C4. Let
u; = Z ai,jfj
j=1
and
- B {Z lawl}

Then for any positive integer T,

max {|Dy, o... 0Dy f(2)|} < A" max {|Dffo... 0 DF" f(2)|}

[t|=T |T|=T fm
Proof. This is lemma 3.1 of [26], but we will reproduce the proof here since it is

short, and we will need a variant for the next lemma. For 1 <7 < n, we have

E ai j Dfu

and therefore

n m ti m m
H <Z @i,j ij) Z Z iy 51 + - - Qi i D Df (41)

where (i1,...,i7) = (1,...,1,2,...,2,...,n,...,n) with each number i repeated ¢;

times, for 1 <7 < n, and the result follows from

2 2 T
Qjy gy« v« Qip g SA .

Ji=1 Jjr=1
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For our purposes, we need the following variant of the above lemma.

Lemma 4.2. Let a;; (1 <i<mn,1<j<m) be complex numbers, fi,... £, ele-
ments of C¢, and f : C¢ — C a complez-valued function analytic in a neighborhood

of z, with D¢ f(z) =0 for all z when t > L. Let

m
w = agf
Jj=1
and

A(] :max{l, |CLZ"1‘, 1< < n},

Ay =max {1, |a;;|, 1 <i<n,2<j<m}.
Then for any positive integer T,

ﬁg{\Dﬁlo...oD;ﬂnf(z)}} < mTAgAleg{\Dgo...oD;: f(2)|}

Proof. Since Di f(z) = 0 when ¢ > Ly, we can remove from Equation 4.1 all
summands where j; = 1 for more than L values of ¢, and the sum of the remaining

coefficients is bounded by
Z T AL AT
‘ iy g1 - - - Qig o <m AO Al )

since there are at most m” terms, each of which has at most L terms a;; and at

most T" terms a; ; with j > 2. O

Lemma 4.3. Let P be a polynomial in C[P] of multidegree < (L, ..., Ly). Let ®;; :
C% — C be holomorphic functions, and H;" nondecreasing real-valued functions
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satisfying

()| < HF
log max |®:;(2)] < H(|z]).

Suppose P has K terms, and all coefficients of absolute value < H. Suppose t € Z!
and T = [t| = 32! t;. Suppose x; € C* for 1 <i <1, andv = (vg,...,v4_1) € C.

Then F'= P o ® satisfies

log }D;“( F(v)‘ <T'logd + Lologmax{l,|z;o|} + Tlogm%c{l, |z ;| }
1 (2%

k
+TlogT+10gK+logH+ZLZ-H;’(\V\ +1).

1=0

Proof. By Lemma 4.2, we have

DX F(v)| <d” max{1, [z} max{1, [z;,;[}" x
1 2,9 >

max{' (a%)ﬁ °...0 (aj_l)m F(v)

By Cauchy’s Theorem,
Il =7}

< Tlsup{|F(z)| : |z; —v;| < 1,0 <i <k}

,|T|=T}

2
< exp <TlogT+logK+ log H + ZLZ-H;F(|V| + 1)) :
i=0
Recall that we defined W to be the kernel of our linear form
L(z) = —20+ frz1 + Pozo + ... + Ba—12d-1-

For1 <:<d-—1,let



where the 1 is in the (i + 1)’st position. Then the e; form a basis for W. Let

w =(frus + ... + Ba1Ug—1, U, .., Ug—1)

=pie1 + ... + Bi_1eq-1 € W,

which has

w—u=(L(u),0,...,0).
There is an isomorphism between W and C?~! given by
ae;+...taqg_1€4-1 — (al, ceey ad_l),

and the usual metric on C?*~! may be pulled back to a metric on W, with respect
to which the basis (eq,...,e4_1) is orthonormal. Recall the subgroup G defined in

Lemma 2.2. Let d denote its dimension, and # = d — 1 — d. Since Tx(C) C W, we

may also choose a basis (fi, .. ., f;) of T (C) orthonormal with respect to our derived
metric on W, and extend it to an orthonormal basis (fi,...,f;_1) of W. Then the
change-of-basis matrices between (ey,...,e4_1) and (f;,...,f;_1) are unitary, so all

entries of those matrices have absolute value < 1. Applying Lemma 4.1 to both of

these matrices (inverses of one another), proves

Lemma 4.4.

log max{| D¢ F(z)

6] < T'} < log max{|D{ F(z)

6] < T} + T log(d — 1),

log max{|D{ F(z)

|t < T'} < log max{|D§ F(z)

Jt] < T} + T log(d — 1),

Now we will give values to the parameters mentioned in Chapter 2. Recall the
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definitions of D, B, E, and V; from Chapter 1. Define

S = |[Ci3Dloglog B/ log E |

k
Uy = Cy,D*(log B) (loglog B)%(log E)~ 4~V H log V;)%
i=1

T = |Uy/Dloglog B|
L¥ = Uy(log E)?/Cy5D%(log V;) (log log B)?, for 1 < i < k
Li=|L¥| for1<i<k

Ty =2(k+1)T

S1 = [S5/Ch4]

The constants C; are positive real numbers (with the exception that Ci9 can
equal zero, and Cj is required to be an integer) that only depend on the character-
istics of the group G (including k, d, m, ¢;, rj, etc.) and not, for example, on u, 3,
Vi, K, D, B, or E. We will give values for them later, but for now we will assume

that they satisfy the following equations and inequalities.

Cy =C5C, Cis =C1/Cir
Ci3 =C14Cl6 0<Cig<1
1 <Cig 1 <Cyy
C7C1s <Ciy 2/d <Cj
Ci7 <C%,4 (14 Cy)mCs5 <Ci5
Ca + Cr2 <C1y Cio + Ca3 <Cio
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Cll + log(d — 1) Sog
(9% +10)Chy + 1 <Ci3

dl(2(k + 1)) < (1+Cy)*/(1 = Chy) <Cis

c+d— 1)
c
2+ 8(1 4+ log(9k + 10) + log C14) <C%
20241 <O 1060,
Cro + Co1 + Cr2 <(k+ 1)Cie
Cs+Cy+1 g(%@ —1)Cyp
2(k+1) (log(2(k + 1)) +1log Cy + d) <Cyqy
Co + (k+1)(4logd + 3) + (log C16)/d <Cs
(k+1)Ciglog((9k +10)Chy) + 1 <Co
2(dlog2 +logCi3+ (d — 1) logCy +d — 1) <Cy
2(1 4 logm + dlog2 + dlog Cs + d) <Cy
max{exp(3d), 4((k 4+ 1)Ci6 + log8), 4(log(k + 1) + C13)} <C»
Ci + 2(k + 1) logd + Cy + Cyo + %(log Cie) + 3k + 3 <Cj
(k -+ 1)logd + 5 Can + 5 (log(2(k + 1)Cis))
+k(4k* + 10k + 7)C17 + k + 3 <Coy
Ci+ (k+1)logd + %Cg() +34+ Cyo + %log((k‘ +1)Cy3)

+k((k+1)°Cir + k +2) <Cs
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k
(1/d)1og Ca + 4+ (1/a) og((k + 1)Crs) + (2/C1a) 3 logrs + 5Cag

i=1

+(k+1) [log 2 + logmax r, + log max(q; — 1) + log max r; + max qg]

+ ) [2(k 4+ 1)%¢;Chg + 20 + 26, + (26 + (b + 1)(q; — 1)) h(¥:(0)] < Cas

=1

DlogV; >(2Af + B) |[w| E/Cyy for 1 <i <k
DlogV; >(Af + B} +C)/C}, for 1 <i < k

max D logV; Zogr?gajc_l |u;| /(Ca/2d)

1<i<k

1

(1 — Clg)d'

H(G; L) <Hf(G; L)

In the general case, one can use 3.1 and a lower bound on L; to get the last
inequality, but in our case, we will know Hf(G;L) explicitly, so a more precise
estimate will be available to us.

We will also assume that there is a basis for K over Q of elements of height
< Dlog B.

From these equations, it is easy to prove the following relations:
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T/L¥ >(1+ Cy)mCs, fori >0
T/L; >m, fori>0
T/Ly>d>1
L;S?DlogV; <Ci7U,, fori>0
L; >d/log(1+ Cy), fori>0

U() Z Uo/logB ZCQ

Now we can prove the lemmas used in Chapter 2.

Lemma 4.5. Every connected algebraic subgroup G' of G = G, x Gy X ... X Gy, has
the form G' = By x By where By is a connected algebraic subgroup of G, and Bs
1s a connected algebraic subgroup of G1 X ... X Gy. Furthermore, either By = 0 or

B =G,.

Proof. The Chevalley-Rosenlicht theorem says that G’ sits in a canonical exact

sequence of group varieties
1—- B —-G — By —1,

where By is a connected linear algebraic group, and Bj is an abelian variety.
Since Bj is connected and commutative, it is a product of G,’s and G,,’s, and
none of these has a non-trivial map to GGy x ... X Gy, so that B; must embed into

the G, factor, hence must be 1 or G,.
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If By = 1, then G’ is an abelian variety, so maps trivially to the G, factor.
Hence G’ = 1 x By, where By is a connected subgroup of G X ... X (G}, isomorphic
to B).

If B; = G,, then the composition of the inclusion B; — G’ with the projection
Gy X G X ... X G — Gy X ... x Gy,

is trivial, hence B; injects into G, x 1. In fact B; maps onto G, x 1, since both are
1-dimensional, and so G’ contains G, x 1 as a subgroup, and this is B;. Then the
projection onto the first factor gives a splitting of the above exact sequence.

It follows that G’ = G, x B, where By is a connected subgroup of G x ... x G,

isomorphic to Bj. O

Lemma 4.6. Let T be a positive integer, and let Lf, Lf be positive real numbers.
Let ¥ be a finite set of points of G(C). Then there exists a real number Lf)‘7£ such

that every connected algebraic subgroup G' of G with Tg:(C) C W satisfies
T card(X +G'/GH(G; LY, ..., L) > 1+ C)H(G; LY, ..., LY),

where r + 1 is the codimension of G’ in G, and there is (at least) one such subgroup

G with equality. Additionally, C5 < |Li | < L} < CsUp/(2D1log B).

Proof. If G’ is a connected algebraic subgroup of G, with Tg/(C) C W, then by
Lemma 4.5, G' = L x H where L is a connected algebraic subgroup of G,, H is a
connected algebraic subgroup of Gy X ... X Gy, and T/ (C) = T1(C) x Ty (C). But
if T1,(C) # 0, then (1,0,...,0) € T (C), contradicting T (C) C W. Therefore, G’
is a subgroup of G X ... X G§. Consequently, H(G'; L# ey Lf) is independent of
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L# . On the other hand, by Equation 3.5,
koo k
H(G; LY, ... . LY) = d [ [ 57 LH)" = mLE T[(LF)*
is linear in LY. Thus

H(G; LY, ..., LF)=H(G;1,LY,... L7

H(G; L¥,..., L) = LY H(G;1,LT,... L))

Define

_ Treard(E+G//G)H(G; L LY, ... LY)
(1+C)H(G;1, LT, ... L])

A(G)
on the space of all connected algebraic subgroups G’ of G satisfying T (C) C W.
This function is clearly everywhere positive, and we will show that it achieves its
minimum value. There are only finitely many possibilities for r (0 < r < d) and
only finitely many possibilities for card(X + G'/G’) (it is also a positive integer

and < card(X)). Furthermore, for each such choice, there are only finitely many

polynomials whose coefficients are positive integers not bigger than

A(0) Trcard(X + G'/G')

Therefore, there are only finitely many values A(G’) < A(0). Let G be one such
subgroup with A minimal, and let L = A(G).
It remains to show that Cs < |L¥| < L¥ < CsUy/(2Dlog B). Since Cs € Z,

it suffices to show C5 < L# < CslUp/(2D1log B). We will start with the right
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inequality:

LT <A(0)

718
(L CYmTIE, (L)

_ Us a1 o DS%logV;
- DlOglOgB 1+ C4 _1 CNUO

1=

-1 d—1 k
I (logvi)*
DloglogB) S<1+c4> < ) (017U0> i_l(ogVZ)

C2d 1 k
< 13 ) D*~(loglog B)?(log £)~ 4=V H log V)™
=1

1—|—C4 mC’

2d 1 U,
0
1+C4 mC Cg) 2Dlog B

< - -
_CGQDlogB

For the lower bound, we have

L =A(G)
 TTeard(S +G/G)H(G; 1, LY, ... L})
(14+C)H(G;1, LT, ... L])
>T?H(G; 1L,LY, .. ,Lk#).
T (14 Cm [T, (LF)*

Since H(@) is a homogeneous polynomial of degree d — 1 — 7, with coefficients that
are positive integers, the last numerator is > 7" times the product of the smallest
d — 1 — 7 numbers from the multiset L#, ceey Lfé, ceey Lk#, ceey Lk# where each LZ#

appears d; times. Therefore

1 T ’ 1 i
Now, 7 + 1 is the codimension of G in G. We already showed that Gisa subgroup

of G1 X ... x Gy, so the codimension must be at least 1. If the codimension were
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exactly 1, however, then we would have G = Gy x ... x Gy, and therefore T(C) =

{w € C?: wy =0}, contradicting T5(C) C W. Therefore, the codimension must be

at least 2, and so 7 > 1. This, together with C5 > 1, gives the result.

Lemma 4.7.

log(2u) < %Uo.
Proof. We have the exact value
p=card{s €Z:0<s< S} xcard{t € Z" ' : |t| < T\}
- (Tl C‘;_dl_ 1) .
Since log(2u) is actually very small, we will use the crude upper bound
< STy +d—1)"" < Sy (2Ty)4
Then we compute

log(2ut) <dlog?2 +log S; + (d — 1) log T}

<dlog2 + log C13 + log(Dloglog B/ log E) + (d — 1) log(Uy/ D loglog B)

O

<dlog?2 +log C13 + (d — 1) log(Dloglog B) + (d — 1) log(Uy/ D log log B)

=dlog?2 +log C13 + (d — 1) log(Uy)

=dlog2 +log Ci3 + (d — 1) log Cy + (d — 1) log(Uy/C5)
<(dlog2 +1log Ci3 + (d — 1) 1log C3)(Uy/C2) + (d — 1)(Uy/Cs)
=((dlog2+1log Ch3+ (d—1)logCy +d — 1)/Cs)Uy

<=Uy.
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Lemma 4.8. The number of unknowns v satisfies
1
logr < §U0.

Proof. The number of unknowns v is equal to the number of ¢ values times the
number of A values. The former is also the number of §; values, which is D = [K : Q).
The latter is the dimension of the space of multihomogeneous polynomials on G,

that is,

card(A) =dim¢ (C[P]/[(G))L

=Hf(G; L)
k
=[] 8(G: Ly).

1=0

the Hilbert function evaluated at L. We will use 3.1 to bound Hf(G; L) from below,
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and 3.3 to bound it from above. For the upper bound, we have

Lemma 4.9.

k
log v =log (D [THEG;; LZ-))

1=0

k
<log D + log Hf (G,; Lo) + log H my (LZ;_ di)
i=1 !

k
<D +log(Lo + 1) +log [ | %(Li + ;)
i=1
k
<D +log(2Ly) + logm + Z d;log(L; + d;)

i=1

k
<D + log(2Uy) + logm + Z d;log(2Uy)
i=1

=D +log(2Uy) + logm + (d — 1) log(2Uy)

=D + logm + dlog(2U))

<D +logm + dlog(2Cs) + dlog(Uy/C5)

<Up/C: + (logm + dlog(2C2))Us/Cs + d(Up/ C2)
=(1+logm + dlog2 + dlog Cy + d)Uy/Cs

1
<=Up.
=5Y

TylogTy < CylUy
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Proof.

(T1logTh) /Uy =2(k + 1)(log(2(k + 1)) + log T')(T'/Uy)
<2(k + 1)(log(2(k + 1)) + log(Uy/ D loglog B))(T/Uy)
<2(k +1)(log(2(k + 1)) + log Cy + (2d — 1) log D + log log B+

(d —1)logloglog B + Zdi loglog V; — (2d — 1) loglog E)(T'/Uy)

i=1

<2(k+ 1)(log(2(k + 1)) + log Cy + (2d — 1)(D — 1) + log log B+
(d—1)(loglog B—1)+ (d —1)Dloglog B)/(D loglog B)

<2(k+1)((log(2(k+ 1)) + logCy — 3d + 2) + (2d — 1) D+
dloglog B + (d — 1)Dloglog B)/(D loglog B)

<2(k+1)(log(2(k+1)) +logCy+2—-3d+2d—1+d+d—1)

<Cy.

Lemma 4.10.

M < CgUy.
Proof. We defined
M = IOgHﬁXZ |& Dt @ (su)] .
iA
Since v is the number of pairs (7, A) in the summation,
M <logv + log max |&;| + logmax{}DE (ID)‘(su)‘ ] <T1,0 < s < St}
By lemma 4.4,

M < logv+logmax |&;|+1T; log(d—1)+log max{|D ®*(su)| : [t| < 13,0 < s < Sy}
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We use 4.3 to get a bound on the last expression, taking Ag = 2D log B and A; = 1.

log max{|D{ ®*(su)| : [t| < 77,0 < s < Sy}

k
<Tilogd+ Lo(2Dlog B) + Ty log Ty + Lolog(|sug| + 1) + >  LiH; (|su;| + 1).

i=1

Now we will bound each piece separately. By Lemma 4.8,
1 < 1U
ogr < =U.
gV = 5 0
Since each &; has height < Dlog B, we have
1
logmax |&] < D*log B < (1/Cy)U, < ZUO.

By Lemma 2.2,
2LOD lOgB S CGU() S 2U()

Using H;"(R) = Af R* + B R+ C;", we have

LiH} (|sw;| + 1) =L (Af (|sw| + 1)* + B (|sw;] + 1) + C;H)
=Li( A s [wl* + A + B |s| [w| + Af + Bf + )
<Li(AF ST [w* + (A7 + Bf)S: [w| + Af + Bf +C)
<L;S?Dlog Vi + LiS,C14Dlog V; + L;C2,Dlog V;
<(Ch7/C3) Uy + (1/Cr3)Up + (Cha/Cr3)* Uy

<3U,.
From the definitions of 77 and 7', we have

Tylog(d — 1) <(2(k + 1) log(d — 1)/ loglog Bo)Uy < (2(k + 1) log(d — 1))Uy

Tylogd <(2(k + 1) logd/loglog Bo)Uy < (2(k + 1) log d)Uy
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From the Mean Value Theorem, when x > 1,
1/(x+1) <log(z+1)—logz <1/x <1.
Using this, and the fact that ug = 0 or ug = 1,

Lolog(|sug| + 1) <Lglog(S; + 1)
<Lo(1 + log Cys + log D + logloglog B)
<Ly(log Cy6 + log D + loglog B)
=Lo(log C16 + log(Dlog B))
<Lo(logCi — 1+ Dlog B)

SLQ(IOg 016 -1+ 1)D10gB

Putting all of these together, we get
1 1 1
MU, §§ + 2 +2(k+1)log(d—1)+2(k+1)logd + 2 + Coy + 8long + 3k

1
<3k +3+2(k+1)logd+2(k+1)logd + Cy + Elong

1

<Cg
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Lemma 4.11. Fizing some t and s with |t| < (k+ 1)T, if we take

f(z) =Dg F(zw)
1
r :§(k +1)S
R=2(k+1)SE
S' =5,

T =(k + 1)T.

then we have

4r s 1
2|flg <§> <7 exp(—C12Up)

and

5 (18T) w max {
SI

Proof. By Lemma 4.3, we have

1 d

E@f(s)

1
L,0<t<T 0<s< S'} < Zexp(—C’lgUo).

log | f|p =logmax{D{ F(zw) : |2| = R}

<T'logd+ Lo(2Dlog B) +T'log T" + log v
+ log(|&] €°) + Lolog(R |wo| + 1) + i LiH (R |w;| + 1)
i—1
<(k+ 1)Tlogd + CsUy + %Tl log T + logv
+ log |&| + 0 + Lolog(R |wo| + 1) + zk:L,-H;’(R lwi| + 1)
-1
<((k+1)logd)Uy + Uy + %CéoUo + %Uo
k

1

i=1
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We bound the last two terms as we did in the previous theorem.

LiH; (RIw;i| +1) =L;H; (R |w;| + 1)
=Li(Af (R w| + 1)* + Bff (R|sw| + 1) + C7)
=Li(AT R [w|” + (247 + B R|w| + Af + Bf + CF)
=Li(4(k + 1)2AF S2E? |w;|* + 2(k + 1) (247 4+ B)SE |u;| +
Af + B+ Cf)
<L;i(4(k +1)2S?DlogV; + 2(k + 1)C14,SD1log V; + C?,Dlog V;)
<4(k + 1)*C17Uy + 2(k + 1)C7Uy + C17Us

=(4k* 4+ 10k + 7)C17Up.

Lo log(R [wo| + 1) =L log(R [uo + L(u)] + 1)
<Lolog(R + 2)
<Lo(1+1log(2(k+ 1)) +log S + log E)
<Lo(1 +1log(2(k + 1)) + log E + log C6 + log D + log log log B)
<Lo(log(2(k + 1)) + Dloglog B + log Cis + log D + loglog B)
=Lo(log(2(k + 1)) + Dloglog B + log C1 + log(D log B))
<Lo(log(2(k + 1)) + D(log B — 1) +log C1s — 1 + Dlog B)
<Ly(log(2(k + 1)) 4+ log Ci6 — 2 + 2D log B)

<Lo(log(2(k + 1)) +1log Cig — 2+ 2)Dlog B
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We also have

471 T/S/
log <E) =—-T'S"logE

<—(k+ 1)T(Ci14 —1)logE

< —(k+1)T(CDloglog B —log E)

Uo

< —(k+1V(———"— —
s— (kb )(DloglogB

1)(Ci6D loglog B — log E)

< —(k+1)CUy + (k+ 1)Ci¢Dloglog B+ (k+ 1)T log E

log £

< = (k+1)CiUo + (b + 1)CisDloglog B + (k + Doy -2

< — (k+1)C6Up + (k + 1)CiDloglog B + (k + 1)Uy.
which, together, give

4\ 1 3
log (8 |f|R <§T) ) S 10g8 + ((k} + 1) 10gd)Uo + Uo + 5020[]0 + ZUO + CloUo‘l'

(log(2(k + 1)C6)Up + k(4k* + 10k + 7)C17U,

QUl

— (/{5 + 1)016[]0 + (k’ + 1)016D log logB + (k’ + 1)U0

1 1
<((k+1)logd + 5Ca + Cro + = (log(2(k + 1)Cie))+

k(4k* + 10k + 7)C17 — (k 4+ 1)Ci + k + 3)Up
<(=(k 4+ 1)Ci6 + C1o + Ca1) Uy

< — Chi2lp.
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Next, we set Cyy = (9% 4+ 10)Cy4 and

C'14 C24

> —1> =
52 Cu—120u Cos — 9(k+1)Cy

024(5 — 014) Zg(ki + 1)0145

which we use in

'8
log <18T) =(k +1)T'Splog (W)

<(k+ 1)T'Splog (W)
—Cu

UO ClﬁD lOg log B
Dloglog B log £

S(/{i + 1) log 024

S(/{Z -+ 1)016(10g C24)U0

Next, we need to bound

max N dat S

,0§t<T’,0§s<S’}
using inequality 2.1. We know that

d’ t Mt

=/ (2) =Di, DL F(zu)

d—1
=()_uiDe)' DL F(zu)
=1

Applying 2.1 and using the Taylor series for the exponential function, we have for

0<s<5,
L' ol <SSl nr P - ] < 200+ 1T
/()] === max{|D Fsu)| « |7] <
d—1

< exp(z |u;]) exp(—C11Up).

1=1
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Therefore, we conclude that

187\ " 1
log (20 < ;T) max{

Hdat (s)

t

,O§t<T’,0§s<S’}>

d—1
S log 20 + (]{7 + 1)016(10g 024)U0 + Z |UZ| — CnU(]

1=1

1
<log20 + (k + 1)Cis(log Cos) Uy + dﬁCED log Vi — C11 Uy

S((k’ + 1)016 log 024 + 1-— C(11)(]0

<(Cyp — C11)Uy

Lemma 4.12. For all |[t| < T} and 0 < s < 5y,
‘Dte F(su) — DE F(SW)‘ < exp(—Ci1Up),
and for all |t| < (k+1)T and 0 < s < (k+1)5,
IDE F(su) — Dt F(sw)| < %exp(—cqu).
Proof. Fix some [t| < T" and 0 < s < 8" (where 7" is either T or (k + 1)7T', and
similarly for S”). Define a holomorphic function f: C — C by
£(2) = DL F(su+ sz(w — u).

The Mean Value Theorem gives

0
fl(z) = ' s(w,-—ui)ngF(su%—sx(w—u)),
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but since w; — u; = 0 whenever =0, and wy — ug = L£(u), this is

f'(x)=s C(u)aiz0 D! F(su+ sz(w —u)).

Applying lemma 4.3 with x; = (1,0,...,0) and x;,; = €;, we have

log Inax |f'(z)] <log S+ log |L(u)| + T logd + 2Ly D log B
+ T log T' + log v + log(|&] €°) + Lo log(|sug + sz L(u)| + 1)
k

+ ) LH(|suy| + 1).

1=1

Now we have
2
log(|sug + sz L(u)| + 1) < log(S'+2) <logS" + T <1l+4logs"
As shown in Lemma 4.10, when S’ = S; we have

1
Lo(l + IOg Sl) SE(IOg 016>U0.
and even when S’ = (k 4 1), the same arguments give

LiH (|swi| + 1) <L;i(AF(S)? [w* + (24] + BY)S' [w| + Af + B + C)
<Li(k+1)28*DlogV; + Li(k 4+ 1)SC14Dlog V; + L;C%,Dlog V;
S((k} + 1)2017)[]0 + (/{3 + 1)(014/013)(]0 + (014/013)2(]0

<((k +1)*Ci7 + k +2)U,.

61



and
Lolog((k+1)S+1)
<Lo(1 +log((k +1)Ci3) +log D + logloglog B)

<—(log((k + 1)C13))Uo.

Ul

Putting these together, we have in the case 7" =T} and S’ = 54,

log |DE F(su) — D§ F(sw)}

S log Sl - C3U0 + Q(k + 1)(10g d)Uo + CﬁU(] + CgoU()‘i‘

1 1 1
5Uo+ 700 + 0 + ~(log C1) Uy + 3kUy

1
<(—=C542(k +1)logd + Oy + Cyo + a(log Ci6) + 3k + 3)Up

< — Cnlo.
In the case 7" = (k+ 1)T and S’ = (k4 1)S, we have

log |D{ F(su) — DE F(sw)|
<log((k+1)S) — C5Uy + (k+ 1)(log d)Uy + CsUy + %C20U0+
%UO + iUo +0+ é(log((k: +1)C13))Up + k((k +1)2Chr + k + 2)Up
<(=Cs5+ (k+1)logd+ %Czo + 34+ Cio+

é log((k +1)C1s) + k((k 4+ 1)*Cir + k + 2)) Uy

< —-Cnly.

Lemma 4.13. The subgroup G' in the Lemme de zéros has Tg/(C) C W.
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Proof. Suppose, to the contrary, that T (C) € W. Then WNTg (C) has dimension
one less than G'. So if G’ has dimension d’, then (since G has dimension d and W
has dimension d —1) we have r = d—d'. Since G’ is a subgroup of G, X G X ... X Gy,
Lemma 4.5 tells us that G’ = By x By where B is a connected algebraic subgroup
of G,, By is a connected algebraic subgroup of Gy X ... X Gy, and T/ (C) = T, (C) x
Tp,(C), and H(G'; Lo, ..., L) = H(By; Lo) H(B2; Ly, ..., Ly). Now the Lemme de

zéros tells us
T card(X + G'/G')H(G'; Ly, ..., Li.) < H(G; Ly, ..., L)
and we know that
ko
H(G; Lo, ..., L) = d! H —?(Li)di = mLo H(Li)di-

Since H(B3) is a homogeneous polynomial of degree d), = dim B, with co-
efficients that are positive integers, H(By; L1, ..., L) is greater than or equal to
the product of the smallest d, numbers from the multiset Lq,..., Ly, ..., Ly, ..., Ly

where each L; appears d; times. Therefore

>

H(By: L, ..., Ly, 1 S\
H(G, Lo, cey Lk) mLO i .

Now we have three cases:

Case 1: By=0and d =d—1,s0 G' = Gy x ... x Gj. In this case, r = 1 and

k k i
H(G'; Lo,..., L) = m [ [ (L H ':%H
i=1 i=1 =1

and since T' > dLg, we have

&‘3

Tcard(S + G /G')H(G'; Lo, ..., L) > dLoH(G; Ly, ..., Ly) = H(G; Lo, ..., Ly,
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contradicting the Lemme de zéros.
Case 2: By #0 and d' < d — 1. In this case, r > 1, By = G,, H(By; Lo) = Lo,

dy=d —-1<d—-2,s0d—1—d,=rand

T card(S + G'/G') H(G; Lo, ..., L)/ H(G; Lo, ..., Ly)

H Bl; LQ) I‘I(fgg7 L1> ceey Lk)/ H(G, L(), ceey Lk)

1
m (1rgzl<nk f) ’

which is bigger than 1, since T'/L; > m for all i > 1.

v

Case 3: By =0and d < d—2. Inthiscase,r >2,d, =d,sod—1—-dy=r—1

and
T" card(X + G'/G')H(G'; Ly, ..., L)/ H(G; Lo, ..., Ly,)
> T H(BQa Lla ) Lk)/ H(G7 L07 s Lk)
- T" ' 1 r—1
— mlyg 1%1&?2-
B T . T r—1
= mlL, \1%i<k L,
which is bigger than 1, since T' > Lg and T//L; > m for all i > 1. O
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Chapter 5

The Rank Theorem

As in [24], if we fix an element of our group g, then the map
T:GxC!'—G
given by the group operation
T(h,z) =h+ g+ ®(z)

can be defined by functions T; ; which have degree ¢; in h and are analytic in z. In
fact, we can take
Tij(h,z) = Ri;(h, Ri(g, ®(2)))
where R, = (R;o,...,R;n,) are the bihomogeneous polynomials of degree (¢;,¢;)
defining the group law, which were introduced in the first chapter.
For a polynomial P and t € N write 8;]3 to mean
at

% P(TL()(Xl, Z), Ce 7Tk,Nk(Xk7 Z>>|z:0

Let G be the subgroup of G indicated in 2.2. Let d denote its dimension and
7+ 1 its codimension (or 7 the codimension of T (C) in W), so
d+7+1=d.
Recall that we defined a basis fi, ..., f; for Tg(C), such that fy,...,f; | is a basis for
Ta(C). We use the argument from [26] that the rank of the linear system
D} F(su) = 0,
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for all 0 < s < S7 and |t| < T3, is less than or equal to

(77) x50 e (CIBYH® ..

To get an upper bound on the last factor, we will use inequality 3.3 (or [6]).
This, however, only applies to groups embedded in normal projective space P¥

(instead of multiprojective space P), so first, as in [27], we use the embedding
P — PV

.. ai?.]
(XZ,])Ogigk,OSjSNi - (H Xij )
2,J i

N, .
j=0 a;,j=L;,0<i<k

L; + N;

) k
(We won’t need to make use of the fact that N = "7 ( L,

)) Let I be the
ideal of polynomials in PV that are zero on the image of G under this embedding.

Then we have the following two lemmas.

Lemma 5.1.
{C[P]/[(G)}CL07--.,ch = {C[PN]/[}C

Proof. We will describe the isomorphism and its inverse explicitly. A term X, on
the right maps to the monomial [, ; X;57 on the left. Conversely, each monomial
in any polynomial on the left will have multidegree (cLy, ..., cLy). If the multidegree
is partitioned into ¢ (k + 1)-tuples oY which sum to " a® = (cLy, ...,cLy), then

the monomial maps to X 1)...X . There are, in general, many ways to choose the

a® but the difference of two polynomials created in this way is zero at every point
in the image of P (and therefore at every point in the image of @), and consequently
the difference is in I. Extending both maps linearly, it is easy to see that they are

inverses of one another, hence bijective. O
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Lemma 5.2.

degl = H(G; Ly, ..., L)
Proof. Consider the Hilbert function for I. It has the form
HE(T: 2) = %(deg Da? + 0@
for large values of x, but also equals

H(I;2) = dime{C[P"]/ I},

= Hf(G;zLy, ..., zLy).

Since this equality holds for all x, and the two functions are polynomials when =z is

sufficiently large, the polynomials must also be the same,
Hp(I;z) = Hp(G; z Ly, ..., xLy).

Treating the right side as a polynomial in x with the L; constant, the leading terms

must be the same. The leading term on the left is
(g )a
3 egl)x”.

The leading term on the right is the homogeneous part of highest total degree in

the L;, that is, of degree d in z, and this is exactly

1 ~ -
3 H(G; Lo, ..., Ly)z".
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Therefore,

.....

=dimc{C[P"]/I}.

<(deg 1) (C E J)

_ (Cﬁd) H(G: Lo, ..., Ly).
d
But we have, by the definition of G (see 2.2),

WG Lt 1) = — ) gt o
T7 card(X 4+ G/G)

Since the coefficients of H(G) are nonnegative, and L; < L¥ for all 4
H(G; Lo, ..., Ly) <H(G; L¥,...,L])
On the other hand, recall that

k
H(G7 LOa sy Lk) = d' H _'(Ll)dz = mLO H(Li)dl’
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SO

H(G;L#,...,L,ﬁ*)_ﬁ
H(G; Lo, ..., Ly) -

In fact, for any subgroup B of G, each term of H(B; Lz)éé ,

than [ ,(L¥/L;)% times the corresponding term of H(B; Ly, . ..

get the same upper bound for B:

H(B;L¥,...,LY)

<1+ Cy.
H(B7L07>Lk) I
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Therefore, we have

T+ d\ (1+C

(1) s (1) et
1 /T, S

_ﬁ< 1§T)§(Ct61><1+c4> H(G: Lo, .. L)
1(T1+f)7: 1 c+d

ST o 0—14< c (1+Cy)*H(G; Ly, ..., L)

c

where the last inequality is true because Ty > T > dLg > d?/log(1 + Cy).

On the other hand, we have

v =DHf(G; Lo, ..., Ly)

>(1— 019)D$ H(G; Lo, - . ., Li).

Putting these two together, we conclude that

P2 <ok + 1)y (1) (14 0P /(1 = Cr)
Cl4

14 C
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Chapter 6

The Inequality of the Tail
Before we get to the main lemma of this section, we need to prove a lemma

about derivatives of polynomials on our algebraic group.

Lemma 6.1. Suppose that P is a polynomial in the coordinates of W(z), in the
parameters ¥, and in the coordinates of v'. Suppose also that D) is an integer such

that DO PO has integer coefficients. Recursively define

P(n+l) _ 0

8Ztn

[P™].

Suppose further that there are polynomials Qs with

0

W, = Q. (1,0, ..., Ty,
5V = QL )

and a positive integer k such that KQy s is a polynomial of degree q in ¥(z), of degree
q' in the parameters 9, with integer coefficients and length at most r'. Suppose that
each polynomial P™ has degree A™ in W(z), degree B™ in the parameters 9, and

degree C™ in ~'. Then k"D P™ has integer coefficients. Suppose that its length
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is E™ . Then we have

A <A n(g—1)
B™ <BO 4 ng

cm =0

DM —nn(0)

log E™ <log E© + nlogr’ 4 nlog(A® + n(q — 1)).

Proof. The proof is by induction on n, with the case n = 0 being clearly true. Let

us write
E®) EM™) N
(n) _ Pe A, Pe Aews
P = — D(N)ql _;D(n)li[l\ljs ’

where each p. is either 0 or +1 times a product of at most B™ ¥;’s and at most
cm 7;’s, and ZiV:1 Aes = AM™. (This is done by expanding a term with coefficient
+4 into ¢ different terms. Perhaps surprisingly, this method gives better bounds on

heights than taking heights of coefficients.) Similarly, we write

7,,/
1Y ’
Qt,s = E f\IIA“-
p=1

We also write ¢, for the vector with a 1 in the s’th position and zeros elsewhere, and
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we compute

(n+1) (n)
pntl 5 [P }
EM® N
_ e Aes
Z D 8—th
E(n)
—Z Pe ZAH@AE LS—\I/
E(”) N
_Z De Z Ae B Qs
E':") ]?/ r/
o Z pe }\E—LS Z &‘I’A/”
— — K
E(nl) N p 0 -
_ Ae,sPe Desslelp qyre—1s+X),

and from this we conclude that P™*1 has

AT <A™ 1 4 g
B(n+1) SB(n) + q/
ot —co)

Dt — . pn)

and since

N r (n)
=1

EM) B o N
22> A= <Z A) = B’ AW
e=1 s

=1 p=1 e pn=1 s=1

we also have

log B < log E™ + log ' 4 log A™.

These recurrences easily give the bounds stated in the lemma.
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precise value for E™ could be given by estimating

n—1

Z log(A® +i(q — 1)).

i=0
with an associated integral, but when n is large, this changes very little, so we will

have no need for this more precise bound. O

In order to give a lower bound on nonzero values of our polynomial, we need

to compute an upper bound on its height. Recall that we have a polynomial

P = Z a)\,zfiXA
A

which we can also write as
P=Y X
A

where

D
Dx = Z axi&i-
i=1

We also define

F=Pod=>Y pd*
A

Then we need to compute a lower bound for

D{ F(su) = ) " paDE(®(su)).

Lemma 6.2. (Inequality of the Tail) If D F(su) # 0, where |t| < (k+ 1)T and

0<s<(k+1)S, and t is minimal with this property, then

‘Dz F(su)‘ > eXp(—ClgU()).
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Proof. We would like to compute the height of DY F(su), but ®*(su) is not neces-

sarily even algebraic, so for each i we let v; be such that
| @i, (su)| = max |®; ;(su)].
j

Then we define

U, =®;,/D;p.
Now if we change ® to ¥, we can compute its height, but if we take T" derivatives
and then evaluate the derivative at the point su, it is very difficult to get good
estimates on the height. Instead, we need to translate first. (In some sense, this
could be thought of as taking a Taylor series around the point in question, instead

of around zero, in order to get a better approximation to the function.) That is,

D{ F(z)|,_,, = DL F(z + su)|

z=su =0"

For each 1 < i < k, let R(()i), ey RE@ be N; + 1 polynomials in the variables
20, -+ -y 2N, Wo, - - ., Wy, Which give, projectively, the sum of z and w, and are defined
at (hence in a neighborhood of) (®;(0), ®;(su)). By assumption, we can choose such
Ry) to be homogeneous of degree ¢; in the z variables, homogeneous of degree ¢; in
the w variables, of degree at most d; in parameters ¥ defining GG;, and of length at

most 7;.

Now, since we only have
;;(z+7') = R (®,(z), ®:(2))

up to a scalar multiple, we will deal in ratios

Dzt su) R (@i(z) Bi(sw) R (¥i(2),7)
Pivi(z+5u) RO (®(z), ®i(su)) R (¥i(2),7))
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where 7/ is projective coordinates for svy. This is not necessary for i = 0, since

®y(z) = 2. In particular, we have

F(z+ su) = Zp)\@)‘(z + su)

k N;

k
—Zp;}bo z + su /\OH(I)W z + su) HH

=1 i=1 j=0

(o
T LT (B (a0 )

= ZPA‘PO (z +su)™ | | Pipi(z+ su)™ H 6) ,
1 1 =0 \ Fi’ (Wi(2),7)
k N;

=1 > pa®o(z + su)* TTTT (R (i), 7)

A i=1 j=0

k L;
- H( i z—l—su))

=1 Rl(flz v (Z)/}/i)

P, i(z + su) Aivi
i (Z+ su

N

k3

o

7

=
<

Ai,j

Y

N—

where

By Leibniz’ Rule,
De(F/f) = De(F)/f
plus derivatives of F' of lower order than [t|, but since |t| is minimal with D&(F) # 0,
all such derivatives are zero.

A lower bound on the numerator of f is given by the inequality
log max |®; ;(su)| = H; (|sul).
J

An upper bound on the denominator of f will result from an upper bound on its
height. We can also get a lower bound on the factor D! (F/f) from an upper bound
on its height.

Since e is the basis (eq, ey, ..., €), where e; has [3; in position 0, 1 in position

1, and 0 in all other positions, then

(52 0N (g 0N
! 8z0 821 o -1 820 82[1_1 .
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Since

a a tj j t] tn a ti—n a n
(ﬁja—xa—zj) - (n)@' (a—%) (a—) ’

n=0

and

o [t|—[n] \ Ao! -
(870) (o + )™ = a0 + 5w

when \g— [t|+n| =Xg— (t1+ ... +t4-1) + (n1+ ... + n4-1) > 0, and zero otherwise,
we have
N;

@o(z +sw)* [T T (B (%i(2). w)””]

i=1 j=0

DE(F/f) =) paDi
A
— ZpA Dz ((Zo + SUO)AOQA)
b
B t1 ta—1 Ao! t1—n1 ta—1—nag—1
2ml (n) (n) C Do R+ e

a ni a Ndg—1
X (Z(] + SUO))\O_|t‘+‘n| X <0—21> c...0 (aZd_l) Q}\

where the second sum is over all d — 1-tuples of integers n = (nq,...,n4_1) with

0<n; <t;and A\g — |t| + n| > 0.

Taking the height of this formula, we get

w4/l <nltmb+n ({ () ()} )+
! <{ gl ) ’

h ({ o 261:11—%71}11) +h ({(suo))‘o_“‘ﬂn'}}\’n) +

() ) o))
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We can bound each of these as follows:
D
h({pa},) =h ({Z @A,ifi} ) <logD+h({{};,) +h <{a)\7i}>\,i>
i=1 by
<logD + DlogB+

Using the fact that the height of a collection of positive integers is the log of the

largest one, we have

h ({ (lel) . (fli—_ll) }n) <log(211 ... 241} = log(21) < (k + 1)T log 2

Ao!
h <log(M!) < Lglog L
<{(>\0—|t|+|n|)[}>\7n> <log(Xo!) < Lolog Lo

h({rmgi ) ) <Ot = Db ({8)) < (Lo)(k)(21og B)

Since wuyg is either 0 or 1, we have
h ({(Suo)x\o—ltlﬂnl}}\n) < ologs < Lolog((k +1)8).

Since Qx = Hle @i, we have

k

anl and,1 am',1 ani,di
O©...0 =7 = Aot OO T WA
2" oz O 1:[1 oz Doy
The polynomial
N; N
i &
Qi = H <R§ )(\Ili(z)afyz{)>
=0

has degree ¢;L; in the W,;(z) variables, degree ¢;L; in the coordinates of 7/, degree
c;L; in parameters ¥ defining G;, and length at most TZL’

Therefore, by Lemma 6.1,

8”1‘,1 8m,di

4,1 T Mid; A
0z 024,
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is a polynomial of degree ¢;L; +|n;| (¢; — 1) in the W,;(z) variables, degree ¢;L; in the
coordinates of 4., degree at most ¢, L; + |n;| ¢, in parameters 9 defining G;, and, after
multiplying by KLI”I, length at most 2 (/)™ (¢;L; + |ny| (¢; — 1))!™!. Evaluating at

z = (0 and taking the height, we get the upper bound

Lilogr; + |n;|log 7} + |ng| log(c;L; + |ng| (¢; — 1)) + |ny| log ks + ¢;L; h(~})

+ (¢;L; + |0y ¢;) h(G;) + (e;Li + [ng| (¢ — 1)) h(®,(0)).

Summing over 1 <1 < k, we get

({(2) () ) )
[

< Z Lilogr; + |n;|log 7, + |n;| log(c;L; + |ng| (¢ — 1)) + |ny| log k;

=1

+aLih(v) + (ciLi + [l ¢i) h(Gi) + (e Li + i (@ — 1)) h(%;(0))]
The denominator of f (evaluated at z = 0) is

k
(RS (®:(0),7))"
i=1
Since R&? is a polynomial of degree ¢; in the coordinates of ¥;(0), degree ¢; in the

coordinates of 7., degree ¢, in parameters 9 defining G;, and length at most r;, we

have

h <H (R&’;)(\Iu(om;))“)

=1
k
< [Lilogr; + ;L h(W;(0)) + ¢;Li h(y}) + /L h(Gy)] -
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Combining all of the above, we have

DE(F/S)],
[T (B9 (wi0),7) "

<logD + Dlog B + 9

+ (k+1)T'log2 + Lo log Lo + 2k Ly log B + Ly log((k + 1))

k
+ Z[2Li logr; + |n;|log 7, + |n;|log(c;L; + |n;| (¢ — 1)) + |n;|log k;
i=1

+2¢;Li h(7;) 4 (2¢;Li + 0| ¢i) h(Gi) + (2¢;Li + [0 (¢ — 1)) h(®;(0))].
We can bound these as follows:

logD+ DlogB+d+ (k+1)Tlog2 < (1+ Cyo+ (k+1)log2)(Uy/D)

Lolog Ly + 2k Ly log B + Lo log((k +1)S)
<((1/2)(Cs)log C + kCs + (1/2)(C) log((k + 1)C13))(Us/ D)
<((1/d)log Cy + 2k/d + (1/d) log((k + 1)C13))(Uy/ D)

<((1/d)log Cy + 2 4 (1/d) log((k + 1)C13))(Uo/ D)

k
> 2Lilogr; <(2/Chs) <Zlogm> (Uy/D)
=1

k
Z In;| log r; <|n|log maxr;
7
i=1

<(k +1)Tlogmaxr;

<(k+ 1)(log max ) (Uy/ D)
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k

Z In;|log(c; L; + |n;| (¢; — 1)) < |nllog mZaX(2(k‘ +1)T(q; — 1))
i=1

<(k+1)Tlog mZaX(Q(k +1)T(g — 1))
=(k+ )T (log(2(k + 1)T) + log mZaX(Qi - 1))

<(5Co + (k+ 1) log max(g; — 1)) U/ D)

k

Z In;|log k; <|n|log max k;
7

i=1

<(k 4+ 1)T log max k;

<(k + 1)(log max ;)(Uo/ D)

k
i=1
k A
< 2aLi(h(y) + 1)
i=1

k

i=1 i=1
k
i=1 =1
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k
2(20 L + In;| ¢)) h(G;) < 220 Th(G;) + |n| maquh(G )

i=1

< Z 2¢(Ug/D) + (k + 1)Tmzax ¢ h(G))

< (Z 2.+ (k4 1) max qé) (Uo/D)

i=1

k

Z(2CiLi + 0| (¢; — 1)) h(¥;(0))

<> 2T+ (k+ 1)T (g — 1)) h(%;(0))

=1

< Z (2¢; + (k4 1)(¢; — 1)) h(®,(0))(Uy /D)
Putting all of this together, we get

DE(F/£)],
[T, (R (®:(0),7)

<(Cro+ 14 (k+1)log2+ (1/d)logCy+ 2+ (1/d) log((k + 1)C43)
+ (2/C15) Zlogrl (k+1) 1ogmaxr
+ = CQ() + (k+1)log max( — 1)+ (k+ 1) log max x;

k
+ Z 2(k + 1)%¢;Cr + Z 2¢;+ Y 2¢, + (k + 1) maxg

=1 i=1 i=1

+Z2ez + (k+1)(g; — 1)) h(®;(0))(Uy /D)

<(Cip+ Cos — 1)Uy /D

<(Cy2 —1)Uy/D
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By Louiville’s Theorem, therefore, we have

DE(F/S)],
[T (B (w.0),7)

log > —(Crg — 1)Up.

Finally, since
log |;,,(su)| > H (|sw;) > —(1/k)U,
we conclude that

D F(su)| = | DY(F/ )| > exp(~Crally).
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Chapter 7

Evaluating the Constants
In this chapter, we assume that for each 1 < i < k, the group G is the

Jacobian of the genus-two curve
y2 = fz‘,6$6 + fi,5$5 + fz‘,4$4 + fz‘,3333 + fz',2332 + fiix + fio-

The parameters defining the group are ¥; = (fio, fi1, fi2, fiss fias fis, fis), and so

we define
h(Gl) = (17 fi,Oa fi,17 fi,Za fi,?n fi,47 fi,Sa fi,G)-

In the next chapter, we will see how to compute the polynomials Rg» and Q(l 7) The
result is the following: The polynomials ,(i’lj ) have degree ¢; = 2 in the variables
and degree at most ¢, = 4 in the parameters f;o,..., fis. The polynomials QQS”IJ )
have integer coefficients (so k; = 2) and length at most ; = 2234. The polynomials
Rg-i) have degree ¢; = 2 in each set of variables, and degree at most ¢, = 8 in the
parameters f;o, ..., fig, and length at most r; = 32920512. Therefore, c = 2 as well.

Since the Jacobian has dimension d; = 2, and dy = 1, we have d = 2k + 1. By

Equations 3.5 and 8.1,
k
Hf(G; Lo, ..., Li) = (Lo + 1) [J(16L;)
=1

and therefore we have
m = dl16" = (2k + 1)12*.
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Furthermore, this simple form of the Hilbert function allows us to guarantee

%H(G;L) < HE(G: L),

allowing us to take Cig = 0.

Now we choose the constants as follows: First we define

Cy=1/5
Cly =0
Cs =6d
Cyr =1

Co =2/d = 2/(2k + 1)

Cis =(2k + 3)1(2k + 2)%.

Then we guess an upper bound for C'4 and use it to define C;. One choice is the

following;:

C7 =28 4+ 16(2k + 3) log(2k + 3)

014 207018

Next, we guess an upper bound for Cg and use this to guess an upper bound for

Cs, which we use to define Cy. Then we can use these to define the remaining

85



constants. The result is the following:

log Cy <16k + 4 + (16k* 4 34k + 8) log(2k + 3)
Coo =2(k + 1)(18k + 5 + (16k* + 34k + 9) log(2k + 3))
=36k” + 46k + 10 + (32> 4 100k* + 86k + 18) log(2k + 3)
Cls =4k> 4 26k* 4 61k + 39 + (16k> + 50k? + 51k + 24) log(2k + 3)
Cyy =4k + 28K* 4 31k + 11 + (16k> + 50k? + 44k + 10) log(2k + 3)
Che =4(4K* 4 23k + 27) + 4(16k? + 34k + 14) log(2k + 3)
Ci3 =C14Cg
Cy =203 /mCi7 ' C
Cro =k +1)Ci
=4k3 + 27k? + 50k + 27 + (16k® + 50k* + 48k + 14) log(2k + 3)
Ci2 =C1p + Oy
=8k” + 53k* + 111k + 66 + (32K + 100k* + 99k + 38) log(2k + 3)
Coo =(k+ 1)(7/4+ 2(2k + 3) log(2k + 3))C16 + 1
C11 =(k+1)(11/4 + 2(2k + 3) log(2k + 3))C16 + 1
Coy =(k+1)(11/4+ 2(2k + 3) log(2k + 3))Ci6 + 1 + log(d — 1)
Cg =36k* + 49k + 16 + (32k” + 100k* + 90k + 22) log(2k + 3)
C3 =C11 +2(k+1)logd+ Cy + Cio+ 3k + 6

<Cyy + 4% + 63k + 99k + 43 + (48K 4 150k? + 136k + 34) log(2k + 3)
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It is readily checked that these formulas satisfy all of the inequalities from

chapter 4.

Computing the values of C'y = C3C5 from the above formulas, we get the first

8 rows of the table given in section 1.3, reproduced here:

Cy

2.1 x 10%
6.8 x 10112
6.6 x 10219
2.5 x 10369
4.9 x 1076
1.9 x 10808
2.1 x 101102

4.6 x 101448
9 (2k2)16k2+14k+3222k+8

[V 00 -1 O Ot i o N — | o

=~

The last row is computed by assuming k£ > 9 and computing upper bounds on

077 C’147 C167 C137 027 037 and ﬁnaﬂy Cl'
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Chapter 8
Jacobians of Genus 2 Curves

8.1 Classes of Divisors

As stated in [4] (chapter one), every curve of genus 2, over a number field K,

is birationally equivalent to a plane curve of the form

y? = f(z) = fea® + fs2® + fax’ + f32° + for? + frz + fo,

where the polynomial f(x) has degree 5 or 6 (i.e. not both f5 and fs are zero)
and has no multiple factors. (Indeed, the degree being at least 5 can be thought
of as oo not being a double root.) This form is unique up to a fractional linear

transformation of x and an associated transformation of y, of the form

x — (ax +b)/(cx +d), y — ey/(cx + d)*

where a, b, ¢, d, and e are elements of K, with e and ad — bc nonzero. If the
polynomial on the right has a root in K (e.g. if K is algebraically closed), then
one such transformation will make fg = 0 and f; = 1. This is often assumed in
the classical theory, but since number fields are not algebraically closed, and we will
not, in general, have a root in the field, we will not assume that fg = 0.

This curve is nonsingular at all finite points (z,y) but has a singular point at

infinity. In the case where fg # 0, there are two distinct places at infinity, whose
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power series are given by
", st +0@™))

for each of the two square roots s of fs. Using the notation of [4], we denote them
by oo™ and oco™. (If fs is real, then we can interpret the + and — as the sign of the
square root. In most cases, however, it won’t matter which is which.) In the case

where fg = 0, there is a single place at infinity, whose power series is given by
(2 Vst +0(9)
where the choice of the square root does not matter, since the change-of-variables

t— —t

changes one into the other. In this case, we will say that co™ = oo™

The Jacobian J is the group of divisors of degree zero modulo principal divisors.

Theorem 8.1. Fvery divisor class of degree zero contains exactly one divisor of the
form

P+Q—o00" —o00”
(for some points P and Q) on the curve) except for the zero (i.e. identity or principal)

divisor class, which contains all divisors of the form
P4+ P—oc0t —o00”
where P denotes the conjugate of P (under the Y — —Y involution,).

Proof. For the second part, if P = (a,b) is a finite point, then the line x = a
intersects the curve in the divisor
P+P—o0cot —o0.
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Similarly, if P is a point at infinity, then

P+P=co"+00"

and a nonzero constant function has the required divisor.
For the first part, let D be a divisor of degree zero, and let C' be the canonical
divisor
C=o00"+00".
Let L(C'+ D) and L(—D) be the vector spaces of functions with divisor greater than

or equal to —(C' + D) and D, respectively. The Riemann-Roch Theorem says that

dim L(C + D) = deg(C + D) + 1 — g + dim L(—D).

The genus g = 2, and the degree of C'+ D is also 2. The question that remains
is the dimension of L(—D). The degree of —D is zero. Since the divisor of a
function always has degree zero, any function in L(—D) must have a divisor equal
to —D. Therefore, L(—D) has dimension zero unless —D (and therefore D) is in
the principal divisor class. So if D is not principal, then the dimension of L(C + D)
is one, which means that there is a nonzero function f in L(C' + D), which must

have
div(f)=P+Q—-C—-D=P+Q—0cc" —0c0" —D.
Therefore
D+div(f) =P+ Q — oot — oo™

is in the same class as D. Furthermore, every other function in L(C + D) is a
constant multiple of f and therefore has the same divisor, so the pair {P,Q} is
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unique (up to exchanging P with Q). a

We shall, therefore, represent points on the Jacobian by pairs of points on
the curve, {P,Q}. Every point of the Jacobian can be represented in this way, and
the representation is unique (up to order) unless it represents the zero point of the
Jacobian, in which case we will usually simply write 0.

If the coordinates of P and ) belong to a field K, then elements of the Galois
group of K over K act on the divisor P + @ — oot — oo™ and the pair {P,Q}.
The divisor (or point on the Jacobian) is rational when it is fixed by the Galois
group. Therefore, it is rational if and only if P and () are both rational points
on the curve or are defined over a quadratic extension of K and their = (resp. y)
coordinates are conjugate to one another. In particular, co™ and oo™ are both
rational points if and only if fg is a square (possibly zero), and otherwise they are
defined over a quadratic extension (namely K (v/fs)) and conjugate. For example,
the pair {(v/2, 1 +v2), (=v2, 1 — v/2)} gives a rational point on the Jacobian of
the curve y? = 2° — 23 + 3.

Addition in the Jacobian corresponds to addition of divisors, but there is some
work involved in putting the sum in the same form as the summands. In particular,
the sum of the divisor

P1+Q1—OO+—OO_

and the divisor

P2+Q2—OO+—OO_
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can be written as

Pi+Qi—00" =00 + P+ Qy—00" —00” =P+ Q3 — 00" —o0”

for some points P3 and ()3. One way to find these points, in the general case, is
to compute the unique polynomial g(z) of degree less than 4 such that y = g(z)
passes through all four points Py, Q1, P», and (5. Then the divisor of y — g(x) is

—3(0c0™ 4 007) plus six points whose = coordinates are the roots of the polynomial

g(x)* = f(x)

and whose y coordinates are given by y = g(z). It is easily checked that four of

these six points must be Py, Q1, P, and @Q,, and the remaining two are P; and Qs.

8.2 Projective Coordinates

The Jacobian is also a complete algebraic variety, and therefore it can be
embedded into projective space and the group law given as polynomials in the
projective coordinates. This is proved in [20] by embedding Zariski-open subsets of
the Jacobian into affine 4-space. For example, when P = (a,b) and @ = (¢, d) are
distinct finite points and not conjugates of one another, then we may map the point
{P.Q} to

(a+c, ac, (b—d)/(a—c), (bc —ad)/(a—c)).

Notice that this is rational if and only if {P, @} is a rational point of the Jacobian.
It is customary to describe this mapping in terms of polynomials. That is, the
point on the Jacobian given by the two points P and () is represented by the pair
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of polynomials
U(T)=(T —a)(T —c)=T*— (a+¢c)T + ac

V(T)=T(b—-4d)/(a—c)— (bc—ad)/(a—c).

These are the (unique) polynomials such that U(T") is a monic quadratic whose roots
are the = coordinates of the points P and @), and V(7T) is a polynomial of degree less
than 2 such that both P and @ lie on the line given by y = V' (z). Notice that these
polynomials have the property that U(T') divides the polynomial f(T) — V(T)2.

Sometimes a third polynomial W (T') is also used, where

The group law may be described in terms of these polynomials using an algo-
rithm reminiscent of the method of reduction of quadratic forms. (This is known
as “Cantor’s Algorithm” in some sources.) We shall not have need to use this
algorithm, but details may be found in [3]. (See also [15].)

The map from the Jacobian J into affine four-space given by the coefficients
of U(T) and V(T') is, unfortunately, singular along the so-called “theta divisor” of
the Jacobian, where P or () is infinite, or where they are conjugates of one another.
(This is a divisor, or codimension-one subvariety, of the Jacobian, and not of the
curve.) This map can, however, be extended to the case where P = (). When doing
group law computations, this problem may be avoided by using polynomials of
different degrees on the theta divisor, and this technique works very nicely with the
algorithm for adding points. It does not, unfortunately, lend itself well to defining
a nonsingular embedding of J.
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A different embedding is given in [4] which is not singular. Its image lies in

projective 15-space. For P and @) as above (with a # ¢), we set

X5 = (a—c)?
Xu=1
Xiz=a+c
X9 = ac

X1 = ac(a + ¢)

Xy = a’c®

Xo=(b—d)/(a—c)

Xg = (be — ad)/(a — ¢)

X7 = (b — a2d)/(a — ¢)

Xg = (be® — a*d)/(a - ¢)

X5 = (Fo(a,¢) — 2bd)/(a — ¢)?

Xy = (Fi(a,c) — (a+c)bd)/(a — c)?
X3 = acX;

X, = (G(a, )b — G(c,a)d) /(a — ¢)?
X, = (H(a,c)b— H(c,a)d)/(a — ¢)?

X0:X52
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where

Fo(a,c) =2fy + fi(a+ c) + 2fa(ac) + f3(a + c)(ac)

+ 2fs(ac)? + fs(a+ c)(ac)® + 2 fg(ac)?
Fi(a,c) =fs(a+c) +2fi(ac) + fola + c)(ac) + 2f3(ac)®

+ fi(a+ ¢)(ac)® + 2f5(ac)® + fs(a + c)(ac)®
Gla,c) =Afo + fila+3c) + fo(2ac + 2¢%) + f3(3ac® + ¢*)

+ fa(4ac®) + fsa(ac® + 3¢") + fo(2a)(ac" + )
H(a,c) =2fy(a+c) + fic(3a + ¢) + fa(4ac?) + fzac*(a + 3c)

+ fi2ac®(a + ¢) + fsac*(3a + c) + fe(4a’c?)

Ten of these variables are even in the sense that they are unchanged by the
transformation

b— —b,d— —d.

The remaining six variables are odd, for they change change sign under this trans-
formation. The even variables are X, X3, X4, X5, X109, X11, X102, X13, X4, and
Xi5. The odd variables are X, X5, Xg, X7, X5, and Xj.

Some of the quadratic equations that are satisfied everywhere on the Jacobian
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include the following:

X15X14 :X123 - 4)(12)(14
X11X14 :X12X13
X10X14 :X122
X7X14 :X8X13 - X9X12
X6X14 :X7X13 - X8X12
X5X14 = f2X124 - f3X14X13 - f4X123 - 3f5X13X12 - f5X13X15
- f6X14X10 - 6f6X12X15 - 8f6X122 - f6X125 + Xg
X4X14 :X9X8 - f3X14X12 - f4X14X11 - f5X12X15 - 4f5X122
- f6X11X15 - 2f6X11X12 - f6X13X10
X3X14 :X12X5
X2X14 :XQXS - f3X14X8 - 2f4)(14)(7 - 2.fSAX714)(6 - 2f6X13X6 - f5X8X12
X1X14 :XE)XS - 2f6X12X6 - f5X7X12

XOX14 :X52

These equations are significant in that, when the variables are normalized by set-
ting X4 = 1, we can define the other variables as polynomials in only the four

Xs, Xy, X12, X135 (which are the coefficients of U(T") and V(7). In fact, the Jaco-

bian is defined, as an algebraic variety in P'5, by the above polynomials together
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with the following two:

0= —f1X124 — f3X14 X2 + 21 X13X12 — f5X122 —2XuX14 — 21 X014 X1 + X5 X3

0=X: — X5X12 — foX1y — faXDy — fs X2 X11 — f6X15X10 — 4f6X10X12

We can take limits as P approaches Q or @, and as one or both points grows

to infinity. The result are as follows: The identity (when P = Q) is

(1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0),

When P = Q = (a,b) (and b # 0 so that P # @), the image is

X5 =0 Xy =a’

X1y =1 Xo =f"(a)/(20)

X153 =2a Xs=—b+af'(a)/(2b)
X5 =a® X, =—2ab+ a’f'(a)/(2b)
Xy =2a® X¢ = —3a’b+a’f'(a)/(2b)

Then X, through X5 are defined from the equations above. Of course, since X4 = 1,
it suffices to define Xy, X9, X1, and X3, and then the others follow from the
equations above.

When P = (a,b) and Q is the point at infinity with y/z® = s for one of the
square roots s of fg (note that this only gives a rational divisor, hence a rational

point on the Jacobian, when fg is a square, and also note that fg = 0 implies s = 0),
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then the image is

Xis=1 X, = sa®

Xuu=0 Xg=sa>—b

X13=0 X5=0

Xi2=0 Xy = s%a® — sb = sXg

Xi=a X5 = 25%a* + fsa® — 2sab

X0 = a? Xy =25%a* + fssa® — 25%ab = sX;

Xg=3s X1 =453 + 3f55a* + 2f15a® + fysa® — 4s*a*b — frab
Xg = sa Xy = (25%a® + fsa® — 2sb)* = (X3/a)’.

These formulas can be obtained by substituting into the above equations ¢ = ¢,
writing d = +/f(t) as a power series in t~!, and taking the leading coefficient in
each expansion. The same formulas are obtained in the case where fg = 0 by
substituting ¢ = ¢> and d = /f(£2).

When P = @ is the point at infinity with y/x® = s for one of the square roots
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s of fg, then the image is

X15=0 X; = 165"

X1 =0 Xg = —8f55°

Xi5=0 X;=0

X15=0 Xy = —8f;s

X1 =0 X3 = 45*(f2 — 4f4s?)

X0 = 165" Xy =45 (f2 — 4f4s*) = 5X3
Xo=0 X, = 2s(4fsfs8* — 3f2 — 8f3s")
Xg=0 Xo = (f2 — 4f,5°)°.

These formulas can be obtained by using either the formulas for () = oo or the
formulas for P = ) and substituting the power series obtained from b = \/f(a).

Notice, in particular, that this formula also applies when s = 0, in which case

P+Q—00" —00" =00+ 00—00—00=0,

and so we have the zero point

(1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0).

As pointed out in [4] (at the end of section 2.3), these projective variables
generate the same line bundle as Mumford’s theta functions (see [22]). Therefore,

the Hilbert function for the Jacobian is

HE(J; 2) = (42)?, (8.1)
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and therefore this embedding of the Jacobian into projective 15-space maps the

Jacobian onto a 2-dimensional surface of degree 32.

8.3 Local Series

It is useful to consider, as described in [4] (section 2.3), the behavior of basis
elements near the zero of the Jacobian. To do this, one normalizes to Xy = 1 and

writes the other coordinates as power series in X; and X,. The leading terms are

X3 =X7+... Xo=X3+ ...
X, =X Xo+... X0 =X!+...
X5 =X +... X1 =2X7X, + ...
Xe =X} +... Xio =X7 X5+ ...
X7 =XiXo+ ... X3 =2X, X5 + ...
Xe=X1X2+... Xy =X5+...

6
Xis=4) fX{X37 4.

J=0

Cassels and Flynn point out in [4] that the local series are useful for finding
relations between the basis elements. Other uses stem from the fact that a function
given by local series has a unique form, whereas the same function can be described
in many different ways using projective coordinates. For example, it is easy to take
the square root of a square function described as a local series, but it is much more
difficult to do the same thing directly with projective coordinates.

Furthermore, even when dealing with projective coordinates directly, or when
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dealing in the x and y coordinates of the points P and @), it is useful to speak of the
“order” of coordinates or functions, where this order is defined as the order of the
local series (or as the order of vanishing of the function at the origin). For example,
X has order 0, X; and X5 have order 1, X3, X4, and X5 have order 2, X4 through
Xy have order 3, X through X4 have order 4, and X5 has order 6.

We describe how to compute the local series for the basis elements. Recall that
the zero of the Jacobian is the represented by the pair {(a, b), (¢, d)} with a = ¢
and b = —d. Therefore, we first write ¢ = a — h ([4] says ¢ = a + h, but this is a
typo, as it gives different signs on many of the other formulas in [4]) and then we

write d = y/f(a — h) as a power series in h with first term —b,

RN (O PO L)t T )

50 @) h? 4+ O(h?).

Then all of the basis elements can be written as power series in h by substitution.

For example,

_ H(a,c)b—H(c,a)d  a af'(a) —2f(a)
X0= Flao —2da—o " T (@

W+ O(h°).

Since the leading terms of X; and X, are, respectively, ah/2b and h/2b, one can
read off the first terms of a local series from the coefficients of a. That is, take
the coefficient of the leading term A", multiply by (2b)", and the result will be
expressible (possibly by changing b? to f(a)) as a polynomial in a, of degree at most
n. The coefficient of a/ in this polynomial is the coefficient of X7 X3/ in the local

series. For example,

ac(a — )’ a® 5 2a(af'(a) —2f(a))

X p— pr—
2= Folac) —20d @’ T (20)"

h? + O(h*)
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has leading coefficient a?/(2b)? of h%. Multiplying by (2b)?, we get the polynomial
a®. Therefore, the first-order terms of the local series for X3 are X?2. By substituting
X { X5 ~ (as a series in h) for a/ and subtracting the resulting series, one may expose

the terms of next degree and repeat the process. For example,

_fo + faa’

2 _

h* 4+ O(R®),

and so the second-order terms of the local series for X3 are —f41 X} — foX;.

The power series that are computed in this process have rational functions for
coefficients that tend to grow large very quickly and become difficult to compute,
so certain optimizations help considerably. One can avoid the need for rational
functions and use only polynomials if one writes everything as power series in k =

h/(2b)? instead of h. For example,
X3 = a®(20)%k* + 2a(af'(a) — 2f(a))(2b)%k* + O(K*).

Of course, this necessitates dividing the coefficient of ™ by (2b)" instead of multi-
plying.

Furthermore, doing these computations requires some changing back and forth
between a and b (that is, between f(a) and b?), which is easy to do manually but
harder to automate. It turns out, however, that one can avoids all use of the variable
b, which makes the computations run significantly faster. It turns out that d/b can

be written easily as a power series in k& whose coefficients are polynomials in a,
d/b=—1+2f"(a)k +2(f'(a)* — 20> f"(a))k* + O(K?).

Furthermore, if we let n be the order of X, then X;/(2b)" can be written in terms
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of a, ¢, and d/b (by changing b to f(a)). The first term in the resulting series is k"
times a polynomial in a of degree at most n, and the coefficient of a’ is the coefficient
in the local series of X7 X3 7. Those terms of the local series should be subtracted
off in order to get the next term. Since each of the basis elements is either even
or odd, there is no k™! term, and the higher terms will now all be divisible by
(20)? = 4f(a). After dividing, the coefficient of k"™ is a polynomial in a whose
coefficients give the next terms of the local series, and so on.

Repeating our previous example with this new method, we have

(;;;32 = a2]q;2 + 2a(af’(a) — 2f(a))/€3 + O(k4)7

and we pull off the first-order terms X? from the leading coefficient. Then we
subtract the first-order terms. Notice that since we have stored X /2b and X5/2b, we
can simply use the squares of these series, and the denominators match. Subtracting
the first-order terms also eliminates the k2 term, and the result is divisible by (20)?,

so we divide each term of the series by 4f(a), and get

<(;§;§2 B (%) ) = (—fo — faz" )k* + O(K”).

Mathematica® code for generating the local series can be found in Appendix B.

8.4 Quadratic Forms

The group law on the Jacobian, as will as derivatives of the coordinate func-
tions, can be given by quadratic forms in the 16 basis elements. The quadratic forms

that are zero on the Jacobian give a set of defining equations for the Jacobian as a
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projective variety. For these reasons and others, it is worthwhile to understand the
space of quadratic forms on the Jacobian.

By 8.1, the vector space of quadratic functions on the Jacobian has dimension
64. Since there are 16 x 17/2 = 136 ways to multiply 2 of the 16 basis elements
together, the vector space of quadratic forms that are zero on the Jacobian has
dimension 72. A basis for this vector space can be downloaded from Flynn’s ftp
site, as stated in [4].

It is useful to categorize these functions by their orders, as introduced in the
previous section, and we will give an explicit basis for the vector space of quadratic
functions on the Jacobian.

Consider the vector space of all local series of order n modulo those of order

n + 1. Since this vector space is generated by the basis

XXX, L X X XY

it has dimension n + 1. Consequently, the subspace (which we will denote V,, for
the moment) of quadratic functions of order n modulo those of order n + 1 has
dimension at most n + 1. It turns out that we get equality when n < 9. In fact,
when n < 8, it is easy to find a basis for V,, by looking at the leading terms of the
local series. For n = 9, one has to look at second-order terms in the local series to

find ten generators.
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3

Basis for V,
{X3}
{Xo X1, XoXo}
{ X0 X3, XoX4, XoX5}
{XoXs, XoX7, XoXs, XoXo}
{XoX10, XoX11, XoX12, Xo X3, XoX1a}
{ X3 X6, XuXe, X5X6, X5X7, X5X5, X5Xo}
{X3X10, XuaXi0, X5X10, XaX12, X5 X192, X4 X14, X5 X4}

{X6X10, X7X10, XgX10, XoX10, XeX12, XoX12, XgX1a, XoXia}

{X10X10, X10X11, X10X12, X10X13, X10X14,

X1 X4, X190 X4, Xi3 X1, X1a X1}

9| {XeXi5, X7 Xi5, XeXi5, XoXi5, 2X7 X109 — X6 X11, X X190 — X6X12,
X9 X10 — X7 X1z, XgX1p — XeX14, Xo X120 — X7 X1, XoXi3 — 2XgX14}

0| N[O O =W N~ O

We have given 55 linearly independent quadratic forms in the above table,
which means that there are still 9 dimensions left undescribed. It turns out that
8 of them have order 10, and the remaining 1 has order 12. A basis for the 8-

dimensional space Vjq is given by

X15X10 = (a — ¢)%a*c?
X15X11 = (a —¢)*(a + c)ac
X15X12 = (a — ¢)%ac
X15X13 = (a — ¢)*(a+c)

X5 Xy = (a - 0)2
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—X15 X5 + 4f6 X10X12 + 2[5 X10 X013 + 4/1X10X14

+2f3X11 X 14 + 42 X120 X14 + 2/1 X13 X014 + 4fX14 X104 = Fo(a, ¢) + 2bd
—X15 X4 + 26 X10X11 + 4f5 X010 X012 + 2/2 X190 X33

4 f3X10X14 + 2 f2X11 X1y + 4 /1 X120 X1y + 2 foX13 X1 = Fi(a,c) + (a + c)bd
—X15X3 + 46 X10X10 + 2/5 X10X11 + 4/2X10X12

+2f3X10X13 + 412 X10X14 + 2f1. X011 X4 + 46 X12 X4 = ac(Fy(a, ¢) + 2bd)

The 1-dimensional space Vi, is, of course, generated by

Xis = (a—o)*.

8.5 The Kummer Variety

Associated with the Jacobian of our genus-2 curve is another variety known as
the Kummer variety. It is a 2-dimensional surface embedded into projective 3-space,
and it is defined by (&3, &, &3, &4) € P3 satisfying a certain fourth-degree polynomial
which can be found in [4], chapter 3. There is a surjective map from the Jacobian

to the Kummer variety given by

(&1, 82,85, 64) = (X4, Xu3, X129, X5),

which is two-to-one except at the 16 (complex) points of order 2 on the Jacobian,
where the Jacobian points P and —P map to the same point on the Kummer variety.
The above map is not properly defined at certain points where

Xy = X3 = X2 = X5 =0,
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namely, at points corresponding to the divisors P + ) — oot — oo™ where P or )
is itself a point at infinity. The map does, however, extend continuously to such
points, and the map becomes as follows. When P = (a,b) and @ is the point at

infinity with y/23 = s for one of the square roots s of fs, the image is

(fl, 52, 53, 54) = (O, 1, a, 2S2CL3 + f5CL2 — 28b>,

and when P = () is a point at infinity, the image is

(51752753754) = (07074f67f52 - 4f4f6>7

The identity maps to (0,0,0,1).

The Kummer variety plays two important roles for us. One is an aid related
to the projective heights of points of the Jacobian, as the Kummer variety plays the
role that the x coordinate plays in heights of points on an elliptic curve. The other
is an aid related to the group law on the Jacobian. While the Kummer variety is
not itself an abelian variety (or an algebraic group), some elements of the group law
on the Jacobian remain, and they are simpler and easier to compute than the group

law on the Jacobian, and they are useful in computing the full group law.

8.6 Heights

We defined the Kummer variety by the map

(&1, 82,85, 64) = (X4, Xu3, X129, X5).

Projectively, we also have

(€2, 6169, 6163, 6164) = (X14, X3, X12, X5),
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and under this normalization, the space of linear forms in the ten even variables on
the Jacobian is the same as the space of quadratic forms on the Kummer variety.

We have the relations

§1& =X §283 =X1
§1&2 =Xu3 §284 =2Xa + fiXua + f3X19 + f5.X00
183 =X §3€3 =X1o
164 =X5 §38a =X33
&6 =X15 + 4X1 1&1 =Xo.

This provides us with the very useful relation between projective heights on the

Jacobian and projective heights on the Kummer variety

Lemma 8.2.

2h(&, &9, 63,8) < h(Xo, Xq,..., Xq5) +logh.

Proof. This follows from the above equations and the equality

2 h(fb 527 537 £4> = h(é%v 5227 gg? fi)
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Reversing the above equations, we get

Xo=6; Xow =66

X, =656 X1z =16

Xy =56k — il — Ftas — ) Xis =616

X5 =616 Xuu =

X = Xi5 =6 ~ d6its

Unfortunately, since the &; variables are unchanged by negating the point on the
Jacobian, we cannot express the six odd variables as polynomials in the &;’s. We

can, however, write their squares as quadratic polynomials in the ten even variables.

Xt =faXoXio + fof 3 X7 + f3f6 X7 — Afafafe X7y — Af1 f5 fs Xio+
SrlE X0 X0 — 4f1fafe X0 X1 + 2f0f3 X10X12 — 61 f3 fe X10X12—
16 fo f1f6X10X12 + 8o fs fsX11 X12 + 16 fo o f6 X7y — 120 f3 f6 X10 X135+
8fof1f6X12X13 + foXo X4 — 2fof3fs X10X14 — 3f7 foX10X 14—
20f0f2f6X10X14 — BfoSf1S6X11X14 — 2fo 1[5 X12X14+
(fof2 — 4fofafe) X10X15 + Xo X3 + fsfsX10X5 — 4fafeX10X5—

4f0f6X15X3 - 8f1f6X10X4 - 4f0f5X12X4 - f1f5X10X5 - 16f0f6X10X57
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X3 =feXoX10 — 2/1fsf6X10X12 + 8o fs f6X11X12 + 16 fo faf6 X7p—
8 fofs f6X10X13 + 8fof3 feX12X13 + f2XoX14 — 3fofe X10X14—
2f1f3f6X10X14 — 20 fo faf6 X10X14 — 120 f3f6 X11X1a — 6o f3 [5X12 X 14+
217 f6X12X14 — 16 fo fo fe X12X1a + f7f5X13X1a — 4fo fofs X13 Xrat
Jofs X3+ [L1X3, — AfofofaX3y — Afo 1 5 X T+
(fifo — Afofafo) X1aXs — 4f1 f6X12Xs — 8fo fs X1u Xy + XoX5—
J15X12X5 — 16 fo fe X12X5 + f1/3X14 X5 — 4f0 /1 X14 X5 — 4f0 f6X15 X5,

Xg =[1X10 + f3X10X11 + 4f2X10X12 + 3 /1 X10X15 + 9foX10X 14+
foX10X15 + fiXnuXis + 6 foX12X15 + foXi5 + X10Xs,

X7 =f6X70 + foX10 X1 + [iXnuXu + 4foX12 X + foXuXis + X10Xs,

X82 =4 f6 X10X12 + f5X10X13 + fuX10X14 + foX124 + f6X10X15 + X12X5,

Xg =9f6X10X14 + 3fsX11X14 + 4f2X12X14 + f3X13 X104 + o X7+

66 X12X15 + fsX13X15 + [1X1aX15 + f6XT5 + X14X5,
This allows us to prove a counterpart to the previous lemma.

Lemma 8.3.

3 1
h(Xo, X1,...,X15) <2h(&, 8,8, 8) + 3 h(J) + 5 log 184,

where h(J) is defined as

h(‘]) = h(lvf0>f1af2af3>f4af5>f6)'

Proof. We have
Qh(X(), Xl, e ,X15> == h(Xg, X127 ce ,X125).
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Then we can substitute the above formulas for the squares of odd variables as
homogeneous quadratic polynomials in the ten even variables. Next, we substitute
the formulas for the ten even variables as homogeneous quadratic polynomials in
the four &; variables. Then result is sixteen homogeneous polynomials of degree 4

in the &;, of degree at most 3 in the f; coefficients, with lengths at most 184. O

One useful property of heights (shared with any positive definite quadratic
form) is

B(P1+...+Pn)§n<B(P1)+...+E(Pn)).

This is a corollary of the following theorem, since his a quadratic form and also

satisfies 0 < h(P) for all P (i.e. h is a positive definite quadratic form).

Theorem 8.4. [fﬁ 1s any quadratic form, then

b <lej> +;i(i11)ﬁ (;Pj—m) :n;ﬁ(a).

For example, when n = 2, h(P 4+ Q) +h(P — Q) = 2(h(P) + h(Q)), and when

A~ A~

n=3h(P+Q+R)+Ih(P+Q—2R)+3h(P—Q)=3(h(P)+h(Q)+h(R)).

Proof. To say that h is a quadratic form is to say that the pairing

(P,Q) =5 [a(P+Q) —h(P) - h(Q)]

N | —
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is a bilinear form. Therefore, we have
) n n n R 7 .
h (ij) P ol (ij ‘”32)
7j=1 i=1 7j=1
n n n n 7 )
= P; P _— P, —iP;, P, — 1P,
(Engn) Sty (Gn-ngn-)

J=1

n

=D > (PP
j=1

k=1

where for j = k we have

n

- n
=1 —(k=1))P—m— =
ek +;i(i+1) k=D~ "

(notice that the middle term is a telescoping series), and for j < k,

- n n
=1 k- =0
ik +§z’(i+1) k== ="

Similarly for k£ < j. O

8.7 Projective Group Law

We already described the group law in terms of divisors at the end of section
8.1, as did Cassels and Flynn in [4]. We also mentioned Cantor’s algorithm for
adding points in the form of pairs of polynomials in section 8.3, as described in [3].
The article [15] shows that these two are equivalent.

Since the Jacobian is an abelian variety, however, the group law must be
expressible as rational functions. Either of the above methods can be implemented
generically to get such rational functions, but the degrees become quite large.

Cassels and Flynn show in [4] that the group law can be expressed in bi-
quadratic forms in the following sense. Writing X;(P) for the ¢'th projective coor-
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dinate of the Jacobian point P, there are 256 biquadratic forms VU, ;(X(P), X(Q))

such that the 16-by-16 matrix

(v, ;(X(P), X(Q)))”

is projectively (i.e. up to a scalar multiple) the same as

(Xi(P = Q)X;(P+Q)), ;-

This gives 16 different group laws, none of which is defined everywhere, since any
row is all zeros whenever X,;(P — @) = 0. For every P and ), however, one of the
16 group laws is defined, since at least one of the coordinates of X;(P — (@) must be
nonzero.

Cassels and Flynn indicated how these polynomials could be computed, but
they did not compute them. They did, however, compute sixteen bilinear polyno-

mials @, ;(X(P),X(Q)) such that the 4-by-4 matrix
(2:,;(X(P), X(Q))), ;

is projectively the same as

(&G(P = Q)§(P+Q)); ;-

As we saw, the even projective variables can be written as quadratic polyno-
mials in the ¢ variables. Therefore, the even-even polynomials U, ; (that is, when
X; and X are even variables) are straight-forward to compute using the following
method:

First, write X;(P—Q) and X,;(P+Q) as quadratic polynomials in the variables
& (P—Q) through & (P—Q) and & (P+Q) through £,(P+Q), respectively. Multiply

113



the two polynomials together. Then each term is a product of two of the (P — Q)
variables and two of the £(P + ) variables. Pairing up one of each in two pairs,
replace &, (P — Q)&(P — @) with the polynomial @, ,(X(P), X(?)). The result is
the polynomial ¥, ;(X(P),X(Q)).

The even-odd and the odd-odd polynomials are much harder to compute.
Cassels and Flynn suggested the following method: First, take the square of X;(P —
Q)X,;(P+Q) and write the square as a biquadratic polynomial in the even variables.
Then use the method from the previous paragraph to convert this to a biquartic
polynomial in X(P) and X(Q). Finally, take the square root.

They gave no suggestions as to how the square root could be computed, and
this computation is far from trivial, since the resulting biquartic polynomial is not
the square of a polynomial except modulo the ideal of the Jacobian.

One method for computing this square root is this: Express the square as a lo-
cal series in X;(P), Xa(P), X1(Q), and X5(Q). (It is computationally faster to write
the polynomials ®; ; as local series, and then compute the square of ¥, ;(X(P), X(Q))
directly from these.) Since the local series are expressible in a unique way (unlike
quadratic functions on the Jacobian), the resulting local series is the square of a local
series. That is, the terms of lowest total degree form the square of a homogeneous
polynomial in X;(P), X5(P), X1(Q), and X5(Q). Take one of the square roots of
this polynomial. The sign can be determined later, after the full biquadratic form
is recovered, by computing its value at some P and () and checking the sign. The
higher-order terms of the local series are easily determined from the usual formula
for the square root of a power series. If the degree-n terms of the square are given
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by s,, and the first term of the square root is 7 (of degree k), then for n > k, the
degree-n terms r,, of the square root are given inductively by
n—1
(Snek — D TiTnsr—i)/(2r5).
i=k+1

At this point, the challenge is to convert the local series of the square root back
into a biquadratic form in projective coordinates. This can be done using a variation
of the method described in section 8.3. If the lowest-order terms have bi-order (i, )
(that is, order 7 in X;(P) and X5(P), and order j in X;(Q) and X»(Q)) with i <8
and j < 8, then they can easily be converted back to biquadratic forms since the
leading terms of the basis elements given in section 8.3 have one term each. One
can then subtract the local series given by the biquadratic forms determined in this
way, and the result is a biquadratic form with order (at least) one higher.

When there are terms of lowest order that have bi-order (i, j) with, say, i > 9,
then the biquadratic forms necessary to eliminate these terms is harder to compute,
but it can be done using linear algebra. One generates a matrix expressing the
coefficients of a basis for biquadratic forms of bi-order (4, j) (modulo those of higher
order), augments the matrix with the coefficients sought, and solves. If j < 9, this
can be done for each power of X;(Q), so the result is, at worst, a system of 10
equations in 10 variables. When ¢ > 9 and j > 9, the system of equations can be as

large as 100-by-100.
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8.8 Derivatives

The complex points on the Jacobian J(C) form a group isomorphic to C?/A

for a particular lattice A. The isomorphism

P+Q—o00" —00" — (21,22) mod A

is given by
P Q
d d
a=1 Ty / o (8.2)
oot Y co— Y
P Q
z dx xdx
ZQZ/ —+/ rar (83)
oot Y co— Y
Note that

so that switching P and () does not change the image mod A.

We would like to take derivatives of functions J — C with respect to z; and
zo. If we let P = (a,b) and QQ = (¢, d), then, away from the theta divisor or the
curve where P = (), the variables a, b, ¢, and d are determined locally by z; and z,.

We can, therefore, determine their derivatives by inverting the function

(a, b, ¢, d) — (21, 29).

From this, we can determine the derivatives of the 16 basis elements for the Jacobian,
which will be polynomials in the same basis elements, and then the derivatives on
the theta divisor and where P = () will follow by continuity.

Directly from the definitions of z; and z3, and using the fact that P and @) are
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independent of one another, we compute

% ~ Oa ot Y b
0z 0 /W’) 2 dy 2

0n 0 /(“’b)d_x 1

) Fl@) fla)
0z 0 /(c’d) dv 1
Joc OcJor y d
0z O /(C"“ 2 dy 2

ad 9 Joor ['(x) (0

dzy 0 @b o dg _a
% —% L+ 7 B E

Dzg 0 (a.b) 2vdy  2a
0 0bJr fz) Fla)
Ozg 0 ©d) »dx _c

dc e /oo+ y d

Oz, 0 (d) 9 dy 2
ad ad )+ f(x)  f(o)

Considering a and b as functions of z; and 2z, and z; and zy as functions of a, b, c,

and d, we get

_ Oa _8a% da 0z

"= % 0200 " 0m 00
)00 _000n 000,
dc 0z Oc 0z Oc
O _ b om0
b 0z Ob 0z Ob

0 Ob  Ob 0z = 0Ob 0z

=94 0., 04 9% 0d
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Substituting the above formulas and solving, we compute

da  —bc da b

9z a—c dz a—c
ob  —cf'(a) ob  f'(a)
021 2(a—c) 0z 2(a—c)
dc  ad dc  —d
9z a—c dz a—c
od  af'(c) od  —f'(c)
021 2(a—c) 0z 2(a—c)

Normalizing to X4 = 1, we can compute, for example,

iX _i( +C)_%+00_ _bc+ ad  ad—bc
071 13_8z1a N N

0z 8—z1_a—c a—c a—c
The derivatives of a few of the basis elements with respect to z; are

0
a—leg =(—4fsX10X13 — 3fsX10X14 — /i X5y — 2X14X4)/2
0
87X9 =(—14fsX10X14 — 3fs X011 X104 — 22 X120 X14 — 4f6.X12X15 — X14X5)/2
1

0

a—Xlo = —2X12X7
<1
0
8—X11 = — XX — 2X12 X3
21
0
0—X12 = — X4 X7
<1
0
8—X13 = — X1y Xy
<1
0
— Xy =0
o2 14
0
8—X15 =2X14 X7 — 2X 12 Xy.
<1

118



Without the normalization of Xy, = 1, these may be written

0 Xg
021 X1
0 Xy
921 X1
0 Xio
021 X1
0 Xn
921 X1
0 Xio
021 X1
0 Xi3
921 X1
0 Xu
021 X1
0 Xis
921 X1

=(—4fsX10X13 — 3f5X10X14 — 1 X7, — 2X1uXy) /2X7,

=(—14f6X10X11 — 3fsX11.X14 — 2[2X 12X 14 — 4f6X12X15 — X14X5)/2X7,
= 2X 1, X7/ X3,

=(— X1 Xs — 2X12X3)/ X2,

=— X7/Xu

=— Xg/Xua

=0

=(2X 14 X7 — 2X12X9)/ X2,

The derivatives of a few of the basis elements with respect to zo are

%XLZ =(14fsX 10X 14 + 35 X1 X104 + 21X 12X 14 + 46 X12 X105 + X14X5)/2X3,
8%2%94 =(10f6X11X14 + 105 X 15X 14 + 2[4 X13 X 14+
fa Xy 4 4fe X13X15 + 3f5.X14X15) [2X7F,4
%% =2X12Xs5/ X7,
%% = (X1 X7 +2X15Xo) /X7,
2 =X/
%% =(—4X14Xs + 2X13X0)/ X7y
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Chapter 9
Application to Diophantine equations

9.1 The General Method

The lower bound for a linear form in logarithms on algebraic groups may be
applied to solving certain Diophantine equations. By way of example, suppose that

x and y are integers, and the point (z,y) belongs to a particular curve of genus two,

y? = for® + f32° + fix' + f32° + for® + fiz + fo,

with f; € Q. Either x (and therefore y) is relatively small, or the point (z,y) is
near a point at infinity. In the first case, we can simply try all such x values. In the
second, we use the following method:

First we choose an embedding of the curve into its Jacobian

L C — .

If Q is a rational point on the curve, then we can take ((x,y) = (z,y)+Q—o0c0t —o0™.
(For example, in the case fs = 0, where co = co™ = 00, taking ) = oo is the same
as using the embedding «(z,y) = (z,y) — 00.) When no rational point is known,
or it is more desirable not to distinguish any particular rational point (particularly
when the points at infinity are not rational), we can still use the embedding ¢(z,y) =

T — oo™, although this generally doesn’t give as favorable inequalities.

2(1’, y) - 0
We let P denote the image in the Jacobian of our point (z,y), P = «(z,y).
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Next we find a Mordell-Weil basis Pi,..., P, for the rational points on the

Jacobian. Then we know that
PIH1P1+TL2P2+...+HTPT+T

for some integers n; and a torsion point 7" of the Jacobian. Furthermore, by finding
the rational torsion subgroup of the Jacobian, we can get a small positive integer t
such that

tI'=20

for all rational torsion points 7. Now if we write

N = max |n,|,
1<i<r

then we only need to find an upper bound Ny for N, and then we can try all
combinations
P=nmPi+nb+. .. +nb+T
with |n;| < Np.
Let
¢:J—C?
be an inverse of the exponential map, so that reducing the image mod the lattice of

periods A gives an isomorphism
¢:J— C?/A.
By equations 8.2

(a:b) g4 (¢d) 4 (@b) 1 d (¢d) rd
¢<<a,b>+<c,d>—oo+—oo->=</ Y e
oot ) 0o~ ) oot ) 0o~ )
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Then we have
¢(P) = n¢p(Pr) + npd(Pa) + ... +n,¢(P,) + (1) mod A,

and since to(T) = ¢(tT) € A, we can write this as

A(P) = n1¢p(Pr) + nad(Pa) + ... + no(Pr).

If P is near, but not equal to, a point at infinity, then ¢(P) will be near, but
not equal to, ¢(co®). The lower bound we have proven gives a condition on the m;’s
which ultimately bounds them to a finite set.
More precisely, we will find positive constants ¢; which verify the following
inequalities:
¢;N? <h(P)
h(P) <h(P) + loge;

h(P) <c4log|z| + logcs

ce log|z| <logc; — log ‘(b(P) — p(1(c0%))

)

which we can put together to get
N? < ¢g — colog }gb(P) — qu(L(ooi))} :
Then our lower bound will give us something of the form
log [¢(P) — ¢(1(00))| > cro(log N)*,
and our upper bound for N will result from combining these inequalities

N? < ¢g — coero(log NP
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9.2 Proving the Inequalities

Lemma 9.1. The canonical height on the Jacobian of our genus 2 curve satisfies
h(P) > AN?

where X is the smallest eigenvalue of the height matrix

- (i),

and

~

(P, Q) =h(P +Q) —h(P) —h(Q)

15 the so-called Néron-Tate pairing.

Proof. Since

1=1

we have
- 1
h(P) =3 > (P, Pyyniny
i<ij<r
and therefore
h(P) = n"Hn
where n is the column vector with components nq, ..., n,.. Then since H is sym-

metric, if D is the diagonal matrix of eigenvalues of H then there is an orthogonal
matrix Q such that

H=0"DQ.
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Now let m = On, and then we have

h(P)=n"Hn =n"Q"DOn = m"Dm = Z \im?

i=1

>\ Z m? = m’m = n"9"9n = \n"n

i=1
I8
2 2 2
— 2 > 2 _ ]
)\an —Alngl?g}fnnl AN
i=1
]

Next to the rank r, which we have no control over, this constant A is the most
significant constant in our computations. In the article [35], the authors describe an
algorithm by which a Mordell-Weil basis may be modified (if » > 1) to maximize \.

Recall that we defined

h(J) =h(1, fo, fr, f2; f3, fa, f5, fo)-

Lemma 9.2. The naive height satisfies

R 4 1

Proof. Theorem 3.4.1 of [4] gives biquadratic polynomials B;; in & corresponding

to a point A and &; corresponding to a point B such that, projectively,
(&i(A+ B)§(A = B) + &i(A = B)§;(A+ B)) = (2Bi;(A, B)) .
Taking A = B, we get a formula for the &; corresponding to the point 24, namely
(2B41(A, A),2By2(A, A),2Bs3(A, A), Bya(A, A)).

The result is four polynomials, homogeneous of degree 4 in the ; (corresponding to
the point A), of degree at most 4 in the f; coefficients, and of lengths at most 2744.
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Therefore, we conclude that

h(2P) < 4h(P) + 4h(J) + log 2744.

By induction,

h(2"P) < 4" h(P) + 4 (44 — 11) h(J) + (44 — 11) log 2744.

So we conclude that

4 1
Lemma 9.3. When P = 2(x,y) — oo™ — oo™, its naive height satisfies
h(P) < 8h(x) + 2h(J) + log 181.
Proof.

h(fl, §2> €3> 64) = h(Xl4a X13> X12> XS)

f'(z)
2y

2
:h(1,2x,x2,< ) — (fo+ 23 f3 4+ 42® f1 + 62° f5 + 92" f5))

=h(4f(x),8xf(x), 40 f(x), f'(2)* = 4f(2)(f2 + 20 f5 + 4a® fo + 62° f5 + 92" f;))

where each of those four expressions are polynomials in z of degree at most 8, in

the f; of degree at most 2, and the sums of the absolute values of the coefficients in

the four polynomials are, respectively, 28, 56, 28, and 181.

Notice that when x is an integer, h(x) = log|z|, so this provides the necessary

inequality. This bound may be tightened in various ways. One way is to substitute
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the values for the f;’s into the formula

h(4f(z),8xf(x), 42 f(x), f'(2)? — 4f (2)(fo + 22 fs + 42> f1 + 62° f5 + 92 fs)),

then clear denominators, eliminate any common factors, and replace
2h(J) + log 181

by the logarithm of the sum of the absolute values of the coefficients of the four
polynomials.

Additionally, if x is assumed to be an integer of absolute value at least M
for some number M, and any denominators in the f;’s have been cleared, then the
height is the logarithm of the max of the four polynomials in z, and terms of degree

less than 8 can be reduced by
] < Jaf* /M

thereby reducing the upper bound (in the case where f; € Z to something slightly
larger than 8log|z| + log max{4fs, f2 — 4f1fs}
Alternately, if there is a rational point on the curve, then one can get better

2

results by using a different embedding. For example, if fg = s* is a square (such as

zero), then we have:

Lemma 9.4. When P = (x,y) — oo™, its naive height satisfies

1
h(P) <3h(x) + ; h(J) + 3 log 175.
If f¢ = 0, then we have the tighter bound

h(P) < 2h(x) + h(fs).
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Proof.

h(&1, &2, 63,&) =h(0,1, 2, 2fsa® + fsz® — 2sy)

since s = f5, and we can bound the height of y as follows.

h(17'r7 x27x37y> = h(17x27x47x67 f(x>>

<= (h(J)+6h(z) +logT),

N = N

and the result follows. When fg = 0, we also have s = 0 and

h(&1, &, &5,6) =h(0, 1, z, f52%)

<h(fs) +2h(x).

h(&1, &,65,6) =h(0, 1, z, f52°) < h(f5) +2h(x).

O

If we have a rational point (a,b) on the curve (not a point at infinity), then
we can also use the embedding (z,y) — (z,y) + (a,b) — oot — 0o~ and we have the

following.

Lemma 9.5. When P = (z,y) + (a,b) — 0ot — 00~ , its naive height satisfies

3 1
h(P) <3h(z) + 5 h(J) +h(l, a®,b) + 4log2 + 5 log 7.
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Proof.

h(fl, 527537&4) :h(17 a+w,ax, (FO(a= ZL’) o 2by)/<a - ‘T>2>
=h((a—2)? (a+)(a —2)* ax(a — z)?, Fy(a,z) — 2by)

<h(J)+h(1,a,a® a* b) +h(1,z,2? 2° y) + log 16,

and we have already seen that

1
h(l,z, 2% 2% y) < 3 (h(J)+ 6h(x) +1logT).

Regarding the constants cg and ¢z, we have the following two lemmas.

Lemma 9.6. If f¢ > 0 and |z| is bigger than two times the mazx of the absolute

values of the siz roots of f(x), then
z = ¢(P) — ¢(1(00¥)) € C
(where the sign of oo™ is the same as that of y/x3) has

1

2log |x| §§ log fs — 4log 2 — log | 21|
1

log |z| §§10gf6 — 3log2 — log | 2|

in the case where (x,y) = (z,y) + Q — 00t — 00~ and

1

2log |x| §§ log fs — 3log2 — log |z1]
1

log |z| §§ log fs — 2log 2 — log | 29|

in the case where i(x,y) = 2(x,y) — oo™ — 00~
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Proof. Suppose that z > 0. In the case where «(x,y) = (x,y) + Q — 00T — 00,

< dt
21| =
+ Vf()
O tdt
al= [
ERVAL0)
In the case where «(z,y) = 2(z,y) — oo™ — 007,
< dt
|21
V()

Write

@) = fo(t — ar)(t — aa)(t — az)(t — aq)(t — as)(t — ag).
Then for t > x, we have
ft) = folt = aullt — ol [t — as| |t — au| [t — as| [t — as| > fo(t/2)°,

and therefore (for i =0 or i = 1)

/OO tdt </w2—3 V23t = ‘/%. 72,
T f(t) B z

When x < 0, we have the same result up to differences in sign, which does not affect

the final result. O

Lemma 9.7. If fs = 0, f5 > 0, and x is bigger than two times the max of the

absolute values of the five roots of f(x), then

z = ¢(P) — ¢(i(o0)) € C*
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has

3 1 3
3 log |z| §§logf6 - §log2 —log 5 — log |2

1 1 3
3 log |z| §§logf6 - 510g2 —log 3 — log |22

in the case where (x,y) = (x,y) + Q — 200 and

3 1 1
5 log || §§1ogf6 — §log2 —logh — log |z1]

1 1 1
3 log |z| §§logf6 - §log2 —log 3 — log |2

in the case where 1(z,y) = 2(x,y) — 200. We have the same result if fo =0, f5 <0,

and —x s bigger than two times the maz of the absolute values of the five roots of

f(z).

Proof. Suppose that f5 > 0. (The other case is the same except for a few differences

in sign.) In the case where ((x,y) = (x,y) + Q — 200,

< dt

. VI
) :_/OO t dt
L VI

In the case where «(z,y) = 2(z,y) — 200,

21 = —

As before, write

@) = fs(t —an)(t — az)(t — az)(t — au)(t — as).
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Then for t > x, we have

f(t) = fslt — aul [t — aof [t — as| |t — aul [t — as| = f5(t/2)",

and therefore (for i =0 or i = 1)

O

Finally, we need to apply Theorem 1.6 to get a lower bound on the linear form
¢(P), so we need to compute the parameters used in that theorem.

We are using the basis {dx/y, x dz/y} for the space of one-forms on C' (else-
where denoted H°(C, €2;), but we will have a different meaning for ;). Let (Q1, Q9)
be the period matrix for this basis with respect to some symplectic basis of Hq(C,Z).

Then Q = Q7' € Hy, and the analytic Jacobian is given by
J(C) = C?/ (7 + Q72),

which is precisely the tangent space T);(C) mod the kernel of the exponential map.

The analytic Jacobian is isomorphic (via the isomorphism z — Q;'z) to
J(C) = C*/(2* + Q7?).

In order to compute H~ and H*, we need to relate ®; to the theta functions on
J. By the comment at the end of section 8.2, the projective coordinates X, ..., X5

generate the same line bundle as the 16 theta functions

V[n(z, ),
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for all 2-by-2 matrices n with entries that are either 0 or 1/2. If we let ng,...,ms
be an enumeration of such matrices, then we can find an invertible matrix A such
that

Do(z) Inol(z, )
: =A : . (9.1)

D15(z) Ims)(z, Q)
Since this determines A only up to a scalar multiple, we can choose the scalar by

assuming that ®,(0) = 1.

One way to compute A is the following: Choose (at least) 17 points on the
Jacobian. Compute the projective coordinates (Xo, ..., X;5) for each point, as well
as the analytic coordinates z = (21, 22). Evaluate the 16 theta functions 9[n;|(z, Q)
at each point. Each point gives 15 linear equations in the entries of A by substituting

the rows from the right side of 9.1 into the equation
(I)()Xj - XO(I)j.

This system of equations, together with ®4(0) = 1, can be solved for A.
The number # can be computed using the method of [31].

One lower bound H ™~ for

max{|®o(z)|,...,|Pi5(2)|}

is given by a lower bound for

InaX{W[Uo] (Z7 Q>| PRI ‘19[7715](27 Q)‘}

divided by the max (over the rows) of the sum of the absolute values of the entries

in a row of A='. An upper bound H™ for

max{|®y(z)|,...,|Pi5(2)|}

132



is given by an upper bound for

InaX{W[Uo] (Z7 Q>| PRI ‘19[7715](27 Q)‘}

multiplied by the max (over the rows) of the sum of the absolute values of the entries

in a row of A. An upper bound for

9] (2, )|

can be determined as follows. Since Im () is symmetric positive definite, Im Q) =
QTDQ with Q orthogonal (QTQ = I) and D the diagonal matrix of (positive)

eigenvectors (say > ). So if s = @n then

n” (ImQ)n = n” Q" DQn = s" Ds = A\ 5? + \y52

> Ast+52) = As’s = An"Q"Qn = n"n.

Furthermore, if a > 0, and [b] denotes the fractional part of b in the range [—1/2,1/2],
then
+o0

Z exp(—a(n + b)?) < exp(—a[b]?) + / exp(—a(z + b)?) dz

neL o

<exp(—a/4) ++/7/a
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Therefore,

9(2,Q)[ =) _ exp(win” Qn + 27in"z)

nez?

< Z |exp(min” On + 27in" z)|

nez?

= Z exp(Re (min” On + 27in” z))

nez?

= Z exp(—m’ (Im Q)n — 27n” Im z))

nez?

< Z exp(—mAn’n — 27n” Im z))

nez?
2
= Z I_Iexp(—m\nl2 — 27n; Im 2;))
ncZ? i=1
2
= H Z exp(—mAn? — 27nIm z;))
i=1 nezZ
i 2
| 524 T )
i=1 nez

<H<exp —7mA/4) +/1/A )exp(A(Imz,)2)
(exp —7A/4) —1—\/7) exp(— |z|

Consequently, we can take AT = w/\, Bt = 0, and CT given by the matrix A

described above, plus the number

21log (exp(—wA/ZL) + \/m> :

Next, one takes u; = ¢(F;) for 1 <i <7, and u,y; = ¢(co®). Then k =r+1,
vi = Py fori <r and v,4; = 00F. Set K =Q (so D =1),and G; = J for 1 <i < k,

so G = G, x J*. Then we will have two different linear forms. For the first, set
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(Bo, - -+, Pak) = (n1,0,m2,0,...,n,,0,—1,0) so that
Li(u) =njurg +0uro + ... + 0oty + 0ty o — Upyr 1 + Ottppg .
For the second, set (0o, ..., Bax) = (0,n1,0,n9,...,0,n,,0,—1) so that
Lo(u) = Our g +nqurg + ..+ Oupy + 0ty 2 + 0Upgr 1 — Upg 2.
These are precisely the two coordinates of ¢(P) — ¢(t(co™)). Both are nonzero,

since they are given by the integrals in 9.6 and 9.7. We can use either one to get

our upper bound on N.
Set £ = e and
Vi = expmax{h(v,;), A* |u;|* €*}.
Now, either B = N is smaller than

exp max{e, log Vi, exp(h(J)), exp(f /((2k + 1)12*))},

which gives an upper bound on N, or

k
log |£;(u)| > —C)(log B)(loglog B)*** H(log Vi),

i=1

for at least one of the two linear forms (whichever is nonzero), where C is given in
Section 1.3.
Combining this inequality with the ones determined previously, we get an

upper bound for N.

9.3 Lattice Reduction

We currently have constants K7, K5, and Ny such that

[6(P)] < Kiexp(—K>N?)
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and

N < N,.

Consider the (r + 1)-dimensional lattice generated by the columns of the matrix

1 0 0
0 0
A= : : :
0 1 0
| [Koo(P)] o [Kog(B)] Ko |

for some large integer K that we will choose momentarily, and consider the lattice

point
tnl tn1
tn, tn,
tno +s ﬂ

where

B = tni[Kop(P1)] + ... + tn, [Kop(P,)] + (tno + s) K.

Notice that this
B = tni[Kop(P1)] + ... + tn.[Kop(Pr)] + (tno + s) K.
would be exactly Koto(P) if not for the rounding; then
|8 — Kotop(P)| < rtN < rtNo.
and therefore

yl* < (0t + ... +nf) + 57

< rt*NE + (Ko |¢(P)| + rNo)?.
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But lattice reduction guarantees (see [16] or [42]) that the first element of the reduced
basis b; has

by <272 y|.

Therefore

Kolo(P)] = \/t-227" by = rNZ — rg
=5
N? < Ky (log(Ko K1) — log S)
provided S is positive, which is equivalent to

|b1| > 2r/2tN0 V2 4.

Ké/(rﬂ), so we should choose Kj to be large

Heuristically, |b;| is approximately
enough to satisfy the above inequality. Then we have a smaller bound for N. Replace
Ny by this smaller bound and repeat.

But what do we do if ¢((0co%)) is nonzero? Then our linear form has another

term, so that we have
|6(P) = ¢(1(00™))] < Ky exp(—K,N?)
and
N < Ny.

Let A be as before, and reduce the basis of the same (r 4+ 1)-dimensional lattice as

before. Now write the vector



in terms of the reduced basis, so that

X1
x=B

Tr41

In fact, de Weger’s algorithm provides matrices & and V so that
B=AUY =U""

so that we can compute the coordinates z; from

€1
= VA x.

Tr41

By Lemma 3.5 of [42],
d(x,T) > 2% |by| min |2; — [2;]].

Then we have

22 by | min |z; — ;]| <[y — x|

which we can combine as before with our upper bound

ly —x|* < t*(n?+ ... 4+n2)+ 5

< TENE + 2(Ko |p(P)| + 1+ 1rNg)?,

and the rest follows exactly as before.

9.4 A Worked Example

The Mordell-Weil groups of Jacobians of several genus-two curves are com-
puted in [10]. For our example, we shall choose one of these curves with positive
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rank, namely, their curve 67, which we give here in normal form:
y* = 2% + 42° + 22* +22° + 2 — 22 + 1.

We will use the embedding ¢ : C' — J given by

t(z,y) = (z,y) —o0” = (z,y) + 00" — 0™ — 0.

The group of rational points on the Jacobian has trivial torsion (so we can take

t = 1) and rank r = 2, with generators

P, =(0,1) —00™ = (0,1) + 00" — 0ot — 00~

Py =(0,1) — (0,—1) = (0,1) + (0,1) — 00" — 00"

The canonical heights of these points (rounded to 30 digits) are computed as

~

h(P;) =0.048085773597485665955583000680

~

h(P) =0.066600709944344287365293031597,

and the full height matrix is

<P,P> <P,Pp> | | 0.04808577360 0.01851493635
<Py, P> <Py,Py>| | 0.01851493635 0.06660070994 |’

whose eigenvalues are

A1 =0.0366429136355862255122125949485

Ay =0.0780435699062437278086634373282.
Consequently, we have the inequality

0.03664291363N? < h(P).
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Next, we compute the height of the Jacobian as
h(J) =h(1,4,2,2,1,—-2,1) = log 4,

and Lemma 9.2 gives

h(P) < h(P) + % log 4 + %bg 2744 < h(P) + 4.4874498111.

By Lemma 9.4, we have

3 1
h(P) < 3h(r) + Slog4 + 5 log 175 < 3h(x) + 4.6618345286.

The polynomial
f(z) =2% +42° + 22" +22° + 2* — 220 + 1
has the following six roots:

ap = — 3.55960470656323123930

g = — 1.10047510431777050721

ag = — 0.07883178855112289558 — 1.0181884204791706431¢
ay = — 0.07883178855112289558 + 1.01818842047917064311%
as = 0.408871693991623768843 — 0.27856491979615507044

ag = 0.408871693991623768843 + 0.2785649197961550704s.

The root with the largest absolute value is o. Therefore, Lemma 9.6 tells us that
if |z| > 8, then

z = §(P) — p(1(c0*)) € C*
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(where the sign of co® is the same as that of y/z?) has

2log || < —4log2 — log |2 |

log |z| < —3log2 — log |z2| .

Putting these together, we have either |z| <7 or

0.03664291363N? <4.990401257 — 1.5log |21

0.03664291363N? <2.910959715 — 3log || .

Furthermore, it turns out that

2P1—P2:OO+—OO_.

This is not surprising, since fg is a square and consequently co™ — oo™ is a rational
point of the Jacobian, and P; and P, generate the group of rational points, but it

means that since P = n{ P, + ny s

P(P) — dp(1(00™)) = (1 — 2)P1 + (na + 1) Py

and

P(P) = ¢(u(007)) = n Py + ny Py

This simplifies our calculations, since it allows us to eliminates one term in our linear

form by taking B = N + 2.
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The lattice of periods for the analytic Jacobian is generated by the four vectors

(2.023851408 + 2.8808420147, 0.9511809806 — 0.13024785091)
(1.072670427 + 4.2676249514, — 2.023851408 — 5.1334164841)
(—2.25257447055313i, — 0.9960393843383321)

(—1.256535086214801, 2.2525744705531331)

Our period matrices are

0.9511809806 — 0.1302478509: —2.023851408 — 5.1334164841

0, — —2.25257447055313¢  —1.25653508621480¢
27 | —0.996039384338332i  2.2525744705531334

O — [ 2.023851408 + 2.8808420147  1.072670427 + 4.2676249511% }
L=

[ —140.909640610271125i  —1/2 — 0.0200406724789979i
QO=07'0, =

—1/2 —0.0200406724789979i —5/2 + 0.889599937792127:

and Q has eigenvalues 0.877214121 and 0.922026427. Therefore, we have AT =
7/0.877214121 = 3.58132932. We can also compute the analytic coordinates of P;

and P, which are

u; = ¢(P) = (0.9462002887 + 3.5091095574, 2.112372748 — 1.2565350867)

uy = ¢(Py) = (—0.8626596409 — 1.754554778i, — 0.8676403328 + 0.62826754311).
These have norms

u;| = 4.38749859

|| =2.22938646.
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Since these are much bigger than the canonical heights of P, and P,, we take

log V; = A™ Juy|* €2 = 101.848779

log Vo = AT [uy| €2 = 51.7516494.
With k = 2, Theorem 1.6 gives
log |z| > —1.9 x 10"?°(log B)(loglog B)®.
Combining this with our earlier inequalities

0.03664291363N? <4.990401257 — 1.5log |21

0.03664291363N? <2.910959715 — 3 log | 25| ,
and recalling that B = N + 2, we get

N? <137 + 7.8 x 10" (log(N + 2))(loglog(N + 2))°

N? <80 + 1.6 x 10"**(log(N + 2))(loglog(N + 2))°.

This gives an upper bound for N. For example, Lemma 2 of [11] gives N < 1072 in

either case. Then we can iterate:

N < /137 + 7.8 x 10121 (log (107 + 2))(log log(1072 + 2))5 < 6.72 x 10%

Iterating the second inequality gives N < 9.62 x 103, (Successive iterations improve
this only negligibly; one iteration after the first upper bound is generally sufficient.)

Next, we perform a lattice reduction. We choose Ky = 10'% and compute
Re ¢1(P;) and Re ¢1(P,) to at least 196 digits of precision in order to construct the

matrix that generates the lattice. After performing lattice reduction, we have

|by| > 7.8 x 10%
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and therefore we have

21| > 2.4 x 10712,

Returning again to our inequality
0.03664291363N? < 4.990401257 — 1.5log | 21|,
we get the new (much improved) estimate
N < 112.

At this point, we could choose to do lattice reduction again (using K, =
2.5 x 10® gives N < 28), but this bound is already small enough to exhaust.

Since we needed to assume that |z| > 8 to get our inequalities, we check those
15 integers with —7 < x < 7 and see which give squares for f(z). It turns out that

three do, which gives six integer points on our curve

(_17 _1>
(_17 1)
(07 _1)
(0, 1)
(17 _3)
(1, 3)

Next, we compute all Jacobian points

n P+ no Py
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with |ny|,|na| < 112. The only ones that have the form «(x, y) for some point (x, y)

on the curve are the following nine:

9P, + 0P, = (1,3) — 00"

—1P, + 3P, =(1/2,-7/8) — 0o~
0P, — 2P, = (—1,1) — 00~
1P, — 1P, = (0, ~1) — 00"
1P, 4+ 0P, = (0,1) — 00~
2P, — 1P, =00t — 00~
2P, + 1P, = (—1,—1) — 0o~
3P, — 4P, = (1/2,7/8) — 00~

4P1—1P2:(1,—3>—OO_

We conclude, therefore, that the six points determined previously are the only

integer points on the curve

y? = 2% 4+ 42 + 20" + 2% + 2 — 20 + 1.
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Appendix A

Index of Notation

e (3; is a coefficient of the linear form L; after chapter 1, it is assumed that

Bo = —1.

e v € Gy, for 1 < ¢ < k, is the image, under the exponential map v, =

eXpGi(ui) S GZ(K)
e ) is a bound on the size of the solution given by the Thue-Siegel Lemma 2.3.

o 9 = (Vi1,...,0;,,) is a finite list of parameters describing the group G;. In

the genus-two case, 9 = (fo, ..., fo)-
e k; is a positive integer such that Iiin(j”lj ) has integer coefficients.
e i is the number of equations in the linear system defined in chapter 2.
e v is the number of unknowns in the linear system defined in chapter 2.
o vt |D;,.(su)| = max; |®; ;(su)]
e p is the rank of the linear system defined in chapter 2.
e &, :C% - C

e d,: C%H — CNit!
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B: See H;".

CrF: See H;.

¢; is the degree of R;i) in the X variables, and the degree in the X’ variables.
c; is the degree of Ry) in the parameters v, ,,.

¢ = max{¢}.

C[P] is the space of multihomogeneous polynomials with complex coefficients.

(C[PI/I(G))(ro,..1,) is the vector subspace of those with multidegree

(Lo, ..., Ly).

D = [K : Q] is the degree of K over Q.

d=14d; +dy+ ... + dj is the dimension of the algebraic group G.
d is the dimension of G.

d; is the dimension of the algebraic group G;; equivalently, it is the dimension

of Tg,(C) which is therefore isomorphic to C%.

e, = (04;,0,...,0,1,0,...,0), so (eq,...,e4_1) give a basis for W.
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(fi,...,f4_1) is a basis for W with the property that (fi,...,f;) is a basis for
T&(C).

expg, : Tg,(C) — G is the exponential map on G

expg : 15(C) — G is the exponential map on G

G=G, xG x..xGy

G is a group minimizing a certain function given in chapter 2.

G, is the additive algebraic group, whose exponential map is the identity map,

and whose embedding into projective 1-space is given by g — (1, g).
G, for 1 <1 <k, is the ith algebraic group, and Gy = G,.
h(Gl) - h(l, 191'71, ce ,792',%).

H and H : R* — R are functions such that for all R > 0 and all z € C

)

with |z| < R, one has

H; (R) < logmax{®,(z),...,P;n,(z)} < H(R).

It is assumed that H, is constant, and H;" is quadratic, given by

H'(R)=AfR*+ BfR+C;.

(2

H(G; Ly, ..., Lg) is (dim G)! times the terms of highest degree of the Hilbert
polynomial for G, which is a homogeneous polynomial of degree dim G with

positive integer coefficients.
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Hf(G; Ly, ..., L) is the multiprojective Hilbert function for G.

Hp(G; Ly, ..., Ly) is the Hilbert polynomial for G, which is a polynomial of

degree dim G.
K is a number field over which G and the 3; are defined.

k is the number of algebraic groups, or the number of independent logarithms.

L(z) = fozo + Brz1 + .. + Ba—12a—1

m; is the degree of G; so that H(G;;x) = Z"”—ijxdi.

m = d! 15 (mi/dy!).

M is a bound on the size of the coefficients in the linear system defined in

chapter 2.

N; is the dimension of the projective space into which GG; embeds; that is, G;

is an algebraic subset of PVi.
P is a polynomial
P =P x PM x ... x PNk

p is a bound on the size of the linear forms given by the Thue-Siegel Lemma

2.3.

Qz(j,}j )(Xi,o, ..., X;n;) is a polynomial giving the k’th partial derivative of the
variable X;; in the group G, i.e. satisfying

0 Dii )

= Dig,..., PN )/ /DL
82], q)z,j k,l ( ,0y ) ,NZ)/ i,j
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q; is the degree of Q,(Z,’lj ) in the X variables.
q¢; is the degree of Q,(jv’lj ) in the parameters v .

7 is the codimension of T (C) in W, or one less than the codimension of G in

G.

Rgo (Xi05 -+ Xinis Xig, - -+, X[ ;) is a polynomial giving the group law on G,
i.e. satisfying

®ij(z +2) = B (®i(2), i(2)).
r; is the length (sum of the absolute values of the integer coefficients) of Ry).

7} is the length (sum of the absolute values of the integer coefficients) of /{,-Q,(f”lj ).

u = (ug,uy,...,u;) € C (where yy € C and u; € C%) is a d-tuple of com-
plex numbers which are the independent logarithms whose linear combination

interests us.
W =ker L

w € W C C? is the projection of u onto W; w = Zf:_ll Bie; or (equivalently)

w=u+ (L£(u),0,...,0).

A _ Ai,j
XA =1L, X
z € C% is an element of T (C)
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Appendix B

Program for Computing Local Series

(*

Compute the local series expansions:

x +h

= f(x + h) = polynomial in x and h of (total) degree 6

power series in h (whose coefficients are rational
functions in x and y) whose first term is -y

N

u
v©
A%

But let’s write these as power series in k = h/(4y"2).

*)

(* Increase this number to get more terms for all local series *)
seriesdepth = 8

(* compute the z coordinates in terms of x and u *)

xyevals = {

z15 -> (x-u) "2,

z14 > 1,

z13 -> x+u,

z12 -> x*u ,

z11 —> xxux(x+u),

z10 -> (x*u) "2,

z9 -> (y-v)/(x-u),

z8 —> (uxy-x*v)/(x-u),

z7 —=> (u™2xy-x"2*v)/(x-u),

z6 -> (u"3xy-x"3*v)/(x-u),

z5 —> ((2*%fO+f 1 (x+u) +2*xf 2% (xxu) +£3* (x+u) * (x*xu) +2xf4* (x*u) ~2+
£5x (x+u) * (xxu) "2+2%£6% (x*xu) ~3) -2xy*v) / ((x-u) "2) ,

z4 > ((fOx(x+u)+2*f 1k (x*ku) +f 2% (x+u) * (xku) +2*% £ 3% (x*ku) “2+f4* (x+
u) * (x*u) ~2+2x£5% (x*u) “3+£6% (x+u) * (x*xu) ~3) - (x+u) *y*v) / ((x-u) °2),
z3 —> (xku) * ((2*FO+f 1 (x+u) +2xf 2% (x*¥u) +£ 3% (x+u) * (x*xu) +2*xf4%
(xxu) "2+£5* (x+u) * (x*u) “2+2%£6* (x*xu) ~3) -2*y*v) / ((x-u) "2) ,

z2 > ((fO*4+f1* (x+3%u)+f2% (2*xx*u+2%u~2) +£3* (3kx*u~2+u"~3) +
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4% (4*xxxu”~3) +£5xx* (x*¥u”~3+3*u”4) +£6%2*x* (x*xu~4+u”b) ) xy- (£f0*4+
f1% (u+3*x) +1 2% (2%u*x+2%x"2) +£ 3% (3*u*x"2+x"3) +f4* (4*xuxx”~3) +
£5%wk (Wwkx " 3+3%x " 4) +£6x 2wk (wkx~4+x75) ) *v) / ((x-u) "3),

z1 > ((£fO*x2* (x+u)+f 1xuk (3*kx+u) +f 2k4kxoku "~ 2+f 3kxku ™ 2% (x+3*%u) +
f4*2%xku” 3k (x+u) +£5kxxu~4* (3kx+u) +£6*x4*x " 2xu~5) xy— (£0*2* (u+
x) +f 1Hx0k (3kutx) +F 2kdxuxx ™ 2+ 3xu*x ™ 2% (u+3*x) +f4*2%uxx "~ 3* (u+x)+
fExuxx~4* (3xu+x)+f6x4*xu~2*x"5)*v) / ((x-u) "3),

z0 => (((2*%FO+f 1k (x+u) +2*f 2% (x*xu) +f 3k (x+u) * (xku) +2xFh* (x*

u) "2+£5* (x+u) * (x*u) "2+2%£6* (x*u) ~3) -2*y*v) / ((x-u) "2)) "2}

(* define the sextic *)
flt_] := f6xt"6 + f5*t°5 + fd*xt~4 + f3*xt~3 + f2*%t~2 + fixt + fO

(* compute a power series (in k) square root for v/y *)
vts = Range[seriesdepth+1]
ves[[1]] = -1/2
For[i=1, i <= seriesdepth, i++,

vts[[i+1]] = Factor[Sum[vts[[j+1]]*vts[[i-j+11], {j, 1, i-13}] -

(4xf [x])~(i-1)*Coefficient [f [x-h] ,h,i]]

]

voy = Sum[2xvts[[i+1]]*k~i, {i, O, seriesdepthl}] +
0[k] "~ (seriesdepth+1);

(* compute the z coordinates as power series in k *)
u = x-(4xf [x]*k)

foxu = 2%FO+L 1k (x+u) +2*f 2% (xxu) +£3* (x+u) * (xku) +2xF4* (x*u) "2+
£5% (x+u) * (x*xu) "2+2*xf6%* (x*u) °3;

fixu = fO* (x+u)+2*f1x (xku) +£ 2% (x+u) * (x*u) +2*£3* (x*u) "2+
f4* (x+u) * (x*xu) "2+2+£ 5% (x*u) ~3+£6* (x+u) * (x*u) ~3;

gxu = fOx4+f 1% (x+3%u) +£2* (2*kx*xu+2*u”~2) +£3* (3*xx*u~2+u”3) +
fhAx (4xx*u”3) +£o*xk (x*u~3+3%xu"4) +£6*x2*xx* (x*xu~4+u~h) ;

gux = fO*4+f1% (u+3*x)+£2* (2*%ukx+2%x"2) +£3* (3*u*xx"2+x"3) +
f4x (dxuxx”™3) +£5xu* (uxx~3+3%x74) +£6*2%u* (u*xx"4+x"5) ;

hxu = fO*2* (x+u)+f 1xu* (3kx+u) +f2xd*xxoku” 2+ 3kxku "~ 2% (x+3%u) +
fAx2xxxu " 3% (x+u) +£5*xku~4* (3*xx+u) +£6*4*xx~2%u"5;

hux = fO*2* (u+x)+f 1kx*k (3ku+x) +F2*4kuxx ™ 2+F 3kuxx ™ 2% (U+3*x) +
fAx2xuxx "~ 3% (u+x) +£5xukx " 4* (3*xu+x) +f6*4*xu~2%x"5;

z15 = (x-u) "2/ (4xf[x]);
z14 = 1;

z13 = x+u;

z12 = x*u ;

z11 = x¥u*(x+u) ;
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z10 = (x*u)"2;

z9 = 2xf [x]*(1-voy)/(x-u);

z8 = 2xf [x]* (u-x*voy)/(x-u);

z7 = 2*f [x]*(u~2-x"2*voy) /(x-u) ;

z6 = 2*f [x]*(u"3-x"3*voy)/(x-u);

z5 = 4%f [x]*(f0xu-2*voy*f [x])/((x-u) "2);
z4 = 4xf [x]*(fixu- (x+u) *voy*f [x])/((x-u) ~2);
z3 = (x*u)*z5;

z2 = 8x*f [x] "2* (gxu-gux*voy)/((x-u) "3);
z1 = 8xf [x] "2* (hxu-hux*voy)/((x-u) "3);
z0 = z572;

(* Compute the inverse of z0: *)
(x*  Faster than: *)
(x d = 1/20; *)
(* d[[3]] = Together[d[[3]1]; =*)
(x is: *)
numterms = zO[[5]]1-z0[[4]]
d =1 + k™ (numterms-1) + 0[k] "~ (numterms)
d[[3,1]] = Together[1/z0[[3,1]]]
For[i=1, i < numterms, i++, d[[3,i+1]] =
Together [-d[[3,1]1]1*Sum[z0[[3,j+111*d[[3,i-j+1]1]1, {j,1,i}]1]]
d[[4]] = -z0[[4]]
d[[5]] = d4[[4]] + numterms
(x 73 sec (5), 154 sec (6), 316 sec (7), 625 sec (8) *)

z1l = zl1xd;
z2 = z2%*d;
z1[[3]]
z2[[3]]

Together [z1[[3]]];
Together [z2[[3]]];

terms = Table[0, {16}]

terms[[1]] = {1}

terms[[2]] {0, s1}

terms[[3]] = {0, s2}

For[i = 4, i <= 16, i++, Block[{fn, j, parity, stopat},
fn = {z0, z1, z2, z3, z4, z5, z6, z7, z8,

z9, z10, z11, z12, z13, z14, z15}[[i]]x*d;

parity = {0, 1, 1, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4, 4, 6}[[il];
(x fn = z_{i-1}/(z_0%(2y) "parity); *)
stopat = fn[[6]]; (* = parity + seriesdepth *)
terms[[i]] = Table[0, {stopatl}];
fn[[3]] = Map[Together, fn[[3]]];
(x Print[{i, 0}]; %)
For[j = parity, j < stopat, j = j+2,
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(* fn = (z_{i-1} - portion already in "terms")/(z_0*(2y)~j); *)
polyx = Together[Coefficient[fn, k, jl];
terms[[i,j+1]] = Together[(polyx /. {x -> s1/s2})*s27j];
If [j<stopat-1,
(* fn = fn - (terms[[i,j+11] /. {s1 —> z1, s2 —> z2}); *)
pow=1+0[k] "~ (stopat - j);
dfn=Coefficient [polyx,x,0]+0[k]~(stopat - j);
For[l=1, 1<=j, 1++,
pow = powk(zl + O[k] (stopat - j + 1));
pow[[3]] = Together[pow[[3]]];
c = Coefficient[polyx,x,1];
dfn = dfn*(z2 + 0[k] ~(stopat - j + 1));
dfn[[3]] = Together[dfn[[3]1]];
dfn = dfn + c*pow;
dfn[[3]] = Together[dfn[[3]]];

1;
fn = fn - dfn;
fn = fn/(4xf[x]);

fn[[3]] = Together[fn[[3]]];
(* Print[{i, j}] *)
]
]
1]

terms >> locals.txt
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