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According to a traditional rationalist proposal, it is possible to attain
knowledge of certain necessary truths by means of insight—an epistemic mental act
that combines the "presentational' character of perception with the a priori status
usually reserved for discursive reasoning. In this dissertation, I defend the insight
proposal in relation to a specific subject matter: elementary Euclidean plane
geometry, as set out in Book I of Euclid's Elements. In particular, I argue that
visualizations and visual experiences of diagrams allow human subjects to grasp
truths of geometry by means of visual insight.

In the first two chapters, I provide an initial defense of the geometrical insight
proposal, drawing on a novel interpretation of Plato's Meno to motivate the view and
to reply to some objections. In the remaining three chapters, I provide an account of
the psychological underpinnings of geometrical insight, a task that requires

considering the psychology of visual imagery alongside the details of Euclid's



geometrical system. One important challenge is to explain how basic features of
human visual representations can serve to ground our intuitive grasp of Euclid's
postulates and other initial assumptions. A second challenge is to explain how we are
able to grasp general theorems by considering diagrams that depict only special cases.
I argue that both of these challenges can be met by an account that regards
geometrical insight as based in visual experiences involving the combined
deployment of two varieties of 'dynamic' visual imagery: one that allows the subject
to visually rehearse spatial transformations of a figure's parts, and another that allows
the subject to entertain alternative ways of structurally integrating the figure as a
whole. It is the interplay between these two forms of dynamic imagery that enables a
visual experience of a diagram, suitably animated in visual imagination, to justify
belief in the propositions of Euclid’s geometry. The upshot is a novel dynamic
imagery account that explains how intuitive knowledge of elementary Euclidean

plane geometry can be understood as grounded in visual insight.
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Chapter 1: Geometrical Insight

1 Introduction
A familiar proposal, one that lies at the core of traditional rationalism, is that human
beings are able to attain knowledge of necessary truths by means of the mental act of
insight." The basic picture of insight is roughly as follows: One becomes consciously
aware of the subject matter involved in a proposition, in some sense ‘bringing it
before one’s mind’, and by attending to that subject matter in the right way, one is
able to see or grasp or apprehend or recognize that the proposition concerning it must
be true. Insight is distinguished from both empirical observation, on the one hand, and
from discursive reasoning, on the other. It is held to differ from empirical observation
in respect of the a priori character of the justification it provides. It is held to differ
from discursive reasoning in virtue of its ‘directness’ or ‘immediacy’—the
perception-like characteristic whereby one enjoys a presentational” awareness of the
subject matter of one’s judgment. Insight is further held to enjoy a special kind of
epistemic security or certainty, presumably in connection to its a priori character.

In this dissertation, I will be concerned only with geometrical insight—that is,

insight into geometrical truth. In particular, I will be concerned with basic Euclidean

" Terminology here varies. What I will call ‘insight” is also often called ‘intuition’.
Both terms, when used to denote the phenomenon under consideration, are often
preceded by a qualifier such as ‘rational’ or ‘a priori’. When the truths in question are
those of mathematics, it is common to speak of ‘mathematical intuition’.

? Cf. Chudnoff (2012), whose use of the term “presentational’ corresponds closely to
the sense I have in mind here.



plane geometry, roughly corresponding to the subject matter of Book I of Euclid’s
Elements. In this chapter, I will argue that we have good reason to take seriously the
proposal that there is indeed a real phenomenon of geometrical insight. In Section 2, I
begin by setting out some of the main reasons for skepticism about the very idea of
geometrical insight, and offering some partial responses to those objection. The full
responses to these objections will not be apparent until later in the chapter, and in
some cases, until later chapters. In Section 3, I provide a phenomenological
perspective on geometrical insight, as part of an overall case that our phenomenology,
in relation to the relevant geometrical examples, gives us at least strong prima facie
reason for taking the geometrical insight proposal seriously. Finally, in Section 4, |
will consider Plato’s view of geometrical insight as a kind of ‘recollection’. My aim
here will be to show that, while prima facie Plato’s view seems to be in tension with a
naturalistic picture of the world, there is a plausible reading of Plato’s view which

points the way towards an appealing account of geometrical insight.

2 Reasons for skepticism

The very idea of geometrical insight is likely to be met with a high degree of
skepticism on the part of contemporary philosophers. Since my primary aim in this
chapter is to argue that geometrical insight is indeed quite real, it is important to be
clear up front about the primary reasons that underlie this contemporary skepticism.
In my view, the case against geometrical insight can be usefully separated into five

distinct lines of criticism. First, we lack sufficient motivation for believing in



geometrical insight in the first place. Second, our first-personal experience in the
relevant cases is suggestive not of insight, but rather of uncertain empirical inference.
Third, our first-personal experience in these cases does suggest a priori justification,
but due not to insight but rather to discursive reasoning. Fourth, geometrical insight is
at odds with naturalism, because it depends upon a mysterious, sui generis form of
cognitive access to a realm of abstract objects. Fifth, geometrical insight appears to be
mysterious from a purely psychological perspective.

I believe that each of these challenges can be met. To be sure, doing so
adequately will require embracing a picture of geometrical insight that is in certain
crucial ways more modest than the traditional view. Some of the stronger claims
traditionally made about geometrical insight will need to be qualified in significant
ways, and in some cases, rejected outright. But I believe that this will still leave us
with a view of geometrical insight that is substantially true to spirit of the proposal
put forward, for instance, by Plato.

In this section, I will set out the main lines of criticism against the very idea of
geometrical insight, and explain how they will be handled by the view to be put
forward in this chapter. The arguments in this section, therefore, are largely
prospective, anticipating the account to be developed below, which aims to answer
these objections. In relation to certain points, the full response to these objections will

not be evident until the discussion undertaken in later chapters.



2.1  First objection: lack of motivation

An initial criticism of the idea of geometrical insight is just the straightforward
objection that there seems to be little to motivate the proposal in the first place.
Contemporary philosophers might understandably take the view that the notion of
‘geometrical insight’ (along with ‘insight’ more generally) is merely a historically
entrenched philosophical dogma, one motivated by nothing more than an unwarranted
optimism about human epistemic abilities. In order to confront this criticism, it is
important to consider what motivation Plato offers for taking the proposal seriously.
The main motivation Plato offers is provided by the famous geometrical
demonstration in Meno, which we will consider in detail in Section 4.

In the passage, Socrates leads his student, an uneducated slave who has had no
prior training in geometry, eventually to arrive at the correct answer to a geometrical
problem. Since Socrates brings this about by doing nothing aside from posing
questions in relation to drawn figures, he claims that the correct answer must have
arisen ‘from within’ the student’s soul—in particular, it was not reached by receiving
testimony from a teacher already in possession of the relevant knowledge. A frequent
objection to Socrates’ inference here—one that is invariably raised by my
undergraduate students, when I teach the passage—is that the ‘experiment’ has not
been conducted in a methodologically sound manner. For Socrates has posed leading
questions, ones that might well allow the student to infer, with high reliability, which

responses Socrates wants to receive. In many cases, the correct response is



conspicuously encoded within the question itself, which from a pragmatic
perspective, often seems only to ask for affirmation: “Why yes, Socrates!”

This is, to be sure, a reasonable objection to the methodological soundness of
the demonstration, regarded qua experiment. But to take this as an objection to
Plato’s case for geometrical insight is to suppose that this case rests on our taking the
passage to accurately report the results of a well-conducted experiment, and it is far

from clear that this is the best reading available. As one commentator observes:

There is an alternative approach to the text which undercuts this reaction. For
by following the text supplemented by diagrams, one can discover for oneself
the geometrical theorem as it might have been discovered by the slave if he
had complied with Socrates’ request to give as answers only what he
genuinely believed (83d2) rather than what he guessed Socrates believed; or,
if one already knows the theorem, one can see how it could be discovered that
way by someone not already in the know. We do not have to be convinced
that people in the slave’s position, answering as the slave does in the text,
would not be picking up latent information conveyed by the manner of
questioning, in order to become convinced of the possibility of discovery for
oneself. We can become directly acquainted with this possibility merely by

following the exchange. (Giaquinto 1993, 82)



On this reading, Plato intends for his readers to rehearse the steps of the geometrical
exercise for themselves, and thereby, to experience geometrical insight firsthand.

One reason to favor this reading is that it harmonizes with the very
phenomenon Plato is drawing to our attention: that of grasping a truth for oneself—by
one’s own lights—as opposed to relying on testimony from others. In Section 4, I will
argue that Plato’s central concern in the dialogue is in fact to investigate precisely this
contrast, and to argue for the epistemic superiority of the former, internalist, variety
of justification over the latter, externalist kind. It would be deeply ironic, even
thematically incoherent, if Plato were to argue for the importance of recognizing the
truth for oneself, by asking the reader to trust that the passage in Meno is an accurate
recounting of an experiment actually performed. The principle of charity suggests that
we ought to interpret Plato so that his argumentative methods are understood as
aligning with his argumentative aims—that is, as appealing to what his readers
experience for themselves when they follow along with the demonstration, rather than
on the accuracy of his testimonial reports.

This impression, that Plato really is inviting his readers to experience
geometrical insight for themselves, is further reinforced by reflecting on how well
suited the passage is to serving this very purpose. Here is a quote from another

commentator:

In a sense, it doesn’t matter that the slave sees it; what matters is that we do.

Repeatedly, when I have taught the passage, someone gasps or even cries out.



The impact of the proof is unquestionable. We see that it has to be so—that it
is not a matter of convention, or custom, or even an empirical fact. It is seeing
this—that it has to be so—that is at the heart of the passage, and the dialogue,
and, I believe, Plato’s lifework.... When I reflect on my own experience, it is
clear that the perception of necessary truth involves a kind of intellectual
phenomenology—that necessary truth has a distinct feel, especially when it is
given elegant and economical expression. This is what prompts the gasps, or

the involuntarily raised eyebrows, in the classroom. (Zwicky 2009, 47)

It is noteworthy how closely this phenomenological description of ‘getting’ the visual
proof in Meno corresponds to the theoretical description of geometrical insight
briefly sketched in the introductory section—as presentational, a priori, and
epistemically certain. If we were to accept both descriptions, it would be difficult not
to conclude that the defining features of geometrical insight are in some way directly
manifest in the very phenomenology of the experience. What is suggested in the
above quotation is threefold: that what has so impressed Plato about geometrical
discovery is its distinctive phenomenology, that this phenomenology is indeed
impressive, providing at least prima facie subjective evidence in favor of the
geometrical insight proposal, and that Plato’s primary aim in going through the
demonstration is therefore to prompt us to experience this phenomenology for

ourselves. In Section 4, when we consider the Meno demonstration directly, we will



revisit the matter of its associated phenomenology, and reflect on the lessons Plato
draws from the latter.

I do not mean to suggest, of course, that the entire case for geometrical insight
can be rested on first-personal experience. Indeed, this is far from the case; theoretical
considerations will matter a great deal. But it does seem that first-personal experience
is what initially motivates the proposal of geometrical insight, by providing prima
facie evidence for its reality. Accordingly, before considering Plato’s own example in

Section 4, Section 3 will be devoted to first-personal reflections on the phenomenon.

2.2 Second objection: unimpressive phenomenology
Of course, appeals to first-personal experience are notoriously difficult to adjudicate.
The skeptic about geometrical insight might attempt to defuse the apparent
motivation from first-personal experience by taking one of two tacks. First, one might
deny that one’s own first-personal experience, when one considers examples of the
sort that have impressed Plato, is really suggestive of geometrical insight in the way
that has been supposed. This would effectively result in a standoff, since of course
neither party is in a position to evaluate the phenomenology of the other. Second, one
might accept that one’s first-personal experience is indeed suggestive of geometrical
insight, but claim that there is no reason to presume that one’s phenomenology in
these cases is reflective of the actual epistemological qualities of the experience.

I will be focused primarily on responding to the first of these two options, but

I will briefly comment on the second one here at the outset. I think that in cases where



one does genuinely experience the phenomenon in question, it is difficult to maintain
that one’s phenomenology does not provide strong prima facie reason for believing
that one is having an experience that genuinely possesses the qualities of geometrical
insight. For in these cases, one does not merely experience a brute sensation of
certainty or aprioricity or necessity, one that can at most be said to accompany belief
in the relevant geometrical proposition. Instead, as suggested above, the experience is
one in which the subject sees why the geometrical result must be true. That is, one has
a presentational awareness of the features and relationships that secure and underlie
the sense of necessity, and which suffice to make one certain about one’s judgment.
The experience, that is, is a transparent one. We do not merely note the presence of a
feeling of certainty about our judgment, whose origins and basis are opaque to us.
Rather, the experience is one in which we enjoy an intimate, presentational awareness
of the spatial relationships that serve to ground our sense of certainty. I think,
therefore, that when critics object that there is no reason to take the phenomenology
of geometrical insight as reflective of the actual epistemological qualities of the
experience, it is because they are simply failing to experience this phenomenology.
The real obstacle to granting the first-personal motivation that Plato claims,
then, is that some subjects, when confronted with the relevant examples, fail to
recognize anything in their own phenomenology that is suggestive of geometrical
insight. Anecdotally, I can report that this is a fairly common initial reaction to the
diagrammatic ‘proofs’ I present in undergraduate lectures and at conference

presentations. Typically, these individuals agree that consideration of the diagram



does make the target proposition seem ‘plausible’, and does perhaps incline them in
the direction of believing it, but that they lack any phenomenology of necessity or
certainty, of the sort described above in relation to the Meno demonstration. As such,
their first-personal experience seems compatible with the view that the geometrical
beliefs are reached in these cases by means of ordinary, highly fallible, empirical
inference. This may lead them to suspect that proponents of geometrical insight are
merely being overly eager in interpreting their own phenomenology, self-ascribing a
sense of ‘necessity’ and ‘certainty’ that is simply not there to be found in the actual
experience, soberly appraised.

I think this discrepancy can be explained by the straightforward proposal that
there are multiple ways in which an experience of a diagram or a visual image is apt
to incline one towards a geometrical belief, and that only some of these qualify as
geometrical insight. Geometrical insight does not arise in any robust way without a
significant degree of careful, directed attention by the subject. Moreover, the very
same images that are held to support geometrical insight, when one attends to them
carefully, are also capable of yielding less impressive epistemic phenomena, such as
visually-based hunches. This should not be at all surprising to a proponent of
geometrical insight. By way of example, consider a diagram of the sort that might
allow a subject to grasp, through geometrical insight, that an angle constructed in a
certain way must necessarily be a right angle. If the diagram is drawn with any
reasonable degree of accuracy, it will surely display an angle that can be seen at a

glance to be approximately right. Since the subject will arrive much more readily at

10



this latter kind of observation, and since it will often be sufficient at least to incline
the subject towards belief in the target proposition, there is an understandable
temptation to presume that the mere sense of plausibility or suggestiveness that the
experience of the diagram delivers at first glance comprises all that it has,
epistemically, to offer. In this way, I think there is a systematic tendency for subjects
to underestimate the power of visual images to yield geometrical insight, because
they are apt to conclude too hastily that they have already discovered what is there to
be found. The contrast drawn here, between what initially seems plausible when
confronted with a diagram, and what one can genuinely grasp via geometrical insight,
is a central concern of Plato’s, as we will see in Section 4.

Anecdotally, I can report that in at least some cases in which individuals
initially find a diagrammatic example to deliver only a sense of plausibility, they do
eventually come to appreciate the example in a way that strikes them as more
phenomenologically suggestive of geometrical insight. In other cases, they fail to
achieve this result in relation to the original example, but succeed in doing so with
simpler examples. I don’t regard these anecdotal reports as having much in the way of
probative value, however. As I’ve already suggested, there is no adequate substitute
for experiencing the phenomenon for oneself. That is why Section 3 will be devoted

to first-personal reflection on a simple example.
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2.3 Third objection: mere discursive reasoning
One sometimes encounters a different sort of skeptical reaction to diagrammatic
examples of the relevant kind. The skeptical reaction considered just above agrees
with the proponent of geometrical insight that the mental act or episode that produces
belief in these cases is presentational, but denies that it is either a priori or certain.
Alternatively, it is sometimes claimed by subjects that when they consider these
examples, they enjoy subjective justification that is perhaps both a priori and certain,
but which is not presentational. Here the claim is generally that, although a diagram
or visual image may stimulate or provoke or suggest a certain line of reasoning, it is
in fact this discursive reasoning alone that carries the burden of justifying belief in the
geometrical proposition, yielding the conclusion in a way that is justificationally
independent of any contributions from visual imagery, and indeed from any form of
‘presentational’” awareness of the geometrical subject matter. In short, the claim is that
what one really experiences is not geometrical insight, but rather ordinary discursive
reasoning about geometry.

This is not a novel proposal. Indeed, Leibniz famously advanced precisely this

claim regarding Euclid-style geometrical practice:

The force of the demonstration is independent of the figure drawn, which is

drawn only to facilitate the knowledge of our meaning, and to fix the

attention; it is the universal propositions, i.e., the definitions, axioms, and

12



theorems already demonstrated, which make the reasoning, and which would

sustain it though the figure were not there. (1704, 403)

Leibniz, however, is simply mistaken on this point. As is clearly established by
Manders’ (2008) analysis, the deductions found in Euclid’s proofs will not go through
without the contribution of the spatial relationships seen to obtain in the
accompanying diagrams, which serve to justify what would otherwise be glaring
inferential gaps. Moreover, this point generalizes to ordinary geometrical reasoning of
the sort here under consideration. This is not to deny that the content of Euclidean
geometry can be captured by a thoroughly deductive axiomatic system; indeed, both
Hilbert and Tarski have achieved this, respectively, in second-order and first-order
axiomatizations. Nor is it to deny that it may be possible to provide a formalized
rendering of Euclid’s own proof procedures, by carefully selecting axioms to replace
the justificational contribution that would ordinarily be made by visual diagrams;
indeed, recent work in proof theory promises to achieve precisely this result (e.g.,
Avigad et al., 2009). It remains the case, however, that such purely formal-deductive
treatments of Euclidean geometry do not provide a route for ordinary reasoners to
grasp geometrical propositions in the cases here at issue. If an ordinary reasoner
reflects on a geometrical problem like the one posed in Meno, and comes to grasp the
solution in a way that is certain and a priori, they must either be relying on a

presentational awareness of spatial relationships evident from the diagram, or else
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their conclusion will be conditional on assumptions which are themselves nontrivial,
and which fall within the purview of geometrical insight.

The upshot is that discursive reasoning alone cannot provide certain and a
priori justification for geometrical belief in the cases at issue. In that case, why do
some subjects believe this to be true of their own experience? One possibility is that
they are reaching the result through a combination of insight and discursive
reasoning. Indeed, this is perhaps the most natural way to follow Euclid’s diagram-
based proofs: The overarching frame is a discursive, deductive one, and diagram-
based insight is invoked, tacitly, at various stages, in order to justify unstated
premises on which the argument would be seen to depend, were it to be spelled out in
fully explicit detail. If one approaches the Euclidean proof in this manner, primarily
attending to the deductive track set out in the text, and looking to the diagram
ostensibly just to remind oneself of the concrete meaning of the textually encoded
inferences, it is easy to overlook the fact that one’s visual understanding of the
diagram is in fact making essential contributions to the deduction. For in this case, the
contribution of insight becomes fragmented and piecemeal, and is thereby reduced to
judgments that are so visually obvious (for instance, that a line drawn to certain
specifications will have to lie inside a given angle, rather than outside it) that it is
easy to miss the fact that one is relying upon them at all. I presume this is what
accounts for Leibniz’s mistaken impression that the deductions set out in the text
suffice to establish Euclid’s conclusions, independently of any contribution from the

diagram itself.
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What is indicated by the example of Euclid’s proofs is that when it comes to
the propositions of Euclidean geometry, there is generally available a partial
discursive argument for those propositions. While this partial discursive argument
will in almost every case contain gaps in its deductive structure, these gaps are readily
overlooked because they can be bridged by premises whose truth is visually obvious,
and is therefore easily taken for granted. As such, so long as one has available to
one’s awareness a diagram drawn on paper, or one entertained in visual imagination,
it is relatively easy for one to rely on visual understanding in one’s reasoning, without
realizing that one is doing so.

The response to the objection, then, is that subjects may well be correct in
thinking that they have reached the result in a way that is partially discursive. In this
case, however, they have not grasped the result itself through geometrical insight—as
such, they are simply experiencing a different epistemic phenomenon, the existence
of which does not count against that of geometrical insight. It is worth taking a brief
digression in order to reflect further on the nature of this contrast between insight and
(partially) discursive reasoning in geometry.

When one reasons in the manner I have described above, such that the
thematic focus is on the discursive text, with only occasional, isolated appeals to
visual understanding, one’s grasp of the conclusion itself does not count as an
instance of geometrical insight, merely because this conclusion was reached in a way
that depends upon geometrical insight, in relation to certain (perhaps implicit)

premises in the discursive argument that supports the conclusion. This is because, in
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order for one’s grasp of a given proposition to qualify as geometrical insight, it is
necessary that one have a presentational awareness of the geometrical relationships
that constitute the truth-makers for that very proposition.

There is, I think, a way of approaching Euclid’s proofs that does yield
geometrical insight in relation to the proposition proved. In fact, in my experience
this is something that emerges naturally as I become more familiar with a Euclidean
proof, and arrive at a more complete understanding of it. When I first encounter a
given geometrical proof in Euclid, I find myself constantly shifting attention back and
forth between the text and the diagram. I first look to the text to read the current
assertion in the deductive sequence, and then attend to the diagram in order to
interpret the concrete spatial meaning of what Euclid asserts at that step, decoding
Euclid’s reference to angle ‘ABD’, for instance, by noting which letters label which
points on the diagram, and apprehending, now in an ostensive way, which angle
Euclid has in mind. While, as noted above, some of Euclid’s inferences depend
critically on the spatial interpretation of his statements, this is by no means always the
case. Often, it is unnecessary to consider the spatial meaning at all in order to verify
that a given inferential step is deductively valid. For instance, Euclid sometimes
reasons by substitution, justifying the replacement of one angle by another in an
equation by relying on a prior textual assertion that the angles are equal in magnitude.
The validity of such an inferential step can be verified by attending only to the labels

for the angles, without any concern for which spatial objects these labels represent.
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If one proceeds in this manner, however, considering the spatial meaning of
Euclid’s statements only when it is strictly necessary in order to verify that the current
inferential step is deductively valid, it is difficult to arrive at the proof’s conclusion
feeling as though one has a genuine understanding of why the proof has succeeded. In
practice, coming to understand a Euclidean proof seems to require that one interpret
the spatial meaning of each textual statement in succession, and initially, this means
shifting attention back and forth between the text and the diagram.

In my own experience, however, when I continue to rehearse a Euclidean
proof in this manner, I find myself progressively devoting less attention to the text,
and more to the diagram. Having previously decoded each of Euclid’s symbolic
statements into their spatial meanings, I now find myself understanding these
assertions only in reference to their spatial interpretations. It is no longer necessary
for me to pay attention to the labels, for I am no longer translating the text into its
spatial content. After all, I already know what Euclid is saying, in reference to the
geometrical situation displayed by the diagram. Moreover, by considering the
diagram, I find I can see why his inferences succeed. What was at first grasped
abstractly as a textual substitution of symbols now becomes understood more
concretely as a spatial substitution of angles, which I apprehend demonstratively. I
find, in fact, that Euclid’s entire course of reasoning can be understood in a way that
is based on my direction of visual attention to the diagram itself. By in this manner
arriving at a concrete, spatial understanding of Euclid’s proof, I have effectively

transformed it into a thoroughly visual proof: I see directly, in the diagram, the spatial
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relationships that make the result true. In this way, I am able to attain an integrated,
synchronous, synoptic appreciation of the proof as a whole. I claim that when I
appreciate the proof in this way, I do grasp its conclusion by means of geometrical
insight. Interestingly, this results naturally from my arriving at a complete
understanding of what is, to begin with, a largely discursive proof.

So that I am not misunderstood, it is worth acknowledging the following
point: I do not claim that discursive or linguistic content needs to be altogether absent
from my phenomenology, when I grasp a geometrical proposition by means of
insight. Indeed, when I visually attend to the diagram in a way that allows me to grasp
why the geometrical proposition is true, I may well experience myself rehearsing
thoughts in a discursive mode, for example: ‘If I were to substitute this angle for that
one...”. In this case, however, it seems clear that these linguistic or quasi-linguistic
contents are playing a supporting, ‘scaffolding’ role, serving to fix visual attention on
the relevant relationships in the spatial, geometrical situation presented by the
diagram. They do not themselves bear the burden of providing justification, but rather
serve to organize and give shape to inferences that have an essentially visuo-spatial
character. To put the point in slightly different terms, linguistic thought may serve to
keep a running record of judgments made about relevant spatial relationships in the
geometrical situation, but the justificational ground for those judgments is visual,

based in what can be seen in relation to the diagram itself.
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2.4 Fourth objection: mysterious access to abstract objects

The objections to the idea of geometrical insight considered above relate to the
question of whether first-personal experience provides motivation for taking the
phenomenon seriously. I now turn to a pair of related objections of a more theoretical
character. These objections question whether the putative phenomenon of geometrical
insight can be squared with a naturalistic picture of the world.

The first objection can be traced to arguments advanced by Benacerraf (1973).
The objection points out that the propositions of geometry are concerned with abstract
mathematical objects. Since these objects, if they are real at all, presumably exist
outside of the spatiotemporal realm inhabited by human minds, it would seem that
any justification of true beliefs concerning geometrical subject matter will require
some mode of cognitive access to the platonistic realm of being that these objects
inhabit. If so, the objection goes, the mechanisms through which we are able to enjoy
this access to objects in an abstract mathematical realm are utterly mysterious. We
don’t even know how to begin offering an explanation for their operations.

In brief, my response to this objection is that, indeed, we do not enjoy any
special form of cognitive access to a realm of abstract geometrical objects. On the
view that I propose to defend, geometrical insight does not provide us with any
justification for believing that the subject matter of geometry—consisting of the
geometrical objects themselves—actually exists. Strictly speaking, what we grasp
through geometrical insight are propositions that are subjunctive in character. That is,

we apprehend what would be true of geometrical objects (and geometrical space) as
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we envision them, if those objects (and that space) actually existed. While I will often
omit mention of this subjunctive framing, for ease of exposition, it should be borne in
mind that at no point in this dissertation should I be interpreted as claiming that we
possess any knowledge concerning the metaphysical existence of abstract geometrical
objects or of ideal Euclidean space. As such, the purely epistemological proposal that
I will be putting forward is intended to be entirely neutral regarding all ontological
matters concerning the existence and metaphysical nature of geometrical subject
matter. Of course, this means that the version of the geometrical insight proposal I
will defend makes a far weaker claim about geometrical knowledge than traditional
versions such as Plato’s, at least in this particular respect. That this still leaves us with
an interesting account of a nontrivial sort of geometrical knowledge—and one that
remains substantially true to the spirit of Plato’s own account—is something I hope to

demonstrate in the remainder of the chapter, and the dissertation as a whole.

2.5  Fifth objection: sui generis psychology

Our final objection to consider is that, even if we can set aside the concern about
cognitive access to abstract objects in the manner suggested above, the geometrical
insight proposal still seems to require us to postulate a mysterious, sui generis kind of
psychological state. For the very characterization of geometrical insight as both
presentational and a priori seems to confront us with puzzle. How can an epistemic
mental act possibly have both of these features at once? The familiar case of

justification based on ‘presentational’ awareness is that of ordinary perceptual
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knowledge, acquired through sensory channels—but this sort of knowledge is of
course not a priori. Conversely, the familiar case of a priori justification is that
gained through discursive reasoning, which lacks the requisite presentational
character. So the proposal of geometrical insight, which attempts to combine both of
these features within a single epistemic act, seems to run against the natural grain of
familiar psychology. As I will attempt to show in my interpretation of Plato’s view
below, this apparent tension can indeed be reconciled, by regarding geometrical
insight as grounded in an experience of visual understanding that is plausibly

regarded as combining these presentational and a priori aspects.

3 A phenomenological perspective
As we noted in the Section 2.1, Plato appeals to first-personal experience in order to
offer motivation for believing in geometrical insight. And as we saw in Sections 2.2
and 2.3, subjects often report an absence of the kind of phenomenology that would
serve to motivate the proposal. As I suggested there, the proper diagnosis may well be
that these subjects are simply not having experiences of the relevant kind. Therefore,
in this section I want to take the reader through a very simple example of geometrical
insight, exploring it from a first-personal vantage point. This will provide an intuitive
familiarity with some of the features of geometrical insight that will take on
theoretical importance within the account provided by Plato.

Suppose I imagine a circle, with a straight line drawn through its center. It

seems clear to me, bringing the relevant image to mind, that the line will divide the
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circle into exactly two parts. If I now pose to myself the question of whether these
two parts will be congruent to one another, I find myself judging very confidently that
they will have to be congruent—indeed, precisely so. And if I consider whether this
would still be the case if the circle were of some different size, or if the line were
drawn through the center at a different orientation, it seems clear to me that these
variations would not interfere with the congruence of the circle’s parts. I now possess
a belief about geometry that I hold with a high degree of confidence: In general, a
straight line drawn through the center of a circle will divide the circle into two
congruent parts.

When I consider the question of what justifies my holding this belief with
such confidence, it seems to me that my confidence is justified by the experience I
have when I entertain the relevant geometrical situation in visual imagination. When I
visualize a circle with a straight line drawn through its center, and I attend to what I
am visualizing in a certain way—specifically, in the context of wondering whether
the parts on either side of the line are congruent—I have an experience of things
falling into place, with a sense of inevitability. [ seem to find, within that experience,
immediate justification for believing that the parts on either side of the line will
indeed be congruent—and for believing that the size of the circle, and the orientation
of the line, will not make any difference when it comes to this relationship. I am
tempted to say that when I bring to mind a visual image of the geometrical situation,
and I consider it in the right way, I can simply see that the two parts of the circle

could not fail to be congruent.
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If I am now asked to justify to someone else that a straight line through the
center of a circle will divide it into two congruent parts, I may be unable to articulate,
in a fully explicit manner, my reasons for holding this belief. After all, my reasons are
private ones. Their basis lies not in any deductive argument that I could hope to
communicate, but rather in a visual-imaginative experience I am undergoing. When I
pose to myself the question of what justifies my holding this geometrical belief, it
seems a sufficient answer to simply point to my own experience. Of course, that is
not possible in the interpersonal case—that is, not unless my friend is willing to settle
for secondhand justification, by testimony, and simply take my word for it that / am
in possession of justification of the firsthand variety. It seems that the best I can do,
then, is to point to the geometrical situation I am having the experience of, in the
hopes that my friend will experience it in a similar way. I can do this by drawing a
suitable diagram, and presenting it along with the necessary stipulations: that the
diagram is supposed to depict a circle and a straight line, and the straight line is
supposed to pass precisely through the circle’s center.

When I now look at the diagram I have drawn, I have a visual experience that
seems to be, in all relevant respects, similar to the visual-imaginative experience I
was having previously. It is true that I am now also having a visual experience of a
physical object—the drawn diagram itself—which I take to be veridical. But that
experience—or that aspect of my experience, anyway—strikes me as quite beside the
point. What seems important is not my experience of the diagram, but my experience

of what I see in the diagram: the same geometrical situation that I had previously
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been imagining. When I now attend to what I see in the diagram, in the same way I
was previously attending to the visualized situation, I experience the same sense of
things falling into place, in a way that seems to justify my belief in the geometrical
proposition. Considering both as experiences of the geometrical situation, the only
significant difference I notice is that the diagram-aided experience seems more vivid
than the imaginative one, and the justification it provides, accordingly stronger.

Of course, there is no guarantee that my friend, confronted by the same
diagram, will have the same experience of ‘things falling into place’ in a way that
seems to provide justification for believing the geometrical proposition. If not, there
is little that I can do, except to try to gesture at the features and relationships that
seem, within my own experience, to justify this belief. Figuring out how to do this is
not a trivial matter. At first, I might simply point to the diagram, repeat the target
judgment, and assert that an experience of the former justifies the latter: “Don’t you
see that the arrangement just fits together so that this has to be the case?” After
reflecting a bit on my experience—on why the arrangement seems to ‘fit together’ in
a way that justifies the judgment—I might be able to say something a bit more
helpful: “Suppose the circle were folded along the straight line—wouldn’t the parts of
the circle on either side of the line now have to end up getting folded exactly onto one
another? Alternatively, suppose the circle were rotated by precisely a half-turn about
its center—wouldn’t each of the parts now have to occupy exactly the same space that
the other one did before the circle was rotated?” In defense of the generality of the

proposition, I might add: “Suppose the circle were larger or smaller, or the line were
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drawn through its center at a different orientation—couldn’t we compensate for these
changes simply by adjusting the viewing distance or the orientation of the diagram
itself? Isn’t this very diagram, then, adequate to represent all of the possible
variations that satisfy the initial characterization circle with a straight line drawn
through its center?”

As these examples already suggest, my attempting to point out the relevant
features and relationships might well result in my formulating something partially
resembling an argument, one with the target judgment as its conclusion. Might this
not imply that it is, after all, possible for me to articulate my justification for the
judgment—or at least some nontrivial part of it—by providing an argument that
captures that justification? Perhaps, then, my justification is not inherently bound to a
private, ‘presentational’ experience? Suppose I decide that one of the key features to
appreciate, in order to grasp the geometrical proposition, is the reflection symmetry of
the circle about the straight line. Indeed, by attending to this symmetry, I seem
immediately to grasp that the target proposition itself must be true, by appreciating
the way that this symmetry seems to force congruence upon the circle’s parts, with a
kind of necessity. (Making this relationship salient had been the point of my earlier
suggestion that my friend consider the circle being folded along the line.) I might now
attempt to explicitly formulate the relationship I have appreciated, in the form of a
deductive argument. Taking ‘C’ to name the circle and ‘L’ to name the straight line

drawn through its center, I could argue as follows:
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(P1) Cis symmetrical about L.

(P2) In general, if x is symmetrical about y, then y divides x into two
congruent parts.

(P3) If Cis symmetrical about L, then L divides C into two congruent parts.
(from P2)

(C) L divides C into two congruent parts. (from P1 & P3)

Of course, a deductive argument can only be as convincing as its basic premises. Here
(P1) is a fact about the geometrical situation that seems so basic that I can,
apparently, only point to it—if my friend does not accept that the circle will have to
be symmetrical about the line through its center, there seems to be little more that I
can say. And my visual experience does not seem to assume but rather seems to show
me that the circle indeed has this symmetry. This already suggests that an argument
will not be able to replace the justification provided by my visual experience. Still, it
might be able to replace some of it.

The universal statement (P2), in contrast to (P1), might reasonably be taken to
be analytic, following from the concepts of symmetry and congruence. So let’s
suppose that there is no difficulty accounting for knowledge of (P2). (P3) follows
from (P2), by instantiating the variables x and y to the constants that appear in (P1),
and (C) then follows by applying modus ponens to (P1) and (P3). Suppose I present
this argument to my friend, and my friend grants that (P1) is visually obvious and that

(P2) is analytic, and then validly reasons from these premises to the conclusion (C), in
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the way indicated. Is my friend now justified in believing (C), in the same way I was
justified in believing it, in the first place?

When I consider this question, while rehearsing for myself the steps of
reasoning through the argument, it seems to me that while this procedure does yield
justification for believing (C), it is not the same kind of justification that I had
initially. In particular, there seems to be an important phenomenological difference.
In following the argument, I start by separately confirming the truth of (P1) and
(P2)—in the first case, by looking to what I see in the diagram, in the second (let’s
suppose) by reflecting on the concepts involved. I then instantiate the variables in
(P2) to the constants in (P1), ‘plugging in’ C for x, and L for y, in order to derive
(P3). What strikes me about my phenomenology while I am performing this step is a
feeling of uncertainty about the conclusion I reach. It is not that I feel uncertain about
the step itself, while I am carrying it out. Indeed, the operation that takes me from
(P2) to (P3) is purely syntactic, and I feel confident that I can perform it reliably,
given the clarity with which I apprehend (P3)’s syntactic form. But precisely because
I am only attending to the syntax of (P2) while carrying out this operation, it occurs to
me in this moment to wonder whether the formulation of (P2) that I now hold before
my attention was correctly stated in the first place. Even if the judgment I previously
attempted to formulate as premise (P2) had been perfectly justified, am I certain that I
did not made a mistake in symbolically ‘transcribing’ this judgment, say by mixing

up the variables ‘x’ and ‘y’, and placing them in the wrong order?
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I find myself confronted by a similar doubt when I perform the final step,
deriving (C) from (P1) and (P3) by modus ponens. While I am performing this step, I
feel very confident that [ am correctly carrying out the appropriate syntactic operation
on premises (P1) and (P3), as formulated. From this ‘syntactic’ point of view,
however, I find that I have lost sight of my reasons for having accepted (P1) and (P3)
as expressions of true statements in the first place, those reasons being essentially
bound up with the spatial meanings of the premises. Again, perhaps I have made an
error in transcribing the thought.

When I rehearse the argument in this way, then, I find myself grasping the
truth of the premises independently, then operating syntactically on the forms of their
statements, and eventually deriving a formula that encodes the conclusion. When I
finally interpret the meaning of this formula, I find myself looking back to the
diagram, and thinking: “T guess those parts either side of the circle must be congruent,
then. After all, that is the meaning of the statement I seem to have derived.” This gets
me to belief in the proposition, to be sure, but I do not thereby replicate my original
experience of seeing that it must be the case.

To be sure, this is an implausibly ‘mechanical’ way of following the
argument, by carrying out inferences without paying attention to the meaning of what
is said (with the exception of the logical vocabulary, whose content must still be
interpreted in order to perform the inferences). But in this case, the ‘meaning’ is a
spatial, geometrical one—to attend to this in the course of following the argument,

would be to help it along with the aid of visual understanding. In order to pinpoint the
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relevant contrast, it seems appropriate to consider precisely this experience of
following the argument ‘mechanically’. And it is clear that when I do so, I seem to
miss out on the distinctive sort of justification that I am able to enjoy by means of
visual understanding. What is lacking is something that seems both
phenomenological as well as epistemological: The different steps of the argument are
not sufficiently integrated in my experience, and correlatively, I am unable to achieve
a synoptic understanding of the demonstration as a whole. I feel I have no
appreciation of why the two parts of the circle must be congruent. Instead, I am
simply faced with the fact that my reasoning process—in some way or other—has
produced this result as output.

A closely related point bears specific emphasis: When I follow this argument
in order to justify belief in the geometrical proposition, I experience a sense of doubt.
This seems to result from the fact that my appreciation of the truth of the basic
premises, by appeal to their semantics, occupies a distinct cognitive moment from the
purely syntactic operations by which I carry out inferences on those premises. |
wonder, in particular, if [ might have made an error in transcription, for instance, by
mixing up the symbols in some way. This sort of error is commonplace in such
‘mechanical’ procedures—one may easily forget to ‘carry the one’ in performing the
algorithm for addition of large numbers, for instance—which is why it is good
practice to perform a ‘sanity check’ to ensure that the result produced by such a

mechanical process is a plausible one.
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In the present context, however, to perform a sanity check would just amount
to my comparing the output of my reasoning process with what is intuitively apparent
to me on the basis of my visual understanding, to make sure that the two align. If this
is necessary in order for me to attain certainty about my conclusion, then it is clear
that the process of reasoning, taken on its own, does not provide me with the same
kind of certainty that [ seem to have when I reply just on my visual understanding.
Practically speaking, the doubt I feel may seem rather silly—I can, after all, simply
rehearse the argument several times carefully, in order to increase my confidence that
I have committed no error. But the important point is that, silly or not, the doubt does
arise, in a way it does not when I simply attend to what [ am able to visually

appreciate about the way the spatial parts of the geometrical situation hang together.

4 Plato: geometrical insight as recollection

In this section I consider Plato’s account of geometrical insight as ‘recollection’,
which is considered most directly in reference to the geometrical demonstration in
Meno but also discussed in Phaedo.” On the face of it, Plato’s recollection account is
essentially in conflict with a naturalistic picture of the world. The proposal Plato
seems to advance is that prior to its mortal existence, the disembodied soul was able
to enjoy a direct contact with ideal geometrical objects, and now retains a buried
memory of this prior knowledge by acquaintance, which needs only to be brought to

the surface by the right stimulus or trigger. This view asks us to embrace not only

? Citations for both dialogues are to Plato (2002).
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(unsurprisingly) a platonistic conception of geometrical objects, but also the existence
of immortal souls. Since this extreme conflict with naturalism is too high a cost to
bear for many contemporary theorists, there is a temptation to dismiss Plato’s view of
geometrical insight outright. But I submit that to do so would be a mistake.

Whether or not Plato genuinely held the view just outlined is a difficult
interpretive question, especially given Plato’s frequent appeal to myths in order to
present his philosophical views. This interpretive question, however, need not detain
us much here. For present purposes, we are interested in whether Plato’s recollection
view contains ideas that place us in a better position to make sense of geometrical
insight as a naturalistically respectable phenomenon. I will attempt to show that this is
indeed the case. If we are willing to forego the contentious ontological baggage
associated with the ‘recollection’ idea, what remains of Plato’s view provides a very
appealing account of geometrical insight as a kind of recognition. In particular, Plato
helps us to resolve the puzzle raised in Section 2.5: how to make sense of a mental act
of insight that has the ‘presentational’ character associated with sensory perception,
as well as the a priori character that is usually defined in opposition to sensory
perception. On the view that emerges out of consideration of Plato’s ideas,
geometrical insight can be seen to rest on a form of understanding that is both

presentational and a priori in nature.

31



4.1 Context

In order to appreciate the significance of the geometrical demonstration presented
below, it is important to consider it in context of the earlier discussion in the dialogue.
Socrates and Meno have been inquiring into the nature of virtue. Meno repeatedly
shows impatience with the Socratic method of investigation: He is unwilling to
earnestly consider matters by his own lights, and instead simply wants to be told the
answers to his questions.* Thus when Socrates urges him to answer for himself what
he thinks virtue is (71d), Meno responds by parroting a view acquired secondhand
from Gorgias (71e). Again, when Socrates requests that Meno propose a definition of
shape as a preliminary exercise to defining virtue (75a), Meno flatly refuses, and
insists that Socrates just tell him (75b). Meno’s attitude here reflects a view of
learning as the receipt of information, by testimony from those who are somehow
already informed.

Given Meno’s view of learning, it is not surprising that he reacts in the way he
does when Socrates brings the discussion to its moment of aporia at 80c-d. Socrates
has by this point revealed the inadequacies of each of the definitions of virtue that
Meno has acquired secondhand from various sources. Meno is now thoroughly
perplexed; the ground has been cleared for philosophical investigation to proceed,
unencumbered by the false presumption of knowledge. Socrates, noting again that he
himself is as perplexed as anyone regarding the nature of virtue, proposes they begin

their inquiry afresh. Meno, who had regarded Socrates’ initial profession of ignorance

* This aspect of Meno’s character is brought out clearly in Scott’s (2005) book on the
dialogue, particularly in Chapter 5.
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dubiously (71b-c), now realizes that Socrates is intent on standing his ground; he is
not going to provide Meno with ready answers that he can simply accept on authority.
For Meno, this is enough to establish that the inquiry into virtue is bound to be
fruitless: “How will you look for it, Socrates, when you do not know at all what it is?
... If you should meet with it, how will you know that this is the thing that you did
not know?”” (80d)

The question is posed rhetorically. In effect, Meno is insisting that it is
impossible that he should ever come to recognize, by his own lights, that something
must be the case. This brings us to the crux of the dialogue. The point of the
geometrical demonstration will be to show that, on the contrary, it is possible to
recognize truth for oneself. First, however, Socrates answers Meno’s question
directly, by giving an account of 4ow this could be possible (81b-e). This is Plato’s
doctrine of learning as anamnesis, or ‘recollection’. On this view, the human soul
already contains latent knowledge of all things, from its prenatal existence. What we
call learning is in fact just the conscious recovery of this latent knowledge, cued by
some appropriate trigger. From the discussion in Phaedo (73a-75b), it is clear that on
Plato’s view, the soul’s prenatal knowledge includes knowledge of abstract
geometrical properties, such as equality. Thus when we perceive two objects that are
roughly equal, even though they can only approximate perfect equality, we are
reminded of equality itself—a perfect geometrical property with which our soul has
been previously acquainted. Similarly, an imperfect geometrical diagram can trigger

the recovery of latent knowledge of geometry, as Socrates will now show.
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4.2 The geometrical demonstration

The geometrical demonstration takes place in Meno at 82b-85b. Socrates will teach
one of Meno’s slaves a simple proposition of geometry (in effect, the isosceles case
of the Pythagorean theorem, reformulated as a construction problem), but will do so
without imparting any information about geometry. Rather, Socrates will present the
slave with a geometrical diagram, and by posing a series of questions in relation to
the figure, will bring the student to recognize for himself that the theorem must be
true. This will be learning through recollection.

Socrates begins by drawing a diagram of a square (82b). The student
immediately appreciates that the figure represented, being square, has its four sides
equal, and also that it could be larger or smaller while remaining the same shape
(82c¢). Clearly, the area of any particular square will be a function of the length of the
side on which it is constructed, and the longer the side is, the greater in area will be
the square constructed from it. Socrates now poses the question: Supposing we had a
square twice the area of the given one, how long would its side be? The student
answers immediately: “Obviously, Socrates, it will be twice the length” (82¢)—that
is, twice the length of the side of our original square.

The student’s initial answer, despite its presumed obviousness, is incorrect.
What prompts this incorrect response? The swiftness with which the judgment is
issued, together with the apparent lack of any conscious reason for so judging (the

slave says it is simply “obvious”), suggests as a plausible hypothesis that the student
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has reached this judgment by employing an unconscious keuristic of the sort widely
studied within the ‘heuristics and biases’ research program in cognitive psychology.’
In this case, the heuristic assumes that one spatial magnitude (the area of the square)
will increase in proportion to another spatial magnitude (the length of the square’s
sides). It thereby issues in a swift intuitive judgment, with roughly the content: twice
the length, twice the area.

Socrates now leads the student to recognize that doubling the length of the
square’s side will yield a square with four (rather than two) times the area of the
original square (83a-c). He does so by augmenting the original diagram, first taking
the square’s base and extending it so it is twice the length of the original base. He
then constructs a square on this extended base, which contains the original square
inside itself. Drawing lines between the midpoints of the larger square yields the

diagram in Figure 1.1.

Figure 1.1: Step one of Plato’s proof

> Tversky and Kahneman (1974) is the classic source; see also Gilovich et al. (2002).
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Observing the augmented diagram, the student recognizes that the larger square can
be seen as composed out of four smaller squares—the four ‘quadrants’ of the large
square—each of which is equal to the original. The student now judges, correctly, that
doubling the length of a square’s side yields a square four times the area of the
original (83c¢).

On what basis has the student arrived at this second, correct judgment? Here
we can appeal to our own phenomenology, as we follow the demonstration through
for ourselves. For when we look at Figure 1.1, we too can recognize what the student
has now grasped. Taking an arbitrary one of the ‘quadrants’ as our original square, we
can readily see the figure as one in which the whole, large square has sides twice as
long as those of the original, smaller one. Perceiving the figure in this way, we see
that the large square is made up out of four smaller squares, all of which are equal,
and one of which is just our original square—so the area of the large square will have
to be four times that of the original.

Notice that we arrive at this judgment without scrutinizing the metric
properties of the drawn figure, for instance by measuring the four smaller squares
carefully (or, less reliably, by ‘eyeballing’ them) to satisfy ourselves they have been
drawn precisely equal. Proceeding in this manner would be sensible only provided
that we were in the first place confident that the diagram had been drawn to metric
precision, with the base of the original square having been extended to exactly twice
its original length, and a figure exactly square having been constructed on the

extended base. It is true, of course, that one could attempt to learn about the
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geometrical relationship between the side-lengths and areas of squares in this manner,
through empirical measurement. But that is not how we seem to reach the judgment
in this case. For when we reflect on the possibility that, strictly speaking, the
empirical drawn figure has none of the metric properties relevant to the truth of our
geometrical judgment, this does not seem in any way to undermine our warrant for
making that judgment. After all, our judgment concerns not the figure, but the
geometrical situation it represents. Just as in Plato’s example of recollection, being
visually confronted with approximate equals serves to bring equality itself before our
mind, in this case, the approximate rendering of the geometrical situation seems in
some way to present us with the situation itself. When we consider this situation, in
which the large square’s base is (exactly) twice the length of the small one, we seem
to grasp clearly that the large square will ave to be (exactly) four times the area of
the small one. Our phenomenology suggests that the warrant for this judgment is
based in some way on our visual experience of geometrical situation presented by the
diagram, but it is not based on our experience of the precise metric features of the
diagram itself, taken as a physical, empirical object.

How are we to assess the difference between the two conflicting judgments
that have now been given by the student? Both can be regarded as ‘intuitive’
judgments, in the specific sense that the warrants supporting these judgments seem to
be—at least in part—inherently private. That is, in neither case is the student in a
position to fully articulate his reasons for judging in the way he does, such that he

could provide an argument capable of convincing someone else to arrive at the same
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judgment. In the first case, this is because (as I’ve suggested) the heuristic-based
processes that result in his judgment are entirely unconscious, so he lacks any
awareness of the warrant for his judgment. We might say that in this first case his
judgment issues from blind intuition.

In the second case, the student is similarly unable to fully articulate why he
arrives at his judgment, though for a different reason. Here he seems simply to grasp,
on the basis of what he perceives in the diagram, that the stipulated relation between
side-lengths enforces on the pair of squares a certain relation between their areas. Of
course, having grasped the relationship for himself, he might be able to go on to lead
someone else to arrive at the very same recognition. For instance, he could employ
Socrates’ own method, of drawing a suitable diagram, and drawing attention to its
relevant features. But this would never amount to an argument that could compel
belief in those who fail to see the relationship for themselves.® The situation is
reminiscent of Sibley’s comments about art criticism. A critic can never prove to an
audience that the artwork has the aesthetic features the critic claims it does; all that
can be done is to employ various indirect means to prompt or encourage the audience
to see what the critic has seen aesthetically in the work (Sibley 1959, 439-45). The
recognition of geometrical truth in the diagram, like the recognition of beauty in a

painting, remains within the sphere of private experience.

% Cf. Zwicky’s comment on the experience of teaching the full demonstration to her
undergraduates: “Yes, there are some who grasp the Meno proof with a gasp, but
there are others who don’t see it the first, or even the second, time. If they don’t get it,
there’s little I can do but say the same thing—walk through the demonstration...—
again.” (2006, 8)
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While the second judgment is therefore also intuitive in the specific sense of
having an inherently private warrant, it does not issue from blind intuition in the same
way that the first judgment does. Again, reflecting on our own experience, of arriving
at the geometrical judgment on the basis of our visual experience of Figure 1.1, it
would be clearly false to say that we lack any awareness of the judgment’s warrant.
For not only do we judge that the large square is four times the area of the original
one, we can quite clearly see why it has to be so, by our lights—it’s just that we are
unable to articulate the reason. In this case, the judgment issues not from blind
intuition, but from what seems (to us) to be a kind of presentational awareness of the
very geometrical situation that constitutes the subject matter of the judgment. That is,
we seem to have an awareness of the geometrical situation, which provides an
immediate ground for making propositional judgments about it, in something like the
way that our visual awareness of our surroundings provides an immediate ground for
making propositional judgments about what is going on around us. There is a
phenomenology of the geometrical situation being there, presented to us, such that we
can form judgments about it.

To return to the demonstration, the student has now realized that in order to
construct a square twice the area of a given one, one cannot simply construct a square
on a base twice as long. The initial problem remains unsolved. The discussion now
progresses through a second iteration of the procedure we have just witnessed:
Meno’s slave proposes another answer, also plausibly heuristic-based, and is again

shown a diagrammatic construction that refutes his answer (83e). He is now
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thoroughly puzzled about what the solution could be (84a). Socrates now takes a
diagram just like the one in Figure 1.1, and draws in diagonals of the smaller squares
to connect the midpoints of the adjacent sides of the large square, yielding the

diagram shown in Figure 1.2 (85a).

Figure 1.2: Step two of Plato’s proof

By posing a series of questions, directed at this diagram, Socrates leads the student to
recognize that the four diagonals can be seen as the sides of a new square, which is
obliquely oriented. Since the triangles created by drawing in the diagonals are all
equal, the original square is made up of two triangles, and the new square is made up
of four triangles, the new square has to be twice the area of the original square. The
student now recognizes for the first time that the square twice the area of a given one
is the one constructed on the diagonal of the given square (85a-b). The demonstration
is complete.

What has it shown? Socrates, at least on the face of it, takes the demonstration

to show that Meno’s slave has learned this truth of geometry by a process of
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‘recollection’. That is, the true opinions were already in him prenatally, in latent
form, and needed only to be “stirred up” by presenting him with suitable diagrams
and posing suitable questions about them. After all, as Meno confirms, the slave has
never been educated in geometry, and has answered only with his own opinions, at no
point having been given the answer by Socrates himself (85b-e). Of course, given the
leading nature of many of Socrates’ questions, one might wonder whether the slave
has truly been giving his own opinions throughout, as opposed to simply telling
Socrates the answers he thinks he wants to hear. As we discussed in Section 2.1,
however, this worry misses the point. Moreover, it does so in essentially the same
way in which we would miss the point in worrying that the ‘squares’ in the empirical,
drawn diagram do not in fact possess the precise metric properties of the perfect,
geometrical squares they are intended to stand for. It is not important that Meno’s
slave has in fact recognized the truth of the proposition for himself. What is important
is that Socrates has shown how he could have done so. We, the readers of the
dialogue, grasp this possibility directly, in virtue of following through the
demonstration for ourselves. It is our own phenomenology that shows us that we do,
or at least can, recognize the truth for ourselves, as opposed to merely acquiring
information, by means of measurement or any other form of testimony. Even if we
resist Socrates’ story about recollection of prenatal knowledge—and he himself
expresses some doubt on the matter (86b)—the demonstration should convince us
that we have strong phenomenological grounds for believing in the possibility of

recognizing geometrical truth ‘from within’.
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I now want to suggest that Plato’s picture of geometrical insight, which we
have just considered, allows us to see the way towards a resolution of the puzzle we
encountered in Section 2.5: Namely, how are we to make sense of geometrical insight
from a psychological perspective, given that it is held to be at once presentational as
well as a priori? After all, the clearest example we have of presentationally grounded
knowledge is that of ordinary sensory experience, which is clearly not a priori. And
the clearest example we have of a priori knowledge is that of ordinary discursive
reasoning, which seems to lack any ‘presentational’ character of the sort at issue. So
how can we make sense of a mental act of insight that combines these apparently
opposing characteristics? I think considering Plato’s view of geometrical insight as
recollection suggests an appealing answer, which I now want to explain. The first task

is to unpack Plato’s view of a priori justification.

4.3 Plato’s notion of a priori justification

To ask about Plato’s view on the a priori is somewhat anachronistic, since Plato’s
writings predate the distinction between the a priori and the a posteriori as we now
understand it. Nonetheless, I think that Plato does provide a clear characterization of a
form of justification that is readily recognizable as corresponding to what we would
now generally call ‘a priori’. Moreover, Plato’s own characterization of a priori
justification turns out to be rather more perspicuous than the common contemporary

gloss as justification ‘independent of experience’. In brief, I think Plato’s notion of ‘a
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priori justification’ should be understood as justification independent of testimony. 1
will now try to spell out more clearly what I take Plato’s view here to be.

Plato’s main concern in Meno, as I read the dialogue, is to establish that there
can be knowledge that does not rely on testimony. But what exactly is ‘testimony’? In
the first place, Plato is concerned with testimony in the most familiar, and literal
sense: that of second-hand reports from others supposedly ‘in the know’. This is why,
as we noted in Section 4.1, Plato portrays the character of Meno, who serves as a foil
for Socrates, as someone who apparently believes that a// knowledge (at least of
eternal matters) arises from testimony. Meno, not seeing the possibility of discovering
the truth for oneself, simply wants to be told the answer. The point of the geometrical
demonstration is to show that some eternal truths can be grasped in a way that does
not rely on the testimony of others already presumed to have knowledge.

The dialogue is replete with textual examples that reflect the dim view taken
by Plato of the epistemic practice of believing testimony in this familiar, literal sense.
For instance, in an interlude that occurs after the geometrical demonstration, Anytus
enters, expressing a highly critical opinion of the teaching methods of the Sophists.
When Socrates inquires about what justification Anytus has for taking this view,
Anytus admits that he has never met any of the Sophists—his opinions have
apparently been acquired secondhand. Socrates responds with a pointed rhetorical
question: “How then... can you know whether there is any good in their instruction or
not, if you are altogether without experience of it?” (92b-c). Similarly, later in the

dialogue, Socrates draws a pointed contrast between the epistemic positions of a
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“man who knew the way to Larissa” and one who merely “had a correct opinion as to
which was the way but had not gone there nor indeed had knowledge of it” (97a-b).
The clear worry about testimony raised by these examples is that one has to trust the
information channel—in this case, a person assumed to be reliable—to deliver an
accurate correct report. The process that produces that report as output remains
opaque—a ‘black box’, from the epistemic vantage point of the recipient of
secondhand information.

In cases such as these, when Plato is considering testimony in the most literal
sense—that is, testimony in the form of secondhand verbal reports—the contrast that
is drawn is to firsthand perceptual knowledge. Nonetheless, it would be a mistake to
interpret Plato as claiming that ordinary perceptual judgments are free from the sort
of blind trust characteristic of testimony in general. For Plato is of course highly
distrustful of the deliverances of the senses; in other texts, he places strong emphasis
on the tendency of the senses to mislead, especially in relation to visual illusions.”

Moreover, it is clear that recollection, Plato’s ultimate contrast to justification
by testimony, is not intended by Plato to depend upon the reliability of visual
perception in presenting the subject with an empirically accurate representation of the
physical diagram itself. This is perhaps most evident in Phaedo, where Plato’s
examples of recollection make it clear that while the physical object may prompt or
trigger the occurrence recollection, this does not involve taking one’s perception of

the physical object itself as evidence. Rather, the physical object serves a ‘reminding’

"E.g., 602¢c-d in Republic (Plato 1992).
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role, bringing to mind content that is already internally available. For instance,

Socrates says the following in Phaedo by way of characterizing recollection:

Well, you know what happens to lovers: whenever they see a lyre, a garment,
or anything else that their beloved is accustomed to use, they know the lyre,
and the image of the boy to whom it belongs comes into their mind. This is
recollection, just as someone, on seeing Simmias, often recollects Cebes, and

there are thousands of other such occurrences. (73d)

Closer to our concerns regarding geometry, Plato also mentions the example of seeing
a pair of approximately equal sticks, and being reminded of equality itself (74a-75c).
The upshot is that while ordinary sensory perception plays a role in recollection, on
Plato’s view, it is in no way an evidential role. While empirical perception might
serve to remind one of things with which one is already familiar, it does not carry any
justificational weight. So recollection, in these cases, does not rely on what we often
aptly describe as the ‘testimony of the senses’. The same lesson, presumably, applies
to the diagram in the Meno demonstration: Its role consists in merely bringing to
mind an internal presentational awareness of the relevant geometrical situation,
which itself grounds justification for the geometrical judgment.

In addition to testimony by secondhand verbal report and the testimony of
empirical perception through the senses, it is clear that Plato is also concerned with

internal forms of testimony, which he similarly intends to contrast with the sort of
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genuinely testimony-free justification provided by recollection, in his view. As we
saw when we considered the Meno demonstration above, the student’s initial,
incorrect answer seemed to express an intuitive judgment that issued from an
unconscious, and plausibly heuristic-driven, process. Part of Plato’s point in taking us
through the demonstration in the way he does is to emphasize the contrast between
such ‘blind intuition” and the sort of presentational awareness we enjoy through
recollection. The former is clearly a case of reliance on testimony, for the intuitive
judgment one reaches in such a case is the output produced by a process whose
operations remain an opaque ‘black box’ from the vantage point of the subject. In
another example of blind intuition, Socrates later in the dialogue ironically suggests
that it is “right to call divine” those soothsayers and prophets who receive divine
dispensations of information “without any understanding” (99¢-d).

The distinction Plato is emphasizing here is sufficient to counter a certain
skeptical complaint often raised against the very idea of insight: that what is claimed
to be ‘insight’ is merely a case of intuition, and intuition is known to be highly
untrustworthy. Plato might well respond that blind intuition, which merely delivers a
judgment as output without allowing the subject to ‘see into’ the process that
produces it, is indeed untrustworthy, because it is a variety of testimony. On the other
hand, geometrical insight, construed as recollection, does not depend on testimony.

The final form of testimony that Plato considers is testimony provided by
memory. At one point in the discussion between Socrates and Meno about virtue,

Socrates pauses to raise a doubt regarding a conclusion they had previously reached
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in their discussion (that virtue is a kind of knowledge). Perhaps, Socrates suggests,
they were wrong in arriving at this conclusion. Meno is resistant to reassessing the
previous judgment, pointing out that “it seemed to be right at the time” when they
originally considered the matter. Socrates responds by saying: “We should not only
think it right at the time, but also now and in the future if it is to be at all sound”
(89c¢). I read Plato here as suggesting that a mere memory to the effect that one has
previously arrived at a confident judgment about some matter is itself a form of
testimony, to be contrasted with the kind of justification provided by recollection. In
order to enjoy this latter sort of justification, it is not enough to merely recall that one
has previously judged so-and-so to be the case, for what one presumes to have been
good reasons. Rather, one must presently have those reasons before one’s mind.

The general picture Plato presents of justification by testimony, then, is a
multifaceted one. The category of testimony includes not only the literal sort of
testimony we encounter in secondhand verbal reports, but also the ‘testimony of the
senses’, the testimony of blind intuition, and the testimony of memories of what one
has oneself previously judged to be the case. What unites all these cases is that the
subject is presented only with the output of an information-delivering process; this
process itself remains a ‘black box’, opaque to the subject. As such, in relying on
testimony, of any form, the subject has to t7ust in the reliability of the process that
delivers the relevant information. The promise of recollection is to provide

justification that is wholly independent of reliance on testimony, in any of these ways.
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I submit that this condition, of being independent of reliance on testimony, captures

the sense in which Plato regards recollection as providing a priori justification.

4.4  Recollection as recognition

The previous subsection characterized recollection negatively, in terms of its
independence of reliance on testimony. Now, I want to offer a positive proposal, one
that I claim makes the best overall sense of the ideas Plato advances about
recollection. On the face of it, Plato has presented us with a puzzle. On the one hand,
memory about what one has previously judged or seen to be the case is a form of
testimony, and hence is not a priori in the sense that matters to Plato. On the other
hand, what is ‘recollection’ supposed to be, if not a form of memory? In addition, we
are still faced with our puzzle from Section 2.5: How are we to psychologically make
sense of a mental act of attaining knowledge, which is at once presentational and a
priori? I will try to show how both of these puzzles can be resolved, by interpreting
Plato’s notion of ‘recollection’ as a kind of recognition or understanding.

Based on reading Meno alone, one could easily read Plato as holding that
geometrical insight, construed as recollection, operates on the level of propositions.
On this interpretation, the propositional knowledge that the relevant geometrical
proposition is true is already tacitly present within one’s soul, and requires only the
right triggering occasion—the right diagram, perhaps in combination with the right
questions about it—to be broad to surface of one’s conscious awareness. Indeed,

Socrates explicitly says precisely this: that the true opinions that Meno’s slave
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eventually comes to assert must have been, in some form, already inside him (85c). If
we read Socrates’ comment at face value, however, as the claim that recollection of
geometrical truth consists in recovering latent propositional knowledge, then we are
confronted with a view clearly in tension with Plato’s commitment to recollection
being independent of reliance on testimony. For if recollection consists in
remembering propositional opinions one already possesses, it will certain rely on the
testimony of memory.

In the examples in Phaedo, Plato presents a different picture, one of objectual
recollection. As we’ve already seen, in Phaedo Plato’s examples of recollection
involve not recollecting propositional knowledge, but merely being reminded of
objects with which one is already in some way familiar: When one sees a lyre, one
may be reminded of one’s beloved, and upon seeing Simmias, one may be reminded
of Cebes (73d). Immediately after presenting these examples, Socrates proposes a
pictorial one: A person “seeing a picture of Simmias” may thereby “recollect
Simmias himself” (73e). Then, following up on this example, Socrates then suggests
that one can see two approximately equal objects (he mentions both sticks and stones
as examples) and thereby recollect “Equality itself” (74a-75c).

These latter two examples suggest an appealing view of the role of the
diagram in presenting subjects with the geometrical situation their judgments
ultimately concerns. Just as in the pictorial case, where one recognizes Simmias in a
depiction of him, one can also recognize perfect equality in a mere approximation to

the latter. Presumably, this sort of objectual recognition will be similarly operative
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when one is confronted with a geometrical diagram, as in the Meno demonstration: In
that case, one would recognize a geometrical square in the drawn diagram. Of course,
on Plato’s official view, this ability itself has a rather mystical explanation, being
possible only in virtue of the soul already having seen The Square Itself, while in its
pre-mortal, disembodied state. But it is unlikely that we need to accept such an
extravagant story in order to explain how one can recognize a geometrical square in
an imperfect diagram. An alternative proposal, one that will be considered at length in
Chapter 3, is that we possess a recognitional concept of a geometrical square, which
allows us, in effect, to see a perfect square in an imperfect diagram. Since this will be
a central topic of later discussion, for present purposes, I will simply assume that
there is some naturalistic explanation for our ability to recognize perfect geometrical
objects in imperfect, approximate diagrams, such that the geometrical objects are, in a
certain sense, brought ‘before one’s mind’.

On this proposal, then, the sort of ‘recollection’ that operates when one is
confronted by a geometrical diagram is, in the first place, an objectual form of
recognition, whereby we recognize geometrical objects in the diagram. This proposal
places us in a better position to make sense of Plato’s ultimate target: ‘recollection’ of
propositional truths of geometry. For we can view this propositional ‘recollection’ as
itself a form of recognition, one that is grounded in the objectual form of recognition.
The idea is that by ‘bringing before one’s mind’ the relevant geometrical objects, we
are epistemically in a position to recognize that certain propositions are true of those

objects, in a way that is a priori. In common parlance, we often use the phrase
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‘recognize that’ to denote a propositional judgment that is arrived at, not by receipt of
any new information, but rather by considering what one already knows in a new
light, and grasping for the first time that it fits together in a way that supports the
judgment. This sense of seeing how things fit together seems to be an apt
characterization of the sort of phenomenology we enjoy when we ‘get’ the Meno
proof. What we experience is an appreciation for how the geometrical situation as a
whole is structurally integrated. There is, moreover, a feeling of things falling into
their natural place, which is somewhat suggestive of objectual recognition—so it is

not altogether surprising that Plato draws a close association between the two.

4.5  Integrative understanding as a priori

What I now want to suggest is that this sort of integrative appreciation, which seems
to serve as the justificational basis for propositional recognition, is nothing
mysterious, but in fact a rather familiar mental act, which we have independent good
reason to believe in, and which is (or at least can be) both presentational and a priori.
This integrative appreciation—the seeing how things fit together—is generally
described by epistemologists as ‘understanding’. To briefly summarize the current
thinking on the topic, understanding (in the relevant integrative sense) is usually held
to take as its object a coherent body of information. One cannot capture the epistemic
value of understanding reductively, however, by adding up knowledge of all the
atomic propositions that collectively comprise the relevant body of information, since

this would in some important sense leave out the understanding itself (Elgin 2007,
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Gardiner 2012, Grimm 2012). For understanding requires the integration of all these
disparate pieces into a unified whole. If one has failed to grasp how all the atomic
propositions hang together as a collective whole, one has failed to understand.

The following passage from Gardiner is representative of the current thinking

on the nature of understanding:

When we understand an object we also grasp relations among the various
parts of that object; we see its structure. When we understand an explanation,
we see how different elements of the causal or explanatory web hang together
and how various facts interact.... It seems that in general when we think about
the nature of understanding, as distinct from true belief, knowledge or other
epistemic standings, what springs to mind is coherence among beliefs and a

grasping of the relations between parts. (2012, 164-5)

This picture of understanding suggests two important points. First, understanding
seems to have a presentational character. As Gardiner says, we see the structure of
the relevant subject matter; we see how its various elements hang together. In relation
to some relatively abstract subject matter—say, understanding how a winner-takes-all
electoral system systemically yields a de facto two-party political system as an
emergent product—we might perhaps be inclined to dismiss this talk of ‘seeing’ as
merely metaphorical. But in relation to our present concern—understanding how the

relevant parts of a geometrical situation fit together, based on our visual experience of
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a relevant diagram—there is little temptation to deny that our understanding is indeed
presentational. Indeed, it seems to be literally visual in character.

The second important point is that, if we identify understanding with this
integrative grasp of coherence relations, there is a simple argument to the conclusion
that understanding is a priori. For understanding in this integrative sense is precisely
what is left to achieve, epistemically, once one is already in possession of all the
relevant pieces of information. Consider that the following is a clear commitment of
the consensus view on the epistemology of understanding just sketched above: A
subject can possess all the empirical information relevant to understanding how or
why P, and yet can still fail to understand how or why P. Therefore, what is
epistemically gained through understanding, in this sort of situation, cannot itself
consist in grasping any further empirical information—by hypothesis, one already has
all the relevant empirical information. It follows that the epistemic contribution of the
understanding itself must be a priori.

Some might balk at this suggestion, given how thoroughly engaged
understanding typically is with empirical content. One might think that understanding
a scientific explanation of an empirical phenomenon, for instance, must surely be a
thoroughly a posteriori matter. Here I think it is helpful to distinguish between two
senses of ‘understanding’, a broad sense and a narrow one. In the broad sense of
understanding, one can only be said to understand a scientific explanation (for
instance) if all of the claims integrated within that explanation are themselves known

to be true by the subject. Hence a scientific explanation that is internally coherent, but
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which is based on mistaken hypotheses, cannot be said to be understood in the broad
sense, even if the subject succeeds in grasping its internal coherence. Understanding
in the narrow sense, in contrast, refers only to one’s grasp of the coherence relations
themselves. So in the narrow sense of understanding, one could truly be said to
understand an explanation, even if that explanation merely integrates spurious
misinformation. It is the narrow sense of understanding that I claim to be a priori.
claim this for the reason that the grasping of coherence relations themselves—
considered independently of the truth or falsity of the pieces of information so
integrated—is clearly something that makes a substantive epistemic contribution, in
many cases. In particular, it is clearly capable of taking the subject from an epistemic
state in which one is not justified in believing that P, to one in which one is justified
in believing that P. (Such may well be the case when one grasps an explanation of P,
for instance.) And just as clearly, this epistemic contribution does not depend on the
receipt of any novel information.

Notice that understanding even in the narrow sense is, on its own, sufficient to
justify a certain sort of propositional belief, even if the subject remains agnostic about
the truth values of the pieces of information being integrated. This belief will merely
have to take on a subjunctive form, being conditional on the assumption that those
pieces of information are indeed true. That is, the understanding itself (taken in the
narrow sense) will be able to justify belief in a proposition concerning what would be
the case, were all those pieces of information to come out true. It is, in short,

subjunctive propositions whose truth can be grasped a priori by means of integrative
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understanding. Put differently, the epistemic contribution made by a priori
understanding is one that is captured by a subjunctive proposition. This result, of
course, fits very naturally with the proposal advanced in Section 2.4, to the effect that
geometrical insight delivers justification that has a subjunctive form.

My suggestion, then, is that this form of integrative understanding is what
underlies the recognition of the geometrical proposition at issue in the Meno proof.
What one recognizes is roughly that if there were a square of the kind envisioned, and
occupying space of the Euclidean sort tacitly assumed by the subject,® and if there
were a second square constructed on the diagonal of the former square, the second
square would have exactly twice the area of the first one. The subject’s recognition
that this relationship obtains is grounded in an integrative visual understanding of the
relevant spatial relationships, seen to obtain in the diagram. By this means, the subject
is able to enjoy justification for a geometrical belief of a sort that is both
presentational as well as a priori. This, I submit, provides an appealing picture of

geometrical insight that is substantially true to the spirit of Plato’s own proposal.

5 Conclusion and prospect

I conclude that the general proposal of geometrical insight does indeed stand up to
scrutiny, and is capable of surviving the objections that have been raised against it. In
Chapter 2, I will briefly confront an additional objection: that there are apparent

counterexamples to the reliability of mathematical judgments reached on the basis of

® The subject’s tacit imposition of assumptions reflecting the structure of Euclidean
space will be a central topic of Chapter 4.
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visualization or visual experiences of diagrams. In Chapters 3-5, I turn to the question
of the psychological underpinnings of geometrical insight. In brief, I propose what I
call the dynamic imagery account. 1 argue that this account enables us to make sense
of the psychological bases of basic geometrical knowledge, understood to include the
foundational assumptions of Euclidean geometry, as well as the theorems proved in
Book I of Euclid’s Elements. Chapter 3 will set the stage by carefully examining the
account of basic geometrical knowledge put forward by Giaquinto. Chapter 4 will
provide a detailed examination of the cognitive basis of our grasp of the fundamental
assumptions of Euclid’s geometry. Finally, Chapter 5 will aim to shed light on our
understanding of Euclidean theorems, by addressing the generality problem: the
problem of how we are able to gain insight into general theorems of geometry on the

basis of our visual understanding of diagrams depicting only special cases.
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Chapter 2: Reliability

1 Introduction

In the last chapter, I presented an initial defense of the reality of geometrical insight,
in which I argued that subjects can attain geometrical knowledge through the
integrative understanding of visual diagrams or through visualization. In this chapter,
I will briefly address an outstanding objection to the geometrical insight proposal:
That appeals to visualization and visual diagrams in mathematics are known to lead to
errors in mathematical judgment. If so, this seems to cast a general doubt on the
reliability of visual-based insight in mathematics, and thereby undermines the claim
that geometrical insight is sufficiently reliable for the judgments that it yields to
qualify as knowledge.

A number of well-known cases purport to show that visualizations and visual
diagrams are inherently unreliable as guides to mathematical truth. Even the
staunchest defenders of diagrams grant that there are many cases in which diagrams
are positively misleading. I argue that these ‘problem cases’ have been misdiagnosed.
In all such cases, the erroneous judgments are not the result of any problem inherent
to visual or diagrammatic methods, but are rather due to an uncritical reliance on a
specific set of cognitive heuristics that operate at an unconscious level. In fact, in
many of the cases thought to be most damaging to diagrams’ claim to epistemic
reliability, the heuristic-based errors prove to be correctable by means of the

appropriate use of diagram-based visual understanding. There is, I conclude, no
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evidence at all to suggest that diagrams are inherently unreliable as guides to
mathematical truth.

There is, of course, a long tradition of using diagrams to justify belief in
propositions of mathematics. Manders has speculated that in the pre-Euclidean
practice of the early Greeks, “‘seeing in the diagram’ must have been the primary
form of geometrical thought and reasoning” (2008, 81). For millennia following, the
more systematic (though still diagram-based) Euclidean-style practice served as the
very paradigm of rigorous mathematical reasoning. Around the turn of the 20™
century, amidst an emerging crisis in the foundations of mathematics, the use of
diagrams came under attack from various prominent figures, including Pasch, Hilbert,
and Russell (see Mancosu 2005 for an overview). One of the major criticisms leveled
against diagrams concerned their putative unreliability as a guide to mathematical
truth. This criticism was motivated by a number of well-known cases in which
mathematical claims that had been previously accepted, apparently on the basis of
‘visual intuition’, were discovered to be false.

In the past two decades, there has been a resurgence of interest in the view
that mathematical diagrams may have genuine justificatory value after all. Several
philosophers have argued that in some cases, even standalone diagrams are sufficient
to justify mathematical belief (Brown 1999, Giaquinto 2007, Azzouni 2013). Others
have focused on the justificatory role of diagrams embedded within mathematical
systems (such as that of Euclid) and have argued that claims of the unreliability of

diagrams in these contexts have been significantly overstated (Manders 1995, Shabel
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2003, Macbeth 2010). Nevertheless, even the staunchest defenders of diagrams have
granted that in many cases, visual diagrams are indeed positively misleading, giving
rise to compelling but illusory intuitions, which are at odds with the mathematical
facts (Manders 1995, Brown 1999, Giaquinto 2007).

This concession might well be thought to give much ground to the critics of
diagrams. For to the extent that diagrams (and the ‘visual intuitions’ they yield) play a
similar cognitive and phenomenological role in generating the beliefs, in the
‘misleading’ cases as in the ‘safe’ ones, it becomes difficult to maintain that diagrams
are ever truly reliable as guides to mathematical truth. As Burgess has recently

pressed the challenge:

For all one ever has to go on, if one appeals to intuition, is one’s apparent
intuitions at the time. If “apparent” intuitions are not all “real” intuitions, then
one is going to need something other than intuition... to sort out cases and

distinguish which apparent intuitions are real ones.” (2015, 30)

The challenge is clear: If the diagram-based means that lead us to true beliefs in some
cases cannot be reliably distinguished from the ones that lead us to false belief in
others, then we have every reason to regard the diagrammatic route in general as
inherently unreliable as a guide to mathematical truth.

In this chapter, I attempt to meet this challenge, by arguing that a clear
distinction can in fact be drawn between the ‘reliable’ and ‘unreliable’ cases.

Moreover (and crucially), I claim that this difference is one that is
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phenomenologically manifest. Both kinds of cases involve ‘intuitive’ judgments, in
the sense that one may not be in a position to provide a complete articulation of one’s
reasons for so judging. But in the ‘reliable’ cases, one is nevertheless intuitively
acquainted with those reasons, which are evident in one’s visual understanding of the
mathematical situation the diagram depicts. The “unreliable’ cases, in contrast, are
characterized by ‘blind intuition’, in which judgments arise in consciousness as a
result of cognitive heuristics that operate at an unconscious level, according to
principles opaque to the subject. If that is the correct analysis, then in order for one to
use visual diagrams as a reliable guide to mathematical truth, it is sufficient to
judiciously restrict oneself (as Descartes would have put it) to what can be seen
‘clearly and distinctly’—while discounting any judgments that have the mere feeling
of plausibility, whose justificatory basis is not only inarticulate but also opaque.

A positive account, showing how visual diagrams can justify mathematical
beliefs, lies well beyond the scope of this chapter, and I make no attempt to provide
one here, aside from the most cursory indication. My focus is instead on diagnosing
the ‘problem cases’: those that have been taken to count against the justificatory use
of diagrams in mathematics. The burden of my argument is to show that these cases
have been widely misdiagnosed—that the fault lies not with any inherent frailties of
visual diagrams or ‘visual intuition’, but rather with unconscious heuristics of the sort
widely studied in cognitive psychology in connection with cognitive biases. In
particular, I identify three specific (plausible) heuristics, considering them in relation

to a range of the problem cases, and showing how they would predictably generate
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just the erroneous judgments observed. I also point out some points of contrast to the
‘good’ cases—in which diagrams are used reliably—and I show that in all such cases,
the heuristic-based errors seem in fact to be correctable by recourse to visual
understanding of just the sort diagrams provide.

Two clarifications are in order. First, while I claim that diagrams, properly
used, can serve as a reliable guide to mathematical truth, I do not claim that this use
of diagrams is mathematically rigorous. That is because rigor, in the sense relevant to
mathematical practice, requires a degree of formality, and explicitness about
assumptions, that is fundamentally opposed to the intuitive character of diagram-
based justification. In my view, the respective virtues of rigorous justification and
intuitive justification are both important in mathematical practice, with neither
displacing the other. Second, I do not deny that there are real /imits to the scope of
diagrammatic methods—indeed, much of mathematics appears simply inaccessible to
visual understanding. What I do deny is that a sufficiently judicious use of visual

understanding is apt to get us into trouble, by straying beyond its proper limits.

2 An idea from Plato

Recall from our discussion of Plato’s Meno in Chapter 1 that there seemed to be a
special phenomenology that characterized geometrical insight experienced in relation
to the relevant geometrical diagram. In particular, we seemed to grasp how the

depicted geometrical arrangement necessarily ‘snaps together’, structurally, in a way
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that guarantees the result. It is this kind of phenomenology that I take to be generally
characteristic of the reliable use of visual diagrams as a guide to mathematical truth.

In contrast, recall the initial, incorrect answer Meno’s slave gives to Socrates’
question, prior to being shown the complete diagram. If we consider a square twice
the area of a given square, how long will its side be, in relation to the length of the
side of our original square? The response was as follows: “Obviously, Socrates, it
will be twice the length.” There is indeed superficial intuitive plausibility to this
answer: twice the length, twice the area, we might suppose. Both the swiftness of this
intuitive judgment and the apparent lack of any consciously entertained reason for so
judging led us to speculate that this judgment issued from a heuristic of the sort
considered within the ‘heuristics and biases’ research program in cognitive
psychology.” These heuristics operate unconsciously, according to ‘rough and ready’
principles, to deliver rapid judgments that are accurate enough, often enough, to
promote human survival. They are, at the same time, notorious sources of persistent
errors in human judgment. In this case, the relevant heuristic would seem to be that of
‘attribute substitution’, in which a readily accessible attribute (length) is substituted
for a less accessible one (area).

I think Plato is sensitive to our susceptibility to such ‘blind’ intuitions, and as
we saw in the previous chapter, one of the central themes of Meno is the importance
of recognizing (or ‘recollecting’) the truth for oneself, rather than relying on the

‘testimony’ of opaque processes that yield judgments in the absence of

? Again, Tversky and Kahneman (1974) is the classic source; see Gilovich et al.
(2002) for a contemporary review.
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understanding.'® For Plato, it is precisely this recognizing-for-oneself that the
geometrical demonstration with the diagram is meant to illustrate. It is by facilitating
appropriate visual understanding of the diagram that Socrates is able to correct the
slave’s initial heuristic-driven error. In what follows, I attempt to show that this point
generalizes to the range of cases widely thought to undermine the epistemic reliability
of mathematical diagrams: the errors in these cases are in fact traceable to heuristics,

and are correctable by diagram-based visual understanding of the Platonic kind.

3 Attribute substitution

We have just considered a case in which an erroneous geometrical judgment is
plausibly the result of the attribute substitution heuristic. Might this heuristic explain
some of the errors in judgment that are often attributed to the putative ‘unreliability’

of diagrams? Figure 2.1 shows an example from the mathematics educator Fischbein.

' In this connection, consider again Socrates’ ironic remark in the dialogue, that “it is
right to call divine” those “soothsayers and prophets” who “without any
understanding” relay supposed divine dispensations of knowledge (99c-d). The
phenomenological similarity to heuristic-based judgments is rather striking.
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Figure 2.1: Fischbein’s example''

It is stipulated that the two horizontal ‘strips’ have the same width, constant
throughout. What is the relation between the areas of the strips? While the tempting
intuitive response is that the top strip is ‘larger’, in fact the areas are identical. The
erroneous judgment, which might be taken as evidence of the inherent unreliability of
diagrams, is handily explained as a result of attribute substitution: Since the relation
of areas is not immediately apparent, but the top strip is clearly longer, the heuristic
would predictably deliver the judgment that the top strip is also larger. But
appropriate visual understanding of the way the figure ‘fits together’ can show why
this heuristic response is wrong: Notice first that the regions ABFE and DCGH must
be equal in area, because the strips have the same constant width. Now ‘subtract’ the

common region DCFE from both, and one grasps immediately that the strips

" Redrawn from Fischbein (1987, 116).
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themselves must be equal. The error here is plausibly attributed, not to the use of a
diagram, but to reliance on a heuristic, and is in fact readily corrected by appropriate

visual understanding of the diagram.

4 Approximation to perfection
If we visually perceive that elements of a diagram appear (at least approximately) to
exhibit some ‘perfect’ geometrical property—such as perfect straightness,
parallelism, equality, and so forth—we are apt to jump to the conclusion that this
property does in fact hold perfectly of the geometrical situation depicted. This is a
simplifying assumption of just the sort characteristic of heuristics in general. Call this,
then, the ‘approximation heuristic’. This heuristic is plausibly responsible for the
error in what is perhaps the most famous fallacious geometrical proof: the isosceles
triangle fallacy, which ‘proves’ that all triangles are isosceles. As is well known, the
spurious plausibility of the ‘proof” rests on the fact that the exact metric stipulations
of the construction (that a given line be drawn to bisect an angle, that additional lines
be drawn perpendicular to the triangles’ sides) are incompatible with the topological
properties of the figure as it is (incorrectly) drawn. Nonetheless, the figure appears
(at least approximately) to satisfy these stipulations, and this appearance is accepted
by at face value by the naive subject.

As Manders observes in his (2008) study of diagrams in Euclid, such ‘exact’
properties (those disrupted by even minimal distortions to the figure) are never

attributed based on face-value appearance, in proper Euclidean practice. Rather, they
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must be shown to follow from prior assumptions, or from the more stable topological
or structural (in his terms, ‘co-exact’) properties, which can be reliably discerned
based on appearance. While Manders emphasizes the importance of implicit norms in
restricting attributions of ‘exact’ properties, it is anyway obvious that such appeals to
the approximation heuristic would never satisfy the Cartesian test of ‘clearness and
distinctness’. For it is phenomenologically apparent that we are unable to visually
distinguish perfect straightness from near-straightness, etc. Indeed, there are well-
known visual illusions corresponding to just about every ‘exact’ geometrical
property: position (Poggendorff), orientation (Zdllner), length (Miiller-Lyer),
straightness (Herring), size (Ebbinghaus), parallelism (the café wall illusion), and so
forth. In contrast, there appear to be no visual illusions corresponding to Manders’
‘co-exact’ properties, such as containment, adjacency, etc.

The approximation heuristic plausibly accounts for such putative cases of
‘misleading diagrams’ as the numerous variations on the ‘missing piece’ puzzle
(Figure 2.2). This fallacious ‘proof’-by-rearrangement ‘works’ because the
‘hypotenuses’ of the whole ‘triangles’ appear (approximately) straight, even while

sufficient visual probing would reveal that they are not.

66



Figure 2.2: Missing piece puzzle

o =

Contrast this case with the famous visual proof (also by rearrangement) of the

Pythagorean Theorem (Figure 2.3).

Figure 2.3: Pythagorean proof by rearrangement
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If one merely accepts, based on appearance, that the interior oblique quadrilateral on
the right is a true square (with perfect right angles), one is not using the diagram in a
reliable way. But sufficient reflection on the structural symmetries at play does, |
think, establish that this must be the case, with the same degree of certainty that we

. .. . 12
observed in the similar Meno demonstration.

S Failures of imagination
Our final heuristic is a version of what Dennett has dubbed “Philosophers’ Syndrome:
mistaking a failure of imagination for an insight into necessity” (1991, 401). The
relevant version for us involves a judgment that something must be impossible based
on one’s failure to imagine the possibility. This heuristic is a plausible source of those
errors in judgment widely thought to be most threatening to diagrams’ claim to
epistemic reliability.

In his famous essay “The Crisis in Intuition”, Hahn (1933) draws attention to
a number of famous examples of ‘pathological’ mathematical objects, drawn mostly
from analysis, and identifies these as cases in which ‘visual intuition’ is shown to be
inherently unreliable. Objects of this kind include everywhere-continuous-nowhere-
differentiable functions, space-filling curves, ‘sponges’ with zero volume and infinite
surface area, and so forth. Prior to their discovery, such objects would very likely

have been dismissed as impossible, with the fault apparently lying with the

21 leave it to the reader to consider how this proof works—it takes considerable
imaginative probing before one can fully ‘get’ the proof, and it is therefore often
dismissed much too quickly as being merely suggestive, rather than (as I take it in
fact to be) genuinely demonstrative.
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unjustified appeal to the visual. In virtue of their similarity, it will suffice to consider
just one of these cases: functions that are everywhere continuous, but nowhere
differentiable (i.e., admitting of tangents at no point).

The reason why this case does not threaten the claim to reliability of the visual
is this: One simply does not visually grasp the impossibility of such a function in a
clear way. In contrast, Euclid does use a diagram to clearly establish, e.g., the
impossibility of a triangle having two equal angles without being isosceles. He does
so by performing ancillary constructions on the triangular figure, which serve to
demonstrate (by appeal to fopological properties) that the assumption that the relevant
sides are unequal is contradictory. Nothing like that is true in the case at hand. Rather,
here one fails to imagine the possibility, and jumps to the conclusion that the function
is impossible, via a heuristic.

Moreover, one can appeal to visual diagrams to grasp the possibility of
constructing such a ‘pathological’ function, through a succession of iterations.
Indeed, that was precisely the motivation underlying von Koch’s discovery of his
famous ‘snowflake’, a curve which is everywhere continuous but has no tangents at

any point. The iterative process for constructing this curve is shown in Figure 2.4.
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Figure 2.4: The von Koch snowflake

e e X

In von Koch’s own words:

I have asked myself... whether one could find a curve without tangent for
which the geometrical appearance is in agreement with the fact in question.
The curve which I found and which is the subject of this paper is defined by a
geometrical construction, sufficiently simple, I believe, that anyone should be
able to see through “naive intuition” the impossibility of a determinate

tangent. (1906, 146)"

This point generalizes, I believe, to all of the cases of ‘pathological’ functions
mentioned by Hahn: Even though the completed object cannot itself be visually
imagined, appropriate visual understanding of an appropriate iterative sequence of

diagrams is sufficient to allow to subject to ‘see’ that such an object must be possible.

1 As quoted in Mancosu (2005, 17).
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6 Conclusion

Through examining a range of cases, of the sort often thought to count against the
claim of visual diagrams as reliable guides to mathematical truth, I have argued that
the erroneous judgments in these cases are the result, not of any inherent unreliability
on the part of diagrams themselves, but rather of an unjustified reliance on various
cognitive heuristics. By restricting intuitive judgments to those that are properly
grounded in visual understanding, these errors can be avoided. Moreover, they seem
in fact to be correctable by recourse to the appropriate employment of diagram-based

visual understanding.
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Chapter 3: Towards a Theory

1 Introduction

In Chapter 1, we considered the way in which Socrates, in Meno, leads an uneducated
slave to the spontaneous recognition of a simple truth of plane geometry, by visually
presenting him with a drawn figure depicting the relevant geometric shapes. The
discussion there seems to support the claim that genuinely novel mathematical
knowledge is able to emerge out of the interplay between, on the one hand,
constraints that are brought to bear on the perceptual understanding of diagrammatic
representations, and on the other, the form and structure belonging to the figure itself.
Some of the key components of this view appear to be borne out by recent research in
cognitive science, which provides support for the idea of a universal geometrical
competence among humans, as well as for a central role played by pictorial
representations in the development of basic knowledge of geometry. For instance,
there is evidence from cross-cultural studies to suggest that, even in the absence of
formal training, humans universally develop concepts for the basic objects of
Euclidean geometry (such as points, lines, and angles), and spontaneously converge
on an intuitive acceptance of some of the basic principles embodied in the postulates
of Euclid’s Elements, such as the existence of a unique parallel line that can be drawn
through a given point placed off of a given straight line (Dehaene et al. 2006, Izard et
al. 2011). There is also evidence to suggest that the development of such ‘natural

geometry’ in childhood depends upon the integration of innate contributions from
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multiple ‘core knowledge’ systems, and is thereby something of a constructive
achievement, rather than merely an innate endowment (Shusterman et al. 2008, Izard
and Spelke, 2009, Spelke and Lee 2012, Dillon et al. 2013). Moreover, among the
most obvious vehicles capable of serving effectively as sifes of the “productive
combination” of the requisite forms of core knowledge are a set of “widespread but
culturally variable cognitive devices, such as pictures, scale models, and maps”
(Spelke et al., 2010).

The task that will be taken up in this and the next chapter is to propose an
account of the visual understanding of geometrical diagrams in terms of what I will
call ‘dynamic visual imagery’. The core contention of this dynamic imagery account
is that mathematical knowledge can arise by perceiving pictorial representations
‘dynamically’, that is, by employing in a concerted fashion two forms of dynamic
visual imagery: dynamic aspectual imagery, which enables the subject to perceptually
grasp the mappings among alternative perceptual integrations of a common pictorial
surface form, and dynamic transformational imagery, which enables the subject to
apprehend the perceived figure against a backdrop of imaginatively rehearsed spatial
transformations of various kinds, including reflections, rotations, and translations. I
will argue that these basic cognitive tools can serve to generate intuitive knowledge
of the most fundamental objects and principles of Euclidean plane geometry, when
they are applied to the pictorial understanding of simple line drawings of appropriate
character. This will require considering basic features of visual perception alongside

the basic definitions and postulates of the system set forth by Euclid in Elements.
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The task will be to explain how concepts and assumptions of the sort
identified by Euclid as fundamental to the system of plane geometry can arise from
even more fundamental assumptions that are rooted in the structure of visual
perception itself. Only by taking this approach will it be possible to provide a
substantive explanation of our intuitive conviction that Euclid’s postulates are true—
for these basic propositions evidently seem to be true in a way that, while rather
strikingly ineffable, nonetheless has a phenomenology of being in some sense
‘presented’ to us by our visual experience. That is, we are not at all neutral in our
intuitive attitudes to these basic propositions, regarding them merely as ‘axiomatic’
starting points that we opt to take on in order to explore their implications; we rather
seem just to see their truth, in a way that is so visually obvious as to defy articulate
justification independent of ostensive reference to the images themselves. The goal,
then, is to explain how this intuitive knowledge arises; the main thesis to be defended
is that it does so in a way that essentially involves the use of dynamic imagery in
understanding pictorial representations. On the view that will emerge, global spatial
structure is dynamically ‘unfolded’ out of the local structures at play in the attended
portion of the picture plane; it is in a real sense the pictorial forms themselves, as
perceived, which serve to enforce a recognizably Euclidean character on the space

they ‘set up’ around themselves.
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2 Giaquinto’s project

In this chapter, we will be concerned with Giaquinto’s groundbreaking account of
basic geometrical knowledge, set out in several articles (1998, 2005) and Chapters 2
and 3 of his (2007) book. Giaquinto’s account serves as a useful starting point for
several reasons. First, his account is distinctive among philosophical treatments of
human knowledge of geometry in being directly informed by results from the
cognitive science of vision. Second, his account aims to capture the epistemology of
precisely the sort of ‘obvious’ geometrical propositions with which we are here
concerned. In particular, Giaquinto takes as his case study a proposition that appeared
as part of the line of reasoning in the demonstration in Meno, and was accepted as
true by Meno’s slave immediately and without question upon perception of the drawn
figure: that the diagonal of a square cuts the square into two equal (congruent)
triangles. Third, the core features of Giaquinto’s account are broadly compatible with
the key ideas of the dynamic imagery account, and their consideration thereby
enables us to begin to see how dynamic imagery can play an important role in the
acquisition of quite fundamental geometrical knowledge. In particular, Giaquinto’s
emphasis on the centrality of orientation to the perception of geometric shape, and his
associated postulation of a reference system, a pair of orthogonal axes of orientation
that are standardly applied by the visual system to shapes on the picture plane, will
also end up (with refinements) being critical components of the account to be

developed throughout this chapter. Finally, some of limitations of the account
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Giaquinto provides will help to set the agenda for the more comprehensive account of
basic geometrical knowledge to be developed in the next chapter.

By “basic geometrical knowledge” Giaquinto means to refer to knowledge of
geometry that is acquired by the subject in a way that is neither by testimony nor by
means of inference from prior knowledge the subject possesses (2007, 35). The target
piece of basic geometrical knowledge around which Giaquinto develops his account
is indicated in Figure 3.1: It is that a diagonal line drawn between opposite corners of
a square divides the square into two equal parts that are perfectly congruent (that is,

they are the same in both shape and size).

Figure 3.1: Square with diagonal

On the face of it, this does appear to be something that we can know immediately and
non-inferentially, simply by perceiving the structure of the drawn figure. Giaquinto’s
core contention is that knowledge of this proposition can indeed be acquired from the
figure itself (either by perceiving a real picture or by entertaining a visual image), by

bringing appropriate concepts to bear on its perceptual understanding. He is

76



concerned to demonstrate that the knowledge thereby acquired has at least the
following three features. First, it should be suitably general, applying in scope not
merely to a particular square, but to the entire class of squares. Second, it should be
non-empirical, that is, it should not depend on the use of sensory experience as
evidence for the belief acquired. Third, it should nonetheless depend essentially on
the use of sensory experience, though of course this will need to be in some non-
evidentiary capacity. Satisfying this third requirement is in many ways the lynchpin
of Giaquinto’s account, since the epistemic role visual experience is generally
regarded as inherently evidentiary in character, which raises the question of how any
non-evidentiary contribution of sensory experience to knowledge is even possible, let
alone knowledge of a general class of objects. In brief, Giaquinto’s answer, which
depends on Peacocke’s (1992) account of concept-possession in terms of belief-
forming dispositions, is that if we assume the subject’s possession of appropriate
geometrical concepts, sensory experience may serve to trigger general belief-forming
dispositions, yielding general beliefs which may qualify as knowledge, provided they
meet certain further conditions. Since the resulting account thereby identifies basic
geometrical knowledge as both non-empirical and essentially sensory-involving,
Giaquinto notes that it may be interpreted as a defense of a version of the Kantian

idea that geometrical knowledge is “synthetic a priori” (2007, 47).
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3 Spatial structure and symmetry
Giaquinto opens the exposition of his account with a consideration of some general
features of human visual perception of shapes, which will prove important for the
discussion to follow in this chapter. To begin with, he takes the perception of lines
more or less for granted (2005, 31; 2007, 13-14), understanding them as
consequences of the parsing of scenes by the visual system, by means of constructing
an initial representation of the surface layout of visual scene, consisting of bordered
segments (see Nakayama et al. 1995). While visual perception tends to use
segmentation of surfaces as a preliminary to constructing visual representations of the
three-dimensional spatial structure of objects in space, Giaquinto points out that,
particularly in the context of the perception of pictures of Euclidean plane figures, the
surface borders can also be interpreted merely two-dimensionally, that is, as lines
laying in a flat plane. We will return to consider the visual basis of geometric lines in
the next chapter.

From there Giaquinto turns to a consideration of orientation and its effects on
the visual perception of shapes, which he will go on to make use of in providing a
visual ‘category specification’ for squares, and (on that basis) in specifying a
geometrical concept for squares that is grounded in visual perception. Mach (1897)
was the first to draw attention to the radical influence orientation is capable of
exerting on the perceived forms of objects or figures, as illustrated by the example of

the square-diamond (Figure 3.2).
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Figure 3.2: Square and diamond

The two figures are congruent under a rotation of 45 degrees, but perceptually, they
are apprehended as having quite different ‘shapes’, merely as a result of the
difference in orientation. While Giaquinto himself does not make the point explicit, it
is worth pausing to consider that it is perfectly possible for a subject to be visually
familiar with the shapes of both the square and the regular diamond, and to
nonetheless fail to recognize that these shapes are identical (in the sense of being
congruent). In fact, the recognition that they are identical might reasonably be
regarded as a very elementary example of synthetic a priori knowledge of geometry.
This is because, at least on the face of it, the insight that this identity holds depends
essentially on sensory experience, though in a capacity that would seem to be non-
evidentiary, inasmuch as the epistemic force of the insight is not at all undermined by
raising the prospect that one’s visual perception may not be veridical; it seems beside
the point, that is, that the appearance of the square figure may be, for instance, a
hallucination, because the recognition that the apparent shape is identical to a regular
diamond remains sound. The case is also revealing in that it provides a very clear

illustration of the way that the two postulated forms of dynamic imagery can interact
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in order to deliver knowledge of geometry. Plausibly, the identity of square and
regular diamond might be grasped by means of perceptually understanding Figure 3.2
in the following way: First, one engages in a 45-degree “mental rotation” (Shepard
and Metzler 1971) of one or the other of the figures, employing what we have
characterized as transformational imagery; second, the resulting shift in orientation
yields an accompanying shift in aspect or interpretive perceptual integration, such
that the alternative ‘takes’ of square and diamond are apprehended as mapping to the
same underlying surface form, in an application of what we have called dynamic
aspectual imagery.

It is not yet clear, however, what it is to perceptually grasp a perceived figure
as square or diamond, or why orientation should exert such a forceful influence on the
perception of shape in situations of this kind. Here Giaquinto appeals to research from
the psychologists Irvin Rock and Stephen Palmer on the intimate relationship
between visual orientation and the perception of reflection or ‘mirror’ symmetry
(Rock 1973, 1997; Palmer 1983, 1985; Rock and Leaman 1997). To briefly
summarize the key connection between orientation and symmetry this research
reveals, the visual system appears to construct representations of shapes by assigning,
to perceived forms, axes of orientation, typically vertical and/or horizontal; these
orientation axes then appear to serve as axes for perceptual judgments of reflective
symmetry. (In fact, the interplay between orientation and symmetry is rather more
complicated, since an initial ‘first-pass’ evaluation of reflection symmetry seems to

play a role in the initial assignment of orientation axes, which thereafter serve to
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support subsequent, more precise judgments of symmetry; see Palmer and Hemenway
1978.) The visual system seems to have a general preference for vertical and
horizontal orientations, in the sense that subjects tend to be significantly more
accurate in making perceptual discriminations across a broad range of tasks—a
widely studied phenomenon in psychophysics known as the “oblique effect” (Appelle
1972). For our purposes, the important judgments to consider are those made about
reflection symmetry and perpendicularity, both of which have been experimentally
shown to be less susceptible to error when stimuli are presented to subjects aligned
with vertical or horizontal axes of orientation (e.g., Goldmeier 1972, Ferrante et al.
1997).

Giaquinto, borrowing terminology from Rock, characterizes a reference
system as “a pair of orthogonal axes, one of which has an assigned ‘up’ direction”
(2007, 15). Given his subsequent elaboration of geometric concepts in relation to
reference systems, I take this to be a key posit of Giaquinto’s account, so it is worth
getting clear on exactly what is meant by this term. One of the key findings of the
research by Rock and Palmer is that a reference system is assigned to the visual
representation of an object or figure in a way that can be informed by various factors.
Retinal orientation plays a role, but tends to be outweighed by the influence of
environmental orientation: Subjects viewing stimuli with their heads tilted, for
instance, tend to be as accurate in their judgments concerning environmentally
upright, but retinally oblique figures as subjects viewing the same stimuli with their

heads oriented normally (Rock 1997). Environmental orientation, however, is itself
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liable to be overridden by various framing effects, as illustrated by phenomena like

that shown in Figure 3.3 (Palmer 1985).

Figure 3.3: Effect of framing on orientation

Here, an embedded figure that would appear diamond-shaped based on either a retinal
or an environmental (here, page-based) orientation, is instead perceived as square-
shaped, due to the ‘frame’ in which it is embedded. This example illustrates that the
assignment of orientation, via the alignment of the perceived figure with a reference
system, is in certain cases determined by the structural layout of the figure itself, a
phenomenon called “intrinsic orientation” by Rock (1997); he provides the cases
shown in Figure 3.4 as examples in which figures inherently possess a ‘natural’

vertical axis.
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Figure 3.4: Intrinsic orientation'*

Intrinsic orientation is important because it demonstrates the following key fact:
While the assignment of a reference system appears to be one of the fundamental
structuring assumptions the visual system brings to bear on the perceptual
understanding of drawn figures, the manner in which the reference system is aligned
with the perceived figure is marked by a receptivity to the figure’s inherent structure,
which in some cases allows the figure itself to effectively ‘set up’ its own orientation.
In light of this fact, it is slightly odd that Giaquinto seems to characterize a
reference system, as such, as a pair of orthogonal axes. The reason this is odd is
because orthogonal structure is not an inherent feature of all perceived forms, and in
some cases, it seems to run very much against the structural grain of the figure. For
instance, the six-fold symmetry of the snowflake, wh