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This dissertation proposes a nonparametric quasi-likelihood approach to es-
timate regression coefficients in the class of generalized linear regression models
for longitudinal data analysis, where the covariance matrices of the longitudi-
nal data are totally unknown but are smooth functions of means. This pro-
posed nonparametric quasi-likelihood approach is to replace the unknown covari-
ance matrix with a nonparametric estimator in the quasi-likelihood estimating
equations, which are used to estimate the regression coefficients for longitudi-
nal data analysis. Local polynomial regression techniques are used to get the
nonparametric estimator of the unknown covariance matrices in the proposed
nonparametric quasi-likelihood approach. Rates of convergence of the resulting
estimators are established. It is shown that the nonparametric quasi-likelihood

estimator is not only consistent but also has the same asymptotic distribution



as the quasi-likelihood estimator obtained with the true covariance matrix. The
results from simulation studies show that the performance of the nonparametric
quasi-likelihood estimator is comparable to other methods with given marginal
variance functions and correctly specified correlation structures. Moreover, the
results of the simulation studies show that nonparametric quasi-likelihood cor-
rects some shortcomings of Liang and Zeger’s GEE approach in longitudinal data

analysis.
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Chapter 1

Introduction

Nelder and Wedderburn introduced Generalized Linear Models (GLM) in 1972.
Let Y = (y1,%2,-..,Yn) be a vector of observations, assumed to be a realiza-
tion of a random variable Y and independently distributed with mean vector .
Let {x1,X2,...,X,} be the n x 1 vectors of covariates. GLM consists of three

components:

(a) The random component: Each component of Y independently has a expo-

nential family distribution.

(b) The systematic component: Covariates X1, X, - - - , X, produce a linear pre-

dictor i given by
p
U Z X150
1

where 31, B, ..., 3, are unknown parameters.

(c) The link between the random and systematic components: There is a func-
tion g called the link function which relates the linear predictor vector n

and the expected value p of Y, such that

n = g(p).



GLM extends linear models from the Gaussian case to a broad class of out-
comes. Because the distribution of observations can be specified as an exponential
family, one can construct a likelihood function, and therefore maximum likelihood
estimation is the principal method of estimation used for all generalized linear
models. The Gauss-Newton method is a well-known algorithm for calculating
maximum likelihood estimates for GLM. This method produces maximum likeli-
hood estimates by iterative weighted least squares.

Maximum likelihood estimation (MLE) has many good analytical properties.
For example, the estimators are consistent, asymptotically normal and asymp-
totically efficient under mild regularity conditions (McCullagh and Nelder, 1983).
However, the full distributions of observations have to be specified in order to
define a likelihood function.

Unfortunately, it is unclear how to specify the full distribution in many practi-
cal situations. Wedderburn (1974) proposed an important extension of likelihood
function, the quasi-likelihood function, for the situations where there is insuffi-
cient information to construct a likelihood function.

Suppose that we have independent observations z; (i = 1,2,...,n) with ex-
pectations u; and variances Var (z;) o< V'(u;), where p; is some known function
of a set of parameters 8 = {1, 5a,...,05,} and V(-) is some known function.

The quasi-likelihood function (in fact log quasi-likelihood function), is a function

K =37, K, such that
oK; (Zz»/h') R My
Opti V(i) '

Then K has statistical properties similar to those of a log-likelihood function.

(1.1)

For example, the expectation of the derivative of I with respect to u equals

0; the expectation of the derivative of I with respect to 3; equals 0 and the



expectation of the square of the derivative of K with respect to the mean u
equals the negative expectation of second derivative of K with respect to mean
1, which is the reciprocal of the variance function.

Wedderburn’s introduction of quasi-likelihood greatly widened the scope of
generalized linear models by allowing the full distributional assumption about the
random component in the model to be replaced by a much weaker assumption in
which only the mean and a relation between the mean and the variance (variance
function) of observations need to be specified. A quasi-likelihood function then
can be used for estimation in the same way as a likelihood function for generalized
linear models. When certain mean-variance relationships are specified, the quasi-
likelihood function sometimes turns out to be a recognizable likelihood function.
For example, according to Wedderburn (1974), for a constant coefficient of varia-
tion the quasi-likelihood function is the same as the likelihood function obtained
by treating the observations as if they have a gamma distribution. Wedderburn
showed that the log likelihood function is identical to the log quasi-likelihood if
and only if this family of distributions is a one-parameter exponential family.

Wedderburn’s original quasi-likelihood model required knowing the variance
function up to a multiplicative constant. Since the variance function is an essen-
tial determinant of the quasi-likelihood, its specification is an important problem
in the quasi-likelihood approach. In many applications, it is a priori unclear how
the variance function should be specified. There are parametric and nonpara-
metric quasi-likelihood functions based on the methods of specification of the
unknown variance function.

Nelder and Pregibon (1987) proposed an extended parametric quasi-likelihood

function which replaces the unknown variance function by a family of functions



indexed by an unknown parameter. They embedded the variance function into a

family of functions indexed by an unknown parameter ¢, so that
Var (z;) = oVi(u;) -

A useful family is obtained by considering powers of u:

Vi(p) = 1" . (1.2)

Most common values of 6 in (1.2) are the values 0,1,2,3 which correspond to
variance functions associated with normal, Poisson, Gamma, and Inverse Gaus-
sian distributions respectively. It has been shown that an exponential family with
variance function

Vi(p) = p’
exists for = 0 and # > 1. Another parametric approach is the pseudo-likelihood
method introduced by Carroll and Ruppert(1982).

A nonparametric quasi-likelihood approach was proposed by Chiou and Miiller
(1999), who extended the quasi-likelihood approach to situations where the vari-
ance functions are unknown but can be assumed to be smooth. Their nonpara-
metric quasi-likelihood function is obtained by substituting a nonparametrically
estimated variance function in the place of the unknown true variance function
in the usual definition of the quasi-likelihood function (1.1). The nonparametric
variance function estimate which is used in the nonparametric quasi-likelihood
is obtained by smoothing squared residuals obtained from a preliminary model
fit. This approach consists of a two-stage iterative estimating procedure. The
regression parameters are first estimated by assuming V() = 1 to obtain GLM
parameter estimates Bo- Then a variance function is estimated nonparametrically,

treating the regression parameters as known to be Bo- This procedure is iterated



by using the updated model parameters in order to obtain new residuals and
estimated means and thus an updated nonparametric variance function estimate,
which then in turn can be used to obtain improved parameter estimates. They
showed that the asymptotic distribution of the nonparametric quasi-likelihood
estimator is the same as that of quasi-likelihood estimator under known variance
function,assuming that the unknown variance function is replaced by a consistent
nonparametric variance function estimates.

In Chiou and Miiller’s nonparametric quasi-likelihood approach, they chose lo-
cal polynomial fitting regression by locally weighted least squares as their smooth-
ing method. Local polynomial regression was systematically studied by Stone
(1977, 1980, 1982) and Cleveland (1979). Cleveland (1979) introduced local
weighted polynomial regression using LOcally WEighted Scatterplot Smoothing
(Lowess) and Cleveland (1988) extended Lowess to multivariate settings. Lowess
is one of several nonparametric regression methods that can be used to estimate
the mean response profile as a function of some covariates. Fan (1992, 1993), Fan
and Gijbels (1992), and Ruppert and Wand (1994) published papers detailing the
advantages of local polynomial fitting. The book of Fan and Gijbels (1996) gave
a thorough study of local polynomial regression. There is extensive literature
on nonparametric variance function estimation. Carroll (1982) developed kernel
estimators in the context of linear regression. Miiller and Stadtmiiller (1987)
and Hall and Carroll (1989) proposed and analyzed kernel-type variance func-
tion estimators by assuming a nonparametric mean function. Fan and Gijbels
(1995) proposed a type of local polynomial variance function estimator as part of
their bandwidth selection procedure. Ruppert and Wand (1997) had some results

about local polynomial smoothers by using linear smoothing of squared residuals



in estimation of variance functions under the assumption that both mean and
variance functions are smooth, but neither is assumed to be in a parametric fam-
ily. Wedderburn’s Quasi-likelihood, Nelder and Pregibon’s extended parametric
quasi-likelihood, Carroll and Ruppert’s pseudo-likelihood method and Chiou and
Miiller’s nonparametric quasi-likelihood function are useful for independent ob-
servations.

McCullagh (1983) extended Wedderburn’s quasi-likelihood to multivariate
settings. Given the vector of random variables Y with length N mean vector
p and covariance matrix o2V (u), the log quasi-likelihood £, a function of u, will

be given by the system of partial differential equations

G =V Y - )
According to McCullagh (1989), the statistical properties of quasi-likelihood func-
tions, in terms of score function, estimator of regression parameters B and the
distribution of the quasi-likelihood-ratio statistic, are very similar to those of or-
dinary likelihood functions except that the nuisance parameter, o, when it is

unknown, is treated separately from 3 and is not estimated by weighted least

squares. The quasi-likelihood score function

U(g) - % ~DIVY )

has zero mean and covariance matrix
o%i 3= o*DTV-ID

where —1 8 is the expected derivative matrix of the log quasi-likelihood function
L(Y; p). Under some weak conditions on the third derivative of the link function

and assuming that N1 B has a positive definite limit and that the third moments



of Y are finite, the y/n-consistent quasi-likelihood estimator B asymptotically fol-
lows a normal distribution with mean 3 and covariance matrix (N o%i 13> - . The
quasi-likelihood approach is very useful in many situations by only using first and
second moment assumptions to avoid the complete specification of underlying dis-
tribution of the observations. For various analyses of independent observations,
generalized linear models (McCullagh and Nelder, 1983) and Quasi-likelihood
(Wedderburn, 1974) have recently unified regression methods for a variety of
discrete and continuous variables.

There are many situations where the dependence relationships among the
data are so significant that we can not ignore them. Longitudinal data are one
example of dependent data. Longitudinal data consist of repeated measurements
through time for each subject, and these repeated measurements are correlated
or exhibit variability that changes. They can be collected either prospectively
(such as clinical trial data), following subjects forward in time, or retrospectively,
by extracting multiple measurements on each subject from historical records.
The main interest in a longitudinal study is to determine the dependence of the
outcome variable on covariates, such as the dependence of the clinical outcome
on the treatment and other factors in clinical study. Since longitudinal data are
characterized by the fact that repeated measurements made on the same subject
are usually intercorrelated, the statistical analysis of longitudinal data requires
special methods to take the correlation structure into account to increase the
efficiency of estimators.

Liang and Zeger (1986) applied the quasi-likelihood approach to longitudinal
data analysis and proposed the generalized estimated equations (GEE) approach,

which is very useful for longitudinal data analysis. Suppose that there is a longi-



tudinal data set {yx;,Xx;} With mean py; = E(yr;), and g (ux;) = ;8 for k-th
subject at time point t3;, 7 = 1,2,...,T}, and subjects k = 1,2,...,n. Here y;
is the response variable and xy; is a p X 1 vector of covariates at time point tj;.
Let Yy be the T}, x 1 vector (yk1, - - -, Ykr, ), With mean vector g = (pg1, - . ., ikt )
and and covariance matrix ¥ = Cov(Yy), and let X, be the T X p matrix
(Xk1,- -, Xpr, )T for the k-th subject. Assuming that the form of the first two
marginal moments E(yy;) and Ay = diag [Var (yx1), Var (yxe), . . ., Var (yr, )] are
known, Liang and Zeger’s (1986) GEE approach used a working correlation ma-
trix R(a), which is assumed to be a matrix dependent on a parameter «, to replace
the covariance matrix V,;l = A,lg/ QR(a)Allf/ ® in the following general estimating
equations,

> DIV'Sk=0 (1.3)
k=1

where the matrix Dy = duy /03 and the vector S, = Y — u,.. Given «, one solves
the equation (1.3) to obtain consistent estimators of regression parameters 3 in
the class of generalized linear models for repeated measures data. Liang and Zeger
also prove that the same results hold if « is replaced by @, a quantity estimated
from the data. In fact, the estimating equation (1.3) is the quasi-score equation
derived from McCullagh (1983), as Liang and Zeger pointed out (1986). In terms
of the method of specification of correlation structure, Liang and Zeger’'s GEE is
an very important parametric approach to longitudinal data analysis, provided
one knows the marginal mean and variance functions. However, the GEE esti-
mators will be less efficient than the quasi-likelihood estimator when the working
correlation matrix is misspecified, even though they are still consistent (Liang
and Zeger (1986)). According to Crowder (1995), there may not even exist any

solution for @ for various possible reasons, so that the uncertainty of definition



of the working correlation matrix can lead to a complete breakdown of the esti-
mation of regression parameters in some cases. Sutradhar and Das (1999) show
that even though the Liang-Zeger approach in many dependant data situations
yields consistent estimators for the regression parameters, in some cases, these
estimators are inefficient as compared to the regression estimators obtained by
using the independence estimating equation approach. Wang and Carey (2001)
provided two approaches to supplement and enhance GEE by constructing unbi-
ased estimating equations from general correlation models for irregularly timed
repeat measures.

Besides GEE, semiparametric regression modeling is also useful for longitudi-
nal data analysis. Fan and Li (2004) proposed two new approaches for estimating
the regression coefficients in the following semiparametric model for longitudinal

data analysis:
y(t) = a(t) + BT x(t) +€(t),

where y(t) is the response variable and x is a covariate vector at time ¢, «(t) is
an unspecified baseline function of ¢, B is a vector of unknown regression coeffi-
cients, and €(t) is a mean-0 stochastic process. Fan and Li used local polynomial
regression to estimate the baseline function «(t), given a so called difference-based
estimator (DBE) of 3.

Similar to Wedderburn’s quasi-likelihood approach, Liang and Zeger’s GEE
requires knowing marginal variance functions. It is unclear how to specify both
the marginal variance function and the correlation structure in some longitudinal
studies. Nonparametric procedures let the data speak for themselves, instead of
picking one matrix arbitrarily as a working correlation matrix when we have no

idea about the data correlation structure. Modern computer technology makes



nonparametric techniques much more feasible than they used to be since it is
much easier to perform extensive computation on datasets.

A nonparametric quasi-likelihood approach will be proposed in this disserta-
tion to estimate parameters in the class of generalized linear regression models for
longitudinal data analysis where the covariance structures (i.e. marginal variance
functions and correlation structure) are unknown. This proposed extended non-
parametric quasi-likelihood approach is to estimate regression model parameters
B in the class of generalized linear models for longitudinal data analysis where
the covariance matrix is totally unknown but its elements are smooth functions of
the means. Since this proposed nonparametric quasi-likelihood approach can be
used for longitudinal data (dependent data) analysis and does not need to spec-
ify the marginal variance functions, it is a multivariate extension of Chiou and
Miiller’s nonparametric quasi-likelihood approach and also is a generalization of
Liang and Zeger’'s GEE. The proposed nonparametric quasi-likelihood approach

for longitudinal data consists of following two major procedures.

First Procedure: Initially set a value as the initial estimate Eo for the regres-
sion parameters. Obtain the nonparametric estimator of the covariance
matrix by smoothing squares of residuals and cross terms of residuals gen-
erated from the previous model fit (obtained by substituting Bo into the

quasi-likelihood model).

Second Procedure: Obtain the nonparametric quasi-likelihood function by re-
placing the unknown true covariance matrix in quasi-likelihood function
score equation with the nonparametric estimator of the covariance ma-
trix obtained from the first procedure, and solve this nonparametric quasi-

likelihood score equation to obtain the updated estimator of model param-
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eters.

The proposed nonparametric quasi-likelihood approach is achieved by iterating
those two procedures until a convergence criterion is satisfied. The updated non-
parametric estimator of the covariance matrix is obtained by smoothing resid-
uals generated from the previous model fit. The quasi-likelihood estimator for
the parameter in the generalized linear model is in turn updated by solving the
nonparametric quasi-likelihood score equation with the updated nonparametric
estimator of the covariance matrix. In this proposed extended nonparametric
quasi-likelihood approach, local polynomial smoothing in multivariate settings
by locally weighted least squares is chosen as the smoothing method. Some defi-
nitions and properties of local polynomial smoothers will be discussed in Chapter
2. The quasi-likelihood functions with true covariance matrix and unknown co-
variance matrix for longitudinal data will be introduced in Chapter 3.

In Chapter 4, the model assumptions of nonparametric quasi-likelihood for
longitudinal data will be introduced and the nonparametric estimator for un-
known covariance matrix will be defined.

The consistency and the rate of convergence of the nonparametric estimator of
covariance matrix will be established in Chapter 5. The asymptotic properties of
the nonparametric quasi-likelihood estimator of 3 will be established under cer-
tain regularity conditions in Chapter 5. It will be shown that when the unknown
covariance matrix is replaced with the consistent nonparametric covariance ma-
trix estimate, the \/n-consistency and the asymptotic normality properties of the
nonparametric quasi-likelihood estimator B*Of the regression parameter 3 are
the same as those for the quasi-likelihood estimator B of B obtained from the

quasi-likelihood score equation with the true covariance matrix.
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Finite sample behaviors are examined by simulation in Chaper 6. All proofs
and auxiliary results will be compiled in Chapter 7. Some conclusions and future

research will be discussed in Chapter 8.
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Chapter 2

Local Polynomial Regression

2.1 Local Polynomial Regression with a
Univariate Explanatory Variable

Consider the bivariate data (X1,Y7),...,(X,,Y,), which form an ii.d sample
from a population (X,Y). We would like to estimate the regression function
m(zo) = B(Y|X = o) and its derivates m’(zq), m"(x), -+, m® (xq).

Suppose that the data satisfy the following model:
Y =m(X)+o(X)e

where E(e) = 0,Var(¢) = 1, and X and ¢ are independent. Assume that the
(p+ 1) derivative of m(z) at the point xy exists. We approximate the unknown
regression function m(x) locally by a polynomial of order p. A Taylor expansion
gives, for x in a neighborhood of x,

ml/ (xo)

2!

(x—x)2+-~-+M(x—x)p (2.1)
0 ) 0) - .

m(z) & m(xg) +m' (o) +

This polynomial is fitted locally at xq by weighted least squares regression: min-

13



imize
n p 2
{Yk =) Bi(Xe — xo)j} Kn( Xy, — o) (2.2)
k=1 Jj=0
where h is a bandwidth, K is a kernel function, and Kj(-) = K(-/h)/h assigns
weights to each data point.
Denote by Bj,j =0,1,---,p, the solution to the least squares problem (2.2).
From the Taylor expansion in (2.1) one sees that m,(zo) = V!BV is an estimator
for m®(xg), v=0,1,--- ,p.

Let X be the design matrix of problem (2.2):

1 (Xy—m) ... (Xy—mx)?
1 (X2 — .7)0) c. (XQ - Io)p
1 (X, —x0) ... (X, —xz)?
and let
n Bo
v Y2 , 3= b1
yn 513

Also, let W = diag { K5 (X — xo)},_, - Then the weighted least squares prob-
lem (2.2) can be written as:

o~

B = argmin(y — X8)" W(y — Xg).

with B = (Bo,...,B,)". The solution vector is provided by the weighted least

squares method and is given by

B=X"WX)'X"WY.

14



Take p = 1. Then we have the locally weighted linear regression estimator of

m(zx), m(xo).

2.2 Local Linear Regression in the Multivariate
Setting

Given d-dimensional covariates X and a response variable Y, we want to estimate

the mean regression function
m(x) = E(Y|X = x).

Let K be a d-variate nonnegative kernel function. For simplicity, we assume that
K is a multivariate probability density function, such that (a) [ K(u)du = 1 and

JuK(u)du = 0; (b) K has compact support and (c)
/ukqu(u)du = Op;ma(K),

with me(K) = [ui K(u)du > 0. and dy; is the Kronecker delta.

Define Kp(u) = |B|" K (B~ 'u), where B is a nonsingular d x d matrix, the
bandwidth matrix, and |B| denotes its determinant.

Suppose that there are observations {(Xg, Yk) k=12, ,n} , with vec-
tor Xp = (Xp1,- -+, Xga)?. Let x = (21,79, ,74) be a point in RY. Using a
local linear approximation (take p = 1 in problem (2.2)), we have the multivariate
version of the weighted least squares problem (2.2): minimize

) {Yk — o= D Bi(Xij — %’)} Kp(Xy, —x), (2.3)

k=1 =1
with respect to 5 = (8o, B1, -+, Ba)", where By = m(x) , 3; = (0m/0z;)(x), and

j=1,2,--.d.

15



Let B = (@),B\g, e ,@)T denote the estimator of 3 = (g, Gz, - - - ,ﬁd)T re-

sulting from problem (2.3).

Let
1 (Xll —.T,'l) (de—ﬂj'd) Y1
XD _ 1 (Xgl — 231) e (XQd — .CCd) 7 Y _ Y2 ’
1 (an — .73'1) . (Xnd — ZEd) Yn

and W = diag {Kg(Xy, —x)},_, -
Then the weighted least squares problem (2.3) can be written with matrix

notation as :

B= mﬁin(y - Xp3)'W(y - XB).
The solution to this weighted least regression problem is
B=XLWXp) 'XIWY.,
The estimates of m(x) and its partial derivatives are given by
mx) =B,  (Om/ox;)(x)=F;  j=12,.d

We consider a special case with d = 2. We have

1 1 1
Xg = (XH — .Z‘l) (X21 — J,’l) . (an — l’1>

(X12 — ZEQ) (X22 — 1'2) Ce (Xng — IL‘Q)
and W = diag (Kg(X; — x), Kg(Xs — x), ..., Kg(X,, —x)). Then

Yoot KB(Xi — %)Y, Gno
(XgW)Y - ZZ:l KB(Xk — X) (Xkl — $1)Yk — Gnl
Yo Kp(Xy — x)(Xpo — 22) Y5 G

16



where G =Y ;_, Kg(X) —x)Y}, and

an = ZKB(Xk — X)(ij — (L‘k)yk, ] = 1,2

k=1
Let
Nupg = > Kp(Xi = x)(Xp — 21)"(Xpz — 22)°
k=1
where
0<p,qg<2 0<p+qg<2
Then
NnOO anO NnOl
(X%)W)XD = Nypio Nn2o Npaa
NnOl anl Nn02
Therefore,
1
NnOO an(] NnOl Gn(]
B = (X:gWXD)_l(X:gWY) = Npio Np2o Npnn G
NnOl anl Nn02 GTL2
that is,
Bo -1
NnOO an() NnOl Gn()
B
B= ) = | Nuo No2o Nunn G
NnOl anl Nn02 Gn2
By

17



~ 1
Bo = —c [(Nn20Nno2 — N211)Gro — (Nn1oNnoz — Nuot Nn11) Grot
det N
+ (Nn10Nn11 — Nio1 Nn2o) Grol
1 n
= det N Z KB(XIC - X) [(Nn20Nn02 - Ngn)
k=

- (Xkl - $1) X (Nn10Nn02 - NnOann)

+ (Xk2 — x2) X (Np10Nn11 — Nuo1 Nu2o)] Ya

= > WuY
k=1

where N is 3 x 3 matrix and W,,; is a weight function defined as follows:

1
W, — Kp(X, —
nk dor Xk = x)

X [(NnQONnO2 - Niu) — (Nn10Nno2 = Nno1 Nn11)

+ (Nn10Nn11 — Nuoi Nngo)] -

Define F,,, = (1/n*) Nppy- Then

4
n
W = detNKB(Xk —X) [(FraoFno2 — Fy)
— (X1 — 1) (FraoFno2 — Frnor Foin) (2.4)

+ (Xg2 — 22) (F0Fnir — Fror Fuo)]

with
Fy = (FaoFno — Fop) — (X — 1) (FrioFaoz — Fro1 Fri1)
+( X2 — 22) (Fri0Fn1 — FaorFu),
Fp = FuoFnz0lnoe + 2F0F 001 Frn
—Frio1 Fuzo = FryoFaoe — Fyy Faoo-

The following lemma states one of the properties of the weight function.

18



Lemma 2.1 Let W, be defined as in (2.5). Then

n 1 aof q=0;
Z (Xg = Xq) W =
k=1 0 if ¢=1,2.

In particular,
> W =1.
k=1

We define Xyq — x4 =1 if ¢ = 0.

Proof: Let el,, = (0,---,0,1,0,---,0) be a vector with 1 as its (v + 1)th

component and 0 otherwise. Also, let S,, = X, WXp. Then

By = 61T:3

= ¢ (S,'X,WY)
= ZWnkYk
k=1

where

Wnk = e"lrSgl {1,Xk1 — .Tl,XkQ — QTQ}T KB (Xk — X) .

Observe that

n

Z (qu - xq) Wk
k=1

= Z (Xkg — 7g) €1TS;1 {1, Xy — 21, Xpo — xz}T K (X} — x)

k=1
. 1
= (Xkg — 24) 1S, Xy —z | KB (Xi —x)
. Xk2 — T
_ st (sTen) =4 0T
0 ifg=12.
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In particular,

n

ZWnk = Z(XO - ZEO)Wnk =1.
k=1

k=1
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Chapter 3

Quasi-likelihood Function for Longitudinal Data

3.1 Quasi-likelihood Function with Known
Covariance Matrix

Suppose that there are longitudinal observations {yy;,Xy;} taken at times t;,
j=12--- T, and subjects k = 1,2,--- ,n. Here y; is the response variable
and xy; is a p x 1 vector of covariates at time point ;.

Let Yy be the T, x 1 vector (yg1, - - - , Yz, ) With mean vector pu, = E(Y}), co-
variance matrix Xj, = Cov(Y}) and Xj be the T}, x p matrix (xx1, -, Xg7,)? for
the kth subject. The main interest of longitudinal data analysis is to investigate
the dependence of the outcome variable on the covariate variables. A generalized
linear model will be established for this purpose. The framework for generalized
linear models and maximum quasi-likelihood estimation, derived from the multi-
variate settings in McCullagh (1983) and McCullagh and Nelder (1983), can be

set out as two main components:

i) Model specifications for the mean vector p;, = (g1, - - , fer;,) and covariance
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matrix X, with

tkj = 9(Mkj) ki = T30, Y =oV(m)
where j =1,2,--- ,Tj; k=1,2,--- ;nand g is a known link function having

bounded third derivatives. Notice that g(-) is often referred as the inverse
link function in the literature on generalized linear models. The p x 1 vector
B consists of regression parameters, V(-) is a symmetric positive definite
matrix of known variance and covariance functions, and ¢ > 0 is a scale

factor, either a known constant or an unknown parameter.

ii) The log quasi-likelihood function is given by the following system of partial

differential equations

%L;Y) - ;V_l<l’l’k) (Y5 — p) /¢ (3.1)

Estimation of the regression model parameter 3 is based on the quasi-score func-

tion:
u(s) %@Y) (3.2)
= Y DIV () (Y — m)/¢ (3.3)

where Dy, is a p x T}, matrix with (j,[)th element (0/00;)u; and Dy has rank
p for all 3. (This would imply that distinct 3’s imply distinct p’s). The quasi-
score function has the following properties according to the results of McCullagh

(1983) and McCullagh and Nelder (1983):

(i)
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(ii)

n

Cov (U(B)) = > DiV(m) 'Di/o = is,

(iii)
—E(9(U(B)) /08) = > DV ()" D/ = Cov (U(B)) = ig,

k=1

where —ig is the expected second derivative matrix of the log quasi-likelihood
function L(w,Y).

By the results in McCullagh (1983), we also have following facts:

2. I = —(0°/9B,8:) (U(B)) = Op(n);
3. I — g = Oy(n'/?);
4. There exists 8, a solution of U(B) = 0, such that B-pB= O, (n'/?).

Furthermore, the maximum quasi-likelihood estimator B, a solution of the quasi-

likelihood equation U(B) = 0, satisfies:

(i) Consistency:

B—B:Op(n_l) as n — 0o
(ii) Asymptotic Normality:
vn (B —B) HN(O,nVﬁ) asn — 0o

where .
Vg=9¢ [Z DV <uk>1Dk] =iy,
k=1
and the covariance matrix of estimator ,[A‘B isV B provided that the eigenvalues A

of ig satisfy 0 < ¢; < A < ¢z < oo for sufficiently large n (Weddernburn 1974).
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3.2 Nonparametric Quasi-likelihood Function with
Unknown Covariance Matrix

When the covariance matrix V(pu) is unknown, an extended nonparametric ap-
proach is proposed in this dissertation by replacing V(u) in (3.1) with a consistent
nonparametric estimator {/n(ﬁ) to construct a nonparametric quasi-likelihood
function £*(p,Y). The nonparametric quasi-likelihood function £*(p,Y) will

be given as follows:

=> V) (Yi— ) /¢ (3.4)

Then we have the nonparametric quasi-likelihood score function:

oL (p,Y)
B

— Z D{V;l(uk)(Yk — )/ b

U (8)

In Chapter 5, we will show that the maximum nonparametric quasi-likelihood

estimator B*, a solution of the nonparametric quasi-likelihood score equation:
U*(B) =0, (3.5)
is still consistent and has asymptotically normal distribution N(3, V 5), with
" -1
Vg=1¢ [Z DZV(MI@>_1DI§] ;
k=1

the same asymptotic distribution as the quasi-likelihood estimator B obtained

with known covariance matrix. We will discuss this approach in detail in Chapter

4 and Chapter 5.
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Chapter 4

Nonparametric Quasi-likelihood Model for Longitudinal

Data

Suppose that there are longitudinal observations {yx;,xy;} for times tx;, j =
1,2,..., T}, and subjects k = 1,2,...,n. Here y;; is the response variable and
Xyj is a ¢ X 1 vector of covariates at time point ;.

Let Yy be the Ty, x 1 vector (yx1,--.,yrr,)” with mean vector p, = E(Y})
and unknown covariance matrix ¥ = Cov(Yy), and let Xj, be the T}, x p ma-
trix (Xg1,...,xg7,)? for the kth subject. The vectors Yy, k = 1,2,...,n are
independent. For simplicity, we assume that T, = T for each k and ¢ = 1.

The following assumptions about the proposed nonparametric quasi-likelihood

model for longitudinal data will be used throughout the remainder of the thesis.
(IN1) Model specifications for response variable y;; and mean i :

Yrj = 9(Mkj) + €y

Hkj = g("%jﬁ)%

T
Nkj = ijﬁQ

k=1,...,n; g=1,...,T,;

where ¢(-) is a known function, and called the link function. Notice that g(-)
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is often called as the inverse link function in the literature on generalized
linear models. Suppose that x;; is the nonrandom p-dimensional predictor
variable vector corresponding to the observation y;; for the subject at time

point j. The error vector €, = (€1, ..., €xr) satisfies
E(Efk) =0, E(Ekel) < 00
forany 1 <l,k<n,and 1 <j<T.

(N2) There exists a positive definite matrix of covariance functions (depending
on the means) V () = (05 (fiks, ftrt))pyr» 1 < 5,6 < T, where [V > 7

for some r > 0, such that

E(epsert) = Cov(ers, )
= Cov(Yks, Yrt)

= Ust(/%m Mkt)-

Here {og(us, ur)}, <, <7 is an array of covariance functions (depending on
the unknown means) and ||- ||« is the matrix Lo, -norm. That is, if A = (a;;)
is a n x n matrix, then [|Alo = maxi<icm ), [ai;]. Assume this matrix
V() of variance functions is the unknown covariance matrix Cov(Yy) and
is going to be estimated by the proposed nonparametric approach. The

dispersion parameter ¢ is a known constant. For simplicity, assume that

¢ =1

(IN3) There exists a constant M > 0 such that maxy<x<p ||Xjllcc < M < 00, for
all 1 <k<nand1<j<T. Let Xy = (X41,-..,Xgr) be a matrix for any

kwith 1 <k<n.
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Condition (N3) implies that the predictor variable vectors are bounded,

since the covariate vector xj; at time j is fixed.

(N4) Given the link function g and the generalized linear model parameter vector
B, we assume that {Xy,...,X,} form a sequence of matrices such that the
mean vectors g, or gy = g(xj;3) are generated by a design density fy,(u)

which is assumed to satisfy the following conditions:

Let C C R7 be a subspace with a design measure such that all 2-dimensional
marginals are absolutely continuous with respect to Lebesgue measure. This
design measure has a T-dimensional density, positive everywhere in C. Let
f(x) be a T" dimensional density, so that [.f(x)dx = 1. The support of
f(x) is a compact set D in C and D must contain a ¢-dimensional rectan-
gle (1 <t < T). The function f(x) is twice conditionally differentiable,
exchangeably differentiable and has other regular analytical properties.
Also f(x) satisfies 0 < inf f(x) < sup f(x) < oo. The design matrices

(X4,...,X,) are chosen in such way that the mean values pg; = g (th,ﬂ)

/_Z.../_Zt.../::f(x)dx:z:i

forany 1 <k<nand1<t<T.

satisfy

Let fq be the two-dimensional marginal density of f(x) for any pair (s, t),

1 <s,t<T,and let Dy be the support of fi such that

Dy = {(ug,ue)|(uq, ... Us, ..., Uy ..., ur) € D}

For simplicity, let fy(x,y) be the marginal density of (X, X;) for a pair

(s,t), 1 <s,t<T.
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(N5) For any 1 < s,t < T, there is a constant ¢ such that

E(e€i) < c.

(N6) The link function g(-) is three times and the variance functions {o()}
in the covariance matrix V(-) are twice continuously differentiable with

bounded derivatives, for any pair (s,1).

(N7) There is a positive definite matrix ¥, such that
LN DIV ()Dy — 3
EZ LV (p)Dy — as n — 0o
k=1

where Dy, is a T' X p matrix with (j,)th element (0/05;) ;-

Given the known covariance matrix V(-), the log quasi-likelihood function

will be given as the same as in (3.1):

%ﬁ =SV () (Y — ) (4.1)
k=1

and the estimators of the regression parameters will be given by solving the

quasi-likelihood score equation
U(B) =0
where

OL(p,Y)
oB

= Z DiV T () (Yr — py,).

(4.2)

If the covariance matrix V() is unknown, then we will obtain the nonparametric
log quasi-likelihood function £*(u,,Y) by substituting the nonparametric es-

timator V,(p) = (0nst (s, ftkt) )y for the covariance matrix V(-) in the log
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quasi-likelihood function £(p,Y) in (4.1) as follows:

‘% Z Vo () (Y — 1) (4.3)

and the nonparametric quasi-score function U*(/3) for this nonparametric quasi-

likelihood is

n

U (B) = Z ngﬁl () (Y — ) (4.4)
k=1

where Dy, is a T x p matrix with (j,{)th element (0/00;)pu;; Vin() = (Onsi(+))
is a T' x T matrix of variance functions. The nonparametric quasi-likelihood
estimator (NQLE) B* of 3 is a solution of the nonparametric quasi-likelihood

scoring equation
U*(8) = 0. (4.5)
Assume the bandwidth matrix B is a nonsingular symmetric 2 X 2 matrix
and K is a 2-variate probability density function which satisfies the following

conditions:
(K1) [ K(w)d(u) = 1, [uK (u)du = 0.
(K2) K has support [—1,1] x [~1, 1] and that

/ g K (w)d(u) = ima(K)

where my(K) = [uiK(u)du < 0 and 8, is kronecker delta. Moreover K

is continuously differentiable on [—1, 1] x [—1,1] and

In other words, the mean of the density function K(-) is zero and the

covariance matrix of K is mq(K)Ily, with Iy the 2 x 2 identity matrix.
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Further we assume that K is Lipschitz. This means that for any small

number € > 0, if ||x; — x2|| < € then there is a constant k, such that
(1) = K (%) < k|31 — o]

Define

Kp(u) = ﬁf( (B~'u)

where |B| denotes the determinant of B. From (/2), we have
// uPvl K (u,v) dudv =0 if p+ ¢ is odd;

// uPvl K (u,v) dudv < oo if p+ ¢ is even.

Let

Qpg = // uPv? K (u,v) dudv < oo if p+ ¢ is even.

It is clear that

Qoo = 1.

(K3) The sequence of bandwidth matrices B = B(n) = diag {hs(n), hs(n)} sat-
isfies:
1. hs = hg(n) > 0, and hy = hy(n) > 0;
2. hy —0 and hy - 0 asn — oo;
3. hs/hy =0O(1) asn — oo;
4. nh? — oo and nh? — oo as n — co.
5. (logn/nhy)"? = o(1)

6. (logn/nh)"* = o0(1)
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7. ((logn)/ (n%hshi))""* = 0 (1)
From (N1) and (N2), we have
€kj = Ykj — Hkj>
€hsht = (Yrs — His) (Yrt — [kt)-
Then
Elenser) = E((Yrs — tws) (Yot — Like))

= Cov(yk57 ykt) (46)

- Ust(,uksy :uk:t) (47)

Therefore, we have the model:

€ks€ht = Ost(flks, okt) + Oksts

where 0 is an error term with Fo,y =0 and k=1,2,...,n.
Let the positive definite matrix V,, = (0,5 (us, u¢)) be a nonparametric esti-
mator of the covariance matrix. Then we have
n
Onst (us> ut) = Z Wnk (us> Ut; Hks, Mkt)eksekt' (48)
k=1
Here Wi,k (us, us; figs, fike) 18 a local linear weight function, defined as the same as

(2.5) in Chapter 2. That is,

1
Wk (Hkss Pt Us, Ur) = ﬁKB ((pokoss pont) — (s, we)) F (foks, font; s, Ur) (4.9)

where
Fy

F(,Uksa,ukt;usaut) = F—
D
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and

FN - (FnQOFnOQ - an) - (ILLk:S - us)(FnlanOQ - FnOanll) (410)
—(Mkt - Ut)(FnIOFnll - FnOanQO)
FD - FnOOFn2OFn02 + 2Fn10Fn01Fn11 - FnZOFs()l (411)

2 2
_Fnlan02 - FnanOO

where

n

Z KB ((Mk‘s: Mkt) - (Um ut)) (:uks - us)p(,ukt - ut)q (412)
k=1

Fhpg %
for 0<p,¢g<2,0<p+qg<2

Since { ks, fikt; €ks, €k} are unknown in (4.8), we are unable to calculate
Wk (ws, W fhrs, prt ), nor can we calculate the element 0,4 (s, 1) in the proposed
nonparametric estimator of covariance matrix (o, (ts, ut))p, - In other words,
V,.(+) is not a statistic.

Suppose that we are given an estimator B of 3. Then we have estimated

means and observed residuals {fixs, [kt €xs, €kt }

firs = gs(x0,0); (4.13)
Hie = gt(Xfﬁ); (4.14)
E\ks = Yks — ﬁks; (415)
€ = Ykt — ﬁkt- (4-16)
so, we can compute
a\-nst<u57 ut) - Z Wnk(usu Uty Hks, /th)%\ks/e\kt (417)
k=1
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where

—

Wnk: (u57 Ug; Kks, Mkt)
= Wok(us, we; fiks, fkt)

1 . = -~ -
= EKB<(/’LkS7/’Lk‘t) - (u57ut))F(U57Ut§Mksa,Ukt)a (4~18)

ﬁ(us, Uy} s, ﬁkt) = ﬁN/ﬁD7

~ ~ ~ ~ ~ ~

Fy = (FnQOﬁnOZ — F21) — (Tiks — Us)]{mk,s—us\ghs}(Fnloﬁnm — Foo1Fonn)
— (gt — Ut)f{mkt—uﬂght}(ﬁmanu — FrorFuao), (4.19)

~ ~ ~ ~ ~ ~ ~ =~
FD = FnOOFnQOFnOQ + 2}711“010}77L()1F11111 - FnZOFn[)l

_F\gloﬁnOZ - ﬁgnﬁnoo, (4.20)
and
~ 1 < L R R
npg T 5 B (\Mksy Wkt) — (Us, Ug) ) (Uks — Us)" (Mt — Ut .
2 5 > K (ke i) — (15,0)) V(i —w)? (4.21)
k=1

where 0 < p,q < 2; 0 < p+q < 2. Unlike Vn,{\/’n is a statistic which can be
computed from the observations.

In the following chapter, we will investigate the asymptotic properties of the
random matrices V,, = (o, (us, 1)) and \A/'n = (Opst(us, uy)), defined in (4.8)
and (4.17).

Since (4.5) is a nonlinear equation, the Newton-Raphson method will be ap-
plied to solve this equation. In order to obtain B*, the solution of equation
(4.5), the following iterative formula resulting from applying the Newton-Raphson
method to the nonparametric quasi-likelihood scoring equation U*(3) = 0 and
updating the nonparametric smoothing technique, will be applied iteratively until

a convergence criterion is satisfied:
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—1
Bi+y = Byt {ZD;{ (50)) V! (B ) Di <6(J‘)>}

x {Z DY (B)) V. )y Sk (B } (4.22)
where 7
Vi ), = Vi (9 (XEB)))
D" (B(;) = DkT(B)‘ 55
and

A~k A~ %

Sk </6(j)) =Yg (XZB(]‘O ~
The proposed method of obtaining the nonparametric covariance matrix estima-

tor V,,(-) = (Gnst(+)) is as follows:
1. Assign a guess value as the initial estimator B:o) of B into regression model.

2. For any 1 < s,t < T, obtain the products of residuals {€;s€x;} from a previ-
ously fitted model based on the estimated value B?o) of B from the last step
and smooth them by applying the local polynomial smoothing method with
{iks, Irt } as the two predictors. The predicted value from smoothing will
be the element (5,4(+)) of the nonparametric estimator V,,(-) of covariance

matrix.

3. Repeat Step 1 and Step 2. In other words, substitute the updated nonpara-
metric estimator of covariance matrix \A/'n() from step 2 into the nonpara-
metric quasi-likelihood score equation to get the updated estimator B:n) of

regression parameters 3 until convergence occurs.
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The estimation of the variance function by using the local polynomial fitting
of square residuals obtained from a nonparametric regression fit was studied in
detail by Ruppert, Wand, Holst and Héssjer (1997). Chou and Miiller (1999)
used the nonparametric estimator of variance function obtained by smoothing
square residuals from a previous regression model for their nonparametric quasi-
likelihood. The main idea of the proposed nonparametric quasi-likelihood for
longitudinal data is to combine a nonparametric smoothing technique such as
local polynomial smoothing and quasi-likelihood estimation method to get the
estimate of regression parameter estimators. In other words, use local poly-
nomial smoothing to get the nonparametric covariance matrix estimator, and
then replace the unknown covariance matrix with this nonparametric covariance
matrix estimator in quasi-likelihood function in order to get the estimate the
regression parameters 3. These two procedures will be used iteratively by updat-
ing regression parameters and obtaining new residuals and estimated means and
thus an updated nonparametric covariance matrix. The updated nonparametric
covariance matrix then can be in turn used to update the estimator of regression

parameters.
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Chapter 5

Asymptotic Properties of Nonparametric Quasi-likelihood

Estimator.

In the previous chapter, an extended nonparametric quasi-likelihood approach
for longitudinal data was proposed. When the covariance matrix is unknown in
a longitudinal data analysis, it can be replaced by an asymptotically consistent
nonparametric estimator in quasi-likelihood function to get the nonparametric
quasi-likelihood estimator for regression parameters. In this chapter, we will
discuss the convergence rates of the nonparametric covariance matrix estima-
tors based on the theoretical residuals {ex},k = 1,2,...,n and sample residu-
als {ex},k = 1,2,...,n and of the asymptotic properties of the nonparametric
quasi-likelihood of regression coefficients obtained by replacing the unknown co-
variance matrix with the nonparametric estimator. The following theorems will
show that the nonparametric quasi-likelihood estimator B* of regression parame-
ter B obtained from the nonparametric estimator of covariance matrix is not only
consistent but also has the same asymptotic distribution as the quasi-likelihood
estimator B, the solution of the quasi-score equation with known covariance ma-
trix.

The first theorem shows that the element in the nonparametric estimator of
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unknown covariance matrix defined in (4.8) is consistent when the true means p,
and the theoretical residuals e;s(k = 1,2,...,n and j = 1,2,...,T) are known.
This theorem also gives the sizes of mean square error and maximum of error of
this nonparametric estimator in terms of sample size and the bandwidth matrix.
As defined in (4.8) in Chapter 4, an element of the nonparametric estimator of

the (s,t) entry covariance matrix will be

n
Onst (us> ut) = Z Wnk (US, Uty Pks, ,Ukt)eksekt-
k=1

Theorem 5.1 Under (N1) — (N7) and (K1) — (K3) of Chapter 4,
(i)

sup  |Eopns(us, ur) — st (s, uy)|
(us,ut)eDst

=0 (k) +0(h):

(ii)

|Unst(u37 ut) - Eanst(um ut)|

1/2
_o, logn ;
thsht
(iii)
Sup E [(Unst(u& ut) - Jst(usa ut))z}

(usaut)eDst

_ 1 212 4 4\ .
_O<mmm+mM+M+m’

(iv)

sup |Jnst(usy ut) - Ust(“sa ut)|
(U57ut)€Dst

logn 1/2 9 9
= Uy m +hs+ht .
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Since the definition of nonparametric estimator of unknown covariance ma-
trix in (4.8) depends on the values of {u,,er}, we can not obtain o, be-
cause we can not observe {;,€x} . Instead of using the nonparametric covari-
ance matrix estimator V,, = (0,), {\/'n = (Onst)px7 » Which is a statistic, will
be used as a nonparametric covariance matrix estimator. Does the estimator
V = (Gnst)pyp behave like the estimator V,, = (0pst)p, ! The next theorem
shows the nonparametric covariance matrix estimator \Afn = (anst)TxT, obtained
by smoothing observable {pi;,€x}, converges uniformly to the true covariance

matrix V(-) = (0s(-))py7 , provided that the regression parameter estimator B

is consistent estimator of 3.

Theorem 5.2 Under (N1) — (N7) and (K1) — (K3), if |8 — 8| = O, (1/y/n),

then for (us,u;) € D,

logn 1/2 1 1
Ans — Ost| — O 571 1 h2 + h2 + +
(USS,ZI)DED |O_ ‘ 7 t| P ( |:n2h/5ht:| + s t \/ﬁhs \/ﬁht

Therefore,

i\/n v as mn — oo
for any (us,u;) € D.

The proof of this theorem will be presented in Chapter 7. By substituting the con-
sistent nonparametric covariance matrix {\7” for the unknown covariance matrix in
the quasi-likelihood score function, the nonparametric quasi-likelihood estimator
B*, the solution of nonparametric quasi-likelihood score equation, is asymptoti-
cally normally distributed. The following theorem shows that this nonparametric
quasi-likelihood estimator B* will have the same efficiency as the quasi-likelihood
estimator B, the solution of quasi-likelihood score equation with known covari-

ance matrix.
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Theorem 5.3 Assume that (N1)-(N7) and (K1)-(K3) are satisfied in the non-
parametric quasi-likelihood model. Assume that the covariance matriz V(-) is
estimated by a positive definite matriz V,(-) = (Onst (+))pwp which satisfies

(K4) There is a constant ¢ such that cond({/’n), the condition number of V,
1s bounded above by c, for all n.

In addition assume that for each T,q, there is a sequence X\, > 0 such that

|Gnst| > An and as n — oo,

(i) A\, —0;
(ii) ha/An — 0, -
(iii) nh2)\,? — oo, nh\,* — oo;

(iv) (n®hshi),?) /log n — oo.

Then the NQLE B* in (3.5) has an asymptotically normal distribution such that,

as n — 0o,

Jn (B* _ ,3) LN (0,57, (5.1)

From (5.1) and the results in Chapter 3, we know that the nonparametric
quasi-likelihood estimator ,B'* has the same asymptotic distribution as the quasi-
likelihood estimator B, the solution of the quasi-likelihood score equation with
known covariance matrix. Also, an asymptotic test statistic can be derived from

following Corollary, which follows from Theorem 5.3.

Corollary 5.1 Let ,/8\* be the nonparametric quasi-likelihood estimator, the solu-

tion of (3.5), and let

—1
~ 1 [ e ~
s <§ :D}anDk> ,

n
k=1
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where Dy is a T x p matriz with (7,)th element (0/005)p; and

Voo = @t (s, k)
with ks = g <xfsé*> and [yt = g (x{té*> . Then we have
: (5.2)

and

n ~1/2

Since we know the asymptotic distribution of the nonparametric quasi-likelihood
estimator B* and can estimate its covariance matrix, we can develop an asymp-

totic test statistic for a class of hypotheses:
Hy: AB =cy Versus Hy, : AB =ci, (5.4)

where A is an m x n matrix with rank m and ¢y and c;,, are vectors.

By this result (McCullagh (1983)), we know the test statistic
. -1
T, = n(AB - c)" (Az 1AT) (AB — ¢) (5.5)

has an asymptotic x? distribution under the null hypothesis Hy. Here x2, de-
notes a central x? distribution with m degrees of freedom. Under the alternative
hypothesis Hi,, T, has an asymptotic x2 (v?) distribution, where x?2 (v?) is a
noncentral y? distribution with m degrees of freedom and the noncentrality pa-

rameter 2 is a fixed real constant such that
T a1 a7\ 2
n (X1, — Xo) (AE A ) (X1, — X0) — V°.

If T, > X2,.o, then the null hypothesis Hy in (5.4) will be rejected at level av. Here

Xz 18 the 100(1 — )% quantile of the central to x> distribution with m degrees
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of freedom. Furthermore, a 100(1 — )% confidence region for 3 is given by

{pn(B-5)'27 (B -0) <}
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Chapter 6

Simulations

In order to examine the efficiency of the nonparametric estimator of covariance
matrix in quasi-likelihood model estimation, four simulation studies were run
with a univariate predictor variable.

Let \Afn() = (Gpst(+)) w7 be the nonparametric estimator of unknown covari-
ance matrix and (figs, firt) g, be the estimated value of (piys, pixs) , where the non-
parametric estimator of the covariance matrix was obtained by using bandwidth
matrix Bg. Define

G (Bsta (ﬁksa ﬁkt)Bst 7371575 (ﬁksa ﬁkt)Bst)

n

_ Z (Yrs — ks ) (Yt — Fint) —(n

1 a-\nst (ﬁkzs ’ ﬁkt)

-p)|-

The optimal bandwidth is B’

., the minimizer of

G (Bst7 (//sta //‘L\kt)BSt 78nst (sz‘sv ﬁkt)Bst) : (61)

This bandwidth selection generalizes Chiou and Miiller’s (1999) bandwidth
selection and was developed for this problem. The selections of bandwidth in
nonparametric quasi-likelihood in following four simulation studies were auto-

matically based on the bandwidth selector (6.1).
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In the first three simulations, we considered the examples which had the same
marginal expectations as examples in Liang and Zeger (1986) and Sutradhar and
Das (1999), satisfying jx; = Bo + Sy, with oy; = j/T for k =1,2,--- ,n, with
Go =1, B1 = 1, n = 200 and a total of T time points. The fourth simulation
study uses longitudinal over-dispersed Poisson data. One thousand Monte Carlo
simulations were run for each study to compare methods from following meth-
ods in regression estimation in terms of the bias, sample standard error (S.E.),
relative efficiency (Rel. Efficiency, ratio of true sample variance of QLE to the
compared method), mean square error (MSE) and relative MSE. The following

abbreviations appear in the tables.

QLE The quasi-likelihood method with true covariance matrix.

NQLE The nonparametric quasi-likelihood method with unknown but smooth

covariance matrix replaced by nonparametric covariance matrix estimator.

GEEar(1) The Liang-Zeger GEE method with known marginal variance func-
tions and working correlation matrix A(a) = (ax;)p, p specified as AR(1)

structure, ay, = 1, ap; = alk=il for k,j=1,2,---,T.

GEEma(1) The Liang-Zeger GEE method with known marginal variance func-

tions and working correlation matrix A(a) = (ax;) specified as MA(1)

TxT
structure, ag, = 1, a; = aif |k —j| =1 for k,j = 1,2,--- ,T; otherwise

Qr; = 0.

GEEexch The Liang-Zeger GEE method with known marginal variance func-
tions and working correlation matrix A(a) = (agj)p,, specified as ex-

changeable structure, a; = aif k # j for k,j =1,2,--- | T.
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GEEunst The Liang-Zeger GEE method with known marginal variance func-
tions and working correlation structure specified as unstructured when one

has no idea about correlation structure of data.

GEEfix The Liang-Zeger GEE method with known marginal variance functions
and working correlation structure specified as fixed structure R.wrong,

where R.wrong is a matrix defined as follows:

1 0 —0.98
0 1 0
—0.98 0 1

Indp The GLM method or GEE with known marginal variance functions and

working correlation matrix specified as independent structure.

In the first simulation study, 1000 Monte Carlo runs were created where
the data had the same marginal expectations as Zeger and Liang’s example
(1986), satisfying ny; = Bo + fixg; with xy; = j/T for k = 1,2,--- ,n, with
Var (Yi;) = fij; + pixg + 1, true correlation matrix A(e) = (ag;)pyp having AR(1)
structure with o = —0.7 and total time points 7" = 5. According to Sutradhar
and Das (1999), the efficiencies of the GEE estimators @]G, and ﬁAlG specifying the
incorrect working correlation structure, such as exchangeable correlation struc-
ture, were the same as the efficiencies of the estimators @) 7, and ﬂAl ; specifying
the independent structure as working correlation structure. They were 71% and
73% of the efficiencies of the estimators with the correctly specified correlation
structure.

Table 6.1 displays the results of comparison of four methods of covariance/correlation
matrix estimation/specifications in terms of sample standard error, bias and mean

square error etc.
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Table 6.1: Simulation Results of the Estimated Regression Parameters for n; =
Bo + Py with xy; = 7/T, (Bo, 51) = (1,1), T =5, n = 200 and AR(1) as True

Correlation Structure.

Method Bias S.E. Rel. Efficiency = MSE  Relative MSE

Estimation of Intercept (Gy = 1)

QLE -0.00795 0.08277 1.00000 0.00691 1.00000
NQLE -0.00779  0.08509 0.94611 0.00729 1.05606
GEEar(1) -0.00782 0.08498 0.94853 0.00728 1.05346
Indp -0.01118  0.09840 0.70755 0.00980 1.41846

Estimation of Slope (8; = 1)

QLE 0.01489 0.13872 1.00000 0.01945 1.00000
NQLE 0.01519  0.1413 0.96378 0.02018 1.03761
GEEar(1) 0.01468 0.14211 0.95279 0.02039 1.04867
Indp 0.01815 0.17193 0.65096 0.02986 1.53562

The results in Table 6.1 show that compared to QLE, NQL performed as
well as GEEar(1) in the regression parameter estimation, even though GEEar(1)
has the advantage of estimating with known marginal distribution and specifying
the right working correlation structure. Also, NQL did better than method Indp,
which had the same efficiency as GEEexch with specifying exchangable as a wrong
working correlation structure (Sutradhar and Das (1999)). The relative efficiency
of NQLE are about 95% and 96% for 3y and (3, respectively, compared to 70%
and 65% for Indp, which confirms the results in Sutradhar and Das (1999).

Table 6.2 compares confidence intervals obtained from these estimation meth-

ods. The intervals were based on estimated asymptotic standard errors. The
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empirical coverage frequencies and average lengths for 90% and 95% intervals for
each regression parameter derived from (5.1) are listed in Table 6.2. From Table
6.2, one can see that three methods QLE, NQLE and GEEar(1) performed well
and their performances are pretty similar, while Indp method performed rather
poorly, especially on estimating (.

In the second simulation study, we again considered the same example as
the first simulation, but chose exchangeable as the true correlation structure,
with a = 0.49 and time points ¢ = 1,---,10. The results of methods NQLE,
GEEma(1) and GEEexch are in Table 6.2. In this simulation study, 30 out of
1000 Monte Carlo runs were not convergent when MA(1) was specified as the
working correlation structure, while NQL and GEEexch did converge to reason-
able values in all runs. Excluding the 30 runs, we have the results of GEEma(1) in
Table 6.3. Table 6.3 shows that the efficiency of specifying the wrong working cor-
relation structure, such as MA(1) correlation structure, is worse than specifying
the correlation structure as independent. The efficiencies of regression estimators
were only 75% and 51% for intercept and slope, respectively. Table 6.3 presents
the efficiencies of regression estimation of the three following methods of covari-
ance/correlation matrix specifications in terms of sample standard error, bias,
mean square error etc.

Table 6.3 shows that the performance of NQLE is almost as good as GEE-
exch, given that GEEexch uses the correct marginal variance functions and spec-
ifies right correlation structure as working correlation structure. GEEma(1) did
poorly since it specified the wrong correlation structure MA(1), while exchange-
able is true correlation structure.

From Table 6.4, we also can see that the two methods NQLE and GEEexch
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Table 6.2: Coverage of Confidence Intervals for ny; = Gy + B1zg; with zx; = 5/7T,
True Value (G, 51) = (1,1), T = 5, n = 200 and AR(1) as True Correlation

Structure

90 % Confidence Interval 95 % Confidence Interval

% Miss % Miss
Method  Left Right Length Left Right Length

Estimation of Intercept (Gy = 1)

QLE 4.85 5.35 0.27148 1.58  2.08 0.32445
NQLE 5.25 4.75 0.27910 1.58  2.28 0.33356
GEEar(1) 5.35 4.85 0.27875 1.68 248 0.33314
GEEindp 5.54 5.74 0.32274  2.08 2.08 0.38572

Estimation of Slope (8; = 1)

QLE 4.85 5.35 0.45499  2.67 2.28 0.54377
NQLE 495 5.54 0.46346  2.08 2.67 0.55389
GEEar(1) 3.96 5.35 0.46613  2.18 2.28 0.55708
GEEindp 3.66 7.82 0.56393 1.39 1.78 0.67397
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Table 6.3: Simulation Results of the Estimated Regression Parameters for n; =
Bo + Brxg; with xy; = 7/T, True Value (6o, /1) = (1,1), T = 10, n = 200 and

Exchangeable as True Correlation Structure.

Method Bias S.E. Rel. Efficiency = MSE  Relative MSE

Estimation of Intercept (Gy = 1)

NQLE -0.00137 0.11936 0.89073 0.01423 1.12252
GEEma(1) -0.00469 0.15755 0.51124 0.02482 1.95738
GEEexch  -0.00189 0.11265 1.00000 0.01268 1.00000

Estimation of Slope (8; = 1)

NQLE 0.00896  0.13837 0.92000 0.01921 1.08900
GEEma(1) 0.01192 0.23265 0.32544 0.05421 3.07313
GEEexch 0.00669  0.13272 1.00000 0.01764 1.00000
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Table 6.4: Coverage of Confidence Intervals for ny; = Gy + f1ay; with xy; = j /T,
True Value (5o, £1) = (1,1), T =5, n = 200 and Exchangable as True Correlation

Structure

90 % Confidence Interval 95 % Confidence Interval

% Miss % Miss
Method  Left Right Length Left Right Length

Estimation of Intercept (Gy = 1)

NQLE 51 48 039149 24 26  0.46788
GEEma(1) 4.8 44 051678 24 32  0.61761
GEEexch 4.8 44 036948 2.3 23  0.44157

Estimation of Slope (5; = 1)

NQLE 6.1 52 045385 25 28  0.54241
GEEma(1) 43 41 076309 2.8 25  0.91198
GEEexch 62 46 043533 29 20  0.52027

had good performance in inference.
The following tables display the results of the third simulation study. In this
simulation study, we increased the sample size from n = 200 in last simulation

study to n = 800.
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Table 6.5: Simulation Results of the Estimated Regression Parameters for n; =
Bo + Pixk; with zg; = j/T, True Value (G, /1) = (1,1), T' = 10, n = 800 and

Exchangeable as True Correlation Structure.

Method Bias S.E. Rel. Efficiency MSE  Relative MSE

Estimation of Intercept (5o = 1)

QLE 0.00196  0.05303 1.00000 0.00281 1.00000
NQLE 0.00205  0.05382 0.97092 0.00290 1.03004
GEEunst 0.00272  0.05505 0.92791 0.00304 1.07884
GEEma(1) 0.00247 0.07834 0.45824 0.00614 2.18142
GEEexch 0.00247  0.05343 0.98509 0.00286 1.01591

Estimation of Slope (1 = 1)

QLE -0.00492  0.06712 1.00000 0.00452 1.00000
NQLE -0.00554 0.06799 0.97465 0.00465 1.02731
GEEunst  -0.00691 0.07239 0.85972 0.00528 1.16749
GEEma(1) -0.00600 0.12911 0.27027 0.01669 3.68812
GEEexch  -0.00591 0.06785 0.97872 0.00463 1.02400

Table 6.5 shows that the performance of NQLE is better as the sample size
increases compared to the results from last simulation study. In particular, as
the sample size increases by a factor of four, the efficiency relative to GEEexch
for estimating intercept increased from 89% to 98.6%, and from 92% to 99.6% for
estimating slope, even though GEEexch uses the true marginal variance functions

and specifies the right correlation structure as working correlation structure.
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Table 6.6: Coverage of Confidence Intervals for n,; = By + Bixy; with xp; =
j/T, True Value (By,41) = (1,1), T = 10, n = 800 and Exchangable as True

Correlation Structure

90 % Confidence Interval 95 % Confidence Interval

% Miss % Miss
Method  Left Right Length  Left Right Length

Estimation of Intercept (Gy = 1)

QLE 41 56 017395 25 33 0.20789
NQLE 43 57 017653 23 35  0.21098
GEEunst 3.8 6.0  0.18058 22 3.6  0.21581
GEEma(1) 3.1 39 025696 17 24  0.30710
GEEexch 35 57 017526 2.1 3.6  0.20945

Estimation of Slope (5; = 1)

QLE 50 44 022015 25 27  0.26311
NQLE A7 42 022300 23 25  0.26651
GEEunst 49 46 023743 2.8 22  0.28376
GEEma(1) 33 31 042347 22 20  0.50610
GEEexch 52 44 022253 2.6 24  0.2659
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In the fourth simulation study, the underlying longitudinal data marginal
distributions were over-dispersed Poisson. In this simulation study, longitudinal
over-dispersed Poisson data {yy;, x);} were generated via a Gamma-Poisson mix-
ture with sample size n = 300 and 7" = 3 time points as follows. Suppose that
Uy is Gamma distributed with expectation 1 and variance 7 = 0.8 and that Uy
is independent of xj;, where &k = 1,---,300 and j = 1,2, 3. The link function is
Ne; = log puj, and ng; = Bo + Bixg; with By = 1 and B = 0.5. Given Uy, yi; ~
Poisson(Uypix;). Therefore Var (yx;) = pr; (1 + 7pg;) and Cov(Ys, Ykt) = T ks fit -
The design points xj; were drawn from D, = {T’p x n random numbers gener-
ated from wunif(0,0.5)} in the first run and then fixed for the remainder of runs,
k=1,---,n=300;5 =1,2,3.

The results of the fourth simulation study are displayed in following Table 6.7
and Table 6.8.

From Table 6.7, the NQLE performed better than GEEfix, and GEEfix per-
formed worse than NQLE and Indp. NQLE and Indp had almost same perfor-
mance in prediction of intercept and slope, given that Indp method was run using
the correct marginal variance function. But NQLE is best in terms of efficiency
(smallest S.E and MSE) compared to GEEfix and Indp. Because the working
correlation was misspecified, GEEfix is less efficient than NQLE and much worse
than Indp, which confirms the conclusions of Sutradhar and Das (1999).

Table 6 — 8 shows how well the asymptotic approximations made for the
inference obtained from different three estimate methods. The empirical coverage
frequencies and average lengths for 90% and 95% intervals for each regression
parameter are derived from (5.1).

From the table 6.8, one can see that NQLE did best in the inference while GEEfix
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Table 6.7: Simulation Results of the Estimated Regression Parameters for Lon-
gitudinal Over-dispersed Poisson Data with True Value (5o, 1) = (1,0.5), T' =3

and n = 300

Method Bias S.E. Rel. Effeciency = MSE  Relative MSE

Estimation of Intercept (Gy = 1)

NQLE  -0.00701 0.09096 1.00000 0.00830 1.00000
GEEfix  0.00977 0.14436 0.39702 0.02088 2.51538
Indp 0.00094 0.09391 0.93813 0.00880 1.05975

Estimation of Slope (5, = 0.5)

NQLE  -0.02785 0.20678 1.00000 0.04342 1.00000
GEEfix -0.05832 0.45428 0.20719 0.20924 4.81853
Indp -0.02301 0.27164 0.57948 0.07413 1.70708
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Table 6.8: Coverage of Confidence Intervals for Longitudinal Over-dispersed Pois-
son Data with True Value (5, £1) = (1,0.5), T = 3 and n = 300

90 % Confidence Interval 95 % Confidence Interval

% Miss % Miss
Method Left Right Length Left Right Length

Estimation of Intercept (Gy = 1)

NQLE 228 6.09 0.29836  1.52 2.79 0.35657
GEEfix 482 4.06 0.47352 254 2.28 0.56591
Indp 6.09 4.57 0.30804  2.79 1.02 0.36815

Estimation of Slope (8; = 0.5)

NQLE 457 4.06 0.67824 254 1.02 0.81058
GEEfix 4.82 5.58 1.49003  2.03 2.03 1.78076
Indp 3.5 4.82 0.89097 1.2 2.28 1.06482
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did the worst in terms of the lengths of confidence intervals.
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Chapter 7

Proofs of Theorems.

This chapter contains detailed proofs of the asymptotic theorems which are
described in Chapter 5. Throughout, we refer the condition (N1) — (N7) and

(K1) — (K3) of Chapter 4 and (K4) in the statement of Theorem 5.3.

E@%=1;([:f@wﬁh)dy
ro = [ ([ rena) w

where f is the same as in (N4) in Chapter 4. Then F, ', F! exist, and the

Let

are chosen to satisfy

k-
Mtzf /‘fxym s

7’L

HEs k
Fuks—/ /fxydy :
-1

So then, we have

% = fi(t) = /_Z f(z, t)dx, (7.1)
= ne = [ reai (7.2)

o6



and

k—1
F =
t (n — 1) Mt
k—1
n—1

Throughout the rest of the Chapter, assume that we have the following con-

ditions.
1. The bandwidth matrix B = diag {hs, h:} satisfies (K3) in Chapter 4;

2. There exist two constants C'1, C2, such that if

n
Cn(u37ut) = : :I{|Nks_us|§h57|ukt_ut|§ht}7
k=1

then

Cn(usaut)
< —= < .
Cl< =tptee <O (7.3)

for (us,u;) € Dg.

By two dimensional Riemann sum approximation and (K1) — (K3), we have

Flpg(us, uy)
1 n
= 5 D K (e )" = (W0 0)") (s — 1) (i — 1)°
k=1

N ﬁ Z K (B_l((uk& :ukt)T - (usv ut)T)) (,uks - us)p(,ukt - ut)q

n

1 His — Us Mgt — Uy
n2h,hy Zk - i ( he | I ) (s = )" (st = )

_ h:ghgi 1 (FGe) —u FGE) —w
hohe 2= |72 Tk

k=1
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where

1 10 —10,N
R, - // 1 % F(x) us’Ft (y) — w
0 0 hsht hs ht

+0(1/n%)]
Let
lljl(x) = U
}1_1(y) = U
and
(F7' (@) —u) [hs = &,
(F (@) —w) [he = 1
Then
dr = Fl(u)du = fs(us + Ehs)hgdg,
dy = F{(v)dv = fi(u; + nhy)hedn.
Therefore,

Foi — /_ / LK (6, e fuluy + €h) fulus + he)hohedédn

hshy
+ O(1/n%)]

- //K(ﬁ,n)é”nq [fo(us) + € fi(us) + EO0)]

h—lh—l
< ) + ) + 200 dey +.0 (M2 )

:l//K@m@wmmwwﬂrﬂmW%“+O<m$?>
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where

(A1) = folus) fi(ue) +nhe fi(ue) fo(us) + fS(US)UQO(hf)

(43) = &0(h) filur) + EO(hnhe fi(ue) + En*O(hLhy)
By (K2), we have the following results:

1. If p+ q is odd, then

Fip = O‘p,q+1fs(us>f£(ut)ht+ap+1,qf;(us)ft(ut)hs

+O‘p+1,q+2f;(u8)0(h8ht2) + O‘p+2,q+1ft/(ut>0(h§ht)
11

—|—O (hs ];t )
n

2. If p+ q is even, then

Fip = ap,qfs(us)ft(ut) + O‘p+1,q+1f;(u8>ftl(ut)h5ht
g2/ (US)O(th) + O‘p+2,qft(ut)0(h§)

h—lh—l
+pi2,4+20(R30F) + O ( — )

n2
Hence, we have proved the following lemma.

Lemma 7.1 Under (K2),

(1) if p+ q is odd,

Fopg = ap,qus(“s)ﬂ(“t)hgth + O‘p+1,qf§(“s)ft(ut)h€+lhg

+O (BEF'RET?) + O (h2H2REH

p—1pq—1
+0 (7}15 ];t ) :
n
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(ii) if p+ q is even,

Frpg = ap,qu(US)ft(ut)hghg + O‘p-ﬁ-Lqulfé(UJs)ft/(Ut)hlfsﬂrlhifl+1

+O (RPhET?) + O (h22hi)
hpflhq—l
+O ( s 2t ) 7
n
where fs and f, are defined in (7.2) and 7.1.

Lemma 7.2 For (us,u;) € Dg, Fn, Fp and W, have the following explicit

ETPTESSIONS:

Fy = (oo — ofy) f2fPh2h; + O(hZh]) + O(h2h);

Fp = (aoas — oi) fOfPRCRT + O(hihi) + O(hShi) + O(hihy);

1 K His — Us Mt — Ut 1
n2hsht hs 7 ht fsft

1 1
() v (am)

Proof: By Lemma 7.1, we have

Wnk:

2
FnQOFnO2 - Fnll

= (ana — o)) f2 2R + O(BCHY) + O(hihy) + O(hhi)
FrioFno2 — FrotFrin = O(hih?) + O(h?h?)
FnlUFnll - FTLOlFTLQO — O(h?h?) —|— O(hgh?)

Then
Fy = (ageang — ofy) f2 fER2RG + O(h2R]) + O(R2R).

Similarly,

Fp = (angaag — o)) f2 fPRZR] + O(h2h) + O(h2hy) + O(hih3).
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Therefore

1 Hrs — Us Mgt — Ut FN
W, = K , In
b n2hsh, ( h, hy ) Fp

1 Mks — Us gt — Ut
= K P

1 1
+0 (ths) +0 (n%t) ' O

As we mentioned in Chapter 4, the nonparametric covariance matrix estimator

vV, = (0(+))pyp rather than V,, = (o(-))p,p must be used in practice, since we

can only observe {fi,;€;} and not {g;ex}. The following lemma will show the

relationship between those two nonparametric covariance matrix estimators.

Lemma 7.3 For (us,u;) € Dy, let F,,, and ﬁnpq be as defined in (4.12) and

(4.21). Under (K1)-(K3), if maxi<g<n |firs — trs| = Op(1//n) and

maxi<p<n |kt — pit] = Op(1/y/n), then

ﬁnpq(us’ut) = Fupq(us, ue) + Oy (hgx_/lﬁhg) + Oy (hghgl
Proof : Let
h = Tiks = fis, k= L — fires
and
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Then by two dimensional Taylor expansions and the assumptions, we have

As_us ) —Uu ~ ~
K(Mkh ,Mkt t) (frs — us)? (Hgr — ug)?

hy
K (“’fsh: =, Mkth: Ut) (ttis — ws)” (pixe — )"
oG . 0G
_ (h% + ka—y) (z,9)

, T—Us Y—u 1
= h(g—U,t)q {Kx;:s< hs ,y ht t) h—(l’—us)

= p_lK T — Usg g_ut
R

7wy G 1
i — ) K T—us y—u\ 1
N L m@ )

h

+ q(§ — u)”” 1K< 2 y

1 _ _
- {op <ﬁ> hi (R + ph2'O(1)] 4 O, <f> he [hi™ + qhf 10(1)]}
X[{‘ﬁks_us|Shsv|ﬁkt_ut‘Sht}j{“‘ks_us|§hS)|/Jkt_ut|Sht}

_ o, (%) [0 1) + O(hhe )]

XI{‘ﬁksfus|§h57|/7ktfut\Sht}l{mksfus|§hs,|ukt*ut|§ht}
where T € [jis, figs), and § € [1ips, [lxt)-
Therefore, by ( 7.3 ) we have

ﬁnpq(“s; ut) - anq(u87 ut)
n

1 ﬁks — Usg ﬁkt — Uy ~ —~
= - K s — Usg p — q
n2h,hy ;:1: [ ( h. ) h, ) (Mk Uu ) (Mkt Ut)

s — Usg —u
— g (M Tl PR TN s — )P (e — )
h hy

_ o, (\/Lﬁ) (O h) + O(h2hE™)]

1
X 24 B § :I{lﬁks_us‘Sha‘l/zkt_ut|§ht}l{‘ﬂks_us|§h31|ﬂkt_ut‘§ht}
n=hghy k=1

hgflhq hghq_l
-0 () (U)o
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By the result of Lemma 7.3, we have following results about the relationships

among Fl, Fp and ﬁN, ﬁD.

Lemma 7.4 For (us,u;) € Dg, Let Fy and Fp; F\N and F\D are as defined in

(4.11)and (4.12); (4.19)and (4.20). Under (K1)-(K3), if maxi<g<n |fks — fiks| =

O,(1/y/n) and maxi<y<n |t

— el = Op(1/ /), then

. h2h hsh?
Fo oo, () 0. ()

~ h2h hsh?
s () 0 ()

Proof: By Lemma 7.3, we have

Froo0+ O,

nll + Op

n10 + Op

n02 + Op

nOl + Op

Froo + O,

(
(
(
(h
(
(v
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After multiplications we have

~ o~ =~ hgh?
FrooFn20Fnoe = FrooFn2ofno + O, +

o~ hsh}
FroioFrnoiFoin = FaoFnoFon + 0, + O,

hSh h2 sh
w0 ()0, (£) v ()

~ ~

hoh3

h2h?
FinFuo = FaFaao+ 0, ( n ) + O, (Tnt

heh h? h?
+Op( nt) +Op< ) +0, (ﬁ

n
- hh} h2h?

h? h? h3h;*
+0, (W) +0p (#) + O, ( :

~

n
S hoh? h2h?2
EXFao = FyFuo+ 0, ( \/ﬁt) + Oy ( \/ﬁt
~ o~ h2h hsh?
FrooFn2 = FhooFhoe + O, ( \S/ﬁt> + O, < \/ﬁt

FoFnp = FrioFno2 + Op

FoanFoin = FuiFan + 0,

Moreover,

(//Iks

~

- us)I{lﬁks_uslfhs}<Fn10F\ﬂ02 - ﬁnOlﬁnll)

(,uks - us)I{|pk57us|§hs}(FnlanOZ - FnOanll) + Op (
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h
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(8)-0 ()
(50 ()

h2h,
Vn
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~

(ﬁkt - ut)]{\ﬁkt—ut|§ht}(FnIOFnll - FnOanQO)

h2h hsh?
= (ke — we) I —ue <hey (Frro it — Fror Frzo) + Oy (STnt> +0p < \/ﬁt)

Hence,
F\D - ﬁnOOF\TL?OﬁnOQ + 2F\n10ﬁn01ﬁn11 - ﬁn20ﬁ301
—F2oFao2 — F2yy Fogo
tht hh?
- F O [ == O, | =1
A ( ﬁ) I ( NG )
and

~ ~ ~ ~

Fn = (Fn20ﬁn02 - 13311) - (ﬁks - us)I{mks—us\ghs}(ﬁnloﬁnOQ - FnOanll)

—(ﬁkt - ut)[{|ﬁkt—ut|§ht}(ﬁn10ﬁnll - ﬁnOlﬁnZO)

h2h heh?
neo(B) () -

Lemma 7.5 For (us,u;) € Dy, let Wy and /Wnk. are as defined as in (4.9) and

(4.18). Then
Wi, — Woi| = O L +0 !
su max nk — nk| = - -
(us ,UtI))GD 1<k<n : ‘ P\ n? \/ﬁhg hy P\ n? \/ﬁhs htz
Proof: Let
Hrs — Us Mt — Ut 7 ﬁks — Us ﬁkt — U =S
Hy =K F Hy =K Fly.
N ( hs ) ht ) N N ( hs ) ht ) N
Then,
77 //Iks — Us ,akt — U\ Mes — Us Mgt — Ut
Hy —Hy = K Fy — K F
N N ( hs y ht ) N ( hs ) ht ) N

_ [K (Mksh: s uklh: “t) +0, (ﬁ) +0, (ﬁ)]
oo (18) e, (o)

His — Us Mt — Ut
— K F
( hs 7l > "

o ()0 (%)
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Therefore,

17 1 ﬁks — Us ﬁkt — Ut ﬁN
Wn - Wn K ; =
. 1 K Mis — Us it — Ut &
nzhsht hfs ’ ht FD
1 |Hy Hy

n2hsht F\D FD

h2hy hsh?

n2hsht FD + Op <h\§/%t> + Op <h\s,/l§> Fp

P\ n2/nk2h, P\ n2\/nhyh? =
Lemma 7.6 Under (N1) — (N5), if B is a /n -consistent estimator of 3 in the

sense that

1B-81-0, (=)

s e =l = 0y (7).

then

1
Vn
and
ke — sl = 0, (=
121]2% Mt — Prt| = Up )
Proof: Since
~ T2 _ T
fiks =g (stﬁ> s = 9 (x4:8) , (7.4)

By the mean value theorem, we have

max |ﬁks - /'Lks|

1<k<n
= 19 (x1.8) - 9 (xL.B) |
= 0, (‘B\ - ﬁ|>

-of)
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Similarly, we have

e — el = 0 -,
121}?;(” Mrt — Hit| = Up Jn) O
The result of the following Lemma will be used in the proof of the asymptotic

theorems.

Lemma 7.7 Under (N1) — (N5),

n

> hs€ht L (s | <ho g el <he)
k=1

= o, (25 s oy
n b TLthht ’

1
sup
(us,ut)EDst nzhs ht

Proof: Let

n

1 logn 1/2
- {n2h5ht ; Ll —us|<he une—ue | <he} [€xsere — o st (ks ,Ukt)]} / (m)

thsht 1/2 n
= ( logn > Z[{|Hks—us|§hs,|,ukt—ut|§ht} [Eksgkt - Ust(:uks’/vbkt)]
k=1

By (7.3) and (N1) we have

Vars, = (Thh) (L)' Cov(es, i)
ar S, = u —uy|<hy Cov(€ps, €
logn n2h,h, et {lpns—us|<hs,|pre—ut|<hs} ks» €kt

= O( ! )—>O as n — oo
logn

By Chebyshev’s Inequality, for any M > 0

1
P[Sn>M]§WVarSn—>O as mn — oo

Therefore

1

n
n2hyhy Z =l <ol —url<he} [Eks€rt = Ost(Lihs, Hikt)]
n=hshy k=1

_0 logn 1/2
P nzhsht
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It is obvious that

1
n2hsht

> Hleuel <ol <hi} st (s fixe) = O (1)
k=1

Hence

n

1
SUPD e ZGksektf{luks—us|§hs,|ukt—ut|ght}
(us,ut)€Dgy TV s A
1
- 2h.h Z [{Wks*US|§hs,|th*ut|§ht} [eksek’t - Jst(ukw /Lk:t)]
n-hg tk::l

n

1 n
+n2h5ht ; [{Wks*“s|§h5a|ﬂkt*ut|§ht}ast(,uksy ﬂkzt)

o[ (25n ) Lo
- P\ \n2hyhy ' =

Next, we are ready to prove the asymptotic theorems stated in Chapter 5.

Proof of Theorem 5.1: To prove (i), we use Taylor expansion as follows:

[Ust(ﬂksa ,Ukt) - Ust(u57 Ut)]

= ZL;:(US’ g ) (ks — Us) + aaiustt(us, ) (fee — Ut)
+ (s — us)ﬁajzs; (&ky M)
+2(ptrs — ws) (pre — Ut)%(gka k)
+(pwe — ut)Qa;Zs; (&> M)

68



Then

|E0nst(usa ut) - Ust(u57 ut)|

= |E (Z Wnk(“s;“t)Gksekt> - Ust(“s:“t)

k=1

= Z Wnk(us> Ut)E (Eksekt) - Ust(usa Ut)

= Z Wnk(u37 Ut) [Ust(,uks, Mkt) - O-st(uw Ut)]

k=1
S Z ‘Wnk<u87ut)|
k=1
Do 0?
{ (6 m) = 5% )| 1 = )+ OB

+ Z [Woe oty )|

5’2 0o
X [8 5 (& k) — 902

— O(h?) +O(h?).

(4, utﬂ (s — ue)? + O(12)

Therefore, we have

sup  |Eops(us, u) — og(us, ug)| = O (hg) + O (hf) .

(U57ut)€Dst

Notice that

Var (0,5) = Z 2.Cov (Exsrt)

= Z kUst Mks;ﬂk‘t)

n

1 His — Us [l — Uy
= K I —Uu —Ut t S
Z { |:n2h8ht ( hs ) h/t ) {|Mka S|§h57|ﬂkt |§h }/f ft

k=1

1 1 \1?
+ O (ths) +0 (tht)} Ust(,“/k&/vbkt)}
1
- O(wmm)‘
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By (K1)-(K2) and using the same process as in the proof in Lemma 7.7, we
can prove (ii).

From (i), we can prove (iii) as follows:

E((0nst — 05)°) = E (00 — 205505 + 02)

2 2
= Lo, —204FE0,54 + 0y

1
= 0 h2h2 +ht +ht ).
(nzhsht + s t+ s+ t

Using (i) and (ii), it follows that

sup |Unst - Ust’
(us 7ut)6D5t

S sup ’O-nst - Eanst’ + sup ’Eo'nst - Ust’
(us,ut)€Dst (us,ut)€Dst

< sup | Z Wk (€xsere — Elersert)) | + O (h?)

(uS,Ut)EDSt k=1

logn 1/2 9 9
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Proof of Theorem 5.2: First we have:

sup |Unst — Onst |
(us 7'Uft)€Dst

n

= sup Z [Wnk — (@ — Wnk>] [eks + (ks — €rs)] [€re + (€t — €xt)]

(Us,ut)eDst k=1

— Onpst ‘
n

< sup Z (Wnk - Wnk) €ksCht

(U57ut)€Dst

+  sup

Z Wk (Eks - Eks) €kt
(us,ut)EDs¢

k=1

n

+ sup Z (Wnk - Wm) (€ks — €ks) Ext

(us 7ut)€Dst k=1

(us 7Ut)eDst

+ sup Z Wik (€kt — €xt) €xs
k=1

n

+ sup Z (Wnk - Wm) (€ht — €xt) €rs

(us 7ut)€Dst k=1

+ sup Z Wik (€ks — €xs) (€kt — €xt)

(us,ut)EDst k=1

n

+ sup Y (Wnk - Wnk) (€rs — €xs) (€xt — €xt)

(us 7ut)€Dst k=1

= [+ 1T+ 1IT+1IV+V+VI+ VI

By (K3) and (7.3), we have

k=1

n

1 Fks — Us Hrt — Ut
B kz:; n2h5ht r ( h ’ hy ) ]{Iuks_uS|Sh57|“kt_“t|§ht}/fsft
1 1
O O
" (n2hs) * (tht)'
— 0(1).
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Since

/E\ks_eks - yk‘s_ﬁk’s_(yks_,uks)
= [lks — ks,
then
~ 1
ks — €ks| = Op | —=
=03
and

- 1
|€k‘t — Ek:t| = Op <—) .

By (K4) and Lemma 7.7,

3

I = sw D j(Wnk - Wnk> .
(us,ut)€Dst | .1
n
< Sup max | Wy, — W E :eksektl{ll‘«ks*us‘ShSa‘#kt*uﬂSht}
(ussu)e Doy LSRR "

= 0 (G vam) o (()) w0

= ¢ <\/%hs * \/%ht) ‘

Let W = max{0,W,x} and W = maxj<x<, {0, —W,x}. Then W, =

Wh +W-.
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By using the Cauchy-Schwarz Inequality, we have

IT = sup | > W (fhs — €ks) i

(U'Syut)EDst k=1

n

= sup Z (W 4+ W) (s — €rs) €t

(us 7Ut)eD5t k=1

sup (Z (€ks — 6k5)2> ( sup (ZWT;ekf)
k=1

(u57ut)€Dst k= u57ut)€Dst

sup <Z (€hs — Eks)2> (sup (Z kekt>

(Usﬂlt)GDst k s )€ Dt

n 1/2
~ o\ 1/2 "
max (’ﬂcs - 6ks| ) sup Z Wnk‘[{mks—us\Shs,\ukt—uﬂght}

(uS 7ut)€Dsi k=1

1/2 n 1/2
2
" wmre <lglka<XnW > ( Sup <Z €kt I{lukt—wléht}>

(us,ut)EDst us,ut)EDst \ oy

IN

IN

n 1/2
~ o 1/2 _
+ max (|€k;s - Eks| ) sup (Z Wnkj{ﬂksUs|<hs,|uktut<ht}>

(uszut)EDst k=1

1/2 n 1/2
2
% Sup <1r£1k;a<>%w ) ( Sup (Z €kt [{Hktut|§ht}>

(us,ut)GDst “s,“t)GDst —1

1 1/2 n 1/2
= O (—) sup (max Wj) sup S A
’ \/ﬁ (us,ut)€Dst 1<k<n k (ws,ut) €Dyt Z t A e —ue|<he}

k=1

1 1/2 n 1/2
+0 (—) sup (max Wn_> sup ) A
3 \/ﬁ (us,ut)€D 1<k<n k (1o, )E Dyt ; t | ppe—ue|<h:e}

o)

Similarly,

1
v=0,(7r)

since IV has the same structure as II.
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By Lemma 7.6, we have

VI = sup

Z Wk (€ks — €ks) (€xt — €xe)
('Ufsﬂlt)EDst

k=1

< max ([Es — exs| [ — eml) sup Z|Wnk|
1<k (us,ut) EDk 1

1
- o(5);
By Lemma 7.5, Lemma 7.7 and (7.3),

VII < sup ‘Wnk W
(u57ut)eDstk 1

|/€\ks - 6l€s| |/€\kt - 6kt|

1
0, (ﬁ)( sup Zf{mkg—uwh Atk —ur| <he}

u57ut)eDst k=1

S sup /Wnk - Wnk

(u57ut)EDst

oL, 1
P \nynhs  nynhy )’
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By Lemma 7.5 and Lemma 7.7 and Chebyshev’s Inequality,

I = sup > |Wok = Wi

('Uf37ut)€Dst k=1

n 1/2
—_~ +
S sup (Z Wnk - Wnk) (/e\ks - 6k3)2>
k

(Usﬂlt)EDst -1

|(€s — €ks) Ext

/X

3

1/2
o~ + 9
X sup (Wnk — Wnk) €Lt
(u57ut)EDst k=1
n 1/2
+ sup (Wnk - Wnk) (/E\ks - eks)z
(Ust«t)eDst k=1
n 1/2
X sup (Wnk — Wnk> eit
(’Ufsfuft)eDst k=1

IN

1<k<n

(us,ut)EDst (us,ut)€Dst

k=1

I 1/2
X {|l‘ksfus|§hs7|1u'kt7'uft|§ht})

n 1/2 n
(Z ext’l {luktumm})
k=1

+ max (]?ks — ek3|2)1/2 sup (Z (Wnk — Wik
k=1

1S]€S7L (u57ut)eD5t

(- 1)

sup  max
(Us 7ut)€Dst 1§]€§TL

I 1/2
X {|Mksfus|§hs7|/‘ktfut|§ht})
1/2

sup  max
(Usyut)EDst 1§k§n

(-1

e

1 1
< —+ — .
S <nh$ * nht>

Similarly,
1 1
V=0 [ 4+
b (nhs * nht) ’

since V has the same structure as I711.
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(Z ext’l {mktumm})
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Therefore,

5 -0 1 n 1
sup Onst — Onst| = Up .
(u57ut)€Dst \/ﬁhs \/ﬁht

Hence,

sup |Unst - Ust| S sup ’O-nst - Unst| + sup |Unst - Ust’
(u57ui)eDst (U57Ut)eDst (usaut)EDst

= 0, ({bﬂ]mwﬂﬂl%r L, > :
n2hshy s DU Unhg /il =
Proof of Theorem 5.3.
Let L(p;Y) and U(B) be the log quasi-likelihood function and quasi-score
function with known covariance matrix defined as in Chapter 3. Also, suppose

that I is the “observed” quasi-information matrix of @ with known covariance

matrix V(-) and ig is the expected value of I5. Then we have

i) = ) Z V) (Y- )0 G)TX, (15)
and 7
- (g
- (sh)
= Zn: XV () (9 ()" X+ Zn: Xi { (V7 (1)) (V (1)) (9 (m0)°
kjlg”(nk)Vl (k1) } (Y — 1) Xli?
= XV ) )+ [V )V () (o)
k—:;”(nk)V‘l (k)] (Y5 — p) } X
Therefore,

i = B(I;) = Y DIV (1D,

k=1
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Suppose that B is a quasi-likelihood estimator of 3. Then B satisfies

~

U(B) = o.

Here U(B) is quasi-score equation with known covariance matrix V(-), which
defined in Chapter 3.

By Taylor expansion,
U(B) ~15(B ) =0

where B is between 8 and B Also, 1 3 I5 is the “observed” quasi-

= Iﬂ‘ﬁ_ﬁ,

information matrix of 3 with known covariance matrix V(-). Now I 3 satisfies

that

Ig = Y X { (V7 (@) (o)

where
p, =g (XiB8), n = X3B.

By the results of McCullagh (1983), we have

~

VA(B—B) ~ N(0,57).

Let B* be the nonparametric estimator of 3 such that

A~k

U(B) =0

and I is the “observed” quasi-information matrix of 8 with nonparametric esti-
mator of covariance matrix V,(-), where U*(3) is defined as the nonparametric

quasi-score equation in chapter 4.

U (B) = >V, () (Vi — ) (¢ (1)) X (7.6)

k=1

7



and

o - (75 )

= X (V) (97 ) (V2 m0) ()

— g IV ()| (Y = ) X

By Taylor expansion,

A~k

Ur(B) 158"~ B) =0

where (3 is between 8 and B Also, 12‘3 =1

_, I; is the “observed” nonpara-
B=p""

metric quasi-information matrix of @ with nonparametric estimator of unknown

covariance matrix V(-), and I satisfies

where
f, =9 (XiB8), n = Xi0.
In order to show the nonparametric quasi-likelihood estimator B* has the
same asymptotic distribution as the quasi-likelihood estimator ,@ obtained from

the quasi-score equation with known covariance matrix, it will be sufficient to

show that
Vi (8-8") = v (8-B) +o1) (7.7)
Equation (7.7) will follow if we can show

2 (13 15) = o)
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and

1 *
L (U —Ug) =)
First, we have
1/, i
22 (T 1p)
1 n
- 2 Z X Hg (g’(nk))Q Xi
k=1

S XA o )} (¥ - ) X

where
Hi(i) = Vi) ™ =V ()
and
Fuli) = (Vi (1)) (Vi () = (V1 ()" (V ()
Throughout the rest of Chapter, || - || means || - |[|o. By Theorem 5.2, (K5)

and (N2), we have

I He |

AN
<
2.
S
T
=<
) =

|
<)
2.
s
z
=
I
T
|

where
1 1

Jihy  ihy

By the definition of derivative, we have the following:

logn 1/2 9 9
Uy = 2hl +h; +hi +

Al = | (UTm) = /vy

= 0, (Vn/ (hshidn)) -
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By (K5), as n — oo we have
1 /., .
| (15-15)]
1< 1 &
< S D Il =5 Y AFl + Il Yk — g}
k=1 k=1

= O, ((hshivn) /) + Op (Vn/An) — 0.

Hence
1

From (7.5) and (7.6) and (K5), we have the following as n — oo :

%(%‘U@H = %

< SO (Ve ) = V7)) 1Y~ ]

= 0, (/M) — 0.

Z (Vo () = V7 ()] (Ye = 1) (g'(ﬁk))TXH
k=1

Hence,
1

n

(Uz, . U6> = 0,(1). (7.9)

Next, we are going to show that if (7.8) and (7.9) are true, then the nonpara-
metric quasi-likelihood estimator B* will have the same asymptotic distribution
as the quasi-likelihood estimator ,@ with known covariance matrix.

Since
Us 15 (7' ~8) ~Up-15(3-5).
then by (7.8), (7.9) and the results in Chapter 3, we have
Vi (8-8") = vi(8-B)+ o).
Therefore, \/n (B — ,/6\*> will asymptotically have the same distribution as

vi(8-8).
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Chapter 8

Conclusions and Future Research

8.1 Summary and Conclusions

This proposed nonparametric quasi-likelihood approach is designed to estimate
regression model parameters 3 in the class of generalized linear models for longi-
tudinal data analysis where the covariance matrix is totally unknown but consists
of smooth functions of means. It has been shown that the estimator obtained
from nonparametric quasi-likelihood approach has an asymptotic normal distri-
bution, the same as the estimator obtained from quasi-likelihood approach with
true covariance matrix. Moreover, the rate of convergence has been established.
With sample size n = 200, 300 and 800 separately, four simulation studies were
run by using the automatic bandwidth sector (6.1). The results of the first two
simulation studies show that with sample size n = 200, the relative efficiency of
NQLE is close to 1 compared to GEE with correct working correlation structure.
In some cases, NQLE is more efficient than GEE, compared to QL with true
covariance matrix, such as the estimates of slope in the second simulation. The

simulation suggests the following:

NQLE becomes more efficient as n is increasing.
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When substantial correlation is present, NQLE seems more efficient than GEE

with independent working correlation.

When the working correlation structure is badly misspecified, GEE is very in-

efficient, compared to NQLE.

NQLE performs as well as or better than GEE with completely unstructured

working correlation.

We conclude that NQLE may be superior to GEE when we have no idea of
how to choose a working correlation matrix. It is sometimes suggested that GEE
with independent working correlation matrix may be used when we have no idea
how to choose the working correlation. However, our simulations suggest that
this strategy may not be effective and that NQLE is a better approach.

The simulation suggests that the efficiency of NQLE increase as sample size n
increases. This agrees with our theoretical result. Presumably the explanation is
that the nonparametric estimator of the variance function is more accurate when

n is large.

8.2 Suggestions for Future Research

The approach of this thesis assumes a correctly specified link function and a
correctly specified linear predictors, while the covariance structure is unspecified,
except for smoothness conditions. However, in some cases, the true link function
may not be specified correctly or that assumption of a linear predictor may be
inaccurate.

A semiparametric or fully nonparametric specification of F(Y|X) might ad-

dress these problems. A fully nonparametric approach might call for estimating
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u(x) = E(Y|X) by a smooth function of unspecified form. This approach has
already been studied for independent data. Semiparametric approaches include
generalized additive models (GAMs) in which E(Y|X) =g (Z?Zl [ (3@)) and
the f;(-) are smooth function estimated nonparametrically from the data (Hastie
and Tibshirani (1992)). Hybrid approaches might also be used, for example by
assuming E(Y]X) =X;8+g¢ <Z§:q+1 fj(a:j)) :

A combination of a semiparametric or nonparametric model for E(Y|X) and
nonparametric estimation of the covariance functions is a nature extension of the
results of this thesis. The principal difficulties will be establishing the various
rates of convergence.

It is unlikely that the efficiency of such methods will be as high as QL with
correctly specified covariance structures, but they may be appropriate for some

studies where useful modeling information is unavailable.
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