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Abstract

In this paper we are concerned with the existence of optimal stationary poli-
cies for infinite horizon risk sensitive Markov control processes with denu-
merable state space, unbounded cost function, and long run average cost.
Introducing a discounted cost dynamic game, we prove that its value func-
tion satisfies an Isaacs equation, and its relationship with the risk sensitive
control problem is studied. Using the vanishing discount approach, we prove
that the risk- sensitive dynamic programming inequality holds, and derive
an optimal stationary policy.
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1 Introduction

In this paper we are concerned with the existence of optimal stationary poli-
cies for infinite horizon risk sensitive stochastic control problems with denu-
merable state space, discrete time parameter, unbounded cost function, and
long run average cost. For the risk neutral stochastic control problem, the
same kind of problem has been addressed, see e.g. [CC, CC-S, S1, S2, HL-
L1, HL-L2], exploiting the vanishing discount approach, in which the value
function of the average cost control problem is approximated by the value
function of a sequence of discounted problems. However, for the risk sensitive
control problem there does not seem to be a sequence of discounted control
problems with which we can approximate the value function of the average
cost problem. Therefore, we introduce a dynamic game, and consider both
the discounted and the average cost criteria. Establishing some relationships
(see Theorem 3.1) between the value function of the average cost dynamic
game and the value function of the risk sensitive control problem, it is pos-
sible to approximate the value function of the risk-sensitive control problem
through the value function of a discounted cost dynamic game, which satis-
fies an I[saacs equation. Then, using well-known techniques of the vanishing
discount approach, we prove the existence of a solution to the risk sensitive
dynamic programming inequality (DPI), and derive an optimal stationary
policy. In [HH-M] was proved that there exists a bounded solution to the
risk sensitive dynamic programming equation (DPE), under conditions that
force the controlled process to have very strong recurrence properties for
all stationary policies. In this paper we introduce weaker assumptions, and
prove the existence of a solution to the DPI.

The use of game theory to solve this problem is not surprising, and it has
been explored extensively in the study of risk sensitive control problems [B-J,
F-HH, F-McE, F-McE1, DP-M-R, W]. See also [FG-M]|, where risk sensitive
control problems for hidden Markov models were treated. A key tool for
establishing the relationships between dynamic games and the risk sensitive
control problem is a variational lemma, that express the duality relationship
between the relative entropy function and the logarithmic moment generating
function. Recently, Dupuis and Ellis [D-E] found interesting applications of
this lemma in their study of representation formulas and weak convergence
methods.

The paper is organized as follows. Section 2 describes the control model



we will deal with. In Section 3 we introduce some preliminary results, and
finally section 4 contains the main result.

2 Preliminaries

The control model. Let (S, A, 7, ¢) be a Markov control model [A-B-FG-G-
M, HL-L] satisfying the following. The set S = {0, 1,...} is the state space,
endowed with the discrete topology, while A is a Borel space, called the action
or control space. For every x € S, there is a nonempty set A(z) C A, which
represents the set of admissible actions when the system is in state x. The
set of admissible pairs is K := {(z,a) : © € S,a € A(z)}, and is assumed to
be a Borel subspace of S x A. The transition law 7 is a stochastic kernel on
S given K. Finally, ¢ : K — R is a lower semicontinuous (l.s.c.) function,
nonnegative, which represents for the one stage cost.

Assumption A.1.
(i) For each z,y € S, the mapping a — 7(y|z,a), with a € A(z) is Ls.c.
(ii) For each z € S, A(x) is a compact subset of A.

Define Hy = S, and S; = K x H,_; if t = 1,2,.... A control policy, or
strategy, is a sequence § = {d&;} of stochastic kernels on A given H, that
satisfy the constraint

6t(A(ZUt)|ht) =1 Vht € Ht,t Z 0.

The set of policies is denoted by A. A policy § € Ais called a Markov policy if
there exists a sequence of functions {m;}, with m; : S — P(A), where P(A) is
the set of probability measures on A, such that m;(x)(A(z)) = 1. We denote
by Ay the set of Markov policies, and throughout we restrict ourselves,
without loss of generality, to this set of control policies. We denote by F the
set of functions f : S — A such that f(z) € A(z) for all z € S. A policy
§ € A is stationary if there exists f € F such that &,(f(z;)|h) = 1 for all
hy € Hy,t > 0; this policy will also be denoted by f € F.

If the initial state z € S and 5 € Ay are given, there exists a unique
probability measure P? on (€, (), the canonical measurable space that con-
sists of the sample space 2 := (S x A)*> and the corresponding product
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o-algebra (. Further, a stochastic process {(x;,a;),t = 0,1,...} is defined
in a canonical way, where z; and a; denote the state and action at time ¢,
respectively. The expectation operator with respect to Pf is denoted by E‘j.

Next we introduce the risk-sensitive cost criterion. For xz € S,g € A,
the cost functional to be minimized is defined by

- 1 - 1=l
J(z,6) = limsupy log B2 exp{= >_ c(z, &)},
T—o00 T t=0
where v > 0 is the risk factor. Throughout, without loss of generality, we set
v=1. Let

=

J(z) = inf J(x, )
Apr
be the corresponding value function. Then, the problem we are concerned
with is to find a policy f € F such that

is finite and independent of z.

(b)

llgglfarerga) c(x,a) > p.

Remark 2.1. Assumption A.2 is a slight variation of that used in previous
literature for the risk-neutral average cost criterion [CC,CC-S, B]. However,
the way we approach our problem is technically different, and depends heav-
ily on the introduction of a dynamic game. This idea has been used in
[HH-M], where dynamic programming techniques were used to prove the ex-
istence of optimal solutions to the risk-sensitive stochastic control problem
with bounded cost function, and in [F-HH] for finite state problems.

In the remainder of this section we shall give a sufficient condition for
Assumption A.2.(a). See [D-S, Theorem 2.1.10]. Let f € F, and let 7; be
the Markov chain with transition kernel 7 (y|z, f(z)).
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Let P(S) be the set of probability vectors on S, i.e.
P(S) = {M: (MO,ILI,”‘) : MZ Z O,Z,ul — 1}
i=0

endowed with the weak topology. We denote by Y the occupation measure of
the Markov chain Z; with initial condition x, and assume that {Y'} satisfies
the Large Deviation Principle in P(S) with rate function independen

t of x. Further, let ® : P(S) — [0, 00| be defined by

O(p) = Y c(x)u(x).
TES
If ® is finite, continuous, and satisfies, for each z € S,

1 _
im_lim sup — log El {1 {ua0>01 (V") exp[t®(Y")]} = —oo,

|
C—=00 {500

then, according with [D-S, Theorem 2.1.10], f satisfies Assumption A.2.(a).

3 Stochastic dynamic games

We fix v € P(S). The relative entropy function I(-||v) is a map from P(S)
into the extended real numbers. It is defined by

| Yeeslog(r(z))u(z) if p<<v
Iull) = { —+00 otherwise

where

r(x):{ % if v(z) #0

1 otherwise

The stochastic dynamic game is defined as follows (c.f. [F-HH]|, [HH-
M]). The set S is the state space, while A and P(S) are the control sets
for Player 1 and Player 2, respectively. The reward function is (z,a,pu) —
c(x,a) — I(pl|r(-|x,a)), with (z,a,pn) € K x P(S).

The evolution of the system is as follows. Let x; be the state at time ¢t €
{0,1,...}, and ay, p; the actions chosen by Player 1 and Player 2, respectively.
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Then a reward c(zy, a;) — I(pe||m(-||xe, ar)) is earned, and the system moves
to the next state x;,; according to the probability distribution p.

For each t > 0, let N;, K; be the set of feasible histories up to time ¢
for Player 1 and Player 2, respectively. That is, Ny = S and N; = (S x
P(S))" x S, while Ko = K and K, = K' x K. We say that f is stationary
if, for all ¢ > 0, f; = f € F is independent of . A randomized Markov
strategy for Player 1 is a sequence 0 = {4,} of functions from S to P(A),
such that §; (z)(A(z)) = 1; with some abuse in notation, we denote this
set of strategies as Ays. A non-randomized Markov strategy for Player 1 is
a sequence f = {f,} of functions f, from S to A, such that f,(z) € A(x).
A non-randomized Markov strategy for Player 2 is a sequence & = {&} of
stochastic kernel & on S given K. Analogously, 5 is stationary if, for all
t>0,&=¢:K— P(S).

Let (£2,¢) be the canonical measurable space. Given the initial state
x € S, and strategies 5, E, there exist a unique probability measure Pf’g and
again, a stochastic process {x;, a;,t > 0} is defined on (€2, () in a canonical
way, where z; denotes the state at time ¢ of the system, and a; is the action
for Player 1. The corresponding expectation operator is denoted by E%¢.

Given x € 5, 5, E, define the cost functional

Vs(x,5,8) = ngﬁ iy @) — 1& || (|2, ar)] (3.1)

where § € (0,1) is the discount factor. Note that, since ¢ is (possibly)
unbounded, Vj(z, g, 5) might be undetermined. To avoid this, we restrict the
set of admissible strategies for the second player in the following way. We
consider the measure space (N, M, m), where N is the set of nonnegative
integers, M is the subsets of N, and m is the counting measure. Let 2, =

Qx N, =¢x M and P{ig = P% x m. Then, we say that ¢ is (8,,0)-
admissible if [ Lgaleg exists, where Lg is the random variable defined by

La(w, t) := B'lc(xy, ar) — T(&l|m (-], ar)]

We denote this set by Qﬂ(x,g). Note that this set is not empty; £ = 7 €
Qp(z,d). We define, analogously, the value function with average optimality
criterion. Given = € S, 0, &, we define



—»—.\

Az, f):1msup 552 c(ze, @) — I(& | (lon a)]. (3.2)

T—o0 t=0

We say that § belongs to the set Q(z, 6) of average cost admissible policies,

if foxom L dP1 exists for each T > 0, where L; = Lg with § = 1. Finally,
we deﬁne the upper values of these games, respectively, by

Vs(z) :=inf sup Vj(z,9,€)
0 £eQ(x,0)

and

A*(z) :=inf sup A(z, 5,8).
0 £eQ(.0)
The following theorem is the basis for the existence of bounds which are
used in the vanishing discount method.
Theorem 3.1. Fix "> 0 and d € Ay;. Foreach £ =0,...,7 — 1 define

Aproa(2,0) == sup gﬁz (e, ar) — T(E&| |7 (|20, ar)) | ze = ]
£€Q(@,0) t=k

and
. L Tl
Jyr-1(,6) = log E exp Z (@, ar)|vg = 7]
t=k

Then,
(a) forallz € Sand k=0,---,T —1

= =

Ak’Tfl(l’, 5) S Jk’Tfl(l’, ) (33)

—=

(b) lim supy._, ., +Aor(z,0) < J(,90)
(c) A*(z) < J(x).

Proof. We first prove (3.3) for k =T — 1. Given x € S, we assume that
Jr_17-1(x,0) < oo, since otherwise (3.3) is obvious. Then,



= dér—1(y|z, a)
Ap_ip-i(z,0) = sup x,a) log[ Er_q|dy|z, aldr_q(da|x
revra(ed) = s fletr.o) = [1osl SRR e ol (dofe)

/c(x, a)or_1(dalx)

< JTfl,Tfl(xag)-

IN

Now, we assume that (3.3) holds for k =n+1...,7 —1. Let € S be such
that J, 7—1(x,9) < oo, and choose any £ € Q(x,0) such that
. LTl
Anr1(2,0,8) = B[ le(wr, ar) = I(&l|m([wr, ar))]|wn = 2]

t=n

is nonnegative. Then,

—

(s @) = T(Eal 7 (7 00) + [ Aniair 19,5, )6 (dylan, an) o =

J‘f}l

AnT 1( gg) — Ef

< B e(@a an) = I (| a0)) + [ Ausr1(9:0)udylras an) o, = o]
< Elel@n, an) = I(El 17 ([ 00) + [ Tuaiz1(0 )6 (dyleas 0l =
= [lew,0) = IElimClw,0) + [ Jusrs(y, 86 (dyl, a))on(dalz)

< [log [ et stz (dy|z, )]s, (dal)

< Jn,T—l(xvg)a

where the last inequality is due to Jensen’s inequality. The proof of (b)
follows immediately from (a). Now we prove (c). Let § € Ay, and choose
€ € Q(z,9) such that A(z,d,&) > 0. We shall prove first that

Az, 0,8) < J(z,0). (3.4)

Assume that J(z ,g) < 00, since otherwise there is nothing to prove. We first
prove that A(z,d,&) < oo. Assume that A(z,0,§) = oo, and let {T,,} be a
sequence such that



Tl
A(w,8.6) = Jim =B S lelwn,a) = I(El I for, a0)

t=0

Then, given M > 0, there exists N > 0 such that for n > N

M€ B el a) ~ 1l o)
n t=0
1 -
1 -
S T_nJO,Tn—l(J“76)’ (35)

where we have used part (a) of the theorem. Therefore, letting n — oo in
(3.5), and using part (b), we obtain

M < J(z,6).

Since M was chosen arbitrarily, this inequality implies that .J (x,g) = 00,
which is a contradiction. Thus A(z,d,&) < oo. Then, using essentially the
same kind of arguments as in (3.5), (3.4) follows. n

Lemma 3.2. (a) There exist f; € (0, 1) such that for 8 € (£, 1) and x € S
0< Vg($) < 00
and

limsup(1l — B)Vs(z) < p

B—1

(b) The upper value function V3 is the minimal nonnegative solution of the
Isaacs equation

Va@) = inf sup [ew,a) = I(ul[n(l[e, @) + B [ Vdyl, — (3.6)

a€A(T) peA(z,a)



where A(z,a) = {u € P(S) : I(ul||r(-||z,a)) < co}.
(c) The stationary strategies f5 and £*, with

and

(oo, a) = L0 w2 0)
[0 r(dyle,

are optimal.

Proof. Let f € F be as in Assumption A.2 (a), and let € S be arbitrary,

—

but fixed. Now let us choose £ € Q(x, f) such that Vs(z, f,€) > 0. Then,
using a well known Tauberian theorem (see e.g. [S-F]),

liréllelp(l — B)V;s(x, f,f) < Az, f, _>
< J(z, f)
=

where we have used Theorem 3.1. Part (a) follows in a straightforward
manner.

(b) Let 3y be as in part (a), and let 3 € (fy, 1) be fixed. For each function
Y S — R define the operator

Tp(r) :== min {c T, a +log/ AW (dy|x, a)}.

a€A(x

It is easy to see that T is monotone, i.e. if ¢ > pu, then Tgtp > Thp. Let
1y = 0 and define

,QZ}TH-I = T/g'l/)n

Since {1} is a nondecreasing sequence, there exists a nonnegative function
1 such that 1, T ¥. Then following analogous arguments to those used
by Hernandez-Lerma and Lasserre [HL-L1, Theorem 3.1], together with the
Lemma A.1, it can be seen that v satisfies the Isaacs equation (3.6). Further,
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1 is the minimal nonnegative solution to this equation. Now we shall prove
that 1 = V3. Let f be a stationary policy such that

f(x) € arg min){c(x,a) +log/eﬂ’/’(y)7r(dy|x,a)}.

a€A(z

Then, for any admissible policy £ € Q(z, f) for the second player and any
n>1,

W(x) > SEBe(wr, ar) — IE| 7 (-|we a)] + 87 BLEY (2,4,)

M=

H
Il

0

-

Ej;’fﬂt[c(:ct, ug) — (& | (-) [z, wi))].

NE

>

-
Il
o

Letting n — oo, this implies that

w(x) > Vﬂ(x7 fag)

Since 5 was chosen arbitrarily, we have that

—

1/)(95) > _‘Sllp Vﬁ(xafag)
£€Q(x,f)

> V(z). (3.7)

To prove the reverse inequality, we shall use the fact that the function v, is
the value function of the n-stage problem with terminal cost zero (c.f. [HL-
L]). The proof of this fact is standard and is left to the reader. Thus, for
each x € S,

L .n—1
Yu(xr) = inf sup E}* Z B'le(@e ar) — T (-|we, ar))]-
0EAM £eQ(x,0) =0

Then, for any policy g,x ceSandn=1,2,...
L .n—1
Ualz) < sup Byt Y7 B'le(nr, ar) — (&l (-lar, ar))]
£eQ(x.9) t=0

< sup EPt Y Bfe(wr, an) — 1| (-, ar)))
£eQ(z,9) t=0
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Therefore,

—

v(z) < sup Vi(,6,8)
geQB(Iré)

and then

¥ < Vg(z).

Together with (3.7), this completes the proof of (b). The rest of the lemma
follows immediately from standard dynamic programming arguments and
Lemma A.1. |

Lemma 3.3. There exists a finite set G such that for each § € (fy, 1), with
By as in Lemma 3.2, and z € S

Vs(x) — Va(zg) > 0

for some 23 € G.
In addition, for any sequence {f3,} converging to 1, there exist a subse-
quence {/3,, } such that the sequence {zs, } is constant.

The proof of this lemma is a slight variation of the one given by Cavazos-
Cadena [CC] (see also [CC-S]), and we omit it.

4. Risk-sensitive optimal controls
In this section we present our main result (c.f. [HL-L2] for similar results
in the risk neutral case).

Theorem 4.1. Under Assumptions A.1 and A.2, there exist a number p*
and a (possibly extended) function W on S such that for all z € S

e’ W@ > inf {e “/ W r(dy|x,a)}

T acA(z

and the set H := {zx € S: W(x) is finite} is not empty.
Moreover, there exists an optimal control f* € F whenever the initial state
belongs to H, and

for all z € H.
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Proof. Let {f,} be a sequence in (0,1) converging to 1, and take a sub-
sequence (also denoted by {3,}) as in Lemma 3.3, labeling by e the com-
mon value of the sequence {x3, }. Following a standard approach, we define
pn = (1=0n)Vp,(€),  Wa(x) := Vs, (2)=Vj,(e), and Wp(x) := Vs(x)—Vs(e),
and rewrite (3.6), using Lemma A.1, as

ePntWn(@) —aghln ecl@a / Bn Wy m(dy|z,a)} (4.1)

We define p* := limsup,, p, and W(z) := liminf, W,,(x); then, taking the
liminf, on both sides of (4.1), and using Fatou’s Lemma and Assumption
A.1, we conclude that

e’ W@ > liminf min {e ’"a/ W (dy|x, a)}

n a€A(x
>  min ecwa/ VW (dy|z,a)} (4.2)
acA(x

On the other hand, from the definition of the function W, it follows that at
least e belongs to H. Now, let f* € F achieve the minimum on the r.h.s. of
(4.2).

It remains to prove that f * is optimal. First, we shall prove that for any
control § € Ay, with J(z,0) < p, and z € S

pr < J(x,0) (4.3)
Let x € S. Then, by Lemma 3.3, for each € (f, 1),

(L =B)Vs(z) = (1= F)Ws(x)+ (1 - B)Vs(e)

Z ( - ﬁ)vﬁ(e)a
which implies
p* < limsup(l — 5)Vs(z) (4.4)
B—1

Now let & € Ay, arbitrary but fixed, and choose £ € Q(z,d) such that
Vg(x,0,) > 0. Then by a well-known Tauberian theorem and (3.4), we
obtain
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- = -

limsup(l—ﬁ)Vg(x,(S,f) < A(l‘,(s,_j

B—1

IN
=
8

N

Therefore, it follows that

limsup(1 — ) Vs(z) < J(x),

B—1

which together with (4.4) implies (4.3). We shall prove now that p* >
J(z, f*) whenever € H. From (4.2), we have that for any x € H

T

£ T pf* =1 ¢
E! eX]D[lt clzy, )] < e By [HtZOIeW(y)W(d?Axt,at)]

W (z)

|
—

W (z+)

Il
=)

< T - ¢ e
— . y d b)
:vESlerIEA(:v)fe m(dylz, a)

where the last inequality follows from standard properties of conditional ex-
pectations and the Markov property.
Therefore,

J(z, [7) < 0" (4.5)
Then, (4.5) and (4.3) imply the optimality of f*. ]
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Appendix

The next lemma establishes a variational formula for the logarithmic moment
generating function. We refer to [D-E, Proposition 4.5.1] for its proof.

Lemma A.1l. Let ¢ be a real-valued function defined on S bounded from
below, and v a probability measure on P(S). Then

log [ e"dv = sup { [ v =101} (A.1)

neEA(v

where A(v) := {u € P(S) : I(p||lv) < oo}. Morever, the supremum on the
r.h.s. of (A.1) is attained at p* defined by

whenever [ e¥dv is finite.
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