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Chapter 1
Introduction

1.1 Background

Bose-Einstein condensation (BEC) is the phenomenon in which a large number
of particles of integer spin (“Bosons”) occupy a macroscopic quantum state. Let
t € R be the time variable and Xy = (X1, X, ..., Xx) € R™" be the position vector
of the N particles in R”. Then BEC naively means that the N-body wave function
Yy (t,Xy) satisfies

N

on(txn) = [ [ ot %) (1.1)

j=1

up to a phase factor solely depending on ¢, for some one particle state ¢. In other
words, every particle is in the same quantum state. BEC was first predicted theoret-
ically by Einstein for non-interacting particles. The first experimental observation
of BEC in an interacting atomic gas did not occur until 1995 using laser cooling
technique [1, 11]. E. A. Cornell, W. Ketterle, and C. E. Wieman were awarded
the 2001 Nobel Prize in Physics for observing BEC. Many similar successful exper-
iments were performed later on[10, 26, 37]. These observations have stimulated the
further study of the theory of many-body Boson systems in the presence of a trap
(as explained below).

Gross [23, 24] and Pitaevskii [34], proposed to model the many-body effects by
a nonlinear on-site self interaction of a complex order parameter (the "condensate
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wave function"). The Gross-Pitaevskii equation is given by

E(u, ) :/ <|w|2+%)

where £ is the Gross-Pitaevskii energy functional. The Gross-Pitaevskii equation is

0&(u, )
ot

i = —Au+ o |ul>u =

a phenomenological mean field type equation and its validity needs to be established
from the Schrodinger equation with the Hamiltonian given by the pair interaction.

In the laboratory experiments of BEC, the particles are initially confined by
traps, e.g., the magnetic fields in [1, 11], then the traps are switched in order to
enable measurement or direct observation. To be more precise about the word
"switch": in [1, 11] the trap is removed, in [37] the initial magnetic trap is switched
to an optical trap, in [10] the trap is turned off in 2 spatial directions to generate
a 2d Bose gas. The dynamics during this process are highly nontrivial. To model
the evolution, we use a quadratic potential multiplied by a switch function in each
spatial direction for analysis. In other words, we assume the external potential to

be
Virap(t:2) = Y mi(t)af
=1

with the switch functions 7,(t), [ = 1,...,n. This simplified yet reasonably general
model is expected to capture the salient features of the actual traps: on the one
hand, the quadratic potential varies slowly and tends to co as |r| — oo; on the
other hand, the switch functions describe the space-time anisotropic properties of
the confining potential.

In the physics literature, Lieb, Seiringer and Yngvason remarked in [31] that
the confining potential is typically ~ |z|* in the available experiments. Mathemat-
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ically speaking, the strongest trap we can deal with in the usual regularity setting
of the nonlinear Schrodinger equations is the quadratic trap since the work [38] by
Yajima and Zhang points out that the ordinary Strichartz estimates start to fail as
the trap grows faster than quadratic.

Motivated by the above considerations, we aim to investigate the evolution of
a many-body Boson system in anisotropic switchable quadratic traps. The N-body
wave function 1y (¢, X ) satisfies the N-body Schrédinger equation with anisotropic

switchable quadratic traps:

10y = %Hﬂv’(t)?/&v + VN y (1.2)

with initial data
N
¢N(0’ )E]:f)) = H ¢0(Xj)v
j=1

where Vi models the interaction between particles, and

Heo(t) @ = Z Hy,(t) =3 (=L, + Virap(t, %)) - (1.3)

j=1 j=1
N n
82
j=1 I=1 al

When the trap is fully on, Lieb, Seiringer, Solovej and Yngvason showed that
the ground state of the Hamiltonian exhibits complete BEC [32], provided that
the trapping potential Vi, () satisfies inf|g|~r Virap(x) — 00 for R — oo and the
interaction potential is spherically symmetric. To be more precise, let 1y be the

ground state, then

1
’ng,)o — |pgp) (Pgp| as N — oo



where 7%7)0 is the corresponding one particle marginal density defined via formula

(1.4) and ¢ p minimizes the Gross-Pitaevskii energy functional

/ (V@ 4 Vipap() [6]* + 47ag |o[* )dx.

Because we are now considering the evolution while the trap is changing, we start
with a BEC state / factorized state in equation (1.2).

Though equation (1.2) is linear and the initial data is very special, it is highly
nontrivial to see how it is related to BEC, which means the N-body wave function
1y is a product of one particles states. On the one hand, 15 does not remain a

product of one-particle states i.e.

N

U (t,XN) # qu(t,xj), t>0

j=1

for some one particle state ¢. On the other hand, it is unrealistic to solve equation

(1.2) for large N. Thence, to prove BEC, we need an appropriate mathematical
N

framework to explain how the N-body wave function 1 is close to H o(t,x;) for
j=1
some one particle state ¢, where ¢ is expected to solve some nonlinear Schrédinger

equation.

Notice that when ¢ # ¢', we have

N 2

H ¢(tv Xj) - H ¢/<t> Xj)

J=1 J=1

—2as N — oo.

L2
In other words, our desired limit (the BEC state) is not stable against small pertur-
bations. One way to circumvent this difficulty is to use the concept of the k-particle

marginal density 75’;) associated with 1y defined as

— — —
Yt X0 X)) = / D (b, X X ) (1, X, X 2))dX N4, X0, X € R™, (1.4)



and show that

k
VWt x0x) ~ [ ot x)e(t,x).

J=1

Penrose and Onsager [33] suggested such a formulation in. Another way is to add
N
a second order correction to the mean-field approximation, H o(t,x;), so that we

=1
can approximately solve for ¢, directly, without taking mar]ginals. The idea of the
second-order correction comes from Wu [39, 40|, and was rigorously formulated in
a slightly different context by Grillakis, Machedon, and Margetis (GMM) [21, 22].
These two methods stand for the two main directions of this thesis. In the following,

we use two separate sections to state and discuss briefly our main theorems regarding

both directions.

1.2 The Rigorous Derivation of the 2d Cubic Nonlinear Schrodinger

Equation with Anisotropic Switchable Quadratic Traps

Consider equation (1.2) when n = 2 and let

Vo= DNV - x) e (0.5)).

i<j
Notice that this is a "mean field" interaction because of the the factor 1/N and
Vy is a 2-body interaction which approaches the Dirac delta function as N —

oo. Furthermore, we assume that the switch functions 7, € C1(R§ — RJ) in the

Hermite-like operator (1.3) satisfy the following conditions.

Condition 1 7,(0) = 0 i.e. The trap is not at a switching stage initially.

Condition 2 1), is supported in [0, Ty] and Ty+/sup; |n;(t)| < 5.
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We take the marginal density approach and establish the following theorem.

Theorem 1 Assume the nonnegative interaction potential V' is integrable and be-
longs to W2 and the switch functions n, satisfy Conditions 1 and 2. Moreover,

suppose the initial data has bounded energy per particle, that is,

sup % (U, HN(t)Yy)

< 00,
t=0

where the Hamiltonian Hy(t) is

%Z <Z< o — o (t)a? )) +%ZN%V(N5 (x; — x;)).

27 1<j

Jj=1

If {755)} are the marginal densities associated with 1y, the solution of the N-body

Schriodinger equation (1.2), and ¢ solves the 2d Gross-Pitaevskii equation,

1
i) — S Hxl(t)o = bo |8]* ¢

$(0,x) = ¢y(x),

where Hy(t) is the operator defined via formula (1.3) and by = [V (x)dz, then

Vt € [0,Ty] and k > 1, we have the following convergence:

(k

TN txk,xk H¢txj )

— 0 as N — .

-
L2 (dxpdx},)

Example 1 We give a simple example to explain the switching process we are con-

sidering here: say

1
m(t) = Cy whent € <_OO’§]’ Cy when t € [1,00),

ny(1) = C3 whent € (— Cy when t € [g,oo).

1]
o, —
717



Then our switching process contains the cases: turning off / on: Co =0 /C; =0
and tuning up / down: Cy < Cy / Cy < Cy. As long as n,(7) € C' and satisfies
Condition 2, n; can behave as one likes inside [%, 1]. Same comment applies to n,.
Furthermore, Theorem 1 addresses the time intervals (—00,0] and [3,00) as well.
Since the equation is time translation invariant in these two intervals, we can use

Theorem 1 iteratively in each sufficiently small time interval.

Remark 1 Technically, one should interpret Conditions 1 and 2 in the following
way. Due to Condition 1, we have a C' even extension of 0, i.e. we define n,(t) =
n,(—t) for 7 < 0. The fast switching condition 2 in fact ensures that (3, defined via
equation (2.9) is nonzero in [0, Ty| which is crucial in the analysis. See Claim 1 for

the proof.

Remark 2 We assume (3 € (0, %) to use the tools from Kirkpatrick-Schlein-Staffilan:
[27] in which the authors studied the n, = 0 case. The case with 5 = 0 will yield a

Hartree equation instead of the cubic NLS.

The approach with yg\k,:) has been proven to be successful in the 7, = 0 and
n = 3 case, which corresponds to the evolution after the removal of the traps, in the
fundamental papers [12, 13, 14, 15, 16, 17, 18] by Elgart, Erdss, Schlein, and Yau.
Their program, motivated by a kinetic formulaion of Spohn [36], consists of two
principal parts: ine one part, they prove that an appropriate limit of the sequence

N
{75\';)} as N — oo solves the Gross-Pitaevskii hierarchy
k=1

k
, 1 1
<Zat + §A?Tk> - §A)T£) V(k) = bO ZBj,k+1 (7(k+1)) ) k= 17 vy Ty e (15)

j=1
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where Bj; 41 are in formula (1.8); in another part, they show that hierarchy (1.5)
has a unique solution which is therefore a completely factored state. However, the
uniqueness theory for hierarchy (1.5) is surprisingly delicate due to the fact that
it is a system of infinitely many coupled equations over an unbounded number of
variables. In [29], by assuming a space-time bound, Klainerman and Machedon gave
another proof of the uniqueness in [15] through a collapsing estimate and a board
game argument. We call the space-time estimates of the solution of Schrodinger
equations restricted to a subspace of R™ "collapsing estimates". We can interpret
them as local smoothing estimates for which integrating in time results in a gain of
one hidden derivative in the sense of the trace theorem. To be specific, the collapsing

estimate of [29] reads: Suppose u*+1) solves

1 1
0, 4+ A — = A | D) = 0
(z e+ 5 5 ; )u ;

Xk+1 xk+1

s
then, there is C' > 0, independent of j, k or u**1(0, X34 1; X}, 1) s.t.
k —

‘ <H (vxj Vx;)) u(k+1) (t7 3?1;7 X15 X;;w Xl)

j=1

<C

(1.6)

L2(RxR3k xR3k)

k+1
i e.v) o

J=1

L2(R3(k+1)XR3(k+1))

Later, the method in Klainerman and Machedon [29] was taken up by Kirkpatrick,
Schlein, and Staffilani [27], who studied the corresponding problem in 2d; and by
Chen, Pavlovi¢ and Tzirakis [4, 5, 6], who considered the 1d and 2d 3-body inter-
action problem and the general existence theory of hierarchy (1.5).

We are interested in the case 7, # 0. So, we study the Gross-Pitaevskii hier-
archy with anisotropic switchable quadratic traps. That is a sequence of functions

8



®) (4 2.V = 7 nk - o
Y (t, Xg; X)) , where 7 € R, x, %}, € R™, which are symmetric, in the sense

— - =
that v®(t, x5 x3,) = 7 (¢, ) X1) and

(k) - / / _ (k) ! ! /
Y (taxo(l)axa(Q)u"'7X0(k2)uxg(1)7xg(2)7"'7Xo(k)) =7 (t7X17X27"‘7xk7X17X27"'7Xk)

for any permutation o, since we focus on Bosons, and satisfy the anisotropic switch-

able quadratic traps Gross-Pitaevskii infinite hierarchy of equations:

k
(z@t — 5Hz(t) + §Hg(t)) 7 = by ; Bj1 (7). (1.7)

_pnl 2
In the above, Bj i1 = Bj;,1 — B, are defined as

H
Bl (1Y) (. % %}) (1.8)
—_—
//5 | — Xi1)0(x; Xk+1)7(k+1)(taXk+1§X;c+1)dxk+1dX;c+1
(’Y(k+l)) (t, kaxk)

—
// X — Xp41) (X _Xk+1)'7(k+1)(taXk+1?X;c+1)ka+1dX;c+1-

These Dirac delta functions in Bj;41 are the reason we consider the collapsing
estimates like estimate (1.6).

If the initial data is a BEC / factorized state

k
(0, %13 x},) = H Go(X;) o (x7),
j=1

hierarchy (1.7) admits one solution

oA txkvxk ngﬁtxj )



which is also a BEC state, provided ¢ solves the n — d Gross-Pitaevskii equation

1
06 — SHy()p = bolo" ¢

$(0,x) = ¢o(x).

Hence we would like to have uniqueness theorems of hierarchy (1.7). In Chapter 2,

we will state the uniqueness theorem and the other tools we need in order to prove

Theorem 1.

1.3 Second-order Corrections to the Mean-field Approximation
Throughout this section, we consider n = 3 and let

m =0

1
N2 Z vg(X; — Xj,X; — Xp),

i<j<k

where

v3(X—y,x—2) = vo(X—y)vo(x—2)+vo(x—¥)vo(y —z) +vo(x —2)vo(y —2). (1.9)
Here, v3 is built of a nonnegative regular potential, vy, which decays fast enough
away from the origin and has the property

vo(x) = vo(—x).

Accordingly, equation (1.2) becomes

N

. 1 ,

Zath = (Z ij - m Z U3<Xi — X, X — Xk>> 77Z)N m R3N+1(1.10)
j=1

1<j<k
N

Y (0, 3?\7)) = H Go(X;)-

10



Notice that we are now considering the evolution with a 3-body interaction and no
external potential. Our goal is to build a second-order correction to the the mean-
field approximation based on the Fock space formalism of equation (1.10). This
type of second-order correction was used by GMM [21, 22] for the 2-body interaction
case. The main motivation for considering the 3-body particle interaction is to point
out that when we apply the GMM approximation to the Hamiltonian evolution of
many-particle systems equipped with 3-body interactions, the error between GMM
approximation and the actual many-body Hamiltonian evolutions can be controlled
uniformly in time. (See Knowles and Pickl [30] for another type of uniform error
bound.) We will discuss the difference between the 2-body and 3-body cases in the
end of this section.

First, we set up the Boson Fock space F following [21, 22, 35].

Definition 1 The Hilbert space Boson Fock space F based on L*(R3) contains vec-
tors of the form v = (g, 11(x1),V5(X1,X2), - -+ ) where ¥, € C and v, € L*(R3")

are symmetric in X1, ...,X,. The Hilbert space structure of F is given by (¢, ) =

> S buthndx.

Definition 2 For f € L?(R3?), we define the (unbounded, closed, densely defined)

creation operator a*(f) : F — F and annihilation operator a(f): F — F by
* 1 -
(a' (f)q/Jnfl) (Xlax27 e 7Xn) - % Z f(Xj)QZJn,l(Xl, e, X1, X1, 7Xn)>
j=1

(a(?)@bnﬂ) (x1,Xg,"++ ,X,) =Vn+1 / Y (X, X9, - - ,xn)T(x)dx.

11



The operator valued distributions a}, and ax are then defined by

These distributions satisfy the canonical commutation relations

[ax, ay] = 6(x =), (1.11)
[ax, ay] = [a%, aj] = 0.

Thus, we compute

(/ G;Aade) wn(xbx% o 7XTL> = Zijwn(XbX?v o 7Xn)
j=1

and

(/ v3(x —y,x — z)a;a;a;axayazdxdydz> W, (X1, X0, ,Xy)

= ZUS(Xi — X, X — ch)wn(xbxm T 7Xn)'

/[:7.j7k

These relations give us the right-hand side of the many-body Schridinger equation

(1.10). So, we define the Fock space Hamiltonian with 3-body interaction to be

1
Hy = /a;‘(Aaxdx 2 / v3(X — Y, X — 2)ayay,a,axaya,dxdydz

1
= Hy——=V. 1.12
NE (1.12)
Then, of course, we want to apply the evolution operator e~ to a BEC / factorized

state initial data. To obtain the factorized state initial data in Fock space, define

the vacuum state 2 € F and the skew-Hermitian unbounded operator A by
Q = (1,0,0,---)

A(9) = a(¢) —a’(9). (1.13)

12



Then,

nl

L
o VNAWGo) () — o~ Nlol2/2 (1 , < > %(Xl)...%(xn)’..) ,

ie., e~ VNA(0)() renders the Fock space analogue of the initial data
N
Unlizo = [ ] @o(w:)
i=1
in equation (1.10). Whence the Fock space representation of equation (1.10) is the
Hamiltonian evolution

eitHNe—\/ﬁA(%)Q_

Let the one-particle wave function ¢(t, z) solve the quintic Hartree equation

0
0+ 80— 50 [valx—y.x =2 o) bl dydz =0 (L1

subject to the initial condition ¢(0,x) = ¢y(x). Accordingly, then the mean field
approximation for e*#~ e~VNA)() is the tensor product of ¢(t, x), or, more specif-
ically,

I/JMeanField = 6—\/NA(¢(E'))Q‘ (115)

A derivation of equation (1.14) is given in Section 3.2.

By assuming that the Hamiltonian H is subject to the two body interaction

1
Hyo = /a;Aamdx— ﬂ/vg(x—y)a;a;;axaydxdy

by the Fock space formalism of equation (1.10) with the two body interaction, Rodni-

anski and Schlein [35] derived a cubic Hartree equation for ¢(¢, z) (equation (1.17)).

13



They showed in [35] that the mean-field approximation works (under suitable as-

sumptions on v) in the sense that

1 . )
NH (eltHN,2¢O7 aZaze”Hszz/JO) _ (6—\/NA(¢(15#))Q’ azaze—\/NA(¢(tw))Q) HTT

=0(w) N—oo;
where || - ||z, stands for the trace norm in z € R? and y € R3, and v, = e~ VNAG0)Q,
For the precise statement of the problem and details of the proof, see Theorem 3.1 of
Rodnianski and Schlein [35]. Later, in [21, 22], GMM introduced a second-order cor-
rection (GMM type correction) to the mean field approximation of e?*#~ 2= VNA(bo)()
which greatly improved the error.

Instead of delving into the results in [21, 22], we state our main theorem first.

This makes it easier to compare our results with the ones in [21, 22].

Remark 3 For simplicity, let us write A(¢) as A, A(¢(t,-)) as A(t), vs(x—y,x—2)

as v31-21-3, and ¢(y) as ¢,.

Theorem 2 If ¢, the initial datum, satisfies the conditions of

(i) finite mass:

||¢0||L}2( - ]-a

(i) finite energy:

1

1
E, = 5/|v¢0|2dx+6

/ us(x — y,x — 2) [60(3) 2 [60(¥)? [60(2)|? dxdydz

< Cl7

(#i) finite variance:
-] @oll 2 < Co,

14



then, based on the mean-field approximation, we can construct Y eqy s, an improved
approzimation of the wave functionthrough a kernel k(t,x,y) which satisfies an evo-
lution equation derived using the metaplectic representation. Moreover, Yeays 1S @
second order approzimation to the Hamiltonian evolution e®HNe=VNA@Q) for Hy

defined in formula (1.12) and the following uniform in time error estimate holds

Ibanar — e VNAGIQ |, < -

Y

2

where F is the Boson Fock space defined in Definition 1, and C' depends only on v,

C and Cy.

We remark that Theorem 2 also works when vy has a proper singularity at the

origin. To be specific, if for some ¢ € (0, %), we have

wolx) = XD o G ) (1.16)

= |x|1—a’

where y € C§°(RTU{0}) is nonnegative and decreasing and G,, the kernel of Bessel
potential, then Theorems 2 holds. Though we currently do not know the physical
meaning for such potentials if £ # 0, we would like to understand the analysis when
singularities appear since the derivation of the quintic NLS uses an interaction which
goes to a delta function when N — oo. Due to the technicality of treating the
singularities, we restrict our analysis to the case of smooth potentials so that the

differences between the 2-body and 3-body interactions are easier to see.
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1.3.1 Comparison with Results in [21, 22]
In Theorem 2, if we change Hy to Hy 2, and equation (1.14) to

0
igg0+ 80— [ vala =) oW dy = (1.17)

and make the corresponding changes in the construction of ¥, then the main

theorem in [21, 22| reads
leanas — *v2e Y NAOQ | (1.18)
_ca+ t)2
VN

Compared with the above long time estimate, Theorem 2 demonstrates that
there is a substantial difference between the 3-body interaction case and 2-body
interaction. Technically speaking, the main difference between the 2-body and 3-
body interactions lies in the error terms that they produce for the respective many-
body wave functions. Though the analysis is more involved even if we assume
smooth potential and the formulas are considerably longer, the more complicated
error terms in the 3-body interaction case in fact allow more room to play. On the
one hand, an error term in the 3-body case carries at least a pair of u, p or ¢ which

satisfy some Schrodinger equations; for instance, the term
|vs(z1 — y1, 21 — z1)u(t, w2, x1)u(t, v, zl)HL%LZ

in formula (3.25), can be estimated by Lemma 16. A typical error term in the

2-body case can carry only one term of u, p or ¢; for example, the term

|v2 (21 — y1)ult, yu, xl)“Ltl([O,T])LZ

16



implicitly inside formula (47) of [21]. On the other hand, the error estimate in the
construction of the second-order correction involves L}, and we have no L} dispersive
estimates for the Schrédinger equation. Therefore, due to the endpoint Strichartz
estimates [25], we can construct a L}(R") estimate for the 3-body case which is
Lemma 16, without having the £ in the 2-body case which is necessary to apply
the L? Kato estimate in [21, 22]. Or in other words, we do Cauchy-Schwarz in time
differently.

For the reason stated above, one can not employ the 3-body case error estimate
in the 2-body case. Furthermore, the tools of error estimates in the 2-body case
[21, 22|, do not apply to the 3-body case, regardless of whether v is regular or

singular like formula (1.16).

1.4 Organization of the Thesis

The rest of this thesis is devoted to the proofs of Theorems 1 and 2. First, in

Chapter 2, we establish Theorem 1. Then, in Chapter 3, we show Theorem 2.

1.5 Conclusion and Further Questions

In this thesis, we have derived rigorously the 2d cubic NLS with anisotropic
switchable quadratic traps through a modified Elgart-Erdss-Schlein-Yau procedure.
We also derived a 2nd order correction to the mean field approximation subject to
3-body interaction and no external potential.

The main novelty of the work regarding the 2d cubic NLS with anisotropic

17



switchable quadratic traps is that I allow a quadratic trap in the analysis while
previous work was done without a trap. I also allow switches on the trap. Even if
all the switches are constant 1, it is a new result.

The main novelty of the work regarding 2nd order correction to the mean field
approximation is that the error estimate holds uniformly in time.

There are many interesting problems and there is room for refinements in this
field. Here are a few of the questions that I am working on and are future avenues
for research.

After looking at Theorem 1, it is natural to wonder what we can say about
the 3d case. The 3d case is the most physically interesting.

There are also many question to ask on the second-order correction to the
mean-field approximation in Theorem 2 since it is fairly new. I would like to continue
the study in these two directions:

1) Consider the second-order correction with more singular potentials. It is
interesting to use the potential of the form we used in Theorem 1 and ask whether
one can derive the cubic or quintic nonlinear Schridinger equations through the
second order correction. The error estimate in [8] shows an unexpected application
of the endpoint Strichartz estimate in [25]. We might understand this connection
better by considering more singular potentials.

2) Construct the second order correction in the presence of a time-dependent
trap and give a deeper explanation of the construction of it. When a time-dependent
trap appears in the Hamiltonian like Theorem 1, the evolution is no longer an
exponential which is a structure easier to deal with in the Lie algebra settings.

18



Moreover, the construction in [8] in fact applies to more general initial data other

than factorized states.
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Chapter 2
Proof of Theorem 1

2.1 Main Auxiliary Theorems

To obtain Theorem 1, we need the auxiliary theorems in this subsection which
are of independent interest. We show them in 3d as well. On the one hand, the
general idea for the 2d case is derived from the higher dimensional case. On the
other hand, the 2d and 3d cases are dramatically different when they are viewed
in the context of Theorem 1. We will explain this difference between the 2d and
3d case in Section 2.7. For the moment, notice that the uniqueness theorems in
2d and 3d address two different Gross-Pitaevskii hierarchies which stand for the
two sides of the lens transform. Also, we currently do not have a 3d version of the
2d convergence / Theorem 1. We state our auxiliary theorems regarding different
dimensions separately for comparison.

First, we have the following collapsing estimates which generalizes estimate

1.6.

Theorem 3 (8*n-d optimal collapsing estimate) Let n = 2 or 3, write

Le(t) =) al(t)a—x%, (2.1)

where the L}

e Junctions a; satisfy



Furthermore, assume that u(t, X1, Xa,X5) solves the Schrodinger equation
iy + Ly, (1)t 4 Ly, ()u & Ly (H)u = 0 in R**! (2.2)
u(0,X1,X2,Xy) = f(X1,%2,%5).

Then,

Theorem 3 is a scale invariant estimate when a; = 1 hence it is optimal. In

n—1

2 e n—
Vil 2 u(t,x,x, x)‘ dxdt < C H|Vxl\Tl |V,<2|Tl Vi,

2
2.

n—1
*f

fact, it holds for all n > 2. The proof is different for n = 2 and n > 3. We name
the third spatial variables x/, to match the uniqueness theorems. We point out that
Kirkpatrick, Schlein and Staffilani [27] proved the almost optimal result for the 2d

constant coeflicient case. Some other collapsing estimates were attained in [7, 20].

2.1.1 2d Auxiliary Theorems

Theorem 3 is the key to show the following uniqueness theorem.

Theorem 4 (Uniqueness of 2d GP with time-dependent coefficients) Let Ly, be in

[e.9]

formula (2.1) and Bj ;+1 be defined via formula (1.8). Say {u("“) (T, Yr; }7;;)} solves

the Gross-Pitaevskit hierarchy with variable coefficients

Xpt1

k
(iaﬁ + L () — Lﬁ@)) u®) = b, Z Bj i1 (u(k“)) ,
j=1

subject to zero initial data and the space-time bound

i

k
dt < C*

1
2) Bj w0 (t, )

(‘ijﬁ ‘VXQ-

Jj=1 LQ(R% ><]R2k)
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for some C >0 and all 1 < j < k. Then Vk,t € [0,T],

1
e

k

T (17 |7

Jj=1

=0.

L2 (R2k XRQk)

In contrast to the standard Elgart-Erdos-Schlein-Yau program, we do not
need a uniqueness theorem regarding the Gross-Pitaevskii hierarchy with anisotropic
switchable quadratic traps (hierarchy (1.7)) to establish Theorem 1. It is enough to
have Theorem 4 which has no quadratic potential inside. At a glance, the analysis of
the above hierarchy based on the Laplacian is unrelated to the hierarchy (1.7) based
on a Hermite like operator Hy (7). However, Carles’ generalized lens transform [3]
links them together. In fact, the generalized lens transform preserves the L? critical
NLS and thus the 2d Gross-Pitaevskii hierarchies. The specific version of the lens

transform we need is provided in Section 2.4.

2.1.2 3d Auxiliary Theorems

As mentioned before, the uniqueness theorem here addresses a different hierar-
chy from Theorem 4. Of course we can prove a 3d version of Theorem 4. However,
the disparity between the 2d and 3d case renders such a theorem of little value
because the lens transform does not preserve the 3d cubic NLS. See Section 2.7 for
details.

We consider the norm

[ CICoE | —

in which
RY = (1, Py (1) Py (=7))
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iﬁl(T)a%l + BI(T)yl
Py(7) = iﬂ2(7)6%2 + BTy | -
iB5(7) 3 + Ba(7)ys

where 3, solves
B +m(r)Bi(7) = 0,8,(0) = 1,5,(0) = 0. (2.4)

The operator iﬁl(T)a%l + ,(1)y; was introduced by Carles in [3]. Lemma 3 and
relation (2.12) indicate that the norm (2.3) is natural. That is because this operator
is in fact the evolution of the momentum operator —iV. We will compute it in
Section 2.8.

Through a specific generalized lens transform (Proposition 3) we produce the
collapsing estimate which is the key estimate to our 3d uniqueness theorem regarding

hierarchy (1.7) when n = 3.

Theorem 5 Let [s,T] C [0,Ty] and 5, be defined through equation (2.4), assume

that y* D (1, yi1; Yi.1) satisfies the homogeneous equation

1 1
. (k+1) __
(10~ 3 ) + 30 ) 20 = 0 (2.5
N —
’Y(k+1)(07}’k+1;3’;€+1) = 78k+1)(yk+l;y;c+l)'

Then there exists a C' > 0 independent of kH), J, k, s, and T s.t.

HR Jk+1 (7(k+1)) ||L2(s,T]xR3ka3k)
—1

where the T on the RHS of the above estimate can be chosen freely in [s, T},

23



From Theorem 5, we can state the following.

Theorem 6 (Uniqueness of 3d GP with anisotropic switchable quadratic traps) Let

— 0o
{7(’“) (T, Yr; y}c)} solve the 3d Gross-Pitaevskii hierarchy with anisotropic switch-

able quadratic traps (hierarchy 1.7 when n = 3) subject to zero initial data and the

space-time bound
/ HR( Jik+1 fy(kJrl) (7—7 g ) ||L2(]R3k><]R3k) dT < Ck (26)
for some C >0 and all 1 < j < k. Then Vk, 7 € [0, Tp],

|R®® (7

( )’ ')HLQ(RBkXRBk)

=0.

Remark 4 It is currently unknown how to show directly that the limit of 751\;) in 3d

satisfies the space-time bound (2.6).

2.2 Proof of Theorem 3 when n =3 / 3*3d Collapsing Estimate

We will make use of the lemma.

Lemma 1 [29]Let € € R® and P be a 2d plane or sphere in R*® with the usual
induced surface measure dS.

(1) Say0 < a, b<2,a+0b> 2, then

dS(n) C
a b g a+b—2"
PlE—m"Inl" |
(2) Say e = &, then
(n) C
p|§—n) |€ nl* = nf T g

Both constants in the above estimates are independent of P.
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Proof. See pages 174 - 175 of [29]. W

By duality, to gain Theorem 3 when n = 3, it suffices to prove

/ [Vsel u(t, %, %, %)h(t, x)dxdt| < C [[Bl]y ||V, Vi Vg, £, -
R3+1

Let
[ ar(s)ds 0 0
Ay = 0 7 as(s)ds 0 ;
0 0 fot as(s)ds

then it brings the solution of equation (2.2)
ult x03) = [ TN s 2 6, € )G
Accordingly, the spatial Fourier transform of |V,| u(t, %, x,x) is

T ~
,51‘/ (61660 A~ AR A fe g gl £ €1)dE,dE],

which allows us to compute
2

'/ Vx| u(t,x, x,x)h(t, x)dxdt

- ' [l ettt and A s fie, - ¢, - 6,68

2
(spatial Fourier transform on h)

h(t, &) dtd€, d€dE,
— ) / ( / ,gl‘ei«sl525’2>TAt(sl52sg>+s§Atszi(sg>TAtsg>;;(t,gl)dt>

2

f(&, — & — €, €,,€))d€, dE,dE)

< I(h) Hvxlvx2vx/2f\\; (Cauchy-Schwarz),

where

I3 (61-6:-6)" Ar&1—6—E)+ET AGEE) A (¢ ¢ )dt ’
= [ : : 06, €, €},
1€ — & — &5 1€, 1€))
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So the target of the remainder of this section is to show
I(h) < C||h[f}2 .

Noticing that the integral I(h) is symmetric in |£; — &, — &,| and |&,], it suffices
that we deal with the region €, — &, — &,| > |&,| only. We separate this region into
two parts, which we refer to as Cases I and II.

When the "+" sign in equation (2.2) is 7 4+ 7, Case I is sufficient. To show the

7

estimate for the ” — 7 sign, we need both Cases I and II.

Away from |, — &, — &3] > |&,], there are other restrictions on the integration
regions in Cases I and II. We state the restrictions in the beginning of both Cases I
and II. Due to the limited space near " [", we omit the actual region. The reader

should bear this in mind during reading.

2.2.1 Case I: I(h) restricted to the region ’5’2’ < |&,| with integration
order d€, prior to d&,

Write the phase function of the dt integral inside I(h) as

(€ — & — &) A (& — & — &) + ETAL, £ (&) A

T / I\ T /
- GmBLAEmS a6 - 008 A (6- 950 @) 4k
The change of variable
o = aa — (2.7
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leads to

, 2
|€1 w_kzggAthi(g’z)TAt&g)ﬁ(t’ &,)dt
I(h = J/ . . 4 dé,de)
gl _ gl 2
€2 _ 51252 52 + 51252 |€’2’
2 ’ /
_ €] i(2MM+2§§At£2i(£’2)T&£’2)
(s 66" g, + 838 gy
2

(51 )" a

o (61-¢5)
PREAEEE) A (1 € )h(1, €, )dtd dE, dE,dE)

:/%a/ it €)dt

where

T(h)(t.&) T R e
t? 1 / 2 2
g, — 955 (g, + 55| g
_eT —Ay —&5
ei((gl ) (At2 A, )(&1 gQ):I:(&'g)T(At Ayr)€h) il( 3 )dt d€2d€2

Assume for the moment that

[1rdee] a<clfice

with C' independent of h or &, then

1 <c [ dg i),

Hence we end Case I by this proposition.

Proposition 1
/U@@&Wﬁ<CW@&M3

where C' is independent of f or &;.

Remark 5 To avoid confusing notation in the proof of the proposition, we

f(t' &) to replace ﬁ(t’,ﬁl).
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Proof. Again, by duality, we just need to prove

\ / J<f><t,£1>mdt' <CIFC €0l ol

For convenience, let

(& — &) A (€, — &)
2

O(t,€,,€)) = + (&) Ak

Then

[ oesom

coeT T
|€1 ’2 62252 At§2€—12§2 A&,

— ‘ / dtdt' d€,dg, R

€5

(e—w(ushe’g) g(t)>

£ -¢
‘52 - 12 2

<€7i¢(t’,§17§l2)f(t/,€1)) ‘

2 /
|
‘52 — ot )52 + 315221 |€))
</ 02063 Ay (e—i¢(t'7§17€/2)f(t’7£1)> dt') '

Y &,
= /2 _er |2
|£2 ‘5 51552 ‘62 + 51252

‘/621'52 A€y (m) dt‘ ’/QQiﬁgTAt/EQ (e*@(t’ﬁpié)f(t/’él)) dt'

2
E E g ,2

To deal with the dt and dt’ integrals, for every fixed &,, let

E;FAt€2

=25

then

du _ 018, + ()6 + a8,
dt ’£2|2

which provides a well-defined inverse (u).

> 2c >0
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Consequently, the integral

dt

/ €T Ak, (W) dt = / e—iulésl? (€—i¢(t(u)a§17$§)g(t(u)) .
U

) du,

is indeed the Fourier transform of

: / dt
G — 7Z¢(t(u)7£1’£2) t — .
()= c oltw) |5

This is well-defined since

/RIG(U)qu = /Re

1 2
< 5o lgC)ls-

dt

i¢(t(u),£1,£2)g(t(

dU—/\g

Hence

Jaonia
< I3 d£2 / d£2
|52 ‘5 & — 52 62_'_% 2
‘ / o263 Aiks (W@')g(t) dt’ ' / o 2163 Ay (efw(t',sl,gz) F(t, 51)> dar’
_ [lar & / Gl&) F (eI &)
- Ik ‘5 £ - 52 € +% 2

_ [laldg £)G(r?)
/‘é sl

2

5 pldpdo

’52 £2+£1 £2

(spherical coordinate in &,)

2 /
d 2do
< ’£1|/ 262 Sup / ? 2 ;12
&5 p ’5 _ﬂ ‘5 +£1—Ez

(Jlrwsoft o) (e )

(Holder in p)
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&) pldo
< OGN Nl [ 15 sup N ag,
P

!/ el 2 Y
&5 p’€2_512£2 ‘€2+€12€2
However,
|€1| up / deU dél
T _ a6l aal’| "’
p 52 2 £ + 2
& & - <54 ] o ,
sup / PRy ;2 2
’£2| p 52—% |€1_€2_£2| |£2‘
(Reverse the change of variable in formula (2. 7) )
’5 | / / & — £ — 52 do
= 1 2+25 € €
&l €2 — 955 1e, — &, — & " l&l*
d
< C \£1|2/ o= ‘562 o= (Second part of Lemma 1)
2 1~ &2
< C

In the above calculation, the o in the first line lives on the unit sphere centered
at the origin while the o in the second line is on a unit sphere centered at %

We use the same symbol because Lebesgue measure is translation invariant.

Thus,

[ 50| < C Ui ol

Remark 6 Because the integral I(h) is also symmetric in &, and &, when the "+

in equation (2.2) is "+", we have acquired the estimate in that case. In Case II, we

will assume that "£" is "—".
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2.2.2 Case II: I(h) restricted to the region ‘5'2‘ > |&,| with integra-
tion order dg¢), prior to d&,
This time we write the phase function to be
(€1 -6~ &) A6 — & — &) T &AL — (&) A
= (6-&) A6 - &) —2(6 — &) AL +E AL,
= 0(t&1.6) —2(& — &) Ak,

and let

/|£ ‘ —2i(&,— 52)TAt§2621(§1 &) Aygh

— &l 16" 1)
€—Z¢(t 751752)6_i¢(t7£1’£,2)]/:L(t/, Sl)dt,d£;d£2

J(h) (1.€)

Again, we want to prove

Proposition 2
/ TG EPdt < C 7€)%

where C' is independent of f or &;.

Proof. We calculate

e e

'/ |€ ‘ —2i(&,— £Q)TAt§2€21(§1 52)
& — &7 16,7 1€

<€_z~¢(t £6) f(t/, 51)) dtdt' d€}de,

_ '/ P ’51| gﬁzcrgzl |€/|2 (/ 6*21'(51752)TA1££/2 (efw(t,gl,gQ)g(t)) dt>
1 2 2 2

(/ 62@'(51*52) Ap&s (eiiqs(t,’gl’gz)f(tgsl)) dt,) ’

31
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2 /
o [l | [erearae (FEEm) dt’
& /e e -alle

‘/ 62i(£1_£2)TAt’£/2 <€_i¢(tl’£17£2)f(t/7£l)) dt/

Fix &, — &, and &, write
/ o 2i(E1~€2)" Ast <m) g — / o2l &l A (Wgz)g(t)) dt
where w = (w1, ws,w3) is a unit vector in R3. Without loss of generality, we assume
max {|wi], [wal, [ws[} = |wi]

which implies

1
—<|w1|<1.

V3

Let us further assume that w; > 0 (the proof works exactly the same for the w; < 0

case), then we can write

5/2 = ("L‘a 07 O) + (07?/17 y2>

u(t) = 2w /0 n()ds.

Again u is invertible with

So we have

/ o2i(61—€2)T Arth (W) di

—~2il¢; —€alwT Ay gl <€—i¢(t,§1,£’2)g(t)> di

ﬁ
du

)au

/e
— /e—iu(w1|£1—£2w) (6_%51_€2|(01w2»w3)TAt(u)(0791792)€—i¢(t(u),£1,£'2)g(t<u))

= G(~w1]§ — &)
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where

G(u) = 6*21'\&1*€z|(0,w27w3)TAt<u)(Ovyl’?ﬂ)e_id’(t(“)’el’&é)g(t(u)) ﬁ

du

which still has the property that

[1cwPan< 22 [l a

Just as in case 1, this procedure hands us

‘ / dt'
! (e
< & dég / dg, — / o~ 2i(€1—€)T vt (e*iqs(t:ﬁpﬁz)g(t)) dt‘
&,)° €1 — & — &I 1€)]
‘/621‘ €,-6,)T Al <€—z‘¢>(t 751752)f(t’,€1)> dt’

I35
€&,

dxdy;d ~ 7
</ - yl y2 ‘ (w1 |&4 = & 2)F(—w1 € — &l 7,&)
1€, — ‘52’

_ /(/ da:dyldyg - 5
€ — & — & 16

dg,

)

2 d€2

G(z)F(z,
D 51)’) A
’51 dy1dys
< 5
/|§1 €2||Ez < /|£1 52\ |€'2|)
( Pz, &) ) ( / ‘G da:) d¢, (Holder in )

|£1 dyldya
C ‘Y 2 2 d
17 &0l ”g”Lt/zml &, 1€,)? ( /\51 — g |£;|2> “

The first part of Lemma 1 and the restrictions that [, — &, — &,] > |&,| and |&;| <

N

|&,| show

‘51 dy,dys
dg
/2151 £, 16, ( /|sl —e)p |e;|2> i

|€1 dyldyz
d
/2151 sgusﬁ%( /|51 &, — & e ) .




N

& |7 d¢,
C
/ 2[€; — &P |6,

< C,

which finishes the proposition. B

2.3 Proof of Theorem 3 when n =2 / 3*2d Collapsing Estimate

By the proof of the n = 3 case in Section 2.2, we only need to show these two

estimates:

Case I Under the restrictions |&; — &5 ;g — &5 > |€2.014] and [€5] < |€; 4], We have

|£1| / da<€2,new) df; < C

sup , —
|£2| P 52,new _ % &mew + 51252

where &, ,,.,, and &, ,; are related by formula (2.7) and we write

&2 new=p0 With o € St.

Case IT Under the restrictions |£; — &, — €] > [€,] and |€5] > [€,], we have

|51 ( )
| e e & 6ll6) s [ € - 52 e e <

where &, = (z,y).

Lemma 1 plays an important role in giving the corresponding estimates in

Section 2.2. In the 2d case, the subsequent lemma provides its replacement.

Lemma 2 Let £ € R? and L be a 1d line or circle in R? with the usual induced line
element dS.
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(1) Say 0 < a, b<1,a+0b>1, then there exists a C' independent of L s.t.

dS(n) C
a b < a+b—1"
cl&—=nl"Inl" [&

(2) Let e = L, then

30’

do C
sup ( 1_5("7) 1—5) S T
ml \Jst [€ =m] 7§+ n)| 4

Proof. We will show the second part in the end of this section. The first part

shares the exact same proof with Lemma 2.2 in [29]. H

2.3.1 Proof of Case

The change of variable (2.7) turns the restrictions into

£ -6

€2,new 9

£& -6
SZ,new + 2

= ‘51 —&201d _5/2‘ > ‘52,old} > &),

= ‘E2,old‘ > 1€y .

Notice that &, ,,.,,=po, we in fact have

@ do (52,new) d /
A Supb &€ £ -8 &
2l P 52,new T 9 52,new + 2
d
< |£1| sup o E€2,new) _ /2
&, | e 68| 6-& "
2 £Q,new - T 9 527new + 2

1 1
< C |§1|/ € ‘1—&—25 € ¢ |2_28d€’2 (Second part of Lemma 2)
2 1~ &

< C

2.3.2 Proof of Case II

Recall that &, = (z,y), we estimate
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\51 ( )
| e e & &ll6) s & - sz e )

£, dy
d
<) & - &llel™ (Slip |51—52—s’2|1‘5|£’2|1‘5> .

1
Cl&] / 5= 13- @&o (First part of Lemma 2)
€1 — &7 1€,

< C

2.3.3 Proof of the Second Part of Lemma 2

Due to
&l <€ —n|+ €+,

we can separate the integral as

sup ( do(n) )
i \Jst [€ =" € +m|"F

< sup / + sup / :
In| St and [¢—n|> %‘ In| St and |€+n[> %l

We will only show

/ do(n) c
Sup 1—e 1—e < 2—2¢
ml \Jst and |g+n=% [€ —n] 7 |€ + 7 13

since the other part is similar. It is clear that

/ do(n) C ( do(n)
sup - S == sup P
il \Jst and je+n= 18 |€ —n| 1€+l €17 ml \Jst [€ —n)|

). e

Rotate St such that £ is on the positive z axis, then write n = pe® for (pcos 6, psin 6)

and observe:
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e When 6 € [0, 2] U [3F, 2n],

|pe’” — (€] ,0)] > [¢€] lsin )

because |£] |sin 0] is the distance between the point (|€|,0) and the line (angle =

0).

e When 6 € [Z, 2],
|pe”” — (I€1.0)] = [¢]
because pe' — (|€],0) is the longest edge in the obtuse triangle which consists

of pewv (‘S‘ 70) and peiﬁ - (’E‘ 70)

Insert these two elementary observations into estimate (2.8), we have

sup / do ()
il \Jstand jeani=18 [€ —m|' " |€+m|'

C ([ )
€] In] st 1§ —n

o C o /327r do +2s /75 @

S o= |sup : —& up ; €
€ Lo \Js e = (el ol » \Jo loe” — (gl )
C T od0 2 df
7 ( € o llgfsing
C

S —5
‘£|22

To show the other part, namely

do () ¢
sup i = | S e
ml \ /s and le-n>% [€ — 0" €+ 4

one just needs to notice

€ +nl = [(&],0) — pe'® ],
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then one can proceed as above. Therefore we conclude the proof of the second part

of Lemma 2.

2.4 The Lens Transform / Preparation for Theorem 5

From now on, we enter the proof of Theorems 5 and 6. We set n = 3 until
Section 2.7. In this section, we set up the tools involved in the proof of Theorem 5.
We build the lens transform we need and state the related properties. For simplicity
of notations, we write U*+1)(7; s) to be the solution operator of equation (2.5) and

Uy (T;s) to be the solution operator of

<¢aT—% y(7)>u ~ 0

u(s,y) = us(y).

i.e. UKD (7; 5)78"Y golves equation (2.5). By definition,

U (r;s) =[] (ij (73 8) Uy (= _S)> '

Jj=1

To be specific, we need this version of the generalized lens transform:

Proposition 3 There is an operator Ly(t) which satisfies the hypothesis in Theorem

3 such that

D (1505

3 zmw

k+1 e Bi(™ 2
= H 5 (
=1 | o !(7)
u(kH)(Oél(T) Y1 Y2 Y13 Y11 Yrt12 Y413,
B1(7) ’ 51(7)’ 52(7')’ 53(7)’ ’ 51(7')’ 52(7), ﬁg(T)’
yi,l 91,2 ?Ji,s y;c+1,1 yfg+1,2 y;c—i-l,S)

51(7)7 52(7)’ B3(7) T 51(7)7 52(7)7 B3(7)
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—
in [=Ty, To|, where oy and 3, are defined as in Claim 1, and u(k“)(t,xkﬂ;xgﬂ) is

the solution of

(iat + L (1) — L/—>(t)> uFHD = ip ROFFOH

Xkt Xk+1

—
k
W0, 3515 %) = 0
The proposition will be a corollary of a sequence of claims.

Claim 1 Assuming Conditions 1 and 2, for | =1,2,3, the system

5&[(7’) + T]Z(T)Oél(T> = 0, Oél<0) = 0, 041(0) = 1, (29)

Bi(r) +m(r)Bi(r) = 0,5,(0)=1,53(0) =0.

defines an odd oy and an even [3; € C%*(R) with the following properties
(1) B, is nonzero in [—Ty, Tyl;

(2) The Wronskian of ay and (3, is constant 1 i.e.

au(7)By(r) — eu(7)By(7) = 1;

(8) The odd function

is invertible in [—Ty, To| because

@Z(T) = >0 1w [—To,TO].

1
(Bi(7))”
Proof. We show (1) only since all other statements are fairly trivial.

Suppose 3,(19) = 0 for some 7 in [Ty, To| then §,(—7¢) = 0 via 3, is even.
Of course 79 # 0 because 3,(0) = 1. Notice that cos <T sup, ]m(7)|> is a nontrivial
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solution of

9(7) + sup [ (7)] v(7) = 0.
Since cos <7' sup, \nl(T)D is not a multiple of 3, cos (7’ sup, |77,(T)\> must have
at least one zero in [—7¢, To] due to the Sturm—Picone comparison theorem. But
this creates a contradiction. W

Though Claim 1 is elementary, its consequences lying below make our proce-

dure well-defined.

Definition 3 (A reminder of the norm) Let 3, be defined via equation (2.9). We

define
iB(7) 5% + Bi (T
Py(r) = | iBy(r) i + Bl
iB3(7) 5= + B3(T)ys
and

R} = H?:l By, (T)Pyg-(_T)-
Lemma 3 Py (1) commutes with the linear operator
: 1 2
i0- = 5 (= Oy +0(7) lyil)

Moreover,

By(T)Uy(7;5)f = Uy(7;5) Py (5) .

Lemma 4 Say K;(t, zo,v0) is the Green’s function of the 1d free Schrodinger equa-

tion



3 oDy
e Pi(r) 2
Uy(1;0)up = ( (2.10)

-1 Bi(r)" Bi(7)

3
ay(T
<H K1(£ L,ym)) uo(Yo1, Yoz, Yo3) AYo1dYo2dyos,
valid in the interval [—T,T| in which n; are Lipschitzian and B,(T) # 0.

Proof. Carles computed the isotropic case of formula (2.10) in [3]. We include a
proof of Lemmas 3 and 4 using the metaplectic representation in Section 2.8. W
We can now prove Proposition 3. On the one hand, via Claim 1, we can invert

_ a(7)

Bi(7)

in [~ Ty, To).
Therefore, the integral part of formula (2.10)
o(t,x) = / (K1 (t, 21, yor) Ky (v2(v7 (1)), %2, Yoo ) Ko (vs(v1 (1)), %3, Yos) )
o (Yo1, Yoz, Yo3)dYo1dYoadyos
in fact solves
(iat + ii(t)) ¢ = 0inR>x [~y Y(Ty), vy Y(To)]

#(0,x) = wuy,

where

T L0 1B (1) 9 1Bi(v (1) O
) =502 T 2R (1) 03 T 2 B(or (1) 07

On the other hand, plugging —7 into formula (2.10) yields

Ugy(=7;0)ug = H _—

3
/ (H K1<_ZEE7T'§ ) %ﬁ%l)) 1o (Yo1, Yoz, Yo3) dYo1dyo2dyos
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because a; and [3; are odd while 3, are even.

Whence in [—Ty, To)

Do = T (U, 000y (-750) ) 26

j=1
3 A0 <|yj’l|27|y}’l|2)
k+1 H e B 2
j=1 =1 Bl(T)
MCEEY (Cn(T) Y11 Y1,2 Y1,3 Yk+1,1 Y12 Ye41,3
51(7') (7 ) Bo(T ) 53(7')7 ’51(7)’ 52(7)7 63(7)’
yl 1 93,2 y13 Z/k+1,1 y;c+1,2 y;c+1,3)

Bi(r )’ 52(7) 5(T ) o ﬂl(T)’ 52(7)7 B3(7)

—
. —
if w* D (¢, X413 X, ) solves

(01 + L)) = L= () u®*D = 0/ R [—op (1), o7 (1)

xk+1

(k+1)( (k+1)

0 - X/
U :Xk+1an+1) = Y

At long last, define

—~

Ly(t), when t € [—v7 ' (Tp), v1 ' (To))]
Ly (v (Ty)), when t > v (Tp) or t < —viH(T))
then we obtain the desired variant of the generalized lens transform i.e. Proposition

3.
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2.5 Proof of Theorem 5

Without loss of generality, we show Theorem 5 for B]{k 41 in Bjpyq when j is

taken to be 1. This corresponds to the estimate:

T
/ dr / R
R3k xR3k

—1
inf H B (T /
T€[0, To] R3(k+1) 5 R3(k+1)

V1 € [s,T), if v satisfies equation (2.5).

(e

— 2 —
T YY1 Y Y1)| dyrdy), (2.11)

— 2 -
Rgﬁq)v(iﬁul)@_7 m; y;c+1) dmd}’;cﬂa

By Proposition 3, we compute

RO (7, 52 y1: v y1) (2.12)

. ) 27 / 2
() e
1—1 Bi(r 1 Bi(7)

k
<<H Vx; Vx 3)) u(k+1)<gigi,ﬂ,xl;)z,xl)> ,

if we let

because of the relations

] 0 RG] |le| NG |yj,l’2
ZBZ(T> ayl € RGN + Bl( )yj,l e it 2 = 07
Js

0 0
51(7)% = ouy

Consequently,

— 2 —
REAED (1 32 vy, y1)| dyrdy),

T
dr
s R3k x R3k
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2
ﬁ
dyrdy’,

<H (V vx’)) u k+1 :;;fkaxl;)?;;xl)

3 -1
< L Io) [ 55
mel0To] 3 s (By(1))
£ o (7’) —
/ (k+1) 1— > . /
L |t
3 —1
inf ))
TE[O To]
[ o L ({1 s
—c0 R6k e, J

where we used the fact that the Wronskian of o; and 3, is constant 1, i.e.

—
—_ /
dxpdx;,

N

2

—
— /

dt  au(r)By(7) — 041(7)31(7) _ 1

dr (8,())? (8,(7))?

as shown in Claim 1.

A corollary of Theorem 3 tells us that

Corollary 1 Let Ly(t) be the same as in Theorem 3 and u**Y) verify

(100 + Laz (1) = Lg—(8)) u®*D = 0.

xk+1
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Then there is a C > 0, independent of j, k, and u*+Y s.t.

k
H
<H (Vx]V )) Blk+1u(k+1)) (t, Xz; X,)
J=1 L2(RxR3k xR3k)
k
%
B <H (V Vi, >) (k+1)(tv)Tk>>X1;X;c>X1)
Jj=1 L2(RxR3k xIR3k)

k+1
—
( <VXj vxj)) u(kJrl) (Oa X413 X;chl) ’

Jj=1 L2(R3(k+1) X R3(k+1))

Whence inequality 2.11 follows.

2.6 The Uniqueness of Hierarchy 1.7

To get Theorem 6, we of course use the Klainerman-Machedon board game

argument to group the terms. For convenience, we assume by = 1 here.

Lemma 5 One can express ¥V(7y,-;-) in the Gross-Pitaevskii hierarchy 1.7 as a

sum of at most 4™ terms of the form

/ J(Zn—&—l» :um)dzn—f—la
D

or in other words,

1) Tl; 7' Z/ n+17:um dZnJrl (213)

Here 7,1 = (T2, T3, ..., Tnt1), D C [s,71]", p,,, are a set of maps from {2,...,n+ 1}

to {1,...,n} satisfying p,,(2) =1 and p,,(j) < j for all j, and

I (Tt bm) = UD(T1572)BioU® (72, 73) B, (3.2
A (Tn; 7n+1)Bum(n+1)7n+1<7(n+l)(TnJrla 50))-
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Proof. The RHS of formula (2.13) is in fact a Duhamel principle. This lemma
follows from the proof of Theorem 3.4 in [29] which uses a board game inspired
by the Feynman graph argument in [15]. One just needs to replace e'(1=2)%s by
Uy (t1;t2), and gilti—t2)A® by U (t;t5). m

Let D,, = {(73,...,Tns1) | (T2, T3, ..., Tny1) € D} where D is as in Lemma 5.

Assuming that we have already verified

| R 0,

(s, ')HLZ(R3xR3)

applying Lemma 5 to [s, 1] C [0, Tp], we have

||R’(rll)7(1) (7—17 ) HLQ(R3 xR3)

R(l) / U(l) (7-1; 7—2)B172U(2) (TQ; T3)Bum(3)72---d7_2---d7—n+1

™ Jb L2(R3xR3)
T1
| e
/ R7(_12)BLQU(2) (TQ; 7'3)Bum(g)’g...dTg...dTnJrl dTQ
D, L2(R3xR3)
(Lemma 3)
T1
< / / Rg_lz)BLQU(?)(TQ;T3)Bum(3),2...dTg...dTn_H dTQ
y Dry L2(R3xR3)
< / ||R§12>Bl,2U<2>(¢2;73)3%(3),2...HLZ(RSW) dradrs..dThin
[S,Tl n
< (11— s)% / drs...dT, 1
[s,r1]"—1
||R7('12)B112U(2) (7-2; T3)Bum(3)72'” HLQ(TQG[Sﬂ'l}XRBXR?’)
1
< C (Tl - 8)2 /[ ] ) HRS.QQ)U@) (TQ; T3>B“m(3)’2"'||L2(]R6><R6) dTg...dTn+1
s,T1|"

(Theorem 5)

(Same procedure n — 2 times)
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-l " n n

Let (71 — s) be sufficiently small, and n — oo, we infer that
HR’(rll)’y(l)(Th .)HL2(R3><]R3) =01in [87 Tl]’

=0, Yk, 7 € [0,Tp]. Hence we

Similar arguments show that HR&IQ)V(’“)(T, )‘
L2(R3xR3)

have attained Theorem 6.

2.7 Derivation of the 2d Cubic NLS with Anisotropic Switchable

Quadratic Traps / Proof of Theorem 1

For a more comprehensible presentation, let us suppose

is the ordinary Hermite operator
2
H, = —-Ay+y|

in this section to make formulas shorter and more explicit. We will add two remarks
in the proof to address the small modifications needed for the general case.

We start by reviewing the standard Elgart-Erdos-Schlein-Yau program in this

setting.

Step A. Observe that, by definition, {’y%c)} solves the quadratic trap Bogoliubov—
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Born-Green-Kirkwood-Yvon (BBGKY) hierarchy

1 1
(- Hcome i)+ (-
1 / ’

1<i<j<k

k
—_k Z / Aye 1 [(VN(yi — Yre1) — VN(Y; — Yi+1))

)) W19

1 —_
VSVJF )<7' Yk7Yk+1aYk7Yk+1)]

where Viy(x) = NPV (N®x). It converges (at least formally) to the quadratic

trap Gross-Pitaevskii infinite hierarchy

/

v, 2)) 4B (2.15)

. 1 —2 1

k
= bo Z Bjrs1 (’Y( i
j=1
Prove rigorously that the sequence {75\];)} is compact with respect to the weak*

topology on the trace class operators and every limit point {7(’“)} satisfies

hierarchy 2.15.

Step B. Utilize a suitable uniqueness theorem of hierarchy 2.15 to conclude that

where ¢ solves the 2d quadratic trap cubic NLS

(A +1yl*) &+ boop |9 -

DO | —

0,6 =

So the compact sequence {755)} has only one limit point, i.e.

k
W = [ o(r.y)olr,y)
j=1
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in the weak* topology. Since v*) is an orthogonal projection, the convergence
in the weak* topology is equivalent to the convergence in the trace norm

topology.

We modify this procedure to show Theorem 1. We remark that the main
additional tool is the lens transform. When Hy(7) is the Hermite operator, oy =

sin7, 3, = cosT and Ty < 7 i.e. the lens transform and its inverse reads as follow.

s 2 1= 17 20 3= 17 .
Definition 4 We define the lens transform T; : L*(dxpdx},) — L*(dyrdy}.) and its

wverse by
_iM(|3T,g|2— v, % — 7
— e 2 Ye Y
Tu®) Vi v (¢ ;e
( u ) (T,YIka) (COST)nk u ( an, cosT cosT
it =2l
. moxk "‘k‘) X/, X,
(T4 (1, %% = © 7 (arctant, ;X )
(1+12)% VIHE VI

T; is unitary by definition and the variables are related by

/
/ X

Xk d
———an = —
re T e

T = arctant, y, =

Remark 7 For the general anisotropic case, we still need the 2d version of Propo-

sition 3.

Let us write

it 2 ’ 2
B — — em("‘“ _‘xk| )
(T %) (¢, x05%;) = AW, 576 v1) o
(1+1¢2)2
/

— -
= YW (1, yi ¥ )P (x5 %)),

then we have a more explicit version of Proposition 3.
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Proposition 4

, 1 1 _ —
(z@t + §A,?k — 5&}(—;;) (T, 17(k)) (t, Xp; X))
(8

n . 1 — 12 1
T o1+ [(187_§<_Aﬂ’+‘y’“| )*5 (_Ay_fi+

Proof. This is a direct computation. B

—
/

2 —
)) v(k)(ﬂﬁ;yﬁc)}

Via this proposition, we understand how the lens transform acts on hierarchies

2.14 and 2.15.

Lemma 6 (Gross-Pitaevskii hierarchy under the lens transform) {”y(’“)} solves the
quadratic trap Gross-Pitaevskii hierarchy 2.15 if and only if {u(k) = Tfly(k)} solves

the infinite hierarchy

, 1 1 (1+12)2
(Zat + éAX-k) - 5&){-2) U,(k - 1 + t2 b(] Z B] k:+1 k+1 (216)

In particular, when n = 2, the lens transform preserves the Gross-Pitaevskii hierar-

chy.

Lemma 7 (BBGKY hierarchy under the lens transform) {75’?} solves the quadratic

trap BBGKY hierarchy 2.14 if and only if {ugl\;) = Tflygl\;)} solves the hierarchy

1 1
(z‘@t + 505 éax—i) uly) (2.17)
1 1 X; — X; x, —x
— vV ? J\ vV ? J (k)
N1+t21<;<k( V) +t))uN

— Xg41 X; — Xg+1
dx — Va(——
1+t2z/ k“( \/1+t2) e )>

(k+1) (t Xy Xk+15 Xka Xk—i—l)]

We can now prove Theorem 1.
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2.7.1 Proof of Theorem 1
Step 1. Let n = 2, consider {ug\’;) = Tl_lwx,c)} which solves hierarchy 2.17.

Step 2. Write

~ 1 X

% = vV 7
)= V()

then
1 ~
— IV, < [[V|| <]V, when T < 0o and p > 1.
1-1 p p
(1472) "% p

Therefore we can employ the proof in Kirkpatrick-Schlein-Staffilani [27] to
show that the sequence {ug\lﬁ)} is compact with respect to the weak™® topology
on the trace class operators and every limit point {u(k)} satisfies the Gross-

Pitaevskii hierarchy 2.16. Moreover, based on a fixed time trace theorem

argument as in [27], for a < 1, we have

T
|
0

for every limit point {u(k)}. To be more precise, the proof in [27] involves a

< CF,

'1j1 (V)" (Vx,)") Biawer (u™)

L2 (R2k XRzk)

smooth approximation. We omit this detail here.

Remark 8 The auxiliary Hamiltonian

Ha(t) = 5 37 I, () + 1 S0 NPT (N (s = ),

i<j
which corresponds to the anisotropic quadratic potential case does not lead to the

conservation of the quantity

(v () v ).
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On the other hand, the following estimate controls the energy.

& (o (x0) 0 ) = (om0 (Fe(0) | (F(0) " ) +
+ <2/1N, (ﬁ(t)y_l {%, (ifvw(t))] ¢N>
< O <wN, (ﬁ;<t>)’“¢N>

since a; and as, the coefficients of Lx, are C in the context of Theorem 1. Thus
Gronwall’s inequality takes care of the problem for us as long as we are considering

finite time.

Step 3. By Theorem 4 (2d uniqueness) or Theorem 7.1 in [27], we deduce that

k
— ~ =
uP (¢, x5:%1) = [ [ ot x,)(t, %))
j=1
where ¢ solves the 2d cubic NLS
o 1, - ~ 7|2
006 = ~506+bod 9| -

Hence the compact sequence {ug\,)} has only one limit point, so

k ~
H o(t, x;)p(t, x})
in the weak* topology. Since u(®) is an orthogonal projection, the convergence

in the weak* topology is equivalent to the convergence in the trace norm

topology.

Remark 9 It is necessary to use Theorem 4 in this paper for the general anisotropic

quadratic traps case.
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Step 4. Let ¢ solve the 2d quadratic trap cubic NLS

(=2 +1yl*) o+ boo |9l

N —

10 =

then the lens transform of u® is

k
YO (1, ¥ ) = H (7, y;)0(T,¥}),

Jj=1

due to the fact that the lens transform preserves mass critical NLS, which is

the cubic NLS in 2d.

Step 5. The convergence

(k)

k)
U

Lo

in the trace norm indicates the convergence in the Hilbert-Schmidt norm. But
the lens transform
- 7
T, : L*(dXdx ) — L*(dy dy )
is unitary (so preserves the norm) and thus

V0 B ) — ),

Thence we conclude that ﬁ’;’ converges to

(k)

V9 (r, 525 yh) chfy] (T, 5)),

in the Hilbert-Schmidt norm, which is Theorem 1.
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2.7.2 Comments about the 3d case

It is natural to wonder what we can say about the 3d case using the above

method. Visiting Lemma 6 again yields the hierarchy

k
. 1 1 1
(z@t + §Ax',; — éAx-;;) u®) = (1 + t2) > bo Zl Bj k1 (U(kﬂ)) . (2.18)
=

Due to the factor (1 + t2)%, it is difficult to see of what use a 3d version of Theorem
4 might be. We can certainly give a uniqueness theorem regarding hierarchy 2.18
with the techniques in this paper. But it is unknown how to verify the space-time
bound when n = 3 as stated earlier,

Another possibility to attack the 3d case is the standard Elgart-Erdos-Schlein-
Yau procedure, but we presently know very little about the analysis of the Hermite
like operator Hy (7).

Finally, we remark that it is not clear whether the Feynman diagrams argu-
ment, the key to the uniqueness theorem in [15] on which [14, 15, 16, 17, 18] are
based, leads to a 3d uniqueness theorem of hierarchy 1.7 or 2.18, which represent

the two sides of the lens transform.

2.8 the Generalized Lens Transform and the Metaplectic Represen-

tation

In this section, we prove Lemmas 3 and 4 via the metaplectic representation.
The 3d anisotropic case drops out once we show the 1d case. Before we delve into

the proof, we remark that we currently do not have an explanation away from direct
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computations for Proposition 4 or for the fact that the generalized lens transform
preserves L? critical NLS. The group theory proof presented in this section only
shows the linear case: Lemmas 3 and 4.

Through out this section, we consider the metaplectic representation
2 Sp(2,R) — Unitary Operators on L*(R).

which has the property:
2

du o :z’(—%@jJrn(r)%).

For more information regarding p and dyu, we refer the readers to Folland’s mono-
graph [19]. We comment that u is not a well-defined group homomorphism on all
of Sp(2,R), but the fact that it is well-defined in a neighborhood of the identity of

Sp (2,R) is good enough for our purpose here.

2.8.1 Proof of Lemma 4 / the Generalized Lens Transform

Proposition 5 Define o and 3 through the system

a(t) +n(r)a(r) = 0,a(0)=0,&(0) =1,

B(r)+n(1)B(r) = 0,5(0) =1,5(0) =0,

and let
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Assume 3 is nonzero in some time interval [0, T, then (B (7)) f solves the Schridinger

equation with switchable quadratic trap:

10,u

u(0,y)
Proof. We calculate

Or|r=opt (B (o + 7)) f

where

B/(To)Bil

B(To)
n(10)B(70)

(7o) (@(ro)B(ro) -

(_%@j + n(ﬂ%) win R x [0, 7] (2.19)

f(y) € L*(R).

(Orlr=op (B (10 + 7)) f
(8T]T:0u (B (T +7)B ™ (10) B (To))) f
(Orlr=ort (B (o +7) B~ (70))) 1 (B (70)) f

du(B'(10) B~ (70))1 (B (o)) J.

' —a(7o) &(1o) (7o)
—B(ro)  é(ro) B(te) B(70)

Blroa(ro))

Notice that the Wronskian of o and f is constant 1 i.e.

o(7)B(r) — a(r)B(r) = L.

26



So

du(B'(19) B~ (10)) = du

In other words,

i

O (p(B(7) f) = =5 (=0, +n(7)y") (n(B(7)) f).

Before we end the proof, we remark that 5 # 0 is required for the metaplectic
representation to be well-defined. W
Through the LDU decomposition of the matrix B, we derive the generalized

lens transform. The LDU decomposition of the matrix B is

B(r)  —a(r)
B(r) =
=B(r) &)
B(7) —a(T)
—B(r) A5 + 5
1 0| [8(r) 0 1 —58
_ B 1
B 1 0 s/ \0 1
Hence we have
1 0 B(r) 0 1 -8
p(B(1) f=p . f p [, (2.20)
B 1
B 1 0 35 0 1
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where

1 0 B(r) y2
Il . fly) = €707 f(y) by (4.25) in [19]
_B) 4
8(r)
B(r) 0 1 Y
= . by (4.24) in [19
u oo f) (5(7))2f(6(7—)) y (4.24) in [19]
B
1 -5 a(r) %
" PO fy) = €507 f by (4.54) in [19).
0 1

Due to the definition of u, equality 2.20 in fact holds up to a 7 + 7 sign which
depends on the time interval. However, the LHS and the RHS of equality 2.20 agree
for sufficiently small 7. By continuity, they must agree on the time interval [0, T
where 5 # 0. So we conclude the following lemma concerning the generalized lens

transform.

Lemma 8 [3] Assume (3 is nonzero in the time interval [0,T], then the solution of

the Schrédinger equation with switchable quadratic trap (equation (2.19)) in [0, T is

given by _
T aln)
U<T,y) - B(T))év(6(7>7ﬁ(7))’

if v(t, x) solves the free Schrordinger equation

1
0w = —58511 in R

v(0,7) = f(x) € L*R).

The anisotropic case, Lemma 4, follows from the above lemma.
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2.8.2 Proof of Lemma 3 / Evolution of Momentum

Using the metaplectic representation, we can also compute the evolution of

momentum and position.

Lemma 9 The evolution of momentum and position is given by

P(r) = u(B(r))o(=id,)o (u(B(r))"" = ~if(1)d, — B(r)y

Y(r) = u(B(1)oyo (u(B(r)" =ia(r)d, + a(r)y.
Proof. Let us only compute the momentum, position can be obtained similarly.

(B(1)))"

(u
( (Theorem 2.15 in [19])

Remark 10 We select —id, to be the momentum to match the canonical commau-

tation relations in Folland [19] which is

[_iaya y] = —il.
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The above lemma reproduces the following result in Carles [3].

Lemma 10 [3] The operators P(T) and Y (1) commute with the linear operator

: Lo y?
10; + §8y - 77(7')5

Moreover,

P(r)U(r;s) = Ul(r;s)P(s)

Y(r)U(r;s) = U(r;s)Y(s)

if we let Uy(7;s) be the solution operator of

% _ 182 y2 - RI—H
Whu = |3 y+77(7')? u in

u(s,y) = us(y) € L*(R),

or in other words

Uy(7;5) = p(B(7))  (B(s)) .

Thence we have shown Lemma 3.

2.9 Conclusion of Chapter 2

In this chapter, we have derived rigorously the 2d cubic NLS with anisotropic
switchable quadratic traps through a modified Elgart-Erdos-Schlein-Yau procedure.
We have attained partial results in 3d as well. Unfortunately, when n = 3, we still

have unsolved problems as stated in Section 2.7.2.
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Chapter 3
Proof of Theorem 2

3.1 Outline of the Proof of Theorem 2

We prove Theorem 2 via Theorems 7 and 8 stated below. They deal with
the construction of ¥, and the error estimate separately. However, it is worth
pointing out that Theorem 2 is a special case of Theorems 7 and 8, which apply to

a more general setting beyond initial data of the form e VNA) Q).

Theorem 7 Let ¢ be a sufficiently smooth solution of the quintic Hartree equation

0 1
g0+ 80— 50 [ o=y =)W @ dd =0 (3)

with initial data ¢, and the 3-body interaction potential vs being symmetric in x, vy,
and z. Assume the following:

(1) Let a complex kernel k(t,x,y) € L*(dzdy) for almost all t, solve the equa-
tion

iue +ug’ + gu— (I +p)ym = (ip, + [g,p] +um) (I +p) " u, (3.2)

with

1 —
u(t, z,y) := sinh(k) := k + 5/{:]{:]{: +...,

1 —
cosh(k) := 1+ p(t,z,y) :=d(x —y) + Ekk—i— e
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glt.zy) =—A6<x—y>+( / v3<x—y,x—z>|¢<z>|2dz) (2)3()

1

i ( [ta=va=2lolP |¢<z>|2dydz) 5 — ),

)+ == ([t pr =2 6P a: ) 3ot

where the products ug”, kk etc. stand for compositions of operators.

(2) For V defined as in formula (1.12), the functions,
[PV eBQlr, €74, VIeBQ ., €[4, [4, V]}e Pz, [eP[A, [4, [4, V]}le €,
are locally integrable in time, where

B(t) := %/ (k(t, z,y)aza, — k(t,z,y)a}ay) dedy. (3.3)

(3) [d(t,x,x) dz is also locally integrable in time, where

d(t,z,y) := (isinh(k), + sinh(k)g” + gsinh(k)) sinh(k) (3.4)
— (i cosh(k); + [g, cosh(k)]) cosh(k)
— sinh(k)m cosh(k) — cosh(k)msinh(k).
Then we define

By = ¢ VIAGED) o= BO) =i {0 bxa (9)ds )

where

00 = [sle =z = 6@ 60 16:) dadyds
xi(t) - Z%/d(t,x,x)da:.

62



This definition of Y apas yields the error estimate

e — etHN o= VNA(G0) o= BO)() |

_ Jo lePVe Q| zds . Jo I€P[A, V]e= Q|| rds

62 6N 3
Sy lePIA A, V])e PQzds [} leP[A, [A, [A, V]]]e BQ||xds
+ + : :
12N 36N 2

Theorem 8 Assume vs(x —y,z — 2) = v(z —y,x — 2) i.e. equation (3.1) becomes

0 1
0+ 86— 50 [vla = y.o = Do) o) dydz 0. (33)

If ¢y, the initial data of quintic Hartree equation (3.5), satisfies (i), (ii), and (iii),
then the hypotheses in Theorem 7 are satisfied globally in time. Moreover, we have

the error estimate uniformly in time that

C

e — etHN g~ VNA(G0) =B O)() |lr < —=

=

where C' depends only on v, Cy, Cy and ||u(0, -, )HL? -

We deduce Theorem 2 from Theorems 7 and 8 by setting
k(0,z,y) = 0.

The proof of Theorem 8 relies on the following theorem regarding the long

time behavior of the solution to the Hartree equation.
Theorem 9 If ¢ solve the Hartree equation (3.5) subject to (i), (i), and (iii), then

16l 7s <

C
7 fort>1,

where C' s a function of v, C and Cy only.
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3.2 The Derivation of 2nd Order Corrections / Proof of Theorem 7

3.2.1 Derivation of The Quintic Hartree equation

We first derive the quintic Hartree equation (3.1) for the one-particle wave

function ¢ as needed in Theorem 7.

Lemma 11 The following commutating relations hold, where A denotes A(¢), and

A |V are defined by formulas (1.13) and (1.12):

4, V]

= 3 / v3(x —y,x — z)(a(x)a;;a’z‘axayaz + ¢(z)azayalaya.)dedydz

AL [AV]
~ 6 / va(t — 7 — 2)(B(@)B(y)ataaayas + 20(2)B(y)atalayas
(@) dy)atatatas)drdyds

+6/'03(:c —y,z—2) o) ayasaya.drdydz

[A, 1A, [A, V]
= 36/v3(x —y,x — 2) |6(x)* (b(y)ataya. + d(y)ayasa.)drdydz
+6 / vs( =y, 2 = 2)(8(2)d(y)d(2)azaya. + (x)d(y)d(2)ayayaz)drdydz

+18 / vs(z =y, = 2)(6()d(y)d(2)alazay + o(x)$(y)d(2)arayaz)drdydz
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[A, [A, A A, V]
= 72 / vs(z — y,x — 2) |6(2)]* (B(y)d(2)aya. + o(y)d(2)a,al)drdydz
+144/U3(;v —y,x— 2) o) (y)d(2)a’a,drdydz

72 / vse — y, 2 — 2) |6(2) ] |6(y) | aZanddydz

(A, [A A, 1A A, VT

= 360 / vs(z —y, x — 2) |6(2)]? |6(y)* (6(2)a, + ¢(2)a’)dzdydz

A, [A[A, [AL A, (A VITTTT

= 720 [l ~ g = 2) 60 |0(0)* |6(2)* dudyds

Proof. This is a direct calculation using the canonical commutation relation
(1.11). m
Now, we write Wo(t) = eVNAW ity o=VNA©) o=BO)() for which we carry out

the calculation in the spirit of equation (3.7) in Rodnianski and Schlein [35].
Proposition 6 Let ¢ solve the Hartree equation

0 1 2 2

i+ 80— 50 [ (e —y,z = 2)[é(y)]" |¢(2)] dydz =0
then Wy(t) satisfies

T 00 = (Ho— oA LA A IAVII = gN2V = ENOPAV] (36)

i Ot 416
| I
- EN [Aa [Aa V“ - %N ? [Aa [Av [Av V]H
#g [l = = 2 6@ 160 62 dodyd: ) Wafe)
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Proof. Applying the formulas

(gt (t))( ):C+%[C,C]+%[C,[C,C]}+

1
e“He = H+[C,H| + o C,[C, H]] +
to C = vVNA and H = Hy, we obtain
10
——Wy(t) = Lo¥
-9 Yo(t) = Loo , (3.7)

where

Lo = ( a@t fA@)) o VIAW) | NRAO VAW

1

== (N1/2A+ [A, A]) + Ho + NY2[A, Hy) + g[A, [A, Ho)] — é(N—QV
7 :

N

Nt N~

+ N34,V + [A, [A, [A V]]]

+ A A AT VI + ST A A A A [4 V)

A A A A A [4, V]]HH> :

The Hartree equation (3.1) is equivalent to setting terms of order v N to zero
le.

A+ (A, Hol = S A A A [A LA, VI =0

Or more explicitly, the above equation is
— o 1=
0 = a(ig, + Lo — §¢/U3,1—2,1—3 | 6o |63]” dydz)
, 1
+a* (i + Lo — §¢/U371—2,1—3 o] |65]” dydz),
via Lemma 11 and the fact that [A,a,, )] = (Ad)(z — y).
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Thus

A AT+ A LA Holl = 2 gl (AL LA AL LA AV =0,

i.e. equation (3.7) simplifies to

12\1/0(15) = <H0 - ll[A, (A, [A, [A, V)] — éN‘QV - %N‘3/2[A, V]

i Ot 416
1. 11
_ EN [A’ [A, VH — %N 2 [Aa [A, [A7 VH]

N
+ 3 /03,1—2,1—3 6117 |0al? |57 d:r:dydz) Wo(t) .

which is equation (3.6). W
Because [vs1 213 |¢1]” [¢2]” |¢5]° dzdydz only contributes a phase when ¢ is

sufficiently smooth, we write

N
5 /vs(ﬂﬂ —y,x —2)|6(x)]” [6(y)* [6(2) | dadydz == —Nxq .

Then the first two terms on the right-hand side of equation (3.6) are the main ones
we need to consider, since the next four terms are at most O (1 /VN )

In order to kill the terms involving "only creation operators" i.e. aja; in
[A, [A, [A, [A, V]]]], we introduce B (see 3.3) and denote

11
416

U — eB\Ifo _ eBe\/NA(t)ez’tHNe—\/NA(O)e—B(O)Q‘

Hence we have

10
S0 =LU
i Ot ’

where

67



1/0
L= Z (a€B> €_B + €BL0€_B

1 1 1
=Lg— 6J\f—2ere—B — EN_WeB[A, Vie™? — EN—leB[A, [A, V]]e™®
1
- %N_§QB[A7 [Aa [Aa V]]]e_B - NXO ’
and the quadratic terms
1/0 11
Lo===el e P+l Hy— ==[A A [A[A B .
o=1 () et e (t- pla A AVID) e 39

At this point, we proceed to seek a equation for k s.t. the coefficient of aja;

in %%68 [A,[A,[A,[A, V]]]]e”B is eliminated.

Remark 11 One might be concerned of the pure creation ayaya} in [A, [A, [A, V]]].
Lemma 16 and the factor 1/v/N will take care of that. Note that [21, 22] do not

have terms like this.

3.2.2 Equation for k

3.2.2.1 The infinitesimal metaplectic representation|[21]

Let sp be the infinite dimensional Lie algebra of matrices of the form

d k
S(d, k1) =
| —d”

where k and [ are symmetric, and Quad be the Lie algebra consisting of homogeneous

quadratics of the form
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equipped with Poisson bracket. In the spirit of page 185, Folland [19], we define the

infinitesimal metaplectic representation: a Lie algebra isomorphism Z : sp — Quad

by Q(d, k,1) =Z(S(d, k,1)). Then we see that
for

and it follows that

I (e°Ce ) = IO (C) e HS)

(iii)



if Z(S) is skew-Hermitian.

Remark 12 Properties (i) and (ii) will be used below. (iii) will be used in Section

3.4.

3.2.2.2  Derivation of Equation (3.2)

Use the simplifications noted in Remark 3, recall that

1
416
1

= 3 /03,1—2,1—3 |€b1|2 (5253%% + ¢2¢3a2a2)d:cdydz

A4, [A;[A, [A V]

+ / vs1-01-s |0 Gydsata,dudyd:

1
45 [ s aasloi ool ate.dudyds

2
and
Hy = / a,Aa,dx

we write

g 0 0 m

G = and M =

0 —g7 -m 0

with

— 1
g=—A0d01_o+ (/ 31213 | @3] dz) P19 + 3 (/ V31213 Do)’ |5 dydz) 01-2

and

m=— (/ U3,1-2,1-3 |¢3’2 dZ) 6_25151

Of course, we would like to be able to write
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Ho = 3rlA (A 14, [A V] = T(G) + T (M) .

Unfortunately, the above equality is not true. For example

7 dz.

—Ad1—2 0 / arNa, + a,Na

2
0 A(sl_g

However, the commutators of Z (G), Z (M) and Hy — 5¢[A, [A, [A, [A, V]]]] with B

i
are the same as in the discussion in page 287 in [21]. The same idea applies here.
Split
11

_[A> [A> [A7 [A7 Vm] = Hg +I(M)

H, — —
T

Ho = Hy— /v3,12713 ]¢3\252¢1a;aydxdydz = % / U31-21-3 |¢2|2 \¢3]2 aa,drdydz
which has the property that
[He, B] = [2(G), B.
Now, L¢ from formula (3.8) reads

Lo = 1(ge?) et e (- priala V) e

"~ 16
- I((zae)

= z(<-—e ) M)+ Hg+ (e"Hge ™ — Hg) + I (" Me™™)

)
)

= HG+I((——6K> ) Hgle ™ + T (e"Me™™)
i)

K4 eBMe )

+ePHge ™ —|—I( KMe’K)

= Hg+I(M;+ Ms+ Msj).
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Then by the definition of the isomorphism Z, the coefficient of a,a,, is —(Mj +

M+ M3)1a, and the coefficient of aja; is (M + Mz +Ms)s. To write it explicitly:

— (M1 + My + Ms)i (3.10)

= (My+ My + Ms)xn

— (isinh(k); + sinh(k)g” + gsinh(k))cosh(k)
— (i cosh(k); — [cosh(k), g] sinh(k)

— sinh(k)msinh(k) — cosh(k)mcosh(k) .

Setting formula (3.10) to 0 confers equation (3.2). This implies that

* *
Az, + Ay g

I(My+ Mo+ Mj) = —/(M1+M2+M3)11 5

dxdy

* *
a.a, + a, a,

= —/d(t,w,y)%dxdy
1
= —/d(t,x,y)a?’;axdxdy— §/d(t,x,x)dx

where d(t, z,y) is given by formula (3.4).

Remark 13 (M;+My+ Mj);; means the entry on the ith row and the jth column

of the matriz (M; + Ms + Ms).
We summarize the computations we have done so far in this proposition:

Proposition 7 If ¢ and k solve equations (3.1) and (3.2), then the coefficients of

agay and aial in eP[A, [A,[A, [A, V]]]le™? are 0 and Lg becomes
Lo =Hy — /vg(a: —y,y — 2)|0(2)]? d(y)(x)ata,drdydz
1 *
=5 [l = vy =2 6P o asdrdyd:

1
- /d(t,x,y)a2a$dxdy— §/d(t,x,x)dx.
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Recall that U = B, = eBeVNAW ity o=VNA©0) o =B0)() golyes

10
=V =LV
10t

We can now write out

1 1 1
L = Lo— N72ePVer? — oNTPP[A V]! — SN [A (A Ve

12
1 1
_%N_EGB[Av [Av [Av Vme_B - NXO
— Hy- / vse — 0,y — 2) 6(2) 2 B(y)d(2)a%a, drdyd:
1

= / vs(x = 9,y — 2) o) |6(2)] dianddyds

1 1
- [ e agadndy — (NEEVEH N4, Ve

[ - 1 1 IR |
N e IA A Ve — e NP [A (A [A Ve — §/d(t,x,x)da:
—NXo
= f/_X1_NXO
if we write
1 2 2 2
o) = =5 [l —pw 20 600) ) dodyds

xi(t) = %/d(t,m,x)dw.

Remark 14 Note that (f}) = L and L commutes with functions of time. This is

needed in the proof of Theorem 7 which is below.
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3.2.2.3 The proof of Theorem 7

Applying the above proposition, we can give the proof of Theorem 7 at this

point.
||67\/NA(t)€*B(t)e*ifJ(NXO(s)Jer(s))dSQ 1tHNe VINA( 0) _ Q ||f
= ”Q — eifot(NX0(3)+X1(s))dseB(t)ex/NA( ) thNe VN A(0) B(O)Q H}_
- HQ — eif(Jt(NXO(S)+X1(8))dS‘;[j H}_

since e”VNA® and ¢=B® are unitary.

But

QHQ o Jo (Nxo(9)+x1 (5))dsy 12

_ O (i N () () ds g i (Nxo(8) 4 (5))ds g
2Re BT e v—-Q],e v —Q

ot
= 2Re<zLQ et Jo Nxo(s)Hxa(s)ds iy _ Q)

— 9Re <(2 _ @E) <ei Jo (Nxo(8)+x1 (8))ds gy _ Q) el foNxo(e)+xa (s Q>

2| LQ || £ o X0 txa@dsg || -

N

due to the fact that
10 -\, e . .
S L) (e Wxoe)tal)dsy _ ) = LQ.
Notice that

~ 1 1
1O B‘f —-B N—3/2 BA 174 —-B
<6N26 ‘ 6 1A Vie

VALV N A A AV o,
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we reach

g”Q — eifg(NXO(s)‘i‘Xl(s))ds\Il ||]__
t
||eBVe*BQ||T_ N ||eB[A7 V]efBQHf
) 6.V 6N3
APAAVIe Qe P44, (4, Ve 07
1
12N 36Nz

Whence we complete the proof of Theorem 7 because eflve=VNA©)=BO)() and

e~ VNAW) o=B(t) g=i [5 (Nxo(s)+x1(9))ds() share the same initial data e~ VNA©)—B0)Q).

3.3 Solving Equation (3.2) / Proof of Theorem 8 (Part I)

Starting from this section, we begin the proof of Theorem 8. In other words,

we are assuming that
U3(I —Y, T — Z) = U(l’-y,l’- Z)

where v is defined in formula (1.9).

We first study equation (3.2). We prove an apriori estimate for u = sinh(k)
and use it in a Duhamel iteration argument to show global existence. Finally we
verify that [ d(¢,z,z)dxz is locally integrable in time.

Written in the notations in Remark 3, equation (3.2) reads
(1w + ug” + gu — (I +p)m) = (ip; + g, p] + um) (I +p) ' u,
where

1 —
u(t,z,y) = sinh(k) = k + gkkk +...,

1 —
cosh(k)(t,z,y) = I + p(t,z,y) = 612 + ﬁk’k +...,
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g(t,x,y) = =012 + </ U1-2,1-3 |¢3|2d2) 51%

1
by ([ omra o 6 dyas) s
m(t,z,y) = — (/ V1-21-3 ‘¢3’2 dz) 610,

As mentioned in Theorem 7, we write composition of kernels as products in the

above e.g.

(e, ) = [ o2 )z
Observe that g(t,z,y) = ¢g(t,y,z), i.e. ¢g* = g; and m(t,z,y) = m(t,y,z), ie.
m? = m. Moreover, u’ = u, p* = p because k € L%(dzdy).

Via efe 8 = [ with K defined in formula (3.9), we obtain the trigonometric

identity
wu = cosh(k)cosh(k) — 1
= 2p+p’

which is a relation between u and p.

3.3.1 An Apriori Estimate of u

Theorem 10 Let v3(z —y,x — 2) = v(z — y,x — 2). If u = sinh(k) is a solution of
equation (3.2) on some time interval [0, T], then there exists a C' > 0, independent
of T, s.t.
Ju(llzz, <€ (14 u(O)] 2, ).
The major observation is the following lemma which is also the cornerstone to

showing Theorem 11.
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Lemma 12 [22/From equation (3.2), we deduce
v+ g p) +um) (I +p) 7" = = +p) " (ipe+ [g.p) —ma)  (3.11)
and consequently
i(u); + g, uu] = mu(l + p) — (I + p)um. (3.12)
Proof. Multiply equation (3.2) on the right by @, it reads
(iue +ug” + gu) uw— (I + p)mu = (ip; + [g,p] + wm)(I + p)"ua. (3.13)

Take the adjoint in the operator kernel sense of equation (3.2), multiply on

the left by wu, i.e.
u (=it + g"u+ ag) — wm(I + p) = wa(l +p)~" (—ip; — [g,p] + mu).  (3.14)
Subtracting equations (3.13) and (3.14), we have

i(ua), + g, vu] — (I + p)mu + um(l + p) (3.15)

utt — wa(l + p) = (—ipe — [g, p] + mu)

= (ipe + [g,p] +wm)(I + p)~
With wu = cosh(k)cosh(k) — I and vu = 2p + p?, we compute

(I+p) wu—(T+p) =T +p " =wu(l+p)" —(I+p)

and
(I+p) uvu={I+p) 'p+p=un(l+p)"

which transform equation (3.15) to

i(2p+ ) + 9. 2p + p’] +um(I 4+ p)~' — (I +p)~'mu

= (ipe+[g.2)((L +p) 'p+p) — (I +p) 'p+p) (—ip: — [g9,7])
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i.e.

2(ip: + g, p]) +wm(l +p)~' = (I +p) 'mu
= (ip+[g.p)(I +p) 'p+ T +p)"'p(ip. + [9.p])

which is equation (3.11) due to I — (I +p)~'p= (I +p)~'.

Multiplying equation (3.11) on the right and left by (I + p) produces

(I +p)(ipe + g, p] + um) = — (ip: + [g, p] — mu) (I + p)
i.e. equation (3.12):
i(uw); + [g,vu] = ma(l 4+ p) — (I + p)um
because vt = 2p + p*>. A

Taking the trace in formula (3.12) yields

ol =T [0/ (1 +9) — (14 )]

Note that

lull?: = Tr(ua)
= 2Tr(p)+Tr (p2)

> |plze

because p(t, z,y) = %k% + ... must have a nonnegative trace. So

d
Tlulzz < 2(Imllzzllullez + mllezull 2 pl22)

N

2 ([lmllzzllullzz + ] c2llullZ2) -
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By a Gronwall’s inequality, we deduce
. T
<
u()]zz, < ( |l ar+ Hu(@)HL@,y)) xp | [ Imlz de
0

The following lemma gives us Theorem 10.
Lemma 13 Ifvs(x —y,x — 2) = v(r — y,x — 2), then

HmHL}(RJr)L?w’y <O <00
Proof. Because

U(I—y,I—Z)

= vz —y)vo(x — 2) + vo(x — Yy)vo(y — 2) + vo(x — 2)ve(y — 2),

we have

2
iy = [ ([ ote ==l ds) iolofady

2
< /W)l’ |yl ?05 (2 — ) </Uo(:v — 2) | dz) dxdy
2
+0 [[loniontadto =) ( [ty - 2l dz ) sy
2
+O/ ‘¢1|2|¢2|2 </ vo(x — 2)vo(y — 2) ]¢3\2dz) dxdy

= [+ I1I+1I1.

A combination of Holder and interpolation gives the following estimates

rerr = 20 [iof ([ e - niosa) (/vo<x—z>\¢312dz)2d:c

2
< Clolla | [ 430 = oLy | [ uol-— 2 loyl s

2 2 4 2 6
< Cllollzs lldollz2 1lzs < Cllgolla 101l »

L L3
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111 =

N

<

<

C/Uo(sc — 21)vo(y — 21)vo(z — 22)v0(y — 22)

16112 6a)2 |6(21) | |6(20) |” dwdydzidz

¢ [ dadzaloten) o) ( [ bt = )0k - zl>\¢1|2\¢2|2dasdy)

1

( [z - Z2>|¢1|2|¢2|2dxdy)

o [astor ([ v%(m—z>|¢1|2dx))2

2
C P | [ w3 = 2o s

Cllglzs llzs < C llollz2 loN7s

3
L2

ie. Hm||L% ;S Cll¢||3s < Ct=3, for t > 1, by Theorem 9. So we conclude the
z,y

lemma. W

Remark 15 Theorem 10 also has consequences on p because ||pllrz < ||ul|zz.

3.3.2 The Existence of u

Because equation (3.2)

(iu, + ug” + gu — (I +p)m) = (ip, + [g,p] +um) (I +p) " u,

is fully nonlinear in k, it is not easy to solve for k directly from the equation.

However, if we put in

I +p=cosh(k) =vI+uu

in the operator sense, equation (3.2) becomes a quasilinear NLS equation in u =

sinh(k). In fact, written out explicitly, the left hand side of equation (3.2) is
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My + ugT +gu = (z% — A, — Ay) u(t,z,y) (3.16)
v ( [o -2 |¢3|2dz) oy )ult,yr, y)dys
+3, [ utt.m) ( [otn = —2) |¢3|2dz) o
by ([ omamalod 0P dya ) hute. )

by ([ ooemslonf I oz ) (ute.z)

+
©-

and the main term of the right hand side

. 0
ipe+g,p] = (ZE - A, + Ay) p(t,z,y) (3.17)

w5 [ ( [ =)ok dz) St v, v)duy

=5, [ ptten) ([ vl = vo = 26 2 ) o)

1
#3 ([ oaslaf o dyds) (02,0

5 ([ omestonf o dus) (hote )

For our purpose, obtaining some reasonable estimates of u and p = cosh(k) — I
is enough. So we would like to get around solving for k£ and go to u directly.

But at first, we ask the following: & certainly determines u, but does u deter-
mine k7 The proof of Theorem 7 actually needs a well-defined k.

We answer the above question by the following lemma:
Lemma 14 [22/The map
k — u = sinh(k)

is one to one, onto, continuous, with a continuous inverse, from symmetric Hilbert-

Schmidt kernels k onto symmetric Hilbert-Schmidt kernels .
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Proof. The proof of this lemma is in [22]. W
Now we consider the existence of u satisfying equation (3.2). As asserted, equa-
tion (3.2) is a quasilinear NLS of u. However, we can transform it into a semilinear

equation which is easier to deal with, through the following lemma.

Lemma 15 [22/The following equations are equivalent for a symmetric, Hilbert-

Schmadt u:

iw +ug’ +gu = (I+p)m+ (ip+ [g,p] +um) (I +p) " u

1 _ -
iwe+ugt +gu = (T+pym—+ - (I +p) 'mu+um(l+p) )u

2
1. B
+5 lip+lg.p), (T +p) " Ju (3.18)
‘ T 1 -1 -1
iu +ug +gu = (]+p)m+§((l+p) ma +um (I +p) ') u
1 _
+5 W +p)u (3.19)
if we set
1
w =5 (Wi — 2) " F (uti — 2) " VI + zdz
s
r
F : =mu(l+p)— I +pum

Here, T' is a contour enclosing the spectrum of the non-negative Hilbert-Schmidt

operator ul.

Proof. (Sketch) Equation (3.18) is the same as equation (3.2), suitably re-written.
The keystone of the proof is

ipr+ g, pl = W.
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But

ipy+g,p] = i (M)t + g, VT + u]

_ % (it — 2)" 1 (i(u), + [g, wit)) (uit — =)~ VT T 2d=
because
VIitaw = —ZLM, / (uti — =) VT T 2dz
i((wa—2)"), + g, (wa—2)"" = — (uﬂr— 2) 7 (i(um), + [g, va)) (ui — 2) "'

The result follows from equation (3.12)

i(ua); + [g,uu) = F = mu(l +p) — (I 4+ p)um.

Whence, we only need to show the existence for equation (3.19) which is of

the form

iug +ug’ + gu =m + N(u)

where the nonlinear part N (u) involves no derivatives of u. Via the ordinary iteration

procedure, we conclude the following existence theorem:
Theorem 11 [22/Given ug € L?, \(R®) symmetric, there exists eo such that if

||m||Lt1([O,T])L%x’y) < €o

then there exists u € L°([0,T])L?

(vy) Solving equation (3.19) and hence equation

(3.2) with prescribed initial condition u(0,z,y) = uo(v,y) € Lf,  (RO).
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Since we have shown ||m|| .1 g+) L2, <00 in Lemma 13, we can divide R™ into
z,y
countably many time intervals [T}, T, 1] such that [|m/| .1z, 1 bz, S o So the
»tn z,y

above existence theorem in fact implies the global existence of u and thus p.

Via Theorem 10, we have

||U||L§°(R+)L§x7y) <C,

which implies
oo < .
HpHLt (ROL, S C

Moreover, the following estimates hold.

Theorem 12 Let u € L°(R")L?

(vy) b€ the solution of equation (3.2) subject to

up € L?  (RY) described in Theorem 11. Then u satisfies the following additional

(z,y)

properties:

0
I (i~ 2= 8 ) g, < € (320)

0
(i~ 20+ 8) iz, < € (3.21)
where C' only depends on v, Cy, Cy and HUOHL§ - See Theorem 2 for C; and Cs.

Proof. We will only show estimate 3.20. Estimate 3.21 can be shown similarly

from
ipe + [g,p] = W.

The proof is separated into 2 parts.

On the one hand we show

i +ug” + gulnienez, , <lmllgeaez,  + INWIoneoe, , <G

y) (z,y)
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On the other hand we control the terms in iu; +ug’ + gu different from (i% - A, —

Ay )u, namely

/ (/U(x —y, 7= 2) 6] dz) B(x)p(y1)ulyr, y)di

and

1

3 ([ ot == 210 o iz ) o
One sees the above two terms from formula (3.16).

Part I. Recall that
1 ~ _ 1 _
N (u) =pm+ (I +p)" ' ma+um (I +p) 1)u+§ (W, (I +p)']u.

We have proven

||pHL§’°(]R+)L%Z7y) < ||U||L50(R+)L%z’y) < C..

Together with the fixed time estimate:

1 gz -5 < 1Rl op 12112z (3.22)

these take care of most of the terms in N(u) because (I 4+ p) " and (u@ — 2) ™" |.er
have uniformly bounded operator norms. In inequality 3.22, ||-||;_ stands for the
Hilbert-Schmidt norm and ||-||,,, stands for the operator norm. We only need to

account for . However, the fact that |z| < C|lul[?, on I" implies
(@y)

<C (1 + HUHGLgo(RﬂL? ) Imlleeyz < C.

(z,y) (z,y)

” WHL}(R*’)L%m‘y)

N

e [[IN(W)llzy@eyrz,

Part II.
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Using Holder, it is not difficult to see the estimate

[ ([re-me—sare) oo pan|

. { / \ [ ([ ot == )16 =) orotunraton, i

2 2
dxdy }

Li (RT)
S ‘(/W (/ (/ (@ =y, — 2) |¢5)” dZ) |¢(y1)|2dy1>
/‘U Y1,y ’ dy1) dxdy)
Li(RT)
. :
- x—yl,x—z>|¢3|2dz) |é()] |¢<y1>|2dxdy1} lallzz
Li(RT)
< ||m||L1 R+)L ||U||L PRT)LE,
< C
It remains to show:
H (/U(x —y, 1z — 2) || ] dydz) u < C. (3.23)
Ly(RT)LE

(z,y)

Write

H (/”(x —y, 7= 2) |¢yf* \abg!?dde) u

2
L(l‘,y)

= (/lutmy (/ v —y,x )|¢2|2|¢312dydz)2dxdy)2
< c ( [ uttz)f ( [l = e - 2) 1o, |¢3r2dydz)2da:dy)

+C (/ lu(t, z,y)|? </U0(x — )
b (/ v </ vo(@ = 2Jooly = 2) |57 ¢ dde)2 da:dy> |
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=1+ 11+1I1.

According to the estimate

' [wta = |¢<y>|2dy\ <Ol <t

we acquire, for t > 1,

4
1-c¢ ( [ utt..pp ( [uwe-v \¢2|2dy) dxdy) < O ull ez,

N[

2
II+11I = 2C (/IU(t,w,y)!2 </vo($—y)v0(y—2)!¢2|2|¢3|2dyd2) dxdy)

2
< 2 ( [lutta)f ( / Uo(ﬂﬁ—y)|¢z\2dy) cugzsniﬁdxdy)

< Ct M ullpe@s,

N

i.e. estimate 3.23

H (/ o(e = y,x = 2) |6’ |¢3|2dydz> "

< C.

LIROLE, )

3.3.3 The Trace [d(t,z,z) dz

Recall that

d(t,z,y) = (isinh(k); + sinh(k)g" + gsinh(k)) sinh(k)
— (i cosh(k); + [g, cosh(k)]) cosh(k)

— sinh(k)m cosh(k) — cosh(k)msinh(k).
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defined by Formula (3.4). Rewrite it as

d(t,z,y) = (iut +ug” + gu) u — (ip: + [g,p]) (I +p)

—um(l +p) — (I +p)mu

because I commutes with everything and [; = 0.

Notice that if ki (z,y) € L, ) and ko(z,y) € L, ,, then

[l ade = [ [ kbt n)dyids < Ko, el

At this point, we have already shown that m,iu; + ug” + gu, ip; + [g, p] and
um € Ly(RT)LE, » and u, p € L¥(R*)L7, 1. So except (ip; + [g,p]) I, all traces in
Formula (3.4) are well-defined and integrable on R*.

However,

ipe + g, p] = W,
for

1
W = - (Wi — 2) " F (uti — 2) " VI + zdz
m
T

F = mu(l +p)— I+ p)um.

Inside the contour integral of W, since (uf — )~ |.er has uniformly bounded op-

erator norm and |1 + z| < C (1 + HUHL;?O(]R'*‘)L? )), we are in fact dealing with
(Bounded)(H — S)(H — S)(Bounded)

where H — S stands for Hilbert-Schmidt. But (Bounded)(H —S) is Hilbert-Schmidt.
So we are looking at (H — S)(H — S) which has a trace well-defined and locally
integrable in time.
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3.4 Error Estimates / Proof of Theorem 8 (Part II)

We finish the proof of Theorem 8 with the proposition below whose proof

consists of classical techniques.

Proposition 8 Let ¢ to be the solution of the Hartree equation subject to (i), (ii),

and (iii). Assume we have

N

.0

[ (a + Az) Auiwnz < Cs,
.0

{5 =B = Ay Jull@oyz, ) < Ca,

.0
I (i = 2 8) bl

(z,v)

N

N

057

then we have the error estimates:

N
Q

/HereBQHf it

/HeB[A,V]eBQHf dt

N
Q

N
Q

/ le”[A, [A, V]e™Q| 7 dt

N
Q

J 1P A 4, Ve P85 at
where C' only depends on v, ¢, C3, Cy, Cs, and ||u0HL% -
z,Y
Remark 16 We can prove

0
| (la + Aw) Ol reye < C.

with the same method to show estimate 3.235.

Remark 17 Theorem 12 shows that Cy, Cs depends only onv, Cy, Cy and HUOHL? -

So C' here is determined by v, Cy, Cy and HUOHL% .
z,y
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Remark 18 For Theorem 2, we take k(0,z,y) =0 i.e. ug = 0.

Ideally, we would like to prove Proposition 8 in complete details. However,

B B B 0 B K 0
* = _ -B _
€ Ay,e = ¢ \a, a € =\la, ay)c€

— /(u(xl,xo)am+cosh(k:)(x1,mo) >d$1,

B B B 1 B K 1

= /(COSh(k)(l'g,lL'o)axQ + (g, wo)ay, ) dos,

and
cosh(k)(z,y) = 0(z —y) + p(x,y),

their products generate a large number of terms. The fact that we will always
commute the annihilations to the right, e.g. a} ay,a%, = 0(y2 — 22)a}, +aj a} ay,, to
avoid k(x,z) or related traces, produces even more terms. Hence it is impractical
to list every single term in eBVe=5Q etc., instead, we prove a key lemma and do a

typical estimate.

Lemma 16 (Key Lemma) Let x1,1y1,y2 € R3, 5 € R™ y3 € R™ with the possibility

that ny or no is zero. Assume f, g satisfy

N
Q

” <z— + A, £ A:EQ) f(t, L1, x2)||Lt1(R+)Lazc

N
Q

0
[ (za + (A, +A,)+ Ay3> 9(t, y1, yo, y3)||Lg(R+)L2

Moreover suppose fli—o, gli—o € L.
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Then

1
2

/dt (/ v (21— y1, w1 — y2) | F(t 20, 20) [P g(t, va, o, )| dxldwzdyldyzdyz) < C.

Remark 19 Specializing to the case ni,ny = 0,3,0r 6, we will apply Lemma 16 to

prove Proposition 8.

In addition to the endpoint Strichartz estimates [25] which are necessary, we

need the following estimate to prove Lemma 16.

Claim 2
“/UO UU QJ—Z)f(y,Z)dde 3 < CHfHL%(R(S dydz)
L2 (R3,dx) ’
Proof.
H/vg(x —y)vg(a — 2) fly, 2)dydz||
L2 (R3,dx)
|/ e =l 1l ]
L2
< [Jog pa lobll e 1F1Ls = CUFIL s -
|
We can prove Lemma 16 now.
Proof. By Duhamel’s principle, it suffices to prove
, 2
/dt(/ |€it(iAzliA12)f<mhx2)‘2 elt(:l:(Ayl-i-AyQ):l:A%)g(yl,y27y3)

N|=

V(21 — g1, 21 — m)da:ldxgczyldmdyg) < C1fllgll
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because we have

(z,y)

|| (@_ + Ay £ A, + (Ayl + Ayz) + Aya) f(t,$17$2)g<t Y1, y2,y3)HL1 (R+)L2

< C

with fli—o, g|t—0 € L? which also guarantees f,g € L®L? by the energy estimate.
The proof is divided into two steps.

Step I: Write the partial Fourier transform to be

o) = [ emefie e,

then we have

/d$ ‘e” (EB1 %0 )f(5’51>$2)|2

_ / s / dedE" dE ydgye™ €160 it ED(6: P16 iza(63-6) it (&~ o)
f(&,€) (€1, €)

_ / de  d€, dE el e E =t ENIE LI 5(g) ¢l )eitED1& -Igl)

F61,6)F(€1,€)

/d€2/d§1d§/1eixl(gl_&)eit(il)(lfl2_|§,1|2)f(§17§2)f(§17§2)
. 2
- e

Step II: Let &,,7n5; be the phase variables corresponding to xs,ys. Utilizing

Holder and Claim 2, we get

/dt(/|€it(:|:Ax1:|:Ax2)f<x1’x2)‘2
v?(

1
r1 — Y1,T1 — yg)dxldxgdyldygdy3)2

2

eit(i(Ayl Ay, )iAys )g (y1 y Y2, 93)
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. 2| . 2
< 3/dt(/ eiltAxlfng(xl)‘ ‘ei”(AyﬁA”)ggg(yl,yz)
3
v (1 — y1)vg (w1 — yz)diﬂldmdmdfzd%)
. 2 %
< C / ( / a6y | |e*1 1 (@) )
L3,
1
: 2 2
(/dn3 /‘ein@yﬁA”)gés(yhyﬁ Vo (1 — y1)vg (a1 — yo)dyrdys 3> dt
L2,
+itA ! 2 %
¢ cfa{fatsil,)
1
. 2 2
(/ dn?, eizt(Ay1+Ay2)g7/73(y1’y2) , >
L(y1«,y2)
1
FitNg, £/ 2 2
< C dt [ d&, e f§2(371) e,

1

. 2 :
(/ dt / d773 eizt(Ay1+Ay2)g;]3 (yh y2> , )
L(yl,yQ)

< C|fllzz llgll2 (endpoint Strichartz [25])

The endpoint Strichartz estimates we used in the last line are the 3d L?2LS and the

6d L?L3 estimates. M

3.4.1 Error term e?Ve Q. An Example

Write

eBve P
= /dxgdyodzov(xo — Yo, Lo — ZO)
B« ~B B « ~B B x —B.B BB BB, B (3.24)

e ay e Tera, e e ay e e g e Te Ay e e ayye
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/dxodyodzod:cldyldzldxgdy2dzgv(:co — Yo, To — 20)

(u T1,Xo)ay, + cosh(k)(xy, xg)a;1> (u(yl,yo)ayl + cosh(k)(y1, 3/0)61;1)
(u 21, 20)az, + cosh(k)(z1, zo)a;) (cosh(k) (w2, 20)as, + U(x2, x0)as,)

(cosh(k) (yz, yo)ay, + (w2, yo)as,) (cosh(k) (2. 20)a, + (2, 20)a’,)

Because we are applying e?Ve™? to €, we neglect the terms in product 3.24 which
have more annihilation operators than creation operators. It is also unnecessary to
consider terms ending with a., or az,ay,aZ,. These facts imply that e?Ve Q) has
nonzero elements solely in its Oth, 2nd, 4th and 6th Fock space slots. To exemplify

the use of Lemma 16, we estimate two typical terms: the order 6 term

/ dl’o dyo dZOdZL‘l dyl le dl’gddeZg

v(xo — Yo, xo — 2o)cosh(k)(z1, xg)cosh(k)(y1, yo)cosh(k)

(Zly ZO)E<$27 $0) (y2v yO) ('227 Zo>am1ay1 a21 axzayzaZQ

which contributes to the 6th Fock space slot of e®Ve 2 as

@Dﬁ(xl,yl, 21,22, Y2, 2’2)
= /dxodyodz(w(xo — Yo, To — 20)

cosh(k)(x1, zg)cosh(k)(y1, yo)cosh(k)(z1, 20)

(e, 0)u(Ys2, yo)u(22, 20),
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and an order 4 term

/dxodyodzod:vldyldzldxgdmdzw(xo — Yo, To — 20)

cosh(k)(z1, zo)cosh(k)(y1, yo)cosh(k) (21, z0)u(z2, o) cosh(k)(ye, yo)u(22, 20)

* ok k% *
axl ayl az1 axz Cly2 a/ZQ

= /dxodyodzod.rldyldzldwgdygdzzv(xo — Yo, To — ZO)

cosh(k)(xy, zg)cosh(k)(y1, yo)cosh(k) (21, z0)u(xs, xo) cosh(k)(ya, yo)u(z2, 20)
(5(y2_22)a* CL* (l* CL* +CL* a* (I* (l* CL* ayQ)

T1 Y1 TR T2 1Yl TR T2 TR2

which contributes to the 4th Fock space slot of e®Ve 2 as

¢4($1, Y1, 21’372) = /dllfodyodzodyw(mo — Yo, To — ZO)

cosh(k) (w1, xo)cosh(k)(y1, yo)cosh(k) (21, 20)

cosh (k) (y2, yo)u(x2, xo)u(ys, 20)

neglecting symmetrization and normalization.
3.4.1.1 Estimate of 1), a triple product involving one u
Via the fact that

cosh(k)(x,y) = d(z —y) + p(z,y)

we write out the product in ¢ as

Ve = V505 + Vo pss T Vopps + Lo ppp
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according to the factors of cosh carried in each term i.e.

¢6,555 = /U(% — Yo, To — Z0)5($1 - $o)5(y1 - y0)5(21 - Zo)
U(w2, 10)U(Y2, Yo)U(22, 20)drodyodzo

= U(£U1 — Y1, T1 — 21)5(372, $1>ﬂ(y2ay1)ﬂ(227 21)
and

Voppp = /U(xo — Yo, To — 20)P(71, T0)D(Y1, Yo)P(21, 20)

U(w2, 20)U(Y2, Yo)U(22, 20)drodyodzg

etc. We proceed to estimate the worst term:

/dt (/ WG,555|2 d$1dy1d21d:c2dy2dz2)

= /dt (/ V(1 — Y1, 1 — 21)U(@2, 1)U(Y2, Y1)U(22, 21)|2 d$1dy1d21d5172d?/2d2’2)

D=

N

< C

where w(ys, y1)U(29, 21) takes the place of g in Lemma 16.
For terms in 14 involving p, we deal with them as the following: By Cauchy-

Schwarz on dzodyodzy, we obtain

1
/ ( / ’wﬁ,pppfdxldyldzldxgdy2d22> dt

< Slip(/ |p($1>$o)p(y1,yo)p(zl,Zo)\Qdﬂ?odyodzodlﬂldyldzl)%

2
/ (/ |U($o — Yo, To — ZO)U(@, 900)“(927 yo)U(Zz, Zo)|2 dl“odyodzod@dmd@) dt

where the first integral is majorized by the energy estimate of p, the second integral
is the same as the one appearing in g 555 and can be taken care of by Lemma 16.
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Remark 20 In the estimate regarding g ,,,,, we can do Cauchy-Schwarz in another

way:

1
2
/ ( / Wﬁ’ppp’zdxldyldzldajgdygdzz> dt

< Sltlp(/ (1, 20)u(ya, yo)u(22, 20)|7 drodyodzodydysdzy)

NI

=

3
/ (/ |U(Io — Yo, To — Zo)u(@, $0)p(?/1, yo)p(ZL 20)|2 dﬁodyodzodyldhd@) dt

which also works by Lemma 16. Because ||u|| = ||p||

3.4.1.2 Estimate of ¢,, a double product involving one

Yu(x1, v, 21, %2) = /dxgdyodzodygv(xo — Yo, To — 20)

cosh(k)(x1, zg)cosh(k)(y1, yo)cosh(k) (21, 20)
cosh(k)(y2, yo)u(x2, xo)u(y2, 20)

= ¢4,5555 +o T+ w4,pppp

where the worst term is

Vyss65 = /dﬁodyodzodyzv(ﬁo — Y0, To — 20) (3.25)
5(% - %)5(91 - y0)5(z1 — 20)5(y2 - yo)ﬂ(@a T0)U(Y2, Zo)
= v(xy —y1, 11 — 21)U(z2, 21)U(y1, 21).

Letting w(y1, 21) be g in Lemma 16, we derive the desired estimate

1
/ dt < / daydyydzydes \¢4,5555\2) <C.
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3.4.2 Remark for all other error terms

At a glance, we can handle all terms using Lemma 16, except

[ vt = vz = o@oto()asagatdndya:

in [A, [A, [A, V]]], since all other terms end with a instead of a*. This observation

allows the application of Lemma 16. But Lemma 16 also applies to
P </ v(r —y,x — z)gb(x)gb(y)Qﬁ(z)a;az’;ajdxdydz) e 5.
because we can let ¢(x1) be f(z1), 6(y1)6(y2) be g(u1, vs)

Therefore we have established Proposition 8 and thus Theorem 8.

3.5 The Long Time Behavior of The Hartree Equation / Proof of

Theorem 9
In this section, we discuss the Hartree equation (3.5)
0 1 2 2
20+ 80— 16 [ v -y - 2) 6P 10 dydz =0
where
v(x —y,x—z) =vo(x — y)vo(z — 2) + vo(x — y)vo(y — 2) + vo(x — 2)ve(y — 2).

We assume the nonnegative regular potential vy decays fast enough away from the

origin and has the property that
vo(z) = vo(—x).
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Throughout this section, we write
A = [l =yl = 2) o) o) dyd
B = [l = vuly -2 00 () dyd:

c = / w(z — 2uoly — 2) [6(w)|? |6(2) | dydz,

for convenience i.e. equation (3.5) becomes

0 1
i5:0+ 80— 2 (A9 — Bo — Cg) = 0.

So (ii) becomes
1 2 1 2
EM)—o= {5 [ Vo' + ¢ [(A+ B+ )] )]0 < 00
and (i)-(iii) implies
NN
E.(t) = /t2 (‘V(eut(;s)' + 6<A+ B+ C) ]q§\2> < o0
To prove Theorem 9, we are going to argue that
E.(t)<0fort>1

which leads to

2|2
6. < C Hw £ )

Here are the details of Theorem 9.

3.5.1 Conservation of Mass, Momentum, and Energy
First, it is not difficult to see the conservation law of the L? mass

op—V,p) =0
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where

and
1 _ _

p; = Z@Vﬂb - ¢Vj¢>
because equation (3.26) is of the form

0 2

20+ 86 = F(10)0.
Times —¢ to equation (3.26), we acquire

1

—po+§a—Ap+(A+B+C)p:0

where

1 -
Po :2_Zv(¢¢t_¢¢t)

o I = t?“(Ojk) = tr(VﬁbV;@ + V;ﬁﬁ%d))
Moreover, letting
1 1 2
At =(pot o+ g(A+ B+ C)p) = Lp—Z(A+B+C)p
1 1
e : :§0+§(A+B+C)p

produces the conservation law of energy
oe — Vjaé +1lp=0
where

U% = thvj(% + (_btvj¢

1

2
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A direct computation shows that

/ Ap = / v — yvolz — 2)(16() 2 [6(2) P

N /Uo(x—y)vo(y—Z)|¢(y)|2|¢(2)|2(

n / vz = 2oly — ) 6() P 10(2) P (X520 diwdyd-

and
[0 = [ute -yt 2)l6 P o) O, draya:
+ [t = 2ty = 2) 66 () (XD dyz
[aw = [ute—ut—2 160 wEE (X0 iy
+ [l = yynte - 2 6w 16G)F (220 dnaya:

/(A+B—|—C’)tp:2/(A+B+O)pt
which implies f lo = 0 i.e. the conservation of energy
Bt)=; [ Vel +5 [(A+B+C)lor
Similarly, we derive the conservation law of momentum:
Opj — Vi{ol =85\ +1;=0

where

1

2
lj = §(A+B+C)pj 3(A—|—B+C)jp.
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3.5.2 Conformal Identity

At this point, if we multiply conservation law 3.27 by @, 3.29 by ta’ and 3.28

by t? and add the resulting identities, we obtain the conformal identity:

Ore. — erj +r=0

where
2 2
|z j 2 2 ilel? 1
e :(7)P+t$pj+t€:t V(e ) +§(A+B+C)p
2
. , A ‘ 9 A
7 o = (%)]ﬂ + taPo) + tad (—Ap+§(A+B+C)p> + o)
: 2
T :t2l0+tx]lj—ntAp+t(n—1)§(A+B+C’)p.
This suggests

where
2 .

To determine E,, we calculate

/lejdx

8 . 8 ,

= g/x”v(w =y = 2)(p1)ipaps = 3 /l‘]v(ﬂf —y,x — 2)p1(ps);Ps
8 .

= 3 [ ple vz =25 (p)ies - i)
16

= 3 /p3v(a: —y,x —2)x - Via(pi1ps)

8
= 5 [l —va =2+ 0) - Vis(op)
8

+ psv(x —y,x — 2)(x —y) - Via(p1p2)

3
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8
- 3 /P1P2P3V12U(5’; —yw—2)(z+y)

8
3 /P1P2P3V12U(9E —y,x—2)-(x—y)

8

_5”/0192%“(37 — Y, T —2)

where Vl_g = Vm_y = %(Vm - Vy)

Insert formula (1.9)
v(ix —y,x —2) =vo(x — y)vo(z — 2) + vo(x — Y)vo(y — 2) + vo(x — 2)vo(y — 2)
to the above computation, it is

/mjljdx—i- gn/(A—l—B—l—C’)p

_ _2 / p1papate(E — 2) (V1_svo(z — y)) - (& + 1)
=3 [ psesinle =) (Vawola = 2) - @+ 9
§/p1p2p3vo(y 2) (Viezvo(z = y)) - (2 +y)
% / prPap3v0(x —y) (Vyvoly — 2)) - (z +y)
%/mpgpgvo(y 2) (Vouo(z — 2)) - (z +y)
+§ / p12p500(T — 2) (Vyu0(y — 2)) - (x + )
_2 / p1papsv0(x — 2) (Vi_avo(z — 1)) - (z — 1)
_g/p1p2p3vo(x — ) (Vavo(z — 2)) - (z — 1))
§/p1p2p3vo(y 2) (Vizvo(z —y)) - (z —y)
% / prP2p3v0(x — y) (Vyvoly — 2)) - (z —y)
%/mpgpgvo(y 2) (Vavo( = 2)) - (z =)
+3 [ ewsesoal = 2) (Vyualy = 2) - (o= )
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Notice that, in the above calculation.

1st+3rd = 0
(4th 4+ 11th) + (6th 4+ 13th) = 0

8
(2nd + 9th) + (5th + 12th) = -3 / p1P2p3v0(y — 2) (Veve(z — 2)) - (x — 2).
So [ #7l;dz simplifies to

/lejdx =

n/A+B+C’)

P1Pap3v0(T — 2) (Vo) (x —y)) - (z — y)

p1P2pP300(y — 2) (Vo) (2 = 2)) - (& = 2).

OJIOO C»JIOO OJIOO C»OI[\'J

5/
=5 [ eapsealy = 2) () (0 = )+ (@ =)
5/

Hence

(n — 1);(14 +B+C)p+ :cjlj) dx

~+~

~+

/ prapyvole — 2) (o — ) + (Foo) ( — 9)) - (= — )}

P1P2p300(y — 2) {vo(x = y) + (Vo) (x = y)) - (# — y)}

&

Il

~
ooloo oo|oo wmo\
~—

/ p1papsto(y — 2) (vl — )+ (Vo) (2 — ) - (2 — )}
When vy decays fast enough, we have
R. >0,

or in other words

E.<0fort>1

which implies E,.(t) does not increase as claimed.
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