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Abstract

This paper presents results obtained for the robust control of discrete time
dynamical systems. The problem is formulated and solved using dynamic pro-
gramming. Both necessary and sufficient conditions in terms of (stationary)
dynamic programming equalities are presented. The output feedback problem
is solved using the concept of an information state, where a decoupling between
estimation and control is obtained.

1 Introduction

This paper is concerned with the robust control of systems modelled as inclusions.
Systems of this type occur, for example in hybrid systems, where an upper logical level
switches between different plant models depending on observed events [16],[9]. Sta-
bility results for such systems based on Lyapunov-like functions have been presented
in [8],[16]. However, no concept of robust performance (in the sense of minimizing
variations in the regulated outputs due to switching between different plant models
and noise), particularly for the output feedback case, exists for such systems.

Another example of systems that can be modelled as inclusions are systems with
bounded parameteric uncertainty. A number of results can be found in the literature
concerned with stabilization and ultimate boundedness of such (linear) systems (e.g.
[5],[20],[23],[17],[19],[6]). At the same time, it has been noted that with standard H,
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control methods, no robust behaviour on H,, performance along with stability can
be guaranteed. This has led to optimal robust H, control for linear systems [15]
where one tries to obtain optimal guaranteeable H,, performance given uncertainty
about the plant’s state space parameters. What is not considered however, is the
influence of the parameter variations themselves on the regulated outputs. Under the
assumption that the noise is bounded, the above problem can be reduced to robust
control of inclusions. In this context, both the influence of parameter variations, as
well as of exogenous inputs on the regulated output can be considered in a unified
context. Furthermore, we will show that ultimate boundedness of trajectories can
also be established. It should be noted here that the concept of casting dynamical
systems as inclusions is not new. However, previous work has been mainly concerned
with the problem of control synthesis under input constraints [14].

Our work is motivated by recent results obtained in the nonlinear H,, context in
[13]. We will use the dynamic game framework developed in [7],[13]. Furthermore,
to establish the ultimate boundedness of trajectories, we will employ the theory of
dissipative systems [22] to write down a version of the bounded real lemma. The
latter is expressed in terms of a dissipation inequality, which has appeared repeatedly
in papers dealing with nonlinear robust control (e.g.[3],[10],[11],[12],[13],[18],[21]). In
the context of set-valued discrete time dynamical systems, in [1] the authors have
employed dissipativity to identify conditions for the existence of fixed points of set-
valued maps. For the output feedback problem, we will employ the concept of an
information state. The exact form of the information state recursion was derived
from an analogous set-valued stochastic control problem in [4]. Using the concept
of an information state, we are able to obtain a separation between estimation and
control.

Although we will be using concepts from dissipative systems, our final necessary and
sufficient conditions for the existence of a solution to the robust control problem will
be expressed in terms of (stationary) dynamic programming equalities. However,
from the proof for the sufficient conditions, it will be clear that the necessary and
sufficient conditions could also be expressed in terms of dissipation inequalities.

In section 2, we present the problem formulation. Section 3 deals with the state
feedback case and section 4 with the output feedback problem. Finally an example
is presented in section 5.



2 Problem Formulation

The system under consideration (X) is expressed as

Y9 Ykt G(xk, ug) (1)

(2
Tpy1 € Flog,ug) , xo € Xo
€
Zk+1 = l(xk+1,uk), kZO,l,

Here, 7, € R™ are the states, u;, € U C R™ are the control inputs, v, € R are the
measured variables, and z; € R? are the regulated outputs. The following assump-
tions are made on the system X

1. 0 € X,.

2. F(x,u), G(x,u) are compact for all z € R™ and u € U.

3. The origin is an equilibrium point for F, G and [. i.e
F(0,0)>0; G(0,0)>0; [(0,0)=0

4. IntF # ¢ for all x € R", u € U. i.e. there exists an € > 0 such that for any
x € R" ueU, Ber) € F(z,u) for some r € F(z,u). Here Be(r) is the open
ball of radius € centered at 7.

5. 1(-,u) € CY(R™) for all u € U and is such that, 3y,,;, > 0, such that

<o

= {S € R"|Fu € U s.t. ‘%l(s,u)

is bounded and contains the origin Vv > v,,in.
6. U C R™ is compact.
Some of the notation employed in the paper will be as follows:

| - | denoted the Euclidean norm, || - || denotes the I norm, , §,(z) denotes the
truncated forward cone of the point x € R” [1]. In particular

u A .
s ox(T) = {Zok|Tj41 € Flaj,u5),7 =0,...,k —1}.
We furthermore define

2 {ah 7y €, b(wo)a® — 2 € 12((0, k], R")}

) g,k(xo) 12

and X} (zo) C R" as the cross section of the forward cone of zy at time instant k.

The robust control problem can now be stated as:
Given v > Ymin, find a controller v (= u(z) or u(y) depending on what is measured)
such that the closed loop system X* satisfies the following three conditions:
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1. X" is weakly asymptotically stable, in the sense that for each k, there exists an
ap € F (g, ug) such that, the sequence oy —> 0 as k — oo.

2. X" is ultimately bounded.
3.

l —1
sup [(r, u) — U(s, u)|
r €T (0)],2 15 | — s]|

3 State Feedback Case

In the state feedback case, the problem is to find a controller u € S i,e, uy = u(xy),
where u : R™ — U such that the three conditions stated above are satisfied.

3.1 Finite Time Case

For the finite time case, conditions 1 and 2 are not required. Condition 3 is equivalent
to the existence of a finite 3% (), 5% (0) = 0 such that

K-1 K—1
| 1(risn, we) = Wsipn, ui) P< o 30 [ rin = s [ 485 (0),
i=0 1=0

(2)

VK > 1,Y7r,5 €, g x(20), V2o € X

3.2 Dynamic Game

Here, the robust control problem is converted into an equivalent dynamic game. For
u € Skr-1 and T € Xy (zg), where Xy (o) is the set of states that the system can
achieve at time k if it were started form xz, define

K-1

Tow(w) = sup {3 (1U(rive ws) = Usivr,w) [P =7 [ric = s [} (3)

rs€ly (@) ik

Clearly

Now, the finite gain property can be expressed as below



Lemma 1 XY is finite gain on [k, K] if and only if there exists a finite B} (Z), B (0) =
0 such that
J:Z‘,](u) S 51;((3_7)7 ] € [kaK]a VI € XU (4)

The problem is hence reduced to finding a u* € Si k1 which minimizes Jz 4.

3.3 Solution to the Finite Time State Feedback Robust
Control Problem

We can solve the above using dynamic programming. Define
K—1

Vi(Z) = inf sup {0 [ 1(ricswi) — Usicw) 2 =9 | g — sia 7} (5)

uESE K1 r,s€l'} K(i) i—k

The corresponding dynamic programming equation is

V;C(x) = inquU Supr,sef(m,u)ﬂ l(?”, U) - l(S,U) |2 _72 | r—=s |2 +Vk+1(r)} (6)

Note that we have abused notation, and here u is a vector instead of a function as in
equation 5.

Theorem 1 (Necessity) Assume that u* € Sp 1 solves the finite time state feedback
robust control problem. Then, there exists a solution V' to the dynamic programming
equation (6) such that Vi(x) >0, V4(0) =0, k € [0, K — 1], x € X,.

Proof:
For z € Xy, k € [0, K — 1] define

Vi(zr) = inf  J,k(u)

uESK K1

Then, we have
0 < Vi(z) < B (), ke[0,K —1], = € X

Thus, V}, is finite on Xy, and by dynamic programming, V" satisfies equation 6. Also,
since 8% (0) =0, V4(0) = 0.



Theorem 2 (Sufficiency) Assume that there exists a solution V' to the dynamic pro-
gramming equation (6), such that Vi.(z) >0, V3(0) =0, k € [0, K — 1], x € Xy. Let
u* € Sk -1 be a control policy such that uj, achieves the minimum in equation (6) for
k=0,...,K—1. Then u* solves the finite time state feedback robust control problem.

Proof: Dynamic programming arguments imply that for a given z € X

Vo(x) = Jyo(u*) = inf  J, o(u)

u€So, K1

Thus u* is an optimal policy for the game and lemma 1 is satisfied with u = u*, where
we obtain S (z) = Vy(x).

3.4 Infinite Time Case

Here, we are interested in the limit as K — oo. Invoking stationarity equation (6)
becomes

V(z)=inf sup {V(s)+ |I(r,u) —I(s,u) |* —*|r—s |} (7)

UEU 1 se F(a,u)

3.5 The Dissipation Inequality

We say that the system X% is finite gain dissipative if there exists a function V(z)
(called the storage function), such that V(z) > 0, V(0) = 0, and it satisfies the
dissipation inequality

V() >  sup  {V(s) =" |r—s "+ [l(ra(@)) — (s, u(z)) [} (8)

r,$E€F (z,u(z))

Vo € Xi (o), Vk > 0,Vzy € X,

where %(x) is the control value for state x.

Theorem 3 Let u € S. The system X% is finite gain if and only if it is finite gain
dissipative.



Proof:
(i) Assume X" is finite gain dissipative. Then equation (8) implies

k—1 k—1
Vo) > V(rk) =72 Y [ rin = sin P+ D [ 1(riga, ws) — Usipr, wi) |

i=0 i=0
VE > 0; Vr,s e, "“(x)
This implies
k—1 k-1
V(zo) + 7 > riv1 = Sim > V(r) + S U(rivr, wi) — Usir, w;) ?

i=0 =0

Since V' > 0 for all x € X}*(xy), this implies

k—1 k—1
o (s, wi) — siza, ug) P<A* Y0 | rign — i |24V (0)
i i=0

Thus X" is finite gain.
(ii) Assume X" is finite gain. For any zy € Xy and k > 0, define for x € X}*(zo)
- i1
Viei (@, @0) = Slrlp( ){Z | Ui, i) = U(sipn,ws) [P =22 [ rign = i [P}
r,sel'(z) ;=0
Then we have for any = € X} ()

0 < Vi(w,mo) < B*(x0), Vj >0

Furthermore . .

Vi o) 2 Vii(z,20) , Vo € Xi(zo)
Furthermore, note that by time invariance, Vk%j(x, xg) depends only on z and j. Thus
if v € X (z3) N XE (22) then Vi i(z,zf) = Vi i(x,23). Hence,

‘7]:;]'(27,3)0) — V% (x), ask — 00, Vo € xj(xg),k > 0,20 € X
Also, we have
0 < V*(xo) < B"(20)

Since

V(@) = inf V() = V'(x) < V"(2)

dynamic programming implies that V*(z) solves the dissipation inequality (8) for all
r € XP(xo), k >0, z9p € Xy. Furthermore V*(z) > 0 and V*(0) = 0. Thus V" is a
storage function and hence X" is finite gain dissipative.
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|

We now have to show that the control policy u € Sjp ) which renders 3* finite gain
dissipative, also guarantees ultimate boundedness of trajectories, and furthermore un-
der a certain detectability type assumption, the existence of a sequence o, € F(, uy)
such that lim,, . ;, = 0. The above can be also expressed as [2]

0€ lkﬁ_l)lgloff(a?k, U

We, now study the convergence of

VViﬂ = Sup (| l(T, ﬂz) - l(fi+laﬂi) |2 _72 | T = Tit1 |2)
rE€F(Ti,i)

to zero, where ¥ is a trajectory generated by the control .

Lemma 2 If W} — 0, as i — o0 , then Ve > 0, K such that Vk > K, 30 such
that
|7 — Ty |[<0 = | U Tper, @) — U(r,ag) |< €

Proof:
Suppose to the contrary. Then de > 0 such that, VK, 3k > K, such that V§ > 0

|7 — Ty | < 0 =] UTppr, ug) — U(r, ) |> €

Fix ¢ such that 0 < § < € and 0 < /e. Then for any s € Bs(Try1) N F(Tk, ug)
C f(:ik,uk)

| U@k, ue) = U(s,up) [P =22 [ 21 — s P> e= 02 =1

This contradicts the convergence of W}

|

Remark: The above lemma gives a necessary condition for the sequence W} to
converge.

Lemma 3 If W} — 0, then Ve, € > 0, € > € > 0, 3K such that Vk > K, Ir €
B(ZT 1) NF (g, Ug) with r # Tyyy and

| 1(r, k) — U(Tps1, k) |
| r— Zpq |

<7 +eé 9)



Proof:
By contradiction. Jé, € > 0, € > € > 0, such that VK Jk > K such that

| U(ry k) — U ZTptr, U) |
|7 — Thy1 |

> Y+ & Vr € B(Tpr) [\ F (T, W), 7 # Tata
Hence, 9n > 0 such that

| 1(ryug) = UTpgrs ag) [P =7 |7 =g P20 |7 — 2 ?
Let r € Be(Zg11) N F (T, tuy) be such that € >| r — 441 [> 5. Thus,

62

[ 1) = UTpgn, ) =7 |7 = @ P20 =1
Hence, 31 > 0 such that VK, dk > K such that
Wy >

Hence, we get a contradiction.

|
Corollary 1 If W — 0, then
: o .
L | oo U@k w) [<
Proof:
Take the limit in equation (9) as €, ¢ — 0.
(]

Before we can prove weak asymptotic stability, we need the following additional as-
sumption on the system 3.

A: Assume that for a given v > 0, the system 3% is such that

: Q.
L | oo U@k w) [

implies 0 € liminfy, . F (T, Ur,)-

Remark: The assumption above, can be viewed to be analogous to the detectability
assumption often encountered in H,, control literature e.g. [18],[11].

The following theorem gives a sufficient condition for weak asymptotic stability.
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Theorem 4 If for a given v > 0, X% is finite gain dissipative and satisfies assumption
A, then X% is weakly asymptotically stable.

Proof:

From the dissipation inequality (equation 8), we obtain for any x, € X
K
Y N Urigr, @) = U(sign, @) |2 =77 | i1 — siv1 P< V(mo), VK; s €, (a).
i=0

In particular for any = € | “(z0)

K

k=0
We know that W > 0, Vk. This implies that

W — 0 as k — oo
Hence, by corollary 1 and assumption A, we obtain
0 € lim inf}"(fk, ﬂk)
k—>00

This implies that Ja,, € F(Tp, uy,) such that lim, . a,, = 0.
Hence, Vx € , *(x9), day, € F(24, 4y) such that lim, . a; = 0.

Corollary 2 If X% is finite gain dissipative, then X% is ultimately bounded.

Proof: In the proof of theorem 4, we observe that if X% is finite gain dissipative,
then
WP — 0as k — oo

Hence, by corollary 1

. |0 _
Jim %l(lﬂk+1a ur,)

<7

Which implies that limy__, ., x, € L7, which is bounded by assumption 5.

O

Remark: Furthermore, if we impose sufficient smoothness assumptions on X%, such
that V' is continuous, then all trajectories generated by X% are stable in the sense of
lyapunov. In particular V' then becomes a lyapunov function.

Remark: It is clear from above and from lemma 2, that we do need some form of
continuity assumption on [ as a necessary condition for the system to be finite gain
dissipative.
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3.6 Solution to the State Feedback Robust Control Prob-
lem

Although, the results above indicate that the controlled dissipation inequality is both
a necessary and sufficient condition for the solvability of the state feedback robust
control problem, we state the necessary and sufficient conditions in terms of dynamic
programming equalities.

Theorem 5 (Necessity) If a controller u € S solves the state feedback robust control
problem, then there exists a function V(x) such that V(xz) > 0, V(0) = 0 and V
satisfies the following equation i.e.

V(z)=inf sup {|l(r,u) —I(s,u)]* = ¥*|r —s* +V(r)} (10)

uel r,sEF(z,u)

x € Xg(l'g), k 2 0, Ty € X()-

Proof: Construct a sequence V}, j =0, ... of functions as follows

‘/}+1(x) = inquU SuPr,sE]’(m,u){”(ra U,) - l(S, U,)|2 - 72|T - S|2 + V}(?”)}
Vo(z) = 0

Clearly,
Vi(x) >0, Vr e R", Vj >0

and
Vigi(x) > Vj(z) , Vo €R", j >0

For any =y, € Xy and k£ > 0, pick an © € X7 (xp). Then dynamic programming
arguments imply that

0< Vjle) < A(xo) , Vo € Xf(ao)
Furthermore, note that V;(x) depends only on j and x. Hence,
Vi(z) — V(z) as j — o0, Yz € X} (x0), k >0, 29 € X

and by definition, V satisfies equation (10). Furthermore, V(z) > 0 and V(zy) <
3%(xy). Hence, V(0) = 0.
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Theorem 6 (Sufficiency) Assume that there exists a solution V' to the stationary dy-
namic programming equation (10) for all x € R™, satisfying V(xz) > 0 and V(0) = 0.
Let u(x) be the control value which achieves the minimum in equation (10). Then
u € S solves the state feedback robust control problem provided that % satisfies as-
sumption A.

Proof: Since V satisfies equation (10), X% satisfies equation (8) with equality. Hence,
Y% is finite gain dissipative, and hence by theorem 3, X% is finite gain. Furthermore,
by theorem 4 X% is weakly asymptotically stable and by corollary 2 X% is ultimately
bounded.

Corollary 3 If Xy = R", then the existence of a solution to the stationary dynamic
programming equation (10) for all x € R™, is both a necessary and sufficient condition
for the existence of a solution to the state feedback robust control problem.

Remark: It can be seen from the statement of theorem 5 and the proof of theorem 6,
that we could have expressed the necessary and sufficient conditions for the solvability
of the state feedback robust control problem in terms of dissipation inequalities.

4 Output Feedback Case

We now consider the output feedback robust control problem. We denote the set of
control policies as O. Hence, if u € O, then u, = f(y1 4, Uo—1)-

4.1 Finite Time

Given v > 0, and a finite time interval [0, K], find a control policy u € Og g_1, such
that there exists a finite quantity S} (x) with % (0) = 0 and

K-1 K-1
| 1(rign, i) = Usivn, wi) P< A2 Y7 [ rign — sign |° 85 (zo),
=0 i=0

Vr,s €, ¢ x(T0), Yo € X

12



We introduce for convenience the following notation.

A%,K(xﬂ) = {yl,K | Ykt1 € g(xkvuk)v Vr €, g,K—l(xO)}

, o'k (o) {rox €, 6x(@0) | Yh1 € G(ar,up), k=0,...,K -1}

4.2 Dynamic Game

In this section, we transform the output feedback robust control problem to a dynamic
game. We introduce the function space

E={p:R" — R"}

and define for each z € R" a function ¢, : R® — R* by

A 0 if &=2
5’”(5)_{—00 if (#£ux

For u € Oy k1, and p € £ define a functional J, x(u) by

k
Tow(u) = sup  sup  {p(wo) + o Uiy uia) = U(riyuiy) |2 =27 | si—ri [P} (11)

zo€Xo r,s€l*(z0) i—1
for k=0,..., K.

Remark: The functional p € £ in equation (11) can be chosen to reflect any a priori
knowledge concerning the initial state zy of X*.

The finite gain property of X% can now be expressed in terms of J as follows.
Lemma 4 Y2 is finite gain on [0,K] if and only if there exists a finite quantity
Bk (o), Bk (0) =0, such that

Jsy k() < Bre(m0), k=0,...,K

For notational convenience, we introduce the following pairing

(p,q) = sup {p(z) + q()}
zeR"

and a restricted version

(p,q| X) = i‘g}?{p(f’:) +q(2)}

13



Lemma 5 If each map ¥ is finite gain on [0, K], then

(P, 0] Xo) < Jpi(u) < (p, By | Xo)

Proof:
Set r = s € , “(xp) in equation (11). Then clearly

(pao | XO) S Jp,K(u)
Since, X%  is finite gain on [0, K] for all 2y € X, this implies that for any z € X
K
p(wo) + X [ 1(siyuia) = U(ri,uia) 2 =7 | s — i < p(wo) + B (x0) < (p, B | Xo)
i=1

Hence, J, x(u) < (p, B% | Xo)-

Thus, we can define
dom J, g(u) ={p €& :(p,0]|Xo), (p, B | Xo) is finite }

The finite time output feedback dynamic game is to find a control policy u € Og x_1,
which minimizes each functional ngo, K-

4.3 Information State Formulation

Motivated by results obtained in the set-valued stochastic control problem [4], for a
fixed 1 € A}, (Xo), and uy 1, we define the information state py, € € by

k
A
pr(z) = sup  sup {po(x0)+z | 1(s5, um1) = U(rs, umy) |2 =72 | ri—si |* | re = o}

To€Xo r,sGF&’fc’(mo) =1
(12)
Here, the convention is that the supremum over an empty set is —oo. Furthermore,
for convenience we redefine pg as

po(z) = { po(z) ,if z € X,

—oo ,else

Clearly, if X" is finite gain, then
—00 < pr(w) < (po, B) < +00

14



and a finite lower bound for pi(z) is obtained for all feasible x € R™.

Now, define H(p,u,y) € € by

H(p.u,y)(x) = sup {p() + B(E: . 0,v)}

where the function B is defined by

. € F(&,
B(E, 2.0, 1) 2 SUPgere il (2, 0) = 1(s,v) P =7* |z — s [?} if { Z c g((é ;J))

—00 else

Lemma 6 The information state is the solution of the following recursion

Prr1 = H(pp,up,Yrs1), k=0,..., K =1 (13)
Po € &

Proof:

We use induction. Assume that (13) is true for 0,...,%; we must show that py,4

defined by (12) equals H (py, ug, Ypr1). Now

H (pr, ur, Ypr ) (z) = 651;{3 {pr(&) + B(&, o, up, Yrs1) }
cR»
= sup {pr(&) + sup (| Uz, up) — (s, up) |* =
fER" sEf(ﬁ,uk)
72 | r—s |2 | Yk+1 € g(gauk)ax € f(gauk))}
= pk+1($)

by the definition (12) for pg, and pg.;.

Remark: Note that we can write

k—1

()= sup {po(&)+ D> B(&, &iv1suisyirr) | & =}

€Ty (Xo) i=0
fork=1,..., K.

Remark: The relationship between the information state and the indicator function
of the feasible sets was established in [4]. In particular, it was established that if
Po = Ogy, then pp(xz) > 0 if and only if x € X" (xg), where X" () is the set of
feasible states at time £, given ug,_1 and yi .

15



Theorem 7 Foru € Oyy_1, p € &, such that J,;(u) is finite, we have

Jpor(w) = sup  {(pk,0) | po =p}, k €0, K] (14)
Y1,k €AY (X))

Proof:
We have

sup  {(px,0) | po =p}
Y1, €A% (X0)

k—1

= sup sup  {p(&) + Y B(&, &iv1, i Yig1)}
Y1,k€AY(Xo) E€T Y (Xo) i=0
k
= sup  sup  {p(wo) + D [ Usi uim1) = U(ri, uiza) |”
zo€Xo r,s€Tf , (20) i=1

= i —si [}
= Jpu(u)

Remark: This representation theorem is actually a separation principle.

The following corollary enables us to express the finite gain property of X* in terms
of the information state p.

Corollary 4 For any output feedback controller u € Og x_1, the closed loop system
X" is finite gain on [0, K| if and only if the information state py, satisfies

sup  {(pk,0) [ po = 04y} < Bi(w0), Vk € [0, K]

Y1,k €A% (X0)

for some finite By (o), with B3-(0) = 0.

Remark: Thus the name information state for p is justified, since p, contains all
the information relevant to the finite gain property of X* that is available in the
observations y .

The information state dynamics (13) may be regarded as a new (infinite dimensional)
control system =, with control u and uncertainty parameterized by y. The state py,

16



and the disturbance y;, are available to the controller, so the original output feedback
dynamic game is equivalent to a new game with full information. The cost is now
given by (14).

We now need an appropriate class I; x of controllers, which feedback this new state
variable. A control u belongs to I; g, if for each k € [, K], there exists a map @, from
a subset of -7+ (sequences p; ;) into U, such that uj, = @(p;x). Note that since py,
depends on the observable information v; x, fox—1 C Opk—1.

4.4 Solution to the Finite Time Output Feedback Robust
Control Problem

We use dynamic programming to solve the game. Define the value function by

Mi(p) = inf sup  {(pk,0) | po = p} (15)

u€00,k~1 yeA¥ | (Xo)
for k € [0, K], and the corresponding dynamic programming equation is

Mk(p) = 1125 SeuII{)t{Mkfl(H(pa u, y))}7 ke [17 K] (16)

with the initial condition
My(p) = (p,0)

Remark: In the above equations, we have inverted the time index to enable ease of
exposition when dealing with the infinite time case. Since, the system is assumed to
be time invariant, it does not matter if we write the equations as above, or as

My(p) = inf sup {My1(H(p,u,y))}, k €0, K — 1]
uEUyERt

with the initial condition )
M (p) = (p, 0)
as far as we invert the index of the control policy obtained by solving equation(16).

Define for a function M : £ — R,

dom M ={p € & | M(p) finite}

Theorem 8 (Necessity) Assume that @ € Oy x_y solves the finite time outpul feed-
back robust control problem. Then there exists a solution M to the dynamic program-
ming equation (16) such that dom J, x(u) C dom My, My(do) = 0, Mi(p) > (p,0),
k € [0, K].
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Proof:
For p € dom J, i(u), define My (p) by (15). Then

Mi(p) = inf J,x(u)

u€O0g k-1
Now, we also have
k
Mi(p)= _inf sup sup {p(wo) +D_ | I(si,uim1) = Urisuima) [* =7 | si—mi '}
u€00,k-1 gy X r,s€TG 1 (z0) i=1

For u = @, by using the finite gain property for ¥* we get
k _
M (p) < sup  sup {p($0)+2 | (i, 1) —1(ri, wiz1) | = | si—ri 2} < (p, B%)
zo€Xo r,s€T'g | (z0) i=1
Thus, dom J, (1) C dom M. Also

My,(p) = (p,0)
Since, f%(0) = 0, and (dp,0) = 0, we have that My (dy) = 0.

O

Theorem 9 (Sufficiency) Assume there exists a solution M to the dynamic pro-
gramming equation (16) such that 6, € dom My for all x € X,, My(dy) = 0,
Mi(p) > (p,0), k € [0,K]. Let u* € Ipx—1 be a policy such that u; = . (pk),
where uj(p) achieves the minimum in (16); k = 0,..., K — 1. Then u* solves the
finite time output feedback robust control problem.

Proof:
We see that

Mg (p) = Jpx(u*) < Jpx(u)
for all u € Og k1, p € dom Mg. Now

sup  {(Pk,0) [ po = 0u} < Mk (0ay)
yEA}‘,*K(Xo)

which implies by corollary 4 that X% is finite gain with % (19) = Mxk(6y,), and
hence u* solves the finite time output feedback robust control problem.

O

Corollary 5 If the finite time output feedback robust control problem s solvable by
an output feedback controller u € Oy x_1, then it is also solvable by an information
state feedback controller u* € Iy 1.
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4.5 Infinite Time Case

We pass to the limit as K — oo in the dynamic programming equation (16).

lim My (p) = M(p)

k—s00

where Mj(p) is defined by (15), to obtain a stationary version of equation (16)

M(p) = inf sup{M(H(p,u,y))} (17)

uelU yeR?

4.6 Dissipation Inequality

The following lemma is a consequence of corollary 4.

Lemma 7 For any u € O, the closed loop system 3" is finite gain if and only if the
information state satisfies

sup  sup  {(pr,0) | po = dup } < B"(20) (18)

k>1 yeA¥ , (zo)

for some finite 3"(xy), with 5*(0) =0

By using lemma 7 we say that the information state system =* ((13) with information
state feedback u € I) is finite gain if and only if the information state py satisfies (18)
for some finite 5%(zq), with 3%(0) = 0. If X" is finite gain, we write

dom Jp(u) = {p € €| (p,0), (p, 3") finite}

where J,(u) = supysq Jpx(u).

We say that the information state system =% is finite gain dissipative if there exists
a function (storage function) M (p), such that dom M contains ¢, for all x € X,
M(p) > (p,0), M (&) = 0, and satisfies the following dissipation inequality

M(p) > sup {M(H (p, a(p),y))} (19)

yeR?

Note that if =% is finite gain dissipative, and p € dom M, then H (p, u(p),y) € dom M
for all y € R!. Consequently, py € dom M, implies p;, € dom M, Vk > 0.
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Lemma 8 M is monotone non-decreasing. i.e.

Mj,—1(p) < My(p)

Proof:
Note that

k
Mk(p) = sup sup {P(ﬂﬁo) + Z | l(Tz’aui—l) - l(Si,Ui—1) |2 —’YZ | S — T |2}

20€X0 r,sng,k(:vo) i=1

Then for any € > 0, choose zy € Xy, and r',s € , §,_1(x,) such that

k—1
My—1(p) < p(mg) + D | 1(rs, uima) — sz uimn) | = [y — s |° +e
=1

’

Let zo = x, and define r,s € , ¥, (x) by r =7', s = s on [0,k — 1], and ry, = s;.

Then

k
My(p) > p(zo) + Z | U(riyuiy) — Usiyuist) | =72 | i — si |2

i=1
! kil ! ! ! !
> plag) + Y |1 wimy) = (sjui) [P =22 [ — sy |7+
i=1
| l(rkyukq) - l(Sk,kal) |2
> My_1(p) — €

Since € > 0 is arbitrary, letting ¢ — 04 gives

My (p) > My_1(p)

O

We are now in a position to prove a version of the bounded real lemma for the
information state system =.

Theorem 10 Let u € I. Then the information state system =% is finite gain if and
only if it is finite gain dissipative.

Proof:
(i)

Assume that =" is finite gain dissipative. Then by the dissipation inequality (19)
M(py) < M(po), Yk >0, Vy € A (Xo)
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Setting pg = d4,, and using the fact that M(p) > (p,0), we get

(P, 0) < M(), VE > 0,Vy € Af (o)

2

Therefore Z* is finite gain, with 3%(z¢) = M (04,)-

(ii)

Assume =" is finite gain. Then

(p,0) < Jpr(u) < (p, %), Yk > 0,p € dom J,(u)
Writing My (p) = J,x(u), so that

(p,0) < My(p) < (p, 8%), k = 0,p € dom Jy(u)
By lemma 8, M), is monotone non-decreasing. Therefore

M,(p) = lim Mg (p)

k—00

exists, and is finite on dom M,, which contains dom J,(u).

To show that M, satisfies the dissipation inequality (18), fix p € dom M,, y € R,
and € > 0. Select k£ > 0, and ¢, 51 such that

Ma(H(pau(p)vy)) S (ﬁk—la 0) +e€

where, p;, 7 = 0,...,k — 1 is the information state trajectory generated by g, with
Po = H(p,u(p),y)-

Define
]y Jifi =1
Y=\ iy Jifi=2,...k
and let p;, 7 = 0,...,k denote the corresponding information state trajectory with
po = p. Then

M,(p) = (px,0)
= (Pr-1,0)
Z Ma(H(p,u(p),y))—E

Since, y and € are arbitrary, we have

M,(p) > sup M, (H (p, u(p),y))

Hence, M, solves the dissipation inequality. Also, by definition (p,0) < M,(p). This
and (18) imply that M,(dy) = 0. Thus, Z* is finite gain dissipative.
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We, now again assume that X* satisfies assumption A.

Theorem 11 Let u € I. If =% is finite gain dissipative and X% satisfies assumption
A, then X" is weakly asymptotically stable.

Proof:
Inequality (19) implies

k
sup sup  {p(zo) + Z | 1(riy wim1) — U(8iyui1) |2 —y? | si — 1 |2} < M(p)

zo€Xo r,sely , (zo0) i=1

for all £ > 1. Let xy € Xy, and let p = ¢,,. Then the above gives

k
sup {Z | l(ﬁ',ui—ﬂ - l(Si,Ui—l) |2 —’72 | S; — T |2} < M(p)

r,s€TG 1 (To) =1

For any 7 € , § (o), there is a sequence

Wy = sup  {| (g, ue) — l(h,ui) P =" | g — h |}

gahE]:(Fk auk)
> 0

Also, from above we obtain that

Hence, W — 0, as k — oo and by corollary 1 and assumption A
0 € lim inf F (7, ug)
k—o00

Hence, X" is weakly asymptotically stable.

Corollary 6 If X" is finite gain dissipative, then X% is ultimately bounded.

Proof: Similar to that of corollary 2.
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We also need to show that the information state system =" is stable.

Theorem 12 Let u € I. If =% is finite gain dissipative, then =" is stable on all
feasible x € R".

Proof:
The dissipation inequality (19) implies that

Pe(®) < (pr, 0) < M(po) < 400

for all py € dom M, and for all £ > 0. For the lower bound, note that by definition
(12)

k
pr(z) = sup  sup  {po(wo) + Z | 1(siy i) — Ui uia) [P =9 | ri — i P}
o€ X0 r,sGFg,k(xo) i=1
For any zy € Xy, this implies that for any feasible z € R"
pr(w) > po(wp) > —o0, Vk >0

Therefore, =" is stable.

4.7 Solution to the Output Feedback Robust Control Prob-
lem

As in the state feedback case, it can be inferred from the previous results, that the
controlled dissipation inequality (8) is both a necessary and sufficient condition for
the solvability of the output feedback robust control problem.

However, we now state necessary and sufficient conditions for the solvability of the
output feedback robust control problem in terms of dynamic programming equalities.

Theorem 13 (Necessity) Assume that there ezists a controller u € O which solves
the output feedback robust control problem. Then there exists a function M(p), such
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that dom J,(uw) C dom M(p), M(p) > (p,0), M(dy) =0 and M solves the stationary
dynamic programming equation

M(p) = inf sup {M(H(p,u,y))} (20)

uelU yeR?

for all p € dom J,(u).

Proof: For p € dom J,(u), define My(p), k =0,... as follows

My(p) = infuecysup,ere Mr—1(H(p,u,y))
My(p) = (p,0)

Clearly )
(p,0) < My(p) < (p, %) < 400, Vp € dom J,(u)

Furthermore, a modification of lemma 8 establishes that
My11(p) > Mi(p), Vp € dom J,()

Hence,
My (p) — M(p) as k — oo

and M (p) satisfies equation (20) for all p € dom J,(u). Furthermore, dom J,(a) C
dom M (p) and (p,0) < M(p) < (p, 3"). Thus, since (&g, %) = 0, M(dy) = 0.

|

Theorem 14 (Sufficiency) Assume that there exists a solution M to the stationary
dynamic programming equation (20) such that 6, € dom M, Yx € Xo, M(dy) = 0,
and M(p) > (p,0). Let u € I be a policy such that u(p) achieves the minimum in
(20). Then, @ € I solves the information state feedback robust control problem if the
closed loop system XU satisfies assumption A.

Proof: Since M satisfies equation (20), X% satisfies equation (19) with equality.
Hence, =% is finite gain dissipative and by theorem 10, =% is finite gain. Furthermore,
theorem 11 establishes that Y% is weakly asymptotically stable, and by corollary 6
Y% is ultimately bounded. Also by theorem 12, = is stable for all feasible x € R™.

O

Remark: Asin the state feedback case, we can from the statement of theorem 13 and
the proof of theorem 14, obtain necessary and sufficient conditions for the solvability
of the robust control problem in terms of dissipation inequalities.
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Figure 1: State Trajectories: ' (top) and z? (bottom)

5 Example

In this section we present a simple example. The system being considered is
Tp € [2,3]zy, 4+ 2f + Tsin(uy) 4+ [—0.1,0.1]
zp, € 15z +[1,2]x7 + 6sin(up) + [—0.1,0.1]

with the measurement equations

b € xl+4]-0.05,0.05]
Yi € [1,1.1)z} +[—0.05,0.05]

and the regulated output
_ 2

The value of 7 is set to 0.8, and the initial state was set to (2,2).

Figure 1 gives the state trajectories for the output feedback case. The trajectories of
the optimal state feedback case are also presented for comparison.
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