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It is common for many establishment surveys that a sample contains a fraction of
observations that may seriously affect survey estimates. Influential observations may
appear in the sample due to imperfections of the survey design that cannot fully
account for the dynamic and heterogeneous nature of the population of businesses.
An observation may become influential due to a relatively large survey weight,
extreme value, or combination of the weight and value.

We propose a Winsorized estimator with a choice of cutoff points that guarantees that
the resulting mean squared error is lower than the variance of the original survey
weighted estimator. This estimator is based on very un-restrictive modeling

assumptions and can be safely used when the sample is sufficiently large.

We consider a different approach when the sample is small. Estimation from small
samples generally relies on strict model assumptions. Robustness here is understood

as insensitivity of an estimator to model misspecification or to appearance of outliers.



The proposed approach is a slight modification of the classical linear mixed model
application to small area estimation. The underlying distribution of the random error
term is a scale mixture of two normal distributions. This setup can describe outliers in
individual observations. It is also suitable for a more general situation where units

from two distinct populations are put together for estimation.

The mixture group indicator is not observed. The probabilities of observations
coming from a group with a smaller or larger variance are estimated from the data.
These conditional probabilities can serve as the basis for a formal test on outlyingness

at the area level.
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investigated using simulations. We also compare the proposed method with
alternative existing methods in a study using data from the Current Employment

Statistics Survey conducted by the U.S. Bureau of Labor Statistics.
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Chapter 1: Introduction and Literature Review

1.1 Introduction

It is common for many establishment surveys that a sample contains a fraction of
observations that may seriously affect survey estimates. An observation may become
influential due to a relatively large survey weight, extreme value, or combination of

the weight and value.

Establishments in the target population vary greatly by size. The population consists
of a relatively small number of large companies, while most of the national
employment is situated in small-size enterprises. Businesses are selected into sample
with different probabilities, and the resulting survey weights are highly variable; even
though an effort is taken at the design stage of a survey to minimize the variance of

the survey weighted estimator, the estimates may still be very unstable.

Another aspect of a survey of businesses is the potential of change in the
establishment attributes that are used for sample selection, as well as possible changes
in the units’ composition. For example, industrial allocation or the establishment
employment level may change after a sample has been selected. As a result, it may
happen that a larger (than expected at the time of sampling) employment size
becomes associated with a large survey weight creating predisposition for the
influential observation. (The problem of “stratum jumpers” is discussed in Rivest

1999).



We call the units that have large impact on estimation the influential observations; the
effect caused by these observations may be due to imperfections of the survey design
that cannot fully account for the dynamic and heterogeneous nature of a population of
establishments. In the current research, we devise a model-based estimation
procedure that takes into account the survey design and features of the probability
distribution of employment in a population of businesses, leading to an estimator that
is robust to model misspecifications and is more efficient than a pure survey weighted

estimator.

For estimation from moderately large samples, we propose a Winsorization based
estimator with a choice of the cutoff points that guarantees that the resulting mean
squared error is lower than the variance of the original survey weighted estimator.
This estimator is based on mild modeling assumptions; thus it can be safely used

when the sample is sufficiently large.

We consider a different approach when the sample is small. Estimation from small
samples generally relies on strict model assumptions. Robustness here is understood
as insensitivity of an estimator to model misspecification or to appearance of outliers.
The proposed approach is a slight modification of a classical linear mixed model
application to small area estimation. The underlying distribution of the random error
term is a scale mixture of two normal distributions. This setup can describe outliers in
individual observations. It is also suitable for a more general situation where units

from two distinct populations are put together for estimation.



The techniques are evaluated using simulation studies. The bootstrap is used to
measure uncertainty of the estimator. A study involving real data from the CES

sample is also presented.

1.2 A brief overview of the Current Employment Statistics

survey

To facilitate the discussion, we describe briefly relevant details of the CES sample
selection and estimation methods. While referring to CES throughout the discussion,
we strive to produce a general method for robust estimation that can be adapted to

other surveys.

1.2.1 The CES sample design

The CES sample is selected once a year from a frame based on the Quarterly Census
of Employment and Wages (QCEW) data file. This is an administrative dataset
containing records of employment and wages for nearly every U.S. establishment
covered by the States’ unemployment insurance (UI) laws. (The QCEW file becomes
available to BLS on a lagged basis and is important for the CES survey in many

respects, see BLS Handbook of Methods, 2004, for more information about QCEW).

Strata on the frame are defined by State, the industrial supersector based on the North
American Industrial Classification System (NAICS) and on the total employment size
of establishments within a Ul account. A stratified simple random sample of UI
accounts is selected using optimal allocation to minimize, for a given cost per State, a

State level variance of the monthly employment change estimate.



1.2.2 CES estimator of relative employment growth

Relative growth of employment from a previous to current month is estimated using a

set of the establishments reporting positive employment in both adjacent months, the
so called matched sample of establishments, denoted by S,. The weighted link

relative (WLR) estimator is

A Zjesl WJyJ’t

R =K 1TIt (1.2.1)

3
Z jes, WiYiia

where j denotes an establishment, t is a current month.

The numerator of the ratio is the survey weighted sum of the current month reported
employment; the denominator is the survey weighted sum of the previous month
employment. See the BLS Handbook of Methods (2004, Chapter 2) for further details

on the CES estimation procedures.

1.2.3 Influential observations in CES

A definition for an influential observation must be tied to the form of an estimator. In
a given month, CES estimates relative employment growth, the ratio of the two
survey weighted sums, as shown in (1.2.1). For this type of an estimator, a report
having a relatively large survey weight or a large change in the size of its
employment may become influential. Combination of a moderately large weight with

a moderately large employment change may also produce an influential report.

In Figure 1, we display examples of the weighted employment at month t plotted
against the weighted employment at the previous month, t-1. Generally, in any given

month, there is a handful of observations that stand apart from the rest of the sample.



One reason is the form of the distribution of the employment change: there is a large
number of establishments that do not change employment; many establishments have
very little change in their employment. However, there are always units having a
substantial change in employment and at times they also have a large survey weight.
The histogram of the establishments employment change has a spike around zero and
long tails (see a typical histogram and a normal Q-Q plot in Figure 2). A sample is
prone to outliers in the sense that there is a high probability that a handful of

observations from the tails of the distribution are present in the sample.
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Figure 1: Two examples of the weighted current month versus previous month
employment plots. The red line shows the survey weighted estimate of the relative
change




Histogram of Weighted OTM Changes Normality

0.025
|
400
1

0.020
I
200
Al

0.015
|
Sarmple Quantiles

0010
|

0.005
|
~
I3
-~
-200
|

0.000

L

E_'
~

[
-

.
]

-400

T T T T T T T
-400 -200 a 200 400 -3 -2 -1 o 1 2 3

Theoretical Quantiles
a. b.

Figure 2. a. Histogram of weighted over-the-month changes in employment overlayed
by the density of the normal distribution. b. A normal Q-Q plot of weighted over-the-
month employment changes.

Another source of outliers, as mentioned in the introduction, is the dynamic nature of
a population of establishments, which often causes “misclassification” of
establishments; e.g., changes in the industrial classification or an employment size
class after the sample has been selected. These changes may cause problems in

estimation, especially in smaller samples.

Estimation of the National and State level employment is of central importance in
CES. However, there is also a lot of interest in publication of estimates for many
smaller domains defined at a finer industrial and geographical detail. At these levels,
the sample is often scarce and a single influential observation, if left untreated, may

ruin the resulting estimates.




1.3 Approaches to robust estimation in survey sampling

“Robustness is usually understood to mean that inferences made from a sample are
insensitive to violations of the assumptions that have been made.” (Hansen, Madow,
and Tepping, 1983). Before reviewing the methods of robust estimation, we survey
the literature to gain understanding about what kind of assumptions are made in

survey sampling, in particular, when a descriptive population quantity is of interest.

1.3.1 Descriptive population quantities

In a large-scale government survey, we are usually interested in estimating certain
descriptive statistics of the finite population, such as smooth functions of population
means or totals; for example, the relative change in employment can be viewed as the
ratio of two means; various forms of price indexes provide a somewhat more complex
set of examples. A descriptive statistic can be defined as a “known function of the
finite population values.” (Pfeffermann 1993). Motivation for the form of such a
function does not necessarily come from a stochastic model. For example, although
the stochastic approach to defining index numbers has a long history (Clements et al.
2006), definitions of price indexes in common use are often motivated using
deterministic approaches coming from economic or axiomatic theories (see Diewert

1981; Balk 1995).

When analytic inference is required, Pfeffermann (1993) invokes the notion of
“corresponding descriptive population quantity (CDPQ)” defined as a solution to a set

of population estimating equations for an unknown parameter. Thus, descriptive



population quantities also play an important role in analytic inference about model

parameters.

In the present research, we are concerned only with the former situation, where a

target is given in a pre-specified form and without reference to a particular model.

Remark. Models are usually formulated for the finite population: i.e., the finite
population measurements are assumed to be realizations from some ideal distribution,
a “superpopulation”. Such models are formulated a priori, in the sense that the finite
population is not observed directly and, therefore, modeling assumptions cannot be
checked using finite population observations; thus, the resulting CDPQ also can be

viewed as a pre-specified target that needs to be estimated from the observed sample.

1.3.2 Models at different stages of survey sampling

There is a long-standing discussion on approaches to inference from survey sampling.
Inferences can be made with respect to an assumed model (the model-based or
prediction approach) or with respect to the randomization distribution induced by the
hypothetical repeated sampling from a finite population (the randomization or design-

based approach).

Adherents of either approach agree that models are important in designing an optimal
sampling procedure and in deriving an efficient estimator (see Hansen, Madow, and
Tepping, 1983, and the discussion; Sirndal, Swensson, and Wretman, 1992; Valliant,
Dorfman, and Royall, 2000). Thus, even when a stochastic model is not required for
the definition of a target, a working stochastic model is often formulated or at least

used implicitly.



The word “working”, in the reference to a model, suggests that the model is expected
to be only approximately correct: it is not indeed possible to know what the “true”
model is when dealing with real-life data. Model assumptions may not hold and
criteria are needed to assure robustness of inferences to model misspecifications. The
notion of design consistency provides such criteria. Design consistency is an
asymptotic property, which becomes important when the sample is sufficiently large.
It assures that the estimator of a finite population parameter indeed targets the
parameter rather than something else. An estimator is design consistent if, as the
sample and population sizes become infinitely large (according to a certain well-
defined rule, see Isaki and Fuller 1982), the estimator approaches the target
population quantity in probability under the randomization distribution. A good
model estimator would be one from the class of design consistent estimators (see

Hansen, Madow, and Tepping 1983; Little 1983; Pfeffermann 1993).

1.3.3 The role of sampling weights in robust estimation, methods for

dealing with extreme weights

Naturally, with the design-based approach, where inferences are made with respect to
the sample selection probabilities, the sampling weights, defined as the inverse values

of the selection probabilities, play an essential role in estimation.

From the model-based perspective, due to the complex design involving sampling
with unequal probabilities, the distribution of sample values, in general, is different
from the population distribution. This difference should be taken into account when

constructing estimators; in other words, it is important for an estimation procedure to



be ignorable to the sample design (see Pfeffermann, 1993, and references therein).
Violations of this principle may lead to considerable bias and meaningless results.
Conditioning on available design information is one way to account for the sample
design: examining graphs of model residuals versus the sampling weights is helpful in
determining if ignorability of the design is achieved. Any pattern found on this graph
would indicate that the design is nonignorable. More rigorous methods of testing for
ignorability also exist (e.g., Sverchkov and Pfeffermann 2004). In practice, not all
design variables may be available to an analyst, or their inclusion in the model may
become cumbersome. Sampling weights are often used as surrogates of design

information to protect against estimation bias.

A survey-weighted estimator may be very inefficient when the survey design is not
optimal for a given data item (for example, in a multi-purpose survey where design is
tailored for different or multiple characteristics of interest) or due to the cost
constraints associated with the sample collection. In other words, when the working
model used in the sample design does not hold for estimation of a particular

characteristic of interest, the design-variance of the survey weighted estimator may be

high.

Thus, even when an explicit model is not specified for the purpose of estimation, it is
desirable for an estimator to be insensitive to possible non-optimality of the

assumptions made at the sampling design stage.

For optimal designs, variation in survey weights increases precision of the survey
estimates. However, in cases when design is not optimal for a given data item or

analysis, using widely dispersed weights may significantly inflate the variance. One

10



way of trading off between the design-based bias and variance is to control extreme
survey weights. Potter (1988) reviews some of the methods. Weight trimming
procedures entail modifying the extreme weights by setting them equal to some lower
value while the untrimmed weights are adjusted upward to compensate for the
trimmed portion of the weights (Potter, 1988; Potter, 1990). The choice of the
trimming point is often arbitrary. Distribution of the survey weights is usually
controlled in multi-purpose surveys even before examining the actual effect on an
estimator, so that the procedure is not data driven. This is usually justified by
operational simplicity: for example, in a multi-purpose survey, it is sometimes
convenient to keep one set of weights for many survey variables. A more efficient
method would explicitly take into account the effect of the trimmed weights on a
survey estimator and proceed to minimize the mean squared error of the estimator by
trading off the reduced variance and possible bias resulting from altering the survey
weights. One disadvantage of this approach is that the resulting cut-off level for the

weight trimming may be different for different data items.

A model-based approach to weight trimming was proposed by Elliott and Little
(2000) in the context of estimating finite population means. First, a sample is divided
into strata by distinct values of the weights. Models are considered for the survey
variables within each stratum: a common mean is imposed on the strata having
extreme weights and separate means are considered for each of the lower weight
strata. Thus, the weight trimming is accomplished by pooling together the highest
weights’ strata. The assumption for these pooled strata is that their data are

exchangeable; if this assumption fails (for example, when the mean of the highest

11



weight stratum is considerably different from the other strata), then trimming the

highest weights may result in a substantial bias.

An alternative way to modify survey weights, proposed in the same paper (Elliott and
Little, 2000), is by using the weight smoothing models. These models treat the strata
means as random effects, and the resulting estimate is a compromise, in the form of a

composite estimator, of the survey weighted and the unweighted means.

The weight trimming procedures are aimed at reducing the variation in weights;
however, they do not protect against effects of extreme sample observations that

sometimes occur in surveys.

1.3.4 Survey weights as random variables

The variables used to design a survey determine the probabilities of inclusion in the
sample. In most surveys, at the design stage, the design variables are known for all
population units, so they can be regarded as non-random variables for a given fixed
finite population. For example, in stratified simple random sampling, strata
information is available for all population units, and sample inclusion probabilities
are determined by a known number of the population and sample units in each
stratum. In such a case, after conditioning on the design variables, the survey weights

can be viewed as nonrandom.

At the estimation and analysis stage, it is often the case that the survey design
variables are not available for all population units and the inclusion probabilities are

often only available for the sampled part of the population. In this case, the design
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variables can be viewed as random quantities and so are the inclusion probabilities

and the survey weights.

There are reasons to view weights as random quantities even in a simple case like the
stratified simple random sampling where the design variables (i.e., strata indicators)
are known for all population units and can be regarded as fixed quantities. New
information often becomes available after the sample is collected and this information

can be more efficiently taken into account if weights are viewed as random variables.

In addition, in the presence of nonresponse, it is not possible to know with certainty

the factors that determine the probability of response.
We use the CES survey to further motivate the discussion.

First, as noted earlier, the population of businesses is very dynamic. The snapshot of a
population at the time of sample selection is only suggestive of the status of the
population at the time of estimation. The variables involved in the CES survey design
change: establishments constantly grow or contract and sometimes they also change
their industrial classification or geographical location. In particular, the number of
population units is not fixed, it continuously changes over time: thus, it is not possible
to know the number of units in individual strata, and even the total number of the

current population units is not available.

Second, extreme survey weights may cause observations to become highly influential
and have a detrimental effect on the estimate, thus prompting the search for a

procedure that would reduce the weights of such units.
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The above two points are related. The weight depends on a unit’s size class at the
time of sample selection. However, the unit may belong to a different size class at the

time of estimation or the content of the original size stratum may change.

A procedure of weight reduction or “smoothing” can be properly justified by
regarding the weights as random rather than fixed non-random quantities. Therefore,
we assume a general model-based framework that views both the study variables and
their survey weights as random quantities. Such approach to inferences from survey
sampling was introduced by Pfeffermann and Sverchkov (PS or SP, hereafter) in a
series of papers (PS 1999, 2003, 2007, 2009; SP 2004). This is a model-based
approach in the sense that the finite population values are viewed as random variables
from a superpopulation distribution. The weights are incorporated into the estimation

to account for informativeness of the design.

1.3.5 Treatment of extreme observations in surveys

There is a difference in what is usually called an outlying observation in survey
sampling from that in other fields of statistics where the inference is made with
respect to an assumed model. In general regression analysis, outliers may occur in
values of the analysis variable (i.e., y-values). An outlying value may be interpreted
as a gross error in measurement or as a valid observation that comes from a somewhat
different parametric distribution than the bulk of the sample. Outliers are also
possible in the values of the explanatory variables (i.e., x-values). This sort of
outlying observations is usually called influential points rather than outliers. The

name originates from regression analysis where inference is made conditional on the
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values of the explanatory variables; in experimental design, for example, the values of
the design variables are not random and the outlying x-values are not necessarily
“bad” points but are deliberately chosen by a scientist to reduce the variance of
estimates of the model parameters. (Similarly, the sampling weights can be treated as

a sort of “design variables™.)

Strictly speaking, following this logic, from the design-based perspective, the notion
of outlying values in survey estimation is meaningless (unless it is a reporting error)
because the measurements under the design-based approach are viewed as non-
random quantities. The suitable alternative is to call the unusual observations
influential points. Nevertheless, the word “outlier” is routinely used in surveys even

when inferences are based on the randomization distribution.

In their discussion on foundations of survey sampling, Hansen, Madow, and Tepping
(1983) suggested that an outlier, from the design-based perspective, should be either
removed from the sample (presumably, for a reporting error) or that its weight must
be reduced. However, as noted in the paper, with such intervention “sampling error is
not readily interpreted.” Indeed, basing solely on the design-based theory, there is no
justification for either of these actions. A rationalization of such adjustments would
involve certain modifications to prior assumptions, thus, making these assumptions
explicit. This means that the purely design-based approach, that considers population
values to be fixed quantities, is unsuitable for inferences from a procedure involving

treatment of extreme observations.

The model-based oriented authors, on the other hand, recognize the importance of

outliers for finite population inferences. Chambers (1986) distinguishes between
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representative and nonrepresentative outliers. Nonrepresentative outliers may be
caused by an error in measurements or they may be genuine values that are not
representative of other units in the population. Representative outliers are true reports
that may be similar to other population units not present in the sample. There is an
overtone in this definition hinting on imperfections of the sampling design that have
lead to the observed sample. Indeed, one proposed scenario to deal with this problem
is to assume that the outlying observations come from a separate stratum with a
higher variance than the rest of the sample (see also Box and Tiao 1968, Huber 1981).

We can read it as the call for weight adjustment.

We now stop this philosophical-linguistic digression and briefly review some

methods for dealing with extreme sample values in surveys.

Lee (1995) describes two general reasons that an observation may be called outlier in
survey sampling: it may have an extreme reported value, as compared to the bulk of
the sample, or it may have a large sampling weight even though its reported value
may not be extreme. In either event, an observation may not automatically be
influential for a given survey estimator. First of all, the influence varies depending on
the form of the estimator; second, it is the combined effect of an observation value

and its survey weight that determines the influence of a given observation.

It is well known that the survey weighted estimator is design-unbiased (e.g., the
Horvitz-Thompson estimator of the population mean) or nearly design-unbiased (e.g.,
the ratio estimator). However, its design-variance may be inflated because of a few
influential observations. Downweighting the extreme points may introduce some bias,

but it is usually aimed to reduce the design-variance, such that this “variance-bias
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trade-off” strategy aims to reduce the mean squared error (MSE) of the estimator (see

also discussion in Lee 1995).

Winsorization is a technique often used to reduce the effect of extreme units. In this
approach, the values of observations on the tail of the distribution are reduced to a
point between their original value and some predefined cutoff level. Kokic and Bell
(1994) applied this approach in the stratified sampling design to reduce the influence
of the outlying observations on the expansion estimator of the population total. They
developed a method of choosing a set of cutoff values for each stratum which is

optimal with respect to the design MSE of the resulting estimator.

Chambers (1986) considered estimation of the finite population total using the best
linear unbiased estimator (BLUE) under the linear regression model. The approach
does not use survey weights; instead, the model uses the auxiliary information
associated with the population elements, including the survey design information,
such as, for example, their measure of size. Robust estimation methods (see Huber
1981) developed for samples from an infinite population can be adapted to estimation
of the finite population parameters. However, in contrast with the classic infinite
population theory, when dealing with the finite population prediction, one has to
account for the possibility that the finite population itself contains outliers with
respect to the model under consideration. This is an important distinction of the finite
population estimation: “effectively, in a finite population problem, we need to predict

extreme as well as typical observations” (Welsh and Ronchetti 1998).

Since the outlying units encountered in the sample may be similar to some of the

extreme non-sampled units, it is more sensible to give an outlying sample observation

17



a smaller weight rather than simply discard it. To accomplish this, Chambers (1986)
proposed a decomposition of non-sampled prediction into two parts. The first term
corresponds to an estimate from the model assuming it holds; the model parameters
are estimated using some robust method under the assumed model. The second term
is an estimate of the difference between the true total of the non-sampled part and its
expectation under the model. The degree of constraint put on the outlying
observations depends on the choice of the estimator for this difference. Chambers

(1986) considered possible strategies in choosing the estimator.

1.4 Estimation under informative sampling (Pfeffermann and

Sverchkov approach)

In this Section, we briefly review the details relevant to the application of the
approach developed by Pfeffermann and Sverchkov to prediction of the finite

population means.
The finite population values {yj,x iz j,j=1,...,N} are realizations of vectors of

random variables having the probability density function (pdf) fy, (y i XjZj ), where

yj is a study variable, X is a vector of auxiliary variables, and z; is a vector of

design variables; the subscript U signifies the superpopulation distribution. The

sample values of the study variable y; have conditional pdf

fs(yj |xj)= fu (yj X, eS), where S denotes the set of the sample units. This

conditional (on the inclusion into sample) pdf may differ from the population pdf
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fu (y jlx j). The relationship between the two pdf’s can be obtained using Bayes

formula:

Pr(1j=11y5.x;) fu (v Ix))

: (1.4.1)
Pr(lj :1|XJ)

fs (vjlxj)=

where | =1if jeS and 1;=0 if j&S.

Let us examine the relationship (1.4.1). Under a model over the population units, the

goal is to predict the parameters of interest of the distribution f (y jlx j) given the

available data. One could estimate the parameters using the sample data as if the same

model were true for the units in the sample. However, unless the probabilities

Pr(lj =1] yj,xj) and Pr(lj =1|xj) are the same for all y;’s, the two distributions,

PI‘(|J :1|yj,XJ‘)
Pr(IJ =1|X])

fs(yj|xj) and fU(yj|xJ—), are different. The factor Q(Yjaxj)Z

provides a mapping between the sample and population pdf’s.

Remark. Note that the vector of design variables z; is not used in the formula

(1.4.1). The design variables, in general, are not intended to be used for inference.
They are used at the design stage but, for various reasons, may not be available to the
analyst at the estimation stage. For example, they may be masked due to

confidentiality constraints. See also the relevant discussion in PS (2009). Note,

however, that the auxiliary variables x; may account for some or all of the design
information. If the design variables were known for all units in the population, then

conditioning on Z; = {z joi=L..., N} would fully determine the values of probabilities
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in (1.4.1), Pr(1j=1]yj,xj,2y )=Pr(1j=1]xj,2y )=Pr(1j=1|2Zy ) =7}, where 7j’s

are the sample inclusion probabilities. In such a case, the design process is ignorable

for estimation:
fs(yj |XjaZU)= fu (Yj |Xjazu)-

Whether the design information is known or not, it is convenient to use a general

approach and regard the inclusion probabilities 7j’s as random under a

superpopulation model, with pdf f (ﬂ' i ) .

PS (1999) showed that the marginal probabilities are equal to the respective

conditional expectations, Pr(lj =11Yj.X; ) =Ey (ﬂ'j | yj,xj) and

Pr(1j=1|xj)=Ey (7 |x;). The formula (1.4.1) becomes

Eu (”j |Yjaxj)fU(Yj |Xj)

fs(vjlxj)= NETS (1.4.2)
The formula
Eu(yj|xj):w, (1.4.3)

Es (wjIxj)
where W, =1/7rj, relates the expectations over the population and sample
distributions (PS 1999).

Remark. It is important to emphasize that this is a model-based approach; in
particular, the sample distribution is not the distribution over all possible samples as

in the randomization approach in surveys. The sample distribution is obtained from

20



the superpopulation distribution by conditioning on the event of inclusion into the
sample. The sample measurements as well as the inclusion probabilities (and the
survey weights) are considered random variables and can be described using a model.

See discussion on this point in PS (2009).

1.4.1 Prediction of the nonsampled values based on the sample-
complement distribution
The prediction approach in survey sampling uses a model that holds for the sample

units to predict the study variables for units outside the sample. If the sampling is

informative, however, the distribution in the non-sampled part of the population
(sample-complement) has pdf fC(yj |xj)=fu(yj|xj,je8) that is, in general,

different from the distribution in the sample (the subscript C signifies that

distribution is over the sample-complement).

This difference must be accounted for. The following formula relates expectations

over the sample and sample-complement parts of the population:

Es ([w; ~1]y;1%;)
Es (wj ~11xj)

Ec(yjlxj)= (1.4.4)
(SP 2004).
B N
Suppose the target quantity is a finite population mean Y = N_IZy j- SP (2004)
j=1

showed that the expectation E (\7| DS) of Y over the population pdf given the data
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Ds = {(yi ,W;),ieS and ( Xj, J) jeu } , 1s the optimal predictor (minimizing the mean

squared error with respect to the population pdf given the data) and

(Y|DS)—f—z yj+ +(1-1) N—Z EC(yJ|x ) wherefzﬁ (1.4.5)
jeS jeS

where f =%, (follows from SP 2004, eq. 3.2)

Using the identity (1.4.4),

1 Es([ ]y1|")
VD)= f L +(1-f 1.4.6
Ey (YDs) JEZ‘éyJ )N_n% E (v ,-—llxj) (1.4.6)

Equation (1.4.6) suggests that the finite population mean can be predicted using a
model over the sample units.
Example 1 In the absence of auxiliary information x;j for the non-sampled units,

(1.4.6) can be estimated from the sample using the sample mean as an estimate of the

expectation Eg:

> (wj=1)y;
—f—ZyJ -t (1.4.7)

N jes Z(Wj —1)

i=1

(see SP 2004, eq. 5.2)
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Example 2 Consider stratified simple random sampling and suppose vector X

consists of the design information for all population units, that is, x;=h;, where

hj =1,..,H, j=1,...,N. The sample weights are Wy, =

In this special case, the formula (1.4.6) becomes

Es ([Whj —1]yhj |h; =h)
ES (Whj _1|h.| =h)

- (AN
Eu (Y\Ds)=ﬁz MY +(Nh —np)
h=1

1 H
NZ[nhyh+ Nh—nh)ES(th |h —h):| (148)
n
where Vi, =gl Zh: Yhj - We used the fact that

ES (|:Whj —1:| yhj | h] = h)Z(WhJ —1)ES (yhj | hJ = h) and ES (Whj —1| hj =h)=Whj —1.
We can estimate expectation Eg (yhj |hj = h) by the sample average in stratum h.

Then, the estimate of (1.4.8) is

H

L
Nh

A

Y:

N
[P ¥h + (N =y yh]— 5 “va

-1 N5 5

which is the standard estimator of the population mean for a stratified simple random

sampling design.
Example 3 (Example 2 continued) We can approach the estimation of (1.4.8) by

using a model assumption to obtain the estimate of Es(yhj |h; =h). Since the
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sampling is noninformative inside strata, the same model holds for the population and

sample data. For example, we can assume a two-level model:

ind

Yo |ty ~ N (Iuh,o_z)

(1.4.9)
py~N(p,7%),
h=1,..,H.
This model leads to the following estimate:
~ 5 H
Y =N (ny,+(N,—n) ), (1.4.10)

h=1

where

-1
_ . r’ 1 1
=7V, +(1- =Y - ——— IV
My = VY ( Vh)yh Yh = +an1 5> Yh = {§(72+nh102)} {2(2‘2+nh102]yh}

Note that (1.4.10) is the same estimate as the one used in Ghosh and Meeden (1986)
or Elliott and Little (2000) (see the exchangeable random effects model, other models
are also possible). Ghosh and Lahiri (1987) obtained the same formula without the

normality assumption.

Discussion: The survey design may not be efficient for a variable of interest for
several reasons (e.g., cost constraints, multipurpose survey designed to meet several

goals, or simply because at the design stage the actual values of the study variables,

Yy 'S » are not observed). At the estimation stage, after y,;’s have been observed, it

may be desirable to adjust the inclusion probabilities (and survey weights) for a more

efficient estimation.
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With this in mind, result (1.4.10) can be re-written as
Y =N WDy, (1.4.11)
himl

The weights in (1.4.11) have a composite form W, =yw,+(1-y,)W, where

1

-1
- 1 T
W= {Z[mﬂ {Z[ijh } They depend on the distribution of Y,

h h h O

’s through the parameters z° and o . Thus, the original weights are modified based

on the observed values of the study variable Y, . One must be careful in making the

modeling assumptions, however, as they may lead to biased estimates. For example,
if variances are different across strata, the estimator based on model (1.4.9) that

assumes equal variances may be badly biased.

The following strategy is often used by survey practitioners: obtain two versions of
estimates, with and without weights. If the results are close, it is usually suggested to
use the unweighted version because it is less variable. This method is somewhat ad
hoc and it does not lend itself to an intermediate solution. Treating the survey weights
as random variables allows for a more systematic way to test if weights are required,
to adjust weights by regressing them on the auxiliary information (PS 1999), and, in

general, to use modeling of the weights for a more efficient estimation.
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1.5 The influence function approach

The approach to robust estimation proposed in this paper is based on the influence
function and the first order von Mises expansion. This subsection contains some
exposition of the related theory. We include several simple examples of the influence

function and discuss the ways it can be used in surveys.

Hampel (1968, 1974) introduced the notion of the influence function in infinite
population settings. It measures the effect that small changes in the underlying
distribution have on the estimator. Important properties related to robustness of an
estimator can be derived from the influence function and a robust estimator can be

constructed by imposing constraints on the behavior of the influence function.

As noted earlier, the definition of what observation is to be considered influential
depends on the form of the estimator. For example, an observation may be considered
influential when the estimator is the ratio of two means and not influential when the
estimator is a simple mean. The advantage of the influence function approach is also
in that it provides a way to assess the effect of an observation taking into account the

specific form of the estimator.

1.5.1 The Gateaux derivative and the first order von Mises expansion

Let Y denote a random variable having the probability distribution function F.
Consider a real-valued functional T(F) defined on the space ./ of probability

distribution functions. Let H be another probability distribution function defined on

S
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The Gateaux derivative of T at F in the direction of H is defined as

limT((l_g)F+gH)_T(F):LF(H—F). (1.5.1)

&0 E

Assume that L exists and can be represented as
Le (H—F)= [y dF, (1.5.2)
for some real function ¥/, and let It//FdF =0.

Denote by Sy, a probability measure that gives mass 1 to a given point y;. If we

choose H = 5y,- in (1.5.1) then, using representation (1.5.2), we find that the derivative

would be y (y J- ) The influence function is defined as a derivative of T at F in the

direction of &, as
]

T((1-&)F+e&5, )-T(F
IF (y;,F.T)=lim (( ‘) +8y") ( ). (1.5.3)
>0 ol

It measures the sensitivity of T to inclusion of an observation with the value y; ina

very large sample. Accordingly, it may be more suitably denoted by IF; ; (y J- ) .

See Huber (1981), pp. 37-38.
Let a vector of measurements y =(y,,...,yy ) be a set of N independent realizations

(possibly vector-valued) from the probability distribution F . Suppose a finite

population quantity can be viewed as a real-valued functional T (F ), where F is

the empirical distribution function (edf) corresponding to Y ; the value of the
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functional T at F , i.e., T (F), is the ideal infinite population (i.e., superpopulation)
parameter.

The first order Taylor expansion of T (F, ) in the neighborhood of F, using Gateaux

derivatives (this particular form of the Taylor expansion is called the von Mises
expansion), is

T(F)=T(F)+ N‘lzN:IF(yj,F,T)JrRN. (1.5.4)

i=1

Under suitable regularity conditions, the remainder term R, in the above expansion
is expected to be negligible (see discussion in Hampel et al. 1986, page 85). An

outline of the proof that the order of the remainder term is O, (N _l) can be found in

Cox and Hinkley (1974). While it seems possible to make the statement rigorous for
certain statistical functionals using results presented in Serfling (1976; Problem 3,

page 241, Lemma 6.3.2B, page 223), we did not attempt to do so in this dissertation.

1.5.2 Examples of influence functions

We now present examples of derivation of the influence function in cases of the linear
functional, smooth functions of linear functionals, and for the quantiles of the

probability distributions.
Example 1. The influence function of the linear functional.

Let T be a linear functional. The derivative of the continuous linear functional is the

functional itself. Indeed,
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T((1-¢)F+&H)-T(F)

g

=T(H-F).

For example, the derivative of u=T (F) = I ydF (y) is
T(H- F)=IYdH (Y)—ﬂ='[(y—,u)dH (y) . and the influence function is

F(y,F,T)Zy_/I-

N
If H(y)=F,(y), then the derivative is T(F,-F —ﬁZ( ) , and the

j=1
influence function is IF (yj ,F, T ) =Y; — 4 (see also Hampel 1974).

Example 2 A smooth function of linear functionals.

For a smooth function of linear estimators, the influence function can be obtained as
the usual derivative of the composite function. Let us, for example, derive the

influence function for the ratio of two means.
Let the finite population values (y,,...Y, ) and (Y,,...Y,,) be realizations of

random variables with cdf’s F; and F,, respectively; let 4, and 4, be their

respective first moments. Consider estimation of R = £ 1t can be viewed as the
Hy

ratio of two linear functionals, i.e., as the composite functional

G(T(Fl),T(Fz)):T(Fl) ,where T(F,)= 4, and T (F,)= s,
T(F)
We write,
R=LC1(F)+L1(F), where =L C_ A
Ot Oty Oty M a,uz Hy
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For empirical distribution functions, as in Example 1, we have

1 & 1 &
:NZ(le’_ #)and T'(F :NZ(yzj‘/’Z)
j=1 j=1
Therefore,
L1 Ml oL oA
Ri= N 2 s =g 2 - ) N;ﬂz(yl, zyzjj

and the influence function is L( Vi — A Y ] )
Hy

Example 3 The influence function for quantiles.
By definition, let q, =T (F)=F~'(a)=inf{y:F(y)>a} be the quantile at level «,
for some cdf F. Assume the positive density f =F' exists in a neighborhood of q,, .

Let F, =(1-¢)F +&H be a perturbed cdf.

T(F,)=inf{y:F (y)za}=inf{y:(1-£)F (y)+eH (y)2 |
=inf y:F(y)Za_lg_Hg(y)}

Therefore, T(F, )= F—l(a_SHj

&

Let us find the derivative:

Let
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I, y<q
H(q“):{o y>qa
> le4

Thus, the influence function is

a-—1

f(a,)’

2 g
f(a,) ‘

IF (y,F,T)=

1
N , Y=¢Q
F . _ 2 f(qOS) o
or the median (¢ =0.5), IF (y,F,T)= |

1
A ) y>q
2 1 (gys) "

(see also Huber 2004, pp.56-57).

The influence function for the median is bounded (as long as f(q,)>0), thus the

median is a robust estimator of the location parameter. Note the distinction between
estimation of the finite population median (and the population quantiles, in general)
and using the median as an estimator of the location parameter under a model. In
surveys with unequal weighting, the estimator of the finite population median
depends on the distribution of the weights. The survey weighted estimate of the

influence function would involve weights of the observations with values Yy <(s,

thus, the estimator is not robust to appearance of extreme weights.
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1.5.3 Applications of the influence function approach in surveys

Finite sample versions of the influence function exist. One way to obtain the sample

version of the influence function is by replacing F in (1.5.3) with F_, and & with

1/n . This version is called the sensitivity curve (Tukey 1970).

Hulliger (1995) defined the sensitivity curve for a sample drawn with unequal
inclusion probabilities. He considers a class of M-estimators to robustify the Horvitz-
Thompson (HT) estimator of the finite population mean. To this end, he describes a
superpopulation linear model that is implicit for the HT estimator. This model

involves an auxiliary variable X; that represents a size measure used to define the
inclusion probabilities 7 ;. The HT estimator is viewed as a functional of the sample

empirical distribution function (edf). The sample edf is itself an estimate that employs
the sampling weights; hence, the sensitivity curve includes the sampling weights (that
are non-random). The influence of an observation on the HT estimator depends on the

residual y; — fX;. Properties of the HT estimator and its robustified version may be

studied using the sensitivity curve. The sensitivity curve is also used to derive the

approximate variance of the estimator.

The approach considered by Hulliger (1995) is not a prediction approach but is
intended to “establish the link to classical robust statistics” in order to robustify the
HT estimator. In the current paper, instead of establishing the “link”, we strive to

produce a model-based approach to robust estimation.

32



Zaslavsky, Schenker and Belin (2001) (ZSB, hereafter) used the influence function
approach in a cluster sample for the 1990 Post Enumeration Survey (PES). They
define the influence function for the finite population and use the empirical influence

function for the sample units. The population is defined as a set of vectors

{(yj,wj ), j=1..., N} having distribution G that assigns mass 7= l/Wj to each unit

J in the finite population. The influence function of a unit (yj,wj) on a functional

Q on G is defined by analogy to (1.5.3) as

|F((yj,wj)»G,Q)zlimQ((l_g)G+g§(y"’wj))_Q(G).

>0 E

The corresponding sample version of the influence function is obtained by replacing
& with 1/n and G with G, , where G, assigns mass 1/n to each (yj,w.) in the

]

sample.

Consider a finite population quantity T (FN ) , where the distribution F puts mass

l/ N on the finite population values y i»J=L..,N.Let F be the weighted empirical

cumulative distribution function that assigns mass W; / ZWJ- to a sampled value
jeS

Y;»J€S. The goal is to define the influence of a unit j on the survey weighted

estimator T (F

n

) of the target T(F,). ZSB note that Fy maps to F, by the same

mapping as G maps to G,. Therefore, the influence of a sample unit j on an
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estimator T (F,) of T(F,) is the same as the influence of the unit on an estimator

Q(G,) for Q(G).

The form of the empirical influence function considered by ZSB is similar to the form
of the estimated influence function proposed in the current paper. However, our
justification of the method is different. Our approach differs from Hulliger (1995) or
Zaslavsky et al. (2001) in that we do not use a finite version of the influence function
(such as the sensitivity curve): we view the finite population quantity of interest as a
functional of the finite population edf, derive the influence function with reference to
the ideal superpopulation (infinite) distribution function and then estimate it using a

sample.

As suggested by Hampel (1968, 1974), there is a close tie between the influence
function and M-estimators and “this opens many possibilities of defining new
estimators with prescribed properties.” ZSB fit a long-tailed distribution to the
influence statistics, thus determining the adjustment factors to reduce the effect of the
influential clusters. They derive a robust estimator directly from the analysis of the

influence function by employing the t-distribution and M-estimation (Huber 1981).

The use of the multilevel or hierarchical Bayes modeling, e.g., utilizing mixture
models, may be a good way to approach the estimation. Hampel et al. (1986) define
the robust estimation approach as lying between two extremes, the fully parametric
and the non-parametric approaches to estimation. Although a model should be
explicitly stated in a mixture model approach, the flexibility of the mixture modeling

places it “between the extremes.”
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In their modeling, ZSB deal with the combined effect of the survey weights and
unusual data values. This is important in samples with differential weights because it
is often a combination of moderately high weight and outlying data that creates an
influential point. We explore the same idea of combining the survey weights and the
sample measurements and use the product as a one-dimensional random variable. It is
also possible, within the same general framework, to approach the problem by
analyzing the two-dimensional variable that includes data value and weight as the two

components of the random vector. This approach is not pursued in this dissertation.

1.6 Robust small area estimation

Complex surveys are usually designed to collect enough sample units from a
population of interest and make estimates of population quantities based on this
sample with a satisfactory precision; however, at a progressively finer level of detail,
where the sample is sparse, direct sample based estimates are not reliable anymore.
The problem of estimation at such detailed levels is known as the small area

estimation (SAE) problem.

Small area estimation generally relies on some, implicit or explicit, modeling
assumptions. Robustness here is often understood as insensitivity of the estimator to
model misspecification. For example, Ghosh and Lahiri (1987) obtained the linear
Bayes estimator of a small area mean using the so called posterior linearity
assumption under which the posterior mean is a linear function of the observation.
The resulting linear empirical Bayes estimator of the small area mean is, however,

identical to the normality-based empirical Bayes estimator demonstrating its
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robustness within the class of Bayesian models covered by the posterior linearity

assumption.

It may happen that a model explains well the bulk of the data, yet a few observations
do not fit into the model. Such observations may adversely affect estimation of the
model parameters. This calls for development of methods of estimation that are
robust to the appearance of outliers, and several outlier resistant methods have been
proposed in the SAE literature in recent years. Heavy tailed distributions, such as
Cauchy or t-distributions, offer some protection against outliers. In area-level
settings, Datta and Lahiri (1995) considered a general case of the scale mixture of
normal distributions and studied the behavior of the Bayes estimator asymptotically,
when a single outlier is extremely large. They showed that the Bayes estimator for an
outlying area approaches the direct estimator for that area while retaining shrinkage
for the non-outlying areas. Robust area-level models involving the t-distribution were
also considered by Xie et al. (2005), Huang and Bell (2006). Ghosh et al. (2008)
introduced a robust approach using the influence function in the context of area-level

models.

We consider an outlier robust approach to estimation in unit-level models. In a
simulation study in Chapter 3, we compare the proposed model with approaches of
Fellner (1986), Chambers and Tzavidis (2006), and Sinha and Rao (2008). We now

review in some detail these methods of robust small area estimation.

Under the prediction approach to surveys, an estimator of Y_m , the small area m mean,

is given by
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A

Vo=t Y, + (- 1)V (1.6.1)

mr»>

Ny, . .
where m=1,..,M; y, =n.'>"y,. is the sample mean, index Mj denotes observation
=

j from area m, f, = N,;lnm, N, and n, are the number of area m population and

M M .
sample units, Z N, =N; Z Nm,=N; Y, is a model-dependent predictor of the mean
m=1 m=1

of the non-sampled part of area m.

In particular, the predictor Y_mr can be obtained based on linear mixed model

assumptions. The linear mixed model for the vector of observations y is given by

y=Xp+Zu+e, (1.6.2)

M

wherey = (y,,-» ¥y ) > ¥ =(yml,...,ymnm )T; m=1..,M; > n, =n; Bz(ﬂl,...,ﬂp)T

m=1
is a vector of parameters;, u= (ul,...,uM )T is a vector of random effects;
u~N(0,D); e~N(0,R); u and e are assumed to be mutually independent; X is
an NX P matrix of known auxiliary variables; Z. is an NxM known design matrix

for the random effects; X =R +ZDZ' is the variance-covariance matrix of y. It is

assumed that the variance-covariance matrix is parameterized by some vector of
. T
variance components 0 =(6,,....6_) ,E=X(0).

An important special case of the linear mixed model is the nested-error regression

(NER) model considered by Battese, Harter, and Fuller (1988). In the case of NER,

R=0"1, and D=7’I,,. The model can be written as follows:
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.
Ymj =X +Uy +&5, (1.6.3)

iid iid
U, ~N(0,7*) and & ~N(0,07), (1.6.4)
i=L.,n,,m=1..,M,

where x.,; is a vector of auxiliary variables for an observation (mj), B is the
corresponding vector of parameters. The distribution of the random effects u,
describes deviations of the area means from values xInjli; &my are errors in individual
observations.

Assume that sampling is non-informative for the distribution of measurements Y,

given the auxiliary information X . The best linear unbiased predictor (BLUP) of Y,

under the linear mixed model has the form

>

Il
|
E!
=
+
[ =y

(1.6.5)

mr m?

Ny, A _
where X =(N, -n)™" > xp;5 B= (XTZ‘IX) 'X"x"ly is the best linear unbiased

j=n,+1
estimator (BLUE) of P ; the best linear unbiased predictor (BLUP) G of u is given

by 6=DZ'X" (y - Xﬁ) . In the case of NER, BLUP of u,, is spelled out as

2
~ T

(Y — X0 (1.6.6)

- o2 /ny, + 12

When the variance X is unknown, it is estimated from the data producing the

empirical best linear unbiased predictor (EBLUP) for Y_ .
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There may be some areas that do not fit the assumption on the random effects U, .
We will call such areas outlying areas. There may also be individual observations that

are not well described by the model assumption on the error terms & . Such

observations will be called individual outliers. The influence of outliers on estimation
of the model parameters can be reduced by using bounded influence functions for the
corresponding residual terms when fitting the model estimating equations. This
approach was taken by Fellner (1986); a modification of Fellner’s approach, also

involving the bounded influence functions, was proposed by Sinha and Rao (2008).

Fellner (1986) proposed to solve simultaneously the following set of estimating

equations:
X'R*¥ (R (y—XB-Zu))=0 (1.6.7)
ZTRfl/Z\I;(Rflﬂ (y-XB- Zu)) _p 'y (D—l/zu) —0, (1.6.8)

where ‘I’(u) = (t//b (ul),...,g//b (uM ))T , Wy (um) is a bounded function; for example, it
can be Huber’s function (U, )=min(b,max(-b,u,)), where b is a tuning

parameter, with a usual choice of b=1.345. The equations are solved iteratively.

Consider, for simplicity, the case of the nested-error regression model, where the
: T . :
variance components are 0 :(02,72) . The variance components are estimated at

each iteration step k+1 as

22k41) _ 2200 T (f—l(k)ﬁ(k))T(T"*l(k)ﬁ(k))/h(M _V(k)) (1.6.9)
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(1.6.10)
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where &¥ =y—X|§(k)—Zﬁ<k), vt ,T® is formed by M last rows and

Rfl/ZX R71/2Z

columns of the matrix (CTC)_I, where C:[ 0 N~

j; the constant h is

h= E[l//b2 (U)J, where U~ N (0,1). It depends on the tuning parameter b and is
h(b)=F, (b*)+b*(1-F, (b*)).

Sinha and Rao (2008) propose to start from obtaining the estimates of the variance
components from a marginal model. For this, the following estimating equations are

to be solved:

XU (r)=0 (1.6.11)
bl (r)UWE’la—ZE’IUl/Z‘I’(r)—tr 21 Z |0, (1.6.12)
o6 26

where r=U"?(y-Xp), U=diag(XZ), ¥(r) is defined similar to the bounded
function of Fellner’s approach, and K=hl, with h as in Fellner’s approach. The

equations (1.6.11) and (1.6.12) are solved using the Newton-Raphson algorithm.
After the robust estimates of parameters are obtained, they are plugged into the
equation (1.6.8) to obtain the robust prediction of the random effects using the

Newton-Raphson algorithm.
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The predictor for Y,, based on such a robustified fitting of the linear mixed model
(using either Fellner’s or Sinha and Rao’s algorithm) is called the Robust Empirical

Best Linear Unbiased Predictor (REBLUP):

JREBLUP _ —T AREBLUP ~REBLUP
Y REBLUP — % B + GREBLUP (1.6.13)

An alternative to the mixed model approach to robust SAE is based on M-quantile
regression, which is a generalization of the quantile regression technique. This

approach was proposed by Chambers and Tzavidis (2006).

In M-quantile regression, a separate set of linear regression parameters is considered
for quantiles 4 of the conditional distribution of Yy given X. The M-estimator of

the vector B, of the ( th quantile regression coefficients is a solution to estimating

equations of the form

M n,
2> g (g o =0, (1.6.14)
m=1 j=1

where Fniq = Ymj — XmiBq are residuals,

y/q(rmj’q)=2y/(salrmj,q){ql(rmj’q>0)+(1—q)|(rmj,q30)}, v is a bounded influence
function, S, is a robust estimate of scale. For example,

s, = med ‘rjq —med (rjq )‘/0.6745. Denote the quantile of an observation (mMj) by 0y .

The second step consists of finding the average quantile of the observations in each

nm
area m as Q, = n,;Iquj . The estimate of each area’s slope B, is determined by the
j=1
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value of the area’s average quantile @, By° =B, - The M-quantile estimator of
Y, is given by

A

yMQ g7 gMQ, (1.6.15)

Outliers may suggest a real finite population structure that is not described by the
assumed base model. Such representative outliers (using Chambers’ 1986
terminology) carry important information and it would be unwise to ignore it and rely
only on the base model. In the non-SAE settings, Chambers (1986) proposed to apply
a bias correction to the initial estimator, where the initial estimator is based firmly on
the assumed working model while the bias correction is an estimated mean of
residuals after relaxing the modeling assumptions. The bias correction idea in
application to SAE is to add separate bias correction terms to the initial predictors for
each area, a method explored by Chambers et al. (2009). The drawback of such
adaptation of the non-SAE methodology is that inevitably the estimation of the bias
correction terms for small areas would be based on small samples, potentially leading

to inefficient estimates.

We next describe the bias correction approach proposed by Chambers et al. (2009).
The estimation consists of two steps. First, find robust estimates using any outlier
robust estimation method, for example, one of the approaches described above.
Second, estimate the bias of the initial robust estimate using, again, an outlier robust
approach but with different tuning parameters in the bounded influence functions.
The purpose of the second step is to “undo” the effect of a possible model

misspecification imposed at step one. The second step boundaries for the influence
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function should be wide enough, promoting more reliance on the data rather than on
the model assumptions. The final estimate is the sum of the robust estimate computed
at the first step and the bias correction term computed at the second step.

Let @) be some bounded function. It can be Huber’s function
3 (r) = min(c, max(—c, I’)), where the tuning parameter Cis chosen to be relatively

large; for example, c=3.

The bias-corrected version of REBLUP (either Fellner’s or Sinha and Rao’s

approach) is
. . n, y. — x| BREBLUP _ jREBLUP
V"REBLUP+BC _ GREBLUP | —1\" REBLUP /| Ymj ~ Xmj m
Y onrest —y ¥ +n Y s g TR (1.6.16)
j=1 Sm
The bias-corrected version of Chambers and Tzavidis’ approach is
“MQ+BC _ oM 2 o [ Ymi ~ Xmibme
VA va -1 mj mjPm
Y orBe =Y N 4 1y sy ST | (1.6.17)
j=1 SmQ

Here s o-"and s¥® are some robust estimates of scale for the respective sets of

residuals in area m. For example, for the REBLUP residuals

eRFBLUP =y - x[BREBRYP —gREBLUP 1 the  estimator for the scale can be
st = med | — med (e )‘ / 0.6745;  for  the  MQ  residuals

em® = Yy — X1 Bn<, one can use the estimator s'¢ = med

ehi? —med (en® )| /0.6745.
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Chapter 2: Robust Estimation in Moderately Large Samples

In this chapter, we consider estimation of the finite population parameters in
moderately large samples. At the first step, the finite population quantity of interest is
approximated using a first order Taylor expansion. We would like to emphasize that
at the first step we deal only with the finite population rather than the sample: thus,
the precision of this approximation depends only on the size of the population and
does not depend on the sample size. The finite population is usually large enough to

ensure that the linearization provides a good approximation of the target quantity.

We also note that even though we view the population units as random realizations
from superpopulation distribution, at the first step, we do not assume any specific
model and only require that the finite population quantity of interest be sufficiently
regular to admit a Taylor expansion and the population measurements should be

independent.

At the second step, we re-express the quantity of interest in terms of the expectation
under the sample distribution, see (2.1.6) below. After that point, we start making

modeling assumptions based on the observed sample.

In Section 2.1 we discuss the idea of linearization in its general form and in Section
2.2 we apply it to the CES estimator. In Section 2.3, we discuss Winsorization and the
way to choose the cutoff points leading to an estimator with a reduced mean square
error. We present several simulation examples that demonstrate the importance of

taking into account the sampling design. Simulation results using several scenarios

44



for the finite population distribution are presented in Section 2.4 and mean squared

error estimation is considered in Section 2.5.

2.1 Linearization of a finite population quantity

Assume that a vector of population measurements y =(y,,...,y,) is a realization
from some probability distribution F (a superpopulation distribution) (in general,
each y; is a vector of measurements on a unit j); P is a set of population units and
S is a set of sampled units; N and N are the numbers of units in the population P
and the sample S , respectively.

Let F, denote the edf of the finite population P . Suppose we are interested in
estimating the finite population quantity T (F, ) defined as a smooth function of the
finite population means. T (Fy ) is assumed to be sufficiently regular to be linearized

near F using the Taylor expansion
T(F)=T(F)+N" X IF (v;)+Ry, @.1.1)

where T (F) is a superpopulation parameter and IF. ; (y ) is the influence function

J

of the functional T (see (1.5.4)).

As noted in Section 1.5.1, under suitable regularity conditions, the remainder term is
small. Let us drop the remainder term in (2.1.1) and redefine the population quantity

that we target in our estimation to be
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T(R)=T(F)+N" Y IR (y;). 2.1.2)

Given the population size N is large, this quantity differs from the ideal target,

T (Fy ), by a small value.

For the moment, we suppose that the parameter T (F ) is known. The terms 1F ; (y j )

can be viewed as generalized residuals, representing the difference between the

population observation y; and the parameter T (F). Thus, the second term on the

right hand side of (2.1.2) represents the mean difference between the population units

and the value of T (F ). This difference is to be estimated using some robust method

(for example, the Winsorization approach is considered in Section 2.3.)

To estimate T (F, ), let us equivalently re-write (2.1.2) as

T(F)=T(F)+20,+ =g, 2.13)
N N

where

o

Uy ==Y IF+(y;) (2.1.4)
N jes

and

o

Ue = 2 IFer (v)) 2.1.5)

—jeC

are means of the influence function for the observations that are included, (2.1.4),

and not included, (2.1.5), in the sample.
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Under the prediction approach to inference in sampling from finite populations, the
goal is to predict values in the sample-complement part of the population, C , using

the sample measurements. In our formulation, the problem is to predict the value of

U..

The distribution of the sample measurements may differ from the distribution of the
population measurements. If this is the case, it is important to account for the

difference in order to avoid estimation bias. We employ the general result (1.4.4) to

predict U, by estimating the sample-complement expectation E. [IFF’T (y J. )} from
the sample.

Using (1.4.4), the population quantity can be expressed as

T(F)=T(F)+ fU, +(1f)ES[%IFFI(yJ)] (2.1.6)

The estimator of T (F, ) takes the form

—

A 1< E . .
F,)=T(F f=>0 +(1-f = 1.
(F)=T(R+ 1530, +0- =g = @.17)

where U; is an estimator of IF_; (yj)and depends on a choice of T (F,); Eg[]

denotes an estimator of the expectation E[-].
Remark. Chambers (1986) used decomposition somewhat similar to (2.1.3) in

estimation of finite population totals under linear model assumptions (in this case,

T(Fy)=T(F,)). The first part of the decomposition involves an outlier-robust
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estimator under the assumption that the model holds exactly. The estimator that
reduces the effect of outlying observations may be biased if the finite population itself
contains outliers, in other words, if the assumed model does not hold exactly. Since
the sample outliers may be representative of similar units in the finite population, they
should not be completely neglected. Thus, the last term of the decomposition
estimated the difference between the “true” population value and the corresponding
expectation under the model. It can be interpreted as a bias correction term, where the

“bias” is understood as a difference between “truth” and the model assumptions.

When the sample is (moderately) large, we may use a survey weighted estimator (or

some design consistent estimator) for T (F ). As noted earlier, often this estimator is

sensitive to outliers. The outliers may be viewed as indicators that the implicit model
underlying the use of the survey weighted estimator is “misspecified”. From this

point of view, the other terms in (2.1.7) are meant to correct for bias.

The expectation Eg [] does not have to be estimated as a sample arithmetic average.

Some modeling methods can be used to find an estimator for the last term in (2.1.7)
Auxiliary information, if available, can also be used in modeling the last term in

2.1.7).

2.2 Application: Estimation from large samples in CES

We now consider in some detail the CES estimator of the relative monthly

employment growth. The target finite population quantity is
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2 Vi
jePR
_JR 2.2.1)
" D Vi

jeR
where

P, is a set of a population establishments having non-zero employment in both
previous t—1 and current t months; Y1 Y. are the previous and current month’s

levels of employment in establishment ] , respectively.

Consider a superpopulation parameterization. For a given month t, consider the set of

finite population observations {(y i Y )| jePR } to be independent realizations of

a random vector (Y,,Y,) having some unspecified probability distribution F_,;.

Denote by (6,_,,6,) a vector of means of (V,_,,Y,). The superpopulation parameter of

t-1> 't

interest is a function of the superpopulation means (6_.6,):

T(F)=T(4

t-1°

0
@;F)Ze—t-
t-1

The influence function is

6, 6,

t-1 t-1

1 6,
U =1F; (yj,Ha yj,t):_{yj,t __tyj',u] (2.2.2)

(see Example 2 in Section 1.5.2).
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Note that N is unknown and is estimated as N = ZWJ- . The sampling fraction is
jeS

z A
A n . 4 ]2t
estimated as f = W Let R =3 be the usual WLR estimator (as defined in

l 2 WY

jeS;

Section 1.2.2) and let

D WY D WY,

g oS d _des
0., z W, an Ht Z m
ieS je$
Let
S . .
Uj = (yj,t _Rt yj,t—l) and W= Z]ES W ZjeS‘ ij¢l . (223)

-1 W; #1

Following (2.1.7), the estimator, in its general form, is

Zn: +(1-f) B[ ( =)0 (2.2.4)

*l W_l ’

3|,_

Remark. Until now we made no specific assumptions about the underlying

distribution. In fact, this formula can be viewed as a pure identity: in the case where

the expectation ES [(W |~ 1) a J is estimated as a sample arithmetic average, the usual
WLR estimator is recovered.

The expectation does not have to be estimated as an arithmetic average. Similar to

Zaslavsky et al. (2001), we combine (; and w; into one variable U = (Wj —1)0 i

A

Modeling assumptions over U} allow for a simple and simultaneous treatment of

extreme survey weights, measurements, or their combined effect. Another possibility
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is to model the weights as proposed by Beaumont (2008) (see also Pfeffermann and

Sverchkov 2007).

In the next subsection we describe the Winsorization approach that is based on very

weak modeling assumptions; thus it is suitable for estimation in larger samples.

2.3 On the choice of cutoff values for the Winsorized mean

Censoring of extreme sample measurements has been used in statistics for a long
time. In this subsection, we discuss Winsorization, a method named after C.P. Winsor
who was one of its first proponents back in the 1940’s. The Winsorized mean is
obtained by, first, replacing the sample measurements exceeding a certain cutoff point
by a value closer or equal to the cutoff, and then taking the arithmetic mean of these

modified sample values.

For symmetric distributions with long tails, the Winsorized mean is a good alternative
to the estimator based on the original un-augmented data (Tukey and McLaughlin
1963). However, when the distribution is asymmetric, editing of the extreme values
may lead to a biased estimator. The goal of Winsorization is to reduce the mean
squared error of an estimator, while accepting some bias. For skewed distributions,
Searls (1966) proved the existence of a region on the longer tail of a distribution with
the property that the cutoff values chosen from this region lead to an estimator with a
reduced mean squared error; for specific skewed distributions, the optimal cutoff

points can be found via a simple algorithm (see an example in Searls 1966).

When the true underlying distribution is not assumed known, the algorithm proposed

by Searls (1966) cannot be applied. A popular practical estimator is the “classical”
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once-Winsorized mean. It is a particular form of Winsorization where the second
extreme value is used as the cutoff point. However, when a distribution does not
possess a “sufficiently long” tail, the once-Winsorized mean is less efficient than the
original mean. Thus, it may be beneficial to test if the tails are “long enough” to
warrant Winsorization. Fuller (1991) suggested that the right (or longer) tail of a
sample distribution can be approximated by the right tail of a Weibull distribution. A
test on the shape parameter of the Weibull provides an answer on the question about
the advantages of Winsorization for a given sample. If the test suggests that the shape
parameter is greater than one, then the once-Winsorized mean has a smaller mean
squared error than the variance of the original sample mean. (It is also possible to
consider other versions of Winsorizing cutoff points, depending on the result of the

test.)

The above two paragraphs suggest an apparent tension between the ease of
implementation and the difficulty in justification for implementation of the
Winsorized mean. We would like to avoid the inconvenience of the latter. Instead of
relying on assumptions about the form of a distribution or on results from testing, we
assume “no more” than that the true mean is known. It could be argued that such an
assumption amounts to tautology since we assert the knowledge of the parameter of
interest. In reality, using a “guess” value that is “reasonably close” to the truth is a
well established practice in statistics, the technique rooted in standard differential

calculus.

To introduce the idea, consider a simple case of n independent observations U,,...,U,, .
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Assume E(uj)=0, Var(uj)<oo.

Let u;(K,L) denote the Winsorized value of u, such that

u; (KoL) =u;+(K=uy) 3, +(L-u;)1,, (2.3.1)
where
J, = Loy and | = L j<L,f0rj:1,...,n.

0, u D0, up =L

Let U= n‘lzn:uj be the original mean and U(K,L)= n‘lzn:uj (K,L) the Winsorized

j=1 j=

mean.

Result 1: Let K and L satisfy, respectively, the equations

K+i(K—uj)Jj=0 (2.3.2)
and
L+zn:(|_—u,.)|j=o. (2.3.3)

Then MSE[T(K,L)]<Var ().

The proof of the above statement is given in Appendix A.

Remark. This result was inspired by the works of Searls (1966) and Kokic and Bell

(1994). One distinction is that these papers are restricted to one-sided Winsorization,

in which the mean U(K):n’IZUj(K) is based on the Winsorized values
i1
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u, (K) =Uu; + ( K-u; )J ; - Second, these papers are tasked with finding optimal values
minimizing, rather than merely reducing, the mean squared error of an estimator.
However, it is not possible to claim optimality without additional assumptions about
the underlying distributions. For example, a solution to the equation

K+(1—ljzn:E(K—uj)Jj=0

n )45

would provide the optimal value K for (K ). However, it includes the expectation

taken at the tail of a distribution. To estimate the expectation, one approach is to
assume a specific form of the distribution, as in Searls (1966). The alternative is to
assume similarity of the current sample to samples from previous years of the same
survey and estimate the expectation from the previous years, the approach of Kokic
and Bell (1994). It is worth mentioning that the assertion of optimality for two-sided
Winsorization would require more stringent assumptions. Result 1 does not state
optimality, but it guarantees, without additional assumptions, reduction in the mean

squared error.

2.3.1 Some simple illustrative examples

In this subsection, we present simple simulation examples that show how the Result 1
works. The R code is provided in Appendix B. It can be easily modified to explore
how the theory works with other distributions and with alternative initial values for

the mean.

We considered four scenarios, for three sample sizes of 50, 100, or 500 observations:

54



(1) normal N(0,1) distribution;

(2) symmetrical mixture of two normal distributions with common mean =0 and

different variances: 97% N (0,1) and 3% N (0,10);

(3) asymmetrical mixture of two normal distributions with different means and

variances: 97% N (0,1) and 3% N (3,10) (thus, the true meanis £ =0.03%3=0.09);

iid

(4) lognormal distribution: log ( Y ) ~N(0,1) (thus, the true meanis = exp(0.5)).

The density plots of the distributions are shown in Figure 3.

For the estimation of x , we used either the sample mean Yy = n*‘Zyj or the
=1
Winsorized mean V(K, L) = n_lz[,uo +U, (K, L)], where u,(K,L) is a
=1

Winsorized value of u; =y, —y,. For the “guess value” r, for the mean u, we
used (i) the true parameter or (ii) the sample average.

We used R=5000 simulation runs and computed bias, standard error, and root mean
squared error as

R

Bias(/fl)=100%2([t(r) ~u),
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where A" is the r-th simulation run of the corresponding estimator (either Y or

~ 1 & ~(r .
y(K,L)) and /“:EZ ,u( ). Also reported are average values of the estimated
r=1

R R
cutoff points: K = %z K" and L 2%2 L

r=1

r=1

N(0,1)
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Figure 3. Density plots of (1) normal N(0,1); (2) symmetrical mixture 97% N (0,1)
and 3% N (0,10); (3) asymmetrical mixture 97% N (0,1) and 3% N (3,10); (4)

lognormal distribution.

Results are presented in Table 1- Table 4.
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True mean as initial guess

Bias SE RMSE[V( K, L)] Cutoff values
Sample size o - o — —
y V(KL | ¥V V(KL) RMSE[V] L K
50 0.18 0.17 14.19  13.76 96.97 -1.46  1.46
100 0.15 0.15 9.97 9.81 98.43 -1.70  1.70
500 0.00 0.00 4.43 4.42 99.67 222 222
Estimated mean as initial guess
Bias SE RMSE[V( K, L)} Cutoff values
Sample size - - — _ —
y v(KL)| ¥V V(KL) RMSE [7] L K
50 0.18 0.18 14.19 14.20 100.10 -1.46 1.46
100 0.15 0.15 9.97 9.97 100.06 -1.70  1.70
500 0.00 0.00 4.43 4.43 100.02 -2.22 2.22

Table 1. Normal N(0,1) distribution. Bias and Standard Error, in hundreds; RMSE

ratio as percentage

True mean as initial guess

Bias SE RMSE[V ( K, L)} Cutoff values
Sample size — _ — _ —
y V(KL | ¥V V(KL RMSE [7] L K
50 0.28 0.27 15.86  14.91 94.05 -1.73  1.73
100 0.23 0.22 11.19  10.72 95.77 212 213
500 -0.09 -0.08 5.07 4.98 98.29 -3.35 3.35
Estimated mean as initial guess
Bias SE RMSE[V( K, L)] Cutoff values
Sample size | < - o — —
y V(KL)| ¥ V(KL) RMSE[V] L K
50 0.28 0.28 15.86  15.38 96.98 -1.73  1.73
100 0.23 0.22 11.19  10.89 97.27 212 213
500 -0.09 -0.08 5.07 5.00 98.59 -3.35  3.35

Table 2. Symmetrical mixture: 0.97N (0,1)+ 0.03N (0,10). Bias and Standard Error,

in hundreds; RMSE ratio as percentage

Normal distribution without contamination does not favor Winsorization. Yet, even in

this case, according to the theory, the Winsorized mean has smaller RMSE when the

true value is used as the initial guess. When the distribution is asymmetric,

Winsorization causes a bias, still RMSE is reduced. There is some loss in efficiency if

the guess value f, is estimated from the same data; as a result, RMSE in the
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estimated mean case is somewhat larger. In the non-normal cases considered in

scenarios 2-4, Winsorization works well even with the estimated initial value for 4 .

True mean as initial guess

Bias SE RMSE[V( K, L)] Cutoff values
Sample size o - o — —
y v(K.L)| ¥V YKL RMSE [V] L K
50 0.37 -1.20 17.38 15.94 91.93 -1.56 235
100 0.32 -0.95 12.26  11.55 94.44 -1.83  3.10
500 -0.05 -0.63 5.56 5.46 98.94 -246 533
Estimated mean as initial guess
Bias SE RMSE[V( K, L)] Cutoff values
Sample size | < — o — —
y V(K.L)| Y V(KL RMSE[Y] L K
50 0.37 -1.20 17.38  16.44 94.83 -1.57 235
100 0.32 -0.95 12.26 11.73 95.93 -1.83 3.10
500 -0.05 -0.63 5.56 5.48 99.26 -2.46 5.33

Table 3. Asymmetrical mixture: 0.97N (0,1)+ 0.03N (3,10). Bias and Standard Error,

in hundreds; RMSE ratio as percentage

True mean as initial guess

Bias SE RMSE[V( K, L)] Cutoff values
Sample size o - o — —
y V(KL)| ¥ V(KL RMSE[V] L K
50 0.34 -7.22 30.76  26.40 88.97 -1.25  4.99
100 0.33 -5.12 21.64 19.42 92.76 -1.33  6.74
500 0.08 -2.09 9.53 9.09 97.79 -1.45  12.28
Estimated mean as initial guess
Bias SE RMSE[V( K, L)] Cutoff values
Sample size o - o — —
y v(K.L) |V YKL RMSE V] L K
50 0.34 -7.22 30.76 27.33 91.90 -1.25 499
100 0.33 -5.12 21.64  19.76 94.29 -1.33  6.74
500 0.08 -2.09 9.53 9.12 98.12 -1.46  12.28

iid

Table 4. Lognormal distribution, log(yj)~ N (0,1). Bias and Standard Error, in

hundreds; RMSE ratio as percentage
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2.3.2 Accounting for survey design when choosing the cutoff points

We now consider the finite population setting and see how Result 1 can be applied in

more complex situations.

In many surveys, the finite population measurements can be viewed as independent
realizations from a superpopulation distribution. Then, according to Theorem 1 of
Pfeffermann et al. (1998), under general regularity conditions, for many common
sampling plans, the sample observations are asymptotically independent with respect
to the sample distribution. (The asymptotic setup requires that the population size
increases to infinity, while the sample size is fixed.) Thus, for many common

situations, the assumptions of Result 1 hold.

Example 1. Probability proportional to size (pps) sampling. Suppose the finite

population values Y;, J=L..,N, are generated as yj =100+5z; +e.2Y* for some

17

id
vector 2=(Z,..,zy) (a “size” variable) and &; ~N(0,9). The target quantity is the

N
finite population mean Y =N‘12yj. A sample of size n is selected using
j=1

probabilities proportional to size z;. Let P{jeS|z}=x,=const-z; and

E, (7r

]

):N‘ln.

Consider the Hajek estimator

where w; = 7rj"‘.
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The influence of an individual sample observation on the above estimator can be

expressed as

u; = . Wj(yj_;uy)a
-1
where 4, is the superpopulation mean of y; and ES(WJ.):[EU (ﬂ'j )] =n"'N.
Thus, u; =nN"'w, (yj —,uy).
The Winsorized estimator is § (K, L)= x, +T(K,L).

At each round of the simulation experiment presented here, values z; were generated
independently from the lognormal distribution with log(z;)~N(0.1), j=L.,N. In
defining u;, we used the true superpopulation value g, =100+54,, where

1, =exp(0.5) is the mean of Z;. We considered two choices of the population and
sample sizes: (1) N=3000, n=30 and (2) N =10000, n=100. Table 5 displays
results from R=5000 simulation runs.
Bias was calculated as
Bias(?):loo iZR“(?“)—\?“)) (2.3.4)
RS ’

where Y denotes one of the estimators considered and the index r signifies the result

of the r-th simulation run . The square root of the mean squared error (RMSE) is

RMSE = 100\/Var(?)+ Bias (7). (2.3.5)
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A

where Var ( y) is the variance over all simulation runs; the standard error is

se(9) =100W.

N=3000, n=30 N=10000, n=100
RMSE| v (K, L RMSE| v (K, L
Bias SE [y( = )] Bias SE [y( = )]
RMSE| ¥ | RMSE| ¥ |
y 46.8 211.7 - 14.6 114.1 -
V(K,L) [481 1775 84.7 283  103.5 93.3

Table 5. PPS sampling, Bias and Standard Error, in hundreds; RMSE ratio as
percentage; 5000 simulation runs

In this example, the Winsorized estimator performs better than the estimator based on

the original data.

Next, we discuss the case of stratified sampling. If stratification is not properly
accounted for and the conditions of Result 1 are not satisfied, the Winsorized
estimator may perform poorly. When a population is deliberately divided into

separate strata based on the information related to the variable of interest, the values
U,...,U, are to be obtained by subtracting corresponding strata means from the

original sample values. The following simulation example demonstrates this point.

Example 2 Stratified simple random sampling (STSRS). Suppose the finite

population measurements are independent realizations from a mixture of two normal

ind

distributions y; ~0.7N(0,1)+0.3N(12,9). The goal is to estimate the finite

N

population mean Y = N‘IZyJ—. The population is divided into two strata
=1

corresponding to the parts of the mixture. A sample of size n is drawn using a

stratified simple random sampling design with equal probabilities of selection.
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Consider two possibilities for forming the u-variables: subtract the common mean
from each observation, u}” =Y, — 4 or subtract separate strata means, ugs) =Y, My
jeh, for strata h=1,2. The variables u}c) do not have mean zero, unless the strata

means are equal.

The estimator based on the original data is Y = n_lz Y; . The Winsorized mean is
jeS

y(KL)=n"2 y;(K.L),

jes

for a choice of cutoffs (K,L). Denote the cutoffs (K(C),L(C)) or (K(S),L(S)),

depending on the way of  constructing uj. Correspondingly,

(KOLL9)=u® (KO,L)+ g, feh,

We used R=5000 simulation runs for each of the two choices of the population and
sample sizes: (1) N=3000, n=30 and (2) N =10000, n=100; the strata sizes are

N,=0.7N and N,=0.3N. (For this simulation example, we use the true
superpopulation values of the parameters ¢ , £, and t, when forming the u-values.

The strata means are 14 =0, £ =12 and the overall mean is #£=0.724+0.324, =3.6.

In reality, these values need to be “guessed” or estimated from the data.)

The simulation results are shown in Table 6. The bias and RMSE were calculated

using formulas (2.3.4) and (2.3.5).
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N=3000, n=30 N=10000, n=100
Bias SE RM—SE Bias SE RM—SE
RMSE(Y) RMSE(Y)
y 0.3 33.5 - 0.0 18.6 -
V(K("),L(C)) 166 30.8 104.5 62 182 103.1
y(KO.Y) |03 301 90.0 01 180 96.3

Table 6. Population 0.7N(0,1)+0.3N(12,9), 5000 simulation runs, (in hundreds)

The results demonstrate that subtracting the overall mean is not the proper way to
form the u-values, because the values defined in such a way are not uncorrelated

under the stratified sampling design. Bias and RMSE of the resulting estimator

y(K(C), L(°)) are high compared to the original estimator Y. On the other hand,

7( K®), L(S)) is clearly an improvement over Y .

2.3.3 Using information not included in the sampling design

Although in many common situations the Winsorized mean of Result 1 is better than
the original mean in terms of the mean squared error, it is important to bear in mind
the possibility of a bias that may incur due to Winsorization. Bias may accumulate if
several biased estimates are aggregated to obtain a higher level estimate. In CES, bias
also may build up over several months of estimation. It is desirable to avoid or reduce

the bias of the Winsorized mean.

Large samples usually consist of a mixture of more homogeneous parts. To reduce the
bias, it may be useful to incorporate available information that can explain the

complexity of the observed sample distribution. For example, the bias may be
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reduced if subpopulation means are subtracted from the sample measurements. The

following example is designed to illustrate this situation.

Example 3. Simple random sampling. Similar to Example 2, the finite population
measurements come from a mixture of two normal distributions. However, the

mixture parts are not as clearly separated, in terms of the means of the mixture parts:

ind

y; ~0.7N(0,1)+0.3N (4,9). The sample is selected using simple random sampling

with replacement and the mixture parts represent poststrata. The estimator of the

n
population mean, based on the original data, is Y = n‘lz Y;.
j=1

Similar to Example 2, consider two versions of Winsorization. First, form the u-
. . (C) _ . .
values by subtracting the common mean x from each observation, u;” =y, —u; in

the second version, form the uU-values by subtracting separate poststrata means,

ugs) =y, -, €h,for poststrata h=1,2. In the case of simple random sampling,

both sets of u-values contain independent observations. Thus, in each case the mean
squared error of the Winsorized mean is expected to be lower than the variance of the

original mean.

The simulation results are presented in Table 7 for two choices of the population and
sample sizes: (1) N =3000, n=30 and (2) N=10000, n=100; the subpopulation

sizes are N, =0.7N and N, =0.3N. There were R=5000 simulation runs.

The bias and root mean squared error were calculated using formulas (2.3.4) and

(2.3.5).
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N=3000, n=30 N=10000, n=100

Bias SE RM—SE Bias SE RM—SE

RMSE(Y) RMSE(Y)
y 03 478 - -0.1 26.1 -
V(K(C),L(C)) 78 449 95.4 34 256 98.9
y(KOL) |03 455 953 01 256 98.0

Table 7 .0.7N(0,1)+0.3N(4,9), 5000 simulation runs, (in hundreds)

Taking into account the subpopulation means reduces the bias. However, it does not

necessarily lead to decreased RMSE.

Another way to reduce bias is to use Winsorization only when the benefits are
evident. For example, suppose certain critical bounds for the estimate can be
established based on the previous years of the same survey. Then Winsorization can
be used only when the original estimate does not conform to the bounds. This

approach has proved to be useful for the CES estimates.

2.4 Simulation study

The simulation study shows performances of several estimators under different
scenarios. Winsorization may not be the most efficient estimator, yet it is safer to use

than some model-based alternatives.

A stratified simple random sample is selected from H =4 strata of a finite population

P, with the differential selection probabilities across strata.

: : . . - 1S :
The goal is to estimate the finite population mean Y = WZ Yin » where Yy, is the
h=1 j=1

value of unit j from stratum h; N is the total number of units in the population.
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We generate the finite population using the following procedure. At the first step, the

strata means M, are generated from the normal distribution with expectation 0 and

standard deviation 30. At the second step, we generate Y, values for each stratum h.

The population and sample sizes for each stratum, the superpopulation means, and the

sampling weights are given in Table 8.

Stratum, | Population Siggle Superpopulation ~ Sample weight,
h size, N, nh’ mean, m, w, =N, /n,
1 15000 150 -17.03 100.00
2 5000 150 -24.44 33.33
3 1500 500 -14.82 3.00
4 500 400 0.05 1.25

Table 8. Description of the simulation

Consider several possibilities:

1y

2)

“Best Case (BC) scenario™: the population values Y, come from the normal
distribution with mean M, and standard deviation &, , and the sample

inclusion probabilities, 7, , are such that o, =1507, =150/w, :
i ~N (mh,cf,f),h =1,...,H

“Stratum Jumpers (SJ) scenario”: suppose some units change their stratum
after the sample has been selected. To simulate this situation, the population
values are generated exactly as under the BC scenario, however, a small
fraction (less than 0.1%) of the units’ values are generated as if the units

belonged to a “foreign” stratum, as follows:
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- for units in strata 1 and 2, 0.1 per cent of the units are generated from

the distribution of the strata 3 and 4, respectively:
0.1% with y;, ~N(m,,.0p,,).h=12

- for units in stratum 3, 0.05 per cent of the units are generated from the
distribution of the stratum 1 and another 0.05 per cent of the units are

generated from the distribution of the stratum 4:
0.05% with y;; ~N(m,,0;) and 0.05% with y;, ~ N (m,.c7)

- for units in stratum 4: 0.05 per cent of the units are generated from the

distribution of the stratum 3.
0.05% with y;, ~N(m,,o7)

3) “Spike at Center (SC) scenario”: in each stratum, 90 per cent of the data are
generated from the normal distribution with the standard deviation that is

significantly (100 times) smaller than the other 10 per cent:
90% with y,, ~ N (m,. (@, /10)' | 10% with y,, ~N (m,.(100, )" ).
h=1..,H

4) “Spike and Shift (SH) scenario”: in each stratum, 90 per cent of the data are
generated from the normal distribution with the standard deviation that is
significantly (100 times) smaller than the other 10 per cent and the mean is

shifted:
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90% with y,, ~ (mh,(ah/IO) ) 10% with y, ~ (mh +10,(100, )2),
h=1,..H
From each of the four populations, we selected 300 random samples using a stratified
simple random sampling design, with probabilities 7, = 1/ W, , h=1,...,4, W, as in
Table 8. From each sample, we calculated estimates based on the following four types

of estimators: (1) Horvitz-Thompson (HT) estimator, Y_AHT ; (2) Exchangeable random
effects (WN1) for weighted residuals model, YLWNI; (3) Scale mixture of two normal
distributions (WN2F) for weighted residuals, YLWNZF ; (4) Winsorization cutoffs
estimator, YLWZ .

Specification details of the estimators follow.

(1) The formula for the HT estimator is

H
where N = ZNh.

h=l1

A

Next, denote eﬁ] = (Wh _l)ejh’ where €ih = Yin —Yir

For WN1 and WN2F cases, the estimator has the form

A

Y:HT

1 H

L
N Nh=hh’

"We
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where £, is derived from a model.

(2) The WN1 model is formulated as a two level model by the following

statements:
ind
Level 1: €} ~ N (°,07), (2.4.1)
iid
Level 2: 4 ~ N (u*,7%), (2.4.2)
h=1,..,H

(3) The WN2F model is described as follows:

ind

e |2y =1~ N(m".07), (2.4.3)
H

where k=1,2; ] :1,...,nh;h:1,...,H;Z:nh =n;
ho1

Z, is a mixture class indicator for an observation ] and class k=1,2;

2 - . th .
o, 1s a variance parameter of the K™ component of the mixture.

We applied the EM algorithm described in Appendix C to fit the WN2F model.

(4) The Winsorization estimator description.

n
Suppose ZWJ- =N . Note that the HT estimator equivalently can be written
j=1

as

YL:YLHT+,u+fU+(l—f)UW, (2.4.4)
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Let the adjusted value for uj' be

uy (K,L)=uj +(K=u)J; +(L-u})1, (2.4.5)
where J; =1 if uy>K and J;=0,otherwise; |;=1 if uy<L and I;=0,
otherwise.

Then the Winsorized estimator is defined by
Yo =Yy p T+ (1- )T (K, L), (2.4.6)

n
where UW(K,L):n_IZU‘;"(K,L) and the values for K and L are obtained by

J=1

solving the equations (2.3.2) and (2.3.3), as outlined in Kokic and Bell (1994).

To evaluate each estimator, we calculated the empirical bias and root mean squared

CIrors:

300

_ 1 ~ | ™~  _\2
Bias= (Y —Y) d RMSE = | (Y —Y) ,
S0l ) \/300Z f

r=1 r=I1

where Y_r are estimates derived from sample r, r =1,...,300 .

The results for each of the three types of the finite population are reported in Table 9.
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“Best Case” Population

. RMSE
Bias SE RMSE RMSE, .
HT -0.01 0.18 0.18 -
WN1 -0.01 0.18 0.18 1.00
WN2F -0.07 0.22 0.23 1.25
Wz 0.01 0.18 0.18 0.99
“Stratum Jumpers” Population
. RMSE
Bias SE RMSE RMSE,,
HT 0.00 0.42 0.42 -
WN1 0.00 0.42 0.42 1.00
WN2F -0.03 0.20 0.20 0.47
Wz 0.01 0.32 0.32 0.76
“Spike at Center” Population
. RMSE
Bias SE RMSE WEHT
HT 0.01 0.58 0.58 -
WN1 0.02 0.59 0.59 1.01
WN2F 0.04 0.20 0.20 0.35
Wz 0.02 0.57 0.57 0.98
“Spike and Shift” Population
. RMSE
Bias SE RMSE WEHT
HT 0.01 0.61 0.61 -
WN1 0.02 0.62 0.62 1.01
WN2F -0.90 0.20 0.93 1.52
Wz -0.01 0.60 0.60 0.98

Table 9. Bias and standard errors of estimators for the three finite populations. The
last column is the RMSE ratio to the baseline RMSE of the HT estimator.

The performances depend on the underlying distribution in the finite population. HT
and WNI1 are very similar for any of the scenarios. The Winsorization (Wz) estimator
is conservative in that the model assumptions are very weak. It performs slightly
better than HT or WN1 under any scenario. Under SJ or SC, Wz does not provide as

much gain in efficiency compared to WN2F. Wz is more efficient than HT or WN1
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and it is safer to use than WN2F, in case the model does not hold. For example, under

BC or SH, WN2F is not as good as the other estimators.

2.5 Mean squared error estimation using the bootstrap

(simulation study)

In this simulation study, we used the finite population generated from the
superpopulation model under the four scenarios BC, SJ, SC, and SH (see description
in the previous subsection) to obtain mean squared error estimates for the Horvitz-

Thompson (HT) and Winzorization (Wz) estimators of the mean.

The sample fractions in different strata vary from negligible to fairly large. It is
desirable to account for non-negligible sample fraction in estimation. Gross (1980)
proposed a variant of bootstrap known as the without-replacement bootstrap (BWO).
A generalization of the procedure was proposed in Sverchkov and Pfeffermann
(2004). Following Sverchkov and Pfeffermann (2004), we assume that the sample
observations are uncorrelated and are independent from the sample-complement part

of the universe. Detailed description of the bootstrap procedure follows.

Independently from each stratum h, select a pseudo-population of size N, out of N,

sample units, using a simple random sampling with replacement (SRSWR) procedure.
Select B=500 stratified simple random samples using the same sampling design as
used for the original sample. Derive the bootstrap estimates by following the
estimation steps as in the original sample. Use standard bootstrap formula to compute

RMSE.
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To assess biases and variances of these MSE estimates, we used Monte Carlo
simulation. We simulated 300 different “original samples” from the finite populations
with fixed superpopulation parameters and repeated each bootstrap procedure for
these 300 different original samples. Thus, we obtained 300 estimates of MSE for
each estimator. In Table 10, we show average of these 300 estimates, with the

simulation standard error in parentheses.

True MSE BWO MSE
“Best Case” Population

HT 0.034 0.033 (0.002)
Wz 0.033 0.032 (0.002)

“Stratum Jumpers” Population
HT 0.178 0.167 (0.143)
Wz 0.104 0.122 (0.106)

“Spike at Center”” Population
HT 0.338 0.334 (0.064)
Wz 0.322 0.316 (0.061)

“Spike and Shift”” Population

HT 0.373 0.362 (0.070)
Wz 0.359 0.346 (0.068)

Table 10. True MSE based on 300 samples from a finite population and estimated
BWO MSE averages and standard errors (in parentheses) based on 300 estimates of
MSE, each derived from 500 bootstrap iterations.

Summary

In this Chapter, we proposed a method of identifying influential observations when
the target population quantity is a function of the finite population given in a
predefined form. The first step is to linearize the target and to obtain the influence
function. This reduces the problem to estimation of the mean of the influence

function.
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The second step is to find the prediction of the new linear target. This is done using
the relationship between the sample and population distribution to account for the

informativeness of the sampling design.

The efficiency of the estimator of the mean of the influence function can be improved
by using Winsorization. We proved a general result that under mild conditions certain
cutoff points guarantee that the mean squared error of the Winsorized estimator is

smaller than the variance of the estimator based on the un-augmented data.

We demonstrated the effect of Winsorization using several simulation examples. The
conclusion is that Winsorization provides modest improvement to an estimator.
Stronger model assumptions may give much better results. However, they may also
lead to disastrous results if the model assumptions do not hold. Winsorization is safe
to use in most cases. However, the estimator will be biased if the underlying
distribution is not symmetric. The bias may accumulate when estimates are
aggregated to a higher level or over time (as in the CES series). In such a case, it is
advisable to use Winsorization sparingly, only when the improvement is evident. The

evaluation of the need for Winsorization can be based on the historical information.
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Chapter 3: Robust Small Area Estimation

Linear mixed models have proved to be very useful in small area estimation
problems. In this chapter, we consider a slight modification of the classical model. In
order to accommodate the possibility of outlying observations, we make the
assumption that the underlying distribution of the sample measurements is a scale
mixture of two normal distributions, where outliers come from a distribution with

larger variance than “regular” observations.

It was perhaps Newcomb (1886) who first proposed using mixtures of normal
distributions to “obtain the best result” since “the cases are quite exceptional in which
the errors are found to really follow the law” (by “the law” was meant the normal
distribution). Tukey (1960) used the scale mixture of two normal distributions to
demonstrate the effect that a small fraction of contamination may have on the
resulting estimates, and a mixture model of this type is commonly cited as Tukey’s
gross error model. Huber (1981) used the gross error model example in the beginning
of his book to motivate the development of estimation methods resistant to deviations

from distributional assumptions.

It turns out that modeling the errors using a scale mixture distribution may be useful
even when the fraction of units with larger variance is not small. In other words, the
units with larger variance are not necessarily “outliers” but valid members of a

distinct part of the population.

Mixture distributions are usually considered for the case of independent observations.

However, observations in small area estimation problems are assumed to be
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correlated within areas. The model developed in this chapter accounts for this more

complicated data structure.

This Chapter is organized as follows. The model is formulated in Section 3.1. In
Section 3.2 we discuss identifiability of the model parameters. The maximum
likelihood estimates of the model parameters can be obtained using the EM iterative
algorithm. The algorithm is described in Section 3.3. Parametric bootstrap can be
used to construct prediction confidence intervals; the bootstrap algorithm is given in
Section 3.4. Bias correction approaches are discussed in Section 3.5. Numerical
comparison of several robust estimators considered in the literature is given in
Section 3.6. In Section 3.7, we present a small simulation study that is aimed to
explore how the mean squared error of the estimated model parameters, derived using
the proposed EM algorithm, decreases with the increased sample size. Evaluation of
the bootstrap performance in terms of the percent coverage and length of the
confidence intervals is in Section 3.8. Finally, in Section 3.9 we consider application
of the approach to the CES survey data. This section also includes application of the

linearization technique, discussed in Section 2.1 of Chapter 2, to small area settings.

3.1 The proposed model

Consider a modification of the nested-error regression model, where the error terms
come from mixture of two normal distributions (thus, the model is named N2) with
common, zero, mean and different variances. The model is given by (3.1.1)-(3.1.3)

below:

Vg = Xy B+ U + &y (3.1.1)
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iid

iid
U, ~N(0,7%) and & [z, ~ (1—ij)N(O,Gf)+ijN(O,022), (3.1.2)
j=L...n.,m=L.,M,
and the mixture part indicator is a binomial variable
iid .
2,5 | p~ Bin(l; p), (3.1.3)

where

p is the probability of belonging to mixture part 2 (where o, = o, ).

Note that, conditional on the values of the mixture part indicators z_., the model is

mj °
the usual mixed effects model. Alternatively, we can write the distribution function of

the random vector y in model (3.1.1)-(3.1.3) as a mixture of K multivariate normal
distributions, as follows:

K

h(y|X.0)=> 4 f (v1X,0,), (3.1.4)
k=1
where
1 ~L(y-xB)" =i (y-XB)
f X, 0 )=—+——¢? ,
K (y | k) (272’)n/2 |2k |1/2

K
Zﬂk =1, X, =R, +ZDZ', D=diag (2'2), Z is the NxM design matrix for the

k=1

. . . 2 2 . .
random effects; each diagonal matrix R, has entries o, and o, in a specific to a

given component K order. Assume that the variance components z°,0,,0, are
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strongly positive and that there is a positive number of observations in at least one

area.

The set of parameters 0 = {01, ...,OK} c Q, where Q denotes the parameter space; 0,
denotes the set of parameters p, P, and the variance-covariance matrix X, that
depends on the variance components, X, =X, (72,0'12 ,0'22); p is the probability of

appearance of o, in the diagonal of R, , 0< p<1 .

In the case where o] =o,, K =1 and we obtain the usual case of a mixed effects

model. If o #0;, there are K=2" distinct matrices ¥,. Suppose the diagonal

. . 2 2
terms of a matrix R, contain N—l, values o] and |, values o;, 0<I, <n;

n
I, = Zij , where z,; is an indicator variable: z, =1, when an observation j comes
j=1

from the distribution with o value for the random error variance, and 2, =0,
otherwise; j=1,...,n. The probability that a random vector y belongs to the k-th
mixture part is 4, = p* (1- p)n_Ik .

To understand the setup, let us first consider a hypothetical situation when all the
model parameters are known.

Assuming the parameters are known, the model N2 predictor of the non-sampled part

of the population mean in area m is given by

YN =X B+ul?, (3.1.5)
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N
N2 : T N S
where U~ is a predictor of area m random effect and X, =(N, —n,)™" D xp is

j=n,+1

the mean of auxiliary variables over the non-sampled part of the population in area m.
If indicators z,; were observed, the predictor for the random effect would be

2

T -
E(um |ymﬂzm):ﬁ(ym_xgﬂ) (316)
O'm +7
where
n -1
on=|20m | 3.1.7)
j=1
o :(1_ Zo, )0;2 +2,405°, (3.1.8)
Vo =02 O Yo » (3.1.9)
j=1
X, =02 orixy. (3.1.10)

m z—fz(Vm—YLB)Iym : (3.1.11)

where the expectation is taken over the conditional distribution of z_ given Yy,,.

Next, consider the variance of the predictor u)>. For a given set of indicators, the

variance 1s
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Var(um|ym,zm):62 j . (3.1.12)

Therefore, the total variance of U\ is

v} =Var(u, |y, ) =E(Var[u, [Y.2, |1¥n)+Var (E[ug | Vo2, |1¥n)

o, o
- ELZ s \ym}Var(Gz = (n —xLB)!ymj. (3.1.13)

The variance and expectation in the right hand side of (3.1.13) are taken over the

conditional distribution of z_ given y,,.

Let us now discuss the formula for the conditional probability of an observation (mj)

belonging to part 2 of the mixture. The probability is

Po ymj_X;j
o, +1°
pmjzp{zmj=1|ymj}= T T 5
(1_ p)(ﬂ ymj _ijB + pg ymj _ij

o, +7
where (p() is the standard normal pdf. Suppose there is a fraction of extreme outliers

(3.1.14)

T

—X
in the data. The absolute value of Vg ~ Xy

Joi+1°

of an outlier is large and the probability

—x" —x"
go[ym’—m’ﬁ is small. If ¢ I~ Xmb tends to zero, the value of p,; for such unit

Joi+7° Joi+7°
tends to 1. In such a case, the expected value for the inverse variance o, will be

close to ;. Each unit has its conditional probability p,; and its individual expected

variance, depending on relative distances from a common mean.
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Next, consider a situation where the value of the parameter vector B is unknown but
all the other parameters are known. For a given set k of indicators, we have a usual

linear mixed model, a component f, (y | X,Gk) in representation (3.1.4). Then the

maximum likelihood estimator for B is a solution to the estimating equations
X2 'y-X"%.'XB =0. (3.1.15)

Since the set of indicators is not known, the estimator for B is a solution to the

expectation of the expression (3.1.15) over the values of indicators. It is given by

A -1

B:(XTE[E;wy]X) XE[Z'|y]y. (3.1.16)
See Appendix D.

Note that ﬁ is not a linear estimator on y. Correspondingly, the predictor for the
random effects is not a linear predictor (it is still the best predictor (BP) with respect
to the model.)

For the exposition, it is convenient to take a look at the estimator for p when it is a
step in an iterative procedure (like the EM algorithm considered in Section 3.4).
Suppose the value of u\* is known from the previous step. The estimator for B at the

current step 1s

M
Zzé-f;fx;j(ymj_un,\:z)a (3117)

2

where &, :(l—pmj)af ’+p,0, is the expected value of o, . Thus, each

observation in the estimator for B is “weighted” according to its probability of being
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from part 2 of the mixture. Since for extreme outliers the expected value of 0;“.2 is
close to o,°, their impact on the estimate of B is reduced compared to the nested

error regression model, where o =o;. This makes the estimator of B robust to

outliers.

The “direct” estimator of Y, given by (3.1.9) also accounts for outliers. In fact, it

cannot be called a “direct” estimator because it depends on units from other areas
through the estimates of variances and the probabilities of belonging to part 2 of the

mixture.

3.2 Identifiability of the model parameters

In this section we discuss identifiability of the parameters in model N2. We will use

representation (3.1.4).

Loosely speaking, a set of parameters is said to be identifiable when distinct sets of
the parameter values determine distinct distributions. This sentence, of course, does
not specify what is meant by a “distinct set”. For example, mixture distributions are
invariant to permutations of their components (and thus, to permutations in the values
of corresponding parameter vector). It makes sense to not disqualify mixture
distributions as non-identifiable based on this simple fact. We now reproduce, with
minor changes in notation, the definition of identifiability for mixture distributions, as

stated in Yakowitz and Spragins (1968).
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Let F={f(y|X,G),BGRS,XGR”XD,yGR”} be a family of n-dimensional

distribution functions. The set of all finite mixtures of a class F of distributions is the

convex hull

K K
H:{h(y|X,e);h(y|x,9):z/1k f(v1X.0,).4 >0, 4 =1 f (yX.0,)eF.K :1,2,...}
k=1 k=1

Uniqueness of representation property means that if

K M

DAL (YIX.0)=> 4f (v1X.6,) (3.2.1)

k=1 I=1
then (1) K=M and (2) for any 1<k <K there exist 1 <1 <K, such that 4, =4, and
fk (ylxaek)z flv(y|X90|)'

If the uniqueness of representation holds for class H, it is said that the family F

generates identifiable finite mixtures H .

The finite mixtures generated by the family of n-dimensional multivariate normal

distributions are identifiable, by Proposition 2 of Yakowitz and Spragins (1968).

The proof of identifiability is particularly straightforward in the case of model N2.
First, if o} =0, then f, (y|X,0,)=f, (y|X.0,) for all k,I. Thus, all elements of
H coincide with the original distribution. Next, suppose o, # o, and so K=2",
We need to prove that the set of distributions {fk (v1X,0,):k= 1,...,2”} involved in

(3.1.4) is a linearly independent set. The uniqueness of representation of a mixture

distribution as a linear combination of the component pdf’s follows immediately.
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Below is the proof that the set of distributions { f(v1X.0,):k= 1,...,2”} is indeed a

linearly independent set.

.
Suppose for a vector a=(a,...,a ) ,

Zak y | X, 0 =0 for almost all y (i.e., for all y except possibly for a set of

measure 0).

Consider a linear combination of moment generating functions:

Zakgk Zakj'e‘yf y|X,0,)dy = je‘y{Zak (v]X.0, }dyzo.

Therefore,
2" 2 tTXB+ltTE t
Zakgk (t)=2ake 2™ =0 for all vectors t.
k=1
Taking the zero vector t =(0,...,0), we obtain

> a,=0. (3.2.2)

Let i(k) denote a permutation of indexes k. It follows from (3.2.2) that for any

permutation i(k),

DA =" D - (3.2.3)

84



By using varying values of zero-one vectors t =(0,...,0,1,0,....,0),, where 1 appears in

turn at different places, we find that

l0'12 2’171 lo—zz 2
e’ > g, tel D> a, =0 (3.2.4)
k=1 k=2""41

Hence, from (3.2.3) and (3.2.4) (and since o7 # o), it follows that

2n7] 2n
DA = Z 8, =0. (3.2.5)
k=1 k=2""41

The above statement is true for all possible permutations of indexes. This can only be

possible when @, =0 for all k.

Thus, the set of functions in (3.1.4) is linearly independent.

2" 2"
Suppose ch f (y/X.,0,) and de f.(y|X.0,) are two representations of the
k=l et

2”
same mixture distribution. Then » (¢, —d,) f, (y|X,0,)=0, for almost all y. This
k=1

can only be true if ¢, —d, =0 for every k.

3.3 EM algorithm

The EM (“expectation-maximization”) iterative algorithm of Dempster et al. (1977)
is a suitable way of finding the maximum of the log-likelihood for the case of mixture

distributions.
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Equation (3.1.4), when it is viewed as a function of the parameter vector 0 , defines

the likelihood function for the random vector y . The log-likelihood is (we omit X,

for simplicity)

L(y;0)=log> A f (v10,). (3.3.1)
k=1

This is not a convenient representation for the purpose of maximizing the likelihood
function with respect to the vector of parameters. The efficacy of EM stems from a
convenient form of the so-called “complete data” likelihood, which is the likelihood
that handles the unobserved part of the augmented data vector as if it is being

observed.

Iteration of the EM algorithm consists of the so-called “E-step”, finding of the
expected value of the logarithm of the likelihood function of the complete data
likelihood, given the “current” values of parameters. This step is followed by the “M-
step”, which entails obtaining new values of the parameters as maximizers of this

function.

Consider a random vector of indicators (i,...,i, ), where i, =1 when the realized
vector 'y comes from the k-th part of the mixture, and i =0, otherwise;
A =Pl =1}.

From now on, let us denote the parameter vector by 0 =(p,o,,0,,7,p).

Note that the conditional probability of i, , given the data, is
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pii, =1]y,0) = 2 (¥10)

h(yle)

The expected value of the logarithm of the complete data likelihood function (if the

vector of random effects u and indicator I, would be observed, in addition to the data

vector y), given current values of the parameters, is
Q(0/0°) = E[ logh(y.u.i, |0)]y.6° |, (3.3.2)
with

n—l, 1 —%uTD*lu 1 7%(y—X[i—Zu)T Ry (y-XB-Zu)

h(y,u,i, |0)=p"(1- ——5—75€ ——s—¢€
(y k| ) p ( p) (27[)M/2|D|1/2 (27[)n/2|Rk|1/2

The expectation in (3.3.2) is taken over the joint conditional distribution of u and i,
given y. Q (0|9°) can be presented as a sum of two components:

Q(06°)=U (0/0°)+V (0]6°), (3.3.3)
where

U (0/6°)=E[log 4, |y.0°]

2|'|

= Pli,=1]y.0°}log 4, (3.3.4)

k=1

V(0/6°)=E[logh(y,uli, =10)]y,0° ]. (3.3.5)
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Recall that A4, is a function of p, so the first term of (3.3.3) depends on p ;

however, the second term of (3.3.3) does not depend on p . Thus, the maximum

likelihood of the parameter p is based solely on the first part, U (9|9°) .

Let us consider the term U (0|0°) first. To say that i, is observed is the same as to say
that a vector z=(z,...z,) is observed, where each component z; is an indicator
variable: z; =1, when an observation j comes from the distribution with the o, value

for the random error variance, and Z i = 0, otherwise; j=1,...,n.

2!1

U (0/6°)=> P{i, =1]y.0}log 4 =E[logg(z: p)|y.0° |,

k=1

where g(z;p) is the likelihood function for p, when a z is observed. (The

expectation is over the conditional distribution of Z given y and the current values of

the parameters.)

g(zp)=[]p"(1-p) "
j=1

Thus,

n

U (e|e°):Z[E(zj |y.0%)log p+(1-E(z;y.0°))log(1- p)}

j=1
It follows that the M-step maximizer with respect to p is

n

P =Y E(z,3.0°),

=
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where the conditional probability of an observation coming from part 2 of a mixture

1S

(3.3.6)

() is the standard normal pdf.
Now consider the second term of (3.3.2). The complete data log-likelihood
logh(y,uli, =1,0) has the form

logh (y,u I, = 1,9) =C +%{log‘Dl‘ —u'D'u+ log‘Rgl‘ —eTRgle} , (3.3.7)

where e=y—Xp—Zu, R, =diag, [(1— Z )012 + ijof}, for a combination i, =1 of
the indicator vector, z, =(z,,,...2,,); D=7, Iy is the identity matrix of size M,
and C does not depend on the model parameters. (The inverse of R, can be written
as R,' =diag, [(1— z;)o, + zkjaf].)

For a given set of mixture indicators, the distribution is multivariate normal. The
conditional expectation and variance of the random effects, given the data vector and

the current values of the parameters are
E[u | y,0°] = E[E[u | y,z,9°] | y,9°]

- E{[D-“ +ZTR;1°ZT Z'R°(y-Xp°)| y,e°} (3.3.8)
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and
Var[u | y,0°] = E[Var[u|y,z,0°]|y,0°]+Var[E[u|y,z,9°] | y,0°]

_E {[D-1c +ZTR 2] |y,9°}

+Var {[D-lc + ZTR;“ZT Z'R°(y-Xp°)| y,9°}. (3.3.9)
(The expectations and variance on the right hand side of (3.3.8) and (3.3.9) are with

respect to distribution of Z given y and current values of the parameters.)

Apart from the cases of unrealistically small samples, the direct computation of the

above expectations is unfeasible because it involves evaluation of the products of all

possible combinations of the individual unit probabilities pj? = E(Z j |y,0°). We

describe approximate methods for computation of (3.3.8) and (3.3.9) in Section 3.3.1
below. For now, let us suppose this problem is solved and we obtained the values for

these expressions.

Denote R =E[R,' |y,0° | . We have

R =diag(1- p;)o;” +diag ( p; ) o’ (3.3.10)
and

E [mg\R;l\ | y,eC] =n(1-p°)logo;? +np log oy’

n

=E - {(l—zj)logoferzj10g0;2}|y,9°

j=1
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= {E[(1-2,) 130 Jogor + E[2,11.0* Jiog |
j=1

=n(1-p°)logo,” +np°logo;’). (3.3.11)
Note also that
E[e'Re|y.0° = E[E[eTR;1e|y,u,9C] | y,eC] =E[e'Re|y,0°] (3.3.12)
We can write
V(0/6°)=c+A(c7.03 )+W (0]6°), (3.3.13)
where
W (0/o°) :%E[log‘D‘l‘—uTD_lu+log‘R'1‘—eTR_le | y,e°], (3.3.14)
and
Ao?.07) =%{E[log‘Rkl‘ | y,e°]—1og\R”\}, (3.3.15)
with
log|R™| = jzn_;log((l— p)or” + p,?a;z). (3.3.16)

Note that W (0|0°) has the form of an expectation of the complete data log-likelihood

function of a multivariate normal variable N, (XB,X) with Z=R+ D7’ .
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Proceed to maximize V(9|9°). Since the term A(GIZ,GZZ) of (3.3.13) does not

involve parameters D and B, the usual linear mixed model D and B maximizers of

W(0|0°) also maximize V(0|9°):
B'=(X'R'X) X'R"(y—E[u]y.0°]). (3.3.17)
% :ﬁE[uTMy,OCJ:ML{E[u|y,0CT E[u|y,9°]+Var[u|y,0C]} (3.3.18)

The o; and o maximizers of V(9|9°) also have a simple explicit form. The

derivatives are

MzL{%E[eriag(l— p?)e|y,6°}—n(1— pc)}=0,

5(612) ol | o]

ov (0)e°
L:L{%E[Jdiag(p?)e|y,9°]—np°}:0.

8(022) o, | o

(The expectations in the above formulas are with respect to the conditional

distribution of u giveny.)

So the M-step maximizers with respect to o and o, are

+ 1 : c c
o7 =WE[er|ag (1-p)ely.0 } (3.3.19)

2+

o =ancE[eriag(pj)e|y,e°]. (3.3.20)

Thus at an iteration of the EM algorithm, we find maximizers of the expected value of

the complete data log-likelihood.
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3.3.1 Approximate computation of the first two conditional moments of

the random effects

We considered several possibilities for evaluation of expressions (3.3.8) and (3.3.9).

Method 1. Consider the following Monte Carlo approximation.

For an I-th Monte Carlo cycle, do the following:

1.

Given the current values of the conditional probabilities p], draw a Poisson
sample from the original data. Each observation is selected into the sample

with probability pf.

If an observation j is selected into the sample, assign it to part 2 of the

mixture, i.e. let zg') =1; otherwise assign it to part 1 of the mixture, i.e. let

o0

i =0.

Use the current values of the parameters and the values of indicators obtained

in the above step to compute prediction for the random effects
u =[D+Z'R"Z] Z'R;" (y - Xp°) (3.3.21)
and the variance

W =[DrZ'RZ] . (3.3.22)

Repeat this procedure L times and obtain the estimates of E[u ] y,ﬂc} as an average

of the Monte Carlo based predictions,
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a=L">ul. (3.3.23)
The  variance of the  prediction for the random  effects is
Var [u]y,0°] = E{Var [u]y,z,9°]}+Var{E[u]y,z,0°]}. The  estimate  of

E{var[uly,z0°]} is
o, =LY " (3.3.24)

The variance Var { E [u ly,z,0° ]} of the predictions is estimated as

b, =(L-1)" i(u(l) —ﬁ)z. (3.3.25)

1=1

The total variance Var [u | y,0°] is
D=0, +9,. (3.3.26)

We now provide justification for using the Poisson draws based on probabilities p7 .

We can write the quantity that we want to estimate by this procedure as
E[uly,0°|=E[E[uly,z,0°]]y,6°

=E [u(k) | y,OC}

=> 7" (3.3.27)
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n

where u® is given by (3.3.21) and 7 =H p(jk); pgk)zl— p if z,=0, and
j=1

pl) = p° if z,=1; z,; is indicator for position j at the K th mixture combination,

2n
1<k <2"; note also thatZﬁ(k) =1.
k=1

In order to estimate the above target for a population of 2" ”units”, we select a sample

of size L (the number of the Monte Carlo runs), with replacement, and with

probability proportional to “size”, where the “size” variable is 2. This is
accomplished by drawing the Poisson sample at each step | of the L Monte Carlo

runs. The estimator from this sample is

40
where W' =1/7" . Thus, @ :HT'

Expressions (3.3.24) and (3.3.25) follow from similar considerations.

The above method works well and the algorithm converges fast when the probability
p of being in part 2 of the mixture is small. Otherwise, the method may be unstable

and would require many repetitions of the Monte Carlo steps.
Method 2.

The idea is that we fit an area-level model corresponding to our unit-level model

formulation and obtain prediction for the random effects from this area level model.
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We also obtain the variance of the prediction from the same area level formulation.
However, this variance does not account for the variability over the mixture

indicators. The latter term is obtained using the Monte Carlo step.

Consider the following vector of adjusted residuals:
7 =(Z'R"Z) (2R (y-xp°)], (3.3.28)
where R™' is a current value of the diagonal matrix defined by (3.3.10).

Note that T is an area-level quantity that follows an area-level model with the same

value of the random effects as the original unit level model (this is evident after
noting that the multiplicative adjustments to the residuals y—XB° in (3.3.28) add up

to one). Thus, the variance of the prediction of the random effect from this area-level
model can be used as approximation to the expected variance of the prediction for

random effect in the original unit-level model. This variance is
9, =(D°+H*) DHC, (3.3.29)

where H® =diag,, (hnﬁ) is a diagonal matrix of the direct sample variances of T°.
These variances are considered known in the area-level settings. We can approximate
H° by plugging in a value derived from the data, i.c., the variance h: for area m is

computed as

M=m{1 i@&ﬂﬁ} (3.3.30)
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n

3

-1
where r qmj (ymj mj ) qmj - [ WmJJ mj mj - (1 N pmj )01_2 + pijZ_Z ’

j=1
Prediction for the random effects is given by

-1
i=(D°+H) D°F". (3.3.31)

The first term in the variance formula (3.3.9) is approximated by (3.3.29). Consider
the second term now. We obtain it from the Monte Carlo simulations using formula

(3.3.25). The total variance is
V=0, +,. (3.3.32)

In addition, from the same Monte Carlo setup, we can estimate the bias of the

prediction as

L
E_ |- kK _ &
b—LIIZI:(u u).

In estimation of the variance components, we use the mean squared error
E[uTuly,BC} of the random effect. We estimate it by adding up the terms:
i'a+d+b'b.

Thus, we use the outcome from the area-level model as an approximation for the

random effects and we use the Monte Carlo simulations to approximate the mean

squared error of this estimate.

Method 3.
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This method is very simple and it works well when the probability p of being in the

outlier part is small. In such a case, the conditional probabilities p,; for the outliers

are close to 1, while the probabilities of the other units are close to zero. Then, just
plugging in the probabilities in place of the mixture indicators produces good
estimates. Thus, for the prediction of the random effects and the corresponding

Variance WE can use

i =[D"+Z'R"Z] Z'R"(y-Xp°) (3.3.33)
and the variance

~ ~1c Tp-lcy ]!

v=[D"+Z'R"Z] , (3.3.34)

2¢

where R =diag (1- p})o; ™ +diag ( p} ) o, ™.

When p,, of the sample units are either close to 1 or close to 0, the second part of the

variance, Var { E [u ly,z,0° ]} , 1s small.

Note that this method works well in roughly the same situation as Method 1, yet it is
simpler than Method 1. Effectively, this method replaces the ML estimation of the
mixture model parameters by a two-step procedure. At the first step, the conditional

probabilities p,; and corresponding expected values for the inverse variances o-r;jz
are computed. At the second step, a multivariate normal model with variances o, is

fitted. To repeat, this “plug-in” procedure works well when the mixture is “well”

separated and p,, are either close to 1 or to 0, effectively declaring with some

confidence the mixture membership of the units.
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3.4 Parametric bootstrap for prediction confidence intervals

To obtain confidence intervals for the predictor of the random effects, we use the
method analogous to the approach of Chatterjee, Lahiri, and Li (2008), henceforth,

CLL.

In this section, we present the bootstrap algorithm. The simulation results are

presented in Section 3.8.
To ease the notation we drop the superscript N2.

The Bootstrap Algorithm

The bootstrap is performed as follows. Define the “pivot” vector 7 =(7,,...,7,, )

ﬁ=01(\7r—ir), (3.4.1)

A A

where Y. :(Y_lr,...Y_Mr), Y. :(\Zr,...\?Mr), 0* =diag,, (13;), and O] is an estimate of

variance (3.1.13) for area m.

Although the components of the vector 77 are not normally distributed, the

distribution can be approximated using the parametric bootstrap analogous to the
CLL approach. For the case of the mixed mixture model N2, the algorithm is given

by the following steps:

1. Generate U, ~ N(0,7%) and z;j ~ Bin(1; p) .
2. Generate e,; ~ N(0,67),if z,, =0 and e, ~ N(0,5;), if z,; =1.

3. Asetof bootstrap data y . is obtained as
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* T b6 * *
ymj = ijB+um +emj 2

where j=1,..,n . m=1.,M.

[EXTRE N

Let

Vo =X B+uy (34.2)
be bootstrap versions of the “true” population means.

From the bootstrap data y:nj , obtain the bootstrap estimates of the parameters

.6, ,(};) using the same method as is used for the estimates

Let

Py

Y,

mr

*

X B +0] (3.4.3)

be a bootstrap estimate of Y.

The vector

7 =0" (\7* —\7*) (3.4.4)

is a bootstrap approximation of 7.

In the above, U  and the estimated parameters involved are bootstrap

m
versions of the estimates of exactly the same form as the estimates based on

the original sample.
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The interval estimate for Y__ is given by (Y_mr +0,,0,,Y. +qm20m), where (,,, and

0,, are quantiles of the distribution of the bootstrap estimates 7. .

3.5 Bias correction

In this section, we discuss two instances where the model assumptions may not hold.
First, the outliers are assumed to appear randomly across areas. In fact, however, the
outliers may be clustered in certain areas. This may lead to bias in the prediction of
the area-level random effects. We propose an area-level bias correction method that is
different from the one of Chambers et al. (2009): the proposed method attempts to
preserve the efficiency of the initial model by introducing the corrections only to
select areas, after these areas have been tested on possible outlyingness. Another
potentially incorrect assumption is that the outliers are distributed symmetrically
around a common mean. Failure of this assumption may lead to an overall bias across
areas. The overall bias correction (OBC) can be based on the data combined from all
areas, thus the initial modeling assumptions can be more safely relaxed to estimate

the correction at this higher level.

If an area contains several units that have a high probability of belonging to the
“outlier” part of the mixture, it is possible that the whole area would tend to be an
outlier. Note that if outliers tend to be clustered in some areas, this would mean that
the distribution of the mixture indicators depends on the area label, which would
contradict the model assumption (3.1.3). The failure of the random occurrence
assumption may lead to significant biases in the areas with a larger portion of the

outlying observations. We propose a test to determine that an area is not an outlying
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area and a simple method for area-level bias correction in areas where the test fails, as

described below.

Consider the following “bias corrected” variations of Y\~

A

Bias Correction 1 (BC1). Denote residuals e ; =y . —x;.p -

For each area, find the estimate of the mean residual using a mixture of two normal

distributions model and by treating areas as fixed effects:

emj = Hn +gmj9 (351)

iid

gmj | ij ~ (l_zmj)N(Oa 012)—'_ ijN(O:» 022)1 (352)

j=1,un,m=1,...M, and

Zoi | pii~d Bin(1; p). (3.5.3)

The BC1 estimator is

VAL o L) (3.5.4)

where 4°°' is the estimate of g, from the above model.

Bias Correction 2 (BC2). As a general rule, BC1 may be inefficient in areas where
the estimates of 4, are based on a small number of observations. Therefore, we
YAN2+BC1
mr

propose to use only when we can demonstrate that an area m is an outlying

area. Consider the following statistic:
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p,=n"' By - (3.5.5)

The distribution of the statistic p,, under the random occurrence assumption can be
simulated using the estimated model parameters. These simulated values can be used
to obtain a threshold. If the actual estimated P, is greater than the threshold, the

whole area is considered an outlier. The detailed procedure for an area m can be

described by the following steps:

N(0,87 +£%) if y=0

Generate ¥ ~ Bin(l; p) and n ~ .
7~ Bin(l:p) and 7 {N(0,6'22+f2) if y=1

Using the Bayes formula, find the probability of belonging to part 2 of the mixture,
given the value of 77 :

P =P{z=1|7;0}

_ pP{n|z=1,6}
(1- p)Pin|z=0;0}+ pP{n|z=1:6}

Repeat steps 1 and 2 N times: a=1L...,n .
nm
Let pr(nb) = nr;IZ p® be the average of N_ simulated values of p .

a=l1

Repeat steps 1-4 a large number of times: b =1,..., B (say, B =500).
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Using the simulated values pr(nb ), b=1,...,B, estimate a “theoretical value” C,. such

that P{p, >C.} is smaller than some predetermined level « . This value depends on

the number of units in area m.

If the actual value, obtained as (3.5.5), is higher than C, then the area m has more

outliers than would be in a “regular” area under the random occurrence assumption;
thus, it can be regarded as an outlying area, and the bias correction (3.5.4) is applied;

otherwise, the bias correction is not applied. In our simulations, for application of the

bias adjustment, we required that an area had at least four sample units and p,, >C;,

where o =0.005:

GEC2 = ,[lf]m, ifp,>c, andn, >4 556
m ) AN2 ) 5.
u,", otherwise
The BC2 estimator is
Yo 0 = X0, B+ 05T, (3.5.7)

Remark 1. The data consists of the individual measurements Y,;, with the

corresponding area labels, while the area-level effects U, are not observable. It is not

obvious what is meant by “outlyingness” of an unobserved quantity in the REBLUP
approaches. The mixture model formulation, on the other hand, allows the description
of the outlying areas in terms of the observable quantities, i.e., as individual outliers

clustered in certain areas.

Remark 2. Once an area is identified as an outlying area, one may ponder on the

meaning of “good” prediction for such area. One can imagine a situation where
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“borrowing strength” across areas for prediction in an outlying area is a wrong
strategy. Since the area does not fit the model, it is possible that the best course of
action is to recognize that using shrinkage estimator for such area would be rather
misleading, remove it from the model and perhaps use the direct estimator as

prediction for such area.

Overall Bias Correction, (OBC). By using (3.5.6), we correct biases in specific
outlying areas. Still, it is possible that the assumption that outliers are distributed
symmetrically around a common mean may not hold. Failure of this assumption
would result in an overall bias. In the simulation study reported in this paper, we
correct the initial estimate by adding a robust estimate of the overall mean of
ﬁa$2+3cz

residuals to each small area prediction . (Alternatively, the overall bias may

be corrected by benchmarking the small area estimates to a more reliable aggregate
level estimate. We did not pursue this approach here.) The data from all areas are
involved in estimation of the overall bias. Thus, the OBC estimation is not a problem

of small area estimation, and the assumptions may be considerably relaxed.

N2+BC2
mj

Denote residuals e = Yo — X;B — 052, The overall bias corrected estimator is

. ~ M .
le\rl2+OBC :lej2+BC2 +n—lzzemj’ (358)

where e ; =s-min(c,, max(r,;*"**,-c,)), T, e is a robust

N2+BC2 _ ,N2+BC2
w = s, 8

N2+BC2,

estimate of scale for the set of residuals {eml ;

j=Ll..n,.m=1L..M} (eg.

N2+BC2
m;

N2+BC2
mj

s=med|e —med (e )‘/0.6745 ), C, is a tuning parameter (e.g., C, =5).
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Remark 3. We could have slightly modified the initial mixture model assumption and
allow the outlying part to have a different mean. This, in our view, would contradict
the definition of outlier, which is an unusual observation for a given model: In the
absence of additional information in the initial model, we opt for the assumption of

symmetry.

The REBLUP and MQ estimators also can be corrected using the overall bias
correction; however, the OBC alone would not correct the bias in particular outlying
areas. For example, the following OBC for the REBLUP (SR or Fellner’s versions)

estimator can be considered.

Let eREB"UP = Yo —YmFiEB"UP then the overall bias corrected REBLUP is
eREBLUP
( REBLUP J’ (359)
REBLUP

where S i1s a robust measure of scale for the set of residuals

n

3

A A M
Y_REBLUP+OBC _ Y_REBLUP —1 REBLUP Z

m=1 j=I

{ REBLUP’J_I n m—l M}, e.g., SREBLUP

REBLUP — med (eREBLUP )‘/0.6745

and ¢, is a bounded Huber’s function ¢, (X)=min (b, max(~b,x)) with the tuning

parameter b = 5.
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3.6 Simulation study

The purpose of the simulation study is to compare the performances of different
methods under different scenarios. For the first four scenarios, we use a similar setup
as described in Chambers et al. (2009) with the only difference that we consider the
unbalanced case. These scenarios explore cases where there is (1) no contamination
in the random terms; (2) contamination in the random effect term only (describing
outliers at the area level); (3) contamination in the random error term (describing
individual outliers); (4) contamination in the random effect and random error terms
(describing area-level and individual outliers). Outliers in scenarios 1-4 have different
mean and a larger variance than the bulk of the data, thus we impose asymmetry on
the distribution of the random terms. In the fifth scenario, we modify the setup to
include a larger fraction of observations with large variance. Finally, in scenarios 6-8,
the data is generated from models having the t-distribution with 2 degrees of freedom
in random errors, random effects, or in both random terms. We now describe the

details of the setup.

There are 40 areas. The sample sizes of the areas are n,,n, =1, n,,n, =2, n,,n, =3,
N1 =7 Npenas =95 N, =10, N =50, N =5 N, =10, N, =30. The
population sizes are N, =20n_ . From each area, a sample is selected using simple
random sampling without replacement. The auxiliary variable X; is generated from

the lognormal distribution with mean 1.004077 and standard deviation of 0.5 and the
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population values Yy, are generated as Y,; =100+5X,; +U, + & . The scenarios for

distribution of U, and &; are described below.
(1) No contamination scenario, [0,0]: U, ~ N(0,3), &, ~ N(0,6) ;
(2) Outlying areas, [0,u]: for the first 36 areas, U, ~ N(0,3); for the last four
areas, U, ~ N(9,20); &y ~ N(0,6) for all observations;
(3) Individual outliers, [e,0]: U, ~N(0,3) for all areas; &, ~N(0,6) with
probability 0.97 and &,; ~ N(20,150) with probability 0.03;

(4) Individual outliers and outlying areas, [e,u]: for the first 36 areas,
U, ~N(0,3); for the last four areas, U, ~N(9,20); ¢, ~N(0,6) with
probability 0.97 and &; ~ N(20,150) with probability 0.03;

(5) Individual outliers only, a high-peaked center of the distribution and very long
tails, [70/30]: ¢, ~N(0,9) with probability 0.7 and & ~ N(0,900) with

probability 0.3; random effects are U, ~ N(0,9);

(6) [et,0]: the t distribution with 2 degrees of freedom for the random error term

&y ~1,(0,9); random effects are U, ~N(0,9);

(7) [0,ut]: the t distribution with 2 degrees of freedom for the random effect term

U, ~1,(0,9); random errors are &,; ~ N(0,9);

(8) [et,ut]: the t distribution with 2 degrees of freedom for the random error and

random effect terms, &, ~1,(0,9), U, ~,(0,9).
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The tuning parameters in the bounded Huber’s function for REBLUP are set to
b=1.345; for the bias-correction of REBLUP (Fellner and SR) and MQ, the tuning
parameters are set to b=3. The tuning parameter for the overall bias correction is b=>5.
We used 250 simulation runs for each of the above scenarios and compared the

estimates with the corresponding population area means.

To assess the quality of the estimators, we used the median value of the relative bias,

250 250

RB =100-med ,{250" Z (Yms Yms)/250 Z Yot and the median of the

relative root mean squared error,

250

RRMSE =100 med {\/250 V) /250 DI ms} index $=1,...,250

denotes the simulation run.
The results of the simulation are presented in Table 11-Table 14 and plotted in Figure
4 and Figure 5. The meaning of the labels used in the tables is listed below:

- “Direct” is the direct sample estimate;

- “EBLUP” is the estimate based on the nested-error regression model;

- “REBLUP(F)” is REBLUP using Fellner’s method, “F+BC” is its bias-

corrected version;

- “REBLUP(SR)” is REBLUP using the Sinha-Rao method, “SR+BC” is its

bias-corrected version;

- “MQ” is the M-quantile based estimate, “MQ+BC” is its bias-corrected

version;

109



“N2(1)”, “N2(2)”, and “N2(3)” are estimates based on the mixture model
using, respectively, Methods 1, 2 or 3 of the EM algorithm (as described in

Section 3.3.1);

”N2(1)+BC1”, ”"N2(2)+BC1”, ”"N2(3)+BC1” are the BCI-corrected versions

of N2(1), N2(2), and N2(3), respectively;

“N2(1)+BC2”, “N2(2)+BC2”, “N2(3)+BC2” are the BC2-corrected versions

of N2(1), N2(2), and N2(3), respectively;

“N2(1)+OBC”, “N2(2)+0OBC”, “N2(3)+OBC” are the overall bias corrections
after the individual area corrections N2(1)+BC2, N2(2)+BC2, N2(3)+BC2,

respectively;

“N2(1)+OBC*”, “N2(2)+OBC*”, “N2(3)+OBC*” are the overall bias
corrections of N2(1), N2(2), N2(3) without making the area-level corrections

first;

“F+OBC?” is the overall bias corrections for Fellner’s REBLUP.

First, consider scenarios (1)-(4) (see Table 11 and Table 12).

In the no-outliers situations (the [0,0] and [0,u]/1-36 columns), the N2 estimators

work similar to the regular EBLUP. The BC2 and OBC versions of N2 did not lose

much efficiency compared to the uncorrected N2.

If there are only individual outliers (the [e,0] and [e,u]/1-36 columns), all robust

estimators work similarly and significantly better than EBLUP. Bias correction

reduces the efficiency somewhat, although the BC2 versions of N2 work better than

the versions that do not use the random occurrence test.
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In the outlying areas only case (the [o,u]/37-40 column), N2 estimator performs
similar to EBLUP or REBLUP, while the MQ estimator has a larger bias. The BC
estimators reduce the biases of the respective estimators and the random occurrence
test in the N2 case verifies that the areas are outliers and the corrections are

necessary.

The N2 estimator has a large bias when both the individual and area outliers are
present (the [e,u]/37-40 column). This bias is corrected in the N2+BC versions. The
efficiency of the N2+BC versions in the four outlying areas is better than that of

EBLUP but it is worse than the efficiency of REBLUP.

Overall, N2+OBC* estimators work well, except for the outlying areas; N2+OBC
versions work similar to N2+OBC* when there is no area-level outliers and are better
in the outlying areas. As noted earlier, we may consider testing on area outlyingness

using the proposed test, then estimating the outlying areas outside the model.

Plots in Figure 4 show relative errors for each area in scenarios (1)-(4). The areas on

the plots are sorted in ascending order of their sample sizes.

For scenario (5) (see Table 13), all N2 versions are better than the other estimators.
The bias correction after the random occurrence test works much better than the other
versions of the bias corrected estimators, although there is still certain loss in
efficiency. If a similar situation happens in the CES data, then a version of the N2
estimators may be preferred. Relative errors for areas in scenario (5) are shown in

Figure 5 (panel 5).
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Results for scenarios 6-8 are presented in Table 14. In the [et,0] scenario, where the
random errors are generated from the t-distribution, all robust estimators have similar
performance and are more efficient than EBLUP or the direct estimator; the BC
versions that are applied without the test are significantly less efficient than the
original estimators. In the [O,ut] scenario, where the random effects are generated
from the t-distribution, the N2 estimator may be biased for some areas. The bias
corrected versions repair this deficiency. After the correction, N2 performs similar to
REBLUP or EBLUP, there is no gain in efficiency compared to the non-robust
version of EBLUP. In scenario [et,ut], where both random terms are generated from
the t-distribution, REBLUP versions perform better than the other estimators. The
BC2 versions of N2 correct for the bias in the outlying areas and are more efficient
than EBLUP or MQ but they are less efficient than the REBLUP versions. Plots for
the t-distribution scenarios are shown in Figure 5 (panels 6-8). It is evident from the
simulations that the random occurrence test and subsequent bias correction is

necessary for the N2 versions in scenarios (7) and (8).
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Figure 4. Relative errors for scenarios 1-4, areas are sorted in ascending order of the
sample size: (1) [0,0] scenario; (2) [O,u] scenario; (3) [e,0] scenario; (4) [e,u]

scenario.
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_ N _ Area Individual
No outliers Individual outliers only . and area
outliers ;
outliers

Fsimator 1 0,01 (w136 [e0]  [euyi36 (VU7 leulST
Direct -0.05 -0.05 0.03 0.01 -0.04 0.11
EBLUP 0.00 0.06 0.01 0.18 -0.39 -1.06
REBLUP (F) | 0.01 0.07 -0.38 -0.31 -0.43 -0.77
REBLUP(SR) | 0.01 0.08 -0.38 -0.29 -0.31 -0.65
MQ 0.03 0.16 -0.36 -0.21 -0.83 -0.45
N2(1) 0.00 0.06 -0.46 -0.30 -0.48 -2.51
N2(2) 0.01 0.05 -0.45 -0.34 -0.35 -1.85
N2(3) 0.00 0.06 -0.45 -0.27 -0.40 -2.11
F+BC 0.00 0.01 -0.30 -0.28 -0.01 -0.23
SR+BC 0.00 0.02 -0.30 -0.27 -0.01 -0.21
MQ+BC 0.01 0.02 -0.28 -0.26 -0.10 -0.19
N2(1)+BC1 0.00 0.01 0.00 -0.01 0.01 0.06
N2(1)+BC2 0.01 0.06 -0.43 -0.29 -0.09 -0.54
N2(2)+BC1 0.00 0.01 0.00 0.00 0.01 0.06
N2(2)+BC2 0.01 0.05 -0.43 -0.33 -0.06 -0.35
N2(3)+BC1 0.00 0.01 0.00 -0.01 0.01 0.06
N2(3)+BC2 0.01 0.05 -0.43 -0.26 -0.01 -0.47
N2(1)+OBC 0.01 0.02 -0.22 -0.17 0.01 -0.43
N2(1)+OBC* | 0.00 0.08 -0.23 0.11 -0.47 -2.12
N2(2)+OBC 0.01 0.02 -0.22 -0.21 -0.09 -0.24
N2(2)+OBC* | 0.01 0.06 -0.22 0.01 -0.35 -1.53
N2(3)+OBC 0.01 0.02 -0.22 -0.17 0.05 -0.38
N2(3)+OBC* | 0.00 0.06 -0.22 0.05 -0.40 -1.82
F+OBC 0.00 0.07 -0.23 -0.16 -0.43 -0.63

Table 11. Simulation results for scenarios 1-4 (250 runs) Median values of relative
biases, expressed as a percentage.
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_ N _ Area Individual
No outliers Individual outliers only . and area
outliers ;
outliers

Fsimator 1 0,01 (w136 [e0]  [euyi36 (VU7 leulST
Direct 3.13 3.14 3.41 3.45 2.49 2.77
EBLUP 0.79 0.85 1.21 1.41 0.81 1.70
REBLUP(F) 0.82 0.82 0.97 0.97 0.84 1.10
REBLUP(SR) | 0.83 0.84 0.98 0.97 0.82 1.02
MQ 0.83 0.85 0.99 0.98 1.44 1.21
N2(1) 0.80 0.85 0.98 0.95 0.92 3.56
N2(2) 0.81 0.87 1.00 1.00 0.81 2.81
N2(3) 0.79 0.85 0.98 0.96 0.81 3.09
F+BC 0.89 0.91 1.19 1.19 0.72 0.93
SR+BC 0.89 0.91 1.18 1.19 0.72 0.94
MQ+BC 0.89 0.90 1.19 1.20 0.77 1.02
N2(1)+BC1 0.89 0.91 1.64 1.62 0.72 1.33
N2(1)+BC2 0.82 0.85 1.11 0.96 0.75 1.54
N2(2)+BC1 0.89 0.91 1.64 1.64 0.72 1.33
N2(2)+BC2 0.84 0.87 1.10 1.02 0.75 1.36
N2(3)+BC1 0.89 0.91 1.63 1.65 0.72 1.33
N2(3)+BC2 0.83 0.86 1.10 0.97 0.73 1.47
N2(1)+OBC 0.82 0.85 1.05 0.93 0.76 1.49
N2(1)+OBC* | 0.80 0.86 0.91 0.93 0.91 3.26
N2(2)+OBC 0.84 0.87 1.04 0.99 0.75 1.32
N2(2)+OBC* | 0.81 0.87 0.93 0.96 0.81 2.58
N2(3)+OBC 0.83 0.86 1.04 0.95 0.74 1.44
N2(3)+OBC* | 0.79 0.85 0.91 0.94 0.81 2.84
F+OBC 0.82 0.82 0.93 0.93 0.84 1.00

Table 12. Simulation results for scenarios (1)-(4). Median values of relative root
mean squared errors, expressed as a percentage.
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Estimator Med Rel Bias, % Med Rel Root MSE,%
Direct 0.02 6.75
EBLUP 0.05 2.92
REBLUP (F) 0.00 2.36
REBLUP (SR) 0.02 2.52
MQ 0.08 2.43
N2(1) 0.00 2.07
N2(2) 0.00 2.05
N2(3) -0.01 2.09
F+BC 0.03 3.96
SR+BC 0.03 3.88
MQ+BC 0.03 4.14
N2(1)+BC1 0.01 5.72
N2(1)+BC2 0.00 2.20
N2(2)+BC1 0.05 5.73
N2(2)+BC2 0.00 2.18
N2(3)+BC1 0.02 5.72
N2(3)+BC2 -0.01 2.21
N2(1)+OBC 0.02 2.26
N2(1)+OBC* 0.03 2.15
N2(2)+OBC 0.03 2.22
N2(2)+OBC* 0.03 2.12
N2(3)+OBC 0.02 2.27
N2(3)+OBC* 0.02 2.18
F+OBC 0.02 2.40

Table 13. Simulation results for scenario 5, [70/30]. Median values of relative biases
and relative root mean squared errors, expressed as a percentage.
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Figure 5. Relative errors for scenarios 5-8, areas are sorted in ascending order of the
sample size: (5) [70/30] scenario (see Table 13); (6) [et,0] scenario; (7) [O,ut]
scenario; (8) [et,ut] scenario.
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Estimator Med Rel Bias, % Med Rel Root MSE,%
[et,0] [0, ut] [et, ut] [et,0] [0, ut] [et, ut]
Direct -0.03  -0.04 0.04 417 3.22 4.14
EBLUP -0.07 -0.01 0.03 2.15 1.11 2.66
REBLUP (F) -0.02  0.00 0.02 1.61 1.11 1.75
REBLUP (SR) 0.00 0.00 0.02 1.62 1.13 1.77
MQ 0.07 0.08 0.15 1.64 243 2.39
N2(1) 0.02  0.00 -0.03 1.65 4.32 3.87
N2(2) 0.01 -0.01 0.03 1.64 1.12 2.44
N2(3) 0.02  0.00 0.01 1.65 1.11 2.87
F+BC -0.04  0.00 0.01 2.07 1.14 2.13
SR+BC -0.03  0.00 0.01 2.08 1.14 2.13
MQ+BC -0.01  0.02 0.03 2.06 1.51 2.34
N2(1)+BC1 -0.09  0.00 0.00 277 1.14 2.87
N2(1)+BC2 0.01  0.00 0.02 1.70  1.11 1.96
N2(2)+BC1 -0.09 -0.01 0.01 277 1.14 2.87
N2(2)+BC2 0.00 -0.01 0.00 1.66 1.11 2.06
N2(3)+BC1 -0.09 -0.01 0.01 277 1.14 2.87
N2(3)+BC2 0.00 -0.01 0.02 1.68 1.11 2.09
N2(1)+OBC -0.01  0.00 0.02 1.71 1.11 1.96
N2(1)+OBC* 0.01 0.02 -0.02 1.65 4.31 3.87
N2(2)+OBC -0.01 -0.01 -0.01 1.66 1.11 2.06
N2(2)+OBC* -0.01 -0.01 0.03 1.63 1.12 2.44
N2(3)+OBC -0.01 -0.01 0.02 1.69  1.11 2.09
N2(3)+OBC* 0.00 0.00 0.01 1.65 1.11 2.86
F+OBC -0.02  0.00 0.02 1.62 1.11 1.76

Table 14. Simulation results for scenarios 6-8. Median values of relative biases and
relative root mean squared errors, expressed as a percentage.
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3.7 Properties of the parameter estimates when the number of

areas increases

The simulation study of this subsection is designed to explore how the parameter
estimates change with the increased number of areas. Consistent estimators would

tend to true parameter values for a given model.

Consider three cases where the number of areas is M=20, 40, or 60. The number of
sample units in each area is N, =5. Similar to the simulation setup in the previous
section, the auxiliary variable X; is generated from the lognormal distribution with
mean 1.004077 and standard deviation of 0.5 and the sample values vy, . are
generated as Y,; =100+5%; +U_ +¢&, . Random effects are U, ~N(0,9). Random
errors are distributed as &, ~ (1- p)N(0,9)+ pN(0,900). Consider two scenarios for
the portion of observations with larger variance (1) p=0.03 or (2) p=0.30.

We considered the N2 estimators based on the three versions of the EM algorithm
described in Section 3.3.1. Table 15 and Table 16 report mean estimates and the

simulation standard errors (in parentheses) of the estimators of the parameters based

on 1000 Monte Carlo iterations.
When p=0.03, the general conclusion is that, as the number of areas increases, the
standard error decreases and the estimates tend to the values of the parameters. For

the larger fraction, p =0.30, there is a considerable bias in the estimate of 7% and we

cannot claim that it reduces when the number of areas increases. The bias is smaller

for the Method 2 of N2.
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131 132 0-12 0-22 72 p
vzlr;‘gs 100 5 9 900 9 0.03
M=20
N2(1) | 10000 501 9.21 835.05 7.93 0.07
(1.01)  (022)  (171)  (947.23)  (320)  (0.07)
N2@2) | 10000  5.00 8.36 836.82 9.08 0.07
(1.10)  (022)  (1.65)  (956.08)  (335)  (0.07)
N2(3) 99.99 5.0l 9.39 797.43 7.88 0.08
(1.01)  (022) (175  (937.97)  (324)  (0.08)
M=40
N2() | 9999  5.00 9.41 865.26 8.01 0.05
0.70)  (0.15)  (123)  (67441)  (240)  (0.04)
N2@ | 10001  5.00 8.52 86431 9.05 0.04
0.75)  (0.16)  (1.16)  (673.42)  (248)  (0.04)
N2(3) 99.99  5.00 9.49 809.44 7.93 0.05
0.70)  (0.15)  (124)  (662.05)  (243)  (0.05)
M=60
N2(1) | 10002  5.00 9.56 925.69 8.14 0.04
0.57)  (0.12)  (1.06)  (59849)  (1.86)  (0.03)
N2@) | 10001  5.00 8.70 92437 9.07 0.04
0.61)  (0.12)  (1.00)  (598.76)  (1.91)  (0.03)
N2@3) | 10002 5.00 9.58 856.85 8.04 0.04
0.57)  (0.12)  (1.04)  (590.87)  (1.89)  (0.04)

Table 15. Mean estimates and the simulation standard errors (in parentheses) for
scenario with p = 0.03 (a method used in the EM algorithm is indicated in

parentheses next to N2)
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181 182 O, 0, 7 p
vzlr;‘gs 100 5 9 900 9 0.30
M=20
N2(1) | 10000  5.00 12.64 917.03 536 0.30
(135)  (0.34) (3.92) (26832)  (2.83)  (0.06)
N2(2) | 10003  5.00 10.92 916.76 7.47 0.30
(138)  (0.34) (3.34) (268.04)  (334)  (0.06)
N2@3) | 10000  5.00 13.58 904.33 425 0.30
(136)  (0.35) 4.21) (26621)  (2.86)  (0.06)
M=40
N2(1) | 10000 4.99 12.52 902.09 550 030
0.87)  (0.23) (2.51) (190.51)  (2.10)  (0.04)
N2@2) | 10001 499 10.79 902.07 7.46 0.30
0.90)  (0.23) (2.15) (190.40)  (2.41)  (0.04)
N2@3) | 10000 499 13.52 892.00 436 0.30
0.88)  (0.23) (2.73) (189.15)  (2.12)  (0.04)
M=60
N2(1) 99.99  5.01 12.54 916.64 5.54 0.30
0.73)  (0.18) (2.07) (15337)  (1.62)  (0.04)
N2(2) 99.99  5.00 10.80 915.74 7.43 0.30
0.74)  (0.18) (1.73) (15297)  (1.89)  (0.04)
N2@3) | 9999 501 13.55 905.57 4.42 0.30
0.74)  (0.18) (2.23) (152.08)  (1.63)  (0.04)

Table 16. Mean estimates and the simulation standard errors (in parentheses) for
scenario with p = 0.30 (a method used in the EM algorithm is indicated in

parentheses next to N2)

3.8 Simulations for prediction confidence intervals using the

parametric bootstrap

The simulation setup is similar to the one described in previous subsections. There are
M =40 areas. The auxiliary variable X is generated from the lognormal distribution
with mean 1.004077 and standard deviation of 0.5 and the population values y,. are

generated as Y, =100+5X; +U, +&,. We used several patterns for the random

terms:
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- [0,0] pattern (no outliers): individual errors are &, ~ N(0,6) ; random effects
are U, ~N(0,3);
- [e0,0] pattern (individual outliers, symmetrical distribution): individual errors
are &, ~N(0,6) with probability 0.97 and &, ~ N(0,150) with probability
0.03; random effects are U, ~ N(0,3);
- [70/30] pattern (individual outliers, symmetrical distribution, large fraction of
the part 2 mixture units): individual errors are &, ~ N(0,9) with probability
0.70 and &, ~N(0,900) with probability 0.30; random effects are
u, ~N(0,9).
Each area contains 1000 population units from which 5 units are selected using
simple random sampling without replacement.

We used 100 simulated populations and corresponding samples. For each simulation
run, we obtained 100 bootstrap estimates for each area. The 95% confidence intervals

were constructed from the bootstrap pivots in all 40 areas.

Two alternative models were used: a nested error regression model (denoted EBLUP)
and the N2 mixture model without bias correction. The results are summarized in

Table 17.

122



Scenario EBLUP N2
[0,0] 95.0 94.8
(3.9 (3.7

[€0,0] 94.7 95.9
(5.1) (4.1)

[70/30] 59.5 96.2
(10.7) (7.7)

Table 17. Average coverage and median length of confidence intervals (nominal
coverage 95%) using the NER model and the N2 mixture model, for different
population patterns

Both models work well for the [0,0] (no outliers) scenario. In the other two scenarios,
the confidence intervals based on the N2 model give approximately the nominal
coverage. We encountered problems with estimation of parameters for EBLUP: in
large percentage of the simulation runs, the NER model produced zeros for the
variance of the random effects term. To avoid the appearance of zeros, we replaced
zeros in variance by 0.0001. The length of the bootstrap intervals for EBLUP version
is very unstable, and the result depends on the value we chose to replace the zero

variances.

3.9 Linearization of a finite population target in small area

estimation, with application to the CES survey

In order to apply a unit level model, when a target has a predefined form, we need to
linearize the target population quantity, similar to the way discussed in Section 2.1 of
Chapter 2. In this section, we first obtain linearization in the case of small areas, in
general terms. Then we apply the method to estimation of the relative change in

employment for small areas in CES.

There are two related purposes in linearizing a target quantity in small area context.

First, it provides a way of formulating a small area model at the unit level. Second,
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the form of a target finite population quantity, by the means of its influence function,
dictates what observations are to be considered influential. Thus, the structure of the
unit-level data is determined by the form of the target population parameter of

interest. The role of the model is to provide a useful description of this structure.

To estimate a pre-defined target using a sample of a limited size, it is possible to use
an area-level SAE model. To do this, one would first derive an estimate using the
sample and then stabilize this direct sample estimate by applying an area-level
method. In many situations, however, it is preferable to formulate a model at the unit
level. If the unit-level auxiliary information is available, modeling incorporating such
information can be especially beneficial. However, there are reasons to consider a
unit-level modeling even in the absence of such auxiliary data. The direct sample-
based estimates can be affected by influential observations. In such a case, using a

model that is robust to the unit level outliers may be beneficial.

In the area level Fay-Herriot model, variances of the direct sample based estimates
are considered to be known. In practice, some sort of a generalized variance function
is used to supply the variances of the direct estimates. However, these smoothed
variances do not always properly reflect the possibility that a particular realized
sample contains extreme observations. If this happens, the harmful effect that such
units have on the direct sample estimate carries over onto the resulting area-level

model estimates.

Assume a vector of population measurements y=(yl,...,yN ) in area M is a

realization from a superpopulation distribution (each y; can be a vector of
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measurements on a unit j ). Denote by F the empirical distribution function (edf)
of the finite population in area m. The finite population quantity of interest is some

T (FNm ), it is assumed to be sufficiently regular to be linearized near F,, the ideal

distribution in area M, using a Taylor expansion. Similar to (2.1.1), we write
T(Fy )=T(F)+N. D IR o (v;)+Ry, (3.9.1)

where T (F,) is a superpopulation parameter and IF - (yj) is the influence

function of the functional T. As in Section 2.1, let us drop the remainder term of

(3.9.1) and redefine the finite population target as
T(Ry, )=T(F)+ND IR < (y)). (3.9.2)

Given the population size N in area m is large, the remainder term is negligible, and
this quantity is different from the ideal target by a small value.

Of course, T (F, ) in (3.9.2) is not known. If the sample is large enough, one could
simply use a sample based estimate in its place.

In small domains, however, the direct sample estimator is not reliable. It is usual in
small area estimation to make assumptions about proximity of the area levels to the

aggregation of areas. Let F denote the distribution function of population

measurements in the aggregation of areas and let us assume that T (FN ) can be

expanded in the neighborhood of F as
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T(FNm):T(F) +Cr;1lNr;lNZmIFF,T ()’j)+§Nm> (3.9.3)

j=1

M M
for some C, such that Z PuCn =1 Py =N, /N,N= z N, ; Ry, is a remainder

m=1 m=1

term.

In general, we can make a supposition about the closeness of F, to F by assuming

that the remainder term is small. Then, similar to (3.9.2), we can redefine the target

population parameter by dropping the remainder term:

T(R,)=T(F) +CQINQI§'}IFF,T (¥o) (3.9.4)

=
In what follows, we consider a particular case by setting C, =1.

Since T (F) is defined on aggregation of areas, it can be estimated from the sample
with satisfactory precision. Let T (F, ) denote an estimate of T (F ). The estimator of

T ( FNm ) takes the form

B | (w;-1)d; ] jes, |
E;[w, -1 jeS, |

2 ~ 1 n R
T(FNm):T(FN)+fma;ujjt(l—fm) (3.9.5)

where 0 is an estimate of IF ; (), it depends on the estimate T (F, ).

We next consider the application to CES.

In CES, the goal is to estimate the relative over-the-month change in employment at a

given month t in areas m=1,...,M, where the areas are formed by cross-classifying
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industries and metropolitan statistical areas (MSA). For area m, the target finite

population quantity at month t is

z jerl ymj,t

R = ik TMt (3.9.6)

m,t Z )
jePoy ymj,t—l

where P

m,t

is a set of the area m population establishments having non-zero
employment in both previous and current months, ie., Yy, >0andy, >0. The

direct sample estimate is

2 s, Wiy Ymi.t
T e s
J€Smy mj me -1

R (3.9.7)

where S is a set of the area m sample establishments having ;. , >0andy, >0;

W, is the sample weight for unit mj.

Assume the set of finite population observations at month t

M
{( yj’H,yj,t)| jeP =UPm’t} to be independent realizations of a random vector

m=1
(Y_.Y,) having a probability distribution F; let (12_1,6{) be a vector of
superpopulation means of (Y_,Y,). The population measurements in area m,
{(ymj,t_l, ymj7t)| je Pm,t} are independent realizations of a random vector (Y Y, )

mt-1> 'm;t

with the probability distribution F,. The superpopulation parameter of interest is a
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function of the superpopulation means (Gm’H 5O ) :

0

m,t

T(Fm):T (gm,t—lﬁe

m,t>

F,)=

m,t—1

For 'f(FN) involved in formula (3.9.5), we use the survey weighted estimator

R MY (3.9.8)
% 9.

based on the aggregation from all areas. The number of population units having

nonzero employment in two consecutive months is not known and is estimated as

Nm = Z . Wi, the sampling fraction is estimated as

>
=]

f ——m (3.9.9)

2>

3

Applying formula (3.9.5), we derive the following variable

* A (me _'1)0 A
Vi = (1= fm)VLV—’ (3.9.10)

m

where R, is the estimated ratio of employment at a statewide level;

t
Vi =Y_t:11(ymj,t — R Y1) 1s the estimated influence function for the ratio; Y., is an

estimate of the previous month mean statewide employment; W, = N, Y. . W, isan

jeSmJ

area m average weight; V., =n' ics. V-
: €Sy, i,

In this study, historical administrative data from the Quarterly Census of Employment

and Wages (QCEW) program of the U.S. Bureau of Labor Statistics played the role of
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the “real” data. (In real time production, the estimates are based on the data collected

by CES.)

We compared performances of several estimators: one estimator is based on the area-
level Fay-Herriot model and the other estimators are based on different unit-level
models. We used the single slope, without intercept linear models, with the past

year’s population trend R, ,, playing the role of an auxiliary variable (i.e., area-level

m,t—1

auxiliary information for all observations in area m).

We made estimates of the relative employment change in September 2006 for four
States (Alabama, California, Florida, and Pennsylvania); the sample was drawn from
the 2005 sampling frame, which mimics the production timeline. We fit the models
separately for each State’s industrial supersector: a set of MSAs within States’
industrial supersectors defined the set of small areas. The resulting estimates were

compared to the corresponding true population values R, available from QCEW.

Performances of the estimators were measured using the 75th percentile of the

A

absolute error E  =100|R ,-R and the empirical root mean squared error

m,t

oo
ERMSE, =[M 1y E;JT.
m=1

Summaries of results for each State are reported in Table 18 - Table 25.
The meanings of the column labels are as follows:
“Dir” is the direct sample estimate;

- “FH” is the Fay-Herriot model based estimate;
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- “NER?” is the estimate based on the nested-error regression model;
- “F”is REBLUP using Fellner’s method, “FBC” is its bias-corrected version;

- “MQ” is the M-quantile based estimate, “MQBC” is its bias-corrected

version;
- ”N2BC1” is the BC1-corrected N2, “N2BC2” is the BC2-corrected N2;

- “N20BC*” is the overall bias correction of N2 without making the area-level

corrections first;
- “N20BC” is the overall bias correction after the individual area corrections.
We used Method 1 of the EM algorithm (see Section 3.3.1) for estimation in N2.

The direct estimator does not perform well in comparison with the other estimators.
So the use of a model is well warranted. In all states except Pennsylvania, the robust
estimators outperform the FH or the NER-based EBLUP. Overall, the performance of
N2 is close to the Fellner’s version of REBLUP. In Alabama and Florida, the N2
estimator is more efficient than the other estimators both in terms of ERMSE and the
75™ percentile. In California, ERMSEs of REBLUP and MQ are smaller than of N2
but, in terms of the 75th percentile, these estimators are very close. In Pennsylvania,
in several industries, the N2 estimator had a large error due to the overall bias, but the

OBC versions helped reduce the bias.
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Ind Dir FH NER F MQ N2 FBC MQBC N2BC1 N2BC2 | N20BC* N20BC
20 674 172 268 195 169 126 | 244 234 46l 1.26 125 1.25
31 109 106 091 073 068 078 | 116 1.14 125 121 0.78 1.14
32 115 130 110 071 08 160 | 101 1.03 152 1.06 1.60 0.99
41 357 157 104 135 205 118 | 118 1.87 1.93 118 118 118
2 119 136 141 077 095 100 | 074 0.77 1.19 1.00 0.97 0.97
43 188 165 176 172 164 171 | 175 1.68 191 171 1.67 1.67
50 228 155 114 157 220 138 | 165 234 130 138 130 130
55 220 197 223 129 121 124 | 125 122 203 124 1.19 1.19
60 159 216 216 097 130 088 | 093 0.97 148 088 0.88 0.8
65 141 117 104 060 069 071 | 0.60 0.59 137 071 0.68 0.68
70 431 102 102 094 090 093 | 139 140 349 093 0.93 0.93
80 953 397 572 517 529 484 | 534 544 686  4.84 484 484
Overall 398 187 226 190 202 180 | 2.03 2.13 2.93 1.79 1.79 1.77
Table 18. Alabama, by Industry, Empirical Root Mean Squared Error
Ind Dir FH NER F MQ N2 FBC MQBC N2BC1 N2BC2 | N20BC* N20BC
20 3.72 1.69 1.96 2.03 204 122 1.89 2.03 2.98 1.22 1.25 1.25
31 124 127 112 075 075 094 | 1.10 1.10 110 098 0.95 0.88
32 130 101 070 073 084 082 | 0.6l 052 098 082 0.95 0.92
41 268 166 114 156 221 146 | 150 1.80 1.92 1.46 147 147
42 109 136 154 067 094 126 | 053 0.61 1.07 126 127 1.27
43 183 201 218 208 184 209 | 208 1.93 240 2.09 201 2,01
50 242 168 129 189 201 167 | 193 233 1.47 1.67 1.68 1.68
55 217 226 257 173 161 157 | 170 170 251 1.57 1.50 1.50
60 129 246 232 085 129 117 | 082 1.10 151 1.17 1.16 1.16
65 126 157 142 046 072 076 | 036 0.33 109 076 0.74 0.74
70 219 109 109 106 093 094 | 1.56 157 230 094 0.97 0.97
80 944 313 535 371 313 285 | 414 390 907 285 2.84 2.84
Overall 214 184 170 138 146 135 | 1.67 1.69 1.99 139 130 131

Table 19. Alabama, by Industry, 75th Percentile Absolute Error
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Ind Dir FH NER F MQ N2 FBC MQBC N2BC1 N2BC2 | N2OBC* N20BC
20 399 190 186 1.64 145 169 1.94 1.99 341 1.68 1.66 1.66
31 309 170 176 151 182 172 1.99 2.23 222 1.72 1.72 1.72
32 7.74 495 480 403 412 562 | 398 391 488 5.06 5.60 5.07
41 364 201 266 142 103 136 1.46 1.01 4.86 1.36 1.35 1.35
42 206 099 1.05 055 065 064 | 074 0.81 1.59 0.64 0.64 0.64
43 826 485 405 321 366 262 | 4.16 4.46 5.03 2.57 261 2.57
50 265 152 138 114 095 125 1.18 1.01 1.36 1.25 1.24 1.24
55 311 211 120 088 084 089 | 090 0.78 438 0.89 0.88 0.88
60 222 155 153 124 125 158 1.69 1.68 2.95 252 1.57 252
65 241 169 124 092 080 090 | 0.89 0.86 223 0.90 0.90 0.90
70 2.26 1.23 1.38 1.25 1.19 1.15 1.63 1.62 2.22 1.15 1.16 1.16
80 553 165 1.68 3.69 284 1.62 | 412 3.87 5.24 4.07 1.62 4.07
Overall 440 250 234 210 204 215 | 239 238 3.64 236 2.14 236
Table 20. California, by Industry, Empirical Root Mean Squared Error, %
Ind Dir FH NER F MQ N2 FBC MQBC N2BC1 N2BC2 | N2OBC* N20BC
20 431 147 157 153 165 158 1.88 1.87 3.17 1.58 1.41 1.45
31 290 123 142 119 070 149 1.39 1.37 141 1.49 1.49 1.49
32 187 271 257 314 314 350 | 280 2.80 2.80 330 3.50 332
41 323 195 194 121 142 1.08 1.16 1.12 3.78 1.08 1.08 1.08
42 156 075 100 068 070 079 | 063 0.66 1.15 0.79 0.74 0.74
43 326 254 212 117 196 117 1.23 1.23 2.17 1.17 1.17 1.18
50 1.94 1.42 1.48 1.23 1.04 1.41 1.27 1.28 1.42 1.41 1.39 1.39
55 155 126 129 082 093 085 | 075 0.79 1.71 0.85 0.85 0.85
60 226 098 104 114 108 1.10]| 113 1.12 2.56 1.10 1.08 1.08
65 158 152 071 074 064 067 | 085 0.88 1.45 0.67 0.71 0.71
70 284 131 178 147 143 128 | 210 2.06 2.59 1.28 1.28 1.28
80 622 148 184 144 129 135 1.48 1.38 5.00 1.31 1.35 131
Overall 3.01 1.57 1.61 1.23 1.23 1.20 1.35 1.28 2.61 1.19 1.21 1.19

Table 21. California, by Industry, 75th Percentile Absolute Error
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Ind Dir FH NER F MQ N2 FBC MQBC N2BC1 N2BC2 | N2OBC* N20BC
20 281 133 187 125 113 086 | 148 1.45 2.87 0.86 0.87 0.87
31 285 144 130 114 209 1.14 | 115 2.10 1.45 1.14 1.14 1.14
32 391 210 914 7.1 977 199 | 7.10 9.76 1.77 1.99 1.98 1.98
41 498 370 165 1.16 105 1.09 | 123 1.10 6.58 1.09 1.09 1.09
42 071 059 059 043 042 027 | 035 0.36 0.60 0.29 027 0.29
43 427 196 151 127 176 136 | 191 2.18 1.75 1.36 1.36 1.36
50 1061 1016 294 575 409 152 | 574 411 1.59 1.52 1.54 1.54
55 245 104 097 075 1.13 077 | 0.80 1.07 2.09 0.77 0.77 0.77
60 225 087 093 074 071 067 | 074 0.70 1.14 0.67 0.68 0.70
65 1.84 077 067 049 046 056 | 0.83 0.82 1.78 0.56 0.52 0.52
70 365 178 093 086 102 091 | 167 1.76 3.99 1.28 0.89 1.28
80 821 361 116 370 8.09 1.04 | 401 8.23 7.04 1.04 1.05 1.05
Overall 479 342 271 277 377 108 | 2.89 3.85 3.42 L11 1.08 L11
Table 22. Florida, by Industry, Empirical Root Mean Squared Error
Ind Dir FH NER F MQ N2 FBC MQBC N2BC1 N2BC2 | N2OBC* N20BC
20 287 125 200 LIS 091 074 1.26 127 2.95 0.74 0.80 0.80
31 279 170 142 153 156 140 1.53 1.55 1.57 1.40 1.41 1.41
32 316 261 527 418 567 234 4.17 5.41 1.94 234 234 234
41 251 253 151 086 1.13 085 0.84 1.01 3.48 0.85 0.86 0.86
42 085 053 054 037 033 022 0.28 031 0.74 0.22 0.22 0.22
43 347 133 175 114 144 L1l 1.51 1.57 1.72 111 111 111
50 2.81 2.68 2.64 252 2.04 1.28 2.52 2.72 1.60 1.28 1.31 1.31
55 215 126 111 066 074 0.8 0.68 0.66 1.65 0.68 0.67 0.67
60 159 102 112 092 085 080 0.81 0.83 1.46 0.80 0.82 0.85
65 142 075 060 055 051 047 0.66 0.59 1.43 0.47 0.59 0.59
70 254 177 115 085 092 1.06 1.64 1.49 2.07 1.09 0.87 1.02
80 489 245 143 147 164 114 1.54 1.79 2.80 1.14 1.17 1.17
Overall 254 159 132 107 L13 102 1.30 1.34 1.81 1.02 0.91 0.94

Table 23. Florida, by Industry, 75th Percentile Absolute Error
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Ind Dir FH NER F MQ N2 FBC MQBC N2BC1 N2BC2 | N20BC* N20BC
20 495 129 118 148 183 199 | 245 251 434 1.99 1.24 1.24
31 220 077 078 074 091 074 176 188 241 0.74 0.71 0.71
32 231 107 246 106 119 095 131 147 147 095 0.95 0.95
41 242 066 063 084 071 077 1.03 0.98 1.73 0.77 0.73 0.73
42 173 062 042 074 054 052 | 097 0.94 133 0.86 0.52 0.85
43 525 152 159 434 380 412 | 453 453 490 412 3.38 3.38
50 185 121 113 103 152 LIl 1.03 153 129 111 1.08 1.08
55 415 290 094 083 091 102 [ 087 102 246 1.02 0.89 0.89
60 259 116 099 0838 098 097 123 125 238 097 0.92 0.92
65 128 049 054 064 067 063 0.79 0.80 127 0.62 0.58 0.60
70 329 154 143 271 229 200 | 344 3.31 3.43 2.00 2.07 2.07
80 566 191 219 156 156 152 176 1.77 5.97 152 152 1.52
Overall 346 142 132 175 166 167 | 209 2.13 3.15 1.68 1.44 1.46
Table 24. Pennsylvania, by Industry, Empirical Root Mean Squared Error
Ind Dir FH NER F MQ N2 FBC MQBC N2BC1 N2BC2 | N20BC* N20BC
20 468 147 123 153 138 244 | 319 320 427 244 1.48 1.48
31 135 069 072 057 091 051 1.06 1.49 102 051 0.60 0.60
32 18 079 196 132 131 08I 1.01 175 177 081 0.69 0.69
41 319 056 053 074 074 090 | 0.89 0.91 124 090 0.85 0.85
42 119 059 060 047 035 050 | 072 0.69 1.03 0.50 0.50 0.50
43 572 166 173 462 426 526 | 5.1l 4.88 560 526 441 441
50 220 1.60 1.28 117 1.32 1.35 1.21 1.40 1.48 1.35 1.28 1.28
55 297 246 090 096 103 103 0.72 118 213 1.03 0.85 0.85
60 263 115 120 096 122 090 1.45 140 251 0.90 1.06 1.06
65 147 053 060 073 083 083 0.90 0.91 128 083 0.77 0.81
70 387 162 109 290 254 224 | 382 376 382 224 1.78 1.78
80 601 123 18 127 143 099 | 238 226 581 0.99 0.95 0.95
Overall 339 1.17 1.19 1.28 1.31 1.39 1.67 1.73 2.49 1.40 1.11 1.12

Table 25. Pennsylvania, by Industry, 75th Percentile Absolute Error
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Examples of the distribution of errors across areas are given in the plots below (see

Figure 6 and Figure 7).

Errors, c¢a, Ind 41

—— Direct —=&— MNER —e— P2
—— FH Fellner M2+0BC
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Figure 6. California, Wholesale Trade (industry 41) deviations from true population
values (in hundreds) of the relative employment change estimates, by areas.
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Figure 7. California, Retail Trade (industry 42) deviations from true population
values (in hundreds) of the relative employment change estimates, by areas.

Deviations from true population values for areas in California Wholesale Trade
(industry 41) and Retail Trade (industry 42) are shown for the direct estimator and
estimates based on the nested-error regression (NER), Fay-Herriot (FH), Fellner, and
N2 model. Areas on the plots are sorted in the ascending order of the number of
sampled units. There were 27 areas in each industry. The number of sampled units
range from 1 to 510 in Wholesale Trade and from 6 to 543 in Retail Trade. It can be
seen that the direct estimator (black dots) is very inefficient. Errors of the Fay-Herriot

estimator often mimic the errors of the direct estimator. This happens because the
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variances of the direct estimators do not take into account the outliers that occur in
the sample. Hence, in the weighted average, more weight is given to the direct
estimator than to the synthetic part. The NER estimator also often has a larger error
than the robust estimators. Performances of the robust estimators, Fellner, MQ, and

N2, are for the most part similar.

Errors, pa, Ind 43

—+— Direct —& MHER —— N2

—— FH Fellner MZ2+0BC
w - 0
a A -
g e N, A
AN AN PN A
Fiv T
N ~

BIr
o

area

Figure 8. Pennsylvania, Transportation and Ultilities (industry 43) deviations from
true population values (in hundreds) of the relative employment change estimates, by
areas.
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An interesting case is shown in Figure 8 (Pennsylvania, industry 43). There are 15
areas included in the model, the smallest area has 2 units and the largest area has 60
units in the sample. Here, robust estimators perform worse than the Fay-Herriot or
NER based estimators. The distribution of the residuals in this industry is asymmetric.
The right tail units have a higher probability of being in part 2 of the sample. (This is
an indication that, perhaps, the alternative models are also misspecified.) The bias
incurred because observations tended to be downweighted more on the right tail of

the distribution. The bias was somewhat corrected in the N2+OBC estimator.

Summary

In this Chapter, we proposed a model that assumes that observations are generated
from a mixture of two normal distributions with a common mean and different error
variances. This model can be viewed as an extension of the nested error regression

model, as it relaxes the assumption that the random error variance is constant.

When the fraction of the larger variance observations is small, the estimates from the
model perform similar to the robust methods of Fellner (1986) and Sinha and Rao
(2008) that are based on the Huber function. The model has potential to be especially

useful when the fraction of the part 2 observations increases.

Another feature of the proposed method is that it estimates the conditional
probabilities for observations to fall in each part of the mixture. This can serve as the
basis for a formal test, such as the “random occurrence test” described in Section 3.5.
The random occurrence test essentially is a check of validity of the model. If the test

indicates that certain areas are outliers, such areas can be removed from the model
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and the model can be re-fitted without the outlying areas. For the outlying areas, a
separate set of assumptions has to be used. Depending on the context of a survey,
subsequent treatment may include adding a bias correction term to the area estimate

or excluding the area from the model and using the direct estimator for such an area.

We considered several scenarios for evaluation of the bootstrap procedure for the case
of the mixture model. Bootstrap prediction confidence intervals provided

approximately nominal coverage under each of these scenarios.

When the finite population target is not in a linear form, it can be linearized in order
to apply a model at the unit level. The unit level modeling may be especially useful
when outliers in the data affect the direct survey estimates. A study using CES sample

data confirms this point.
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Chapter 4: Concluding Remarks and Future Research

We include in this Chapter a list of topics that we feel need to be explored in the

future.
1. Asymptotic properties of the estimated parameters

In Section 3.7 of Chapter 3 we used a simulation study to investigate the performance
of the parameter estimates when the number of areas increases. Although somewhat
inconclusive due to large variance in some of the estimates, the results of the study
suggest that the estimators of the parameters tend to the true values. It would be
desirable to prove consistency of the estimators analytically. In particular, the
consistency property is a necessary condition for the proper approximation of the true

distribution of the pivot by the parametric bootstrap of Section 3.4.

2. Theoretical properties of the prediction confidence intervals obtained using the

parametric bootstrap of Section 3.4

The goal is to prove theoretically that the distribution of the bootstrap pivot
approximates the distribution of the corresponding quantity based on the original data

and to derive the order of the approximation.
3. Improvements in the Monte Carlo part of the EM algorithm

The Monte Carlo part of the EM algorithm described in Section 3.3.1 works
reasonably well when the probability of being in part 2 of the mixture is small. There
is room for improvement of the algorithm. One problem is that, when the Monte

Carlo error is large, the log-likelihood function does not necessarily increase at every
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step of the EM algorithm and, as a result, the algorithm may not converge properly

and the maximum will not be reached.

Booth and Hobert (1999) proposed several methods that help to control the
performance of the EM algorithm. The methods include dynamic increase in the
number of the Monte Carlo iterations depending on the error of the Monte Carlo
estimates computed after each EM step. However, the error may be so large that it
would call for an unrealistically large number of iterations. Therefore, the first goal

would be to find an improvement in terms of efficiency of the Monte Carlo step.
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Appendix A. The proof of Result 1 from Section 2.3

First, note that it is always true that K >0 and L <0. This follows immediately from

conditions (2.3.2) and (23.3) and the fact that, for any j, (K-u;)J;<0 and
(L-u;)1;>0.

Next, write the mean squared error as

MSE (K, L)]=Var[@(K,L)]+(Bias[m(K.L)])", (A.11)
where the bias is

Bias| U (K,L)|=E[U(K,L)-T]

:E[U(K,L)]:n’lEi[(K—uj)Jj+(L—uj)lj] (A.1.2)

i1

Consider the variance term:

Var[T(K,L)]= Var{u+nlz{(K u;)d; +(L-u, }

>

:Var(U)+nzjzn_;Var{(K—uj)Jﬁ(L—uj)l }+2n2E{
(from the independence of U ’s and that E( j)=0)
—Var(U)+n2i[E[(K Ui 2 (E J + L Yj )I })ZJ
el ens +<L ]
:Var(U)+nZZH:(E[(KZ—UJ?)JJ.+(L2—u§)|j}—(E[(K—uj)Jj+(L—uj)|j])2).

i=1

U {(K - J)Jﬁ('-‘uj)'i}}

j=1

Note that whenever K >0 and L <0, the variance of the Winsorized mean U( K, L)

does not exceed the variance of the sample mean U, Var(U), since for all j,
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(K*-u})J; <0 and (L*-uj)I;<0. When conditions (2.3.2) and (2.3.3) hold, the
analogous result holds not only for the variance but also for MSE, as shown below.

The MSE is
MSE[U(K,L)]:Var(U)+n2%(E[(K2—uf)Jj +(L2—uj?)lj]—(E[(K—uj)Jj +(L—uj)|j})2)
+(Bias[T(K, L))’

=Var(U)+n‘2Zn:(E[K(K—uj)Jj #L(L=u )1 [+ Euy (K -uj)9, +uj(|_—uj)|j])

j=1

n

3 (E[(K-u),+(L-u)1,])

j=1

+(Bias[T(K,L)])

2

n

ZVar(U)Jrn_ZE(KZ(K‘“i)JJ’ +Li(|—_uj)lj}

j=1 i=1

+nng[uj(K—uj)Jj +UJ(L_UJ')IJ

—n> (E[(K_“i)‘]ﬁ(l‘_ui)ll})z

+(Bias[T(K,L)])

Since K and L satisfy, respectively, the equations K+Z(K—u j)Jj =0 and

j=1

L+Zn:(L—uj)Ij =0, the bias is

Bias[T(K,L)]=-n"E(K+L).

The mean squared error is
MSE [T (K,L)]|=Var(T)-n?(EK*+EL)

+n2.Zn;E[ui(K_ui)‘]j +ui(|‘_ui)lj}n72-
p

j=1

n

(E[(K_“i)JiJF(L_“J)'J)Q

+n? (EK +ELY’
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=Var (0)-n"Var (K)-n"Var (L)

n n 2

+”722E[“1(K_“1)JJ +“j(L_“i)'J}nizz(E[(K_ui)‘]i+(L_uj)|‘1)

j=1 j=1
+2n~°E ( KL)
<Var ()
(the last inequality follows from noting that, for any j, u;J; >0 and (K —U; ) J; <0.

1=

Thus, u; (K —u;)J;<0. Similarly, for any j, u;l;<0 and (L-u;)l;20; thus,

uj(L—uj)Ij <0. Therefore, n_ZZn:E[Uj(K_Uj)JJ+UJ(L_UJ')IJ']SO'

j=1

The term involving E(KL) also never exceeds zero because K >0 and L<0.)
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Appendix B. R code for the Winsorization example of Section

2.3.1.

HHAHHHH AR AR AR R R

# KL function for finding cutoffs #
# #
# Input: #
# X sort and center the sample, then #
# to find K: take values on the right from zero, #
# to find L: take absolute values on the left from zero #
# #
# S length, defines the number of nodes, #
# e.g., 10*length(X) #
# #
# Output: #
# KL cutoff point (K or L) #

HH R R R R R R R R R R R
KL<-Ffunction(X,S){
maxKL=max(X)
i=0
z=1
while (z>0 && i<S){
i=i+l # count nodes
KL=(S-1)*maxKL/S # interpolation step
P_K=length(X[X>KL]) # (tail probability)*length(X)
M_K=sum(X[X>KL]) # (tail mean)*length(X)
z=(KL+(KL*P_K-M_K))
}
return(KL)

}
example_demo<-function(N, Sim, p, mul, mu2, guess,seed){

# N sample size

# Sim number of simulation runs

#p contamination fraction (can be 0)

# mul true mean for ‘“good” units

# mu2 true mean for contamination

# guess for initial guess: 1 - use truth; 2 — use mean

set.seed(seed)
estl<-matrix(0,Sim,1)
est2<-matrix(0,Sim,1)
K<-matrix(0,Sim,1)
L<-matrix(0,Sim,1)
n<-matrix(0,Sim,1)

for (sim in 1:Sim){
n[sim]=sum(rbinom(N,1,p))
X0=c(rnorm((N-n[sim]) ,mul,1),rnorm(n[sim],mu2,sqrt(10)))
truth=1-p)*mul+p*mu2

## lognormal
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#x0=rInorm(N,0,1)
#truth=exp(0.5)

if (guess==1) {muO=truth} else
if (guess==2) {muO=mean(x0)}

X=xX0-muO

rightx<--sort(-x[x>0])
K[sim]<-KL(rightx,10*length(rightx))
leftx<--sort(x[x<0])
L[sim]<--KL(leftx,10*length(leftx))

# Winsorized values
X W<-

mGO+x*(x>L[sim])*(x<K[sim])+L[sim]*(x<=L[sim])+K[sim]*(x>=K[sim])

estl[sim]=mean(x0)
est2[sim]=mean(x_w)
}
### Summary
K<-mean(K)
L<-mean(L)

rmsel<-100*sgrt(mean((estl-truth)”2))
rmse2<-100*sgrt(mean((est2-truth)”2))

bias1=100*mean(estl-truth)
bias2=100*mean(est2-truth)

out<-
as.data.frame(cbind(Sim,N,p,mul,mu2,guess,biasl,bias2,rmsel,rmse2,10
O*rmse2/rmsel,L,K))

names(out)<-

c("Sim™, "N, P, MUl "Mu2™ , "Guess', ""Biasl1", ""Bias2",""RMSE1", ""RMSE2"",
"RMSE2/RMSE1"",""L"","'K"")

print(out)

return(out)

#i# example call:

out<-example_demo(50,5000,0.03,0,0,1,2717)
write._table(out, "example_demo.csv",sep=",", append=1)
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Appendix C: EM algorithm for the scale mixture-fixed effects

model WN2F from Section 2.4

(The algorithm is a slightly more general case of the scale mixture of K Normal
distributions, strata means are modeled as fixed effects)

The Model:
) ind 5
Yj | Zoe =L b, 000 ~ N (/Um’o-k )’

where k=1,...,K; ] =1,...,nm;m=1,...,M;Znm =n;

Z,; is a mixture class indicator for an observation M and class k;

o, is a variance parameter of the k™ component of the mixture.
. T T\ u
Denote the observation vector by y = (yl N ‘4 ) , where y =(ym1,..., ymnm) .

The goal is to estimate the set of parameters 0 = (,u],...,,u,v, T yyeer Ty O yeren O ) .

The indicator z,, takes the value 1 if the observation (mj) belongs to class k and is 0

mjk
otherwise.

The complete data log likelihood is

Ny

MK
(y,210) =223 7y 10g Yoy | 243,0)

m=1 k=1 j=1

M Ny

1 n K
=—5(nlog2ﬂ+210g0k PIPRAEDICADIP I AN (A ‘ﬂm)zJ
k=1

m=1 j=I m=1 j=I

3

The algorithm:
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Assign sets of initial values:
,ur(no) for p,,m=1L...M,
7Z'|£0) for prior probabilities to belong to the mixture part K,

29— 2®, j=1,..n

ol for o,k =1,..,K
p --iteration

Run the loop as specified below.

1. Compute the log likelihood function for the current values of the parameters:

M Ny | (ymj _lur(np))2
)

(P.g\—
I(QP’ )_mZ‘;J log Z\/_ak 5 o

If z_. were observable, then the complete data log likelihood would look as follows:

mjk
)%
R K o K Qo Ymj —H
I (H(p);y)z——z n., log27z+Zlogaf(p) Zm‘j’2+z Zm?k)( - 2(pr)n )
205 k=1 j=1 k=1 j=1 (o)

2. (E-step) Mixture indicators z., are replaced by their current conditional
expectations
Zr(n?ljl) = E|:ijk ’)’ae(p)] = P{ijk =1] y:e(p)} .

Atstep p+1, we “impute” the posterior probabilities, using the Bayes formula,

_ Y ‘ ( _ <p>)2
(p+1) _ () 1 1 (ymj H ) (p) 1 1 ymj Hm
Zy =7 eXp—— Vs EXpa——
ik k O.IEP) O.k2(p) ; k O.lgp) O.kz(p)
for k=1,...,K
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3. (M-step) Find MLE of the parameters:

4 1
7r|£p g =

4. Recompute the log likelihood using the new values of the parameters.

5. Check the convergence criteria:

‘A(P“)

<&, where AP :I(Q(p”);y)_|(9(p);y)
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Appendix D: On the maximum likelihood estimator of P .

The derivative, with respect to B, of the log-likelihood function of the mixture

distribution given in the form (3.1.4) is

alogh (v10) z (y10)aL(0)
o Y|9 P

oL, (6)
op

2n
k=1

=E{a—g—[@|y,9},

where L, (08)=1log f, (y|0) is the log-likelihood function of the mixed model

corresponding to some k-th combination of the mixture indicators. The derivative

with respect to B is

oL (0 . _

% =X'X,'y-X"Z.'XB.

Thus,

dlogh(y|0) _ .
" =E[X'E'y-X'Z'XB|y.0]

=X"E[L,'|y.0]y-X"E[£,'[y.0|Xp
Thus, if all the other parameters are known, MLE of B is a solution of the estimating

8logh(y|9)_
op S

ﬁ:(XTE[E;I |y,9]x)_1 XE[Z,'|y.0]y.

equations ie.,
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