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Carlos A. Berenstein and Alain Yger*

1. Introduction. Inspired by the work of Arakelov and Faltings, H. Gillet and C. Soulé
developed a method to express arithmetic heights of cycles in P® = Proj(Z[Xo, ..., X)),
considered as an arithmetic variety over Z ([GS1], [GS2], [BGS]). This was done in terms
of a multiplication operation between pairs (Z,Gz), where Z is an arithmetic cycle of
codimension p in P*, Z = Z(C) the corresponding algebraic cycle in P*(C), and Gz a
(p — 1,p—1) current in P*(C). This current must satisfy the Green equation

(1) dd°Ggz +éz=f,

where f is a smooth (p,p) form and dz is the integration current on the cycle Z. (We
recall d° = (8 — 3)/4mi.) Such a current Gz is usually called a Green current for Z The
multiplication between such pairs is formally defined by the relation

(2) (21,Gz,) ¢ (22,Gz,) = (21 22,62, NGz, + f1 AGg,),

where Z; - Z; is the arithmetic intersection of the two cycles [GS1]. In order for such a
definition to make sense one needs additional constraints on the Green currents. Gillet-
Soulé assume that the Green current is chosen to be C* outside the support |Z] of the
cycle and having logarithmic singularities (after resolving the singularities of Z) on Z.
This allows them to prove that the wedge product dz, A Gz, makes sense. The product
thus defined has to be understood modulo some equivalence relations, namely, it is defined
in the p-Chow group of P", i.e., in the quotient group of the additive group of pairs
(Z,Gz) modulo the subgroup generated by elements of the form (0,du + d®v), with u,v
currents in P™(C), and elements of the form (div A, —i.(log |h|?)), where h is a rational
function on a subscheme Y of codimension p — 1, the divisor divh is a divisor in Y, and
i:Y(C) — P"(C) is the canonical embedding. The corresponding product of classes turns
out to be commutative.

The concept of Green currents makes also sense on any smooth arithmetic variety X,
not only P". We denote by X (C) the corresponding complex manifold. On the other hand,
P™(C) is equipped with a Kahler form, namely the Fubini-Study metric and corresponding
form

(3) w = dd° log(|zol® + - [eal?) = =50 log((la][?).

An Arakelov variety is a pair (X, w), where X is a projective arithmetic variety and w is a
Kahler form on X(C). For a codimension p arithmetic cycle Z on an Arakelov variety, we
have the notion of normalized Green current, namely, the (p—1,p—1) current Gz (unique
up currents of the form du + d®v) which is a solution both of the Lelong-Poincaré equation

(4) dd°Gz + 6z = H(3z),
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and of
H(Gz) =0,

where H is the harmonic projection relative to the Hodge decomposition on P*(C). For
example, in the case of P™, if Z is defined by p homogeneous equations Q; = --- = Q, =0,
of respective degrees D;, the zeros counted with multiplicities, and such that the sequence
Q1,-..,Qp is a regular sequence in P™(C), then a normalized Green current solves the
equation

(5) dd°Gz + 67 = Dy -+ - Dpw®.

It is shown in [GS1] that one can find such normalized current Gz with the additional
properties of being smooth outside |Z| and of logarithm growth at |Z|, as required above
for the product (2) to make sense.

When Z is a codimension p arithmetic cycle in P™, its Chow class Z is the element of
the p-Chow group of P™ defined by the class of a pair (Z,Gz), where Gz is a normalized
Green current. We need also to define the 1-Chow class é;(P™). This is done as follows:
given Zy and a generic hyperplane < u,z >= ugZTg + ** - + UnZn = 0, u € Z™+1, one can
take
| <u,z>|?

lll}?

as a Green current for Zy. The 1-Chow class defined as the class of the pair (2,I'z,)
doesn’t depend on the choice of u. This class will be é (P"). In this case, it is easy
to compute any power (é;(P™))* (with respect to the previously defined product (2)),
1 < k < n, using as representative the cycle IT, = {< u(®,z >= ... =< (k=1 7 >= o}
(u"9) linearly independent in Z"*!) and the locally integrable Green current L, introduced
by H. Levine,

(6) |
B=11 o G) s 2 [E=1 k1 j

ol <uld,z > _ .

L(:z:) = - log (EJ—O l szlllz z I ) } : (ddc ].Og § :l < u(’),.’z: > '2) A wk—l—]

on = - log

One can associate to a codimension p arithmetic cycle Z in P™ a height, which is
defined as follows: compute the product

(7) Zeogy(Pr)tior

choosing vectors u¥),0 < j < n—p, such that |IT,|qN|Z|q = 0, and choosing a normalized
Green current Gz which is smooth outside |Z|. Formula (2) provides a representative for
(7). The first component is a codimension n + 1 cycle in the scheme P, i.e., a cycle of the

form
Z n.[7].

T prime

The second component is the (n,n) current

511“/\Gz+H(JZ)ALa
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where II, = II,(C) is the corresponding linear variety in P?(C). Note that there is no
problem in defining the first summand, since the singular supports of the two factors are
disjoint. Moreover, from Wirtinger’s theorem [Sto]

H(éz) = deg(Z) w?,
so that the second component of (7) is
on, NGz +deg(Z)wP A L.

The logarithmic height of Z is defined by

(8) h(Z) = Z n,log 7+ E / (on, NGz + deg(Z)wP A L)
T prime 2 Pn(C)

and it is independent of the choices made so far. As pointed out in [BGS, (1.4.4)],

PAL = bt
/,,"(C)w zz

k=p _7-1
so that

9) h(Z2) = Z n.logT + —— deg(Z) ZZ

T prime k=p _1—1

There is a great difficulty in computing explicitly logarithmic heights, even for the
case of hypersurfaces. Nevertheless, in this case the expression (9) can be given a simpler
representation [BGS, (3.3.1)]. When Z is an hypersurface in P", which is defined by some
homogeneous polynomial @ with degree D, the normalized Green current one can take for

Z is ) .
102 [ gl
Pr(C)

-+
ll=I1>2 ll]2P

Using the commutativity of the product e, one gets for such a hypersurface,

lQ( )| »
(10) h(Z) = k 1, ¥ /P I
that is,
DS &1
(11) h(Z) = — -+ log|Q(¢)|dv(¢),
2 ;;3 Lhﬂ 8
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where v is the uniform probability measure (that is invariant with respect to the unitary
group U(n + 1)) on the unit sphere S27*+!, The integral that appears in (10) (or (11)) can
be interpreted as the derivative at s = 0 of a zeta function, namely,

[ (@I . s
(12) o= [ () o= [, e0rao.

Using the homogeneity of Q one can rewrite the last integral to obtain, for any p > 0, for
any s with Res > 0, .

(05) = T T BT owan P HIPIQEN ().

Note that the function {g can be analytic continued as a meromorphic function in the
whole complex plane, with poles in Q™ (see [At]).

In this paper, we will show how one can express normalized Green currents in terms
of such zeta functions. We will give explicit constructions of normalized Green currents
for cycles Z in P" of the form {@Q; = -+ = Q, = 0}, where the }; are homogeneous
polynomials in Z[zo,---,z,) such that the corresponding divisors intersect properly in
P"(C). In fact, we will do this construction on an arbitrary analytic manifold. Our final
goal is to use zeta functions in order to perform the multiplications between currents that
appear for example in (2). In some cases we will be able to show how the logarithmic
heights can be expressed as a linear combination of derivatives of zeta functions at s = 0.
This does not solve entirely the problem of computing logarithmic heights but it has
two advantages, the first is that one can use the functional equation of Bernstein-Sato in
order to compute a functional equation satisfied by (, the second is that the formulas are
expressed directly in terms of the polynomials defining the cycle, without any information
on its decomposition into irreducible cycles. The method we develop here is based on
our approach to the theory of multidimensional residue currents through the principle of
analytic continuation [BGVY]. Some of our results were announced in several conferences,
like the Analytic Geometry conference held in Paris in June 1992. We would like to thank
Patrice Philippon and Christophe Soulé for many useful discussions about their work on
heights, and also F. Habsieger for insights into combinatorics that helped us with the
computations of heights in the last section.

2. Green currents and analytic continuation in C”. In this section we would like
to profit from the factorization property of the integration current relative to a complete
intersection, in order to construct Green currents. It is well known that, if fy,..., f, are
holomorphic functions defining a complete intersection variety Z in an open set {2 C C” and
0z denotes the integration current with multiplicity, i.e., the integration current associated
to the corresponding cycle, then [CH]

1
f

where 9(1/f) is the (0,p) residue current associated to fi,...,fp. In the monograph
[BGVY] we consider different methods to represent such a residue current in terms of ¢

(13) 6z = 0= Adfi A---Adfy,
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functions of one or several variables. Let us recall the two main one variable ways to do
this. The first one, [BGVY, Theorem 3.18], is the following: for any (n,n —p) test form ¢,

=1 (_1)P(P-1)/2 1) —
(14) < 3?,90 >= (,\P /C |f1o PO BF A (,0) .
where
j=1

and the evaluation at A = 0 means that one takes the meromorphic continuation of the
right hand side of (14) (considered as a holomorphic function of A for Re (A) large enough)
and follows this analytic continuation up to the origin. Note that we proved in [BGVY,
Theorem 3.18] that the poles of the zeta function defined that way are all in Q~. It follows
from (13) that the action of the integration current éz on a (n — p,n — p) test form can
be expressed as

—1)p(p-1)/2 —_
(16) < bz,p>= (Gud) il (,\P / |fr-Fo 22D BF A DS A tp)
Cn

(2'&1[‘)? A=0

with 8f having the obvious meaning similar to (15). The following lemma provides a
construction for a Green current based on the equation (16).

Lemma 1. The current-valued holomorphic map A — ¥ defined for ReA >> 0 by

1 p(p+1)/2 22 P 2) p
o I R (1) o

j=2 j=2

can be analytically continued as a meromorphic function in C. The Laurent development
of this function at the origin is

(17) 6§‘ +G + A\Hy,
where Z, is the cycle corresponding to the ideal (fa,. .., fp), A — H) is holomorphic near

the origin, and G is a (p — 1,p — 1) current which satisfies the Green equation
(18) dd°G + 46z =0.

Proof. One can easily compute dd°¥, for Re A >> 0 and obtain exactly the right hand
side of (16). Since the action of dd® (or any differential operator with constant coefficients)
commutes with the process of analytic continuation, it is clear that the coefficient G of A° in
the Laurent development of ¥, about 0 satisfies the equation (18). That the pole A =0 is
simple and contributes —dz, follows from the hypothesis that Z is a complete intersection,
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as it was shown in [BGVY, p.73]. This depends on the fact that the meromorphic function
of two complex variables

(1, da) = 112 /\a('f"2 ) /\3fa

=

is holomorphic near the origin in C2.
a

There is a second way to define the residue current that has been introduced in [BGVY,
Proposition 5.21]. Let us recall that for any (n,n — p) test form ¢,

51 (=1)Pe-D2(p 1)) (A-p)7F )
(19) <Bhe>= L (A L 1APeP57 n _

where ||f]|?2 = |f1]2 + - - - + | fp|?. The integration current can be recovered as follows

Cn

(2dm)P A=0

Lemma 2. Let A be the differential form
P
A=) (1)1 fbfi AL Ofk A . ADSyp.
k=1

The current-valued holomorphic map A — E) defined for Re A >> 0 by

_ (=1)petD2(p — 1)1 (|| F|PO-PA A A)
AT (2im)p-1 ( A

(n

(21)

can be analytically continued as a meromorphic function in C with a simple pole at A =
0. The coefficient of A® in the Laurent development of this function at the origin is a
(p — 1,p— 1) current S, which satisfies the Green equation

(22) dd°S + 67 =0.

Proof. The possibility of analytic continuation of =) to the whole complex plane as a
meromorphic function with a simple pole at the origin appears in the proof of [BGVY,
Proposition 3.25]. Let us proceed to show that S is a solution of the equation (22). An
immediate computation shows that for Re A >> 0 one has

F] (||f||2(*-P)Z/\ A) = A|f|[Z*-P3F A A

and thus,

83 (|If PO~ A A) = (~1)PX2||f|P*-PBF A Of
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Dividing the last expression by A, one recognizes in the right hand side (up to a multi-
plicative constant) the current-valued function of A that gives the integration current in
(20). Here we use again the fact that analytic continuation commutes with dd°.

a

Remark. It is easy to verify that S is C* outside the support |Z| of the cycle and has
a logarithmic singularity in the sense of [GS1], [BGS] on |Z|. This is not the case for the
current G. We only know that its singular support is contained in the union U of the
supports of divisors of the f;, and that it has a logarithmic singularity on U.

The main advantage of the construction of G is that it preserves the multiplicative
properties of residue calculus. We will use this feature in the next section. One could also
use multivariable zeta functions to factorize the integration current and thus to construct
explicitly solutions of the Green equation. This idea appears in [BY2]. Namely, the action
of the integration current on a test form is given by

(—1)pe02(p 1)t [ [ & 2, 0f AOf
(23)  <dzp>= (2im)P Z’\ / JI_IIU’I i "

A=0

The function of p complex variables }; is a meromorphic function in C?, whose polar set is
contained in a finite union of hyperplanes not passing through the origin [BY1, Theorem
2]). We can transform the meromorphic function in (23) to a multiplicative expression by
means of the Mellin transform [BY2, Lemma 2.2]. Namely, choose p — 1 strictly positive
numbers «y; such that |y| := 3" ; < p—1, then one can rewrite the right hand side of (23)
as

o) (o,,(,\) [y ( [ ispes=rHd [T 15,05-293F nof A so) ds)
Y ji=2

—100
A=0

where we have used the notation

(=1)p-1)/2 2

CP(A) = TroiNep—1 ’\.‘f ’
(2¢m)2r-1 e

F;(S) = F(S1) .. ’i-‘(sp—l)r(p - Isl) )

v+ioco v1+io0 Yp—1-+ico
/ .-.ds:/ .../ ..-dsln-.dsp_l.
y—ico vy1—%00 Yp—1—1i00

It is easy to obtain Green currents from (24). For example, we let f’ represent the
system fa,..., fp, we set Cp(A) = 27i(—1)PCp()), and introduce the current-valued holo-
morphic function (for Re); >> 0),

~+ico 2(A1—~p+|s|+1) L4 _
G0 [ T3 </ erry [ 15:+=5F n o1 '”) v

and, finally,

oo PHN0T P+ e+ D) 1
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This function can be analytically continued as a meromorphic function T(A) to the whole
space CP. In order to get a Green current, one fixes a generic t € (R*)? and keeps the
coefficient of u? in the Laurent expansion of Y(ut) about the origin as a meromorphic
function of the single complex variable u. If we choose another index j, we can proceed
with f' = (f1,..., fj»--+» fn), and there is a sign change in C;,.

In [BGVY, Theorem 3.18] there is a different representation of the integration current
that will be used in the proof of Proposition 6. For t € (R*)? we have

(—1)PlP—1)/2 oAty o
(27r)P ( / Hllfkl GfABf A

(25) <dz,p>= 1o by
A=0

3. Construction of normalized Green currents. In this section we work on a n-
dimensional complex manifold X. Consider a collection of effective divisors Dy,...,Dp,1 <
p < n. The intersection product of these divisors defines an analytic cycle Z, equipped with
its integration current §z. Assume that the corresponding line bundles [D;] have global
holomorphic sections s;, and let p; be C° metrics on these line bundles. Furthermore,
let us assume that the divisors intersect properly, in fact, a bit more: given any local
chart Uy, we assume that the s; expressed in this chart as 8,0 define a regular sequence,
independently of the order (i.e., they define a normal system in U,.) Let ¢(p1), ..., c(pp) be
corresponding (first) Chern forms, (c(pj) = dd°log p;). In this section, we give a procedure
to construct via analytic continuation methods a normalized Green current associated to
the collection of divisors. That is, a solution G of the Green equation

(26) dd°G + 6z = c(p) A -+~ Ae(pp) -

In order to do this, we try to follow the earlier construction in Lemma 1. The problem is
to take into account the correction terms corresponding to globalization of local formulas.
It is here that the Chern forms appear. For this purpose we introduce the current-valued
holomorphic function which is defined locally by

. yp-2 Is1 spl ls;1% I2
(27) Th = ¢, /\alog * A /\a1og

i=2 j=2
where we have suppressed the index a corresponding to the local chart U, and
(-1)p(+1)/2
(2mi)P-1

In fact, this makes sense since it is clear that the form Iy is globally defined on X.
Our process of inductive construction of G relies on the following lemma. Let us
denote by Zi, Zx, the cycles defined as

z = [[ D

J#k
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Zri= ] ;.
J#k,l

Lemma 3. The current-valued map A — Ty, defined by (27), can be analytically con-
tinued to C as a meromorphic current-valued map, with a simple pole at the origin. The
Laurent development of this map about A =0 is

-§§L+I‘o+,\HA

where A\ — H), is holomorphic about the origin, and T'q is a (p — 1,p — 1) current on X
such that

P P
(28) dd°To + 6z = (c(pl) - Z c(pk)> Aoz, + Z c(pk)? A6z, , -
k=2 k=2
In the case when p = 2, the last formula has to be interpreted as
(28") dd°To + 6z = (c(p1) — c(p2)) A 8z, + c(p2)?.

Proof. We start the proof by developping, for ReA >> 0, the big wedge products in the
definition of Ty into three types of terms. Namely,

(29) Tx=cplpr - pp) M(Ba+Sr+Th),
where
1 22 20-1) A 73— A A
(30) By = | ¥ suPlsz- 5" A\ Bs; A A\ 05
j=2 Jj=2
Similarly,

P - —
Sy = )\P—2|51msp|2'\ ((_1)(1’—1)(1"-2)/22 _ag A 952 A A 9Pk A 9Pk Acee A 9sp A 9sp

k=2 %2 52 Pk Pk Sp Sp
P = —
0 0 0
(31) _Z@/\...A%/\.../\:’iﬂ/\_s.%/\... 9%p
k=2 52 Pk Sp S2 Sp

where it is understood that in each sum the pj term replaces the corresponding s term.
The remaining term, i.e., T, appears only when p > 2. In this case, it is a sum of
terms of the form

Yk1,k2 (’\) A WEy ks
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where 2 < k; < k2 < p and wg, k, is a smooth form defined locally, and

- Bsk 38k ask ask
Sk Sk2 2<k<p Sk Sk
k#ky ks

The fact that Iy has an analytic continuation as a meromorphic function is a conse-
quence, as always, of Atiyah’s theorem. The first thing we have to show is that the terms
appearing in T) are holomorphic at the origin and vanish there. In order to do that, we
need to study the function

(33) A /C VsV A 0,

where ¢ is a (n — p + 2,n — p + 2) test form, since the wg, x, can be incorporated into
it. We start with a procedure that we introduced in [BGY, Theorem 1.3] and that it was
further developped in the proofs of Proposition 3.6 and Theorem 3.18 of [BGVY]. Let us

write
Y= Zf-r ANwr,
-

where &, are (n — p + 2,0) smooth forms and w, are (0,n — p + 2) forms with constant
coefficients. We use a local resolution of singularities

X-HUCX

for the hypersurface s; ---s, = 0. In the local coordinates w in &, one can write

0 j

m*s;(w) = wj(w)wy ! -+ wie = ui(w)wr, j=1,...,p.
The functions u; do not vanish. Note the symbol w*®s, which is defined in the last
statement. The exponents a;x are all non negative integers. This is the notation from
[BGVY]. In case the components of the base vector w are strictly positive, we can allow
the exponents to be complex numbers (as we will do in the next paragraph).

The expression (33) is a linear combination of two kinds of terms. The first kind, and
hardest to deal with, is the following. Denote o = E§=1 a; and lw] = (Jlwy,...,|wn]),
these terms are of the form

(34) a2 ]'wl*z'\a% A OWio A /\ O A /\ Q_u)Tj AO(w, N *(wr) A&y
wc w - . w .
0 Jo er ¢ jeJ J

where I, J are subsets of {1,...,n}, of cardinality p — 3, 7o &€ I, and jo ¢ J. Remark that
the fact that such a term appears implies that ax, i, > 0, Qk,,jo > 0, and that for any
k # k1, k2 there exists at least one j € J, 1 € I with oy ok ; > 0. The function § is C*°
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in all the variables, with compact support in w and entire as a function of A\. Moreover, if
we write

™wny= Y. W pdoy,dwy= \ du;,
JIC{1in} jex
#J'=n—p+2
the functions w, j+ are holomorphic in the local chart because the coefficients of w, were
holomorphic (in fact, constant). Moreover, we can replace in (34) 7*(w,) by w, xdwg,
where K is the complementary index set of JU{jo}, since all the other coordinates already
appeared elsewhere in (34). Let

P={w:w;j=0 forallj € JU{jo}}.

There are two possibilities. Either 7(P) is contained in |Z;] = {s =...=s, =0} or it is
not. In the first case, since w, is an (n — p + 2,0) form, its restriction to the codimension
p— 1 analytic variety |Z1] is zero (here is the point where we use the complete intersection
conditions), and this implies that w, x vanishes on P, i.e., there are holomorphic functions
Yj»J € K, such that

Wr,xk = Z Yjwy .
Jje¢K

Therefore, in this case, the number of w; that one has to eliminate from the denominator
in (34), using integration by parts, does not exceed p — 3. Each time we do an integration
by parts, we use up a factor A in (34). Thus, at the end of the process, there are no w; in
the denominator of (34), while at least one factor A remains. Such a term has an analytic
continuation of the form Ah()), h holomorphic about the origin. In the other case, we
already know from the remark following (34) that all 7*s¢, 2 < k < n, k # k; vanish
on P, because they have at least one wj, j € J U {jo} as a factor. Since we are in the
second case, it is impossible that 7*sy, also vanishes on P. This implies that i & JU{jo}.
Hence, with exactly p — 3 integrations by parts (each one using up one factor A\) we can
get rid of the w;, ¢ € I, in the denominators. Since there is no @;, in the denominator, the
expression we are left with is holomorphic in A and vanishes at A = 0. The second kind
of terms are those that contain in the denominator either at most p — 3 factors w; or at
most p — 3 factors w;. Since, in this case the number of integrations by parts, to get a
holomorphic function of A about the origin, does not exceed p — 3, we still have a factor A
remaining, which is what we wanted to prove. Summarizing, we have completely proved
that the current-valued map

A= cppr- - pp) ™ T

can be analytically continued to a neighborhood of the origin as a holomorphic function
vanishing at A = 0.

Exactly the same argument shows that the function S is holomorphic in a neighbor-
hood of the origin. In fact, the same proof shows that one does not change its value Sy at
the origin, if one replaces in the definition (31) of Sy the factor |sy - - - s,|?* by [s2-- - sp|?*.
(See, for instance, the proof of Proposition 5.21 in [BGVY].)
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Now we consider the behaviour of R). In order to apply Lemma 1, we remark that a
simple computation shows that c,R, is exactly the same as ¥) in that lemma, when we
replace f; by s;. Thus, near A = 0 and locally in X,

)
ch,\=—-—/ZT‘-+G+A<I>A

where G is a locally defined (p — 1,p — 1) current satisfying
dd°G+0z=0

and A — &, is holomorphic near the origin.
Therefore, we can write the globally defined I'y in a local chart as

(35) s = (L~ Mog(pr -+ pp) + Xus) (~ 2 4G+ 6,50 +363 ),

after we develop (py---pp)~> about A = 0 and incorporate the previous considerations.
The current-valued functions u) and ©, are holomorphic in a neighborhood of the origin.
G and Sy are global currents. We can rewrite (35) as

§
Tx= ==t +G +cpSo +10g(pr -+ pp)dz, + M,

which is the statement of Lemma 3 with
Lo =G+ ¢pSo + log(p1- -+ pp)dz, -

We have

P
(36) dd°To = =07 + ¢pdd°So + Y _ c(px) A bz, -
k=1

To conclude the proof, we need to compute dd®S,. Using once more the fact that dd®
commutes with the process of analytic continuation, and the earlier remark that to compute
So we could suppress the factor |s1]?* in (31), we need to compute the coefficient of A° in
the Laurent development about A = 0 of A — dd°Y,, where

T = cpAP "2 sq..852 | (- 1)5—‘5‘—‘1’1“2632 952 5. Aap"/\%/\--/\g_s_—”/\gs—p
e 82 Pk Pk Sp Sp

k=2 ED) Pk Sp S2 p
P —
Os O0s, O0Os Féj Os
~STEACAZZAZZA AN A,
k=2 °2 Sp 52 Pk Sp



which can be rewritten as

Th="T,-715-712.
The function Y9 is given by
P2 0 0 0 0s,
T,\= 1[32 sp|2’\ Z_sz,\%/\ /\pk __p_k/\../\a__i?./\%
(2mi)P— = Pk Pk Sp Sp
and its value at the origin can be computed using formula (16), namely,

1 & 3pk apk
=0 - __— el ]
Uo := T30 i E A N — o

Therefore,

P

(37) dd®Uy = Zc(pk)z A 521',‘ .
k=2

We consider now the function Y}. Its value at A = 0 will be denoted later on as U
(similarly for the current Us.)

p —
(38) T}\ = CP’\p_z’SZ-"sple (Z @ A---ANOlogpr A+ A== as % Avoe %)

We compute succesively T and 89T}, using the identities
= 0s
(39) Blat|* =il —
]
ds
Bl =M~
St
We get first
P 5~ P

p
O} = cpX~2s3...552 | S (~1)*0B log pi A %_":—‘ AN
2

—_— = =
k=2 i =2

6s,
81

Then,

p b
0T} = AP sy 5| (Z 89 log px A /\ as, AN -af) ,
=2

2
that is,

P p

Jds P s
1 _ —1 2X 1 l
(40) dd°YY = —cp AP sy - -+ 5| (k§_2: dd®log px A l_/\z = A —)

13



One can now compute the value at A = 0 of this last expression using (16), we get

P
dd°Uy = dd°Yi_g = —(~1) 5 ¢, (2mi)P 1 (Z dd® log pk) Adz,

k=2
(41) = (i c(pk)) Nz, .

k=2

Exactly the same computations lead to

P
(42) dd°U, = dd°Y2_o = (E c(pk)) NSz, .

=2
Altogether we have
cpdd®Sy = dd°YT z=o = dd°Up ~ dd°Uy — dd°U,
P P
(43) = Zc(pk)z Aoz, —2 (Z c(pk)) Nbz, .
k=2 k=2

We have now computed every term in (36) and collecting them together yields

P P
ddTo 4 0z = (c(pl) - ZC(pk)) Adz, + Zc(pk)2 Néz, .,

k=2 k=2
which is exactly (28). This concludes the proof of Lemma 3.
0

Proposition 4. Let D, 1 < k < p, effective divisors on X, defined by global sections,
and intersecting properly. Let py, ..., pp be C™ hermitian metrics on the line bundles [Dy],
1 < k < p. One can construct a (p — 1,p — 1)-current valued meromorphic map A — G,
in the complex plane with a simple p at A = 0, such that the coefficient Go of A° in the
Laurent development of G about the origin satisfies the Green equation

P
(44) dd°Go +6z = |\ clox),
k=1

where Z is the intersection cycle of the divisors and c(py) is the first Chern form of the
line bundle [Dy] equipped with the hermitian metric pg.

Proof. The proof is by induction. For p = 1 one chooses a C™ metric p; on the line
bundle [{D;], and a global section s; of the line bundle, then let

_ 1 i__l)
Gr= A(Pl '

14
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As a consequence of Lemma 1, one can write the analytic continuation of G about the
origin as
1
3 + Go + AH)

and
dd°Gy + dp, = dd°log p; = c(p1).
This is the Lelong-Poincaré equation, see also [GH].

Assume that the conclusion of the Proposition holds for collections of ¢ divisors, ¢ < p.
Therefore, one can find a (p — 2, p — 2)-current valued map G with a simple pole at the
origin and such that the corresponding coefficient Gy satisfies

5 P
(45) dd°Go + 6z, = |\ c(p))
j=2
where Z; = D; - - - Dp. Similarly, when p > 3, one can find for any 2 < k < p, a (p—3,p—3)-
current valued map GX with a simple pole at the origin and such that the ¢orresponding
coefficient G satisfies

p
(46) dd°G§ + 6z, = /\ clp;)
o
where
D
Zie =[] D;.
iZh

We consider the current-valued map defined in Lemma 3, namely

Ap 2 P 2
(_I)P(P+1)/2 —2 (Isl...splz) — Is:’I |3J|
Ty=—~——XN —_ dlog —— A /\ Olog ——
A (271’1.)?—1 PL " Pp j/=\2 g Pj j/=\2 g pj
and consider the (p — 1,p — 1)-current valued map
P P
(47) Ghn=T\+ (c(pl) - Z c(pk)) AGy + Z c(pe): NGk .
k=2 k=2

It is clear that G has a simple pole at the origin and, from the fact that all the Chern
forms are d and d° closed, we have

P P
dd°Go = dd°Ty + (c(pl) - Z c(pk)) A dd°Go + Z C(pk)2 A dch"a7 .
k=2 k=2
Applying Lemma 3, (45), and (46), we conclude that Go satisfies the Green equation (44).

a

Remark. The current Go that we have just defined is C* outside the union of the
supports of the divisors.

At least under additional hypotheses, one can adapt the previous construction to
obtain a positive current Gy. In the following lemma we use the same notation as in the
proof of Lemma 3.

15



Lemma 5. Assume the conditions of Proposition 4 hold and let K C X be compact. There
exists a positive constant C = C(K) such that the current I'§ defined as the coefficient of
A0 in the Laurent development about the origin of

coesg 2\ R 2 P 12
I§ = ¢, AP~ (C————'s; s;" ) A Blog 5L A A p10g 152
o :

§=2 J j=2

is a positive current on K.

Proof. We choose C’,C"” > 0 such that on the compact set K we have

e |2 Mo ..o |2
Clal® |31l < 1and Cllsz---sp|” |2 - 9]
p1 P2 Pp

<l1.

We let C = C'C" and introduce the meromorphic current-valued map

ceeg |2\ P _ 12 p 2
(48) By = cpAP~? (C”——Is2 3”') A\ Bog 12 o A dlog 125E
P2 Pp j=2 J j=2 Pi
Consider now the difference
(49)
L\ [(ERE) -1) 2 e R s
IS — &y = e, AP~} (c"'i?-—f—”'—) o Flog BiL A A Hlog L
From (16) we infer that
é
(50) <I>,\=——/Z\—‘+<I>O+O(A),

and, hence, the function in (49) is holomorphic at A = 0. Moreover, for A > 0, the
differential form

s\ (s R oA sl R |12
51 Ap—l (C” |32 sP' ) lo (___1__) I5] ].Og = A 0 log —
( ) Cp P2 Pp g P1 A Pj ]'/——\2 Pj

j=2
is integrable and positive. The fact that it is integrable can be seen using resolution of
singularities as it was done in [BGVY] to prove (16), only logarithmic derivatives of the
new local coordinates w; and of W; times a logarithmic term appear as singularities. The
positivity is a consequence of the fact that the logarithm in (51) is negative due to the
choice of C’ and the remaining differential form is negative due to the form of the expression

and the value
(_1)p(p+1)/2

P = T (2m)r1

16



We conclude the value at A = 0 of (49) is a positive current on K, in other words
TS~ &, >0

on K. To conclude the proof of the lemma it is sufficient to show that &; > 0. For that
purpose, consider for A > 0 the differential form

2D, cp)\p— (C”LSE__SP_I_) /\31 |J|2 A /\Blog |31|
P2 Pp Pj

which, even when multiplied by

?

ll (CII |32 sp|2)
P2°°"Pp

is integrable by the same reasons given about (51). It would now suffice to show that for
any positive test form ¢ with support in K and any Ao > 0 the derivative of the map

Ai—)/\/@)‘/\(p

evaluated at \g is non-negative. This derivative can be computed using Lebesgue’s theorem
on differentiation of integrals with respect to parameters, due to the integrability of the
formal derivative, which was discussed above. The positivity is a consequence of the choice
of C” since the logarithm term in the derivative is negative and the differential form that
remains (after removing the logarithm) is also negative. The same argument was used
earlier. Thus, &3 > 0 on K and so I‘OC > 0 also.

a

Proposition 6. Let X be a compact Kahlerian manifold with a Kahler form w. Let
Dy,..., D, be global effective divisors on X, which intersect properly. Let pi,...,pp be
C® hermitian metrics on the line bundles [Dy], 1 < k < p, such that these line bundles,
equipped with such metrics, are ample. There is a (p—1,p—1)-current valued meromorphic
map Gy, with a simple pole at the origin, and such that the coefficient Go of \° in its
Laurent development about A = 0 is a positive current, smooth ouside the union of the
supports |D;|, which is a solution of the equation

b4

dd°Go + 6z =  clpx)
k=1

where Z is the intersection cycle and c(py) the first Chern form of the hermitian line bundle
(D], px)-

Proof. If m,,...,m, are positive integers and sy, ..., s, global sections of the divisors D;,
then s7*,..., sy are global sections of the divisors m;D;. Let Z™ be the corresponding

17



intersection cycle. Using these sections to compute locally the integration current via
formula (25), we see that

(52) dzm =my -+ mylz

Furthermore, pp* is a C* hermitian metric on the line bundle [myDs]. The first Chern
form of this hermitian line bundle is c(p;*) = mgc(px). Since all hermitian bundles
([Dx), px) are ample, we can choose now the m; so that for any j, 1 < j < p—1, one has

p P

(53) c(py?) = miclp;) = Y muclor) = D c(op*)-

k=j+1 k=j+1

We will first construct a current-valued map G such that

p
ddcéo +0zm = /\ c(p;__n") ,
k=1

Go > 0, and Gy is smooth outside | |Dx|. Once this is done, we will take

Gr=——0C

my--My

This will work because of the identity (52). The construction of G) is done by an iterative
procedure that is an adaptation of the one used in the proof of Proposition 4. Let us start
with the distribution valued map

A
1 C,,|s;,"'°|'~’)
Ay ( Po” ’

where C,, is a strictly positive constant such that

Cp|3p|2

Pp

<1

on the compact manifold X. Let 1 < g < p— 1. Let Z™97 be the cycle
P
z™ = miDi.
l=q

Assume that we have already constructed a current-valued map é‘;”, and, when g < p—1,

also current-valued maps é‘;’"‘), g+ 1 < k < p, all with simple poles at the origin, such

18



that the currents G$? and G{* are positive currents on X, smooth outside Ui=g I Dxl,
satisfying the Green equations

P
(54) dd"'G((,‘I)+6-a,.= /\ c(pi™)
I=q+1
~(q,k) A
. . c q, - —_
(55) dd°G +5z;'_'k = /\ (™)
l=q4+1
l#k
where
_ P
Z;" = H mzpz
l=q+1
P
ok = H mD;
I—T-;tl

We know from Lemma 5 that, for some convenient constant C' = Cy, the current-valued
map

A
Caq __ p—q-1 ls;nq T s;nplz m, |2 p |st 12
I'y% = cp gk C—_mq-——-"T /\ alog A /\ dlog
Pqg " Pp j=q+1 j=q+1 .7
B (_1)52-14-12252—04-22
Cpg = (27m')p_.q ?

has a simple pole at the orlgin and is such that I‘C is a positive current, smooth outside
k_q |Dk|. Furthermore, since C* does not contnbute to the dd®, we have, as a consequence
of Lemma 3,

dd°TST + dzma = | c(pe) — Z c(pi*) | Adzp + Z c(pF™)? A Sz, -
k=q+1 k=q+1

Thanks to the identities (54) and (55), we see, as in the prdof of proposition 4, that the
map

p )4
- -~ Pl ,k
GL =T+ | epm) = 3 o) | AGPD + Y c(op*)2AGEY
k=g+1 k=q+1

has a simple pole at the origin. Moreover, dd"ég is a positive current, smooth outside
r=q | D&, and solution of

(56) dd°GI + bzm.a = /\ c(p*)
k=q

19




We continue this process until we get to ¢ = 1. At this stage, the map A — G’i is a
meromorphic current-valued map with a simple pole at the origin, such that dd°G} is a
positive current, smooth outside {J|Dx|, and solution of (56) with ¢ = 1. This is the map
G we need, and the proposition is proved.

0

As an example of this proposition, let X = P*(C) and Q,,...,Q, be p homogeneous
polynomials in n + 1 variables, we consider the metrics in homogeneous coordinates

p;(z) = ||z|*P7 with Dj; = deg(Q;).

These are clearly C™® metrics on the line bundles [D;] associated to the divisors div Q;.
We have
¢(p;) = D;dd"log||z||* = D;dd°w.

Therefore, the current-valued map G, constructed in the Proposition 6 satisfies
dd°Go + 6z = Dy -+ Dpw?® = H(6z)

where, as before, H represents the harmonic projection, and D = D; -+ D, is the degree
of the cycle Z (Bézout’s theorem).

4. About a formula of H. Levine. In [Le] H. Levine introduced an explicit formula

which solves the Green equation in P"*(C) for the cycle Il = {z¢ = ... = z,_1 = 0}. Let,
p—-1
a(z) ;= dd°log Z 252
i=0

then the globally defined current

p—1

L{z) = —log (———————j=° Ix,-lz) (2—:1 a(z)* A w(z)”'l’"‘)
=? ) \&
is integrable and it is a solution of the equation
dd°L + 6 = w?
as we have already pointed out in the Introduction. It is immediate to see that the current-

valued map . Z’fzé 12, A /pei
LF*X( Tl ) (Za(g’)”“(’”)p-l—k)

k=0

has a simple pole at the origin and the coefficient of A° in its Laurent development about
the origin is exactly L.

20



The same construction works if II is replaced by a cycle Z = {Q1 = ... = Q, = 0}
such that dQ1 A --- A dQp # 0 on |Z| and the polynomials Q; have the same degree D.
Namely,the Green current is the integrable current

?—1 IQJ'I2 = z k
T=-log (W) > (ddc log (; lelz)) A (Dw)P=1=*

k=0

which can be obtained from the Laurent development about A = 0 of the current-valued
map

P 12\ * [r-1 P *
e el o

k=0 j=1

In this case, I satisfies the equation
(58) dd°T' + 6z = DPu?.

We will see later that, even though I'y can be defined as a meromorphic map with
a simple pole at the origin, when Z has singularities, it is not clear that the coefficient
of A? in the Laurent development of (57) about A = 0 satisfies the Green equation (58).
Nevertheless, in the case of P"*(C), one can overcome this difficulty and construct by
analytic continuation methods, a current that is smooth outside |Z]| and satisfies the Green
equation (5), when Z is defined as a complete intersection by homogeneous polynomials
of respective degrees Ds,...,D,. We need first the following lemma.

Lemma 7. Let Q,...,Qp be homogeneous polynomials of the same degree D in n +1
variables defining a complete intersection cycle Z in P*(C). The (p, p)-current valued map
I, globally defined in homogeneous coordinates by

. P 2\ * P 2 P 2
Li==—)M==_2 | flog{ =" | Adlog| =2=——— | A
= ( B ) g( Bk JWEE

p—-1
(59) A (dd*-‘ log (Epj IQJ-F)>
j=1

is holomorphic in the half-plane {Re\ > —e}, (¢ > 0), and its value at A =0 is §z.

Proof. Qutside |Z| we can compute

p P 0; P
Olog | >_1QsI" | =3 5imdQs = 2 ¥i0Q5,
i=1
P

=1 j=1

dlog|lQI* =) %;9Q;,

j=1

p
9olog ||Q|1* = Fy; A0Q;,

=1
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with the obvious meaning for ¥; and ||Q||>. Thus we have, with the notation used in
(15)-(16) and performing the same computations as in [BGVY, p. 83],

Blog|IQII> A 81og |QII A (B0log|QII%)P~! = (-1) 2% (p — 1)!||Q|I~* 3Q A 5Q.

Note that I, can be written as

A
b= 2 (19 Guog 195 n o106 195 » ot iy

— (@mi)e \||a|[?P 1E]] ||=]|*?
Hence, we can rewrite
Iy =“‘”?§3§” =2 |l@IPe-Pel|-»"39 0
T (,',fﬂ'li)kélog 11 A dlog=][? A (Balog |11~
(60) o (ﬂ,'fﬂ'z'Z)A 810g [1QII* A Blog Iz A (B0 log || QI

DA (1R 51 a2 2\ (3 2yp-1
+ipr (el ) Blog el ool A (B0 log QI
Every term in (60) is defined locally, but the sum defines a global current-valued map.
From (20) we conclude that the first term in (60) has an analytic continuation beyond the
origin as a holomorphic function and its value at A = 0 is the integration current §z. The
remaining terms are combinations of expressions of the form, either

Q|2 )* 9Q A Q6
(61) A(nacnw Q%
or
, ||Q||2)*6QA'Q'kez
61 A )
(61 (uwnw G

for some smooth forms ;. Using (19), the last two expressions define holomorphic functions
near the origin and their value at the origin is zero. This is due to the fact that, from (19),
" the residue current appears in the value at A = 0 of (61), the residue current is annihilated
by the ideal generated by the Q; in the space of differential forms [BGVY, Theorem 3.18].
The same reasoning, this time applied to the conjugate of the residue current (and the
Q;), leads to the vanishing of (61') at the origin. Therefore, in a half-plane ReX > —e
(e > 0),
Iy=46z+ AJy.
This concludes the proof of the lemma.
O

In the above lemma, we used extensively the fact that all polynomials defining the
cycle had the same degree. In fact, we have a more general result, valid on any analytic
manifold X. Since we will not use this result later, we will just sketch its proof (which is
similar to the proof of Proposition 5.21 in [BGVY])).
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Proposition 8. Let Dy, ..., Dy, p effective divisors on an n-dimensional analytic manifold.
Suppose that these divisors are defined by global sections sy, ..., s, and that they intersect
properly on X along the cycle Z. Let pi1,...,pp be C*° metrics on the line bundles
[D4],...,[Dp). Then the globally defined (p,p) current-valued map

A—p
(62)  Jyi= (“1)”(‘”221)’:)(5 — 1A (i I_SJ_P) /\ 3 I;ilz A ;\ dlog 1%L |SJ|
s j J

j=1 Pj i=1

is holomorphic in half-plane ReA > —e¢ containing the origin and its value at that point is
0z.

Proof. The result is a local, therefore it is enough to prove it when X is an open subset of
C". Asin the proof [BGVY, Proposition 5.21], we proceed by induction on the codimension
n —p. Let us do it first for p = n, we can assume |[Z| = 0. Let ¢ be a test function,
holomorphic in the closed ball B(0,7). A variation of the usual proof of the Bochner-
Martinelli formula shows that for any smooth map o from a neighborhood U of |z] = r
into C™ such that

n
Zsja'j #0 inU,
i=1

then, the local residue of ¢(2) dz at 2 = 0 equals

=1 (=1)rn=1/2(p — 1)1 > em1 (F1*Yox Ajuy B0 A pdz
< 0=-,pdz >9= = = .
s (273) |zl=r (Z?—l 3:”.1)

In particular, we can let

Sk

O = —

Pk

and, setting
llsll2 = i loel*
p )

we have

(63) <3: odz >o= NP2 (n - 1)! / Sra (P IEA LB Apdz
’ |z|=r .

(2m)n IISII?,"

This expression can also be understood as the value at A = 0 of the entire function

R e -t
|zl=r J;ék J
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Using the Stokes theorem we have

=1 —1)*(n=1/2(p _ 1)1\
(65) <3;,<sz>o=(( AL ||2‘*-">/\6—mpdz

The function of A on the right hand side of the last formula can be shown to be entire by
using its previous representation (64) and the fact that the integral over the set |z| > r
is clearly an entire function of A. Therefore, from (13) we conclude that the integration
current §z acting on the test function ¢ is just the value at A = 0 of the entire function

A=0

(=1)™=D/2(n — 1)1 X / 20-m) A 5K
A - s||2(x=n) 00— Apds.
R o |[sll5 k/=\1 . 7

We now remark that

that we rewrite
A ikl A m skl
/\a Ands= 8= A N Blog =~ + Q.
k=1 Pk k=1 Pk
It is immediate to remark that the distribution-valued map
|Is]|Z*~™Q

can be continued as a holomorphic function in a neighborhood of the origin. Furthermore,
one can see from (65) that its value at the origin is a linear combination of terms of the
form

=1
<d ;, skl >
or their conjugates, where 6 is a smooth form. These terms vanish because of the properties.

of the residue current mentioned in the first section. Hence, we have
(66)

(-1)"("_1)/2(n—1)!/\/ 2-n).. A 7 lsEl® A |$k|
<dz,p>= - s 0—
2 ( (2mi)™ Il (pk/=\1 P /\ A=0

It is not hard to check that the distribution-valued map

|2

(_1 n(n-1)/2(p _ 1 !)‘ ) n n Isk

Gr) A e AN
can be analytically continued as a holomorphic map in Rel > —e and whose value at
the origin is annihilated (as a distribution) by the functions Zx. This can be seen using
resolution of singularities, exactly as in the proof of Theorem 3.25 in [BGVY]. Therefore,
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the proposition holds for p = n (since any test function can be written near the origin as
the sum of a holomorphic function and some element in the ideal generated by the Zx.)

In order to complete the proof of the proposition for arbitrary p, we need first to prove
by induction on n — p that the current-valued map

~1)P=1/2(p — 1)1\ _ -s

is holomorphic in a half-plane ReA > —e containing the origin, its value at zero being
the residue current 8(1/s). The proof of this fact is exactly that of Proposition 5.21 in
[BGVY]. We refer the reader to it. Once this is done, one can show, exactly as in the case
of p = n, that the value at the origin of ) A ds (that is, §z) does not change if one replaces

/\3—/\ ds
k=

by
p 2 p 2
/\3|3k| A/\glog |8k|
k=1 Pk k=1 Pk

This follows from the fact that the residue current just obtained as 7,=¢ is annihilated by
the ideal generated by the si, the same is true for the conjugate current, with respect to
the ideal generated by the 5;. Since the new expression 7y A ds thus obtained is exactly
the Jy of the statement, the proposition follows.

O

Consider a codimension p cycle Z in P™(C), which is defined by homogeneous poly-
nomials Q; of degrees Dy,...,D,. We now proceed to construct, by the analytic con-
tinuation method, a normalized Green current, smooth outside the support of the cy-
cle. First, we remark that we can assume that all the degrees are equal, otherwise, let
D =1;Dy =---=1,D, be the least common multiple of the D;, £ =1;---1,, and consider
the analytic cycle Z’ defined by the Q. . We have already seen in (52) that dz: = £6z.

Suppose that G’ is a normalized Green current (for the cycle Z’) obtained by means of
analytic continuation, smooth outside |Z|. Then the current

1
G=-=G
4
is a normalized current with the required properties for the cycle Z. We will assume from
now on that all Q; have he same degree D. As we mentioned previously, the current we
constructed inspired by Levine’s idea does not solve our problem. This can be seen as
follows. Let
a i=dd® log ||Q||?
_lel?

e
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With this notation, the current-valued map in (57) is

Ty = ——fy (Za A (Dw)?P~1- k)
k=0
An immediate computation shows that, for ReX >> 0,
dd°T) = (a Dw + _)‘él A @> (Za A (Dw)P~1= k)
2 ?

that is, since a? = 0,

dd°T'y, = y* DPwP— 2’ A A ‘977 AaP!

Ty
i 67 6'7 =2 _

- a® A (Dw)P~ 1k | | 67
o ZA B (et n 1)

It is immediate to show (using resolution of singularities as in the proof of Theorem 3.25
in [BGVY]) that dd°T' is holomorphic in a half plane ReA > —e. The value at the origin
of the sum of the two first terms in (67) equals, by Lemma 7,

DPWP —§5.

Unfortunately, apart from the smooth case we already mentioned (note we are not in this
situation here since the Q; are powers of the original ones), the other term seems to give
a non zero contribution to the value of dd°I"y at the origin. This is the reason why the
Levine idea, which appears as the more natural method to construct normalized Green
currents with the required properties, does not provide a solution for our problem in an
obvious way. In order to get around this difficulty, we inspired ourselves from the argument
used in [Vo] and in [BGS] (Lemma 1.2.2 and section 6.1) and consider first the case of the
diagonal in P*(C) x P*(C), later we go back to consider more general cycles Z.

Consider the (n,n)-current valued map in P2"*+1(C) which is globally defined in the
homogeneous coordinates (zg,...,Zn,Y0--.,¥Yn) bY

A n
9 1= 5 (i) (z (ddloglz — yII%)* A (de°log(|Jal? + ||y||2>)"-'°)

BRI+ IWE) \&

which is the Levine form for the subspace z = y in P?*+1(C). We introduce now the C*

map
T (Cn+1)- x (Cn+1)* x (02): — (Cn+2)*
(.'II, Y, (1507 131)) — (.3033, ﬂly) .
Let us fix A\, ReA >> 0. While the pullback n*(L,) does not define a current on P"(C) x
P"*(C) x P1(C), for each z,y fixed it is well-defined on P!(C). Therefore, we can consider
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this pullback as a (n,n)-current on (C™)* x (C")* x P}(C). Now, we can define a (n —
1,n — 1)-current on (C™)* x (C")* by

(69) Ta(z,y) = /

W*(LA)(:L" Y, .B) .
BEP1(C)

Since, we are averaging over P(C), the differential form Y (z,y) is now well defined on
P"(C) x P*(C), and it is holomorphically dependent on A for Rex >> 0. We already
know a (p,p)-current valued holomorphic function on P*(C) x P"(C), namely the map
given in bihomogeneous coordinates (z,y) by

1) = 22 ( 2 |Q,-(y)|2)* alog( 2 le(y)l"’) ABlog (23;1 le<y>|2) .

2 |yl [>P 1 |ly[12P

p~1
) 4
(70) A (dd° log (Z IQj(y)lz))
j=1

In fact, it depends only on y. (Compare with (59).)

Proposition 9. The (p—1,p— 1)-current valued map G on P"(C) defined for ReA > 0
and Re)? >> 0 by

<G ¥ >= / ¥(0) A La(9) A Tz, )
P"(C)xP"(C)

can be analytically continued to the complex plane as a meromorphic map with a simple
pole at A = 0. The coefficient Gy of A\° in the Laurent development about the origin is a
current which is smooth outside |Z|, and satisfies the equation

dd°Go + 6z = DPuwP

Proof. We are going to show that for any test form 4 the function A =< G, > can be
analytically continued as a meromorphic function with a simple pole at the origin and we
will then compute locally dd°Gy. We can assume, for example, that on supp(y)) we have
g # 0. Therefore we can rewrite < G,% > as

<Gyt >= / ¥(@) A Iy (1) A Ta(z/70, ).
Pr(C)xP*(C)

Using a partition of unity, to show that the analytic continuation exists and to compute
the the action of dd°Gy it is enough to study

< oa >= / () A 6(y)ra(y) A Ta(z/70,7)
Pn(C)xPn(C)
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for a test function 6 of small support. We will assume that yo # 0 on supp(6). Thus we
can rewrite

<ot >= / $(2) A 0(y) s (v) A Ta(2/0, 3/30)
P»(C)xP"(C)

which can be also written as

() <wyy>= / Y(x) A 0(y)In2 (y) A 7 (La) (2 /0, y/y0, B) -

P*(C)xP"(C)xP1(C)

Now all the functions involving singularities are non-negative real analytic functions of
all the variables z,y, 3, and one can apply Atiyah’s theorem to show that the analytic
continuation in A exits as a meromorphic function. The crucial point now is that the
functions Q;(y), 1 < j < p, together with the functions

x
¢k(x’yaﬂ)=ﬁ0'£_ ly_ka k=07'-°an
To Yo

define a complete intersection, i.e., a cycle of codimension n + 1 + p in P*(C) x P*(C) x
P1(C). One can rewrite 7*(L,) in terms of the functions ¢y and the non-vanishing smooth

function ¢ = ||Boz/zo||® + ||1Bry/¥0l|?,

A n
(72) 7*(Ly) = "Tl (u‘i'—'z) (Z (dd®1og 1¢][%)" A (dd° logC)"”‘) :

k=0

Now we use a resolution of singularities Y —P"(C) x P*(C) x P}(C), as in the proof
of [BGVY, Theorem 3.25], so that in local coordinates w all the functions Q,.. - Qp,
do,--.,Pn can be written as

K*(Qj) =uj-w*% (j=1,...,p) and a; € N**!
K*(dr) =vi - P (k=0,...,n) and b€ N2n+1

u;, v non-vanishing holomorphic functions. So we are led to study the integrand of (71)
in the new coordinates w, and, after using a partition of unity, we are in a local chart U
of X. Once we are in this situation, one can construct a toric manifold Y’ and a proper

map Y'~U, defined by monoidal transformations, so that in local coordinates w’ on Y’
one has

k™ o k*(Q;) =u;- - w'% (7=1,...,p) and a;- € N2n+l

K™ o k*(¢r) =vh -w' (k=0,...,n) and b} € N+1

with the additional property that all the monomials 'w’“g‘, 1 < j < p, are multiples of a
distinguished one, m, taken to be one of them. Once we have this setup, we use a partition
of unity in Y’ and we are led to study the integral in a local chart U’. Finally, we construct

a new toric manifold T-——U", such that in the local coordinates ¢, the corresponding second
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set of monomials b = n”*( 8% contains also distinguished monomial my. Note that the
first set of monomials t% = &"'*(w'®) still contains a d1st1ngulshed monomial my = k"*m.
To simplify the notation let us denote 7 = ko ¥’ o k. From now on, we are reduced to
study all our problems about analytic continuation on a local chart in T'. In such a chart
we have

(73) > 1@ =tmaoy

S 17 ()2 =Imal?vs

k=0

where the two functions v; are real analytic functions, non-vanishing in the local chart.
Therefore, the differential forms which appear, respectively, in the expression of 7*7*(I)2)
(see (70)) and 7*7*(Ly) (see (72)), that is,

p—1
p
ap :=7" | | dd°log E 1Q;()I?
j=1
- (Z (dd1og41%)* A (da1og c)"“")
k=0

are smooth forms in the chart, since dd®log|m;|? = 0. As a consequence, one can write
*n*(L)) as
Il @1\*
)\ T ()
and, similarly,

2 —
ex(Loa) = oz (TUIQIR) \ T (0ma _ (aml_ )
)= 50 () (=) A () hen

where @1, 3 are smooth forms. Thus, (71) is a finite sum of integrals of the type

Az —
I (¢)H2) (T*(IIQIIz)) (0m1 ) (Bml ) -
- IAN|——p2 | AaAéT T
S (5GE) (Fies) (-e)a (G- )

Here £ a test form and « is a smooth form, up to multiplicative constant a; A az. Since,
this last expression is itself a sum of integrals where the only vanishing denominators are
of the form tn%;, where t;, and t; divide the monomial m;. We do one integration by parts
in order to eliminate the singularity due to f,. This introduces a division by a factor of

the form 1122 + no)\, n1,n2 € N and n; # 0. Since we have already a factor A in the last
expression, this proves that the function G has at most a simple pole at the origin.
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Now, we start with the computation of dd°Gy. What follows is inspired on the proof
of [BGVY, Proposition 5.21], but significantly harder. Now, we have, from Stokes theorem,
for ReA? >> 0,

< G, dd*(¥) >=< Hjz »,% > +/ Y(x) Add®(In2)(y) A Talz, y)
. Pr(C)xP*(C)
(74) +-— $(z) A (012 (y) ABYa(z,y) — Ix2 A DT (z,y))

2™ Jpa(C)xP"(C)

where for a (n — p,n — p) test form 9 on P"(C), the function of two complex variables
A1, Az, defined when ReA; >> 0, Redy >> 0 as

< Hyp gt >i= / () A In, () A dd( T,y (2, 9)
Pn(C)xP*(C)

We first show that < H), ,,% > can be analytically continued, as a holomorphic
function of two variables, to a product of halfplanes {Red; > —e1} x {Rels > —e3}
containing the origin. As before, we can localize the problem near a point where zoyo # 0
and consider the analytic continuation of the function of two variables

(T5) < Bryrr® >i= / $(2) AB() I, (v) Add°m* (L) (z/ 20, 4/v0, B) -
P~ (C)xP"(C)xP1(C)

Now we can verify for ReA >> 0 that

i (Zeimr) 7=11Q:i ()1 . A 2 ~
0 5;( “TolPe )61°g( Tk )A(dd 1°g<,.§'Q’(y)'

P 10:() 2\ 2 1Q:i(y)|? P p-l
o () () e )
i=1

= —I,\+j,\

The last line defines I,. It is also convenient to denote by K the expression between
brackets in the first line. Thus we have for the smooth function 8,

61, = 61, + 80 A Kx — 0(6K))

and so, we can replace in (75) the form 6(y)Iy, (y) by the last expression and obtain

< Erararth >= / B(2) A 0, (v) A dd°n* (L) (/20 3/v0, B)
Pr(C)xPn(C)xP1(C)
+ [ ¥(a) ABO(y) A K, (5) A ddn* (L) (5/70,u/40, )
P (C)xP"(C)xP(C)

- f () A BOK, (1) A dd°m* (L2,)(2/ %0, y/y0, B)
Pr(C)xPn(C)xP1(C)
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In the third integral, we can now apply Stokes’ theorem and see that this term (including
the sign) becomes

/ O)BY(@) A K, (4) A ddm (L) /50, /0, )
Pn(C)xP"(C)xP!(C)

We can now group together the last two terms of the earlier formula and rewrite the
complete function of A1, Az as

< Baam >= / $(@)0() A T, () A dd°n* (L, )2/ 20, 3/90, B)
P (C)xP"(C)xP!(C)
(76) + / B @)8()] A Kn, () A dd°n* (L, ) (z/z0, ¥/y0, B)
Pr(C)xPr(C)xP1(C)

Let us now return to the question of the analyticity in the two variables. By using successive
resolutions of singularities as done earlier, we reduce ourselves to the situation where, up
to product by non vanishing holomorphic functions, all functions 7*7*(Q;), T*7*$x are
monomials; we have this way two lists of monomials in the local coordinates ¢. Our
resolution of singularities is such that we can assume that among these two lists, there are
two distinguished monomials (one for each list) m;, my such that in particular (73) holds.
Since

7*7* (dd®[La, (z/0, ¥/ Y0, B)]) = dd°[T*7* (L, (x/Z0,y/y0, B)]

it follows from the computations in (67) that one has
(77)

* 2 Az a -a--—-
(@l Lo = (TEE) ™ (60 (22— 01) 4 (22 - ) naa)

2 2

where the &; and the @; are smooth forms. Due to its expression, the form 7*n*(f),) can
be written as

- ™* All2 A
o= ()"

where a3 is a smooth form. Similarly, one can compute 7*7*(K),) and get for this term
an expression of the form

o e () ()

where ¢3 and o4 are smooth forms. We conclude that the function < <y, x,,% > is a
linear combination of four kinds of terms

(i n (“—TM)M (M)A 7 _ AEB(r*m (00))

*(ly]}?) S 174757
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@ [(IEEIY (T ¢ gy

™(llyll*) A < :
(%) A2 / (”:((@J”)J;z) 1 (T*llgcbll") ’ t;’a A ET T (%)
(4v) /(%)M (TL!:SE)MaA&*m(e«p)

where o is a smooth form (dependent on the functions 7*(Q;) and 7*(¢x)), tn,tx divide
the product myms, t; divides mg, and € is test function. The fact that expressions of
the form (i2) or (iv) are holomorphic functions in (A1, A2) in {ReX; > —¢, Redy > —¢}
is obvious since the functions v; that appear in (73) are assumed to be non vanishing
on the support of the test function £&. For the two other expressions (i) and (%i:), the
situation is a bit more delicate. What we do is essentially to eliminate the #; in the
denominator with the help of one integration by parts. To do that, we profit from the
existence of the coefficient \; in front of the expression. The only problem is to take care
that the coordinate ¢; does not divide also the monomial m;. Here the fact that the system
(Q1)-.-,Qp) b0, . - ., Pn) defines a complete intersection plays an essential role. In fact, one
can show, as in the proof of Theorem 2 of [BY1] that, under such a hypothesis, terms of
the form (¢) or (i4%) contain %; as a fictitious singularity. Hence we are done, and we have
completely proved the analyticity of (A1, A2) —< Hj, x,,% > in some domain of the form
{ReA]_ > —¢, ReAy > —6}.

We now compute the value at the origin of the function (A1, A2) =< Hx, % >.
To do that, we first compute < Hj, o,% > for ReA; >> 0. Once is done, we will let A,
tend to 0. Since the function of two variables (A1, A2) =< Hj, »,,% > is holomorphic in
a product of half planes {Re\; > —¢, Rels > —¢}, we will recover that way its value at
the origin. Let us start with the computation of < Hj, o,% > for ReA; >> 0. We use
the fact that the set defined in homogeneous coordinates (z,y, 8) as {(z,y, 8), Boz = 1y}
is a smooth manifold A (defined as a complete intersection) in P*(C) x P*(C) x P(C).
Let us recall that < Hjy, x,,% > is the sum of a finite number of terms of the type (75),
obtained using localizing functions 6(y) defining a partition of unity. This implies (as seen
in (58)) that locally (let us say in the open set zoyo # 0), the current I'g, defined as the
coefficient of A\J in the Laurent development of

/\2 — W*(Lkz)(z/xO’ y/yO) :B)

about the origin (as a meromorphic current-valued map of A2) satisfies
(80) dd°To + 6 = [dd°log([|Boz/ol|* + 1Bry/vol*)*)"** .
From (80) we get, for ReA; >> 0,

< Hy 08 >+ /A $(z) A I, ()

(81) = ’(/)((L‘) A IAl (y) A (/ﬁEPI(C) Q(,Box, ﬂly)n+1>

/(z,y>eP"(c>xP"(C)
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where
Q(z,y) = dd°log(|lz||* + llyI*)

is the harmonic form (in P?**1(C)) defining the Fubini-Study metric in P?*+1(C). Now,
in (81), we can use the analytic continuation (as a function of A1) and compute its value
at Ay = 0. From the definition of A,

IREBNCE / ¥(@) A I, (2).
A P"(C)

We know from Lemma 7 that the value at A; = 0 of this expression makes sense; it is equal
to < dz,v >. Finally, we obtain the following formula

= n+l
<Hoo>+<ipv>=[ g ( Sy g 20805 50) >

We are left to compute the smooth differential form
(82) T —> / Q(ﬂox, ,31y)”+1 .
BEPI(C) JyezZ

The easy way to do this computation is to show first that this form is harmonic in P"(C).
This follows from the obvious fact that, for y € (C**1)* and B € (C?)* fixed, the function
z ~ log(||Boz||?+]|B1y]|?) is invariant under the action of the unitary group U(n+1). Thus,
the differential form (82) has the same invariance. On the other hand, any differential form
in P*(C) invariant under the action of U(n + 1) is d and d* closed (cf. [He, Exercise 1, p.
191]), thus harmonic. From degree considerations, we conclude that (82) is a multiple of
wP. Thus, we have

(83) < Hyp,% >+ <0z,9 >= c/p,.(c) W(z) A wP(z)

for some constant c.

We need now to show that the remaining expressions in (74) define holomorphic
functions of A near the origin and to compute their values at A = 0. For this purpose, we
need a few preliminary computations.

_ 2\ _ 2 2 -
(84)  BLa=A? <%ﬁ) dlog (Illlycl?lul’) A dd° 1og]||—Lj%I2I—D A (ddlog ||QI12)"~"

A2
(85) Ol = —A2 ( o]l ) 8log( o]l ) A ddelog AU A (ddelog |Q)12)

llyli2P



T = ¢ ( QI ) dlog (IIII?IQZ) AM( Q1P ) .

|ly||*P |ly||2P
A dd°log |l|IQ“|2|12> A (dd°log QI + R
(86) =S\ + Ry,
where
2\ A2 2\ 2
(87) Ry := )2 <||||le$) A (ddc log llll_yQ”lzl'ﬁ) A (dd® log||Q||2)p_1 .

Moreover, we have also

(88) On*(Ly) = — (@) Olog (”¢”2) (zn: dd°10g||¢|| (ddclogc)""‘)
and

A n
(89) 8n*(L)) =— (I—I{I—lz) Olog (@) A <Z (ddc log ||¢||2)k A (dd® logg)n—k)

k=0
We now proceed to show that, for any (n —p,n—p) test form 3, the meromorphic function

A—> Y(z) Add®(Ixz)(y) A Talz,y)
P"(C)xP"(C)

(90) + 2— $(z) A (81x (y) A DY (z,y) — 8Lxz A T (z,y))
T JpPn(C)xP»(C)

can be continued as a meromorphic function of A which has A = 0 as a zero. We now
use the resolution of singularities we used before and write out in local coordinates the
pullback of all these forms. As a consequence of (73) we have

64)  *(@La) =¥ (%—QH'JZ)A (&2 -x) A

o o () ()

&) T = (:||||fnl=’|:>)v (5 -0) (G- xe)
") (Ry) =2 (:,',f”!f;)v "

#) s =(ITOR) (Fm_g) 4y,

) orr=( “T;fé))”z)A (222 -5:) a2
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where all the ;,¥;, xj, X; are smooth forms. Let us now consider the cross-terms in (90),
for example

/ ¥(z) ABTya(y) AFY(2,9)
P"(C)xP"(C)

In local coordinates it contributes a finite sum of integrals of the form

“1on2 \ A w2\ D —
[ (0" (@) (oms ) (T e
\7|yl?P (<) my M2
where £ is a smooth form with compact support in the local chart. If we expand the loga-
rithmic derivatives of the monomials in the integrand we see that the only non-integrable
expressions are those which contain in the denominator [¢s]2, for ¢ dividing both m; and
mqo. We need to eliminate, for example, £, by an integration by parts, so that what remains
is integrable when A = 0. To perform this integration by parts, we divide by n1A% + ng),
ny1,ne € N, na > 0 because tj, divides my. Since there is a factor A2 in front of the integral,

the function of \ we obtain vanishes when A = (. The other cross-term vanishes at A =0
for the same reason. We have two terms left to study, namely,

(91) PY(z) A BA(y) A Talz,9),

./pn(C)xpn(C)

(92) P(z) ASx(¥) A Ta(2, ) .-

/pn(C)xpn(C)

Using the identity (87') and the expression already used for 7*7*(L,), we see that in local
coordinates the integral (91) is a linear combination of terms of the form

? A
\ /(rﬂlQuz)* (IIT"(¢)II2) ¢
7|lyl|2P (5)
where £ is a smooth test form. These terms are holomorphic near A = 0 and vanish there.
The term (92) can be written, together with of (86'), as a linear combination of terms like

* 2\ M * 2\ /A
# [ (1A (e (om SANC. MY
7*|y||2P 7(s) my my
Expanding the logarithmic derivatives, one sees that the non-integrable terms have denom-
inators of the form |t5|2, with ¢; dividing m;. We eliminate this singularity by making
tr disappear with one integration by parts, which implies division by n;A\2 + ng\, with
ny > 0. In the worst case appears when ny = 0, but the factor A3 takes care of this. We

are left with at least a factor A, thus the function vanishes for A = 0. In other words, (90)
defines a holomorphic function A —< Wy, > vanishing at A = 0.
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Now, we recall from (74) that
< Ga,dd°Y >=< dd°G, ¥ >=< Hyz »,¥ >+ < Wy, > .

So we have
< dcho,'l,b >=< Ho,o,'lp >

and therefore, from (83),
dd°Go + 6z = cw?.

To compute ¢ we take the harmonic projection of both sides, so that
cw? = H(dz) = degree(Z)w? = DPwP .

This concludes the proof that G satisfies the Green equation.

It remains to show that the current Gy is smooth outside [Z|. Consider a point
2% € P*(C)\|Z| and let ¢ be a test form with support in a neighborhood of z° and disjoint
from |Z|. We can assume, without loss of generality, that the coordinate zo doesn’t vanish
on supp(¢). Recalling the way Gy was defined we also need to introduce a partition of
unity 6;(y) of P™(C) whose elements are of one of the two forms, either the support is
disjoint from |Z| or it is disjoint from {z°}, in any case, their support is assumed to be
contained in a chart {y; # 0}. Now we consider the “value” at A = 0 of (71) with § = 6;.
That is, we consider an expression of the form

(93) ( / Y(x) A 0(y)Iaz(y) A 7* (La)(z/zo, ¥/ Yo, ﬂ))
P~ (C)xP"(C)xP!(C)

[a=0

We will suppose, for instance, that the support of 8 is included in {yo # 0}. Suppose first
that the support of @ is disjoint from |Z|. In this case, the form 6(y)I)2 can be written
as A2A(y, \), where A is an entire function of A and a smooth form in y. Moreover, for
ReA > —¢, the differential form in z,y, 8

A n
e G (Z (daLoglIgi’)* A (da logc)"-k> ,
k=0

is integrable. This is immediate using resolution of singularities as done before, in fact, it
is a consequence of (73). Since, moreover, the integral in (93) is given by

A Y(z) A Ay, M) A B(z,9,5,2)
Pn(C)xP"(C)xP1(C)

it is well defined for A = 0 and its value is zero. Thus, there is no contribution to Gy
when the support of 8 is disjoint from |Z|. Consider now the remaining possibility, that
is, the support of 8 does not contain z°. In this case, for z close to z° (we will assume this
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remains true in some neighbohood of the support of 1), the differential form appearing in
¥ (z) A(y)m*(Ly) is non singular. Since the analytic continuation of Iz near the origin is

I)‘2=6z+A2T+---

we see immediately that

( / P(z) A8(y)In(y) A 7* (La)(z/20, ¥/ Yo, ﬁ))
Pr(C)xPr(C)xP1(C)

|>\=O

2.y, B
00 [ r@n [ swos(EELEL) peyp).

The right hand side of (94) is a smooth function of z as this can be seen by applying again
Lebesgue’s differentiation theorem. This proves that outside |Z| Gy is a smooth current.

g

Remarks.

1. Instead of A%, ) in the definition of G in Proposition 9, we can take AP (corre-
sponding to I) and A? (corresponding to T) with integers p > ¢ > 0. This defines a new
current Gp that coincides with Go outside |Z| and has the same dd® everywhere. The
choice p < ¢ does not provide a solution of the Green equation.

2. We can compare our construction to that of Gillet-Soulé [BGS, Section 6.1]. Since
the description we gave of Gp in the local charts involves multiplication of logarithm of
coordinates by integration currents, this current may not be of log-type in the sense of
Gillet-Soulé. Note that the current I'g constructed in (57), following the idea of Levine, is
smooth outside the support of Z and it has log-type. Unfortunately, in the non-smooth
case it does not seem to solve the Green equation. Our current Gy is smooth in P*(C)\ |Z],
which is enough to use it for the computation of heights, as we will see in the next section.
For this reason, we are not interested in the local behaviour of this current near |Z|, but in
the way we can compute them just as values at the origin of zeta functions. It can also be
shown, as in Lemma 5, that for some convenient choice of positive constants Cy, Ca, the
map C}’ C) G, defines a positive Green current at A = 0. Thus, all the properties required
by Gillet-Soulé, except for the log-type, are fulfilled. Our construction differs from that
of Gillet-Soulé since in our case, resolution of singularities appears only as an auxiliary
tool and the final expression of the current Gy is global. Moreover, we express the Green
current as the value at the origin of a zeta function involving the generators of the ideal
defining the cycle. Of course, we are restricted to the complete intersection case, which is
not what the Gillet-Soulé. On the other hand, we do not need to assume that the cycle
Z is irreducible as they do (in order to define the product of the integration current on
Z x P™(C) with a Green current for the diagonal in P"(C) x P"*(C).). The action of the
current G is obtained as a combination of the Laurent coefficients in the development at
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A1 = Ag = 0 of expressions of the form (%) to (iv). The pullbacks of such coefficients on
the final desingularization are combinations of currents « of the form

1

(lnlt.‘il|2)pln(|t.'iz|2)qPVt. ‘.
jatja

)

where p,q € N, j1,...,J4 € {1,...,n}, PV denotes the principal value and w a smooth
form. The action of the pullback of G on a test form 9 can be expressed as a linear
combination of terms of the form

(lnltj1 |2)pln(lt.7'2 |2)q A aj3,j4 (w A w)a

where 0j, j, is the operator transforming the coefficients of the test form 4 in their partial
derivatives or order 2 with respect to ¢j,,t;, and w is a smooth form. The multiplication
of such expressions is well defined in the sense of currents.

3. Demailly has done also remarkable work on the relation between product of currents
and intersection theory, obtaining a number of important algebraic results using complex
analytic methods. There are two very clear surveys of this work in [Del] and [De2], and we
refer the reader to them as well as to one of his original papers [De3] for a clear exposition
of his techniques.

5. Zeta functions and logarithmic heights. In this section we consider p homogeneous
polynomials @Qy,...,Q, with integral coefficients defining a complete intersection variety
in P?(C). Let Z be the corresponding arithmetic cycle and Z = Z(C). . Let us assume
that the set

{z€P(C): zp=+=Tpp=Q1=--=Qp=0}=0,
so that if we denote by IT the arithmetic cycle
{z = (z',2"): 2’ :=(z0,...,Zn—p) =0}

then IT - Z is an n + 1 codimensional cycle in P?, that is,
1z= % n
T prime

We recall that if Gz is a normalized Green current of log-type, then one can define the
height of Z as

n k
(95) h(Z) = Z n,logr+icg2(—z)-zzl.+-;—/nGz

T prime k=p j=1 J

Let us assume, for the time being, that all the Q; have the same degree D. We know the
current G defined in Proposition 9 (and denoted G, there) as the “value” at A = 0 of the
function

G,\:/\l—-)/ Lz (y) A Ta(z,y)
Pr(C)
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satisfies the Green equation
dd°G + 6z = DPuw?

Let vz the real number defined as the “value” at A = 0 of

/ w(z)" P L (y) A Ta(2,9)
P (C)xP"(C)

and, for ReAZ >> 0, ReA > 0, let

(zll’ y) = Qz\ (2”, y)

be the restriction of the smooth differential form I 2(y) A YTa(z,y) to II x P*(C). It
is immediate to verify (via Atiyah’s theorem) that the map just defined has an analytic
continuation as (n + p — 1,n + p — 1)-current valued meromorphic map. We have the
following proposition.

Proposition 10. The logarithmic height h(Z) equals the “value” at A = 0 of the map

n k
(96) A Z nrlog'r+——ZZ%—Zz— —/ (", y)

T prime k=p j=1
Proof. We consider the current
T=G—Gz—’)’zwp_1.

This current is orthogonal to the harmonic forms. In fact, Gz is already orthogonal to
them by definition and yzwP~1! is the harmonic projection of G. Furthermore, the current
T satisfies dd°T = 0 and it is smooth outside |Z|. Thus, using the dd°-Lemma (see {GSI,
Theorem 1.2.1], [GH, p. 149]), there exist two currents Ty, T, which are smooth outside
|Z| such that

OT =00T,

8T =80T,

so that the current . _
T:=T-08T, —0T;

is d-closed. As a consequence of the Hodge decomposition, one can write
T = H(T) + dd*(Gp-1,-1T)

where Gp—1 p—1 is the Green operator the Laplacian on (p —1,p — 1) forms. Due to the
properties of the Green operator, the current G,—1,,-1T is smooth outside |Z|. Let T3 be
d* applied to this last current. It is, of course, also smooth outside |Z|. Then we have

T = 3(Ty + T3) + 8(Ty + T3) + H(T)
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Since H(T) = 0, it follows from this identity that H(T) = 0. Therefore, we have
(97) T =98U + 8V

where U and V are currents smooth outside |Z|. Since |Z| does not intersect II, we can
restrict (97) to IT and write

(98) Tin = 0(Un) + 8(Vin) -

Clearly, since |Z] is disjoint from II, we have, from formula (94)

(LXP"(C) Q'\(xn, y)) N -/I"IG(x)

|A=0

Since the integral on IT of the restriction of T’ is zero by Stokes’ theorem and (98), we have

(99) (/n xpn(c,“*(””"’”)) = [ Ga@) 7z [ wrt= [ Gat@) s

|A=0
We can now substitute (99) in the formula (95) and we get the statement of the proposition.

a

Remark. In case the polynomials Q; have different degrees D;, following the previous
section we construct the current-valued functions Iz, Y of Proposition 9, associated to
the polynomials Q‘f, ooy Q;,” of common degree D = 3D, = ... = lyD,, the least common
multiple of the degrees D;, and denote £ =l - --l,. The corresponding analytic cycle will
be denoted by Z'. Let Qy be the corresponding restriction to II x P*(C) and v = 7yz.
Then the logarithmic height of Z is the “value” at A = 0 of the map

A Z n log'r-!--Dl“—'Dpzn:Zk:-l-—l-l-—l— Q(z", ).
T 2 AR :

7 prime =p j= xP»(C)

It follows from Proposition 10 and the remark above that the value of the logarithmic
height of a complete intersection cycle in P™ (that is, a cycle Z such that Z = Z(C)
is defined as a complete intersection in P"*(C) by homogeneous polynomials Qy,...,Qp
with integer coefficients) can be recovered as the value of some coefficient in the Laurent
development at A = 0 of some zeta function. Despite the fact that there seems to be no
hope to get a closed expression for such a zeta function in general, one can expect such a
function satisfies some holonomicity properties (in the sense of [WZ]). In order to illustrate
this with a concrete example, we will consider the case of quadratic hypersurfaces in P” .
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Proposition 11. Let @ be an homogeneous polynomial in n + 1 variables with integer
coefficients and (g the zeta function defined by (12). The re exists a non zero difference

operator with coefficients in Z[s], P(s) = Zg___o Pa(8)AN=®, such that

N
(100) Plol(2s) := Y _pals)(e(2(s+ N —a)) =0

a=0

the identity (100) being understood as an identity between meromorphic functions. More-
over, when Q(X) is of the form

QX) = Qom(X) =3 X2, 0<m<n
i =0

or whenn > 2m + 1 and
m
QX) = M(X3 + X3r1)
k=0
where the A, are non zero integers, there is a closed (and explicit) formula for the function

CQ-

Proof. As seen in the introduction, we have

cQ(2s>r(:!+ 1+3) _ L /C _, eap(=llzI?)|Q(2)[**dm(z) .

Since any product of two holonomic functions in the sense of [WZ] remains holonomic, it
is enough to prove the existence of a non zero difference operator wit h coefficients in Z[s],

P= 22{—_0 P(s)AN-P such that

M
(101) PlFQl(s) ==  pp(s)Fo(s+ M —a) =0

a=0
where Fg is the meromorphic function

Ro(s) 1= i [ con(-IP)IQURI*dm(z).

Moreover, since it is immediate to notice that for some convenient integer K, the function

n!

—-2s —
s> K™%¢o(2s) = I'(n+1+s)

Fq(s)

is bounded in the half plane Re z > 0, it will be enough (from Carlson’s theorem [Bo)) to
show that some identity (101) is valid for all integers k € N.

41



Let us write Q(X) = X*AX, where A is a symetric matrix with integer coefficients.
Let us write A = U*DU, where U is an orthogonal real matrix and D a diagonal matrix
with real coefficients A, ..., An. Note that any symmetric polynomial in the A; is in Q
(since the A; are the eigenvalues of A). Now, for any positive integer k, we have

i Ajzjz-‘zkdm(z)

=0

& k 1 ~)\z))? T yaj+b;_2a;_2b;
Z (ao,...,an> (bo,..,,bn) (ﬂ-n+1 Ln+le Hl\j z; 'Z; dm(z)

ag+ - tapn=k =0
bo+--tbn=k
a0 EN

5 (a0 ) Tt - $ 11(%)5

ag+rtan=k ag+ - +an=k j=0
ai€N a;€N

. A2 -1/2
- (kz)202k<x’=, I1 (1 ~4 (6’) X) > ,
=0

where C is some positive integer such that 2A;/C <1 for j=0,...,nand < X k f(X) >
denotes the coefficient of X* in the Taylor expansion of f about X = 0. Cons1der now,
for ug,...,un in ] — 1,1, the function

e—llzl|2

Cn+1

1
Fq(k) = pury

il

n

o0
te]—1,1[= 8,(t) = [ - X)" V2 =) Bunt*.
=0 k=0

On has, in ] - 1,1],

o) 1 u | Tu(t)
(102) B, (2) 2 g 1—ujt - 21—1?___0(1 — u;t)

where ¥, is a polynomial whose coefficients are symmetric polynomials in ug, ..., Un. If
we let

n+l n
2 H(l —ut) = i outtt  Ty(t) =) Tugt
1=0 1=0
we have, for any k € N, k>n,
n n
(103) Z TuPu k1 = Z Oui(k+1=0)%Py k411
1=0 1=0

Since, for any positive integer k, we have
Fo(k) = (k)>C%* @, ,
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where u; = 4)\?/C, there is a difference operator with coefficients in Z[s],

P= ZPB(S)AN -

such that the identity (101) holds for any k sufficiently large, and therefore for any s € C
if the identity is understood as an identity between meromorphic functions of s. The fact
that the coefficients are in Z[s] follows from the fact that all coefficients oy, 1, T4, in (103)
are symetric polynomials in Ag,..., An.

The explicit formula for (g when all A; are equal to 1 up to m was discovered by
Cassaigne and Maillot [CaM]. Let us derive it here in a slightly different way. From
Carlson’s theorem (as explained in [CaM]), it is enough to get a closed formula for {g(k),
where k is a positive integer. From the fact that

I(®3 +k)

m+1
P t):=(1-¢t)"73 = tk
1,:1,0,...,0(t) == (1 — 1) :L:a M=)k +1)

we get that if Qom(X) = 379 X7, 0 < m < n, then

Fu. (K) = T'(k + 1%1;;’_:—3_1'—; + k)4F

from which it follows, if one uses the duplication formula for the I’ function ([GR, 8.335,
p.938), that, for any s (the identity beeing an identity between meromorphic functions),

nll'(m/2)I'(% + 1)T'(s + m)
Qo () = T 1+ )T (2)

which is the result in [CassMa)]. Let us now look at the second example, when n > 2m +1
and

Q(X) = Z)\k(Xzzk + X3 p1)-
k=0

We may suppose the Ay > 0. Consider the rational function

1

R(t) =

and its decomposition

(104) R(t) = E Z aj’,\%)l

ij=1l= 1
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where Ay,...,Aq are the distinct elements in the sequence Ao, ..., A, and my,...,m, the
number of times they are repeated (my +---4+mg = m+1). We have in this case, for any
k € N*,
qa Mg 2k
i 1(2X)* (1 + k)
Fo(2k)=T(k+1 e
a(2k) =T(k+1) 3y 2

j=11=1

from which we can deduce (using again the duplication formula) the following expression
for CQ (8),

JT@-1+8)(-1)
o(s) = I‘(n+1+8) (Zza,,,u | F(H_,;_l)r(sz) ) :

Jj=1l=1
The proposition is completely proved.
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