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Abstract

We review several topics concerning spectral approximations of time-dependent prob-
lems, primarily — the accuracy and stability of Fourier and Chebyshev methods for the
approximate solutions of hyperbolic systems.

To make these notes self contained, we begin with a very brief overview of Cauchy
problems. Thus, the main focus of the first part is on hyperbolic systems which are dealt
with two (related) tools: the energy method and Fourier analysis.

The second part deals with spectral approximations. Here we introduce the main in-
gredients of spectral accuracy, Fourier and Chebyshev interpolants, aliasing, differentiation
matrices ...

The third part is devoted to Fourier method for the approximate solution of periodic
systems. The questions of stability and convergence are answered by combining ideas from
the first two sections. In this context we highlight the role of aliasing and smoothing; in
particular, we explain how the lack of resolution might excite small scales weak instability,
which is avoided by high modes smoothing.

The forth and final part deals with non-periodic problems. We study the stability of
the Chebyshev method, paying special attention to the intricate issue of the CFL stability
restriction on the permitted time-step.
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TIME DEPENDENT PROBLEMS 3

1 TIME DEPENDENT PROBLEMS

1.1 Initial Value Problems of Hyperbolic Type

The wave equation,
Wit = @ Wy, (1.1.1)

is the prototype for PDE’s of hyperbolic type. We study the pure initial-value problem associated with
(1.1.1), augmented with 27-periodic boundary conditions and subject to prescribed initial conditions,

w(z,0) = f(z), w(x,0)=g(x). (1.1.2)
We can solve this equation using the method of characteristics, which yields
¢ —qt 1 r4at
wie.py =TT )-;f(x at) , 2_/ g(s)ds. (1.1.3)
a Jr—at

We shall study the manner in which the solution depends on the initial data. In this context the
following features are of importance.

1. Linearity: the principle of superposition holds.

2. Finite speed of propagation: influence propagates with speed < a. This is the essential feature of
hyperbolicity. In the wave equation it is reflected by the fact that the value of w at (z,¢) is not
influenced by initial values outside domain of dependence (x — at, » + at).

3. Existence for large enough set of admissible initial data: arbitrary C§° initial data can be pre-
scribed and the corresponding solution is C§°.

4. Uniqueness: the solution is uniquely determined for —oco < ¢ < oo by 1ts initial data.

5. Conservation of Energy. The wave equation (1.1.1) describes the motion of a string with kinetic

energy, %pfwtzdx, and potential one, %wagdx, (T/p = a?). In order to show that the total
energy

1
Eotal = §P/(wt2 + a’w})dx,

is conserved in time we may proceed in one of two ways: either by the so called energy method
or by Fourier analysis.

1.1.1 The wave equation — hyperbolicity by the energy method

Rewrite (1.1.1) as a first order system

ow
2 ot
L I I o A T I B , (1.1.4)
ot | usz 10 |0z | un Uz w
£
or equivalently,
Ou Ou
— = A—. 1.1.
ot Ox (1.1.5)
The essential ingredient here is the existence of a positive symmetrizer, H > 0,
0 a? 1 0
HA:[a2 O]EASIAST, H:[O aZ]’ (1.1.6)
so that multiplication by H on the left gives
Huy = Au,. (1.1.7)
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4 TIME DEPENDENT PROBLEMS

Multiplying by u” we are led to
(u, Hup) = (u, Asug), (1.1.8)

and the real part of both sides are in fact perfect derivatives, for by the symmetry of H,
1 1
Re(u, Huy) = §(u, Huy) + §(Hut, u) =

(ug, Hu) = % [%(U,HU)] ,

N | —

1
§(u, Huy) +

and similarly, by the symmetry of A;, we have

Re(u, Asug) = %(U,Asux) + %(Asux,u) = 68_1‘ [%(U,Asu)] .

Hence, by integration over the 27-period we end up with energy conservation, asserting

(w? + a*w?)dx 4 (u,Hu)dx:/i(u,Asu)deO. (1.1.9)

dt |, v :dtx » Ox

We note that the positivity of H was not used in the proof and is assumed just for the sake of making
(u, Hu) an admissible convex “energy norm.”

1.1.2 The wave equation — hyperbolicity by Fourier analysis
Fourier transform (1.1.5) to get the ODE

g—?(k,t) =ik Au(k,t), (1.1.10)
whose solution is '
a(k,t) = ek, 0), (1.1.11)
where 4(k, 0) is the Fourier transform of the initial data. Now, for
_ 1 | —a | —a «a
A=TAT™, A_[ a],T_[ 1 1], (1.1.12)
we find '
u(k,t) = Te*™ M1~ a(k, 0); (1.1.13)
put differently, we have
—ikat
Tk, t) = [ c 0 e;ja, ]T‘la(k,o) (1.1.14)

and hence (since the diagonal matrix inside the brackets on the right is clearly unitary), the L?-norm
of T=Yu(k,t) is conserved in time,i.e.,

1 _
NT~ Yk, |2 = [|T alk,0)))2, T~ = ~50 [ _11 _Z ] ) (1.1.15)

Summing over all modes and using Parseval’s equality we end up with energy conservation
w aw : wy + aw :
2 2,2 2 t — AWy t ¢
der =4 - - —t = "% 4
/x(wt—i—awx)x a/x< o ) —|—< o ) T
= 4a2/ |7~ ul|?de = 87a® Y _ |7~ ik, 1)||* = Const.
€ k

as asserted.
We note that the only tool used in the energy method was the existence of a positive symmetrizer for
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1.1 Initial Value Problems of Hyperbolic Type 5

A, while the only tool used in the Fourier method was the real diagonalization of A; in fact the two are
related, for if A= TAT~! then with H = (T=1)*T~! > 0 we have

HA=(T"Y*AT™' = A, = AT A real diagonal. (1.1.16)

Energy conservation implies (in view of linearity) uniqueness, and serves as a basic tool to prove
existence. It will be taken as the definition of Ayperbolicity. It implies and 1s implied by the qualitative
properties (1)—(4) which opened our discussion on page 3.

We now turn to consider general PDE’s of the form

d

Ou 0
= = Ple.t. D, P(x,t,D):;Aj(x,t)a—xj, (1.1.17)
with 2w-periodic boundary conditions and subject to prescribed initial conditions, u(z,0) = f(z).

Motivated by the example of the wave equation, we make the definition of

Hyperbolicity: We say that the system (1.1.17) is hyperbolic if the following a priori energy estimate
holds:
|u(z,t)||L2(e) < Constr - |Ju(z,0)||L2@), —T <t<T. (1.1.18)

As we shall see later on, this notion of hyperbolicity is equivalent with energy conservation ( —
measured with respect to an appropriate renormed weighted ’energy’), in analogy with what we have
seen in the special case of the wave equation. Here are the basic facts concerning such systems.

1.1.3 Hyperbolic systems with constant coefficients
We consider the 2m-periodic constant coefficients system

g—? = P(D)u, P(D)= ;Aj%, Aj; = constant matrices. (1.1.19)

[N

Define the Fourier symbol associated with P(D):

d
P(ik) =i Ajkj, k= (ki ko, - ka)eR", (1.1.20)

ji=1
which arises naturally when we Fourier transform (1.1.19),

0 .
(k1) = P(ikyu(k, 1), (1.1.21)

Solving the ODE (1.1.21) we find, as before, that hyperbolicity amounts to
||ep(ik)t|| < Consty, —T <t<T, for allk's. (1.1.22)

For this to be true the necessary Garding-Petrovski condition should hold, namely

|ReA[P(ik)]| < Const. (1.1.23)

Example: For the wave equation, (1.1.4), /\[p(zk)] = +ika.
But the Garding-Petrovski condition is not sufficient for the hyperbolic estimate (1.1.18) as told by the

counterexample
2 up | _|a 1 i Uy
tlu | |0 a]|dz| u |’
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6 TIME DEPENDENT PROBLEMS

As before, in this case we have /\[p(zk)] = tika, hence the Garding-Petrovski condition is fulfilled. Yet,
Fourier analysis shows that we need both ||ui(x,0)||z2(») and || %1;2 (#,0)[|L2(z) in order to upperbound
||u1(x,t)||2(z). Thus, the best we can hope for with this counterexample is an a priori estimate of the

form

|u(x,t)||L2(e) < Constr - ||u(z, 0)||gizy, —T <t<T.

We note that in this case we have a "loss” of one derivative, and this brings us to the notion of
Weak Hyperbolicity: We say that the system (1.1.17) is weakly hyperbolic if there exists an s > 0 such
that the following a priori estimate holds:

|u(z,t)||L2(z) < Constr - ||u(x, 0)||gezy, —T <t<T. (1.1.24)

The Garding-Petrovski condition is necessary and sufficient for the system (1.1.19) to be weakly hy-
perbolic. A necessary and sufficient characterization of hyperbolic systems is provided by the Kreiss
matrix theorem: it states that (1.1.22) holds iff there exists a positive symmetrizer H (k) such that

Re[H(k)P(ik)] =0, 0<m< H(k) < M, (1.1.25)
and this yields the conservation of the L?-weighted norm, ||u(z,?)||% = 275", ||a(k)|]

21y (u(k,t)), H(k)i(k,1))

2. :
Hk) that is,

1s conserved 1n time.

Remark: For an a priori estimate forward in time (0 <t < 7T'), it will suffice to have
1

Re[H (k)P (ik)] = 5[?1(/@)15(1'/@) + P(ik)H (k)] < 0. (1.1.26)

Indeed, we have in this case

£ S R), H(R)(R) < (Re[H(R)PR]a(R), a(k)) <

and hence summing over all k&’s and using Parseval’s equality

M
Ju(e, )[|7 20y < ;||U($,0)||%2(x)~

Two important subclasses of hyperbolic equations are the stricily hyperbolic systems — where p(zk)
has distinct real eigenvalues so that P(ik) can be real diagonalized

P(k) = iT(k)A(kYT ™4 (k),

and as before, H(k) = (T7(k))*T~1(k) will do; the other important case consists of symmetric hy-
perbolic systems which can be symmetrizer in the physical space, i.e. there exists an H > 0 such
that

HA; = Aj, = A],.

Most of the physically relevant systems fall into these categories.

Example: Shallow water equations (linearized)

u u
% v | + A 88_1* v | + Azaa—y v | =0,
¢ ¢ ¢
with
Up 0 1 Vo 0 0
Al = 0 Up 0 ,Az = 0 Vo 1 s
¢ 0 wup 0 ¢o wvo
can be symmetrized with
o
H= o
1
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1.2 Initial Value Problems of Parabolic Type 7

1.1.4 Hyperbolic systems with variable coefficients
We want to extend our previous analysis to linear systems of the form

du

5 = Pla.t, Dju. (1.1.27)

This is the motivation for the definition of hyperbolicity (1.1.18) in the context of constant coefficient
problems: freeze the coefficients and assume the hyperbolicity of the constant coefficient problem(s),
uy = P(x0,t0, D)u, uniformly for each (xg,%p); then — in contrast to the notion of weak hyperbolicity,

the variable coefficients problem is also hyperbolic. This result is based on the invariance of the notion

of hyperbolicity under low-order perturbations®.

As before the study of the variable coefficients problem can be carried out by one of two ways:

e by the Fourier method — one characterize the hyperbolicity of (1.1.27) in terms of the algebraic
properties of the pseudodifferential symbol, P(z,t,ik) = e~** P(z,t, D)et*®;

bl

e alternatively, we can also work directly in physical space with the energy method. For example,
if we assume that P(z,t, D) is semi-bounded, i.e., if

—M||u||%2(x) < Re(u, P(x,t, D)u)r2) < M||U||%2(x), 0< M, (1.1.28)
then we have hyperbolicity (1.1.18).

Example: The symmetric hyperbolic case A;(z,t) = A]T(l‘,t)Z we can rewrite such symmetric
problems in the equivalent form

ou 1 Ju 0 1 04;

J

In this case the symmetry of the A;’s implies that % [Z JA; % + Z]' %(Aju)] is skew-adjoint, i.e.,
7 7

integration by parts gives

1 Ju 0 .

J L2(x)

Therefore we have

Re(ua P($a ta D)U)L2(x) = RG(BU, U)L2(x)a

and hence the semi-boundedness requirement (1.1.28) holds with M = ||ReB||. Consequently, if 4;(z,t)
are symmetric (or at least symmetrizable) then the system (1.1.17) is hyperbolic.

1.2 Initial Value Problems of Parabolic Type

The heat equation,
U = gy, a >0, (1.2.1)

is the prototype for PDE’s of parabolic type. We study the pure initial-value problem associated with
(1.2.1), augmented with 27-periodic boundary conditions and subject to initial conditions

u(z,0) = f(=x). (1.2.2)
We can solve this equation using Fourier transform which yields

alk,t) = et (k). (1.2.3)

1This is a rather strong notion of hyperbolicity; it restricts such hyperbolic system to be of first-order.

(©1991,1992,1993,1994 Eitan Tadmor September 1996



8 TIME DEPENDENT PROBLEMS

Tt reflects the dissipative effect (= the rapid decay of the amplitudes , |@(k,t)|, as functions of the high
wavenumbers, |k| > 1), which is the essential feature of parabolicity.

As before, we study the manner in which the solution depends on its initial data.

1. Linearity: the principal of superposition holds.

2. Uniqueness: the solution is uniquely determined for ¢ > 0 by the explicit formula

e 1 —52

u(w,t) = x—y,t dy, z) = etat > 0. 1.2.4

0= ] ee-vorma Q= (124)

3. Existence for large enough set of admissible initial data: bounded initial data f(z) can be
prescribed (and even f’s with |f(z)] < eMQ), and the corresponding solution is C'*° — in fact
u(z,t > 0) is analytic because of exponential decay in Fourier space.

4. The maximum principle: follows directly from the representation of u(x,t) as a convolution of
f(z) with the unit mass positive kernel Q(z).

5. Energy decay: as in the hyperbolic case we may proceed in one of two ways: Fourier analysis and
the energy method.

1.2.1 The heat equation — Fourier analysis and the energy method

We start with

I Ol <20 SISO -l e < Consta™ e, (125)

The last a priori estimate shows that the parabolic solution becomes infinitely smoother than its initial
data (— we ”gain” infinitely many s-derivatives), and at the same time these higher derivatives decay
faster as t | oco.

Alternatively, we can work with the energy method. Multiply (1.2.1) by « and integrate to get

1d
el ey < e (126)
and in general
1 d 8su 6s+1u
sl asllze < —Comstll 57 II72; (1.2.7)

successive integration of (1.2.7) yields (1.2.5).

1.2.2 Parabolic systems
Turning to general case, we consider mth-order PDE’s of the form,

Ju n .
o = P(e,t, Dy, P(a,1,D) = l;oAj(x,t)D]. (1.2.8)
] =

We say that the system (1.2.8) is weakly parabolic of order « if

5

I, Dllzs < Constt ™V Ju(a, 0)[| ). (1.2.9)

(©1991,1992,1993,1994 Eitan Tadmor September 1996



1.3 Well-Posed Time-Dependent Problems 9

For problems with constant coefficients this leads to the Garding-Petrovski characterization of parabol-
icity of order 8, requiring

Red | P(ik) = > Aj(ik)! | < =Cy - [k|” + Ca.
l71=0

Remark: Generically we have o = 7 = m the order of dissipation which is necessarily even.

The extension to problems with variable coefficients case (with Lipschitz continuous coefficients) may
proceed in one of two ways. Fither, we freeze the coefficients and Fourier analyze the corresponding

constant coefficients problems; or we may use the energy method, e.g., integration by parts shows that
for

d du du
P(l‘,t,D) = E 67 (A](l‘,t)aT) —I—Bjﬁ—l—(]u,
j J J J

with A; + A7 > 6 >0, and B; = B, the corresponding systems (1.2.8) is parabolic of order 2.

Example: u; = augy + Ugee 18 weakly parabolic of order two, yet it does not satisfy Petrovski
parabolicity.

1.3 Well-Posed Time-Dependent Problems

Hyperbolic and parabolic equations are the two most important categories of time-dependent problems
whose evolution process is well-posed. Thus, consider the initial value problem

Ju
E_P(x,t,D)u. (1.3.1)

We assume that a large enough class of admissible initial data
u(z,t=0)= f(x) (1.3.2)

there exists a unique solution, u(z,t). This defines a solution operator, F(t,7) which describes the
evolution of the problem

u(t) = E(t, m)u(r). (1.3.3)

Hoping to compute such solutions, we need that the solutions will depend continuously in their initial
data, 1.e.,

[|u(t) — v(®)|| < Constr||u(0) —v(0)||g: 0<t<T. (1.3.4)
In view of linearity, this amounts to having the a priori estimate (boundedness)
[|lu(t) = E(t, m)u(r)|| < Constp||u(r)||g:, 0<t<T, (1.3.5)

which includes the hyperbolic and parabolic cases.

Counterexample: (Hadamard) By Cauchy-Kowalewski, the system

e e R

has a unique solution for arbitrary analytic data, at least for sufficiently small time. Yet, with initial

data )
sin nx

uy(,0) = ,  uz2(z,0) =0, (1.3.6)

n

(©1991,1992,1993,1994 Eitan Tadmor September 1996



10 TIME DEPENDENT PROBLEMS

we obtain the solution

wi(2,1) = cosh nt sin nx’ ws(,1) = sinh nt cos nz (1.3.7)

n n

which tends to infinity [|u(-,?)|ln—cc — o0, while the initial data tend to zero. Thus, the Laplace
2 2

equation, % + 6(%“21 = 0, 1s not well-posed as an initial-value problem.

Finally, we note that a well-posed problem is stable against perturbations of inhomogeneous data
in view of the following

Duhammel’s principle. The solution of the inhomogeneous problem

ou

e = P(z,t, D)yu+ F(x,t) (1.3.8)
is given by )
u(t) = B(t,0)u(0) + /_ Et,r)F(r)dr. (1.3.9)
Indeed, a straightforward substitution yields
) = Eaouol+ 5 | [ Eanro]
= P(z,t, D)[EX,0)u(0)]+ E@,OF (@) + B %[E(t, TV F(t)]dr

= P(x,t, D)[E(t,0)u(0)+ /t E@,r)F(r)ydr]+ F(t) = P(x,t, D)u(t)+ F.

This implies the a priori stability estimate

t

[|u(t)|] < Consty||u(0)||g: + ConstT/

T=

IE(M)|gedr, 0<t<T, (1.3.10)
0

as asserted.
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SPECTRAL APPROXIMATIONS 11

2 SPECTRAL APPROXIMATIONS

2.1 The Periodic Problem — The Fourier Expansion

Consider the first order Sturm-Liouville (SL) problem
d
—¢ = Ap(z), 0<x< 2w, (2.1.1)
dx

augmented with periodic boundary conditions

#(0) = ¢(2). (2.1.2)

It has an infinite sequence of eigenvalues, Ay = ik, with the corresponding eigenfunctions ¢ (z) = %<,
Thus, (Ay = ik, ¢r = e'*7) are the eigenpairs of the differentiation operator D = % in L?[0,27), and
they form a complete system in this space — completeness in the sense described below.

Let the space L?[0,27) be endowed with the usual Euclidean inner product

27
(wi(®), wa(x)) = / wi(x)wa(z)de. (2.1.3)
0
Note that ¢ (z) = ¢*¢ are orthogonal with respect to this inner product, for

(ke ¢livy = { 0 JFk, (2.1.4)

||e“”||2 =27 j=k.

Let w(z)eL?[0, 27) be associated with its spectral representation in this system, i.e., the Fourier expan-
sion

—~ X w, G
w(z) ~ Z w(k)or(x), w(k)= (||</> ||2)’ (2.1.5)
k=—c0 k
or equivalently,
0 . ik . 1 27 »
w(a) ~ Y (k)™ w(k)zﬁ/ w(€)e™HE (2.1.6)
k=—o0 £=0
The truncated Fourier expansion
N
Syw= Y w(k)et, (2.1.7)
k=—N

denotes the spectral-Fourier projection of w(x) into my—the space of trigonometric polynomials of degree
< N:?

[(k)e™ 4 wo(—kye=+]

=

Syw = 12}(0) +

B
I
—

= W(0)+ ) [wlk)+ w(—k)]coskr + i[w(k) — w(—k)]sin kx (2.1.8)

ol
—_

N
= E "ay, cos kx + by sin kx;
k=0

22/ (and respectively, Z”) indicate summation with % of the first (and respectively, the first and the last) terms.
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12 SPECTRAL APPROXIMATIONS

here a; and I;k are the usual Fourier coefficients given by

1 27
ar = wlk) + w(—k) = —/ w(€) cos kEdE,
T Jo
(2.1.9)
. 1 27
be = ifi(k) — i(—k)] = _/ w(€) sin kEde
T Jo
Since w — Syw is orthogonal to the my-space:
(w — Syw, e*7) = 2mi(k) — 27w (k) =0, |k| <N, (2.1.10)
it follows that for any pyemy we have (see Figure 2.1)
o = pv? = 1w = Sy + [|Sww — pl|*. (2.1.11)
Hence, Syw solves the least-squares problem
w
N
P
[ Syw
™
Figure 2.1: Least-squares approximation
[|w— Syw|| = min |Jw— pn]|| (2.1.12)
PNETN
i.e., Syw is the best least-squares approximation to w. Moreover, (2.1.11) with py = 0 yields
[Sxwll* = [lw]]* — [lw = Sywl* < [Jw]]® (2.1.13)
and by letting N — oo we arrive at Bessel’s inequality
o S JemEE 3 Jelh) el < ol (2.1.14)
k=—o0c0 k=—o0c0

Remark: An immediate consequence of (2.1.14) is the Riemann-Lebesgue lemma, asserting that

27
w(k) L / w(€)e~*de— 0, for any weL?[0, 27).
0

o 27 k—o0

The system {¢r = €'*"} is complete in the sense that for any w(x)eL?[0, 27) we have Parseval’s equality:

oQ

20 3 k)P = 3 fek)Plésl = el (2.1.15)

k=—o0 k=—o0
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2.1 The Periodic Problem — The Fourier Expansion 13

which in view of (2.1.13), is the same as
J\;im [|Syw —w(z)|| = 0. (2.1.16)

Thus completeness guarantee that the spectral projections fill in’ the relevant space.
The last equality establishes the L? convergence of the spectral-Fourier projection, Syw(z), to w(z),
whose difference can be (upper-)bounded by the following

Error Estimate:

lw = Sywll® = [lwl)® = [|Sxwl® = Y lak)Pléxl* =27 Y [w(k)].

[k|>N |k|>N
We observe that the RHS tends to zero as a tail of a converging sequence, 1i.e.,

N

/07T|w(x)— > (k)™ Pde = 2x Y fuw(k)|?— 0. (2.1.17)

N—oo
k=—N || >N

The last equality tells us that the convergence rate depends on how fast the Fourier coefficients, w(k),
decay to zero, and we shall quantify this in a more precise way below.

Remark. What about pointwise convergence? The L?-convergence stated in (2.1.17) yields pointwise
a.e. convergence for subsequences; one can show that in fact
+1

N,
a.e. lim |w(z) — Sy, w(z)] =0, inf 2
p—oo » N,

> 1. (2.1.18)

The ultimate result in this direction states that , w(z) = a.e.limy_o Syw(z) (no subsequences) for
all weL?[0,27], though a.e. convergence may fail if w(-) is only L'[0, 27]-integrable.

The question of pointwise a.e. convergence is an extremely intricate issue for arbitrary L?>-functions.
Yet, if we agree to assume sufficient smoothness, we find the convergence of spectral-Fourier projection
to be very rapid, both in the L? and the pointwise sense. To this we proceed as follows.

2.1.1 Spectral accuracy

Define the Sobolev space H?[0, 27) consisting of 27-periodic functions for which their first s-derivatives
are L’-integrable; set the corresponding H*-inner product as

(w1, ws) g = Z/O WDpwl(x)Dsz(x)dx. (2.1.19)

The essential ingredient here is that the system {e?*”} — which was already shown to be complete in
L2[0,27) = HY[0,27), is also a complete system in H*[0,27) for any s > 0. For orthogonality we have

0 J#k

(eikx’eijx)HS — s (2120)
20y K j =k
p=0
The Fourier expansion now reads
w(z) ~ Y (ke (2.1.21)
k=—o0
where the Fourier coefficients, @w;(k), are given by
ikx
(k) = L)@ e (2.1.22)

(eikx’ eikx)HS :
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14 SPECTRAL APPROXIMATIONS

We integrate by parts and use periodicity to obtain

s 27
(w(x), e* Vg = Z/ DPw(z)Drethedy =
—Jo

5

= Sy /0% w(z) DZ e dy

p=0

5

= Y [ u@e

p=0

and together with (2.1.20) we recover the usual Fourier expansion we had before, namely

Wy (k) = w(k) = % /527; w(€)e *ede. (2.1.23)

The completion of {¢**} in H*[0, 27) gives us the Parseval’s equality (compare (2.1.15)) which in turn
implies

llw = Snwllge = >l ()Pl (|7 = > llw(k)IZ%ZkZp
p=0

[k|>N |k|>N
(2.1.24)
D N Y ik =) N[l = Syuf”
p=0 |k|>N p=0
Since
Consty (1 + N2)*/2 < (Z N2p) < Consty(1 + N?)3, (2.1.25)
p=0
we conclude from (2.1.24), that for any weH*[0, 27) we have
1
[|w — Syw|| < Consty - e weH?*[0, 27). (2.1.26)

Note that Const; = Consty - ||w — Syw||g= — 0. This kind of estimate is usually referred to by saying
N—oo

that the Fourier expansion has spectral accuracy:

Spectral Accuracy — the error tends to zero faster than any fized power of N, and is restricted only
by the global smoothness of w(z).

We note that as before, this kind of behavior is linked directly to the spectral decay of the Fourier
coefficients. Indeed, by Cauchy-Schwartz inequality

i (I P !
o] = ()] < il
[ A CES SN
(2.1.27)
1
< Const - P ——
. T+

In fact more is true. By Parseval’s equality

llwllfre = Z (k)€™ (|7 = 27 Z (Zkzp) w(k)[,

k=—c0 k=—oc0 \p=0
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2.1 The Periodic Problem — The Fourier Expansion 15

and hence by the Riemann-Lebesgue lemma, the product (1 + |k|?)3|w(k)| is not only bounded (as

asserted in (2.1.27), but in fact it tends to zero,

1
||lw— Sywl||* = 27 Z lw(k)|* < Const. Z TERPET < Const.——
[k|>N [k|>N

i.e., we get slightly less than (2.1.26),

1
w — Syw|| < Const.
o= Svul] < Const.—L

Moreover, there is a rapid convergence for derivatives as well. Indeed, if w(z)eH*[0,27) then for
0 < 0 < s we have

o Sxullye = 3 @r Y K0k

[kI>N  p=0

< Const. Y (14 [k[?)7 (k)|
|&|>N
< Const. Z 1+|k|) lw(k)|* <

1L N2\s—0
|k|>N 1+N

IN
Q
O
=
wm
-+
—~
no
=
|
o
o
5™
=
s
>
—~
s
)
|

lw — Snwllf
COHSt.W

IN

Hence

1
[|w— Syw||ge < Consty - N 7 <s, weH?0,27) (2.1.28)

with Consts ~ ||w — Syw||g- N—> 0. Thus, for each derivative we “lose” one order in the convergence
rate. o

As a corollary we also get uniform convergence of Syw(z) for H1[0,27)-functions w(z), with the
help of Sobolev-type estimate

0<H;E?§7T [v(z)] < Const.||v||g:. (2.1.29)
(Proof: Write v(z) = T(xg) + f z)dr with (zg) = % 0277 v(x)dz, and use Cauchy-Schwartz to
upper bound the two integrals on the rlght.)
Utilizing (2.1.29) with v(z) = w(z) — Syw(x) we find
023}; |w(x) — Syw(z)] < Const.||w — Syw||g: <
. (2.1.30)
< Constg Voot JC)OS’ weH?*[0,27), Consty — 0, s > 1.

In particular, we conclude that for any weH?*[0,2x),s > 1 we have, (in fact, s > 1/2 will do -
consult (2.5.22) below)

w(z) = i W(k)e™ ™ weH[0,27), s> 1. (2.1.31)

k=—o0
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16 SPECTRAL APPROXIMATIONS

In closing this section, we note that the spectral-Fourier projection, Syw(z), can be rewritten in
the form

N 1 2 N
_ ~ ikx - ik(z—¢ _
Syw(z) = Z w(k)e o7 )y w(§) Z ehE=Oqe =
k=—N k=—N
(2.1.32)
2w
= Dy (v = §w(&)ds
£=0
where
N . 1
Dy(r—g)= L S girteme) o LV A3) (2=
27 R 27 «in (xz;ﬁ)
Thus, the spectral projection is given by a convolution with the so-called Dirichlet kernel,
1 sin (N + %
Dy (2) = —w. (2.1.33)
27 sin 2
Now (2.1.30) reads
1
|w(x) — Dy (z) * w(z)] < Consty - VoD Consty ~ ||w||g=. (2.1.34)
2.2 The Periodic Problem — The Fourier Interpolant
We have seen that given the “moments”
1 27 .
w(k) = —/ w(€)e™*de, —N <k <N, (2.2.1)
27 £=0

we can recover smooth functions w(z) within spectral accuracy. Now, suppose we are given discrete
data of w(x): specifically, assume w(z) is known at equidistant collocation points 3

wy, =w(xy), x,=r+vh, v=201,---2N. (2.2.2)

Without loss of generality we can assume that » — which measures a fixed shift from the origin, satisfies

0<r<h= . (2.2.3)

Given the equidistant values w,, we can approximate the above “moments,” w(k), by the trapezoidal
rule

p 2V 1 2N
(k) = — ", e ke = yetkey 2.2.4
w(k) 27"1/2_:0 wye 2N—|—11/Z:_0w6 ( )

Using @(k) instead of w(k) in (2.1.7), we consider now the pseudospectral approximation

N

Unw= Y (k)™ (2.2.5)

k=—N

The error, w(z) — Ynw(x), consists of two parts:

w(l‘) - 1/)Nw(l‘) = Z uj(k)e”“? + Z [w(k) _ w(k)]ezkx

|k|>N |k|<N

3We treat here the case of an odd number of 2N 4 1 collocation points. We get even in §2.2.3
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2.2 The Periodic Problem — The Fourier Interpolant 17

The first contribution on the right is the truncation error

Inw(z) = (1—Sy)w(x)= Y w(k)e™.
|&|>N

We have seen that it is spectrally small provided w(#) is sufficiently smooth. The second contribution
on the right is the aliasing error

Ayw(x) = Y [w(k) — (k)™ (2.2.6)

[k|<N

This is pure discretization error; to estimate its size we need the

Poisson’s Summation Formula (Aliasing). Assume w(x)eH[0,27). Then we have

(k) = i e PCNFLT 4 (k + p(2N + 1)). (2.2.7)

p=—00

The proof of (2.2.7) is based on the pointwise representation of w(x)eH'[0,27) by its Fourier ex-
pansion (2.1.31),

2N 2N %]

~ _ 1 —ikx, __ 1 SN LT —ikx,
wk) = SN 1 Zw(x,,)e = IN 1 Z Z w(j)e e . (2.2.8)

v=0 v=0 [j=—00

Since w(x) is assumed to be in H!, the summation on the right is absolutely convergent

[SIC

3 1) < [ S+ PP 3 | < Constfullan, (2:29)
j=—o0 J J
and hence we can interchange the order of summation
(k) = ! i w(4) 2ZN: etli=kzy, (2.2.10)
2N +1 = prd
Straightforward calculation yields
1 QZN:ez’o—k)(wh) _ GGk, ;.gew—kmml _
2N +1 2IN+1 &=
ei(j—k)%{\;“l) -1 . (2.2.11)
G, L) oG oy 0 d 7k Olmod 2N 4]
2N +1
2N +1, Jj—k=p-2N+1).
and we end up with the asserted equality
o = oo :
(k) = j_z_:oo o) 53 Z:O U=k = p_z_:oo w(k + p(2N + 1)) - 7 CNFLT
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18 SPECTRAL APPROXIMATIONS

2.2.1 Aliasing and spectral accuracy

We note that once w(z) is assumed to be smooth, it is completely determined ( - in the pointwise
sense) by its Fourier coefficients w(k); so are its equidistant values w, = w(x,) and so are its discrete
Fourier coefficients w(k). The aliasing formula shows that @w(k) are determined in terms of w(k), by
folding back high modes on the lowest ones, due to the discrete resolution of the moments of w(x): all
modes = k[mod2N + 1] are aliased to the same place since they are equal on the gridpoints

ei(k+p(2N+1))xl, — eip(2N+1)7' . eikxl,. (2212)
Let us rewrite (2.2.7) in the form

= w(k)+ > PN ik + p(2N + 1))
p#0

Returning to the aliasing error in (2.2.6), we now have

Avw()= D | D emENTI gk 4 p- (2N 4+ 1)) | F7. (2.2.13)
[k|<N [ p#0

We note that the truncation error T w(x) lies outside mn, while the aliasing error Ayw(x) lies in 7y,
hence by H?-orthogonality

lw(z) = Ynw(@)||g. =
truncation aliasing (22 14)

= D WP - Jw(R)P + D (L4 k) -0 ePEVEDT ik 4 p(2N + 1)

[k|>N [k|<N p#0

Both contributions involve only the high amplitudes — higher than N in absolute value; in fact they
involve precisely all of these high amplitudes. This leads us to aliasing estimate

D[R PN ik 4 p(2N + 1)) <
k| <N p#0

> (L4 [k+p(2N + D) ik + p(2N + 1))[*-+ max

1+ |k|? ’
k| <N [
|k| <N p#0 p#£0

<
I+ lk+p-@QN+D]Z| =

1+ N2 7°
2
T (@)l § [71 ~ 4p2N2] ~

(2.2.15)

We conclude that the aliasing error is dominated by the truncation error (at least for any s > %),

1
[|[Anw(z)|| g < Consts - || Tvw(@)||g=, s> o (2.2.16)

Augmenting this with our previous estimates on the truncation error we end up with spectral accuracy
as before, namely

1
[|w — ¢nw||ge < Consty - Yoo weH®[0,27), s>o0>—. (2.2.17)
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2.2 The Periodic Problem — The Fourier Interpolant 19

2.2.2 Fourier differentiation matrix

We observe that ¢ yw(z) is nothing but the trigonometric interpolant of w(z) at the equidistant points
r=xy
N 2N

1 —ikx ikx
YNW(E)| o=z, = Z 2N+1Zw(1‘y)e koo | piken —

(2.2.18)

2N 1
- ) ik(u=—v)h —
I/Z::Ow(x,,) OV T 1 kZ e w(zy).

This shows that ¢ is in fact a @dospectral projection, which in the usual sin-cos formulation reads

N
YNw = Z "Gy coskx + I;k sin kx
k=0
(2.2.19)
. 2N
ar | 2 coskz,
i e[S ]

Thus, trigonometric interpolation provides us with an excellent vehicle to perform approximate dis-

cretizations with high (= spectral) accuracy, of differential and integral operations. These can be

easily carried out in Fourier space where the exponentials serve as eigenfunction. For example, suppose

we are given the equidistant gridvalues, w,, of an underlying smooth (i.e., also periodic!) function

w(z), w(x)eH*[0,27). A second-order accurate discrete derivative is provided by center differencing
dw Wy — W

o — — v—1 2
da:(x zy) 57 + O(h7).

Note that the error in this case is, O(h?) = w®(£)h?, no matter how smooth w(z) is. Similarly, fourth
order approximation is given (via Richardson’s extrapolation procedure) by
d 8 —wy_1] — — Wy
)y = [wy41 — wy—1] = [Wyy2 — wy—]
dx 12h
The pseudospectral approximation gives us an alternative procedure: construct the trigonometric in-
terpolant

+ O(h*).

N 2N

Yyw()= Y b(k)e™, dk) = 2N1+1Zwye—i“v. (2.2.20)

k=—N v=0

Differentiation in Fourier space amounts to simple multiplication, since the exponentials are eigenfunc-
tions of differentiation,

N
d .
Tuvw(r) = > d(k)ike™”, (2.2.21)
v k=—N
and we approximate
dw d
E(r =x,) = %1/)Nw(x)|x:xy + spectrally small error. (2.2.22)
Indeed, by our estimates we have for w(z)eH*[0,27),s > 1,
d d Const
OSH;E%);T |%w(1‘) — %1/)Nw(x)| < Const.|[|w(z) — Yyyw(z)||g < oz (2.2.23)

which verifies the asserted spectral accuracy. Similar estimates are valid for higher derivatives. To carry
out the above recipe, one proceeds as follows: starting with the vector of gridvalues, @ = (wq, - - -, wan),
one computes the discrete Fourier coefficients

2N
. 1 b
= THRTY —N<k< 2.
w(k) 2N+1V520w,,e , N <k <N, (2.2.24)

(©1991,1992,1993,1994 Eitan Tadmor September 1996



20 SPECTRAL APPROXIMATIONS

or, in matrix formulation

lZ)(—N) Wo 1
: =F Fry —ikey 2.2.2
~ . . ’ k 2N _|_ 16 ’ ( 5)
w(N) WaN
then we differentiate
w(k) — tkw(k), (2.2.26)
or in matrix formulation
w(—=N) w(—=N) —iN
: —A : , A= . : (2.2.27)
W(N) w(N) iN
and finally, we return to the “physical” space, calculating
N .
> ikd(k)e v =01, 2N, (2.2.28)
k=—N
or in matrix formulation
dw 1
7z (o) —iNw(—N) |
: =F*- (2N 4+ 1) ; . 2N+ D)Fy, = etfrv, (2.2.29)
dw iNW(N)
dx (2n) J
The summary of these three steps is
w'(xg) wo
=D : , YD =(@2N+ 1)F"AF, (2.2.30)
| w'(xan) wan

where ¥ D represents the discrete differentiation matrix, and similarly ¥ D?® for higher derivatives.

Note: Since (2N + 1)F*F = I,n41 (interpolation!) we apply ¥ D° = (2N 4+ 1)F*A°F. How does this
compare with finite differences and finite-element type differencing?

In periodic second-order differencing we have

01 0 -1
) -1 0
Dy = —
2 2% )
0 0 1
10 -1 0
fourth order differencing yields
[0 8§ —1 1 -8
-8 0 1
1 1
FD,y= Toh
-1
-1 0 8
| 8 -1 1 -8 0 |
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2.2 The Periodic Problemm — The Fourier Interpolant 21

In both cases the second and fourth order differencing takes place in the physical space. The corre-
sponding differencing matrices have finite bandwidth and this reflects the fact that these differencing
methods are local. Similarly, finite-element differencing,

1 4 1 Wy41 — Wy—1
R R e A

corresponds to a differencing matrix

r4 1 1771
6 6 6 o 1 --- 0 —1
X -1 0 0
FE, = é é "
0 0 1
1 1 4 10 -1 0
L 6 6 6

We still operate in physical space with O(N) operations (tridiagonal solver) and locality is reflected by
a very rapid (exponential decay) away from main diagonal. Nevertheless, if we increase the periodic
center differences stencil to its limit then we end up with global pseudospectral differentiation

d ol ik X
_ —ikx, ikx, .
%1/)1\710(1‘,,) = Z (meue ) € 5 (2231)
k=—N #=0
recall the Dirichlet kernel (2.1.33)
N " - ei(2N+1)x -1 sin(N + l)lz
et =N = — 2 (2.2.32)
et —1 sin £
k=—N 2

and its derivative,

i\f: ibeite _ isin(]\f + %)x _ (N + %) cos(N + %)x sin § — %cos Fsin(N + %)x (2.2.33)
R dx sin sin? z o
so that
N 1 1
S ket mih = (N +3) C?S[(ivy: 2)(v = k] (2.2.34)
Pyt sin(=5+)
Hence (2.2.31), (2.2.34) give us
2N
d 1 (=1)y7—* (=Lyr—*
W) = Spnw(a) =S s [Dly = by 2.2.35
( ) dl‘,l/)N ( ) Z 2 Sin(xy;xu) H [1/} ] M NQSiH(xy;xu) ( )

n=0

In this case ¢D is a full (2N + 1) x (2N + 1) matrix whose multiplication requires O(N?) operations;
however, we can multiply ¢ D[w] efficiently using its spectral representation from (2.2.30),

¥D = (2N + 1)F*AF.

Multiplication by F' and F™* can be carried out by FFT which requires only O(N log N') operating and
hence the total cost here is almost as good as standard “local” methods, and in addition we maintain
spectral accuracy.

We have seen how the pseudospectral differentiation works in the physical space. Next, let’s examine
how the standard finite-difference/element differencing methods operate in the Fourier space. Again,
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22 SPECTRAL APPROXIMATIONS

the essential ingredient is that exponentials play the role of eigenfunctions for this type of differencing.
To see this, consider for example the usual second order centered differencing, Da(h), for which we have

: ethTugr _ o—ihry_s isin(kh)
Dz(h)elkx|x:xy = 9h = ]E )ezkx|x:xw (2236)
The term % is called the “symbol” of center differencing. By superposition we obtain for arbitrary

grid function (represented here by its trigonometric interpolant)

N
Yyw(z)= > w(k)e* (2.2.37)
k=—N
that
Wy41 — Wy—1 N ik
I S (ST (3
k=-N
(2.2.38)
N ..
kh »
=y PR et
h
k=—N
It is second-order accurate differencing since its symbol satisfies
isin(kh
% =ik + O(k>h?). (2.2.39)

Note that for the low modes we have O(h?) error (the less significant high modes are differenced with
O(1) error but their amplitudes tend rapidly to zero). Thus we have

d sin(
| =tww = Da(h)gww||” = Z bk — —— || (k)I*
(2.2.40)
< Const.h* > (14 [k|*)?[w(k)[* < Const.h?® - |l w|[}s,
|kI<N

and this estimate should be compared with the usual

d (x)_wy+1—w_

Bl < h2.
L 5 < Const.h max

Ty, 1<e<r,41

w(?’)(x)‘ .

The main difference between these two estimates lies in the fact that the last estimate is local, i.e.,
we need the smoothness of w(z) only in the neighborhood of # = #,, and not in the whole interval,
Zy—1 < 2 < xp41. The analogue localization in the Fourier space will be dealt later.

Similarly, we have for fourth order differencing the symbol

1] sinkh sin2kh
—|4—— - =ik ko h*).
3 [ I ) ] ik + O(k”h)
In general, we encounter difference operators whose matrix representation, D,
D=[d;;] —N<j k<N, (2.2.41)
is periodic and antisymmetric (here [{] = {[mod 2N + 1]),
(i) periodicity : djr = dpp—j)
(2.2.42)
(i1) antisymmetry : dj = —dg;.
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2.2 The Periodic Problem — The Fourier Interpolant 23

Matrices satisfying the periodicity property are called circulant, and they all can be diagonalized by
the unitary Fourier matrix

D=U*AU, U=Q2N+1)?-F, U*U = Ly4. (2.2.43)

Indeed, with p — ¢ = ¢ we have

N
* 1 ijry —itkry _
[U"DULie = 5577 D I dpge =
pyq:—N
1 N
- Jlr+(a+0Oh] g o —ik(r+qh)
IN + 1 PN e
l,g=—N
1 N o N iy (rram) (2.2.44)
_ ij —i(k—j)(r+q
T 9N +1 Z € d[f]'ze
l,g=—N g=—N
0 i#k,
= N )
Z ezk[hd[z] j=k,
L=—N

and using the antisymmetry we end up with symbols Ag

N
A =diag Ay, -, An), Ak =20 dysin(keh). (2.2.45)

=1

As an example, we obtain for the (linear) finite-element differencing system

sinkh /4 1 . 1 _.
Y - - ~ ikh Ze—tkh ) _
b " (6 teC TEe
(2.2.46)
61 sin(kh)

_ b _ 4
= R T3 Zeos(kn) — HHOU.

This corresponds to differentiation of the forth-order Padé expansion.

In general, the symbols are trigonometric polynomials or rational functions in the “dual variable,”
kh, which has “exact” representation on the grid in terms of translation operator (polynomials or
rational functions), and accuracy is determined by the ability to approximate the exact differentiation
symbol, ik, for |kh| ~ 1, consult Figure 2.2.
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24 SPECTRAL APPROXIMATIONS

Ar(FDs) Ar(FDy) AR(FEy) Ak (F Daga)

Figure 2.2: The symbols of center differencing

2.2.3 Fourier interpolant revisited on an even number of gridpoints

We assume w(z) is known at the 2N gridpoints , = r+vh v=20,1,---,2N — 1,
wy, =w(zy,) v=0,1,---,2N -1 (2.2.47)

with h = 2% = &, and 0 < r < h is fixed. We use the trapezoidal rule to approximate the Fourier
coefficients w(k) in (2.2.1)

2N 2N -1
1

. 1 .
k) = o Twye kT = o > wyemthor (2.2.48)

v=0 v=0
to obtain the pseudospectral approximation

N

dyw= > (k)™ (2.2.49)

k=—N

Note:  We now have only 2N pieces of discrete data at the different 2N grid points
Zo, 1, -, Tan_1 and they correspond to 2N waves, as we have a “silent” last mode, i.e., with r =
0, k=N, Im[e?*®],—,, = isinvr = 0. Thus ¥ yw is well-defined; in view of (2.2.49) it is the unique
interpolant of w(x) at the 2N gridpoints # = z,:

N 2N-1

1 . .
_ 1" —ikx, ik,
YNw(T)|p=e, = _Z_:N N VZ:_O w(zy e €
(2.2.50)
2N-1 1 N '
= D wl@) gy > T = (e,
v=0 k=—N
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2.3 The (Pseudo)Spectral Fourier Expansions — Exponential Accuracy 25

The aliasing relation in this case reads — compare (2.2.7)

(k) = i e PN (k + 2pN) (2.2.51)

p=—00

and spectral convergence follows — compare with (2.2.16)
1
[|[Anw(z)|| g < Consts - || Tvw(@)||g=, s> 3 (2.2.52)

In the usual sin-cos formulation it takes the form

N a 123! cos kx
~ 7. k v
’l/)Nw = kg_o //ak coskx + bk sin k‘l‘, |: Ek :| = N E_O w(x,,) |: <in k’l‘y :| s 0 S k S N. (2253)

2N-1

Noting that by = 0 we have 2N free parameters {ag, {ag, I;k}gz_ll, an } to match our data at {z, };_;

2.3 The (Pseudo)Spectral Fourier Expansions — Exponential Accuracy

We have seen that the spectral and the pseudospectral approximations enjoy what we called “spectral
accuracy’ — that 1s, the convergence rate is restricted solely by the global smoothness of the data. The
statement about “infinite” order of accuracy for C'*° functions is an asympiotic statement. Here we
show that in the analytic case the error decay rate is in fact exponential.

To this end, assume that

(o]
w(z)= Y k)™, |Im 2| < n <, (2.3.1)
k=—o0
i1s 2@-periodic analytic in the strip —ng < Im z < no. The error decay rate in both the spectral and
pseudospectral cases is determined by the decay rate of the Fourier coefficients w(k). Making the
change of variables { = €** we have for

v(¢) = w(z = +in(), (2.3.2)
the power series expansion
v(Q) = Y (k). (2.3.3)
k=—c0

By the periodic analyticity of w(z) in the strip [Imz| < 1 < g, v({) is found to be single-valued analytic
in the corresponding annulus

e” <] < e, (2.3.4)
whose Laurent expansion is given in (2.3.3):
1
w(k) = — o(C)¢EFDAC, e << e, (2.3.5)
27 Jyc)=r

This yields exponential decay of the Fourier coefficients

[0(k)] < Mne™. M) = max [u()], 0<n<m. (2.3.6)
mz|<n

We note that the inverse implication is also true; namely an exponential decay like (2.3.6) implies the
analyticity of w(z). Inserting this into (2.1.17) yields

lw—Syw|? = 27 > [wk)]* <
|| >N
(2.3.7)
M*(n)
2 —2kn __ — 2N
2m- M (77)~|k|Z>:N6 B e L

IN

(©1991,1992,1993,1994 Eitan Tadmor September 1996



26 SPECTRAL APPROXIMATIONS

and similarly for the pseudospectral approximation

MZ
lw — pnwl|]?* < Const.em7 (_77)1 ceT 2N (2.3.8)

Note that in either case the exponential factor depends on the distance of the singularity (lack of
analyticity) from the real line. For higher derivatives we likewise obtain

—2Nn
e = Sxvulle + llw — ¥ wlye < Const. N7 M2(n) - = (2.3.9)
We can do even better, by taking into account higher derivatives, e.g.,
vath = o= [ et (23.10)
W — 3.
271 Ji¢|=r dC ’
so that with
= 257 max v(]) [, 2.3.11
Z;dwl ( )
we have
klw(k)| < My(n)e™* 7, (2.3.12)
and hence
6—2N77
lw — Snwl||3e + ||w — yw||}e < Const.Mg(n)m. (2.3.13)
2.4 The Non-Periodic Problemm — The Chebyshev Expansion
We start by considering the second order Chebyshev ODE
—¢1—ﬁ vd—ﬁ—ﬂm_A¢() —1<a<1. (2.4.1)
This is a special case of the general Sturm-Liouville (SL) problem
1 dv 1
Ly = — — = A > 0. 2.4.2
6= e (M58 + S = 2@), prgw 0 (242)

Noting the Green identity

b
(L, @)u(a) = / —(p¥")' ¢ + qvd = p() [, dllo + (¥, Ld)wia),  [¥, 0] = ¥¢' — ¢, (24.3)

we find that L is (formally) self-adjoint provided certain auxiliary conditions are satisfied. In the
nonsingular case where p(a) - p(b) # 0, we augment (2.4.2) with homogeneous boundary conditions,

v(a) = ¢(a) =0, ¥(b) =¢(b) = 0. (2.4.4)

Then L is self-adjoint in this case with a complete eigensystem (Ag, ¢¥5(2)): each
w(z)eL,(z[a,b] has the “generalized” Fourier expansion

S e (2), k) = @)
z) Z%%WA% 0 = TR (2.4.5)
with Fourier coefficients )
w(k) = m/ w(@) Y (x)w(z)de. (2.4.6)
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2.4 The Non-Periodic Problem — The Chebyshev Expansion 27

The decay rate of the coefficients is algebraic: indeed

1 1

ak) = o (W =
= ) ol + (L) =
- m.i[p(x)'[1/’k’w]|g+i(h/)k,Lw)w - (2.4.7)
1 = 1 . )
= O p(x).]:oAZ“[W,LO)ngJFE(W,L@)w)w () < .

The asymptotic behavior of the eigenvalues for nonsingular SL problem is

2

Ap ~ % ~ Const.k?
fa p(z) dw

and hence, unless w(x) satisfies an infinite set of boundary restrictions, we end with algebraic decay of
w(k)
R 1 plx) »  Const.
wlk) ~ —— - ———=% - Y (v)w(z)|], ~
( ) ||1/)k||¢2u /\k k( ) ( )|a k2

This leads to algebraic convergence of the corresponding spectral and pseudospectral projections.

In contrast, the singular case is characterized by, p(a) = p(b) = 0; in this case L is self-adjoint
independent of the boundary conditions (since the Poisson brackets [, ] drop), and we end up with the
spectral decay estimate — compare (2.1.22)

1 1 1 ||LSwl],,
e w < —
Rl Ak A el

Thus, the decay of w(k) is as rapid as the smoothness of w(z) permits.

As a primary example for this category of singular SL problems we consider the Jacobi equation
associated with weights of the form (1 — z)*(1+ z)?, a,8 > —1,

(i, Lw) (2.4.8)

w(k)

d

0 ((1 - xz)w(x)—) =d(e)(x), w=0-2)*(1+z), -1<z<1. (2.4.9)

dx

We now focus our attention on the Chebyshev-SL problem (2.4.1) corresponding to o« = § = —1/2.
The transformation

d 1 d 1 d
x = cos, %:%'@:_7W@ (2.4.10)
yields
d2

and we obtain the two sets of eigensystems
(Ar = k%, ¢1, = cos kf), (2.4.12)

and

(Ax = k%, ¢1, = sin k6).
The second set violates the boundedness requirement which we now impose

[¥p(£1)] < Const., (2.4.13)
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28 SPECTRAL APPROXIMATIONS

and so we are left with

(Ax = k% ¥r(x) = cos(k cos™! x)). (2.4.14)
The trigonometric identity
cos(k + 1)0 = 2 cos b cos kf — cos(k — 1)0

yields the recurrence relation

Yr1(x) = 22 (2) — Yr_1(x), o(z) = 1,¢1(x) = =, (2.4.15)
hence, () are polynomials of degree k — these are the Chebyshev polynomials
Ty (2) = cos(k cos™? z) (2.4.16)

which are orthonormal w.r.t. Chebyshev weight w(z) = (1 — xz)_%,

0 j#k,
R R e LR (2.4.17)

IToll2 =7 j=k=0.

In analogy with what we had done before, we consider now the Chebyshev-Fourier expansion

[} T "
w(z) ~ S w(k) Ty (@), (k) = % (2.4.18)
k=0 kllw
To get rid of the factor % for k = 0 we may also write this as
wz) ~ Y w(k)Ti(2),
k:
’ (2.4.19)

oy = W@ T@)e 2 " w@)cos(keosTTa)de 2 [T
w(k) = 7/2 o 71'/_1 V1—22 N 71'/520 (cos &) cos k¢ d.

Thus, we go from the interval [—1, 1] into the 27-periodic circle by even extension, with Fourier expan-
sion of w(cos @), compare (2.1.9),

27 T
2
wik) = —/ w(cos &) cos kEdE = —/ w(cos &) cos kEdE.
T Je=0 T Je=0
Another way of writing this employs a symmetric doubly infinite Fourier-like summation, where
1 (o]
w(z) ~ 3 k_g_ W(k)Ty () (2.4.20)
with T_;(z) = Ti(x) and
2 [ T
lf}(k') — w(a:) k($)
TJ_1 1 —z?

The Parseval identity reflects the completeness of this system

de, —oo <k < oco. (2.4.21)

9 w?(z)dz 1 R 9 T 9
ol = (225 = ¢ ra@F + 5 X latb

(2.4.22)

Il

IS
Nk
5
=
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2.4 The Non-Periodic Problem — The Chebyshev Expansion 29

which yields the error estimate

™ -
o= Sxwlf = 23 Ja()?

k>N

2.4.1 Spectral accuracy

In order to measure the spectral convergence of Chebyshev expansion, we have to estimate the decay
rate of Chebyshev coefficients in terms of the smoothness of w(z) and its derivatives; to this end we need
Sobolev like norms. Unlike the Fourier case, {T}(x)} is not complete with respect to H® — orthogonality
is lost because of the Chebyshev weight. So we can proceed formally as before, see (2.1.24),

o= Sxulfy =2 3 () < Y G (b (2429

e., if we define the Chebyshev-Sobolev norm

oQ

llwllfry = > (14 [k[*)* (k) ?,

k=0

then we have spectral accuracy

1
m, weH%[—l,l]

In fact the H7 space can be derived from an appropriate inner product in the real space as done in

[|w — Syw|lr < Const, -

Fourier expansion. The correct inner product — expressed in terms of L = —V/1 — 224 (/1 — 224,
is given by (in analogous manner to (2.1.19))

s a2 2

d2e d2e
2s = LPwy, LF 0)—— 6)dé 2.4.24
(w1, w2) gz pZ:%( wy, LPwa)r - COSM,Z%/G . T (cos )dﬁzp wa(cos 0)d, ( )

so that
0 itk
(T, Tj) yrae = : (2.4.25)
’ ng4p, J =k (with # factor at j = k = 0).
p=0

Hence the Fourier coefficients in this Hilbert space behave like

(w(@), Te)gze ~ Y (14 k) w(k), (2.4.26)
k=0

and the corresponding norm 1is equivalent to

oQ

[ > (14 R (k). (2.4.27)

k=0

The reason for the squared factors here 1s due to the fact that L is a second order differential operator,
unlike the first-order D = % in the Fourier case, i.e.,

D (1 [k[?)* k) Z||pr||T (2.4.28)
k=0

involves the first 2s-derivatives of w(x) — appropriately weighted by Chebyshev weight. This completes
the analogy with the Fourier case, and enables us to estimate derivative as well-compare (2.1.28),

lw — Snw||mg < Consts , o<s, weHp[—1,1]. (2.4.29)

NS—O'
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30 SPECTRAL APPROXIMATIONS

2.5 The Non-Periodic Problem — The Chebyshev Interpolant

Next, let’s discuss the discrete setup. Since we seek an even extension of the upper semi-circle we
consider the case of even number of grid points — equally distributed along the unit circle. There are

two main choices: one choice is to consider only the interior points, 8, = (v + %)Nil (here, h = N7_7|_1
and r = %) This yields the so called Gauss-Chebyshev points, consult §2.5.1 below,
1/2
x,,:cos(%), v=0,1,... N. (2.5.1)
The second choice takes into account also the +1-boundaries, considering 0, = v+ (here, h = 22—17{, and
7 = 0), which yield the so called Gauss-Lobatto-Chebyshev points — consult §2.5.2 below,
z, :cos(I;V—ﬂ-), v=0,1,--,N. (2.5.2)

2.5.1 Chebyshev interpolant at Gauss gridpoints
We consider the Chebyshev-Fourier expansion, (2.4.19)

wle) ~ 3 byt b =2 [ MO (253)

We want to collocate the Chebyshev-Fourier coefficients at the Gauss quadrature points. Here we
invoke the

Gauss quadrature rule. Let ¢x(z) be an orthogonal family of k-degree polynomials in L2[—1,1],
where w(z) = (1 — 2)*(1 + z)? with a,8 > -1 % Let -1 < 2; < 23 < ...zxy < 1 be the N zeros
of ¢n(x). Then, there exist positive weights, {w = wG}j»Vzl such that for all polynomials p(x) of
degree< 2N — 1 we have

1

/_ w(x)p(x)de = ijp(xj), wj = w]»G. (2.5.4)

Remark. To compute the Gauss weights we set p(z) = ﬁ]i(xxk) in (2.5.4). Since p(z;) =0Vj # k, (2.5.4)
yields

__1 ' on(z)
T () /_1“(“3)93 —o e LSkSH (2.5.5)

Equivalently, the corresponding weights are given by
_ —Avallenlll .
ANOn1 () ol (x;)
To verify (2.5.4) we express p(z) as p(x) = t(x)¢n(z) + r(x) for some (N — 1)-degree polynomials,
t(x) and r(x). The choice of weights in (2.5.5) guarantees that (2.5.4) is valid for all polynomials of

degree< N — 1, since the latter are spanned by {if—(xxg}é\;l This, together with the fact that ¢n(z) is
Li(x)—orthogonal to all polynomials of degree< N — 1, implies

on(r) = Ay +..., j=1,2,...,N. (2.5.6)

wj

1 -1

/_ w(x)p(x)de = / w(a)r(z)de = ijr(xj) = ijp(xj). (2.5.7)

Example. The N-degree Gauss-Chebyshev quadrature rule (based on the N + 1 collocation points,
r, = cos(V-H/z)ﬂ), v=20,1,...,N) reads

N+1

L f(x)de m i\f:f( - ((1/—1—%)71') 01 N (25.8)
= Ty , @y =cos(——=—),v=0,1,..., N, 5.

_1\/1—l‘2) N+1V:0 N+1

o = = —1/2 correspond to Chebyshev family, o = 3 = 0 correspond to Legendre, etc.
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2.5 The Non-Periodic Problem — The Chebyshev Interpolant 31

with an error term, F = mﬂmf‘”)(n), which vanishes for all polynomials of degree< 2N +1.
Applying the latter to the Fourier-Chebyshev coefficients in (2.5.3) we arrive at discrete Chebyshev
coefficients, w(k) which yield

N

Unw(e) =Y (k) Te(x),  w(k) = T > w(w,)Ti(w,). (2.5.9)

k=0 v=0

We claim that vyw(z) is the N-degree algebraic interpolant of w(z) at Chebyshev points {z,}?_,. To
see this we employ the
Christoffel-Darboux identity. There holds

Avi1 ongi(2)on(y) — on(®)on11(y)
lem ||2 = Anllon (@2 p— : (2.5.10)

We omit the straightforward proof of the general case (— which is based on the three step recurrence
relations for orthogonal polynomials), and concentrate on the Chebyshev expansion in which case
Christoffel-Darboux formula reads

i\f: /Tk(l‘)Tk(y) _ TNt (x)TN(y) - TN(x)TN_H (y) .

k=0 Az =)

Using this we find that ¢yw(x) interpolates w(z) at Chebyshev points as asserted. Indeed we have

Zw Tk Tk( )

(2.5.11)

=]

Ynw(zi) = '

k=0

2 & Sy
= N—H;w(l‘y)z T (xy )Ty (i) =

k=0

Ty (20)Tn(2:) — T (2)Ivgr (25

N
= N+1;Ow(xu) ijv+1(xi)TN(xi)_N_|_1 . = w(z;).
2 - 9 =

(2.5.12)
We want to estimate the error between w(z) and its Chebyshev interpolant ¢y w(z). As in the periodic
Fourier case, we use here the aliasing relation

oQ

w(k)= Y w(k+2p(N + 1)), (2.5.13)

p=—00

which follows from the straightforward computation. One concludes that the aliasing errors are domi-
nated by the spectrally small truncation error (2.4.29), and spectral convergence follows.

2.5.2 Chebyshev interpolant at Gauss—Lobatto gridpoints

The starting point is the Gauss-Lobatto quadrature rule. We make a short intermezzo on this issue. If
{¢x} is an L2-orthogonal family of k-degree polynomials, then by utilizing ® Jacobi equation (2.4.9),
one finds that {¢},,} is k-degree family which is orthogonal with respect to the weight (1 — x%)w(x).
Applying Gauss rule to the latter we find that there exist discrete gauss weights w]»G such that

1 N
/ (1— xz) = Z , for all remapn_1.

1

5Utilizing = integration by parts in this case.
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32 SPECTRAL APPROXIMATIONS

This is in fact a special case of the Gauss-Lobatto-Jacobi quadrature rule which is exact for all pemany1.
Indeed, all such p’s can be expressed as p(z) = (1 — ?)r(z) + £(x) with r(z) in m2ny_1, and a linear
Ux) = p(—l)l_Tx + p(l)H'Tx. The last equality tells us that

JLw(@p(e)ds = S wlr(a;) + 1 w(x)i(z) =
= T ) + [ w@) )~ I f ) = T+ 1T+ 11T,

Thus, we have

N
I=> wip(ey), wf ] (2.5.14)
ji=1

and the two expressions, IT + III, amount to a linear combination of p(—1) and p(1),

IT+ 11T = wip(zo) + whprplent1), zo=—-l<z<...<eny<1=zn41. (2.5.15)

We conclude with

Gauss-Lobatto quadrature rule. TLet ¢p(x) be an orthogonal family of k-degree polynomials in
L2[-1,1], where w(z) = (1 —2)*(1+ )’ with @, 3> —1 Let ~l =2p < 7 <22 < ...y < Tnq1 = 1
be the N 4 2 extrema of ¢ 41(2). Then, there exist positive weights {w; = w]»L}j»V:‘IEJl such that

N+1

1
/ w(z)p(x)de = E wip(z;), for all pemonyr, w; = w]»L. (2.5.16)
-1 j=0

Example. The Gauss-Lobatto-Chebyshev quadrature rule (corresponding to w(z) = +/1 — 22 and
z, = cos(vh),v = 0,1,...,N) is nothing but the familiar trapezoidal rule — indeed starting with
(2.4.19), we have

N

2 [ 2
w(k) = = /E: w(cos §) cos k€dE — - I/Z::O//w(cos 0,) cos kb, - %, (2.5.17)
and we end up with the discrete Chebyshev coefficients
9 N
(k) =+ > MwTi(w,), 0< k<N, (2.5.18)

v=0
This corresponds to the Fourier interpolant with an even number of equidistant gridpoints 4, (consult

(2.2.48)), for

12N 1N

lz}(k') — ﬁ //wye—ikt?yh — ; Zwl/ [e—ikGV 4 eikGV] 22_; —

v=0 v=0

5 N
= 5 Z”wy cos(kd,).
v=0

Then one may construct the Chebyshev interpolant at these N + 1 gridpoints

Yyw(z) =S "w(k) T (). (2.5.19)

w(k)= Y w(k+2pN). (2.5.20)
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2.5 The Non-Periodic Problem — The Chebyshev Interpolant 33

(Verification: insert the Chebyshev expansion evaluated at z, into (2.5.18),

N

> T () Te(xy)

v=0

bl

W) = = 32" |3 )T e | Tl = 5 - ali)

j=0 j=0

to calculate the summation on the right we employ the identity 27;(x)T%(z) = Tj4r(x) + Tjj—r|(x)
which yields

w(k) = Z’w(j) ik + 0j00k0 + Z 6j,2pN:|:k] ;
j=0 p=1

and (2.5.20) follows.) The spectral Chebyshev estimate (2.4.29) together with the aliasing relation
(2.5.20) yield the ydospectral convergence estimate, (compare (2.2.17))

lw(z) — yw(z)||gg < Const, - weHL, s> o, (2.5.21)

1
Ns—c’
where Constg ~ ||w||H%

Example: We have the Sobolev embedding of H7 C L* with ¢ > 1/2,

S5

< % (Z(l + k)7 (k)] ﬁ)

k k

=
=
IN
N | —
i\
=
=
A

(2.5.22)

Const, - ||w||H%, o> %

IN

Consequently,

1
Consts ~ |lw|lgs, s>0> o

1
max |w(z) — Yyw(z)| < Consty - Voo

In particular, with s = N 4 1 we obtain an improved estimate® for the near min-max approximation
collocated at z, = cos ((1/ 4 %) %)’

e—N

mxax|w(x) —¢yw(z)| < COHSUH“’HH;Wr1 N+

2.5.3 Exponential convergence of Chebyshev expansions

We briefly mention the exponential convergence in the analytic case. To this end we employ Bernstein’s
regularity ellipse, E,, with foci £1 and sum of its semi axis = r. Denoting

M(n) = mgx|w(2)|, r=el. (2.5.23)

We have

Theorem 2.1 Assume w(z) is analytic in [-1,1] with regularity ellipse whose sum of semiaxis = rq =
e’ > 1. Then

M?(n)
[|w(x) — 1/)Nw(x)||12qcr + Jw(z) — SNw(x)leqa < Const.em7 1 . N29.—2Nn

6 : : : s an? (N+1) 22—V
This should be compared with the straightforward familiar’ bound ||w [| oo IR
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34 SPECTRAL APPROXIMATIONS

Proof: The transformation z = (¢ +¢~1)/2 takes E,, from the z-plane into the annulus r5* < [¢| < 7o

in the {-plane. Hence, v(¢) = 2w (z = C+g_l) admits the power expansion

v(¢) = 2w (C +<_1) = > wk)ch, gt < ¢ <o =et; (2.5.24)

indeed, setting ¢ = ¢*® and recalling w(—k) = w(k), the above expansion clearly describes the real
interval [-1,1]

w(z = cosf) = Z/w(k) cos k6. (2.5.25)
k=0
Using the Laurent expansion in (2.5.24)
N | v(() o .
w(k) = %~/|C|:r R ¢, e M <r<e™, (2.5.26)
hence
()] < M(p)eT (25.27)

and the result follows along the lines of (2.3.7)-(2.3.8).

2.5.4 Chebyshev differentiation matrix

We conclude with a discussion on Chebyshev differencing. Starting with grid values w, at Chebyshev
points x, = cos (1/%), one constructs the Chebyshev interpolant

N
i 2 B
Yyw(z ; wik) = v V_O”w,, cos(k cos™" x,). (2.5.28)

One can compute w(k),0 < k < N, efficiently via the cos-FFT with O(N log N) operations. Next, we
differentiate in Chebyshev space

N
d g d
In this case, however, T;(z) is not an eigenfunction of %; instead —Tk( ) — being a polynomial of

degree < k — 1, can be expressed as a linear combination of {7} (z) f:& (in fact Ty (z) is even/odd for
even/odd k's): with ¢p = 2, ¢y>0 = 1 we obtain

iTk =k Z (2.5.30)

0< i<k
k—3j odd
and hence
d N y
%Mvw(x):Z”kw(k) Z c—jTj(l‘). (2.5.31)
k=0 kD—Sjjigd

Rearranging we get (here, >~/ indicates halving the last term)

N-1 N

%ﬁﬁvw(l‘) = Z W' (k)T (z), w'(k)= % Z 'pw(p) (2.5.32)

and similarly for the second derivative

) 2 .
k)= — > pp” = k)i(p). (2.5.33)
Ck p>k+2
p+k even
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2.5 The Non-Periodic Problem — The Chebyshev Interpolant 35

The amount of work to carry out the differentiation in this form is Q(N?) operations which destroys the
Nlog N efficiency. Instead, we can employ the recursion relation which follows directly from (2.5.32)

w(k+1)=w'(k—1) cp_1 — 2kw(k). (2.5.34)
To see this in a different way we note that
sin(k + 1)0 = sin(k — 1)0 + 2sin 0 cos k0,

which leads to
1 dlpyr 1 dTh—

Pl d k=1 dr )
and hence
d al 1
Cpnule) = 3 ki(k) T () =
k=0
1 & 1
= 3 Z”(if/(k 1) — @' (k + 1))ETIQ(1‘) =+«— summation by parts
k=0
| X N
= 3 > 2 (k)T (x) = > "0 (k) Tk (x)
k=0 k=0
as asserted. In general we have
@k + 1) =0 (k — Depoy — 2kw (k). (2.5.35)

With this, w(k) can be evaluated using O(N) operations, and the differentiated polynomial at the grid
points is computed using another cos-FFT employing O(N log N) operations

N
d
%1/)Nw(x)|x:xy = Z”ﬁ/(/@) cos kx,, (2.5.36)
k=0

with spectral/exponential error

1 3
d d Consts~m §<0<5,
max |%w(1‘) - %1/)Nw(x)| < . (2.5.37)
Const,, - e~

The matrix representation of Chebyshev differentiation, Dy, takes the almost antisymmetric form (here
cr = 1 except for ¢g = ey = 2)

(L)
el A
—2(%%]2) j=k#(0,N),

(Dr)ji =
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36 THE FOURIER METHOD

3 THE FOURIER METHOD

3.1 The Spectral Fourier Approximation

We begin with the simplest hyperbolic equation — the scalar constant-coefficients wave equation

Ou Ou
subject to initial conditions
u(z,0) = f(x), (3.1.2)

and periodic boundary conditions. R
This Cauchy problem can be solved by the Fourier method: with f(z) = -7 f(k)e'*™ we obtain
after integration of (3.1.1),

%u(/@ t) = ikatu(k,t), (3.1.3)
with solution o
u(k,t) = e f(k), (3.1.4)

and hence

u(w,t) = e*f k)™ =3 f(k)e N = f( + at). (3.1.5)

k k

Thus the solution operator in this case amounts to a simple translation
Et, ryu(e, ) =ulz+alt —1),t), |[|EE )| =1 (3.1.6)

This is reflected in the Fourier space, see (3.1.4), where each of the Fourier coefficients has the same
change in phase and no change in amplitude; in particular, therefore, we have the a priori energy bound
(conservation)

[Ju ||2—27TZ| (k,0)] —QWZIf = 17O (3.1.7)

We want to solve this equation by the spectral Fourier method. To this end we shall approximate
the spectral Fourier projection of the exact solution Suy = Syu(z,t). Projecting the equation (3.1.1)
into the N-space we have

6UN 8u
=S —. 3.18
ot N [a 61‘] ( )
Since Sy commutes with multiplication by a constant and with differentiation we can write this as
6UN 8UN
= ) 3.1.9
ot o ( )

Thus uy = Syu satisfies the same equation as the exact solution does; subject to the approximate
initial data

UN(tIO)ISNf. (3110)

The resulting equations amount to 2N + 1 ordinary differential equations (ODEs) for the amplitudes
of the projected solution

d
v (k1) = ikaiy (k,1), —N <k <N, (3.1.11)

subject to the initial conditions R
~(k,0) = f(k). (3.1.12)

Since these equations are independent of each other, we can solve them directly, obtaining

in(k,t) = e f(k) (3.1.13)
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3.1 The Spectral Fourier Approximation 37

and the approximate solution takes the form
N ~ .
un (@, 1) = > f(k)e*rte, (3.1.14)
k=—N

Hence, the approximate solution un(x,t) = fn (2 + at) satisfies
w(z,t) —un(z,t) = E(t,0)f(x) — E(t,0)Sn f(x) (3.1.15)
and therefore, it converges spectrally to the exact solution, compare (2.1.26),

Ju(®) —un @I < B 0)(I = Sy)f(2)]] <

. (3.1.16)

Ns’
Similar estimates holds for higher Sobolev norms; in fact if the initial data is analytic then the conver-

gence rate is exponential. In this case the only source of error comes from the initial data, that is we
have the error equation

IN

I( = Sn)f()|| < Const||f]| g -

0 0
E[U_UN]:aﬁ_x[u_uN] (3.1.17)
subject to initial error
u—un(t=0)=7f—-fv. (3.1.18)
Consequently, we have the a priori estimate of this constant coefficient wave equation
1
[l — un(t)|| < Constr||f — fl| < Const.||f||m= - G Consty = 1. (3.1.19)
Now let us turn to the scalar equation with variable coefficients
0 0 -
3_? = a(a:,t)a—z, a(z,t) = 2w — periodic. (3.1.20)

This hyperbolic equation is well-posed: by the energy method we have
= [ a(z,t)(u?/2)cdz
—_—~—

li/uz(ar:,t)dav: /ua(x,t)uxdx = —l/ax(x,t)uz(x,t)dx, (3.1.21)
2dt /. 2
and hence
(e, )l zse) < Consta - ()] (3.1.22)
with
Consty = eMT | M = H;%X[—ax(x,t)]. (3.1.23)

)

In other words, we have for the solution operator
1S, u(m)|| 2y < MO (7] Loy (3.1.24)

and similarly for higher norms. As before, we want to solve this equation by the spectral Fourier
method. We consider the spectral Fourier projection of the exact solution uy = Syu(z,t); projecting

the equation (3.1.20) we get

0 ou
EUN = SN [a(x,t)a—x] . (3.1.25)

Unlike the previous constant coefficients case, now Sy does not commute with multiplication by a(x,t),
that is, for arbitrary smooth function p(x,t) we have (suppressing time dependence)

N %]

Sva(@)p(e)= > | D alk—=5)p(i) | €™ (3.1.26)

=—N j=—0c0
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38 THE FOURIER METHOD

while
00 N

a()Snp(e) = Y | Y alk—5)pG) | €*". (3.1.27)
k=—co \j=—N
Thus, if we exchange the order of operations we arrive at

6UN _ 6UN 8u
5 = a(a:,t)a—x —[a(z,t)SNn — SNa(x,t)]a—x. (3.1.28)

While the second term on the right is not zero, this commutator between multiplication and Fourier
projection is spectrally small, i.e.,

I1Sva(z)p(e) — a(z) Sy p(x)||L2(2) =
1(Sx = Da(x)p(e) + a(z)(I = Sn)p(e)l|z2(z) < (3.1.29)

< Const.||a(z)p(®)||ms -

N + Const.||a(®)||z () - [|o(®)|| 5 -

Ns
and so we intend to neglect this spectrally small contribution and to set as an approzimate model
equation for the Fourier projection of u(z,?)
61}]\7 81}]\7
— =a(x,t)—.
ot (2,7) Ox
The second term may lie outside the N-space, and so we need to project it back, thus arriving at our
final form for the spectral Fourier approximation of (3.1.20)

(3.1.30)

vy Jon
= t . 1.31
" SN (a(a:, ) E ) (3.1.31)
Again, we commit here a spectrally small deviation from the previous model, for
1
|(1 = Sn)ap(x)||r2(e) < Constlla(x)p(x)||#s - TR (3.1.32)

The Fourier projection of the exact solution does not satisfy (3.1.22)-(3.1.23), but rather a near-by
equation,

6UN _ 8UN
T SN (a(x,t) e ) + Fn(z,t) (3.1.33)
where the local truncation error, Fy(z,t) is given by
Ju
Fn(z,t) = Sy |a(z, t)(I — SN)a— . (3.1.34)
x

The local truncation error is the amount by which the (projection of) the exact solution misses our
approximate mode (3.1.31); in this case it is spectrally small by the errors committed in (3.1.29) and
(3.1.19). More precisely we have

1
1P, Ollizge) < Mo, Ollie) - ullrs = (3.1.35)

depending on the degree of smoothness of the exact solution. We note that by hyperbolicity, the later is
exactly the degree of smoothness of the initial data, i1.e., by the hyperbolic differential energy estimate

1
1 e Do) < llae, Dl Wl - 555
and in the particular case of analytic initial data, the truncation error is exponentially small.
From this point of view, the spectral approximation (3.1.31) satisfies an evolution model which
deviates by a spectrally small amount from the equation satisfied by the Fourier projection of the exact

solution (3.1.33). This is in addition to the spectrally small error we commit initially, as we had before

UN(tIO)ISNfEfN. (3137)

(3.1.36)
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3.1 The Spectral Fourier Approximation 39

3.1.1 Stability and convergence

We now raise the question of convergence. That is, whether the accumulation of spectrally small errors
while integrating (3.1.31) rather than (3.1.33), give rise to an approximate solution vy (#,?) which is
only spectrally away from the exact projection un(z,t). We already know that the distance between
un(z,t) and the exact solution u(x,t) — due to the spectrally small initial error — is spectrally small as
we have seen in the previous constant coefficient case.

To answer this convergence question we have to require the stability of the approximate model
(3.1.31). That is, we say that the approximation (3.1.31) is stable if it satisfies an a priori energy
estimate analogous to the one we have for the differential equation

[lon ()] < Const.eMtHvN(O)H. (3.1.38)

Clearly, such a stability estimate is necessary in any computational model. Otherwise, the evolution
model does not depend continuously on the (initial) data, and small rounding errors can render the
computed solution useless. On the positive side we will show that the stability implies the spectral
convergence of an approximate solution uy (z,¢).” Indeed the error equation for ey (t) = un(t) — vy (t)

takes the form 5 5
EN EN
= t)— + F . 1.
5 = oN |al@ )=+ Fr(e,t) (3.1.39)

Let En(t,7) denote the evolution operator solution associated with this approximate model. By the
stability estimate (3.1.38),

| Ex(t, 7)o ()] < Conste™ =) |lun (7)]]. (3.1.40)

Hence, by (3.1.40) together with Duhammel’s principle we get for the inhomogeneous error equation

(3.1.39)

t

en(t) = EN(t,O)eN(O)—I—/ En(t, 7)Fn(r)dT (3.1.41)
and - .
llen ()] < Const.e™ [||6N(0)||L2<x> +/T_ 1 En (@, )l L2(eydT| - (3.1.42)
In our case en(0) = fxv — Sfn =0, and the truncation error Fy(z,7) is spectrally small; hence
llexn = un(t) —on(@)| < Const.eM? . % (3.1.43)

where the constant depends on ||a(z,?)||r.. (1) and ||f||g:+1, i.e., restricted solely by the smoothness of
the data. In the particular case of analytic data we have exponential convergence

llen(t) = un(t) — on(@)|| < Const.eM? . ="V (3.1.44)

Adding to this the error between upy(?) and u(?) (- which is due to the spectrally small error in the
initial data between fy and f) we end up with

% for H**! initial data
|lu(t) — vnr(t)]] < Const.eM?. . (3.1.45)

e~ for analytic initial data

To summarize, we have shown that our spectral Fourier approximation converges spectrally to the exact
solution, provided the approximation (3.1.31) is stable.

Is the approximation (3.1.31) stable? That is, do we have the a priori estimate (3.1.38)7 To show
this we try to follow the steps that lead to the analogue estimate in the differential case, compare
(3.1.21). Thus, we multiply (3.1.31) by vy (z,t) and integrate over the 2w-period, obtaining

%%/U}zv(l‘,t)dl‘z—i—/UN(l‘,t)SN (a(x,t)a;—;v) dex. (3.1.46)

"We note that in the previous constant coefficient case, the approximate model coincides with the differential case,
hence the stability estimate was nothing but the a priori estimate for the differential equation itself.
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40 THE FOURIER METHOD

But vy (7, 1) is orthogonal to (I — Sn) [a(z,t) ang] so adding this to the right-hand side of (3.1.46) we
arrive at

%% vjzv(x,t):/vN(x,t)a(x,t)a;—;de (3.1.47)

and we continue precisely as before to conclude, similarly to (3.1.22)-(3.1.23), that the stability estimate
(3.1.38) holds
[lon ()] < Const.eMtHvN(O)H, M= m%X[—ax(x,t)]. (3.1.48)

In the constant coefficient case the Fourier method amounts to a system of (2N +1) decoupled ODE’s
for the Fourier coefficients of vy = uy which were integrated explicitly. Let’s see what is the case with
problems having variable coefficients say, for simplicity, @ = a(x). Fourier transform (3.1.22)-(3.1.23)
we obtain for o(k,t) = on(k,t) — the kth-Fourier coefficient of vy (2,t) = ZQ;_N o(k,t)ette,

do(k,t) _ Z a(k — §)ijo(j,t), —N<k<N. (3.1.49)

In this case we have a (2N + 1) x (2N + 1) coupled system of ODE’s written in the matrix-vector form,
consult (2.2.46)

%@(t) = AAo(t), o(t) = : Agj = alk — ), A = diag(ik). (3.1.50)

We can solve this system explicitly (since a (-) was assumed not to depend on time)
i(t) = eMMp(0); (3.1.51)
that is, we obtain an explicit representation of the solution operator
En(t,7) = FgleMU-TFy A=Ay A=Ay (3.1.52)

where Fiy denote the spectral Fourier projection

o(—N)
FNUN(l‘) = . (3153)
o(N)
We note that in view of Parseval’s identity || Fnvn(2)|]2 = ||[vn (#)]|L2(s) (modulo factorization factor),

hence, stability amounts to having the a prior1 estimate on the discrete symbol EN(t, T) = eANA(t_T),

requiring
|eAN A=) < Const.eM (=) (3.1.54)

The essential point of stability here, lies in having a uniform bound for the RHS of (3.1.54) — a bound
which 1s independent of the order of the system; for example, the naive’ straightforward estimate of
the form

(|eANAT=T)|| < ellAnIHIAIG=7) (3.1.55)

will not suffice for that purpose because ||Ay|] Nloo 00. The essence of the a priori estimate we obtained
in (3.1.22)-(3.1.23), and likewise in (3.1.47), was that the (unbounded) operator P(z,t, D) = a(z,t)d;
1s semi-bounded, 1.e.,

Re [a(x,t)aa—x] = % [a(x,t 9 — %(a(r,t)~) = —%ax(x,t); (3.1.56)
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3.1 The Spectral Fourier Approximation 41

namely, (compare (1.1.28))

(Re [a(x,t)g%] u,u) . < M||u||%2(x) (3.1.57)
L2(x

and likewise for Re (SN [

the matrix exponent,® compare

f{%]) 11)1 the present form this is expressed by the sharper estimate of
1.55

HeANA(f—T)H < IReANA|-(t=7) (3.1.58)

This time, |[ReAyA|| like the Re[P(x,t, D)], is bounded. Indeed, [ReAA]y; = La(k —j)ij+a(j — k)ik],
and since a(z,1) is real (hyperbolicity!) then a(p) = a(—p), i.e.,

. 1
[RedAlyj = 5i(j —k)a(k—j) —N<jk<N. (3.1.59)

Thus, ReAA is a (possibly complex-valued) Toeplitz matrix, namely its (&, j) entry depends solely on
its distance from the main diagonal k& — j; we leave it as an exercise (utilizing our previous study on
circulant matrices in (2.2.43)) — to see that its norm does not exceed the sum of the absolute values
along the, say, zeroth (j = 0) row, i.e.,

N

- 1
ReAnAll < 5 > [ka(k)| (3.1.60)
k=N

which is bounded, uniformly with respect to N, provided a(x,t) is sufficiently smooth, e.g., we can take
the exponent M to be

1 & 1 Moo
=2 Y ka < g/ ktlablE Y <
k=-N k=-N (3.1.61)
iy
S = ||axx($at)||L2(x)

6

which is only slightly worse than what we obtained in (3.1.48).
A similar analysis shows the convergence of the spectral-Fourier method for hyperbolic systems.
For example, consider the N x N symmetric hyperbolic problem
Ou Ou . .
i A(l‘,t)a— + B(xz,t)u, with symmetric A(x,1). (3.1.62)
x
We note that if the system is not in this symmetric form, then (in the 1-D case) we can bring it to the
symmetric form by a change of variables, i.e., the existence of a smooth symmetric H(#,t) such that
H(z,t)A(x,t) is symmetric, implies that for w(z,t) = T~ (2, t)u(x,t) with H = (T~1)*T~! we have,
compare (1.1.16)
0 0
a_;” = Tz, 1) Az, )Tz, t)a—w + Oz, w(z, 1) (3.1.63)
x
where T=1(z, ) Az, )T(z,t) = T*(x,t)H(z,t)A(z, )T (x,t) is symmetric, and C(z,t) = B(x,t) +

aTat_l (x,t) — T_l(x,t)A(x,t)%(x,t). The spectral Fourier approximation of (3.1.62) takes the form

0 0
N — oy (A, ) 4 Sy B(x, oy (x,1). (3.1.64)
ot Ox
Its stability follows from integration by parts, for by orthogonality
1d 2 aUN 2
3q vy (z, t)de = UNA(x,t)a—dx—l— un Bz, OYuyde < M | vy (2, t)de (3.1.65)
xr T xr

8To see this, use Duhammel’s principle for —” RGAAU( ) + F(t) where F(t) = iTmAAeALt or integrate directly.

(©1991,1992,1993,1994 Eitan Tadmor September 1996



42 THE FOURIER METHOD

where
Az, t
M = max _94z0) + ReB(z,1) (3.1.66)
x, x
and hence
o (Dlz2) < o (0)]. (3.1.67)

The approximation (3.1.64) is spectrally accurate with (3.1.62) and hence spectral convergence follows.
The solution of (3.1.64) is carried out in the Fourier space, and takes the form

N
d N
. PR N<k< N
—dtv(k,t) = j_E_NA(k 7,010 (g, 1), N <k <N, (3.1.68)

which form a coupled (2N +1) x (2N +1) system of ODE’s for the (2N 4 1)-vectors of Fourier coefficients
o(k, ).

There are two difficulties in carrying out the calculation with the spectral Fourier method. First, is
the time integration of (3.1.68); even in the constant coefficient case, it requires to the computation of
the exponent e which is expensive, and in the time-dependent case we must appeal to approximate
numerical methods for time integration. Second, to compute the RHS of (3.1.68) we need to multiply
an (2N 4+ 1) x (2N + 1) matrix, AA by the Fourier coefficient vector which requires O(N?) operations.
Indeed, since Ais a Toeplitz matrix and A is diagonal, we can still carry out this multiplication
efficiently, i.e., using two FFT’s which requires O(N log N) operations. Yet, it still necessitates carrying
out the calculation in the Fourier space. We can overcome the last difficulty with the pseudospectral
Fourier method.

Before leaving the spectral method, we note that its spectral convergence equally applies to any
PDE

Gu = P(x,t,D)u (3.1.69)
ot
with semi-bounded operator P(z,t, D), e.g., the symmetric hyperbolic as well as the parabolic operators.
Indeed, the spectral approximation of (3.1.69) reads

aUN
ot

= SnP(x,t, D)vy. (3.1.70)

Multiply by vy and integrate — by orthogonality and semi-boundedness we have

1d

Iq v (x,t)dz = Re(vy, P(z,t, D)uy) < M/ vi (2, t)de. (3.1.71)
i M

Hence stability follows and the method converges spectrally.

3.2 The Pseudospectral Fourier Approximation

We return to the scalar constant coefficient case

Ou Ou
subject to periodic boundary conditions and prescribed initial data
u(z,0) = f(=x). (3.2.2)

To solve this problem by the pseudospectral Fourier method, we proceed as before, this time projecting
(3.2.1) with the pseudospectral projection ¢, to obtain for uny = ¢yu(z,t)

OUN <a8“N) . (3.2.3)

ot oz
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3.2 The Pseudospectral Fourier Approximation 43

Here, ¥y commutes with multiplication by a constant, but unlike the spectral case, it does not commute
with differentiation, i.e., by the aliasing relation (2.2.3) we have

0 =, i e . :
UnSE = 3 (kU™ = 30 STk + N + Dk + N + e
k=—N k=—N
where as
9 N . N .
Folnp = > (kpk)er = > ikZﬁ[k—i—j(?N—i—l)]eZ“.
k=—N k=—N 7

The difference between these two expressions is a pure aliasing error, i.e., we have for ¥y = Sy + An,

see (2.2.13)

dp d d N '
Uy gy = gy = [AN, d—] p= kZN Z,;[k + N + Dlp(k + 2N + 1)]e™
==—Nj

which is spectrally small. Sacrificing such spectrally small errors, we are led to the pseudospectral
approximation of (3.2.1)

61}]\7 81}]\7
= 2.4
at ot (324)
subject to initial conditions
UN(t = 0) = 1/)Nf (325)

Here, vy = vn(2,1) is an N-degree trigonometric polynomial which satisfies a nearby equation satisfied
by the interpolant of the exact solution ¢¥yu(z,t). That is, uy = ¢nu(x,t) satisfies (3.2.4) modulo
spectrally small truncation error

6UN _ 8UN _ i
TR + Fn(x,t), Fn(x,t)=ayn [31‘ (I- 1/)N)u] (3.2.6)
where by (3.2.3), Fx(z,t) = a [1/)Ng—g — %(Mvu)], and by (2.2.17) it is indeed spectrally small
0 1
155 (2, Ol < lal {50 =¥ )ulll < lal llullze+ 55 (3.2.7)

The stability proof of (3.2.4) follows along the lines of the spectral stability, and spectral convergence
follows using Duhammel’s principle for the stable numerical solution operator. That is, the error
equation for ey = uy — vy 18

66]\7 66]\7
=aqa——+F ¢ 3.2.8
ot “ oz + v (@, t) ( )
whose solution is .
eN(t) IEN(t,O)(fN—1/)Nf)—|—/ EN(t,T)FN(l‘,T)dT. (329)
7=0
Hence, by stability
1 1
llen (1)]] < Const.eM? . HUHHSHF < Const.e™|| f|| o1 - e (3.2.10)
this together with the estimate of the pseudospectral projection yields
J\}S for H*t! initial data
|lu(t) — vn(1)]] < Const.eM?. . (3.2.11)

e~ for analytic initial data

To carry out the calculation of (3.2.4) we can compute the discrete Fourier coefficients #(k,t) which

obey the ODE,
i
d—:(/@, v) = ikai(k,1), (3.2.12)
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as was done with the spectral case; alternatively, we can realize our approximate interpolant vy (x,1)
at the 2N + 1 equidistant points z, = vh, and (3.2.4) amounts to a coupled (2N + 1) — ODE system
in the real space

dUN _ aUN _ _
W(xy,t)_a Ee (x =xy,t) v=20,1,---,2N. (3.2.13)
un(zy,0) = f(zy). (3.2.14)

3.2.1 Is the pseudospectral approximation with variable coefficients stable?

Let us turn to the variable coefficient case,

Ou Ou
The pseudospectral approximation takes the form
vy Jon
= ) —— 2.1
ot VN [a(m, ) Ox ] (3.2.16)

subject to initial conditions
un(zy,0) = f(zy).

It can be solved as a coupled ODE system in the Fourier space, and at the same time it can be realized
at the 2N + 1 so-called collocation points

dun(zy,1t)
dt

= a(xu,t)a;—N(r =z,,1), (3.2.17)
X

with 1nitial conditions
on(z,,t =0) = f(zy).

The truncation error of this model is spectrally small in the sense that uy = ¥ yu satisfies

agiv =¥ [W’t)a;—f] + Fn(z,1) (3.2.18)
o Fiv(@ ) = vy [‘“x’”g—z] —UN [“(x’t)aa—x(ww] (3.2.19)

is spectrally small

0
IEx(e. 0l <l fale. 05 (0= w0l <]
(3.2.20)
<l 5 G 105 a0l

Hence, if the approximation (3.2.11) is stable then spectral convergence follows. Is the approximation
(3.2.11) stable? The presence of aliasing errors makes this stability question an intricate one — here is
a brief explanation.

Trying to follow the differential and spectral setup, we should multiply by vy (z,?), integrate by
parts and hope for the best. However, here vy (#,1) is not orthogonal to (I —¢n)[- - ] (— otherwise this
would enable us to estimate [on(x,t)a(x,t) a;xN (z,t)dz in terms of [ v (z,t)dr and we are done);
more precisely, for I —¢n = I — Sy — An we only have that [ vy (I—Sy)[--Jdz = 0; yet [ vy An[--Jda
leaves us with an additional contribution which is not necessarily bounded in terms of fx v (z, t)de,
and this argument fails short of a straightforward stability proof by Gronwall’s inequality. To shed a
different light on this difficulty, we can turn to the Fourier space; we write (3.2.16) in the form

61}]\7_ ()81}]\7
ot = e oz

(3.2.21)
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and Fourier transform to get for the kth Fourier coefficient

N
d
ok 1) = Z a(k — 3, 6)ijo(j,t) (3.2.22)
]:—N
le.
d 6(t) = ANAB(t)  Agy = alk —j+p(2N + 1)] (3.2.23)
— = v ;= alk — . 2.
i N kj - JTp
This time, ReAnA is unbounded. This difficulty appears when we confine ourselves to the discrete

framework: multiplying (3.2.17) by v(z,,t) and trying to sum by parts we arrive at

1d 5 B v
2 2 Ol ) = 3 ale, 00(en, 050w, )

v v

(3.2.24)
= Zy: 5% [%a(m,t)vz(x,t)]

but the first term on the right does not vanish in this case — it equals, by the aliasing relation, to

1
_ Z §a’(x,,,t)v]2\,(x,,,t);

xr

QNQ%Z 8% [%a(m,t)vz(x,t)]

v

:/5%[...]+Z§ip.(2N+1)%a&2[p.(2N+1)] (3.2.25)

r=

and a loss of one derivative is reflected by the factor 2N + 1 inside the right summation. This does not
prove an instability as much as it shows the failure of disproving it along these lines.

3.3 Aliasing, Resolution and (weak) Stability
3.3.1 Weighted L?-stability

We now turn to consider the intriguing case where a(z) may change sign®. In this section we take a
rather detailed look at the prototype case of a(#) = sin(z):

%UN(l‘,t) = 5%1/}N [sin(@)uy(z,1)]. (3.3.1)
We shall show that the solution operator associated with (3.3.1) is also similar to a unitary matrix
— consult (3.3.17) below for the precise statement. This in turn leads to the announced weighted
L?-stability. It should be noted, however, that the similarity transformation in this case involves the
ill-conditioned N x N Jordan blocks; as the condition number of the latter may grow linearly with NV,
this in turn implies weak L?-instability.

We begin by noting that the Fourier approximation (3.3.1) admits a rather simple representation in
the Fourier space, using the (2N 4 1)-vector of its Fourier coefficients, «(t) := (t_n(t), ..., un(t)). With
the periodic extension of 4;(t) Yk € Z in mind we are able to express the interpolant of sin(z)un(z,?)
as

N
: 1 -~ -~ ikx
YN [sin(x)uy(z,t)] = Z Z[uk_l(t) — g (t)]e*T,
k=—N
so that the Fourier approximation (3.3.1) then reads
d . k. .
Euk(t) = §[uk_1(t) —ap41(t)], =N <k<N, (3.3.2)

°If a(z) > 0, then (3.2.21) is semi-bounded (and hence stable) in the weighted Lix_l—norm7 with A =
diag{a(zo),...,a(z2n)}.
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augmented by the aliasing boundary conditions,

E_N(t), aN+1(t) = ﬂ_N(t) = EN(t). (333)

U_(n41)(t) = un ()

Thus, in the Fourier space, our approximation is converted into the system of ODE’s

0o -1 0 -1
1 0 -1 0
d . . P | . . .
Eu(t) = AAu(t), A]'k = ]C(S]'k, A= 5 0 1 . . . . (334)
; .0 -1
-1 0 ... 1 0

We shall study the stability of (3.3.1) in terms of its unitarily equivalent Fourier representation
in (3.3.4), which is decoupled into its real and imaginary parts, @(t) = a(t) + #b(t). According to
(3.3.2)-(3.3.3), the real part of the Fourier coefficients, ap(t) := Re (), satisfies

%ak(t) = g [ap—1(t) — api1(t)], —N <k <N, (3.3.5)

augmented with the boundary conditions
a_(n+1)(t) = a_n(t), any1(t) = an(t). (3.3.6)
The imaginary part of the Fourier coefficients, by (t) := Im 4 (2), satisfy the same recurrence relations

as before

%bk(t) = g [br_1(t) — bppr(1)], —N <k <N, (3.3.7)

the only difference lies in the augmenting boundary conditions which now read
bovyy(t) = =b_n(t), bnyi(t) = —bn(t). (3.3.8)

The weighted stability of the ODE systems (3.3.5) and (3.3.7) is revealed upon change of variables.
For the real part in (3.3.5) we introduce the local differences,

57 (1) = ax(t) — ana(0):
for the imaginary part in (3.3.7) we consider the local averages,

PH(0) = bat) + bis (1)
Differencing consecutive terms in (3.3.5) while adding consecutive terms in (3.3.7) we find

d k k+1 1
SRR = S0 - R (0 £ (W), N <E<N -1 (3.3.9)

The motivation for considering this specific change of variables steams from the side conditions in
(3.3.6) and (3.3.8), which are now translated into zero boundary values

p:E(N+1)(t) = Pjiv(t) =0. (3.3.10)

Observe that (3.3.9),(3.3.10) amount to a fixed translation of antisymmetric ODE systems for p~ (1) :=
(PN, py_1 (1) and pt(t) := (pTy (), ..., pk_, (1)), that is, we have

S0 = L 8 0), (3:3.1)
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3.3 Aliasing, Resolution and (weak) Stability 47

where § denotes the antisymmetric matrix

0 N-1 0 ... 0 -1 0
1-N 0 o0 10 0
§= &
0 1 0 1-N
0 -1 0 0 N-1 0
The solution of these systems is expressed in terms of the unitary matrix U(t) = ¢35t
pE(t) = 20U ()pE(0), U*()U(t) = L. (3.3.12)

The explicit solution given in (3.3.12) shows that our problem — when expressed in terms of the
new variables p* (¢), is clearly L2-stable,

P50l = =215 (0)]].

Remark. We note that this L?-type argument carries over for higher derivatives, that is, the W*-norms
of p*(t) remain bounded,

llollwe = |IA%pl] = (Zlklzalpﬂz) o Ajk = kéji (3.3.13)

k

We want to interpret these L?-type stability statements for the p*-variables in term of the original
variables — the real and imaginary parts of the system (3.3.4). This will be achieved in term of simple
linear transformations involving the N x N Jordan blocks

1 +1 0

Ji= 0 1
RS
0 0 1

To this end, let us assume temporarily that the initial conditions have zero average, i.e., that

ao(0) = ﬁzu(%,m =0. (3.3.14)

v

According to (3.3.5), ap(t) remains zero V¢, and so will be temporarily ignored. Then, if we let

a(t) :=(a—ny(@),...;a_1(t),a1(t),...,an(t))

denote the ’punctured’ 2N-vector of real part associated with (3.3.4), it is related to the 2N-vector of
local differences, p~(¢), through

pm(t)y=T_a(t), T-:=J_-eJ'.
This enables us to rewrite the solution given in (3.3.12)_ as
T_a(t) = e~ 2U)T_a(0). (3.3.15)

Similarly, since by(t) = Im ﬁ >, u(z,,t) = 01in the real case, it will be temporarily ignored. Then,
the "punctured’ 2N-vector of imaginary part associated with (3.3.4),

b(t) = (b (1), ... b_1 (1), by(t), ..., by—1(1),
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is related to the 2N-vector of local averages, p*(¢), through
pH) = Tub(t), T = Jp 4,
which enables us to rewrite the solution given in (3.3.12)4 as
Ty b(t) = e/ 2U ()T} 5(0). (3.3.16)
The equalities (3.3.15) and (3.3.16) confirm our assertion in the beginning of this section, namely,

Assertion. The solution operator associated with the Fourier approzimation, (3.3.1),(3.3.14), is similar
to the unitary matriz U(t) ;== U(t) ® U(t), in the sense that

a(t) = T-1U () Ta(0), at) = et%a(t) ® e t2(t), T :=T_ ®T,. (3.3.17)

We are now in a position to translate this similarity into an appropriate weighted L?-stability.

On the left of (3.3.15) we have a weighted L*-norm of a(t), ||T-a(t)|| = lla(@)||r:r_. Also, U(t)

being a unitary matrix has an L?-norm = 1, hence the right hand side of (3.3.15) does not exceed,
e~ 2T a(0)|| = e_t/2||d(0)||TiT_, and therefore a(t) = Re (4_n(t), ..., 4_1,u1(t),..., un(t)) satisfies

laOllrer. < e PNa(Olper., TT-=J T @ J_JL.

Expanding the last inequality by augmenting it with the zero value of ag(t) we find the weighted
L?-stability of the real part

la@lla. < e ?|la(O)|g., H-=J'J_®1@J_J. (3.3.18)
Similarly, (3.3.16) gives us the weighted stability of the imaginary part
IBOll, < 2Ol Hy = iy @1 Ty T (3.3.19)
Summarizing (3.3.18) and (3.3.19) we have shown
Theorem 3.1 (Weighted stability) Consider the Fourier method (3.3.1) subject to initial conditions
with zero mean, (3.3.14). Then the following weighted L?-stability estimate holds
(@l < 2 |[un(0)lla. (3.3.20)
Here ||[lun(t)|||gr denotes the weighted L*-norm
@l = 1 Re i(e) & Tm a)la, (3:3.21)
where the weighting matriz H := H_ & Hy > 0 1s given by

==
+1 2 =+

+1 2
Hy =JiJs®laJiJl = J]

+1 2 =+

=7
+1 1
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We close this section by noting three possible extensions of the last weighted stability result.
Duhammel’s principle gives us

1. Inhomogeneous terms. Let un(t) = un(-,t) denote the solution of the inhomogeneous Fourier
method

0 0 .
EUN(l‘,t) = 6—x1/)N [sin(x)un(z, )]+ Fy(z,1). (3.3.22)
Then there exists a constant, C(t), such that the following weighted L?-stability estimate holds
lun( e < ) |l (Ol + max [IEw(l| (3:3.23)
Our second corollary shows that the weighted LZ-stability of the Fourier method is invariant under low

order perturbations.
2. Low order terms. Let un(t) = un(-,t) denotes the solution of the Fourier method

0 0 . o0
EUN(l‘,t) = 6—x1/)N [sin(@)un (2, )] + N [p(e)un(z, )], peL™°[0, 27). (3.3.24)
Then there exists a constant, C(t), such that the following weighted L?-stability estimate holds

fun @z < C@O|[[un(O)]|]2- (3.3.25)

In our third corollary we note that the last two weighted L2-stability results apply equally well to higher
order derivatives, which brings us to
3. Weighted W*-Stability. Let un(t) = un(-,t) denote the solution of the Fourier method

%UN(l‘,t) = 5%1/}N [sin(x)un(z,1)]. (3.3.26)

Then there exist positive definite matrices, H(Q), and a constant C,,, such that the following weighted
We-stability estimate holds

Hun@lllwg < Ca@lllun(0)llwg (3.3.27)
Here ||[un(t)||lwg denotes the weighted W*-norm
llun@lllivg = 1A% Re a@)][} @ + [|A“Tm ﬂ(t)HiIf» (3.3.28)

The last results enable to put forward a complete weighted L2-stability theory. The following
assertion contains the typical ingredients.

Assertion. The Fourier method
%UN(l‘,t) = 1/)N[sin(x)5%u1\r(x,t)], (3.3.29)
satisfies the following weighted W«-stability estimate

lun (- Ollwg < CalO)llun(, 0)llwg- (3.3.30)

This last assertion confirms the weighted stability of the Fourier method in its non-conservative trans-
port form.
Sketch of the Proof. We rewrite (3.3.29) in the ’conservative form’

%UN(l‘,t) = 5%1/)N[sin(x)u1\r(x,t)] + [1/)N sin(z), 5%] un(,1),

where [¢n sin(z), %] = 1/)N(sin(x)§—x~) - %(ﬂJN sin(z)-) denotes the usual commutator between in-
terpolation and differentiation. The weighted L?-stability stated in Theorem 2.1 tells us that this
commutator 18 bounded in the corresponding weighted operator norm. Therefore, we may treat the
right hand side of (3.3.29) as a low order term and weighted L?-stability (o = 0) follows in view of the

second corollary above. The case of general o > 0 follows with the help of the third corollary. W
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2N+1 65 | 129 | 257 513 1205

Bux U 570 | 9003 | 5535 | 15028 | 39798
[lun (0)]]

Table 3.1: Amplification of ||un(?)|| et t = 10,
subject to initial data 4y (0) = isin(kw/N).

3.3.2 Algebraic stability and weak L?-instability

In this section we turn our attention to the behavior of the Fourier method (3.3.1) in terms of the
L?-norm. Table 3.1 suggests that when measured with respect to the standard (weight-free) L%-norm,
the Fourier approximation may grow linearly with the number of gridpoints N.

The main result of this section asserts that this is indeed the case.

Theorem 3.2 (Weak instability) There exist constants, C1(t) and Ca(t), such that the following
estimate holds

Ci(H)N < [|eP4)] < Ca(t)N. (3.3.31)

The right hand side of (3.3.31) tells us that the Fourier method may amplify the L2-size of its initial
data by an amplification factor < O(N) — that is , the Fourier method is algebraically stable. The
left hand side of (3.3.31) asserts that this estimate is sharp in the sense that there exist initial data for
which this @(N) amplification is attained — that is, the Fourier method is weakly L?- unstable.

We turn to the proof of the algebraic stability. Let un(¢) denote the solution of the Fourier method
(3.3.1) subject to arbitrary initial data, ux(0). We claim that we can bound the ratio [|un(t)||/||un (0)||
in terms of the condition number, k(H), of the weighting matrix H, k(H) := [|[H|| - ||H~!]]. Indeed

lun (@I = [1Re a(t) & Im a@)]] < /TH] - [[lunOlllr <
< COVIHE T [Mun (0)]]la <
< COWVIHN-TH=M - |1 Re a(0) & Im a(0)]] =
= C)/k(H) - [Jun(0)]|

Here, the first and last equalities are Parseval’s identities; the second and forth inequalities are straight-
forward by the definition of a weighted norm; and the third is a manifestation of the weighted LZ-
stability stated in Theorem 3.1.

The estimate (3.3.32) requires to upper-bound the condition number of the weighting matrix H. We
recall that the weighting matrix H is the direct sum of the matrices Hy given in (3.3.18)-(3.3.19), whose
L?-norms equal the squared L*-norms of the corresponding Jordan blocks, ||Hz|| = ||J£]|?, ||HZ'|| =

(3.3.32)

|IJ£*])?. Inserting this into (3.3.32) we arrive at

i
P41 == sup Jux (O]l <CWw(), J=J_@J;. (3.3.33)
un(0)z0 [[un (0)]]

Thus it remains to upper bound the condition number of the Jordan blocks, Ji. For the sake of
completeness we include a brief calculation of the latter. The inverse of Ji are upper-triangular
Toeplitz matrices,

-1 _ (:Fl)]_k k Z ja
(J21);, = { 0 ko (3.3.34)
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for which we have,

N N
1wl = D0 1 FY Fwe < 30 S P> 1~ 282wl (3.3.35)

J=—N k>j j=—N % E>j

This means that ||JZ'|] < V2N, and together with the straightforward upper-bound, ||Jx|| < 2, the
right hand side of the inequality (3.3.31) now follows with Cy(t) = 2,/2C(t). W

The above O(N )-algebraic stability is essentially due to the O(N) upper-bound on the size of the
inverses of Jordan blocks stated in (3.3.35). Can this upper-bound be improved? an affirmative answer
to this question depends on the regularity of the data, as shown by the estimate

N N
ITE ol = D0 1D SFY el < Y D kP el Y kI

J=—N k>j j=—N &k E>j

which yields an O(N1=%)+) bound for W*-data,

1/2
175w < Cna N Jw|lwe,  |Jw]lws = (kawu?) :
k

Noting that the rest of the arguments in the proof of algebraic stability are invariant with respect to
the We-norm (— in particular, the weighted W®-stability stated above), we conclude the following
extension of the right inequality in (3.3.31).

Corollary 3.1 (Weak W®-stability estimate) There exist constants C, o, s, > 0, such that the
following estimate holds

(- Ol < Cvsea N~ e (-, 0) et (8.3.36)
[ Const -/logN a:%,l,
Here Cn 5,0 = { <Cia otherwise.

Corollary 3.1 tells us how the smoothness of the initial data is related to the possible algebraic growth;
actually, for W%-initial data with o > 1, there is no L?-growth. However, for arbitrary L? data
(s = oo = 0) we remain with the O(N) upper bound (3.3.35), and this bound is indeed sharp for, say,
Wg ~ (—1)k. (In fact, the latter is reminiscent of the unstable oscillatory boundary wave we shall meet
later in (3.3.54)).

These considerations lead us to the question whether the linear L?-growth upper-bound offered by
the right hand side of (3.3.31) is sharp. To answer this question we return to take a closer look at the
real and imaginary parts of our system (3.3.2).

We recall that according to (3.3.5) the real part, ai(¢) = Re up(t), satisfies,

Dot = S fas) — ], N <k,

Summing by parts against az(¢) we find

N N

LS @ =1 Y aWaeat) = Sa_ v (asn(t) + angr (ax (1)
2.dt Ty 2 b= 2

The boundary conditions (3.3.6), a_(n41)(t) — a—n(t) = any1(t) — an(t) = 0, imply that the second
term on the right is positive; using Cauchy-Schwartz to upper bound the first term yields dilt||a(t)||2 <
|la()]|?, which in turn implies that the real part of the system (3.3.2) is L%-stable

lla®)[l < e2[la0)l],  a(t) = Re a(t).
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Imaginary part of Fourier coefficients, Im (), computed with At = ﬁ at

(a) t=0and t = 0.1 with N = 200
(¢)t =1. with N =100

Figure 3.1: Fourier Solution of u; = (sin(x)u),,
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(b)t=0and t = 0.1 with N =400
(d) ¢t = 1. with N = 200
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In contrast to the L?-bounded real part, it will be shown below that the imaginary part of our
system experiences an L? linear growth, which is responsible for the algebraically weak LZ-instability
of the Fourier method.

The imaginary part of our system, b(t) = I'm (1), satisfies the same recurrence relations as before

%bk(t) = g [br_1(t) — bppr(1)], —N <k <N, (3.3.37)

the only difference lies in the augmenting boundary conditions which now read

boinan)(t) = —b_n(t), bryr(t) = —bn(t) = 0. (3.3.38)

Trying to repeat our argument in the real case, we sum by parts against by (1),

%% Z bi(t) = % Z by (t)br—1(t) — %[b—(NH)(t)b—N(t) + b1 (t)bn (1)], (3.3.39)
s k=— N1

but unlike the previous case, the judicious minus sign in the augmenting boundary conditions (3.3.38)
leads to the lower bound

%Ilb(f)ll2 > —[[b@)II* + N2y (1) + bi (1)), (3.3.40)

This lower bound indicates (but does not prove!) the possible L%-growth of the imaginary part. Figure
3.1 confirms that unlike the L?-bounded real part, the behavior of the imaginary part is indeed markedly
different — it consists of binary oscillations which form a growing modulated wave as |k| T N. These
binary oscillations suggest to consider vi(¢) := (—1)¥b(¢), in order to gain a better insight into the
growth of the underlying modulated wave. Observe that (3.3.37)-(3.3.38) then recasts into the centered
difference scheme

d )y —vp_1(2 1
Evk(t):&w”l( )QAgvk ! )’ Ep = kAE, 0<k<N, Af:= (3.3.41)

which is augmented with first order homogeneous extrapolation at the 'right’ boundary
unt1(t) —on(t) = 0. (3.3.42)

We note in passing that {i} The bz(¢)’s, and hence the vj(t)’s, are symmetric — in this case they
have an odd extension for —N < k < 0; {ii} No additional boundary condition is required at the
left characteristic boundary £, = 0; and finally, {iii} Though (3.3.41)-(3.3.42) are independent of the
frequency spacing — in fact any A& = O(1/N) will do, yet the choice of A{ = (N + %)_1 will greatly
simplify the formulae obtained below. These simplifications will be advantageous throughout the rest
of this section.

Clearly, the centered difference scheme (3.3.41) could be viewed as a consistent approximation to
the linear wave equation
0
ae"

The essential point i1s that & = 1 is an inflow boundary in this case, and that the boundary condition
(3.3.42) is inflow-dependent in the sense that it is consistent with the interior inflow problem. Such
inflow-dependent boundary condition renders the related constant coefficient approximation unstable.

To show that there is an O(N)-growth in this case requires a more precise study, which brings us
to the proof of the weak LZ-instability. We decompose the imaginary components, by(¢), as the sum
of two contributions — a stable part, s;(¢), associated with the evolution of the initial data; and an
unstable part, wy(t), which describes the unstable binary oscillations propagating from the boundaries
into the interior domain,

Doen=emeien), 0<E<L

bk(t) = Sk(t) + wk(t).
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Here, s(t) := (s1(t),...,sn(t)) is governed by an outflow centered difference scheme which is comple-
mented by stable boundary extrapolation,
Lo + ginllms® o0y oy e .
dt 2A¢ N+ 3 (3.3.43)
se(0) = b(0), .
5N+1(t) = SN(t).

As before, we exploit symmetry to confine our attention to the ’right half’ of the problem, 0 < k < N.
A straightforward LZ-energy estimate confirms that this part of the imaginary components is L2-
stable, ||s(t)]] < e~*[|b(0)||. In fact, the scheme (3.3.43) retains high-order stability in the sense that

N 1/2
[|s(t)||lwe = (Z |k|2“|sk(t)|2) < Constg t - [|6(0)||we, Va > 0. (3.3.44)
k=0

We close our discussion on the so called ”s”-part by noting that (3.3.43) is a second-order accurate

approximation to the initial-value problem

0 0
as(gat)zg%s(gat)a 52 Oa

s(€,0) = b(¢), b(&) =

2N (3.3.45)
Z un(zy, 0) sin(wvé);

2N +1
Observe that the initial condition b(¢) is nothing but a trigonometric interpolant in the frequency ’¢é-
space’, which coincides with the initial value of the imaginary components, 6(&;) = I'm 4 (0) = b5(0).
Using the explicit solution of this initial value problem, we end up with a second order convergence
statement which reads!®

s (t) = b(&re™) + O(AE)?, t>0. (3.3.46)

N—-Fk

We now turn our attention to the unstable oscillatory part, wi(t) = (=1) vp(t). Tt is governed

by an inflow centered difference scheme,

d vp1(t) — v—1(t)
—up(t) = <k<N
Uk(O) = 0,
which is coupled to the previous stable ”s”-part (3.3.43), through the boundary condition
UN-|—1(t) — UN(t) = 5N+1(t) + SN(t). (3348)

The boundary condition (3.3.48) is the first-order accurate extrapolation we met earlier in (3.3.42) —
but this time, with the additional inhomogeneous boundary data. And as before, a key ingredient in
the L2-instability is the fact that such boundary treatment is inflow-dependent.

Specifically, we claim: the inflow-dependent extrapolation on the left of (3.3.48) reflects the boundary
values on the right of (3.3.48), which “inflow’ into the interior domain with an amplitude amplified by
a factor of order O(N).

To prove this claim we proceed as follows. Forward differencing of (3.3.47) implies that rk_l_%(t) =

vp41(t) — vi(t) satisfy the stable difference scheme

d Esrp () — & _or_1(t ro s () —2r, 1 (t)+r 1

4 et —Eyny ) ras0 Ty Oy
it (02) 0 208 4 (3.3.49)
Tk_l_% = s

TN+%(t) = 5N+1(t) + SN(t) = 25]\7(15).

10 The last equality should be interpreted of course in the W%-sense, with o limited by the initial W *-smoothness of

b (0).
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Clearly, this difference scheme is consistent with, and hence convergent to the solution of the initial-
boundary value problem

0 0

—=r(&t) = -(r(g1), 0<E<L

o = 0 (3.3.50)
r(1,1) = 2sn(t).

Observe that r(€,t) describes a boundary wave which is prescribed on the €N+% = 1 boundary of

the computed spectrum, r(1,¢) = 2sy(t), and propagates into the interior domain of lower frequencies
£<1,

?‘;N(t—l—lng), t+1Ing >0,

r(&, 1) = (3.3.51)
0, t+1Iné& <.
We conclude that the forward differences, rk_l_%(t) = vp41(t) — vi(?), form a second-order accurate
approximation of this boundary wave,
1
rk+%(t) = r(€k+%at) + O(Af)z, €k+% = (k + §)A€
Returning to the original variables, wy(t) = (=1)* Zf;ol rj_l_%(t), the latter equality reads
k-1
we(t) = (=DF Y r(§yz. )+ O(k(AE)?) =
j=0
(3.3.52)

(=DF
Ag

&x
R(&x, 1) + O(A8), R(&, ) = /_t (€, t)dE,

which confirms our above claim regarding the amplification of a boundary wave by a factor of O(1/A& ~
N).

The a priori estimates (3.3.44) and (3.3.52) provide us with precise information on the behavior
of the imaginary components, b(t) = s(t) + w(¢): their initial value at ¢ = 0 propagate by the stable

?s”-part and reaches the boundary of the computed spectrum at €N+% = 1 with the approximate

boundary values of (3.3.46), sy (t) = b(e™") + O(AE); the latter propagate into the interior spectrum
2
as a boundary wave of the form (3.3.51), r(&,t) = _b(g_t)’ whose primitive in (3.3.52) describes the
e

” ”

unstable oscillatory ”w”-part of the solution. Added all together we end up with

2(=1)F ! ¢ _
bi(t) = b(Ere™") + A€ /526_% b(g)? N + O(AE). (3.3.53)

U 0<é& <e

Thus, the unstable ”w”-part contributes a wave which is modulated by binary oscillations; the ampli-
tude of these oscillations start with O(1/A& ~ N) amplification near the boundary of the computed
spectrum, &y ~ 1, and decreases as they propagate into the interior domain of lower frequencies. More-
over, for any fixed ¢ > 0, only those modes with wavenumber k such that e=* < |k|/N < 1, are affected
by the unstable "w” part. Put differently, we state this as

Corollary 3.2 (Weak instability revisited) For any fired t > 0, the Fourier method (3.3.1) expe-
riences a weak instability which affects only a fized fraction of the computed spectrum. Yet, the size of
this fized fraction, 1 — e™!, approaches unity exponentially fast in time.

There are two different cases to be considered, depending on the smoothness of the initial data.

1. Smooth initial data. If the initial data uy(z,0) are sufficiently smooth, then b;(0) = I'm (0)
are rapidly decaying as |k| T N, and hence — by the W*-stability of the ”s”-part in (3.3.44), this
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Imaginary part of Fourier coefficients, Im (t), computed at ¢ = 3 with At = ﬁ and
(a) with N =100

(b) with N =200 () with N = 800

Figure 3.2: Fourier solution of u; = (sin(z)u),, ur(0) ~ kZ—a
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rapid decay is retained later in time for s;(¢),¢ > 0. This implies that the discrete boundary wave
— governed by the stable scheme (3.3.49), is negligibly small, rk_l_%(t) ~ 0, because its boundary

values are, 2sy(t) & 0. We conclude that in the smooth case, ||b(2)]] ~ [|6(0)[| + O(1) remains of

the same size as its initial data, [|6(0)|].

Figure 3.2 demonstrates this result for a prototype case of smooth initial data in Besov B3 (L)
— in this case, initial data with cubically decaying imaginary components, b(0) ~ [k|=3. As told
by (3.3.53), the temporal evolution of these components should include an amplified oscillatory
boundary wave, wi(t) ~ (—1)*k3N~° consult Remark 3 below. This O(N) amplification is

confirmed by the quadratic decay of the boundary amplitudes, wn(?).

Note that despite this

amplification, the boundary wave and hence the whole Fourier solution remain L? bounded in

this smooth case.

150

100+

100+

50006000006000000069¢ %

50 60 70 80 90

@

100

-150
110 100

120 140
(b)

160 180

Imaginary part of Fourier coefficients, Im ay(t), (— — —) computed at t = 0.5 vs. sp(¢) + wi (1), (000),

(a) with N =100

Figure 3.3: Fourier solution of u; = (sin(z)u)y,

(b) with N = 200
ﬂk(O) = isin(fk), fk = k‘TFAf

2. Nonsmooth initial data. We consider initial data uy(z,0) with very low degree of smoothness
beyond their mere L2-integrability, e.g., for b(¢) = N=Y2(1 — ¢), the corresponding components

k

of Im u(0) = N=1/2(1 — ~ ), are square summable but slowly decaying as |k| T N. Since b(0)
-part in (3.3.43), the components of sj(¢) will remain square
summable for ¢ > 0, but will remain slowly decaying as |k| | N. In particular, this means that
sn(t) = O(N~?) can be used to create the O(N~1/?) boundary wave (¢, 1) dictated by (3.3.50).
According to (3.3.52), the amplified primitive of this boundary wave, (—1)* R(¢,1)/AE ~ N1/
will serve as the leading order term of the unstable part. We conclude that the imaginary part

serves as Initial data for the stable

[|6(2)|| will be amplified by a factor of O(N) relative to the size of its nonsmooth initial data

” 9
S

[|6(0)|], which confirms the left hand side of the inequality (3.3.31).

Figure 3.3 demonstrates this result for a prototype case of nonsmooth initial data with imaginary

components given by, b;(0) = sin(&y), that is, initial data represented by a strongly peaked dipole
at x+1, un(x,,0)= (2N +1)d,|1. According to (3.3.53), the evolution of these components in

time yields

bi(t) ~ sin(ﬁke_t) + Consty,

In this case the O(N) oscillatory boundary wave, %ﬁ (1 — Eke;—t) , is added to the O(1)-initial
+

©1991,1992,1993,1994 Eitan Tadmor
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58 THE FOURIER METHOD

conditions, sin(€x,), which is responsible for the L%-growth of order O(N). This linear L?-growth
is even more apparent with the ‘rough’ initial data we met earlier in Figure 3.1. W

Remarks
1. Smoothing. The last Theorem confirms the L?-instability indicated previously by the lower
bound (3.3.40),

d
ZIE@I = =[bON” + N [B2 5 + 53] -

By the same token, summation by parts of the imaginary part (3.3.39), leads to the upper bound
d
ZIP@OIF < [BOI” + N b2y + 5],

which shows that had the boundary values of the computed spectrum — which in this case consist of the
last single mode byn (), were to remain relatively small, then the imaginary part — and consequently
the whole Fourier approximation would have been LZ-stable. For example, the rather weak a prior:
bound will suffice a
VN
What we have shown (in the second part of Theorem 3.2) is that such an a priori bound does not hold
for general nonsmooth L% initial data, where according to (3.3.53), b (t) ~ O(N)||b(¢)]].

b (D] < —=lIBOI = B0} < >+ [b(0)]. (3.3.55)

300
- Zm,
- 1(X),
- 0,
- _100,
- _200,

. . . . . . -300 . . . . . .
-2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2
@ (b)

Imaginary part of Fourier coefficients, Im uy(t) vs. kwA&, computed at t = 2
(a) with de-aliasing (N = 80 and N = 160) (b) without de-aliasing (N = 50 and N = 100)

Figure 3.4: Fourier solution of u; = (sin(z)u),, 4(&,0) = sin(§).

We recall that there are various procedures which enforce stability of the Fourier method, without
sacrificing 1ts high order accuracy. One possibility is to use the skew-symmetric formulation — consult
§3.4 below. Another possibility is based on the observation that the current instability is due to the
inflow-dependent boundary conditions (3.3.42) — or equivalently (3.3.38), and the origin of the latter
could be traced back to the aliasing relations (2.2.7). We can therefore de-alias and hence by (3.3.55)
stabilize the Fourier method by setting by n(¢) = 0, or more generally, 41 n(¢) = 0. De-aliasing could
be viewed as a robust form of high-frequency smoothing. This issue is dealt in §3.5 below. Figure
3.4a shows how the de-aliasing procedure (— setting by n(¢) = 0), stabilizes the Fourier method which
otherwise experiences the unstable linear growth in Figure 3.4b. With (3.3.55) in mind, we may interpret
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2N 64 | 128 | 256 | 512

v OI 1 566 | 719 | 1906 | 5152
|lun (0)]]

Table 3.2: Amplification of |lun(?)|| at t = b with even number of gridpoints.
Here, %UN(l‘,t) = %1/)N(sin(2x)u1\r(x,t)), un(z,0) = sin(z).

these procedures as a mean to provide the missing a priori decaying bounds on the highest mode(s) of
the computed spectrum, which in turn guarantee the stability of the whole Fourier approximation.

2. Smoothing cont’d — even number of gridpoints. The situation described in the previous remark
is a special case of the following assertion: Assume that a(x) consists of a finite number, say m modes.
Then the corresponding Fourier approzimation (3.2.16) is L?-stable, provided the last m modes were
filtered so that the following a priori bound holds

N

Sl < B

|| >N-m

It should be noted that our present discussion of a(#) with m = 1 modes is a prototype case for the
behavior of the Fourier method, as long as the corresponding Fourier approximation is based on an
odd number of 2N + 1 gridpoints; otherwise the case of an even number of gridpoints is L?-stable.
The unique feature of this LZ-stability is due to the fact that Fourier differentiation matrix in this

_1)i—Fk - . . . .
case, Djp = ( ; cot (= 2” )1 —é;5) — being even order antisymmetric matrix, must have zero as

a double eigenvalue, which in turn inflicts a "built-in’ smoothing of the last mode in this case, namely,
bin(t) = 0. (3.3.56)

Table 3.2 confirms the usual linear weak LZ-instability already for a 2-wave coefficient.

3. W%-initial data. Consider the case of sufficiently smooth initial data so that the imaginary compo-
nents decay of order «,

1
B(0) ~ K7, o>

In this case, we may approximate the corresponding initial interpolant b(¢) ~ (A&/€)%, and (3.3.53)
tells us the Fourier approximation takes the approximate form

B et 2(_1)k 1 (Ag)a et (_1)k ket \ @
bk(t) - k‘_o‘ + A /fze_t/fk €a+1 dé + O(Af) ~ k‘_o‘ + No—1 [(W) - 1:| N + O(Af)

Observe that ||b(2)|| ~ CQN%_“, (with Co ~ (29" — 1)/(2a + 1)), where as ||b(0)|lwa ~ V/N. This
lower bound is found to be in complete agreement with the W<-stability statement of Corollary 3.1
(apart from the log N factor for & = 1) — an enjoyable sharpness.

3.3.3 Epilogue

On previous subsections we analyzed the stability of Fourier method in terms of two main ingredients:
weighted L2-stability on the one hand, and high frequencies instability on the other hand. Here we
would like to show how both of these ingredients contribute to the actual performance of the Fourier
method.
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We first address the issue of resolution. We were left with the impression that the weak L2-instability

is a rather 'rare occurrence’, as it 1s excited only in the presence of nonsmooth initial data. But in fact,
the mechanism of this weak LZ-instability will be excited whenever the Fourier method lacks enough
resolution.
In this context let us first note that the solution of the underlying hyperbolic problem may develop
large spatial gradients due to the almost impinging characteristics along the zeroes of the increasing
part of a(x). Consequently, the Fourier method might not have enough modes to resolve these large
gradients as they grow in time. This tells us that independent whether the initial data are smooth
or not, the computed approximation will then ’see’ the underlying solution as a nonsmooth one, and
this lack of resolution will be recorded by a slower decay of the computed Fourier modes. The latter
will experience the high-frequency instability discussed earlier and this in turn will lead to the linear
L2-growth. Our prototype example of a(x) = sin(z) is case in point: according to Corollary 3.2, one
needs here at least N >> e’ modes in order to resolve the solution, for otherwise, (3.3.53) shows that
spurious O(N) oscillations will contaminate the whole computed spectrum.

We conclude that the lack of resolution manifests itself as a weak LZ-instability. This phenomenon
is demonstrated in Figures 3.5-3.9, describing the Fourier method (3.3.1) subject to (the perfectly
smooth ...) initial condition, u(x,0) = sin(x). Figure 3.5 shows how the Fourier method with fixed
number of N = 64 modes propagates information regarding the steepening of the Fourier solution in
physical space, from low modes to the high ones. And, as this information is being transferred to the
high modes, their O(N) amplification become more noticeable as time progresses in Figures 3.5a-3.5d.
Consequently, though N = 64 modes are sufficient to resolve the exact solution at ¢ < 2.7, Figure
3.6c-d shows that at later time, ¢ = 3 and in particular ¢ = b, the under resolved Fourier solution with
64-modes will be completely dominated by the spurious centered spike. This loss of resolution requires
more modes as time progresses. Figure 3.7 shows how the Fourier method is able to resolve the exact
solution at t = 3.5, once ’sufficiently many’ modes, N >> ¢35 are used, in agreement with Corollary
3.3. According to Figures 3.8 and 3.9, N = 512 >> ¢* modes are required to correctly resolve the two
strong boundary dipoles at ¢ = 4, yet at ¢ = 8 the Fourier solution will be completely dominated by
the spurious centered spike.

Assuming that the Fourier method contains sufficiently many modes dictated by the requirement
of resolution, we now turn to the second issue of this section concerning the convergence of the Fourier
method.

Theorem 3.3 (Convergence rate estimate) Let uy(x,t) denotes the N-degree Fourier approzima-
tion of the corresponding exact solution u(x,t). Then the following error estimate holds

1
lun (- ) — u(-, t)||ws < Consts o N2 |Ju(-, 0)||ysta, Vs+a > 3 (3.3.57)

Remark. The requirement from the initial data to have at least W1/2-regularity is clearly necessary in
order to make sense of its pointwise interpolant.

3.4 Skew-Symmetric Differencing

There are two main approaches to enforce stability at this point: skew-symmetric differencing and
smoothing. We discuss these issues in the next two subsections.

The essential argument of well-posedness for symmetric hyperbolic systems with constant coefficients
is the fact that (say in the 1-D case) P(D) = A;’—x is a skew-adjoint operator. With variable coefficients
this 1s also true, modulo low-order bounded terms, i.e.,

0 1 0 0

P(xz,t,D) = A(x’t)ﬁ_x =3 [A(x’t)ﬁ_x + 6—x(a(x,t)~)] — %Ax(x,t). (3.4.1)

The stability proofs of spectral methods follow the same line, i.e., we have in the Fourier space, compare

(3.1.50),
AnA = % [ANA - AAN] + % [ANA + A*AN] (3.4.2)
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u(z,0) = sin(z).

Figure 3.5: Fourier solution of u; = (sin(x)u)y,
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Figure 3.6: Fourier solution of u; = (sin(#)u),, u(x, 0) = sin(z).
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(c2) Imaginary part of Fourier coeffecients at t=3.5, N=200

Approximate solution, un(+,?) and imaginary part of its Fourier coefficients, Im 4y(t) at t = 3.5

(a) with N =50

Figure 3.7: Fourier solution of u; = (sin(x)u)y,
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Figure 3.8: Fourier solution of u; = (sin(#)u);, u(x,0)=sin(z).
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Figure 3.9: Fourier solution of u; = (sin(#)u);, u(x,0)=sin(z).
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and stability amounts to show that the second term in (3.4.2) is bounded: for then we have in (3.4.2)
(as in ((3.4.1) ) a skew-adjoint term with an additional bounded operator. The difficulty with the
stability of pseudo-spectral methods arises from the fact that the second term on the right of (3.4.2) is
unbounded,

1 - .
limy— oo || = (AnA + A*Ax)|| T o0 (3.4.3)
2

To overcome this difficulty, we can discretized the symmetric hyperbolic system (again, say the 1-D
case)

Ou Ou
— = Az, t)— 4.4
ot (=, )6x (3.4.4)
when the spatial operator is already put in the “right” skew-adjoint form, compare (3.4.1),
ou 1 Ju 0 1
The pseudospectral approximation takes the form
6uN _ 1 6uN 6 1
o = 2o (4052 + ontae )| - poraate.un. 345)
In the Fourier space, this gives us
dv 1 - ~ 10AN
— = —[ANA + AAN]D — = v. 4.
gt = gtAvAHAdNTE =T (3.4.6)

Now, AnvA+AAy is symmetric because A 1s, ag‘—xN is bounded and stability follows.

3.5 Smoothing

We have already met the process of smoothing in connection with the heat equation: starting with
bounded initial data, f(«), the solution of the heat equation (1.2.1)

1 —2
Vimra ’

represents the effect of smoothing f(#), so that u(-,¢ > 0)eC'* (in fact analytic) and u(z,t | 0) = f(z).
A general process of smoothing can be accomplished by convolution with appropriate smoothing

kernel Q(x)

w(z,t) = Q=* f(z), Qx)=

>0 (3.5.1)

Je(@) = Qe () * f(x) (3.5.2)
such that Q.(z) * f(x) is sufficiently smoother than f(z) is, and
Q= () * fz) — f(2). (3.5.3)

With the heat kernel, the role of ¢ is played by time ¢ > 0. A standard way to construct such filters is
the following. We start with a C*-function supported on, say, (-1,1), such that it has a unit mass and
zero first r moments,

1 1
/ Q(z)de =1, / Po(x)de =0, j=1,2,--- r (3.5.4)
1 _

1
Then we set Q. () = 1Q (f) and consider

-

J(¥) = Qe(e)* (), &> 0. (3.5.5)
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Now, assume f is (r + 1) — differentiable in the ¢ neighborhood of #; then, since Q. () is supported on
(—¢,¢) and satisfies (3.5.4) as well, we have by Taylor expansion

f(@) = Q:(x) + f(x) = e Q:(Wf (%) — f(x — y)ldy =
y|se
_ ~ =y . (=) d
1, O ; @)+ O | d
The first » moments of Q.(y) vanish and we are left with
[/(z) = Qe() * S(2)] < Const. max |[*1(y) ™+, (3.5.7)
y—z|<e

i.e., f:(x) converges to f(x) with order r 4+ 1 as ¢ — 0. Moreover, f.(z) is as smooth as ¢(z) is, since

Jilw) = /y Lo (x_ y) F()dy (3.5.8)

2 2
has many bounded derivatives as ) has, i.e., starting with differentiable function f of order » + 1 in

the neighborhood of #, we end up with regularized function f.(z) in C* ;s > r.

Example: For ('™ regularization — choose a unit mass C'™ kernel, see Figure 3.10,

Qoe_ﬁ, |l‘| <1
Qz) = with Qg such that /Q(l‘)dl‘ =1 (3.5.9)
0, 2| > 1

Then f.(z) = Q:(x) * f(x) is a C™ regularization of f(x) with first order convergence rate
|F(x) = Je ()] < Const. max [f ()] e —0.
y—z|<e

To increase the order of convergence, one requires more vanishing moments, (3.5.4),(which yield more
oscillatory kernels). We note that this smoothing process is purely local — it involves e-neighboring
values of C"*! function f, in order to yield a C*-regularized function f.(z) with f.(z)— f(x). The
convergence rate here is r + 1.

Figure 3.10: Unit mass mollifiers
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68 THE FOURIER METHOD

We can also achieve local regularization with spectral convergence. To this end we set

1 =z x
Qi) = 5pCDn(E) s =1, (3.5.10)
where p(#) is a C*°-function supported on (—w, 7). Figure 3.11 demonstrates such a mollifier. In this
case the support of the mollifier is kept fixed; instead, by increasing m — particularly, by allowing

m = my to increase together with N, we obtain a highly oscillatory kernel whose monomial moments
satisfy (3.5.4) modulo a spectrally small error.

Figure 3.11: A spectral unit mass mollifier

Consider now
In(2) = Qn = f(x). (3.5.11)

Then fy(x) is C* because Qu is; and the convergence rate is spectral, since by (2.1.34)

f) - Qu e f@) = f(x)— /| Do) (e~ 00y o
ylsm 3.5.12

= f(x)—py)f(x — Oy)|y=0 + residual,

and since p(0) was chosen as p(0) = 1 we are left with a residual term which does not exceed
. 1
[residual| < Const.||p(-) f(z — 9~)||Hs(_ﬂyﬂ)F, Vs > 0.

Thus, the convergence rate is as fast as the local smoothness of f permits;(in this case — the local
neighborhood [x — 70, x + w6]). Of course, with § = p = 1 we recover the global C'*°-regularization due
to the spectral projection. The role of p was to localize this process of spectral smoothing.

We can as easily implement such smoothing in the Fourier space: For example, with the heat kernel
we have

alk,t) = et f (k) (3.5.13)

so that a(k,t) for any ¢t > 0 decay faster than exponential and hence u(z,¢ > 0) belong to H® for any
s (and by Sobolev embedding, therefore, is in C* and in fact analytic). In general we apply,

F@)= 7 Qe(k)f(k)e™” (3.5.14)

k=—o0
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such that for f.(x) to be in H*® we require

oQ

ST (L F K2 1Q: (K)*(f(k)I < Const.

k=—«
and r + 1 order of convergence follows with
|6 (k) — 1] < Const.(ck)™ 1. (3.5.15)
Indeed, (3.5.15) implies

Const.g" ! Z |k f (ke |
k=—o (3.5.16)

[f(x) = fe(2)]

IN

Const. max|fr+D]. gL,

IN

Note: Since (/;a(k) 1 0 we can deal with any unbounded f by splitting Z|k|<|k0| + Z|k|>|k0|. To obtain
spectral accuracy we may use B

=1, |/€| < my
Qn(k) = . (3.5.17)
~ smoothly decay to zero my < [k] < N

Clearly @n * f(2) is C* and the familiar Fourier estimates give us

F@) =@y J@I < YD 1fRE] < Const e - —r

[k|>mn N

We emphasize that this kind of smoothing in the Fourier space need not be local; rather Q. (x) or ¢n ()
are negligibly small away from a small interval centered around the origin depending on ¢ or % (This
is due to the uncertainty principle.)

The smoothed version of the pseudospectral approximation of (3.2.15) reads

0 0

;;V = U (alz, 1) 5 -(Q x vx) (3.5.18)
i.e., in each step we smooth the solution either in the real space (convolution) or in the Fourier space
(cutting high modes).!? We claim that this smoothed version is stable hence convergent under very
mild assumptions on the smoothing kernel @n (). Specifically, (3.5.18) amounts in the Fourier space,

compare (3.2.3)
0v

5 = ANAQND. (3.5.19)
The real part of the matrix in question is given by
[ReANAQN]kj =i(Axg — X)) Zd[k —j+p2N+1)], —-N<kj<N (3.5.20)
P

where AQn = diag;, (iA;) i
iAp = thQn (k)

is interpreted as the smoothed differentiation operator. Now, looking at (3.5.20) we note:

1. For p = 0 we are back at the spectral analysis, compare (3.1.59), (3.1.60) and the real part of the
matrix in (3.5.20) — the aliasing free one — is bounded.

1 Either one can be carried out efficiently by the FFT.
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2. We are left with [p| = 1: in the unsmoothed version, these terms were unbounded since |Ap —Aj| T
oo as k| —N or j T N. With the smoothed version, these terms are bounded (and stability
follows), provided we have

A\, = ikOn(k)— 0 . 3.5.21
| A Qn (k)] P ( )

For example, consider the smoothing kernel Qx () where

sin kh b 2T

@n(k) === 2N +1°

This yields the smoothed differentiation symbols
kh

which corresponds to the second order center differencing in (2.2.36); stability is immediate by (3.5.21)

for
2nk

sin

Ay = — | — 0 . (3.5.23)
snag RN

Yet, this kind of smoothing reduces the overall spectral accuracy to a second one; a fourth order
smoothing will be

/\k:i% [4sinkh—h—sin%], — QN(]C):?_;;
| (3.5.24)
Ak = %4+sénc§shkh’ — Qn(k) = i\_;;

In general, the accuracy is determined by the low modes while stability has to do with high ones. To
entertain spectral accuracy we may consider smoothing kernels other than trigonometric polynomials
(= finite difference), but rather, compare (3.5.17)

=1, k| < my
Qn(k) = (3.5.25)
~ smoothly decay to zero my < k| < N.

An increasing portion of the spectrum is differentiated ezactly which yields spectral accuracy; the
highest modes are not amplified because of the smoothing effect in this part of the spectrum.

We close this section noting that if the differential model contains some dissipation — e.g., the
parabolic equation

Ju 0 Ju
5 A (a(x,t)a—x) , a(z,t)>a>0, (3.5.26)

then stability follows with no extra smoothing. The parabolic dissipation compensates for the loss of
“one derivative” due to aliasing in first order terms. To see this we proceed as follows: multiply

Ov 0 Ov
a—év(x,,,t) =5 [a(m,,,t)a—;v(x,,,t) (3.5.27)
by vy (z,t) and sum to obtain
1d 9 _ 0 61}]\7
ST ZV:UN(xV,t) = Zy:UN(xV,t)a—x(a(xy,t)a—x(xy,t)). (3.5.28)

Suppressing excessive indices, vy (2,,t) = v,(¢), we have for the RHS of (3.5.28)

S (w052) =35 2 (a3 ) - Sty (%) (3.5.29)

v v
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Now, the first sum on the right gives us the usual loss of one derivative and the second are compensates
with gain of such quantity. Petrovski type stability (gain of derivatives) follows. We shall only sketch
the details here. Starting with the first term on the right of (3.5.29) we have

QNTﬁ Z 5% (a,,v,, 6@%) = %/ 88_1‘[ ]+ % - [aliasing errors] (3.5.30)

while for the second term

~Sa() (85;”)2 < —a/ [ag—g(x,t)rdx (3.5.31)

and this last term dominates the RHS of (3.5.30).
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4 THE CHEBYSHEV METHOD

4.1 Forward Euler — the CFL Condition

We are concerned here with fully-discrete spectral /pseudospectral approximations to initial-boundary
value problems associated with hyperbolic equations. In this context, the spectral (and respectively, the
pseudospectral) approximations consist of truncation (and, respectively, collocation) of N-term spatial
expansions, which are expressed in terms of general Jacobi polynomials; Chebyshev and Legendre ex-
pansions are the ones most frequently found in practice. We will show that such N-term approximations
are stable, provided their time step, A¢, fulfills the CFL-like condition, At < Const - N ™2,

To clarify the origin of such a CFL-like condition in our case, we recall that the Jacobi polynomials
are in fact the eigenfunctions of second-order singular Sturm-Liouville problems. Our arguments show
that the main reason for the above CFL limitation is the O(N?) growth of the Nth eigenvalue associated
with these Sturm-Liouville problems.

We start with the scalar constant-coefficient hyperbolic equation,

up = aug, (x,t)e[-1,1] x [0,00), a >0, (4.1.1)
which is augmented with homogeneous conditions at the inflow boundary,
w(l,t)=0, ¢t>0. (4.1.2)

To approximate (4.1.1), we use forward Euler time-differencing on the left, and either spectral or
wdospectral differencing on the right. Thus, we seek a temporal sequence of spatial my-polynomials,
v™ = vy (2,1 = mAt), such that

on(z, 87" + At) = vy (2, 17) + At - (2, 87) + AL () gn (). (4.1.3)

Here, qn(z) is a my-polynomial which characterizes the specific (pseudo)spectral method we employ,
v’ denotes spatial differentiation, and 7 = 7(t™) is a free scalar multiplier to be determined by the
boundary constraint

vy(z=1,t")=0. (4.1.4)

We shall study the so called spectral tau method associated with general Jacobi polynomials

PJ(Vayﬁ)(x)a @, 66(_1a 1);

un (2,8 4 At) = oy (2, 87) + At avhy (2, 87) + AL - 7(t™)gn (2),  qu(z) = PYP(2).  (4.15)

Remark. The generality of our spectral formulation includes as a special case, the ¥dospectral Jacobi
methods which are collocated at the interior extrema of PJ(VQ_I’_?, a, fe(—1,0), i.e.,

on(z, 1™+ At) = on(z, 1) + At - aviy (2, t7) + At -7 )qn(z), qn(z) = PJ(VQ_I’_?I(JL‘). (4.1.6)

Indeed, the spectral and tdospectral Jacobi methods are closely related since PJ(\,Q_I’_f)I(x) is a scalar

multiple of PJ(VQH’ﬁH)(x). For example, o« = § = % and o = 8 = —% correspond to Chebyshev spectral
and psidospectral methods, respectively.

Let —1 < 21 < 23 < ... < &y < 1 be the N distinct zeros of the forcing polynomial ¢n(z).
For Jacobi type methods, (4.1.5) and (4.1.6), the nodes {z; }j»vzl are the zeros of Jacobi polynomials
associated with the Gauss and Gauss-Lobatto quadrature rules, with minimal gridsize of order

Azpin = min(l + 21,1 — 2n). (4.1.7)
The spectral approximation (4.1.3) restricted to these points reads

vN(xj,tm'I'l) =on(2;,17") + At - aviy(z;,17), 1<j <N, (4.1.8)
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4.1 Forward Euler — the CFL Condition 73

and is augmented with the homogeneous boundary conditions
un(1,t") = 0. (4.1.9)

Equations (4.1.8), (4.1.9) furnish a complete equivalent formulation of the spectral approximation
(4.1.3), (4.1.4). An essential ingredient in a stability theory of such approximations lies in the choice
of appropriate L2-weighted norms

IF @IS =< f(x), f(2) >, < f(x),g(x) >= Z%’f(l‘j)g(l‘j) (4.1.10)

We now make the definition of

Stability. We say the approximation (4.1.8), (4.1.9) is stable if there exist discrete weights,
{w; > 0}5»\7:1, and a constant 7y independent of N, such that

lon (-, )|l < Const - ™ [Jun (-, 0)]|, (4.1.11)
and it is strongly stable if (4.1.11) holds with Const = 1 and 5y < 0,
low (- Ol < [low (-, 0)fo- (4.1.12)

With this in mind we turn to our main stability result stating

Theorem 4.1 (Stability of the spectral and ¢ dospectral Jacobi methods) Consider the spec-
tral approzimations (4.1.8), (4.1.9), associated with the Jacobi taw method (4.1.5), or the v dospectral
Jacobi method (4.1.6). There exists a positive constant ng = no(er, 5) > 0 independent of N such that
if the following CFL condition holds:

2
At~a<AN_1—|—A ) ) SUO, (4113)

min

then the approzimation (4.1.8), (4.1.9) is strongly stable, and the following estimate is fulfilled:

lon (-, D)lle < e lon (-, 0)]f- (4.1.14)

Notes.
1. The choice of L?-weighted norms. Theorem 4.1 deals with the stability of both the spectral

tau methods associated with PJ(\,a’ﬁ)(x), a, fe(—1,1), and the closely related iydospectral methods

associated with PJ(\fa_lﬁ)l(l‘), a, Be(—1,0). In each case, there are (at least two) different weighted

stability results, based on different choices of discrete L?-weighted norms; these discrete weights {w; }j»vzl
are given by
1 :
B
1-— i J

w; = (1—|—xj)w]»L, {w]»L}j»\;l = (interior) Gauss — Lobatto Jacobi weights in (2.5.14,2.5.15). (4.1.16)

{w]»G}j»V:1 = Gauss — Jacobi weights in (2.5.5), (4.1.15)

wj

2. The CFL condition. The CFL condition (4.1.13) places an O(N~?) stability restriction on the
time step At¢. Indeed, this stability restriction involves two factors : the eigenvalues associated with
Jacobi equation (2.4.9),

Avo1 = Av_i(e, B) < (N + 1% a,Be(—1,1), (4.1.17)
and the collocated Gauss nodes, which accumulate within O(N ~?) neighborhoods near the boundaries,

1

Lmin

< Const - N2 (4.1.18)
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Thus, the CFL condition (4.1.13) boils down to
At-aN? < Constq g. (4.1.19)

(For the practical range of parameters, «, 66[—%, %], we have Constg, %770(04, 3)).

3. The choice of a stability norm. The stability statement asserted in theorem (4.1) is formulated
in terms of discrete seminorms, || - ||w, which are w-weighted by either (4.1.15) or (4.1.16). We note that
| - |l are in fact well-defined norms on the space of wx-polynomials satisfying the vanishing boundary
condition (4.1.9), i.e., corresponding to (4.1.15) or (4.1.16) we have!?

1
1
[lon (5 )]|w > / w(m)1+ ivjzv(x,t)dx, vy (1,t) =0, (4.1.20)
-1 -
and in view of (2.5.16),
1
lon (- O)||w = / w(z)(1+ x)vi (=, t)de, wvn(1,t) = 0. (4.1.21)
-1

Moreover, in view of (4.1.18), one may convert the stability statement (4.1.14) into the usual Lo-type
stability estimate at the expense of possible algebraic growth which reads

1
lon (- t)|Jw(z) < Const - NZe™m0% oy (-, 0| () ||UN(~,t)||fU(x) = /1 w(z)vi (z,t)dz. (4.1.22)

4. Exponential time decay. Let us integrate by parts the differential equation (4.1.1) against (1 +
z)u. Thanks to the homogeneous boundary condition (4.1.2) we find

1 1
% (14 z)u?(z, t)dx < _g/ (14 2)u(x, t)dz, (4.1.23)
—1 -1

and therefore, .
JuC Ollie < e 5 Jul-, 0)l|140- (4.1.24)

This estimate corresponds to the special case of the stability statement (4.1.14) for the spectral Legendre
tau method (o« = 8 = 0) weighted by (4.1.16). The exponential time decay indicated in (4.1.24), and
more generally in (4.1.14), is due to the special choice of w-weighted stability norms. The weights
{w]’};\;l in (4.1.15), (4.1.16) involve the essential factors 1 + z; or i_ii which amplify the inflow
boundary values in comparison to the outflow ones. Since in the current homogeneous case, vanishing
inflow data is propagating into the domain, this results in the exponential time decay indicated in

(4.1.24) and likewise in the stability statement (4.1.14).

5. The inflow problem. A stability statement similar to theorem 4.1 is valid in the inflow case where
a < 0. Assume that the CFL condition (4.1.13) holds with 1y = no(3, @), then (4.1.14) follows with

: : _ 1=z C_ N
discrete weights w; = T, W) O wj = (1 —z;)w;.

As we noted before, there are several variants of theorem 4.1; we quote below two of these variants.
6. Stability of the spectral tau method. The spectral Jacobi method (4.1.5) satisfies the stability
estimate (4.1.14) with

_ 1t
_1—l‘]'

wj wj, {w; = wf(a,ﬁ)}j\f:l = Gauss — Jacobi weights, (4.1.25)

12Here we utilize the fact that the error term in Gauss quadrature (2.5.4) is proportional to an intermediate value of the

N
2N-th derivative, w(2) (— e.g. consult (2.5.8)) in the present context the inequality follows, ddm(éN)) (%U?\,(l’, t)) > 0.
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3148), a+p<0,
7705770(0[’6): O‘aBE(_lal)' (4126)
%(1—(1), a+ 5> 0.

we proceed as follows. Squaring of (4.1.8) yields
fon (A DI = o E™)IIE+
+2A8 - a < oy (™), V(1) > + (AL a)? o ()| = (4.1.27)
= |lon (-, t™)||2 + 2At - al + (At -a)? 11,

and we turn to estimate the two expressions, I and II, on the right of (4.1.27).
First let us note that since the my-polynomial vy (#,t™) vanishes at the inflow boundary, (4.1.4),
we have

un(z,t") = (1 — 2)p(x) for some p(z) = py_1(x)emn_1. (4.1.28)
Also, a straightforward computation shows that
1+ 2\’ 9
w(x)l — (I—2)y=[f-a+2)—(F+a)]w(z) > dnpw(x), |z <1, (4.1.29)

where g = no(a, §) is given in (4.1.26).

Now, since i’—ivN(x,tm)vh(x,tm)Gsz_l, the Gauss quadrature rule (2.5.4) implies

N 1
1+ 2; m m 1+« m m
IE;wjl_x;vN(xj,t Yy (), ):/_1w(x)1_va(x,t Yoy (2,17 dx.

We integrate by parts the right-hand side of T, substitute vy (#,t™) = (1 — )p(«) from (4.1.28), and in
view of (4.1.29) we obtain

= _%/ (w(x) = x) (1 —2)*p*(w)dw < =20 lpll3 0. (4.1.30)

1 1—2
Next, let us consider the second expression, II, on the right of (4.1.27). As before, we substitute
un(z,t") = (1 — z)p(x) from (4.1.28) and obtain

al 1+ x;
1= oy ™ = 3wy g

ji=1

(1= 2j)p (z5) = p(x))* <

N N
14 z;
lquZ;w]»(l — ) (' (2;))" + QZ;%’ T x;PZ(l‘j) =10 +11,.
j= j=
To proceed we invoke the following

e Inverse inequality. For all pemy we have

19l —e2yw o) S VANPllweey,  pemn. (4.1.31)

Here, w(x) is any Jacobi weight, and Ay is the corresponding Nth eigenvalue.

To verify (4.1.31): one expands p(x) = ch\;o akP,ga’ﬁ)(x) and p'(z) = ch\;o akP]ga’ﬁ)l(x); starting
with the left-hand side of (4.1.31) and using the orthogonality of P]ga’ﬁ) wrt. (1 —2?)w(z) we
conclude

N N
(LHS)? =3 a2 IPL 2 oy = O MaEIIPE N2 () < AN(RHS)?,
k=0 k=0

and the assertion (4.1.31) follows.
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The inverse inequality (4.1.31) preceded by Gauss rule (2.5.4), imply

N
IL =2 wi(l =)0 (2)) = 200 1f1 —ooyu o) < 2AN-1llPlley, PETN—1,
j=1

and this together with the obvious upper bound

N
_ 14z 2
I, = Q;U}] 11— xjp ($]) < Axmin||p||w(x)’
give us
4 2
1< <2AN_1 + Mmm) 12112 (2 (4.1.32)

Equipped with (4.1.30) and (4.1.32), we return to (4.1.27) to find

2
o™ < oG = 28t-a [ - ata (ot 2o )| Il @133)

The CFL condition (4.1.26) implies that the expression in square brackets on the right is nonnegative,

2
|:27]0 —At-a </\N—1 + Al‘min)] > 1 > 0, (4134)

and hence strong stability holds.
In fact, one more application of Gauss quadrature yields

N N v (T t™
oIl oy = S5y () = S0l wy e >
(4.1.35)
N 14z, my _ m
> s wirr v (g, ) = [fon (M2
The inequalities (4.1.35), (4.1.34) together with (4.1.33) imply
lon (" IE < (1= 2n0At - @) Jo (-, t™)]I2, (4.1.36)

and the result (4.1.14) follows. W

Since PJ(VQ_I’_?)I is proportional to PJ(\,QH’ﬁH), we conclude the stability of the ¥dospectral method

(4.1.6), with wj = (T wf(a+ 1,8+ 1) and 9y = no(ar, f) = = > 0.

T

As mentioned before, alternative variants of theorem 4.1 are possible. For example, one may employ
a stable norm weighted by w; = (14 z;)w; (instead of the w; = i_ii w; weights used before. This
yields the
Stability of the spectral-tau method revisited — The spectral Jacobi tau method (4.1.5). satisfies the
stability estimate (4.1.14) with w; = (1 + xj)w]»G and

—-2 a+pB4+1>0,
o = o, B) = a, Be(—1,0). (4.1.37)
$(1-5), a+p+1<0,

we omit the detailed derivation (— which as before, hinges on the exactness of Gauss quadrature
rule for 2N-polynomials), consult (2.5.4). If we replace the Gauss quadrature rule by the Gauss-Lobatto
one, we are led to stability of the ¢ dospectral method (4.1.6) with w; = (1 + xj)w]»L(oz,ﬁ)} and with
the same g given in (4.1.37).
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4.1.1 Problems with inhomogeneous initial-boundary conditions
We consider the inhomogeneous scalar hyperbolic equation
u = aug + F(z,t), (2,8)e[—1,1] x [0,00), a >0, (4.1.38)
which is augmented with inhomogeneous data prescribed at the inflow boundary
u(l,t) =¢(), t>0. (4.1.39)
Using forward Euler time-differencing, the spectral approximation of (4.1.38) reads, at the N zeros of
N (x),
on(zj, ") = un (2, t™) + At - aviy(zy, 1) + AtF (2, 1™),  gn(z;) =0, (4.1.40)

and is augmented with the boundary condition

on(1,87) = g(&™). (4.1.41)
In this section, we study the stability of (4.1.40), (4.1.41) in the two cases of
Spectral Jacobi tau method :  gqn(z) = PJ(\,a’ﬁ)(x), a, fe(—1,1), (4.1.42)
and the closely related
tdospectral Jacobi method :  ¢n(2z) = PJ(\,Q_I_? (x), o, pfe(—1,0). (4.1.43)
To deal with the inhomogeneity of the boundary condition (4.1.41), we consider the 7n-polynomial
Vi 0) = oy (1) — )y (4.1.44)
gn (1)
If we set
; an(®)
F(z,t) = F(z,t)+a g(t), (4.1.45)
gn (1)

then Viy(x,1) satisfies the inhomogeneous equation
V(™) = Vv (25, t™) + At - aVi(xj,t™) + ALF(z;,t™), (4.1.46)
which is now augmented by the homogeneous boundary condition
Vn(1,t™) = 0. (4.1.47)

theorem 4.1 together with Duhammel’s principle provide us with an a priori estimate of ||Vn(-,?)||w
in terms of the initial and the inhomogeneous data, ||Va(-,0)||w and ||F(:,?)||w. Namely, if the CFL
condition (4.1.13) holds, then we have

VNGOl < e VN (S 0)lu 4 D At e TR )| (4.1.48)
o<tm<t
Since the discrete norm || - || is supported at the zeros of gn(z), where Vn(z;,t) = vn(z;,t), we

conclude

Theorem 4.2 (Stability with inhomogeneous terms) Consider the spectral approzimation (4.1.40),
(4.1.41) associated with the Jacobi tau method (4.1.42) or the dospectral Jacobi method ({.1.43). There
exists a positive constant ng = no(c, §) > 0 independent of N, such that if the following CFL condition
holds (consult (4.1.13)):

2
At - An_ < 4.1.49
a<N1+Al‘mm)_n0’ ( )

then the approzimation ({.1.40), ({.1.41) satisfies the stability estimate

—noa —noa m m q/ ) lw m
fon0lle < o0l + 30 A= [, + ol Bl
0<tm<t gn(1)]
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The last theorem provides us with an a priori stability estimate in terms of the initial data, vy (-, 0),
the inhomogeneous data, F'(-, ), and the boundary data ¢(¢). The dependence on the boundary data

involves the factor of %, which grows linearly with N, so that we end up with the stability
estimate

lon ()l < e flon (L 0)llw + Y At e D[P #7) ||, + Const - Nlg(t™)[]. (4.1.51)
0<tm<t

An inequality similar to (4.1.51) is encountered in the stability study of finite difference approximations
to mixed initial-boundary hyperbolic systems. We note in passing that the stability estimate (4.1.51)
together with the usual consistency requirement guarantee the spectrally accurate convergence of the
spectral approximation.

4.2 Multi-level and Runge-Kutta Time Differencing

We extend our forward Euler stability result for certain second- and third-order accurate multi-level
and Runge-Kutta time-differencing.
To this end, we view our my-approximate solution at time level ¢, v(+,?), as an (N + 1)-dimensional
column vector which is uniquely realized at the Gauss collocation nodes (v(zy,%),...v(zn, 1), v(1,1)).
The forward Euler time-differencing (4.1.8) with homogeneous boundary conditions (4.1.9), reads

v(t™ + At) = [T+ At -aLlo(t™), a >0, (4.2.1)

where L is an (N 4+ 1) x (N + 1) matrix which accounts for the spatial spectral differencing together
with the homogeneous boundary conditions,

Lo(t™) = (V' (z1,t™),..., v (zN, ™), 0). (4.2.2)

Theorem 4.1 tells us that if the CFL condition (4.1.13) holds, i.e., if

2
At -a (AN—I + Al‘min) S o, (423)

then I 4+ At -al is bounded in the w-weighted induced operator norm,
I+ At - aLl, < eMovAE, (4.2.4)

Let us consider an (s + 2)-level time differencing method of the form

V(™ + AL = 06T+ erAL-aLlo(t™TF), e >0, 6, >0, > 6 =1 (4.2.5)
k=0 k=0

In this case, v(t™ 4+ At) is given by a conver combination of stable forward Euler differencing, and we
conclude
Multi-level time differencing. Assume that the following CFL condition holds,

2
At -a (AN_1 + 5 ) < no(a,ﬁ)’ x>0, k=0,1,...s. (4.2.6)
Lmin

Ck

Then the spectral approzimation (4.2.5) is strongly stable, and the following estimate holds
oDl < o O)lle, 7. = min ™ > 0. (127)
k

Second and third-order accurate multi-level time differencing methods of the positive type (4.2.5)
take the particularly simple form

o(™ + Al) = O[T + coAt - aLlo(t™) + (1 — O)[I + cs AL - aLlo(t™*), (4.2.8)
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Second-order time differencing ) co | ¢s

4-level method (s = 2)

R[]
[\]
o

5-level method (s = 3) 8
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Third-order time differencing

|>~
<D
o
|>~
[5V)

5-level method (s = 3)

[SV)
N
=
[

6-level method (s = 4)

i
[SN] fuiz
)
~3

—
o
o]

7-level method (s = 5)
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o
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Table 4.1: Multi-level methods

Second order time differencing 65 | 05
Two-step modified Euler (s = 2) % -
Third order time differencing

Three-step method (s = 3) % %

Table 4.2: Runge-Kutta methods

with positive coefficients, 8, cg, ¢5, given in Table 4.1
Similar arguments apply for Runge-Kutta time-differencing methods. In this case the resulting
positive type Runge-Kutta methods take the form

oD @Y = [T+ At - aL]v(t™), (4.2.9)
V) = 0pu(t™) + (1 — 0[] + AtaLlo*=Dm ), k=2, s, (4.2.10)
o) = o (g, (4.2.11)

We arrive at

Runge-Kutta time-differencing. Assume that the CFL condition (4.1.13) holds. Then the spectral
approzimation (4.2.9)-(4.2.11) with 0 < 0, < 1 is strongly stable and the stability estimate (4.1.14)
holds.

Table 4.2 quotes second and third-order choices of positive-type Runge-Kutta method.

4.3 Scalar Equations with Variable Coefficients

When dealing with finite difference approximations which are locally supported, 1.e., finite difference
schemes whose stencil occupy a finite number of neighboring grid cells each of which of size Az, then
one encounters the hyperbolic CFL stability restriction

At
EM < Const. (4.3.1)

With this in mind, it is tempting to provide a heuristic justification for the stability of spectral
methods, by arguing that a CFL stability restriction similar to (4.3.1) should hold. Namely, when Ax
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is replaced by the minimal grid size, Az, = minj |z;11 — x| = O(N~?), then (4.3.1) leads to

At - |a|N? < Const. (4.3.2)
Although the final conclusion is correct (consult (4.1.19)), it is important to realize that this “hand-
waving” argument is not well-founded in the case of spectral methods. Indeed, since the spectral
stencils occupy the whole interval (-1,1), spectral methods do not lend themselves to the stability anal-
ysis of locally supported finite difference approximations. Of course, by the same token, this explains
the existence of unconditionally stable fully implicit (and hence globally supported) finite difference
approximations.

As noted earlier, our stability proof (in Theorem (4.1)) shows that the CFL condition (4.3.2) is
related to the following two points:

#1. The size of the corresponding Sturm-Liouville eigenvalues, Ax_; = O(N?).

#2. The minimal gridsize, ﬁmin = O(N?).

The second point seems to support the fact that Az, plays an essential role in the CFL stability
restriction for the global spectral methods, as predicted by the local heuristic argument outlined above.
To clarify this issue we study in this section the stability of spectral approximations to scalar hyperbolic
equations with variable coefficients. The principal raison d’étre, which motivates our present study,
is to show that our stability analysis in the constant coefficients case is versatile enough to deal with
certain variable-coefficient problems.

We now turn to discuss scalar hyperbolic equations with positive variable coefficients,
up = a()uy, 0<a(r) <aw, (x,t)[—1,1]x%[0,00), (4.3.3)
which are augmented with homogeneous conditions at the inflow boundary
u(l,t) =0. (4.3.4)

We consider the tdospectral Jacobi method collocated at the N zeros of PJ(\fa_lﬁ)l(l‘). Using forward
Euler time- differencing, the resulting approximation reads

on (2, ™) = un (i, ¢7) + At - alay)on (25,t7), PR (e5) =0, (4.3.5)

together with the boundary condition
un(1,t") = 0. (4.3.6)

Arguing along the lines of Theorem (4.1), we have

Theorem 4.3 (Stability of the yYdospectral Jacobi method with variable coefficients) Consider
the dospectral Jacobi approzimation (4.3.5), ({.3.6). There exists a constant ng = no(«, 5),
_%a o+ 6 +1 Z Oa
no = oo, f) = a, fe(—1,0), (4.3.7)
5(1-0), a+p+1<0,
such that «f the following CFL condition holds:

At (aoo/\N_l + 2 max alz;) ) < 7o, (4.3.8)
1<GE<N 1 — x5
then the approzimation (4.3.5), ({.3.6) is strongly stable, i.c., there exist discrete weights
w; =(1+ l‘]’)azul;), {wj = w]»L(a,ﬁ)}j.\;l = Gauss — Lobatto weights, (4.3.9)
such that
low (5 Ollw < [low (-, 0)f- (4.3.10)

(©1991,1992,1993,1994 Eitan Tadmor September 1996



4.3 Scalar Equations with Variable Coefficients 81

PROOF. We divide (4.3.5) by \/a(z;),
1
on(zj, ") = ———un(z;,t") + At -y Ja(z;) V(2 t™),
alx;) a(x;)
and, proceeding as before, we square both sides to obtain
lon (™D = [lon(EMIE+
+2A8 < oy (-, 17), U (5 8™ > H(AD|al o (- ™)) (4.3.11)
= lon (-, t™)])2 + 2A8 - T+ (A2 - 11,

The first expression, I, involves discrete summation of the mon-polynomial f(z) = (14+2)vy (2,17 ) vy (z, )
and since f(£1) = 0 (in view of (4.3.6)), the N-nodes Gauss-Lobatto quadrature rule yields

N41 1
I= Z w]»L(l + zj)un(z;, ")y (2, 1) = /_ w(z)(1 + z)vy (2, 8" )y (z,t7")dz.

j=0 1

We integrate by parts the right-hand side of I, substitute vy (2,t™) = (1 —2)p(x) with p = py_1emn_1
and a straightforward integration by parts yields

The second expression, 11, gives us
11 = Y wiala;)(1+ a))[(1 = w))p/ () — pla;)]? <
< 200 Y 0n wi (= 22)(1—2)(p ()% + 23000 wya(e;)(1+ ;)p?(x;) (4.3.13)

= 2a0 1 +2-11I5.
The inverse inequality (4.1.31) with weight w(z) = (1 — #)w(z) implies
Ih = ||p/||(21—x2)(1—x)w(x) < /\N—1||P||(21_x)w(x)a Av—1=Av-i(e+1,0)

and the expression 11, does not exceed

N+1

1> wi(l—a)p?(;) <2+ max

1<j<N1—x;
j:O S5 J

1—|—l‘]'
1—l‘]'

a(z;)

II, < max [a(z;)

2
— 1<j<N ) ||p||(1—x)w(x)~

Consequently, we have

a(z;)

11<2 (aoo/\N_l + 2+ max

2
1SSV 1 — x]») 1P~y o (4.3.14)

Equipped with (4.3.12) and (6.19) we return to (6.16) to find

m m a(z;)
o (IR < o Gt = 280 20 = At (0w dwos +2 s, 720 ) ] i apuce (4319)
and (4.3.10) follows in view of the CFL condition (6.14b). W

Notes.

1. The case a(z;) = a = Const > 0 corresponds to one variant of the stability statement of theorem
4.1. Similar stability statements with the appropriate weights which correspond to various alternatives
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Lo U7 and wy = (14 #;) 2, hold. These statement th
T—o; atey) and wj = ( +l‘])m, old. These statements cover the
stability of the corresponding spectral and i dospectral Jacobi approximations with variable coefficients.

of theorem 4.1, namely, with w; =

2. We should highlight the fact that the stability assertion stated in theorem 4.3 depends solely on
the uniform bound of a(x;) but otherwise is independent of the smoothness of a(x).

3. The proof of theorem 4.3 applies mutatis mutandis to the case of variable coefficients with
a=a(z,t). If a(zj,t) are C'-functions in the time variable, then (4.3.15) is replaced by
wk
||N(~,tm+1)||wm+1 < (14 Const. AD)||o(-, t™)]|wm, w}” =1+ x]’)ij,
a(l‘]’ ) tm)
and stability follows.

a(z;)
1—x;?

4. We conclude by noting that the CFL condition (4.3.8) depends on the quantity max;<;j<n

rather than the minimal grid size , as in the constant-coefficient case (compare (4.1.13)). This

1
) AZmin
amplifies our introductory remarks at the beginning of this section, which claim that the O(N~%)
stability restriction is essentially due to the size of the Sturm-Liouville eigenvalues, Ay_1 = O(N?).

Indeed, the other portion of the CFL condition, requiring

a(x;
At -2 max M < g, (4.3.16)
1SN 1 — x5
guarantees the resolution of waves entering through the inflow boundary # = 1. In the constant-
coefficient case this resolution requires time steps At of size Axl —. However, when the inflow boundary

is almost characteristic, i.e., when a(1) ~ 0, then the CFL condition is essentially independent of Az,
for (4.3.16) boils down to At - 2a’(1) < 5g. In purely outflow cases the time step is independent of any
resolution requirement at the boundaries, and we are left with the CFL condition restricted solely by
the size of the corresponding SL eigenvalues.

We close this section with the particular example

U = —xug, (2,t)e[—1,1] x [0, 00).

Observe that no augmenting boundary conditions are required, since both boundaries, x = +£1, are
outflow ones. Consequently, the various forward Fuler ma-spectral approximations in this case amount
to

on(z, 1™ + At) = vy (z,t7) — At - 2oy (z, ™). (4.3.17)

The CFL stability restriction in this case is related to the O(N?)-size of the Sturm-Liouville eigenvalues
(point #1 above), but otherwise it is independent of the minimal grid size mentioned in point #2 above.
We have

Outflow stability. Assume that the following CFL condition holds:

At - Ay <1, /\NIN(N—I—l).
Then the spectral approzimation (4.3.17) is stable, and the following estimate is fulfilled:

o ( Olli—e2 < €' flun (- 0)ll1—o2-
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