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of j(z) — j(w) over points z and w of discriminant D and d, respectively, where

D and d are negative relatively prime fundamental discriminants.



BORCHERDS FORMS AND GENERALIZATIONS
OF SINGULAR MODULI

by

Jarad John Schofer

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
2005

Advisory Committee:

Professor Stephen S. Kudla, Chairman/Advisor
Professor Jeffrey D. Adams

Professor Niranjan Ramachandran

Professor Lawrence C. Washington

Professor V.S. Subrahmanian, Computer Science



(© Copyright by
Jarad John Schofer
2005



ACKNOWLEDGEMENTS

I would first like to thank my advisor Steve Kudla. This great per-
sonal achievement would not have been possible without him. He has
introduced me to many beautiful areas of mathematics and I am truly
grateful for his insight, inspiration and willingness to lend me so much
of his time and assistance. His advice, inside and outside of the world
of mathematics, has been invaluable to me. I would also like to thank
him for funding me for various summers and during my last year at

Maryland.

Several other professors have helped me throughout my years of study-
ing mathematics and I would like to acknowledge them. I thank Larry
Washington for many discussions about mathematics, basketball and
life in general. I am indebted to Tonghai Yang for allowing me to use
his preprint notes on Eisenstein Series and for offering suggestions in

parts of this thesis. I also thank Antonella Grassi, Jeff Adams, Bill

i



Adams and Niranjan Ramachandran for their advice and help.

My friends and family have meant so much to me during this jour-
ney. [ thank my mom and dad, Joel, Jeremy, and my grandparents,
aunts and uncles for their love and support. I am also thankful for
the many people who have shared an office with me over these last six
years, especially Joe, Shirin, Zhihui and Cory. Outside of my family
and the world of mathematics, I am blessed to have so many great
friends from all different walks of life. In particular, I thank Roxanne,
Jordan, Jay, Prem, Sandya, Kate, Reah, Sabrina, Saliha, Tim, John,
Richard, Brian, Kathleen and Michael.

These last six years have been tough, but, at the same time, they have
been very rewarding. I have known since my senior year of college
that I wanted to earn a Ph.D. in Mathematics, and it is extremely
satisfying to have finally reached my goal. In the words of the great

band Rush, “A spirit with a vision is a dream with a mission.”

1l



TABLE OF CONTENTS

Introduction, Notation and Preliminaries

1.1 Introduction . . . . . . . . . . ...

1.2 Notation and Preliminaries . . . . . . . . . . . . . .. ..

The Adelic (0,2)-Theorem

2.1 BasicSetup . .. ... ... ...
2.2 Borcherds Forms . . . ... ... ..o
23 CMPoints . . . . . ...
2.4 Some Useful Observations forn=0 .. .. .. ... ...

2.5 Eisenstein Series . . . . . . . . . ..o

2.6 The (0,2)-Theorem . . . . . ... ... ... .......

The Adelic (n,2)-Theorem

3.1 The Rational Splitting V=V, U . . . ... ... ...
3.2 The Contraction Map . . . . . . ... ... ... ... ..
3.3 The (n,2)-Theorem . . . . . ... .. ... ... .....

Explicit Computation of

The Example n =0

v

13
13
15
16
17
21
26

39
39
40
44

49

57



5.1 The Ideal Class Group . . . . . . . . . . ... ... ... .... 57

5.2 Input Functions . . . . . . . .. ... oo 58
5.3 The Function F(7,20) . . . . . . . . . ... 63
6 The Example n =1 67
6.1 Input Functions . . . . . . . .. .. ... oL 67
6.2 Lattice Computations. . . . . . .. ... ... ... .. ... ... 71

6.3 Classical Interpretation of the

(n,2)-Theorem . . . . . . .. ... ... 84

7 Recovering Gross-Zagier 92
7.1 Gross-Zagier . . . . . ... 92
7.2 Applying the (n,2)-Theorem . . . . . . .. ... ... ... .... 93
7.3 A Theorem of Dorman . . . . . ... ... ... ... ....... 97
Bibliography 110



Chapter 1

Introduction, Notation and

Preliminaries

1.1 Introduction

Modular forms of weight 0 for I' = SLy(Z) are all given as polynomials in j(7),
the elliptic modular function on the upper half plane ), whose Fourier expansion

at the cusp at oo is

1
G(7) == + 744 + 196884q + - - - |,
q

where q = €?™7. Values of j(7) on imaginary quadratic irrationals 7 € §) are
called singular moduli and they are algebraic integers.

Let d; and ds be two negative fundamental discriminants which are relatively
prime. Let w; denote the number of roots of unity in the imaginary quadratic
field of discriminant d;. Let [r] be the equivalence class modulo I" of 7 € $.

Define

4

Jdd) = ]] (j(Tl)—j(Tz))m.

[1][72]
disc(7;)=d;



When dy,ds < —4, so that wyws = 4, this product is the norm of the algebraic
integer j(m1) — j(72) of degree hihy, where h; is the class number of the order
of discriminant d;. In 1984, Gross and Zagier proved a formula which gives the

factorization of J(dy, ds)?.

Theorem 1.1 (Gross-Zagier, [7]).

[0}

’
J(dl,dg)QZi H n(”)
z,n,n'€Z
n,n’>0
22 4+4dnn’=d;ds

The exponent €(n') is multiplicative and for a prime [, €({) is defined via the local

Hilbert symbol at [. One example of this theorem is

J(~67,-163) =j (%\/_—67) iy (H—\QT&”)

=21°375%7%(13)(139)(331),

where there is no product since Q(v/—67) and Q(1/—163) have class number 1.
In this thesis, we prove a generalization of Theorem 1.1, which gives a factoriza-
tion of values of Borcherds forms at CM points on higher dimensional bounded
symmetric domains. We work in an adelic setting and recover Theorem 1.1 as a
special case.

Let V' be a rational vector space with quadratic form @) of signature (n,2),n >
0. Let D be the space of oriented negative-definite 2-planes in V(R), and let
H = GSpin(V') be the spinor similitude group of V. We denote the finite adeles
of Q by A; and let 7 = Hp L. Associated to z € D, 7 € § and h € H is a theta
function, 6(7, 2z, h), which is a linear functional on S(V(Ay)), the Schwartz space
of V(Ay). Given a meromorphic modular form F': § — S(V(Ay)) of weight 1—%

for Mps(Z), evaluation of §(7, z, h) on F gives a I'-invariant function 0(7, z, h; F')



on $. This function increases rapidly at the cusp, and so is not integrable over

I'\$. However, Borcherds defines a regularized theta integral

Q)(z,h;F)—/ 0(t, z, h; F)v ™ *dudv,
"9

where 7 = u + tv. Then for certain z € D we have
O(z,h; F) = =2log ||¥(z, b; F)||* + C, (1.1)

where W(F) is a meromorphic modular form on D x H(Ay), || || is the Petersson
norm and C' is a constant. These functions W(F) are referred to as Borcherds
forms.

Let L C V be a lattice with dual LY and let L = L&z Z C V(Ay) be its closure
in V(Af). Assume the meromorphic form F is valued in Sy, the space of functions
with support in LY and constant on cosets of L. Then letting ¢ range over the

characteristic functions of cosets of LY /L, we can write the Fourier expansion of

F as
F(r) =) com)q™e.

Assuming that c,(m) € Z for m < 0, Borcherds constructs W(F') of weight
c0(0)/2 and explicitly gives its divisor in terms of the c,(m) for m < 0.

To obtain CM points, we take a splitting of our vector space
V == V+ @ U

into rational subspaces with sig(V,) = (n,0) and sig(U) = (0,2). This splitting
determines a two-point subset, Dy C D, consisting of the rational negative 2-
plane U(R) with its two orientations. Let zy € Dy. For the introduction, we

assume that our lattice splits, i.e., L=L, +L_for L, =V, NL, L_=UNL.



Then the Fourier expansion of F' can be written in the form
= Z Z C§0+®<p— (m)qm(gp_i_ ® 90—)7 (12)
Prp— m
where the sum on ¢ runs over the coset bases for LY /L.. We can also factor

the restriction of the the theta function to the point zyg € D as
0(7-7 20, h) = 0+(7-7 h+) ® 9—(7—7 h—)

The Siegel-Weil formula implies that, for 7 € $ and s € C, there is an Eisenstein
series E(7,s; —1) of weight —1 such that, for p_ € S(U(Ay)),
/ O_(r,h_)dh_ = E(1,0;p_,—1).
SO(U)(Q@\SO(U)(Af)
Using Maass operators, F(7,s;p_,—1) can then be related to another Eisen-
stein series F(7,s;p_,+1), which is “incoherent” in the sense of Kudla, so that
E(1,0;0_,+1) = 0. We write
E(r,s;0_,+1) = ZA S, 1M, V)
meQ
and

A, (s,m,v) = b, (m,v)s + O(s?).
Then we define

im0 by_(m,t) if m >0,
Kp_(m) =

ko(0)¢—(0) if m = 0,
where £ (0) is a specific constant. Thus, for m # 0, k,_(m) is the value at the
cusp of the second term in the Laurent expansion of the mth Fourier coefficient

of E(7,s;¢_,+1). Our main result is the following



Theorem 1.2. For F(7) given by the Fourier expansion (1.2), assume c,, g, (m) €

Z form < 0. Let

KRoy®p_ (m) - Z Keo_ (m - Q(ZL’Q),

1 E>\¢+ +L+

where ¢ = char(\,, + Ly). Then for zy € Dy,

O(z0,h; F)dh =2 ) 3 oo (—m)kp,0p (m).  (1.3)

P4,p— m>0

/SO(U)(Q)\SO(U)(Af)

Let T'= GSpin(U) and let K C H(Ay) be a compact open subgroup. Since
GSpin(U) — SO(U),
the above integral can be written as a finite sum over
h e T(QN\T(A)/ (K NT(Ay)). (1.4)

Since U is a negative-definite space of signature (0,2), there is an isomorphism
U ~ k for an imaginary quadratic field k with quadratic form given by a negative
multiple of the norm-form. Then the double coset space in (1.4) is essentially an

ideal class group. Using (1.1), we see that (1.3) gives a formula for the sum
S log | (20, h: F)| 2
h
To give a geometric interpretation, we consider the quasi-projective variety
Xic = H@Q\(D x H(Ag)/K),

and, for K large enough, Xx ~ T'x\D* for some group I'x C H(Q). Here,

D% C D is the subset of positively oriented 2-planes. We view the zero cycle

D@\ (Do x T(hy)/(K NT(4)) — X



as the set Z(U, K) of CM points inside of Xg. Then (1.3) gives the value of
log [|¥(F)?|| on Z(U,K). When U ~ k, an imaginary quadratic field with odd
discriminant, and ¢o(0) = 0, the values k, (m) for m # 0 are given as the
logarithm of a rational number, which tells us Theorem 1.2 gives a factorization

for

I neemlP

2€Z(U,K)

The proof of Theorem 1.2 is done in two stages. First, we let n = 0 and
prove a preliminary version of the theorem. In this case, V = U and D = D.
This is essentially the n = 0 version of the main theorem proved by Kudla in
[12]. In that paper, this case was not included and some differences do arise. For
example, a factor of 2 appears in the Siegel-Weil formula.

The key step in the proof of our main theorem is the Schwartz space con-
traction map. For a factorizable ¢ = ¢, ®@ ¢_ € S(Vi(Af)) @ S(U(Ay)), this is
defined as

(p, 0.(1,hy))v = 04 (T, hs o) € S(U(Ay)),

and then is extended linearly. We apply the contraction map to the modular
form F' of weight 1 — %, and obtain a modular form (F,6,)y of weight 1. Then
we can apply the theorem for n = 0 to (F, 0, )y.

In chapter 4, we give explicit formulas for the values x,_(m). This is done by

viewing U ~ k = Q(y/=my) for mg > 0 and letting L = A C O, Q(z) = —2%.
We assume mg > 3 is square-free and my = 3 (mod 4). This extends results
of Kudla, Rapoport and Yang in [14], where in that paper my = ¢ is a prime
bigger than 3. The reader can compare the positive Fourier coefficients found in

Theorem 1 of [14] with Theorem 4.1 of this thesis.

The remainder of the thesis is devoted to looking at explicit examples of the



main theorem. For n = 0, we obtain input functions, F'(7,2(), via Hecke’s theta
functions (cf. [8]) associated to an ideal 2 in an imaginary quadratic field. If [ is
the ideal class group, then the regularized integral ®(zg, h; F'(7,2)) can be viewed
as a function on I} x I?, and our theorem computes averages of this function. It
is not clear what these functions represent, but they are interesting nonetheless.

The example for n = 1 allows us to reproduce Gross-Zagier (Theorem 1.1). In
chapter 6, we first look at the general setup and prove many useful facts related

to this example. We consider the vector space
V ={z € My(Q) | tr(z) = 0}
with quadratic form Q(x) = det(x) of signature (1,2). For the lattice L we take
L=M((Z)NV.

Using scalar-valued modular forms of weight § for I'g(4), we follow ideas laid out
in [1] to obtain appropriate input functions.
For the rational splitting of V', we choose a primitive vector o € LY such

that Q(x¢) = r for some r > 0. Then
V = @iﬂo —+ iL'(J)'

Here we find that the lattice L does not split, and in section 6.2 we compute bases
for Ly and coset representatives for L/(L, 4+ L_) and LY /L. Then, in order to

interpret Theorem 1.2 in classical language, we describe the double coset space

T(Q\(Di < T(Ay) /(K NT(4))))

as a certain zero cycle Z,(r, K) C I'\D*. We give a formula for these points as

elements of T'\$) ~ T\D™*.



In the final chapter, we recover the result of Gross and Zagier. Here we briefly
sketch the argument. Assume, without loss of generality, that d; is odd. Recall
that the function we are trying to factor is J(dy, dy) from Theorem 1.1. With V, Q

di

and L as above, we choose xg € LY — L such that xg is primitive and Q(xq) = -

Then we apply the main theorem and get an expression for

Z@(zo,h; F)

in terms of the negative Fourier coefficients of F' and the values x,_(m) for m > 0
(see chapter 7 for details). Assuming ¢y(0) = 0 forces the constant in (1.1) to be
zero and the Petersson norm becomes the usual absolute value. This gives us a

formula for
> "log [T (z0, h; F)|*. (1.5)
h
Define
Jor)= [ i) -im)

[72]
disc(m2)=d2

Using the explicit divisor of W(F)? given by Borcherds, we choose the input

function F' (with ¢(0) = 0) so that
div(U(F)?) = div(Jg(1)?).

By our choice of xg, the set of CM points we sum over becomes
{[m] € T\® | disc(m) = d1 },

and (1.5) is 4log|J(dy,ds)|. Theorem 4.1, which gives an explicit formula for

Ky (m), implies we have

4log|J(dy, dz)| = log(ro) (1.6)



for some ry € Z~o. This turns out to be

410g‘<](d1,d2)| =

Z[Zﬁq )log(q (dld?_s) > By(s)log(p (M)], (1.7)

4p
s€Z L q|dy p inert

where p(t) counts the number of integral ideals in Q(v/d; ) of norm ¢, and 3,(s) and
B,(s) are some specified integers. The factorization in (1.7) looks very different
from the one given by Gross and Zagier. It does, however, resemble the following

theorem of Dorman.

Theorem 1.3 (Dorman, [6]). Let | be a rational prime and e its ramification

index in Q(v/dy). Then

didy — s
ord;(J(dy, ds)) ZZQ ( — )

SGZ n>1

where

0 if 3q | di;q # 1 such that x,(s* — dids) = —
a(s) =
20s)  otherwise, where a(s) = #{q | (s,d1)}.

Here x,(o) = (o, d1),. Dorman’s Theorem is equivalent to Gross-Zagier and, to

finish the proof, we compare it with (1.7) and see that they agree.

1.2 Notation and Preliminaries

The metaplectic group Mpy(R) is a double cover of SLy(R). Elements in this

group are given as pairs (v, vcT + d), where

Y= € SLQ(R)



Multiplication in Mpy(R) is defined as follows. Let

a; b as by
Y1 = , V2 = € SLQ(R),
C1 dl Cy d2

and let ¢(7)? = 17 + dy, ¢2(7)? = o7 + dy. Then the product of (71, ¢;) and

(72, #2) is
(71, #1(-) (72, #2(+)) = (7172, P1(72(+)) 2(+))-

The covering map is (v, ¢) +— 7 and the inverse image of S Ly(Z) is the metaplectic

group Mpo(Z). This group is generated by the elements

11 -1

Let G = SL; and G’ be the metaplectic cover of G,. We let w be the
Weil representation of G in the Schwartz space S(V(A)). This representation
is determined by a fixed additive character ¢ of A/Q such that 1 (z) = >,
Let L C V be a lattice, and S, C S(V(Ay)) be the space of functions with basis
{char(A+ L) | A€ LY/L}.

We now describe how w acts as a representation of Mpy(Z) on Sy, and how it

is related to the representation py, defined by Borcherds on vector-valued modular

forms. Denote the inverse image of SLy(Z) C G(Ay) by K’ C G,- Then

G = GLGLK'.

10



View [" = Mpy(Z) as a subset of Gi. If v/ € G has image v, then under the
map

Gz X Gy ;™ G
we have (7', k’,) — ~ for some element k" € G, . The kernel of the above map
is {£1}. So once 7' is chosen, this specifies a choice of sign and, hence, specifies
k' uniquely. If v € T', then ' € I and the corresponding element k'(y) € K'.

Writing w = weewy, we define

w(') == wi (K (7).

Now let ¢, = char(p + L) for a coset p+ L. For the generator T € Mpy(Z), the

Weil representation acts by

w(T) (o) () = e(=Q(1))pu(x),

where e(y) := €™ and = € V(A;). For S we have
\/—2 n _n
/ neLY /L
In Borcherds’ language, S;, ~ C[L" /L], the group algebra of LV /L. In [2], he

defines a representation py of Mpy(Z) on C[LY/L]. If we write the elements in
the group algebra as e, for p € LY/L and identify e, < ¢, then the Weil rep-
resentation defined above agrees with py, the representation on the dual algebra
C[LY/L]¥. Borcherds takes the convention that

1 ifp+n=0,

ex (e;) =

0 otherwise.

We also mention that in the case of n even, the representation w is actually a

representation of G,. When this is the case, we will often write w(g) for g € G.

11



Let @ be the quadratic form on U, the space of signature (0,2), and let A

be the discriminant of Q. Then we may view U ~ k = Q(v/A) and assume

Q) = —%, where N is the norm on k and 2 is some ideal in k. We will

take this point of view when it is convenient. For details on the correspondence

between quadratic forms and ideals see [3].

12



Chapter 2

The Adelic (0,2)-Theorem

2.1 Basic Setup

Let V be a vector space over Q of dimension n + 2 with quadratic form @), of
signature (n,2), on V. Let D be the space of oriented negative-definite 2-planes
in V(R). For z € D, let pr, : V(R) — z be the projection map and, for z € V(R),

let R(x,z) = —(pr,(z),pr,(z)). Then we define
(x,2), = (z,x) + 2R(x, 2),
and our Gaussian for V' is the function
Voo, 2) = e @)z

For r € 9,7 =u+iv, let
gr = )

and g, = (g9-,1) € Mpa(R). Let I = § —1, G = SLy and w be the Weil

representation of the metaplectic group Gy on S(V(A)), the Schwartz space of

13



V(A). If H = GSpin(V), then for the linear action of H(Af) we write w(h)p(z) =
o(h™x) for p € S(V(Ay)). If z € D and h € H(A), we have the linear functional
on S(V(Ay)) given by

pr— 0T 2, hip) =07 Y W) (pwln2) @wh)p)@). (21)

zeV(Q)

Let L C V be a lattice and let S, C S(V(Ayf)) be the space of functions with
support in LV and constant on cosets of L. Let F : § — S, be a meromorphic
modular form of weight 1 — % and type w for I" = Mpy(Z). Let I' = SLy(Z). We

consider the C-bilinear pairing
((F(7),0(r,2,h))) = 0(, 2, h; F(7)),

and using this pairing we define

B hi F)i= [ ((F().0(r,2h) )du(r)
1NN
where du(7) = v?dudv and the integral is regularized as in [2]. The regulariza-
tion is defined by
oryinr) = 1{ fim [ o(rroeautn |
o= ft

where we take the constant term in the Laurent expansion at ¢ = 0 of

lim (T)v=%du(T),

t—o00 Fi

defined initially for Re(o) sufficiently large. Here F is the usual fundamental

domain for the action of I on $ and
Fi={re€F|Im(r) <t}

is the truncated fundamental domain.

14



2.2 Borcherds Forms
The space D is a bounded symmetric domain. It can be viewed as an open subset
Q_ of a quadric in P(V(C)). Explicitly,
D~Q ={weV(C) ]| (w,w)=0,(w,w) <0}/C*,
where the explicit isomorphism is [z, 23] — w = 21 + iz5 for a properly oriented

basis [21, 22]. Assume K is a compact open subgroup of H(Ay) such that H(A) =
H(Q)H(R)" K, where H(R)" is the identity component of H(R). Define

Xy == HQ\(D x H(A))/K).

This is the set of complex points of a quasi-projective variety rational over Q,
and if 'y = H(Q) N H(R)TK, then X ~ T'x\D™T, where D™ C D is the subset
of positively oriented 2-planes.

Let Lp be the restriction to D ~ OQ_ of the tautological line bundle on
P(V(C)). From this we get a holomorphic line bundle £ on X equipped with a

natural norm, || - ||, called the Petersson norm. Assume we have
V(R) = Vp + Re + R,

where e and f are such that (e, f) = 1,(e,e) = 0 = (f, f). Then sig(Vp) =

(n —1,1) and for the negative cone

C={yeWl(yy) <0},

we have

D~D:={z¢e W) |y=In(z)eC}

The explicit isomorphism is

D—V(C), z—w(z):=2+e—Q(2)f

15



composed with projection to @_. The map z +— w(z) can be viewed as a holo-
morphic section of Lp.

We now define the notion of a modular form on D x H(Ay).

Definition 2.1. A modular form on D x H(Ay) of weight m € %Z is a function

U :D x H(Af) — C such that

1. U(z,hk) =VU(z,h) for allk € K,

2. U(yz,vh) = j(v,2)"¥(z, h) for ally € H(Q), where j(v, z) is an automor-
phy factor.
Meromorphic modular forms on D x H(Ay) of weight m € Z can be identified
with meromorphic sections of £&™. If ¥ is such a meromorphic modular form,
then the Petersson norm of the section (z,h) — W(z, h)w(z)®™ associated to ¥
is
19 (2, )| |* = [0 (2, h) [yl

Borcherds proved that the regularized integral ®(z, h; F') satisfies the equation

O(z,h; F) = —2log||¥(z, h; F)|)* — co(0)(log(2m) + I'(1)) (2.2)

for a meromorphic modular form ¥(F) on D x H(Ay) of weight m = 1¢o(0).

Definition 2.2. A Borcherds form W(F') is a meromorphic modular form on
D x H(Ay) which arises (via (2.2)) from the regularized theta lift of a modular
form F.

2.3 CM Points

Assume that we have a rational splitting

V:V+@U,

16



where V has signature (n,0) and U has signature (0,2). This determines a two-
point subset Dy C D given by U(R) with its two orientations. For zy € Dy, we
are interested in computing the integral
/ B(z0, h: F)dh. (2.3)
SOU)(Q\SO(U)(Ay)
Let T = GSpin(U) and let K be as in section 2.2. Define Ky = K NT(Ay).
The above integral can be written as a finite sum over T'(Q)\ 7'(Ay)/Kr, and we

consider the set of CM points

T(Q)\(Do x T(A)/Kr) = Xi.

Our main theorem gives a formula for (2.3), which then, via (2.2), gives a formula

for the average of a Borcherds form over these CM points.

2.4 Some Useful Observations for n = (

First we consider the case when n = 0 and our space V = U is negative-definite.
In this case, D = Dy, the Gaussian is o (z) = €™@®) and the theta function is
07,20, hip) = w2 Y wlg)e™p(h'). (2.4)
zeU(Q)
Let F(7) be a meromorphic modular form of weight 1 valued in Sy, and let
F(r) =) foMe=>_> com)q™p, (2.5)
® ¢ meQ
where ¢ runs over the characteristic functions of cosets of L in LY. We assume
c,(m) € Z for m < 0. The functions f, are meromorphic modular forms with
some real multiplier for a congruence subgroup of SLs(Z), and it will be very

useful to know how large their Fourier coefficients can be.

17



Lemma 2.3. Assume m, € Z is such that c,(my) # 0 and c,(m) = 0 for all

m < my,. Then there are constants C' and C" such that, for m >0,
eo(m)] < ' ((=mis +2)(m = my)® + moem)

where C' depends on my, and on the multiplier and C' depends on the polar part

of fo-

Proof. The cusp form of weight 12, (2m) 2A(7) = q[[2,(1 —q")**, has Fourier

expansion
[e.e]

(2m) A7) = Y r(N)a”,

N=1

where |7(N)| < C1N® for some constant C;. Let A() = (2r)"2A(r). We can
look at f¢/A, which has weight —11 =1 — %. If

[e.9]

fo/A= 3 a,(my”,
m=my—1
then for m > 0, (3.38) of [12] tells us there are constants Cy and C' such that

la,(m)| < C’gm_%ec‘/ﬁ,

where C' depends on m,, and on the multiplier. We have

I
™M -
I
(]2
2
2
js
B
2
Q
2
+
:

1 m=me,—1
o0 m—mey+1
3| X -]
m=mey N=1
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Then

m—me+1

lco(m)]| = Z 7(N)ay,(m — N)

N=1

=) r(N)ag(m—N)+ > 7(N)a,(m— N)

m—me+1
< Z N6|a¥,(m—N)|+0102 Z NG(m_N)—%GC\/m——N.

N=m O<N<m

We know there is a constant Cj such that |a,(m)| < C5 for m € {m,,...,0},

and thus

lcp(m)| < CLC3(=my, + 2)(m — my,)® + CLCym®eCV™

< C' ((=my +2)(m —m,)* +me™VT),
for some constant C". O
In the n = 0 case, it turns out that the regularized integral is always finite.

Proposition 2.4. For h € H(Ay),

D(z0, s F) — / " (), 0(r, z0,h) ))du(7)

|Y)

1s always finite.

Proof. This case corresponds to signature (2,0) in [2]. In Theorem 6.2 of [2],
Borcherds points out that & is nonsingular except along a locally finite set of
codimension 2 sub-Grassmannians A+, for some negative norm vectors A\ € L.
No such vectors exist in signature (2,0). For ease of the reader, we give the proof

in our notation. We have

t—o00

/l“:.?J(( F(1),0(r, 20, h) ))dpu(T) = SJTO{ lim /ft 0(r, 2o, h; F)Uod/L<T>}, (2.6)
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and we can write the integral on the right hand side of (2.6) as

t 3
//H(T,zo,h;F)v"du(T)+/ 0(7, 20, h; F)o~%du(T).
F1
1 1

The integral over the compact set JF; is finite and independent of ¢, so we just

look at the first part. By [15], we have
w<g;)e7r(:c,x) _ U%Q(UQ(:L,))Q%TUQ(I)’
where e(y) = e*™. Then (2.4) is

9(7— 20, 790 =v Z QWUQ(x)gp<h*1x),
zeU(Q)

and so the integral over F; — F is

c h T e(um)e(u —2mom  2m0Q(@) g, =01 1y oy,
LT 5 comets | feumptane

» meQzeU(Q)

1
2

(2.7)

Lemma 2.5. If m + Q(x) ¢ Z, then c,(m) = 0.

Proof. When we consider the transformation law for F', we have F(r 4+ 1) =

w(T)(F(7)). That is, for any = € U(A),
; ; cp(m)a™e(m)p(x) = w(T) (Z ; %(m)q%) (z)

- Z ; cp(m)q"w(T) () (x)
= Z zmj%(m)qme(—@(x))w(x).

We see m + Q(z) ¢ Z implies c¢,(m) = 0. O
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For m + Q(x) € Z,

2 1 ifm+ Qx) =0,
/e(um)e(u@(as))du = :

0 otherwise.

(NI

Integrating with respect to u in (2.7) and letting ¢ — oo gives

YD > clmp(h i) / e~ My v, (2.8)

¢ meQ zeU(Q)
m20 Q(x)+m=0

We have m > 0 since Q(z) < 0. When m = 0, we get

t

1

which equals zero when we take the limit as t — oo followed by the constant

term at 0 = 0. For m > 0, (3.35) of [12] says

o0

/e4ﬂmvvaldv S C(E, 0_)6747rm

0
for any € with 0 < € < 4mm, where the constant C(e, o) is uniform in any o-
halfplane and independent of m. Using this in (2.8), we have

Cleo) Y D cplm)e™ 3 p(h'a),

e m>0 zeU(Q)
Q(z)+m=0

which is finite by Lemma 2.3. |

2.5 Eisenstein Series

Here we give the basic definition of an Eisenstein series and some related theory

when V' has signature (n,2) for n even. What follows is a summary of the
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explanations given in [12] for n even, and we refer the reader to that paper for

the more general theory. Inside of GG, we have the subgroups

1 b
Ny ={n(b) | be A}, n(b) = , ;

and
My = {mla) [ae &} m@) = [ ©

Define the quadratic character x = xy of A*/Q* by

x(@) = (2, =det(V)),

where det(V) € Q*/(Q*)? is the determinant of the matrix for the quadratic
form @ on V. For s € C, let I(s, x) be the principal series representation of Gy.

This space consists of smooth functions ®(s) on G such that

®(n(b)m(a)g, s) = x(a)lal”"' (g, s).
We have a G -intertwining map

A=A S(V(A)) — 1 (g X) , (2.9)

where A(¢)(g) = (w(g))(0). If Ko = SO(2) and K = SLy(Z), then a section
O(s) € I(s,x) is called standard if its restriction to KoK is independent of s.
The function A(¢) has a unique extension to a standard section ®(s) € I(s,x)
such that ® (2) = A(p). We let P = MN and define the Eisenstein series
associated to ®(s) by

E(g,5®)= Y ®(yg,9),

Y€PR\Gq
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where Gg is identified with its image in G,. This series converges for Re(s) > 1
and has a meromorphic analytic continuation to the whole s-plane.
One step in proving the (0, 2)-Theorem is to apply Maass operators to obtain

a relation between two Eisenstein series. Let

111 =+

Xi = 5 GE[Q(C).

+: —1
For r € Z, let x, be the character of K, defined by

0 cos @ sin 6
Xr(ko) = €™, ko = € K.

—sin # cos 6
Let ¢ : Gg — C be a smooth function of weight [, meaning ¢(gky) = x:(ke)®(9),
and let £(7) = v’%¢(gT) be the corresponding function on $. Then Xi¢ has

weight [ + 2, and the corresponding function on $) is

202 + L&) (1) for +
_l£2 ( or v ’
v 2 Xed(gr) =

—21’1}2%(7) for —.

Lemma 2.6 (Lemma 2.7 of [12]). Let ®7_(s) € I.(s,x) be the normalized

eigenvector of weight r for the action of K. Then
1
X, 9! (s) = 5(3 +14£7)07F2(s).

For ¢ € S(V(Ay)), let E(g,s; P, @ A(¢)) be the Eisenstein series of weight r

on G, associated to ¢. For the Gaussian, poo(z,2), we have A(ps) = @4 (%),

where [ = % — 1. This means we have

1
X_E(g,5 9 ® M) = 5(s =L = 1) E(g, 5; De ® M),
On 9, this translates to

—22’1}22{E(T, s;p, 1+ 2)} =

o7 (S - g) E(7, s;0,1), (2.10)

1
2
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where we write E(T,s:¢,1) = v 2 E(g,, s;®L_ @ A(¢)). One main result we need

is the Siegel-Weil formula.

Theorem 2.7 (Siegel-Weil formula). Let V' be a vector space of signature
(n,2). Assume V is anisotropic or that dim(V') — rq > 2, where 1o is the Witt

index of V. Then E(g, s;p) is holomorphic at s = 5 and

n 0]
E (g, §;so> = 5/ (g, h; p)dh,
SO(V)(@\SO(V)(4)

where dh is Tamagawa measure on SO(V(A)), and o is 2 if n = 0 and is 1

otherwise.

Here 0(g, h; ) is defined as in (2.1) without v~3 and with ¢ replacing g-. The

integration for SO(U)(R) is with respect to the action Az in the argument of

Poo-

Let us now consider the situation V = U, sig(U) = (0,2). The representation
we are interested in is I(0,y). This global principal series is a restricted tensor

product of local ones,
[(07 X) = ®{U['U<07 XU)'
For the local space U, = U(Q,), define the quadratic character x, of Q) by

Xo(2) = (2, —det(U,)),.

Let R,(U) be the maximal quotient of S(U,) on which O(U,) acts trivially. The

following proposition is a special case of Proposition 1.1 of [11].
Proposition 2.8. (i) If v # oo, then

L,(0,x0) = Ru(U") @ Ro(U™),
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where U* has Hasse invariant e,(U*) = +1.

(i) If v = 0o, then

150(0, Xoo) = Roo(U(0,2)) @ Roo(U(2,0)),
and the spaces have opposite Hasse invariants.
Now we define the notion of an incoherent collection.

Definition 2.9. An incoherent collection C = {C,} of quadratic spaces is a set

of quadratic spaces C, such that
1. For all v, dimg, (C,) = 2, and xc, = X.
2. For almost all v, C, >~ U,.

3. (Incoherence condition) The product formula fails for the Hasse invariants:

[[eC)=-1.

v

Then we have, cf. (2.10) in [11],

1(0,x) ~ (@ H(U’)> & (@ H(C)>

as a sum of two irreducible pieces defined as follows. U’ runs over all global
quadratic spaces of dimension 2 with yy» = x, while C runs over all incoherent

collections of dimension 2 and character x, and
I(U") = @, R,(U"), TL(C) = @, R(C).

For A = Ay as in (2.9), we have A(¢s) = ©1(0), where ®_! is the normalized

eigenvector of weight —1 for the action of K. From the theory of principal series
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representations, we have ®_1(0) € R, (U(0,2)) and ®! (0) € R (U(2,0)). Then
Lemma 2.6 implies

1
X0 (s) = 55@})0(5)7

so we see that the Maass operator X, shifts the coherent Eisenstein series
E(g,s;®} @ A(y)) to the incoherent Eisenstein series F(g, s; @1, ® A(¢)). The-

orem 2.2 of [11] then tells us that

E(g,0; @, ® A(¢)) = 0.

2.6 The (0,2)-Theorem

The integral we want to compute is

/ D (29, h; F)dh, (2.11)
SOU)(@\SOU)(Af)

which is equal to

/ / " F(7),0(7, 20, h) ))dp(r)dh. (2.12)
SOU)(@\SOU)(As) JT\$

As in [12], we would like to be able to switch the order of integration, where the

inside integral is regularized. That is, we want (2.12) to equal
| wre. | 0(7, 20, )R ))dur)
9 SOU)(@\SOU)(Af)
Note that F: § — S, implies F(7) € S(U(A;))¥X, where
K={he HAy) | h(A+L)=AX+L,YAe L'/L}

is an open subset of H(Ay). Before we justify the interchange of integrals, we

need to make some remarks about our specific case. For a reference on Clifford
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algebras, see [4] or [9]. The Clifford algebra C'(U) can be written as C'(U) =
C(U)aCY(U), where C°(U) and C'(U) are the even and odd parts, respectively.
CO(U)* acts on C*(U) by conjugation. Assume U has basis {u,v} with Q(u) =
a,Q(v) =b and (u,v) = 0. Then C(U) is spanned by {1, u,v,uv} with C°(U) =

span{1l,uv} and C'(U) = span{u, v}. By definition,
H={geC'U)" |gUug™ =U}.

Since C1(U) = U, H = C°(U)*. In C°U) we have (uwv)? = —ab, so if k =
Q (v—=ab), then H ~ k*. This means SO(U) ~ k' and k* — k' is the map

T = —
:UU

by Hilbert’s Theorem 90. We have the exact sequence
l1—-272—H—SOU) —1,

where H(Ayf) ~ k;ff,H(Q) ~ kX, Z(Ay) ~ ng and Z(Q) ~ Q*. If B(h) is a
function on H(Ay) which only depends on the image of h in SO(U)(Ay), then

we can view B as a function on SO(U)(Ay) as well.

Lemma 2.10. Let B(h) be a function on H(Ay) depending only on the image of
h in SO(U)(Ay). Assume B is invariant under K and H(Q). Then

B(h)dh = vol(K) > B(h),

/SO(U)(@)\SO(U)(Af) hGH(Q)\H(Af)/K

and the sum is finite.
Proof. We have the exact sequence
1—>k‘11&—>k:j§—>Ri—>1,

where the map to R is the absolute value map. By the product formula, k> C kj

and we know k*\k} is compact.

27



Lemma 2.11. k] = Q}kj.

Proof. Qf injects into k; and also maps onto RY. So if (a) € k5 then 3(b) € Qf
with |(b)| = |(a)|. Then (b) € Q) C kj implies kj (b) = ki (a), so (a) € Qik;. O
Lemma 2.11 implies
B\RL — R QK
and so k*Qj \k, is also compact. The set we integrate over is
SO(U)@QN\SOW)(Ay) = HQNH(Ay)/Z(Ay) ~ Qg \kL -

This is compact since £*Qj \kx maps onto it. Then K is open and K D Z(Ay) so

H(Q)\H(Af)/K is finite. The volume term appears since B is K-invariant. [

Proposition 2.12.

/ | (F@).00 20,0 Dutr)an
SOU)(@\SOU)(Af) JT\H

- [ wre. | 0(r, 20, h)dh ))du(7).
9 SOU)(@Q@\SO(U)(Af)
Proof. The main point is that since F(7) € S(U(A;))¥, we know
| (CP@)007,20,) V()
\$

is K-invariant. So if we let

then Lemma 2.10 says

/ Bhdh=vol(K) Y B
SO(U)(QN\SOU)(Ay) heH(Q\H(As)/K

= [ wl®) ST bz F(r)du(r),

\D he HQ\H (A7) /K
(2.13)
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since the sum is finite. Now apply Lemma 2.10 again to (7, 29, h; F(7)) and
(2.13) is

- [ «re | O(r, 20, )b ))d(r).
% SOU)(Q@\SOU)(Af)

O]

The quadratic space U is anisotropic, so we can apply Theorem 2.7. This tells

us that for any ¢ € S(U(A)),

/ 0(T, 20, h; p)dh = U%E(gﬁ 0; ¢, —1), (2.14)
SOU)(@\SOU)(A)

where E(g;,s;p,—1) is a coherent Eisenstein series of weight —1.

Lemma 2.13.

/ 0(t, z0, h; 0)dh = U%E(gﬂ 0; ¢, —1).
SOU)(@Q)\SOU)(Af)

Proof. Since the Gaussian is ¢ () = €™®?), the theta function is invariant under
the action of SO(U)(R). We have that SO(U)(R) acts on SO(U)(Q)\SO(U)(A),

50 we can project
SOWU)QN\SO(U)(A) — SOU)(Q)SOU)RNSO(U)(A),
and
SOU)(Q)SOW)RNSOU)(A) = SOU)QNSOU)(A), (2.15)

since SO(U)(A) = SO(U)(R) x SO(U)(Ay). For this factorization, we choose a
factorization for the measure dh = dho X dhy such that vol(SO(U)(R)) = 1. We

have

vol(SO(U)(Q)\SO(U)(A)) =2
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and so

Vol (SO (Q\SO(U)(Af)) = 2.

Then

/ 0(t, 20, h; p)dh (2.16)
SOU)(\SO(U)(4)

0(7, 20, hooh p; ) dhoodhy.

/SO(U)(@)SO(U)(R)\SO(U)(A) /SO(U)(R)
Using vol(SO(U)(R)) = 1 and the invariance under SO(U)(R) along with (2.15),

we see (2.16) equals

/ 0(r, 20, hy: o).
SOU)(Q\SOWU)(Ay)

Hence, writing dh instead of dhy, we have

/ 8(r, 20, h; p)dh = v2 E(g-,0; ¢, —1).
SO(U)@\SO(U) (A )

Now we can compute vol(K).

Lemma 2.14.
2

#(H(Q\H(Ag)/K)

Proof. Using Lemma 2.10 and the volume assumptions made in the proof of

vol(K) =

Lemma 2.13, we have

2= / dh = vol(K) (#(H(Q)\H(Ay) /K)).
SOU)(Q\SOW)(Ay)

We let

N|=

E(r,s;—1) :=v2E(g;,s;—1).
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Then for (2.11) we have

D (zp, h; F)dh = /r (( B(7),E(r,0;=1) ))du(r).  (2.17)

/SO(U)(Q)\SO(U)(Af) \H

For F' as in (2.5), the right hand side of (2.17) is
[ (r@. B0 Dintr) = [ S DB (). (219
% %

]'St: § ;E;;@,l 2dd

In order to state the main theorem of this chapter, we view U ~ k = Q(v/—d),
where d € Z-q is square-free, and let x4 be the character of Qf defined by
Xa(x) = (z,—d)s. Let A be the absolute value of the discriminant of k. We

define the normalized L-series

A(87 Xd> =

T (S —; 1) L(s, Xa)-
Theorem 2.15 (The (0,2)-Theorem). For p € S(U(Ay)), let
E(r,s;0,+1) = ZA $,1Mm, V)
where the Fourier coefficients have Laurent expansions
A,(s,m,v) = by(m,v)s + O(s?)

at s =0. For any p € S(U let

Ar)),
limy o0 by(m, t) if m >0,
ifm=0,

where
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Let F : 9 — S, C S(U(Ay)) be a meromorphic modular form for SLy(Z) of

weight 1, with Fourier expansion

T) =Y foT)e =D cp(m)a™e,

where ¢ Tuns over the coset basis with respect to some lattice L. Also, assume

co(m) € Z for m <0. Let

B(z0, 1 F) = / " ((F(),60r, 20, 1) ))du(r).

\$

Then

O (29, h; F)dh = 2 Z Z co(—m)K

/SO(U)(Q)\SO(U)(AH © m>0
Proof. Our proof is similar to that in [12]. The integral we want to compute is

given by (2.18). Letting [ = —1 in (2.10), we have

428

E(t,s;0,—1)v™ e

{E(7,s;0,+1)}

This means we can write

I(s,1) / (Zﬁp —E (7, s; g0,+1)d7>

By Stokes’ Theorem, this is

:__2 / Zf@(T)E(T,S;(p,—f-l)du

= % - const. term of <Zf¢(T)E(T,S; ¥, +1)> (2.19)

©p

v=t
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The definition of the regularized integral implies

/F " (F(r), E(r,0) )du(r) =

\H

orf jim [ ¥ 0 oot du(r) |

We need Proposition 2.5 of [12] to hold for n = 0. If we use Proposition 2.6 of
[12] and the fact that a factor of 2 appears in the Siegel-Weil formula here, then

in our notation this is

Proposition 2.16.

: . —0—2
UC:TE {tlggo /ft Z fo(T)E(T,0; 0, —1)v dudv}

= lim [/F Zf(p(T)E(T,O; @, —1) v ?dudv — 2¢4(0) 1og(t)] .

oy

Proof. From Lemma 2.10, the left hand side of the desired identity is

o=0 | t—oo

h

vol(K) CT{lim /f t((F(T),e(T, 20, h) ))U—U—Zdudv},

where vol(K) =

2 ..
#(HQ\H(As)/K)" Fixing h, we have

T {tlgono /f ERGOREEND ))v_"_Zdudv} + /f ((F(7).8(7:20:1) ) (7).

(2.20)
The first term in (2.20) can be written as
t
C:l; 1tlirn /C(v, R)yv =" tdv p (2.21)

1
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where

C(v,h) =v" /((F(T),Q(T, 20, h) ))du

(SIS

= const. term of v~ ((F(7),0(T, 29, h) ))

S ) Y el laeme),

» meQ zeU(Q)
m=0 Q(z)+m=0
Then we write (2.21) as
¢ ¢
_rl(; tlim /[C’(v,h) —CO(O)]U_”_ldv—i-tlim co(0)v™ " dv 3 . (2.22)
1 1
As in [12],

/[C(v, h) — co(0)]v=" tdv

is a holomorphic function of . Note, this fact follows, in part, from Lemma 2.3.

For the other piece of (2.22) we have

t
1
/CO(O)U_”_ldU =¢o(0)—(1 —t77).
o
1
This term makes no contribution when we take the limit as t — oo followed by

the constant term at o = 0. We are left with

t t t

lim /C’(v,h)v_ldv—/co(O)v_ldv = lim /C’(v,h)v_ldv—co(O) log(t)
1 1 1

t—o00 t—o00

We have the volume term in front and we sum over h € H(Q)\H(A)/K, so this

adds on a factor of 2. O

We point out that the value ¢(0) appearing in (2.5) and in Proposition 2.16
is independent of the choice of L. If we view F(7) € S(U(Ay)) as F(7,x) for
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x € U(Ay), then ¢o(0) is the zeroth Fourier coeflicient of F(7,0). Proposition

2.16 tells us

CT {}il?o/f > Fo(TE(T,0; w,—l)v“du(f)}
= lim {/f wa(T)E(T,O; ¢, —Dv 2dudv — 2¢4(0) log(t)}

— lim [1(0, £) — 2¢5(0) 1og(t>} .

t—o00

We need to compute 1(0,t). We have
A,(s,m,v) = by(m,v)s + O(s?), (2.23)

where there is no constant term in A,(s,m,v) since E(7,s;¢,+1) vanishes at

s = 0. Then (2.19) implies

I(5,6) = = 323 col-m) (s, m.0),

so using (2.23) we have
1(0,t) =2 3 " cp(—m)by(m, ). (2.24)

Now we show that parts (i) and (ii) of Proposition 2.11 of [12] hold for n = 0.

Proposition 2.17. (i) For m <0, b,(m,t) decays exponentially ast — oo.
(i)
tll)rgo (2 Z Z cy(—m)by,(m, t)) = 0.

e m<0

Proof. If ¢ = ®,p, € S(U(Ayf)) and

E(r,5:0,41) =Y En(7, 550, +1),

m
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then for m # 0 we have the product formula

Em(T’ S5 ¥, +1) = Aw(sv m, U)qm = Wm,oo(Ta S5 +1) H Wm,p(sa Sp’p)‘
p

Proposition 2.6 (iii) of [14] tells us that for m < 0,

Winoo(T,0;4+1) = 0,

and
o0

Wil 1) =i [ e

For the finite primes we have

Then

b(m, 1) = CmIWiy o (7, 054+1)
= C’(m)m’qm/rle“'mlwdr,
1

and we have

by (m. )] = O(v~"m| e~ ).
This proves (i). Part (ii) then follows from Lemma 2.3. O

Part (ii) of Proposition 2.17 tells us that we may ignore the sum on m < 0 in

(2.24). This means our formula for the integral is

/ O (29, h; F)dh =
SOU)(@\SOU)(Af)

lim lzz > cp(—=m)by(m,t) — 2¢0(0) log(t) | -

We can improve this by looking at the m = 0 part. The analogue of Proposition

2.11 (iii) of [12] is
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Lemma 2.18. Form =0,
A'(
bo(0,t) — log(t) = log(A) + 2 G

and for ¢ # o, b,(0,t) = 0.

Proof. By Theorem 3.1 of [16], we have

E0<7-7 S5 SO7 +1) = U%@(O) + WO,OO(T’ S5 +1) H WO,I?(S’ SOP)

270 (s)v™2
L(s+1)T (s

— 03p(0) — 2mi

) H WO,P(‘S? 9017)7

N |»

which by the duplication formula is

s+1

— U%@(O) — \/7_1'2‘11_;1}‘(71;) H W07p(8’ SOP)‘

ole |/~

Theorem 5.2 of [16] implies Wy (s, ¢,) = 0 if ¢, is not the characteristic function
of the local lattice. So b,(0,t) = 0 for ¢ # ¢g. Now let ¢ = ¢y. Propositions 2.1
and 6.3 of [16] imply

Eo(T, 8500, +1) =v2 — /v 2 2 o,
ol™ 5 o, +1) v T(5+1)L(s+1,xa)
where
Cyp = 292 H qié
qld
g=odd prime
and

0 if 2 is unramified,
@2 = —1 if2¢dandd=1(mod 4),

~3 if2]d.
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Then ¢y = A~z, where A is the absolute value of the discriminant of Q(v—d).
We have

E y ’ ’—1—1 _= % — % 5 2 A_%
o7, 8500, +1) = vz —v 72 T (5 4+ 1) L(s + 1, xa)
_ 'U% _ Uig A(87Xd) Afé
A(S+ ]-7Xd)

The functional equation for A(s, x4) (cf. [5]) is
A(SJ Xd) = A%75A<1 -8, Xd)
We normalize Eo(T, s;¢0,+1) by AT A(s + 1, x4) giving

s+1

A(l—l—s Xd) — AT v A A1 — s, xa)

E8<<T7 S5 (1007—'_]') A

s

AT 01+ s, xa) — AT UTEA(L — 5, xa)-

Hence,
By (70500, +1) = 20 {AF0EA (L 4 5,x0) )
Y 0s s=0
1 A'(1, xa)
— AZA(1, {10 A) + log(v) + 252 Ad)
Al(LXd)}
= hy < log(A) + log(v) + 2——2—= 5,
¢ {loB(8) + log(0) + 2 %
by the residue formula. Then since E*/(7,0; @o, +1) = hiE'(7,0; o, +1), we have

A,<17 Xd)

bo(0,t) — log(t) = log(A) +2A(1 D

Now the m = 0 part is

22% 2(0,) = 2¢0(0) log(t) = 2 ) ¢, (0)b,(0, 1) + 2¢0(0)(bo(0, £) — log(t)),

PFpo

and Lemma 2.18 tells us that this expression is 2¢¢(0)ko(0). This finishes the

proof of Theorem 2.15. O
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Chapter 3

The Adelic (n,2)-Theorem

3.1 The Rational Splitting V =V, o U

Now we consider the general case. Assume we have the decomposition V =V, U
where V. has signature (n,0) and U has signature (0,2). For x € V, write

T =x1+ 9, 11 € Vi, 29 € U. Let 29 € Dg. Then R(z, z9) = — (2, %2) 80 we see

ono(ma ZO) _ e—ﬂ'(x,x)zO _ e—rr[(asl,xl)—(a:27a:2)} _ e—ﬂ(xl,xl)eﬂ(:cz,:cg)7

which is equal to @ +(71)@eo — (x2) for the Gaussians on V. and U, respectively.
We also have w(¢.)@oo = Wi(9-)Poo+ @ w-(gh)Poo— for the corresponding Weil
representations. For this decomposition of V', we can write the theta function on
S(V(Ay)) as a tensor product of two distributions, one on S(V,(Ay)) and one on

S(U(Ay)). To see this, let ¢ € S(V(Ay)). The theta functions are linear, so it
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suffices to look at a factorizable Schwartz function ¢ = ¢ ® @_. This gives

0(r, 20, hs0) =072 Y w(gl) (ool 20) ® w(h)p)(x)
eV (Q)

=072 Y (@i (9))Poo, s (11) 4 (B3 20)) (@ (61 poc,— (22)ip— (=1 3))

Z1,T2

—v7d (Z W+(9/T)9000,+(1’1)90+(h:r1x1)> X

v? (Z w—(9;)¢m,—($2)¢—(h:1$2))
:8-0-(7—7 20, h+7 ¢+)9— (7', 20, h—a 90—)

Hence,

9(7’, 20, h) = 9+(7’, 20, h+) X (9_(7', 20, h_),

where their respective weights are § and —1. Since zy is fixed, we write

0. (1, hy) = 05(7, 20, hy).

3.2 The Contraction Map

Now we describe the main way in which we use the above factorization of the
theta function. Let ¢ € S(V(Af)). Then we can write ¢ = . ¢ @ ¢’ where
o' € S(Vi(Ay)),¢’ € S(U(Ay)) and the sum is finite. We define the Schwartz

space contraction map

(04 (7, b))y = S(V(Ay)) — S(U(Ay))

<907 9+(T7 h+)>U = Z 9+<T7 h+; 901)90]—

J
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It is clear that

(( 9079(7—7 20, h) )) = (( <90’0+(7—’ h+)>U79—(T> h—) ))

The expression on the right hand side is nice because it is the pairing of a function
in S(U(Ay)) and the theta function for U. This is just as in the n = 0 case. The

value of the contraction map that we are interested in is (F'(7), 0 (7, hy))v.

Lemma 3.1. (F(7),0. (7, hy))u is a modular form of weight 1 and type w_ for
I.

Proof. By definition,
(F(Y'7),04(y'7 b)) = (7 + d) (W) (F(7)), w (V) (0+(T,hy))), - (3.1)
Assume that F(r) =32, ¢} ® ¢’ . We have
Wi (Y)(04(7, hs)) = 047, hyswi (7)) o),

50 (3.1) is

= (c7 +d) <Z wr(V)(#%) @ w- (V) (@), 04 (T, s (7)) Ho -)>

j v
= (c7 +d) Z 0 (7, heswi (7) " wr (7) () )w- () (1)

= (e7 + d) Z 0(7, hes @ )w— () (1)
= (7 + d)w-(7) ((F(7), 04(7, hy))v) -
O

We will also see that assuming the non-positive Fourier coefficients of F' lie

in Z implies the same is true for (F(7),0.(7,hy))y. In order to compute this
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Fourier expansion, we need the expansion of 6, (7, hy; ¢y ) for o € S(Vi(Ayf)).

We take h, =1 since the integral we are interested in is

/ &(z, h; F)dh.
SO(WU)@\SO(U) (&)

The explicit g-expansion of 8, (7, 1; ¢, ) follows from how the Weil representation
acts in S(V,(R)). In our particular case,

04(T,1;04) =073 Z w+(97) oo+ (21) P4 (21)
1€V (Q)

=0 Y wi(g)e T (),
1
which by [15] is

=071 ) piemllemmioa, ()
1
=) Mg (1))
1

= Z( Z g0+(x1)>qm. (3.2)

meQ Qa1)=m
Define

d<P+<m> = Z 90+($1)'
Q1)=m
Let L, C V. be a lattice. Note that if ¢, is the characteristic function of a

coset Ay + L, then d,, (m) is an integer which counts the number of vectors
x1 € Ay + Ly such that Q(x;) = m. Also, V,(Q) is positive definite so m > 0 in
(3.2).

Now we compute the Fourier expansion of (F(7),0,(7,1))y. We know F(7) €
Sy, for some lattice L C V. If welet Ly =V, NLand L_ = UN L, then generally

the lattice L does not split. We have

Li+L_ cLcL'CL{+L'.
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Let

LY=Jn+L, L={J N (Ls+Lo),
A

1
where n and A range over LY/L and L/(L, + L_), respectively. If we write

n=mny+n_and A=\, + A_, then
L= U+ 20+ L)+ -+ A+ L),
n A
Let F'(1) = >, f3(T)¢ysr for @y p = char(n+ L). Then

P+l = E Ony4+ri+Ly @ Py 4a_+L_,
A

and we have

F(r) = Z Z fa(7) ((1071++>\++L+ ® 9077_+>\_+L_) .

n A

By definition of the contraction map, this gives

<F(T)> 9-&-(77 1)>U = Z Z f77(7—)9+ (7—’ 1; 9077++/\++L+) Pn_+A_+L_- (3'3)

n A

In order to apply the (0,2)-Theorem (Theorem 2.15), we want to have
(F(7),0,(7,1))v € SL_.

From (3.3), we see this is in fact the case, but we point out that the cosets
n- + A_ + L_ need not be incongruent mod L_. Let ¢,(m) = ¢, ,, (m) and

dy,+x, (M) = Aoy, in,ir, (m). Then the Fourier expansion of (F(7),0,(7,1))y is

(F(7), 0207, 0w = 3230 (S calm)a™ ) (3 dyyon, tm)a™ ) o1
- Z Z Z ( Z cp(ma)dy, +x, (m2))qm80n,+x,+L,

mi1+meo=m

= Z Z Z 077)\4— (m)quOn_+)\_+L_a
noAom
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where we define

Cpay(m) == Z cp(ma)dy, 1+, (Mma2).

mi1+mao=m

The coefficients d,, 4x, (m) € Zzo for m > 0 and d,, 15, (m) = 0 if m < 0. So
assuming ¢, (m) € Z for m < 0 implies C,, 5, (m) € Z for m < 0. We have pointed
out several facts about the function (F(7), 6, (7, 1))y which we summarize in the

following proposition.

Proposition 3.2. If F': § — Sp is a meromorphic modular form of weight 1 —%
and type w for I, then

(i) (F(71),0.(7, 1))y is a meromorphic modular form of weight 1 and type w_ for
l—V

(i) (F(7),0.(1,1))y € Sy for L_=UnNL,

(iii) The non-positive Fourier coefficients of (F(1),0.(7,1))y lie in Z.

3.3 The (n,2)-Theorem

As in chapter 2, there is a coherent Eisenstein series of weight —1 such that, for

any ¢_ € S(U(Ay)), we have
/ 6—<T7 h_,@_)dh_ %E<gq—70730—7_1)7
SOU)(@\SO(U)(Af)

and we let E(7, s) := v2E(g., s). Now we can state and prove the main theorem.

Theorem 3.3 (The (n,2)-Theorem). For p_ € S(U(Ay)), let
E(r,s;0_,+1) = ZA s,m,v)q

where the Fourier coefficients have Laurent expansions

A, (s,m,v) =b, (m,v)s+ O(s?)
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ats=0. Let F: § — S, C S(V(Ay)) be a meromorphic modular form for I of

weight 1 — ., with Fourier expansion

2
Z fn 9017+L = Z Z Cn 9077+L7

where @,y = char(n+ L) and n runs over LY /L. Also, assume c¢,(m) € Z for

m <0. For \€ L/(Ly + L_), we have

00 (7,15 oninirry) = Z dyx. (M)q™,

where d,, 4, (m) = #{x1 € ny + A + Ly | Q(x1) = m}. Let

Kpa(my) = Z dp, 2. (M1 —m)ky_1x_(m),
0<m<my
where
limy oo by, .\ o, (m,t) if m >0,
Rn_+x_ (m) = Koy ya_4L_ (m) =
ko(0)2y_1a_+1_(0) if m =0,

and ko(0) is as in Lemma 2.18. Define

Bz b F) = / :ﬁ« F(r).8(r. 2. h) ))du(r).

Then
/{n,,\(ml) = Z Rp_4x_ (ml - Q(l'l)),

T1EN++AL+ Ly

and for zy € Dy we have

O(z0,h; F)dh =23 ") "> " cy(—m)ya(m).

n A m>0

/SO(U)(Q)\SO(U)(Af)
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Proof. The desired integral can be written

/ O (29, h; F)dh
SOU)(@\SO(U)(Af)

- / / ((F(7), 8(r, 20, h) ))dpu(r)dh
SOU)(@Q\SOWU)(Ay) JT\H

-/ | @.0.:7.0)0.0-(7:00) Didn(r)n-
SOU)(Q\SOU)(Ay) JT\H

_ / B(z0, h: (F(7), 0, (7, 1)) dh_. (3.4)
SOU)(Q\SO(U)(Ay)

Proposition 3.2 tells us we may apply the (0,2)-Theorem to (3.4). Doing this we

see

(34) =23 ") "> Cyn, (—m)ry_ta_(m)

n A m>0

2333 (X altm)da (m2)) kg ()

n A m>0 mi+me=—m

=235 (X ealmaddy, oa (= — m0) )y (m)

n A m>0 m1<0

23 ¥ ( 3" ep(=mi)dy,in, (m — m))ﬁ-m%(m). (3.5)

n A m>0 m12>0

If m > my, then d,, 45, (m1 —m) =0, so

(385) =233 3 al=m)( D dupan, (1 = msy_ o (m))

n A m20 0<m<my

=23 3> cyl=ma)rga(ma).

n A mi1>0

Then

Kpa(my) = Z (Frreng +Ar + Ly | Q(w1) = my —m}) Ky_qa_(m)

0<m<m1

= > Ry (m = Q). (3.6)
T1EN++A++L4
0<Q(z1)<my
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We know that Q(z1) > 0 and if we define x, (m) = 0 for m < 0, then we see
(3.6) is
Z K- (M1 — Q(z1)),

T1ENF+HA+L 4

which gives the desired formula for x, (m;). Note, defining s, (m) = 0 for

m < 0 is very natural according to Proposition 2.17(i). O

We now state an important corollary of Theorem 3.3, which gives the average
value of the logarithm of a Borcherds form over CM points. As in chapter 2,
let T'= GSpin(U) and let K C H(Ay) be a compact open subgroup such that
F: 9 — SF. Write Ky = K NT(Ay).

Corollary 3.4. (i) When (2.2) holds, the result of Theorem 3.3 can be stated as

> gl Wt DI = e (30 3 esmmmam) ~ €),

teT(@\T(A )/ K n A m=0

where U(F') is a Borcherds form and C' = —co(0)(log(2m) +17(1)).

(i) If U ~ k = Q(v/—d) where d is an odd fundamental discriminant, then we

have the factorization
’ hkCO(O)
oL (Lixg)
[T ZO,t,F>||4—r(2de g2 m;‘:)) |

where v = —I"(1) is Euler’s constant and r € Q. This can also be written as

_ co(0)
e hye A1 a\ wrxd(a) ’

(2o, t; F)||* = F(—) ,
[T11% ot P r[(gdﬂ) [Ir (G ]

where wy 1s the number of roots of unity in k.

Proof. (i) follows from (2.2). For (ii), we have vol(Kr) = where hy is the

h )

class number of k, and we will see from Theorem 4.1 of the next chapter that

he » D 0> eg(—=m)rya(m) (3.7)

n A m>0
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see
A'(s,xa) _
A(s, xa) 2 L(1,xq)

So for the corresponding m = 0 part of (3.7) we have

L,(L Xd)

—hyco(0) (1og(d) ~ log(m) + 21"(1) + 27—

+ log(2m) + F’(l))

= —hyco(0) (log(2d) — 3T 2%> '

The last identity follows from the Chowla-Selberg formula, which says

L,(la Xd)
L(17 Xd

= log(2m) 7——2)(,1 logI‘< )
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Chapter 4

Explicit Computation of

In order to compute examples of our main theorem, we need to derive explicit
formulas for k(). We assume U = k, an imaginary quadratic field, and write
Ky, () as k(t, u, 2A), where our lattice L = 2 C Oy is an ideal and ¢, = char(u+21)
for p € AV /A. For t > 0, k(t, u,2A) is given by the second term in the Laurent
expansion of a certain Eisenstein series. These Eisenstein series have factoriza-
tions in terms of local Whittaker functions, and we use these factorizations to
derive formulas for (¢, ur, ). For simplicity, we assume that k = Q(v/—d), where
d > 3,d = 3 (mod 4) and is square-free. Let A C Oy be any integral ideal and
let @ be the quadratic form given by Q(z) = —2%. Let y be the character
of Q) associated to k, which is defined via the global Hilbert symbol so that
X(t) = (t,—d)a. Then for a prime p < oo, the local character is x,(t) = (¢, —d),
where (, ), is the local Hilbert symbol.

Throughout this section we let p denote an unramified prime and ¢ denote a

ramified prime. Let p be a coset in D12(/2, where D is the different, and let

t € Qso. Write p, for the image of p under the map

D'9A/2 — D, ', /2,
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where 2, = A®y Z,, and similarly for D~!. For t € N, we introduce the function
p(t) = 4{A C O, | NU =1},
This function factors as
o(t) = [T o0 (4.1)
P

where p,(t) = p(p°¥®). The explicit formula for x(t,u,2) is given by the

following theorem.

Theorem 4.1. For p € DA/ and t € Qso,

k()
D,

’ﬁ(tﬁ% Q[) == HCh&I‘(Q(,U,q) + ZQ)(t) X

(Z nq(t, 1) log(q) (ordy(t) + 1)p(dt) + Z np(t, ) log(p)(ord,(t) +1)p (ﬂ) ) :

qld p inert p
where
k(p) = #{q ramified | p, = 0},
)
0 ifpg#0, or g =0 and x,(—t) =1, or x,(—t) = =1 = xy(—1)
for some ramified prime ¢’ # q with py =0,
77q(t7 ) =
1 if g =0,x4(—t) = —1, and xy(—t) =1 for all ramified
primes q' # q with py =0,
\
and
0 if xo(—t) = —1 and p, = 0 for some ramified prime q,
Up(t, ) =

1  otherwise.

Proof. Let ¢,, be the characteristic function of the coset p,, X = p~*, and

T =u+iw € $H. Using [16] and [14], we have the following formulas for the
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normalized local Whittaker functions. For p = 0, Lemma 2.3 of [14] tells us we

only need to consider t € Z, and for ¢t > 0 we have,

B 2% s 27tv N .
W (T,8) = Yao¥ =3 (tu)%/ e 2™ (u — 2tv) 2 du, (4.2)
7 F(ﬁ) u>2tv
ordy(t)
tp S ()00 Z ) (43)
r=0
. L1+ (g —1) X orda(®)+1 if ord,(t) is even,
Wi (8:90) = V442 (4.4)

1+ (=1)"2 (q, dt)y X 4O+ if ord,(¢) is odd.
Here v, and v, are local factors which do not affect our global computations since
Yoo I ] s Ya = 1, where the product is over all ramified primes. For an unramified
prime p, the local lattice 2, = A ®z Z, is unimodular. Hence, we only need
to consider the Whittaker functions at nonzero cosets for ramified primes. For

g 7 0 we have,

Wtfq(sa SOMq) = 'VQQ_%Char(Q<Mq) + Zq)(t)' (4.5)

Note that in (4.5), W/, (s, ¢,,) is either a nonzero constant or is identically zero.

Following [14], the normalized Eisenstein series has Fourier coefficients given by

By (1,5, @) = v72d 5 W (r, ) [ Wiy (s 00) T Wi (5. 00)- (4.6)
qld ptd

Write t = ¢*u where o, = ord,(t). We now show that (4.4) can be combined

into one nice formula.
Lemma 4.2. Wtfq(s, o) = ﬂyqq*% (14 xq(—t) X T,

Proof. For o, even, we have

(q, _t)q = (—t, Q)q = (-, _1)q(_tv _Q)q = (-, _1)q(_ta dQ)qu(_t)>

o1



and

(_t> _1)q(_tde)q = (_tv _dq_l)q = (_dqq_l) q =L

For o, odd,

q—1

(—1)F (g, dt)y = (—1)"7 (¢,d),(q. 1),
— (=1,0)q(q, d)g(—t, —q)g(—1,@)g(~t, —1)q

= (g, d)q(_t> _1)q(_ta dQ>qu(_t)7

and

(¢, d)q<_ta _1)q(_t7 dq}q = (g, d)q(_ta _dqil)q

e () (55)

=1.

So (4.4) can be rewritten as

Wy (5,00) = 7ga2 (14 xg(—1) X*1) . (4.7)

Let us first compute (¢, u, ) for 4 = 0 and ¢ € N. To do this, we need the

following special values for the local Whittaker functions.

Lemma 4.3. At s =0 we have
(i) Wi (7,0) = —700211%6(157').

(i) Wi,(0,00) = py(t), and if py(t) = 0 then
ny 1 t
Wi (0, 00) = log(p)§(ordp(t) +1)p, (5) )
(i) W7 ,(0,00) = 7447 (1 + xo(—1)), and if xo(—t) = =1 then

Wi (0, 00) = ’yqq*% log(q)(ord,(t) + 1)p,(t).
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Proof. See Lemma 2.5 and Propositions 2.6 and 2.7 of [14]. O

Given (4.6), we consider different cases based on when one and only one local
Whittaker function vanishes at s = 0. Since W/ (7,0) # 0 for ¢t € N, there are
two cases.

Case 1: Wy,(0, o) = 0 for p unramified, W}, (0, o) # 0 Vp' # p.

Wi, (0,40) = 0 implies that p is inert and ord,(t) is odd. Since W/ (0, o) # 0
for ¢ ramified, we have x,(—t) = 1 and W/ (0, ¢0) = ”yq2q’%. Computing the

derivative of the Fourier coefficient we get

* * B * *
B (7,0,80) = W;2(0, o) [U 2d2 Wy (7,0) [T Wi, (0. 00) [T W7, (0, @0)]

qld p'td
p'#p
1 t 1.1 1 _1
= log(p)§(ordp(t) +1)p, (—) [— v Ed2 Y207 e(tr) 2O quq g H P (t)]
p ald pid
p'#p
t HO) t t
= —log(p)(ord,(t) + 1)pp 5 e(tr)2 H Pq ]_9 H Py’ ]_? J
qld p'td
p'#p
since p, (%) =1 and py(t) = py (%) So we see
" t
E; ”(7', 0, @1’0) = —log(p)(ord,(t) + 1)2k(0)p (§> e(tr). (4.8)

Case 2: W}, (0,p0) = 0 for ¢ ramified, W7, (0, o) # 0 Vp # q.

Wi ,(0,00) = 0 implies x,(—t) = —1 while for any ramified prime ¢’ # ¢ we have
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Xg(=t) =1 and W (0, p0) = vq/2(q’)_%. In this case, we see

B (7,0, @) =W(0,¢0) [U 2d2W* (7,0) H Wy (0,¢0) HWtTp(()?QOO)]
q'ld ptd
q'#q
=744 2 log(g)(ordy(t) + 1)p,(t) x
[—U éd%%ﬂme t7) 2k H’yq énpp(t)]
q'ld pid

q'#q
— log(q)(ord,(t) + 1)2k(0)p(z€)e(t7). (4.9)

Recall that the definition of (¢, i, ) involves the non-normalized Eisenstein
series, and at s = 0 we have E*'(7,0, ®%*) = h,E’'(7,0, ®Y#). This fact and the

above analysis, particularly (4.8) and (4.9), give

k(t,0,2) =
2+0) t
i Zmos@ord o) + 0o + X o) oxm oyl + 0o (5) ).
qld p inert
where
)
0 if x4(—t) =1 or x4(—t) = —1 = xy(—t), for some ramified prime
Uq(t) = q/ 7£ q,
1 if x,(—t) = —1 and xy(—t) = 1 for all ramified primes ¢’ # ¢,
\
and

0 if x4(—t) = —1 for some ramified prime g,
mp(t) =
1 otherwise.

Now we compute x(t, 1, 2() for 11 # 0. One main thing to keep in mind is that
there is at least one ramified prime ¢ such that p, # 0, but the coset can be zero

locally at other ramified primes. Write p = (p,,), where if p is unramified then
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iy = 0. Again, we consider two cases.
Case 1: W;,(0,¢0) = 0 for p unramified, Wy, (0, <pup,) £0Vp #p.

The formula for the derivative of the Fourier coefficient is

E:J(T’ 07@17“) = W:I’;(O, ®o) [U 2d2W* (7,0) HWt*q » Pig) H th ]
qld p'td
p'#p

Then after cancelling some terms and using Lemma 4.3 and (4.5), we get

1 t
= log(p) 5 (ord, (1) + 1)p, <5> [—26@7)21@) lg char(Q(ttg) + Zq) ];gpp ]
q
tq70 p'#p

If ¢ is a ramified prime with p, # 0, then W7 (0,¢,,) # 0 implies ord,(t) = —1.
This means p,(¢t) = 1 and this also equals p,(dt). If u, = 0, then p,(t) =1 =
pg(dt). Similarly, p, (%) = pp <@> and py (t) = py(dt) = py ( ) We also see
that if y, = 0, then char(Q(u,) +Z,)(t) = char(Z,)(t) = 1. So the above formula
is

20 o) ond (1) + )p () efor) [ char Q) + 20 (4.10)

p qld

Case 2: W (0,p0) = 0 for ¢ ramified, W;,(0,¢,,) # 0 VYp # q.

Here the derivative is given by

By (7,0,®M4) = W[(0, ) [u 2d2 Wy (7,0) ) [T Wiy (0.00,) [T W50, @0)]
|d pid
qq’;éq

= log(q)(ord,(t) 4 1)p,(t) [ — 2¢(tr)2"0 7! H char(Q(uq) + Zq) H pp(t ]
qld
Hq70

— —240 log(q)(ord, (t) + )p(dt)e(tr) [ char(@(ug) + Zo)(H).  (411)
qld

Note that we do not consider the case where W/ (0,,,) = 0 for u, # 0, since

then the Whittaker function is identically zero and there is no contribution to
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the derivative. Formulas (4.10) and (4.11) imply that for p # 0,

9k(k)
hy,

Rt ) = ——— [ char(Q(u,) + Z,)(t) x

qld

<Zﬁq<t’u> log(q) (0rdy(t) + L)p(dt) + D my(t. 1) log(p) (ord,(t) +1)p (ﬁ) )

qld p inert p
(4.12)
where
)
0 if g # 0, or pg = 0 and xo(—t) = 1, or x¢(—1) = —1 = x¢(—1)
for some ramified prime ¢’ # ¢ with py =0,
77q(t, p) =
1 if py, =0, x,(—t) = —1, and x,(—t) = 1 for all ramified
primes ¢’ # ¢ with py =0,
(
and
0 if x,(—t) = —1 and p, = 0 for some ramified prime ¢,
(L, 1) =

1 otherwise.

If we take o = 0 in the above equations, we see that n,(¢,0) = n,(t) and n,(¢,0) =
np(t). Also, when p = 0 then t € N so p(dt) = p(t),p (%) = (%) and the

characteristic functions can be ignored. This means (4.12) holds when p = 0 as

well. This finishes the proof of Theorem 4.1. |
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Chapter 5

The Example n =0

The simplest case of our main theorem is taking n = 0. Then V = U is a
quadratic space of signature (0,2). Assume U =k =Q (\/Td) where d > 0 and
is square-free. Then letting K = @,f, the set we average over in Corollary 3.4 is
isomorphic to I, the ideal class group of k. In order to obtain input functions, we
make Schwartz functions out of Hecke’s theta functions. Multiplying by certain
weight-zero modular forms leads to an even richer supply. These input functions
depend on an ideal in the ring of integers, O = Oy, and we will see the main

theorem produces a function on [, X I?2.

5.1 The Ideal Class Group

Let T' = GSpin(U). Since U = k, SO(U) = k' and T = k*. We have the exact
sequence

1 - Q% -k =k — 1,
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and the map k% — k' is o — == by Hilbert’s Theorem 90. The space we sum

over in Corollary 3.4 is

T(Q\T(Ay)/K, (5.1)
where K' C T'(Ay) is an open subgroup. The double coset space (5.1) is isomor-
phic to k5 /kXE* K. We define our lattice to be L = C O, where 2 is an ideal

with N2 = A, and define the quadratic form Q(z) = —%. Then the dual lattice

18

LV = {w ek tr(zm) € Z} =D

T(Ay) acts on lattices by

t-L=tt""LNU(Q).
Take K to be the subset which acts trivially on LY /L.
Lemma 5.1. K = O%.

Proof. O fixes L so K C @*. We have the map O* — Aut(LY/L) with K as
the kernel. Then LY/L ~ D'/ ~ D~ /O, which locally is either isomorphic
to IF, at a ramified prime ¢ or is trivial. If q is the prime ideal lying above ¢, then
the inertia group of q equals the decomposition group of ¢, so == =1 (mod q)

for any x € O*. This tells us that K = Ox. [

Corollary 5.2. T(Q\T(Af)/K =k} [kXk*O* ~ I.

5.2 Input Functions

Next we consider the input functions that we plug into the regularized integral

®. These must be meromorphic modular forms for SLq(Z) of weight 1 valued in
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St C S(U(Ay)). We also require that their non-positive Fourier coefficients lie in
7. We take a variation of Hecke’s theta function, which we write as
Nz
V = — :
= 3 e (), (5:2)
repu+2A
and make it into a Schwartz function lying in S(U(Ay)). To do this, view 2 C O
as a lattice inside of U and let ¢, = char(u + 2A) for g € D'A/A. Then the
Schwartz function we consider is
F(Tv Q‘) = Z 19(7',,[1,9[)@“7 (53)
peED—12A/2A

which is valued in Sy.
Lemma 5.3. F(1,2) is an appropriate input function.

Proof. For the matrices

11 -1
T = S = ,
1 1
we have
w(T) () = e "W,
and

w(S) (o (2milh)
(9) () = ’TV/L 56;/L

Note, in [8], Hecke uses theta functions of the form

ﬁ(mu,m, \/D7> - ¥ 6(7%),

€ pu+A/ Dy

where Dy, is the discriminant of k. These functions are related to (5.2) by

9(r, 1, A (\ﬁuﬂ\ﬁ>
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The transformation laws (12) and (14) on pp. 222-223 of [8] imply

I+ 1, p,2A) = XA AT, 1, ), (5.4)
and
1 —1T 727rztr<£>
v (——,,u,Q[) = e )Y(r,6,2). (5.5)
T | v D’“| 5eDzl:m/2t

For T, (5.4) gives

F(r+1,2) = ZﬁT—i—lu,

= 2627” T H, )90
— Zﬁ(T,u,Ql)w(T)(Spu)
= w(T)(F(r,2)).

For S, (5.5) implies

(L) ns)

v (o s ey
Zu:(\/D_ Z 79(759()) Pu

kl sep-1o/21

while

P o

} §eD— 121/91
‘\/_‘ZZ ~2mite (£ O, p, A)ps. (5.6)

If we interchange what we call 6 and p, then tr ( ) is unchanged and (5.6) is

wo?
A

—1 —27Titr(£)
e )T, w1, A) o,
GAps :
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Hence, F(ST,2) = 7w(S)(F(7,2A)) = j(S, 7)w(S)(F (7, 2)). O

We can obtain more input functions by letting k}%f act on F(7,2(). Let h €
k:}w = SO(U(Ay)). Define the Schwartz function w(h)(F(7,2)) by

w(h)(F(r,20)(z) = F(r, ) (h""z)
for x € U(Ay). Recall kj}%f acts on ideals by h -2 = h2A N k. Then we have

Lemma 5.4. For h € k:}&f, w(h)(F(r,A)) = F(r,h-2) and this is an appropriate

_ Nz

input function valued in Sy.., where the quadratic form is Q(x) = —=3

Proof. Foracoset y € LY /L, define h- = h(u+2)Nk. Then ¢, (h™'z) = pp..(z).
So we have

W) (F(r,)(x) = Y I W)pn,(@)

HED—1A/A

= Z ) (7‘, R, Ql) ou(z).

HED—1(h-2A) /h-2A

Note that N(h- ) = (Nh)NA = N since h € k}%f. Then

oram 5 () B2

yeh—1.u+2A yEu+h-2A
w) o 2 )
-y e(T_ =Y ofr
yEu+h-2A NQ[ yEpt+h-A N(h Q’l)
=9(7, 1, h - A)
So
wh)(FP(r, )= > 97 ph-A)p, = F(r,h-A),
peD=1 (h-2A)/h-2A
which is an input function by Lemma 5.3. O
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We note that, for any ¢ € k:jif, tONk = I, porde () This is the ideal given
by the usual mapping from ideles to ideals, which implies that for ¢,¢ € k:xf we

have

~

tONK)(H'ONk) =t'ONk.

It is also clear that (tO N k)™ =t°O N k. Then for h € k}%f, we have h = tt~°

for some t € k:gf, which tells us that in the ideal class group
[h-2A] = [tt7AN k] = [CI[C] 7 [A], (5.7)

where C = tO N k. Raising to the power —o is trivial in I, which means (5.7)
is [C]?[21]. So for different h, applying w(h) to F(7,2) gives input functions that
cycle over the coset of 2 modulo the principal genus I%.

Using the function F(7,2(), we can produce even more input functions by
considering the weight-zero modular forms J,.(7) for r € N. These are defined to

be the unique modular function whose Fourier expansion is
J(t)=a " +e()g+---.

That is, ¢,(—r) = 1 and all other non-positive coefficients are zero. These are

given as monic polynomials of degree r in j(7). The first two are (cf. [17])

Ji(7) = j(r) — T44 = q~* + 196884q + - - -

Jo(7) = j(7)* — 14885 (1) + 159768 = q 2 + 42987520q + 40491909396¢> + - - -
Then we get more input functions by letting

F.(1,2) = F(1,2)J,(7).
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5.3 The Function F(7,%)

We now look more closely at the (0,2)-Theorem for the input function F'(7,2).
Let
B, t) := &(t; F(1,2)).

Proposition 5.5. B(2,t) satisfies the following properties:

B, t) = /F\ﬁZﬁ(T, 1, ) (7, 1=, it M)~ dudov.

I

2. As a function of A, B(A,t) only depends on [AU] € Ij.

3. As a function of t, B(,t) only depends on the double coset of t in
TQ)\T(Ay)/K. So B(U,t) can be viewed as a function on Ij, x Ij.

4. IfF[tONEK]?2 =[O Nk, then B(A,t) = B(A,t'). This means B(A,t) can
actually be viewed as a function on I, X I7.

5. B(,t) = B(tt=°,t71).

Proof. B(2,t) is defined as
B = [ 0t P 0)dn(r),
IS

For h € kj , we have

O(r, b F(r,20)) = > 0(m,1,2%A) > poo(r,2)p,u(h '), (5.8)

M zeU(Q)
where ¢ (7,2) = w(g.)(¢o(x)). Then U(Q) = k and h = tt77,t € T(Ay),
so (5.8) is
= 0T 2A))  ulT, )t ). (5.9)

n z€ek
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For ¢, we have, by [15],
oo (T, 1) = 0e?RET — ve TR = yg A (5.10)

This, along with ¢, (¢t 't7z) = py-o,(z), implies (5.9) becomes

= " i(r, 1) 3 v =Y 0T, WO, 7, TR,
H Iz

2€(t=7 p+tt—o ANk
since N(tt77) = N2A = A. This proves (1). For (2), we view the function
F(r,2) as F(1,,x) for x € U(Ay). Then for a € k*, we have
F(r,a2z)= Y drnpaWeuz) = > 97 aua)pau(),
pED~1(a)/aU peD—1924/2A

and

Irapa)= Y e(T]\]Lm == 6(7%) = 9(r, i, ).

rEaputa rzep+A
So
F(r,o2z) = Y (71, A)pau(z) = F(r,2% o 1), (5.11)
nED1A/A

which shows F(7,2() is not a function of [2]. However, when we compute

O(t, h; F(1,a20)), using (5.11), we get

O(r, s F(r,02) = > 91, 2%) Y ool 2)pa,u(t 1)

peD1A/2A zeU(Q)
= Z I(7, p, A) Z oo (T, ), (t 7). (5.12)
peD19/2 zeU(Q)

By (5.10), the Gaussian for the lattice a2l is @oo (T, 2) = vﬁNI(VaZA>, so (5.12) is

= 219(7', W, Ql) Z U(_l% = 6)(7_7 h;F(T’ Q[)),

z€(tt=o p+tt—oA)Nk
which tells us B(2,t) only depends on [2]. Now we need to see how B(%2,t)

depends on . To do this, part (1) implies we can look at J(7, tt=7u, tt~72A). Fix
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poand 2 and let t € K = O%. Then {7 acts trivially on LY/L ~ LY /L, so
(4 A) = p+A and I(7, =, tt7°A) = I(7, u, A). If we let t € T(Q), then

we have

O(r, it F(,20)) = > 0(7, 1,%) > @oo(7, )0, (1 17)

= Z O(r, p, A) Z Ooo (T, 1177, (). (5.13)
I r€k

So tt=7 € SO(U(Q)) € SO(U(R)) implies (5.13) is

= Zﬁ(T,M,Q() ZSOOO(T’ :L‘)QOM(ZL‘) = 0(7—7 1;F(7-7 Q[))

xck
Hence, 0(7,t; F(1,20)) is a function of t € T(Q)\T'(Ay)/K ~ I),. Statement (4)

is stronger than (3). We have
tONE? =[tONKtONk] = tONK[tONE ™ = [tt7°O N k],

and by assumption this is [t/(#)"°O N k]. So (3) and the fact that B(2,t) is
really a function of ¢t~ imply B(2,t) = B(2,t'). For the last statement, let

Q[t = tt~?A. Then

B, t7) = / S 0 %), T, ) dudy
S ep-tay, /2,

:/ Z I(7, 1t~ p, 1t~ MWI (7, p, A)v ' dudv = B(A, ).
9 ep-1oya

[J

We mention that B(2,t) is like the Petersson inner product of ¥(7, u,2) and

I(7, tt=p, tt~7A) summed over pu. The Fourier expansion of F'(1,2) is

F<T7 Ql) = Z Z d(”a%m)qTL@u,

pED1A/ANEQ>g
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where
N
d(n, p, ) :#{w€u+§2l| 71: :n}.
Then the (0,2)-Theorem gives

- Yo BEL =Y d(—n,m,W)r(n, p, ). (5.14)

Mk eranTag) i >0

We have

1 if p=0,
d(0, 1, 2A) =

0 otherwise.

So (5.14) becomes

1
h— E B(Q«l, t) = I{(0,0,Ql)

¥ ter(@\T(Af)/K
N1,
el 25

by Lemma 2.18, where A, is the absolute value of the discriminant of k and

xa(a) = (o, =d)a.
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Chapter 6

The Example n =1

6.1 Input Functions

Let V = {z € My(Q) | tr(z) = 0} with quadratic form Q(z) = det(z) and
bilinear form (z,y) = tr(zy'), where ¢ is the involution (2%)" = (% ). This is
a quadratic form of signature (1,2). We define our lattice L to be L = VN My(Z).

The dual lattice is

5 b
LV = |a,b,c€Z p,
=
and so | LY/L |= 2. Write Ly and L; for the trivial and nontrivial cosets,

respectively. The input functions we need are modular forms of weight % and
type w for Mpy(Z). In this section, we show that such an input function can be
obtained from a scalar-valued meromorphic modular form of weight $ for T'o(4)
whose Fourier coefficients satisfy certain congruence conditions. We also mention
a result of Borcherds on the existence of these scalar-valued modular forms.

Let fo be a scalar-valued modular form of weight £ for I'g(4). Assume f, has
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Fourier expansion

folr) =Y coln)a”

n

Definition 6.1. We say fy lies in the Kohnen “plus space,” denoted M% (TCo(4)) T,
if co(n) € Z for all n and cy(n) = 0 unless n = 0,1 (mod 4).

Given fy € M%(FO(ZL))*, let

ho(m) = ) _ coldn)q”,

and

hi(r) = coldn + 1)q .

n

Then fo(7) = ho(47) + hi(47).

Proposition 6.2. Let ¢, = char(L,) for p=0,1. For fo(7), ho(T) and hi(T) as
above,

F(1) = ho(T)po + hi(T)e1

is a meromorphic modular form for Mpy(Z) of weight % and type w.
Proof. We need to show that
F(r+1)=w(T)(F(7)) (6.1)

and
1
F (—;) — Rw(S)(F(7)). (6.2
Here we follow the ideas in the proof of Lemma 14.2 of [1]. For any v € I'g(4),

we have fo(v7) = j(7,7)2 fo(7). If we let o € $, then

4o + 1

fo( d )Zfo Ve = vae T D). (6.3)
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Let 7 =40 + 1. Then (6.3) becomes

I (74—71) = (r;1>’

which says

ho (T_ 1) hy <T;1) — VT (ho(T = 1) + In(7 — 1)),
() e () - me- . o

If z € $, the definitions of hg and h; imply ho(z £ 1) = ho(z) and hy(z £1) =

+ihy(z). This means (6.4) becomes

1 , 1 .
h() (—;) + Zhl <—;> = \/F(ho(’?’) - Zhl(T)). (65)
If we let 7 = ix be purely imaginary, plugging this into (6.5) gives
ho (=) 4 ihy (=L ) = Viz(ho(ia) — ih(ix)) (6.6)
—— i —— ) = Vix(ho(iz) — ihy(ix)). .
0 1 ! 1 0 !
Using Vi = @(1 + i) and equating real and imaginary parts in (6.6) gives
1 2z , .
to (-~ ) = o= halin) + (i),
and
1 V2zx , .
hy (_E> = T(ho(zx) — hq(ix)).
Since these two identities hold for all z € R+, we have
1 1—1
ho <—;> = ( 5 ) VT (ho(7) + (7)), (6.7)
and
1 1—1
e (-3) = (45 VAta(r) = mu(o). (6.9
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Note that in the proof of Lemma 14.2 in [1], the equation resembling (6.8) is off by
a sign. We now go back to the modular form F" and prove formulas (6.1) and (6.2).

Take & = (5 _1> as a coset representative for L;. For (6.1), w(T')(¢o) = ¢o and

w(T) (1) = e 220 =iy, so
W(T)(F(7)) = ho(T) o + thi (1)1 = ho(T + L)go + hi(T + 1)y = F(7 + 1).

If w € LV/L, then for signature (1,2) we have
Vi(—i)
V2

where in the superscript we mean = 0 or £. This implies

1

(o + €™ Eip1) = —

w(S)(p,) = (po + 2™ EM ) |

w(S)(F (7)) = ho(T)w(S)(#0) + ha(T)w(S) (1)

— ho(7) (1 > "o + 901)> + ha(7) (1 5 ' (b0 + 62”(5’5)9010

1—1

= (ho(r)<soo + 1) + hi(7)(po — wl))-

Using (6.7) and (6.8),

(D) n( ()

V7 (o) + ha(m))o + (holr) = (7)1 )

V7 (ho() g + 1) + ma(7) 0 = 1)),
which proves (6.2). O

Proposition 6.2 tells us we can construct input functions from modular forms
fo € My (To(4))". We would also like to know to what extent these input func-
tions exist. The following lemma is about the existence of modular forms in

M.1(Ty(4))", and, therefore, tells us something about the existence of our input

1
2

functions.
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Lemma 6.3 (Lemma 14.2 of [1]). Every sequence of integers co(n) for n <
0,n = 0,1 (mod 4) which are almost all zero is the set of coefficients of non-

positive degree for a unique modular form fy € M%(Fo(él))*.

6.2 Lattice Computations

Define
L,(r)={x€L,|Qx)=r},

for r € Q and = 0,1. Let r > 0 and zo € L,(r) be given by

—a b
To = I—HL ) (69)

¢ Tt

where a,b,c € Z and if p = 1, then a is odd. Note that r € Z if p = 0, and
re iZ — %Z if 4 = 1. We also assume x is primitive, i.e., ged(a, b, c) = 1. Then
xo determines a splitting of our vector space, V. = V. + V_, where V. = Qxg
and V_ = xg. Define the positive and negative lattices, Ly, as Ly = Vi N L.
We have the projection maps pry, : V. — V.. When comparing L with the
sublattice Ly + L_, we will see that L does not split. In this section, we give
Z-bases for L4, and also investigate the structure of various coset spaces, namely,

L/(Ly+ L_),pry(LY)/Ly and LY /Ly. The facts that we prove are very useful

for doing explicit computations.

Proposition 6.4. Forr > 0, let g € L,(r) be given by (6.9) and assume xq is
primitive. We have the decomposition, V =V, +V_ = Quq + x5, and positive
and negative lattices Ly = Vi N L. Choose u,v € Z such that uc — vb = (b, c).
Then

L-I— = (1 + N)ZxO’
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and

sUWZ + 1,7 if (bc) is even and p =0,

L =
LWZ + 157 otherwise,
where
bc) —22y
l1 = uey +veqg = (b:0) e )
ﬁ_—auv _(b7 C)
b
L (14 p)b (14+pe )
2 = €1 €2 = )
2a(b, c) 2a(b, c) e
(b,c)
for
c —32& —b
€1 = o , €2 =
2a
—C m b

Proof. Since xg is primitive, we have

Ly =QxoNL =14 p)Zxo.

Let
1 ¢ —-—a
3/1 — Ty = o )
1 ﬁ b
and
1 c __a_
Yo = To = e
= i
Then
-1
tr(zoYy) = tr | zoxy =0,
-1

and similarly tr(z¢Yy) = 0. Note that Y7 and Y5 do not have trace zero. If we

modify them into matrices which do have trace zero, we get

cb  _ _a
_ 2 1+p
Yy = )
a b—c
1+p 2
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and

btc __a_
o 2 1+p
Y2 =
__a  _bte
14+p 2

Then y, and y, are perpendicular to xy and have trace zero, i.e., they lie in V_.
In fact, they form a basis for V_, yet they do not lie in L_. Let e; = y; + y» and

es = y1 — yo. That is,

2a
¢ —2 —b
1+p
€1 = ; €2 =
_ 2a
c T b

In terms of this basis, L_ is given by
1
- {Blel + Boes | By, B € ;“Z Byc — Bob € Z} .

Write B; = % for j = 1,2. There are two cases to consider.
Case 1: (b, c) is odd.
Choose u,v € Z such that uc —vb = (b, ¢). Then Cyc— Cob € 3% Z implies there

exists r; € Z such that Cic — Cyb = (b c)ry = ﬁf (uc — vb)'r’l From this we

2a 2a
(Cl—r11+uu)0— (Cg—r11+uv)b

have

or
2a c 2a b
C =(Cy—ri—v | ——.
(1 e )(bc) (2 11+u)<b,c>
(b = and C) are relatively prime so there exists ry € Z such that
2a b 2a c
Ci—rm—u=ro——, Co—ri——uv=ry——.
1 11+M 2(b,c) 2 11—1—,u 2(b,c)
That is,
C 2a 2a o, b
' =T L+ + 7o (5.0)
2a c
Ca [ ®.0)

73



This tells us

14 u)b 14 pc
Biey + Boey = (rlu + (1+p) T2> er+ (mv + (1 +p) 7“2) €2
&

2a(b, c) 2a(b, c)
(L+mb  (+p)
2a(b, c) at

2a(b, c) 62) ’

and, hence, {l1,l5} gives a Z-basis for L_. Note that if g = 1, then the above

= ri(ue; +veg) + 1o (

argument works for (b, ¢) even as well.

Case 2: (b,c) is even, u = 0.

As in case 1, we have uc — vb = (b, ¢) for some u,v € Z. Then b and ¢ are both
even, so Chc — Cyb € 2aZ implies there exists v € Z such that Cic — Cob =
a(b, c)ry = a(uc — vb)ry. Continuing as in case 1, we get a Z-basis for L_ given

by {%ll,lg}. ]

The remainder of this section deals with looking at the structure of different

coset spaces. We begin with L/(L + L_).

Lemma 6.5.

L)(Ly + L) ~pro(L)/Ls. (6.10)

Proof. We have Ly C pr (L), so we can map L — pry(L)/Ly. Then for [ €
L,l =pr () +pr_(I) and pry(l) € L if and only if pro(I) = [ — pro(l) € L=,
i.e., ZGL++L_ D

Using the basis {zo, y1,y2}, we are able to identify pr, (L).
Lemma 6.6.

17z if (b,c) is even and p =0,
pr (L) =
%Zxo otherwise.
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Proof. In terms of zg,y; and y,, the lattice L is given as

L=A"173,
where the matrix A is
a c=b ctb
1+p 2 2
A= _a_ __a_
¢ 1 e
_a_ __a_
b 1+p 14p
with inverse
__ 2a? ___ab _ _ac
(14p)? 14 14+p
1
A‘l — T H a (C o b) __ad®> b +be a? + be-c?
2ar I+p (1+p)? 2 (1+p)? 2
___a a® b’ 4be a? bc—c?
1+u(c +0) (1+7)2 2 Tz T2

From the entries in the first row, we see

. 9% %Zﬂ?o if (b, ¢) is even and pu = 0,
b, ¢ | Zxy =
1+

pr, (L) = gng
%Zxo otherwise.

[
Corollary 6.7.
(r if (b,c) is even and p =0,
|L:Ly+Lo| =42 if(bc)isodd and =0, (6.11)
dr if p=1.

\

Proof. This follows from Lemmas 6.5 and 6.6 and the fact that L, = (14 p)Zxy.
]

For the positive and negative lattices and their respective duals, we have
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Lemma 6.8.

y 2r if p=0,
LY : Ly| = (6.12)

8r if u=1,
and

r if (b,c) is even and p = 0,
LY . L_| = (6.13)

4r  otherwise.

Proof. Ly = (1+ u)Zxq so

1

LY = V L)CZ}=—"-7
+ {LL'E +’($7 +>— } (1+u)2r Lo,
which takes care of (6.12). For (6.13), we compare
LY+ LY : Lo+ L_|=|LY :Ly||LY:L_| (6.14)

with
LY+ LY Ly+ L |=|LY+ LY - LY[|LY  LI|L: Ly + L_|.

Then |LY + LY : LY| = |L: Ly + L_| and |LY : L| = 2 imply

;

2r% if (b,c) is even and pu = 0,

LY+ LY Ly + L] = {82 if (b,¢) is odd and p = 0,
32r2 ifp=1.
Now formulas (6.12) and (6.14) give (6.13). O

We will see that pr,(LY)/Ly+ = LY /L., which implies that in some cases
pry(L)/Ly = pr (LY)/L+, while in other cases they are not equal. We conclude

this section by giving explicit coset representatives for pro(L")/LL.

Lemma 6.9. pr,(LY)/Ly =LY /L.
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Proof. Map
LY — pro(LY)/Ly

by [+ pry(l)+ L. If we assume pro(I) € L, then [—pr,(I) = pr(I) € LYNV4.

So
LY/ (Ly+ (LY NV)) ~ pr+(LV)/L+,
and
LY)(LYNV)+ L) ~pr_(L")/L_. (6.15)
Now
a b 1 % b
LVNnv, = \a’eiz,b’,c’ez NQ a
d —d c —ﬁ

\

sZxy if (b,c) is even and p = 0,
- (6.16)

Zxy  otherwise.

\

Using |[LY : (LY NV + L |[(LYNVy) : Ly|=|LY : Ly + L_|=2|L: Ly + L_|
together with (6.11), (6.15) and (6.16), we see
r if (b,c) is even and p = 0,

pr_(LY)/L-| =

4r  otherwise.

Formula (6.13) implies pr_(L")/L_ = LY /L_. For pr,(L")/Ly, we know LY N

V_ DO L_ but we need to see when we have equality. Let

B\
Y= el"NV_.
C1 —%
Then
L
a _a_ b aa
tr 2 Tu :—1 ! —bic—cb=0
o %)\ e = TH
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If (b,c) is even and p = 0, or if p = 1, then a is odd so a; must be even. This
implies LY NV_ = L_. Otherwise, a; can be odd and we have [(LY NV_): L_| =

2. As with pr_(LY)/L_, we see

2r if p =0,
|pr+(Lv)/L+| =
8r ifp=1,
sopr,(LY)/Ly =LY /L by (6.12). O

Corollary 6.10. 1. If (b,c) is even and p =0, then pr,(L)/Ly G
pr, (LY)/Ly while pr_(L)/L_ =pr_(L")/L_.

2. If (b,c) is odd and p =0, then pr_(L)/L, = pr (LY)/L, while

pr_(L)/L_ S pr_(LY)/L._.
8. Ifu=1, thenpr,(L)/Ly G pr, (LY)/Ly while pr_(L)/L_ =pr_(LY)/L_.
Proof. This follows from (6.10), (6.11), Lemma 6.8 and Lemma 6.9. O

Let LY/L = {0,&}, where £ = (% B 1) represents the nontrivial coset, and

assume pr_ (§) = nz, for some n € Q*. Then (£, z9) = (pr,(§),zo) = 2rn, and,

by definition, (£, x¢) = tr(&xf) = —ﬁ. So pr, (&) = —mxo. This implies
1 _a_ b
2 a 1+u
pr_(§) = t5 T
_% 2’/‘(1 + ,u) c _%
m
B 1 r(1+ pu)?* + a (1+ p)ab
T 90 (1 4L )2
2r(1+p) 1+ wac  —r(l+p)?—a?
L[ —be 5

= 5 9
1+p
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since —ﬁ —bc =r. Let § € LY/L be either coset. Then for a given coset
Ap € pr(LY)/Ls, we want to find the corresponding coset A_ € pr_(LY)/L_

such that A\, + L, +A_+ L_ C §+ L. Define
(A, Al) <6
tomean \\ + L, +X\_+L_ C §+ L. Let 1,15, u and v be as in Proposition 6.4.

Lemma 6.11. 1. If (b,c) is even and pn = 0, then Ay € pr_(L)/L, has the
form A = 2x0,0 <y < r, and the A_ for which (AL, A_) < 0 is A\_ =
Yy (éll + Blg), where we choose (o, 3,7) € Z? such that 2aa+ cf+by = —2
and
2(ra —a) (b,¢)(b —rpB) — 2au(ra — a)

A=——- B=
r(b,c) rb

2. If (b,c) is odd and p1 = 0, then Ay € pr(L)/Ly has the form A} = 3£20,0 <
y < 2r, and the A_ for which (A1, A\_) <0 is A\_ = y(Aly + Bly), where we

choose (o, 3,7) € Z3 such that 2ac + ¢ + by = —1 and

. 2ra —a B_ (b,¢)(b—2rp) — 2au(2ra — a)

2r(b,c)’ 2rb

8. If p =1, then Ay € pr(L)/Ly has the form A\, = £x0,0 < y < 4r,
and the A_ for which (Ay,A_) < 0 is A_ = y(Al; + Bls), where we choose

(o, B,7) € Z3 such that ac+ ¢+ by = —1 and

dra—a (b,c)(2b — 4rB) — au(dra — a)
A= , B= .
4r(b, c) 4rb

Furthermore, in all 8 cases, (b,c) divides the numerator of A and b divides the

numerator of B.
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Proof. The proof in each case is very similar, so we only prove (1). Clearly we

can just work with A\, = %xg.

a A(b,c) b b
1 A S+ = > — Aau — 75 B
—Xg + 5[1 + Bl2 = 2 (b:0)
" £t Aav+ 5B -2 — 4G

We want this matrix to lie in My(Z). If & + @ =« € Z, then A = Q(TT((Z;)G). For

the second entry in row 1, if this is equal to § for some 3 € Z, then

b au—L :b(b,c)—Qau(ra—a)_ b _
r A (b, c)B r(b, c) (b, c) B=p
implies
B ~ B(b.c) N b(b, c) — 2au(ra — a) _ (b,c)(b —rpB) — 2au(ra — a)‘ (6.17)

b rb rb
For the first entry in row 2, if this equals v for some v € Z, then

¢ o cbe)+2a(ra —a) c
bo” ™ (b, <) 0o

E+Acw—|— B=vy
-

implies

B v(b, ¢) B c(b,¢) + 2av(ra — a) _ (b,c)(yr — ¢) = 2av(ro — a)‘ (6.18)

C rc rc

Comparing (6.17) and (6.18) we have
b((b,c)(yr — ¢) — 2av(ra — a)) = c((b,c)(b — rB) — 2au(ra — a)),

or

—2bc(b, ) + 2raa(uc — vb) + 2a*(vbh — uc) + (b, c)r(by + ¢f) = 0.

Since uc — vb = (b, ), this becomes

2(b, c) (—a2 — bc + raa + g(bv + cﬁ)) =0.
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From —a? — be = r we get
r(b,c)(2 4+ 2aa + cfB + by) = 0.

This means we want to find (a, 8,7v) € Z? such that 2 + 2aa + ¢ + by = 0, and
we know we can do this since xq is primitive and (b, ¢) is even. Now we prove the
last statement. The numerator of A is 2(ra — a) = —2a’a — 2a — 2bca, which
modulo (b,¢) is —a(—2aa — 2) = —a(cf + by) = 0 (mod (b, c)). Similarly, the
numerator of B (mod b) is (b, ¢)(b—rfB) —2au(ra—a) = —(b, c)rff — 2aura+2a*u
and using a®> = —r (mod b), the numerator is congruent to a?(b,c)8 + 2a*ua +
2a%u = a®(b, ¢)3 + ua*(2aa + 2) = a*(b, )3 — ua?(cB + by) = a*B((b,¢) — uc) =
a’B(—vb).

0

Corollary 6.12. If 6, € pr (LY)/Ly and 64 ¢ pr(L)/Ly, then 64 = pr,(§) +
Ay for some Ay € pr (L)/Ly and (pr (&) + Ay, pr_(§) + A=) < &, where A_ is

as in Lemma 6.11.

Now we let Ay be the generators of pr,(L)/L and let y be as in Lemma
6.11. Corollary 6.10 tells us that sometimes the cosets {yA+} are disjoint from
{pr. (&) +yA+}, while other times they are the same set of cosets. The following
lemma gives an explicit description of pr, (LY)/L, and in the cases where {yA.} =

{pry(§) + yAs+} shows exactly how the two sets agree.
Lemma 6.13. 1. If (b,c) is even and 1 = 0, then pr, (LY)/Ly = {yA; | 0 <
y <rtu{pr (+yrs |0 <y <r} whilepr_(LY)/L- ={yAs [0 <y <r}
and pr_(&) + yA_ = (y — <X) A_.
2. If (byc) is odd and pu = 0, then pr_(LY)/L_ = {y - | 0 < y < 2r} U
{pr_(§) +yA_ | 0 <y < 2r} while pr (LY)/Ly = {yA+ | 0 <y < 2r} and

pry (&) +yAy = (y —a) Ay
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8. If p=1, then pro(LY)/Ly = {yA+ | 0 <y < 4r} U {pr (&) +yAs |0 <
y < 4r} while pr_(LY)/L_ = {yAy | 0 < y < 4r} and pr_(§) + yA_ =

(v = #5) A

Proof. Our notation is as in Lemma 6.11. We just need to show that either the
two sets are disjoint or that they agree as above. For case 1, if pr_ (§)+yA; = A4
for some y and g, this is equivalent to having pr_(§) +yA; € Ly = Zx, for some
y. Then

2y—a [a b

2r ’
c —a

pr+(£) +yAy =

but a is odd so (2y — a)a ¢ 2rZ. Since (b,c) is even, a and r are both odd

so “r ¢ Z. For pr_(LY)/L_, we need to show that for y = %~ (mod r),

pr_(§) + “EA_ = 0. We have

a-+t+r 1 —bC (lb a+r A
== L, +B
pr_(&) + 5 A 5 +— (2 L+ l2>
ac  be
—bc ab a+r|ra—a | (bc) —2au
= —— -
2r \ ac be 2r | (be) | ogy —(b,¢)
(b,e)(b—1rB) — 2au(rac —a) [0 —b ]
b(b, c) c 0
1 [ —bc ab a-+r
2\ we be 2rb(b, c)
b(b,c)(ra — a) b(b, €)(r — )
(ra —a)2a(vb — uc) + ¢(b,c)(b —rB) b(b,c)(a —ra)
1 [ —bc ab ra—a r3—2b
= o +a;r . (6.19)
"\ ac be " ic(b—rB) — (ra—a)2a) a—ra
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Then c(b—rfB) — (ra —a)2a = cb — crf3 — 2ara + 2a?> = —2r — crf3 — 2ara — be =

—r(—=by) — be. So (6.19) becomes

(a+7r)(ra—a)—bc (a+r)(rf—>b)+ab

(a+7)(ry—c)+ac bec— (a+r7r)(ra—a)

1 [ara+r?a+7r—ra arB+ 1?8 —rb

ary+r*y—rc  —ara—r*a—r+ra

1 [ala+r)+1—a Bla+r)—>b

va+r)—c —ala+r)—1+a
which lies in L_ since a +r,1 — a,c,b € 2Z. For case 2,

a a
pry(§) +ary = ~ 5,20 + o b0 = 0.

Then a computation similar to the proof of case 1, with y instead of 4~ gives

1 [y(2ra—a)—bc y(2rf —b)+ ab

pr_(§) +yA- = o
"\y@2ry—c) +ac be—y2ra—a)

If this matrix lies in L_, then —ay—bc, b(a —y), c(a—y) € 2rZ. We know b or ¢ is
odd so assume b is. Then xy being primitive implies (b,r) = 1. So b(a —y) € 2rZ
tells us a —y € 2rZ. Then —ay — bc = —ay +r +a* = a(a — y) +r € 2rZ, which
is a contradiction. For case 3, L, = 2Zx, while

20—a |3 b
4r ’

pr+(£) +yA =

which never lies in 2Zx since a is odd. Again, a computation similar to the

above gives

1 [y(dra—a)—2bc y(4rp — 2b) + ab
pr_(§) +yA_ = . : (6.20)
"\ y(4ry —2¢) + ac 2bc — y(4ra — a)
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Since r € iZ—%Z, 4ris odd. Letting y = 4T—§L“ (mod 47) and using —a*—4bc = 4r,

(6.20) becomes

1 [ 8r%a + 2rac — 2ra + 2r 823 + 2raf — 4rb

4r 82y + 2ray — 4rc —8r?a — 2raa + 2ra + 2r

1 |adr+a)+1—a  pBdr+a)—2b

9

y(dr+a)—2¢c —aldr+a)—1+a

which is in L_ since 4r +a,1 — a € 2Z. ]

6.3 Classical Interpretation of the
(n,2)-Theorem

Let V(r) ={z € V| Q(z) =r} for r € Q. For =0, 1, we have L,(r) =V(r) N
L, Let G = GLy, K = GLy(Z) and T' = GLy(Z). We have G(A;) = G(Q)K.

Then for x € L,(r), we consider the sequence of maps
Go(Q\ (Do x Go(Af)/Ky) — GQ\ (D x G(Af)/K) ~T\D, (6.21)

where K, = K N G,(Ay). By Lemma 2.1 of [10], we have G, ~ GSpin (z*) and

rt is a negative definite space of signature (0,2). This tells us that

G(QN\G(Ay) /Ky

is the space we sum over in Corollary 3.4. We wish to identify the image in I'\ D

of the first space in (6.21). The isomorphism in (6.21) is given by
G(Q)(z,9K) =T (y7'2),

where g = ko, v € G(Q), ko € K.
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For x € V(r), we have

2

So for k= Q (\/—r) we get an embedding

¢x : k — M2(Q)>

by sending /—r +— x. Note, if A+ By/—r € k, then N(A+ By/—r) = det(Al +
Bz). We define
0, = ¢;1(M2(Z))7

and O, is an order in k.
Definition 6.14. Let R C M5(Q) be an order. Given an order O C k, we

say ¢  k — My(Q) is O-optimal with respect to R if ¢(k) N R = ¢(O) (or
¢~ (R)=0).

Note that if 4 = 1, then 7 = 7 for some odd integer ry. Then k£ = Q (\/—7’) =

Q (v=r0) and ¢, (v/=70) = 2z € My(Z), while ¢, (v/=r) = = ¢ My(Z).

The group G(Ay) acts on orders in M(Q). For ¢ € G(Ay) and an order
R C M,(Q), the action is given by gR = gRg™' N M(Q), where R = R ®7 Z.
Let Ry = M5(Z) and T = G, which is isomorphic to k*.

Lemma 6.15. Assume ¢, is O-optimal with respect to Ry for some order O C k.

Then ¢, is O-optimal with respect to gRy for all g € T(Ay).

Proof. Let g € T(Ay) and R = gRy. Then

¢x<k) NR= ¢x(k) N gR07
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and g € G, (Ay) tells us go, (k) = ¢,(k), so the above is

Fix an order O C k. Define

Opt(¢ps, O) := {R C M3(Q) | R is an order and ¢, is O-optimal w.r.t. R} .
We have the following well-known theorem.
Theorem 6.16. T'(Ay) acts transitively on Opt(¢s, O).

Inside of L, (r), we define
L,(r,0):={x € L,(r)| ¢, is O-optimal w.r.t. Ry} .

Since \/—r — x we have Z [\/—r} COifpu=0,and Z[\/—ro] COifp=1,r =

To
o,
Lemma 6.17. I' = GLy(Z) acts on L,(r,O).

Proof. Let g € I,z € L,(r,0). We know that g -« € L,(r). By definition,

Ggu(v/—T) =g 2= grg", 50 ¢gu(k) = go.(k)g~*. Then

¢ye(Ro) = {y € k| ¢g(y) € Ro}
={y ekl ¢s(y) € g ' Rog}
={y€k|d.(y) € Ro}

= ¢, (Ro).
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Fix zg € L,(r, O). It follows from Witt’s Theorem that V(r) = G(Q)z,. So
if v € L,(r,0), then x = v- 2 and ¢, = 7 ¢4, for some v € G(Q). Let T' = Gy,
and ¢y = ¢,,. The choice of v in the expression z = v - ( is not unique, but is

determined up to yY7'(Q).
Proposition 6.18. I'\L,(r,O) ~ T'(Q)\Opt(¢o, O).

Proof. We map

L(r, 0) = T(@\Opt (6, O) (6.22)
by sending = +— [y 'Ry]. Note that ¢,(k) N Ry = ¢,(O) if and only if v -
do(k) N Ry = v - ¢o(O), which is equivalent to ¢o(k) Ny 'Ry = ¢o(O). This
tells us ¢ is O-optimal with respect to 71 Ry, i.e., (6.22) is well-defined. Now
let 21,29 € L,(r,0), 21 = 7%, 22 = Y229. Then 'Ry = v, 'Ry if and only if

Ry = 117, 'Ro. The action on Ry is conjugation, so we need the following lemma.

Lemma 6.19. Ngg)(M2(Z)) =T - Z(Q).

Proof. GLy(Q) acts on Ry if and only if it acts on each local piece. This means

we need to prove
Ne,)(M2(Zy)) = G La(Zp) Z(Qp).

By the theory of elementary divisors, we have

GL(@,) = [[GLa(z,) | " e,

a>b pb

Let g € GLy(Q,) and assume g = ¢10(a,b)g2 for ¢g1,92 € GL2(Z,),0(a,b) =
(" ) Then g € Nog,)(Ma(Z,)) if and only if

§(a, b)My(Z,)6(a,b)~! = My(Z,).
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The left hand side looks like

a —a r Spa—b

- , (6.23)
P’ t u [ tp’~ U
and (6.23) is in My(Z,) for all r,s,t,u € Z,. This implies a = b, i.e., d(a,b) €

Z(Qp) and g € GLy(Z,)Z(Qy,). O]

So Ry = v, 'Ry if and only if 117, ' € T' - Z(Q), which says x; and z, are

[-equivalent. This means we have

D\L, (1, 0) — T(Q)\Opt(ds, O).

It remains to show the map is onto. Let R € Opt(¢g, O). We know, by Theorem
6.16, there is some element g € T(A;) C G(A;) such that g7'Ry = R. Then
G(Ay) = G(Q)K and K stabilizes Ry, so writing g~' = v 'ky € G(Q)K we have
v 'Ry = R. Let x = v - xy. Then [z]r — [y 'Ro] = [R]. O

Corollary 6.20. T'\L,(r,0) ~ T(Q)\T(A;)/O*.

Proof. Theorem 6.16 implies Opt(¢g, O) = T'(Af) - Ry. The stabilizer of Ry in

Lemma 6.21. K, ~ O* for any x € L,(r,O).

Proof. We have ¢, : k* — GLy(Q). Since ¢,(k) N My(Z) = ¢.(O), we know

A

0o (k) NGLy(Z) = ¢ (OX). Then G, ~ k* implies K, = KNGy(A;) ~ O%. O

So Opt(¢o, O) = T(As)- Ry ~ T(As)/O* Z(Ay), but Z(As) = Q*Z* so modding
out by O kills the action of Z(Ay). O

If D,y = {25, 2}, let DX = {27}. For 2 € L,(r,0), write D, = {2, 2, }

and let © = v - 29,7 € G(Q). We know ~ is unique up to 7(Q) and we have
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T(Q) ~ k*. Viewing the imaginary quadratic field inside of M5(Q), we have
det(t) > 0 for t € T(Q) since the determinant is the same as the norm. This

means we can define

sgn(z, xg) := sgn(det(7)).

Lemma 6.22. Let g € G(Q). Then
(Z) Sgn(g:p, xO) = Sgn(det(g))sgn($a xO)a

(i) sgn(—z,z9) = —sgn(z, zo).

Proof. (i) is clear. For (ii), we know there is some element n € G(Q) such that
n-x9 = —xo. This says nrg = —xon and so n? commutes with each element in the
algebra [1, zg, 7, nzo]. This implies n? = sI, some s € Q*. Then x3 = —r[ implies
we have the algebra (s, —7)g, sor > 0 implies s < 0. Since tr(n) = 0,s = —det(n),
and hence det(n) < 0. Then yn - g = —z implies sgn(—z, o) = sgn(det(yn)) =

—sgn(z, xg). O

Let

Ly (r,0) ={x € L,(r,0) | sgn(z, zg) = +1}.

Then L,(r,0) = Lf(r,0)U L;(r,0). Part (i) of Lemma 6.22 implies I'* =
S Lo(Z) preserves each piece, while I' = I'* switches the two. Part (ii) tells us that
r + —x gives a bijection between the two. If x € L¥(r, 0), then [z]r = [z]p+ €
I\LS (1, 0), while if z € L (r, 0), then 38 € I' — I'* such that Sz € L (r, O)

and so [z]r = [fz]|p+. This means
T\L,(r,0) =T"\L; (r,0), (6.24)

and we also have T'\D = Tt\D*.
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Proposition 6.23. The classical interpretation of

T(Q\ (D}, x T(A7)/0%)

18

where prt : Dt — TT\DT.
Proof. Proposition 6.18 and Corollary 6.20 imply
T\L(r, 0) = T(@)\Opt(9o, 0) = T(Q)\ (D}, x T(A)/0%).  (6.25)

Let t € T(Af),t = v k. Looking at (6.25) in reverse order, T(Q)(zf,tO) gets
mapped to [tRyg] = [y'Ry] under the second isomorphism. Then this gets sent

to [y - xo]r € I\ L,(r, O). For the sequence of maps
TQ\(D, x T(4y)/0*) = G@\(D x G(A)/K) ~T\D,  (6.26)

the first map sends T(Q) (2, tO*) — G(Q)(zf,tK), and the isomorphism maps

this to pr(y - z5) for pr: D — I'\D. Note that

V_IDW = {7_12 | z € D, (z,vx9) = 0}
= {7_12 | z € D, (y_lz,xo) = 0}
— D,,.
That is, 7Dy, = Dag,. S0 if 2o = 2, then

Sgn(x,:co)
T .

+
Vzg = 2

From (6.24), we can always choose z such that sgn(x, o) = +1. So using (6.25)
and (6.26), we see the image of '\ L¥(r,0) in T*\D* is Z,(r, O). O
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We conclude this section by giving an explicit description of D, = {z, 2z, }

as a pair of conjugate points in H* U H~. To do this, we follow the appendix of

a

[13]. Let z = (m ,’;) € L(r,0).

¢ T+u

_ Jar(rpv=r a—(+p)v=r
Lemma 6.24. Dx—{ tpe 0 (tp)e }

Proof. In [13], (A.4) gives an identification of P!(C) — P}(R) with D by
zw(z) = mod C*.

Then (A.8) of [13] implies

D, = {z e P/(C) - P'(R) | (z,w(z)) =0}.

We have
a4 b z =22
(z,w(z)) =tr | |
c —ﬁ 1 —=z
a 2
. TIZ b —Z Z
c —ﬁ 1 z
2
=z — a z—b,
1+p

and the roots of this equation are

2a 4a?
T+u + \/ ()2 + 4dbe _axt (14 p)/—r

2¢ (1+p)c
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Chapter 7

Recovering Gross-Zagier

In this chapter we reproduce a classic result of Gross and Zagier as a special case

of our main theorem.

7.1 Gross-Zagier

Theorem 7.1 (Theorem 1.3 of [7]). Let d, and dy be two negative fundamental
discriminants which are relatively prime, and let D = dyds. Let wy and ws be
the number of roots of unity in the quadratic orders of discriminants di and ds,

respectively. Let

_4

J(dl,@):( 11 <j<n>—j<rz>>>w,

[1][72]
disc(7;)=d;

where [1;] denotes an equivalence class modulo SLy(Z). Then

J(dy,dp)* =+ J] ».

z,n,n'€Z
n,n'>0
z2+4nn'=D
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Here € is defined as follows. If [ is a prime such that [ | D or [t D and (D, 1), = 1,

(dy,1); if (I,dy) =1,
e(l) =
(do, 1), if (I,dy) = 1.

Then for n = [[, I}, where for each ¢ either I; | D or (D,;);, = 1, define

i1 )

In [7], two proofs of this theorem are given. The first is algebraic and the second
is analytic. In the algebraic proof, they restrict to the case where —d; is a prime
q > 3,9 =3 (mod 4). This algebraic proof is then generalized by Dorman, [6], to
the case where d; = —m is any odd (negative) fundamental discriminant. This
gives the full result since (dy,d2) = 1. Here we recover Theorem 7.1, but our
method of proof is completely different from that in [7] or [6]. For simplicity, we

assume di, dy < —4.

7.2 Applying the (n,2)-Theorem

Assume d; = —m is odd. As in chapter 6, take V = {z € My(Z) | tr(z) = 0} and
L = My(Z) N V. We begin by choosing a primitive vector zy € L, (%), where xg

has the form
b

a
2
o =

C J—

N

This vector determines a splitting of our space V = Qg + zg. Next, we refer
to section 6.2. Proposition 6.4 tells us L, = 2Zxg and L] = %Zxo, while the

negative lattice is L_ = [1Z + 7, where

b,c —au b _
ll = Uueq + vVeg = ( ) ’l2 = L — (b7c)

av  —(b,c)
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Lemmas 6.5 and 6.6 imply L/(Ly + L_) ~ pr,(L)/Ly and pr (L) = 2Z,.
Given A\, = %xo, part (3) of Lemma 6.11 says the corresponding element \_

such that (A4, A_) < 0is A_ = Aly + Bly, where

_ma—a (b,c)(20 —mp) — au(ma — a)
A—m(b,c)’B_ mb '

1
Letting & = ( 2 > represent the nontrivial coset of L in LY, we have

(NI

a 1 [ —2bc ab
pro(§) = — o, pr_(§) = p”
ac 2bc

To ease the notation, let £+ = pr (£). We view zg ~ k = Q(v/—m) and if

A C Oy, is the ideal corresponding to L_, then Theorem 3.3 gives

X o n - {atn TS si- 0w+

n>0 YEL/mZ wEYA+L
al=n) > m(n—Q(w)7£_+yA_,9l)}.
YEL/MZ weE++yAy+L 4

We assume ¢¢(0) = 0 and use the relation
D(z,t; F) = —2log |¥(z,; F)?|

where W is a Borcherds form of weight 0 on D xT'(Ay). This, along with Corollary

6.20, gives

hg Z log [ V(25,255 F)?| =
:pGF\Ll(%)

oo ¥ % oo

n>0 yEL/mZ wEY 1+ L

a(=n) > Y m(n—@(w>,§_+w-,m>}, (7.1)

YEZ/mZ wE ++yAy+L4
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where z € D,. In order to simplify this expression, we define

Rt 1) =Y my(t, 1) log(g)(ord,(t) + 1)p(mt),

qlm

and

walten) = 3 it oxtp)ond,0) + 1 ().

p inert

Then Theorem 4.1 tells us

ok(w) | K1(t,0) + Ka(t,0) if u =0,

’i(tmua%) - Ry

qum Char(Q(,uq) + Zq)(t)(’il (t, 1) + Rolt,p)) if pw#0.

Plugging this into (7.1), we see we can cancel off the term —i on each side.

We would like to simplify (7.1). For y € Z/mZ, write k(y) for k(yA_) and
k;(t,y) for k;(t,yA_), j = 1,2. Let us first focus on the double sum next to
co(—n). For y = 0, we have w = 2sz, for some s € Z giving

(—hg) Z k(n — Qw),0,A) = 2MO Z(/ﬁ (n — $°m,0) + k2 (n — s*m,0)).

weLy s€Z
(7.2)

For y # 0,w € yA\, + L, is of the form w = yA; + 2529 and Q(w) = % + 2ys +
s’m = m (% + 5)2. Considering the characteristic function in the formula for

k(t,yA_, ), we note that Q(w) = Q(yA;) (mod Z). So for g | m,

ord,(n — Q(w) — Q(yA_)) = ord,(n — y*Q(N)). (7.3)

For our purposes, (7.3) > 0 since n € iZ and A\ € L. Putting this together

with (7.2) we have

co(=n) 332k (m <n—m (£ +5>2,y) + iy (n—m (= +5)2,y) )

YEZL/mZ sEL
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For the double sum next to ¢;(—n), we refer to section 6.2. Using Lemma 6.9

and Corollary 6.10 we have

pr_(L)/L- =pr_(L)/L_,

and
pry(L)/L+ ;C¢ pr,(LY)/Ly = LY/L,.
Then Lemma 6.13 implies

m -+ a
2

5,+yA,+L,:(y— )A,+L,,

m-+ta

where 5

is reduced modulo m, while a full set of representatives of L, in LY
is given by {yA_}U{&_ +yA_}. Forw € & +yAy + Lo, w =& +y i + 25z

for some s € Z. Then

(2y —a)?
4dm

2
Q(w) = +3(2y—a)+s2m:m(2y_a+s) ,

2m

and as above we have

ord, (n - Qw) - Q ((y - m;) A)) = ord,(n — Q(& + yN))

for any ¢ | m. Since n € 1Z and Q(£+y\) € 37Z as well, we do not need to worry
about the characteristic functions here either. For the second part of the right

hand side of (7.1), we have

_m+a 2y — 2 +
Cl(—”)[ Z ZQk(y 2+)<ffl (n—m< y2ma+s) ,y—mQ a) +
YyEZ/mZ SEL

2y —a 2 m—+a
Kol m—m +s| ,y—
2m 2
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7.3 A Theorem of Dorman

To prove Theorem 7.1, we prove the following theorem of Dorman, which is

equivalent to the result of Gross and Zagier.

Theorem 7.2 (Theorem 1.2 of [6]). Let [ be a rational prime and e its rami-

fication index in Q(v/—m). Then

ord;(J(—m, —d)) = ;—QZZgl(s)p (mcil; i ) , (7.4)

SEZ n>1

where

0 if there is q | m;q # 1 such that x,(s* —md) = —1,
als) =
2905)  otherwise, where a(s) = #{q | (s,m)}.

Proof. The proof is broken up into two cases, based on whether dy = —d = 0,1
(mod 4). We first need to translate some things from [7] into our language. In

particular, we need to see how the set
{[r] € SLy(Z)\$ | disc(7) = —d}
relates to the set Z,(r, O) defined in section 6.3.

Lemma 7.3. For d € Z-y,

Zy (4,04) if —d=0 (mod 4),
{[T] e I"\$ | disc(r) = —d} _ (4 )
Z,(4,04) if—d=1 (mod 4),
where O is the magimal order in the field £ = Q (V=d) and T = SL,(Z).

Proof. If 7 € § has At> + Br +C = 0 for A, B,C € Z with ged(4, B,C) = 1,

then disc(7) = B? — 4AC. This is, of course, the same as the discriminant of
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the quadratic form (A, B,C') = AX? + BXY + CY?. The matrix for (4, B,C)

B

is <§ é) and the action of I'" on (A, B, C) is given by
2

B

— vy
C

STl RN

Ify=(25) el theny- (A B,C) equals
(Adi + Baic; + Cci) X? + (2Aarby + B(bier + ardy) + 2Ceydy) XY +

(Ab 4 Bbydy + Cd}) Y?,
while A(y7)? + B(y7) + C equals
72 (Aa% + Bajc; + C’c%) + 7 (2Aa1by + B(bicy + ardy) + 2Cceydy) +
(AbT + Bbydy + Cdy) .
This means
{[r] e TP\ | disc(r) = —d} = {T*(A, B,C) | disc(4, B,C) = —d} .
We have

Az 1l 1 0 —1 B 20
2 Y

1 0 —2A -B

vty
Q

and the above action on (A, B,C) corresponds to z + v lxy. If we have a

o
primitive vector z = < e, ) € L,(r, Oy ) for some r € Q, then Lemma 6.24

¢ —_a_
T+u

implies

- a+ (14 p)v/—r

’ (I+p)e -
which is a root of ¢7? — ﬁr—“MT — b = 0. We see disc(z}') = —4r and we want
disc(z;") = —d, so we choose r = 4. Primitivity tells us if —d =0 (mod 4), then
=0, while if —d =1 (mod 4) we have pu = 1. O
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Lemma 7.4. If —d is a negative fundamental discriminant, then

(i) —d =0 (mod 4) implies Ly (4,04) = Lo (),

4

(i) —d =1 (mod 4) implies Ly (¢,0q) = L1 ().

Proof. For p = 0,1, let x € L, (%). Then z € L, (%,O) for some order O. If
p =0, we have Z[\/—d/4] C O C Oy, while if u = 1, then Z[v/—d] € O C O,.
In case (i), d = 4d’ where d' is square-free and —d' = 2,3 (mod 4). Then O, =
Z[V—d] so O = O,. For (ii), we have

14+v=d\ 1 1 § b ot b
P Sl R T —| ,
2 2 2 c —a c —atl
2 2
which is in Ms(Z) since a is odd. Thus, O = Q. O

Case 1: —d =0 (mod 4).

Let
= II (i) -im).
72€20($,0a)

Then the zero set of Jy(7) is Zp (%, (’)d). Theorem 1.3 of [12], which is a restate-
ment of Theorem 13.3 of [2], says
div(T(F)*) = Y ) cu(-n)Z(n, p, K).
peLY /L n>0
The ¢,(—n)’s are the negative Fourier coefficients of F' while, in our situation,
(A.16) of [13] implies
Z(n,u, K) =Y pri(z)). (7.5)

z€L,(n)
mod It

This sum is taken over I'"\L,(n). If we take n = ¢ for d as in Lemma 7.4,

then L, (4) = L, ($,0a). Since L, (%,04) = L} ($,0a) UL, (4,04) and T'*
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preserves each piece, this implies

d d
VA (Z,ILL,K> = 2ZM (Z,Od) .

This means if we want to have div(¥(F)?) = div(Jy(7)?), we need to choose F
such that cg (—%) = 1 and all other negative Fourier coefficients equal zero. By
Lemma 6.3, we know that such a function exists. Then Proposition 6.23 implies

we sum over x € I\ L] (%, Ok) and evaluate ¥ at z;7. This gives

4log|J(=m, —d)| =

> 2§ e ) e (fom () )

YEZ/mZL sEL

- ¥ wa[zn (__m< +s> ,y)log(q)x

YEZL/mZ sEL qlm

o (-3 ) 1) (=Y

> (g —m (% +8>2,y> log(p) x

p inert

(ot (4 m (L)) 1) (i Enl) |

where we write n,(t,y) for n,(t,yA\_) and n,(t,y) for n,(t,yA_). From the defi-

nitions of 7, and 7,, we see that n,(mt, u) = n,(t, 1) and similarly for n,, so the
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above is

- > ZZk(y)[an (md_4m4(%+s) ,y) log(q) x

YyEZ/mZ sEL qlm

ord, (md_4m2 (% + 5)2> p (md_4m2 (% + S)2> +

4 4
Z Tlp

(md —4m? (£ + 3)2
p inert

. 7y> log(p) x

(Ordp (md : 4m1(% - 8)2> + 1) p (md - 4”’29(% + 3)2) ]

- 3 3o (M s »

YyEZ/mZ s€EmZ glm

ord, (md—44(y+s) )p(md—4iy+s) ) N

> m (md_44(y+s) y) log(p) x

p inert

(ordp(md_4iy+8))—i—l)p(md_t;y—'—s))]. (7.6)

For any s € mZ, we have k(y + s) = #{q ramified | ((y + s)A_), = 0}, and

((y + s)A_), = 0 if and only if (yA_), = 0 since s € mZ. So k(y + s) = k(y)
and it follows that 7,(t,y + s) = n,(t,y) and n,(t,y + s) = n,(t,y). Now we can
write (7.6) as

md — s° md — s° md — s?
Z 9k(s) [an (T, s) log(q)ord, ( 1 > p ( 1 ) +

SEZL qlm

> (%_82, S) log(p) (Ordp (%_82) + 1) p (md4; 52) ] . (77

p inert

Note that, in (7.7), if s € Z is odd, then md is not congruent to s* (mod 4) and

SO p (7”21;2) =0 for = 0,1, and p inert.
Recall that (7.7)= log|J(—m, —d)*. We now compare formula (7.7) with

formula (7.4) in Theorem 7.2 and show that they agree. The proof is done with
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several lemmas, and we work separately with the cases where the prime is inert

or ramified. Let p be an inert prime. Then inside the logarithm we have

d— d—s? d— s
ord,( ZQk(S (m ,s) (ordp (%) + 1> P (m 1 > ) :
SEL

(7.8)

Both [7] and [6] state, without proof, that e( 1

H) = —1 holds for general
relatively prime d; and dy. This fact is useful so we state it as a lemma and give

a proof of it.

Lemma 7.5. If dy and dy are two negative fundamental discriminants which are
relatively prime, and D = didsy, then € <D%‘92> = —1 for any s € Z with s> < D
and s> = D (mod 4).

Proof. Assume, without loss of generality, that d; = 1 (mod 4). Write d; =

—p1---py and do = —qfq2 - - q,, where py,...,Du,q2,...,q, are all odd primes

and either ¢; is an odd prime and a = 1 or ¢ = 2 and a = 2,3. Assume we have

— g2 u
D4S :Hp qu Hl%’
=1 j=1

where [, 1 D, a;,b; > 0,¢; > 0. Then

v w

€ (D - 32) S 1 (G070 § (DY | (O (7.9)

=1 k=1

Now, (da, pi)si = (da, pi* -+~ Py )ps = (dg, D%SQ> since for all [ # p;, (da,1),, = 1.
Pi

This also works if we replace dy with d; and p; with [; or ¢;. Note for [ # 2,

(dy,1)g = (=1)"z 2 =1 because d; = 1 (mod 4). So (7.9) becomes
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<2 2 _e2 . PN .

D=s" then (d;, 2= = 1. £2=5° ig positive which means

4 1, 74 , 4
P

since if p' ¢ D and p' {
the product formula for the Hilbert symbol implies

e(D;32) :H<d2’D282) H(th;32)p:H(D,D—s2)p.

pld1 P pldy plda

Fix a prime p | dy. If p { s, then (D,D —s?), = <D%52> = (%) since D = 0

(mod p). If p | s, then D%SQ is a unit in Z, and D%‘Q = d}dy — ps? = ddy (mod

p), where d; = pd}, s = ps;. We see

(0.0 #),= 0.0, (0.255) = (DDt
- (0.0), = (0.-1,= ().
So
-06)-

p|d1

since —d; = 3 (mod 4) implies —d; is divisible by an odd number of primes p =

3 (mod 4). O

Lemma 7.6. ) ., p (%}52) =3 (ordp (md;SQ) + 1) p (%ﬁ) for an inert

prime p.

Proof. Inert primes satisfy €(p) = —1, so Lemma 7.5 implies there must be an
odd number of inert primes which are raised to an odd power in the factorization

of %‘52. If there are more than one or none of them are p, then p <%‘fg> =0

for all n > 1. Otherwise, we can write

md — s?

4

_ 2a+172a; 2a, b1 b
_p ll ...luuql...qvv’
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where €(p) = €(l;) = —1 and €(¢;) = +1. Then

md — s? i md — s?
Zp( 4pn ):Zp< 4pn )

n>1 n=1

VRS

#{n|1§n§2a+1,nodd}>(b1—|—1)---(bv+1)

—_

= —(2a+2)(by + 1) (by + 1)

1 d md — s> ‘1 md — s>
— 2\ Ty P\ )

Lemma 7.6 tells us that (7.8) can be written

md — s> md — s°
ord,(7.7) =2y ) 2", ( 1 ’S) ’ ( dpn ) ’

SEZ n>1

(\V]

while Theorem 7.2 gives

ord, (J(=m,—d)') =2 > " 0,(s)p (mi]; 82) -

SEZ n>1

We now prove a very useful lemma.

Lemma 7.7. If q is a ramified prime, then ord,(s* — md) <1 and

1 if ord,(s* — md) = 0,
Xq(8* —md) =
e(q) if ord,(s* —md) = 1.

Proof. Since (d,m) = 1, ord, (s* — md) < 1. Then x,(s* —md) = (s*—md, —m),
while €(q) = (—d,q),. Say q 1 (s* — md). Then x,(s* — md) only depends on

s> —md (mod ¢) and s? —md = s? (mod q), so x,(s* —md) = 1. If q | (s* —md),

2

then we have ¢ | s. Assume s* — md = q(qs? — m1d), where m = qmy, s = gs;.

2_
Then %i = ¢s? — myd and we have

Xq(s2 —md) = (32 —md,—m), = (q, —m)q(qs% — myd, —m),,.
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Then ((L _m)q = (Qa _Q)q(Q> ml)q = (Q7m1)q and qs% —mid = —md (HlOd Q)

Since ¢s? — myd is a unit in Z,,

Xq(s* = md) = (¢, —m)g(=mud, —m)y = (¢,m1)q(=m1d, @)y (=11 d, —m1),-

mid and m; are both units in Z, leaving

Xq(52 —md) = (—d,q), = €(q).

To finish the case for p inert, we just need to prove

Lemma 7.8. g,(s) = 2¢¢)p, (md4_8273>~

Proof. k(s) = #{q ramified | (sA_), = 0} and (sA\_), = 0 if and only if ¢ | s,

which implies k(s) = #{q | (s,m)} = a(s). Since 4 is a square, we can ignore it

in 7, <md4_52 , s). We have

md— 52,5 0 if x4(s* —md) = —1 and (s\_), = 0 for some q | m,
np(md — s°,5) =

1 otherwise.
If (sA_), # 0, then ord,(s* — md) = 0 and Lemma 7.7 implies x,(s* — md) = 1.
So

o
oy gy = " ) = L orsome g

20(s)  otherwise,

which equals g,(s). O

Now let ¢ be any ramified prime. Then looking at equation (7.7), in the
argument of the logarithm we have

2 2 2
B (s) md — s md — s md — s
ord,(7.7) = E 2%, <74 ,s) ord, <74 p 1 :

SEZL
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Lemma 7.7 implies ord, (%) <180 ,5,p (md s ) =p (%;52) and The-

orem 7.2 says

ord, (J(— =5 0,(s) (md_s )

SEZ q

Lemma 7.9. 2y, (md s > ord, (md s > p <md4—52> = 04(s)p <_Wi;<92) _

Proof. If ord, (md = ) = 0, then p (%f) = 0 and both sides are zero. Assume

ord, (md . ) = 1. Ramified primes can have €(q) = +1 or —1. As in the proof

of Lemma 7.6, assume we have a factorization

md — s>

4

_ 2a+1l%a1 . l2au

qv7

where €(p1) = €(l;) = —1 and €(¢;) = +1. If p; is not ramified, then p; is inert

and p <md = ) =0= p(md = ) If py is ramified and p; # ¢, then we must
have a = 0 and €(q) = +1, while x,(s* — md) = +1 and y,,(s* —md) = —1 by
Lemma 7.7. Then
0 if (sA_), #0, or (sA_), = 0 and x,(s* —md) = 1,

or x,(s* —md) = —1 = x,(s* — md) for some ramified
ng(md — §%,5) = prime ¢ # ¢ with (sA_)y =0,
1 if (sA_), = 0,x,(s* —md) = —1, and x,(s* —md) = 1

for all ramified primes ¢’ # ¢ with (sA_)y = 0.

So x,(s? — md) = +1 implies n,(md — s?,s) = 0 and x,, (s* — md) = —1 implies

04(s) = 0. We are left with the case of py = ¢. In this case, p <%;SQ> =

p (mdfz) so we need to show

d— 2
04(s) = 2k(s)nq (m 1 i ,S) ) (7.10)
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As in Lemma 7.8, k(s) = a(s) and the 4 can be ignored. Since ord,(md—s*) = 1,

Lemma 7.7 implies x,(s? — md) = —1, so n,(md — s?, s) simplifies to

md— 525 0 if xy(s* —md) = —1 for some ¢’ | m,q # q,
ne(md — s%,s) =

1 otherwise.

This implies (7.10) and so Lemma 7.9 is proved. O

This finishes the proof of Theorem 7.2 for the case where —d =0 (mod 4).

For the second case, the proof begins in a similar fashion as above. Then we
make one simple substitution and reduce the proof to that of case 1.
Case 2: —d =1 (mod 4).

Here we let
=TI (i) -im).
m2€71(4,04)

The zero set of Jy(7) is Zy (%, Od). Proceeding as in case 1, in order to have
div(¥(F)?) = div(Ja(7)?) we choose our input function F with ¢; (%) = 1
and all other negative Fourier coefficients equal to zero. Again, Lemma 6.3 tells
us such an input function exists, and summing over x € I'"\L] (%, Ok) and
evaluating U at z] gives

Alog|J(~m, ~d)] = [ >0 D2

YyEZL/mZL SEL

Proceeding as in case 1, this is

o(y— mte md — (2y — a + 2s)? m+a
Y. ”[Z%( (?/4 +2) 2+>x

YEZL/mZ s€EmL qlm
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md — (2y — a + 2s)* md — (2y — a + 2s)*
log(q)ordq< (y4 >>p< (y4 >>+

md — 2y—a+282 m+a
an( ( 7 L - ; >10g(p)><

p inert

(ordp (md—(2y4—a+28) ) +1)p<md—(2y4;a+2s) )]

m+a
-

m—1—mta
: md — (2u + m + 2s)?
Y T S (M g

Now we make the substitution u =y — Then 2y — a = 2u + m and we get

u=1te semi qlm
md — (2u + m + 2s) md — (2u + m + 2s)°
ord, p +
4 4
md — (2u +m + 2s)?
> < ( . ) U> log(p) x
p inert

(ordp (md—(2u1m+2s) ) +1>p<md—(2u4—;m+25) )]

We can replace m + 2s with s € mZ and again, by vanishing properties of
the function p, we do not need to specify the parity of s. Also, for any s €
mZ, ((u+s)A_), = 0if and only if (uA_), = 0, and this is equivalent to ¢ | u. Since
m is odd, this is also equivalent to ¢ | 2u and we see k(u) = k(u+s) = k(2u+s).
Similarly, we can write 2u + s in the second arguments of 7, and 7,. As y ranges
from 0 to m — 1, 2u ranges over all odd integers from 1 to m — 1. Summing
over s € mZ implies we can replace the double sum by a single sum over all odd

integers s € Z. Then if s is even, p vanishes so we can actually sum over all

s € Z. We get
md — s° md — s° md — s>
S (4 Y, (45 ) (455
SEZL glm
Z md — s? log(p) (ord md — s? 4 md — s°
p inert K 4 ' B o 4 P 4]7 '
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This is exactly (7.7) from case 1. Theorem 7.2 and the rest of the proof of case

1 do not depend on d (mod 4), so we are done by case 1. O
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