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The performance of demand-driven caching is known to depend on the locality of
reference exhibited by the stream of requests made to the cache. In spite of numerous
efforts, no consensus has been reached on how to formalize this notion, let alone on
how to compare streams of requests on the basis of their locality of reference. We take
on this issue with an eye towards validating operational expectations associated with the
notion of locality of reference. We focus on two “folk theorems,” that is, (i) The stronger
the locality of reference, the smaller the miss rate of the cache; and (ii) Good caching
is expected to produce an output stream of requests exhibiting less locality of reference
than the input stream of requests. These two folk theorems are explored in the context
of demand-driven caching for the two main contributors of locality of reference, namely
popularity and temporal correlations.

We first focus exclusively on popularity by considering the situation where there

are no temporal correlations in the stream of requests, as would be the case under the



Independent Reference Model (IRM). As we propose to measure strength of locality
of reference in a stream of requests through the skewness of its popularity distribution,
we introduce the notion of majorization as a means for capturing this degree of skew-
ness. We show that these folk theorems hold for caches operating under a large class
of replacement policies, the so-called Random On-demand Replacement Algorithms
(RORA), which includes the optimal policy A, and the random policy. However, coun-
terexamples prove that this is not always the case under the (popular) Least-Recently-
Used (LRU) and CLIMB policies. In such cases, conjectures are offered (and supported
by simulations) as to when the folk theorems would hold under the LRU or CLIMB
caching, given that the IRM input has a Zipf-like popularity pmf.

To compare the strength of temporal correlations in streams of requests, we define
the notion of Temporal Correlations (TC) ordering based on the so-called supermodular
ordering, a concept of positive dependence which has been successfully used for com-
paring dependence structures in sequences of random variables. We explore how the TC
ordering captures the strength of temporal correlations in several Web request models,
namely the higher-order Markov chain model (HOMM), the partial Markov chain model
(PMM) and the Least-Recently-Used stack model (LRUSM). We establish the folk the-
orem to the effect that the stronger the strength of temporal correlations, the smaller the
miss rate for the PMM under certain assumptions on the caching policy. Conjectures
and simulations are offered as to when this folk theorem would hold under the HOMM
and under the LRUSM. In addition, the validity of this folk theorem for general request
streams under the Working Set algorithm is studied.

Lastly, we investigate how the majorization and TC orderings can be translated into
comparisons of three well-known locality of reference metrics, namely the working set

size, the inter-reference time and the stack distance.
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Chapter 1

Introduction

1.1 Web caching

Web caching aims to reduce network traffic, server load and user-perceived retrieval
latency by replicating “popular” content on (proxy) caches that are strategically placed
within the network. This approach is a natural outgrowth of caching techniques which
were originally developed for computer memory and distributed file sharing systems,
e.g., [2, 24] (and references therein).

Since its inception, the World Wide Web has seen an exponential increase in the
number of its users and in the volume of objects to be accessed. This trend, which
is not likely to abate anytime soon, is challenging current cache architectures to meet
the complementary mandates of speed, scalability and reliability which are central to
delivering a satisfactory user experience.

Generally speaking, scalability requires some form of hierarchical organization. In
the context of Web caching, this notion has led naturally to the deployment of multi-
layered systems of interconnected caches which may be organized in a tree-like hierar-
chy or in more complicated meshes [12, 16, 29] (and references therein).

Even a cursory review of the literature [5, 54, 69] already reveals the large number



of difficult and challenging issues that need to be addressed in order to ensure proper
operations of these distributed multi-level caching systems. Examples of these issues
include (i) cache replacement strategies [15, 39, 54, 55]; (ii) prefetching algorithms [25]
(and references therein); (iii) cache location [43, 44]; (iv) content placement [23, 57, 68];

and (v) cache cooperation techniques [16, 17, 30].

1.2 Locality of reference

Although these challenges have renewed interest in caching in general, some basic is-
sues are still not well understood. Indeed, the performance of any form of caching is
determined by a number of factors, chief amongst them the statistical properties of the
streams of requests made to the cache. One important such property is the locality of
reference present in a stream of requests whereby “bursts of references are made in the
near future to objects referenced in the recent past.”

The notion of locality and its importance for caching were first recognized by Belady
[10] in the context of computer memory, and attempts at characterization were made
early on by Denning through the working set model [26, 27]. Subsequently, a number
of studies have shown that request streams for Web objects exhibit strong locality of
reference! [40, 41, 46] and various metrics have been proposed for characterizing the
locality of reference in Web request streams [1, 34, 40].

Although several competing definitions for locality of reference are available, it is by
now widely accepted that the two main contributors to locality of reference are temporal
correlations in the streams of requests and the popularity distribution of requested ob-

jects. To describe these two sources of locality, and to frame the subsequent discussion,

LAt least in the short timescales.



we assume the following generic setup: We consider a universe of N cacheable items
or documents, labeled i = 1,..., N, and we write N = {1,..., N}. The successive
requests arriving at the cache are modeled by a sequence R = {R;, t = 0,1,...} of
N -valued rvs.

1. The popularity of the sequence of requests {R;, ¢t = 0,1, ...} is defined as the

pmfp = (p(i),...,p(N)) on N given by

whenever these limits exist (and they do in most models treated in the literature). Popu-
larity is usually viewed as a long-term expression of locality which captures the likeli-
hood that a document will be requested in the future relative to other documents.

2. Temporal correlations are more delicate to define due to the “categorical” nature
of the requests {R;, t = 0,1,...}. Indeed, it is somewhat meaningless to use the

covariance function
v(s,t) := Cov|Rs, Ry|, s,t=0,1,....

as a way to capture these temporal correlations as is traditionally done in other contexts.
This is because of the categorical natureof the rvs { R;, t = 0,1, ...} which take values
in a discrete set — We took {1,..., N} but could have selected {1, %, o %} instead;
in fact any set of V distinct points in an arbitrary space would do the job. Thus, the
actual values of the rvs {R;, t = 0, 1,...} are of no consequence, and the focus should
instead be on the recurrence patterns exhibited by requests for particular documents

over time. The literature contains several metrics for doing this, e.g., the inter-reference

time [34, 40, 53], the working set size [26, 27] and the stack distance [1, 3, 50].



1.3 Folk theorems

Like the notion of burstiness used in traffic modeling, locality of reference, while en-
dowed with a clear intuitive content, admits no simple definition. Not surprisingly, in
spite of numerous efforts, no consensus has been reached on how to formalize the no-
tion, let alone on how to compare streams of requests on the basis of their locality of
reference.? In addition, lacking in most of the work done thus far, is a clear recognition
of the system-wide nature of Web caching, whereby local transformative actions shape
the streams of requests as they pass through successive caches.® These problems have

precluded a formal study of the following “folk theorems™:

1. Folk theorem on miss rates — The stronger the locality of reference in the stream
of requests, the smaller the miss rate, since the cache ends up being populated
by objects with a higher likelihood of access in the near future. Such a property,
if true, would confirm the central role played by locality of reference in shaping
cache performance. In fact, the very presence of locality of reference in the stream

of requests is what makes caching at all possible; and

2. Folk theorem on output streams — Good cache replacement strategies “absorb”
locality of reference to a certain extent by producing a stream of misses from
the cache — its so-called output — which exhibits less locality of reference than
the input stream of requests. In the context of multi-level caching, this reduction
property is often perceived as one of the main reasons for why caching looses its

effectiveness after some level in a hierarchy of caches.

2Exceptions can be found in [34, 65].
3Recent works on this issue can be found in [17, 30, 32] for cache management and in [47, 70, 71] for

Web traffic analysis.



Such folk theorems are expected to hold for demand-driven caching that exploits
recency of reference. Interest in establishing them under specific definitions of locality
of reference stems from a desire to validate their operational significance on caching
systems. Counterexamples would cast some doubts as to whether a particular definition
indeed captures the intuitive meaning of locality of reference and to whether a particular

caching algorithm is indeed a well-behaved policy.

1.4 Contributions

In this dissertation, we identify notions of locality of reference which are capable of
comparing the strength of locality of reference between streams of requests. Such no-

tions allow a comparison statement of the form
R' <,z R? (1.1)

to the effect that “a request stream R has less locality of reference than a request stream
R*” under some appropriate notion of locality of reference. With the comparison (1.1),
we are able to formally investigate the folk theorems mentioned above, albeit in a simple
framework under demand-driven cache replacement policies. Indeed, the folk theorem

for miss rates can be formalized as
M, (R?*) < M,(R") whenever (1.1) holds (1.2)

where M, (R") and M, (R?) denote the miss rates of the request streams R' and R?
under the cache replacement policy , respectively, while the folk theorem for output
streams simply states that

R, <;r R (1.3)
where R is the output stream of the cache operating under the policy m when the input

stream is R.



The tasks above have been carried out separately for the two main sources of local-
ity of reference, namely popularity and temporal correlations. We now summarize the

corresponding results in some details.

1.4.1 Majorization and popularity

We first focus exclusively on popularity as a way to formalize (1.1). To isolate its contri-
butions, we consider the situation where there are no temporal correlations in the stream
of requests as would be the case under the standard Independence Reference Model
(IRM). More precisely, under the IRM with popularity pmf p = (p(1),...,p(N)), the
requests {R;,t = 0,1, ...} form a sequence of i.i.d. N'-valued rvs, each distributed ac-
cording to the pmf p. Even in the absence of temporal correlations, locality of reference
is present, in that the skewness of p acts as an indicator of the strength of locality of
reference under the intuition that the more “balanced” the pmf p, the weaker the locality
of reference.

In a recent paper, Fonseca et. al [34] introduced a notion of comparison based on the
entropy of the popularity pmfs, i.e., the pmf p is considered to be less skewed (or more
balanced) than the pmf g whenever the entropy of p is greater than the entropy of q.
Unfortunately, this notion is not strong enough to allow for results of the forms (1.2) and
(1.3) to be established. Here, the degree of skewness in the popularity pmf is captured
formally through the notion of majorization (ordering) [Chapter 2]. This concept has
been used previously in the context of caching by van den Berg and Towsley [65]. With
this notion, the comparison (1.2) can be recast as saying that the miss rate (as a function
of popularity) belongs to the rich and structured class of monotone functions associated
with majorization, the so-called Schur-convex/concave functions. Moreover, basic facts

regarding majorization enable us to develop generic comparison results between the



popularity pmfs of the input and output streams [Chapter 6].

Equipped with the notion of majorization ordering, the folk theorems for the miss
rates and output streams can be established for a number of policies, namely the optimal
policy Ay, the random policy and the FIFO (First-In/First-Out) policy [Chapter 6]. These
positive results are then extended to a very large class of replacement policies, the so-
called Random On-demand Replacement Algorithms (RORA) [Chapter 7].

However, these folk theorems do not always hold under two self-organizing policies,
namely the LRU (Least-Recently-Used) and CLIMB replacement policies [Chapter 8].
We first exhibit situations where under these policies, the IRM stream with more skewed
popularity pmf may have a smaller miss rate than the IRM stream with less skewed
popularity pmf. Yet, when the popularity pmfs are Zipf-like [Section 6.2], simulations
show that the comparison (1.2) under these policies does hold. We formally establish
this fact only in the limiting regime where the skewness parameter of the Zipf-like pmf
is large, i.e., highly skewed.

It also happens that the LRU and CLIMB policies fail to reduce locality of refer-
ence in that under these policies, the input popularity pmf p (of R) is not necessarily
more skewed than the output popularity pmf p* (of R). We explore the issue through
counterexamples which are developed within some classes of input popularity pmfs. In
particular, when the input popularity pmf lies in the class of Zipf-like pmfs, we iden-
tify a condition involving the cache size and the number of cacheable documents under
which reduction fails to occur at large enough values of the skewness parameter of the
input Zipf-like pmf. Under this condition, which we expect to be satisfied in practice,
we show that the output pmf p* may not exhibit less locality of reference than the input
pmf p when the latter has too much of it to begin with. Additional simulations were

carried out and suggest conjectures as to when LRU and CLIMB policies indeed reduce



locality of reference with Zipf-like input pmfs. All indications point to the possibility

that for small enough cache sizes, the desired folk theorem will hold.

1.4.2 Positive dependence and temporal correlations

As mentioned earlier, the catagorical nature of the requests {R;,¢ = 0,1,...} makes
it difficult to define appropriate notions of temporal correlations. Even though several
metrics have been proposed, e.g., the inter-reference time, the working set size and the
stack distance, none has been found appropriate for formalizing these folk theorems.

We take on this issue by applying the concepts of positive dependence [Chapter 3]
to capture the strength of temporal correlations exhibited by streams of requests. Posi-
tive dependence has been used previously in a number of contexts, e.g., network traffic
and queueing theory [8, 9, 66], and reliability theory [6, 60]. Specifically, relying on
the notion of supermodular ordering [Definition 3.4] which has been used to compare
dependence structures in sequences of rvs, we define the Temporal Correlations (TC)
ordering [Definition 9.1] as a way to compare streams of requests on the basis of the
strength of their temporal correlations. This new ordering is well suited for comparing
the relative strength of temporal correlations as we note that request streams compara-
ble in the TC ordering must have the same popularity profiles (under the assumption
that they exist); in other words, the TC ordering cannot capture any contribution from
popularity toward locality of reference.

We apply the TC ordering to capture the strength of temporal correlations present
in several Web request models that are believed to exhibit such correlations, namely the
higher-order Markov chain model (HOMM), the partial Markov chain model (PMM)
and the Least-Recently-Used stack model (LRUSM). Indeed, we demonstrate that the

HOMM exhibits temporal correlations in the sense that it has stronger strength of tempo-



ral correlations than the IRM with the same popularity pmf in the TC ordering [Section
9.2]. This property is shown to hold also for the LRUSM under a reasonable condition
on its stack distance pmf [Section 9.4]. Lastly, for PMM, we show that the strength
of temporal correlations is indeed captured by the correlation parameter as expected
[Section 9.3].

With the TC ordering, we establish the folk theorem for miss rates when the input
to the cache is modeled according to the PMM under certain assumptions on the cache
replacement policies [Section 9.5.1]. Conjectures and simulations are offered as to when
this folk theorem would hold under the HOMM [Section 9.5.2] and under the LRUSM
[Section 9.5.2]. We also investigate this folk theorem with general input streams under
the so-called Working Set (WS) algorithm [Section 10.4] which is a cache management
policy associated with the working set model. The result indicates that (1.2) does hold
when the cache holds only one document in which case the WS algorithm is identified
with any demand-driven caching with unit cache size. However, the folk theorem may
not hold in some other situations, as shown by counterexamples in the class of PMM
request streams.

It is also desirable to establish the folk theorem for output streams via the TC or-
dering. However, there are only limited cases of interests as we recall that the output
popularity pmf p* is not necessarily the same as the input popularity pmf p and that
the comparison in the TC ordering between the input stream and the output stream re-
quires that both popularity pmfs be identical. This shortcoming calls for further study
to develop orderings that can compare the strength of locality of reference contributed

by both components, namely popularity and temporal correlations.



1.4.3 Locality of reference metrics

Lastly, we investigate whether the comparison in the majorization ordering of two IRM
streams and the comparison in the TC ordering of two request streams translate into the
expected comparisons for three well-established locality of reference metrics, namely,
the working set size, the inter-reference time, and the stack distance.

For the working set size, the majorization ordering of two IRM streams implies the
(strong) stochastic ordering between their working set sizes, while the TC ordering of
two request streams only gives a comparison between their average working set sizes.
In addition, both the majorization ordering and the TC ordering allow a comparison
of the steady state inter-reference times in the convex ordering. However, implications
of these orderings on the stack distances are not fully understood and require further
investigation.

These locality of reference metrics are sometimes used for cache dimensioning and
cache performance evaluation. Thus, the aforementioned relations naturally lead to var-
ious bounds on these performance metrics. For instance, because the IRM with uniform
popularity pmf acts as a lower bound (in the sense of majorization ordering) for any IRM
stream, its corresponding locality of reference metrics are bounds for those of other IRM
streams. Furthermore, if the request stream R exhibits temporal correlations stronger
than that of the IRM with similar popularity pmf in the sense of the TC ordering, then
the performance metrics associated with this IRM, which are usually known or easier to

be computed, can provide bounds for those of the request stream R.
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1.5 Organization

The dissertation is organized as follows: The theory of majorization and its compan-
ion notion, Schur-convexity, are summarized in Chapter 2. Basic definitions and facts
regarding positive dependence and stochastic orderings are collected in Chapter 3.

In Chapter 4, we introduce a simple framework of demand-driven caching and give
the definitions of miss rate and output of a cache. We then use the concept of ma-
jorization ordering for comparing popularity pmfs of IRM request streams in Chapter 6.
With the majorization ordering, we establish the folk theorems for miss rates and out-
put streams under the random policy and the policy A,. These results are extended in
Chapter 7 to a large class of demand-driven replacement policies, the so-called Random
On-demand Replacement Algorithm (RORA). In Chapter 8, we show that the folk the-
orems do not hold in general for two well-known self-organizing policies, the LRU and
CLIMB policies, where counterexamples are established. Asymptotics and conjectures
under the class of IRM streams with Zipf-like popularity pmf are investigated.

In Chapter 9, we use the concepts of positive dependence and supermodular ordering
to define the TC ordering as a means to compare strength of temporal correlations.
This ordering is then used to capture the temporal correlations present in three request
models, namely HOMM, PMM and LRUSM. The folk theorem for miss rates of the
PMM is established under certain assumptions on the caching policy. Specific results
and conjectures on this folk theorem under the HOMM and the LRUSM are provided.

The working set model is considered in Chapter 10 where we demonstrate how
the majorization ordering between IRM streams and the TC ordering between request
streams can be translated into comparisons of the working set sizes. Next, under the
Working Set algorithm, we find that the folk theorems for miss rates and output streams

do not always hold for IRM input streams. For general input models, the folk theorem
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for miss rates holds when the cache holds only one document, but fails otherwise.
Lastly, in Chapter 11, we show that the majorization ordering and the TC ordering

imply the comparison in the convex ordering of the steady state inter-reference times.

We also investigate whether these orderings would lead to some appropriate compar-

isons of the stack distances.
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Chapter 2

Majorization and Schur-convexity

2.1 Majorization — A primer

The concept of majorization [49] provides a powerful tool to formalize statements con-
cerning the relative skewness in the components of two vectors, viz., the components
(x1,...,xy) Of the vector x are “more spread out” or “more balanced” than the com-
ponents (yi,...,yx) of the vector y: For vectors z and y in R”, we say that « is

majorized by y, and write = < y, whenever the conditions

=1 =1

and
N N
Z Ti = Z Yi (2.2)
=1 =1
hold with xp;) > 29 > ... > xvyand ypy > yjg > ... > ypv) denoting the components
of « and y arranged in decreasing order, respectively.
As elegantly demonstrated in the monograph of Marshall and Olkin [49], this notion
has found widespread use in many diverse branches of mathematics and their applica-

tions, viz. in computer databases [20] and storage [73].

13



We begin with a sufficient condition for majorization which is extracted from the

discussion in [49, B.1, p. 129].

Proposition 2.1 Let a and y be distinct elements of RY such that

N N
dori=) i (2.3)
=1 =1

Whenever, x; > xo > ... > xy, If there exists some k = 1,...,N — 1 such that

v <y,i=1,....kandx; > vy;,i=k+1,..., N, then the comparison = < y holds.

The following sufficient condition for majorization will be useful in the sequel; it

was already announced in [49, B.1.b, p. 129] without proof.

Theorem 2.2 Let x and y be distinct elements of R™ such that (2.3) holds. Whenever
Ty > x> ... > xy >0, and the ratios ¥, i = 1,..., N, are decreasing in i, we have

the comparison x < y.

Proof. Under the condition z; > 0,7 =1,..., N, we find that (2.3) can be rewritten as
N .
S (y _ 1) _0. 2.4)
i=1 Li

If the ratios 2,7 = 1,..., N, are decreasing in 4, then by virtue of (2.4) there must exist

some k with 1 < k& < N such that

Yo 1>0, i=1,... k
Z;

and

Y 1<0, i=k+1,... N
T

14



In other words, z; < y;, fori =1,...,kandy;, < z;fori = k+1,..., N, and we

readily obtain the comparison = < y by applying Proposition 2.1. ]

With any element of R such that ZZN:I x; # 0, we associate the normalized vector

Z as the element of R" defined by

N
CEZ:(Z[L'i)il([L'l,...,IEN). (25)

=1

With this notation, we can now present a useful corollary to Theorem 2.2.

Corollary 2.3 Letx andy be distinct elements of RY such that >~ | y; > 0. Whenever
T > T > ... >y >0, andthe ratios &, i = 1,..., N, are decreasing in i, we have

the comparison © < .

Proof. Under the enforced assumptions, we note the inequalities %, z; > 0 and
T1 > Tg > ... > Ty > 0 with the ratios g— it =1,..., N, decreasing in i. Obviously,
SN 7 = 3N, 7, = 1 and we get the desired result by applying Theorem 2.2 to & and

Y. ]

The following reformulation of Corollary 2.3 is used in the sequel.

Lemma 2.4 Let x and y be distinct elements of R" such that z; > 0,i = 1,...,N
and "N v > 0. If
L) (2.6)

l’i_.’L’j

whenever x; > x; for distincti,j = 1,..., N, then the comparison & < g holds.

Before giving a proof, we introduce the following notation: Let o denote a permuta-

tion of {1,..., N'}. With any element  in IR", we associate the permuted vector o ()
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in RY through the relation

a(:z:) = (1‘0(1), e 7330(1\7)).

It is plain from the definition of majorization that for vectors = and y in R, we have

x < yifandonly if o(x) < y for any permutation o of {1,..., N}.

Proof. Let o denote a permutationof {1,..., N} suchthatz,q) > 2,2) > ... > To)-

The enforced monotonicity assumptions can be restated as

<

o) Yo (2) > > Yo (N)
To(1)  To(2) T To(N)

9

and the desired result follows by an easy application of Corollary 2.3 to the elements
o(x)and o(y). [
One such application of Lemma 2.4 is given in
Lemma 2.5 Forany < > 0, define the N -dimensional vector p. by
p.=(1—(N—-1e,e,....¢).

- - 1 -
If £ and n) satisfy the relation 0 < n < ¢ < &, then it holds that p. < p,,.

Proof. Aswe have in mind to apply Lemma 2.4, wetake z = x = p_and y = y = p,,.
It is plain that the requisite monotonicity assumptions of Lemma 2.4 hold when ¢ and n

satisfy the relation 0 < < e < 4. m
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2.2 Schur-convexity

Key to the power of majorization is the companion notion of monotonicity associated
with it: An R-valued function ¢ defined on a set A of R is said to be Schur-convex

(resp. Schur-concave) on A if

p(x) < @(y) (resp. o(x) > ¢(y))

whenever x and y are elements in A satisfying x < y. If A = R”, then ¢ is sim-
ply said to be Schur-convex (resp. Schur-concave). In other words, Schur-convexity
(resp. Schur-concavity) corresponds to monotone increasingness (resp. decreasingness)
for majorization (viewed as a pre-order on subsets of R™).

Let {0y, @ = 1,...,N!} be a given enumeration of all the N! permutations of
{1,..., N}; this enumeration will be held fixed throughout this section. A subset A
of R" is said to be symmetric if for any - in A, the element o; () also belongs to A for
eachi = 1,..., N!. Moreover, for any subset A of R", a mapping ¢ : A — R is said
to be symmetric if A is symmetric and for any « in A, we have p(o;(x)) = ¢(x) for
each: =1,..., N\ If the mapping ¢ : A — IR is Schur-convex (resp. Schur-concave)
with symmetric A, then ¢ is necessarily symmetric since o;(x) < x < o;(x) implies
o(oi(x)) = p(x) foreachi =1,... N

In the following, we have collected some useful technical results concerning Schur-
concave functions. As in [49, p. 78], foreach M = 1,..., N, the elementary symmetric
function Ey, x : RY — IR is defined by

Eyn(z):= Z Tiy cTiy, TE RY (2.7)
{i1,0sipg YEAX(MN)
with A*(M;N') denoting the collection of all unordered subsets of size M of N' =

{1,...,N}. By convention we write £y y(x) = 1 for all z in R". It is well known
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[49, Prop. F.1., p. 78] that the function E,, » is Schur-concave on ]Rf for each M =
0,1,...,N.

We note from [49, Prop. C.2, p. 67] that any mapping ¢ : A — IR which is symmet-
ric and convex (resp. concave) on some convex symmetric subset A of R” is necessarily
Schur-convex (resp. Schur-concave). The following result is due to Schur [49, F.3, p.

80] and will be key to a number of proofs.

Proposition 2.6 Foreach M =1,..., N, the mapping ® x : ]Rﬂf — R given by*

EM’N(.CB)

=—>—"_  x€ RY
EMA,N(JJ) *

(I)]W,N (iB) .
is increasing,> symmetric and concave, hence increasing and Schur-concave.

Proposition 2.7 Let A be a convex symmetric subset of R”™. Assume the mapping
¢ : A — TR to be concave and the mapping h : R™ — TR to be increasing, symmetric

and concave. Then, the mapping ¢;, : A — IR given by

on(x) = h(p(o1(x)),...,plom(x))), €A

is symmetric and concave, thus Schur-concave on A.

Proof. The mapping ¢, is symmetric by virtue of the symmetry of h. The concavity of
oy, can be shown as follows: First, fori = 1,..., NI, we set p;(x) = ¢(o;(x)) (x € A);
this definition is well posed since A is symmetric. The concavity of ¢ implies that of

;. Forarbitrary « and y in A, and « in [0, 1] (with @ = 1 — «), we see that ax + ay is

For z in ]Rf suchthat Eps—1 v () = 0, we have Eyy y(x) = 0and set &7, v () = 0 by continuity.

2Here, increasing means increasing in each argument.
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also an element of A, and we obtain

on(ax +ay) = hipi(azx+ay),. .., om(ax + ay))

v

h(api(x) + api(y), . .., apn(T) + apn(y))

v

ah(ei(),. .., omi(®)) + ah(er(y), . em(y))

= app(x) + apn(y)-
The first inequality follows from the concavity of each of the mappings p;, i = 1,..., N!
and the increasingness of A, while the second inequality is implied by the concavity of

h. |

With vectors ¢ and = in RY, we associate the element ¢ - « of R defined by
t-x:.= (Zfl.?fl, e ,tN.Z'N).
With this notation, we can state an important consequence of Proposition 2.7.

Proposition 2.8 Assume the mapping v : ]Rﬂf — IR to be concave and the mapping
h: R — R to be increasing, symmetric and concave. For any non-zero vector t in

RY, the mapping 1, : RY — R defined by

() = h((t-o1(x)),..., (- -om(x))), =€ ]Rf

is symmetric and concave, thus Schur-concave.

Proof. If the mapping ¢ is concave, then the mapping ¢, : ]Rf — IR given by
Vo(@) = Y(t-z), zeRY

is also concave. We obtain the desired result by applying Proposition 2.7 with A = ]Rf

and ¢ = 4. u
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Chapter 3

Stochastic Orderings and Positive Dependence

3.1 Integral stochastic orderings

In this section, we summarize some important definitions and facts concerning the
stochastic orderings of random vectors. Additional information can be found in the
monographs by Miiller and Stoyan [52] and by Shaked and Shanthikumar [59]. The

basic definition of integral stochastic orderings can be stated as follows:

Definition 3.1 Let F be a class of Borel measurable functions ¢ : R" — R. We say

that the two R"-valued rvs X and'Y satisfy the order relation X <z Y if
E[p(X)] <E[p(Y)] 3.1)
for all functions y in F whenever the expectations exist.

This generic definition has been specialized in the literature. Here are some impor-

tant examples.

Definition 3.2 For IR™-valued rvs X and Y, the rv X is said to be smaller than the rv

Y according to
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e the usual stochastic ordering, written X <, Y, if (3.1) holds for all increasing

functions ¢ : R™ — IR whenever the expectations exist;

e the convex ordering, written X <., Y, if (3.1) holds for all convex functions

¢ : R"™ — IR whenever the expectations exist;

e the concave ordering, written X <., Y, if (3.1) holds for all concave functions

¢ : R"™ — IR whenever the expectations exist;

e the increasing convex ordering, written X <;.. Y, if (3.1) holds for all increasing

convex functions ¢ : R™ — IR whenever the expectations exist; and

e the increasing concave ordering, written X <,., Y, if (3.1) holds for all increas-

ing concave functions ¢ : R™ — IR whenever the expectations exist.

Let X and Y be IR-valued rvs. We note from [59, p. 3] that the comparison X <, Y
is equivalent to

PX>{<P[Y>t, teR. (3.2)

Itis also known [59] that if X <., Y,wehave E [X]=E[Y]and Var(X) < Var(Y).
In other words, X has the same mean as Y but less variability than Y. When X <;.. Y,
there exists an IR-valued rv Z such that X <., Z <., Y [48, Thm. 1], whence E [ X] <
E [Y] and we can interpret Y as being greater than X in both “size and variability.”
Consequently, the orderings cx and icx are appropriate for comparing the variability of
rvs. However, in the case of random vectors, it is also desirable to compare their degree
of “dependence.” In the next section, we describe a stochastic ordering which is well
suited for comparing the dependence structures of random vectors and sequences.

A few words on the notation in use: Two IR"-valued rvs X and Y are said to be

equal in law if they have the same distribution, a fact we denote by X =,;, Y. For two
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sequences of rvs X = {X,,,n = 1,2,...}and Y = {Y,,,n = 1,2,...}, the notation
X =, Y indicates that X and Y have the same finite dimensional distributions, i.e.,
(X1,...,Xpn) =« (Y7,...,Y,) forall n = 1,2,.... Lastly, convergence in law or in

distribution (with ¢ going to infinity) is denoted by —,.

3.2 Supermodular ordering

Several stochastic orderings have been found well suited for comparing the dependence
structures of random vectors. Here we rely on the supermodular ordering which has
been used recently in several queueing and reliability applications [7, 8, 9, 60, 66]. We

begin by introducing the class of functions associated with this ordering.

Definition 3.3 A function ¢ : R" — IR is said to be supermodular (sm) if
plxVy)+e@Ay) =e@) +0(y), =yeR”

wherewesetx Vy = (x1 Vyr,...,xoVy,)adx Ay = (1 Ay1, ..., Tn A Yn).

The supermodular ordering is the integral ordering associated with the class of su-

permodular functions.

Definition 3.4 For R"-valued rvs X and Y, the rv X is said to be smaller than the
rv'Y according to the supermodular ordering, written X <,,, Y, if (3.1) holds for
all supermodular Borel measurable functions ¢ : IR" — IR whenever the expectations

exist.

It is a simple matter to check [8] that for any IR"-valued rvs X and Y, the compari-

son X <,,, Y necessarily implies the stochastic equalities

Xi —st }/;a 1= 17"'7”7 (33)
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as well as the covariance comparisons
Cov]X;, X;| < Cov]Y,,Y;], 4,j=12,...,n. (3.4)

Thus, the comparison X <, Y represents a possible formalization of the statement to
the effect that “Y is more positively dependent than X.”
The definition of the supermodular ordering can be extended to sequences of rvs in

a natural way.

Definition 3.5 We say that the two R-valued sequences X = {X,,n = 1,2,...}

andY = {Y,,n = 1,2,...} satisfy the relation X <, Y if (X1,...,X,) <im
(Yy,...,Y,) foralln=1,2,....

In what follows, we introduce several concepts of positive dependence.

3.3 Positive dependence

Positive dependence in a collection of rvs can be captured in several ways. The as-
sociation of rvs is one of the most useful such characterizations; it was introduced by
Esary, Proschan and Walkup [31] and has proved useful in various settings [6, 42] (and

references therein).

Definition 3.6 The R"-valued rv X = (X1,...,X,) is said to be associated" if the
inequality

E[f(X)g(X)] = E[f(X)]E [g(X)]

holds for all increasing functions f, g : R" — IR for which the expectations exist.

A stronger notion of positive dependence is given by

1Sometimes, we say that the R-valued rvs X, ..., X,, are associated.
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Definition 3.7 The R"-valuedrv X = (X3, ..., X,,) is said to be conditionally increas-
ing in sequence (CIS) if foreachk = 1,2,...,n — 1, the family of conditional distribu-

tions {[Xx11| X1 = =1, ..., Xy = ]} is stochastically increasing in x = (x1, ..., x).

More precisely, this definition states that foreach £ = 1,2,...,n — 1, for x and y

in R with < y componentwise, it holds that
[(Xi1[(Xa, oo, X)) = @] <o [Xpea[(Xn, -0, Xi) = y]

where [Xj.1](X1,...,X,) = ] denotes any rv distributed according to the condi-
tional distribution of X, given (X,..., X;) = x (with a similar interpretation for
(X1 [(Xa, - Xi) = y)).

We next show how the supermodular ordering induces a notion of positive depen-

dence but first, a definition:

Definition 3.8 For R"-valued rvs X and X, we say that X = (Xy,...,X,) is an
independent version of X = (Xy,...,X,) ifthe rvs X;, X, ..., X, are mutually in-

dependent with X, =, Xy, foreachk =1,...,n.

From the concept of supermodular ordering, the positive dependence between the
components X1, ..., X, of the R"-valued rv X can be formalized by requiring that the
rv X be larger in the supermodular ordering than its independent version X . This gives

rise to the following notion of positive dependence [52]:

Definition 3.9 The R"-valued rv X = (X3, ..., X,,) is said to be positive supermodu-
lar dependent (PSMD) if
X < X (3.5)

where X is the independent version of X .
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The next proposition explores the relationships between the various notions of posi-

tive dependence introduced thus far.

Theorem 3.10 Consider an R"-valued rv X = (X1,...,X,).
(a) If X is CIS, then X is associated; and

(b) If X is associated, then X is PSMD.

Part (a) can be found in the monograph by Barlow and Proschan [6, Thm. 4.7, p.
146] while Part (b) has been established recently by Christofides and Vaggelatou [21,
Thm. 1]. Earlier, Meester and Shanthikumar [51, Thm. 3.8] have shown that CIS implies
PSMD.

Lastly, we naturally extend these definitions to sequences of rvs along the lines of

Definition 3.5.

Definition 3.11 For sequences of R-valued rvs X = {X,,n = 1,2,...} and X =
{X,,n =1,2,...}, we say that X is an independent version of X if the rvs {X,,,n =

1,2,...} are mutually independent with X, =4 X, foralln = 1,2,....

Definition 3.12 We say that the IR-valued sequence X = {X,,n = 1,2,...} is asso-
ciated (resp. CIS, PSMD) if for eachn = 1,2,..., the R"-valued rv (Xy,...,X,) is
associated (resp. CIS, PSMD).
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Chapter 4

Demand-driven Caching

Consider a universe N of N cacheable documents, say NV := {1,..., N}. The system
is composed of a server where a copy of each of these NV documents is available, and
of a cache of size M (1 < M < N). Documents are first requested at the cache: If the
requested document has a copy already in cache (i.e., a hit), this copy is downloaded
from the cache by the user. If the requested document is not in cache (i.e., a miss), a
copy is requested instead from the server to be put in the cache. If the cache is already
full, then a document already in cache is evicted to make place for the copy of the
document just requested. The document selected for eviction is determined through a
cache replacement or eviction policy.!

We now develop below a mathematical framework to address some of the issues
discussed in this dissertation. Additional details are available in the monographs by
Aven, Coffman and Kogan [2] and by Coffman and Denning [24]. We begin with some
notation that will be used repeatedly: Let A*(M;N') be the collection of all unordered
subsets of size M of V' = {1,..., N}, and let A(M; \') be the collection of all ordered
sequences of M distinct elements from N. We write {iy, ..., iy} (resp. (i1, ..., 4p)) tO

denote an element in A*(M; N) (resp. A(M; N)). Foreach: =1,..., N, let Ax(M;N)

1\We use the terms interchangeably.
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(resp. A;(M;N)) denote the set of elements in A*(M;N') (resp. A(M;N)) which do

not contain ¢, i.e.,
AS(MN) i={s={i1,...in} EN(M;N) : i & s}

and

N(M;N) :={s=(i1,...70) E AM;N) : i & s}.

4.1 A simple framework

Consecutive user requests are modeled by a sequence of N-valued rvs R = {R;, t =
0,1,...}. Forsimplicity we say that request R, occursattimet = 0,1, . ... Let S, denote
the cache just before time ¢ so that .S, is a subset of A" with at most M elements. Also,
the decision to be performed according to the eviction policy in force is the identity U,
of the document in S; which needs to be evicted in order to make room for the request
R, (if the cache is already full).

Demand-driven caching considered here is characterized by the dynamics

St if R, € S,
Stt1 = S+ R, if R, &5, [ <M (4.1)
Sy—U+ R, ifR, &S;,|S|=M
forall t = 0,1,..., where |S;| denotes the cardinality of the set S;, and S; — U, + R;
denotes the subset of {1, ..., N} obtained from S, by removing U, and then adding R,
to it, in that order. These dynamics reflect the following operational assumptions: (i)
Actions are taken only at the time requests are made, hence the terminology demand-
driven caching; (ii) a requested document not in cache is always added to the cache if
the cache is not full at the time of request; and (iii) eviction is mandatory if the request

R, is not in cache S, and the cache S, is full, i.e., |S;| = M.
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4.2 \Web request models and reduced dynamics

Throughout we assume the following for the request stream R = {R;, t = 0,1,...}:
The popularity pmf p = (p(1),...,p(NN)) of R exists and is defined as the non-random
limits

p(i) = lim = > 1[R, =4 as., i=1,...,N. (4.2)

p(i)>0, i=1,...,N. (4.3)

Apmfpon{1,..., N} satisfying (4.3) is said to be admissible.?
Under this non-triviality condition (4.3), every document will eventually be re-

quested as we note that
lim =Y 1[R, =4 =p(i) >0 as.

under the assumption (4.2). Thus, as we have in mind to study long term characteristics
under demand-driven replacement policies, there is no loss of generality in assuming (as
we do from now on) that the cache is full, i.e., forall t = 0,1, ..., we have |S;| = M

and (4.1) simplifies to

St If Rt c St
Sit = (4.4)

Sy —Usg+ Ry ifR, &5,.
A number of request models will be considered here, the best known one being the
Independent Reference Model (IRM). The IRM will serve as the first model for which
we attempt to formalize the folk theorems introduced in this dissertation. It is a basic

model which is often used for checking various properties of caching systems [13].

2Additional assumptions on the request streams, e.g., stationarity and ergodicity, will be required in

some parts of the dissertation and will be stated when appropriate.
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Moreover, recent results by Jelenkovic and Radovanovic [38] and by Sugimoto and
Miyoshi [63] suggest some form of insensitivity of caching systems to the statistics of
requests. However, the IRM does not possess any of the correlations which have been
observed in Web reference streams, thus making it less suitable for modeling streams
of requests with strong temporal correlations. Some examples of models displaying

temporal correlations will be discussed later in Chapter 9.

4.3 Cache states and eviction policies

The decisions {U;, t = 0, 1, ...} are determined through an eviction policy; several ex-
amples will be presented shortly. For most eviction policies considered in the literature,
as well as here, the dynamics of the cache can be characterized through the evolution
of suitably defined variables {€2;, ¢t = 0,1,...} where €, is known as the state of the
cache at time ¢.

Consider an eviction policy w. The cache state is specific to the eviction policy
and is selected with the following in mind: (i) The set .S, of documents in the cache at
time ¢ can be recovered from €;; (ii) the cache state 2, is fully determined through
the knowledge of the triple (€2, R;, U;) in a way that is compatible with the dynam-
ics (4.4); and (iii) the eviction decision U, at time ¢ can be expressed as a function of
the past (2, Ro, Uo, ..., %1, Ri—1, U1, 8, Ry) (possibly through suitable random-

ization), i.e., foreach ¢t = 0, 1, . . ., there exists a mapping ; such that
Ut = ﬂ-t(QOa RCH UOa DRI Qt—b Rt—17 Ut—17 Qta Rt7 Et) (45)

where =, is a rv taken independent of the past (2o, Ro, Uo, - . ., Q—1, Ri—1, Up_1, 4, Ry).
Collectively, the mappings {m;, t = 0,1, ...} define the eviction policy 7.

We close this section with some examples of eviction policies which have been dis-
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cussed in the literature (see e.g., [2, 24]):

According to the random policy, when the cache is full, the document to be evicted
from the cache is selected randomly according to the uniform distribution.

Any permutation o of {1, ..., N} induces an ordering of the documents by consider-
ing the documents o (1), 0(2),...,0(N) as “ordered” in decreasing order. This ranking
of the documents allows us to define the eviction policy A, as follows: When at time
t=0,1,..., the cache S; is full and the requested document R; is not in the cache, the

policy A, prescribes the eviction of the document U, given by
U; = arg max (O'_l(j) 1 J € St) . (4.6)

The documents o(1),...,0(M — 1), once loaded in the cache, will never be evicted,
and in the steady state, the cache under the policy A, will contain the documents
o(1),...,0(M —1).

The so-called policy A, is associated with the underlying popularity pmf p of the
request stream, and evicts the least popular document in the cache, i.e., when the re-

placement is required attime ¢t = 0, 1, . . ., select U, to be
U, =argmin (p(j): j €S;). 4.7)

This policy Aq coincides with the policy A, associated with the permutation o* of
{1,..., N} which orders the components of the underlying pmf p in decreasing order,
namely p(o*(1)) > p(0*(2)) > ... > p(o* ().

Under the random policy and the policies A,, we can take the cache state to be
the (unordered) set of documents in the cache, i.e., the cache state is an element of
A*(M;N)and Q, = S, forallt =0,1,....

The First-in/First-out (FIFO) policy replaces the document which has been in cache
for the longest time, while the Least-Recently-Used (LRU) policy evicts the least re-

cently requested document already in cache.
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The CLIMB policy is a close relative of the LRU policy. It ranks documents in cache
according to their recency of access: If the request document is not in the cache, the
document at the last position (position M) is evicted and replaced by the new document.
If the requested document is in the cache at position 7, i = 2,..., M, it exchanges
position with the document at position : — 1. The cache remains unchanged if the
requested document is in the cache at position 1.

The definition of the FIFO, LRU and CLIMB policies necessitates that the cache
state be an element of A(M;N) with ©, being a permutation of the elements in S; for

allt=0,1,....

4.4 Miss rate

A standard performance metric to evaluate and compare various caching policies is the
miss rate of a cache. This quantity has the interpretation of being the long-term fre-
quency of the event that the requested document is not in the cache, and therefore deter-
mines the effectiveness of a caching policy.

For a given request stream R = {R;,t = 0,1...}, the miss rate M, (R) under a

cache replacement policy = is defined as the a.s. limit
1 t
M.(R) = tlim ; Y 1R, ¢5,] as. (4.8)
R g

(whenever the limit exists) where S, denotes the set of documents in cache operating
under the replacement policy 7 at time 7 when the input to the cache is the request stream
R. Almost sure convergence in (4.8) (and elsewhere) is taken under the probability
measure on the sequence of rvs {Q;, R;, U;, t = 0, 1, ...} induced by the request stream
{R;, t =0,1,...} through the eviction policy 7.

The existence of the limit (4.8) depends on the request stream R and on the cache
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replacement policy 7. Even in the case where the limit (4.8) exists, its expression is not
known for general classes of request streams. However, when the request stream R is
the IRM, the limit (4.8) exists under most cache replacement policies of interest. This

special case will be treated in Chapter 5.

4.5 Output

Under the demand-driven caching operation (4.4), the output of the cache is the se-
quence of requests that incur a miss, i.e., when the incoming request cannot find the
desired document in the cache. More precisely, a miss occurs at time ¢ if R, is not in S;.

Thus, we define recursively the time indices {14,k =0,1,...} by
VOZO; Vi1 i= Vk+nk+17 k:0717
and

Nk+1 = lnf {g = 1, 2, P R,,k_,_g g Syk+g}

with the convention 7., = oo if either v, = oo or if v is finite but the set of indices
entering the definition of ;. , is empty. With § denoting an element not in A/, we define

the output process R* = {R;,k = 1,2,...} simply as

R = R, if v, < o0
0 if v, = 00
for each £ = 1,2,.... The requests {R;,k = 1,2,...} are those requests among

{R;,t = 0,1,...} which incur a miss and which get forwarded to the server (or to
the higher level cache in a hierarchical caching system).
The statistics of the output stream { Ry, k = 1,2, ...} are determined by the statistics

of the input stream { R;,t = 0, 1, ...} and by the cache replacement policy = in use. We
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are interested in evaluating the popularity pmf p% = (pz(1),...,p%(N)) defined by

K
pi(i) = I}%;’;l[}zg =il a.s. (4.9)
foreachi =1,..., N, whenever these limits exist.

As with the limit (4.8) of the miss rate, the existence and form of the limits (4.9)
are not known for general classes of input models. However, as we shall see in the next
chapter, when the input stream is modeled according to the IRM, the limits (4.9) exist

and admit simple expressions for most cache replacement policies of interest.
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Chapter 5

The Independent Reference Model (IRM)

The Independent Reference Model (IRM) is a basic model for Web reference streams; it
is commonly used to evaluate various properties of caching policies [13]. We say that
the request stream R = {R;,t = 0,1,...} is an IRM with popularity pmf p if the rvs
{Ry,t = 0,1,...} are i.i.d. rvs distributed according to the pmf p. In this chapter, we
show that under the IRM with popularity pmf p and under a particular cache replacement
policy =, the limit (4.8) for the miss rate and the limits (4.9) for the output popularity

pmf p* exist and admit simple expressions whenever the a.s. limit
1 t
pe(s;p) = Jim ; Y 1[5, =53] as. (5.1)
o T=1

exists for each element s in A*(M; N') with S, being the set of documents in cache at
time 7. We now discuss these results for the miss rate and for the output popularity pmf,

respectively.

5.1 Miss rate under the IRM

Before stating the main result, we note from the definition of the IRM that the requests

{R;, t = 0,1,...} are characterized solely by the popularity pmf p and thus all IRM
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streams with the same popularity pmf p must produce the same miss rate (4.8) under a
given replacement policy 7. Therefore, it is more appropriate to view the miss rate under
the IRM as a function of the popularity pmf p and denote the limit (4.8) by Mﬁ(p) to

reflect this fact.

Theorem 5.1 Consider an eviction policy w such that the limits (5.1) exist under the

IRM with popularity pmf p. Then, the limit (4.8) exists and is given by

N
Me(p) = Y pi) > pilsip) (5.2)
=1 sEAF(M;N)
= Y ui(sip) Yo pli). (5.3)
sEA*(M;N) i¢s

Theorem 5.1 is established in the process of proving Theorem 5.2 in Section 5.3.
The existence of the limits (5.1) is a mild assumption which is satisfied under all eviction
policies of interest considered here (and in the literature). Indeed, under the IRM with
popularity pmf p, the sequence of cache states {€2;, t = 0, 1, ...} usually form a Markov
chain over a finite state space, and standard ergodic results for finite state Markov chains
readily yield the existence of the limits (5.1). This issue will be briefly discussed in each
situation at the appropriate time. Note also that the limits (4.8) and (5.1) under the IRM
are often constants which are independent of the initial cache state 2. However this is

not always the case as we shall see in the discussion of RORA policies [Chapter 7].

5.2 Output under the IRM

In this section, we establish the existence and form of the limits (4.9) when the input to
the cache is the IRM with popularity pmf p. We again do so under the assumption that

the a.s. limit (5.1) exists for each s in A*(M; N\'). The main result is contained in
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Theorem 5.2 Consider an eviction policy © such that the limits (5.1) exist under the

IRM with popularity pmf p. Foreachi: = 1,..., N, the limit (4.9) exists and is given

by
. 1 & .
pr(i) = [lim - kX::l 1[R; =1
__ p@me(ip) (5.4)

L1 p(7)ma(j; p)

where we have set

me(i;p) = Y n(s;p). (5.5)

seAs(M;N)

A proof of Theorem 5.2 is given in next section. Note that the existence of the limits

(5.1) implies

me(i;p) = Y (tlilglo n > 1[S, = S]>
)

= lim % Y1l S| as. (5.6)

foreachi =1,..., N, and m,(i; p) thus represents the fraction of times that document
7 will not be in the cache. This quantity is determined by the popularity pmf p of the
IRM input and by the eviction policy 7 in use.

Inspection of (5.2) and (5.5) reveals that

> pli)me(i; p) = Ma(p). (5.7)

This leads via (5.4) to a simple connection between the miss rate of an eviction policy

and the pmf of its output in the form

pr(i) = B0 R) N, (5.8)
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Thus, with the IRM input, we can view pZ (i) as the ratio of the miss rate of the cache

when the requested document is 7 to the overall miss rate of the cache.

5.3 Proofs of Theorems 5.1 and 5.2

Key to the proofs of both Theorems 5.1 and 5.2 is the following observation: For each
t=0,1,...thervs Q, and R, are independent. Hence, by independence of rvs { R;, t =
0,1,...}, upon invoking Rajchman’s version of the Strong Law of Large Numbers [22,

Thm. 5.1.2., p. 103], we find
lim =Y 1[S, =s](1[R, =4 —p(i)) =0 a.s. (5.9)

foreach s in A*(M;N)andi=1,..., N.
For each t = 1,2,..., let K(t) denote the total number of misses up to time ¢.

Obviously, we have

K(t) = i 1R, ¢S ]=> > 1[i &S, ]1[R, =1]. (5.10)

i=171=1

Fixi=1,..., N. We note that

= p() Y1 ¢S] (5.11)

> hm%ZlM:ﬂﬂmﬁﬂ—Mm:Oa& (5.12)
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Next, combining (5.6) and (5.12), we get via (5.11) that

lim 12 1i¢ S |1[R, =i] = p(i) >, pi(s;p) as. (5.13)

=1 sEAF(MN)

Using the basic identity (5.10) for each ¢ = 1,2, .. ., we conclude from (5.13) that

¢ N
tli@%Zl[RTgST] = Z(hm Zl Rzi])
=1 =1
N
= > p(i) Y. m(sip) as (5.14)
=1 SsEAY(M;N)

This last limit yields the expression (5.2) for the miss rate (4.8).

To establish (5.3), we observe foreach¢t = 1,2, ... that

T=1 se A*(M;N) iZs

ill[RﬁZST] = i > 1[STZS}<1[RT§ZS]—ZP(Z')>
Py Y 1[sfzs1.(zp<i>).

T=1seA*(M;N) iZs

It then follows from (5.9) that

1 t
lim—z Z L[S, =s][1[R, &s]—> pi)| =0 a.s.

iZs
so that
1 t

lim = > 1[R, ¢S, ] = > (hm Z 1[S ) : (Zp(z)) a.s.

t—oo =1 sEA*(M;N) igs
and the expression (5.3) is obtained under the existence of the limits (5.1). This com-
pletes the proof of Theorem 5.1.

It is now immediate that the following limit exists a.s., and is given by

R R COU T ST
tliglomgl[}zk_l] N hmtﬁooi 1[R. ¢ S;]

_ p(i)m (7p) -
Y Lip()m<Gip) (5.15)
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as we note (5.13) and (5.14). The desired conclusion of Theorem 5.2 is readily obtained
from (5.15) once we observe the convergence lim;_,., K (t) = oo a.s. monotonically so
that the sequence {K(¢), t = 1,2,...} a.s. exhausts IN, and the a.s. existence of the

limit in (5.15) implies the a.s. existence of the limit (4.9) with limiting value (5.4)-(5.5).
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Chapter 6

Comparing Popularity under the Independent Reference

Model

As we have in mind to study the strength of locality of reference present in streams of
requests, we first focus on how popularity contributes to locality of reference by con-
sidering the situation where there are no temporal correlations in the stream of requests
as would be the case under the IRM with popularity pmf p. In this case, the skewness
in the pmf p does act as an indicator of the strength of locality of reference present
in the stream, under the intuition that the more “balanced” the pmf p, the weaker the
locality of reference. This is best appreciated by considering the limiting cases: If p
is extremely unbalanced with p = (1 — d,¢,...,¢) (with § = (IV — 1)¢), a reference
to document 1 is likely to be followed by a burst of additional references to document
1 provided (N — 1)e <« 1 — 4. The exact opposite conclusion holds if the popularity

pmf p were uniform, i.e., p(1) = --- = p(N) = for then the successive requests

e
{R;,t =0,1,...} form a truly random sequence.

We capture the skewness in the popularity vector through the concept of majoriza-
tion introduced in Chapter 2. From now on, the majorization comparison p < g formal-

izes the notion that the IRM with popularity pmf p has less locality of reference than the
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IRM with popularity pmf g as this comparison captures the fact that the pmf g is more
skewed than the pmf p. Under the IRM, the folk theorem for the miss rate associated
with a particular eviction policy 7 can be restated as follows: If two IRM streams have

popularity pmfs p and q satisfying p < q, then it holds that
Mr(q) < Ma(p), (6.1)

i.e., “the more skewed the popularity pmf, the smaller the miss rate of a cache.” Simi-
larly, the folk theorem for the output of a cache under the IRM now reads as the com-
parison px < p in that the output popularity pmf pZ is indeed more balanced than the
popularity pmf p of the IRM input.

In this chapter, we first discuss some basic comparisons which are consequences of
majorization comparison between pmf vectors. We then formally establish the folk the-
orems for the miss rate and for the output of a cache under the IRM with two well-known
cache-replacement policies, namely, the random policy and the policy A,. Results for
more general policies are discussed in Chapter 7 for Random On-demand Replacement

Algorithms, and in Chapter 8 for the LRU and CLIMB policies.

6.1 Entropy comparison

Comparison results which are consequences of majorization ordering are essentially
statements concerning the Schur-concavity of certain functionals. We provide an easy
illustration of this idea to the entropy comparison. Recall that the entropy H (p) of the

pmf p on NV is defined by

H(p) := =Y p(i)log, p(i) (6.2)

i=1

with the convention ¢ log, t = 0 for ¢ = 0. It is known that the larger the entropy H (p),

the more balanced the pmf p. This concept has been previously used by Fonseca et al.
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[34] to capture the strength of locality of reference exhibited through the popularity pmf
of the request stream.

By a classical result of Schur [49, C.1, p. 64] the mapping x — — >N | x;log, ; is
a Schur-concave function on ]Rf. This leads readily to the following well-known result

[49, D.1, p. 71].
Proposition 6.1 For pmfs p and q on \/, it holds that

H(q) < H(p) (6.3)
whenever p < q.

Thus, majorization provides a stronger notion for comparing the imbalance in the com-
ponents of pmfs than the entropy-based comparison (6.3) proposed by Fonseca et al.

[34].

6.2 Zipf-like distributions

It has been observed in a number of studies that the popularity distribution of objects
in request streams at Web caches is highly skewed. In [1] a good fit was provided by
the Zipf distribution according to which the popularity of the i** most popular object is
inversely proportional to its rank, namely 1/1.

In more recent studies [13, 39], “Zipf-like” distributions! were found more appropri-
ate; see [13] (and references therein) for an excellent summary. Such distributions form
a one-parameter family. In our set-up, for a > 0, we say that the popularity distribution
p of the A-valued rvs { Ry, ¢t = 0, 1,...} is Zipf-like with parameter « if

i—Q

p(i) = ma

Such distributions are sometimes called generalized Zipf distributions.

i=1,...,N (6.4)
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with

Ca(N) i= Y0 (6.5)

Pa(l) > pa(2) > ... > pa(N). (6.6)

The case @ = 1 corresponds to the standard Zipf distribution and the value of o was
typically found to be in the range 0.64 — 0.83 [13].

Zipf-like pmfs are skewed towards the most popular objects. As « — 0, the Zipf-
like pmf approaches the uniform distribution w while as @ — oo, it degenerates to the
pmf (1,0,...,0). Extrapolating between these extreme cases, we expect the parameter
« of Zipf-like pmfs (6.4)-(6.5) to measure the strength of skewness, with the larger «,
the more skewed the pmf p,,. The next result shows that majorization indeed captures

this fact, and so it is warranted to call « the skewness parameter of the Zipf-like pmf.
Lemma 6.2 For0 < « < (3, it holds that p,, < pg.

Lemma 6.2 can already be found in [49, B.2.b, p. 130] and is an easy by-product
of Lemma 2.4. Zipf-like distributions will be used in the discussion of the LRU and

CLIMB policies in Chapter 8.

6.3 Comparing input and output

In the following two sections, we establish basic comparison results which provide the
first step toward formalizing the folk theorem for the output of a cache. We begin with
a comparison between the input popularity pmf and the output popularity pmf for a

general caching policy.
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Theorem 6.3 Consider an eviction policy © such that the limits (5.1) exist under the
IRM with popularity pmf p.

(i) If m.(i;p) < m,(j; p) whenever p(i) < p(y) fordistincti,j =1,..., N, then it
holds that p < px;

(ii) If m.(i;p) > m,(j;p) whenever p(i)m,(i;p) < p(j)m.(j;p) for distinct

i,7=1,..., N, then it holds that p> < p provided m.(i;p) > 0 foreachi =1,..., N.

Proof. Under the enforced assumptions, both claims are simple consequences of
Lemma 2.4: For Claim (i), we use x = p and y given by y; = p(i)m,(i;p), i =
1,..., N. Note that £ = p while g = pZ, and that the monotonicity assumptions hold.
For Claim (ii), we take y = p and « given by x; = p(i)m.(i;p),i = 1,..., N. This
time, we have £ = p> while ¥ = p, and the requisite monotonicity assumptions hold.

Theorem 6.3 suggests the following definitions: We say that the caching algorithm
7 is bad if it has the property that the fraction of time that a document is not in cache
increases as its popularity increases, i.e., for every admissible pmf p, it holds that
m.(i;p) < my(j;p) whenever p(i) < p(j) for distinct i,7 = 1,..., N. For a bad
caching algorithm, Claim (i) states that the popularity pmf of the output is more skewed
than the popularity pmf of the input, or equivalently that the output stream displays
stronger locality of reference than the input stream.

The assumptions for Claim (ii) ensure that m.(i;p) < m,(j;p) and p(5) < p(i)
occur simultaneously for distinct i, j = 1,..., N. This leads to defining a caching algo-

rithm 7 as good if for every admissible pmf p, we have m . (i; p) < m,(j; p) whenever
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p(j) < p(i) for distinct 4,5 = 1,..., N. Thus, a caching policy which satisfies the
assumptions of Claim (ii) is necessarily a good policy. However, as we shall see in the
case of the LRU and CLIMB policies [Chapter 8], this by itself is not sufficient to ensure

that the output popularity pmf is more balanced than the input popularity pmf.

6.4 A useful comparison

Repeatedly we will encounter output pmfs which assume the generic form used in The-

orem 6.4 below.

Theorem 6.4 Let p be an admissible pmf on N/, and for eachi = 1, ..., N, define the

(N — 1)-dimensional vector

p® = (p(1),...,pe —1),p(i+1),...,p(N)). (6.7)

Foreach M =1,2,..., N — 1, the pmf p%, on N defined by

p(i) Exn—1(p?)

: —. 1=1,...,N (6.8)
>N () Evn—1(pY)

(i) =

satisfies the comparison p3, < p where the elementary symmetric function Ey; n_; :

RY~' — R is defined at (2.7).

Proof. Fix distinct 4,5 = 1,..., N and define the (N — 2)-dimensional vector p("/)
obtained from the pmf p by deleting the components associated with documents ¢ and

j. With this notation, we find

EM,N—I(p(i)) - E]W,N—l(p(j)>

= S oplin)-pling) — . p(ia) - pling)

sEAF(MN) sEA}f(M;N)
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= > p(iy) -+ - pling) — > p(in) -~ pliar)

SEAT(MN): jEs SEAT(M;N): i€s
= (p(j) — p(i)) Err—1,n—2(p'). (6.9)

On the other hand, we also have
p(i) Eren—1(0") — p(j) Err.n-1(pY)

= p(i)( > p(il)---p(iM)) — p(]’)( > p(i1)~-p(iM))

seAF(M;N) sEAY (M;N)

= p(i)( > p(il)---p(iM)) — p(i)( > p(h)m]ﬂ(@'M))
seNY(

M;N): j¢s SGA’;(]V[;N): iZs

= (p(@) —p(j)) EM,N—2(p(ij))' (6.10)

As we have in mind to apply Lemma 2.4, we take y = p and x given by x; =
p())Eyn_1(p?), i = 1,...,N, whence £ = p%, and § = p. For distinct i,j =
1,..., N, we find from (6.9) and (6.10) that

whenever
Ty —Xj = (p(i)—p(j»EM,Nﬂ(P(ij)) > 0.

The assumptions of Lemma 2.4 are satisfied and the comparison pj;, < p follows. m

6.5 The random policy

In the last two sections, we formalize the folk theorems under the IRM for the miss rate
and the output of a cache under the random policy and the policy A,, respectively.
According to the random policy, when the cache is full, the document to be evicted

from the cache is selected randomly according to the uniform distribution. When the
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input to the cache is the IRM with popularity pmf p, the cache states {S;, t =0,1,...}
form a stationary ergodic Markov chain over the finite state space A*(M;N) [2, Thm.

11, p. 132]. Its stationary distribution is given by

[ana(5:D) = Exin(P) " 'p(i1) -+ pling) (6.11)

forevery s = {iy,...,in} in A*(M; N') with normalizing constant E,, v (p) defined at

Q.7).

6.5.1 The miss rate under the random policy

Under the IRM with popularity pmf p, the corresponding miss rate is obtained from

(5.3) and (6.11) (see also [2, Thm. 11, p. 132]) as

e vene i () - pling) (1 — M p(i
M (p) = =12 ayeas(aan) P(in) - b y) ( i 1 0( k)). (6.12)
> finsinsyers (s P(i1) -+ pling)

That (6.1) indeed holds for the random policy is contained in
Theorem 6.5 For admissible pmfs p and q on N/, it holds that

MRand(q) S MRand(p) (613)

whenever p < q.

Proof. First, we note that

> p(ir) -~ pliae) = Ene(p). (6.14)

{il ..... i]w}EA*(M;N)
It is also a simple matter to see that
M

> p(ir) -+ pliar) (1 = D p(ix))

{i1, - im JEA(MN) k=1
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- S pl)plig) Y w0

{i1,..im JEA*(MN) i {41, ,00r }

= (M+1) > p(ix) - plinr41)
{’il ..... i]\/[+1}€A*(]V[+1;N)

= (M +1)Exn(p)

Combining (6.14) and (6.15) through (6.12), we get

Enga(p)

MRand(p) = (M + 1) EM(p) s

and the miss rate Mganq (p) is Schur-concave in p by Proposition 2.6 .

(6.15)

(6.16)

Under the IRM, it is well known [2, p. 132] that the FIFO policy yields the same

miss rate as the random policy, so that Theorem 6.5 holds for the FIFO policy as well.

In the special case M = 1, any demand-driven policy reduces to the policy that evicts

the only document in cache if the requested document is not in cache. Specializing the

results for the random policy, Theorem 6.5 immediately leads to
Corollary 6.6 With M = 1, for admissible pmfs p and q, it holds that

M, (q) < M(p)

whenever p < q under any demand-driven replacement policy .

6.5.2 The output under the random policy

As we report (6.11) into (5.5), we readily conclude that

MRana(i;9) = Enn(p)™" > plin) - pling)
seAF(M;N)

Eyn_1(p?)

. i=1,....N
Eun(p)
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where p(® is the (N — 1)-dimensional vector (6.7) obtained from the pmf p by delet-
ing the component associated with document . Consequently, (5.4) yields the output

popularity distribution as

_ p(i) Exn—1(p?)
S p(f) Evv-1(pD)’

PRana(?) i=1,...,N (6.18)

and Theorem 6.4 immediately implies

Theorem 6.7 Under the random policy, it holds that p},,..q4 < P-

As in the case of miss rate, for the special case M = 1, by specializing the results

for the random policy, the output pmf is given by

iy = PO —p(@) .
rO=sv ma-poy Y (6.19)

and Theorem 6.7 readily yields

Corollary 6.8 With M = 1, under any demand-driven replacement policy , the popu-

larity pmf p> of the output is the pmf p* given at (6.19) with p* < p.

6.6 The policy A,

Let o denote a permutation of {1,..., N} which is held fixed throughout this section.
Such a permutation can be used to induce an ordering of the documents by consider-
ing that the documents o(1),0(2),...,0(/N) are “ordered” in decreasing order. With
this ranking of the documents, the policy A, can be defined as in Section 4.3 with the

eviction rule (4.6).
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6.6.1 Cache steady state under the policy A,

Under (4.3), every document is eventually requested with probability one, so that for

sufficiently large time ¢, the cache S; under the replacement policy A, is of the form

S =S4y (6.20)

with
Y ={o(1),0(2),...,0(M —1)} (6.21)

and
Yo eX={o(M),...,0(N)}. (6.22)

As explained earlier, there is then no loss of generality in assuming that the cache is
indeed of the form (6.20)-(6.22), in which case the cache state S; is determined com-
pletely by Y,”. Under the IRM, the rvs {Y,”,t = 0,1,...} form a stationary ergodic
Markov chain over the finite state space 3¢ with stationary distribution {7, (y),y € X}

described in the following lemma.
Lemma 6.9 The limits

fim P YT =y, By = a] = m(y)p(z),  (2,y) € N x &
exist with

To(y) = lim PV = y] = %, y g (6.23)

The proof of Lemma 6.9 is omitted as it mimics the derivation of a similar result for
the policy Aq [24, Thm. 6.3, p. 268]. Note that (6.23) defines a pmf 7, on ¢, which is

simply the conditional pmf induced on X¢ by the pmf p.
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6.6.2 The miss rate under the policy A,

Under the IRM with popularity pmf p, it follows from Lemma 6.9 and the expression
(5.3) that the miss rate under the policy A, is given [24, Thm. 6.4, p. 269] by

Zi]\iM P(U(i))2

SN p(o(i) (524

M,(p) = 4;429(0@)) -

From the expression (6.24), it is not hard to see that the folk theorem (6.1) for miss rates
under the policy A, does not hold in general. However, it does hold under a well-known
instance of the policy A,, the policy Ay, defined earlier in Section 4.3. This policy Ay is
simply the policy A, where the permutation o* of {1, ..., N} orders the components of
the underlying pmf p in decreasing order, i.e., p(c*(1)) > p(c*(2)) > ... > p(c*(N)).

The analog of Theorem 6.5 for the policy A is given in
Theorem 6.10 For admissible pmfs p and q on N, it holds that

Ma,(q) < Ma,(p) (6.25)

whenever p < q.

Proof. The policy Ay is known [2, 24] to minimize the miss rate for the IRM amongst
a large class of demand-driven policies, including the policies (4.6). In particular, we
have

Ma,(p) = min_ M,,(p) (6.26)

where {0;,i = 1,..., N!} is a collection of all permutations of {1,..., N}. Further-

more, for any permutation o of {1,..., N}, we can rewrite (6.24) as

L (ENpe) - Sap(e))
Molp) = SAIEI0)
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5 Sty Xion p(a(i))p(a(5))

>y p(o(i))
_ 2E2(t ’ a(p))
Ey(t-o(p))
= 20y(t - o(p)) (6.27)
where the element ¢ of ]Rf isspecifiedbyt; = ... =ty =0andty, =... =ty = 1.

The mapping A : R™ — R : y — min(y,...,yn) is clearly increasing, sym-
metric and concave, while the mapping &, is concave on ]Rf by Proposition 2.6. Com-
bining these facts with (6.26) and (6.27), we conclude by Proposition 2.8 that the miss
rate functional under the policy Ay is indeed Schur-concave in the pmf vector and the

desired result follows. [

Without surprise, Corollary 6.6 also follows from Theorem 6.10 (with M = 1).

6.6.3 The output under the policy A,
From the expression of {7, (y),y € ¥¢} provided in Lemma 6.9, we obtain

. 0 ifieX
me(i;p) =
1—7,(i) ifigx

and Theorem 5.2 yields the output popularity distribution p} as

. 0 ifiey
po(i) = (6.28)

P(=mp(@) i
ppe i) ML 2R

Since px(i) = 0 whenever i belongs to ¥, it is more natural to seek a comparison

between p* (viewed as a pmf on 3¢) and the conditional pmf 7.

Theorem 6.11 Under the policy A,, it holds that p; < .
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Proof. We rewrite p; in (6.28) as a function of 7, by dividing its numerator and

denominator by 3=y, p(j). This yields

. (s o (1)(1 — 7 (i) :
Ps\1) = . N (4 X
K SN e ) M
With Lemma 2.4 in mind, we take = and y to be the elements of RY ! given by

y=m,and x; = m,(i)(1 — 7,(7)), i ¢ X, in which case

L= (l=m )", ¢S (6.29)

T
Pick distinct < and j not in 3. From (6.29), we see that g— > i’—; if and only if
m,(i) > 7, (7), and the assumptions of Lemma 2.4 will hold if we can show that z; > x;
whenever 7, (i) > 7,(j). The analysis proceeds along two cases:

Case (a) — Assume 7,(7) < 1/2. With 1/2 > 7,(i) > 7,(j), we find

z; =7, (1) (1 — (1)) > 7, (j)(1 — 7,(5)) = x;

by the increasing monotonicity of the mapping p — p(1 — p) on the interval |0, %].
Case (b) — Assume 7, (i) > 1/2, in which case 1/2 > 1 — 7w,(i) > 7,(j) since
Yres To(k) = 1. We readily arrive at the conclusion z; > x; by applying the argument
in Case (a) to 1 — 7, (7) and 7, (j).
The assumptions of Lemma 2.4 are satisfied and we get the desired result with

x=p;and g = m,. [

Corollary 6.8 is also obtained from Theorem 6.11 (with M = 1) as expected.
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Chapter 7

Random On-demand Replacement Algorithms (RORA)

We now introduce a large class of demand-driven eviction policies called Random On-
demand Replacement Algorithms (RORA), and show that the folk theorems for the miss
rate and the output of a cache hold under this class of policies when the input to the
cache is the IRM. This class of policies generalizes many well-known caching policies,
e.g., the random and FIFO policies, as well as the optimal policy A,. Moreover, the
Partially Preloaded Random Replacement Algorithms proposed by Gelenbe [35] form a
subclass of RORAs.

7.1 Defining RORAs

A RORA policy follows the demand-driven caching rule (4.4) (under the customary
assumption that the cache is initially full) and is characterized by an eviction/insertion
pmfron{l,..., M} x{1,..., M} which we organize as the M x M matrix r = (ry),
i.e., foreach k,¢ = 1,..., M, we have r,, > 0and S22, 2 riy = 1. The RORA
associated with the pmf matrix » is denoted RORA(r), and often referred to as the
RORA(r) policy.

We select the cache state €2, at time ¢ to be an element (i1, . .., i5s) of A(M; N) with

54



the understanding that document i, is in cache at position k = 1,..., M, attime ¢. The
RORA(r) policy implements the following eviction rule: Introduce a sequence of i.i.d.
rvs {(X:, Yy), t = 0,1,...} taking values in {1,..., M} x {1..., M} with common

pmf r, ie., foreacht =0,1,..., we have
Pl(X,Y:) = (kO] =rw, kt=1,...,M.

The sequences of rvs {(X;,Y;), t = 0,1,...} and {R;, t = 0,1,...} are assumed

mutually independent. The document U, to be evicted at time ¢ is given by
Ut - ]. [Rt ¢ St] iXt'

We have U; = 0 whenever the requested document is in the cache (i.e., R; € S;), in line
with the convention that no replacement occurs and the cache state remains unchanged,
e, Q= Q.

Next, if the requested document is not in the cache (i.e., R, ¢ S;) and (X,,Y;) =
(k,?), then U, = iy, i.e., the document at position & is evicted, and the new document is
inserted in the cache at position /. If & < ¢, the documents i1, .. ., i, are shifted down
to position &,k + 1...,¢ — 1 (in that order) while if £ > ¢, the documents iy, ..., ix_1
are shifted up to position ¢ + 1, ...,k (in that order). When k = /¢, the new document
simply replaces the evicted document at position &.

Observe that the document initially at position 7 in the cache will never be replaced

allk=1,...,iand ¢ =14,.... M

Tee = 0 for and (71)
all¢=1,...;iandk =1i,..., M.

If we use row ¢ and column i to partition the matrix » into four blocks, then condition

(7.1) expresses the fact that the entries in the northwest and southeast corners* all vanish

twith the understanding that the position of r;; is at the lower left corner of the matrix r.
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(including row 7 and column 7). Let X2,. denote the set of positions in the cache with the
property that any document initially put there will never be evicted during the operation

of the cache, i.e.,
Ypo:={i=1,...,M: Eqgn. (7.1) holds ati}. (7.2)

Under the IRM with popularity pmf p, the cache states {€2;,t = 0,1,...} form a
Markov chain on the state space A(M;N'). The ergodic properties of this chain are
determined by whether the set X,. is empty or not. This is done in Lemmas 7.1 and 7.2
in the next two sections. These basic results are established in Appendix A.

Throughout the discussion below we always assume that the cache size M and the
number of cacheable documents N satisfy M + 1 < N. We do so in order to avoid
technical cases of limited interest.? In addition, the input to the cache is assumed to be

the IRM.

7.1.1 Casel

The set X,. is empty, so that every document in cache is eventually replaced, i.e., for
each i = 1,..., M, there exists a pair k, ¢ (possibly depending on ¢) with either 1 <

k<i<fi{< Morl</{<4i<k< M suchthat
e > 0.

Here are some well-known policies which fall in this case: The random policy corre-
sponds to RORA(r) with r given by ry;, = ﬁ foreach k =1,..., M. The FIFO policy
also belongs to RORA with two possibilities for 7, namely 1, = 1 or ry;; = 1. The

first (resp. second) choice corresponds to the cache state (i1, .. .,i,) being loaded from

2This is discussed in some details in Appendix A.
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left to right with documents ordered from the oldest to the most recent (resp. from the
most recent to the oldest).
In this case, the Markov chain {,,¢t = 0,1,...} is ergodic on the state space

A(M; N); its stationary distribution exists and is given in the following lemma.

Lemma 7.1 Assume the input to be modeled according to the IRM with popularity
pmf p. For any RORA(r) policy in Case 1 with X.,. empty, the cache states {Q;,t =
0,1,...} form an ergodic Markov chain on the state space A(M;N') with stationary

pmfon A(M;N) given by

pr(s;p) = Jim i 2—21 1[Q, =5] as.
= C(p)~'plir)p(iz) - - - plins) (7.3)

for every s = (i1, ...,iy) in A(M; N') with normalizing constant
C(p) = > pli)plia) - -plin). (7.4)

(il ..... Z‘]y[)EA(]\/[;N)

Note that the stationary pmf is the same for all RORAs in Case 1.

7.1.2 Case?2

The set X2, is not empty, and some documents, once put in cache, will never be replaced
during the operation of the cache, i.e., if Qo = (i1,...,iy), then forall t = 1,2,..,

with ; = (j1,...,Jm), We have
j@ = if? (e E'l" (75)

Here are some examples of RORA policies in that category: For a permutation o

of {1,..., N}, the policy A, evicts the “smallest” document in cache with documents
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o(1),0(2),...,0(N) “ordered” in decreasing order. The documents o(1),...,0(M —
1), once loaded in the cache, will remain there, and in the steady state, the cache under
the policy A, will contain the documents o(1),...,0(M — 1).

This behavior can be recovered through the RORA(7) policy with matrix r of the
form ry, = 1 for some & = 1,..., M, in which case >,. has M — 1 elements, namely
{1,...,k =1,k +1,..., M}. If the documents o(1),...,0(M — 1) are initially put
in cache (i.e., preloaded) at the other positions ¢ # k in X,., this RORA(r) policy will
behave like the policy A, in its steady state regime. The steady state behavior of the
cache under the policy Aj is that of the RORA(r) policy above, this time, the preloaded
documents being the M/ — 1 most popular documents.

To describe the long-run behavior of the cache states {€2;,¢t = 0, 1,. ..}, we go back
to (7.5). First, with initial cache state so = (i1,...,4y) in A(M;N'), we denote by

Y-(s0) the set of initial documents with positions in 3, i.e.,
Yr(s0) = {ig: L€ X} (7.6)
Next, we introduce the component
A(r,s0) == {1, -, dm) € AM;N) 2 jo =iy, £ € 3,.} (7.7)

In view of (7.5), once the cache state is in A(r, s), it remains there forever. In fact
all the states in the component A(r, sq) communicate with each other, and this set of
states is closed under the motion of the Markov chain {;,¢ = 0,1,...}. Given that
|3, = m, there are (=) (M — m)! elements in A(r, so) and there are (¥ )m! distinct
components which form a partition of A(M;N).

As a result, when restricted to A(r, s¢), this Markov chain is irreducible and aperi-

odic, and its ergodic behavior can be characterized as follows:

Lemma 7.2 Assume the input to be modeled according to the IRM with popularity pmf
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p. Forany RORA(r) policy in Case 2 with |X,.| = m and initial cache state s, the cache

states {$2;,t = 0,1, ...} form an ergodic Markov chain on the component A(r, sq). In

particular the limit

1
firso (8 P) = lim — S 1[0, =5 as.
=1

always exists for every s = (iy, ... iy ) in A(M; N') and is given by

Cr(p, s0) 'p(in)p(iz) - - ping) , s € A(r, 50)
, s & A, so)

MT,S()(S;p) -

with normalizing constant

From (7.7), we note the simplification

firso(5;0) = Co(p,so)™ [[  plic)

10 &Xr (s0)
for each s = (iy,...,4p) in A(r, so) with normalizing constant
Cr(p,so) = Y I1 o).

(1,3 ) EA(7,50) e EEr (S0)

7.2 The miss rate under RORAS

7.2.1 Casel

(7.8)

(7.9)

(7.10)

(7.11)

(7.12)

Fix s = {i1,...,ia} in AX(M;N), and let A(s|M; N') denote the subset of A(M;N)

defined by

ASIMN) == {01, i) € AMN) = {gr, ooy} = -

59

(7.13)



By Lemma 7.1, the limit (5.1) exists and is given by

pr(s;p) = lim =) 1[5, =5 as.

= > C(p)~'p(r)p(s2) - - p(inr)

(J1y-dm ) EA(S|MN)

= C(p)™'M!p(ir)p(iz) - - - plins) (7.14)

with normalizing constant C'(p) given by (7.4). The last equality at (7.14) follows from
the fact that |A(s|M; N)| = M.

Using (7.14) in conjunction with Theorem 5.1, we readily conclude that under the
RORA(r) policy of Case 1 the miss rate (4.8) for the IRM exists as a constant which
is independent of the initial cache state s,. To acknowledge this fact, we simply denote

this limiting constant by M,.(p). Specializing (5.3) leads to

M.(p) = C(p)"'M! > plir) -+ pline) > p(i)

{i1, i YEAX(MGN) i¢{i1,...in}
= C(p) (M +1)! >, p(in) -+ pling+1)
{i1,.inr41 YEA*(M41LN)
= C(p) (M +1)! Exryin(p) (7.15)

while the normalizing constant C'(p) given by (7.4) can be simplified as

Clp) = > pin) - pling)

(31 y--esing ) EA(MN)

= M! > p(i1) -+ plinm)

{i1 ..... i]\/j}EA*(M;N)

Combining (7.15) and (7.16), we finally get
. B Eyiin(p)
My(p)=M+1) ————==(M+1)Py1,n(P) (7.17)
EM,N(p)

and a straightforward application of Proposition 2.6 yields
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Theorem 7.3 Under any RORA(r) policy in Case 1, for admissible pmfs p and q on
N, it holds that
M(q) < M, (p) (7.18)

whenever p < q.

7.2.2 Case?2

Consider now the RORA(7) policy under Case 2 when the set 3,. is not empty, say with
|¥.| = m for some m = 1,..., M — 1, and let the cache be initially in state s, in
A(M;N). By Lemma 7.2, for each s = {iy, ...,y } in AX(M; N) the limit (5.1) exists

and is given by
Hrso(sip) = lim 1[S; =s] as.

= > irsy (5 D) (7.19)

8'=(j1,.-,dnr ) EA(8]7,50)

where A(s|r, so) denotes the subset of A(r, s¢) defined by
Aslr,s0) == {(rs--- dar) € A(roso) = {jrseeodar} = {inyoving}}. (7:20)
The set A(s|r, sq) is non-empty if and only if
Yr(s0) C {i1,. . in} (7.21)

and /., (s; p) = 0 whenever this inclusion (7.21) does not hold. With this in mind, we

define
A (r,s0) :={s={ir,...,ip} € A*(M;N) : Eqgn. (7.21) holds at s}. (7.22)

Going back to (7.11) and (7.12), we now conclude that for each s = {i;,... iy} in

A*(r, sp), it holds

[ (s:D) = > Cr(p.so)™" II »Gi)

(1530 ) EA(s|T,50) Je¢Xr (so0)
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= Cop,so) (M —m)!- J] p(ir) (7.23)
¢ 3r (s0)

where in the last equality we combine the fact {ji, ..., jam} = {é1, ..., ip } With (7.21),
and then made use of the identity |A(s|r, so)| = (M —m)!.

Now, using (7.23) in conjunction with Theorem 5.1 we see that under the RORA(r)
policy of Case 2 the miss rate (4.8) for the IRM exists as a constant which depends on
the initial cache state s,. We record this fact in the notation by denoting this limiting

constant by Mr(p; s0). As in Case 1, specializing (5.3) leads to

~

Me(p;so) = Cp(p,so)" (M —m)! > II »G) > »@)

{i1 ..... i]u}EA*(’r‘,S()) i3 (s0) 1€{21 ..... i]\/[}
= CL(p,so) " (M —m+ 1) Ey_pmiin(t-p) (7.24)
where the element ¢ in ]Rf is specified by ¢, = 0 for i being a document in X,.(s¢) and
t; = 1 otherwise. Moreover, by the same arguments as in Case 1, we can simplify the
normalizing constant C.(p, so) as

Cr(p,s0) = > [T »G)

(21,001 ) EA(7,50) 105 (50)

= (M —m) > IT »Go

{i1,sin YEA* (7,50) 10 EXr (s0)

with the element ¢ given as above. It then follows from (7.24) and (7.25) that

- Eyvi—muin(E-p
Nalpise) = (0 —m 1) Bt D

= (M —m+1)®y_mi,n(t- D). (7.26)

Clearly, the documents in 3,.(so) do not contribute to the miss rate since they never
generate a miss once loaded in cache — This is regardless of the order in which they
appear in the cache state so. This intuitively obvious fact is in agreement with the

expression (7.26) from which we see that for any two initial cache states s, and s; in
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A(M; N) with $,.(sg) = Z,(s)), we have the equality M,(p; s,) = M.(p;s}). As a
result, we shall find it appropriate to denote this common value by ]\?[,,,ET(SO)(p).

For any pmf p on \V, let X*(p) denote the set of the m most popular documents
according to the pmf p. Equipped with the expression (7.26), we are now ready to

establish the key result for RORA policies in Case 2.

Theorem 7.4 Under any RORA(r) policy in Case 2 with |%,.| = m for some m =

1,...,M — 1, for admissible pmfs p and q on \V, it holds that

~

Mys+(g)(@) < My5+() (D) (7.27)

whenever p < q.

Proof. The desired result will be established if we can show that the miss rate function
p — M, 5, () (p) as given in (7.26) is Schur-concave whenever s, is selected so that
Yr(s0) = Z*(p).

As we can always relabel the documents, there is no loss of generality in assuming
p(l) > p(2) > ... > p(N), whence *(p) = {1,...,m} and the element ¢ in (7.26)
can be specifiedast;, = ... =t, = 0andt,.; = ... =ty = 1. By Proposition 2.6,
the mapping @1 v is increasing and Schur-concave on IRY, and by virtue of the

defining property of ¥*(p), we have

~

Mys(p) = min (M —m+1)@smi1n(t - 0i(p)) (7.28)

i=1,...,

where {o;,i =1,..., N!} is a collection of all permutations of {1,..., N}.
The mapping 2 : RY — R : y — min (yy,...,yn) is clearly increasing, sym-
metric and concave, while the mapping ®,;_,,,+1 x IS cOncave on ]RiV by Proposition

2.6. Combining these facts with the expression (7.28) for MT,E*(p) (p), we conclude by
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Proposition 2.8 to the Schur-concavity (in the pmf vector) of the miss rate functional

(7.26) under the RORA policy when X,.(s9) = ¥X*(p). u

7.3 The output under RORAS

We now discuss the popularity pmf of the output generated under the RORA policies

still under the assumed IRM input stream.

7.3.1 Casel
As we invoke Theorem 5.2, we can make use of the expressions (7.14) into the relation
(5.5). Foreachi =1,..., N, this yields

me(i;p) = >, C(p) "M!p(i)p(is) - - - p(ing)
seAF(M;N)

EM,Nfl (p(i) )

Erin (D) (7.29)

where the last equality follows from (7.16) and by recalling the definition of p®* given
at (6.7). Reporting (7.29) back into (5.4), we conclude that the popularity pmf p of
the output produced by the RORA(r) policy in Case 1 is indeed of the form (6.8), and

Theorem 6.4 gives us
Theorem 7.5 Under any RORA(r) policy in Case 1, it holds that p}. < p.

By going back to the proof of Theorem 6.4, the reader will readily check from (7.29)

that the RORA(r) policy in Case 1 is indeed a good policy.
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7.3.2 Case?2

Assume [>,.| = m for some m = 1,..., M — 1, and let the cache be initially in state
so In A(M;N'). We define the pmf 7 on 3,.(s0)° to be the conditional pmf induced on
Yr(s0)¢ by p; it is defined as

p(i)

T((Z) N ZjGET(so)Cp(j)’

i € Solso)C. (7.30)

For all i in X,.(so), it is clear that m,. ;,(i; p) = 0 while for document i not in X,.(s¢)¢,

with the expression for ;. (s; p) given in (7.23), we find

Mo sy (i5P) = > Cupso) (M —=m)t- [T p(i)
sEA*(7,s0): i¢s 103 (s0)
Eyv—mn(tY - p)
Eyv—mn(t? - p)
ErfemN—m1(m®
_ Byomyom(m?) (7.31)

Eri—mN—m(T)

where the element ¢ and ¢ of RY are specified by t§1) = t§2) = 0 for j being a
documentin 2,.(so), t{"” = 0, ¢’ = 1and ¢{" = #) = 1 forall j # i being a document
in 3,.(s0)¢. In the second equality we made use of the expression (7.25).

On revisiting the proof of Theorem 6.4, we note that for distinct 4, j in 3,.(sq)¢, we
have m,. , (; p) < m,. 4, (j; p) Whenever p(j5) < p(i). Consequently, since m,. 5, (i; p) =
0 for all 7 in X,.(s0), we conclude that the RORA policy in Case 2 is a good policy if the
documents in X,.(so) are the m most popular documents, i.e., ¥,.(sg) = *(p).

Combining (7.31) with (5.4), we immediately get

0 ifi e Z(So)

Prso (1) = (7.32)

() Eri—m, N—m—1 (@) .
ZJEZ(SO)C 7"'(.7')EM—m,N_m_1(‘I'l'(j)) If t g Z(SO)'

Since py. (i) = 0 whenever 4 belongs to 3,.(so), it is more natural to seek a comparison

between py. . and the conditional pmf .
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Theorem 7.6 Under any RORA(r) policy in Case 2, it holds that p;. . < .

Proof. The arguments are essentially those given in the proof of Theorem 6.4. We
immediately obtain the desired result upon identifying 7 and X,.(sq)¢ with p and NV in

Theorem 6.4, respectively. [ |
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Chapter 8

Self-organizing Policies

In this chapter, we investigate the folk theorems under the IRM for the miss rate and
the output of a cache operated by well-known self-organizing policies, namely, the LRU
and CLIMB policies. The LRU and CLIMB policies are described in Section 4.3. From
the positive results achieved under the RORA policies, one might expect that the folk
theorems would hold under these two self-organizing policies. However, both folk the-
orems for the miss rate and the output under the LRU and CLIMB policies fail to hold
in general. Nonetheless, as we restrict ourself to the class of IRM inputs with Zipf-
like popularity pmf (6.4)-(6.5), simulation results and asymptotics suggest that the folk
theorems might hold under the IRM with this class of popularity pmfs.

We now discuss the results for the LRU and CLIMB policies, respectively.

8.1 The miss rate under the LRU policy

Under the IRM with admissible popularity pmf p, it is known [2, Thm. 9, p. 130] [24,
Thm. 6.5, p. 272] that the LRU cache states {Q2;,¢ = 0, 1, ...} form a stationary ergodic

Markov chain over the finite state space A(M; N') with stationary distribution given by

pLru(s;p) = tlim ~ Z 1[Q, =s] as.

=1
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p(ir) - pling)
L5 (1 - S5 p(iy) (81)

for every s = (iy,...,ip) in A(M;N). Consequently, the limit (5.1) exists for each

s={iy,...,ip ) INA*(M;N) as

Uiru(sip) = Jim % z_: 1[S; =s] a.s.

(G1,ening ) EA(S|MN) 24:’11(1 - Z?:l p(je))
where A(s|M;N) is defined at (7.13).
The miss rate of the LRU policy under IRM can then be evaluated from (5.3) (see
also [2, Chap. 4]) as

plin) - plian) (1= S0 p)

Mo p) = o W)ze:A(M;N) M= (1= 5= p(iy) ¢3
If instead we use (5.2), as we note that
seAzZM:M) ((ﬁ ..... ngX(SW;N) h ) N seAi(ZM;N) o
it is now plain that
N . .
Miru(p) = >_p(i) Y. M?f“) - Pli) (8:4)

i=1 seA; (M) Hk=1 (1= 6y p(ie)
8.1.1 A counterexample

Contrary to what transpired with RORA policies, the miss rate under the LRU policy is
not Schur-concave in general, and consequently the folk theorem (6.1) does not hold.
This is demonstrated through the following example developed for M = 3 and N = 4:

In this case, simple algebraic manipulations transform (8.3) into the simpler expres-

sion

' 2p(1)p(2)p(3)p(4)
My - 2 - 8.5
P (i17i2)EZA(2;N) i (1= 5 p(i))) (8:5)

68



0.064

0.062

0.06

0.058

LRU miss rate

0.056

0.054

1 1 1
0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8

0.052 :

X

Figure 8.1: LRU miss rate when M = 3, N =4,y = p(3) = p(4) = 0.05, p(1) = =

and p(2) = 0.9 — p(1)
We evaluated the expressions (8.5) for the family of pmfs

1
p(r,y) = (z,1 -2y —z,y,y), 0<y<y (8.6)

with x in the interval [% —1y, 1 —3y]. Under these constraints, the components of the pmf
p(x,y) are listed in decreasing order and for any given y, it holds that p(x, y) < p(2/, y)
whenever = < 2’ in the interval [; — y,1 — 3y]. Therefore, if the miss rate under the
LRU policy were indeed a Schur-concave function in the popularity pmf, the functions
& — Mgy (p(x,y)) should be monotone decreasing in z on the interval [5 —y,1—3yl.

Figures 8.1 and 8.2 display the numerical values of M, zu (p(z, )) as a function of
with y = 0.05 and y = 0.01, respectively. In both cases, the miss rate of the LRU policy

is not monotone decreasing in x on the range [ — y, 1 — 3y], with the trend becoming

1
2
more pronounced with decreasing y. In short, the miss rate is not Schur-concave under

the LRU policy.
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Figure 8.2: LRU miss rate when M = 3, N =4,y = p(3) = p(4) = 0.01, p(1) = =
and p(2) = 0.98 — p(1)
8.1.2 LRU miss rate and IRM with Zipf-like popularity pmfs

While the miss rate is not Schur-concave under the LRU policy, the desired monotonicity
(6.1) is nevertheless true in an asymptotic sense when the popularity pmf is restricted to

the class of Zipf-like pmfs.

Theorem 8.1 Assume the IRM input to have a Zipf-like popularity pmf p_ for some
a > 0. Then, there exists o* = o*(M,N) > 0 and A > 0 such that MLRU(pﬂ) <
Myru(p,) whenever o < aand o + A < .

This result is a byproduct of the asymptotic equivalence

) MLRU(p )
| % 9D 8.7
A A+ 1) ®.7)
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established in Appendix B.1. Indeed, for every ¢ in the interval (0, 1), there exists

a*(M, N) > 0 such that for o > o,

MLRU(p)
l—e<< —— % <1 . 8.8
S OMan e TE (88)

Thus, for o* < o < 3, we conclude that

1— M, 1
c (1) < MiruPo) 1He e (8.9)

L+e Miru(pg) — 1-¢

and the desired result follows whenever 5 — a > A with A > 0 selected such that

1+e¢
1—c¢

= (M +1)>.

Of course such a selection is always possible.

We have also carried out simulations of a cache operating under the LRU policy
when the IRM input has a Zipf-like popularity pmf p_.! The number of documents
is set at N = 1,000 while the cache size is M = 100. The miss rate of the LRU
policy is displayed in Figure 8.3 and 8.4 for small o (0 < o < 1) and large o (a > 1),
respectively. It appears that the miss rate is indeed decreasing as the skewness parameter
« increases across the entire range of «. This suggests that the folk theorem for miss
rates probably holds under the LRU policy when the comparison is made within the

class of Zipf-like popularity pmfs, hence the following

Conjecture 8.2 For arbitrary cache size M and number of documents N, the function

o — Myru(p,,) is strictly decreasing on [0, oc).

1\We choose simulations over numerical evaluation of (8.3) because this expression is not suitable for

numerical evaluation due to a combinatorial explosion, as pointed out in [33].
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8.2 The output under the LRU policy

With the expressions (8.1) for the LRU cache stationary distribution under the IRM, it

is a simple matter to check foreachi = 1,..., N, that

mrru(i; p) = > pwru(s;p)
SEN (M;N)
Z p(“)"'p(ZM) (810)

s€N;(M;N) [T (1 - Zle p(ij))
Theorem 5.2 then gives the output popularity pmf in the form
s p(i) p(ir) - - - pling)
Piru(l) = —— = , (8.11)
o Myru(p) seAi(Z]\/[;N) (=225 n(i;))
foreachi =1,..., N, as we make use of (5.8).

8.2.1 LRU isagood policy

We begin with a positive result.

Lemma 8.3 The LRU policy is a good policy.

Proof. Pick distincti,j =1,..., N with p(j) < p(i). We need to show that

miru (4 P) < meru(J; P)- (8.12)
We begin by writing mpru(i; p) as

myru(i; p) = > prru(s;p) + > prru (S P) (8.13)

seN;(M;N): jes SEN (M;N): j¢s

with a similar expression for myru(j; p). The factthatthe sets {s € A;(M;N) : j & s}
and {s € A;(M;N) : i & s} coincide leads to

mrru(; ) — meru(J;P) = > prru(S; )
SEN;(M;N): jEs

- Z pLrU(S; D). (8.14)

sEN;(M;N): i€s
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The sets {s € A;(M;N) : j € stand {s € Aj(M;N) : i € s} can be put into
one-to-one correspondence with each other as follows: Each element s in the former
set does not contain 4 but contains j in exactly one position, say position & for some
k = 1,..., M, with all other positions occupied by neither i nor j. Thus, with such
an element s we can associate an element 7'(s) in A;(M;N) by substituting ¢ for j at
position k and letting all other positions unchanged. This element 7'(s) now contains ¢
but not j anymore, and is therefore an element of the latter set. Moreover, for such an

element 7°(s) it holds that

prru(s;p) < prru(T(s); p) (8.15)

as a consequence of the assumption p(j) < p() and of the expression (8.1). With these

observations in mind, we find that

Z prru(s;p) = Z pru(T'(s); p)
sEN;(MN): i€s sEN;(M;N): je€s
> > pLru(S; P)

seEN;(M;N): jes

and the conclusion (8.12) is now immediate via (8.14). ]

8.2.2 Counterexamples

In view of Lemma 8.3, it is tempting to expect that the majorization comparison pj ; <
p also holds under the LRU policy. This is not true in general as the following coun-
terexamples show: Fix N = 2,3,.... Assume that the input to the cache is the IRM

with popularity pmf p_ where we set

p.=(1—(N—-1ge,...,e) (8.16)
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for some 0 < ¢ < +. Note that p.(1) > p.(2) = --- = p.(N),and ase — , the pmf
p,. approaches the uniform distribution « while as ¢ — 0, it degenerates to (1, 0,...,0).
Indeed, from Lemma 2.5, we find that p_, < p_, whenever ¢, < ¢;.

Under the LRU policy, it is plain from (8.10)-(8.11) that the output popularity pmf

Piru. Is of the form

pr=(1—(N—-1)(e),d(g),...,0(g)). (8.17)

for some mapping ¢ : (0, ] — (0, ). Because of their special structures, (8.16) and
(8.17), the comparison between p, and pi . depends only on the value of §(¢); this

fact is stated in

Proposition 8.4 Foreach( < ¢ < % let p_ and p: be the pmfs of the form (8.16) and

(8.17), respectively.
(i) If0 < 6(e) < ¢, then the comparison p. < p: holds;

(i) Ife < () < L=

* < p. holds;

(iii) If =

(e) < min(1 — (N — 1)e, i), then neither the comparison p% < p,

nor the comparison p. < p: holds; and

(iv) If min(1 — (N — 1)e, +) < d(¢) < w5, then the comparison p_ < p holds.

Proof. Fix 0 < ¢ < . The discussion is separated into 2 cases, namely (a) 0 < 6(¢) <
~ and (b) & < d(e) < 7
Case (a) — With 0 < 6(¢) < +, we note that p(1) > p%(2) = --- = pZ(N). By

Lemma 2.5, the comparison p: < p. (resp. p. < p%) holds whenever

o(e) 2 (<) & (8.18)



and Claim (i) is obtained.

Case (b) — When & < d(e) < w5, we have p3(1) < p5(2) = --- = p5(N). Inthis
case, the conditions (2.1) for the majorization comparison p: < p, (resp. p, < p;) are
simply

ko(e)+ (N —k)e <(>) 1, k=1,...,N—1. (8.19)

Because 6(¢) > ¢ in this case, the left-hand side of (8.19) is monotone increasing in k.

From this observation and (8.19), the comparison p: < p. will hold if

1—¢
< 8.20
5(e) < v (8.20)
while the comparison p, < p? will hold if
de)>1—(N—1)e. (8.21)
However, neither the comparison p, < p: nor the comparison p* < p, holds if
L @) <l—(N=1) (8.22)
N _1 € E. .

Combining (8.18) and (8.20) yields Claim (ii). Upon recalling that 6(c) < ~, we
obtain Claim (iii) and (iv) from (8.22) and (8.21), respectively. [ |

Using Proposition 8.4, we show under the LRU policy that it is possible to find some

0 < & <  such that §(¢) > +==, and thus the desired comparison p} ;. < p. does

not hold. This result is given in the following theorem: its proof is available in Appendix

C.1L

Theorem 8.5 Assume the IRM input to have the popularity pmf p_ for some 0 < ¢ <
%. Under the LRU policy, whenever
(= ) — 1

0 1
<Ee< M-1 ¢ !
=1 N=z

(8.23)
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the comparison piry . < p. does not hold provided that the number of documents N

and the cache size M satisfy the condition >"-p" " 1 > 1.

For example, if we take p_ with parameters V = 10 and € = 0.05 and set the cache
size M = 8, a simple calculation yields §(¢) = 0.1111 and the assumptions of Theorem
8.5 are satisfied. Thus, the comparison piry; . < p. does not hold. However, the entropy

of p, is smaller than the entropy of pi gy ., i.e.,
0.7283 = H(p,) < H(piry.) = 0.9554.

This suggests that pj ry; . is more balanced than p, in the sense of entropy comparison.
Hence, even though the comparison in the majorization ordering does not hold, the
entropy comparison might still be valid. This should not come as a surprise since the
majorization comparison is a stronger notion than the entropy comparison.

As for the case of the LRU miss rate, we would expect that the comparison p;p; < p
under the LRU policy would hold within the class of IRM inputs with Zipf-like popular-
ity pmf p_,. However, this is not the case as the following example demonstrates: With
M = 3and N = 4 under the Zipf-like popularity pmf (6.4)-(6.5) with o = 3, we have
computed the output popularity pmf under the LRU policy using (8.11). The numerical

values of both input and output popularity pmfs are given in Table 8.1.

Table 8.1: p, and pigy , under the LRU policy when the IRM input has a Zipf-like

popularity pmf p,, with parameter o = 3
1 1 2 3 4

Pe 0.8491 0.1061 0.0314 0.0133
Piru. 0.0118 0.2031 0.3853 0.3998

By the definition of majorization (2.1)-(2.2), the comparison piry , < D, requires

ming pa(i) < min, pigy o(0), (8.24)
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in clear contradiction with Table 8.1, and therefore does not hold. On the other hand,

the comparison p, < piry,, is not valid either since it calls for the unmet requirement

g . |
Jnax, pa(i) < max pipya(i). (8.25)

In short, p,, and pi Ry ,, are not comparable in the majorization ordering. This situation

does not represent an isolated incident as the next theorem shows; its proof is available

in Appendix B.2.

Theorem 8.6 Assume the IRM input to have a Zipf-like popularity pmf p_, for some

a > 0. If the number of documents N and the cache size M satisfy the condition
N < M!, (8.26)

then under the LRU policy, there exists a* = o*(M, N) such that pi ry ., < p,, does not

hold whenever o« > a*.

8.2.3 A conjecture

Theorems 7.5 and 7.6 were valid for all values of M and /V, and for arbitrary admissible
pmfs. While the counterexamples discussed earlier dash our hope to get an analogous
result for the LRU policy, the possibility remains, fueled by Corollary 6.8, that the pos-
itive result is nevertheless valid in some appropriate range of the parameters M and N.

We now explore this issue still with Zipf-like popularity pmfs (6.4)-(6.5).

Conjecture 8.7 Assume the IRM input to have a Zipf-like popularity pmf p,, for some
a > 0. Foreach N = 1,2,..., under the LRU policy, there exists an integer M* =

M*(a; N) with1 < M* < N such that pi gy , < P, Whenever M =1,..., M*.

In support of this conjecture, we have carried out simulations of the cache operating

under the LRU policy when the IRM input has Zipf-like popularity pmf with parameter
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a = 0.8,1and 2 and N = 1,000. We find the output popularity pmfs for different
values of cache size, namely M = 10, 50, 100 and 500. The resulting output popularity
pmfs in the original order of documents are shown in Figure 8.5, while the results after
rearranging documents in the decreasing order of their output probabilities are displayed
in Figure 8.6.

From Figure 8.6 (a), when o = 0.8, the comparison piry,, < P, holds for M =
10, 50. This follows from the sufficient condition for majorization comparison provided
in Proposition 2.1. Indeed, from their respective plots, we observe that the pmfs p_, and
Piru.. When arranged in decreasing order intersect only once, namely pjry . ([i]) <
pali),i=1,...,k,and pipy o([i]) > pa(i),i = k+1,...,N,forsomek =1,... N—
1, where pfry o([1]) 2 Pirua([2]) = - - = PLru,o([V]) are the components of pigy ,
arranged in decreasing order.

However, for = 0.8 and M = 100, 500, despite the fact that in Figure 8.6 (a), p
of both cases look uniform in the range where document rank is smaller than A, the
comparison piry.. < P, IS invalid since the necessary condition (8.24) does not hold.
from the subfigure inside Figure 8.6 (a).

For o = 1 and a = 2, by the same arguments, we conclude from Figures 8.5 (b)-(c)
and 8.6 (b)-(c) that the comparison pj ry , < P, holds for A/ = 10 but does not hold for
other cache sizes M = 50, 100, 500. Therefore, these experimental findings agree with
Conjecture 8.7 and suggest that the value of M *(«; N) in Conjecture 8.7 decreases as «
increases. This last observation is supported by the observation that for o = 0, both p,
and pi gy o are the uniform pmf « on A, thus the comparison pi ., < P, holds for all

M=1,...,N—1,whence M*(0; N) = N — 1.
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8.3 The miss rate under the CLIMB policy

Under the IRM assumption on the input, the CLIMB cache states {€;,¢t = 0,1,...}
form a stationary ergodic Markov chain on the finite state space A(M;N') with station-

ary distribution [2, p. 133] given by

N
pcL(s;p) = tliglo ; Y 1[Q =5 as.
T=1
1 d - \M—0+1
= "o 11 p() (8.27)
CL p—1
for each s = (iy,...,45) in A(M;N), where the normalizing constant is simply
M
Kcr, = > [T p(io)™ .

(i1 5eesing ) EA(MN) £=1

The limit (5.1) then exists for each s = {i1,... iy} in AX(M;N) as

* . 1 :
poL(ssp) = Jim i Y 1[5, =53] as.
T=1
1 M

_ Z H M £+1 (8.28)

Ko (J1se-sdm ) EA(S|MN) £=1

The miss rate of the CLIMB policy under IRM can now be obtained [2, Chap. 4]
from (5.3) as

~ 1 M Mo
Mer(p) = 57— 3 H M-t (1 -3 p(zj)) (8.29)
CL (iy,....iag ) EA(MN) =1 i
or from (5.2) as
R N
Mcr(p) = > p(@) Y HP yM—tr1, (8.30)
i=1 seN(M;N) Kew 15

8.3.1 A counterexample

As in the case of the LRU miss rate, the miss rate for the CLIMB policy is in gen-

eral not a Schur-concave function, and thus the folk theorem (6.1) does not hold. We
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and p(2) = 0.9 — p(1)

demonstrate this fact through the same counterexample developed for the LRU policy
in Section 8.1.1.
In that case, we set M = 3 and N = 4 and the expression (8.29) can be simplified

as

L 20 p0) (S p()2 (1 - p(0))
MCL(p) - Z(il,ig,ig)eA(&N)p(i1)3p(i2)2p(i3) . (831)

The numerical values of the expression (8.31) are evaluated for the family of pmfs (8.6)
with z in the interval [§ — y, 1 — 3y]. Under these constraints, it holds that p(z, y) <
p(a',y) whenever z < z’ in the interval [3 — y,1 — 3y] and for the CLIMB miss rate
to be Schur-concave, the function z — MCL(p(x, y)) must be monotone decreasing on
the interval [ —y,1 — 3y].

Figures 8.7 and 8.8 display the numerical values of My, (p(x,y)) as a function of

with y = 0.05 and y = 0.01, respectively. In both cases, the miss rate of the CLIMB
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policy is not monotone decreasing in = on the entire range and thus the miss rate is not

always Schur-concave under the CLIMB policy.

8.3.2 CLIMB miss rate and IRM with Zipf-like popularity pmfs

Although the CLIMB miss rate is not Schur-concave in general, the desired monotonic-
ity (6.1) holds asymptotically when the popularity pmf of the IRM input lies in the class

of Zipf-like pmfs.

Theorem 8.8 Assume the IRM input to have a Zipf-like popularity pmf p_ for some
a > 0. Then, there exists o* = o*(M,N) > 0 and A > 0 such that MCL(pﬁ) <

Mcy(p,,) whenever o* < avand o + A < .
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Similarly to Theorem 8.1, this theorem is a by-product of the asymptotics

Mew(p,)
m ——————F———
a=oo (M 4 1)~

=2 (8.32)
obtained in the Appendix B.3.

In addition, we carry out simulations of a cache operating under the CLIMB policy
when the IRM input has a Zipf-like popularity pmf p_,. We set the number of documents
N = 1,000 and cache size M = 100. Figure 8.9 and 8.10 show the miss rate of the
CLIMB policy when « is small (0 < o < 1) and large (o > 1), respectively. As for the

LRU miss rate, the CLIMB miss rate appears to be decreasing as the skewness parameter

«v increases across the entire range of «, thereby suggesting the following

Conjecture 8.9 For arbitrary cache size M and number of documents N, the function

o — Mcy(p,) is strictly decreasing on [0, oc).

8.4 The output under the CLIMB policy

8.4.1 CLIMB is a good policy

From the expression (8.27), foreachi =1,..., N, we have
mer(i;p) = > pen(s;p)
SEAZ(MN)
1 M—0+1
= — 8.33
Ko > Hp (8.33)

sEN (MN) £=1

and by Theorem 5.2,

x P(l) M 41
pCL(Z> = = Z H p(i (8.34)
Mer(p)Kcr SEN; (MN) £

foreach:=1,..., N, where we have used the expression (5.8).
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Lemma 8.10 The CLIMB policy is a good policy.

Proof. The proof is essentially that for the analogous result for the LRU policy given

in Lemma 8.3. Here the validity of (8.15) follows from the expressions (8.27). [ ]

8.4.2 Counterexamples

Again, Corollary 6.8 and Lemma 8.10 might have created the expectation that the ma-
jorization comparison p¢;, < p also holds under the CLIMB policy for arbitrary input
pmf p. This is not the case as we show by counterexamples when the IRM input has
the popularity pmf p_ defined at (8.16). Under this IRM input, it is a simple matter to

see from (8.33) and (8.34) that the output popularity pmf pg;, _ is of the form (8.17).

Therefore, by Proposition 8.4, the comparison p¢;, . < p, will not hold if 6(¢) > 3=5.
This is indeed the case when ¢ is small enough; this result is demonstrated in the next

theorem whose proof can be found in Appendix C.2.

Theorem 8.11 Assume the IRM input to have the popularity pmf p_ for some 0 < ¢ <

%. Under the CLIMB policy, whenever

0<e< (8.35)

2N -1
the comparison p¢;, . < p,. does not hold provided that the number of documents N and

the cache size M satisfy the condition N > M > 2.

For instance, consider p, with parameters N = 10 and ¢ = 0.05 and set the cache
size M = 4. With these parameters, 6(¢) = 0.1110 and the assumptions of Theorem

8.11 are satisfied. Thus, the comparison pg;, . < p. does not hold. However, as was
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found in the case of the LRU policy, the entropy comparison is valid in that the entropy

of p, is smaller than the entropy of pg, ., i.e.,
0.7283 = H(p.) < H(p{y.) = 0.9560,

suggesting that pg,, . is more balanced than p,_ in the sense of entropy comparison.

We next give counterexamples when the IRM input has Zipf-like popularity pmf
(6.4)-(6.5). Assume M = 3, N = 4 and the IRM input has Zipf-like popularity pmf
(6.4)-(6.5) with o = 3. With these parameters, we have computed the output popularity
pmf under the CLIMB policy using (8.34). The numerical values of both input and

output popularity pmfs are presented in Table 8.2.

Table 8.2: p, and pgy, , under the CLIMB policy when the IRM input has a Zipf-like

popularity pmf p_, with parameter o = 3
i 1 2 3 4

p, 0.8491 0.1061 0.0314 0.0133
PiL. 0.0027 0.1386 0.4000 0.4587

As in the case of the LRU policy, the pmfs p,, and pg,;, , are not comparable in the
majorization ordering. The arguments are similar to the one given for the LRU policy,
and are therefore omitted. Moreover, a result analogous to Theorem 8.6 holds for the

CLIMB policy. It is given next, with a proof available in Appendix B.4.

Theorem 8.12 Assume the IRM input to have a Zipf-like popularity pmf p,, for some
a > 0. If the number of documents N and the cache size M satisfy the condition (8.26),
then under the CLIMB policy, there exists o* = o*(M, N) such that pg;, , < p,, does

not hold whenever o > o*.
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8.4.3 A conjecture

Here as well, we venture that a conjecture similar to Conjecture 8.7 is also valid for the

CLIMB policy when the IRM input popularity pmf is a Zipf-like distribution (6.4)-(6.5).

Conjecture 8.13 Assume the IRM input to have a Zipf-like popularity pmf p,, for some
a > 0. Foreach N = 1,2,..., under the CLIMB policy, there exists an integer M* =

M*(o; N) with1 < M* < N such that pgy, , < p, Whenever M = 1,..., M*.

A number of simulation experiments have been carried out under the CLIMB policy,
as was done for the LRU policy, to support Conjecture 8.13. The discussion of the
experimental results shown in Figure 8.11 and 8.12 is similar to that given in Section

8.2.3 for the LRU policy and shall be omitted.
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Figure 8.11: CLIMB output popularity pmf with different cache sizes M when the IRM
input has a Zipf-like popularity pmf p_, with (a) « = 0.8, () « = 1 and (¢) a = 2.

Documents are arranged in the original order of the input pmf p,,.
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Documents are ranked according to their probabilities.
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Chapter 9

Comparing Temporal Correlations

As was done for popularity, it is natural to seek an appropriate notion which can capture
the strength of temporal correlations in streams of requests. Loosely speaking, temporal
correlations are understood as the likelihood that a document will be requested in the
near future, given that it has been requested in the recent past. Indeed, it is observed
in [56] that Web traces usually exhibit short-term temporal correlations in the sense
that the probability of requesting a particular document given that the document was
recently requested is higher than what it would be if the document has not been recently
requested.

In this chapter, we develop a notion that can capture the strength of temporal corre-
lations in Web request streams using the concepts of positive dependence introduced in
Chapter 3. Specifically, relying on the notion of supermodular ordering [Definition 3.4],
we define the TC ordering [Definition 9.1] for comparing two streams of requests on the
basis of the strength of their temporal correlations.

We then apply the TC ordering to investigate the existence of temporal correlations
in several Web request models that are believed to exhibit such correlations, namely, the
higher-order Markov chain model (HOMM), the partial Markov chain model (PMM)
and the Least-Recently-Used stack model (LRUSM). Lastly, with the help of the TC
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ordering, we establish a version of the statement to the effect that “the stronger the
strength of temporal correlations, the smaller the miss rate” when the input to the cache
is modeled by the PMM. Specific results and conjectures on this folk theorem when the

input streams are modeled by the HOMM and by the LRUSM are provided.

9.1 Temporal correlations via positive dependence

Given a stream of requests R = {R;, t = 0,1, ...}, we define foreachi = 1,..., N,
the rvs

Vi) =1[Ri=i], t=0,1,..., (9.1)

i.e., the rv V;(4) is the indicator function of the event that the request at time ¢ is made to
document . If the sequence of requests {R;, ¢t = 0,1, ...} were to exhibit some form
of temporal correlations, then a request to document 7 would likely be followed by a
burst of references to document  in the near future. This corresponds to the presence of
positive dependencies in the sequence {V;(i), t = 0,1,...} and leads naturally to the

following definition of Temporal Correlations ordering (TC ordering, for short):

Definition 9.1 The request stream R' = {R}, t = 0,1,...} is said to have weaker
temporal correlations than the request stream R* = {R? t = 0,1,...}, a situation
denoted

R' <r¢ R?, (9.2)
ifforeachi =1,..., N, the comparison
{VIGE), t=0,1,...} <gn {V2(i), t=0,1,...}
holds where foreach k = 1,2, the rvs {V}*(i), t = 0,1, ...} denote the indicator process

associated with R" through (9.1).
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Under this definition, whenever R' <~ R?, it follows from the equi-marginal

property (3.3) of the sm ordering that
PV!(i)=1=P[V(i)=1], i=1.. N,
or equivalently that
P[R;:z']:P[Rf:i}, i=1,...,N, (9.3)

forall t = 0,1,.... Therefore, under the assumption that for each k£ = 1,2, the limits

(4.2) exist as constants for the request stream R", we have

) - nggo I

= Jim - ZP[R’*C_@} i=1,...,N,

by the Bounded Convergence Theorem. Combining this last equation and (9.3) imme-
diately leads to p' = p?, i.e., the comparison R' <;~ R? requires that the request
streams R' and R? must have the same popularity profile. In other words, the TC or-

dering captures only the contribution from temporal correlations to locality of reference.

Proposition 9.2 For a request stream R, if each of the indicator processes {V;(i), t =

0,1,...},i=1,..., N, associated with R is PSMD, then it holds that
R</cR
where R is the independent version of R.
When the request stream R is a stationary sequence, the independent version R of R is

simply the IRM whose popularity pmf is the common marginal of the request stream R.

Proof. Fixi = 1,..., N. Under the enforced assumptions, the sequence {V;(7), t =
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0,1,...} associated with R is PSMD. This amounts to
(Vi(i), t =0,1,...} <gm {Vi(0), t =0,1,...}

where the sequence {V;(i), ¢t = 0,1,...} is the independent version of the indicator
sequence {V;(i), t = 0,1,...}. With R = {R,, t = 0,1,...} being the independent

version of the request stream R, it is plain that
(Vi(i), t=0,1,...} =, {1 [thz} ,t=0,1,...}, i=1,...,N,

and the proof is completed. [ |

In what follows, we investigate whether various request models of interest display
temporal correlations in the sense of the TC ordering. These models include the higher-
order Markov chain model, the partial Markov chain model and the Least-Recently-

Used stack model.

9.2 Higher-order Markov chain models (HOMM)

Several higher-order Markov chain models have been used to characterize Web request
streams (e.g., see [19, 28, 56] and references therein) due to their ability to capture some
of the observed temporal correlations. Here we rely on a model, recently proposed by
Psounis et al. [56], which is capable of capturing both the long-term popularity and
short-term temporal correlations of Web request streams.

The model can be described as follows: Let A/-valued rvs {Ry, ..., R,_1} be the
initial requests and let {Y;,¢t = 0,1,...} be a sequence of i.i.d. A'-valued rvs with
P[Y, =i =p(i) foreachi =1,...,N. Thepmfp = (p(1),...,p(N)) is assumed to

be admissible (4.3) and as we shall see shortly, it will turn out to be the popularity pmf
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of this model. Next, with 0 < ay,...,a; < land ¢, ap < 1, let {Z;,t =0,1,...}

be another sequence of i.i.d. {0, 1, ..., h}-valued rvs with
h
PlZi=kl=o, k=1,...,h and P[Z,=0]=8=1-> a,>0,
k=1

i.e., the rv Z, is distributed according to the pmf a = (5, aq, . . ., ;). The collections of
rvs{Ro,...,Rn_1}, {Y:,t =0,1,...}and {Z;,t = 0,1, ...} are mutually independent.
Foreacht = h,h+1,..., the request R; is described by the evolution

R, =1[Z,=0]Y, + zhj 1(Z, = k] Ry_y. (9.4)

k=1

In words, the request R, is made to the same document requested at time ¢t — &k, namely
R;_1, with probability oy, for some & = 1,..., h; otherwise R, = Y, i.e., it is chosen
independently of the past according to the popularity pmf p.

The requests {R;,t = 0, 1,...} form an h'*-order Markov chain since the value of
R; depends only onthervs R, _1,..., R;_,. Infact, fort = h,h + 1, ..., we have from

(9.4) that for any (g, ..., %;_1) in MY,
h
PR, =i|lR. =i, 7=0,....,0=1] = Bp(i)+ > apl iz = i (9.5)
k=1
= PR =ilR, =i,,T=t—h,...,t —1].
With 3 > 0, this h*"-order Markov chain is irreducible and aperiodic on its finite state

space; its stationary distribution exists and is unique. It can be shown [56] that

t

lim P[R; = i] = lim E Y 1R, =il =p(i) as.

t—00 t—o0 { ‘=
foreach 7 = 1,..., N, and it is therefore warranted to call the pmf p the long-term
popularity pmf of this request model. Moreover, there exists a unique stationary version,
still denoted thereafter by {R;,¢t = 0,1,...}. The parameters of the model are the
history window size h, the pmf a and the popularity pmf p, and we shall refer to this

model by HOMM(h, a, p).
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That the HOMM(h, «, p) exhibits temporal correlations is formalized in the next

result.

Theorem 9.3 Assume the request stream R = {R;,t = 0,1,...} to be modeled ac-
cording to the stationary HOMM(h, o, p). Then, for eachi = 1, ..., N, the indicator

sequence {V,(i),t = 0,1, ...} associated with the request stream R is PSMD, whence
R<;cR (9.6)

where R is the IRM with popularity pmf p.

Proof. In order to show that the sequences {V;(i),t = 0,1,...},¢ = 1,..., N are
PSMD, we shall make use of another sequence of A/-valued rvs R= {Rt, t=0,1,...}
constructed as follows: The rvs {RO, e Rh_l} are i.i.d. rvs distributed according to the
pmf p and the rvs {R,,t = h, h +1,...} are generated through the evolution (9.4) with
the help of mutually independent sequences of i.i.d. rvs {Y;,t = 0,1,...} and {Z,,t =
0,1,...} distributed according to the pmfs p and «, respectively. The collections of
rvs {Y;,t = 0,1,...} and {Z,,t = 0,1,...} are taken to be independent of the rvs
{Ry,...,Ry_}. From this construction, the process R = {R,,t = 0,1,...} is an

ht"-order Markov chain and with 3 > 0, we get
{Risr,t=0,1,..} =, {R,,t=0,1,...}. (9.7)

Fixi = 1,...,N. Let {V,(i) = 1 [Rt :z} ,t = 0,1,...} be the indicator se-
quence associated with the sequence R defined earlier. We will show that this se-
quence {V;(i),t = 0,1,...} is CIS. To do so, for each ¢t = 0,1,..., set f/t(z’) =
(Vo(4), ..., Vi(i)). Because the sequence {V;(i),t = 0,1,...} is a sequence of {0, 1}-
valued rvs, it is CIS [59, 67] if for each ¢t = 0, 1, .. ., the inequality

~ ~ t ~

P [Visa(i) = V() = @'] <P [Via (i) = 1V () = '] (9.8)
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holds for all vectors ' = (zg, ..., z;) and y* = (yo,...,y;) in {0, 1} with ' < ¢
componentwise.
Fort=0,1,...,h — 2, itholds for all ' = (x,...,z;) in {0, 1} that
P [Von(i) =1V (i) =2'| =P [Vin(i) = 1] =P[Ry = i] = p(i)  (9.9)
by independence of the rvs Ry, ..., R,_1, and the inequality (9.8) is obtained for each
t=0,1,...,h —2. Next,fort = h —1,h,...,and ' = (zo,...,z;) in {0, 1}, let
(ig, - - - , i) be an element in A/t with the property that for each k = 0, ... ¢, i), = i if

xr = 1 and iy # ¢ if xp = 0. With such an element, we obtain from (9.5) that

P [Viar (i) = (R, o) = (io )]

= PRy =il(Ro,..., Re) = (io, .. ,is)]

h
= Opi) + Y arl [igg1— = 1]
k=1
h

= Bp(i) + > arZipr—- (9.10)

k=1
Since (9.10) holds for any (i, . .., %) in A**! satisfying the property above, a standard

preconditioning argument readily yields

P [Via(i) = 117'() = 2] = Bn(i) + z o 0.41)

This last expression being monotone increasing in = = (zg,...,x;), we obtain the
inequality (9.8) foreacht =h — 1, h, .. ..

Thus, the inequalities (9.8) hold for all ¢ = 0, 1,. ... This implies that the sequence

{Vi(i), t =0,1,...} is CIS, whence indeed PSMD by Theorem 3.10, i.e.,
(V,(i), t=0,1,...} <o {Vi(0), t=0,1,...} (9.12)

where {X:/'t(z'), t =0,1,...} is the independent version of {V;(i),t = 0,1,...}. Now,

recalling (9.7), it is plain that

(Virr (i), t=0,1,...y =, {Vi(i), t =0,1,...} (9.13)
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where {V;(i),t = 0,1, ...} isasequence of i.i.d. {0, 1}-valued rvs with P [f/o(z') = 1} =
p(7) and is exactly the independent version of {V;(i),t = 0,1,...}. By invoking the fact
that the sm ordering is closed under weak convergence [52, Thm. 3.9.8, p. 116], we

conclude from (9.7), (9.12) and (9.13) that
Vi(i), t =0,1,...} <gm {Vi(i), t =0,1,...}.

Therefore, the sequence {V;(i),t = 0,1,...} is PSMD foreachi = 1,..., N, and by
Proposition 9.2, the comparison R <7¢ R holds with R being the independent version

of R. [

9.3 Partial Markov chain models (PMM)

The partial Markov chain model was introduced early on in the literature as a reference
model for computer memory paging [2]. It is a subclass of higher-order Markov chain
models and corresponds to HOMM(h, a, p) with parameter » = 1. In that case, we
have o = (3, 1) where a; = 1 — (3 and we refer to this model as PMM((, p).

Under this model, with probability 1 — 5, R; = R;_1, otherwise with probability
08, R, =Y, i.e., R, is drawn independently of the past according to the popularity pmf
p. Therefore, it is natural to expect that when the popularity pmf p is held fixed, the
smaller the value of correlation parameter 3, the greater temporal correlations exhibited
by the PMM(3, p). In the extreme cases, as 3 T 1, the PMM((5, p) becomes the IRM
with popularity pmf p and there is no temporal correlations. On the other hand, as 5 | 0,
all the requests are made to the same document, hence displaying the strongest possible
form of temporal correlations. The following result, which contains Theorem 9.3 when

h = 1, formalizes these statements with the help of the TC ordering, thereby confirming
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the intuition that the parameter 5 of PMM(G, p) is indeed a measure of the strength of

temporal correlations.

Theorem 9.4 Assume that for each k = 1,2, the request stream R’ = {Rf’“,t =

0,1,...} is modeled according to the stationary PMM((;., p). If 0 < 35 < (31, then
R <;c R™. (9.14)

The proof of this theorem relies on the following comparison of Markov chains

under the supermodular ordering due to Bauerle [8].

Theorem 9.5 Let X = {X;,t =0,1,...} and X' = {X],t =0, 1,...} be two station-
ary Markov chains on {0, 1, ..., n} with transition matrices P and P’, respectively. For

Y05 -+ -5 = O With0 < 3°%_ov; < 1, define the (n + 1) x (n + 1) matrix

L =2 5207 T e Yn
Yo T=25mv - VT
Qo m) = _ ? _ . (9.15)
I Yo git R B D |

With P = Q(o, - - .,v,) and P' = Q(cyo, - - ., cy,) for some 0 < ¢ < 1, it holds that

X <., X'

Proof of Theorem 9.4. Fix i = 1,...,N. Given a sequence R’ = {Rf,t =
0,1,...} modeled according to the PMM(/3, p), it follows from (9.11) that the sequence

{V’(i),t = 0,1,...} associated with R® is a Markov chain on {0, 1} with

P V5L (6) = 1VP(0) = 2, Vi () = wo| = Bp(i) + (1= B)an, t=0,1,...,
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for any (zo, ..., z;) in {0, 1}**1. Its transition matrix P” (i) is simply given by

PAG) = 1—pp(i)  Pp(i) |
B —=p(i) 1-06(1-p@)
or equivalently, in the notation (9.15), P”(i) = Q(~o,y1) Where v, = 5(1 — p(i)) and
Y1 =Bp(H) With0 <y +n =8 < 1.
For two stationary PMM request streams R’ and R? with 0 < By < 1, We can
always write 3, = ¢y with 0 < ¢ = % < 1. Thus, the sequences {V;/" (i),t = 0,1,...}
and {V,”(i),t = 0,1, ...} have transition matrices

PP (i) = Q(y0,m) and P™(i) = Q(cyo, en),

respectively, with vy = 51(1 — p(7)), 1 = Sip(7) and ¢ = %. By applying Theorem

9.5, we obtain the comparison
(V2 0),t=0,1,...} < {V*(0),t =0,1,...}

foreachi = 1,..., N, and the conclusion (9.14) follows upon recalling Definition 9.1

of the TC ordering. n

9.4 Least-Recently-Used stack models (LRUSM)

The Least-Recently-Used stack model (LRUSM) has long been known to be a good
model for generating the sequence of requests whose statistical properties match those
of observed reference streams [24, 61]. We first state the definition and basic properties
of the LRUSM, and then show that under some appropriate assumptions on the model,
the LRUSM exhibits stronger strength of temporal correlations than its independent

version in the TC ordering.
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9.4.1 LRU stack and stack distance

We begin with the notion of LRU stack and stack distance. For eacht = 0,1, .. ., the
stack 2, = ((1),...,(N)) is defined as an element in A(N;N), i.e., Q, is an
ordered sequence of the documents {1, ..., N'}. It is customary to assume that (1) is
in the top position of the stack, followed by €2,(2), ..., Q:(V), in that order.

Given an initial stack Qg in A(V; \), with any stream of requests R = {R;, t =
0,1,...}, we can associate a stack sequence {€;,¢ = 0,1,...} through the following
recursive mechanism: Foreacht = 0,1, .. ., let D, denotes the position of the document

Ry 1 in the stack Q, i.e., the rv D, is the unique element of {1, ..., N'} such that
Qt<Dt) = Rt+1-

The stack ;.4 is then given by

Q(Dy) ifk=1

Qpa(k) =93 Qk—1) ifk=2,...,D, (9.16)

(k) ifk=D,+1,...,N.
In words, the document Q,(D;) = R, is moved up to the highest position (i.e., po-
sition 1) in the stack €2, at time ¢ + 1 and the documents ,(1),...,(D; — 1) are
shifted down by one position while the documents Q,(D; + 1),...,€(/N) remain un-
changed. We refer to the rvs { D, ¢ = 0, 1, . ..} so defined as the stack distance sequence
associated with the request stream R.

Conversely, given the initial stack o in A(N; \), with any sequence of {1,..., N}-
valued rvs {D;,t = 0,1,...}, we can use the stack operation (9.16) to generate a se-
quence of A(N; N)-valued rvs {Q,, ¢t =0, 1,...}. Arequest stream R is readily gener-
ated from this stack sequence by reading off the top of the stack, i.e., with Ry = Q(1),
we have

Rt+1 - Qt(Dt) - Qt+1(1), t — O, 1, e e e (917)
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Note that the rvs {D,,t = 0,1, ...} constitute the stack distance sequence associated
with the request stream R defined at (9.17).

The stack and stack distance introduced above are often referred to as LRU stack
and stack distance, respectively, in reference to the popular LRU policy. The dynamics
of the LRU policy are best described through the notion of LRU stack and stack distance
as we now briefly explain: Returning to (9.16), we see that the stack €, at time ¢ ranks
the documents according to their recency of reference with the most recently requested
document remaining at the highest stack position. Foreach £ =1, ..., N, the document
Q. (k) at position & in the stack €, is the k' most recently referenced document at time
t, hence the name, LRU stack. Consequently, the documents €2,(1),...,<,(M) in the
first M positions of the stack €2, simply yield the documents in cache under the LRU
policy with cache size M when the requests Ry, ..., R; have already been served, i.e.,
Sir1 = {%(1),...,2%(M)} where S;;; is the LRU cache at time ¢ + 1. With this
observation in mind, a miss of the LRU cache of size M will occur at time ¢ + 1 if
D, > M and thus the miss rate (4.8) under the LRU policy can alternatively be given by
the limit

t—1

Migo(R) = lim %Z 1D, > M| as. (9.18)
=0

o0

whenever the limit exists.

9.4.2 The LRU stack model

The duality between streams of requests and stack distances embedded in (9.16) can
be used to advantage in defining sequences of requests with temporal correlations. We
present one of the simplest ways to do just that: The Least-Recently-Used stack model
(LRUSM) with pmf a on A is defined as the request stream R® = {R®,t = 0,1,...}

whose stack distance sequence {D,,t = 0, 1, ...} is a collection of i.i.d. rvs distributed
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according to the pmf a, i.e.,
PDi=kl=a,, k=1,...,N;t=0,1,...,

given some arbitrary initial stack o in A(N; \). Throughout we assume that the rv
is independent of the stack distances { D;,t = 0,1, ...}. In fact, provided a, > 0, when
the initial stack rv € is uniformly distributed over A(N; ), the stack rvs {Q;, t =
0,1,...} form a stationary sequence, and so do the request rvs { R*,¢ = 0,1,...}. This
fact is established in the process of proving Proposition 9.6 in Appendix D.1. We shall
denote this request model by LRUSM(a).
From (9.18), the miss rate of the LRUSM(a) under the LRU policy with cache size
M is simply
N
Migu(R*) =P [D;> M) = > (9.19)

k=M+1

by the Strong Law of Large Number. The LRU policy is known to be an optimal policy
for the LRUSM(a) in the sense that the LRU policy minimizes the miss rate of the
request stream R over the class of replacement policies (4.5) if the stack distance pmf
a satisfies the LRU optimality condition [58]
N
(N —k)ar,> Y a;, k=1,...,N. (9.20)
j=k+1
The popularity pmf of the LRUSM is discussed first in Proposition 9.6; its proof can
be found in Appendix D.1.

Proposition 9.6 Assume the request stream R* = {R¥,t = 0,1,...} to be modeled

according to the LRUSM(a). If a) > 0, then foreachi = 1,..., N, it holds that

Pa(i) = lim %Z 1[R* =i = a.s. (9.21)
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Thus, under LRUSM, as every document is equally popular, locality of reference is
expressed solely through temporal correlations with no contribution from the popularity
of documents. This was found to be a drawback of the LRUSM for characterizing Web
request streams and several variants of this model have been proposed to accommodate

this shortcoming [4, 14, 18].

9.4.3 Temporal correlations in LRUSM

As was done with the HOMM, we show that the TC ordering also captures the strength
of temporal correlations exhibited by the LRUSM. Recall the sequence of indicator func-
tions {V,*(i) = 1[R* =i|,t = 0,1,...},i = 1,..., N, associated with the LRUSM

request stream { R, ¢ = 0, 1,...}. The main result is contained in

Theorem 9.7 Assume the request stream R* = {R? t = 0,1,...} to be modeled

according to the LRUSM(a) with stack distance pmf a satisfying
ap > ay > ... >ay > 0. (9.22)

Then, for eachi = 1,..., N, the indicator sequence {V,*(i),t = 0,1, ...} associated

with the request stream R® is CIS, whence
R* <;c R® (9.23)
where R is the independent version of R®.

A proof of Theorem 9.7 can be found in Appendix D.2. In view of Proposition 9.6,

when the LRUSM request stream R is stationary, its independent version R is simply

1 1

the IRM with uniform popularity pmfu = (5, ...,

). In fact, it is not hard to see that
the stationary LRUSM () indeed coincides with the IRM with uniform popularity pmf

u. Notice that the condition (9.22) for the LRUSM(a) to exhibit temporal correlations
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in the sense of the TC ordering (9.23) does imply the LRU optimality condition (9.20).
This confirms the intuition that the LRU policy is designed to work best with the stream

that exhibits temporal correlations amongst its requests.

9.5 Folk theorem on miss rates

With the help of the TC ordering, we can now use the results of Theorems 9.3, 9.4 and
9.7 to explore the folk theorem to the effect that the stronger the strength of temporal
correlations, the smaller the miss rate under the PMM, the HOMM and the LRUSM, re-
spectively. Specific results and conjectures are provided next for the PMM, the HOMM

and the LRUSM, respectively.

951 PMM

The miss rates of PMM under demand-driven cache replacement policies have been
previously considered in [2]. For particular caching policies such as LRU and FIFO, the
miss rate under PMM(, p) is shown to be proportional to the miss rate of the IRM with
the same popularity pmf p. We first demonstrate this fact in some generality and then
use it to compare the miss rates of two PMM streams with different strength of temporal
correlations.

As we seek to evaluate the limit (4.8) for the PMM(3, p) under the cache replace-

ment policy 7, we shall need the following definitions: For each "= 1,2, .. ., define

as the number of times from time 1 up to time 7" that the requests are chosen indepen-

dently of the past according to the popularity pmf p. Also, for each £ = 1,2,.. ., let
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v(k) = inf{t = 1,2,...: A(t) = k}. Under demand-driven caching with the PMM in-
put, a miss can only occur at the time epochs v(k) (k = 1,2, ...) at which point we have

Rf(k) = Y, x). Therefore, it follows from the definition of the rvs {y(k), k = 1,2,...}

that
T A(T)
;1 Rl¢s) = Z 1 (R ¢ Sy
A(T

= 21[ gzsk)} T=12,...,
and the miss rate under PMM(3, p) is given by

M.(R’) = lim —21 (R ¢ 8]

T—oo T’
. )\(T) )\(T
= lim (T) ( Z 1Yy & Syw] | - (9.24)
By the Strong Law of Large Numbers, we see that the limit of the first term in (9.24)
is simply
. AMT)
TLEOT—TI&T21 [Z:=0]=0 a.s. (9.25)

The limit of the second term in (9.24) in general does not necessarily have a closed-
form expression. However, It does admit a simple expression in the special case when

the cache replacement policy  satisfies the following condition:

(*) Forallt =1,2,...,if R, = R,_1, then the cache state and eviction rule at time

t + 1 is the same as those at time ¢, i.e., ;.1 =, and Uy 1 = U,.

Under this condition, we can write the second limit as

YGR) Zl[ ¢ Syw| = hm—Zl[ ) & Soiw)]

K—oo K

~

= M(p) (9.26)

where Mw(p) is the miss rate of the IRM with popularity pmf p under the policy .

The last equality follows from the fact that the rvs {Y, ),k = 1,2,...} form an IRM
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with popularity pmf p and that by Condition (x), the cache sets {S,u, k = 1,2,...}
are similar to the cache sets under the policy = when the input is the IRM sequence
{Yy), k = 1,2,...}. Combining (9.24), (9.25) and (9.26) yields the expression for the
miss rate of PMM(3, p) as

M (R’) = - Mx(p). (9.27)

Condition (x) is satisfied by many cache replacement policies of interest, e.g., the policy
Ag, the LRU, FIFO and random policies but not by the CLIMB policy. Equipped with

the expression (9.27), we can now conclude to the following monotonicity result.

Theorem 9.8 Assume that the cache replacement policy  satisfies Condition (x) and
that for each k = 1,2, the request stream R’* is modeled according to PMM(Gy, p*). If

p' = p*and0 < B, < B3y, then it holds that
M.(R™) < M.(R™). (9.28)

Moreover, if the mapping p — M, (p) is Schur-concave, then whenever p' < p* and

0 < By < (34, the comparison (9.28) also holds.

In view of Theorem 9.4, we conclude that the folk theorem on the miss rate indeed

holds for the PMM under any cache replacement policy which satisfies Condition ().

952 HOMM

Consider the following situation: Let R be HOMM(%, o, p) for some pmf vectors p on
Nandaon{0,...,h}. Forsome0 < ¢ < 1, let R denote HOMM(h, o, p) where a*
is obtained from « by taking o = cay, foreachk =1,... h,and 5 =1—c(1 - ) =
B+ (1 —¢)(1— (). Obviously, 3¢ > g while af < « foreach k =1,..., h. In other

words, under HOMM(h, a, p), there is a smaller probability to generate a new request
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independently of past requests than under HOMM(h, a¢, p). Therefore, in an attempt to
generalize Theorem 9.3, it is reasonable to think that HOMM(h, a¢, p) has less temporal
correlations than HOMM(h, «, p) according to the TC ordering, i.e., R° <p¢c R. Tak-
ing our cue from Theorem 9.8, we would then expect the inequality M, (R) < M, (R)
to hold for some good caching policies. We summarize these expectations as the fol-

lowing conjecture:

Conjecture 9.9 Assume the request stream R = {R;,t = 0,1,...} to be modeled
according to HOMM(h, o, p). For some 0 < ¢ < 1, if the request stream R® =
{R{,t = 0,1,...} is modeled according to HOMM(h, a¢, p) with a® = (1 — ¢(1 —
B),cay, ..., cay), then the comparison R° <rc R holds. Furthermore, under some

appropriate cache replacement policy , it holds that M. (R) < M, (R°).

Establishing this conjecture appears to be much more difficult than for the PMM,
and requires further investigation. However, in support of this conjecture, we have
carried out several experiments under the LRU policy when the input to the cache is
modeled according to the HOMM. Throughout, we fix N = 100 and let the input
popularity pmf p be the Zipf-like distribution p,, (6.4)-(6.5) with parameter o = 0.8.
We consider five different classes of HOMM, each with different history window size
h = 1,...,5. In each class, the input stream R’ (with 0 < 3 < 1), is generated
according to HOMM(h, v, (3), p,) With . (8) = (8,52, ..., 52). The validity of
Conjecture 9.9 would require that the mapping 5 — Mypru(R”) be increasing.

From Figure 9.1, the miss rate is indeed found to be increasing as the parameter (5
increases for all cases and for all cache sizes. When h = 1, HOMM reduces to PMM
and the results here confirm the validity of the expression (9.27) and of Theorem 9.8. It

is interesting to note that for a given cache size M, the miss rates of all HOMM input

streams with h < M are the same as the miss rate of the PMM. This suggests some
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form of insensitivity of the LRU miss rate under the HOMM to the history window size
h and to the pmf «. Lastly, for all cases and for all cache sizes, the miss rate always
goes to 0 as 5 goes to 0. This is due to the fact that lim, .., P [R? = RQ,J = 1 where

R? denotes the HOMM(h, a,(0), p,,)-2

953 LRUSM

According to Theorem 9.7, the stationary LRUSM(a) with stack distance pmf a satis-
fying condition (9.22) has stronger strength of temporal correlations than the stationary
LRUSM(w). In the vein of Theorem 9.4, it is then natural to wonder when does the
LRUSM(b) have weaker temporal correlations than the LRUSM(a) for pmf b not nec-
essarily uniform. Theorem 9.7 suggests that this could happen when the pmf a is more
skewed toward the smaller values of stack distance than the pmf b. To capture the skew-
ness in the pmf vectors, we recall the notion of majorization introduced in Chapter 2 and
note that for any pmf a on V, it holds that w < a. With majorization, we can now state

the following conjecture.

Conjecture 9.10 Consider request streams R* and R® which are modeled according
to the stationary LRUSM(a) and LRUSM(b), respectively. If both pmfs a and b satisfy

(9.22) with b < a, then the comparison R® < R® holds.

When both pmfs a and b satisfy (9.22), the conditions (2.1)-(2.2) for the majorization

comparison b < a to hold reduce to

indeed, if R is modeled according to the HOMM(h, o, p,,) with 3 = 0, then it can be shown that
lim; .., P[R; = R;_1] = 1 provided that the h*"-order Markov chain {R;,t = 0,1,...} is aperiodic.
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This condition is a possible formalization of the statement that the pmf a is more skewed
toward the smaller values of stack distance than the pmf b.2

To glean evidence in favor of Conjecture 9.10, we consider the LRU policy and
recall that the miss rate under the LRU policy with cache size M for the LRUSM(a)
is given by (9.19). Combining (9.19) and (9.29), we conclude that for two LRUSM
request streams R® and R satisfying the conditions of Conjecture 9.10, it holds that
Myru(R*) < Mpru(RP). This is of course the desired inequality expressing the folk
theorem for miss rates under the LRU policy which would be expected if Conjecture

9.10 were to hold.

2The condition (9.29) is equivalent to the usual stochastic ordering between the stack distance rvs D@

and Df’ associated with the request streams R and Rb, respectively, where D2 <., Df’.
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Chapter 10

The Working Set Model

In the last two chapters, we show how comparisons in the majorization ordering of popu-
larity and in the TC ordering of temporal correlations can be translated into comparisons
of some well-known metrics, namely, the working set size, the inter-reference time and
the stack distance. In this chapter, we discuss results for the working set model and some
folk theorems under its companion memory management policy, the so-called Working

Set algorithm.

10.1 Definition

The working set model was introduced by Denning [26] and some of its properties are
discussed in [27]. It can be defined as follows: Consider a request stream R = {R;,t =
0,1,...}. Fixt=0,1,.... Foreach 7 = 1,2, ..., we define the working set W (¢, 7; R)
of length 7 at time ¢ to be the set of distinct documents occurring amongst the past
T consecutive requests R, 1)+, ..., R The size of the working set W (¢, 7; R) is
denoted by S(t,7; R). Under some appropriate conditions on the request stream R, it

holds that S(t,7; R) = S(7; R) where S(7; R) is the steady state working set size

Forany = € R, we set (z)" = max(0, x).

113



of length 7. The rv S(7; R) can be viewed as the number of distinct documents in 7
consecutive requests in the steady state.
A basic quantity of interest associated with the working set size is its long-run aver-

age defined by

T-1

A 1
S(r;R) = lim — > S(t,7;R) a.s. (10.1)
T—oo T {5
foreach 7 = 1,2, .... In the next lemma, we identify conditions on the request stream

R for the existence of these limits (10.1), in the process making a connection between

the limits (10.1) and the steady state working set sizes.

Lemma 10.1 Assume the request stream R = {R;,t = 0,1,...} to couple with a
stationary sequence of N -valued rvs R = {R,,t = 0,1,...}. Then, the a.s. limits

(10.1) exist and it holds that®
S(t,7;R) = S(T; R), 7=1,2,.... (10.2)
If, in addition, the sequence R is ergodic, then

N

S(r;R) =E[S(T;R)], 7=12,.... (10.3)

A proof of Lemma 10.1 can be found in Appendix E.1. A special case of Lemma
10.1 occurs when the request stream R itself is stationary. In that case, the distribution

of S(¢,7; R) does not depend on ¢t when ¢t > 7 — 1, i.e., foreach = 1,2, ..., we have
St,7;R) =4 S(t—1,7;R), t=7,7+1,.... (10.4)

Therefore, (10.2) automatically holds. Furthermore, if the request stream R is stationary

and ergodic, then (10.3) is also obtained.

2In fact, (10.2) holds under the weaker assumption that the request stream R = {R;,t = 0,1,...}
is asymptotically stationary in that { R, ,,t = 0,1,...} =, {R;,t = 0,1,...} with R = {R;,t =

0,1,...} being a stationary sequence of A/-valued rvs.
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10.2 The effect of popularity

Assume the request stream R = {R;,t = 0,1, ...} to be the IRM with popularity pmf p.
Under these enforced i.i.d. assumption, the request stream R is stationary and ergodic,

and from (10.4), we obtain
S(;R) =4 S(t1— 1,7, R) = {Ry,...,R-—1}|. (10.5)

Since the IRM request stream R is characterized solely by its popularity pmf p, the
pmf of S(7; R) clearly depends only on the pmf p and we shall recognize this fact
by denoting the working set size of length 7 of the IRM by S(7;p). Similarly, we
let S(T; p) denote the average working set size (10.1) of length 7 of the IRM request
stream.

For positive integer n = 1,2,... and pmf 8 = (6(1),....6(N)) on {1,..., N},
imagine the following experimental setup: An experiment has N distinct outcomes,
outcome 4 occurring with probability 6(i) (: = 1, ..., N). We carry out this experiment
n times under independent and statistically identical conditions. Let X;(n, @) denote
the number of times that outcome 7 occurs amongst these n trials (i = 1, ..., N). These
N rvs are organized into an INV-valued rv X (n, @) known as the multinomial rv with

parameters n and @. Its distribution is given by

P [X(n,0) =z — ! 166"

T1y..., TN

whenever the integer components (xy, ..., zy) of  satisfy x; > 0 (i = 1,..., N) and
ZfL T; = N.
With X (n, 8), we can associate the rv K (n, ) given by
N

K(n,0):=> 1[X;(n,0) > 0];

=1
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this rv records the number of distinct outcomes that occur amongst the n trials. The fol-
lowing result was established by Wong and Yue [72] and deals with the Schur-concavity

of the tails probabilities
m(n,0) :=P[K(n,0) >, (=1,2,...,min(N,n).

Theorem 10.2 Foreachn = 1,2,...and each ¢ = 1,2,... ,min(N,n), the mapping

0 — m,(n, @) is Schur-concave.

From (10.5), the working set size S(7; p) of the IRM request stream with popularity
pmf p is simply the number of distinct outcomes K (7, p) for the multinomial rv with
parameters 7 and p. Thus, by combining Theorem 10.2 with the basic fact (3.2) on the

usual stochastic ordering, we get the following corollary.
Corollary 10.3 For admissible pmfs p and q on \V, it holds that

S(t;q) <a S(t;p), T=1,2,..., (10.6)
whenever p < q.

In words, the more skewed the popularity pmf, the stronger the locality of reference in
the IRM, and the smaller (in the strong stochastic sense) the working set size, in line
with one’s intuition!

A simple consequence of Corollary 10.3 is the comparisons of the average working
set sizes, namely

~

S(riq) < S(m;p), T=1.2,...,

provided p < g. This is due to the facts that the comparisons (10.6) imply
E[S(r;@)] <E[S(m;p)], 7=12,...,

and that under the IRM, Lemma 10.1 yields S(r;p) =E[S(r;p)|forall T =1,2,....
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10.3 The effect of temporal correlations

As for popularity, it is expected that the stronger the strength of temporal correlations
in the stream of requests, the smaller the working set size. We wish to formalize this
statement as was done for popularity in Corollary 10.3. However, with the help of the

TC ordering, we obtain only the comparison of the expectations of the working set sizes.

Theorem 10.4 For two request streams R' = {R},t = 0,1,...} and R* = {R? t =

0,1,...}, ifR' <;¢ R? thenforeacht =0,1,..., it holds that
B[St R)| <E[SEtn R, 7=12.. . (10.7)

A proof of this theorem relies on the fact that the rv S(¢, 7; R) can be expressed as a
combination of supermodular functions of the indicator sequences {V;(¢),t =0, 1,...},
1 =1,..., N, associated with the request stream R. Before giving a proof, we note the

following lemma [7, Lemma 2.1].
Lemma 10.5 If the mapping vy : R™ — IR is given by

Y(x) = H v (x;), x=(r1,...,2,) €RT (10.8)

for some monotone mapping v* : IR, — R, then ¢ is supermodular.

Proof of Theorem 10.4. Fixt=0,1,...and 7 = 1,...,t + 1. The working set size
S(t, T; R) of length 7 at time ¢ for the request stream R can be expressed in terms of
the corresponding indicator sequences {V;(i),t = 0,1,...},i = 1,..., N, as follows:
From the definition of S(¢, 7; R), we can write

N

St,mR) = Y 1[i € {Ry—rnys,. ., Ri}]

i=1
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where the mapping ¢» : R™ — IR is of the form (10.8) with mapping * : R — R given
by
V(r)=1—z, z€R. (10.10)
By Lemma 10.5, the mapping ¢ is supermodular since * defined at (10.10) is mono-
tone.
Equipped with the expressions (10.8)-(10.10), we are now ready to prove Theorem
10.4. Recall that for any two request streams R' and R? such that R' <, R?, we have
the comparison {V,'(i),t = 0,1,...} <., {V?(i),t =0,1,...} foreachi =1,... N.

From the supermodularity of ) and the definition of the sm ordering, it then follows that

E [0Vl @), V)] B2 00). .V 0)] (10.11)

forall: = 1,..., N. Combining inequalities (10.11) with (10.9) yields the comparison

(10.7) foreach 7 = 1,...,¢ + 1. Upon noting that for all 7 > ¢ 4 1,
St RY) =St t+1;R"), k=12,

we get the desired comparisons (10.7) forall 7 = 1,2, .. .. [ |
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Corollary 10.6 Assume that for each k = 1,2, the request stream R* = {RF t =
0,1,...} couples with a stationary sequence of N -valued rvs R = {RF.t=0,1,...}.

If R* <o R? then it holds that
E [S(T; R2)] <E [S(T;Rl)} . or=1,2,..., (10.12)

where for each k = 1,2, S(r; R") is the steady state working set size of the request

stream R”. In addition, if R and R are stationary and ergodic, then it holds that
S(r;R*) < S(m;RY, 7=1,2,..., (10.13)

where for eachk = 1,2, S (T; R") is the average working set size of the request stream

R”.

Proof. Fix ™ = 1,2,...and £ = 1,2. Under the assumptions above, Lemma 10.1

already yields the convergence
S(t,; R¥) =, S(1; R"). (10.14)

Next, because S(t,7; R¥) < N foreveryt = 0,1, ..., the sequence {S(t, 7; R*),t =
0,1,...} is uniformly integrable. Combining this fact with (10.14), it follows from [11,
Thm. 5.4, p. 32] that

lim B |S(t,7; RY)| = E[S(7; R)] . (10.15)

Invoking (10.7) and (10.15), we obtain the steady state comparisons (10.12). The
comparisons (10.13) for the average working set sizes follow from (10.12) under the
additional ergodicity assumption of the coupling processes associated with R' and R
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Corollary 10.6 demonstrates that for a request stream R exhibiting temporal corre-
lations, the independent version R of R can be used to provide various performance
bounds, which in turn can be used for cache dimensioning associated with the request
stream R. We illustrate this argument with three request models, namely the HOMM,
PMM and LRUSM request streams, with the help of Theorems 9.3, 9.4 and 9.7, respec-
tively. Upon noting that the stationary HOMM and PMM are ergodic Markov chains,

we obtain

Corollary 10.7 Assume the request stream R = {R;,t = 0,1,...} to be modeled
according to the stationary HOMM(h, o, p) with admissible popularity pmfp. Then, it
holds that

S(r;R) < S(r;R), 7=1,2,...,

where R is the IRM with popularity pmf p.

Corollary 10.8 Assume that for each k = 1,2, the request stream R% = {Rfk,t =
0,1,...} is modeled according to the stationary PMM((3., p) with admissible popularity
pmfp. If0 < B, < (34, then it holds that

S(r;R?) < S(r;R™), 7=1,2,....
Lastly, we note the comparison of the working set sizes under the LRUSM.

Corollary 10.9 Assume the request stream R* = {R¥,t =0, 1, ...} to be modeled ac-
cording to the stationary LRUSM(a) with stack distance pmf a satisfying (9.22). Then,
it holds that

A~

E[S(RY) <E[S(rRY], r=12..,

where R is the IRM with uniform popularity pmf .
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10.4 The Working Set algorithm

Fix 7 = 1,2,.... The Working Set (WS) algorithm with length 7 is the algorithm
that maintains the previous 7 consecutive requested documents R+, ..., ;1 inthe
cache S; at time ¢. In other words, the cache S, is simply the working set W (¢t —1,7; R)
with the convention W(—1,7; R) = ¢. This algorithm differs from other demand-
driven caching policies in that the number of documents in the cache may change over
time while demand-driven caching policies have a fixed cache size M (as soon as each
document has been called at least once). The number of documents in the cache at time ¢
under the WS algorithm is basically the number of distinct documents in W (¢t —1, 7; R)
which is the working set size S(t — 1, 7; R).

The operation of the WS algorithm can be described as follows: For each ¢ =

0,1,..., let ), be the state of the cache at time ¢ defined by
Qt — (R(t_T)Jr, e 7Rt—1)'

It is easy to see from this definition that the cache state €2, ; is completely determined
by the previous cache state 2, and the current request R;. Furthermore, the cache set .S;

can be recovered from €2, by taking
S;={i=1,...,N:ieQ}=WEt-1,1,R), t=0,1,....

For ¢ > 7, regardless of a cache miss, the WS algorithm will evict the document R, if
R:_. ¢ W(t,7; R) and does not evict any document, otherwise.
The miss rate of the WS algorithm with length 7 can be defined in the same way as

in the case of demand-driven caching; it is given by the a.s. limit

.1
MWS(R) = ’Ilgrolo f Z 1 [Rt ¢ St] a.s.
t=1
1 T
= lim =Y 1[R ¢ W(t—1,7;R)] a.s. (10.16)
T—oo T (=

121



We next explore the folk theorems for miss rates and for output streams under the WS
algorithm. We do so for both the IRM input stream and general input stream exhibiting

temporal correlations, respectively.

10.4.1 Under the IRM

We first assume the input to the cache to be modeled according the IRM with popularity
pmf p. Under this assumption, we show that the folk theorems for the miss rate and
the output of a cache under the WS algorithm do not hold in general. This comes as
no surprise since the WS algorithm is a close cousin of the LRU policy in that the LRU
policy of cache size M can be obtained from the WS algorithm that keeps the M most

recent distinct documents in the cache by varying its length 7.

Miss rate of WS algorithm

It is known [2, 27] that the miss rate Myys (p) of the WS algorithm with length 7 under
the IRM with popularity pmf p is given by
. N

Mws(p) = ;p(i)(l —p(i))" (10.17)

Unfortunately, the miss rate function Mws(p) is not Schur-concave inpforr = 2,3, . ...

However, it is Schur-concave only when 7 = 1 in which case the WS algorithm coin-

cides with any demand-driven caching policy of cache size M = 1. These results are

contained in

Theorem 10.10 Assume the input to be modeled according to the IRM with popularity
pmf p. The miss rate function Mys (p) under the WS algorithm with length 7 is Schur-
concave in the pmf p when v = 1 and is not Schur-concave in the pmf p when v =

2,3,....
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Proof. Foreachr = 1,2, ..., the miss rate function Mys(p) in (10.17) is of the form

Mys(p) = ; 9:(p(i))

where the mapping ¢, : [0, 1] — [0, 0.25] is given by z — x(1 — ). As we note from
[49, 3.C.1, p. 64 and 3.C.1.c, p. 67], the function Mws(p) is Schur-concave if and only
if the mapping ¢, is concave. It is now a simple matter to check that the mapping g,
is concave only when 7 = 1 and not concave when 7 = 2,3, ..., whence the desired

result. [ |

Output of WS algorithm

By restricting the input streams to be in the class of IRM, the output of the WS algorithm
with length 7 can be analyzed along the same lines as Theorem 5.2 for demand-driven
caching policies. Indeed, for the IRM with popularity pmf p, the output popularity pmf
Py under the WS algorithm with length 7 is given by

_ p(HA—p@)" .
= S =G 1,...,N. (10.18)

p@vs(i)

As for the case of miss rate, the folk theorem for the output that p{yq < p does not
hold when 7 = 2,3, ..., but does hold only for 7 = 1 in which case the WS algorithm
reduces to any demand-driven caching policy with cache size M = 1. The counterexam-
pleswhenr =2 3, ..., are given below where the IRM input has a Zipf-like popularity

pmf with large «.

Theorem 10.11 Assume the input to be modeled according to the IRM with Zipf-like

popularity pmf p,, for some o« > 0. If the number of documents N and the length T of
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the WS algorithm satisfy the condition
N <2! with 7>1, (10.19)

then under the WS algorithm, there exists o = o*(7, N) such that pys ., < p,, does

not hold for o > o*.

A proof of this theorem is given in Appendix B.5.

10.4.2 Miss rate under input with temporal correlations

Given an input stream R = {R;,t = 0,1,...}, let {V(¢),t = 0,1,...},i =1,..., N,
be the indicator sequences (9.1) associated with it. Recall from (10.16) that a miss
occurs at time ¢ when the document R; is not in the working set W (¢t — 1, 7; R). Thus,

the indicator function for the miss event at time ¢ > 7 can be written as

1[Rie¢W({t—-1,7R)] = 1R ¢{Ri—r,...,Ri1}]

= Zl Rt —Z ¢ {Rt 77--->Rt—1}] (10.20)

=

N

= Zl[Rt:z’]Hl[Rt,g;éi]
=1
N T

= th H 1 — V(i
& _

= Y gVier(i),..., Vi(i)) (10.21)
=1

where we have set
T—1
g(xo, ..., x.) =2, H(l — ), (x,...,7,) € R™™. (10.22)
=0

Combining (10.16), (10.21) and (10.22) yields the miss rate under the WS algorithm as

the limit

Mws(R) = lim l2:1 Ry ¢ W(t—1,7; R)]

T—oo T

124



= hm— Z ZthT L, Vi(1)  as. (10.23)

and if the request stream R admits some form of ergodicity, then the limit (10.23) exists.
A condition for the existence of the limit (10.23) is given in the next lemma whose proof

is available in Appendix E.2.

Lemma 10.12 Fix T = 1,2,.... Assume the request stream R = {R;,t = 0,1,...} to
couple with a stationary and ergodic sequence of A/ -valued rvs R = {R;,t=0,1,...}.

Then, the a.s. limit (10.23) exists and is given by

Mws(R) = lim ZE (Vier(3), ..., Vi(4))] a.s. (10.24)

t—o00

In particular, if R is stationary and ergodic, then

Mws(R) = > P[R, =i, R #i,=0,...,7—1]. (10.25)

To establish the folk theorem to the effect that the stronger the temporal correlations,

the smaller the miss rate, we need to show that
Mws(R?) < Mws(R') whenever R' <;¢ R* (10.26)

Therefore, upon recalling the definitions of the TC and sm orderings, we see that estab-
lishing (10.26) amounts to showing that the mapping ¢ given in (10.22) is submodular.?
Unfortunately, the mapping ¢ is not submodular in general; only in the special case

7 = 1is g a submodular function. We shall discuss these issues by first showing the

3A function ¢ : R™ — R is said to be submodular if —¢ is supermodular.
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positive result when 7 = 1 and then providing counterexamples using the PMM when

7> 1.

[ = 1] - When 7 = 1, we note that S(t — 1,7;R) = 1 forallt = 1,2,..., and
the WS algorithm coincides with any demand-driven caching policy having cache size
M = 1. In that case, the only document in the cache at time ¢ is the document R;_;
and a miss occurs when R; # R, ;. The folk theorem holds in this special case for all

demand-driven caching policies.

Theorem 10.13 Consider an arbitrary demand-driven replacement policy = with M =

1. If the request streams R' and R? satisfy the relation R* < R?, then it holds that

PR ¢ P <P[R ¢S], t=12. ... (10.27)

Proof. Foreacht =1,2,..., we have from (10.21)-(10.22) that

1[R: ¢S] = 1[R; # Ry

i=1

with the mapping ¢ : R* — IR being given by
9(zo,21) = 11 — moz1, (0,71) € R

Because the mapping (zo, z1) — oz is supermodular, the mapping (zo, z1) — —zoz1
is submodular. The mapping (o, x1) — x; being submodular, the mapping g is there-
fore submodular since the sum of two submodular functions is still a submodular func-
tion.

Given two request streams R' and R? such that R' <;¢ R?, we recall the compar-

isons {V;}(4),t = 0,1,...} <gn {V2(i),t =0,1,...} foreachi = 1,..., N. Thus by
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the definition of the sm ordering, we obtain foreacht =1,2,.. .,

Plrig¢ sy - zE[ (V24(0), V()

IN

ZE[ (VL (@), Vi (i)
~ plmes)

Corollary 10.14 Consider an arbitrary demand-driven replacement policy = with M =
1. If the request streams R' and R* couple with stationary and ergodic sequences of
N-valued rvs R' and RZ, respectively, and satisfy the relation R' <. R?, then it
holds that

Mys(R?) < Mys(R").

Proof. Under the assumptions above, the miss rate of the request stream R” for each

k = 1,2, can be obtained using Lemma 10.12 and is given by
Mys(R") = lim P [Rf ¢ S| a.s.

The desired result is now immediate from (10.27). ]

[t > 1] — The folk theorem (10.26) does not necessarily hold when 7 > 1 as we now
demonstrate via counterexamples when the PMM is taken to be the input to the cache.

The miss rate of the WS algorithm with length 7 for PMM(5, p) [2] is given by

Mws(f ﬂZP i) (1= Bp(i)" (10.28)
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From Section 9.3, we would expect that as the strength of temporal correlations in-
creases, i.e., the value of the parameter (5 decreases, the miss rate Mws (3, p) should
be decreasing. To put it differently, the mapping 5 — Mws(/3, p) should be increasing
when the popularity pmf p is held fixed.

However, this is not always the case as we show in the counterexamples where the

).

PMM stream is assumed to have the uniform popularity pmf w = (

2=

1
N

Theorem 10.15 Fix 7 = 2,3, ..., and assume the input to be modeled according to
PMM(3,w). Under the WS algorithm with length T, the miss rate function Mws (3, u)

given in (10.28) is increasing in 3 when (3 < ¥ and decreasing in 3 when 3 > ¥

Thus, the folk theorem always holds when the length 7 of the WS algorithm is smaller

than the number of documents N but may fail to hold otherwise.

Proof. When the PMM has the uniform popularity pmf w, the expression (10.28) for

the miss rate under the WS algorithm becomes

Mus(B,w) = 3 (1 _ %) (1 _ %)1 .

Differentiating this expression with respect to 3 yields

%Mws(ﬁ,u) - (1 _ %) (1 _ %)H (1 — %) .

Thus, the miss rate function Mg (3, w) is increasing when 1 — % > 0, or equivalently,

6 < % and is decreasing when 1 — % < 0, or equivalently, 5 > % ]
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Chapter 11

Inter-reference Time and Stack Distance

In this chapter, we continue the program announced in Chapter 10 as we seek the appro-
priate comparisons for the inter-reference times and the stack distances when the request

streams are comparable in either the majorization or the TC orderings.

11.1 Inter-reference time

The notion of inter-reference time in the stream of requests has recently received some
attention as a way of characterizing temporal correlations [34, 40, 53].
First a definition. Given a request stream R = {R;,t = 0,1,...}, for each ¢t =

0,1,..., we define the inter-reference time 7'(¢; R) as the rv given by
Tt;R) :=inf{r =1,2,...,t: Ry = Ry} (11.1)

with the convention that 7'(t; R) = t + 1 if R,_, # R, forall 7 = 1,...,t. As
for the working set size, under some appropriate conditions on the request stream R,
T(t; R) = T'(R) where the steady state inter-reference time 7'(R) describes the time
between two consecutive requests for the same document. One such condition is given

in
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Lemma 11.1 Assume the request stream R = {R;,t = 0,1,...} to be asymptoti-
cally stationary, i.e., {Ry ¢t = 0,1,...} =, {R;,t =0,1,...} with R = {R,,t =

0,1,...} being a stationary sequence of N -valued rvs. Then, it holds that

T(t; R) =, T(R). (11.2)

A proof of Lemma 11.1 is given in Appendix E.3. Lastly, we note that if the request
stream R is stationary and ergodic, then the pmf of the steady state inter-reference time

T(R) is given by the limits

P[T(R) = k| %EEOT21 (t,R) =k as., k=12,....

11.1.1 The effect of popularity

We first study the effect of popularity on the inter-reference time by assuming the request
stream R to be the IRM with popularity pmf p. Under the IRM, the request stream R is

stationary and ergodic in which case (11.2) holds. In fact, 7'(R) can be represented by
T(R) =y inf{t =1,2,...: R, = Ry} (11.3)

since the i.i.d. process {R;,t = 0,1,...} is reversible. The main comparison for the

steady state inter-reference times is given in terms of the convex ordering.

Theorem 11.2 Assume that request streams R' and R* are modeled according to the

IRM with admissible popularity pmfs p' and p?, respectively. Then, it holds that
T(R') <.. T(R?) (11.4)

whenever p* < p?.
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Thus, the more skewed the popularity pmf, the stronger the locality of reference in the
IRM, and the more variable the inter-reference time in that (11.4) implies E [T(Rl)} =
E [T(RQ)} and Var(T(R")) < Var(T(R?)). This can be explained by observing that
a document with high probability of request is likely to be requested again in the near
future, leading to smaller values for 7'(R) and correspondingly larger deviation from its

mean.

Proof. Itis well known [59, Thm. 2.A.1, p. 57] that the comparison (11.4) between the
{1,2,...}-valued rvs T(R") and T'(R?) is equivalent to

fj P[T(R') > 7| < fj P [T(R?) > 7] (11.5)

foralln =1,2,..., with
E|T(R)| =E[T(R?). (11.6)
Consider an IRM request stream R with popularity pmf p and fixi =1,..., N. By

using the representation (11.3), we note that
P[T(R)=1|Ry =1 =p(i)1 —p(i)"", 7=12...,

i.e., conditional on R, = i, the inter-reference time 7'(R) is geometrically distributed

with parameter p(7). Consequently, for each n = 0,1, .. ., we find

PT(p)>nlRy=i] = > PI(p)=rlR=1
R
whence
PIT(p) > 1] = 3501~ )"

Next, we obtain

Yn(p) = E:P[T(p) > 7] :Z:(l —p(@)", n=0,1,....
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In particular, with n. = 0, this last calculation yields
E[T(R)] =) P[T(R)>17]=N,
7=0

and this independently of p! In other words, (11.6) holds.

It is a simple matter to see that for each n = 1,2,..., the mapping ¢t — (1 — ¢)"
is convex on IR,. By a classical result of Schur [49, C.1, p. 64], the mapping x —
>V, (1 — a;)™ is a Schur-convex function on RY. To put it differently, the mapping

p — ¥, (p) is Schur-convex, and (11.5) indeed holds when p' < p2. [

11.1.2 The effect of temporal correlations

We now turn to the comparison (11.4) for the steady state inter-reference times when

the request streams R' and R? are comparable in the TC ordering.

Theorem 11.3 Assume that for each k = 1,2, the request stream R is asymptotically
stationary, i.e., {R¥,,.t = 0,1,...} =, {RE.t = 0,1,...} where R" = {R} t =
0,1,...} is a stationary sequence of N -valued rvs, and has admissible popularity pmf

p*. If R* <;c R?, then the comparison (11.4) holds.

Theorem 11.3 states that the stronger the temporal correlations, the more variable the
inter-reference time! To establish Theorem 11.3, we shall rely on the following lemma

whose proof is available in Appendix E.4.

Lemma 11.4 Assume that the request stream R = {R;,t = 0, 1, ...} is asymptotically
stationary, i.e., {Riie,t = 0,1,...} =, {R,,t = 0,1,...} where R = {R,,t =

0,1,...} is a stationary sequence of N -valued rvs, and has admissible popularity pmf
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p. Then, it holds that

iP[T(R) >T]:%P[Rﬁéz',ﬁ:o,...,n—q, n=1,2,..., (11.7)
and
E[T(R)] = iP [T(R) > 7] = N. (11.8)
7=0

Proof of Theorem 11.3. The proof of this theorem proceeds along lines similar to ones
found in the proof of Theorem 11.2. The comparison (11.4) is established by showing
that (11.5) and (11.6) hold whenever R* <;« R>.

Fix k = 1,2. Foreachi = 1,..., N, let {V*(i),t = 0,1,...} and {V}*(i),t =
0,1, ...} bethe indicator sequences (9.1) associated with R* and Rk, respectively. From

Lemma 11.4, the expression (11.7) foreach n = 1,2, ..., can be rewritten as

iP[T(R’“bT} = ﬁ:E:l{Rﬁ#i,E:O,...,n—lﬂ

3B ﬁ(l—%’f@»}

i=1 L{=0

= Y EIF@),. . Vi 0)] (11.9)

where the mapping ¢ : R" — IR is of the form (10.8) and (10.10). By Lemma 10.5, the
mapping ¢ is supermodular.
For each k = 1,2, the assumption {RF,,,t = 0,1,...} =, {RF,t = 0,1,...}

yields
{(VE (), t =0,1,...} =, {VF(i),t =0,1,...}, i=1,...,N. (11.10)

But R' <;c R? implies the comparison {V'(i),t = 0,1,...} <.n {V2(i),t =

0,1,...} foreachi = 1,..., N, and the sm comparison being closed under weak con-
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vergence [52, Thm. 3.9.8, p. 116], it is now plain from (11.10) that
(Vi) t =0,1,...} <gm {V2(i),t=0,1,...}, i=1,...,N. (11.11)

Inshort, R' <7 R’ and the required condition (11.5) follows upon combining (11.11)
with (11.9).
Lastly, under the assumptions of the theorem, we recall from Lemma 11.4 that

E [T(R')| = E[T(R?)] = N, and (11.6) holds. m

The following results are obtained upon combining Theorem 11.3 with Theorems

9.3, 9.4 and 9.7, respectively.

Corollary 11.5 Assume the request stream R = {R;,t = 0,1,...} to be modeled
according to the stationary HOMM(h, o, p) with admissible popularity pmfp. Then, it
holds that

A

T(R) <. T(R)

where R is the IRM with popularity pmf p.

Corollary 11.6 Assume that for each k = 1,2, the request stream R% = {Rf’“,t =
0,1,...} is modeled according to the stationary PMM((3,., p) with admissible popularity
pmfp. If0 < By < (34, then it holds that

T(R™) <.. T(R™).

Corollary 11.7 Assume the request stream R* = {R®,t = 0,1, ...} to be modeled ac-
cording to the stationary LRUSM(a) with stack distance pmf a satisfying (9.22). Then,
it holds that

T(R*) <.. T(R®)

where R* is the IRM with uniform popularity pmf u.
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11.2 Stack distance

The notion of stack distance has been widely used as a metric for temporal correlations
[1, 3,50]: Foreacht = 1,2,..., the stack distance of the request stream R = {R;,t =
0,1,...} attime t is the rv D(¢; R) defined by

D(t7 R) = ’{Rt—T(t;R)-‘rl’ yoony Rt}| (1112)
where T'(¢; R) is the inter-reference time (11.1). It is not hard to see that the relation
D(t;R)=S(t,T(t; R); R) (11.13)

holds. In words, D(¢; R) can be interpreted as the working set size where the length of
the working set is taken to be the inter-reference time 7'(¢; R). Hence, D(t; R) records
the number of distinct documents requested from the time the document R, was last
requested before time t.

Under some appropriate conditions on the request stream {R;,t = 0,1,...}, the
weak convergence D(t; R) =—>; D(R) holds with the steady state stack distance D(R)
being the rv representing the number of distinct documents requested between two con-
secutive requests for the same document. This fact is given in the next lemma whose

proof can be found in Appendix E.5.

Lemma 11.8 Assume the request stream R = {R;,t = 0,1,...} to be asymptoti-
cally stationary, i.e., {Ry ¢t = 0,1,...} =, {R;,t = 0,1,...} with R = {R,,t =

0,1,...} being a stationary sequence of N -valued rvs. Then, it holds that

D(t; R) =, D(R). (11.14)
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It is known [33, 37] that the stack distance is related to the miss rate of the LRU
replacement policy. Specifically, given a request stream R such that the steady state
stack distance D(R) exists, the miss rate M ry(R) of LRU with cache size M can be

expressed in terms of the tail distribution of D(R) through

Myiru(R) =P [D(R) > M]. (11.15)

11.2.1 The effect of popularity

To see the effect of popularity, we restrict the request streams to be in the class of IRMs,
in which case the steady state stack distances exist by Lemma 11.8. From (11.13), in
view of the results obtained in Corollary 10.3, we might expect that for two IRM request

streams R' and R? with popularity pmfs p' and p?, respectively, the comparison
D(R?) <y D(R") (11.16)

should hold if p' < p2. However, the comparison (11.16) can not be established as we
explain below: Recall the relation (11.15) between the miss rate of the LRU policy and
the tail distribution of the stack distance. In Section 8.1, we have seen that it is possible
to find pmfs p' and p* on N such that p' < p? and yet My gu(p') < Miru(p?), or
equivalently, P [D(Rl) > M} <P [D(RQ) > M]. As we recall (3.2), we conclude
that the comparison (11.16) does not hold in general.

Although somewhat annoying from the point of view of intuition, this state of affairs
is perhaps not too surprising (in view of (11.13)) given the opposite direction of the
comparison of inter-reference times in Theorem 11.2. It is possible that some compari-
son other than (11.16) might hold, say in the increasing concave ordering, i.e., for two

IRM request streams R' and R? with popularity pmfs p! and p?, respectively, it holds

D(R?) <., D(R") (11.17)
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whenever p! < p* This comparison is compatible with the weaker result of Yue and

Wong [73] that the comparison E [ D(R?)| < E [D(R")] holds whenever p' < p®.

11.2.2 The effect of temporal correlations

Inspired by the results obtained for the working set size in Corollary 10.6, we would
expect that the stronger the strength of temporal correlations, the smaller the stack dis-
tance. Unfortunately, we have not yet been able to formalize this statement and will

pose this problem in the following conjecture.

Conjecture 11.9 Assume that for each k = 1,2, the request stream R" is asymptoti-
cally stationary, i.e., {RE, .t = 0,1,...} =¢ {RF,t =0,1,.. .} where R" = {R} t =

0,1,...} is a stationary sequence of N -valued rvs. If R* < R?, then it holds that
E|[D(R’)| <E[D(R")].

A support for this conjecture is given under the class of PMM request streams: For
this class of request streams, we have from Theorem 9.8 that if R”* and R’ are modeled
according to the PMM(3y, p) and PMM(3,, p), respectively, with 0 < 3, < 3y (i.e.,
R <;c R™), then M py(R™) < Mygy(R™) for all cache sizes M = 1,..., N —1.
It then follows from the relation (11.15) that P {D(RBQ) > M} <P {D(Rﬁl) > M}

foreach M =1,2,..., N — 1, or equivalently, that
D(R%) <. D(R™) (11.18)

by the property (3.2) of the usual stochastic ordering. Conjecture 11.9 holds under the
class of PMM request streams since (11.18) implies E [D(R@)} <E [D(Rﬁl)}.
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Appendix A

A Discussion of Lemmas 7.1 and 7.2

Consider the RORA(r) policy for some eviction/insertion pmf 7. As pointed out in
Sections 7.1.1 and 7.1.2, under the IRM input, the cache states {Q;,¢ =0, 1,..., } form
a Markov chain with state space A(M;N') whose ergodic properties are determined
through the set X,.

Fix the cache state s = (iy,...,4p) in A(M;N), and for each k,¢ = 1,..., M,
define the set I'; ,(s) as the collection of states which can reach s in one step when the

eviction and insertion are occurring at positions & and ¢, respectively. Thus,

{S/:(i17"'7ik*17i7ik7"'7i£flai€+l7~--7iM): Z%S} ifk </
Ure(8) =S {8 = (i1, yig1siosts- o sin,byipgts- i) : i & s} ifk >0
{s/:(ilﬂ"'7i€—17iaié+1a'-~7iM): ng} ifk="/.

LemmaA.l Fixt = 0,1,.... For each cache state s = (iy,...,iy) in A(M;N), we

have

Pii=d = (To0)Pi=4

€S

+Zp<i>22w( > P[ﬂt=s’1). (A1)

iEs k=1/¢=1 S’EFk[(S)
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Proof. Fixt=0,1,....

P [Qt+1 = 3] =

Obviously, we have

P I:QtJrl = S,Rt € St] + P [Qt+1 = S,Rt ¢ St]

because the cache state remains unchanged if the requested document is in cache.

Next, by independence,

P[Qt:S,Rt GSt] =

= P =5R €S| +P[Q1 =35 R &5 (A.2)
N
Y PO =5 R=ii€S)
- (To0)Pii=4 ~3)

since S, is determined by §2,. Similarly,

Pl 1=5R¢&S] =

=1

N
Z P Q=5 Ry

:Z,ngt]

= ZP[QH-l :S,Rt:i]

iZs

I
N
M= M=

iZs

I |
o

iZs

M= M=

~

M:
Mz 2

£
Il
—
~
Il
—

Z P [Qt = S/, Qt-i—l == S7Rt == Z]

s'€le(s)
p(i)rP [Q = §]
']) ) (A.4)

Il
—_
CIJ\
=
>
~
N
@
&

(z Pl0,

s'€lke(s)

We obtain (A.1) by collecting (A.3) and (A.4) into (A.2). [ |

Case 1 — The set X,. being empty, the Markov chain has exactly one irreducible

component, namely A(r, sq) =

t

MT(S;p) = > ¢

T=1

.1
Jim — > 1[Q,

=s| =

A(M; N) regardless of the initial condition sg, with

lim P[Q; =s] a.s.

t—o0
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for each s in A(M; N). Letting ¢ go to infinity in (A.1), we conclude by the standard
theory of Markov chains that {y..(s; p), s € A(M;N)} given in (7.3)-(7.4) of Lemma
7.1 is indeed the stationary pmf of this Markov chain since it satisfies the Global Balance
Equations

M M

pr(s;p) = (Z p(%’)) pe(s:p) + 3 p(0) 2D e ( > ur(S’;p)> . (A5)

i€s igs k=1¢=1 8'€0he(s)

We now discuss the technical issues which arise when N = M + 1. In this case, the
analysis that we have done so far holds for all RORA(r) policies in Case 1 but the FIFO
policy with either 15, = 1 or r3; = 1. Under this particular case, if sg = (i1,...,im),
then only M + 1 states can be reached from s, i.e., A(r,sy) contains the elements
(i1 ving)y (i2s - oo yingsingn)s (i oo singg1s i) - - - (ings1s i1, - - -5 ing—1). This state
space A(r, sq) is equivalent to the set A*(M; ') and it can be verified using the Global
Balance Equations (A.5) that the stationary pmf is given by

p(iy) - plin)
X ininren sy PUL) - p(dar)

fir(8;p) = (A.6)

with s = (i1,...,4y) arbitrary in A(r, sq). Finally, with the stationary pmf (A.6) and
N = M + 1, it is plain that the miss rate Mr(p) and the output popularity pmf p;. in this
case are still given by (7.17) and (6.8), respectively, independently of the initial cache
state s.

Case 2 — The set ¥, is non-empty with |X,.| = m forsomem =1,..., M — 1. As
discussed in Section 7.1.2, if the Markov chain starts in the initial state s, in A(M;N),
it will always stay within the component A(r, s¢) defined at (7.7). On this component
A(r, so), the Markov chain is irreducible and aperiodic; its stationary pmf exists for each
sin A(r, sp). Itis a simple matter to check that the pmf {1, ,(s), s € A(r, s9)} given
in (7.9)-(7.10) of Lemma 7.2 satisfies the Global Balance Equations (A.5) and hence it

is a stationary pmf for this Markov chain.
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In the case when N = M + 1, the analysis still holds for all RORA(r) policies in
Case 2 with the exception of FIFO-like policies, i.e., the RORA(r) policy with 1, = 1
forsome k,¢ =1,..., M and |X,.| = m, forsome m = 1,..., M — 1. For this special
case, under the same reasons as in Case 1, the state space A(r, so) hasonly M —m + 1
elements and coincides with the set A*(r, s() defined at (7.22). We again use the Global

Balance Equations (A.5) to show that the stationary pmf is given by

I ) p(%)
oo (53P) = Er () ‘ (A7)
Z{jl ----- Jm YEA*(7,50) Hjﬁzr(so)p(ﬂ)
where s = (iq,...,1p) arbitrary in A(r, sg). It is easy to check in this case that with

the stationary pmf given in (A.7), the miss rate M,.(p; s,) and the output popularity pmf

Dy, also admit the expressions (7.26) and (7.32), respectively.
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Appendix B

Proofs of Theorems 8.1, 8.6, 8.8, 8.12 and 10.11

Throughout, the notion of asymptotic equivalence is defined as follows: For mappings
£, : Ry — R, we write f(a) ~ g(a) (@ — 00) if limg_oc % = 1. We shall have
repeated use for the next two elementary lemmas.

Lemma B.1 Consider a finite family a., . . ., ax of positive scalars. We have

K —a
—a :
kz_:l a,“ ~c (k min ak) (v — 00)

=1,...,

where ¢ denotes the number of indices ¢ for which it holds a, = min,_y _ x a.

Lemma B.2 Consider 2K mappings fi, g1, -- -, fx,9x : Ry — IR, such that for each

k=1,..., K, wehave fy(a) ~ gi(«) @ o — oo. Then, it holds that

K K
> fula) ~ > grla) (o — o0).
k=1 k=1

From now on, without further mention, all asymptotics are understood in the regime
where « is large, and the qualifier « — oo is dropped from the notation. In particular,
by recalling the normalizing constant C,, () of Zipf-like distributions defined at (6.5),
we note that

Co(N) ~ 1. (B.1)
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B.1 A proof of Theorem 8.1

Fix a > 0. Upon substituting (6.4)-(6.5) into the expression (8.4), we find

Myiru(ps) = TN Z AN( (B.2)
with
. IT2, i :
AOEEY — —, i=1,...,N, (B.3)
SEN; (M;N) nyﬂl (ng{il ,,,,, ir} J_a)

where for each element s = (i1,...,4y) of A;(M;N'), we have denoted by j ¢
{i1,...,ix} the set of elements j in A which are not in the set {7y, ..., i}
Fix:=1,2,...,N. For each element s = (iy,...,i5) in A;(M;N'), we invoke

Lemma B.1 to claim that

g Y~ min J , k=1,....M —1,
}j (]%{11 7777 Zk}]>
ik

whence

M—-1
[T X i)~ne
k=1 \j&{i1,..,ix}

where we have set

M—1
H min J
k=1 J¢{11 7777 7‘k}

Lemmas B.1 and B.2 together yield

M o\
i)~ 3 (Tt) iy B4
SEN; (M;N)
where
. (T
v(i) = seif%i?m< pé(s)e> (8:5)

and c(7) is the number of elements s in A;(M; V') which achieve the minimum in (B.5).

To proceed we note the obvious inequality

mmseA (M;N) (Hz 1%)

maxen, (ar:n) 2(5)

(i) > (B6)
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We shall show the existence of element(s) s in A;(M; N') which simultaneously achieve

the minimum in

M
' , B.7
SEAIir(l}\I}%N) (gl w) ( )
and the maximum in
' B.8

This will imply that (B.6) holds as an equality, and in the process both the minimal value
of v(i) and the integer ¢(i) will be determined.

Fori = M +1,...,N, itis plain that s = (1,..., M) is the only element in
A;(M; N') achieving both the minimum (B.7) with minimal value M! and the maximum
(B.8) with maximal value M!. This last claim can be established by easy interchange
arguments. Thus, ¢(i) = 1 and

v(i) = % =1 (B.9)

Similarly, wheni =2,... M, theelements=(1,...,i—1,i+1,..., M, M + 1)
of A;(M;N) yields the minimum (B.7) with minimal value [T;_} ¢ - TT)”f!, ¢ and the
maximum (B.8) with maximal value [T._} ¢ - i =1, whence c(i) = 1 and

LM CTRs (M + 1)
v(i) = [T} - M it = M=l (B.10)

Fori =1, p(s) = 1 for anyelement s in A;(M;N') so that the maximum (B.8) has value
1. On the other hand, the minimum (B.7) is achieved by any of the M permutations of

(2,3,..., M, M + 1), yielding the minimal value (A + 1)!. Hence, ¢(1) = M! and
v(l) = (M +1)! (B.11)

which is simply (B.10) at : = 1.

Invoking Lemmas B.1 and B.2 again, we find

i (i) ~ e ( minNiz/(i)>_a (B.12)
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for some integer c to be determined. It follows from (B.9) that

min (i) = min Nz' =M+1 (B.13)

‘ rlnian'l/(i) =(M+1) rlninM (7). (B.14)

with

It is a simple matter to check that
M!'=¢(1)>p(2)>...>¢o(M)=1 (B.16)

so that the minimum in (B.14) is achieved at : = M with minimal value M + 1. It then

follows from this fact and (B.13) that
I{linNiV(i) =M +1 (B.17)
and ¢ = 2. Finally, combining (B.1) (B.2), (B.12) and (B.17) readily leads to
Miro(py) ~ 2(M +1)7° (B.18)

and the desired conclusion (8.7) is obtained. ]

B.2 A proof of Theorem 8.6

First, in order to lighten up the notation, let p;, denote pfy .. The proof of Theorem
8.6 relies on the following observation: By the definition of majorization (2.1)-(2.2), the

comparison p;, < p,, requires the condition

Jming po(i) < min 2 (i) (B.19)
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to hold. Thus, as we recall (6.6), this comparison will not hold if we can show that
Co(N)N - minN (i) < 1. (B.20)

We show under the appropriate conditions on M and N that (B.20) indeed holds for
large enough values of «.
Fix a > 0 and substitute (6.4)-(6.5) into the expression (8.11) for the pmf p},. For

eachi=1,..., N, we find

(i)
P = S o)

(B.21)

with v, (i), 2 = 1,..., N, given at (B.3). By virtue of (B.4), (B.12), (B.17) and (B.21),

we can now write

(1)

.l M+ 1\"
pa(2)~<w(i) ) , i=1,...,N.
Consequently,
o I (M +1\"
Jmin, pa() ~ 5 min (C(Z) (W) ) - (B.22)

s (0 (C)) =05 e

where the minimum is achieved at « = V. Next, by using (B.10), we get with the help

of (B.15) and (B.16) that

. M1\ 2M—1\ ¢
i (0 (55) )= () @20
where the minimum is achieved at« = 2. Finally, v(1) = (M +1)!'and ¢(1) = M!yield
M+ 1\" 1
= M!
c(1) ( 6 ) M.(M!)a. (B.25)
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Combining (B.1), (B.23), (B.24) and (B.25), we conclude from (B.22) that

1 NA\® [(2M7IN\®
o . : * (- ~ — : ' (0%
Co(N)N - min (1) 5 min (M (M') : ( A ) (M +1) ) :

Under (8.26), as o grows large, the first term in the minimum above will have the small-

est value, so
o ) . M! /s N\®
Ca(N)N® - min  pf(i) ~ =~ (M) :
and the condition (B.20) indeed holds for large enough values of «. [ |

B.3 A proof of Theorem 8.8

Fix a > 0. By substituting (6.4)-(6.5) into the expression (8.30), we find

. 1 N
M, = N (1 B.26
CL(pa) Coz(N)KCL,a 22::12 Ui (Z) ( )
with
M
Na(i) = ]‘[ oM=bH) 1. N, (B.27)
SEN (MN) £=1
and
Kono= Y. H o=, (B.28)

sEA(M;N) (=1
Fix:=1,..., N. By Lemma B.1 we immediately get

na(i) ~ ¢ (0)n(i) ™" (B.29)
with
n(i) = SEAmln (H i)' K’H) (B.30)

and (i) is the number of elements s in A;(M; \) that achieve the minimum in (B.30).

Elementary interchange arguments show that the minimal value in (B.30) is achieved at
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some unique element s = (i1, ...,757) of A;(M; N) with the property i; < ip < ... <
inr, SO that ¢(i) = 1.

Using this observation, we first conclude that
M
n(M+1)=...=n(N)=]J[M " (B.31)
(=1
On the other hand, whenever : = 1, ..., M, direct inspection shows that

77(2) — (M+1) H gM—E—i—l‘ H g]V[—Z—i—Q

1<0<i 1<t<M

[lice<ar !
= %-(MHM(MH)

_ M+ D+ )P (8.32)

7

where the quantities ¢(i),7 =1, ..., M, are defined at (B.15).

Next, upon making use of Lemmas B.1 and B.2, we see that

ii‘“na(i) ~c - ( min in(i)) h (B.33)

with ¢ denoting the number of indices achieving the minimum in min;—; _x in(7).

Obviously, by virtue of (B.31), we find
min (i) = (M + 1)n(M +1) (B.34)

where the minimum is achieved at i = M + 1. On the other hand, as we rely on (B.32),

we get
min_in(i) = (M + 1)n(M + 1) min_ (i) (B.35)

i=1,...M i=1,...M

and by (B.16), the minimum in (B.35) is achieved at : = M with minimal value (M +
1)n(M + 1). Combining this fact with (B.34), we obtain ¢ = 2 and

_min in(i) = (M + 1)n(M +1). (B.36)
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Lastly, invoking Lemma B.1 with (B.28) leads to

—Q
Kcra ~ ( min HzM “1)

sEA(M;N)

_ (ﬁ ngH)_ = (M +1)". (B.37)

(=1

It is now plain to see from (B.1), (B.26), (B.33), (B.36) and (B.37) that
Me(p,) ~ 2(M + 1) (B.38)

and the conclusion (8.32) follows. [ |

B.4 A proof of Theorem 8.12

To simplify the notation, we shall write p}, to denote p¢;, ,. The proof of this theorem
proceeds along the same line as the proof of Theorem 8.6. We need to show under the
appropriate conditions on M and N that (B.20) holds for large enough values of «.

Fix a > 0. Substitute (6.4)-(6.5) into the expression (8.34) yields

(1)
ZjV 177a(4)

with n,(7), 7 = 1,..., N, given at (B.27). With the help of (B.29), (B.33), (B.36) and

pi(i) = i=1,....N, (B.39)

(B.39), we can now write

o 1((M+1)n(M+1)\"
Pa(?) 2( () , 1,...,N. (B.40)
Therefore, we obtain
min_ pf(i) ~ 1<(M+1)n(M+.1)> . (B.41)
i=1,..., 2 \ max;—y__n in(7)
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Upon noting (B.31), it is a simple matter to check that
~max in(i) = N-n(M +1) (B.42)
and from (B.32), it follows from the fact (B.16) that
_max in(i) =M+ 1) -n(M+1). (B.43)
As a result of (B.42) and (B.43), we find
max in(7) = max (M + 1), N)-n(M +1). (B.44)

To conclude the proof, we note from (B.1), (B.41) and (B.44) that

R MRS G
Ca(N)N s oy Pali) ~ 2 (max((MJrl)!,N))

with max (M + 1)!, N) = (M + 1)! under (8.26). Consequently, the last asymptotics

takes the simplified form

(Y : * [ 1 N\
Co(N)N ' nin pali) ~ 3 (M,>

and the validity of (B.20) for large enough values of « follows. [ |

B.5 A proof of Theorem 10.11

To simplify the notation, the output pmf pgy , will be denoted by p7,. As in the proof
of Theorem 8.6, we try to establish (B.20) under the appropriate condition on = and N
for large enough value of «.

Fix @ > 0 and 7 > 1. By substituting (6.4)-(6.5) into the expression (10.18), we

have
_ i (k)T
Sy ko (S 070)7

i (i) i=1,...,N, (B.45)
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where we have denoted by j # i the set of elements 7 in A" which are different from <.

As a direct application of Lemma B.1, it follows that

27T j=1
() i (min )T = (B.46)
Ji 7 i, i=2,...,N
and therefore by Lemma B.2, we find
N N
Z i—a(Zj—a)T ~ 9-aT + Z ;o
i=1 j#i i=2
~ 27 (B.47)

Combining (B.45), (B.46) and (B.47) yields

2—04(7—1)’ i=1
palt)~9q . (B.48)
(1) : i=2....N.

2

From the expressions (B.48), it is a simple matter to check that

. . . —a(r—1) . K -
4_m1ana(z) min (2 ,'_r%nnN( ) )

— min <2a<fl>, (g)a> . (B.49)

Finally, we note from (B.1) and (B.49) that

o : N A" oa
Co(N)N - min pa(i) ~ m1n<(27_1) ,2 >

i=1,...,

and by the enforced condition (10.19), this asymptotics reduces to

o . . N \*
Ca N min w30 ~ (5) -

Hence, the condition (B.20) is satisfied for large enough values of . [ |
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Appendix C

Proofs of Theorems 8.5 and 8.11

C.1 A proof of Theorem 8.5

To lighten up the notation, we shall write p; to denote pj ;.. From Proposition 8.4, the

comparison p* < p. does not hold whenever 6(¢) > 1%, or equivalently, whenever

N-1'
pi(l) < e

Under the pmf (8.16), we find from (8.10) that

(N=2)! (1—(N—-1))eM
N1 -k Y

pe(i)m(i;p.) = (

with
N-1 if =
ali) = ( ) (1—ke)
N—M—1)e M—1177M—-1 (1—ke e
1 + (1—(N—1)5) + 2521 k=/¢ (N—k:)E If 1 = goe e ,N.

Reporting (C.2)-(C.3) into (5.4), we get

. [, W=—M-1e &M (1 ke)
) = 2Ty g 2 L v
MoLM—1 (] e -1
= L (=1 k:l;lé (N_@J
ML (1= te) -
= — (N—E)e]
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where the last inequality follows from the fact that foreachk =1,..., M —1, ((]1,*_’28)) >
H 1
Lsince e <

Consequently, the condition (C.1) will hold if

M= (1 —te)

or equivalently, if

Hence, provided that V and A/ satisfy the condition ;77" <1, > 1, there exists ¢ in

the range (8.23) for which the comparison p: < p_ does not hold. [ |

C.2 A proof of Theorem 8.11

First, to simplify the notation, the output popularity pmf pg,; . will be denoted by pf.
The proof of this theorem proceeds along the same lines as in the proof of Theorem 8.5.
We seek ¢ such that the condition (C.1) holds.

For the input pmf (8.16), we have from (8.33) that

(]W+l)

- (N-2)!  (1—(N—1))e
pe(i)m(i;p.) = (N —M —1)! Kcr,

b)) (CH)

with

N -1 if i=1
b(i) = (C.6)

N Z]. . .
NEMEL oy (HEED T i =2, N,

Combining (C.5)-(C.6) with (5.4), we find

M _ - -1
pi(1) = 1+—1]\i(]\];4__11+2<—1 & 1)€> ]

/=1

-1
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M (1 (N - 1)s>“
<
(%
[ M-1 /1 (N -t
P (1 (N 1)e>
= €
(M—1 /1 (nr A
< (M) | )
=1 €
Provided M > 2, we obtain
e 2
x < |/ . .
Thus, the condition (C.1) holds if
2
c <e
[1 — (N —1) ’

or equivalently, if

e<(1—(N—-1))%

This last inequality indeed holds when ¢ is in the range (8.35) and the desired result

follows.
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Appendix D

Proofs of Proposition 9.6 and Theorem 9.7

D.1 A proof of Proposition 9.6

To facilitate the proof, we shall need the following notion of stack position: Fix i =
1,...,N. Foreacht = 0,1,..., let the rv X/(:) denote the position of document 7
in the LRU stack €, at time ¢ associated with the request stream {R?, ¢t = 0,1,...}.
From the stack operation (9.16), the sequence {X?(i), ¢t = 0,1,...} is seen to evolve

according to the recursion

1 if D, = X2(4)
X () =19 Xp(i) if D, < X2(i) (D.1)
X))+ 1 if Dy > X2(i)
forall t = 0,1, ... with the initial position X (7) given and assumed independent of the
i.i.d. stack distances {D;,t =0,1,...}.
By independence of the rvs {D;,t = 0,1,...}, it follows from (D.1) that the se-
quence {X/(i),t = 0,1,...} is a Markov chain on the state space {1,..., N} with

one-step transition probability matrix P* = (P2, j, k= 1,..., N) given by

P = P [X8,0) = JIX¢0) = H]
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= §(j,)P[D; = k] +6(j, k)P [D; < k] + 6(j, k + )P [D; > K]

= 0(j, Dax + 6(j, k) - (%fag) +8(j,k+ 1) ( fvj ag)

(=1 {=k+1
forj,k=1,..., N, where we set §(z,y) = 1 [x = y] for any =,y € R. This transition
matrix P is a doubly stochastic matrix, i.e., Y, P& = >0, P% = 1forall j, k =
1,..., N. An invariant distribution for P® then exists, is unique and is given by the
uniformpmfwon {1,... N}.

The condition a, > 0 is necessary and sufficient for the Markov chain { X (i), t =
0,1,...} to be irreducible on its finite state space {1,..., N}, hence to be positive re-
current. For 0 < ay < 1, the Markov chain {X(i),t = 0,1,...} is aperiodic while
for any = 1, it is periodic with period V. Regardless of its periodicity [36, Thm. 6.4.3,
p. 227], when ax > 0, the fraction of time that { X (i), ¢ = 0,1,...} spends in a given

state k& will a.s. converge to the corresponding entry of invariant distribution. The latter

being the uniform pmfon {1,..., N}, we conclude that
1 , 1
lim =Y 1[X%i)=kl=— as, k=1,...,N. (D.2)
t—oo t — N

Moreover, in the stationary regime, when a, > 0, we have

PIXO) =k = =, k=1,...

N
N’

Y )

foralli = 1,..., N. This implies that in stationarity, the stack rvs {€2;,t = 0,1,...}
are uniformly distributed over A(N; ).

With the fact (D.2), we are now ready to prove Proposition 9.6: Fix i = 1,..., V.
Recall that R = ¢ if and only if X?(i) = 1 since this corresponds to document i being
in position 1 of the LRU stack €2, associated with the request stream R®. Under the

assumption a, > 0, we can combine this observation with the convergence (D.2) to get

1 t
pa(i) = Jim =3 1[R? =i
T=1

t—o00
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1 t
= hmz§:ﬂXﬂ0:H a.s.
T=1

t—o00

and the desired result is obtained. [ ]

D.2 A proof of Theorem 9.7

Throughout, foreachi =1,..., N, we set
Ve =1[R¢ =i, t=01,..., (D.3)

and foreach t = 0, 1, ..., write V*'(i) = (V&(i), ..., V;2(i)).
Fixi=1,..., N. Inorder to establish the CIS property of the sequence {V,%(i),t =

0,1,...}, it suffices to show that for each ¢t = 0, 1, . . ., the inequality
P Ve, () = 1|V (i) =a'| <P [V2,(1) = 1[V*'(i) =¢'| (D4

holds for any pair of vectors ' = (o, ..., z;) and y* = (yo,...,y:) in {0, 1}'! satis-
fying ! < y' componentwise.
Our first task is to provide a simpler expression for the probabilities of interest. To

that end, for ¢ = 1,..., N, we introduce the quantities { P,(£), t = 0,1, ...} given by
) =P [XP() = 1X3() =€ XP() £ 1, X#() #1]  (D5)
forallt =1,2,...with
Fy(€) == PXT(i) = 1] X5 (i) = ¢].
Moreover, foreach ¢ = 0, 1, .. ., and any non-zero element ' in {0, 1}**1, we set

r(x") :=max(s=0,...,t: z,=1).
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Proposition D.1 Foreacht = 0,1, ..., and any non-zero vector ' in {0, 1}**1, it holds
that
P [Vi%,(i) = V(i) = | = Prrany(1). (D.6)

Proof. Fixt = 0,1,...and consider a non-zero vector ' = (xg,...,x;) in {0, 1},
Writing 7 = 7(x") to simplify the notation, we see from the definitions that
V() = a'
= Vo) =T V) = 1V () = 0, V(i) = 0]

= [V* i) =" RS =i, R%, A, RE £

= Ve = a7 X2(0) = 1, X2, () £ 1, XP0) #1] (D7)
where we have set 7 = (zo, ..., 2, 1) and that
Vi () = 1] = [X2. () = 1]. (D.8)
Assume first that 7 < ¢. Now observe that the event [V~ 1(i) = ™1, X2(i) = 1]
is determined by the rvs X&(i),..., X2(i). Thus, by preconditioning with respect to
these rvs, we readily conclude from (D.7) that
P [V*(i) = z'|
= P[Vo i) =™ X2(0) = LX) £ 1., X2(i) £ 1]
= P[Vverl(i) =a™ ! X2(i) = 1]
P X2 (0) # 1, XPG) # 1 X2(0) = 1] (D.9)
where in the last step we used the fact that the stack position sequence {X2(i),t =

0,1,...} isa Markov chain. Similarly, this time making use of (D.7) and (D.8), we get

P[V*(i) = ', V%, (i) = 1]
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= P[VOT) = a7 L XP30) = LX) A L XP6) A LX) = 1]
= P[Vel (i) =a™ ", X2(i) = 1]

P X2 60) # L. XP(0) # 1, X8, (1) = 1X2(6) = 1] (D.10)
It is now plain that

P [V, (i) = 1[V*'(i) = o]
P [V*(i) = a!, V2, (i) = 1]
P [V‘”(Z) = mt}

P [X2,(0) # 1, Xa(0) # 1, X3, (i) = 1| X2(0) = 1]
BXe, () £ 1. XF() £ 1Xe0) = 1
P[X?(Z):LX?H(@)#L-- 2(0) # 1, X8, () = 1]
PXe(i) =1, X%, () #1,..., X2(i) # 1]
= P[X20) = 1UX20) = LX2,() # 1. X7() #1]

and the desired conclusion follows by the homogeneity of the Markov chain { X2 (i), t =
0,1,...}.

The case 7 = t is straightforward. [ |

D.2.1 Some preliminary calculations

Since the expressions for the probabilities of interest involve the stack position se-
quences {X2(i),t = 0,1,...}, ¢ = 1,..., N, associated with the LRUSM request
stream R“, we shall need some basic facts concerning them in order to show the desired
CIS property. Throughout the discussion of the results in this and the next sections, we
fix the index ¢ = 1,..., N and the pmf a, and lighten up the notation by writing X, to
denote the stack position X (i) of the document : at time ¢. Foreach¢ = 0,1,..., let

A; denote the event [X; # Dy, ..., Xo # Dy.
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Recall that the stack distance rvs {D;,t = 0,1,...} associated with {R¥ ¢t =

0,1,...} arei.i.d. rvs distributed according to the generic rv D with pmf a. We set
a(y)=P[D<y] and G(y)=P[D>y], y=01,... N
and define the quantities

Qt(yag) ::P[Xt:yw’élt—laXO:f]? 975217---7]\[7
foreacht =1,2,....

Proposition D.2 Foreacht =1,2,...and¢ =1,..., N, it holds that

Qir1(y; &) = a(y)Q:(y; &) + By — 1)Qi(y — 1;€) (D.11)

forally =1,..., N.

Proof. Fixt=1,2,...and{ =1,...,N. The case y = 1 requires a separate analysis:
The evolution (D.1) precludes X;,; = 1 under the condition X, # D,. Therefore, we
must have P [ X, = 1, A;, Xo = £] = 0 and the expression (D.11) holds as we observe
that (1) =0and P [X; =0, 4,1, Xo =& = 0.

Next we turn to the case y = 2,...,N. The evolution (D.1) implies the relation
X1 =X if Dy < Xyand X3 = Xy +1i0f X; < D,. Thus, the event [ X, = y, X; #
D] is the union of the two disjoint events [X; = y—1, X; < Dy and [X; = y, D; < X].

This leads naturally to

P [Xt+1 =Y, At7X0 - 6] - P [Xt-i-l =Y, Xt % Dt’ At_l’XO - é-]
— P[Xt:y—l,Xt<Dt7At717X0:€}

+ P [Xt =y, Dy < Xy, A1, Xo :S]
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= P[Xt:y_lﬂy_l<Dt7~’4t—17X0:§]
+P[Xt:y7Dt <y7At—17X0:€]
= Ply—-1<D|P[Xy=y—1,A 1, Xo=¢

—|—P [Dt < y]P[Xt - yaAtbeO = g]

as we make use of the fact that the rv D, is independent of the rvs {X;, Dy, s =

0,1,....t—1,X} n

The case ¢t = 0 in (D.11) is somewhat different but by essentially the same argu-

ments, we get that

Q1(y; &) = (0(y,§)a(€) +(y, £ +1)B(8)) - P [Xo = ¢] (D.12)

for arbitrary y, £ = 1,..., N. This follows from the fact that constraints exist between

the stack positions X, and X; on the event A,.

D.2.2 Monotonicity under the likelihood ratio ordering

We also make use of the so-called likelihood ratio ordering, which is now defined.

Definition D.3 For N-valued rvs X and Y, we say that X is smaller than'Y" according

to the likelihood ratio (Ir) ordering, written X <, Y, if
PX=ylPlY =z]<P[X=z|P[Y =1] (D.13)
for all x and y in N with x < y.

The likelihood ratio ordering is stronger than the usual stochastic ordering [59, Thm.

1.C.2, p. 29], i.e., if the IN-valued rvs X and Y satisfy X <. Y, then X < Y.

161



In what follows, we shall find it convenient to use the following notation: If X is
an IN-valued rv and A is an event, then [X|.4] denotes any rv whose distribution is the

conditional distribution of X given A. The comparison
[X]A] < [X]B]
for some other event 3 then amounts to
PX=yAP[X =zB <P[X =z|AP[X =y|B] (D.14)
whenever x < y in IN, or equivalently
PX=y AP[X=uB<P[X=zAP[X =y,B] (D.15)

provided P [A] > 0 and P [B] > 0. With the likelihood ratio ordering, we can now state

the following
Theorem D.4 For&, (=1,..., N with§ < ¢, it holds that

[(Xi| A1, Xo =€) <pp [Xi] Ao, Xo=(], t=1,2,.... (D.16)

Before giving a proof we observe that the comparison (D.16) holds for some ¢ =

1,2,...10f

»

P [Xt =y, A1, Xo = 5] P [Xt =z, A1, X0 = C]

< PXy=a0,41,X0=¢P[X; =y, A1, Xo = (] (D.17)

forz,y=1,...,Nwithz < y.

Proof. The proof proceeds by induction on ¢t = 1,2, .... Throughout we fix arbitrary

§,(=1,...,Nsuchthat§ <.
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The basis step: For ¢t = 1 the comparison (D.16) (when interpreted through (D.17))

requires that

Q1(y;€)Q1(2;¢) < Qu(x;€)Q1(y; Q) (D.18)

forall z,y =1,..., N withz < .

In view of (D.12), the inequality (D.18) is certainly implied by

(0(y, &)a(§) + 6(y, € +1)B(&)) (d(x, Q)a(C) + d(x, ¢ + 1)5(C))
< (02, §)a(€) +6(x, &+ 1)B(£)) (6(y, Q)er(¢) +0(y, ¢+ 1)B(C)) ,
an inequality we can rewrite as
6(y,£)0(x, Q)ar(§)a(C) + 6(y, §)d(x, ¢ + 1)a(§)B(C)
+0(y, € +1)d(x, Q)B(&)(C) + 6(y, £ + 1)o(x, ¢ + 1)B(£)B(C)

< 0(x,8)0(y, Qa(§)a(C) + d(x, §)(y, ¢ + 1)a(§)B(C)
+0(x, £+ 1)0(y, Q)B(&)(C) + d(x, €+ 1)d(y, ¢ + 1)B(£)5(C). (D.19)

Comparing like terms in (D.19), we see that (D.18) will hold since the four inequalities

6(y, £)(z, ¢) < d(x,£)d(y, C),

0(y,€)0(x, ¢+ 1) < 6(x,§)d(y, ¢ + 1),
0(y,§ +1)o(x, ¢) < 0(x,§ +1)d(y, ()

and

6(y, € +1)0(z,¢+1) < 0(x, & +1)0(y, ¢ + 1)

all hold under the constraints x < y and £ < (.

The induction step: Now assuming that (D.16) holds for some ¢ = 1,2, ..., namely

[Xt|~’4t—17 XO = 5] <ir [Xt|At—1>X0 = C]v (D-ZO)
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we seek to show that
[Xt+1’~'4ta XO = 5] Slr [XtJrl’At) XO = C] (D21)
As discussed earlier, the comparison (D.20) is equivalent to

QY §)Qu(2';¢) < Qi 6)Qu(Y;C) (D.22)

forall /.y = 1,..., N with 2/ < ¢/, while the desired comparison (D.21) is equivalent

to
Qi11(y; &) Qe11(7;¢) < Qrra(;6)Qera (v €) (D.23)

forall z,y =1,..., N withz < .
To establish (D.23), we fix x,y = 1,..., N with = < y. From Proposition D.2, we

have the expressions

Qu1(Y;§) Qi1 (1;0) = a(y)a(w)Qu(y; §)Qu(w; () (D.24)
+ a(y)B(x — 1)Q+(y; §) Qs (x — 1;¢) (D.25)
+ By — Da(2)Q:(y — 1;8)Q:(7; () (D.26)

+ 0y — 1)B(z — DQu(y — 1;§)Q(x — 1;¢) (D.27)

and
Qir1(7;6) Qi (y;¢) = alx)aly)Q:(x; §)Q:(y; ¢) (D.28)
+ a(z)B(y — 1)Q:(x;§)Q:(y — 1;¢) (D.29)
+ Bz — Da(y)Q:(r — 1;5)Q:(y; ) (D.30)

+ B = 1By = 1)Qu(x — 16)Qu(y — 1;¢). (D.31)

Comparing the last two expressions term by term, namely (D.24) with (D.28), (D.25)
with (D.30), (D.26) with (D.29), and (D.27) with (D.31), we conclude from (D.22) that
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(D.23) holds. This completes the proof of the induction step. [ |

Before we can state the main results of this section, we pause for an easy technical

lemma.

LemmaD.5 Let X andY be {1,..., N}-valued rvs with X <, Y, and let D be an-

other {1,..., N}-valued rv independent of X and Y with pmfa = (aq,. ..

,CLN), i.e.,

P[D=Fk|=ayk=1,...,N. If the pmf a satisfies the condition (9.22), then it holds

that
PY=D|<P[X=D]. (D.32)
Proof. Setb, =a; —ap  for¢ =1,... N —1and by = ay, so that a;, = >, b, for
each k. =1,..., N. The independence of the rvs X and D leads to
N
PX=D] = Y} PX=j]P[D=]]
j=1
N
= Z P [X = j]a;
j=1
N N
= > (Db | PLX =]
J=1 \t=j
N 4
= D by P[X =]
=1 j=1
N
= Zb[P (X </ (D.33)
/=1
and we similarly find
N
PlY=D] = Z bP[Y < /. (D.34)
/=1

Under the assumption X <, Y', we have from (3.2) that P [Y < /] < P [X < /] for all

¢=1,...,N. ltis plain from (D.33) and (D.34) that (D.32) holds once it is noted that
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by > 0 foreach ¢ =1,..., N, under the monotonicity condition (9.22). [ |

Proposition D.6 Assume the stack distance pmf a to satisfy the condition (9.22). Then,
for¢,(=1,...,N with¢& < ¢, it holds that

B(Q) < A(E), t=01,.... (D.35)

Proof. First, consider the caset = 0. Forany (¢ =1,..., N, we find
Po(§) =P [Xy =1|Xo =¢] = ac.
Hence, forany £, =1,..., N with £ < ¢, it holds that

Po(C) < Po(€)

under the condition (9.22).
Fixt =1,2,.... Recall from (D.1) that

(X1 #1,..., X, #1]=[Xo # Do, ..., Xe_1 # Dyi_1] (D.36)

and that

(X1 = 1] = [Xy = Dy, (D.37)

Using (D.36) and (D.37), forany £ = 1,..., N, we can rewrite (D.5) as

Pt(f) =P [Xt = Dt|X0 =&, Xo 7é Dg, ..., X1 7’é Dt—l]

=P [Xt = Dt|~At—1a Xo = f] . (D.38)
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Now, fix &, ¢ =1,..., N with £ < (. Because the Ir ordering implies the st ordering,
Theorem D.4 readily yields
[(Xe| A1, Xo = §] <o [Xi| A1, Xo = (. (D.39)
Under the monotonicity condition (9.22), combining (D.39) with Lemma D.5 leads to
P [X; = Di|Ai1, Xo = (] S P[X; = Di| A1, Xo = ¢],

and the desired conclusion (D.35) is obtained upon noting (D.38). [ |

Proposition D.7 Assume the stack distance pmf a to satisfy the condition (9.22). Then,
it holds that
Pt+1(1) S Pt(l), tZO,]., (D40)

Proof. The inequalities (D.40) are simple consequences of Proposition D.6. Fix ¢t =
1,2, . ... Under the observation that [ X, = 1, Xy # Dy] = [X; = 2], we find via (D.38)
that
Pia(1) = P[Xip1 = Depa| Ar, Xo = 1]

= P[Xy1 = Dy1|Xo=1,X0 # Do, ..., X; # Dy

= PXp =D | X1 =2, X1# Dy ..., X, # Dy

= P[X; =Dy A1, Xo = 2]

= P2 (D.41)
where the forth equality follows from the homogeneity of the Markov chain {X;,t =

0,1,...} and by the independence of the rvs {D;,t = 0, 1,...}. Invoking Proposition
D.6 with (D.41), we get the inequality (D.40).
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The case ¢t = 0 uses essentially the same argument. We write
Pi(1) = P[Xi=Di|Xo=1Xo# Do
= P[Xo= Do|Xy =2]
= Fy(2) (D.42)

and the inequality P;(1) < Py(1) simply follows from Proposition D.6 and (D.42). m

D.2.3 Main proof

We now return to proving Theorem 9.7 by showing that the sequences {V,*(i),t =
0,1,...},t =1,...,N,are CIS: Fixi = 1,...,N. Givent = 0,1,..., we need to
show that (D.4) holds for any pair of vectors ' = (o, ..., z;) and y* = (yo, ..., %) In
{0, 1}t satisfying ' < y' componentwise.
The case ¢t = 0 is rather straightforward as (D.4) then reduces to establishing
P V() = 1V§* (@) = 0] < P [V*(i) = 1V (i) = 1]
or equivalently,
P [X7(i) = 1X§ (i) # 1] < P [X{'(i) = 1| Xg(:) = 1]. (D.43)
Conditioning on X§ (i), the condition (D.43) becomes
N
> R(OP[XG(I) = £XG(6) # 1] < Po(1)
£=2
which indeed holds by Proposition D.6.
From now on, as we assume ¢t = 1, 2, . . ., two basic cases need to be considered:

Case 1: Assume x’ to be a non-zero element in {0, 1}*™!, in which case y is also a

non-zero element in {0, 1}'*!. By Proposition D.1, we get that (D.4) holds provided

Pth((l:t)(]‘) < Ptfr(yt)(l)a (D44)
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an inequality which is automatically satisfied by virtue of Proposition D.7 given that
7(x") < 7(y"') whenever z* < y'.

Case 2: Assume that ' is the zero element 0° = (0, ...,0) in {0, 1}*! and note that
P [V, (5) = V(i) = 0] = P [X7,(6) = UX§(0) #1,..., X7(0) # 1]

Invoking again Proposition D.1 for any non-zero element y* in {0, 1}, we see that the

desired inequality (D.4) reduces to
P (X7 (1) = UXG0) £ 1. XP6) £ 1) < Psg(1),  (D45)
and by Proposition D.7, it then clearly suffices to establish the inequality
P X7, () = 1XE6) # 1, X2(0) # 1] < R(1). (D.46)
Conditioning on X§ (), we find
P X7 () = 1X§G) # 1, XP() # 1
_ éPt(ﬁ)P X9(0) = E1X5() # 1, XP() # 1, XE(0) £ 1

< B PIXE() = EX30) # LXM) £ L., X2() # 1]
£=2

= P(1)

where the inequality follows from Proposition D.6. Thus, the required condition (D.46)
holds. This completes the proof of the CIS property of the sequence {V,%(i),t =
0,1,...}.

Finally, since the sequence {V,*(i),t = 0,1,...} isCIS foreach: = 1,..., N and
CIS implies PSMD, the desired comparison between R® and its independent version

R follows from Proposition 9.2. ]
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Appendix E

Proofs of Lemmas 10.1, 10.12, 11.1, 11.4 and 11.8

E.1 A proof of Lemma 10.1

First, consider the case when the request stream R = {R;,t = 0,1, ...} is stationary. In

this case, we have foreach  =1,2,...and forall ¢t > 7 — 1 that

St R) = HRe—rinyr, - R}l
= WRiri1, ., R}
=g ’{RO,...,RT*1}|

= S(r—-1,7;R).

By letting ¢ go to infinity, we obtain (10.2) with S(7; R) =5 S(7 — 1, 7; R).
Next, we show that the limit (10.1) exists for each 7 = 1,2, .. .. From the definition
of the working set size, for ¢t > 7 — 1, we can write
N
Sit,7;R) = > (1=1[R#i,0=0,...,7 —1]). (E.1)
=1
Consequently, the limit (10.1) can be rewritten as
T—2

S(m;R) = jlijr;o%zg(t,T;R)
=0
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T-1

+%EEO(T_;Jrl)T—17+1t;15(t’7;R>
1T+T—2
= le—r}oloftzq_z_l S(t,T,R)
N 1T+T—2
_ ;(1—71320?t§11[3tHéz',e:o,...,r—u). (E.2)

Because the limits on the right-hand side of (E.2) are guaranteed to exist a.s. by the
stationarity assumption of the request stream R [62, Chap. 5], the limit (10.1) exists a.s.
foreach=1,2,....

In addition, if the request stream {R;,t = 0,1,...} is stationary and ergodic, then

[62, Chap. 5] foreachi=1,..., N,

1T+T—2
7hmf Z 1Ry #i,l=0,....T—1]|=P[R #i,l=0,....,7T—1] a.s.,
IR S |

and it follows from (E.1) and (E.2) that

S(;R) = i(l—P[Rﬁéz’,e:o,...,r—u)

=1

We now assume that the request stream R = {R;,t = 0,1,...} couples with a
stationary sequence of A/-valued rvs R = {R;,t = 0,1,...}. By coupling, we mean
that there exists a coupling time 7* such that R, = R, forall t > T*, with the {0, 1,...}-
valued rv T™* being finite a.s. (see e.g., [45, 64]). Under this assumption, it holds for each
r=1,2,...that

S, R)=S(t,mR), t>T"+71—-1, (E.3)

or equivalently, the sequence {S(t,7; R),t = 0,1,...} couples with the sequence

{S(t,7;R),t = 0,1,...} where the coupling time is given by 7* + 7 — 1. By the
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first part of the proof, S(t,7; R) =, S(r; R) for each 7 = 1,2, ..., and from (E.3),

we get S(¢, 7; R) = S(7; R) with S(7; R) = S(7; R).

By a similar argument, we find

1T+T72 .
jlggo?t:;l1[Rt_g7£z,€:0,...,7'—1]
T*+7—2
= Ylggo?t:;l1[Rt_g7éz,€:0,...,7—1]
T — T~ 1 T+T—-2 B
—|—lim( ) - > 1R #il=0,...,7—1
1T+T—2 5 .
= leI)I;OTt_;11[Rt_g#l,ézo,...,T—l}.

By virtue of (E.2), the limit (10.1) exists for each 7 = 1,2,..., and coincides with

5‘(7; R). Lastly, if the sequence R is stationary and ergodic, the argument above yields

S(;R)=S(1;R) = E {S(T; R)} =E[S(T; R)]

foreach=1,2,.... ]

E.2 A proof of Lemma 10.12

Fix 7 = 1,2,.... We first consider the case when the request stream R = {R;,t =

0,1,...} is stationary and ergodic. Fix i = 1,..., N. Recalling from (10.20) and

(10.21) that
g(Vier(3),....Vi(4)) =1[Ry =i, Ry # 1,0 =1,...,7], (E.4)
Wwe can write
T+7m—1
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1T+T 1
= Th_r};o— ZT 1[Ry=i,Ri o #il=1,...,7]
= PR, =4,R#i,0=0,...,7—1] a.s. (E.5)

where the last equality is due to stationarity and ergodicity of the request stream R [62,

Chap. 5]. Consequently, the limit (10.23) exists and is given by

1 T+7-1 N N
Thm? >N g(Vie (4),... Vi) =Y PR, =i, R #i,0=0,...,7 — 1],
e t=17 =1 =1

whence the conclusion (10.25).

Next, we assume that the request stream R = {R;,t = 0,1, ...} couples with a sta-
tionary and ergodic sequence of A/-valued rvs R = {R;,t =0,1,...}. Let{0,1,...}-
valued rv T* be the coupling time where 7* is finite a.s. and R, = R, forall ¢t > T*.
Fixi=1,..., N and let {V;(i),t = 0,1, ...} be the indicator sequence associated with

R through (9.1). Under this assumption, it is plain from (E.4) that

gVier (@), ... Vi(0) = g(Vier (@), ..., V@), t2T"+, (E.6)
hence,
T4+71-1
jlgn T ; g(%—T(Z)7 7%(2))
T +7—1
= IlgroloT tZ;r g(‘/t*T(Z)a 7‘4(2))
. T-T* 1 Tt -
* 115130( T )T iy ;+Tgw (@), Vil0)
T+1—1 B
= jim Z g(Veer (), ..., Vi())
= P{RT:z,Rg#i,ﬁzo,...,T—l} a.s. (E.7)

where the last equality follows from (E.5).

As a result, the limit (10.23) exists and is given by
T+T 1 N

hm— Z ZgV}T NN A)

T—oo T
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N
= ZP{RT:Z',RE%Z'J:O,...,T—I}. (E.8)
=1
Upon noting that

N N
tli)r&ZE g(Vie (3), ..., Vi(4))] = tli)r&ZP [Ri =i, Ry y#i,0=1,...,7]
i=1 =1

_ iV:P[RT:Z'>R£§£i’€:0,...,7'—1}a

=1
the desired result (10.24) is immediate from (E.8). ]

E.3 A proofof Lemmall.l

As in the proof of Lemma 10.1, we first assume that the request stream R = {R;,t =
0,1,...} is stationary. From the definition of the inter-reference time, we have for each
T=12,...andt=7,7+1,... that
P[T(t;R)>71] = P[Ry#Ri,(=1,...,7]
N
= Y PR=4R_#il=1,...,7] (E.9)

=1
N
= > PR, =i,R #i,0=0,...,7—1]

1

= P[T(r;R) > 7], (E.10)

=

where the third equality follows from the stationarity of the request stream R. By let-
ting ¢ go to infinity in (E.10), we obtain 7'(t; R) = T(R) with P [T(R) > 7| =
P[T(r;R) > 7] foreachT =1,2,....

Next, assume that the request stream R is asymptotically stationary, i.e., { Ry ¢, t =
0,1,..} = {R,t =0,1,... Y where R = {R,,t = 0,1,...} is a stationary sequence

of A-valued rvs. Under this assumption, we note for eachi = 1,..., N that

tlimP[Rt:i,Rt,g#i,ﬁz1,...,7’]:P{RT:i,lfig#i,ﬁzo,...,T—l
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and invoking (E.9), thus yields

limP[T(t;R)>T]:P[T(R)>T}, T=12....

t—o0

As a result, the weak convergence 7'(t; R) =>; T'(R) holds with T(R) =, T(R), i.e.,
T(R) is characterized by setting P [T'(R) > 7] = P [T(R) > 7’] foreachT=1,2,....

E.4 A proof of Lemma 11.4

Under the assumptions of the lemma, we note from Appendix E.3 that

P[T(R)>7] = P[T(R)> 7]
- %P[RT:z',RHAi,z:o,...,T—q.

i=1

Consequently, foreach n = 0,1, ..., we find

iP[T(R)>T]:%iP[RT:LRE#@',K:O,...,T—l]. (E.11)

First, we consider the expression (E.11) for n = 0 in which case E[T'(R)] =

2 P[T(R) > 7| Foreach k =0,1,..., we observe that

zij[RT:z',Rg#z,z:o,...,T—q
T7=0
L P[ReA) LS PR i Rt l=0 1]
=1

— 1—P[R07Az,é17éz’}+§:P[RT—z’,RHéz',e—o,...,r—l}

=2
= 1-P R #£i, =0, .. k| (E.12)
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By letting £ go to infinity, we obtain

Tip[szi,éﬁéi,ezo,...,f—q = 1-lm PR #i0=0,... .k

=1 (E.13)
under the assumptions (4.2) and (4.3) that the popularity pmf p of R (which coincides
with that of R) exists and is admissible. It is now immediate from (E.11) and (E.13)

that
N oo
E[T(R)]:ZZP{RT:L]:ZE%@‘,E:O,...,T—I] = N.

i=17=0

From (E.12) and (E.13), it is plain that the expression (E.11) for the case n =

1,2,..., can be rewritten as

iP[T(R)>T] = f:(1—7§P[RTzi,RHAz',z:o,...,T—1}>

= Y PR #i (=0, n-1],
=1

whence the desired result.

E.5 A proof of Lemma 11.8

To establish Lemma 11.8, we shall make use of the following

LemmaE.1 For a request stream R = {R;,t = 0,1,...} with admissible popularity

pmf p, it holds foreachi =1,...,N and foreachk = 1,..., N that

lim P [Ry =i, Ry #4,0=0,....t = L|{Ro, ..., Ri}| = k] = 0. (E.14)
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Proof. Foreach:=1,...,Nandk =1,..., N, it holds that

PRir=i,Ry#1,0=0,....t—1,|{Ro,..., R }| = k|

< P[R=4,R #i,{=0,...,t—1], t=1,2 .., (E.15)
and that
tlimP[thz',RHéz’,ézo,...,t—l]:0 (E.16)

under the assumptions (4.2) and (4.3) that the popularity pmf p of R exists and is ad-
missible. Combining (E.15) and (E.16) simply yields (E.14). ]

Proof of Lemma 11.8. First, we assume that the request stream R = {R;,t =
1,...} is stationary. Fix k = 1,...,N. Foreach ¢t = 0,1, ..., the definition of the

stack distance gives

P[D(t; R) = k|

= P [{Rirury, - R} = K|
t+1

= L PIGR) = n{Revie B} = 1

= ZZP[Rt:Rt—T :7;7Rt—f7£7:7£: 17"‘77—_]‘7‘{Rt—T+17“‘JRt}| :k]

T=11=1

N
+Y PR =i,R#1,0=0,....,t —1,|{Ro,..., Ri}| = k] (E.17)
i=1
N t
= > Y P[Rr=Ry=i,Ry#i,{=1,....71—1,{Ry,..., R, }| = k]

=17=1

.

N
+> PR =i,R#i,=0,....,t —1,|{Ro,....,Ri}| =k (E.18)
=1

where the last equality follows from the stationarity of the request stream R.
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We now verify the existence of the limit of (E.18) as ¢ goes to infinity. For each

1=1,...,Nandt=1,2,..., we have

t
Yre(i) == Y PR, =Ry=14,R #i,0=1,....,7—1|{Ri,...,R, }| = k]
T=1
t
< Y PR, =Ry=i,R #i,(=1,...,7—1]
T=1
< Y PR, =Ry=i,R#i,l=1,....,7—1]

=1
— P[Ro=1.

Consequently, for each i = 1,..., NV, the monotone sequence {¢;(i),t = 1,2,...} is

bounded above by P [R, = ], thus its limit exists, is finite and is given by

i) = lim (i)

= Y P[Rr=Ry=i,R#i,l=1,....71—1,|{R1,...,R.}| = k].

T=1

Combining this fact with (E.18) and Lemma E.1 yields
N
lim PO R) = k] = 3 vnli), k=1, N,

whence D(t; R) —; D(R) with D(R) characterized by setting P [D(R) = k] =
SN (i) foreach k = 1,..., N.

Now, assume that the request stream R is asymptotically stationary, i.e., { Ry, t =
0,1,...} =, {R,t =0,1,...} where R = {R,,t = 0,1,...} isastationary sequence

of AM-valued rvs. Fix k£ = 1,..., N. Under this assumption, we note that

thm P[Rt = Rt—T = i,Rt_g 7é %EZ 1,...,7—— ]_, |{Rt—T+1a"'7Rt}| = k?]

= P[RT:R():@',RHAi,e:1,...,7—1,1{R1,...,RT}|:k}. (E.19)

foreachi=1,...,Nand7=1,2,...
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We shall establish the existence of the limit of P [D(¢; R) = k] as t goes to infinity

by using the expression (E.17). As in the first part of the proof, foreachi =1,... N,

it is plain that

<

<

V1t (1)

t

ZP[Rt:Rt,T:i,Rt,g#i,ez1,...,7'—1,|{Rt77+1,...,Rt}| :k]

and the monotone sequence {i(i),t = 1,2,...} is bounded above by 1. Conse-

quently, foreach: =1,..., N, lim; ., gﬁm(z‘) exists, is finite and is given by

Jim (1)

t
= tll}I&ZP[Rt = Rt—’r :Z.,Rt_g 7é Z,EZ 1,...,7-— 17|{Rt—T+17"'7Rt}| = k]
T=1

= Y PR =Ry=i,Re#il=1...,7=L|{Ry,... R} =k (E.20)
=1

as we make use of (E.19).

By virtue of Lemma E.1 and (E.20), it now follows from (E.17) that

Jim P[D(t; R) = K|

N oo 5 B B B N
ZZP[RT:R():@,RHA@,zz1,...,7—1,|{Rl,...,RT}| :k}
i=171=1

P[D(R):k}, k=1,...,N,

and D(t; R) = D(R) with D(R) =, D(R), i.e, P[D(R) = k] = P [D(R) = k|

foreachk =1,..., V.
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