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Computer modeling and numerical analysis of acoustical phenomena have important
applications including manufacturing, audio technologies in immersive multimedia, and
machine learning systems involving audio. The focus of the present dissertation is the
exploration of numerical methods for modeling, simulating, synthesizing, estimating,
processing, controlling, and analyzing acoustical phenomena in the physical world as well
as its applications to the virtual world, i.e. immersive technologies for creating virtual,
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and basic concepts of numerical acoustics and discuss existing practical problems in
acoustics. In chapter 2 and chapter 3, I propose two novel techniques for three-dimensional
sound field capturing end encoding for immersive audio applications, which are both
based on (semi-)analytical cancellation of scattering caused by microphone arrays mounted

on acoustic scatterers. In chapter 4 and chapter 5, I introduce a fast algorithm for synthesizing



acoustic impulse responses in large-scale forests, and use it to predict the performance of
acoustic wildlife monitoring systems based on large-scale distributed microphone arrays.

In chapter 6, I propose a novel general-purpose individual-agnostic binaural localizer
which supports sound source localization from arbitrary directions without a priori knowledge
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and Laplace equations. In chapter 10, a differential geometry-based quadrature algorithm

is developed which allows accurate evaluation of singular and nearly singular layer potential
integrals arising in the boundary element method using smooth manifold boundary elements
with constant densities for Helmholtz and Laplace equations. In chapter 11, an algorithm
for efficient exact evaluation of integrals of regular solid harmonics over high-order boundary
elements with simplex geometries is developed. In chapter 12, I discuss future research

directions and conclude the dissertation.
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Preface

Computer modeling and numerical analysis of physical phenomena have been driving
forces in many fields in science and technology. In manufacturing, computer simulation
has become a common tool to predict the physical characteristics of products before
building actual physical prototypes, and has served to shorten the development time,
to reduce the cost of development, and to improve the quality of products. Immersive
multimedia, such as 3D gaming and virtual reality, are other fields where physical simulation
is an essential component; physical modeling of the real world is used for the creation of
stimuli that fools human’s perception in order to deliver an immersive experience of a
virtual or augmented world. Also, machine learning, another rapidly growing branch
of technology, consumes data to learn nontrivial mappings from inputs to responses.
Machine learning models for real world applications require training data from the real
physical world. Computer simulation of the physical world is therefore increasingly
important as it is one of the most efficient methods to generate unlimited amounts of
data that approximates data captured from the physical world.

The primary focus of the present dissertation is the exploration of numerical methods
for modeling, simulating, capturing, processing, analyzing and synthesizing acoustical
phenomena in the physical world as well as its applications to the virtual world.

In chapter 1, I introduce some fundamentals and basic concepts of numerical acoustics
which are going to be used throughout the dissertation. I will also review some of the
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existing practical problems in acoustics.

In chapter 2, I introduce multiple scattering ambisonics, a spatial sound field capturing
technique for extended reproduction-time sweet-spots in XR audio, based on semi-analytical
cancellation of multiple scattering arising in a system of interacting microphone arrays
implemented on spherical scattering bodies.

In chapter 3, I introduce spheroidal ambisonics, a spatial sound field capturing
technique for the creation of non-spherical reproduction-time sweet-spots in XR audio,
based on the use of microphone arrays implemented on spheroid-shaped scattering bodies
and spheroidal wave functions as the expansion basis.

In chapter 4, a fast and effective algorithm for the synthesis of acoustic impulse
responses of large-scale forests is proposed. This algorithm models trees as single scattering
cylinders and hence achieves linear complexity with respect to the number of trees in the
system.

In chapter 5, simulation-based evaluation of sound source localization of birds using
distributed microphone arrays in large-scale forests is carried out. This study is based on
the forest acoustics simulation method developed in chapter 4 and aims for audio-based
monitoring systems for wildlife conservation.

In chapter 6, a general-purpose individual-agnostic full-sphere binaural localizer
model is introduced. This binaural localizer is designed for sound source localization
from binaural audio sequences with unknown generation process, i.e. unknown recording
/ rendering-time head-related impulse response (HRIR), in noisy and reverberant conditions.

In chapter 7, a regularization strategy is developed for spherical harmonics-domain
active noise control in reverberant rooms.
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In chapter 8, a personal active sound field control framework with applications
to speech privacy, local active noise control, and crosstalk cancellation for XR audio
presentation is introduced.

In chapter 9, a recursive algorithm is developed which allows efficient analytical
evaluation of singular and nearly singular layer potential integrals arising in the boundary
element method using flat high-order elements for Helmholtz and Laplace equations.

In chapter 10, a differential geometry-based quadrature algorithm is developed
which allows accurate evaluation of singular and nearly singular layer potential integrals
arising in the boundary element method using smooth manifold boundary elements with
constant densities for Helmholtz and Laplace equations.

In chapter 11, an algorithm for efficient exact evaluation of integrals of regular solid
harmonics over high-order boundary elements with simplex geometries is developed.

In chapter 12, I discuss future research topics and conclude the dissertation.

The research presented in chapter 4, chapter 5, and chapter 6 was conducted while

the author was a Research Intern at Microsoft Research.
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Chapter 1: Introduction

In this chapter some fundamentals of theoretical and numerical acoustics are reviewed
in order to introduce some of the basic concepts which are repeatedly used throughout the
dissertation. I then discuss types of practical problems arising in acoustics and audio

engineering.

1.1 Introduction to acoustics

1.1.1 From continuum mechanics to the acoustic wave equation

Sound is the excitation of the sound field, where the excitation propagates in form
of a longitudinal wave in a medium. The amplitude of excitation, which is called the
sound pressure, is a function of position r and time ¢, hence it can be expressed as p(r, t).
A monochromatic plane wave is a form of wave which is characterized by the direction of
propagation k, which is called the wave vector, an angular frequency w, and an amplitude

A, and is mathematically expressed as:

p(r.t k,w, A) = Ae™™ ", (1.1)



As any sound field can be mathematically expressed as an integral of plane waves over all
possible directions of propagation and angular frequencies, it is beneficial to understand
the properties of a plane wave. The dynamics of a plane wave propagating towards the
positive direction of the x-axis can be expressed by the displacement d(z, t) which is a
function of position z and time ¢. The ratio of volume increase of a small volume, which
is sufficiently larger than the scale of atoms and sufficiently smaller than the wavelength,
is given by:

od
A ox

In an adiabatic process with linearity approximation, the sound pressure p, which is the

difference of the pressure and the equilibrium pressure of the medium, can be written as:

p=—KA, (1.3)

where the proportionality coefficient K is called the bulk modulus. Using the particle

velocity v = dd/0t, this equation can be rewritten as:

dv _ 10op (1.4)
ox K ot

This equation is called the continuity equation. On the other hand, the equation of motion

for a unit volume is given as:

ov dp (1.5)

pa - _%7



with p the density of the medium. By differentiating the continuity equation by time ¢ and
the equation of motion by position z, we obtain the acoustic wave equation for the sound

pressure p:

2 2
10 op _, (1.6)
with c the sound velocity which is defined as:

(1.7)

K
Vo
For three-dimensional sound fields, this one-dimensional wave equation can be written as

follows:

1 an(I', t) 2
S = Ve ) =0, s
where r = (z,y, z) is the position in three-dimensional space. In the presence of sound

sources, this homogeneous wave equation is generalized as:

1.8p(r,1)

G ap Vo) = (1), (1.9)

where f(r, t) is the forcing term (source term). This equation is called the inhomogeneous
wave equation.
For the sake of completeness, I present the definitions of hyperbolic, parabolic,

and elliptic partial differential equations (PDEs). Any second-order linear PDE with two



variables can be written in the following form:

Atgy + 2Bugy + Cuyy + Duy + Fuy + Fu+ G =0, (1.10)

where A, B,C, D, E., F,G are functions of z and y. If the conditions B? — AC > 0,
B? — AC =0, or B?> — AC < 0 are satisfied, the PDE is called hyperbolic, parabolic, or

elliptic, respectively [9]. The wave equation is categorized as a hyperbolic PDE.

1.1.2 The Helmholtz equation

Given the inhomogeneous wave equation for a field U(r,t) with a source term

F(r,t):
lazU(r,t)

C2T B VQU(I‘,t) = F(I‘,t), (111

and assuming a time-harmonic field U (r, ) = u(r)e~** and a source F(r,t) = f(r)e ",

we obtain the Helmholtz equation:

—k*u(r) — V2u(r) = f(r), (1.12)

where k = w/c is the wavenumber. The Helmholtz equation, as well as its static case, the

Laplace equation, are categorized as elliptic PDEs.



1.2 Practical problems in acoustics

1.2.1 Capturing sound

Capturing sound is one of the central tasks involved in various applications in audio
and acoustics. It is particularly important in the context of spatial audio, which is a
area of active research stimulated by the rise of interactive multimedia including VR/AR.
Among various approaches which include sparse microphone arrays based on empirical
audio engineering for surround sound recording [10-13] and wave field synthesis [14],
a common approach for first-person spatial audio is the use of dense microphone arrays
which are used to convert the raw microphone array signals to a spatial audio representation
which is ideally independent from both the recording system and the playback system [ 15—
18]. The spatial audio paradigm known as ambisonics [15,16] achieves this decoupling of
recording, transmission, and rendering, and has become one of the most widely accepted

spatial audio description format.

1.2.2  Sound synthesis of sources and environments

Capturing sound is not the only way to obtain audio for playback. Sound can be
simulated or synthesized. While the difference between simulation and synthesis is not
always clear, in this dissertation I use the term simulation for computation which rely on
first-principles or governing equations with physical and mathematical justification, while
synthesis is used for computation which may involve phenomenological or empirical

models or approximations which may not necessarily have physical justification. In



audio engineering, the requirement of physical correctness can be sometimes relaxed
or is not required at all, which is particularly true for artistic or gaming applications.
For example, synthesized sound scenes may not precisely reflect the acoustics of the
real world, but may be sufficient to be used in a VR gaming environment. The target
to be simulated or synthesized can either be a sound source [19, 20], or an impulse
response, e.g., reverberation of indoor [21] or outdoor environments [8,22]. Simulating
or synthesizing room impulse responses has been a subject of extensive study [23-27],
as it finds important applications in e.g., concert hall or architectural design or rendering
virtual environments in VR. Physically rigorous room acoustics simulation tend to be
computationally too expensive for real-time applications, hence challenges remain for

achieving a good balance between perceptual quality and computation cost.

1.2.3  Sound localization and binaural audition

Sound source localization is a task to localize the position or direction of one or
multiple sound sources using one or more sensors, typically microphones. Due to its
practical importance, it is an active field of research [28]. Humans and various animals
are able to localize sound with surprisingly high precision with only two sensors - the left
and the right ear. This mechanism is called binaural audition or binaural hearing and has
a long history of study [29]. An important aspect of binaural hearing is that it is largely
individual-dependent due to the highly varying geometry of the ears among individuals.
Hence, individualization of the signal processing mimicking spatial hearing is an active

field of research [30-38].



1.2.4 Controlling sound

Passive or active control of sound is an important application of acoustics and
digital signal processing. Headphones with active noise cancellation (ANC) [39,40] have
become common. Yet, challenging problems remain, such as noise control in open spaces

or spatial ANC of sound fields [41-43].

1.2.5 Numerical modeling and simulation of sound

1.2.5.1 Preliminaries: the weak form and boundary integral form of the
Helmholtz equation

By multiplying an arbitrary weighing function w(r) with the Helmholtz equation (1.12)

and integrating over the domain (2, a volumetric integral equation is obtained:

_/Qw(r)(VQU(I‘)—Flﬁu(r))dQ:/w(r)f(r)dQ. (1.13)

Q

This volumetric integral equation is called the weak form of the Helmholtz equation.

Using Green’s theorem, we obtain

- [ uo(Tul) + Buyio - [ <w<r> )y 20

(1.14)
where I"is the boundary of  and 9/0n ) is the outward normal derivative. By substituting

w(r) = G(rp,r), where G(r,,r,) = % is the free-field Green function of the



Helmholtz equation in 3D, we obtain:

/Q w(r)5(x,, 1)d0 — /F (G(rp,r)gz—g —u(r)%) ar — /Q G(r,, ) f(r)d0
= coulr,) = /F (G(rp,r)gzgiz —u(r)%) ar + /Q G(r, 1) f(x)d2.

(1.15)
Here, c, is a constant depending on the solid angle of the boundary at r,. At a smooth
surface point, ¢, = % This equation is called the Kirchhoff-Helmholtz boundary integral

equation (BIE). The Green function satisfies the inhomogeneous Helmholtz equation:

—V2G(rp,1,) — K*G(r,,1,) = 6(|r, — 1] (1.16)

with §(z) the Dirac’s delta function.

1.2.5.2 Numerical methods for acoustic simulation

Modeling and simulating sound has tremendous applications in the manufacturing
industry, where simulation, or computer-aided engineering (CAE), can be used to study
the properties of the products before or without making real physical prototypes. This
helps to improve the quality, reduce the cost, and shorten the delivery time of the products.
Various numerical methods are employed in the analysis of acoustical phenomena. Different
methods have their own pros and cons. The Finite Element Method (FEM) discretizes the
weak form (1.13) of the PDE by splitting the domain into volumetric finite elements
in the case of a three-dimensional domain. The FEM boils down to solving a sparse

linear system whose size scales as O(D?) due to the volumetric nature, where D is



the domain size of the problem. Another popular method in numerical acoustics is the
Finite Difference Time-Domain (FDTD) method, which is a finite difference method
discretizing both time and space using Cartesian grids, also known as voxels. The FDTD
method is another volumetric method which may be suited for time-domain problems due
to its formulation in the time-domain. The Boundary Element Method (BEM) discretizes
the BIE (1.15) which was obtained from the weak form (1.13) after the dimensionality
reduction via Green’s theorem. This dimensionality reduction allows the method to
scale as O(D?) for three-dimensional domains. The BEM, too, boils down to solving
a linear system, which, unlike the FEM, is dense. Fortunately, the solution of this dense
linear system can be accelerated by iterative solvers [44] and the Fast Multipole Method
(FMM) [45]. The BEM is particularly suited for problems which involve infinite domains,
which frequently arise in scattering and radiation problems in acoustics. Infinite domains

are naturally treated in the BEM using the Sommerfeld radiation condition [46]:

n—1 8
lim r 2 | — — ik =0, 1.17
lim 7 (8?" i )u(r) (1.17)
with » = |r|. However, its treatment is nontrivial in the FEM or FDTD methods as

they require designing special boundary conditions to compensate for their formulation
or limitation to finite domains [47]. In this dissertation I focus on the BEM as the
method for solving the Helmholtz equation numerically. This is also motivated by its
wide use in audio and acoustics engineering. For example, the BEM has been heavily
used for the analysis of head-related transfer functions [48-51], which is one of the

most important applications of numerical acoustics for modern spatial audio technologies



including Virtual Reality (VR) and Augmented Reality (AR).

1.2.5.3 Layer potential integrals arising in the boundary element method

We define four boundary integral operators arising in the BEM for solving the

Helmholtz equation:

Vodn) = [ Glrpr)utr)aso,
(Kohy) = [ ZEE e a5
rqesaG ! (1.18)
ol = [ Xy as
0’°G
(Do) == [ T o, s,

where n, is the outward unit normal vector at point r,, and 1), ¢ are arbitrary density

functions. The normal derivative is defined as ainq = n, - V;,. The boundary integrals
associated with operators V', K, K’, and D are referred to as the single layer potential,
double layer potential, adjoint double layer potential, and hypersingular potential, respectively.
The entries of the system matrix arising in the BEM after discretizing the BIE are typically
linear combinations of these four layer potential integrals evaluated over boundary elements.

We define the boundary trace operator 7, , and the outward normal derivative operator 7, ,

with respect to r, as :

{wqut(ry) = lim u(®,), {ngeu}(ry =n,- Veu(r,), r,€S=0Q, (1.19)

r,€Q—r el
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The Kirchhoff-Helmholtz boundary integral equation in (1.15) can be written concisely

using these boundary integral operators:

{(co70p + Ko — Vyg)ud(r,) = {Nof}(x,). (1.20)

Here, u(r) is the total sound pressure at position r, r,, is the observation point. N is the

volume potential (Newton potential) integral operator over the domain €2 defined as:

(Mofdm) = [ G (1.21)

with f the source distribution.

1.3 Organization of the dissertation

The dissertation is organized as follows.

1.3.1 Capture

In chapter 2 and chapter 3, two novel techniques for three-dimensional sound field
capturing end encoding are introduced. Both are based on (semi-)analytical cancellation

of scattering caused by microphone arrays mounted on acoustic scatterers.

1.3.2 Synthesis of an acoustic environment

In chapter 4, I introduce a fast algorithm for synthesizing acoustic impulse responses

in large-scale forests, which is used in chapter 5 to study the performance of acoustic

11



wildlife monitoring systems based on large-scale distributed microphone arrays.

1.3.3 Localization

In chapter 5, I present an empirical study for understanding the performance of
acoustic wildlife monitoring systems based on large-scale distributed microphone arrays.
This study involves a fast synthesis method for forest acoustics, which is introduced in
chapter 4. In chapter 6, I propose a novel general-purpose individual-agnostic binaural
localizer which supports sound source localization from arbitrary directions without a

priori knowledge of the process generating the binaural signal.

1.3.4 Control

In chapter 7 and chapter 8, 1 develop frameworks for regularized active sound
control, using either point- or mode-control and using either distributed or local worn
loudspeaker and microphone arrays with applications including speech privacy, personal
active noise control, and local crosstalk cancellation with limited noise injection into the

environment.

1.3.5 Boundary element analysis

In chapter 9, chapter 10 and chapter 11, three numerical methods for evaluating
integrals arising in the (fast multipole accelerated) boundary element method are introduced.
In chapter 9, a recursive algorithm is developed which allows efficient analytical evaluation

of singular and nearly singular layer potential integrals arising in the boundary element

12



method using flat high-order elements for Helmholtz and Laplace equations. In chapter 10,
a differential geometry-based quadrature algorithm is developed which allows accurate
evaluation of singular and nearly singular layer potential integrals arising in the boundary
element method using smooth manifold boundary elements with constant densities for
Helmholtz and Laplace equations. In chapter 11, an algorithm for efficient exact evaluation
of integrals of regular solid harmonics over high-order boundary elements with simplex

geometries is developed.

1.4 Special functions used in this dissertation

Here, some special functions are defined, which serve as our basic tools for the
numerical analysis. It is particularly important to clearly state the definitions of these

functions, since some of them have many different conventions.

1.4.1 Legendre polynomials

Definition (Rodrigues’ formula):

1 dr n
P.(r) = Sl g (2> =1)" (n>0) (1.22)

1.4.2  Associated Legendre polynomials

Definition for non-negative orders:

— (Pu(x)) (1.23)

13



Definition for negative orders (—m < 0):

N m(n=m)l
P @) = ()" B @) (1.24)
1.4.3 Spherical harmonics
mig oy = [@EED =)
Y,"(0,¢) :\/ I (nt m)!P” (cos9)e'™?, (1.25)

where 6 and ¢ are the polar and azimuthal angular variables, respectively, of a physical

spherical coordinate system defined in [52].
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Chapter 2: Multiple scattering ambisonics: three-dimensional sound field

estimation using interacting spheres

Rigid spherical microphone arrays (RSMAs) have been widely used in ambisonics [15]
sound field recording. While it is desired to combine the information captured by a
grid of densely arranged RSMAs for expanding the area of accurate reconstruction, or
sweet-spots, this is not trivial due to inter-array interference. Here we propose multiple
scattering ambisonics, a method for three-dimensional ambisonics sound field recording
using multiple acoustically interacting RSMAs. Numerical experiments demonstrate the
sweet-spot expansion realized by the proposed method. The proposed method can be
used with existing RSMAs as building blocks and opens possibilities including higher

degrees-of-freedom spatial audio. !

2.1 Introduction

Audio is indispensable in immersive technologies such as mixed reality (MR) and
virtual reality (VR), which are receiving much attention. For these applications, it is
essential to develop technologies to capture, process, and render spatial sound fields with

high precision for the presentation of truly realistic and immersive MR/VR experiences.

I'The research presented in this chapter has been published in [53].
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Ambisonics [15] as well as higher-order ambisonics (HOA) [16], which are established
spatial audio frameworks to capture, process and reproduce spatial sound fields based on
its representation in the spherical harmonics domain, are receiving much attention due
to the popularization of MR/VR platforms [54,55], and its high compatibility with first-
person view MR/VR. Ambisonics spatial audio capturing and processing consists of a
microphone array and signal processing that is used to encode the raw microphone array
signal to the spherical harmonics-domain spatial description format, which is referred to
the ambisonics signal. This ambisonics signal is decoded to the signal which is fed to
loudspeaker arrays to render the spatial sound field. Such loudspeaker arrays are often
virtualized by means of binaural technologies [56—58] and played back via headphones.
Hence the high compatibility of ambisonics with MR/VR applications that usually use
headphones for audio playback. Due to its formulation in the spherical harmonics-domain,
a typical implementation of an ambisonics recording device is employing a spherical
microphone array (SMA) [15, 16, 18, 59, 60]. Often, SMAs are mounted on sound-
hard spherical scatterers in order to avoid the instability arising in encoding filters for
hollow microphone arrays due to singularities originating from the roots of the spherical
Bessel function [16], and for its mechanical stability as hardware. This form of a SMA
is referred to as a rigid SMA (RSMA). Despite its success in first-person immersive
audio with only three degrees-of-freedom (DoF) which are associated with the rotation
of the listener, ambisonics suffers from the diminishing size of the accurate reconstruction
area, referred to as the sweet-spot, as the frequency increases, hence limiting its efficacy
in higher DoF spatial audio reproduction allowing translation of the listener. This is
visualized in Fig. 2.1 (left), showing the resulting reconstruction sweet-spots for incident
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Figure 2.1: Left: examples of reconstruction sweet-spots using a 252-channel RSMA
for estimating incident fields with various frequencies. Details of the RSMA are
described in Section 8.4. The truncation degree of HOA which provides the largest
sweet-spot is chosen for each frequency independently. Right: illustration of a sound
field recording setup using MS-HOA (top) and its reproduction setup over headphones
allowing translation of the listener (bottom).

plane waves with various frequencies. Here, the sweet-spot is defined as the region where
the signal-to-distortion ratio (SDR) of the estimated field with respect to the ground
truth incident field is above 30 dB. In order to expand the sweet-spot of ambisonics
reproduction, the simplest way is to develop RSMAs with larger number of microphones.
Although this is an effective approach, it comes with a significant development and device
cost. An alternative approach is to combine multiple existing RSMAs and integrate the
captured information. However, this is not a trivial task due to the inter-array interference.
Here, multiple scattering higher-order ambisonics (MS-HOA), a three-dimensional (3D)
sound field capturing scheme using multiple RSMAs with fully considering inter-array
interaction due to multiple scattering [61] is proposed. Numerical experiments show
that MS-HOA successfully creates sound field representations with expanded sweet-spots

even when the RSMAs are densely arranged with small spacing, which is not achieved
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without the consideration of inter-array interaction. An example sound field recording

and reproduction setup allowing translation of the listener is illustrated in Fig. 2.1 (right).

2.2 Conventional ambisonics encoding using a single RSMA

The conventional framework of ambisonics encoding using a single RSMA is briefly
reviewed. Ambisonics encoding and decoding can be performed by either relying on
solving a linear system using least squares [16] or relying on spherical harmonic transformation
using numerical integration [62]. Since the first approach allows more flexibility of the
microphone array configuration, this approach is adopted here. In the present work, all
formulations are presented in the frequency-domain, which can be converted to time-
domain representations by inverse Fourier transform. All individual microphone capsules

are assumed to be omnidirectional. The spherical harmonics used are defined as

2 + 1) (n —m)! |
Y™(0, ) = \/( ”4; )EZJFZ;!P;;@(COS@)JW, 2.1)

with 0 and ¢ the polar and azimuthal angle, respectively, and P () and P, (z) respectively

the associated and regular Legendre polynomials:

m/2 am
dx™

(Pu(z)). Pu()=

P'(z)=(—-1)" (1 — x2) = Surl don

n

(>-1)". 2
The above definition of spherical harmonics provides an orthonormal basis:

™ 2T
0=0 J =0
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with 9;; the Kronecker delta.

The process of obtaining the ambisonics signal A" (k), the weights of the spherical
basis functions of the three dimensional sound field representing an arbitrary incident
field of wavenumber k, from the signal captured by the microphone array is referred to as
ambisonics encoding. An arbitrary incident field can be expanded in terms of the regular
spherical basis functions j,,(kr)Y," (6, ¢) of the three-dimensional Helmholtz equation in

the spherical coordinate system (7, 6, ¢):

=33 AT (R)ju(kr)Y 0, 0), 2.4)

n=0 m=-—n

with j, () the spherical Bessel function of degree n. The total field p,, which is the sum
of the incident field and the field scattered by a rigid sphere with radius R located at O,

the origin, is given by:

b= S AT {Jn kr) = ho(kr) i’lfil,i};))}w(@, ?); 25)

n=0 m=—n

with h,(z) the spherical Hankel function of the first kind with degree n [2]. On the

surface of the rigid sphere, i.e. » = R, this total field is evaluated as:

Drotlr=r = Z Z Ay (k mlf’”w ,p). (2.6)

n=0 m=—n

The total field captured by the g-th microphone on the surface of the RSMA located at
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(R, 0,,p,) is therefore given by:

pa=>"3 TR e+ b e AT (K). 2.7

n=0 m=—n

By truncating the infinite series with n = N, this result can be represented in the

following vector form:

Piot = AA, (2.8)

where py 1 a vector holding pgg% in its ¢-th entry, A is a vector holding A™ (k) in its

(n? +n + m + 1)-th entry, and A is the matrix holding R

Wynqu,goq) in its

(¢;n* + n + m + 1) entry. The goal of ambisonics encoding is to obtain A™(k) for
all ns and ms up to the truncation degree n = Ném), ie. 0 <n < N, and |m| < n,
from the observation py.. This problem can be solved by regularized least squares with

a minimization objective:
Lene = ||Pror — AA[3 + o||A|[5, (2.9)
with o a regularization parameter, and the solution given by:
Al = arg;nin Lene = (NMTA 4+ 0 1) ' A pioy = Epiot, (2.10)

where E = (A A + oI)7'A* is the regularized encoding matrix.
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2.3 Proposed method

In the proposed method, a grid of multiple RSMAs is used to estimate p;, (3.4).
The goal of ambisonics encoding in MS-HOA is to estimate A (k) (3.4), for0 < n < N,
and |m| < n from observations of the sound pressure at discrete microphone capsule
positions mounted on the surfaces of multiple RSMAs. In the following, a system of
Ng > 2 RSMAs where each RSMA has a radius a, is considered. Here, s is the index of

the RSMA. Hereafter, the argument & is omitted from A7"(k).

2.3.1 The forward problem: multiple scattering due to an arbitrary incident

field

It is known that the problem of multiple scattering in a system of multiple spherical
scatterers, i.e. computing the scattered field pg..; given p;, and the configuration of the
scattering spheres, can be solved analytically [61, 63]. This problem is referred to as
the forward problem. The procedure of solving the forward problem is briefly described

here. First, A", the expansion coefficients at O (3.4) truncated at degree n = Nc(in), are

T(Svo)

translated to the positions of the RSMAs using the translation operators RIR

resulting
in the expansions A(*) = T}(ET’I?)A@“), where A(®) and A™ are vectors of length L) =
(N&™ 4 1) holding A7) and A™ in its (n? + n + m + 1)-th entry, respectively. The
A ) coefficients are then further truncated at degree n = N Two distinet truncation

numbers N'™ and N are introduced here in order to achieve sufficient accuracy of

the translation operation while limiting numerical error in the computation of the scattered
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field. Given the set of expansions A7) at each RSMA position, the contribution of each

RSMA to the scattered field B2 can be computed by solving the linear system:

A’ =SB/, (2.11)

where A’ and B’ are concatenations of Ng vectors { A A®) . A®Ns)1and {BM B@, .|

where B are vectors of length L™ = (N™ 4 1)2 holding B2 in its (n? + n +
m + 1)-th entry. S is referred to as the system matrix, which is a block matrix holding
the inter-sphere translation operator TS| » from the ¢-th sphere to the s-th sphere in its

off-diagonal (s, ¢)-block and the “single scattering matrix” A(*) in its diagonal blocks:

(1,2) (1,N5)
AW —Tg L TR
T G I § Sl
g SIR SR : (2.12)
(Ns1) _ (Ns.2)
_pe gD g0

where A®) is a diagonal matrix holding — }JL: ((ll: )) inits ({,1) entry with | = n*+n+m+1.

(5,0

The translation operators 7}, RIR ) and T 5| R ) can be computed by various methods, including

explicit expressions based on Clebsch-Gordan coefficients or Wigner 3-j symbols [64], or

(s)

methods based on recurrence relations [65]. The total field p;,; evaluated at r,”, the ¢-

th microphone position belonging to the s-th RSMA, is the sum of the scattered field
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contributions from all the RSMAs and the incident field p;,,:

N(fwd) n Ng
plt) = e E) ) = 3 2:(}:3%W$WMfU+A?”M%Wé%>,
n=0 m=-—n t=1
(2.13)

where R ( ) and S ( ) are the regular and singular spherical basis functions
expanded at the location of the s-th and ¢-th sphere, respectively, and evaluated at the

position of the g-th microphone capsule belonging to the s-th RSMA:

RIO) = ju(ka )Yy () — 1), STOG) = by (k) — ey () — ).
(2.14)
Alternatively, pin(rff)) could be evaluated directly using A’ instead of the translated
AUs)

n  coefficients. The whole procedure of the forward problem can be expressed by

a linear operator Ty which is referred to as the forward operator:

) @19
where py,; is a vector holding the values of ptot(rgs)).

2.3.2 The inverse problem: MS-HOA encoding

The matrix representing 7 can be constructed by applying the operator to all bases
upton < Nc(m). The estimate of the incident field can then be obtained via regularized

least squares:

Al — (TﬁqTF + 0])_1T1§ptot = T1Psot» (2.16)
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Figure 2.2: The scheme of the forward problem, i.e. computation of the total sound
field at the microphone positions given the incident field, and the inverse problem, i.e.
estimation of the incident field given the sound pressure at the microphone positions.

where AV is a vector holding the estimated coefficients A" inits (n2+n+m-+1)-th
entry up ton < N\™ and T} = (TH Ty + oI)~'TH is the encoding matrix for MS-HOA
with o a regularization parameter. The scheme of the forward and inverse problem is

summarized in Fig. 2.2.

2.4 Numerical experiments

MS-HOA recording and encoding into HOA coefficients was validated by numerical
experiments. Grids of RSMAs where each individual RSMA is a 252-channel SMA
mounted on a rigid spherical scatterer with a radius of 8 cm are considered. The spherical
Fibonacci grid [18,66] of 252 points was used for the microphone capsule positions. A
real-world implementation of a 252-channel RSMA with a similar size has been demonstrated
in the past [60]. As the RSMA grid, a linear grid of 6 RSMAs and a regular Cartesian grid
of 9 RSMAs was used in the experiments. The spacing between the nearest neighbour
RSMA was set to 25 cm. The sound field generated by a monopole source located at
ry = (10m, 10m, 10m) was used as the incident field. The signal captured by the grid of
RSMAs was encoded into the HOA coefficients A(®") with the proposed method (MS-

HOA). While prior works on the forward problem report heuristics for choosing the
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parameter N\, e.g. N™V = |eka] [63], here N\™ was treated as a free hyper-

parameter. The case where inter-sphere interaction is switched off, i.e. the method which
only considers single scattering (Single), and the case of conventional HOA encoding
using only one building block RSMA (HOA) are also computed as baselines. The analytical
reconstruction of the estimated incident field was computed by (3.4) and was compared
to the ground truth incident field p;, in terms of the SDR and the size of the reconstruction
sweet-spot area (SSA) measured in the zy-plane or the yz-plane depending on the configuration
of the RSMA grid. The SSA is defined here as the total area where the SDR surpasses
30 dB, which is measured using the regular Cartesian grid points on a plane which
correspond to the pixels in Fig. 2.3-Fig. 2.4. The regularization hyperparameter was
optimized by grid search independently for both the Single baseline and the proposed
MS-HOA. Regularization was not applied to the single sphere HOA baseline due to its
minor effect for this case, while the truncation number V. was chosen as the one providing
the largest SSA for the given RSMA. The results for the linear 6-sphere RSMA grid with
a incident field frequency of 4kHz are shown in Fig. 2.3. The sweet-spot of reconstruction
is successfully expanded with MS-HOA while the SSA and SDR is significantly degraded
if only single scattering is considered. The results for the regular Cartesian 9-sphere grid

is shown in Fig. 2.4, demonstrating planar expansion of the sweet-spot.

2.5 Related work and discussion

Multiple scattering ambisonics, a method to capture 3D sound fields using multiple

acoustically interacting RSMAs, was proposed. MS-HOA allows to integrate the information
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Figure 2.3: Results for the linear 6-sphere RSMA grid for an incident field of 4 kHz.
Top row from left to right: real part of the sound pressure for the ground truth incident
field, incident field estimated by HOA, Single, and MS-HOA, respectively. Bottom row
from left to right: SDR map of the estimated fields with respect to the ground truth field
using HOA, Single, and MS-HOA, respectively. The blue circles represent the positions
and sizes of the RSMAs. The truncation number is N, = 14 in HOA, N = 55 and
N — 90 in Single and MS-HOA.

captured by multiple densely arranged RSMAs and can be used to expand the reconstruction
sweet-spots in 3D sound field reproduction. The numerical experiments demonstrated that
the proposed method successfully captures spatial sound fields with expanded reconstruction
sweet-spots which was not possible without the consideration of inter-array interaction
due to multiple scattering.

A related method using the translation of multipoles was introduced in [67]. This
method was based on the assumption that the SMAs do not physically interact with each
other, i.e. the SMAs do not cause scattering that affect other SMAs. This assumption is
violated if the SMAs are densely arranged RSMAs, which scatter the incident field and
interact with each other by multiple scattering. As shown in the numerical experiments,
the approach without considering inter-array interaction becomes inaccurate if the RSMAs

are arranged with small spacing. Recently, the consideration of inter-array multiple
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Figure 2.4: Results for the regular Cartesian 9-sphere RSMA grid. The estimated incident
field (top row) and SDR map (bottom row) for Single (left column) and MS-HOA (right
column), respectively. The blue circles represent the positions and sizes of the RSMAs.
Th(e s?me incident field as Fig. 2.3 is used. The truncation numbers are NI = 45 and
N = 16.
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scattering has been demonstrated to improve the reconstruction accuracy in a two-dimensional
sound field reconstruction problem using multiple cylindrical microphone arrays [68].
Two-dimensional modeling, however, is insufficient for modern spatial audio applications
such as MR/VR where 3D audio representation and rendering is essential. Our work
enables the use of interacting rigid microphone arrays for 3D spatial audio.

The expanded reconstruction sweet-spots with linear or planar spreads realized by
the proposed method could be useful in applications including sound field reproduction in
theaters or in meeting rooms where the sweet-spot should cover multiple listeners sitting
next to each other, or higher DoF MR/VR where the translation of the listener needs to
be supported. Developing techniques to reduce the cost of MS-HOA recording in terms
of hardware, computation, and bandwidth is important for practical applications and are

subjects of future research.
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Chapter 3:  Spheroidal ambisonics: spatial audio in spheroidal bases

Ambisonics is an established framework to capture and reproduce spatial sound
fields based on the spherical harmonics representation [15]. A generalization — spheroidal

ambisonics — based on spheroidal wave functions is proposed for use with spheroidal

microphone arrays. Analytical conversion from spheroidal ambisonics to spherical ambisonics

are derived to ensure compatibility with the existing ambisonics ecosystem. Numerical
experiments verify spheroidal ambisonics encoding and transcoding for spatial sound field
recording. The sound field reconstructed from the transcoded coefficients has a zone of
accurate reconstruction which is prolonged towards the long axis of a prolate spheroidal

microphone array.'

3.1 Introduction

Immersive multimedia technologies such as augmented reality (AR) and virtual
reality (VR) are receiving much attention. Audio is indispensable in these, and it is
essential to be able to capture, process, and render spatial sound fields with high precision
for presentation of plausible AR/VR and the creation of immersive experiences. The

spatial audio framework of ambisonics [15] as well as higher-order ambisonics (HOA) [16]

I'The research presented in this chapter has been published in [69].
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is receiving much attention due to the popularization of AR/VR, as well as the ability to
stream this representation using standard platforms [54, 55], and its compatibility with
first-person view AR/VR. Ambisonics spatial audio capturing and processing consists of
a microphone array and signal processing algorithms that are used to encode the raw
microphone array signals to the spherical harmonics-domain spatial description format,
which is referred to as the ambisonics signal. This ambisonics signal is decoded to
the signals which is fed to loudspeaker arrays to render the spatial sound field. Such
loudspeaker arrays can also be virtualized by means of binaural technologies [56-58]
and played over headphones. Hence the high compatibility of ambisonics with AR/VR
applications that usually use headphones for audio playback. Due to its formulation in the
spherical harmonics-domain, the most natural implementation of ambisonics recording
devices is employing spherical microphone arrays [15, 16, 18, 59]. In this work, we
generalize the framework of ambisonics into spheroidal coordinates and define spheroidal
ambisonics, which uses spheroidal wave functions for the representation of spatial sound
fields. While the use of spheroidal microphone arrays for sound field recording was
claimed in a patent [17], its description was limited to the case of a spherical embodiment.
We describe a formulation for the case of prolate spheroidal ambisonics, allowing the
use of prolate spheroidal microphone arrays in an analytical manner in contrast to a
recently proposed approach which allows arbitrary shaped microphone arrays but relies
on numerical simulation to encode the captured field [70]. In addition to the basic formulation,
an analytical conversion formula from spheroidal ambisonics to spherical ambisonics is
derived. This allows the utilization of the existing ecosystem around spherical ambisonics

after recording the spatial audio with a spheroidal microphone array. The overview of
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the proposed schemes of spheroidal ambisonics encoding and transcoding is shown in
Fig. 3.1. Numerical experiments are performed to validate and demonstrate spheroidal

ambisonics encoding and transcoding when used for spatial sound field recording.

Spherical ambisonic signal

dm

Encoding n

Spherical microphone array

Transcoding

Spheroidal ambisonic signal

Encoding {ATTLTL?B’NLTL}

Spheroidal microphone array

Figure 3.1: The overview of the proposed spheroidal ambisonics. The microphone
capsule positions used in the numerical experiments presented in this paper are shown
as the red dots in the images.

3.2 Background: spherical ambisonics

The conventional framework of ambisonics using spherical basis functions is reviewed
here. Ambisonics encoding and decoding can be performed by either relying on solving
a linear system using least squares [16] or relying on spherical harmonic transformations
using numerical integration [62]. Since the first approach allows more flexibility of the
microphone array configuration, this approach is adopted here. Throughout the paper,
only microphone arrays mounted on surfaces of rigid scatterers are considered. This
avoids the instability arising in encoding filters for hollow microphone arrays due to
singularities originating from the roots of the spherical Bessel function [16]. All formulations

are presented in the frequency-domain, which can be converted into the time-domain
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representations by inverse Fourier transform. The spherical harmonics used are defined

as

20+ 1) (n—m)! |
Y0, ) = \/( L )EZ+Z;!Pg(cose)elm¢, 3.0

with 0 and ¢ the polar and azimuthal angle, respectively, and P (z) and P, (z) respectively

the associated and regular Legendre polynomials:

o " L
T (P,(x)), Pn(x)_Q"n!da:" («*=1)". (3.2

Pz) = (-1)" (1 —2?)
The above definition of spherical harmonics provides an orthonormal basis:

T 27
/ / Y™ (6, )Y (6, 0) dQ = Gt G (3.3)
0=0 J p=0
with ¢;; the Kronecker delta.

3.2.1 Encoding in spherical ambisonics

The process of obtaining the ambisonics signal .<7,", the weights of the spherical
basis functions of the three dimensional sound field representing an arbitrary incident field
to the microphone array, from the signal captured by the microphone array is referred to
as ambisonics encoding. An arbitrary incident field to the spherical microphone array
mounted on a rigid sphere with radius R and located at O, the origin of the spherical

coordinate system (7, 6, ), can be expanded in terms of the regular spherical basis functions

32



Jn(kr)Y,™ (8, ) of the three-dimensional Helmholtz equation:

=> > @l (k) jn(kr)Y;" (0, ), (3.4)

n=0 m=—n

with j,(x) the spherical Bessel function of degree n and k the wavenumber. The total

field pyot, which is the sum of the incident field and the scattered field is given by:

P =Y Y Ak {Jn kr) = hn(kr) zi((]ff;))}i/nm(e,@, (35)

n=0 m=—n

with h,,(z) the spherical Hankel function of the first kind with degree n. On the surface

of the rigid sphere, i.e. r = R, this total field is evaluated as:

Drot|r=R = Z Z mym(e ©) (3.6)

n=0 m=—n

The total field captured by the g-th microphone located at (R, 6,, ¢,) is therefore given
by:

ptot Z Z ]{?R Qh/ k?R)Y (efbgpq)dm(k) (37)

n=0 m=—n

Truncating the infinite series at n = IV, the equation can be written in vector form as

Prot = A*A® (3.8)

where pyo 1S a vector holding p@ in its ¢-th entry (in this paper, indices are O-based), A*

is a vector holding 7™ (k) in its (n? + n + m)-th entry, and A*® is the “inverse” encoding
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matrix for rigid sphere microphone arrays which is a matrix holding m}ﬁ"(@q, ©q)
in its (¢,n®> + n + m) entry. The dot () in the superscripts is used here to indicate
variables associated to the spherical case, in order to distinguish them from the spheroidal
case introduced later. The goal of ambisonics encoding is to obtain <7 (k) from the

observation pys. Typically, this is solved via regularized least squares minimization of:

Lene = ||Prot — A°A®|]5 + o||A°]]3, (3.9)

with o a regularization parameter, and the solution given by:

Aly = argmin Lepe = (A.HA. + UI)_IA.Hptot = EPtot, (3.10)
A.

where £ = (A'HA' + ol )flA'H is the regularized encoding matrix. The regularization
parameter o is used to prevent over-fitting via an output signal of excessive energy and
can be determined by optimizing a cost metric of the user’s choice.

A plane wave pl’ = ¢’*T with a wave vector in spherical coordinates k = (k, 6;, ¢;)

can be written as below with ambisonics coefficients o7 :

KT = D AmiY (6, 00) (k)0 0), (k) = i (6 00"

n=0 m=—n

(3.11)
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3.3 Formulation of spheroidal ambisonics

The fact that the three-dimensional Helmholtz equation is separable in the spheroidal
coordinate system allows us to formulate spheroidal ambisonics, and details are presented

here.

3.3.1 Spheroidal coordinates

While there are two types of spheroidal coordinates - the prolate and the oblate
- details for only the prolate spheroidal ambisonics are presented here. The case for
oblate spheroidal coordinates can be derived in a similar fashion. The definition of prolate
spheroidal coordinates itself has some variations [71]. The definition also used in [72] is
employed here. The prolate spheroidal coordinate system has three coordinates &, 1, and
, which is also characterized by the parameter a, where 2a is the distance between the
two foci of the prolate spheroid. The domain of £ and nis £ > 1 and || < 1, respectively.

The conversion with the Cartesian coordinates (x, y, z) is given by:

z=ay1 -/ —Leos(p), y=aV1-n?V/E —1sin(p), z=ang. (3.12)

p

E= (VETF T (T aPf + VBT (2 a)

= =g (VE T e — VT (- ) ©-13)

© = arctan(g)
( z
The long radius 7o, and short radius 74, of a prolate spheroid is related with a and &;

by:
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/ ! !
— — 2 . _ 2 2 _ ong _ !'long
Tlong = afla T'short = @ 61 -1 a= Tiong — Tshorts gl - -

2 _ 2 a
7,long Tshort

(3.14)

The prolate spheroidal coordinates £ and n are illustrated in Fig. 3.2 (left) for a = 1.
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Figure 3.2: Left: prolate spheroidal coordinates £ and 7 for @ = 1. The lines of equal
values of ¢ and n are shown on the zz-plane, i.e. for ¢ = {0,7}. Right: truncation

error |e™** — pP"™)| of the series expansion of a plane wave (3.16) truncated at n = N
as a function of the spherical coordinate (r,6,p = 0) witha = 1, k = (27f/v,0,0),
f =541.8 Hz, and v = 340 m/s.

3.3.2 Scattering of an arbitrary incident wave by a sound-hard prolate
spheroid

An arbitrary incident wave can be expanded using radial spheroidal wave functions

R%BL and angular spheroidal wave functions S,,,, [71]:

Pin = Y RO(¢,€)Smn(c,n) (Amn cO8 1 + By sinmep) (3.15)

n=0 m=0
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where ¢ = ka with k the wave number. The spheroidal ambisonics coefficients are defined
as the collection of the {A,,,, B} coefficients. A canonical example of an incident
ik

wave is a plane wave pb' = e"** with k = k (sin 6, cos g, sin 0y sin i, cos 0y) the wave

vector represented in the Cartesian coordinates. The incident plane wave can be expanded

as:
P nzoni] 2 5m (¢, &) Spmn(c,n)Smn (¢, cosby) cos(m(p — o)), (3.16)
which yields
APV — 20" Em Sy (€, cos Oy) cosmpy, BPY = 20em Spn (€, cos ) sin mpy.
" Non(c) "™ Nin(c)

(3.17)

pw(N)

ke v (N)| where p},

The truncation error of the expression in (3.16), given by |e is
the series truncated at n = NN, is shown for an example configuration in Fig. 3.2 (right).
The total field after scattering an arbitrary incident field characterized by { A, By }

is then given by:

Rg% c, '
Prot = Z Z {R(l (3)/( 61) RS;L( 5) Smn(c7 77) (Amn cosme + an Sin mcp) .
n=0 m=0 Rmn(C, 51)

(3.18)
On the surface of the spheroid, i.e. & = &, by using the Wronskian relation W3 =

W(e, ) RV (¢, &) — RV (¢, §)RP(c,€) = sy = WY, the total field can be
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written as:

szn c,n ,
Drotle—e, = Z Z 3)/(>c &) (A, cosmp + By, sinme) (3.19)
n=0 m=0 € R

3.3.3 Spheroidal ambisonics encoding

The goal of spheroidal ambisonics encoding is to estimate the spheroidal ambisonics
coefficients from observations by a limited number of microphones mounted on the surface
of a spheroid-shaped baffle. As mentioned earlier, it is assumed here that the baffle is a
sound-hard prolate spheroid.

By truncating the expansion order by N > 0, (3.19) can be rewritten in vector form:

RW 0 A A
Prot = (S, SB) =A® . (3.20)

0 R® B B
Here, A and B are vectors holding A, and B,,, in their {(Y) = ((n? + n)/2 + m)-th
and [(®) = ((n® —n)/2 + m — 1)-th entry, respectively. The lengths of these vectors are

LA = w and L(P) = N(]\;H), respectively. R and R(P) are diagonal matrices

holding in their {(-th and [(®)-th diagonal entries, respectively. SY) and

c(€2— 1)R$522{ (ct1)

SB) are matrices with entries:

S(A)qu(m,n) = Spn(c,ny) cosmep,, S(B)qJB(m,n) = Smn(C,1q) Sin Mg, (3.21)

respectively, where ¢ the sensor index. pyo 1S a vector holding pgg%, the observed sound
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pressure at the g-th microphone, in its g-th entry. pio, S, and S(®) have shapes of [Q),
[Q x L], and [Q x LP)], respectively, where ) is the number of microphones. For a
truncation order N, the total number of coefficients in A and Bis L = L@ + [(B) =
(N + 1)2, which is the same as the total number of spherical ambisonics coefficients
{e/™} with maximum order N. A) is referred to as the “inverse” encoding matrix for
sound-hard prolate spheroidal ambisonics.

The unknowns A,,, and B,,, can be estimated from observations of the sound
field with multiple sensors mounted on the spheroidal baffle, by solving (3.20) with least
squares. This process is referred to as spheroidal ambisonics encoding. The regularized

least squares solution is given by:

(AT, BT)T = (AP AP 4 o) AP b, = EPIp,,, (3.22)

with o a regularization constant and E® = (A®"A®) 4 57)~1AP" the encoding

matrix for sound-hard prolate spheroidal ambisonics.

3.4 Transcoding from spheroidal to spherical ambisonics

3.4.1 The transcoding formula

The sound field encoded as a spheroidal ambisonics signal can be converted into a
conventional spherical ambisonics representation. This process is referred to as transcoding.

The following relation between spheroidal wave functions and spherical Bessel functions
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and associated Legendre polynomials [71]:

[e.o]

Smn(ca U)RSL(Q 5) = Z 5(n7m)%2,r%2im_n+rd:’nn(C)jm-&-r(kr)Per—i—r (COS 0)7 (323)

r=0

can be utilized for the derivation of the transcoding formula, where % is the modulo

operator and d""(c) are the expansion coefficients:

Smn C 77 Z 6 (n—m)%2, r%2d ( )P:nnJrT(?]) (324)

r=0

It can be shown that the analytical transcoding formula from spheroidal ambisonics coefficients

{A;un, Bmn } to spherical ambisonics coefficients dn"?' is given as the following:

o (n + |m’| 'In .
Ly :aml\/( — [m/))! Z S-ntyizo(=1) " ] 1 (€) (Apmin = g0 (m') By

n=|m’|

(3.25)
where a,,y = (—1)" for negative m’ and o,y = 1 + O o otherwise. The derivation
of this transcoding formula can be found in appendix A. The transcoded signal 27" can
be then stored / transmitted / processed with any existing signal processing pipeline for
spherical ambisonics signals, e.g. rotation / filtering / decoding, and any technique or

knowledge established for spherical ambisonics can be applied here.

3.4.2 Mixed-order transcoding

It can be noticed from (3.25) that the truncation number of the transcoded spherical

ambisonics signal, which is hereafter referred to as N’, does not need to be the same
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as the truncation number N of the spheroidal ambisonics signal. In fact, a truncated
approximation of /"7 with |m’| < N can be computed for any n’ independently of
N, as long as the truncation number R with respect to r in the table d"" satisfies n’ —
|m’| < R. This consideration leads to the notion of mixed-order transcoding, which
computes all spherical ambisonics coefficients <7/ with a truncation number N’ > N,
but only holding those coefficients that satisfy |m’| < N and regarding 424?’ =0
otherwise. The resulting transcoded ambisonics signal Mn’,”/ can be seen as a special
form of the mixed-order ambisonics scheme introduced for conventional ambisonics [73].
Compression of the transcoded signal by discarding a subset of the ,@7”’51/ coefficients
similarly to conventional mixed-order ambisonics based on the direction dependence of

the perceptual sensitivity [74] may be explored as well, which is out of the scope of the

present work.

3.5 Experimental evaluation

Prolate spheroidal ambisonics encoding as well as its transcoding into spherical
ambisonics was validated by numerical experiments. Encoding and transcoding of a plane
wave with three different incident angles was performed with a sound-hard spherical
microphone array as well as a sound-hard prolate spheroidal microphone array. The
spherical array had a radius of 0.198 m. The prolate spheroidal microphone array had
Tshort = 0.05 m and 715, = 1 m. The arrays were designed to have the same surface area
and both had 512 microphone capsules located on a 16-point grid of Gauss-Legendre

quadrature nodes for 6 and 7 and on a 32-point equispaced grid for . The long axis of
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the prolate spheroidal array was set parallel to the z-axis. Fig. 3.1 shows the experimental
procedure and the two microphone arrays used for the experiments. Spherical and spheroidal
ambisonics encoding was performed using (3.10) and (3.22), respectively. Computation
of the coefficient tables of spheroidal wave functions were performed using the software
library Spheroidal [72], which is relying on arbitrary precision arithmetic using GNU
MPEFR [75] for accurate computation of the spheroidal wave functions. The truncation
number was set to N’ = N = 12 for the baseline spherical ambisonics and spheroidal
ambisonics. The regularization parameter o was set to zero for both spherical and spheroidal
encoding, i.e. no regularization was applied. Transcoding from spheroidal ambisonics to
spherical ambisonics was performed using (3.25), truncated at n < N’ = 12, while
N’ = 16 was used for mixed-order transcoding. The estimated incident field for the
encoded spherical ambisonics coefficients was reconstructed and compared to the ground
truth incident field. The reconstruction of the estimated incident fields was performed
using (3.4) truncated at n < N’. The signal-to-distortion ratio (SDR) of the reconstructed
fields was computed for evaluation points in the x-y plane. The region with SDR higher
than 30 dB was considered as the sweet-spot of accurate reconstruction.

Fig. 3.3 and Fig. 3.4 shows the results for incident waves with normalized wave

ﬁ\/io)

vectors, expressed in the Cartesian coordinates, of (1,0,0), (0,1,0), and (%%, %5,
respectively. The frequency of the incident wave was set to 541.8 Hz. It can be observed
that the width of the sweet-spot of precise reconstruction in spheroidal ambisonics is
shorter in the shorter axis of the spheroid, but longer in the longer axis of the spheroid,
compared to the width in the baseline spherical ambisonics case. With mixed-order

transcoding, this prolongation is even more notable. This asymmetry of the sweet-spot
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shape could be useful in some applications, in which a non-spherical sweet-spot is desired.

An example application is sound field reproduction for multi-person home-theater systems

in which the sweet-spot should cover multiple listeners sitting next to each other.

Note that the presented reconstruction is theoretical. If the reconstruction is performed

via playback of the decoded spherical ambisonics signal using a limited number of loudspeakers,
additional accuracy limitations apply. This is a problem of the decoding stage of spherical
ambisonics and is out of the scope of the present work which is focused on recording,
encoding, and transcoding. Any established technique for spherical ambisonics decoding

and playback can be applied here.
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Figure 3.3: Results for an incident plane wave travelling along the long axis of the
spheroidal array, which is set parallel to the z-axis. The first row from left to right: the
real part of the sound pressure of the ground truth incident field, the field reconstructed
from spherical ambisonics coefficients with N’ = 12 (HOA), the field reconstructed
from the prolate spheroidal ambisonics coefficients with N = 12 transcoded to spherical
ambisonics coefficients with N’ = 12 (ps-HOA), and the field reconstructed from
the prolate spheroidal ambisonics coefficients with N = 12 transcoded to spherical
ambisonics coefficients with N/ = 16 using mixed-order transcoding (ps-HOA-mo). The
second row presents the SDR of the reconstructed fields for HOA (left), ps-HOA (center),
and ps-HOA-mo (right). The region with SDR higher than 30 dB was considered as the
sweet-spot and is colored in red.

43



5 Ground truth HOA (12) ps-HOA (12) ps-HOA-mo (16)

—

5
1 1 — 1 3
0 0 &
o
D -1 DY ¢ — -1 5'1
20 20 ‘é’
pe)
a
0 0=

=2 0 2

X [m] X [m]
Ground truth ps-HOA (12) ps-HOA-mo (16)

%

Y [m]

o
(1eaJ) spnyjdwy

o

-2 0
X [m] 20 20 200
psl
o
0 0 0w
-2 0 2
X [m] X [m] X [m]

Figure 3.4: Results for an incident plane wave travelling along the short axis of the
spheroidal array which is set parallel to the y-axis (upper two rows), and for an incident
plane wave with a normalized wave vector (*/75, ‘/75, 0) (lower two rows). The definition
of each of the subplot is identical to Fig. 3.3.
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3.6 Conclusion

The framework of spheroidal ambisonics, a natural extension of ambisonics into
spheroidal coordinates, was proposed. Spheroidal ambisonics enables analytical encoding
of the spatial sound field into spheroidal ambisonics coefficients using spheroidal microphone
arrays. An analytical transcoding formula from spheroidal ambisonics into conventional
spherical ambisonics was derived, in order to ensure compatibility with the existing software
ecosystem around spherical ambisonics. The concept of mixed-order transcoding which
allows transcoding to spherical ambisonics of higher truncation numbers was introduced.
The numerical experiments demonstrated that the sweet-spot of reconstruction in spheroidal
ambisonics has an asymmetric shape which is prolonged towards the longer axis of the
prolate spheroidal microphone array, realizing non-spherical sweet-spots in ambisonics
reconstruction, which could be useful in some applications. The case of oblate spheroidal
microphone arrays can be derived in a similar fashion and will be published elsewhere. A
recently proposed microphone array for three-dimensional ambisonics recording, which
uses a sound-hard circular disc as the scattering body [76], can be seen as a special case
of an oblate spheroidal ambisonics microphone array. Another future research topic is
the optimization of the microphone capsule configuration on the spheroid. In a practical
setup, care must be taken for spatial aliasing [77] and a careful design of the microphone
array configuration is important. While the subject of optimizing the microphone array
configuration for spherical arrays has been studied extensively in the past [78,79], optimization
of the array configuration in the case of spheroidal microphone arrays requires further

research.
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Chapter 4:  Fast forest reverberation synthesis using single scattering cylinders

Simulating forest acoustics has important applications for rendering forest sound
scenes in mixed and virtual reality, developing wildlife monitoring systems that use microphone
arrays distributed in a forest, or as an artistic sound effect. Previously proposed methods
for forest impulse response (IR) synthesis are limited to small or sparse forests because of
their cubic asymptotic complexity with respect to the number of trees. Here we propose a
simple and efficient parametric forest IR generation algorithm that relies on a multitude of
single scattering cylinders to approximate scattering caused by tree trunks. The proposed
method was compared to measured forest IRs in terms of the IR echo density, energy
decay, reverberation time (T60), and clarity (C50). Experimental results indicate that the
proposed algorithm generates forest reverb with acoustic characteristics similar to real

forest IRs at a low computational cost.'?

4.1 Introduction

Modeling forest acoustic impulse responses enables applications including designing

or training forest wildlife monitoring systems based on microphone arrays and audio

IThis work was done while Shoken Kaneko was an intern at Microsoft Research Labs in Redmond, WA,
USA, and was part of Microsoft’s Al for Earth program.
’The research presented in this chapter has been published in [80].
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signal processing, synthesizing artificial forest sound scenes to generate or augment training
data for machine learning systems for sound event detection, creating reverberation sound
effects for artistic expression and multimedia, or enabling plausible auditory rendering of
virtual forests in mixed reality (MR) and immersive gaming. Studies related to forest
acoustics date back to the 1940s [81, 82]. Prior work on forest acoustics or systems of
multiple scatterers focused on computing the attenuation of a sound wave propagating
through a forest, which can be represented by the bulk effective wavenumber [83-85].
Under the assumption that trees can be approximated by ideal cylinders, previous works
considered multiple scattering by trees [83—-85]. However, the bulk effective wavenumber
is a result of statistical averaging and does not take into account geometric details including
tree positions. Therefore, a bulk effective wavenumber alone is not sufficient to reproduce
the echo patterns due to individual scattering events that depend on source, receiver, and
tree positions.

Another line of research related to forest acoustics is recent work in the context of
audio effects and outdoor reverberation synthesis. Spratt et al. devised a forest reverb
synthesis algorithm based on a digital waveguide approach, referred to as the treeverb
algorithm [6]. Stevens et al. introduced a more general scheme to model outdoor reverberation
which is referred to as the waveguide web algorithm [8]. It too is based on waveguide
techniques but not limited to forests. Although both of these algorithms consider multiple
scattering, their asymptotic complexity is cubic with respect to the number of trees. This
computational cost severely limits the size and density of the forest that can be modeled.
Only results for small or sparse forests consisting of 25 to 30 trees have been reported

using these algorithms [6, 8]. As shown later in this paper, experimental results indicate
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that 30 or fewer trees, even if multiple scattering is considered, may not be sufficient to
generate acoustically plausible forest IRs.

Here we propose a simple, efficient, and scalable algorithm for parametric forest
impulse response synthesis. Source code and sample audio of the proposed method are
available online.’ The proposed algorithm models the effect of tree scattering analytically
via scattering from rigid cylinders, and approximates multiple scattering in a forest by
single scattering from a multitude of virtual single scattering cylinders (SSCs). Since the
SSCs do not interact with each other, this approximation results in an algorithm which
can be easily parallelized and which has linear asymptotic complexity with respect to
the number of SSCs, allowing the algorithm to generate forest IRs using hundreds of
thousands of SSCs within a few seconds. Rather than aiming at a physically accurate
simulation of a particular forest scene with given tree positions, the proposed algorithm
produces acoustically plausible forest IRs. For many practical applications, including
sound effects, audio rendering in MR, or data augmentation for training machine learning
systems, physical accuracy may be of lower importance than subjective plausibility, computational
cost, and parametric tunability of the reverberator. Experimental results indicate that
the proposed algorithm produces synthetic forest IRs that exhibit acoustic and sonic
qualities similar to real measured forest IRs [3], given a sufficiently large number of
SSCs. This is achieved at a significantly lower computational cost compared to previous
cubic order methods that try to model multiple scattering accurately. Using recorded real
forest IRs as a baseline, the synthetic IRs produced by the proposed algorithm compared

favorably to IRs synthesized by previously proposed algorithms in terms of energy decay

Shttps://github.com/microsoft/Forest_IR_synthesis
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curves, reverberation time (T60), clarity (C50) [86], and a recently proposed echo density

measure [87].

4.2 Proposed Approach

4.2.1 Algorithm overview

Assuming linearity and time-invariance, the acoustic path from a sound source to a
receiver position is described by an impulse response (IR). A forest IR hgypes 1S modeled
here as:

hforest = hdirect + hground + htreeu (41)

where hgirects Rground, and Niree are IRs describing the direct path, ground reflection, and

tree scattering components, respectively. The direct-path component is given as:

hdirect = hair(|rr - rs|) * h((ilib)-t(rm rs)7 (42)

where hi. () = F~!(e~") denotes the air dissipation filter given the frequency-dependent
sound attenuation factor b and the propagation distance x. F ! denotes the inverse
discrete Fourier transform (DFT). Note that the IRs are functions of time ¢ while the
variable ¢ is omitted for clarity. The source and receiver positions are denoted by r, and
r,, respectively, and * denotes the convolution operator. hé?‘s)t describes a generalized

distance attenuation and delay filter defined as:

B (1, 12) = 8(t — [r1 — 12| /¢)[r1 — ra| 7, (4.3)
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where ¢ is Dirac’s delta function, c is the speed of sound, and « a distance decay parameter.
This parameter allows the spatial spreading of the scattered wave to be interpolated between
ideal cylindrical spreading (o« = 0.5) and spherical spreading (o« = 1). In the proposed
model, the sound wave emitted from the source is modeled as a spherical wave with
a = 1, while the scattered waves traveling from the tree trunks to the receiver are modeled
with a parameter 0.5 < a. < 1. This is to account for the fact that real trees are not ideal

cylinders with infinite length. The ground reflection component is modeled as:
Pesonnd = 90 5) (a1 = B4l ) 5 Bl (1 ) ) (44)

where 1y denotes the source position reflected by the ground plane and ¢ the ground
reflection coefficient which is implemented as a frequency-independent reflection constant.
If the frequency dependence of a forest ground reflection coefficient is known, that can
be used here instead of a constant coefficient. The frequency spectrum of the reflection
filter could be used to model different boundary conditions, e.g., the presence or absence
of snow on the ground, which we leave for future studies. The tree scattering component

is defined as:

Nc
htree = Z hair(rr,cm,s) * hscat(rr7 rcm7 rs) * hc(iliit(rcma rs)7 (45)

m=1

where m denotes the SSC index, N, the total number of SSCs, r., the position of the mth
SSC, rye,s = |tr — e, | + |re,, — 5| the total path length of the wave scattered by the

mth SSC, and hy.,; the scattering-angle dependent tree-scattering filter. The path lengths
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lr, —r.,, | and |r., — r| are evaluated in two dimensions, while the lengths of the direct
path and the ground reflection path is evaluated in three-dimensional coordinates. The

effect of tree scattering is modeled as the scattering of a plane wave by a rigid cylinder [2]:

hscat(rr7 re,,I ) ﬁhdmt (rra rcm) * hangle (I‘r, e, rs)a (46)

with [ denoting a parameter controlling the scattering amplitude. The scattering-angle

dependent component /g1 is defined as:

hangle(rm Te,.» rs) - f_l(Hangle)a (47)

where H,,q1c denotes a frequency-domain filter modeling the frequency and scattering-

angle dependent attenuation to an incoming wave scattered by a rigid cylinder:

Nmax
Hangle = 1/ — Op0) sin (7,,) cos (np)e n (4.8)

In—1(ka) — Jpy1(ka)

» = arctan , 4.9
i N1 (ka) — Ny (ka) 49)
and
1(k&)
= t 4.1
Yo = arctan Ny (ka)’ (4.10)

(I"r—I'(;m)'(I‘(,m Ts
‘rr—rCerCm I‘|

with ¢ = arccos( ) denoting the scattering angle, k& the wave number, a
the tree radius, and NV, the truncation number of the series expansion. J,, and N, are the

Bessel functions of the first and second kind, respectively. To remove the tree—receiver

distance dependency on the spectrum, the far-field approximation is used here [2].
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Figure 4.1: The amplitude spectrum of the angle-dependent tree scattering filter
Hangle [2]

As can be observed from (4.1), (4.2), (4.4) and (4.5), the asymptotic complexity of
the proposed forest IR generation algorithm is linear with respect to the number of SSCs.
In addition, since all scattering paths can be evaluated in parallel, the proposed algorithm
allows efficient synthesis of forest IRs with dense scattering patterns. In our experiments,

we compute IRs for a forest of 1 km x 1 km size with up to 500 000 SSCs.

4.2.2 Implementation and optimization details

The tree scattering filter hgcny is implemented as a 128-tap finite impulse response
(FIR) filter. The scattering-angle dependent tree scattering amplitude spectra are shown
in Fig. 4.1. The scattered wave has an amplitude drop of approximately 30 dB relative
to the incident wave for scattering angles larger than about 20 degrees, implying that the
majority of the multiple scattering paths will experience a quick decay of amplitude while
traveling from the source to the receiver.

The air dissipation filter h,;, is modeled based on the ISO9613-1 standard [88], and
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was implemented as a 128-tap FIR filter. We found the incorporation of air dissipation
to play an important role for obtaining a realistic timbre in the late reverberation. The
ground reflection coefficient g was set to 0.8. For faster computation, all tree scattering
and air dissipation filter coefficients are pre-computed for predefined discrete angles and
distances. The processing cost is dominated by the computation of the tree scattering
component hy.... For better performance, the convolution is performed in the frequency-
domain. Note that the frequency-domain filter banks for air dissipation and cylindrical
scattering can be pre-computed. A Python implementation of the proposed algorithm was
able to compute IRs of a forest with 1 km x 1 km size and 100000 SSCs at a sampling
rate of 24 kHz in about 1.2 seconds on a laptop PC with an Intel Core 17-8665U CPU.
In contrast, a Matlab implementation [22] of the algorithm by Spratt et al. [6] took about
31 minutes on the same machine to compute a forest IR considering multiple scattering
for a forest with 50 trees. Note that this significant difference of computation cost, which
is a consequence of the cubic complexity of the previously proposed method, prevents
direct comparison of the methods using the same number of scatterers since the proposed

method uses large numbers of scatterers by design.

4.3 Experimental Evaluation

4.3.1 Echo density of synthetic and real forest IRs

The echo density measure [87] of forest IRs for two existing algorithms [6,8], forest
IRs synthesized by the synthesis algorithm proposed here, and real forest IRs measured

in the Koli national park in Finland [3], was evaluated. All reference forest IRs were
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downloaded from Openair [4,5,7,89]. The IRs using the treeverb and waveguide web
algorithms were computed for a forest of 25 trees and source-receiver distance D of
5.8 m. These IRs generated by previous algorithms, which are computed for a forest of
a significantly smaller number of scatterers compared to the proposed method, should be
considered only as references and not as a direct comparison since their cubic complexity
only allows computation of small forests within a realistic amount of time. The real
forest IRs were measured with D = 9 m. For the proposed algorithm, we set o = 0.7,
a = 0.25 m, source and receiver height to 1.5 m, D = 10 m, and § = 2. The SSC
positions were randomly sampled using a uniform distribution within a square-shaped
forest of size 1 km x 1 km. A constant tree radius was used here to allow reusing a
single scattering coefficient table for all SSCs for the sake of computational efficiency,
although this too can be randomized with an additional computational cost linear with
respect to the number of SSCs. It was found by informal listening that randomness of the
SSC positions is important to synthesize perceptually natural IRs. Configurations with
regularity, e.g. regular Cartesian grids or two-dimensional quasi-random sequences with
approximate regularity, tend to result in IRs with noticeable unnatural sound.

The waveforms and frequency responses of each forest IR are shown in Fig. 4.2.
The comb-filter effect visible in the spectrum of the synthetic IRs obtained with the
proposed method is a result of the interference of the direct path and the ground reflection.
This effect can be controlled by tuning the amplitude, or, if frequency-dependence is
considered, the spectrum, of the ground reflection coefficient g. While this comb-filtering
is noticeable in the spectra, it did not result in unnatural sound in informal listening.

Fig. 4.3 shows the echo density profiles for all evaluated IRs. It is notable that
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real forest IRs have nearly constant echo density profiles. We can see that this property
is present in forest IRs synthesized with the proposed algorithm using a large number
of SSCs (V. = 500k), especially at low source-receiver distances ). However, this is
not the case when using fewer SSCs (N, < 200k) or for synthetic IRs obtained with
previously proposed algorithms. While the reason for this near-constant echo density
profile in real forest IRs is unclear, the results suggest that having a large number of SSCs
may be necessary to produce comparable synthetic IRs.

Informal listening indicates that for N. < 200k, the reduced echo density in the
first 200 ms compared to real forest IRs is audible. It should be noted that N, = 500k
corresponds to an SSC density about five to ten times higher than tree densities observed
in typical forests [90]. We hypothesize that the high SSC density used here leads to
denser echo profiles similar to real forest IRs by compensating for the fact that the SSCs
are modeled as simple cylinders rather than complex geometric objects and that multiple

scattering is not considered.

4.3.2 Energy decay curves of synthetic and real forest IRs

Fig. 4.4 shows the energy decay curves (EDCs) of the reference and synthetic
forest IRs with parameters described in Section 4.3.1. As can be seen, the synthetic
forest IRs obtained with the proposed method exhibit energy decay characteristics similar
to real forest IRs. On the other hand, the EDCs of the previous algorithms exhibit
characteristics which are far from real forest IRs. This difference was clearly audible in

informal listening. To study the source-receiver distance (1)) dependence of the EDCs,
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Figure 4.2: The waveforms (left) and frequency responses (right) of various forest IRs.
From top to bottom: Koli national park in winter and summer [3-5], treeverb algorithm [6,
7], waveguide web algorithm [7, 8], proposed method with N, = 100k, 200k, 500k.
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Figure 4.3: The echo density profiles of forest IRs. Comparison with reference forest
IRs (top), and comparison among forest IRs generated by the proposed method for a
square-shaped forest of 1 km x 1 km, with various D and N, (bottom). Each subplot in
the bottom shows results for N. = 100k (bottom left), 200k (bottom center), and 500k
(bottom right), respectively.
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we measured forest IRs in a real forest (Volunteer Park, Seattle, USA) at various distances
D. As can be seen in Fig. 4.4 (bottom), the energy decays more slowly with increasing

D, a property present in both the synthetic and real measured forest IRs.

4.3.3 Reverberation time and clarity

Fig. 4.5 shows the T60 and C50 of the synthetic forest IRs and the reference forest
IRs introduced in Section 4.3.1 and Section 4.3.2. In the proposed method, T60 was able
to be controlled over a wide range by varying V... Clear frequency dependence of T60 was
only observed in real forest IRs and in synthesized forest IRs by the proposed algorithm.
The synthetic forest IRs obtained with the proposed method exhibit a decrease of C50 as

a function of D, which was also observed in measured forest IRs.

4.4  Summary and discussion

We proposed a simple and efficient parametric forest reverberator that approximates
multiple scattering in real forests by scattering from a multitude of single scattering
cylinders (SSCs). Experimental results show that the proposed algorithm synthesizes
forest IRs with plausible acoustic and sonic properties at a low computational cost. The
synthetic forest IRs were compared to real forest IRs, captured at two forests with varying
seasons or source-receiver distances, in terms of the echo density, energy decay curves,
reverberation time, and clarity. When modeling 0.5 million SSCs distributed over one
square kilometer, the proposed algorithm produces IRs with an echo density profile similar

to real forest IRs. The experimental results also indicate that the proposed algorithm

58



01 —-== Koli-Winter
—== Koli-Summer
—101 Spratt2008
N I\ \ N S I Stevens2017
% —20 1 —— Proposed-100k
8 —— Proposed-200k
w —30 A Proposed-500k
_40 -
=50 T EERLLLFPPH T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Time [s]
07 ——- Real 5.5m —— Synth 5m
\‘\ ~—- Real 9.1m —— Synth 10m
-10 _\\ Real 18.3m Synth 20m
_ = _ ——- Real48.8m —— Synth 50m
[aa) ey SR
© 20 T N\ TS~ T re====
U - —
)
w —30 A1 o
404 T~ T

0.0 0.2 0.4 0.6 0.8 1.0
Time [s]

Figure 4.4: Top: EDCs for various short distance forest IRs. The set of forest IRs is the
same as in Section 4.3.1. Bottom: EDCs for synthetic and real forest IRs with varying D.
N, was set to 500k for the proposed method. All EDCs are computed from the IRs after
applying a band-pass filter with a passband of S00Hz-8kHz.
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Figure 4.5: T60 as a function of octave-band frequency (left) and C50 as a function of D
(right). The set of shown forest IRs is the same as in Section 4.3.1 and Section 4.3.2 for
the left and right sub-plot, respectively. IRs from the Koli forest and previous algorithms
are not included in the C50 plot since the available dataset only contained IRs for a fixed
distance.

produces plausible energy decay profiles and characteristics similar to real forest IRs,
such as the frequency-dependence of T60 and the distance-dependence of C50. The cubic
arithmetic complexity of previously proposed algorithms may be too high to model forests
with large tree numbers, resulting in synthetic IRs with audibly different echo density
profiles compared to real forest IRs.

Note that the exact relation between the model parameter N, determining the number
of simulated SSCs and the number of actual trees in a real forest is unknown. While this
relation could potentially be determined by additional measurements and simulation, this
was outside the scope of the present work.This parameter can be subjectively tuned by a
sound designer to match the desired acoustic characteristics. A practical recommended
default value is between N, = 200 k and N, = 500 k for a forest of 1 km?, which results
in a good balance between echo density and energy decay characteristics, as shown in

the experiments. A limitation of both previous methods as well as the method proposed
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here is that scattering from fine structures, e.g., leaves and branches, is not considered.
It is possible that the high density of SSCs used in the experiments here is necessary to
account for this limitation of the models. Efficient incorporation of multiple scattering
and the consideration of scattering from fine structures, which may reduce the number N,

that delivers realistic acoustic profiles, is a subject of future research.
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Chapter 5: Localizing birds in forests with distributed microphone arrays

Acoustic wildlife monitoring systems are important tools for capturing information
about animal habitation in ecosystems. Previous work has demonstrated the effectiveness
of audio-based bird localization techniques. However, few studies have investigated the
performance and robustness of large-scale distributed systems. Here, we examine the
performance of distributed microphone arrays for localizing birds in simulated forest
scenes with added reverberation, ambient noise, and measurement errors. The experimental
results may guide the design of practical large-scale wildlife monitoring systems and

suggest promising directions for further improvements.'?

5.1 Introduction

Autonomous monitoring methods are useful for studying animal habitats [92, 93].
Common examples include systems based on computer vision [94], RFID tags [95], or
drones [96]. Audio-based approaches have the particular advantage of being able to detect
and localize sound-producing animals, including birds and insects, in environments with

visual obstacles, such as trees in dense forests, while theoretically completely covering

I'This work was done while Shoken Kaneko was an intern at Microsoft Research Labs in Redmond, WA,
USA.
’The research presented in this chapter has been published in [91].
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large areas, as the individual acoustic sensors are not restricted by a “field of view”.

Various systems have been proposed previously that use of microphone arrays to
perform sound source localization (SSL) [97] for determining the density or location
of birds. Dawson et al. used a four-channel distributed microphone array (DMA) with
capsules located at the vertices of a square with 21 m sides. This array was manually
moved over a grid of 75 locations in a 14 ha area to estimate the bird population density [98].
Mennil et al. used four stereo microphones placed at the vertices of a square with side
length of 25 m or 50 m. The microphones were synchronized using the GPS clock to
within a few milliseconds, achieving an average localization accuracy of 1.87 4= 0.13m
via time-difference of arrival (TDOA) estimation [99]. Stepanian et al. used an array
consisting of six microphones placed at the vertices of a equilateral triangular prism with
a height of 10 m and triangle sides of 20 m for three-dimensional localization [100].
Although these previous works have demonstrated that DM As can be successfully applied
for the localization of birds, the area covered by a single measurement using these monitoring
systems has been relatively limited. Moreover, most prior works focus on real measurements
with a limited set of variables. The effect of the DMA configuration as well as measurement
errors, background noise, and reverberation on SSL in forests remains unclear, and is the
focus of this work.

Fig. 5.1 illustrates a forest bird localization system. To evaluate the performance
of such a system, SSL was performed on DMA signals derived from synthetic forest
recordings. The recordings consisted of clean bird samples reverberated with a recently
proposed forest impulse response (IR) model [80] and combined with ambient noise
recordings. The system performance was evaluated with respect to various sources of
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Figure 5.1: Diagram of a possible bird monitoring system. D denotes the microphone
spacing, assuming a regular Cartesian grid.

noise and error, including the level of ambient noise, positional ambiguity of the recording
devices, and temporal misalignment of the microphone signals due to synchronization
issues encountered in distributed wireless systems. Furthermore, the effect of design
parameters including the choice of microphone spacing and the SSL algorithm were
studied. The experimental results may guide the design of practical large-scale wildlife

monitoring systems and suggest promising directions for further improvements.

5.2 DMA recording simulation

To simulate the forest bird SSL, we synthesized DMA recordings using a dataset
of clean bird sound clips and background noise clips, a bird sound directivity model,
a forest reverberation model, and a measurement error model. The DMA recordings
were synthesized by convolving simulated forest IRs that include a bird directivity model
with clean bird sound clips extracted from bird sound databases. Various sources of
error and noise were modeled, including ambient noise and microphone positioning and

synchronization errors. Details of this simulation process are described in the following.
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5.2.1 Bird sounds and ambient noise

Clean bird sounds and background noise clips were randomly sampled from The
Cornell Guide to Bird Sounds: Master Set for North America (version 2020) [101] and the
Xeno-canto [102] database. A general-purpose voice activity detector (VAD) [103] was
used to separate segments of bird vocalizations and background noise in each recording.
An approximate signal-to-noise ratio (SNR), defined as the ratio between the average level
of the segments classified as signal and noise, was computed for each recording. Bird
sound clips with an approximate SNR above 30 dB were treated as clean. The resulting
collection contained 1036 clean bird sound clips and 2301 background noise clips from
the Cornell Lab dataset, and 1189 clean bird clips and 43 265 background noise clips
from the Xeno-canto database. In addition to recorded background noise clips, we used
stationary noise with spectra shaped according to recorded clips, as well as simulated

wind noise [104].

5.2.2 Acoustic simulation

To simulate multi-channel recordings in large scale forests, the forest IR simulation
algorithm that models trees as single scattering cylinders (SSCs), as presented in chapter 4,
was employed. A bird vocalization directivity model was incorporated by approximating
the radiation from a bird as the radiation from a point source on a small spherical baffle.

The far-field approximation of this radiated field is the following [2, 105]:

[e.e]

)1 (2n + 1)
pbird(r> kae) = pfree( ) (k 9 pfree Z ka 2h/ ka) Pn(COS 0) (51)

n=
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where r denotes the distance from the sphere to the observation point, k£ the wave number,
6 the angle between the direction of the point source and the observation point seen from
the center of the spherical baffle, pgeq(7) the pressure radiated from a point source in free
space without the spherical baffle, g(k, 6) the angle-dependent filter due to the spherical
baffle, a the radius of the spherical baffle, h,,(x) the spherical Hankel functions of the first
kind, and P,(x) the Legendre polynomials. The filter g(k, 6) is applied to the direct path,
ground reflection path, and the tree scattering paths that compose the forest IR model in

chapter 4.

5.2.3 Multi-channel sound scene generation with measurement error

A simulated forest sound scene is generated by randomly picking a sound source
position, bird sound clip, and noise clips. The selected bird sound clip is convolved with
the simulated multi-channel forest IR, where each channel represents the IR from the
sound source to each microphone position including positional error. A random noise
clip is added to each microphone channel at a specified A-weighted sound pressure level
(SPL) [106]. The inter-channel synchronization error was modeled by applying a random

temporal shift to each of the channels.

5.3 Sound source localization (SSL) and evaluation metrics

For the SSL, time-difference of arrival (TDOA) estimation methods were employed.

TDOA estimation is based on the computation of the generalized cross correlation (GCC)
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function [97],

Rio(t) = iFFT(¥, 5 X, X3), (5.2)

with W, 5 a spectral weighting function, X; and X, the Fourier transform of the microphone
signals of the first and second microphone, respectively. Among many variants of the
weighting function W, 5, the Roth weighting [107] and the Phase Transform (PHAT)

weighting:

1 1
\IjRoth — \IIPHAT — ) 53
1,2 X1X11—17 1,2 |X1X§I| ( )

Roth
5 (sym) _ = Photh 1 gloth yag used

was used in the experiments. A symmetric form, W,
for the Roth weighting. The information from all microphone pairs was integrated by

constructing a spatial likelihood function [108]:

M—-1

M
Z Rklt—Tkl )) (54)
=k+

k=11 1

where M is the number of microphones and 73 ;(x) is the TDOA of the microphone pair
(k,1) for a sound source located at position x. Under the assumption that only a single

source is active, the estimate of the source position X can be obtained by:

Xest = argmax(L(x)). (5.5)

X

The case of multiple simultaneously active sources is left for future work.
The localization success rate (LSR) was used as the evaluation metric, where the

localization was considered successful when the localization error, defined as the Euclidean
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distance between the true and estimated source position, was smaller than 5 m.

5.4 Problem formulation and the experimental setup

The subject is to localize the position of a bird in a large forest using a DMA
of hundreds of nodes, each equipped with a single omnidirectional microphone. An
approximately regular Cartesian grid is assumed as the DMA configuration. Localizing
sound sources with TDOA methods with this large microphone numbers and target area
becomes computationally expensive, therefore a two-step approach utilizing a machine-
learning based bird activity detector (BAD) [109] is considered. The BAD classifies
the presence / absence of a bird sound in a time window of fixed-length. In the first
step, a reliable BAD detects bird activation on each microphone channel independently
and an N x N sub-grid of microphones that is most likely to enclose the active bird is
estimated. As the second step, the SSL algorithm is applied on the signal captured by
the NV x N sub-grid. In this work, the first step is assumed to be sufficiently robust and
hence the focus is solely on the performance of the second step. A holistic simulation,
integrating the first step as well, is left for future work. For simplicity all microphones are
assumed to be sufficiently far from the boundary of the forest, and hence edge-effects are
ignored. The size of the DMA sub-grid /N was set to three. Two microphone grid types
are considered. The first is an ideal regular Cartesian grid, as is depicted in Fig. 5.1, which
is referred to as regular. The second is a regular Cartesian grid with random perturbation,
which is referred to as perturbed. This grid is used to simulate microphone placements in

real forests where the placement to precise grid points is impossible or impractical. The
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microphone nodes are assumed to be synchronized using the GPS clock in each recording

device.

5.4.1 Forest impulse responses

In the forest IR simulation, the bird positions were uniformly sampled from the
area covered by the 3 x 3 DMA sub-grid. One hundred bird positions were considered for
each experimental setup. The azimuth angle of the bird’s head direction was uniformly
sampled from [0, 27] independently for each bird position, and the elevation angle was
fixed to zero. The microphone positions for the perturbed grid were uniformly sampled
from discs with a radius of 1 m and centered at the regular grid points. Three different SSC
densities, namely {0, 10 k/km?2, 100 k/ka}, were considered for the forest IR simulation.
SSCs that are included in a 1 km x 1 km square concentric with the 3 x 3 sub-grid were
used in the IR simulation. The positions of the SSCs were uniformly sampled within this
square region. The height of the birds and microphones were both set to 1.5 m from the

ground.

5.4.2 Sound scene synthesis

Recordings with a duration of 5 seconds each including a single bird vocalization
were simulated. The following noise categories were considered: clean (no additive
noise), shaped stationary noise, clips extracted from the field recordings, or simulated
wind noise. The bird SPL at 1 m from the bird position was set to 80 dB4 as a reference,

and the noise SPL at the microphone positions was set to 40, 50, or 60 dB,. Here,
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dB, denotes the A-weighted SPL [106]. This resulted in an average SNR, averaged over
microphone channels, ranging from about -60 dB to 10 dB, with a median of -18 dB. To
simulate synchronization errors, random temporal shifts were applied to each microphone

channel, sampled uniformly from the interval [-1ms, Ims].

5.4.3 Localization parameters

The resolution of the spatial likelihood function was set to 0.2 m. In reality, it
can be difficult to obtain the exact positions of the distributed microphones. To simulate
this positional error, the microphone positions used in the localization algorithm were
decoupled from the ones used at the recording stage and were chosen from {regular,
perturbed, perturbed’}, where regular is the regular Cartesian grid as depicted in Fig. 5.1,
perturbed is the perturbed Cartesian grid which was also used for simulation of the forest
DMA recordings, and perturbed’ is a perturbed Cartesian grid generated with a different
random seed resulting in another perturbed grid that is not identical with the one used for

the recording simulation.

5.5 Results

5.5.1 The effect of each explanatory variable

Table 5.1 summarizes all experimental conditions. Five different combinations
of microphone grid selections were used. Reg-reg and Reg-pert uses regular for the
recording stage and regular or perturbed at localization stage, respectively. Pert-reg,

Pert-pert, and Pert-pert’ uses perturbed for the recording stage and regular, perturbed, or
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perturbed’ at localization stage, respectively.
As noise types, the symbols “s”, “c” and “w” are used as abbreviations of shaped
stationary noise, clips extracted from the field recordings, and simulated wind noise. The

number following the noise type symbol is the noise level in dB . The set of explanatory

Table 5.1: List of variables and their values used in the experiments.

Variable Values #choices

Source position 100 positions within the 3 x 3 sub-grid 100
Microphone spacing {25m, 50m, 100m, 200m } 4
Microphone grid type ~ {Reg-reg, Reg-pert, Pert-reg, Pert-pert, Pert-pert’ } 5
Tree density {0, 10k/km?, 100k /km”} 3
Directivity {On, Off} 2
Noise type {clean, s40, c40, w40, s50, ¢50, w50, s60, c60, w60} 10
Synchronization error {On, Off} 2
GCC algorithm {PHAT, Roth} 2
Dataset {Cornell, Xeno-canto} 2

variables, as listed in Table 5.1, forms a 9-dimensional variable space. All combinations
of variables in this space were evaluated in an exhaustive manner, resulting in 0.96 million
localization experiments. The histograms of localization error is shown in Fig. 5.2 (left).
The standard deviation with respect to the LSR along each of the dimension in the variable
space is shown in Fig. 5.2 (right). It can be observed that the microphone spacing,
noise category, the choice of the spectral weighting function in the GCC algorithm, and
the noise level have the largest impact on the LSR. The inclusion of source directivity,
synchronization error, and microphone position error reduced the average LSR by 9.3%),
1.8%, and 7.8%, respectively. GCC-PHAT was found to outperform GCC-Roth by 23.2%
in average. These results implies that the SNR and the spectral characteristics of the signal
and noise strongly affects the localization accuracy, and lead us to the experiments in the

next section.
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Figure 5.2: Left: histograms of localization errors. Right: the standard deviations with
respect to the LSR along each dimension of the variable space. Note that the noise type
dimension is split into noise category and noise level.

5.5.2 The effect of microphone spacing, noise type, and modifications to
improve localization accuracy

Here, the variable space was reduced to two dimensions by selecting the realistic
scenario (with source directivity, synchronization error, and the pert-pert’ grid for microphone
positions which contains positional error), by averaging over the dimensions that had
relatively small variance (the number of trees, source positions, and dataset), and by
choosing the GCC-PHAT algorithm for its superior performance. The results are shown
in Fig. 5.3 (top left). It can be observed that the LSR decreases with increased microphone
spacing and noise level.

Among the variables that strongly affect the localization performance, the microphones

spacing and noise level is related to the SNR, whereas the noise category and choice
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of the GCC weighting function is related to the spectral characteristics of the signal or
noise. Therefore, one strategy to improve the system’s performance is to increase the SNR
and to modify the spectrum of the recorded signal. As such attempts, two modifications
were investigated, namely band-limiting (BL) in the GCC algorithm and applying noise
suppression (NS) as preprocessing. For the BL, a frequency-domain rectangular window
is multiplied with the GCC spectrum which nullifies the frequency components below
1 kHz and above 8 kHz before the inverse Fourier transform. This frequency range
covers the vocalization frequency spectra of a wide variety of bird species. For the NS,
the MMSE-STSA algorithm [110] was applied to the individual microphone channels
independently before feeding it to the localizer. The resulting LSRs as function of microphone
spacing and noise type with and without these modifications are shown in Fig. 5.3. It was
observed that the NS without BL, BL without NS, and BL with NS improves the LSR by

7.9%, 9.0%, and 14.4% in average over the baseline. These improvements are important
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Figure 5.3: The LSRs for the cases with or without BL and NS. The results are for the
realistic scenario (directional sources, with synchronization error, perturbed microphone
grid with positional error, and GCC-PHAT algorithm), averaged over source positions and
tree density, using the Xeno-canto dataset. The sub-plots represent the baseline (left-top),
only BL (right-top), only NS (left-bottom), and both BL and NS (right-bottom).

for practical forest bird localization systems, since they allow the use of a sparser grid of
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microphones implying a larger coverage area or a reduced cost of the system.

5.5.3 The effect of the SNR

Since the results in the previous sections implied the importance of SNR with
respect to the localization performance, the relation between the SNR and the LSR was
studied. The SNR values used here are the ground truth values computed from the signal
and noise before mixing, averaged over the nine microphone channels. Different noise
suppression rules were compared how they affect the localization performance. The
suppression rules that were compared are: Wiener filtering [111], maximum-likelihood
(ML) [112], spectral subtraction (SS) [113], minimum mean-square estimator short-term
spectral amplitude (MMSE-STSA) [110], maximum a-posteriori spectral amplitude (MAP)
[114], and Laplace-Gauss rule (LG) [115, 116]. The results are shown in Fig. 5.4. It can
be observed that the application of BL and NS helps the localizer to improve the LSR
by about 0.28 in the best case, or, to maintain the same LSR with larger noise level of
about 9 dB, in challenging settings with SNRs of around -30 dB to -20 dB. The optimal

suppression rule was found to be dependent on the average SNR.

5.6 Conclusion and future work

We studied the performance of a bird sound localization system using a distributed
microphone array in the presence of reverberation, background noise, and measurement
errors. To enable numerical experiments of bird localization in forests, a synthetic forest

sound scene simulator for DMA recordings that utilizes an efficient forest IR simulation
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Figure 5.4: The LSR as function of average SNR using various NS algorithms.
This results are for the realistic setup using directional sources, pert-pert’ grid with
synchronization error, and the GCC-PHAT algorithm. Band-limiting is applied except
for the baseline case. Localization results from all noise types except for the clean case,
all source positions, forests with non-zero trees, and the Xeno-canto dataset is used here.

75



algorithm was developed. Through the experiments, the variables that significantly affect
localization performance were identified. It was also shown that spectral weighting in
the GCC algorithm and NS significantly improves the localization accuracy. We hope
that these results will help design and improve practical large-scale forest bird monitoring
systems.

For future work, we suggest to develop and integrate a machine learning-based bird
audio extractor/suppressor, which is trained on real world data of bird sound. This could
be an effective way to improve the SNR. The forest sound scene synthesizer developed
in this work can be useful as a data generation/augmentation engine when training such
machine-learning models. It might be also beneficial to use GCC weighting schemes that
take into account the spectral characteristics of the signal and noise [117]. Particularly,
we suggest to utilize statistical knowledge about bird species-dependent vocalization
frequency spectra. By using the estimated species label provided by the bird species
classifier (as shown in Fig. 5.1), it is possible to apply a bird species-dependent spectral
weighting in the GCC algorithm, which could significantly improve the localization accuracy
in low-SNR situations. Additionally, multi-channel NS schemes [118,119] could potentially
improve the NS preprocessing and overall localization performance. Since such multi-
channel NS may require the estimation of the TDOA, it is implied that the problem of
multi-channel NS and SSL should be solved jointly [120-122]. Using dense microphone
arrays as the individual nodes in the sparsely distributed grid [123] is another promising
approach to improve the localization performance. Experimental studies on the performance
of large-scale forest bird localization systems deployed in real forests are also left for

future research.
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Chapter 6: A general-purpose individual-agnostic full-sphere binaural localizer

Sound source localization from binaural signals has important applications ranging
from machine listening to psychoacoustics, yet challenges including generalization and
robustness under noisy and reverberant conditions remain. Here we propose a binaural
localizer (BL) framework that produces full-sphere spatial activity maps. The framework
enables individual-agnostic training of a convolutional neural network using head-related
impulse response (HRIR) sets with arbitrary measurement grids and is shown to perform
well on unseen HRIRs and binaural recordings. Unlike BLs trained with the HRIRs
of a specific known subject or dummy head, the proposed individual-agnostic BL is
intended to perform robustly without any a priori knowledge about the process creating
the binaural signals. Localization tests using binaural renderings and recordings show that
the proposed BL is robust to noisy and reverberant conditions and compares favorably to
individual-specific BLs. Furthermore, preliminary results indicate that the proposed BL

is applicable to multiple simultaneous and moving sources.'?

'This work was done while Shoken Kaneko was an intern at Microsoft Research Labs in Redmond, WA,
USA.
’The research presented in this chapter has been published in [124].
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6.1 Introduction

Humans localize sound by learning to map features embedded into the two ear
input signals to a source’s location. A machine able to localize sound from binaural
audio has important applications including robotics, sound scene analysis, as well as
psychoacoustics and binaural audio evaluation. However, challenges remain for existing
binaural localizers (BLs) including generalization across individuals and robustness under
realistic noisy and reverberant conditions.

Machine learning-based BLs date back to the early 90s [125-127]. Neti et al.
created a neural network (NN) that learns the mapping from the HRIRs to the sound
source direction using HRIRs of a cat [127]. Jin et al. reported reasonable agreement
in terms of the localization characteristics between a human subject and a NN-based
BL trained with the same subject’s HRIR set using band noise sources [128]. Jiang et
al. developed a deep NN (DNN) for binaural sound source separation of speech based
on time-frequency bin-wise classification [129]. Ma et al. used a DNN for binaural
localization of multiple sources in the horizontal plane, which also incorporated active
head movements [130]. Thuillier et al. studied saliency maps of a convolutional NN
(CNN)-based BL for median plane localization trained with an individual-agnostic setup [131].
Wu et al. developed a random forest-based BL trained on a single subject’s HRIR set
for localization of both azimuthal and elevation angle and reported mean angular errors
of about 10 degrees on binaural signals recorded in a laboratory. Wang et al. studied
DNN-based BLs in the mismatched HRIR condition where the HRIR set used at test

time is different from the set used for training, and proposed a method for clustering

78



HRIR sets based on the similarity of the localization performance of BLs [132]. Yang et
al. developed a multi-task CNN-based BL for lateral and polar angle classification [133].
Francl et al. studied a massive CNN-based BL trained on dummy head HRIRs and reported
various similarities between human spatial hearing and model behaviour, e.g., the emergence
of the precedence effect, sensitivity to spatial cues, and the challenges arising in localization
of concurrent sources [134]. Their results also indicated that an individual-specific BL
may have limited generalization ability across individuals in elevation localization.

Most existing BLs are either individual-specific or limited to dataset-dependent
directions on a subset of the sphere. While an individual-specific BL may be useful,
training such a BL requires individual HRIRs, which may not be available in practice.
This motivates the development of a general-purpose individual-agnostic BL. which can
provide localization estimates of binaurally spatialized audio without a priori knowledge
of the process or HRIRs creating the binaural audio. This would allow localizing sounds
in a broad variety of binaural media (games, music, movies, video conferencing calls),
based on the sole assumption that the spatialized sound is intended for binaural playback
to a human listener. Another potential use case for a general-purpose BL is to provide an
estimate for how an average listener might localize a certain binaural rendering. Here,
we propose a general-purpose individual-agnostic BL using a CNN that outputs a spatial
activation map covering the entire sphere for each processed audio frame, allowing extension
to multiple/moving sources. The novelty and contributions of the present work can be
summarized as: a) design of model output format (HRIR dataset-independent, full-sphere
coverage), b) design of training scheme (individual-agnostic, augmentation by simulated
noise/reverb, use of soft targets rather than hard binary targets), and c) a general-purpose
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BL with robust localization performance on unseen binaural recordings under unknown
HRIRs, noise, and reverberation, which opens new applications (localization from arbitrary

binaural audio with unknown generation process).

6.2 Proposed method

The proposed BL takes a pair of binaural audio signals as input and produces
directional activation maps (see Fig. 6.2) for each frame. A short-time Fourier transform
(STFT) converts both channels into a 2 x F' x T' log-magnitude spectrogram as well
as a 1 x F' x T spectrogram of interaural phase differences (IPDs), where 1" and F
are the number of time frames and frequency bins, respectively. The log-magnitude
spectrogram and the IPD spectrogram are fed into a “two-legged” CNN, inspired by
[133]. The network architecture and hyperparameters are shown in Fig. 6.1 and Table 6.1,
respectively. Each leg of the CNN has six convolution blocks, where each block consists
of convolution, batch normalization, max-pooling, and the nonlinearity. Max-pooling
was applied with a pooling factor of two in the frequency axis and no pooling was applied
in the time axis. The outputs of the two CNNs are concatenated and fed into a fully-
connected (FC) network with one hidden layer and an output layer. The leaky-ReLU
activation function was used for all layers except for the output layer which has the
sigmoid activation function. The output layer forms the directional activation map, where
each output neuron is assigned to a specific direction on the sphere. The output of the
network is a D x T' matrix where D is the number of bins in the output direction map.

Here, the 2048-point spherical Fibonacci grid [135] was used for the output direction
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map. This novel dataset-independent output format was motivated by the fact that most
available public HRIR datasets do not have a common angular grid which makes the
mixing of datasets difficult and hence restricts the amount of training data. The proposed
output format allows a mixture of datasets with arbitrary angular grids, scaling up the
amount of available training data. This output format is also source-number independent
and facilitates the application of the model to multiple source localization. The network
is trained using the AdaMod optimizer [136] with the multivariate binary cross-entropy
(BCE) loss between the network output and the ground truth target as the minimization
objective. Rather than treating the problem as hard binary classification, dynamic soft
targets based on the von Mises-Fisher probability density function are used as the target

for a source with ground truth direction p:

f(x; p, %) = C(k) exp (kxp) € R, (6.1)

where x is the D x 3 matrix of output directions, C'(k) is a coefficient normalizing the
L norm of the vector f(x; u, k), and exp is the element-wise exponential function. The
concentration parameter « is initialized with 2, and is doubled every 100 iterations until
reaching 512, to gradually sharpen the soft targets. The use of soft targets was inspired

by the success of “fuzzy” targets in musical onset detection [137].

6.3 Experimental evaluation

The proposed method was evaluated in terms of the localization error angle of a

single static source, with preliminary results for multiple or moving sources. For the
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Figure 6.1: The network architecture of the proposed model.

Table 6.1: Model hyperparameters

Sampling rate 32kHz

FFT size 512 taps

STFT hop size 120 taps

STFT window Kaiser (5 = 4)
Kernel sizes (frequency-axis) (5,5,5,3,3,3)
Kernel sizes (time-axis) (5,5,5,3,3,3)

# Feature maps in each conv. layer | (5, 10, 20, 40, 80, 80)
# Hidden units in FC layer 4096

# Output units 2048

single static case, three different test tasks were used. The first two tasks are localization
given binaural audio synthesized by convolving speech with public BRIR datasets, namely
a dataset of horizontal plane BRIRs for rooms with various reverberation times (loSR
Rooms) [138], and a dataset of 22.2 channel BRIRs (loSR 22.2ch) [139]. The third
test task is localization of static sound sources present in binaural recordings; LOCATA

challenge corpus - evaluation set - task 1 (LOCATA Taskl) [140].
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6.3.1 Model training and validation

The input binaural signal for training was generated by convolving HRIRs from
public datasets with clean speech signals. The CIPIC [141], ARI [142], RIEC [143],
ITA [144], Viking [145], and CHEDAR [146] HRIR datasets were used for training,
resulting in 1680 subjects in total. The HRIRs captured using the KEMAR manikin
were excluded from the CIPIC and Viking datasets. From the CHEDAR dataset, the
HRIRs with source distances of 0.5 m, 1 m, and 2 m for the first 1240 shapes were used
for training. The HRIRs associated with the first thirteen shapes and source distance
of 2 m from the CHEDAR dataset were used to evaluate the model on seen HRIR data
(Seen). Acoustically measured HRIRs from the last thirteen subjects excluding dummy
heads from the HUTUBS dataset [147] were used for validating the model on unseen
HRIR data (Unseen). The GRID corpus [148] was used as the speech source. The set of
speakers was split into 90%, 5%, and 5% and the first two subsets were used for training
and validation, respectively. It is known that noise and room reverberation degrades the
performance of a BL [130, 133, 134, 149]. To emulate challenging real-world conditions,
stereo white noise and BRIRs simulated by the image source method [21] were added to

the input binaural signal. During training, the signal-to-noise ratio (SNR) was uniformly

max
Noise

max
Noise

sampled from L dB4 to 40 dB, and the noise was normalized accordingly. L is
a hyperparameter corresponding to the maximum additive noise level which was chosen
from {20, 25, 30, 40, No noise}. An ensemble of the proposed models was formed
from five models trained with these five different maximum noise level conditions. The

BRIRs were precomputed using HRIRs from the train and validation set, excluding the
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direct path to allow addition with the direct path signal which is prepared separately on-
the-fly during training. The room simulation parameters were randomly sampled from
predefined ranges of room dimensions and impedance of the walls, as shown in Table 6.2.
Four different sets of synthesized binaural signals were used to monitor the performance
of the model during training, which includes binaural signals synthesized using a subset of
the seen training set HRIRs and the unseen validation set HRIRs, with or without additive
stereo noise and binaural reverberation. These four datasets are denoted in the following
as Seen clean (same HRIRs in training and validation), Seen N+R (additive noise and
reverberation), Unseen clean, and Unseen N+R, respectively. 64 directions based on the
spherical Fibonacci grid were used to sample HRIR directions for the validation runs.
During validation, the SNR was set to 30 dBa for the N+R cases. The direction with
maximum activation in the output direction map is considered as the estimated sound
source direction in the static single source case. The direction maps were accumulated
by taking the maximum over all time frames before making the decision about the sound
source direction. Analyses based on lateral and polar angle error have revealed that the
error is dominated by the polar angle error while the lateral angle localization can be
highly precise. The polar angle alone, however, is problematic as an evaluation metric
since it has singularities at the left and right pole. Hence, following prior works [128,149],
the models were evaluated by the total mean angular error (MAE) where the angular error
is the angle between the estimated and ground truth source direction. The models were
trained for 200 k iterations and the model with the best total MAE averaged over Unseen
clean and Unseen N+R was chosen as the model to evaluate the performance on the

separate test sets.
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Table 6.2: BRIR simulation parameters and their ranges from which the parameters are
uniformly sampled.

Room width, depth (3m, 12m)

Room height (3m, 10m)

Source/receiver position | Atleast 1 m from the walls
Source/receiver height (Im, 2m)

Reflection order 20 (fixed)

Wall impedance ratio (5,19

Receiver’s sight direction | Yaw angle in (0, 27)

6.3.2 Single static source localization

Visualizations of the output direction maps of the proposed model on the LOCATA-
task1 test clips are shown in Fig. 6.2. It is interesting to observe the emergence of cones
of confusion, i.e., rings of constant lateral angle on the spherical map, even though the
proposed model does not explicitly estimate lateral or polar angles. Similarly, human
listeners tend to have worse polar angle localization than lateral angle localization, especially
when listening to non-individual HRIRs [150]. The localization results are summarized
in Table 6.3.

The proposed model or its training condition was modified by not adding white
noise and/or BRIR at training time, by band-limiting the input speech via applying a
low-pass filter with cutoff frequency of 8 kHz, by using white noise as the source signal,
or by using hard targets instead of the soft targets for supervision. Modifications to the
sources, i.e., band-limiting or using white noise, were applied to both the Seen and Unseen
evaluations. In the case of hard targets, the direction bin closest to the ground truth
direction was set to one and all other bins were set to zero in the target signal. It can

be observed from the results that the addition of BRIRs, the use of speech as the source
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Figure 6.2: Typical output activation maps taken from LOCATA-task1 test clips. The
right hemisphere of the map is shown with the L°° norm of the post-sigmoid output vector
normalized after taking the maximum over time frames.

Table 6.3: Mean angular error (degrees) for various models.

Model Seen Seen | Unseen Unseen | IoSR IoSR LOCATA | Test Test
Clean N+R | Clean N+R | Rooms 22.2ch  Taskl Avg. Max.

Proposed (BCE + ST?) 37.8 48.0 43.6 50.0 16.4 28.6 279 | 243 28.6
w/o Noise 31.3 47.6 43.5 50.5 30.7 27.7 249 | 27.8 30.7
w/o Reverb 6.3 536 30.5 56.5 35.1 33.2 71.1 | 464 71.1
w/o Noise & Reverb 54 69.8 30.4 69.7 38.7 429 60.3 | 473 60.3
Band-limited speech? 359 47.1 39.3 47.0 31.7 30.0 264 | 294 31.7
White noise source’ 20.1 385 31.6 499 49.7 57.1 65.7 | 575 65.7
BCE + hard targets 46.2 55.0 48.9 51.7 24.9 30.3 499 | 35,0 499
CCE loss 49.8 52.6 46.0 52.5 36.9 34.7 383 | 36.6 383
Multi-task loss [133] 46.4 51.0 43.7 50.3 46.4 35.8 413 | 412 464
Proposed ensemble 343 450 40.9 479 144 25.0 26.0 | 21.8 26.0
CHEDAR (IS-average) 272 392 58.3 59.8 28.6 49.6 234 | 339 496
CHEDAR (IS-ensemble) - - - - 23.6 472 174 | 294 47.2
HUTUBS-sim (IS-avg.) 1.3 7.1 40.7 40.3 43.4 34.5 64.7 | 475 64.7
HUTUBS-sim (IS-ens.) - - - - 39.2 26.5 583 | 414 583
HUTUBS-meas (IS-avg.) 0.3 2.6 384 35.5 56.8 43.2 709 | 57.0 70.9
HUTUBS-meas (IS-ens.) - - - - 53.7 35.5 66.3 | 51.8 66.3
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signal, and the use of soft targets substantially improve localization performance.

The proposed model was compared with two reference models which use either the
categorical cross entropy (CCE) or a multi-task CCE loss [133] which is the mean of two
CCE losses of two classifiers estimating the lateral and polar angle separately. The CCE
loss has been commonly used in previous DNN-based BLs [130-132, 134]. The CCE
loss model here uses the same 2048 direction bins as the direction classes. The multi-task
model uses 37 lateral and 72 polar angle classes with 5 degrees step, resulting in 2522
different directions. Except for the output layer, the network architecture and training
conditions of the reference models are identical to the proposed model. From Table 6.3 it
can be observed that the proposed model outperforms these reference models.

In order to study the localization performance of individual-specific (IS) BLs, 13
subjects each from the CHEDAR, simulated HUTUBS, and measured HUTUBS dataset
were used to train IS models. An ensemble of IS models was also formed for each HRIR
dataset. It was observed that some IS models from the CHEDAR dataset outperform the
proposed model in LOCATA-task1. However, as can be seen in the MAE on the other test
sets, the maximum MAE for the IS models tend to be larger, indicating that the individual-
agnostic model operates more robustly. The results also imply that for a IS model to be
effective, an individual which delivers high expected localization performance needs to

be empirically sought.
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6.3.3 Multiple or moving source localization

To test multiple source localization, binaural recordings from the evaluation set
of LOCATA-task2 were used. Example network output activation maps, projected onto
the lateral-polar grid, for input audio containing up to four sound sources are shown in
Fig. 6.3. The number of feature maps in the /-th convolution layer was set to 2/*2 in
this experiment and the model was trained for 1 million weight updates using training
data with two sound sources. It can be observed that the model output has multiple
vertical lines of high activation in the lateral-polar projection which correspond to the

rings of confusion observed in the spherical output map. The proposed model can be
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Figure 6.3: Output maps shown in the lateral-polar grid, for LOCATA-task?2 test clips
with two to four sources. The ovals denote the true source directions.
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used in a sliding window fashion to produce a sequence of directional activation maps.
To demonstrate moving source localization, the binaural recordings from the LOCATA-
task3 were processed with the proposed general-purpose BL and the sequences of output
activation maps were recorded. Animated visualizations of the model output maps are

available online®.

6.3.4 Response to panned stereo audio

It is known that the interaural time difference (ITD) and the interaural level difference
(ILD) are important acoustic cues that affect binaural localization. Amplitude- or delay
panning are established techniques to create sound images in stereophonic sound by
artificially modifying the ILD or the ITD. Stereo signals created by panning can be seen as
a simple approximation of binaural audio. We use panned stereo to test whether the model
generalizes to binaural-like signals not seen during training. Fig. 6.4 shows the resulting
lateral and polar angle estimates made by the proposed model given panned stereo input.
The results for delay panning suggest that the model has learned to associate the ITD with
the lateral angle. Amplitude panning also affected the estimated lateral angle, however
it did not exhibit a smooth curve as in the case of delay panning, but resulted in a noisy

step-like profile.

®https://github.com/microsoft/DIABLo-demos
'Band-limited speech was used for training, seen and unseen evaluation
2White noise source was used for training, seen and unseen evaluation
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Figure 6.4: The estimated lateral (left column) and polar (right column) angle as function
of ITD (top row) or ILD (bottom row) of the panned stereo signal.

6.4 Conclusion and discussion

We proposed a general-purpose individual-agnostic binaural localizer that does not
require a priori knowledge about the generation process of the binaural audio and covers
sound sources located anywhere on the 47 sphere. The novel model output format allows
the mixture of HRIR datasets with arbitrary angular grids which realizes the expansion
of available training data, facilitates individual-agnostic training, and together with the
carefully designed training scheme, resulted in a robust binaural localizer which theoretically
generalizes to alternative spatialization methods and multiple/moving sources. We have
empirically shown the benefits of individual-agnostic training, data augmentation by noise
and reverberation, and the use of soft targets. The proposed method was tested with

real BRIRs as well as binaural recordings which contain noise and reverberation and
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exhibited superior localization performance compared to individual-specific BLs or BLs
trained with CCE or multi-task losses or hard targets. While some single-subject models
performed well on one of the test sets, the results indicate that the individual-agnostic
scheme may be more robust and generalize better.

Future work may include further refinement of the proposed model for multiple/moving
sources. The use of recurrent layers or attention mechanisms in the network architecture
and/or a probabilistic post-process, e.g., Bayesian filtering might improve the performance
for moving sources. Finally, a comparison with humans’ subjective localization tests
may indicate whether the proposed model could be used to predict subjective localization

performance in psychoacoustic studies.
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Chapter 7:  Regularized spherical harmonics-domain spatial active noise

cancellation in a reverberant room

Active Noise Cancellation (ANC) at a target area in an open space, as opposed
to cancellation in the ears through headphones, can lead to future applications. For
instance, a personal acoustic environment in an airplane seat or inside a car, or a quiet
zone in a noisy shared workspace can be possible using such open-space ANC without any
uncomfortable on-body audio equipment. Recent advancements reinforce the practicality
of such systems. However, regularization of the cancellation signal has been a crucial
challenge in open-space ANC as it causes amplification of noise at locations away from
the target area. This work presents a spherical harmonics-domain feed-forward spatial
ANC method with a room-wide global cost function to address this issue. This room-
wide global cost function is used for optimizing the set of regularization hyperparameters,
while at run time only local information captured by a microphone array surrounding the
target listening zone is required. Numerical experiments applying the proposed method in
a simulated reverberant room show the effectiveness of the proposed method in creating a

specific zone of silence with low to moderate noise amplification in the rest of the room.!

I'The research presented in this chapter has been published in [151].
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7.1 Introduction

Active noise cancellation (ANC) is a well studied problem in acoustics and audio signal
processing, aiming at the reduction of the acoustic noise around the listening position
using loudspeakers emitting a cancellation signal, which is sometimes referred to as the
anti-noise [39,40]. While the traditional approach to this problem is to define a collection
of control points in the vicinity of the listening position and generate a cancellation field
from the loudspeakers which would reduce the total sound pressure at those control points,
recently, spherical harmonics (SH)-domain signal processing has been applied to this
problem in order to realize spatial ANC, where the cancellation problem is formulated
in the SH-domain [152—-154]. A potential problem of an ANC system is that the anti-
noise emitted from multiple loudspeakers can constructively interfere with themselves or
with the original noise field, which would turn the anti-noise into extra noise in some
locations in the environment. A careful regularization methodology for synthesizing the
cancellation signal is therefore a vital component in the design of such systems. Here,
a regularization strategy, consisting of a local and a room-wide global cost function, is
proposed to reduce such side-effects of a spherical harmonics-domain ANC (SHANC)
system. The proposed global cost function is based on a metric which is referred to as the
silent-to-noisy area difference (SNAD), and allows the regularized SHANC to create a
zone of silence (Z0S) around the target position while limiting noise amplification outside

the ZoS.
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Target sphere

Anhti-noise

‘\ \ Microphones a

Figure 7.1: An illustration of the SHANC system. The microphones and loudspeakers
in the present work are placed on spheres concentric with the target sphere. The target
sphere, the microphone array, and the loudspeaker array have radii 7ec, Tmic, and 7p,
respectively, with 7ec < Tmic < Tsp.

7.2 Problem formulation

The goal of the SHANC system is to cancel the acoustic noise at a listening position
in a reverberant room using a loudspeaker array and a microphone array surrounding the
listening position. Examples of real world applications include spatial ANC in offices
or car cabins. To achieve this, the algorithm needs to find an appropriate set of driving
signals for the loudspeaker array given the observations by the microphone array. In the
following, the formulation is presented in the frequency domain for a single frequency,
while a time-domain representation can be obtained via inverse Fourier transform.

Fig. 8.1 shows the setup of the SHANC system presented in this paper. The origin
O of the coordinate system is set to the listening position. The farget sphere is defined as

a sphere with radius ... centered at O. The complex amplitude of the signal emitted by
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each loudspeaker is denoted as c¢; with ¢ the index of the individual loudspeaker. These
amplitudes are referred to as the cancellation amplitudes. The objective is to reduce the
band-limited spherical harmonics (SH)-domain total signal on the target sphere: p”*(c, r =
Twee) = P, While keeping the amount of extra noise added to the remaining area of
the room minimal. Here, 0 < n < Ngg, —n < m < n,l = n®> +n + m, and
c = (co,C1y.nny cNSp,l)T, with Nsg and N, the truncation order of the SH expansion
and the number of loudspeakers, respectively. The SH-domain signal is defined as the

following SH transform of a space-domain signal p(r, 6, ¢):

/ / (r, 8, 0)Y," (0, ) ds2, (7.1)
0=0 J p=

with Y™ the spherical harmonics of degree n and order m. Hereafter, p®t) = (p;_o, pi—1, ...

denotes a vector containing the Lgy = (Ngi + 1)* SH expansion coefficients of the field

H)

atr = r... We distinguish three fields, namely the noise field pfliise, the cancellation field

(SH)

pcance

(SH) The total

, created by the cancellation loudspeaker array, and the total field p,_,.

field pEStH ) can be decomposed into the noise field pg{sl and the generated cancellation

al

field p(SH)

cancelz
Ngp—1

SH (SH
pi(:ota)l pI(IOIb)e + pgancel pnomzz + Z hsp—)rec (72)

where the room transfer function (RTF) from the i-th loudspeaker (sp;) position réQ to the
SH-domain representation of the signal at the listener position r,. is denoted as hégbm =
h(rég — T'rec). Again, hg, .. is a vector representation of all the Lsy = (Nsy + 1) SH

expansion coefficients. The SH-domain RTFs A" can be computed as SH transforms of
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point-to-point RTFs h(7y.c, 6, ¢) sampled on a sphere with radius 7,

™ 21
h;n B / / h(Trem 67 SO)Ynm(ea (p)*dﬁv (73)
0=0 J =0

with Y"(60, ) the spherical harmonics of the sampling points (6, ) in the spherical
coordinates. The point-to-point RTFs h(ry., 0, ) can be either measured in the real
world or can be computed using simulation methods such as the boundary element method
[155,156]. For rooms with simple shapes, the method of images [21] can be employed
for fast computation.

In the following, three scenarios, with different degrees of knowledge about the
noise and room that is subject to cancellation, are defined.

In the first scenario, which is referred to as the known scenario, it is assumed that

the noise source is a point source and the RTF from the noise source position rg,.. to the

(SH)

noise

SH-domain signal p at the target sphere located at the listener position r,.., denoted

as hge yree = h(rge — Tyec), is known. It is also assumed that the true RTF from the
cancellation loudspeakers to the target sphere is known. In this case, pfffsi = hgeirecS,
with s the complex amplitude of the signal emitted from the noise source. This scenario
serves as an ideal baseline case.

In the second scenario, which is referred to as the unknown scenario, the noise field

can be an arbitrary field, however it is assumed that the true RTF from the cancellation

loudspeakers to the target sphere is known. In this scenario, the SH representation of

the noise field pr(liil needs to be estimated using a set of microphones. This set of
microphones is referred to as the estimation microphone array.

In the third scenario, which is referred to as the blind scenario, the noise field can
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be an arbitrary field, and also the true RTFs from the cancellation loudspeakers to the
target sphere are not assumed to be known, but need to be estimated using the estimation

microphone array.

7.3 Spherical harmonics-domain ANC method

A local cost function L which is a sum of the norm of the SH-domain signal and a

regularization term is defined as:

loc SH
L (c) = [[pEIIE + Alel 2, (74)

where A > 0 is a regularization parameter. This regularization parameter controls the
trade-off between the cancellation level on the target sphere and the amount of extra noise
added to the room.

The problem is to find the vector ¢ minimizing the local cost function Lf\loc) (c). In

the case where both of the norms in the cost function L(AIOC) (c) are [*>-norms, the optimal

c is given by the least-square solution:

Copt = —(HEL  Hep oo + A)T'HE | pGH) (7.5)

sp—rec sp—)recpnoise’

with Hy, e = (hgggrec, héégrec, s héff;ﬂ;& )) an Lgy x Ngp matrix of RTFs.

Alternatively, the /!-norm could be used as the regularization term in L:

loc 1 SH
L3 (@) = 57 —lpialls + Mlelh, 76)

This problem is known as LASSO optimization. The optimal ¢ can be obtained by

algorithms such as coordinate descent [157] or least-angle regression [158]. Preliminary

97



experiments using [*-norm regularization (7.6) did not indicate improvement over the
standard />-norm based regularization (7.4) in terms of the performance metrics that will

be defined below, hence this type of regularization will not be discussed further in this
paper.

7.3.1 Scenario known: known monopole noise source in a known room

In this scenario, the cost function in the case of lQ—regularization becomes:

loc SH
L{(c) = [|hsresrecs + Py |2 + Allc] 2, (7.7)

and the optimal ¢, is given by:

Copt = —(HH_eeHopsree + AI) T HE | e srecs. (7.8)

sp—rec sp—rec
7.3.2  Scenario unknown: arbitrary noise source in a known room

In the case of arbitrary noise sources, the SH representation of the noise field

SH
pI(IOiSBS

needs to be estimated using the estimation microphone array. The microphones
are assumed to be located on a surface of a hollow sphere with radius r,,;. centered at O.

()

The position of the j-th microphone is denoted as r ;...
An arbitrary incident noise field p,.;se can be expressed using the regular spherical

basis functions of the Helmholtz equation:

Puoise (T, 0,0, K) =Y > AT (k) ju(kr)Y," (0, ). (7.9)

n=0 m=-—n

For processing in reality, the infinite series is truncated and in (7.9) can be written in
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vector form:
pnoise<rmic> = A(ijc)A, (7.10)

where Proise(I'mic) 18 @ vector holding pyeise(7j, 85, ¢;, k) in its j-th entry, A is a vector
holding A™(k) in its (n* + n 4+ m + 1)-th entry, and A is a matrix which is holding

Jn(kTmic) Y, (05, ¢;) inits (7, n?+n+m+ 1) entry.

(SH)

pnoise’

which is the representation at » = 7., need to be estimated from py;se
sampled at a finite number of microphones located at » = rp;.. This can be solved by

least-squares:

P (Cree) [ = G (krree) - [(ATA 4 0 1) " A Prgice (Banic) |1

(7.11)
= jn(krrec> ' [H(enc) (U)pnoise<rmic)]nm7
with H9) (o) = (ATA 4 o1)~TAH.
In vector form, this can be written as:
pg}ii (rrec) - J(krrec)H(enC) (0)pnoise(rmic)> (712)

where J(kry) is a diagonal matrix containing j,(kryc) in its (I + 1,1 4+ 1) entry for
l € [n?n*+2n],0 <n < Ngg.
The noise field at the microphone position 7, pflo)lse = Dnoise (T, ) /.) can be computed

by subtracting the component generated by the cancelling loudspeakers from the total

observed amplitude:

Nsp—1
pr(lmse ptotal Z hSz—>mg Ci, (713)
or in vector form:
Pnoise (rmic) = Ptotal (rmic) - Hsp—>micc- (7 14)
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Substituting this into (7.12) yields:

pr(iliii(rrec) = J<krrec)H(enC) (J) (ptotal(rmic) - Hspﬁ\micc>- (715)

The SH-representation of the total field on the target sphere is therefore given as:

SH SH SH
pEotai pflms)e + pganc)el
Ngp—1
pn01se + Z hsp—>rec
(7.16)
p£101se _'_ Hsp—>recc

= J(krrec) H ) (0) Paoise (Fmic) + HepirC.
Here it is assumed that H,_, ., the room impulse responses from the cancellation
loudspeakers to the estimation microphones, is known and therefore pyise(7mic) can be
obtained from the signal recorded by the estimation microphones.

Hence, the optimal cancellation amplitudes c,p, can be obtained by:

Copt = —(HE Heposree + M) lga (SH) (o)

sp—rec p—)recpnmse

(7.17)
- (HH Hsp—>rec + AI) IHH J<krrec)H(enC) (U)pnoise(rmic)7

sp—rec sp—rec

Note that this solution diverges at frequencies where j, (kruy;.) = 0. This property
would limit the controllable frequencies. The first positive frequency where this happens
is where krp,e = 7. In 0 < kry,e < m, there are no such poles. For an estimation
microphone array of r,;. = 20 cm, the maximum frequency of this stable range is
about 850 Hz. In addition, the microphone spacing also limits the frequency range
due to spatial aliasing. Note that a second hyperparameter ¢ was introduced for the

estimation procedure, which makes the local cost function L(Alif)(c) conditioned by two
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hyperparameters )\ and o.

7.3.3 Scenario blind: arbitrary noise source and estimated room transfer
functions

The estimation of the RTFs from the cancellation loudspeakers to the target sphere
is performed in the same way as presented in the unknown scenario, using the same

microphone array.

7.3.4 The global cost function for hyperparameter optimization

It is left to choose a set of hyperparameters that are suited for the objective of
the regularized SH-domain ANC problem. For this, the following notions are defined.
Control zone: a 2- or 3-dimensional subset of the room in which the amount of extra
added noise due to the ANC system should be limited. Region of silence (RoS): the
region in the control zone which has cancellation above 10 dB. Region of noise (RoN):
the region in the control zone which has more than 10 dB of extra added noise due to the
ANC system. Zone of silence (ZoS): the connected domain of the RoS which contains
the target listening position r,... Sphere of silence (SoS): the inscribing sphere of the ZoS
centered at r,... The global cost function, which is based on a metric that is referred to as

the silent-to-noisy area difference (SNAD), is defined as the following:

LEP (X, 0) = =SNAD(X, 0) = —{wAses (A, 0) — (1 — w)Apox(A,0)},  (7-18)

where Ag,g and Agron are the areas (or volumes, if the control zone is a 3-dimensional
domain) of the SoS and RoN, respectively, and w is a weighting hyper-hyperparameter.

This definition of the global cost function is assuming that the noise field in the control
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zone and the RTFs from the cancellation loudspeakers to points in the control zone
can be measured during the development phase of the ANC system for a specific noise
and room, in order to determine an appropriate set of hyperparameters. Note that this
global control zone-wide information is only used for the optimization of the global cost
function and not for the local optimization problem which is, in the blind case, only
relying on the signal captured by the estimation microphone array. This means that
after identifying an appropriate set of hyperparameters in the development phase, at run
time, the SHANC system can operate using only the local information captured by the

estimation microphone array.

7.4 Numerical Experiments

Numerical experiments were performed to study the performance of the regularized

SHANC system. Here, the experimental conditions are described.

7.4.1 Room condition

A cuboid shaped room was used for the numerical experiments. The size of the
room in the z, y, and z axis was set to 4, 3, and 2.5 m, respectively. Hence, the room is
defined as the interior of the cuboid {(z,y,2)[0 <z < L, =4,0<y < L, =3,0 <
z < L, = 2.5}, where the coordinates here are in the room frame, which is different than
the listener frame used in the previous section for the spherical harmonics expansion. The
specific acoustic impedance of the walls of the room was set to 19, and the same value
was used for all six walls. The position of the listener r,.. was set to (1, 1, 1) in the room

coordinate frame which has its origin at one corner of the room. The noise source was a
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monopole source with its position set to (3,2, 1) in the room coordinate frame.

7.4.2 Room transfer function simulation

The RTFs required for the numerical experiments were computed using the method
of images [21], for 200 Hz, 500 Hz, 1kHz, and 2kHz, with maximum reflection order of
30. The control zone was chosen as the set of points that are lying in a plane which passes
through the target listener position r,.. and which is parallel to the ground. This plane is
referred to as the listening plane. The RTFs from sound sources to points on this listening

plane were computed for a regular Cartesian grid with resolution of 2 cm.

7.4.3 Cancellation loudspeaker array and estimation microphone array
configurations

In the numerical experiments, the configuration and the number of estimation microphones
were fixed to the same as the cancellation loudspeakers. The loudspeakers and microphones
were placed on concentric hollow spheres with radii of ry, = 0.5 m and r;c = 0.2 m,
respectively. The configuration types used in the experiments are listed in Table 8.1. In
addition to the point sets based on the vertices of regular and semi-regular polyhedra,
spherical Fibonacci grids [66] were used in the experiments. The spherical Fibonacci
grids is a point set defined on a sphere for any positive number of total points. Given
an arbitrary number of points, it has an explicit expression of point coordinates. Due to
this convenient property and its fairly uniform point distribution, it has served in various
applications including quasi-Monte Carlo integration in computer graphics [159] and as

a microphone array configuration for spatial sound field capturing [18].
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Table 7.1: Microphone / loudspeaker array configuration used in the numerical
experiments.

Configuration type #microphones / loudspeakers

Tetrahedron 4
Octahedron 6
Cube 8
Icosahedron 12
Dodecahedron 20
Pentakis dodecahedron 32
Truncated icosahedron 60

Spherical Fibonacci grid 16, 24, 48, 64, 96, 128

7.4.4 Optimization procedure

The optimization procedure consists of two steps. For a given set of hyperparameters

{\, o}, the local optimization problem c,,; = argmin, Lf\lf’;) (c) is solved by least squares.

The optimizer of the global cost Lg}gl(’b)()\, o) is sought with grid-search over the two-
dimensional hyperparameter space. The maximum order of the spherical harmonics

expansion Nsg was set to the smallest integer that satisfies (Ngg + 1)? > Ng,. The

weighting hyper-hyperparameter w was set to 0.95.

7.5 Results

The resulting sound fields on the listening plane for the case of a noise source of
500 Hz and a SHANC system of 12 channels are shown in Fig. 7.2 (top row) for the blind
scenario. It can be observed that the system successfully creates a SoS with a radius of
19.1 cm. On the target sphere, an average noise reduction level of 29.8 dB was observed
while preserving the AoN to 0.279 m?, which is only 2.3 % of the area of the room. As
reference, SHANC was applied with the regularization terms set to zero (Fig. 7.2, bottom

row). In this case, the resulting SoS radius was only 13.2 cm while the injected anti-noise
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Figure 7.2: The resulting fields on the listening plane for the case of a noise source
of 500 Hz and a SHANC system consisting of 12 estimation microphones and 12
cancellation loudspeakers, in the blind scenario. From left to right: sound pressure level
of the noise field, anti-noise field, total residual field, the RoS/RoN map, and the contour
of the ZoS, respectively. The upper and lower row shows the result for the proposed
regularized SHANC method and the reference case without regularization, respectively.

Noise [dB] Anti-noise [dB] Residual [dB] Region of silence/noise Z0S contour

1.00

Regularized

SoS radius=16.2 [cm]

Figure 7.3: The resulting fields on the listening plane for the case of a noise source
of 2 kHz and a SHANC system consisting of 128 estimation microphones and 128
cancellation loudspeakers, in the blind scenario. The meaning of each of the subplot
is identical to Fig. 7.2.

was about 5 dB higher in level. Results for 2kHz with N, = 128 are shown in Fig. 7.3,
where the average noise reduction level on the target sphere was 37 dB with an AoN of
only 0.423 m? using the regularized SHANC method.

The level of noise reduction on the target sphere, as well as the radius of the SoS for
various device configurations and target frequencies are summarized in Fig. 7.4, Fig. 7.5,
and Fig. 7.6 for the known, unknown, and blind scenario, respectively. The number of
estimation microphones required for a successful creation of a sufficiently large SoS was

found to be strongly dependent on the noise frequency.
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Figure 7.4: Summary of results for the known scenario. Noise reduction level on the
target sphere (left) and the radius of the SoS (right), for various device configurations and
frequencies.
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Figure 7.5: Summary of results for the unknown scenario. Noise reduction level on the
target sphere (left) and the radius of the SoS (right), for various device configurations and
frequencies.
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Figure 7.6: Summary of results for the blind scenario. Noise reduction level on the
target sphere (left) and the radius of the SoS (right), for various device configurations
and frequencies.
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7.6 Conclusion

A regularized variant of spherical harmonics-domain spatial ANC, with a particular
focus on limiting the noise amplification outside the target listening zone, was presented.
Results of numerical experiments applying the proposed method to a SHANC problem in
a reverberant room indicated successful creation of a zone of silence while maintaining
noise amplification in the rest of the room moderate. The comparison with the reference
method without regularization clearly shows that the proposed regularized SHANC method
shrinks noisy regions and expands the silent region while reducing the anti-noise power.
Future works include studying other microphone/loudspeaker array configurations for the

reduction of non-periodic noise fields.
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Chapter 8: Personal active soundfield control (PASCAL) framework

A framework for actively controlling radiated, incident, or local personal sound
fields is presented. It relies on loudspeakers and microphones either worn by the user
or surrounding the user. The framework aims to address tasks such as speech privacy,
personal active noise cancellation, and immersive audio presentation with limited amplification
/ injection of noise or leakage of private speech into the environment. The formulation
relies on modeling and simulation of the sound field using a fast multipole accelerated
boundary element method, spectral or point measurements of the sound field, and regularized
optimization of the field created by actively controlled speakers. The use of acoustic
simulation enables the utilization of transfer functions associated with a large number of
points distributed in space resulting in effective regularization. Radiation cancellation of
up to 20 dB was observed in low frequencies below 1 kHz in a numerical experiment

using real-world impulse responses of a wearable loudspeaker setup.!

8.1 Introduction

Environmental and body worn loudspeakers and microphones open up the possibility

of measuring, predicting and controlling the sound field reaching the ears of a listener,

I'The research presented in this chapter has been published in [160].
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or radiated from their mouths. We propose methods to control the sound field to provide
various possibilities including (i) active radiation cancellation (ARC) for speech privacy,
(i1) personal active noise cancellation (ANC), and (iii) immersive audio presentation via
transaural playback.

We develop a formulation in Section 8.2 that accounts for the scattering that is
inherent in the applications envisaged — off the room, off room and furniture surfaces, and
the person — via solutions of the Helmholtz equation via the fast multipole accelerated
boundary element method (FMM-BEM) [155, 161, 162], and measurements of the
field using microphones distributed in the environment and on the person, and that can
be processed and collected in an approximately common clock by taking advantage of
internet connectivity and the slow speed of sound [163, 164]. Section 8.3 discusses the
control algorithms that are to be solved for each of the three problems identified, and
the possible issues and their mitigation via regularization strategies. Section 8.4 presents
results for the ARC and ANC task. Section 8.5 concludes the paper with discussions on

future developments.

External field

Probe

microphone <+—— Radiation field
Wearable <+— Transaural field and
loudspeakers cancellation field

X

Figure 8.1: An example system implementing PASCAL. A set of loudspeakers and
microphones is used to present the transaural signal and to suppress the external field
by emitting a cancellation field.
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8.2 Problem Formulation

The proposed framework aims to control the radiated, incident, or local sound
field associated with an individual user who can either be a speaker or a listener. A
key to achieve this is modeling of the acoustic transfer functions (TFs) which include
all acoustic scattering involved in the environment. The system consists of a user, an
arbitrary set of scatterers, a set of Vg loudspeakers and N, microphones which can be
either body-worn or distributed in space, /V; target listening points, and optionally a room
enclosing all these objects. The microphone positions are referred to as the probe points.
The target listening points are referred to as test points, and correspond to the listener’s ear
positions. Given a specific geometry and boundary conditions in the system, the TFs from
sound sources to observation points can be evaluated by solving the Helmholtz equation
tot)

numerically using the FMMBEM. We decompose the total sound field in the system p!

as:

p(tot) _ p(rad) + p(ext) + p(can) + p(tra)7 (81)

(rad)

where p is the field generated by the user’s vocal radiation, p(®*) is the ambient sound

arriving from the environment, p(¢®) is the field generated by the loudspeakers in order

(ext) and/or p(**®), and p{*® is the sound field generated by the loudspeakers in

to cancel p
order to present the immersive audio to the user, respectively. We refer to p(rad), p(c"t),
p(can), and p(“a) as the radiation field, external field, cancellation field, and transaural

field, respectively. Sound field control can be based either on a multi-point pressure-

matching scheme or on a band-limited spherical harmonics (SH)-domain mode-matching
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scheme. The SH-domain representation can be computed by SH transform defined as:

27 T
Py = / / p(r, 0, 0)Y,™(0, )" sin 0dodep, (8.2)
P

=0 J0=0

with p the sound pressure at point (r,6, ) in the spherical coordinates and Y, the
spherical harmonic of degree n and order m. Fig. 8.1 illustrates an example setup of

the personal active soundfield control algorithm (PASCAL) framework.

8.3 Tasks and objectives

Our first task is (i) active radiation cancellation (ARC) of p**Y generated by the
user. The objective can be the minimization of the residual field p(®s) = p(rad) 4 plcan) a¢
target points, the SH-domain signal on a sphere enclosing the user, or an objective related
to intelligibility.

The second task is (ii) personal ANC [39,40] of the external field. The goal is to
generate a cancellation field which minimizes the amplitude of the residual field p(res),
defined as p(*®) = p(ext) 4 p(can) at the test points. Alternatively, the objective can be the
minimization of the band-limited SH-domain representation of p(res) [152—-154]. This can
be done by capturing the SH-domain external field using a spherical microphone array
enclosing the user, or using a microphone array worn by the user who is considered as a
scatterer [70].

The third task is (iii) crosstalk cancellation (XTC) [165] for immersive spatial
audio presentation. The goal is to produce sound at the user’s ears which matches an input

binaural signal. Alternatively, as in ambisonics decoding in spatial audio reproduction [16],
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the SH-domain incident field can be the reproduction target.

These tasks are instances of a constrained multi-point pressure-matching problem,
or a SH mode-matching problem, and solved by computing the required TFs, represented
either in space-domain or SH-domain, using FMMBEM and computing the optimal filters
as described below. The following challenges must be addressed: (1) the radiation cancellation
field can constructively interfere with the radiated field in some locations, resulting in
leakage of private speech (e.g., in a coffee shop or airport setting). (i1) the noise cancellation
field may constructively interfere with the external field at some locations and create extra
noise there. (iii) the transaural field is radiated not only to the listener’s ears but also the
environment as distracting sound. It is therefore crucial to avoid fields p(®®® and p(t2)

with excessive amplitudes which cause these side-effects, and is done via a regularization

scheme described later.

8.3.1 Objective functions and optimal driving signals

The formulation is presented in the frequency domain and arguments denoting
frequency are omitted. In the following, the cancellation signal is denoted by a vector
cl = (¢, ¢y, ..., cn, )T € CNs. Here, ¢; is the frequency dependent complex amplitude
representing the signal for the i-th loudspeaker. For the ARC task (1), the cost function is

defined as:
ARC rad can can
LR — (1pld) 4 el )2 4 || 12, (8.3)

with Y € CM the radiation field at the test points, H the N, x N, matrix holding the

TFs from the loudspeakers to the test points, and A\ > 0 a regularization parameter. The
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optimal driving signal is obtained by least squares:

™ = _(HF H, + )" HEp"™D), (8.4)

opt

where pﬁg";‘f ) is computed from the signal captured via a microphone near the mouth and

TFs from the mouth to the test points.

In the ANC task (ii), ¢ is produced using the total field measured at the probe

( (res)

points pptr%%e € CNm, ¢(®an) should minimize the residual field at the test points p.e;’ and
at the same time should have as small energy as possible. The cost function LE\ANC) is
defined as:
L = [Pl + Al 5. ®5)
The vector ¢(®®) minimizing the cost L{*" is:
ot = —(HyHus + M) DT = HEp I ®.6)

with H,s a N, X Ng matrix holding the TFs from the loudspeakers to the probe points

(ext) __ _ (ves)

probe = Pprobe H,,sc® the signal component due to the external field. H () =

and p
—(HE H,, + M) HI is referred to as the cancellation filter matrix.

For the XTC task (iii), the objective function is:

Lg\XTC) _ Hs(bin) . HrtfotcS(bin)Hg + /\| |thcs(bin)||§; (87)

with Hy. a Ny X 2 matrix holding the XTC filters which is multiplied with the input
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binaural signal s®®™ for generating p(*"®, and H,i a 2 x N, matrix holding the HRTFs

from the loudspeakers to the listener’s ears. The optimal XTC filters are obtained similarly:

Hye = (HE Hye + M) HE (8.8)

The SH-domain formulation for each task replaces the signal vectors and TFs by
their SH-domain counterparts. The L; norm could be alternatively used for regularization
to enforce sparsity of loudspeaker activations, but losing the closed form results [158,
166]. The TFs required for the framework are assumed to be pre-computed and dynamically
updated via motion and head tracking of the user. HRTF individualization techniques [30,
167, 168] including head/ear shape modeling techniques [58], allow adaptation to the
user’s individual head and ear shapes and can be utilized in PASCAL, as HRTFs are

highly personal.

8.3.2 Cost function for regularization parameter optimization

The sound pressure at an additional set of IV, points, the optimization points, Popt €
C™e is used for the optimization of the regularization parameter ) in the development
stage of the system. For task (i), the reduction level R(p¢) on a set of points () is defined

as

rad res
R(pg) = 20(logy, [1p5™ |2 — logso |IPS™]12), (8.9)

(rad)

where p,™ and pges)

are vectors holding the sound pressure of the external and the

residual field at points (), respectively. For the optimization of A, the global cost function
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1s defined as

LEPI(\) = —R(Popt)- (8.10)

The sound pressure at the optimization points p,y is only used at the development stage
for optimizing the hyperparameter A and is not required at run time. Similar global cost
functions can be designed for (ii) and (iii). Replacing pgad) by pSXt) gives a global cost
function for task (ii). Note that the number of test and optimization points is practically
unlimited since the proposed framework relies on FMMBEM computation of the sound

field, allowing the design of effective regularization. This is hardly achieved with expensive

real-world multi-point IR measurements, potentially limiting the efficacy of regularization.

8.4 Numerical Experiments

We consider wearable neckband loudspeakers which are loudspeakers closely located
to the user’s ears. The performance of PASCAL using two to seven loudspeakers is

evaluated via simulation.

8.4.1 Loudspeaker configurations and FMMBEM simulation

The neckband and laptop arrays are simulated. To include scattering from the head,
neck, torso, laptop screen, and desk, a simplified mesh was used for the FMMBEM
simulation of the TFs, as shown in Fig. 8.2 (left). A Robin boundary condition with
specific admittance of 5.3 x 1072 was used for all boundaries. The loudspeakers were
modelled as monopole sources for the purpose of this exercise, though more complex
radiation patterns can be simulated. Their positions are indicated with red dots in Fig. 8.2
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(left). Twelve equispaced points on the circle of radius 10 cm were defined as the neckband
loudspeaker positions. The laptop loudspeakers were located on seven equispaced points
on a line segment with a length of 29 cm. Arrays consisting of two or seven loudspeakers
were used in the experiments, by choosing a subset. The channels used in each configuration
are shown in Fig. 8.2 (right) and Table 8.1, respectively. The BEM simulation of the TFs
in the given system took around 30 seconds for each sound source at 500 Hz using a

laptop.

Figure 8.2: Left: the shape model used for the BEM simulation. The red, purple, blue,
and cyan dots represent the set of loudspeakers, probe points, test points, and optimization
points respectively. The probe points, test points, and optimization points are defined on
both sides of the head. Right: loudspeaker channel assignment for the neckband array
(top) and the laptop array (bottom). In the neckband array, channel 4 and 10 correspond
to front and back, respectively.

Table 8.1: Loudspeaker channels used in each configuration.

# Loudspeakers Neckband Laptop
2 {1,7} {1,7}
7 {1,3,5,7,9,10, 11} | {1,2,3,4,5,6,7}
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8.4.2 Radiation cancellation simulation

The ARC task (i) was studied for the neckband system. The vocal radiation was
approximated by a monopole source located at the mouth. The test and optimization
points were 2048 spherical Fibonacci grid points on spheres of radii 0.5 m and 0.7 m
centered at the origin. The fields before and after cancellation for the 7ch system are
shown in Fig. 8.3 (top). The reduction level for the 2ch and 7ch arrays are shown in
Fig. 8.3 (middle). The ARC simulation was also conducted using IRs measured in a
real anechoic room. A 48-channel planar microphone array (VisiSonics Digital Array
Microphones) forming a 8 x 6 mesh grid of size 35 cm x 25 cm was used for measuring
the IRs from a source loudspeaker (YAMAHA VXSIMLB) and a cancellation stereo
neckband loudspeaker (SONY SRS-WS1). The IR measurement points at d = 76 cm
and d = 96 cm were used as the optimization points and test points, respectively, with
d the distance from the source loudspeaker to the microphone array plane. The ARC
filters were designed as time domain FIR filters and were convolved with a female human
speech source signal to create the cancellation signal. The amplitudes at the microphone
positions were then computed by convolving the source and cancellation signals with the
measured IRs from source and cancellation loudspeakers, respectively. The amplitude
before and after ARC at a single test point is shown in Fig. 8.3 (bottom). A reduction of

up to 20 dB can be observed at frequencies below 1000 Hz.
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Figure 8.3: The radiation field (top left) and residual field (top right) at 500 Hz using the
7ch system, reduction level (middle) of the fully-simulated ARC experiment, and the test
point amplitude spectrum of the ARC simulation using real IRs (bottom).

8.4.3 Personal ANC simulation

A monopole noise source generating a signal with amplitude -22 dB at 1 m distance

was placed at point 1,5 = (2m, 1m, 0) in Cartesian coordinates where the origin is the
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center of sphere approximating the listener’s head and the z- and y-axes are pointing to
the right and to the front from the origin. The test points corresponding to the entrance
of the ear canals were placed 1 cm from the surface of the sphere with a radius of
9 cm approximating the head of the listener. The microphones, i.e. probe points are
placed in the vicinity of the test points approximating the microphones installed in a
smart glass or headset device. The distance between the test points and the nearest
probe points was 38 mm and 37 mm for the left and right sides, respectively. The set
of optimization points consists of N, = 271 points in the vicinity of the assumed ear
position including the probe points and test points and is indicated as the cyan dots in
Fig. 8.2 (left). A subset of a spherical Fibonacci grid [66] inside of a cone with solid
angle 0.842 for both the left and right direction were used as the optimization points.
The regularization parameter A\ minimizing L(#°P)()\) was sought by grid search on a
logarithmic grid in [107'°,1]. The reduction level on the probe points, optimization
points, and test points was computed using the simulated TFs and is shown in Fig. 8.4
for four different loudspeaker configurations. The reduction level R(pyes;) at the test
points at 500 Hz is about 10 dB and 11 dB for the neckband and laptop case, respectively.
The increased number of loudspeakers did not improve R(piest) in the current setup
which has only two probe points. The total power of the cancellation signal defined
as P. = 20log,, ||c(“®||, is shown in Fig. 8.5 (top). The power of the cancellation
signal produced by the neckband is considerably lower than the laptop array in the lower
frequencies where the ANC is effective, with a difference of about 14 dB at 500 Hz in
the stereo loudspeaker case. Increasing the number of loudspeakers helps reduce the
total power of the cancellation signal. Fig. 8.5 (bottom) shows the cancellation filters for
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the stereo loudspeaker setups. A significant boost in amplitude can be observed at low
frequencies for the laptop setup - a common phenomenon in XTC systems using frontal
loudspeakers with small spacing relative to the wavelength. This low frequency boost is

avoided in the neckband setup.

Neckband
% ........ 2ch Probe 7ch Probe
= 40 - ---- 2ch Optim. 7ch Optim.
% —— 2ch Test 7ch Test
5209
3 T I
o 0 | —_—_——— Iﬁ--_-_-_--_----...:_-_-'_‘_'_;_'_‘

0 250 500 750 1000 1250 1500 1750 2000
Frequency [Hz]
Laptop

% A P 2ch Probe 7ch Probe
= 404 " ---- 2ch Optim. 7ch Optim.
% e, —— 2ch Test 7ch Test
§ 20 1
] RO
8] oy
o = —_ e,
g = ﬁf':"jj—;\,_ et
o 0 1 [ I S

0 250 500 750 1000 1250 1500 1750 2000
Frequency [HZ]

Figure 8.4: The reduction levels for the neckband system (top) and laptop system (bottom)
using two or seven loudspeakers.

Fig. 8.6 illustrates the sound fields in the horizontal plane at the height of the
listener’s head. The external, cancellation, and the residual fields at 500 Hz for the
example problem with a single monopole noise source are shown. Both the neckband
and laptop systems are seen to create silence zones in the vicinity of the test points. The

laptop system needs to inject more anti-noise to do so, which results in the creation of
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Figure 8.5: Top: the cancellation signal power spectra. Bottom: amplitudes of the
cancellation filters H (°® for the four paths connecting the 2ch probe microphones and the
2ch loudspeakers. The solid lines and dotted lines represent filter spectra for the neckband
and laptop setup, respectively.

additional noisy zones, as seen in the residual field. Audio examples of the PASCAL
simulations are available online.> Note that these examples are generated in an ideal setup
for demonstration where the incident noise can be perfectly separated from the signal to

be delivered to the listener and hence ANC is applied to the incident noise only.

8.5 Summary and related work

PASCAL, a framework for personal active sound field control on radiated, incident,

or local personal sound fields, using a single setup of loudspeakers and microphones was

nttps://github.com/kaneko60/PASCAL-demos
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Figure 8.6: The external field (top row), cancellation field (middle row), and residual
field (bottom row) at 500 Hz in the z-y plane on the height of the listener’s head for a
monopole noise source located at (2m, 1m, 0) and the head located at the origin, for the
stereo neckband (left column) and stereo laptop (right column), respectively.

presented. The framework relies on FMMBEM simulation for the TF preparation, which
allows the use of a large number of test and optimization points which are utilized to
design effective regularization. A system using wearable loudspeakers was simulated for
the ARC and ANC tasks. A reduction level of 10-20 dB was observed at frequencies
below 500 Hz. In the ANC task using a stereo neckband loudspeaker, the noise injected
into the environment was found to be significantly less compared to the case of stereo
loudspeakers of a laptop with comparable noise reduction level. A known issue of small
loudspeakers used in real-world wearable audio devices is the limited producible frequency

range which leaves active control of frequencies below 100 Hz challenging. Fortunately,
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human speech has a higher frequency range and therefore this limitation may not be a
serious problem in the ARC task.

Related systems have been extensively studied for ANC in vehicles [169] and ANC
for headrests [170, 171]. These include time-domain variants e.g. the filtered-X LMS
algorithm [172]. The utilization of these algorithms may be beneficial for future versions
of the present work.

The performance of audio classification, source separation, and signal enhancement
methods has significantly improved in the recent years [173—175]. As future developments,
such methods could be utilized to realize PASCAL which recognizes different signal
and noise types in the environment and selectively suppresses/enhances certain types of

radiated/incident sounds.
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Chapter 9: Recursive analytical quadrature for the close evaluation of
Laplace and Helmholtz layer potentials over flat boundary

elements in R3

A method for the analytical evaluation of singular and nearly singular layer potentials
arising in the collocation boundary element method for the Laplace and Helmholtz equation
is developed for flat boundary elements with polynomial shape functions. The method
is based on dimension-reduction via the divergence theorem and a Recursive scheme
for evaluating the resulting line Integrals for Polynomial Elements (RIPE). It is used to
evaluate single layer, double layer, adjoint double layer, and hypersingular potentials,
for both the Laplace and the Helmholtz kernels. It naturally supports nearly singular,
singular, and hypersingular integrals under a single framework. The developed recursive
algorithm allows accurate evaluation of layer potentials associated with O(p?) density

functions used in a p-th order boundary element in O(p?) time for the Laplace case.!

The research presented in this chapter is currently under review for publication. Its preprint can be
found in [176].
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9.1 Introduction

Accurate, efficient, and error-controlled numerical evaluation of layer potentials
is needed to build the linear systems that must be solved in boundary element methods
(BEM). This is nontrivial because the integrands are not always simple analytic functions
but are singular or nearly singular. Fig. 9.1 illustrates the different types of element-level
integrals that need to be evaluated in the fast multipole accelerated BEM. Quadrature

(1) Singular (on-surface) (3) Intermediate distance

Evaluation . '
point .

Far-field «——>Near-field

(2) Nearly singular (distance < elem. size) | (4) Far-field (well-separated)

. _ Octree cell .~ v '
""" boundaries i

Figure 9.1: Types of layer potential integrals categorized by element-evaluation point
distance. (1) singular or hypersingular case where the evaluation point is on the element
surface, (2) nearly singular case where the evaluation point is off the element surface but
too close for simple Gauss-Legendre quadrature being accurate, (3) intermediate distance
where direct evaluation is still applied and Gauss-Legendre quadrature is effective, and
(4) far-field, where far interactions are clustered using the fast multipole method. This
paper provides efficient and accurate computation of integrals of types (1) and (2) for all
four layer potential kernels (Eqgs. (9.3) and (9.5)), for both the Laplace and Helmholtz
kernels.

schemes which are effective for integrating polynomials of limited degree, e.g. Gauss-
Legendre quadrature, are known to produce inaccurate results when the evaluation point
is close to the element. Many techniques have been developed over the years to accurately
evaluate boundary integrals in such nearly singular cases [1,177-187]. Ref. [1] provides
a recent extensive survey on this subject. The approaches developed include singularity
cancellation using coordinate transforms [177, 179, 180], singularity subtraction [178],
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continuation approach [188], dimension reduction [181-183], adaptive subdivision [184],
and quadrature by expansion [185, 186, 186, 187]. The PART method [177] applies
coordinate transforms which reduce the effect of the diverging integrand via the Jacobian
of the transform. [180] introduced another coordinate transform approach, using sinh
transforms. Singularity subtraction methods [178] split the integrand into a singular part
and a regular part, where the former is evaluated analytically and the latter via Gauss-
Legendre quadrature. Another approach for evaluating the layer potentials is to derive
analytical expressions of the integrals. Newman developed a method to evaluate layer
potentials for the Laplace kernel on quadrilateral elements for shape functions of arbitrary
order [189]. Lenoir and Salles developed a semi-analytical method using dimension-
reduction via the divergence theorem for constant and linear elements in Galerkin BEM [181,
190], where the layer potential associated with the singular part of the Helmholtz kernel
is evaluated analytically, but the regular part is evaluated via conventional quadrature.
Recently, Zhu and Veerapaneni [183] introduced a method for Laplace layer potentials on
high-order curved elements using dimension reduction via Stokes’ theorem and quaternion
algebra. As for the far-field case arising in the fast multipole method (FMM) [45] accelerated
BEM, multipole expansions of layer potentials need to be evaluated where the integrands
are the spherical basis functions and their normal derivatives instead of the Green functions
themselves. The authors have recently developed efficient analytical quadrature schemes
for these integrands for both constant [191] and high-order simplex elements [192].

In this paper, we propose a method to analytically evaluate all four layer potentials
targeting singular and nearly singular cases arising in collocation BEM for the Helmholtz
and Laplace kernels over flat boundary elements with high-order polynomial shape functions.
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Flat boundary elements find important applications in problems where the boundary is
inherently made of piecewise flat surfaces. This includes, but is not limited to, room
acoustics [162]. In room acoustics, the boundary is made of millions or more flat boundary
elements and hence efficient algorithms tailor-made for flat elements are highly desired.
The proposed method is based on reduction of the surface integrals to line integrals via the
divergence theorem in the element plane and efficient computation of the resulting line
integrals using recursions which are derived via the introduction of auxiliary vector fields.
In comparison to [181] we treat both the Laplace and Helmholtz kernels within a single
framework, and are able to analytically evaluate integrals with general order polynomial
shape functions via recursions. The method in [183] is most related to ours in that it
is based on dimension reduction and supports polynomial elements. However our work
differs from [183] in a number of ways: (1) it is analytical and solely uses recursions, in
contrast to the use of Gauss-Legendre quadrature for the line integrals, (2) it is derived for
both the Laplace and Helmholtz kernels and for all four basic layer potentials, i.e. single
layer, double layer, adjoint double layer, and hypersingular potential, (3) it is restricted
to flat elements by relying on the divergence theorem, whereas [183] is based on Stokes’
theorem for manifolds and can handle curved elements, and (4) where [183] involves an
O(p®) coordinate transform step, our method has an overall complexity of O(p?) for the
Laplace case, with p the polynomial order. We remark that the divergence theorem in the
flat element plane can be derived from Stokes’ theorem, so the method could have been
equivalently presented in terms of Stokes’ theorem.

One of the benefits of our recursion-based approach is error control, as some of

the recursions may be truncated as soon as a prescribed threshold is achieved, a feature
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that is missing in fixed-order Gauss-Legendre quadrature. Error control is important when
quadrature is part of a more complicated solver with multiple components, e.g. the FMM-
BEM solved via an iterative method, where the numerical error arising from different parts
should all be kept consistent to avoid redundant computation. While adaptive error control
can be achieved by classical methods e.g. Gauss-Kronrod quadrature, such methods
are not as efficient as our method, as seen in §5. The simplest case of our method for
piecewise constant elements was initially developed by Gumerov and Duraiswami [193]

and used in a production collocation BEM solver for the Helmholtz equation [162].

9.2 Boundary element method and layer potentials

The boundary element method is extensively used for numerical solution of partial
differential equations, e.g. the Helmholtz equation and the Laplace equation, respectively
given by

—Ku(r) - V2ulr) = f(r),  —VZu(r) = f(x), ©.1)

with wavenumber £, field u, and source f. The weak form of (11.1) can be written in

terms of single- and double layer potentials V', K [194]:

{70 + K, — Vig)ub(rp) = {Nof }(rp), ©.2)
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with ¢, = 1/2, 7, and 7, the boundary trace and normal derivative operators, Ny the

Newton potential operator, and layer potentials defined over the boundary I as:

G (rp,1y)

o o(r,)dl, (9.3)

(o) = [ Glprut), (Ko = [

rq€l
where G(r, r,) is the Helmholtz or Laplace Green function:

eikr 1
Gu(rp,r,) = pp— Gur(rp,r,) = T "=t Tl 9.4)

Some BEM formulations [195, 196] use the normal derivative form of the boundary
integral equation with the adjoint double layer potential KX and hypersingular potential

D.

(Ko = [ 280t year, (Do) = [ —OCEnry) o ir ©5)

rqel’ 8np rq€l 8111)61’1,1

In the collocation BEM the boundary I' is discretized into elements, typically triangular,
and the layer potential integrals over these elements are evaluated. The densities ¢, ¢ are
approximated via local polynomial functions (also called shape functions).

9.3 Problem statement

Assume a flat triangle element S with vertices v;, vy, and vz in R3, where the

element coordinate frame (i,j, R) has its origin in the element plane, i and j are unit
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~
.

vectors lying in the element plane, and k=1ix j = Nf,ee, Where ng,.. 18 the unit normal

to the element. We also define the edge coordinate frame (7,37, k7) for edge j as: i/ =

1 n?, and n? are the

(V%3 —V5)/ IVt — Vil k! = npee,andj’ = kixi¥ = —ni. n
unit outward edge normal vectors in the element plane for edges (vi, va), (va, v3), and
(vs, vy), respectively. The coordinate frames associated with the boundary element are
shown in Fig. 10.2. In the following, the superscript j refers to the edge index and is not
an exponent. r, and r,, are respectively defined as the observation point and its orthogonal
projection on the element plane. The points r, and r, are represented as r, = (x,y, z)

= [rg =1l p =1 — Ty,

=2~ Zp.

Figure 9.2: A boundary element and its associated coordinate frames. We have the
element coordinate frame (i,j,k) and edge coordinate frame (i, k’) for each edge
with index j. The origin of the element frame is set to v;.

In this setup, a point in space can be expressed as:

r=v,+ai+ yj +2k=v,+u (vo —vi) + v (Vs — Vi) + Wigaee, (9.6)

where (u, v) are the coordinates in the two-dimensional reference frame with 0 < u, v <

land u+v < 1, and (z, y, z) are the coordinates in the element frame. Projection from
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the reference frame to the element frame is a linear transform:

(z,y)" = E(u,v)", (9.7)

with = the (2 x 2) transformation matrix. Points in the element frame are expressed by

their coordinates in the edge frame as:

a B 0 Ve
(z,y,2)T = B(2?, 4/, )" +b, B= a, B, 0| b=, |- O3
0 0 1 0

Identifying the entries of =, B, and b for a given element is straightforward.

Shape functions N (u, v) for p,-th order elements have the following form:

ps ps—b ps pPs—b
ro
Nps (u’ ’U) = E E ab’,c/ub ’Uc = E E Abjcxbyc. (99)
b'=0 /=0 b=0 c=0

Shape functions are specified by the a; . coefficients in the (u, v) reference frame. The
coefficients A, . for the element frame expression can be obtained by substituting (9.7)
into (9.9) and solving a linear system. Since the coefficients ay » and A; . only interact if
b+ c =10+ ¢ dueto (9.7), this can be achieved by solving p, + 1 small linear systems,
and each of these can be solved via efficient stabilized algorithms for Vandermonde

systems [197], resulting in a complexity of O(p?) for this stage.

133



9.4 Method: Recursive Integrals for Polynomial Elements (RIPE)

9.4.1 Dimension reduction via divergence theorem

We assume flat triangular elements and reduce the surface integral to a contour
integral via the divergence theorem, and discretize the contour integral into a sum of line
integrals over the straight edges. We seek vector fields m; whose surface divergence in the
element plane gives the integrand in question, i.e. a polynomial shape function multiplied

with the Green function:

Z szs -m; = N(U(QZ, y>7 U('Tv y))G(rP7 r(I)') (910)

then we can apply the divergence theorem for the evaluation of the element-wise layer

potentials of interest. This is depicted in Fig. 9.3. The single layer potential V., double

ng n-mdlL,
fLs n-mdLs

le n-mdlq

Figure 9.3: Left: the surface integral over element S of a function which can be written as
the surface divergence of a vector field m. Right: after the application of the divergence
theorem, the surface integral over .S is converted into a contour integral over the contour
C = 0S and further into line integrals due to the straightness of the edges.

layer potential K., adjoint double layer potential K ;, and hypersingular potential D, can
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be all then written as:

V, = / G(r,,1,)N(r,)dS, = / D AV, -midS, = ZAZ- / V, - mydS,
Sq Sq i i Sq
- ZAi <]{ ne - m;dC + Tsfrzg) Z A; (Z/ n; -m;dL; + Ts(fng> :

(@)
B oG (rp, rq 0T Gng
Ke_/s on, 0)dS, = 5 A; (E 8z/ n; -m;dL; + Ep

(4)

o aG(I'p, I'q 8jjsing
K = - dS_ZA (Za / nyamdL R )

Sq
9*G(rp, 1,) 02 o°Ts)
—-D, = Z VP U N (VS = A; / -m;dL; sing
5, mom, a4 Z om0z ), Bny0z )
(9.11)
with V, = V — 1A<(IA< - V) the surface divergence operator in the element plane and

C = 08, the contour of the element surface S,. Note that we have to add the singularity
term Ts(fgg associated with m; to the contour integral if 1, the projection of r, onto the
element plane, falls onto the element and if the integrand no - m; has a singularity at
r, = T, on the element. In this case, the singularity has to be removed when applying
the divergence theorem, i.e. the contour integral over an infinitesimal circle C. centered
at the singularity on the element has to be subtracted from the contour integral over S:
Ts(igg = lim._,q fcg ne. - m;dC.. Thus, the problem reduces to the evaluation of line
integrals | L0 m;dL; associated with each edge and singularity terms associated with
the element. One way to evaluate these line integrals is to rely on Gauss-Legendre
quadrature, resulting in semi-analytical methods [183]. If these line integrals can be

computed analytically, they can be further reduced to the evaluation at the end-points

of the edges due to the fundamental theorem of calculus. Fig. 9.4 depicts the contrast of
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the conventional approach of surface integrals based on Gauss-Legendre quadrature and

the proposed RIPE method.

Figure 9.4: Conventional Gauss-Legendre quadrature requires evaluation of the integrand
at multiple nodes on the element S, which may be near or coincide with the evaluation
point, or collocation node, r,. After application of the divergence theorem, the surface
integral over S' is converted into an integral over the contour C' = 95 and further into
line integrals, which in the end results in the evaluation of analytical expressions at the
endpoints of the edges, i.e. at the vertices.

To execute this strategy we need to find expressions for the vector fields m;, whose
surface divergence equals the integrand G(r,,r,)N(r,), or, at least, the terms [, n; -
J

m,dL; and T

sing- While the proposed method can be naturally generalized to polygonal
elements, here we only consider triangular elements for their simplicity and efficiency. In

the rest of the paper, 0f /0x = 0,f = f® all denote partial derivatives of a function f

with respect to variable .

9.4.2 Laplace kernel with polynomials of arbitrary order

9.4.2.1 Single layer potential

Our aim is to find vector fields whose surface divergence equals the integrand in
question, i.e., a polynomial of x and y with degree up to ps multiplied with the Green

function:

=——, bc>0, b+c<p,. (9.12)



We introduce auxiliary vector fields m,, . , which satisfy the following relation:

ibecT'a

Vs myeq= , a,b,c>0, a+b+c<p,. (9.13)

4rr

Lemma 1 (Recurrence for auxiliary vector fields - Laplace kernel). If fields my_; . 411

and my, . .1 satisfy (9.13), then the field my; . .1 given by:

b,,co.a

xr T %
amMpyl ca—1 = _bmb—l,c,a-l-l + ATpMyp cq—1 + ( ngﬂ' 1) , @ > 1a (914)

also satisfies (9.13) for the index tuple (b+ 1,c,a — 1).

Proof. 1f vector fields my_; . ,+1 and my, ., satisfy (9.13), the surface divergence of the

right hand side of (9.14) yields:

xbycr%
- bvs ' mb—l,c,a+1 + axpvs ' mb,c,a—l + Vs : ( Art 1)
bxb—lyc,ra N xbycra—l N C(I.Tb+17’a_1 o a:l:pxbra_l + bxb—lra—i—l xb—l—lycra—l
= —0———————— axr Yy =a
4y P dmr 4y 4qr

(9.15)
hence, V, - my 1.0 1 = 2" yr®1/(4nr), which means that my, ., satisfies (9.13)

for the index tuple (b + 1,¢,a — 1). H

Let us define:

Sbea = /mb,c,a-njd:vj, Iy = /rmdxj, k., = —yg T—dej, (9.16)
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From (9.14) it follows:

b i-n/ b +1 9.5
—1,c,a c,a AN “re dj7
g p1oteat b, +(a+1)47r/xyr o

§b+1,c,a = -

and by symmetry, the following recurrence also holds:

~

. jond b et
c+l,a — c—1l,a c,a roiTda’
gb, +1, a 1517, 1,a+2 ypfb, , (a 1)4 /[E yr x

9.17)

(9.18)

These recursions hold for b > 0 and ¢ > 0. For b = ¢ = 0, the following field mg g 4:

a+1

r
5P

ro0a = (a+ 1)dmp

satisfies (9.13) and can be used to initiate the recursion. This yields:

Ta—l—l ) ) yj 7,.(1-1-1 ) —k 1
a = - . Jd J — D d 7 — —a+
00 / (a+ 1)47Tp2p e (a+ 1)4m / p? ‘ (a+ 1)4m

The integral k,, and 7,, can be computed efficiently via the following recurrence:

: . . , ,om 2 a2
kmy2 = (2)km — Yim,  imea = (1))* + (Zi)Q)MZm 77(1 T3

with closed form initial terms in appendix B. The following are used later:

l l

T . .
A R A A e 7.0
8%/91 = ypp2, Gy%kl = .’L'dp2 lll,Q, azg)kl = lzdkl,g,
al,%zl = —r, ayg)z, = lylir—a, OZ%ZZ = —lz)i_o.
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It remains to compute the last integral in (9.17) and (9.18) with form f xby°reda’. Recall

T = a2l + B,y + v andy = aa? + B,y + v, Also, y/ = 27 = 0 for points on edge

4. Following a coordinate transform from 27 to z; this can be written as:

Kb,c,a = /iﬁbycradfj = /(axxiz - d)b(ayxé — B)Cradxé,

(9.23)
A j i A= j j 2 2 ()2
a=—(Boy) + ) —ax), B=—-(Byy +v) —ayx), v =r"— (7).
Later we use:
N ~ J J Ao d )
Oé(mp) = —ay, /B(xp) = —ay a(yp) — a(zp) — B(yp) — B(Zp) = 0. (924)
The function & ., satisfies the following recurrence relations:
_ 5 A Ny 2
Rb+1,c+1,a = QgQyRp ca+2 — me—l—l,c,a — ORpctl1,a0 — (Oéﬁ + Qg Oy Y > Rb,c,a5
9 A A2 2.2
Rp4+2,c,a = OpRbca+2 — 2aﬁb+1,c,a - ((I + a7y ) Rb,c,as (925)
2 A 32 2_2
Rb,c+2,0 = ay’ib,c,a—m - 26"£b,a+1,a - (5 + Oéy'}/ ) Rb,c,a-
The following special cases are used to initiate the recursion:
, . rat2
— 9 _ J ad J AL S A
R0,0,a = %a, R1,0,a = Qg $dT xd Alg = Oé:va + 9 QK0,0,a)
(9.26)
70(1—&—2

_ J,.a .. Q; 2
K010 = Oy /xdr dx), — Big = aya i BKo.0.a-
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Later, we will use the following relations:

0, Kibe.a = axg/xbycr“dxj = /wbycaxg(r“)dxj = —/xbyc i (1) da?

b, c,.a
=—Tyr + O‘xb"{b—l,c,a + QyCRY c—1,a,

_ _ 9.27
6@/{;,{1)707@ = —AaYdkp,c,a—2; az’ib,c,a = A2qRpc,a—2;, ( )
2 _ b c a—2 (2) (2)
82’12/%,,3,@ = =27y azgr'" + agbryy L+ aycRy L,
b, c.a—2
= azg(—x"Yr*" + azbkp_1 ca—2 + yCRYc—1,0-2).
Note that we also need to compute the singularity term associated with my, . ,:
Thea =lim ¢ myeq-ne.dC, (9.28)

OC5

if r,, falls onto the element and if the integrand has a singularity on the element, with C; a
circle of radius € centered at the singularity and no_ the inward unit normal vector along

the circle. This singularity term also obeys the recursions:

T ca:_—T— c,a T c,a 1 c a:—T c—1,a T c,a (929)
b+1,c, a+1b1,7+2+xp b,c,as betla= — 710 La+2 T YpLbcas
and, if the fields (9.19) are used for b = ¢ = 0, the following are initial values:
Ta+1p- ne |h|a+1
Tooa =1i @ dC, =1 ——d0, = ———. 9.30
0,0, 61_I)I(1) 7{} mMo,0,a - NC. el_I)I(l) .. (a + 1)dnp? 2@+ 1) ( )

Thus we can evaluate all terms needed for the single layer potential with an arbitrary

polynomial shape function of order p, by running the above recursions. The procedures
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for computing k., and &, ., are given in algorithm 1 and algorithm 2. The values &, . o
are the line integrals needed to compute the layer potential. The steps for computing the
&p.c.o coefficients using algorithm 2 are illustrated in Fig. 9.5 in the (b, ¢, a) index space
for the Laplace single layer potential. By taking derivatives and second derivatives with
respect to z and/or r,, similar recurrences are derived for the double layer, adjoint double
layer, and hypersingular potentials. The same scheme applies for the evaluation of these

layer potentials, also for the Helmholtz kernel as shown later.

Algorithm 1 Compute k., for b+ c 4+ a < p;
1. Compute all k¢ , terms by running the recursion (9.26) on the a-axis.
2. Compute all g ; , terms using (9.26).
3. Compute all kg, terms by running recursion (9.25) on the b = 0 plane for ¢ =
2,3, ..., Ds-
4. Compute all k4 o o terms using (9.26).
5. Compute all k3, terms by running recursion (9.25) on the ¢ = 0 plane for b =
2,3, ..., Ds-
6. Compute all remaining Ky 11,4 terms for each c-plane withc = 0,1, ..., p; — 1, for
b=0,1,...,ps — c — 1, using recursion (9.25).

Algorithm 2 Compute &, ., for b+ c + a < p,
1. Compute the seed term & o o using the expression (9.20).
2. Compute all { o , terms along the a-axis using the expression (9.20).
3. Compute all &, terms in the b = 0 plane for c = 1, 2, ..., p,, using
(9.18).
4. Compute all remaining &, ., terms for each c-plane with ¢ = 0,1, ..., p,, for b =
1,2, ...,ps — ¢, using recursion (9.17).

Here is our main theorem:

Theorem 2 (Layer potential integral by recursion via auxiliary vector fields - Laplace
kernel). algorithm 1 and algorithm 2 allow evaluation of the indefinite integral &, .o =
[ my.-n/da? needed for the computation of the single layer potential weighted by shape
functions x*y° based on (9.11).
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Figure 9.5: Computing &, ., using algorithm 2. The blue arrows indicate terms in the
recurrence relations used in each step, here for the Laplace single layer potential with
ps = O. Step 1 (top left): compute seed term &g, step 2 (top center): compute &g
using recurrences along the a-axis, step 3 (top right): compute & ., on the b = 0 plane
using recurrences in the c-directions, step 4-6 (bottom left to right): compute &, ., for
b > 0 using recurrences in the b-direction.

Proof. The theorem follows from the initial conditions (9.26), (9.20), the recurrence

relations (9.25), (9.17) and (9.18) due to lemma 1, and induction. ]

Alternatively, the recursions can be executed such that &, . o are obtained in ascending
order of b + c. This may be useful if application using RIPE has a mechanism to evaluate

and accept results with dynamically truncated orders.
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9.4.2.2 Double layer potential

By taking the derivative of (9.17) and (9.18) with respect to z, we obtain recursions

for computing the double layer potential:

—b . ; i el
£b+1 c,a a + 1€é21,c,a+2 + xpgls,c),a + Zd/l‘by r 1d$]’

47
(2) (Z) (2) j -0’ b 1 ; (2) ija—l
fbc+1a = t YpSpea T . Zd/x yortda’, 0,0, — p47T )
(9.31)

with féfc)’a = 0.&p.c.q- For the singularity terms T

b,c,a —

= 0,1} 4, from (9.29) we have:

b

(2) _ (2) (2) (2) (2) ¢ (2)
Tb+1 c,a mPTb,C,a - ?Tb 1,c,a+2> Tb,c—i—l a yprca - G—H b,c—1,a+2> (9 32)
j’ |a—1 ’
Ty, = 5 if[h] # Oelse .
9.4.2.3 Adjoint double layer potential recursions
. o i-n/
éé—i-pl),c,a = a—+ 1£b 1 ,c,a-+2 + Oéxgb,c,a + xpglg,czji ( + ) ———0 {;Hb»cny’l’
. (9.33)
J 1 n] .
€b+1 ca gbypl)c a+2 + Bxfb,c,a + $p€éi’ji A yd b,c,a—1)
gb c+1l,a = a + 165 cp)l ,a+2 + a’ygb c,a + ypfb p) ﬁax%/{b,c,a-i—la
. (9.34)
J
gbycp—})—l a = gb c— 1 ,a+2 + ﬁygb c,a + ypgbyp) 47'(' 'Kéb c,a—1,
g(:c{;) _ —yy et 5(y{;) _ 1 i :Edra+1 (@
0,0,a (a+1)47r P2 ) 0,0,a A7 a— (a+1)p2 ’ bca T Sbh,c,a0
(9.35)
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with 5(%) =0, fb c.a and §by”) = 8 fb c,a- For the singularity terms Tb o = 0y, Thc.q and

b,c,a —

= 0, T} . we have:

b c,a
() (@) _ b ) (p) W) _ 0 )
Tb-&fi,ca - Tb Cpa - m b—ﬁ,c,a-&-? + Tbv@‘“ Tb-g&/-pl,c,a = PTb,zi;:a - a—‘f‘l bgpl,c,a-i-Q7
(9.36)
(xp)  _ (zp) ¢ (zp) (p) (yp) (p)
Tb,cil,a - ypr cpa a—+ 1 b,cp—l,a—‘r27 szil—)i-l a = Yp b?(J:pa - a—+ 1szip 1,a+2 + Tb,c,aa
(9.37)
TS =T =0, TS = 1) (9.38)
9.4.2.4 Hypersingular Laplace potential
For this potential we obtain:
(z,a2) z,x3 (z,z]) I n’ (zmj)
Sb—l-lpc a = a + 151) lpc ,a+2 + axgb c,a Lp b,c,ap ( ) Ky C,ap-l-l’
2,Yp Z, z i ( ) j c..a— j
glg-l-?l!ca = —515 i/pc ,a+2 + ﬁf&b c,a + I'pfb 1) 4—yézd / xby " 3dx]7
z \22 ,zj i : nj
Eéj—lpca - Ebz lpc a+2 P IS;ZC,:) - A (Rb,c,afl + Zﬁ(a - 1)Hb,c,af3) )
(9.39)
2,73 2,7 (2) 2,7 .] n’ (z,23)
éb cJﬂ a a -+ ].gb c 11 ,a+2 + ayéb,c + ypgb » ﬁ’ib,c,aﬁrl’
) ) (Zv j (a ) j b, c, .a— j
gb c-:llj-pl a CL + 1'517 cypl ,a+2 + ﬂyfl) c,a + ypgb c?fzp 4—3/2251 / ryrTr 3d£lfj,
2,2} (z,20) (z,20) j'nj
gb c+p1 a CL I 1€bc pl a+2 P b,c,cf o A ('%bacﬂl—l + ZC%(CL - 1)/’{'b,c,a—3) )
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Mo 4 dnP7E dm

(zd) _ 1 : L 1o et .

Ovozy“ :ang(zlj?k“_l) - Ezliayika_l - E’Zg)(xfi 2 —(a—1)ig—3)
(z,zj)_l g _ka—l a—1 ) . 1 .
0.0.0 —Eazg)(zikafl) = + ?(zfg) ko3 = E(aka,l + (a = 1)y)ias),

(9.41)

5 (vaz?) — 92 (Zryz];) — 92
with &, = ami-j&,’c’a and §, 7 = 827%&),0,,1.

G,

For the singularity terms 7, (z2p) — ag,xpr,C,a and Tb(z’yp) = a;ypr,c,a we have:

b,c,a ,C,a

() _ 0 ) (z9) | l2)
Tb+1,z,a - a -+ 1Tb—1,z,a+2 + xPTb,c,ap + Tb,c,m
cow) _ b0 ) (cwp)  plem) _ 0 ) (212)
Tb-l—iyf:,a - _me—ff;,a—i—Z + xpr,c,chLp ’ Tb—f—l,z::,a _ _G—H b—1,c,a+2 + mpr,c,ap )
(9.42)
(zyp) _ ¢ (z,9p) (z,9p) (2)
Tb,chZi,a - _Cl + 1Tb,cfli,a+2 + ypr,c,ap + Tb,c,a7
(z,zp) c (z,zp) (z,zp) (z,2p) c (2,2p) (z,2p)
Tb,c—i-zl),a = _CL—H b,c—ll7,a+2 + yPTb,c,ap ’ Tb,c-‘r}i,a = _m b,c—q,a+2 + ypr,c,ap ’
(9.43)

[Al*" + (2)*(a — D)|A[*~?

5 if |h| # O else 0. (9-44)

Toow' =Tooa =0, Tood’ =
9.4.3 Helmholtz kernel with polynomials of arbitrary order

9.4.3.1 Single layer potential

We want to find vector fields in the form:

(9.45)
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For this, the following auxiliary vector fields are introduced:

b,c..a_ikr
V. my,, = %, (9.46)

Lemma 3 (Recurrence relation for auxiliary vector fields - Helmholtz kernel). If vector
Sields my 1 g, My g, My ¢ g1, and My, ¢ o1 satisfy (9.46) and a > 1, then the vector

field my; ., given by the following equation:

a b az, xbycr“ etkr .

%mb—i-l,c,a—l = TpMypcq — Mpi]ca — Zl{?mb 1,c,a+1 + ik mbca 1+ Aik

(9.47)

also satisfies (9.46) for the index tuple (b+ 1,¢c,a — 1).

Proof. If vector fields my, . o, My 11 cq, My cq+1 and my ., satisfy (9.46), the surface

azr +l cpa— 1 zkr
47r7,k

divergence of the right hand side of (9.47) yields: yhence, Vy-my g1 =

b+1yc,r,a 1€zkr

47r

, which means that my; ., satisfies (9.46) for the index tuple (b+1, ¢, a—

1). O

This yields the following recurrence relation and its counterpart due to symmetry:

a i.i
gb—i-l,c,a - xpgb,c,a - %&H—Lc,a—l fb 1,c,a+1 + ébc a—1 + 4 ik b,c,as
L e (9.48)
Encria = Ypbnoa — =€ —¢ + a1+ J
be+1l,a — YpSbh.e,a ik b,c+1l,a—1 — b,c—1,a+1 b,c,a—1 Amik b,c,as
where we have defined:
Ebea = /mb,c,a -n’da’, Opca = /xbycr“emdxj. (9.49)
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The challenge is to evaluate 6, . ,. Assuming k|r — ro| < 1 with ry = |r, — v7|, which is
usually satisfied in the BEM as the mesh size is typically set to be smaller than \/6 with

)\ the wavelength, we expand the e*" term as Taylor series:

gb,c,a — /[L’ ycTa67'krde'j _ ezkro /xbycraezkr To)dl’]

e "= (ik)! T '
meltt Yy / 2Py (r — ro)'da’ =6”“’”°ZA§“) / "yt Hda’ (9 50)

=0

pe—1 —l—
— o 3 A0 p _ (k) —Z/Wo
=" Al Kb,c,a+1, [ = N

=0 m=0

For later use, we also define:

eikﬂ“o pe—l ikrg pe—l

4 Z Al(pE)lirs’ Us = ‘
™

=0 =0

Ss

AP 9.51)

The following derivatives of these functions are also used later for the computation of

derivatives of the single layer potential:

zkro Pe— ) ez’kro pe—1 (o) .Tl+a+1 yzj) ratl zkr
8,5, AP, ki APy ~ . (9.52
zjPatl = Z o+l = 74 ; i Yp 2 A p? (9.52)
etkro Re 1 ( pltatl
8%];8(1_’_1 = 47r Z Alpe ({I)d 5 (l + a ‘l— 1)il+a_1)
=0
T ra—l—l ikr zkro
~ d4 lzl-‘ra 1+ (CL + ]-)Zl-‘,-a 1)
1: (9.53)
T ,ra—i—lezkr ezkr o
~ d47r B) — e Al(pe)lkll+a — (CL + 1)Ua_1
P =0
2 patlgikr
- d47T—p2 - (ikUa + (CL + 1)Ua_1>,
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ikro pe—1

8zSa+1 - 6471_ Al(pe)(l +a -+ 1)del+a71 ~ Zd<ik5a =+ (a + 1)5’&,1), (954)
=0
€ik7'0 Pe—1
0.Ua = - > APN1 + a)zgivra-2 ~ 2a(ikUa-y + aU, ). (9.55)

1=0
Thus, by computing the values of xp ., with maximum a index of p, + p. — 1, the
approximation of 6, . , can be computed. Note that (9.50) is a discrete convolution along
the a-axis in the coefficient grid, which may be accelerated via fast Fourier transform
(FFT) when both p, and p, are large.
The following recurrence relation can be used to generate vector fields my o , which

are needed to initiate the recursions in the b- and c-axis (9.48):

a+1 1 1 _raethr 9.56
myopat1 = — ik mgo, + Exaﬂa Mo o0 = EXO, Xa = 4 p? P- (9.56)

This recurrence yields the recurrence for the &, ., coefficients:

a+1 1 o a+1 Y / patlgikr
a = — a _— . ndeL’] - — a £ d'x]
00,041 §0,0,a T ; /Xa+1 T §0,0,a + T I

ik k
a+1 eikro P ( a+1 1
~— Y APy = — o — =S5,
iS00 T g 2 A s e

. . . 671
y]j) €Zkr . €Zkro r (pe) / Tl . 1
L Ry /5 PSR N O R 5 -
So00 = 7p a2 ” 4mk; v Rt ik"™?

(9.57)

The singularity term also obeys the recursions:

a ax

_ p
Tb+1,c,a - *Tpr,c,a - ._TbJrl,c,afl - ._bel,c,a+1 + = Tb,c,afla
ik ik ik (9 58)

a c ay,
Tb,c—i—l,a = ypr,c,a - ._Tb,c—i-l,a—l - ._Tb,c—l,a—H + = Tb,qa—l-
1k 1k 1k
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If the vector fields mg(, are chosen using the recurrence (9.56), we have the

following recurrence along the a-axis:

a+1 1. _a+1 |hferteki
Too.a+ —1 . dC, = Toog — ———-.
0,0,a T m : Xa+1 - De.adCe e 100, ik

TOO =
" +1 y
¢ ik 1k e—0 c

(9.59)

Note that this equation holds for a = —1 and gives the seed term Tp o = ™" /(2k).

9.4.3.2 Double layer potential

The derivatives of the & o, are given by:

(2) a+1 (2 (a+1)zq

0,0,0 ~ _ZdS—la foo at+l ~ — ik g0,0,a — 2454 — Tsa—l- (9.60)
Recurrences along b- and c-axis:
@ aTp (2) i
£b+1,c,a = Tp bc,a Z-_SbJrl,c,afl gb 1,c,a+1 + _pgb,c,afl M b,c,a’
P (9.61)
_ ay n *J 5(2)
gb ,c+1,a ypfbca - gb c+la—1 gbc 1l,a+1 + pfbca 1 Ak eb,c,a'
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(2)

Here, the derivative ¢,

= 0,0, can be computed as:

pe_l
Qéfc)ﬂ ~ ¢'kro Z Agpe)(a +1)zg / 2lyeratt=2dyd
1=0
pe—1 pe—1

— eikroazdZAl(Pe)/xbycTa—i—l—dej +€ikro ZA;pe)lZd/[EbycTa+l_2de‘j
=0 =1

pe—1 Pe—1

, o o . P

= et*rogz, E Al(pe)/xbycra+l 2da? + e*roikz, E Al(ﬁel )/xbycra+l 2da?
1=0 =1
pe—1 Ppe—1

zezkroazd E Al(pe)/$bycTa+l_2d$] —f—GZkTOZ.kZd § Al(pe)/xbycra+l_ldx]
1=0 =0

= Zd<a0b,c,a72 + Z.keb,c,afl)
(9.62)

If the vector fields mg(, are chosen using the recurrence (9.56), we have the

following recurrence along the a-axis for the singularity term:

iklh| . ik|h|
To(ﬁo =—0, 62% = ZZdeh if z # z, else 0,
! 17 | (9.63)
) a+1_ ) za(i(a+1) = k|h|)e®nl |pet
0,0,a+1 — ik TO,O,a + ok :
The recursion for the singularity term along the b- and c- axis is given by:
a b ax
Tb(JZr)l ca mpTlfzc)a A b(qzt)l ca—1 " 1. b(i)l c,a+1 _p b(zc)afl’
” ™ ik ™ ik v ik ™ (964)

z z a z c z ay z
Tb(,c)Jrl,a = yPTb(,c?a - E b(,c)+1,a71 - ETI)(,C)fl,a+1 + Z_k’p b(,c?afl‘
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9.4.3.3 Adjoint double layer potential

Seed term:

) i Jikr . J ikr
(@) _ W wo) _pp _ PaC (9.65)
$0.00 Arikp? £0.00 -1 dmikp?
Recurrence along a-axis is given by:
o) 0tleen  Lgey et lea yprettet
0,0,a+1 — ik 0,0,a ik a+l — ik 0,0,a 47T/Lkp ) (9 66)
. B a+1 zk:r ’
() a+1 @) a+1 whret
= —— + U, + U,_
50,0,0,-"-1 ik 0,0,a ik 1 47T'l]€p
Recurrence along b- and c-axis are given by:
xl z ax aa n i
élg—l—pl),c a xpfb + Oéxfb ca €l§+1>1 ca—1 fb 1 ,C a+1 pgb c,a— 1 xfb ca—1 + . IS,;SN
4dmik
L a Bw n -1
é-b—l—lca pbca+ﬁx€bca__£b+lca 1__61; lca+1 pgbca 1+ fbca 1+ — l(icljz)z?
dmik
(9.67)

) (x}) zl) z) ay. acy n’ j («)
é'b c;ii-l a :ypgb,cfa + ay§b7c7a - gb c?ii-l a—1 " éb cp 1,a+1 + pfb c,a—1 Z._kyé'b,c,a—l + Amik b,c?jcw
() ) i) (v) w) |, b 0 -j o
5byc+1 a ypgby + ﬁygb,c,a - gbyc+1 a—1 " gbyc 1 a+1 §byca 1+ Z-_kygb,c,a—l + mebi,w

(9.68)

where we used:

@) o b ik
eb,cz:a ~ = ycraez "+ aa:bgb—l,c,a + ayceb,c—l,m

| (9.69)
e(y;) ~ —yg(aeb,c,a—Q + ikeb,c,a—l)‘

b,c,a
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Recursions for the singularity term are given by:

(2p) (2) (ap) b ATp - (ay) a
Tb—&—q,c,a Tbca + Tbca - _ka—l—Zi ca—1 _kT 1,c,a+1 + kab cpa 1 + %Tb,c,afh
() W) @ lyp) b ) ATp - (y,)
szpl,c,a = xPTb,ycI:a - Zkai,pl ca—1 Zk bgpl,c,aJrl + kp Tb,yczjafh
(9.70)
Tp) Tp (zp) (zp ay Zp)
Tb(,c—i-l a yPTb(ccz - _ka c+l,a—1 k’ b,c—)l,a—‘rl + k,p Tb(,c,a—17
a
Tb(zc!ﬁgl a ypr(cg + Thea — Tb(?ﬁl a—1 " Tzf,?ip—)1,a+1 + ﬁTb(?ipi 1+ 7 Thea-1-
ik ik 1k ik
(9.71)
Note that Ty ) = Tyl =0, gb = ¢, and Tbca =17,
9.4.3.4 Hypersingular potential
Seed terms:
(2 z;) i eikr (z,yi) . jx ezkr
0,00 — ypzp4ﬂ_ 3, 50,0,0 = 24(ikU_o — U_3) + Zp Pirp
P (9.72)
(228) _ (ig () _ g igk) _ g NV2(ikS o — S
000 = (235-1)"7 = S_1 + 2352 = S_1 + (%) (ikS—2 — S_3).
Recurrence along a-axis:
gzxp a+1 (pr)_’_y] ](/{ (a—|—1)) a—1ikr
(2) a+1 _(y) , a?—1 (kr—z(a—i—l)) a—1gikr
OO = — i 000 + 2a(1kUa 1 + (2a + 1)Uq o + Uas) + Zj 47k p? ’
zzj CL—|—]_ zzj a+1 . a2—1
00ait == = Eoon + Sat (o + 25ik) Sut + 2((2a + 1)Sus + Sus)-
(9.73)
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Recurrence along b- and c-axis:

2,13, 2,2 2,23 2,25 ATp (z,) aOCz l’l' i (z,2)
é-b—l—lpca _-TpEb » + axfbca - _éb—l-lpca 1 _gb lpc Ja+1 + ,l-_k,pfb,c,ap 1 é-bca 1 47T’l]€ bcap )
2 , 2 7 ar, (s, aﬁx i o
€b+?pca Tp lEc?jzp +5I bca__ber?pca 1__€b ?pc)a+1+ pflgczizpl gbca 1+4 ik l()c?{np)’

2,2} 2,2 (2,23) 2,2} (z,20) nj'i (z,20)
€b+1pca =Tp bcap - €b+1pca 1 _gb 1pca+1 + _p bcap 1 Ak b,c,ciJ ’
(9.74)
ézxp ézmp + () (z,23) (z,20) & (z,23) _y .] (z,23)
b,c+1,a ypb Oéyfbc,a £bc+1a 1 ébc 1a+1+ fbca 1+ £bca 1+4 ]{Z b,c,a
, , , W) W, aﬂ 0 -l
éb c—:llj-pl a _ypgb yp + ﬁygbca - _gb c—lll-pl a—1 " _gb cypl a+1 pfb c?izp 1 ygbca 1 n b,c,ycf) )
2,2} 2,2} 2,2} (2,22) ay (z,20) n’ .] (z,20)
é-b c+p1 a " Yp bccf7 - _Sb c+p1 a—1 " _fbc pl a+1 pgbcap 1 47TZ]€ b,c,; :
(9.75)
Here we used:
9(2733%) ~ b, c - 'Lkr (2)
bea -y (CL + ’lk?”)?” + Oémbeb 1,c,a + ayceb,c—l,w
z0 z . z z .
l(a,c,lg) ~ _yd(ael(z c,a—2 + Zk(gl(),c),(z—l)? el(a,c),a ~ Zd(aeb@a*? + Zkeb,C,afl% (976)
z Zj ] z . z .
el(),c’,;) ~ _Zgl(ael(),c),a72 + Zkel(),c),afl) - (aeb,cya—2 + Zk@b,cﬂ—l)'
Recursions for the singularity term:
2,x z 2,2 ikeikm'
vo =Toow =0, Tyo = —5—,
s a -+ 1 . 6ik\h\|h|a71 .
voa1 =~ Toga) =~ (=2(a+ D[] +i(ala+1) = K*|h),
9.77)
(z2p) _ (z,2p) (2) (z,2p) a (z,2p) (2) (z,2p)
Tb—&-l,lt;a - pr,c,ap + Tb,c,a - E b—l,lt;a+1 + %(xpr,c,ap—l + Tb,c,a 1 Tb+1ia 1)
(ow) _ - plen) _ O () b zp) ATp 1 (z,)
Tb+1,z;,a - Tbcap - ETbJrl,;;,a 1 _]CT 1I;a+1 % b,c,apfl’
(z,2p) (2,2p) A (z,2p) b 2,2 ar (z,2p)
Tb+1,pc,a = mprcap - %Tb+1,pc,a71 - _k:T 1pca+1 + _k,p b,c,azllﬂ
(9.78)
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(z,2p) (z,2p) A (z,2p) C H(z,zp) AYp i (z,xp)
Tb,chzi,a = ypr,c,ap - % b,c+§,a71 - % b,cfiaJrl + Z_kfn b,c,apfh
z, z, z c z, a 2, z 2,
Tb(pj{q?a - yPTb(,c,chLp) + Tb(,c?a - %Tb(,cg;i?a—i-l + %(yPTb(,c,Zp—)l + Tlic?a—l - Tb(,c—ilﬁ?a—lm
(z2p) (2,2p) a (z,2p) ¢ (z,2p) ay, (z,2p)
Tb,c—l—l,a - ypr,c,a - % bc+l,a—1 % b,c—1,a+1 + Z_]: b,c,a—1"
(9.79)

9.44 Complexity

For the Laplace kernel, evaluating the recursions in algorithm 1 and algorithm 2 has
a complexity of O(p?). Note that this is the complexity to obtain all terms with the factor
2y for b + ¢ < p,. The layer potential for one shape function can then be computed as
a linear combination of O(p?) terms. If the layer potential was to be evaluated by Gauss-
Legendre quadrature of order b + ¢ + p, with p, the degrees to accommodate the non-
polynomial part, i.e., the Green function part of the integrand, the complexity to evaluate
one layer potential would be O((p, + p.,)?), assuming the use of O((ps + p..)?) quadrature
nodes. For the Helmholtz case, if we use p. degrees for the Taylor series expansion of
the oscillatory term e*", the complexity of the recursions in the RIPE method is O(p2p.)
with a simple implementation and O(p%(ps + pe) log(ps + pe)) if FFT is used for the
convolution. For Gauss-Legendre, the complexity is O((ps + p.)?), where p. degrees
are used to accommodate the non-polynomial part. Note that p. and p/, although both
parameters specify the precision of the integral evaluation, cannot be directly associated;
Gauss-Legendre would require larger p/, for evaluation points in the near-field since near
the singularity the integrand cannot be well approximated by low-order polynomials.

On the other hand, p. in the RIPE method can be smaller in the near-field as it is the
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expansion order of the Taylor series. This implies that the appropriate method depends
on the distance of the evaluation point from the element. If low-order elements with
ps = O(1) are used, the complexity of the RIPE method for the Laplace and Helmholtz
kernel reduces to O(1) and O(p.), respectively. The complexities for the low-order case

and general case are summarized in Table 9.1.

Laplace Helmholtz
ps ~ 1 \ General ps = 1 \ General
RIPE o(1) oY) O(p.) O(p2pe)
RIPE (+FFT) - - - | OW:(ps + pe) log(ps + pe))
Gauss-Legendre | O(p?) | O((ps +pL)%) | O(p?) O((ps + PL)?)

Table 9.1: Complexity for evaluating layer potentials for ps of O(1) and general order,
respectively. Note that the complexities for Gauss-Legendre are for one layer potential
evaluation, while for RIPE they are the complexities to computes all terms with the
monomial factor 2°y¢ for 0 < b+ ¢ < p, in a single execution of the recursive algorithm.
These terms can be reused when evaluating multiple layer potentials with different linear
combinations of these monomial terms.

9.5 Numerical evaluation

9.5.1 Accuracy

9.5.1.1 Nearly-singular case

The method was tested for all four layer potentials, for both the Laplace and Helmholtz
kernels. Adaptive Gauss-Kronrod quadrature, implemented in QUADPACK [198], was
used to compute the layer potentials Pok over a boundary element. The result of RIPE,
Pripg was compared against this reference result via the relative error | Pripg— Pak | /| Pak |-

The maximum expansion order p. in RIPE was set to 32, and the error tolerance of
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Gauss-Kronrod was set to 107'2. The layer potentials were also evaluated using 12th
order Gauss-Legendre quadrature which has 33 quadrature nodes on a triangle element.
The triangle {(0,0,0),(1,0,0),(0,1,0)} and point r, = (1/3,1/3,|h|) were used as

the element and observation points, respectively. N(z,y) = 3

was used as the shape
function. Results are shown in Fig. 9.6. Our RIPE method delivers remarkable accuracy
particularly in the challenging nearly singular regime |h|/D < 1, with D the maximum
edge length of the element. Gauss-Legendre quadrature is not reliable in this domain.
Note that the condition kD = 1 approximately corresponds to six wavelengths per element,
which is typically used as the maximum mesh size in boundary element analysis. We also
observe that the RIPE method has worse performance for larger |h|/D, where Gauss-
Legendre, on the other hand, delivers good accuracy. Given this complementary character,

one can switch the integration routine based on the distance of the evaluation point from

the element.

9.5.1.2 Singular and hypersingular case

Cases with the observation point r, on the element (singular and hypersingular
cases) are handled without any modifications to the framework. For these the method was
compared with results obtained by Guiggiani’s method [178], internally using Gauss-
Legendre quadrature of 20th order. The same element as in the previous section with r,,
on the center of the element was used to compute the single layer and the hypersingular
potentials. The six shape functions of a conforming second-order Lagrange triangle

element were used. Results for both Laplace and Helmholtz kernels are shown in 9.2-9.5.
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Figure 9.6: Relative difference of the layer potentials between RIPE or 12-th order
Gauss-Legendre quadrature and the reference adaptive Gauss-Kronrod quadrature, for
the shape function N (z,vy) 3. Results for single layer potential (top left), double

xTr-.
layer potential (top right), adjoint double layer potential (bottom left), and hypersingular
potential (bottom right).

A relative difference | Pripe — Paui|/| Paui| from 10719 to 107'% was observed.

\ \ Pripr \ Poui \ | Pripe — Pouil /| Pui \
N; | -0.0096108650741614 | -0.0096108650753968 | 1.28540284 x 1010
N, | -0.0096108650741614 | -0.0096108650753968 | 1.28539201 x 1010
N3 | -0.0059161308348599 | -0.0059161308348537 | 1.05940117 x 1072
N, | 0.0733163156462961 | 0.0733163156487268 | 3.31537174 x 10~
N5 | 0.0716914080260122 | 0.0716914080259944 | 2.48939665 x 10713
Ng | 0.0716914080260122 | 0.0716914080259944 | 2.48552512 x 1013

Table 9.2: Single layer potentials for the Laplace kernel evaluated over the element with
second-order shape functions of a conforming Lagrange triangle element. Numbers for
RIPE (Pgripr), Guiggiani’s method (Fgy;), and their relative differences are shown.
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’ \ Pripg Poui \ | Prire — Pouil /| Paui ‘
N; | 0.3411586129005689 | 0.3411586129009882 | 1.22913865 x 102
Ny | 0.3411586129005690 | 0.3411586129009879 | 1.22799965 x 10~'2
N3 | 0.5031187119584526 | 0.5031187119589535 | 9.95654936 x 10713
Ny | -0.7261344637586460 | -0.7261344637604444 | 2.47674552 x 10712
Ns | -0.9322819538428125 | -0.9322819538448199 | 2.15320509 x 102
Ng | -0.9322819538428122 | -0.9322819538448149 | 2.14820345 x 10712

Table 9.3: Hypersingular potentials for the Laplace kernel evaluated over the second-

order element.

\ \ Pripr Poui \ | Pripe — Pouil /| Pui \
N; | -0.0097575874677327 | -0.0097575874673111 | 1.65408707 x 1010
N, | -0.0097575874677327 | -0.0097575874673111 | 1.65411332 x 1010
N3 | -0.0059358291069226 | -0.0059358291069324 | 2.15796857 x 1072
Ny | 0.0724350497721009 | 0.0724350497713923 | 4.33315252 x 10~
N5 | 0.0707990955161933 | 0.0707990955162131 | 4.29383222 x 10713
Ng | 0.0707990955161934 | 0.0707990955162131 | 4.30321106 x 1013

Table 9.4: Single layer potentials for the Helmholtz kernel (kD = 1) over the second-

order element.

’ \ Prire P \ | Pripe — Pouil/| Pl ‘
Np | 0.3387374371700406 | 0.3387374371703727 1.34783671 x 10~ 12
Ny | 0.3387374371700407 | 0.3387374371703721 1.34571877 x 10712
N3 | 0.5016372264001558 | 0.5016372264006584 1.00193060 x 10~'2
N, | -0.7079157406214216 | -0.7079157406230446 | 2.45050302 x 10~12
N5 | -0.9144708322784949 | -0.9144708322805092 | 2.20267780 x 10~'2
Ng | -0.9144708322784947 | -0.9144708322805069 | 2.20036963 x 10~'2
Table 9.5: Hypersingular potentials for the Helmholtz kernel (kD = 1) over the second-

order element.

9.5.2  Stability

The RIPE method was evaluated by testing its accuracy with high order elements
up to ps = 9. Fig. 9.7 shows results for both Laplace and Helmholtz layer potentials. The
relative difference with the reference Gauss-Kronrod increases with element order, and

this divergence is more for the Helmholtz kernel.
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Figure 9.7: Relative difference of the layer potentials between RIPE and the adaptive
Gauss-Kronrod quadrature, for various shape function orders. Laplace (left column)
and Helmholtz (right column), for single layer, double layer, adjoint double layer, and
hypersingular potentials (top to bottom).
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9.5.3 Computation time

Computation time of the layer potentials with Sth order shape functions over the
element {(0,0,0),(1,0,0),(0,1,0)} and observation point r, = (1/3,1/3,|h|) were
measured and compared against the adaptive Gauss-Kronrod baseline. The expansion
order for the Helmholtz kernel in RIPE was set to p. = 32, and the error tolerance
of Gauss-Kronrod was set to 1072, The result is shown in Fig. 11.2. The times for
RIPE are those spent to compute integrals weighted by the shape function N(z,y) =
xPy¢ for all terms in 0 < b + ¢ < p, in one run of the recursion, while for Gauss-
Kronrod these are for the computation of a single term with the shape function N (z,y) =
x°. Gauss-Kronrod requires long computation time in the near-singular domain with
small |h|/D, while computation time for RIPE does not depend on |h|/D and can be
orders of magnitudes faster. The measurements for RIPE were performed using a Python
prototype without performance optimization, and Gauss-Kronrod was measured using
Scipy’s interface to QUADPACK. The advantage of the RIPE method should be more

significant in a production collocation BEM setup where the 2%y¢ terms for all the 0 <

b + ¢ < p, combinations are needed.

9.6 Conclusion

A recursive algorithm (RIPE) to evaluate layer potentials arising in the collocation
BEM for the Laplace and Helmholtz equation, tailored for piecewise flat boundary elements
with polynomial shape functions of arbitrary orders was proposed. Numerical tests showed
that RIPE exhibits remarkable accuracy in the nearly-singular regime, where Gauss-
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Figure 9.8: The total wall-clock time for computing all four layer potentials for a 5th
order element, for RIPE and for adaptive Gauss-Kronrod quadrature. Note that the times
for RIPE are the times spent to compute integrals weighted by 2°y¢ for all ((p, + 1)(ps +
2))/2 = 21 terms in 0 < b+ ¢ < 5 in one run of the recursion, while the times for
Gauss-Kronrod are for computing only the integral with shape function x°.

Legendre quadrature is not effective. Experiments indicate that RIPE is several orders of
magnitude faster than Gauss-Kronrod quadrature, a general-purpose adaptive quadrature
method. RIPE would hence serve as an efficient routine for nearly singular, singular,
and hypersingular integrals for Laplace and Helmholtz layer potentials. The benefits of
the RIPE method are that it offers: (1) analytical integration for polynomial elements
achieved by a simple formulation using auxiliary vector fields, (2) easier error control
for the Helmholtz case compared to methods based on Gauss-Legendre quadrature due to
the series expansion-based formulation, (3) accuracy and efficiency for nearly singular,
singular, and hypersingular integrals, achieved under a single framework naturally supporting
all of these cases without separate modifications, for all four standard layer potentials, for
both Laplace and Helmholtz kernels.

The RIPE method has multiple frontiers for further development. Supporting manifold

surfaces as shown in [183] is an important direction for development since the reduction
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of geometrical errors via higher-order geometry representations can be beneficial for
curved objects [199]. While [183] demonstrates an inspiring scheme which appears to
be effective for the double layer potential of the Laplace kernel, room for improvement
seem to remain particularly in the treatment of the single layer potential which does not
offer an exact differential 2-form allowing straightforward application of Stokes’ theorem.
The authors have recently developed a layer potential quadrature scheme for manifold
boundary elements with constant densities which is effective for the close evaluation
of the single layer potential [200]. The development of a layer potential quadrature
scheme which is both efficient and accurate for general boundary elements with high-
order expressions for both the density and geometry is still an open problem. Although
the RIPE method is restricted to flat elements, we note that many practical BEM software
are written for flat elements, and many problems have meshes from architecture or CAD
that are truly flat, or where plane triangular meshes are more easily available. Extending
RIPE to other kernels, Galerkin BEM and integrating it into FMM-BEM solvers are other

directions for future work.
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Chapter 10: Layer potential quadrature on manifold boundary elements
with constant densities for Laplace and Helmholtz kernels

in R?

A method is proposed for evaluation of single and double layer potentials of the
Laplace and Helmholtz equations on piecewise smooth manifold boundary elements with
constant densities. The method is based on a novel two-term decomposition of the layer
potentials, derived by means of differential geometry. The first term is an integral of
a differential 2-form which can be reduced to contour integrals using Stokes’ theorem,
while the second term is related to the element curvature. This decomposition reduces
the degree of singularity and the curvature term can be further regularized by a polar
coordinate transform. The method can handle singular and nearly singular integrals.
Numerical results validating the accuracy of the method are presented for all combinations
of single and double layer potentials, for the Laplace and Helmholtz kernels, and for

singular and nearly singular integrals.!

'The research presented in this chapter is currently under review for publication. Its preprint can be
found in [201].
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10.1 Introduction

Boundary element methods (BEM) are widely used for solving partial differential
equations arising in science and engineering. In the classical BEM, the boundary of the
problem domain is typically represented using polygon meshes composed of piecewise
flat boundary elements. This simple representation of the geometry allowed the development
of efficient analytical methods tailored for flat boundary elements, e.g., [176, 181, 182,
191]. Methods capable of solving problems with geometries represented by piecewise
manifold surfaces which are not necessarily piecewise flat are receiving attention due to
their ability to represent the geometry of a wide variety of problems accurately or exactly,
and thereby eliminating a source of discretization error [199,202].

Practical BEM solvers are composed of multiple building blocks including iterative
linear system solvers, fast matrix-vector product evaluation routines using fast multipole
methods, etc. One of the essential computation routines in the BEM is the numerical
evaluation of layer potentials integrals required for computing the near field interactions.
This task is nontrivial because the integrands can be singular or nearly singular. Standard
quadrature schemes which are effective for integrating polynomials of limited degrees,
e.g. Gauss-Legendre quadrature, are known to produce inaccurate results when the evaluation
point is close to the element. Many techniques have been developed over the years to
accurately evaluate boundary integrals in such cases [1, 177-181, 183—187]. Ref. [1]
provides a recent extensive survey on this subject. The approaches developed include
singularity cancellation using coordinate transforms [177,179,180], singularity subtraction [178],

continuation approach [188], dimension reduction [176,181-183], adaptive subdivision [ 184],
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and quadrature by expansion [185-187]. The authors have recently proposed analytical
methods based on dimensionality reduction for both collocation [176] and Galerkin BEM [182],
tailored for flat boundary elements. Zhu and Veerapaneni [183] recently introduced a
method for Laplace layer potentials on high-order curved elements using dimensionality
reduction via Stokes’ theorem and quaternion algebra. This method exploits the fact that
an exact differential form is available for the Laplace double layer potential. While the
application of this method to the evaluation of the Laplace single layer potential was
discussed in passing in [183], numerical results were only presented for the double layer
potential case. A summary of related quadrature methods for layer potentials or their

multipole expansions is shown in Table 10.1.

Distance — Singular / nearly singular Far-field expansions
Element type |
Flat, constant Lenoir & Salles [181], Gumerov, Kaneko &
Gumerov & Duraiswami [193] Duraiswami [191]
Flat, high order Newman [189], Newman [189],
Kaneko, Gumerov & Kaneko & Duraiswami [192]
Duraiswami [176]
Curved, constant Present work
Curved, high order Zhu & Veerapaneni [183],
Klockner et al. [185],
Rosen & Cormack [188]

Table 10.1: Summary of related quadrature methods for layer potentials or its multipole
expansions based on analytical or dimensionality-reduction based evaluation. Methods
for high order elements can be applied to constant elements, and methods for curved
elements can be applied to flat elements. A summary of methods based on other
approaches e.g. singularity subtraction/cancellation can be found in [1].

In this work, we focus on nearly singular and singular layer potential evaluation and

propose a method which supports both Laplace and Helmholtz kernels for both single and

double layer potentials on manifold boundary elements for the special case of constant
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densities. The method is based on a decomposition of the layer potentials into two terms.
The first term is an integral of a differential 2-form, which can be evaluated via one-
dimensional contour integrals after applying Stokes’ theorem on manifolds, while the
second term with reduced singularity which is related with the curvature of the element.
The singularity in the second term can be further reduced by the classical technique of
polar coordinate transform, used in e.g. [177-179]. Layer potentials with higher order
densities are important but require further development which may involve a redesign of
the set of basis functions to obtain convenient exact differential forms, as shown for the
Laplace double layer case [183]. In this work we instead focus on the constant element
case and provide formulations and numerical results for both Laplace and Helmholtz
kernels for both the single and double layer potentials. The accuracy of the proposed
method was confirmed via element-level tests and also using an example benchmark

problem for which an analytical solution is available.

10.2 Boundary element method and layer potentials

The boundary element method is extensively used for numerical solution of partial
differential equations, e.g. the Helmholtz equation and the Laplace equation, respectively

given by

—k*u(r) — Vu(r) = f(r), —V?u(r)=f(r), reQCR’ (10.1)
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with wavenumber £, field « in domain 0 C R3, and source f. The weak form of (11.1)

can be written in terms of single- and double layer potentials V', K [194]:

(v + K0 — Vng)ul(rp) = {Nof }rp),
(10.2)

Vo= [ Gyrute)r, {Ko)n) = [ EEIUTLOBYMP

rq€l’ rq€l 8nq

with ¢, = 1/2 on a smooth boundary, 7, and 7; the boundary trace and normal derivative

operators, and N, the Newton potential operator, defined as:

{’VO,qu}(rq) = lim u@q)» {’Yl,qu}(rq) =n,- Vu(r,), r,€l =00,

r€Q—rg el

(10.3)
{Nof}rxp) = G(rp, 1) f(ry)dQ, 1, € R’
rqy€Q)
where G/(r,, r,) is the respective Laplace or Helmholtz Green function:
1 eik‘r B (10 4)
GL(rp,r,) = o Gu(rp,r,) = o Tt :

In the BEM the boundary I' is discretized into surface boundary elements which
can be either flat or curved, and which may exactly discretize the original geometry
when the closed-form representation of the geometry is available. This applies to e.g.
surfaces generated using computer-aided design (CAD) software. The layer potential
integrals over these elements are evaluated to form the linear system of equations. The
densities v, ¢ are approximated via local, typically polynomial, functions (also called
shape functions) with unknown coefficients which must be determined. In the present

work we assume that the boundary I' = 02 is a union of boundary elements I' = | J, 5;,
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where each 5; is a smooth oriented Riemannian submanifolds with a boundary [203] and
has constant density. Geometrical singularities e.g. wedges or corners need to be removed

by subdividing the surface before applying the proposed method.

10.3 Differential geometry preliminaries

10.3.1 Curvature of regular surfaces

In the differential geometry of curves and surfaces, various types of curvatures are
defined. Here we briefly review the definition of the normal curvature, as it is central to
the proposed method. The normal curvature xy(p, c) of a regular curve ¢ on a regular
surface S at point p € ¢ C S is defined as:

kin(p.c) = K(p,e)ny(c) - my(S), r(p,c) "I‘”f‘?/(j)ﬂ’g(t)\{ o0 = L0

(10.5)
where r(p, ¢) is the curvature of curve c at p, p = r(t) € R? the parametrization of c,
n,(c) the unit normal vector of ¢ at p, £ = r/(¢)/||r'(t)|| the unit tangent vector of c at
p, and n,(.S) the unit normal vector of S at p [204]. This setup is illustrated in Fig. 10.1
(left). While ¢ can be any regular curve on .S passing through p, it is useful to consider
the ¢ which is the cross section of .S with respect to a normal plane of S at p which is
spanned by n,,(.5) and a direction vector p, which is a tangent vector of S at p. We refer

to the normal curvature associated with direction p as kx(p).
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Figure 10.1: Left: The normal vectors of a regular surface .S and a regular curve c at point
p. Right: the surface S and its contour 055.

10.3.2 Stokes’ theorem on smooth manifolds

Another important tool available for the calculus on manifolds is Stokes’ theorem [205]:

/ dw = 7{ o, (10.6)
S oS

where S is an oriented smooth submanifold with a boundary 05 as illustrated in Fig. 10.1
(right), w a differential form and dw the exterior derivative of w. Stokes’ theorem allows
the reduction of a surface integral into a contour integral, and can be used to evaluate
integrals of exterior derivatives of exact differential forms. This applies to the Laplace

double layer potential as demonstrated in [183].

10.4 Problem statement

The setup under consideration is shown in Fig. 10.2. Let our boundary element S
be an oriented two-dimensional smooth Riemannian submanifold with a boundary [203]
in R3, which is parametrized via the function r,(u,v) € R?® with variables u,v € R

defined on a reference triangle {u, v|0 < u,0 < v,u+v < 1}. In the rest of the paper we
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will refer to this element simply as manifold element. Let us denote the vertices of .S as
V1, v, and v, and the unit normal vector and tangent plane at point r, as n, and 7;(.5),
respectively. Let us denote the normal plane at point r, spanned by n, and a tangent
vector t as N,(t). The projection of an evaluation point r,, onto a given tangent plane is
denoted as r,,. We also definer = |r, —r)[,p=r1r,—Tp,p = |p|, h =n,- (r, —1y).

The goal is to develop a method to evaluate the single and double layer potentials over a

Figure 10.2: The manifold boundary element S and the tangent plane 7;,(.S) at r,. Red,
blue, and green lines indicate edges of the element, vectors parallel to the tangent plane
T,(S), and vectors orthogonal to the tangent plane, respectively. n,, p = p/|p| and
p =n, X p can be used to construct a local orthogonal coordiante frame centered at r,,.

given manifold element S which is accurate in the nearly singular (0 < min,, r < 1) and

singular (min,, 7 = 0) cases.

10.5 Proposed method

The following proposition provides a decomposition of the Green functions and
their normal derivatives which allows the application of Stokes’ theorem. It is a main

result of our paper.
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Proposition 4 (Decomposition of Green functions and their normal derivatives). Green
functions and their normal derivatives for the Laplace and Helmholtz equation can be

decomposed into two terms as follows:

1 N .
Gr(rp, 1) = (Vr, x fic) -1y + = (Cxrin(p) + Drcrin(p))

0Gk(rp, 1)
on,

(10.7)

/ ]' ! ~ / A~
= (qu x fi) - n; + A (Ckkn(P) + Dxrn(p)),

with K = {L, H} the identifier whether the kernel is Laplace or Helmholtz, n, the unit
normal vector at point v, kn(p) and kn(p) the normal curvature of the element at point
r, for the normal planes spanned by n, and the tangent vectors p = p/|p| and p =
n, x p, respectively, fx and fj; the pseudo potential fields, Cx, Cy, Dk and Dy the

weights of the curvatures defined as follows:

pﬁ h T y fL / CL ’ DL
f=———— CL= D = ff=—, Ci=—, D =—
L Are(r+h)’ P TR T e VT o BT o TR r’

gikr _ gikh h(eikr — pikh h(eikr _ pikh
fH = ‘ P, CH = ( : ) DH __ _ikh ( — )7
Amikp 1kp 1kp

fI/{ _ reikh _ heikr ﬁ’ Oﬁ _ h (Teikh _2 heikr) | Di{ _ reikr _2 heikh @k,eikh

Amtrp rp p

(10.8)

Proof. Let us define the following pseudo potential fields (see Section 10.4 and Fig. 10.2
for the definition of , h and p):
. (r—h)p ikt _ pikh o reiht — peith
m,=-——>——, mp=-——>_ myg=-——— my=————
L ) L 477Tp2 ) H 47Tllfp2 P, H 47TTp2 P,
(10.9)

where L and H indicate the Laplace and Helmholtz kernels respectively and the prime
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denotes corresponding expressions for the double layer potential. In the following we

will use the notation:

_ Org . = or, h = on, - on,
u = ) v = ’ u = v =
ou ov
_ 0%, _ O0%r, 0%,
uu — au2 ) Ty = auavu Typ = 8’02 )

r

r

Tul =Ty Py Ty = (tu-P)p, Tul =Ty P, Tyl = (TyP)P,
(10.10)

Ty =Ty - ﬁa ry| = (rv : ﬁ)ﬁ? Tyl =Ty ﬁa ryl = (rv ’ ﬁ)ﬁa

Ny| =Ny - P, Ny = (nu ' P)P» Nyl =My - ﬁ7 n,, = (nu ' ﬁ)b?

A

Tyl = Ny - ba n, = (nv ’ ﬁ)pa Nyl =Ny - ﬁ’ n, = (nv ’ b)b

We consider local Cartesian coordinate frames with origin at r,, z- and y- axes
lying in the tangent plane 7},(S), and the z-axis pointing towards the normal direction n,
(see Fig. 10.2). Withp=r, — 1, + (n, - (r, — r,))n, = r, — r, + hn,, we have:

ry- P
r Y

1
Oyny, =1n, = j(ﬁuC -n,(n,-0,C)), C=r,xr,, J=|C| (10.11)

Oup=r,+hn,+cn, Oyp=p-0p=p-(r,+hn,), Oyr=

—h
auh:nu.(rp—rq) :—l’lu-p’ azh: —1, aszO, OZT: T,

where c is some real number. It can be found that the partial derivative of the pseudo

potential fields in (10.9) with respect to v and v have the general form:

410, m = Ar, | + Br, + Cny, + Dny + cn,
(10.12)

47d,m = Ar,, + Br,| + Cn,, + Dn, + cn,
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where m is the appropriately chosen pseudo potential field in (10.9). Since we have

ArJO,m, = (r,),470,m, — (r,),4r0,m,, 4rJom, = —(r,),470,m, + (r,),470,m,,

(10.13)
it follows that the surface divergence Vy = V —n,(n, - V) of m multiplied by 47.J can

be computed as:

47 J(0,m, + O,m,)
= — (=roLp + 1yp) - AmOm + (=ry1p + 1y p) - 4TOym
= — (=ro1p + 1y p) - (Arys + Bry + Cn,i + Dny)
+ (—=rurP + 71y P) - (Aryy + Bryj+ Cnyy + Dny)
=+ 71y1 (Bry + Dny)) — ry (Arys + Cnyt) — vyt (Brop + Dnyj) + 1y (Ary s + Cny i)
=(A + B)(rujroL — Turty)) + C(ruynor — Tojus) + D(reiny) — Tuiny))

=(A+ B)J — CJry(p) — DIrn(p),
(10.14)

where sy (p) and kx(p) are the normal curvatures at point r, on the element with respect
to normal planes spanned by n, and tangent vectors p and p, respectively. In the last step,

we have used the following lemma:

Lemma 5.

C(rynus — Fujnos) + D(raine — roiny) = J(Crn(p) + Drn(p)),  (10-15)

Proof. See appendix C. [
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Table 10.2: Coefficients introduced in (10.12) for Laplace and Helmholtz, single and
double layer potentials.

A+B C D
1 h T
mr r r r
m’ h -;’;h -il_h
L 73 "(r+h) r+h i (10.17)
I (T _etFhy oh h(eFT—F
my K _ikp? € — ikp?
mi{ hez‘krE}S_ikr) h(retk:p;helk"r) Teikr;zheikh . ikeikh
From (10.14) it follows:
AT AT

The coefficients A+ B, C, and D for each pseudo potential field in (10.9) are summarized
in (10.17). It turns out that for all cases, the left hand side of (10.16) is nothing but the
Green function or its normal derivative. Lastly, by using fx = n,xmg and fi; = n,xmj,

we finally obtain decomposition (10.7):

1 . R
Gk(rp, 1) = (Vr, x fic) - g + = (Cxin(p) + Dxrin(P)),

0Gk (rp, 1)
On,

) (10.18)
— (Ve % ) -1 + 1 (Cleri(p) + Digrin(5)

]

We refer to the first and second term in decomposition (10.7) as the Stokes term
and the Curvature term, respectively. The Stokes term offers a differential 2-form: dw =
(qu x fx) - n,dS, whose integral can be reduced to a contour integral of a differential 1-

form w = fx - dl due to Stokes’ theorem with dl the line element vector along the contour
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0S. Hence, the layer potentials now can be expressed as follows:

(k) = § fic-di+ o | (Cian(p) + D (p)) d.
o8 X o (10.19)
Kk = § S @i - [ (Chonn(p) + Dicon () 5.

with subscript K = {L., H} indicating the type of the kernel.

Remark. The double layer potential of the Laplace kernel can be expressed as an integral
of an exact form only and [183] utilized this fact. On the other hand, the single layer
potential was approximated in [183] by a double layer potential with a modified density
function. The efficacy of this approach was not discussed in [183] and is unclear. We
present numerical results for both the present method based on decomposition (10.7) and

the method presented in [183] in Section 10.6 for a comparison.

Remark. It is interesting that the proposed method, which is derived from the perspective
of differential geometry, resembles a feature of the continuation approach [188] which
also results in a decomposition of the integrand into two parts where one of the terms
absorbs the “worst part” of the singularity. The decomposition in the continuation
approach is based on Taylor series expansions and the geometric meanings of the decomposed
terms are not clear. In contrast, decomposition (10.7) offers two terms with clear geometric

meanings associated with differential forms and the curvature of the element.

Remark. Ifthe element is flat, the curvature term vanishes and the layer potential evaluation
(10.19) reduces to the evaluation of just contour integrals. Furthermore, this case can be

evaluated analytically using the RIPE method [176].
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As a consequence, the one-dimensional integral of the Stokes term over the curvilinear
boundary can be evaluated using Gauss-Legendre quadrature, and methods for two-dimensional
quadrature can be applied to the curvature term. For non-negative h, as h — 0 withr — 0,
the curvature term has a regularity of 1/r"~! as opposed to 1/r™ of the original integrand
before the decomposition, where n = 1 for the single layer potential and n = 2 for the
double layer potential. This means that the integral still contains a (near-) singularity
in the double layer potential case. To further regularize the singularity, we employ the
classical technique of polar coordinate transform around the singularity [206], which is
illustrated in Fig. 10.3. A polar coordinate system (R, ) is set up on a flat surrogate
element S whose vertices are identical to those of the original manifold element. Points
on this surrogate element S are mapped to the reference triangle via an affine mapping,
which are then mapped to the manifold element S via the parametrization r, = r,(u, v).

Point R = 0, i.e. the origin of the polar coordinates on .S, is chosen to be the point which

9]

Figure 10.3: The coordinate transform used for the quadrature of the curvature term.

maps onto r. = r,(ug, Vo), the point on S nearest to the evaluation point r,,. This mapping
was also used in [206], though [206] applies subsequent coordinate transformations. Here

we only use the basic polar coordinate transform.

Remark. The Stokes term can be still nearly singular if r, is close to an edge of the

element. This can be avoided by using nonconforming boundary elements where the
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collocation points are in the interior of the element. This is naturally satisfied in constant

elements with center-panel collocation.

Remark. For negative values of h, the functions in (10.8) have a singularity at h =
—r which hinders the evaluation of the integrals using the presented approach. Such
singularities arise when r,, is in the inward normal bundle of the element. This can be
resolved by utilizing respectively the symmetry and anti-symmetry of the layer potentials
with respect to the exchange of variables u and v in the parametrization r,(u, v). For the

single layer potential we have the symmetry:

1 1-u 1 1—u
/ / G(rp, rq(u,v))J (u,v)dvdu = / / G(rp, rq(v,u))J (v, u)dvdu
u=0 Jv=0 u=0 Jv=0
(10.20)

with J the Jacobian of the transform from r, to (u,v) and for the double layer potential
we have the anti-symmetry where this exchange results in a sign flip. This exchange
of variables also flips the direction of the normal vectors and the sign of h. For a
given evaluation point r,, therefore, we can evaluate the same layer potentials using this
symmetry property to avoid the singularity h = —r. This may not be always possible,
since the outward and inward normal bundles of the element can have a non-empty
intersection and evaluation points in this intersection cannot avoid the singularity. This
can happen if the element is too curved. In such cases, the element can be subdivided until
the evaluation point r,, can avoid the inward normal bundle in one of the parametrizations
and the proposed method can be applied to the subdivided elements. The geometry is
illustrated in Fig. 10.4. An example pseudo-code implementing the procedure to avoid
singularities is listed in algorithm 3. Various optimization methods could be used for
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step 1 in algorithm 3. The Newton-Raphson method was used in our implementation.
While this step adds additional computation cost, similar computation is needed in other
methods for nearly singular integrals (e.g. [206]), where the first step is to find the point
on the element closest to r,. As Newton’s method converges quickly its computational

overhead is limited and can be practically considered constant per element.

Figure 10.4: A 2D illustration of curved elements and their normal bundles. The element,
their outward and inward normal bundles are drawn by black, blue, and red lines,
respectively. Left: outward and inward normal bundles do not intersect. In this case,
evaluation points in the inward normal bundle can avoid the singularity by flipping the
parametrization. Right: outward and inward normal bundles intersect and if r, is in the
intersection, the element has to be subdivided so that r,, does not belong to an intersection
of normal bundles.

Algorithm 3 EvaluateLayerPotential(.S: element, r,: evaluation point)

1. Find [Amin, fmax)» the range of h/r over all points on the element.
2. If ﬁmin = —1 and Bmax = 1, subdivide the element such that S = UZ S;.
I := )", EvaluateLayerPotential(s;, r,). Return I.
3. 1f | min + 1| < |hmax — 1] flip the parametrization of S from ry(u, v) to ry(v, u).
4. Evaluate the integral / using (10.19).
5. If the target is the double layer potential and the parametrization
was flipped in step 3., [ := —1.
6. Return /.
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10.6 Numerical evaluation

10.6.1 Element-level tests

10.6.1.1 Nearly singular case

The method was tested for both the single and double layer potentials, for both
the Laplace and Helmholtz kernels. Adaptive Gauss-Kronrod quadrature, implemented
in QUADPACK [198], was used to compute the reference values of the layer potentials
Pgx over a boundary element. The error tolerance of Gauss-Kronrod was set to 10712
The layer potentials were computed using two standard techniques: (1) two-dimensional
Gauss-Legendre quadrature [207] (GL2D), (2) two-dimensional quadrature using the polar
coordinate transform, i.e. nested one-dimensional Gauss-Legendre quadrature over R
and 6 (GL2D(Polar)), and with two methods using the proposed decomposition (10.7):
(3) evaluating the Stokes term via one-dimensional Gauss-Legendre quadrature and the
curvature term via two-dimensional Gauss-Legendre quadrature [207] (Stokes+GL2D),
and (4) evaluating the Stokes term via one-dimensional Gauss-Legendre quadrature and
the curvature term via polar coordinate transform i.e. nested one-dimensional Gauss-
Legendre quadrature (Stokes+GL2D(Polar)). For the Laplace layer potentials, we also
computed the integrals using the method described in [183] (Stokes) using 20th degree
polynomials as the basis for the density function approximation. The computed potentials
P were compared against the reference result in terms of the relative error | P— Pgk | /| Pok |-
20th order Gauss-Legendre quadrature was used for all integrals. Curved triangles parametrized

viar,(u,v) = (u,v, f(u,v))" with f(u,v) = o((u—1/4)*+(v—1/4)%) were used as test
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cases where 0 = {—0.6,0.6}. The test elements are referred to as element I and element 2

and are shown in Fig. 10.5. The evaluation point was placed at (u,, v, f (up, v,)+|h|n,)7,

0.8
10 00

Figure 10.5: The manifold boundary elements with positive and negative curvature used
in the numerical tests. Element 1 (left, o0 = —0.6) and element 2 (right, o = 0.6). The
colors are for visual aid.

where n,, is the unit normal vector at point r,(u,, v,) with (u,,v,) = (0.2,0.3). Results
are shown in Figures 10.6 and 10.7 for elements I and 2, respectively. It was found that
the proposed decomposition improves the accuracy of the numerical results in the nearly
singular regime |h|/d < 1 compared to baseline methods without the decomposition, with
d the maximum inter-vertex distance of the element. In the Laplace double layer potential
case, the Stokes-only approach by [183] (Stokes) was found to deliver better accuracy than
the proposed method. However, larger error was observed for the single layer potential
case using this method. This could be because of the approximation introduced in this
method where the single layer potential is considered a double layer potential with a
modified density function. See [183] for details on how this approximation is constructed.
The method in [183], therefore, appears to be preferable for the double layer potential,
while the present method may be preferable for the single layer potential as it is free from
the type of approximation error introduced by the approach taken in [183]. Note that the
condition kd = 1 for the Helmholtz case approximately corresponds to six wavelengths
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per element, which is typically used as the maximum mesh size in boundary element
analysis. A Python implementation of the proposed method exhibited computation times
comparable to the baseline GL2D(Polar) method, although optimized implementations

via compiled languages should be used for more accurate performance evaluations.
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Figure 10.6: Relative difference of the layer potentials on element I for various methods
and the reference adaptive Gauss-Kronrod quadrature. Results for single layer potential
with Laplace kernel (top left), double layer potential with Laplace kernel (top right),
single layer potential with Helmholtz kernel (bottom left), and double layer potential with
Helmholtz kernel (bottom right). All results are for the case with quadrature order set to
20.

10.6.1.2  Singular case

Singular cases with the evaluation point r, on the element can be handled with the
proposed method. The only change to be made is that the singularity has to be excluded
from the integration domain when applying Stokes’ theorem in the double layer potential
case. Technically, this results in the subtraction of the contribution of the singularity,
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Figure 10.7: Relative difference of the layer potentials on element 2 for various methods
and the reference adaptive Gauss-Kronrod quadrature. Results for single layer potential
with Laplace kernel (top left), double layer potential with Laplace kernel (top right),
single layer potential with Helmholtz kernel (bottom left), and double layer potential with
Helmholtz kernel (bottom right). All results are for the case with quadrature order set to
20.

182



which is a constant of 1/2. The layer potentials evaluated by the proposed method
(Stokes+GL2D(Polar) in the previous section) P, were compared with reference results
Py obtained by Guiggiani’s method [178], internally using Gauss-Legendre quadrature
of 50th order. The quadrature order in the proposed method was varied from 10 to 40. The
same quadrature order was used for the Stokes term and the curvature term. Element 1
from the previous section with r,, on point r,,(0.2, 0.3) was used to compute the single and
double layer potentials for the Laplace and Helmholtz kernels. Results in Fig. 10.8 show

p-convergence and a good agreement with the reference at sufficiently high quadrature

orders.
Helmholtz-DLP BN Order=40
Helmholtz-SLP s B Order=30
Order=20
Laplace-DLP mmm Order=10
Laplace-SLP |

10713 1071t 107° 1077 107> 1073 107t
Relative Difference

Figure 10.8: Relative difference | Py op — Paui|/| Poui| of the singular case layer potentials
on element 1 for the proposed method with various quadrature orders and the Guiggiani’s
reference method.

10.6.2 Integrated BEM test: thin spherical cavity problem

The method was integrated in a prototype BEM solver and was evaluated by solving
a benchmark problem where we consider an interior Helmholtz problem in a spherical
cavity, which is illustrated in Fig. 10.9. In this setup, a rigid sphere of radius a is
placed concentrically in a spherical room of radius b with rigid boundaries, and the upper
half (§ < 7/2) of the internal sphere is vibrating at velocity vg. This problem can be

solved analytically and the solution expressed in spherical coordinates (7,0, ¢) is given
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Figure 10.9: The cross section of the spherical cavity setup used as a benchmark problem.
The white region in between the two spheres is the domain 2 = {r|a < r < b} subject
to analysis. The vibrating surface is the upper hemisphere of the interior sphere and is
indicated as the red arc.

as follows (see e.g. [156,208]):

p(r,0,¢) =Y R0 (r,0,¢) + B,50(r,0,0),
n=0

Ry (r,0,6) = ju(kr)Y,(0,6),  Si(r,0,6) = ha(kr)Y," (6, ¢), (10.21)

) o N
) - =g

= 10pCsqy/ (2n + 1) 7 (j;l(k;a)

with j, and h,, the spherical Bessel and Hankel function of the first kind, respectively,
ji and h!, the derivative of j, and h,, with respect to the argument, respectively, Y the
spherical harmonics, cs the speed of sound, and ¢ the density of the medium. We fixed
b = vy = 1and k = 2. The numerical solution to this problem was computed using
BEM where the singular integrals, i.e. layer potentials with the evaluation point on the
same element, were computed using the proposed Stokes+GL2D(Polar) method. Layer
potentials with the evaluation point r,, which satisfy ||r, —r.|| < [, withr, =1,(1/3,1/3)
and [, the maximum length of the straight line segments connecting the vertices of the

element, were considered nearly singular and were evaluated using either Gauss-Legendre
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quadrature (GL2D) [207] or the proposed Stokes+GL2D(Polar) method. The quadrature
order was set to 20 for all singular and nearly singular integrals. The manifold elements

were parametrized as:

r,(u,v) =s T =vy+u(ve —vy) +v(vy —vy), (10.22)

with s the radius of the spherical triangle and vy, v, and v3 the vertices of the spherical
triangle. Note that this parametrization represents the surface exactly, hence the discretization
error in the numerical solution for the manifold element case is solely due to the discretization
of the function space. On the other hand, the flat polygon mesh introduces geometric
approximation error. The numerical solution at the collocation points pggy Was compared
against the analytical solution peyact given by (10.21) in terms of the relative Lo-norm
of the difference vector ||ppem — Pexact||2/||Pexact||2- We ran the experiments for two
geometry representation conditions, where in one case the elements were represented as
exact spherical triangles and in the other case polygon meshes with flat triangle elements
were used to approximate the geometry of the spherical surfaces. In both representations,
the boundary was represented by 3668 elements in total. The result is shown in Fig. 10.10.
It was found that GL2D diverges from the analytical solution in the nearly singular regime,
and that the numerical results using the exact spherical surface representation delivers up
to about one order of magnitude smaller error compared to the flat element counterpart.
The error in the curved element case is bound by the constant density approximation;
expanding the surface density using higher order basis functions would further improve

the accuracy.
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Figure 10.10: Results of the spherical cavity BEM test problem. Relative Ls-norm
of the error at the collocation points for two geometry conditions (flat or non-flat
manifold elements) and two algorithms used for nearly singular integrals (Gauss-
Legendre quadrature or the proposed method).

10.7 Conclusion

A method for the evaluation of nearly singular and singular integrals for single
and double layer potentials over manifold boundary elements for Laplace and Helmholtz
kernels was proposed. The method uses a novel decomposition of the layer potentials
into an integral of a differential 2-form which can be reduced to a contour integral via
Stokes’ theorem and a second term related to the curvature of the element, which can be
further regularized via a polar coordinate transform and integrated via existing quadrature
methods. Numerical tests showed that the proposed method delivers accurate results in
the nearly singular and singular regime where a naive use of Gauss-Legendre quadrature
is not effective. One of the benefits of the proposed method, which is shared with
some modern techniques (e.g. [176, 185, 209]), is that it supports both nearly singular
and singular layer potential integrals within the same framework. The proposed method
covers both single and double layer potentials for both the Laplace and Helmholtz equations.
While we introduced the method for constant densities in the present work, supporting

higher order density functions is indeed desired for a boundary element method with
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higher order accuracy and this is a natural next step. Nevertheless, constant elements are
still useful in solving large scale problems with millions or billions of unknowns under
limited compute resources and in applications where accuracy requirements are relatively
relaxed. Generalizing the present method to other layer potentials, other kernels, and

integrating it into a FMM-BEM solver are other directions for future work.
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Chapter 11: Efficient exact quadrature of regular solid harmonics times

polynomials over simplices in R?

A generalization of a recently introduced recursive numerical method [210] for
the exact evaluation of integrals of regular solid harmonics and their normal derivatives
over simplex elements in R? is presented. The original Quadrature to Expansion (Q2X)
method [210] achieves optimal per-element asymptotic complexity for computing O(p?)
integrals of all regular solid harmonics bases with truncation degree ps by exploiting
recurrence and differential relations of the regular solid harmonics as well as the flatness
and straightness of the faces and edges, respectively, of simplex elements. However, it
considered only constant density functions over the elements. Here, we generalize this
method to support arbitrary degree polynomial density functions, which is achieved in
an extended recursive framework while maintaining the optimality of the per-element
complexity for evaluating all regular solid harmonics and monomial density functions.
The method is derived for 1- and 2- simplex elements in R? and can be used for the

boundary element method and vortex methods coupled with the fast multipole method.!

IThe research presented in this chapter is currently under review for publication. Its preprint can be
found in [192].
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11.1 Introduction

Recently, Gumerov et al. introduced Quadrature to Expansion (Q2X), a recursive
method for the analytical evaluation of integrals of spherical basis functions for the Laplace
equation in R3, aka solid harmonics, over d-simplex elements for d € {1,2,3} with
constant densities [210]. This method achieves exact integration of all bases up to truncation
degree p, with optimal complexity O(p?) per element for any d in {1, 2, 3}, by exploiting
both (i) the flatness of the faces and/or the straightness of the edges and (ii) recurrence
and differential relations of the special functions in the integrand. This is useful for
the Boundary Element Method (BEM) [194] coupled with the Fast Multipole Method
(FMM) [45], particularly for problems where the boundary can be accurately expressed
via piecewise flat surfaces or straight lines. The conventional FMM performs an approximate
summation of monopoles and dipoles centered at points r,, distributed in space, by expanding
them into truncated multipole expansions centered at points r,. Many such expansions
are consolidated into one, in a hierarchical manner, to achieve efficiency. In the Q2X
approach, recently introduced by Gumerov et al. [210], layer potential integrals over a
surface or a line discretized via simplices were represented as such expansions, with the
expansion coefficients, obtained by quadrature over the simplex, evaluated analytically
via an optimal recursive procedure. Fig. 11.1 shows the geometrical relation of the
elements with respect to the expansion center r, of the solid harmonics, which is typically
the centroid of a cell in an octree data structure to which the elements belong. Recursive
analytical methods for high order flat surface elements have been developed for the close

evaluation of layer potential integrals [176], and such a method is also desired for the
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integration of regular solid harmonics commonly arising in the FMM-BEM for the Laplace
equation or vortex methods, typically in the first step of the far-field potential evaluation
which is sometimes referred to as the “particle-to-multipole” step. [189] discusses a
related method for quadrilateral elements, however a full algorithm for computing integrals
for all harmonics and all monomial densities with finite degrees has not been described.
Here, we extend the Q2X method to elements with polynomial densities which allows the
evaluation of integrals for all regular solid harmonics up to degree ps and all monomial
density functions up to degree pq with optimal complexity O(p2pd) per element. All

formulation is done for simplex elements in R3.

Figure 11.1: 2- and 1-simplex in a cell of an octree data structure commonly used in the
FMM-BEM. The evaluation point r,, is located in a well-separated position outside the
cell the elements reside.

11.2 Potential integrals in BEM and vortex methods

The BEM is widely used for numerical solution of partial differential equations,

e.g. the Poisson equation:

~V?u(r) = f(r), reQcR’ (11.1)
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with field « in domain © C R3, and source f (= 0 for Laplace). The weak form of (11.1)

can be written in terms of single- and double layer potentials L, M [194]:

{(epv0,p + Mryo,g — Lyig)ut(ry) = {Nof }(rp),

(Lo} = [ Glyrotmyar. (ohey)= [ FEEo

rq€l rq€l’ 8nq
with ¢, = 1/2 on a smooth boundary, n, the outward unit normal, , and ~; the boundary
trace and normal derivative operators, respectively, [V, the Newton potential operator, and
G(r,, r,) the Green function for the Laplace equation:

{vqut(r,) = lim wu(r,), {ng.u}(r,) =n,-Vu,, r,el =0Q,

QT el

1
{Nof}(r,) = / G(rp,ry) f(r,)dQ, G(rp,r,) = e r=lr,—ry, r,€ R3.
rq€f) mr
(11.3)

In the BEM the boundary I' is discretized into boundary elements which can be
either flat or curved surfaces. The layer potential integrals over these elements are evaluated
to form the linear system of equations. The densities o are approximated via local,
typically polynomial, functions with unknown coefficients which must be determined.
In the present work we assume the boundary I' = 0f) is a union of boundary elements
I' = {J, Si, where each S, is a flat triangular element with polynomial density functions.

Similarly, in vortex methods the Bio-Savart integral is used to compute potentials
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due to line elements A,:

o (Io(ry)) x (r, — 1) _ r
(s = [ ST TN, = 9 (K ()

(11.4)
(o) = [ Glynatein,

where I, is the circulation of the ¢-th line element.

11.2.1 Multipole expansion of potentials

We summarize the formulation also used in [210]. The following definition of

regular and singular spherical basis functions, R" (r) and S (r) is accepted:

(=D)" ™ ' = —n= '
R (r) = ——— " P!™(cos 0)e™?,  S™ (r) =i ™(n — |m)lr— " PI™ (cos §) ™,
() = (e P cos )™, ST (5) = i = )l P cos6)
n=0,1,2,.., m=-n,..n, r=(z,y,z2)" =r(sindcosyp,sinbsing,cost)’
(11.5)

respectively, where (7, 0, ¢) are the spherical coordinates of r and P! are the associated

Legendre functions [211],

()" (1= )" amer

P = 2_1)\" (11.6)
for nonnegative m. R]' and S;" obey the symmetry:
R, (r) = (=1)" Ry (r), S, (r) = (=1)" S (x), (11.7)
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where the bar indicates the complex conjugate. In these bases the Green’s function can

be expanded as

G (rp,1,) Z 47T Z R;™(ry — 1) S™ (r, —1.), (11.8)
n=0 m=—n

given |r, —r.| > |r, —r,| where r, is the center of expansion. The integrals of the

spherical basis functions over element S;, A, are defined as:

o= [ R olas,

4
_1 n
vy ) = S, [ (VR (e, vyt as, (11.9)
rqg€oq

_1)" o
i) = S8 [ R v ot
rq€

and are used to expand the layer potentials for S, as:

{Fo}(r,) _Z Z S™(r JE™(x,), (11.10)

n=0 m=—n

where F' = {L, M, K}. R satisfies (see e.g., [212]):

9 m _ spm+l1 2 m s pm—1 g m — _pm

a Rn (I’) _ZRn—l (I'), 85R ( )_ZRn—l (I’), aan (I‘) Rn—l (I’)7
r+iy  x—iy _ 90 _ 9 .0 _ 0 _9 9

=g =g h=g T ety % e
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Thus, with n, = (n,, n,,n.)" we have:

Ty

Mg m m—
n, - VR () =it [R5 () + RS ()] + 2

m () =i (R () = Ry ()] = naRi ().

n

(11.12)

11.3 Problem statement

For d = 2, we denote the vertices of the 2-simplex element as {v;, vo, v3} and use

the parametrization:

r, (u,v) = ru+r,0 + vy = A(u,v,0)" + v, = (2,9, 2)7,
(11.13)

In contrast to [210] which used constant parametrization, we extend the method to density

functions o defined over the elements which are polynomials of the form:

b+c<pq
N(u,v) = Z BENE(u,v), Nf(u,v) = ulv®. (11.14)

b=0,c=0

The integrand of the integrals L', M" have the form:

n

Qi (u,v) = R (g (1, v) — 1) N§ (1, 0). (11.15)

n,b
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We set the origin of the coordinate system so that r, = 0. The goal is to derive an

algorithm for efficient analytical evaluation of integrals (11.9) for 0 = N{(u, v):

—1)»
gy =S8 [ r e - Nitwods,
| ra€5q (11.16)

gy ) = S, [ (VR - r )N (0,

7€5q

for all index tuples (n,m, b, c) satisfying 0 < n < p,, |/m| < n,0 < b, 0 < ¢, and
b+ ¢ < pa. The coefficients K", for the case d = 1 can be expressed by setting ¢ = 0,

r, = r,u + v1, and replacing S, by A, in L}".

11.4 Q2XP: Q2X for Polynomial elements

We first describe the case d = 2. The Q2X method [210] was derived by utilizing
the fact that the regular spherical basis functions )" are homogeneous polynomials of
degree n of arguments (z,y,z). Similarly, V¢ are also homogeneous polynomials of
(u,v) with degree b + c¢. Hence, by considering r and (u,v) as functions of (£, 7, z),

Euler’s homogeneous function theorem gives:
nR) (r) = (£0¢ + 10, + 20.) R, (r), (b4 ¢)Ny(u,v) = (£0¢ + 10, + 20.) Ny (u,v),

(0 + b+ QS (1, v) = (€0 + 1y + 20.) Qs (u, ).
(11.17)
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With a; the (s, t) entry of A~ o) = a4, +iag, a, the s-throw of A1, and 8, = a, v,

we obtain:

(n+b+0)Qy = —bBiQy | — cBaQyy L f(iQZ:l,bc + Q5 1O‘1 Lt Qi fay )

+77(iQnmj11,bc+anb 10‘1 JFCQmC ‘o )*z( Qn Gy +baz Q| + cans @ h.
(11.18)

We define

E=6u+Eu+E&, NEnu+ v+, 2= 20+ 2,0+ 2, (11.19)

where the subscripts © and v denote partial derivatives with respect to these variables, and

nb _// (u,v) dvdu, qnb :Qnmy;f(l,O),
(11.20)

1
hZf;f(u)EQZf;f(u,l— u), ]nb _/th( ) du.

11.4.1 Recursions

The Q2XP method is constructed by utilizing nested recurrence relations which we
present in the following three lemmas. Using these recurrence relations we can build the
integrals for the higher order harmonics and monomial basis functions using the lower

order ones.

Lemma 6. The coefficients 1] satisfy the recursion:

(R4 b+ c+ 200 = iy + oty — 200, + dny (11.21)
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Proof.

0y | Oy e -
u—n +v 5 = U (€uO¢ + 10y + 2,0:) Q) + v (§,0¢ + 1m0y + 2,0:) Q)5

= (u€y +0€,)0: Q)" + (unu +vny) 0, Q0 + (uzy +v2,)0.Q)'y

= (€= &)0:Qn 5 + (n—1m0)0Quy + (2 — 20)0:Qp 5
o m,c 0 m,c o , o , o m,c o m,c
Qn,b + Qn,b + Qn,b i (50 Qn,b + Qn,b + Qn,b )

=S T, TP as o T, TR,

= (n+ b+ )QUE +bAHQIY, + By — &UQI Y + QI ot + Qi ay )

- no(iQnmffbc +0Q, 1041 )+ cQny” ' (H) — 20(— Q" + 0a13Q) |+ can@)y Y.
(11.22)

We integrate both sides over the unit triangle 7" = {(u,v)|0 < u,0 < v,u+v < 1} and

applying integration by parts. The left hand side gives:

1 1—v a m,c a
/ / u Qn’b + v Q”bd dv—/ / dudv—i—/ / nbdudv
v=0 Ju=0 v=0 uO v=0 Ju=0
/ / ”Cddv+/ / "bddu
v=0 Ju= u=0 Jv=0

1 1—u
0{[uQ / Qg;du} dv + /u :0{[“Q?,2>CE_Z— / ) Q;j;fdv}du

1 1
:/v (1—U)QZ;)C(l—v,v)dv—{—/uzo(l—u)Q i (u, u—Q/chdT

1
:/ uQ;n’;f(u, 1 —u)du+ / (1-— u)Q:Z;f(u, 1 —wu)du — 2@[):;,’)6
u u=0

= [ mtdu - 20 = g - 207
b (11.23)
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The right hand side gives:

(4 b+ W + BB+ Bt — & + bl ol e as )

- Uo(iﬁbgfﬁl,bc‘l’blbnb 1a1 "’C@Z’mc ' (+)) — 20(= "y + bawshyy” | + cagzy h.
(11.24)

Equating the two sides yields:

(n+b+c+2)y =
Eolinn )y + byl of 7+ by a )+ o (b + by a4 ! ast)
+ 20(=" p + banshy i+ cagsyy - bB1 Y1 — cBatby 'y 1+j2?i;c

—502@% 1b ‘*’770“/% 1b ZO@Z’n 1b+ nb’

(11.25)
where we have used the following relations in the last line:
Vg + 20 Vg — U
§o = lley o = %7 20 = V1z, V1= (Ulzavllez)Ta
o (as1 —iasy) + 1o (as1 +ias) + 20053 — a5 - Vi (11.26)
= V12051 + V1yQs2 + V053 — A5 - V] = 0 (8 = 17 2)
[l

Lemma 7. The coefficients j,' ;" satisfy the recursion:

m+1,c -m,c—1

(n+b+c+ 1) =&+ &)ijm 4 (o +m0)ijn i — (20 + 20)dm s + i + a0y

(11.27)
Proof. Replacing Q" (u,v) in (11.22) by h,';"(u), integrating both sides over domain
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€ [0, 1], and applying integration by parts yields:

(n+btet1)j.5 =

(& + 511)(1];7 11bC + b]nb 1“5 ) + CJrTbC 1a§—)) + (0 + 77v)(2]7TJr11bc + bjnb 1045 ) + C]Tbc 10‘(+))

+ (20 + 20) (= + bty + casny ) = bBiingy — cBadny +dny
(11.28)
Using (11.26) and
gv (asl - ias?) + Ty (asl + ias?) + zZyas3 = ag - b2 - 55,2 (3 = 1a 2)7 (1129)

where by is the ¢-th column of matrix A and J,; is Kronecker’s delta, yields (11.27). [

Lemma 8. The coefficients g, b © satisfy the recursion:

m—1,c m+1,c

(n+b+c)g,y = (§o+&)ig, 15+ (o +mu)ig, 15 — (20 + 2u)a, 7 5 + e

(11.30)

Proof. Substituting v = 1 and v = 0 to (11.18) yields:

(n+b+ c)q;rf;f =

(€0 + &) (iq0 ) +ba 1oy + eq ™ as ) + (o + mu) (g + bally ol + eqly T al)

m,c—1

+ (20 + zu)(—ql{ii,b + ba13q::i,c_1 + 0(123612?2,0_1) - bﬁlQZéil B2,y
(11.31)

Using (11.26) and

fu (asl - iasQ) + Ny (asl + ?:(152) + 2y053 = Ay - bl = 55,1 (5 = 17 2)7 (1132)
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yields (11.30).

11.4.2 Starting values for the recursions

Note that in all recursions ¢, 77, and ¢ should be set to zero for |m| > n.

This follows from the fact that R (r) = 0 for |m| > n. The starting values are:

1
0,c _ -0,c _ b c _
Qb = 0c0, Jop = / u’(1 — u)’du = Ry,
0
where table ;. can be computed using recursion:

c 1

Khe = ——K
N

Lastly, the starting values for wg:g are given by:

o— 0), = — =0).
biie—1 (€>0), Hpg b1 (c )

(11.33)

(11.34)

1 1—u 1 c+1 71-u 1 1

11.4.3 Algorithm

(11.35)

The Q2XP method follows from the nested recurrence relations (11.30), (11.27),

and (11.21), together with the fact that the expansion coefficients L, ;" and M ;" can be
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computed from the w © coefficients using J = |r,, X 1,|:

N R PR
L =g (CLM e, M = (1) (11.36

—m,c __ Ny —m—+1,c —m—1,c ny —m+1,c m—1,c
ln7b _27 [wn—l,b + wn 1,b } ? [wn—l,b - wn 1,b ] nzwn 1b

The pseudocode of the method is listed in algorithm 4.

Algorithm 4 Evaluate multipole expansion coefficients L i and M:L” “for 0 < n < p,,
Im| <n,0<b+c<pq

1. Compute the starting values qg”g, jo 5. and ¢0 , using (11.33) and (11.35).

2. Compute coefficients g,';" using recursion (11.30).

3. Compute coefficients j,';” using recursion (11.27) and the g,,'; coefficients computed
in the previous step.

4. Compute coefficients 1, using recursion (11.21) and the j,";" coefficients
computed in the previous step.

5. Compute coefficients L";" and M, using (11.36).

Remark. Q2XP achieves optimal per-element complexity O(p?pl) for evaluating all
index tuples in question ((n,m,b, c) for d = 2 and (n,m,b) for d = 1) which contains
all the integrals associated with O(pl) monomials. An arbitrary set of O(p3) density
polynomials can be computed as a linear combination of the complete set of pq-th degree
monomials, therefore the total cost for computing all the integrals needed for a boundary
element with pg-th degree polynomials density functions is O(p?p3?). A naive application

of Gauss-Legendre quadrature requires O(p2p(ps+pa)?) for exact evaluation, indicating

that the proposed method has lower asymptotic complexity.

Remark. The case d = 1 can be easily obtained by minor modifications to the case d = 2,

ie. settingc=20,& =mn, =2,=0,J =
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skipping step 4 and 5 in algorithm 4, and computing the result by:

n =m0 (11.37)

11.5 Numerical experiment

Q2XP was tested for the case d = 2 on a configuration given by: r, = (\/§ /2,0, O)T,
Vi =1+ 7 (1,0,0)", vaz = o+ 1y (—1/2, £1/3/2, o)T, and 7, = 0.1. The wall clock
times for running a Python implementation of Q2XP for polynomial degrees of up to
ps = pa = 20 are shown in Fig. 11.2. Given a complexity expression ¢ = Cp‘s"pg with
t the computation time and C' a constant, the exponents are extracted as a = 1.75 and

£ = 1.83 from the numerical experiment.

Time [sec]

ps

Figure 11.2: Wall clock times for running Q2XP up to ps = pgq = 20.

Fig. 11.3 shows the maximum relative difference between the L,";" and M,";" coefficients
for truncation degrees up to ps = pq = 10 computed by Q2XP and exact Gauss-Legendre
quadrature. The largest maximum relative difference over all computed L, ;" and M,

b

coefficients was 3.5 x 10~!4, indicating good accuracy.
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Maximum relative error (L) le—14 Maximum relative error (M) le—14

Figure 11.3: Maximum relative differences between the integrals computed by Q2XP and
exact Gauss-Legendre quadrature for various pq and ps values. Left: L integrals and right:
M integrals. Good accuracy is observed in all conditions.

11.6 Conclusion

We have extended the recursive algorithm presented in [210] for the analytical
evaluation of integrals of spherical basis functions over d-simplex elements arising in
the FMM-BEM for the Laplace equation in R3 to the case of high order polynomial
density functions. All the integrals are evaluated analytically up to spherical basis degree
of ps and the density’s monomial degree of pq with optimal complexity O(p2p). This
complexity was confirmed via numerical experiments. While we limited the discussion
to d € {1,2}, the case d = 3 could also be supported by following the formulation
presented here and in [210]. The proposed method, as well as the previous Q2X method,
has been introduced by exploiting the flatness and straightness of the faces and edges,
respectively, of simplex elements. Quadrature methods over general curved elements
have been developed for the close evaluation of layer potentials [183,200]. Developing

efficient methods for integrating spherical basis functions over general curved elements
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with high-order densities is a direction for future development. Generalizing the present
method to other kernels and integrating it into a FMM-BEM solver are other directions

for future work.
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Chapter 12:  Conclusion and outlook

In this dissertation I tackled problems ranging from fundamental numerical methods
to applied algorithms arising in the field of audio and acoustics.

Two methods generalizing ambisonics-based spatial sound field capture have been
developed for expanding and changing the shape of reconstruction sweet spots. A fast
method for realistic forest reverberation synthesis has been developed and was used for
simulating distributed microphone array recordings of forest sound scenes for studying
bird sound localization systems deployed in large reverberant forests. An individual-
agnostic neural network model for binaural localization was developed, which revealed
that such neural network-based binaural localizers experience the same “cone of confusion”
as humans do. Sound field control methods for open personal sound fields have been
developed. This dissertation was focused on the development of algorithms and their
method of evaluation was limited to numerical experiments. As some of the developed
methods are meant for audio applications for human listeners, it is desired to evaluate
these methods via formal subjective listening experiments. For that, it is also desired to
implement these methods as audio devices operating in the real world. These topics are
left for future research.

Three numerical algorithms for evaluating integrals arising in the fast multipole-
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accelerated BEM for the Helmholtz and Laplace equation have been developed for flat
high order or curved constant boundary elements. These numerical quadrature methods
are not limited to acoustics but can be also applied to problems in other domains, e.g.
electrostatics or fluid dynamics. These methods, however, also have some limitations
in their current form which suggest opportunities for future research. Currently, the
RIPE method (chapter 9) and the Q2XP method (chapter 11) support arbitrarily high
order polynomial densities over the elements, however these methods are limited to flat
boundary elements. Conversely, the method for manifold elements discussed in chapter 10
supports curved boundary elements with high generality, however it is limited to constant
densities and also to single and double layer potentials in its current form. Therefore,
generalizing the RIPE method and Q2XP method to curved elements, or, the method
for manifold elements to high-order densities may be possible approaches towards an
algorithm which supports high-order curved elements. While the algorithm developed
in [183] in principle supports high-order curved elements, in its current form it only
supports Laplace kernels and its empirical accuracy on single layer potentials, as observed
in chapter 10, may not be as satisfying as that for the double layer potential, implying that
room for improvement remains. Indeed, classical methods for layer potential quadrature,
e.g. Gauss-Legendre quadrature, various methods for singular, hypersingular, or nearly
singular do exist and can be used for certain cases, however they lack a mechanism
which allows efficient evaluation of high-order layer potentials via exploiting recurrence
relations. Hence, the development of a numerical quadrature algorithm for the evaluation
of general layer potentials arising in the BEM with high-order densities over curved
elements which offers both efficiency and accuracy is still an open problem. We hope
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that the algorithms presented in this dissertation serve as steps towards such an algorithm.
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Appendix A: Derivation of the spheroidal ambisonics transcoding formula

The following relation is utilized for the derivation of the transcoding formula:

[e.e]

Smn(c, U)Rfﬁzl(a §) = Z 5(n—m)%2,r%2imin+rdrmn(C)jmﬂ"(kr)PnTJrr(COS ), (A.l)

r=0

where d""(c) are the expansion coefficients:

Smn C 7] Z 5 (n—m)%2, r%2d ( )PrTnnJrq«(n) (AZ)

r=0

By substituting (A.1) into (3.15), the expression of p;,, we obtain:

Z Z Z dmn m-‘rr COS 9)]m+r(kr)5 (n— m)%2,r%2im_n+r (A3)

n=0 m=0 r=0

X (Apn cosme + By, sinmep)

— f: zn: (A cos mp + By sinm)

n=0 m=0

X Z d"(c) Py, (€08 0) Jumgr (k7)) (n— m)%zy,ﬂ%gim_””
= Z Z (Apmn cos mp + By, sinmep)

n=0 m=0

X Z dmn m+r cos 9)]m+r(kr)5n% (m+r)%22m n+r
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n

N
Z Z mn COS MY + By sin mep)
=0 m=0

N—m

X A" () On2,(m-+r)%2Jmr (k) Py (cos 0)d™ "
r=0

We can also write:

=3 D A Gakr)Y (0, ¢)

n=0 m=—n

_Z Z A™(k)jn (kr)N™P™ (cos )e™?

n=0 m=—n

= Z Z A" (k) Jn (k)N P (cos 0)(cos(me) + isin(my))

n=0 m=—n

(A4)

=S Zj” (kr) Z A" (k) (cos(mp) + isin(mep) )N, P (cos 0)

m=—-n

with
_ |
Nm = (2n+1)(n m).. (A.5)
4 (n +m)!
Multiplying Y,T/ (0, p)* with (A.4) and integrating over the unit sphere yields:
A (k) = ! / Y (0, o) d (A.6)
n _jn/ (kr @ .
1
/ / D Ym *sin Odfdp
jn’(kr 0=0 J p=
1 2 oo n oo
d™ (c)P™, . (co80)jmr(kr)
o o2 ZZ pleos i

X O(nem)%2,%20" " (A, cOSMP + By sSinmep) Yn’ll/ (0, )" sin 0dfdyp

(1]{:7,. Z Z Z dmn n m)%2,r%2im7n+rjm+r(k?’f’)Ng/Ll

n=0 m=0 r=0

jn’

3

X / P, (cos 0) P (cos §) sin 0df
0

0
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27
X / (Apn OS M + B sinmep) e~ %dyp
=0

Now, we define:

27
F(m,n,m’) = / (Ayn cosmp + By, sinm) e dp
»=0
.
27TAmn fm=m =0

7 (Apn + iBpy)  elseif m = —m/

T (Apn — 1Bpy)  elseif m =m/ (A7)
0 else
=F(m,n,m")é(m, |m'|)
=F(Im/|,n,m")d(m, |m'[)
In the case §(m, |m’|) = 1, we also define:
G(m,m’,n',r) E/ Py, .(cos 0) P (cos 0) sin Adf
=0
. %(xn—w,n/ form =m’
20" : (A.8)

@n/+1) “mArn’ form = —m

=G(m,m’,n',r)é(m +r,n')

:G(m,m”nlyn/ - m)é(m + n/)
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This yields:

Z A () tn—m)%25%20™ " Gnpr (kr)N;Z}'
& 2w
X / P (cos®)P; ™ (cos 0) sin 0df x / (Apmn cosmp + By, sinmep)
0

»=0

. — . /
n m)%Q,r%le n+r]m+T (k’?“)N;}

nOmOrO

x G(m, m', n', n' —m)o(r,n" —m)F(|m'|,n,m")o(m,|m'|)

. !
n%Z n’%QZ Tjn'<kT)NTTLr’L

nOmOrO

x G(m,m',n',n" —m)é(r,n" —m)F(|m'|,n,m")o(m,|m'|)

- Z Z dmn n%2 n’%2N

n=0 m=0

x G(m,m',n/\n" —m)F(|Im/|,n,m")d(m, [m'|) Y 6(r,n’ —m)im ="

_Z Z d n%2 n’%ZN

n=0 m=0

/

x G(m,m',n’,n" —m)F(|m'|,n,m")d(m,|m'|)H(n" > m)i" "

§ :E : [m/|n m/
= d ' |m/| n%2,n’%2Nn/

n=0 m=0

X G(|m'|,m! 00’ — [/ ) H(n' > [m|)F(Jm’|,n,m")é (m, [/ )i "

_E : |m/|n m’
d n ‘m/‘ n%2,n’%2Nn/

/

x G(|m/|,m/,n',n' — |m/|)F(|m|,n,m")H(|m'| <n)i" ™"
G|, — | )N H ('] < )

Z d|77 ||:Ln’| n%Z,n’%QF(|m,|7 n, ml)in/—n

/ ‘ml‘

=G(|m'|,m/ 0,0’ — |m/ )N x Zd‘m (0w F (||, m )i "
n=0

(A.9)
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In the above, H(n > m) is the Heaviside step function:

1 forn>m
H(n>m)= (A.10)

0 forn<m

From (A.8), it follows:

2(n’+m/)! ,
TR, / Gy form’ >0
Sl A1)
2(_1)m’
n/+1) form’ <0
Also from (A.7) it follows:
4
27 At ifm’ =0

E([m'],n.m") =4 7 (Apin + iBipn)  elseif m! < 0

T (Ajjn — i Byyn)  else if m’ > 0
\

(

2w Aon ifm/ =0 (A.12)

™ (A|m/‘n — isgn(m’)wa‘n) else
\

2 ifm' =0
=7 (A‘m/m — isgn(m')B‘mqn) X

1 else

m/|n

The remaining quantity that is needed to evaluate <777 (k) is the table of dln,_|m,|

coefficients. This table can be calculated by the method described in [72].
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To summarize,

A7 (k) =G(|m/|,m/,n',n/ — |m'|)N

!
X Zd‘ﬂ/l “T;n/‘ n%2n’%2F<‘m| n m)Z o

[ N
S\ w2+ D — |m/])!
X Z d‘nl/L \‘r:n/‘ n%2,n’%2F(‘m/|7 n, m/)inlin
where
(=)™ form’ <0
J(m') = (A.14)

1 form’ > 0

Finally, the following transcoding formula is obtained.

~ Prolate spheroidal ambisonics to spherical ambisonics transcoding formula —

) "+ |m/])!
A =a(m’ m(n
n a(m>\/(2n’ T — ]!
o (A.15)
x> Snepiao(=D) T 7 (€) (A — isen(m') Bu)
n=|m’|
where
(=)™ form’ <0
a(m') =<9 form’ = 0 (A.16)
1 form’ > 0
- J
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Appendix B: Elementary integral computations arising in the RIPE method

B.1 Computation of integrals 7,,

We show analytical computation of
im (z50) = /7‘mdx7 r=va2+a2, o =y*+2% m=0+1,+2,... (B.1)

For small values of even and odd m these integrals can be computed

1
io(x;a) = z, i4(x;a)=lnlr+z|, is(x;a)= - arctang, i3 (x;a) = ai‘

‘We have the recurrence:

Imas = /Tm+2dl’ =2 — (m +2) /xzrmd:z: = 2" — (M 4 2) e + (M + 2)aiy,.

ormt? om+2
_ - 3, B.2
mt3 mysm M7 (B2

Im+-2

We need integral values for m > —3, and have explicit expressions for all required non-
positive m and can recursively find all positive m starting the recurrence from m = 0 for

even m and from m = —1 for odd m. Note that primitives 7,, (z; a) may have singularities
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if a = 0. For these we have

im (2;0) = ——, m# -1, i1 (x;0) =sgn(x)In|z|. (B.3)

B.2 Computation of integrals k,,
In this appendix we show how integrals

m

km (x4, 2") :z’/r—dx r=+a2+y?2+22 m=0+%1,42,... (B4

72 + 12 ’

can be computed analytically. Note, that for 4/ = 0 these reduce to the integrals 7,,:
km (2;0,2") = 2/ / %dx = 2im_a (z;]2]). (B.5)

So we only need consider the case y' # 0. We derive recurrences for all needed £, and

find initial values to use them. We have

m+2 2 2 12
Kmy2 = Z//r—dx = z'/ @+ 27) +y prdr = iy, <x; V2 + z/2> + % k.

ZEQ + Z/Z 112 + 212

With known expressions for the initial values (odd and even), all integrals can be computed

recursively. For this we have

/ / /

< T
k’_ : /’ / — t , k’ : /’ AN t ’ B6
1(93 Yy Z) y/ \Z’\ arctan ‘ZI’T 0 (iB Yy Z) ’Z,‘ arctan —‘le ( )
! /
ki (z;y,2) = % arctan % + 2 In|r + z|.
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Note that y'k_; (z;9/, ') entering the primitive expressions are not singular even when 2’

and 3’ approaches zero, while depend on the path (ratio 3’ /2’).
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Appendix C: Proof of relation (10.15) used in the manifold element integrals

We use the following definitions of first and second fundamental forms [204]:

E (C.1)

2 _ _ .2 _ _ _
r,, F=r,-r,, G=r1,, e=ry, Ny, f=ry N, g=Tr, N,

With C, = 0C/du, C, = 9C/0dv, 0, the angle of p from r, and 6, the angle of p from

r, measured in the tangent plane of S at r,

= — Dryiny + Cryjnos + Dry iy — Cryia. (C2)
=~ D(r,- p)(n,  p) + Clr, - ), - p) + D(x, - p)(m, - p) — C(r, - p)(n, - p)
=~ D(r,-p)(n, - p) + D(r, - p)(n, - p) + C(r, - )(n, - p) — C(x, - p)(n, - p)
+(C = D)(x, )0, ) — (C — D)(x, - p)(n, - p)
=C(r, x ) (p % p) = Dlry xm,) - (px p) + (C = D) (s p)(n, - ) — (x, - p)(ny - )

— 1, (~D(r, xn,) + Cr, xn,)) + (C = D) ((r,.- p)(n, - §) — (x, - B)(n, - p))

—ny - (D(r, x C.) = Clry x C) + (€ = D) (v p)(m ) — (x, ) (- )
= (O Pt 0g) + Dl (o mg) — (C 4 D)y 1) (- 0y)

(O = D) (v )+ p) — (ry D)0, - )

= (I 1)+ DI 0,) — (€4 D) 1) (r )
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C —
+

|r,| cos 0, (|ry,| cos 0,1y, - 0y — |1y | cOSO,Ty, - 1)

C —

|1, | sin 0, (—|ry|sin 6,1y, - ny + |r,|sin 6,1, - ng).

Here we used:

r,-p=|ry|cosb,, r,-p=]r,|sinb,, 1, -p=/|r,/cosb,, r,-p=]r,|sinb,.

(C.3)

?? continues as:

1
K== j(C’rvP(rw ‘1) + Dlr,[*(ry, - 0g) = (C+ D)(ry 1) (Tuw - 1))

C-D C-D

(sin® 0, |ry|*(Tuu - ng) — c0S” O, |1y (row - 1g)) + T|ru||rv| cos(6y, + 0,)(ry - ny)
1 1
=5 (((C = D)sin® 0, — C)|r,[*(ryu - my)) + i (=D — (C = D) cos® 0,)|ru|*(ruy - ng))

1
+ 23(0 cos 0y, cos 0, — Dsin6,,sin6,)|r,||r,|(ry, - n,)

__71 ((D SiIl2 91} + CCOS2 6v)|rv|2(ruu : nl])) + _71 ((D Sin2 eu + C'COS2 9u)|ru|2(ryv : l’lq))

1
+ 27(0 cos, cosl, — Dsinf,sinb,)|r,||r,|(ruw - n,)
Doy o L2 2 : :
=-= (sin®B,rle + sin® 0,r2g — 2sin 6, sin 6, |r,||r, | f)
¢ 29 2 29 2
- (cos 0,rie + cos” O,r; g — 2 cos b, cos Hv\ruHrU]f)
L JD(sin2 0,)Ge + (sin®6,)Eg — 2(sin 0, sin 0, |r, ||, | f
N EG — F?
% (cos®,)Ge + (cos? 0,) Eg — 2(cos 0, cos 0,)|r,||r,| f
EG — F?

= — J(Ckn(p) + Drn(p)).
(C4)

Remark. From the definition of the normal curvature, it follows that the quantities .y (p)
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and Ky (p) given by:

Gesin?0, + Egsin® 0, — 2f|r,||r,| sin 6, sin 6,

KN (P) = 5 :
EG - F (C.5)
_. Gecos?0, + Egcos? 0, — 2f|r,||r,| cos b, cosb,

are nothing but the normal curvature of the surface at r, in direction p and p, respectively.
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