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ABSTRACT

Title of Dissertation: Optimal Risk Sensitive Control of

Semi-Markov Decision Processes

Jay P. Chawla, Doctor of Philosophy, 2000

Dissertation directed by: Professors Steven I. Marcus and Mark A. Shayman
Department of Electrical and Computer Engineering

In this thesis, we study risk sensitive cost minimization in semi-Markov decision
processes. The main thrust of the thesis concerns the minimization of average risk
sensitive costs over the infinite horizon. Existing theory is expanded in two direc-
tions: the semi-Markov case is considered, and non-irreducible chains are consid-
ered. In particular, the analysis of the non-irreducible case is a significant addition
to the literature, since many real-world systems do not exhibit irreducibility under
all stationary Markov policies. Extension of existing results to the semi-Markov
case is significant because it requires the definition of a new dynamic program-
ming equation and a technically challenging adaptation of the Perron-Frobenius
eigenvalue from the discrete time case.

In order to determine an optimal policy, new concepts in the classification

of Markov chains need to be introduced. This is because in the non-irreducible



case, the average risk sensitive cost objective function permits extremely unlikely
events to exert a controlling influence on costs. We define equivalence classes of
states called ‘strongly communicating classes’ and formulate in terms of them a
new characterization of the underlying structure of Markov Decision Problems and
Markov chains.

In the risk sensitive case, the expected cost incurred prior to a stopping time
with finite expected value can be infinite. For this reason, we introduce an assump-
tion: reachability with finite cost. This is the fundamental assumption required to
achieve the major results of this thesis.

We explore existence conditions for an optimal policy, optimality equations, and
behavior for large and small risk sensitivity parameter. (Only non-negative risk
parameters are discussed in this thesis —i.e. the risk averse and risk neutral cases,
not the risk seeking case.) Ramifications for the risk neutral objective function
are also analyzed. Furthermore, a simple solution technique we call ‘recursive
computation’ to find an optimal policy that is applicable to small state spaces is
described through examples.

The countable state space case is explored, and results that hold only for a
finite state space are also presented. Other, related objective functions such as
sample path cost are analyzed and discussed.

We also explore finite time horizon semi-Markov problems, and present a gen-
eral technique for solving them. We define a new objective function, the mini-
mization of which is called the ‘deadline problem’. This is a problem in which the
probability of reaching the goal state in a set period of time is maximized. We
transform the deadline problem objective function into an equivalent finite-horizon

risk sensitive objective function.
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Chapter 1

Introduction and Overview

1.1 Introduction

For the criterion of average or discounted risk neutral costs on the infinite horizon,
policy or value iteration can be used to find optimal policies for semi-Markov
decision processes (see, e.g., Ronald Howard’s books [22] and [21]). However,
when the time between transitions varies over a continuous time interval and is
not exponentially distributed, and either the time horizon is finite or the cost
function to be optimized is not a linear sum of costs, the standard framework for
solving MDPs is no longer applicable. (There are trivial exceptions, such as when
the time between transitions is restricted to the positive integers, a case covered by
Howard and Matheson [23] for a risk sensitive objective function.) In this thesis,
we extend treatment of semi-Markov decision processes to the risk sensitive cost
criterion, both on the finite and the infinite horizon.

The main contribution of this thesis is in laying the theoretical groundwork
for a study of optimal average cost policies on the infinite horizon when the stan-
dard irreducibility assumption is removed. We focus on the risk sensitive objective
function because it has interesting and useful properties, including robustness un-

der parameter uncertainty. There has been considerable research in the area of



risk sensitive control recently (see Section 1.3), and in this thesis we aim to push
progress forward in terms of the complexity and scope of problems to which the
risk sensitive optimality criterion can be applied. Future researchers may build
on these results to determine efficient and convergent solution techniques for these

optimization problems.

1.2 Motivation for study

In this thesis, we focus on optimizing the objective function of average risk sensitive
costs on the infinite horizon. Aside from the mathematical interest of the problem,
there are many practical reasons to pursue this avenue of study. The most direct
reason is that sometimes one needs to avoid costly realizations and is willing to
sacrifice somewhat in terms of average (risk neutral) performance. In this regard, a
risk sensitive criterion objective has an advantage over a minimax objective since it
balances risk with average performance. (Note: In [13], another objective function
is proposed that balances the same tradeoff: mixed risk neutral /minimax control.)

One of the most natural applications of risk sensitive control is in maximiz-
ing financial return. This is because financial returns are inherently multiplicative,
rather than additive — if one earns 5% in a year, one’s portfolio value is multi-
plied by 1.05. In [6], risk sensitive portfolio managment is studied. A finite state
space and discrete time formulation is used to model a number of factors including
macroeconomic conditions, and portfolio performance is optimized with respect to
the risk sensitive average cost objective function on the infinite horizon. Even for
a finite time frame, a controller for the average cost objective function will perform
well since performance converges yielding nearly optimal behavior on a finite time
horizon. Another common objective function used in portfolio analysis is mean-
variance control in which the mean gain plus minus a factor times the variance of
the gain is maximized. This is similar to risk sensitive control, in fact it constitutes

the first two terms of the Taylor series expansion of the exponential. However, it



leads to undesirable behavior including history-dependence of the optimal policy,
as we will later illustrate in an example.

In general, aside from the advantage of minimizing risk (i.e., reducing the
probability of a very costly realization), a risk sensitive controller outperforms a
risk neutral controller when system parameters are not known with certainty or
they are not constant (see e.g., [39], [15], [8], [3], [12], and [13]). This is due to the
connection between risk sensitive and robust control first pointed out by Glover
and Doyle in [17]. (For references to subsequent literature, see [15].)

In [8], a variational representation is used to connect risk-sensitive and robust
control. It is shown that for a stochastic differential game, strategies that are
nearly maximizing for the robust problem can be used to define nearly minimizing
controls for the risk-sensitive problem with small risk parameter. In [15], some
robustness properties of a risk sensitive controller are stated and proved, including
a stochastic small gain theorem.

In [3], a framework is created for solving robust control problems using a risk
sensitive controller. Specifically, for the case in which there are uncertainties in
system parameters, a risk sensitive control problem is formulated and solved using
an information state. The optimal controller for this problem performs robustly.
In [39], a risk sensitive criterion is used to perform decision theoretic diagnosis
with application to communication network failures. The reason a risk sensitive
criterion is used is because network parameters are changing and can only be
estimated. The robustness of a risk sensitive controller allows it to perform well
under those conditions.

Note: For more information about risk sensitive control of partially observed
MDPs (POMDPs) including large and small risk limit results, see [16]. See the
seminal paper [41] for the risk neutral POMDP case. We assume full state obser-

vations throughout this thesis.



1.3 Background in the literature

There is a rich literature in risk sensitive control stretching back over half a century.
In this background section we focus on results in the literature that are of direct
relevance to our work.

In [35], Puterman covers a wealth of issues involving MDPs, SMDPs, dy-
namic programming, existence of optimal policies, policy iteration, value iteration,
and linear programming. The average cost case is covered in depth, including the
semi-Markov case. However, Puterman only covers the risk neutral case. Risk sen-
sitive objective functions are not discussed. However, for the risk neutral case, the
results in the literature are well explained. The Average Cost Optimality Inequal-
ity (ACOI) is described, based on Sennott’s work as described in [37]. Another
excellent overview text is [19], which covers much of the same ground as Puterman,
including a detailed discussion of the linear programming approach to solving the
risk neutral average cost control problem. Bertsekas has written two canonical
volumes, [4] and [5], on all aspects of risk neutral optimal control. His texts are an
excellent source for a first time reading of the material because they are very intu-
itively written. In addition, they are broad in scope and cover all of the relevant
material.

In [37], Sennott explores optimal policies for Markov decision problems, also
for the risk neutral case only. She shows that in the countable state space case for
bounded costs, that the ACOI holds. ([37], P. 135)

The risk sensitive objective function was first addressed by Ronald Howard,
([21], [22], and (with Matheson) [23]) who covered the discrete time, finite horizon
case. The discounted costs case on the infinite horizon was covered by Chung and
Sobel in [10]. Unfortunately, in the discounted costs case the optimal policy is
nonstationary in general, although as time gets large it converges to a stationary
policy. Recent work in the area has been done by Coraluppi, [14] who discussed

tradeoffs between various objective functions and further explored the discounted



costs case. Patek [34] recently considered the risk sensitive stochastic shortest path
problem for a finite state space in discrete time. He showed the existence of an
optimal stationary policy and proved the convergence of value and policy iteration.

The risk sensitive objective function is ‘harder’ to analyze than the risk neu-
tral objective function in the infinite horizon case. The reason for this is because
the risk neutral objective function can take advantage of ergodicity in a direct way:
if a stationary Markov policy induces an ergodic distribution, then the average risk
neutral cost on the infinite horizon is given by the cost function weighted by the
ergodic distribution. In addition, in the limit as the discount factor approaches
1, the discounted risk neutral cost approaches the average risk neutral cost. This
‘vanishing discount’ approach is described in, e.g. [4] and [35].

In [18], Hernandez and Marcus extend the risk sensitive results by applying
a method similar to the vanishing discount approach to the Isaacs equation of an
ergodic cost stochastic dynamic game. (Note: Fleming and Hernandez used the
I[saacs equation in this way earlier for the finite state case.) In [9], Cavazos-Cadena
and Fernandez-Gaucherand extend the risk sensitive results in the same way but
without resorting to a limiting argument. In both [18] and [9] the result is that
if costs are bounded over the entire (countable) state space and (simultaneous
Doeblin condition) every policy returns the system to a specific recurrent state
within an expected time that is uniformly bounded starting from any state, then
an optimal policy exists and an optimality equality holds for that policy. In [9] it
is additionally pointed out that unique problems arise in the risk sensitive case. In
particular, the expected cost to escape a state need not even be finite! A simple
example is used to show that because of this potentially infinite transition cost
unless the risk sensitivity parameter is sufficiently small, the average cost for a
given stationary policy is not necessarily the same starting from every initial state
despite the strong recurrence (Doeblin) condition.

In [31], Di Masi and Stettner extend the results in [18] by retaining the

bounded costs assumption and replacing the Doeblin condition with a very strong



assumption on the transition probabilities. (Essentially that the difference in tran-

sition probabilities from any two states is uniformly bounded.)
P[C|.’L’1, al] - P[C|.’L’2, CLQ] S 0.

In addition to the results in [18], Di Masi and Stettner also show that the
limit as the risk sensitivity parameter goes to zero from above of the risk sensitive
cost is equal to the risk neutral cost.

In [14], Coraluppi points out that the discounted risk sensitive cost, as the
risk sensitivity parameter goes to oo, approaches the discounted maximum cost.
This was already known to be true in the finite horizon case.

Balaji, Borkar, and Meyn have made significant contributions to the area
recently. In [2], Balaji and Meyn studied ergodicity for an irreducible Markov
chain with risk sensitive costs. This extends earlier ergodicity work (see [32]) in
the risk neutral costs area. The most important result in [2] shows that if there is a
Lyapunov function that satisfies a growth condition, then the average risk sensitive
cost over the infinite horizon exists and is independent of the initial state. In [7],
Borkar and Meyn use the results in [2] to prove the existence of an optimal policy.
Their result is quite broad and assumes only three things: the costs are norm-like,
the (countable) state space is irreducible under all Markov stationary policies, and
there exists a policy that induces a finite average risk sensitive cost.

In [20] and [26], results are presented that show the existence of a sample
path optimal (risk neutral average costs) policy. The conditions are different in

the two references, and will be discussed in section 10.1.

1.4 Contributions of the Thesis

In this thesis, we cover the risk sensitive case in depth. Our results extend the re-
sults in [7] and [2] by covering the semi-Markov case and removing the irreducibility

assumption. In particular, the removal of the standard assumptions that all policies



are unichain and that the entire state space is irreducible under any policy is a ma-
jor contribution to the literature. Although the risk neutral objective function has
been studied without the irreducibility assumption, we are not aware of any litera-
ture that studies the risk sensitive objective function without a strong irreducibility
assumption. In particular, as Cavazos-Cadena and Fernandez-Gaucherand point
out in ([9], P. 4): “it is well known that a ‘communicating’ condition is necessary in
order to have the optimal average cost be independent of the initial state, and that
a strong recurrence condition is required for the existence of a bounded solution
to the average cost optimality equation.” We remove the ‘communicating’ condi-
tion in this thesis and we also remove the strong recurrence condition, allowing
the existence of a sequence of policies that approach null recurrence, and allowing
policies to be null recurrent or not recurrent at all. We are not aware of other
work in which these strong assumptions have been removed in studying the risk
sensitive average costs objective function on the infinite horizon.

As an aside, we want to point out that the classification and relevance of the
‘communicating’ aspects of MDPs are different when applied to the study of risk
sensitive versus risk neutral objective functions. We explore that difference in this
thesis.

In this thesis, we prove two verification theorems: one for the case of bounded
costs and one for the case of norm like costs. These results are an extension of
the verification theorem result in [18] because they involve semi-Markov decision
problems. Furthermore, we provide a verification theorem in which the bounded
costs assumption of [18] is replaced by a norm-like costs assumption. This verifi-
cation theorem is used in the same way the verification theorem of [18] is used, to
complete a proof of the existence of an optimal policy.

We find conditions under which there exists an optimal policy, both for the
strongly communicating case and the not strongly communicating case, based on
two fundamental assumptions: that if a set of states is reachable w.p.1, then it is

reachable with finite costs, and that costs are norm-like (I.e., for any given bound,



there are only a finite number of states with transition costs below the bound.) We
believe that these are natural assumptions to make. The irreducibility assumption
is unnatural because not every policy will hit every state infinitely many times
w.p.1. The norm-like assumption is natural because the farther the system gets
from its ‘core’ set of states, the more costly it should be. The assumption that a
reachable set of states can be reached with finite costs is natural both because its
converse is unnatural and because of the fact, pointed out by Cavazos-Cadena
and Fernandez-Gaucherand in [9] that without that assumption the long-term
average cost depends on the initial state. (In our non-irreducible framework, the
corresponding ramification is that the long-term average cost within an irreducible
subclass induced by a policy depends on the initial state.)

In order to prove our general results, we had to examine the behavior of
semi-Markov, as opposed to discrete time, processes. The main work in this area
is done in the proof of the verification theorems. We also had to classify commu-
nicating properties of controlled Markov chains in ways previously not relevant to
optimization problems. This work culminates in the strong optimality resuls near
the end of the thesis.

We also cover, as do Di Masi and Stettner (in [31]) the behavior of the
risk sensitive cost as the risk sensitivity parameter goes to zero. However, our
results are much broader, not requiring bounded costs. Furthermore, we eliminate
the irreducibility assumption and describe the limiting behavior, something that
has not been done before for the risk sensitive average cost objective function.
(Although it has been done for the risk neutral case. See e.g., [35].) We also cover
the case where the risk sensitivity parameter goes to co. In that case (in discrete
time only — we do not cover the semi-Markov case), the average risk sensitive cost
approaches the average maximum cost, when it is defined.

We present broad conditions under which a policy’s sample path (risk neutral
average) costs equal its expected costs w.p.1. This result can be used to extend

the results in [20] and [26].



1.5 Organization of the thesis

In Chapter 2, we present the mathematical definition of the optimization problem
this thesis addresses: the semi-Markov decision problem formulation. The prop-
erties of the state space, action space, and transition time and cost structure are
defined. In addition, some unique features of risk sensitive and risk neutral objec-
tive functions are discussed. Also, some basic notation used throughout the thesis
and some basic properties of time-invariant Markov chains are introduced.

In Chapter 3, we describe the deadline problem. This is a new problem that
apparently has not been described in the literature. The deadline problem is to
find the policy that will take the system to the goal state within a predefined
time limit with the highest probability. In other words, the speed with which the
system reaches the goal state or its ‘closeness’ if it does not hit the goal state are
irrelevant. All that matters is reaching the goal state within the time limit. The
deadline problem, it is shown, can be reduced to an equivalent risk sensitive control
problem and solved using standard methods.

In Section 3.5, the rate of accrual of costs in an SMDP is further defined.
Then in Section 3.6 a simple algorithm is defined to solve any finite horizon SMDP.
It is an extension of the familiar dynamic programming technique to solve a finite
horizon MDP. Chapter 3, in addition to defining and solving the deadline problem,
addresses the problem of finite horizon SMDPs in general.

In Chapter 4, the objective function this thesis addresses is defined: the av-
erage cost risk sensitive objective function on the infinite horizon. The continuous
time dynamic program (4.2) is introduced as well. Then the two verification the-
orems are presented and proved. The first verification theorem, Theorem 4.2.1,
covers the case of bounded costs over the countable state space. It shows that
if the dynamic program (4.2) has a solution, then there exists an optimal policy
defined by the dynamic program, and furthermore this optimal policy is station-

ary, Markov, and deterministic. The second verification theorem, Theorem 4.2.2,



covers the case of norm-like costs. Chapter 4 concludes with a list of assumptions
that will be used in future chapters to prove the main results of this thesis.

In Chapter 5, we define the Perron-Frobenius eigenvalue A{i(7), which is
shown to be equal to the long term average cost of a stationary, Markov policy
within one of its strongly communicating classes. Furthermore, the round trip cost
C?7%()) is defined. These core concepts are used to explore behavior for large and
small values of the risk sensitivity parameter and to discover a recursive equality
(5.13) that must hold within a recurrence class induced by a policy with finite
Perron-Frobenius eigenvalue.

In Chapter 6, the fundamental Assumption 6.1.1 is stated. This assumption
is that the system can be driven from any state to any other state w.p.1, and fur-
thermore it can be driven with finite expected risk sensitive cost. This assumption
places the risk sensitive average costs control problem on a par with the risk neutral
average costs control problem because it eliminates the problem of infinite costs to
get between states. (Recall that this problem was pointed out by Cavazos-Cadena
and Fernandez-Gaucherand in [9].) The second theorem in this chapter shows that
even if the dynamic program (4.2) fails to hold because the round trip cost at the
Perron-Frobenius eigenvalue is less than one, then an optimality inequality (6.10)
still holds.

In Chapter 7, reachability, probabilistic reachability, and equivalence classes
of states that can reach each other (strongly communicating classes) are defined.
Several lemmas used in later chapters are proved based on these definitions. In
Chapter 7 it is demonstrated that the state space is composed of several strongly
communicating classes of states that are self-reachable plus a set of transient states.
Furthermore, some of these strongly communicating classes can reach others, cre-
ating a relationship that defines a partial ordering on the strongly communicating
classes themselves.

In Chapter 8, we delve into the heart of this thesis. First an example is used

to illustrate the maximum cost nature of the risk sensitive average cost objective
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function. (Therefore, the optimal control will execute minimaxing over the set of
reachable strongly communicating classes.) Then, Section 8.1 discusses how our
classification of Markov chains differs from that used by Puterman in [35] and
why: he applied the classification to the solution of risk neutral average costs and
we apply it to the solution of risk sensitive average costs. Then in Section 8.2,
a series of lemmas culminates in Theorem 8.2.1, which shows that starting from
any initial state there is an optimal policy in the not strongly communicating case.
Section 8.3 is devoted to showing why Theorem 8.2.1 does not hold independent
of the initial state, and further showing that if the optimal policy is independent
of the initial state in the risk sensitive case, it also is in the risk neutral case.

In Chapter 9, the finite state space assumption is utilized. Theorem 9.1.1,
a powerful result, starts the chapter. Theorem 9.1.1 generalizes Theorem 8.2.1
by showing that there is a policy that is optimal starting from any state. The-
orem 9.1.2, also a powerful result, shows the optimality equations for the not
strongly communicating case. Lemma 9.1.1 is another verification ‘theorem’ like
those in Chapter 4. This lemma holds in the more general not strongly communi-
cating case, though.

In the last two sections, Sections 9.2 and 9.3, we delve into more detail as to
why the optimality equations and the limit of risk sensitive costs as v | 0 look the
way they do. We classify all of the realizations starting from a given state under
a policy and find the probability that the realization falls in each class.

In Chapter 10, two topics are discussed: sample path convergence and the
elimination of v from the risk sensitive average cost objective function. In partic-
ular, the discussion in Subsection 10.1.1 is valuable in understanding the thesis as
a whole.

Finally, in Chapter 11, some closing remarks and suggestions for future re-

search are made.
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Chapter 2

The Semi-Markov Formulation

Let (S, A, P, Z) be a semi-Markov control model. Put simply, a semi-Markov model
(also called a semi-Markov decision process or SMDP) consists of a state space, S,
an action space, A, a set of transition probabilities, P, that specify the probability
of transitioning to a given state from a given other state under a given action, and
lastly, Z. Z is what makes the semi-Markov model different from a Markov model.
In a discrete time Markov model, transition times and transition costs are fixed.
In a semi-Markov model, both times and costs are random, and they are described
by a joint probability distribution dependent on the state and the action.

The state space, S, may be either finite or countably infinite and endowed
with the discrete topology, and the action or control space A is a Borel space. The
state evolves in continuous time and is piecewise constant. Those times when the
state changes are called decision times, and a control action must be selected at
each decision time. For every z in S, a(x) C A is the set of admissible actions
when the system is in state x. The set of admissible pairs is denoted K = {(z,a) :
a € a(z),r € S}. (Clearly, K C S x A.) The state process is continuous from the
right, and immediately after each state change, a new action must be selected from
those admissible actions for the new state, which is completely observed. The state

occupied and action taken at the £ decision epoch are denoted xy, a;, respectively.
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The time elapsed between the £ and k + 1 decision epochs, i.e., the ‘transition
time’, is denoted t.

The manner of choosing an action at the k' decision epoch is a mapping
or decision rule dy : © — «a(z); x € S. (Note that dy : S — A.) A decision
rule may depend on the history hy = (¢, ag, ..., Tx_1, ax_1, Tx) of the process up to
the k' decision epoch or it may depend only on zj. Such decision rules are called
history-dependent or Markovian, respectively. A decision rule may be randomized,
specifying a probability density g4, on the set of actions. I.e., the probability that
action a € «(zy) is chosen at the k™ decision epoch is qq (hg)(a) > 0, with
Y acalsy) 4 (hi)(a) = 1 for all possible values of the history. Following [35], we
denote the set of all decision rules at decision epoch k by Dj. There are 4 classes
of decision rules: history dependent and randomized (HR), history dependent and
deterministic (HD), Markov and randomized (MR), and Markov and deterministic
(MD). We denote the class of decision rule by a superscript.

A policy IT is a sequence of decision rules, IT = (dy, do, ...) Let TI* denote the
set, of all policies of class L; L € {HR,HD,MR,MD}. Thus, II* = DI x DF x ...
We call a policy stationary if d, = d Vk. Also, we can see that

MR 5 P Y TIME; and TIMP ¢ T7P nIME,

As soon as an action a is selected, the next state y is determined from the
transition law P, which is a stochastic kernel on S given (z,a). Z is a stochastic
kernel on T x N* given (z,a,y). Z determines the transition time (i.e., the
time between decision epochs) ¢(z,a,y) and the transition cost ¢(z,a,y) given
the state and action selected, and the state to which the system transitions. So
transition time and cost are not independent in general. Furthermore, we require
that transition times be positive and transition costs be non-negative.

Throughout the remainder of the thesis, we will assume there is no de-
pendence of the cost and time of a transition on the state transitioned to; i.e.,

t(z,a,y) = t(x,a) and ¢(z,a,y) = ¢(x,a). This assumption is made without loss
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of generality, because it can be imposed by adding states to the state space, while
maintaining the finiteness or countability of the state space.

When describing the performance of a policy starting from a given initial
state, we will use the notation EX[.] to denote the expected value of a random
variable under policy IT starting from state z; and the notation P!'[-] to denote
the probability of an event under policy II starting from state x.

The following theorem (2.0.1) is taken from [35] (p. 536):

Theorem 2.0.1 Let 1T = (dy,ds,...) € I"E. Then, for each xy € S, there exists
a policy TT' = (d), dy,...) € TIME satisfying

PH,[% =j,ar = a, t, = T|xo] = Py = j, a = a,ty = 7|z
fork=1,2,3,....

Assumption 2.0.1 (finite action space) «(x) is finite Vr € S.

Assumption 2.0.2 (compact action space) «(x) is compactVz € S; and P(y|z,a),

Z(t,c|z,a) are continuous in a.

Theorem 2.0.2 Let L : (y,c¢,t) — R be a measurable function and assume either

Assumption 2.0.2 or Assumption 2.0.1. Then,

dkeiIle;VfD B [L( k41, ek, ar), te (e, ax))] = dkéllljf;\lR B3 [ L(@psr, ci(@n, ar), te(xn, ar))]-
(2.1)

Furthermore, the infimum is achieved.
Proof:
Since DMP < DM left hand side > right hand side.

Now choose dj, € DM Suppose that x;, = s. Under dj;, there is a probability

density function on ay, given by qq, (-). Denote L,, (a) = E[L(k11, ck(Tk, ar), tr(Tr, ax)) |lar, =
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a]. Then, under either Assumption 2.0.2 or Assumption 2.0.1, 3a" € a(z;) such
that L,(a') = infyca(z) L(a). Therefore,

E [L(wp4, cr(wr, ar), te(wr, ax))] = / Ly, (a)-qq,(a)da

aca(xy)

— ’ dl
> Ly, (a) = Eef [L(zhq1, (T, ar), ti(zg, ag))]-

where d;, € DMP is the decision rule of taking action a in state s. O

From Theorems 2.0.1 and 2.0.2, it can be seen that for the purpose of op-
timizing a risk neutral cost criterion we can confine our investigation to Markov,
deterministic policies. However, while Theorem 2.0.2 is still applicable in the
risk sensitive case (i.e., Theorem 2.0.2 applies to both multiplicative and additive
dynamic programs), Theorem 2.0.1 is no longer relevant since the nature of the
objective function (product of costs) brings dependency on the joint distribution
of the state, rather than just its distribution at a given decision epoch. Later, we
will see that under certain assumptions the optimal policy for infinite horizon risk
sensitive average cost problems is a stationary, Markov, deterministic policy.

Clearly, if the time horizon is finite, the horizon effect will bring about a
time dependence in the optimal policy. An interesting question to ask for both
finite horizon and infinite horizon problems is “when does an optimal policy have
to depend on accrued costs?”

In [23] it is pointed out that there exists an optimal control that is indepen-
dent of past costs for (total, average, or discounted) risk neutral and risk sensi-
tive objective functions (both finite and infinite horizon) in discrete time, i.e., if
t(z,a) = 1Vx,a and ¢(x, a) is deterministic. This makes intuitive sense, since if the
objective function is risk neutral, the objective is to minimize the expected value
of the sum of future costs regardless of past costs, which are merely additive. And
if the objective function is risk sensitive, future costs are a multiplier to accrued

costs; this multiplier should be minimized regardless of what costs have already

15



been accrued. For all of the objective functions we study in this thesis, the use of
past costs to determine actions will not improve performance.

However, there are objective functions in which past costs do affect future
actions, i.e., in which an optimal policy must be dependent on past costs. One
such objective function is the square of the total cost, as the following example

demonstrates:

Example 2.0.1 (Cost dependence of optimal control)

o

Figure 2.1: Example of system in which optimal control is dependent on prior

costs.

Suppose that, as shown in figure 2.1, we have a discrete-time, finite horizon
problem in which transitions are deterministic and independent of the action taken,
there are two time steps, and the system starts in state xy. Suppose that at time
0, only one control is admissible: ay, and at time 1, two controls are admissible:

ay or a_y. Suppose the costs are as follows:

1 with probability %

c(xg, ap) =
100 with probability %
c(x,a1) =7
1 with probability %
c(r1,a_1) =

11 with probability %
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Suppose further that the objective function is J = E[(cy + ¢1)?], i.e., the objective
function is the square of the total cost. If the cost incurred at time 0 is observed,
then our choice of control at time 1 will depend on the observed cost. It can be
seen that if cost 100 is observed, then we choose control a_;, whereas if cost 1 is
observed, we choose control a;. Therefore, the optimal policy depends on the prior
costs.

Now let’s look at an objective function that is useful in financial applications:
a weighted sum of the mean + the variance. (As pointed out in the introduction,
this kind of objective function is used, e.g., in financial applications, although with
the objective of maximizing benefits rather than minimizing costs. However, this
example could be suitably modified to address profit maximization.)

Suppose we are trying to minimize E[(co + ¢1) + Y(co + ¢1)?]. Then clearly
if 7 is large enough we would again choose a_; when cost 100 is observed and a;
when cost 1 is observed. For v small enough, we would choose a_; no matter what
cost is observed at time 0.

This example brings to mind an interesting point. Observation of accrued
costs in the problems we study is irrelevant to optimizing performance. However,
there are problems and objective functions (such as mean-variance as shown above)

in which cost observation is essential to maximizing performance.

In the following, we will restrict our attention to completely observed risk
sensitive and risk neutral objective functions. We also introduce the completely
observed deadline problem, in which the objective is to reach the goal state within
a time deadline, which also has the property that past costs (actually the past
probabilities of not reaching the goal state — the deadline problem does not deal
with ‘costs’ per se) do not affect the optimal policy. From the fact that the deadline
problem has this same ‘nice’ property, we might guess that it can be transformed
into either a risk neutral or risk sensitive problem. We will show that it is in fact

equivalent to a risk sensitive problem in which the ‘costs’ are a function of past
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probabilities of not reaching the goal state.

It is also worth mentioning that the minimax optimal controller obtained
by using as the objective function the maximum possible (additive) cost under a
policy, also has an optimal policy independent of past costs. Again, a relationship
to the risk sensitive problem might be inferred from this fact, and in fact the
minimax objective function is the limit of the risk sensitive objective function
as the risk sensitivity parameter (defined later) tends to oco. Also, each of the
objective functions mentioned admits a dynamic programming formulation, which
if taken for the infinite horizon average cost problem depends only on the current

state.

2.1 Notation for objective functions used in this

thesis

We assume without loss of generality that there is a cost to be minimized, rather
than a reward to be maximized. Furthermore, the capital letter J is used to
represent the objective function to be minimized. A superscript of II indicates
that policy II is used to select actions. A subscript of xq indicates that the system
begins at time zero just having transitioned to state xy, i.e., at a decision epoch in
state 9. (These two rules of notation hold for expected values as well as objective
functions.) Because we will always be assuming the system starts at a decision
epoch, we will always have a state in the subscript of any objective function or
expectation operator. An objective function with risk-sensitive costs is denoted .J,
and one with risk neutral costs is denoted J. Continuous time is assumed to be
used, but a superscript of >, as in J denotes discrete time. An objective function
is by default average cost, but a bar above the J (as in J or J) denotes a finite
horizon objective function. An infinite horizon average cost objective function that

takes the ratio of cost to time in the same number of transitions is denoted with a
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tilde above the J (as in J or J). A value function V' denotes the infimum over all
possible policies of the value of the objective function to be minimized. Because all
decisions are made at decision epochs, a value function denotes this infimum taken
at a decision epoch. For the deadline problem, we will denote the value function
V(R,s) where R is the time remaining until the deadline and s is the state to
which the system has just transitioned.

To summarize the objective function notation,

JE) = risk sensitive objective function

J 50 = risk neutral objective function
1 Al . .
Sy O T, = discrete time

T =11 . . .

Jy, Or J,, = finite time horizon
=z ~11 . . . . .
Jot or J, = infinite horizon ratio of total cost to total time

Ja(R, s) = objective function for the deadline problem
at decision epoch in state s with time R remaining

where the superscript of II means that policy II is used and the subscript of z
means that the initial state is xy. (For a continuous time objective function, the
system is assumed to begin at a decision epoch.)

The deadline problem will be defined in Chapter 3.

2.2 Properties of time-invariant Markov chains

with countable state space

The notation 7¢ for G C S and 7, for y € S will be used throughout this thesis.
Define 7¢ = min(k € {1,2,3,...}|zx € G) and define 7, = 7,;. Recall that the
initial state is denoted xy; we denote o = min(k € {0,1,2,3, ...}z € G). (Note:

it can easily be shown that 74 is a stopping time.)
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If a stationary policy IT € IT™¥ is applied, then the embedded chain becomes
a time-invariant Markov chain. Following Chapter 4 of [32], for x,y € S we define
the relationship x 5 y to be true if P'(1, < o0) > 0 and we define z & y to be
true if 7 — y and y Lon e d x, then the state x is called probabilistically
self-reachable under stationary, Markov randomized policy II. We denote the set

of all probabilistically self-reachable states under IT as PSR™ = {z € S|z & z}.

Property 2.2.1 & s an equivalence relation on PSR,

If z € PSR", define the communicating class containing x as Qp(x) = {y €
PSRz & 4} = {y € S|z & y}. (Qu(x) is the equivalence class containing =
induced by &.) If z € Qu(z), w € Qu(y), and z > w, then we denote Qy(z)
Qn(y). For z € PSRY, if z 25 y implies that y € Qp(z), then we say that Qp(z)
is absorbing. Denote the set of all states that are contained in any absorbing

communicating class as Qf;. Qf is absorbing, but not necessarily communicating.

The following Lemma is a formal restatement of an argument contained in

([32], P. 84):

Lemma 2.2.1 For any stationary, Markov policy 11, any state x € S, and any
finite set G C S,

lim sup Pz, € GCU Q%] = 1.

k—00

In words, Lemma 2.2.1 says that no matter what the initial state, the system
will eventually either go to infinity or enter an absorbing communicating class. (Or
possibly both.)

Define My = {z € S|PY[r, < oo] = 1}. Clearly, My C Q%, and My is itself

absorbing.
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Lemma 2.2.2 For any stationary, Markov policy 11, any state x € S, and any
finite set G C S,

lim P)'[z), € G°U My] = 1.
k—o0

Proof:

By Lemma 2.2.1, all that we are required to show is that
Jim Pz € GN(Q4 — My)] = 0.
— 00

Since G is a finite set, so is G N (Q4 — Mp). For each z € G N (QY4 — Mp),
we have that PX[r, < oo] < 1. Therefore, we are guaranteed that the state will
eventually leave G N (Qf — M) and never return.

O

Define nY = SN [I(zx € G)] and let ng = limy_ony. The following
Lemma will be useful in establishing a verification theorem for a risk-sensitive

average cost-optimal policy when costs are unbounded.

Lemma 2.2.3 Let II be a Markov, stationary policy, G C S, |G| < o0, and x € S.
If P2[ng = oo] =1, then 3B C My N G such that Plrp < oo] = 1.

Proof:

The result follows immediately from Lemma 2.2.2.

Lemma 2.2.3 says that if the system hits a finite set an infinite number
of times w.p.1 (El[ng] = oo is NOT sufficient since it does not guarantee that
ng = oo w.p.1.) then it enters an absorbing communicating class that is positive

recurrent under IT w.p.1. (Positive recurrent is defined below.)

Definition 2.2.1 A Markov chain is called irreducible if Qn(x) = S Vr € S.

For any state x € Q%, define d(z) = g.c.d.{n > 1|PY[z, = x] > 0}.
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Definition 2.2.2 ([32]) An irreducible chain is called aperiodic if d(z) =1 Vz €
S.

The following theorem is taken from [11]:

Theorem 2.2.1 If a time-invariant semi-Markov process (i.e., an SMDP for a
fized stationary policy TI € TIMR) s irreducible and the states are periodic with
period 0, then the cumulative distribution F,(-) of the transition time t(z,a) is
a step function with jumps in the set {04, 0, + 0,0, + 25,...}. for some 6, >
0. Moreover, if P(xi|xy,11(xg)), P(xo|z1,1(21)), ..., P(Ty|Tn 1, [1(z, 1) > 0 and
Ty = Ty, then Oyy + 0y + ... + 04, 1S equal to an integer multiple of J.

Because of the necessary condition in this theorem, the controlled semi-
Markov process is periodic only under unusual circumstances (e.g., if transition
times are all the same w.p.1, i.e., the discrete time case.) When considering the
convergence of policy and value iteration (which is beyond the scope of this thesis),
we are concerned with periodicity of the embedded Markov chain because many
results require the embedded Markov chain to be aperiodic. Furthermore, the
aperiodicity transformation ([32], P. 371), which is used to transform a periodic
Markov chain to an aperiodic Markov chain, only works in the case of a risk neutral
objective function. However, for our purposes it turns out that certain technical
assumptions can be used instead of the assumption of aperiodicity in order for our

existence and uniqueness results to hold.

Definition 2.2.3 ([32], P. 500) A subset C' C S is called a positive recurrent
subclass induced by stationary, Markov policy 11 if Vo € C, Qu(z) = C and VA C
C, A#0, lim, o Pz, € A] > 0.

Definition 2.2.4 ([32], P. 500) A subset C C S is called a null recurrent sub-
class induced by stationary, Markov policy 11 if Va,y € C, Qu(z) = Qu(y) = C

and lim,,_,, Pz, = y] = 0.
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Note: It can be easily shown that My is the set of all absorbing communicating

classes that are also positive recurrent.

If S is a positive (null) recurrent subclass induced by stationary, Markov policy II,

then the induced Markov chain is called positive (null) recurrent.

Note: The limit lim,, ., Pz, € C] > 0 is guaranteed to exist ([32], P. 230) if
Qu(z) = C, C is absorbing, and II is stationary and Markov. Furthermore ([32], P.
500), an absorbing, communicating class C' induced by Markov, stationary policy

IT must be either positive recurrent or null recurrent.

The following definition of a positive recurrent subclass can be shown to be

equivalent to Definition 2.2.3:

Definition 2.2.5 Given a policy 11, a set C' C S is called a ‘positive recurrent

subclass’ induced by 11 if
EMr,] < oo;Va,y € C.
and

Plr, <oo]=0;Vz € C,2 ¢ C.
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Chapter 3

Finite Horizon Problems

3.1 The deadline problem

Before we consider the more general cases (risk neutral and risk sensitive objective
functions), let us consider the case of a Semi-Markov Decision Problem (SMDP)
with deterministic but nonuniform time between transitions in which the objective
is to reach the goal state within a given time budget.

For convenience, we track the SMDP in discrete time, i.e., at transition times,
with the state at ‘time &’ being the state after the k' transition. The actual
(continuous) time after the k%" transition is equal to the sum of the first k state
occupancy (or transition) times.

The problem is as follows: There is a finite set of states {so, s1, s2, ..., S, } and
a finite set of m; control actions {a{, a}, ...,a, } possible in each state, s;. (So the
set, of admissible pairs is K = {(s;,a})|0 <i < n;1 <k < m;}.) There is a unique
goal state sg. At each discrete time k, the controller selects an action a(k), where
a(k) is selected from the set a(s(k)), the set of actions that can be taken when
the system is in state s(k). The next state is selected according to the transition
law P, i.e. the probability of transitioning to state y from state x under action

a is given by P(y|x,a). Denote by r(z,a) the set {y|P(y|z,a) > 0}. The time
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elapsed between the k' and k4 1" transitions, denoted t;, depends on the current
state and the action selected, i.e., t;, = g(s(k), a(k)) where g(-,-) is a deterministic
function of its arguments. (So the transition kernel Z is degenerate with no costs
and with deterministic transition times.) The objective is to reach the goal state
sp while keeping the total time spent below a budgeted (or deadline) time, B.
Once the goal state is reached, the process terminates. We also make the

assumption

Assumption 3.1.1 (A1) For any pair of states (s;, s;), there exists a policy that
takes the system from s; to s; with nonzero probability in a finite number of tran-

sitions.

Because the state space if finite, (A1) is equivalent to the assumption that
you can drive the system from s; to s; w.p.1 given an infinite amount of time.

The problem starts at time 0 in an arbitrarily selected non-goal state. At
transition time k, if time X has elapsed prior to time k, we say that the cost
budget remaining, denoted R(k), is B — X. Thus, R(0) = B. Let us define the
value function, VI(R,s) = the probability of not reaching the goal state within
budget by following policy Il given that the system just transitioned to state s
with time R remaining.

Define the optimal value function V (R, s) = infyeprr VI(R, s). By Theorem
A, we have that V(R, s) = infycqur VIR, s). A policy IT* is said to be optimal if
VI'(R, s) < Viu(R, s); VII, R, s; i.e., if VIV (R, s) = V(R, s).

Let us now examine some properties of the optimal value function:

We see that

0if R>0
V(R, SU) = (31)
1lit R<0

And for s # sy,
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V(R,s)=1;ifR <0 (3.2)

Lemma 3.1.1

V(R,s) = mf Z P(z|s,a)V(R — g(s,a),z); if R >0 (3.3)
a€a(s wEr s,a)
Proof:
V(R,s) = infpegur VII(R,s). Because we are considering only Markov

policies, we can decompose a given II into II = II(R) U {II(r)|r < R}. And
II(R) = dg(s) for some randomized decision rule dg. (I.e., a policy IT € TTM# can
be decomposed into its decision rule at each time. That decision rule is just a
randomized mapping from state to action.) We have by definition of V|
V(R,s) = inf VIREHAIMIr <R (R 5)
dr(s)eDMR {II(r)|r<R}

_ inf inf VdR(s)U{H(r)\r<R} (R, 8)

dr(s)EDME {II(r)|r <R}

ng)MR 62: qay(a) - {P(sols,a) - I[g(s,a) > R]+

S Plals,a)  inf  VIORR(R _ g(s a),2))

ol {T1(r)ir<R)

= 1161£)MR Z Qag (@)-{P(sol|s,a)-I[g(s,a) > R]+ ; P(z|s,a)V(R—g(s,a),z)}

= nngR Z an (@) {P(so|s,a)-V(R—g(s,a),s0)+ > P(z|s,a)V(R—g(s,a),
aca(s T#£S0

= inf > qapla) . P(xls,a)V(R - g(s,a),z)}.

And the Lemma follows by Theorem 2.0.2. O



Lemma 3.1.2 There exists an optimal policy II* Furthermore, 11* is Markov and

deterministic.

Proof:

Because «a(s) is compact and P(z|s,a), g(s,a) are continuous in a; the infi-
mum in (3.3) is achieved. Since it is achieved, and since there are a finite number
of possible realizations since the budgeted time B < oo, the policy of choosing the
infimum in (3.3) is the optimal decision rule, i.e., its value function is the optimal

value function. Clearly, this decision rule is Markov and deterministic. O

Lemma 3.1.3 V(R,s) is a piecewise constant, nonincreasing function of R, with
V(R,s) =1 for R <0 and limg o V(R,s) = 0. Furthermore, V(R,s) is contin-

wous from the right in R.

Proof:

For R < 0, the required conditions hold by (3.2). Also, the required conditions
hold for V'(-,s9) by (3.1). Let us proceed with a proof by induction on R. Let
€ = MiNgegca(z) 9(¢,a). Assume the required conditions hold Vs VR < ne with
0 < n € R. We will show that the required conditions hold Vs VR < (n + 1)e. For
simplicity, if a function is piecewise constant, nonincreasing and continuous from
the right, we call it a PCNICR function.

Let us examine the value of V(R,5) for some state 5. By the DP (3.3), we
see that over the interval [ne, (n + 1)e], V(-,5) is, for each R, the minimum over
the set of admissible actions of 3, ¢, (5.) P(7|5,a) - V(R — ¢(5,a),r). This term is
the weighted average of PCNICR functions, so it is PCNICR. Furthermore, the
minimum of a finite set of PCNICR functions is PCNICR. Therefore, we see that
V' (-, 5) is PCNICR over the interval [ne, (n+ 1)e], and the induction is established.
O
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3.2 The deadline problem with incremental costs

Instead of viewing the value function in Chapter 3 as the probability of not reaching
the goal state by the deadline time, it could be viewed as the expected value of
the cost, where the MDP terminates when the goal state is reached, and the only
cost ever incurred is a cost of 1 for not being in the goal state when the deadline
time is reached. Let us call this deadline penalty cost DLP and allow it to take
on values other than 1. Furthermore, in this section, we add an incremental cost
equal to p times the time elapsed prior to reaching the goal state in excess of the
budgeted time.

Define ((s) as the optimal value function for the stochastic shortest path
problem of reaching the goal state in the shortest time. ((-) can be found using

standard methods. It can be seen that ((sp) = 0.

Lemma 3.2.1 The value function iteration (for R > 0) for the deadline problem

with incremental costs is

V(R,s) = rni(n) > P(z|s,a) - V(R —g(s,a),z); R >0 (3.4)
atals z€ET(s,a)

with the boundary conditions
V(R,s)=DLP+p-(¢(s)—R); R<0

V(O, So) = 0

V(0,5) = DLP + p-((s); s # so

Proof:

The boundary conditions are the only part that needs to be proved, since the
dynamic program was shown to be true in Lemma 3.1.1. The boundary conditions
are seen to hold since the penalty DLP is assessed if the goal state has not been
reached before R = 0. And the incremental penalty is p times the additional time

required to reach the goal state. O
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Notice that we obtain the value function iteration of the original problem
without incremental costs if we set DLP = 1 and eliminate the incremental cost

term.

Lemma 3.2.2 If incremental costs are included, then V (R, s) is piecewise linear,
nonincreasing, and continuous from the right (PLNCR) in R, with V(R,s) =
DLP + pR for R <0 and limp_,,, V(R,s) = 0.

Proof:

Given the boundary conditions (the value of V(R,s) for R < 0 from Lemma
3.2.1, we see that the lemma is satisfied for R < 0.

As in Lemma 3.1.3, we proceed by induction:

Let € = mingegaca(a)yer(s,e) 9(¢, @) Assume that the conditions of the lemma
are satisfied Vs VR < ne where 0 < n € ®. We will show that the conditions of
the lemma are then satisfied Vs VR < (n + 1)e.

Let us examine the value of V(R, s) for some state 5. By the DP (equation
3.4), we see that over the interval [ne, (n+1)e], V (-, 5) is, for each R, the minimum
over the set of admissible actions of 3, ¢, (5,0 P(7(s,a)-V(R—g(s,a), z). This term
is the weighted average of PLNCR functions, so it is PLNCR. Furthermore, the
minimum of a finite set of PLNCR functions is PLNCR. Therefore, we see that
V(-,5) is PLNCR over the interval [ne, (n + 1)¢], and the induction is established.
O

3.3 The discrete time deadline problem without

incremental costs

Suppose we ignore the continuous time between transitions and focus on the objec-
tive of reaching the goal state within B transitions, i.e., suppose we set g(-,-) = 1.

The definition of V' (R, s) is unchanged: Vii(R, s) = the probability of not reaching
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the goal state within R transitions by following policy II.
In order to examine this system more easily, let us transform it into an
equivalent finite horizon, risk-sensitive MDP. The objective function for a risk-

sensitive MDP (with risk sensitivity parameter v = 1 and time horizon R) is
j’H R _ EH Zfi—ol c(:vi,ai)
a (1, m0) = By [esi= ]

where the d subscript is for ‘deadline problem’.

Since no costs are defined for the deadline problem, and in fact the objective
function of the deadline problem is the probability of not reaching the goal state
within the time budget, we set the costs for the equivalent risk sensitive problem
to be the log of the probability of not reaching the goal state in a single transition.
Since such a framework doesn’t make sense once the goal state is reached, we
eliminate the goal state and set the boundary cost for each state to 1; i.e. V(0,s) =
1 Vs.

We must transform the transition probabilities in order to eliminate the goal
state. (Note: Assumption Al guarantees that the following procedure is well-
defined.)

For each (s, a), set r(s,a) = r(s,a)—{so} and set P(x|s,a) = %. And
set the transition cost to ¢(s,a) = log(l — P(so|s,a)).

It can be seen that the deadline problem (3.3) is equivalent to the following
optimization problem in the transformed system:

V(R,s) = arerloj(rg)[ec(s’“) > P(z|s,a)V(R - 1,2)]
zer(s,a)
which is the standard D.P. equation for a risk sensitive control problem. Standard
value iteration for a completely observed risk sensitive MDP can then be used to
find the optimal policy II(R).
The following facts are standard for a finite state, discrete time risk sensitive

control problem ([23]):
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1. There exists a number 3 < oo such that, ¥V Ry, Ry > 3, II(R;) = [I(Ry).
Furthermore, they each equal the stationary policy that optimizes the infinite
horizon risk-sensitive average cost

/ 1
JxH = hm Elog[Jd (x0, R)],

R—o0

denoted II4¢.

2. II(R) is a contraction mapping from V(R) to V(R — 1), and the largest
eigenvalue of II 4¢ is less than or equal to the largest eigenvalue of any other policy.

3. Let WALAX denote the eigenvector corresponding to the largest eigenvalue
of 4¢, and let w4 be the eigenvalue. Then there exists a constant + such that

3.4 The deadline problem for a general SMDP

Now suppose that transition times are arbitrarily distributed, i.e., instead of At =
g(s,a), we have a general density function f;,(7) on At such that At > 0 w.p.1
V{s,a} and E[At] < oo V{s,a}.

Lemma 3.4.1 FEquations 3.1 and 3.2 still hold, but equation 3.3 is replaced by

V(R,s) = mln Z P(z|s,a) / V(R—71,2)fsq(r)dr; if R >0 (3.5)
a€a(s) zer(s,a) 0

Proof:
The boundary conditions hold trivially. (3.5) can be shown to be true by

arguments similar to those used in the proof of Lemma 3.1.1. O

This dynamic program is very difficult to solve directly, so we will construct
the optimal value function to the deadline problem as the limit of a sequence of

value functions of truncated deadline problems. Recall that V' (R, s) is defined as
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the probability of not reaching the goal state within the time remaining under the
optimal policy.

The truncated deadline problem has an additional constraint: the goal state
must be reached not only within the deadline time, but also within & transitions. If
k is given, the problem is called the k-truncated deadline problem. Define V*(R, s)
as the probability of not reaching the goal state within & transitions in the time
remaining under the optimal policy to the k-truncated deadline problem.

We can see that equations 3.1 and 3.2 hold V&, and a recursion to determine

VE(R, s), in terms of VFY(R, s) is

R
VF(R,s) = reni(n) > P(x|s,a)/ VYR~ 71,2) fou(r)dr; if R>0  (3.6)
acals zEr(s,a) 7=0

Clearly,
Oif s=s
VO(R,s) = "
1if s # s
so V¥(R,s) can be solved by convolving known functions, adding, and taking a
minimum over admissible actions.

In order for this recursion to converge to the optimal value function, we need

to assure that only a finite number of transitions take place in a finite time interval.

Assumption 3.4.1 (/35])
There exist € > 0 and § > 0 such that

PAt<{§]<1—¢
Ve € S and a € a(x).

Lemma 3.4.2 Under Assumption 3.4.1, for any R € RT, limy_o VF(R,s) =
V(R,s).

Proof:
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Let R < oo be given. Under policy II starting from initial state s, let T'(k)
denote the time elapsed in the first k transitions. Out of the first k£ transitions, let
the number that have transition times exceeding J be denoted by B(k). Denote

G = [%1; i.e., G is the least integer that is no less than ?. We have

P[T(k) > R] < P[B(k) > G]
and by Assumption 3.4.1,
G
P[B(k) <G] <> (1—e)"
i=0

Clearly, limy_,, P[B(k) < G] = 0, so we have that limy_,, P[T(k) > R] = 1.

The optimal value function can be bounded by
VH(R,s) — P[T(k) < R] < V(R,s) < V¥(R,s)
And limy_,o, P[T(k) < R]=0. O

We have now an algorithm for approximating the value function of the dead-
line problem to arbitrary precision.

This algorithm can be applied to the deadline problem with deterministic
transition times to obtain the exact value function. It is clear that V(R,s) =

VE(R, s) for k > £ where € = min, , g(z, a).

3.5 Rate of accrual of costs in an SMDP

In order to study a finite or infinite horizon control problem with costs, one must
know more than the joint density function on total cost and time to complete a
transition. One must know the rate of accrual of costs. This is because in a finite
horizon control problem, the time limit may be reached at a time other than a
transition time. And in an infinite horizon control problem, the limit must be

reached uniformly, not just at transition times.
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c(x,a), the total transition cost between decision epochs, and t(x,a), the
transition time betweem decision epochs, have a joint density function given by Z.
Let G,(7) denote the rate of accrual of costs, and in addition, let h(z, a) denote

a one time cost that takes place at the time of transition. We have

o(x, a) = [h(z, a) + /0 N G (7)dr] Wit

We assume that G, ,(7) > 0 w.p.1 V7 > 0 and that h(x,a) > 0 w.p.1. Note
that h(z,a) does not depend on the transition time or the accrued costs up to the
transition time.

Given that the total cost of transition is generated in this way, we can see

that

E[f(c(z,a))|t(z,a) = A1] > E[f(c(x,a))|t(x,a) = Ag]; if Ay > As. (3.7)

for any monotone increasing function f(-). This fact will be useful later on in
proving Lemma 4.2.2 and Theorem 4.2.2 by bounding the costs.

For simplicity, we will combine G(:) and h(-,-) into ¢g(-) = G(-)+ a delta
function of magnitude h(-, -) at each transition time. Thus, the total (risk neutral)
cost up to time T is given by [ g(t)dt.

It should be noted that a joint probability density function on ¢(z,a) and
t(z,a) is general enough to model rates of accrual of costs other than the one we

adopt here.

3.6 The cost minimization problem for a finite-

horizon SMDP

A finite horizon cost minimization problem can take one of two forms:

_ 1 T
JI(T) = o BN [e7 Jimo 9] (3.8)
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or

Tam) = B[ gl

where the time horizon is 7.
We can extend the same procedure to solve either of these problems that we
used to solve the deadline problem for a general SMDP.
Define
J: (T)= inf J(T),

HEHHR o

and similarly for j;o (T). Existence and dynamic programming results simi-
lar to Lemma 3.1.2 and Lemma 3.1.1 can be shown in both the risk sensitive and
risk neutral cases.

Recall the definition of the ‘k-truncated’ deadline problem. We define the
k-truncated finite horizon, risk sensitive, cost minimization problem in terms of its

objective function as follows:
— T
J;‘f(T) — E;IO 67 Ji=o g(t)hk(t)dt],
where nt(t) = the number of transitions that have taken place up to time ¢,

0 if nt(t) > k
hi(t) = ,
Lif nt(t) < k
and we have gotten rid of the log and the normalization in (3.8) for simplicity
(and without affecting the optimal policy).

It is easily seen that J;(T) = 0. Furthermore, the following recursion can

be shown to hold:

acals

_ T
JH(T) = mi(n){P[t(x,a) > T Ele? =9 t(z a) > T]+

Z P(z|s,a) /TTo E[e”c(s’“)|t(x, a) = 7]JF YT — 7) fs.a(T)dT}.

zer(s,a)
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Similarly, for the risk neutral case it can be shown that

jzk(T) = arenai(r;){P[t(x, a) >T]- E[/tTo g(t)dt|t(xz,a) > T+
> Plals.a) [ Ble(s, ali(ea) = 7177 (T~ 1) fou(r)dr)
zEr(s,a) 7=0

and J oo (T) = 0.

T
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Chapter 4

Average Costs over the Infinite

Horizon

4.1 Average cost objective functions

Risk neutral control problems have been well explored in both the finite horizon
and infinite horizon cases. For the infinite horizon, the semi-Markov risk neutral
cost case can be solved through value and policy iteration for both average and
discounted costs. This case was first studied in [22]; it is examined in more detail
in [5]; and [35] gives a thorough treatment with references. In the average cost
case, the objective function is given by:

1 T EN[f) g(t)dt
I — limsup — BT [/ g(t)dt] = lim sup Bl 9(t)d1]
0 Tooo 1 70 T—00 T

where g(t) is the rate of accrual of cost at time ¢. Under suitable conditions (see,
e.g., the verification theorems in this chapter), it can be shown that if the policy
is unichain and stationary, the limsup above can be replaced by a lim and that the

limit can be taken at the sequence transition times,

N
i . i Zi:() C(xia ai)
= hrn E T

j:L‘o N—oo :L‘o[ iiot(fﬂi,ai)

]
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=N e, a;)

N ity t(wi, ;)]

where N is the number of decision epochs that have occured, ¢(z;,a;) is the total

= lim EYJ

T
N—o00 0

cost accrued between the i and i + 1% decision epochs, and (z;, ;) is the total
time elapsed between the i and i + 1" decision epochs. It can be shown ([35],[5])

that the above is the same as

S limy e %Emno [0, i, a;)
Zo

]
C limyee ~EI Not(wi, a:)]
i.e., the ratio of the limits is the limit of the ratio.

In Chapter 10, we will show that the expectation operator can be removed
in these limits under the proper conditions.

Risk sensitive control was first described in [23], the discounted costs case
was explored in [10], and a good survey is given in [30]. Solving the discrete time,
discounted, risk sensitive cost case is difficult. In fact, it is shown in [10] that the
solution in the discounted cost case is not stationary because the risk factor is
different at every time, so policy iteration cannot be used. (See in particular PP.
56-57 of [10] and references therein.) Note that ([43]) the discounted costs case

degenerates to the risk neutral case as t — oo.

In discrete time, the average risk sensitive cost over the infinite horizon is

defined (see [30]) as

/ 1 T—1
11 . 11 c(Tt,at)].
Jyy = lim —7 In Exo[e”YE:t:o ( t)]’ v > 0.

Results for this case are well understood, but the semi-Markov case does not
appear to have been studied in the literature.

Define the risk-sensitive ratio objective function as follows:

In EE)Q”Y PO c@rtr): y > () (4.1)

JI = lim sup —
" Noow YEX [N ]

The actual risk sensitive objective function for an SMDP is
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1 "
Ty = hjf{l_)sogp T In BX lefo o)ty

and Jg} # jg} in general because the numerator and denominator cannot be sep-
arated in the average cost risk-sensitive semi-Markov case. (This is because the
exponential and logarithm are not linear operators.)

The central focus of this thesis will be to examine the risk sensitive objective
function JJ..

Of course, other objective functions can be used. For example, in section 10.2

of chapter 10, we will examine the following objective function:
JT(mo ) = lim In EM[ew Xico cma)]
N—00

This objective function is similar to the risk sensitive objective function with
the interesting property that the term NLW has been taken inside the expectation
and the exponential, resulting in the cancellation of the parameter . It turns out
that it exists if and only if the risk sensitive objective function exists for at least
one value of v > 0, and its value is related to the value of the risk neutral objective

function.

4.2 A dynamic program for the risk sensitive

semi-Markov average cost case

In [18], the following dynamic programming equation is considered for the discrete

time risk sensitive control problem:

€A+W(.’E) — ml(n) 670(-’”7@) /eW(y)P(dy|]}7 a,), \V/$ 6 S
aco(x

where () is the set of actions available in state x, ¢(z, a) is the cost of taking ac-
tion a when in state x, and P(dy|x, a) is the transition probability density function

for taking action a in state x.
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In [18], sufficient conditions are found for the existence of a bounded solution
(A, W(z)) to the dynamic program, where \ is the average cost and W(z) is the
certainty equivalent of being in state x. Furthermore, the convergence properties
of value and policy iteration have been explored in the literature (see, e.g., [30] for
a survey, and [7] for a recent result.)

A natural extension of the discrete time dynamic programming equation into

continuous time would be:
V@ = mi(n)E[e”’{c(’"’“)_)‘t(’"’“)}] /eW(y)P(dy|x, a); Ve € S (4.2)
aco(x

Lemma 4.2.1 If (4.2) holds, then

eW(fEl)

TPyl i)

E;—Io[e’yzjvzoC(:Di,H(ZL‘i))*’YAEfV:Ot(Ii,H(ZL’i))] > Eslc_[o[ ! 4‘3)

Furthermore, if II* is a stationary, Markov, deterministic policy such that T1*(x)

minimizes (4.2) for each x € S, then (4.3) holds with equality for 11 = II*.

Proof:
We use induction on N. By rearranging terms and replacing the minimum
with the appropriate inequality in (4.2), we get
W (z)
Blertr @] > feW(ny(dyp:, a)
The fact that (4.3) holds for N = 0 follows directly from (4.4). Now, suppose
that (4.3) holds for N.

Ve e S (4.4)

Eg) [67 E?:Sl ez, (2;)) =Y\ vajol t(xi,H(:vi))]

= Bl e SO el (@) =y A S a1 (xs)),
zo

E[67{0($N+1 Mz 41)) Atz +1,11(zn41))} |£UN+1”
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W(z;)

> B g

) E[€7{0($N+1,H($N+1))—/\t(f’3N+1 M(zy41))} |z n 1]

o N ew(ml) eW(IN+1)
> Ezo [Hz‘:O{ W (y) ] ] } ) W (y) ]
[ eV P(dylx;, (z;)) " [ eV W P(dy|lzyi, T(wn41)

Finally, all of the inequalities above are replaced by equality if IT = II*. O

The following assumptions are used in Theorem 4.2.1 to bound the costs

between decision epochs:
Assumption 4.2.1 3L > 0 such that L < E[e™"®9)] Yz, q.

Assumption 4.2.2 U < oo such that E[e’®9] < U Vz € S, a € a(z).

The following theorem is an extension of Theorem 2.1 in [18], which covers

the discrete time case.

Theorem 4.2.1 (Verification Theorem) Suppose {W(x),\} is a bounded so-
lution to the dynamic program (4.2) and that Assumptions 4.2.1 and 4.2.2 hold.
Let TI* be a stationary, Markov, deterministic policy such that 1I*(x) minimizes
the dynamic program for each x € S.

Then, JU (z¢) = X Vo, and furthermore 11* is optimal with respect to the

objective function JE)V:UU eSs.

Proof:

First, we are guaranteed that IT*(z) exists since a(x) is compact and the joint
density funtion on (c(z,a),t(x,a)) is continous in a.

From Lemma 4.2.1, (4.3) holds, and holds with equality for IT = IT*.

In order to bound the right hand side of (4.3), we note that, by the Markov

property of the underlying Markov chain,
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W (z;)

BRI O Pyl ) - T 5o J=ee0 (45)

W) P(dy|a;, 1(z;))

Since W (-) is bounded, 3—o0 < LB < UB < oo such that LB < W(z) < UB
Ve e S.

Substituting e*? < [ "W P(dy|zyi1, (xx11)) into (4.5), we obtain
eW(Il)

P(dy|z;, 11(z;))

Noting that (4.3) holds with equality for II = II* and setting B, = V818 <

n,LB 17N
Ewo[ H 0{f€W

oo, we get
B [ Zilo @il @)= L, el @))] < By: YN,z (4.6)

Now substituting eVZ > [ eV @ P(dy|xy 1, I(zx41)) into (4.5), we obtain

W (z;)

TPy = ¢ 2

Combining with (4.3) and denoting B, = e!P~UB > (), we get

EE)[ UB HN[]{

B, < El [eVZl ECR IR ICR CI Y | (4.7)

Let tyx be the N* transition time, i.e., ty = SN ' #(z;, IT*(2;)). Therefore

we have the equality

EH*[e'nyV:O e(zi, 1% (2:) A e, t(wi,H*(wi))] _ EH*[e’y{ :ZNOg(t)dt—AT}]
xo Zo

We see from (4.7) and (4.6) that

By < BT [ U5 00a-3TY < B wN, 1
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which describes the limiting behavior of the objective function for policy IT* at
transition times. (4.7) tells us that no other policy does better than IT* at transition

times, i.e., for the underlying discrete-time Markov chain. We have,

B, < [ Ui2000a=3TY w4 (4.8)

Let N(t) be the number of transitions that have occured prior to time ¢.

Therefore, we have that

Similarly, we have
Ego e SO e 1 () A o t(xi,l'[*(xi))]
< B [ev{fio (it XT} )
< EEO [e” SV e, (@)~ A ts T 20)]
And so by assumptions Al.1 and A1.2, we see that
LB <BY [ev{fiog(t)dt—/\T}] <U- By VT,

Therefore,

EY (e thog(t)dt]
L-B; < 0

< U - By; VT.

efy)\T

Taking the natural log of all three sides of the inequality, then dividing by
7T and then taking the limit as T — oo, we see that J (x5) = X Vzy. And a

similar argument from (4.8) shows that J| > A Vo, II. O

Lemma 4.2.2 If Assumption 4.2.1 holds, then 3k < oo such that E[e*®®] <
K - Ble{e@a=Mza}] for gll 2, a.
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Proof:

Let B,, = Elec@a-2=a}] and denote z = e @9 We know from
Assumption 4.2.1 that L < E[z]. And since co > t(z,a) > 0 w.p.1, we also
know that 0 < z < 1. Let f(-) be the probability density function for z; i.e.,
Pla < z < bl = [? f(2)dz. (Note that f(-) exists because it is given in terms of the

joint density Z on ¢(x,a) and t(x,a).)

Claim:
Plz> ]2 3.
Proof of claim:
Suppose that Pz > £] < L. Then,

E[z] = /01 zf(2)dz :/0

L 1
zf(z)dz+/£zf(z)dz
g/f%f(z)dw ;lf(z)dz<—+§<L,

contradicting Assumption 4.2.1.

Let h(z) = E[e7®9)|[e=" =) = »]. By (3.7), h(-) is monotone increasing.
Also, E[zh(2)] = [y zh(2)f(2)dz = By, and E[h(2)] = [, h(z)f(2)dz = E[e7*®)]

by definition.
We have

< [Tz + 7 [ h)f (e
< Pl < T+ [ b))
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4 8

8 1 4
< ﬁ/o zh(z)f(2)dz + =By, = (f + ﬁ)

By ..
L )

So the lemma is true for k = % + %. O

The following assumption is called the norm like condition on the cost func-

tion in [7]:
Assumption 4.2.3 lim, . infoeq(q) Elerie@a=Atz.a}] — o0,

Theorem 4.2.2 (Verification Theorem for unbounded costs) Suppose that
{W(x), A} is a solution to the dynamic program (4.2) and that {W(x)} is finite
for each x and bounded below. Suppose furthermore that Assumption 4.2.1 and
Assumption 4.2.3 hold. Let IT* be a stationary, Markov, deterministic policy such
that IT* (x) minimizes the dynamic program for each x € S.

Then, JU (z¢) = X Vo, and furthermore 11* is optimal with respect to the

objective function JE)‘V’JEO es.

Proof:
Equations (4.3) and (4.5) still hold, and again (4.3) holds with equality for
I = II*. Since the term [e"® P(dy|zyy1,11*(xx41)) is bounded below, (4.6)

holds true, but with a different bound for each initial state:
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B [ Zilo @il @)= X, (el @))] < By (x4); YN, (4.9)

Y

By (zg) < oo depends on the initial state, z, since eV (o)

is no longer bounded
above V.

Because W (+) is not bounded above, (4.7) does not hold. Instead, we substi-
tute the stopping time v,(A) = the n'® visit time to set A C S (i.e., the time of

the n' transition to A) into (4.3), yielding

EL[eY S0 e M) —yA Y00 ta Tl(2:)]
o

eV (xi)
ooyl i)

If A has finitely many elements, then [e"V'® P(dy|x;, I1(z;)) is finite by As-

> B [ (4.10)

sumption 4.2.3, so it is bounded above. Therefore, if we also have that ng (T4 <

oo] = 1, then we obtain this analog of (4.7):

B (w0, A) < BN [ev Ei5" clouie) = Tizg® tlzai(en))] (4.11)

Note: we need Pj[74 < oo] =1 in order to insure that v,(A) < oo w.p.1, which

causes the right hand side of (4.10) to be well defined.

Let C = {x|E[entc@@)-A@"(@)}] < 1. By Assumption 4.2.3, C' has
finitely many elements. Therefore, (4.11) holds for C' = A.
Let r4(i) = max[t < i|s(t) € A] with r4(i) defined to be —1 if the system

has never taken a state in A. We see then that
gl e S el (@) A S t(wi,H(mi))]
zo

ra(N) N re(N)) 4o (s
— EEO [67 Zigo e(zi, JI(z)) —yA Zigo t(z;, TI( l))]+

N N
E:FO [67 Ei:rc(N)Jrl (@i, (2i)) =y Ei:ro(NHl t(:vi,H(l'i))].
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The first term on the right hand side is bounded below by Bj(zy, C') and the
second term is bounded below by 1 by the definition of C' since the states through

which the system evolves in the second summation are in C'°. Therefore, we have

By (1, C) < BR[e7 Xio ol A Ly sl (4.12)

(4.12) and (4.9) give us the behavior of IT* at at transition times and show
that no policy does better than IT* at transition times.
As in the proof of Theorem 4.2.1, let N(¢) be the number of transitions that

have occured prior to time t. Therefore, we have that
Ing <t < 1inw+1
Similarly, we have
Bl [ 2 ewni@) - LI tai i)
<EH[ v{ft o 9(t)dt— /\T}]
< E" [e’Y{EN(T)H (s () -A T (@)} (4.13)

for any policy II.
And so by assumption Al.1 and (4.12), we see that

. T
L - By(x) < Eg) [67{ft:0 g(t)dt_)‘T}]; VT

Therefore,

EN e fthog(t)dt]
efy)\T

L Bl(fL'(), C) <

; VT.

for all policies II.
Now, we have to bound the cost function above under IT*. By (4.9), we know

that

* (T) * (t) *
B [er Xl el @) A 3 i I @) < By (). (4.14)
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Let

By = e Xoise el (@)= 3L o 11 (1))

By (4.14), we see that
Ei,lo [ETeVC(mN(t>+1:H*(““N(twl)ﬂ)\t(mz\r(twl:H*(IN(t)Jrl)] < By(y).
Now, let us examine the behavior of
Fr = Eg)* [ETe’YC(fL’N(t)+1aH*(mN(t)+1)]_
We see that

Fp = E:?o* [ETE[QVC(CEN@)H,H*(CEN(t)H) |Er]

- E;:Io [Er Z Plrn@gys1 = 3|ET]E[67‘3(5’H*(5))]]

SES

< Eg) [Ey Z Pleng = s|ET]/@E[e"’c(s’n*(5))}_7’\'5(5’“*(s))]
s€S

= kB4 < By(wo)

where the last inequality follows from Lemma 4.2.2.

Combining this with (4.13) gives us that
T
E" [ev{ftzog(t)dt—AT}] < kBy(1y).

By taking logs and limits, etc., we see that J (zy) = \ Va since zy was
arbitrary. And also Jj. > A Vo, II.
O

So the dynamic program (4.2) can be used to find an optimal policy. (4.2) is

often referred to as the optimality equation. There is also an optimality inequality:
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eV@ > min Eler{d@a-A@a) / YW p(dy|z,a); Vo € S (4.15)

T aca(z)
The optimality inequality does not guarantee optimality of the policy it de-
fines by minimizing its right hand side, but it does provide an upper bound on

performance as the following corollary to Theorem 4.2.2 demonstrates.

Corollary 4.2.1 Suppose that {W(x),\} is a solution to the optimality inequality
(4.15) and that {W (x)} is finite for each x and bounded below. Suppose further-
more that Assumption 4.2.1 and Assumption 4.2.8 hold. Let II* be a stationary,
Markov, deterministic policy such that 1I*(x) minimizes the right hand side of
(4.15) for each x € S.

Then

JH* (l‘o) S A VI(). (416)

In Chapter 5, we will find conditions under which the policy defined by the
optimality inequality is optimal and has optimal cost A, i.e., (4.16) holds with
equality.

Lemma 4.2.3 Under policy I1* as defined in the statement of Theorem 4.2.2,
dB C Q¢ N C such that P[rp < oo] = 1.

Proof:

Claim:

Pl [ne = o0l =1V € S.
Proof of claim:

Let OB = inf,co BEle @M @)= 2@ @)} Since C has finitely many ele-
ments, the infimum is achieved. Thus, C%*" > 0. Let

Cmin — inf [l e @) -Nm @)
¢ zeCe
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Because the cost is norm-like (Assumption 4.2.3), there are finitely many states
with cost less than M for any M < oo. Therefore, the infimum is achieved. By
definition of C', C7#"™ > 1.

We have

BT [ Zoilo il (0:0) 1A 2oL, oo ()]
* 3 N i min N x; ¢
> By, [(CF™)2imo (01€) - (O imo [31€CT]

(4.9) implies that Vz, € S,

* min Omm T
EL [(CEmMN (o) Eimo )

— EH [(Cmm)ZN (z;€C) (Cmcm)ZN I(:viECC)] < BQ(IL’O);\V/N.

or,

szn

) Zimo 1€ < By (g) (Clim)~N; YN.

For N large enough, By () (Cru™)~N is arbitrarily small. We see that

. N log(Bs(w)(Cgii") M), _ N -1
P D I(z;€C) < o ] <
; N -1 log(gmm) N
And so, Pil[ne = oo] = 1.

And the claim is proved.

The Lemma follows from Lemma 2.2.3 . O

4.3 Foundational assumptions for existence of op-
timal policies

Consider an SMDP with countable state space such that the set of all actions
admissible in state x, «(zx), is compact for all states x. The following theorem is

found in [36]:
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Theorem 4.3.1 (Tychonoff’s Theorem) Let {S;} for i = 0,1,2,..., denote a

collection of compact sets. Then S = x2S, is compact.

We therefore see that the set of all stationary, Markov, deterministic policies
is compact.

Recall Assumption 3.4.1, taken from [35], which guarantees that there will
be a finite number of transitions in any finite time interval. We rewrite it here

with ¢(z,a) in place of dt, to clarify its meaning in our context.
Assumption 3.4.1 (Restated) There exist € > 0 and § > 0 such that
Plt(z,a) < 0] <1—¢
Vo €S and a € o).
An immediate consequence of Assumption 3.4.1 is
Ele M@0 < Uy = (1 —€) + ee; Yz, a.
Assumption 4.3.1 There exist € > 0 and § < oo such that
Plt(z,a) > 6] <€

Vo €S and a € o).

An immediate consequence of Assumption 4.3.1 is

In fact, Assumption 4.2.1 is equivalent to Assumption 4.3.1.

Assumption 4.3.2 lim,_, Mingeqa ) Ele(z, a)] = co.
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Note: Assumption 4.3.2 is equivalent to Assumption 4.2.3 given that As-

sumption 4.3.1 is true.

Assumption 4.3.3 r(z), the set of all states reachable from x in one transition,

is finite for each x € S.

The following Lemma assures us that we need only consider policies that

induce a positive recurrent subclass.

Lemma 4.3.1 Let 11 € TI"% be a stationary policy. If Pty < oo] < 1, then

1 T
Tlim T In Eg[(ﬂft:o 90 — 0; Y € S.
—00

Proof:

For 0 < A < oo, define A, = {z|E[e{c@@)- @)} < 21 By Assump-
tion 4.3.2, Ay has finitely many elements VA. By Lemma 2.2.2, limy_,o, Pz €
AS U My] = 1, we see that P'EN < co|Vk > N,z € A§] > 1 — Pl < 00] >
p > 0. Therefore, P [limy 6725\;0C(“’H(“))’MZiot(“’n(“"i))] > 15N >p >0
since 1.5 < 2.

Therefore, limy_,o, EL[e” Yoo el (@)= Y, t(xi,H(fvi))] > 1, and by the rea-
soning contained in the proofs of Theorems 1 and 2, the average cost is at least .

Since A was arbitrary, the Lemma is proved. O

Corollary 4.3.1 Let I1 € I%® be a stationary policy. If PX[ry, < 0o] < 1, then

T—o00

1 T
lim —Eg[/ g(t)dt] = oo; Yz € S.
T t=0
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Chapter 5

Perron-Frobenius Eigenvalue

The main thrust of this chapter is to define the Perron-Frobenius eigenvalue and the
round trip cost. As will be explained in Section 11.2, the difficulty of establishing
the value of a policy lies in the fact that the state space is countable. By reducing
the problem to a finite one, viz. the round trip cost, we reduce the problem
to one that is tractable. This chapter focuses on the behavior within a positive
recurrent class of an uncontrolled Markov chain. The results here will be used
later on in establishing results for controlled Markov chains where the irreducibility

assumption has been removed.

5.1 Defining the Perron-Frobenius Eigenvalue and

the Round Trip Cost

In [2], a kernel was defined for use in determining the average cost in a risk sensitive
MDP. Here, we adapt the kernel to the semi-Markov setting. Denote the kernel
defined for z,y € S by

Pl\(x,y) = Bl @I AN P(y|e, TT(2)).

Again adapting from [2], define the Perron Frobenius eigenvalue (pfe) A& ()
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for a policy II that induces a positive recurrent subclass C' C S as
AG(y) = inf(X € R[ Y PL(0,60) < 00); 7> 0
k=0

for @ in a positive recurrent subclass C' of II. (Note that choice of 6 is
arbitrary, and the value of () is the same for any # € C. (This will become
evident later on when it is proved that the optimal long term average cost starting
from anywhere in C is given by AZ(7).) We set A\ (v) = oo if the above infimum

is over a null set. Equivalently, (see [2] and references therein)

AL(y) = inf() € R|EX[e? Zilo e e Aee e} [ () < 00)] < 1); v > 0.
(5.1)

Define DE(A) = {7|A&(vy) < oo}. Also define 72 = sup(y|Ad(y) < o0). If
78 < oo, then by Fatou’s Lemma ([2]), we have that DZ = (—oo, 75).

Note that the above is all defined with respect to € and its positive recurrent
subclass. Il may induce more than one positive recurrent subclass, and these

results apply to each subclass separately.

Define

We know by (5.1) that AZ(y) = inf(A € R|C?7?(\) < 1). Therefore,
C'79(A&(7)) < 1 and because -£C??(\) < 0, C?7(X) < 1 for A > A(7).
But what is the behavior of C?2%(\) for A < AZ(v)?

Lemma 5.1.1 If C7%(\L(v)) < 1, then C?7%(\) = 0o YA < AX(y).

Proof:
Because the embedded Markov Chain induced by II on C' is recurrent, we

know that /(7yp < oo) =1 w.p.1. Therefore
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CO0()) = EN[er Tl {elaw @) - l@D}  (r, < o0)]
- E;I [67 E;‘Z)l{C(w’“’H(wk))*/\t(wk,ﬂ(mk))}]
— Eller Jiolo-ya

— E;T [ev{c(Te)*/\Te}],

where C(T) = [,", g(t)dt. Let the cumulative distribution function of Tj be
denoted Fr,(7) = P,'[Ty < 7]. We then get

o0

ENe“O| Ty = tle ™ dFy,(t).
0

oy = [

And therefore,

d oo
S0 = /tzo — B [€"90|Ty = tlte™ ™ dFy, (1),

which is negative and decreasing in A.

Suppose that C?7?(Al(7)) < 1. Because -C?~?()\) is negative and decreas-
ing in A, we know that -LC?7?(\) = —oo for A < ALL(7). Therefore C/7/(Ag (7)) =
oo for A < AL ().

O

Lemma 5.1.1 illustrates the fact that C?~?()\) is decreasing in ), and that
its rate of decrease is decreasing. Let us call C?7%()\) the round trip cost for 6 at
A. The reason we are concerned with the round trip cost is because it allows us
to reduce an infinite problem (the long term average cost) to a finite problem (the
cost to return to a state). It is this property that makes the round trip cost so

important, and so interesting.
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Before we proceed with our development, let us pause for an explanation and
a look ahead: The behavior of a Markov chain in a positive recurrent class can be
classified by whether the round trip cost at AZ(y) is 1 or whether it is less than one.
(Fact: this classification is the same for all # € C.) We will show that the round
trip cost is continuous from the right, decreasing, and has at most one point of
discontinuity: the point where it jumps to co. Therefore the value of 1 is achieved
if any finite value greater than or equal to 1 is achieved before the jump to infinity
(if there is a jump to infinity.) Now, let’s continue with the development:

The round trip cost at A = 0 is either finite or infinite. If it is finite, then
clearly it is greater than one since each state transition has positive cost. Therefore,
if C?~%(0) < oo, then the value C?~?(\) = 1 is achieved since C?%()\) is a smooth,
decreasing function of A. (See figure 5.1.)

If C?2%(0) = oo, then because it is a decreasing function of ), there is
a value \; such that C?2?(\) = oo for A < )\; and C?7?()\) < oo for A > \;. If
C?2%(\;) = oo, then we say the semi-Markov chain is Type I, and if C?7?()\;) < oo,
we say the semi-Markov chain is Type II.

Figures 5.2 and 5.3 show the round trip cost as a function of A for a Type I
and a Type II chain, respectively.

Lemma 5.1.1 (which corresponds to figure 5.4) covers the case of a semi-
Markov chain with \; = A(v); that is the case in which C*??(A\L(v)) < 1. In all
other cases, (i.e., the cases shown in figures 5.1, 5.2 and 5.5,) the value C?>%()\) = 1
will be achieved. Note: it is also possible that \; = AX() and C?7?(\L(v)) = 1.
This would correspond to figure 5.3 in which the round trip cost at A; is 1.

When does a semi-Markov chain exhibit Type II behavior? In order to answer
that question, we will look at some examples and solve a matrix equation for
C=0()\).

In figures 5.6, 5.7, and 5.8, transition probabilities refer to the probability of the

transition being made in a round trip, not the probability of the transition being
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-9

\

AT W)

Figure 5.1: Type I semi-Markov chain — round trip cost is finite at A = 0.

made given that the current state is the state from which the transition occurs.
For example, in figure 5.7 P; is the probability that it takes exactly 5 transitions
to return to the base state.

The values inside the circles denote the occupancy cost of a state. For ex-
ample, in figure 5.8, the round trip cost at A = 0 is 2 with probability P;, 6 with
probability P, 12 with probability P;, etc..

Let us look at figure 5.6. It is clear from inspection that C%?%(10) =

e’0=10) = =57 This is because ¢ — A = —5 at the first step and 0 at each
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A infinite

\/

Figure 5.2: Type I semi-Markov chain — round trip cost grows asymptotically.

subsequent step (if there is more than one step) in a round trip. Let A < 10 be

given and let us determine the round trip cost:
0—0 o k—1 . A
k=1
o0
= Y 50NN Pl = ]
k=1

5y 1. 1.1 S 57 . (b-2y(10-x) | L
=e '{1—(Z+§+1—6+...}+26 -e ﬁ
k=2
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infinite

\
>

Figure 5.3: Type II semi-Markov chain — round trip cost grows discontinuously.

(C970()\;) < )

e 1
> 6—57 162_:26(13—2)7(10—/\) . ﬁa

and because the exponential dominates 75, we see that C?7?(\) = oo for A < 10.

The Markov chain in figure 5.6 is therefore an example of a Markov chain of

Type II.

The Markov chain depicted in figure 5.7 has norm-like costs. But we can

still get the same behavior for C?7?()\) as in figure 5.6 by setting the value of P;
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infinite

\

A =AT)

Figure 5.4: Type II semi-Markov chain — (\; = AX(v))

appropriately. If we set [Yp_ k] - P, = 5410 (k — 1) - I[k > 1] - 5, then the
behavior of C?~?()\) is identical in figures 5.6 and 5.7 and the Markov chain in

figure 5.7 is therefore of Type II.

The Markov chain depicted in figure 5.8 has a finite number of possible
transitions into and out of each state in addition to having norm-like costs. Fur-
thermore, if the value of P; is the same Vi in figures 5.7 and 5.8 and the value of
the risk sensitivity parameter v is twice as big in figure 5.7 as in figure 5.8, then
the values of C??%(\) are identical in each figure. This is because the Markov

chain in figure 5.8 has an equal probability of having a round trip of twice the
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infinite

\
>

Figure 5.5: Type I semi-Markov chain — (\; < A& (7))

length and twice the cost as the Markov chain in figure 5.7. Therefore, if we set
[Yho1 k]- P =5+10-(k—1)-I[k > 1]- 2, then the Markov chain of figure 5.8 is
of Type II.

5.2 Round trip cost when the state space is finite

We have seen examples in which Markov chains with a countable state space exhibit
behavior of Type II. Let us examine what happens in a Markov chain with finite
state space. Because the state space is finite, we can derive a matrix formula for
C’2%\). In order to do so, we will have to introduce some notation. In this

subsection a vector will be denoted with a”above; a matrix will be denoted with
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1-(1/4+1/9+1/16+1/25+...)

Figure 5.6: Example of Type IT Markov Chain.

Figure 5.7: A Markov Chain with norm-like costs.

a~above, and a scalar will have neither above. l.e.,  is a vector; T is a matrix,
and z is a scalar. Define the vector operator ® as follows: ¢ = a ® b if ¢ = a; - 82-,
i.e., ® represents element-wise multiplication. Let an irreducible, time-invariant
semi-Markov chain be given with n + 1 states, labeled 6 and {z1, ..., 2, }.

Denote w(\) = C'?(\); p? = Plagy = Oz = 0]; and p; = Plagy =
zi|lzy = 0], i.e., the it" element of p is Plry1 = 2|z, = 0).

Denote W;(\) = Ezi[(ﬂzggl @) =Me)); p? = Plagy, = 0oy = z]; and
Py = Plzgsr = zjlay, = z).

We denote the transition costs as Ac(\) = E[eO-XO and AC;(\) =
Ele{ez)=2z)}] | Define the diagonal matrix CC(\) such that
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RN

Figure 5.8: A Markov Chain with norm-like costs and finite transitions into and

out of each state.

AC;(\) if i = j
0 otherwise

We then obtain the following equations to solve for w()\) and W (\):
w(X) = AN’ + W (V)] (5:2)

W\ =AC\) © [PW(\) + P]. (5.3)

Equation (5.3) can be rearranged to give

~

AC(\) ® P! =[I —CCNPIW (N, (5.4)

yielding

W(\) = [I —= CC(\)P7'AC(N) @ P, (5.5)
if [I — CC(\)P] is nonsingular.
Equation (5.2) then gives us the value of w(\). For a given value of A, in
order for the round trip cost w(A) to be between 0 and oo, we need for the solution
W (\) to equation (5.4) to exist and be such that 0 < W;(\) < oo Vi.

We make the following assumptions:
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Assumption 5.2.1 Vz € S, 0 < E[e"™)] < oo.
Assumption 5.2.2 Vz € S, E[t(x)] > 0.

Note: Assumption 5.2.2 is identical to Assumption 3.4.1 restricted to a

semi-Markov chain instead of an SMDP.

Under these assumptions, Ac(\) and AC()\) are smooth functions of \, and
are bounded away from 0 and oo for A > 0. Because the elements of [I — CC/()\)P]
vary continuously as a function of ), equation (5.4) has a solution for 1W()\) that
varies continuously with A. Furthermore, due to this continuous variation, the

following two statements are true:

1: If (5.4) has a solution for W()\) for A = X, then (5.4) has a solution for W (\)

VA in an open interval containing \.

2: If (5.4) has a solution for A = X" such that 7 ()\') > 0, then 3 an open interval
L containing X" such that W ()\) > 0 ¥\ € L.

From the above two statements, it is clear that if 0 < w()\") < oo, then there
is an open interval I containing A" such that 0 < w()\) < oo YA € L. Therefore,
the semi-Markov chain either has finite round trip cost at A = 0 (as in figure 5.1)

or is of Type I (as in figure 5.2.)

The above argument becomes even simpler in the discrete time case because
the matrix [I — CC()\)P] has all constant entries with —\s on the diagonal. Its
inverse then has entries which are rational functions of A, so it has a pole at the
largest eigenvalue of [I —CC(0)P]. This pole causes the round trip cost to grow to
infinity asymptotically, making the Markov chain type I if it does not have finite
round trip cost at A = 0.

In the countable state space case, the same matrix equations ( (5.2) and

(5.4) ) hold, but due to the fact that they are infinite matrices, the argument
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in the above paragraph no longer holds. We have already shown examples of
Markov chains with countable state space that are of Type II. Of course, there are
Markov chains (and SMDPs) with countable state space that are of type I. For an
SMDP with infinite round trip cost at A = 0, there is a simple characteristic of the
distribution of the round trip cost that determines whether the SMDP is of type I
or type II.

The round trip cost is given by

() = / B[ =9I T, = 11dP[T, < fe™,

t=0

If the round trip cost at A = 0 is infinite, then
Ele" =094 T,) — (dP[T, < 1] = &7 £ (1),
where f(t) is a sub-exponential function, i.e.
/t:; f(t)e™dt = oo Va > 0.

It is easy to show that the SMDP is of Type I if
| rtyt = oc,
t=0

and Type II if

/ F(#)dt < oo.
t=0
Furthermore, if the SMDP is of Type II, then 3\" such that C?2?(\) = 1 iff
/ F(t)dt > 1
t=0
because C?7?()) is a continuous and decreasing function of A from the right. (If
the SMDP is of Type I, then there is also such a \". Finally, if the round trip

cost at A = 0 is finite, then it is also greater than one because costs are positive.

Therefore, I\" such that C?2(\) = 1.
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In summary, the only condition under which A\ such that C?~?(\") = 1
is when the positive recurrent class induced by II has countably many elements,
the SMDP is of Type II, and the round trip cost at \; is strictly less than 1, as in
figure 5.4.

This is important because when there is such a X', it is the Perron-Frobenius
eigenvalue and the ‘nice’ recursive equation (4.2) (with only one admissible action

per state — this is an uncontrolled Markov chain) holds.

5.3 Average cost on the infinite horizon

Now that we have explored the behavior of the round trip cost, the basis for
determination of average cost, we can proceed with analysis of the average cost.

Lemma 5.3.1 is proved by Balaji and Meyn in [2] (Proposition 3.3 on page
9) for the discrete time case. Their proof is built on the foundation of Kingman’s
subadditive ergodic theorem. ([24] and [25]). However, Kingman’s subadditive
ergodic theorem does not apply to the semi-Markov case. As he says ([24], P.
499): “In this paper T will be taken as the set of non-negative integers, although
interesting problems arise when T is in the interval (0,00).” [Emphasis added]
Furthermore, Kingman discusses the continuous parameter process in [25] and
explains why his ergodic theorem no longer applies in that case.

In the following lemma, we state and prove the semi-Markov case without
use of Kingman’s theorem. We do this by using separate techniques to bound the
limit above and below, to the same value.

Note: unless stated otherwise, Il is a stationary, Markov policy and C' is a positive

recurrent class induced by II.
Lemma 5.3.1 Ifx € C and v < ¥Z, then JI = \L(v).

Proof:
Choose 0 € C'. Define
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V() = Ber T o) 2B 0een)] 4 € .

By Fatou’s Lemma, V(0) < 1. If V(0) = 1, then V(-) satisfies the following

recursive equation:

V(z) = Bl @@ A8 m@)}) . > P(zlz, I(z)V(2). (5.6)

zer(x,II(z))

If V(0) <1, then V() satisfies

Viz) = E[GW{C(m,H(m))*Ag(v)t(%ﬂ(ﬂv))}]. Z P(z|z,II(x))max{V(2),1(0)}. (5.7)

zer(z,I(z))

Claim:

V' (z) is bounded away from zero (Le., InV(x) is bounded below) on C.

Suppose that V() is not bounded away from zero on C.

Define CC' = {z|E[eMc@ME@)AeM@T@)}] < 1. We know by (5.7) that if
x € C' — CC, then Jy € C such that V(y) < V(x). Therefore, inf,cc V(x) =
infyeco V(). And since CC has finitely many elements by Assumption 4.3.2, we
see that the infimum is achieved. Since V'(-) is not bounded below, there must be

a z € CC such that V(z) =0.

Let ZZ = {z € C|V(x) = 0}. By (5.7), if x € ZZ, then Vy € r(z,1I(z)),
max{V (y),I(0)} = 0. This imples that y € ZZ and that y # 6.

Since the embedded Markov Chain induced by II on C' is communicating
(recurrent implies communicating), we know that € can be reached from z. But

this is a contradiction, and the claim is proved.

Claim:

V(z) < oo Vz € C.
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Proof of claim:

Suppose Jy € C such that V(y) = co. Because the embedded Markov chain
induced by IT on C is recurrent, 3k < oo and p > 0 such that P}'[{z), = y} N {rp >
h}] = p. Therefore,

V() = EN[er Tilo {clonar) -2 (iaran})
> B¢ Bt e 2Ol |y, = g} 0 {rg > WP [{an = y} 0 {r > )]
— E;I[67 E;‘gl{c(mk:ak)*/\gh)t(wkﬂk)}|{xh — y} N {Te > h}] P

= EJl[e" EZZO{C(fk:ak)*/\(Hj('Y)t(fk:ak)}|{:L-h = yIn{rm > h}]-E’E[(ﬂ Z;i:)l{C(mkaak)*)‘g(’Y)t(mkaak)}].p

— ElNer Simolelorai) A0 era} | {2, = yd 0 {ry > h}] - V(y) - p

> inf E 'y{c(w,a)f/\(nj(fy)t(m,a)} h D —
S D" Vy) - p= oo,

where the last equality follows because p > 0, V' (y) = oo, and the fact that we
know from Assumption 4.3.2 and Assumption 4.3.1 that inf e acqa(a) E[67{C(‘”’“)_/\g (V)t(’”’“)}] >
0 is achieved.

But this is a contradiction of the fact that V' (f) < 1 and the claim is proved.

If V() = 1, then policy IT is the policy IT* named in the statement of Theorem
4.2.2 for the trivial MDP with TI(z) being the only admissible action in state x
if we substitute A = A[}(y) and use (5.6) in place of the dynamic program (4.2).
Furthermore, the claim showed that V'(+) is bounded below. Also, Assumption 4.2.1
follows from Assumption 4.3.2, and Assumption 4.2.3 follows from Assumption
4.3.1 and Assumption 4.3.2. Therefore, Theorem 4.2.2 gives the desired result.

In general (for V() < 1), we observe the following: Since (5.7) holds, we
know that (4.15) holds with W (z) = In[max{V(2),7(0)}]. Therefore, we know
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by appealing to Corollary 4.2.1 with an argument analogous to the one in the

paragraph above that JI' < A\Z(v).

Claim:

Ty = A2().
Proof of claim:

If V() = 1, then the claim is true by the earlier argument. If V' (0) < 1, then
we know by Lemma 5.1.1 that C???(\) = 0o V X < AL (7).

sub-claim:

If V() < 1and A < AX(v), then

lim EH[ezk o Yle(@r.ar)—At(zk, ‘lk)}] — 0.
N—o0

Proof of sub-claim:

lim £ [eZk o Ye(@r,ar)— /\t(ka,ak)}]

N—0

= lim EH[GEIC o 'y{c(wk ap)—M(zp,ar)} | GZQI:TQ ’Y{C(mk:ak)*)‘t(mk:ak)}]
N—)oo

_ EH[GEZG o Hel@nar)—M(zr,ak)} i Pr ]\}lm EH[eZk a V(@ ar) =Xtz ay, }|T = M|
M=1 —00

Z Plry = M]- hm E'H[ezk ar e(@rar) =Mtz ak) }|7-9 M].

M=1

For any M < oo, we know that

llm E’;L' [ezk M'Y{C(xk'vak') )‘t(xlmak }’|7—0 M] llm E@ [ezk o ’Y{C(l’k,ak) /\t(a:k,ak)}]

N—00 N—x

N—x

= lim Egl [622\;0 ’Y{C(mk,ak)*)\t(mk,ak)}] ‘

Therefore,
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lim EH[eZk o Y{c(zr,ak)— /\t(ka,ak)}]

N—

— V( ) lim E9 [ezk o 'y{c(a:k,ak) M(zg,08)} | eEch:,o ’Y{C(ka,ak)_)‘t(xk,ak)}]

N—0

= V(:L‘) . E;I[ezzozy7{C(wk,ak)*/\t(wk,ak)}] ) Z P[Tg _ M]

M=1

lim Eg[eszzMV{C(Ik,ak)*)\t(mk,ak)}|T€ = M]

—00

N—oo

=V(z)-C*?’(\)- > Pln lim B e @) -Neran)} | = ).
M=1
For any M < oo, we know that

lim Ee [6zk e Ye(@e,0r) = At(zg a }|T = M] = lim Egl[ezjkv:lV{C(l‘k,ak)*/\t(wk,ak)}‘
N—o0

N—00

Therefore,

lim EH[GZk o @k ar)—At (g, ak)}] — V(ZU)CGHG()\) lim Eg[esz=o7{C($kvak)*)‘t(mkrak)}].

N—o0 N—oo

Since V(z) > 0 and C??(\) = oo, we must have

lim E'H[ezk o {c(@r,ar)— )\t(l'k,ak)}] = 00

)
N—00

and the sub-claim is proved.

By the sub-claim and Lemma 8.2.4 (2), we know that if A\ < AZ(v)), then
JIT'> X, And the claim is proved.

The Lemma follows from the claim and the argument just preceding the
claim.

O
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Lemma 5.3.2 If ¥& > 0, then AL (v) is a nondecreasing function of v over vy €
(0,7¢)-

Outline of Proof:

Let 1,72 be given such that 0 < 7, < 75 < 00. Jensen’s inequality can be
used to show that A& (72) > A (7).

O

Lemma 5.3.3 If 72 > 0, then AL (v) is continuous over v € (0,72).

Proof:

Claim:
Vo € C, E} [6220:31V(C(’”k’n(’”k))_)‘t(’”’c’H(’”k)))] is increasing in y for v € (0,75).
Proof of claim:

The claim follows because the exponential function is increasing.

Claim:

%[Eg[ezzglV(C(m’“’n(”))’”(”’H(“"’“)))] exists and is finite and increasing for
v € (0,79¢).
Proof of claim:

Denote

Tp—1

C(\) = kz_: c(xy, M(xg)) — M(xg, [(zg)).

By taking the Taylor series of e and the fact that the expected value of the
sum is the sum of the expected values, we have
d

@[Eé] [V = B[O - W), (5.8)

C(A) > 0 w.p.1 since Ty < oo w.p.1l by positivity of the chain induced by II
on C. Therefore, %[Eg[eﬂcm]] is greater than zero for v € (0,72). Since the

derivatives of both E}'[C/(A)] and Ej'[¢7“M] are positive, they are both increasing
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in . Furthermore, since ¢?“™ and C(\) are increasing in terms of each other,
we have that EJ[C()\) - €7°M] is increasing. Therefore, by (5.8), we see that
%[EQH [7¢N] is increasing for v € (0, 75).

All that remains to be shown is that %[Eg[ec()‘)] < oo for v € (0,78).
Suppose not, i.e., suppose 37" < J& such that %[Egr[[ew(’\)]|7:7u = 00. Then for
any v > 7, we have that E}l[e“] = oo, which contradicts 7" < ¥%. And the

claim is proved!

The Lemma is a consequence of this claim.

O

Define AL(0) = inf(A € R|EN [ (el (z)) — Mz, () (rp <
o0)] < 0).

Lemma 5.3.4 Suppose that ¥ > 0. Then,

lim A () = A (0)

Proof:
Since ¥ > 0, we know by (5.1) that 3y > 0 and 0 < A" < oo such that

Bl S0 elmMlwn) Xt @)} (7, < 00)] < 1. (5.9)

By the fact that C is a positive recurrent subclass under II, we know that
I(1y < 00) =1 w.p.1. And by Jensen’s inequality, we obtain
T9—1

Ejly kX_: {e(wn, W) = Nt(g, W)} < In(1) = 0.

Since this holds true for any v > 0,\" < oo such that (5.9) holds, we see

that
inf(\ € §R|E9H[792: (c(@p, TH(z)) — (g, H(2x))) (19 < 00)] < 0) < A&(Y)Vy >0
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and therefore

inf(\ € §R|E£[ng: (e(xp, II(xg)) — M(2g, (zk))) (19 < 00)] <0) < lvig]l)\g(fy).

Suppose that

T9—1

inf(A € RIEY[ Y (c(wp, W(zy)) — M(wp, M(zg))) (79 < 00)] < 0) < I;JI})I (7).

k=0

Then 3\ > 0 such that

T9—1 3
Ep 1> {e(wn, I(ax)) — Az, T(2)) }] < 0 (5.10)
k=0
and 3\ > X such that
Eg[67E;":BI{C(%,H(%))*A't(mk,H(mk))}[(Te < o0)] > 1¥y > 0, (5.11)

where the second inequality follows since A () is increasing V0 < v < 75. (We
select " < lim,, ;0 A% (7))
Recall the notation of Lemma 5.3.3 and the Taylor series in terms of the

expectation of the moments of C'(\). From the expansion, we get

EN[eC0)] — 1 ,
ol oy > o

lim
740 Yy

where the inequality follows from (5.11). But since E)'[C/()\)] is decreasing in A

and A" > )\, we have a contradiction of (5.10).
|

Lemma 5.3.5 If Il induces a null recurrent subclass C C S, then A\X(y) = oo

Vv € [0, 00).

Proof:
Since the induced Markov Chain over C' is null recurrent, the long term
average risk neutral cost, A%(0) = oco. Thus by Lemma 5.3.2 and Lemma 5.3.4,

A (7) = oo Vy > 0.
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(I
The above lemma is important because it shows that no policy that does
not induce a positive recurrent class can have a finite risk sensitive average cost

starting from any state.

5.4 Performance for a large risk sensitivity pa-

rameter

For a discrete time, finite horizon MDP, it is well known that the cost of a policy
approaches the ‘maximum cost’ as the risk sensitivity parameter approaches oo,
where the ‘maximum cost’ is the cost of the most expensive realization that occurs
with nonzero probability.

In this thesis, we have generalized the cost structure in two ways: we consider
average cost over the infinite horizon instead of finite horizon cost, and we consider
an SMDP instead of an MDP. Determining what happens in an SMDP as v — oo
is a very tricky technical problem that we will not explore further. Instead, we will
generalize the result to the average cost case over the infinite horizon for an MDP.

Before stating the result, we need to introduce some notation:

Suppose that stationary policy IT € IIMP induces a finite irreducible class
C C S. Define an admissible cycle for policy Il as a finite sequence of states,
starting and ending at the same state, such that each transition occurs with nonzero
probability under policy II, i.e., 1b = {xg, 21, Ta, ..., x, } is an admissible cycle if

1. g = x,

2. xipq € r(x;, (z;));i=0,1,2,...,n—1

Because we are considering MDPs, we assume that the cost of transition out
of a state is fixed with probability one. Denote the cost of transitioning out of a
state by AC(z).

(Alternately, we could allow transition costs to be non-deterministic as long as
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there is an upper bound B such that 0 < ¢(z,[I(x)) < B w.p.1 Vo € C. Then it is
easy to show that lim,, % In E[e7*@1@)] = sup{C € RF|Plc(z, (z)) > C] > 0},
and for the purpose of determining performance with large sensitivity parameter
we can just set c(x, [I(z)) = sup{C € Rt |P|c(z,1I(z)) > C] > 0}.)

Define the average cycle cost C({zo,z1,x2,...,2,}) = %nln[H?Z’OIAC(xi)].
The average cycle cost can also be expressed as C(¢) = %n S In[AC(z;)].

Denote the set of all admissible cycles for policy II as WkI" (where Wkl is
pronounced ‘cycle’,) and define the maximum average cycle cost £ as follows:

= sup C(¢).

YETKIT

A cycle {zg,21,29,...,2,} is called non-redundant if x; # x; Vi # j such
that 4,7 € {1,2,...,n}. Le., a cycle is non-redundant if it contains no sub-cycles.

Denote the set of all non-redundant cycles admissible under policy IT as Wkl .

Lemma 5.4.1

= sup C(y).

YEWKILL
Proof:

kL, C WEIT, 50 & > supycypn C(1).
Suppose that ¢ = {zq, 11,29, ..., v, } € Uk

Claim:
' € WkIY such that C(y") > C(v).
(sketch of) Proof of claim:
The following procedure will terminate in finite time and generate a 1 €

Ukl that satisfies the claim:
1. Let set 1) = 1.

2. If i) € Wkl | then set 1" = ¢ and terminate the procedure.

nr’

3. Because ¢ = {x, 71,22, ....,2,} & WKL Fa,b € {1,2,....,n}, a < b such that

nr’

Loy = Tp.
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Set

-1
,QZ} — {fL'O, L1y ooy Tg—1,Lq, xb+laxb+27 ceey xn}

and set

1/12 = {xa,%ﬂ, ---anbfl,be}-

4. If C(4Y) > C(¢?), then set ¢ = ¢p'. Otherwise, set 1) = 2.

5. Go to step 2.

And the claim can be seen to be true.
The claim shows that § < supyeypun C(¥).
O

Lemma 5.4.1 shows that the supremum in the definition of £ is achieved
because there are only a finite number of non-redundant cycles for |C] < oo.

For z € C, define Wkl C Wk as the set of all admissible policies for
policy II that start and end at state z. Clearly, WkIT N WEIT = ) for 2 # w and
UEI" = U,cc WKL,

Lemma 5.4.2 For any z € C,

= sup C(¢).

PpeWkIT

Proof:

By Lemma 5.4.1, there is a nonredundant cycle 1* such that C(¢*) = &.
Y* € WEIT for some w € C. If z = w, we are done. Suppose z # w. By
irreducibility, there is a cycle ¢,, = {xo, 1, ..., 2, } such that o = x, = z and
x; = w for some 1.

Define a sequence of cycles as follows: 1! = 9*. ¥? = ¢)*1*, or the concate-
nation of 1* with itself. ¥+t = ¢*)*. Le., ¥* is the concatenation of 1)* with
itself k& times. Clearly C'(¢*) = £ Vk.
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We will now prove the Lemma by construction: we will define a sequence of
cycles {¢F |k =0,1,2,3,...} such that ¢* € WkIT Vk and limy ., C(4%,) = &.

Define 9% = 1,,,. Define ¢* by taking 1,,,, removing an instance of w, and
replacing that instance with .

Suppose that 1., has length n; and ¢* has length ny. Algebra tells us that
Ok ) = M) thnat “pharefore limy,_,o C(1hF,) = €.

zw ni+k-na

O

ITMP induces a positive recur-

Lemma 5.4.3 Suppose that stationary policy 11 €
rent subclass C C S with |C| < oo, that all transition times t(x,I1(z)) =1 w.p.1,
and that all transition costs are deterministic; i.e., the process is a discrete time

Markov chain.

Then lim,_, Ji'(y) = & Vo € C.

T

Proof:
We know that

1 N 1 N
Ty — lim — 1,y Y cln) S YD ooy cler)
Jx (’)’) A}I_I)Iéo ’)’N In Ex [6 k=1 ] < Ab_r)réo . ]n[e k=1 ],

where {ej, ey, ...} is the most expensive admissible sample path.
N

1 1
Jim i nle B ] = fim 3 elen) =€

so we see that lim,_, JI(y) < €.
We now must show that lim, ., Ji'(y) > &, which is equivalent to the fol-

T

lowing statement:

lim Ag(7) <&

Y—>00

Because 7 is no longer fixed, we augment the notation for C?~?()\) by chang-
ing it to CI7?(\).
By definition (and adapting for the deterministic costs and uniform, discrete

transition times),
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CI70(N) = Y Plple@@em, (5.12)

YeVkI]!
Let {11, s, ...} be a sequence of cycles in WEII such that lim; ., C'(¢;) = £.
Define a sequence of positive real numbers as follows: \; = HLIC (1;). We see
that lim; o \; = £.
From (5.12), we obtain

: 000y \ — 1: C) .~
lim CI7%(\;) = lim > Plyle"We >

y—oo .
YEWKIS

: 1,70 (W0) ,=7Ai ARE Y7 C(Wi) _
7hﬁn{r)lo Pli);le e = P[] 7hﬂr{}oe + = 0.

Therefore we must have C’z_’e()\i) > 1 for y large enough.

Recall that A < Mg(7) if CJ7%(A) > 1. Therefore \; < Ag(y) for 7 large
enough. Since lim; ,,, \; = &, that means that ¢ < A(y) and the Lemma is
proved.

O

Corollary 5.4.1 If Assumption 4.2.1 and (A2.2) hold and a policy 11 induces a
recurrent class C' such that |C| = oo, then

lim JI' () = oo.

Y— 00

Proof:

Lemma 5.4.3 shows that as v — oo, the long term average risk sensitive cost
approaches the worst cycle cost. If there are infinitely many states and norm-like
costs, the worst cycle cost is infinity. This holds for a semi-Markov process as well

as a Markov process.

O
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5.5 The risk neutral case and its relation to the

risk sensitive case

The distinctions between semi-Markov chains with finite round trip cost at A = 0,
of Type I, and of Type II, all hold in the risk neutral case as well. When looking
at figures 5.1 through 5.5, simply change ‘1’ to ‘0’, since in the risk neutral case
we are seeking a round trip cost of zero. All else remains the same. (We state this
without proof because its proof is quite similar to the proof in the risk sensitive
case.)

The following lemma is the risk neutral version of Lemma 5.3.1.

Lemma 5.5.1 Suppose that 11 induces a positive recurrent subclass C'° C S and
that 5& > 0.
Then,

T—00

. 1 I T II
lim — B [/ g(O)dt] = A\B(0): 2 € C.
t=0

Proof:

The proof of this lemma mirrors precisely the proof of Lemma 5.3.1, through
appropriate modifications to cover the risk neutral, instead of the risk sensitive,
case. For that reason, the proof is omitted.

O

It is worth noting that if the risk neutral round trip cost at AZ(0) is zero,
then the dynamic program (risk neutral version of 4.2) has a solution. The result
then follows from Theorem 11.4.6 and Proposition 11.4.7 in [35]. (To see this,
note that policy IT confined to C' is unichain according to Puterman’s definition.)
Of course the case where the round trip cost at A:(0) is less than zero (i.e., the
semi-Markov chain is of Type II with risk neutral costs and limyy, C?7%()\) < 0)

must be covered differently, as in the proof of Lemma 5.3.1.
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Example 5.5.1

In order to illustrate the fact that under the conditions of Lemma 5.3.4 and
Lemma 5.5.1, the long term average risk sensitive cost approaches the long term
risk neutral cost as the risk sensitivity parameter approaches zero from above,
let us examine a simple example. Suppose we have a Markov chain with two
states: s; and ss. Suppose that c(s;) = the cost of a transition from s; = 1, and
¢(s2) = 2. Suppose furthermore that p(si|s;) = the probability of transitioning
from s; to itself = p(sq|s1) = .5. Suppose furthermore that p(sq|s2) = 1, so that
the system always transitions to state s; from state so. Clearly, the Markov chain is
irreducible and positive recurrent. Therefore the conditions of Lemma 5.5.1 hold.
If we can show that the risk sensitive average cost is defined for some v > 0, then

the conditions of Lemma 5.3.4 also hold.

c(sy) =1 -
1 c(sz) =2

5
Figure 5.9: A simple Markov Chain.

It is well known ([1]) that the average risk neutral cost is the expected value

over the ergodic distribution of the transition cost. The balance equations are:

P(s1) = P(s1) - p(s1]s1) + P(s2) - p(s1]s2)

P(s2) = P(s1) - p(s2]s1) + P(s2) - p(sals2),

which have solution
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Therefore A(0) = P(s1) - ¢(s1) + P(s2) - ¢(s2) = 3, and the risk neutral, long

term average cost is %.

Let us now determine the risk sensitive long-term average cost through a technique
we will call recursive computation:

By (4.2), we obtain:
eWi(s1) — 6’7{0(51)_/\(7)}[p(31|81)ew(51) +p(32|31)EW(52)]

eWis2) — 67{‘:(52)*’\(7)}[p(51|52)eW(51) —|—p(82|82)EW(52)]

Since only relative values of the value function (W (-)) are relevant, we arbi-

trarily set W (s;) = 0. Then, we substitute in values to obtain:

1 = ety Lowe),

2 2

eWis2) — 67{24(7)}[1 -1].

Now we substitute the second equation into the first, yielding

Lo 1o — pbor

2 2

Now let z = ¢ and obtain a quadratic for x:

yielding by the Pythagorean Theorem

1 /1
- 3 + 1 + 267
2e=7 '
The negative root doesn’t make sense because the exponential in the defini-
tion of x guarantees that x > 0. Therefore, we obtain

ln[% + \/i + 267]‘

2e=7

A(y) = %
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Clearly then, 7 = oo > 0. Application of L’hopital’s rule gives us that
lim, o A(y) = 3, which is the risk-neutral long-term average cost, as predicted by
Lemma 5.3.4.

Another application of L’hopital’s rule shows us that lim, A(y) = %

So Lemma 5.4.3 predicts that the long-term average maximum cost is % Let
us examine figure 5.9. It is clear that the worse transition from state s; is to state
so. This yields a Markov Chain that alternates deterministically between s; and
Sg, yielding a cost of %, as expected.

This simple example illustrates the application of Lemmas 5.3.4 and 5.4.3,
and further shows the difficulty of solving exactly for the long term average risk

sensitive cost. Had there been more than a few states, solution of equation (4.2)

would have required the use of approximation techniques.

5.6 A dynamic program for the case

CHI (M) <1

This dynamic program covers both the case where round trip cost at A%(v) is 1
and the case where round trip cost at Al(7) is less than 1. It can be extended in
the obvious way to cover the risk neutral case. (Note: this theorem and its proof

are related to Lemma 5.3.1 and its proof.)

Theorem 5.6.1 Assume that Assumption 4.3.2 holds. If for some 0 € S, policy
I1 induces a positive recurrent subclass C' containing 0, and \X(v) < oo, then 3
a solution {Wy(-)}, finite for each x € C and bounded below, to the following

functional equation:

eWe(z) — E[ev{c(:v,ﬂ(:v))—kg(v)t(x,H(w))}] /max{ewf’(y), I(y = 0)YP(dy|z,1I(z)); Yz € C,
(5.13)
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with Wy () = In[C70(AE(y))] < 1.

Proof: Define Wy(z) = In{EL[eXilo7c@a) 2eMU=a1}] " By definition, (5.13)
holds.

Claim Wj(#) < 0.
Proof of claim:

Since the embedded Markov chain induced by IT on C'is positive recurrent,
we know that E}l[rg] < co. Therefore, 7y < oo w.p.1. By (5.1) and Fatou’s Lemma,
we have that Wy(0) < 0.

Claim

Wy(z) < oo VzeC.
Proof of claim:

Suppose 3z € C s.t. Wy(x) = co. (So we know that "¢(*) = oo. Then,
by (5.13), any y € C such that € r(y,II(y)) must also have Wy(y) = oco. By
induction, any z € C' such that x is reachable in finitely many steps without first
hitting # with nonzero probability from z must also have Wy(z) = co. Since the
embedded Markov chain induced by II on C' is recurrent, we must have that either

Wy(0) = oo. This contradicts Wy(f) < 0 and the claim follows.

Because of the norm-like cost assumption Assumption 4.3.2, we know that
CCy, = {z € C|E[er@@)AZMU=@)] < p) has finitely many members for any
h > 0.

Claim

infyeco, Wy(x) = infec Wy(z).
Proof of claim:

Choose z ¢ CCy. Since & ¢ CCy, we know that E[ere@H@)-AeMUx@)] >
2. So by (5.13) we get

Wol@) 2/maX{€W0(y),](9 =y)}P(dy|z,I(x)) > 2/6W9(y)P(dy|x,H($)).
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And so e¢(®) > 2inf, . Wy(x). And the claim is proved.

Claim
{Wy(x)|z € C} is bounded below.
Proof of claim:

Suppose 3z € C' s.t. Wy(z) = —oo. Therefore
E'?[ev Z;‘;}l{C(xk,ak)—kt(:vk,ak)}] =0.

We know by the norm-like cost Assumption 4.3.2 that 3B > 0 such that
E[e'y{c(w,a)fz\t(w,a)}] > B \V/.'L', a.
Therefore

0 = BN Tils felwn o) M) > pli[pm]

=Y B*Pr = k],
k=0

which implies that P1[ry = k] = 0 Vk, and therefore P11y < oo] = 0, which
contradicts irreducibility of C' under II, and therefore there cannot be any z € C
with Wy(z) = —o0.

The previous claim tells us that inf,ccc, Wo(2) = infyes Wy(x). This infi-

mum must be finite since C'C, has finitely many members.

O

Note: If Wy(0) = 0 (i.e, if C???(AZ(y)) = 1), then (5.13) reduces to

eWel(@) — E[ev{c(m,H(m))f/\E(v)t(m,H(m))}] /eW"(y)P(dy|x,H(x)); Vo e C, (5.14)

Lemma 5.6.1 Suppose that stationary I1 € IIMP induces a positive recurrent class
C C S and that W (-) satisfies (5.13).
Then Vx,y € C
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E[er Zioleona) Aaall] < oW @)W

with equality if W(0) =0, i.e., if C?7?(\Z) = 1.

Proof:
We rewrite (5.13) using (AH) and the fact that the state space is countable

as

eWiz) — E[67{0(1?,11(1?))*)\3(V)t(m,H(fL‘))}].

S max{e"® I(y = 0)}P(y|z, TI()); Vo € C. (5.15)

y€r(z,1(z))
This is a set of linear equations in {e"®|z € C'}. For notational simplicity,
we will denote P(j]i,TI(i)) = pi; and E[ec@@)=2A2Mi0E@)} = ¢, And if
J & r(i,11(z)), we set p;; = 0. We can then rewrite (5.15) as

VO = ;'Y iy max{e"D), I(y = 0)}. (5.16)

Because C'is a positive recurrent subclass induced by II, we know that Vi, j €
C, P[r, < oo] = 1. So if we let C™™ denote the set of all finite sequences of states
in C' that start with ¢, contain m only once, and end with m; then we have the

following identities:

Z P(ss) =1,

sseCim

and

Eil_[[e’y EZZO[C(CEk,H(Z'k))—)\t(l'k7H(l'k))]] — Z P(SS)C(SS). (5]_7)

sseCim

where ss = {ss(N); 59, 81, .., $S55(n)—1} denotes an element of C'* of length

ss(N) with ssg =i and ssgyn)—1 = J; P(ss) = st:(év)_lpssk,sskﬂ is the probability

of sequence ss, and C(ss) = st,:(é\r)qcs% is the cost of sequence ss.
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Claim:
eV O=Wm) > N~ P(ss)C(ss); i,m € C,
sseCim
with equality if W (0) = 1.
Proof of claim:
We proceed by induction.
We apply (5.16) to each €"V4) on the right hand side. Repeating this process

recursively yields

"D =137 P(ss)C(ss) max{e" D, I(y = §) e~ Mol WO,
sseCim
where Ny(ss) = the number of times 6 appears in ss except the first and last
elements of ss. Le., Ny(ss)+ (i = )+ I(j = 0) = the number of times 6 appears
in ss.

And the claim follows because W (0) < 1.
The above claim, combined with (5.17) yields that
Fl [ S ale(wn M) M Iw)))] — (W0~ (m) o No(ss)W(0)
O
Corollary 5.6.1 If W(0) =1, then V0,,0, € C and all x € C, Wy, (z) = Wy, (x) -

W, (02).

From this it can be inferred that if the round trip cost at AZ is 1 for 6, then
it is 1 for any state; and conversely, if it is < 1 for 0, it therefore must be < 1 for

any state.

In fact, we can extract similar results to Corollary 4.3 if (5.13) holds not just

over a positive recurrent class, but over all of S; i.e.,
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LG E[67{0(“"’11(“"))’)‘t(m’n(“"))}] /max{ew(y), I(y = 0)}P(dy|z,II(x)); Y € S.
(5.18)
For D, F C S, define p}(E, F) = Plri < 7. If either E or F contain only

one element, they may be replaced in the notation by that single element.

Lemma 5.6.2 Suppose that (5.18) holds. Let A C S and let I be a Markov, sta-
tionary policy. Suppose that P s < oo] = 1. Then, B [e? il @ Il@) =Mz 1)) <
Yyea PRy, A — y)eW @OV with equality if W (6) = 1.

Proof:

We follow the same notation used in Lemma 5.6.1 and extend it slightly. For
v €s, ACS,and B C S, let C®»48 denote the set of all finite sequences of states
in S that start with x, contain no state in AU B except possibly for the last state,
and have a last state contained in A.

Because we are given that P!'[74 < oo] = 1, we know that

YAy, A-y)=> > P(ss)= > P(ss)=1,

yeA YEA gseCvAY sseCAA
and
TA _
Eg[evzkzo[dmk,ﬂ(wk)) /\t(zk,H(wk))}] — Z P(ss)C(ss) =
z,AA
ss€Cy’

o > P(ss)CO(ss) < Y pi(y, A—y)eV W),

yeA ssng”’y’A_y yeA

where the final inequality can be proven through the same procedure used to

prove the claim within the proof of Lemma 5.6.1. O

87



Chapter 6

An Optimal Policy Under the
Assumption of Reachability with

Finite Expected Cost

6.1 Reachability with finite expected cost

The following assumption will be needed to help guarantee the existence of an
optimal policy in Theorem 6.1.1. In words, it means that one can get from any

state to any other state with finite expected cost for the risk parameter ~.

Assumption 6.1.1 (7) Va,y € S, 3 a policy 1Y such that EX ™" [e7 2o C@rtk)] <

Q.

Note: Because E[c(x,a)] is bounded below away from zero, we also have that
ET™[r,] < oo.
This assumption is designed to prevent the accrual of infinite expected costs

going between states in the optimal policy. Without it, as pointed out in [9], the
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cost of a stationary Markov policy may depend on the initial state. The following

example is adapted from [9]:
Example 6.1.1 (Infinite cost to escape a state)

Suppose a discrete time Markov chain has 2 states: z; and x5. The cost
of being in state z; is ¢(z1) = ¢, and the cost of being in state z» is ¢(zy) = 0.
The state xo is absorbing, i.e., p(xa|zy) = 1. Therefore we know that J(zy) = 0.
Suppose that p(xi|z;) = p and p(xs|z1) = 1 — p. The expected risk sensitive cost

to get from x; to x5y is given by

[67 Zsz 1 _ Z ek:’yc_F)[Tx2 — k.]

k=1

— —p k'yc k s 'yc
Z Z S(pe

which is finite only if pe?® < 1. Suppose that pe?® > 1. Then we get

1
J(z2) = lim — InE,, [672k 0 ”"’“)]

N—oo N’y
E 1 N—-1 1 N
_ v Y i Z (et
A}l_t)réo ny In E,, [ 2k=0 ] A}l_t)réo Ny lnkz::1 p(pe )
1 1 ye ye\N
= lim —ln[—pe (pe™) ]
N—oo N7y 1 — pere

1
]}Lmoo e In[(pe™)™] = In[pe™] > J(x1) = 0,
and so the value of the objective function depends on the initial state.

Definition 6.1.1 A policy IT is called ‘shortest path optimal’ to reach state y if
VII € I1HR,

E;;[, [e’y Z;y::)l C(xk,ak)] < Eg[e’y E;y;ol c(xk,ak.)]; Vi e S.

If the above inequality only holds for a particular x € S, then II is called
‘shortest path optimal’ from x to y.
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The following lemma demonstrates that Assumption 6.1.1 guarantees the

existence of shortest path optimal policies.

Lemma 6.1.1 Under assumption 6.1.1(y) and given Assumptions 4.3.3 and 2.0.2;
for any 6 € S, there exists a Markov, stationary policy ny such that

Egg [672;2)1 @ear)] < oo; Va € S.
Furthermore, YII € TTHE,
E}}i e E;i;lc(wk:ak)] < Ele? E;":BIC(%,%)]; Yz € S,
i.e., Hﬁoy 15 shortest path optimal.

Proof:

Given z € S, we know by assumption 6.1.1(y) that there exists a policy that
drives the system to # with finite cost. Let

Qz,a) = inf ENe"Ei% @ra|q(0) = alsa £,

HEHHR
and let
I 1T 7—97—10(:’: k)] — :
v(r) = Hé%ﬁm ENer Xilo c@ror)] = aég(fw)Q(x,a),x #0. (6.1)
We have
Q(z,a) = B[] . 3" P(z|z,a)v(2);z # 0. (6.2)

zer(z,a)

where we define Q(6,a) = 0 Ya € «(f). Since the transition law P(z|s,a)
is continuous in a for a fixed s and by Assumption 4.3.3, we see that Q(z,a) is a
continuous function of a. Therefore, it achieves its infimum at a*(z). Define the

policy I1? (x) = a*(z) V.

Claim:
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Tp—1
I1% minimizes E}'[e” 2% c@ean)] over all policies for each z € S.

Proof of claim:

We see from (6.1) and (6.2) that

v(z) = inf B[] Y P(zlz,a)v(z);z # 0. (6.3)

a€a() zer(z,a)

And the infimum is achieved since Uycq(a)7(2, @) is finite by Assumption 4.3.3;
and «(z) is compact and P(y|z,a), P(c|z,a) are continuous in a by Assump-
tion 2.0.2. The policy ny is the policy II* named in the statements of Lemma
4.2.1 and Theorem 4.2.2 if we substitute A = 0 and use (6.3) in place of the
dynamic program (4.2). By Lemma 4.2.1, (4.3) then holds.

We know from Theorem 4.2.2 that (4.9) holds for policy Hg for any value of
N.

Because costs accrue until # is reached, we have

B [eyzfzo o(@i, T (@) =N Y1, Hao " (@:)] > (wé%f;gE[efyc(:v,a)])N p 7 > N,

By (4.9), the right hand side must be finite VN. Since inf,cgs_g E[e7®%)] > 0,
that requires that sz [Ty < o0] = 1.

Therefore, we can substitute the stopping time 74 in place of N in (4.3). We
get the desired result, that II? is optimal and that it has value function v(z).

The claim is proved.

Finally, because v(z) is optimal, we have that

E’g[e’)’ 229:51 c(xk,ak)] — U(.’L‘) < EQ];[E—)G[Q,Y >l c(xk,ak)] < 0.

The following Theorem is the major result of this chapter and the founda-

tional result for the later developments in this thesis. It means that if Assump-
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tion 6.1.1(y) holds, then there is a single stationary, Markov, deterministic policy
that is optimal from any initial state and the value of the objective function under
that policy is the same at any initial state. It corresponds to the classical risk
neutral average costs result (see, e.g., [35]) that if a chain is communicating, then
there is a single stationary, Markov deterministic policy that is optimal and the

value of the objective function is the same at any state.

Theorem 6.1.1 Suppose that assumptions 3.4.1, 4.3.1, 4.3.2, and 4.3.3 hold.
Suppose furthermore that assumption 6.1.1(7) holds for all v < 7. Then, for
any v < 7, there exists a stationary, Markov, deterministic policy 11, such that

1
A* = lim —TlnEH

*
T—o00 y To

T 1 T
[eJi0 9] < 1im = In B [e)i—0 904 VIT € TTR 2 € S.

Sy 0
Proof:
Let v < 7 be given.
By Lemma 4.3.1, if a policy does not enter M in finite time w.p.1, then it
has infinite average cost. So let us consider the policies that induce a nonempty M
and enter it in finite time w.p.1 from any initial state. Let p(z) = {II € TT"#|x €
For IT € p(), define AC,(IT) = inf(A € R|ENeXizs He@na)-Maren} < 1),
Define H(z) = infre ) AC,(I1).

Claim:

If inf,cq H(x) < 0o, then it is achieved.
Proof of Claim:

Select an arbitrary 2 € S such that H(z') < co. We know that any policy
that achieves AC,(IT) < H(z') must induce a recurrent class that has a nonempty
intersection with the set Z ), where

Zy = {x| arer;i(ll) Elec@a-at@a)) < 11,

Therefore, infyes H(z) = infyey ) H(z).

@'
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By Assumption 4.3.2, Zp 'y has finitely many elements, so the infimum is
achieved.

And the claim is proved.

Let 6 = arg minges H(x). And define \* = H(6).

By definition of H(z), 3 a sequence of policies {II,}°; such that lim; ., ACy(II;)
A"

Furthermore, by the logic contained in the proof of the above claim, each
policy II; must induce a positive recurrent class that has a nonempty intersection
with Z, for some a large enough. Let us say that policy II; induces a positive
recurrent class containing z; € Z,. Therefore, by definition of AC,(IT) and Lemma

5.6.1,

B [ezkxjo ’Y{C(l'k:ak)_ACG(Hi)t(xk,ak)}] <1.

7

We will now define a stationary, Markov, deterministic policy H; such that

EH [GE;””{I Helorar)=ACoMi)tra)}) < 1, (6.4)
Let
VACg(Hi)(x’ a) = inf EH[€7 E;I;O_l’y{c(xk,ak)—ACg(Hi)t(:vk,ak)}|a(0) _ a],
S
and let
pAC ) (7) = aeiral(fx) VACGUL) (4 g). (6.5)
We have

VACG(Hi)(l-, a)

- E’[e’Y{C(f’?k,ak)_ACQ(Hi)t(f’?k:ak)}]_ Z P(z|x,a) max{I(z = 9),UACG(Hi)(Z)}_ (6.6)

z€r(z,a)
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Since the transition law P(z|s,a) is continuous in a for a fixed s and by As-
sumption 4.3.3, we see that VA% ) (2 q) is a continuous function of a. Therefore,
it achieves its infimum at a*(z). Define the policy IT;(z) = a*(z) V.

Claim: L

IT; minimizes E![eY il {el@ra)=ACs ()H(zr,08)}] gver all policies for each z €

S.
Proof of Claim:
We have from (6.5) and (6.6) that

pACe (1) (l‘)

= in(f)E[G’Y{C(mk:ak)*ACB(Hi)t(wkaak)}] . Z P(z|2, a) max{I(z = 9),UACG(H1')(Z)}‘
aca(r
z€r(z,a)

(6.7)
And the infimum is achieved by a*(z) = II;(x). It can be seen by an argu-

ment analogous to the proof of Lemma 4.2.1 that led to (4.3), that the following
inequality holds:

Ef [e” E?’:o c(,I1(z;)) =y AC, (11;) va:o t(l’i,H(:vi))]

oy vA I ()
> B, [Hizo{f max{I(z = 0), UACG(Hi)(y)}P(dy|l'i, (z;)) 1

with equality for IT = II;.
If we substitute for N the stopping time 7y, we obtain (by recursive cancella-

tion of the numerator and denominator on the right hand side of the inequality),
Evglc'l[efy Zzo e(zi,1(x;))—yACy (1I;) Ezo t(:vi,H(xi))] > UACg(Hi)(x),

with equality for Il = H;. And the claim is proved.

Since II; must do at least as well as II;, (6.4) holds.
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Since x; € Zy Vi and Z, has finitely many elements, there must be a subse-
quence {o(i)} such that x;(i) = w Vi.
By Tychonoff’s Theorem (Theorem 4.3.1), {H;(i)} has a limit point: the
stationary, Markov, deterministic policy IT,.
, BecauS(’e )\E; > \* Vi, there exists a subsequence of {o(i)}, {h(i)}, such that
)\Sh(m) < )\3”(” Vi,

Therefore, by Fatou’s lemma we see that
Eul}'*evE;ioc(xk,ak)—/\*t(ka,ak)] < 1. (6.8)

Claim:

3w’ € S such that

and

EH,’* e E;‘”:,O C(mk:ak)*)‘*t(mk:ak)] < 1.
w

Proof:

If P“[r, < co] = 1, then we know from (6.8) and Lemma 5.3.1 that J/- <
A*. Therefore by Lemma 5.3.5 we know that the equivalence class containing w
must be positive recurrent, and the claim follows by setting w' = w.

Suppose Pf,* [7, < 00] < 1. Therefore there must be a state w' € S that is
in a positive recurrent class induced by II, and such that PEL [1, < oo] > 0 and
P17, < 00] = 0.

(6.8) then implies that

/ Tw O\ *
E'ul;[*e')/zk:o c(xkvak') A t(xk'vak')|7-w, < TUJ] < 0.

Therefore we have

! !
50 > EH,* eV > C(fﬂk,ak)*/\*t(fﬂk,ak)] — EH,* eV Y oreo C(mk,ak)*)‘*t(mk:ak)]
w w
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Just as in the proof of the sub-claim in Lemma 5.3.1, it can be shown that
EH,’* e Y re o C(@hsar) =N E(xy, ,ak)]
w
_ EH’L &7 E;“;’(;lc(wk,ak)fz\*t(wk,ak)] . EH’L e Z;ozo C($k:ak)*/\*t($k,ak)]‘
w w

Since this is less than oo, we must have

T 1—1

E'H,I*67 > C(xk:ak)*/\*t(mk:ak)] <1
w — )
and the claim is proved.

Let QQ = the recurrent class of IT, containing w'.

Clearly, )\gQ(fy) = \*, so by Lemma 5.3.1, JI* = \* Vz € QQ.

In the proof of Lemma 5.3.1 it was shown that 3 a function V' (z), bounded
away from zero and finite for each z € S, such that (5.7) holds (with 6 = w').
Define W(z) =InV(z) in (5.7).

Define
! -f
1. () = H*(:,L‘) if z € QQ
I2 ifz ¢ QQ

where H‘:y’, is as defined in Lemma 6.1.1.

Let us extend (5.7) by defining
W(z) = In{ BT [eXit re@a-X o)) vy ¢ 5,

with

V@ = E[e"’{c(’"’nl(’"))_)‘*t(‘”’n*(‘”))}] /max{ew(y), I(y = w)}P(dy|z, I1(z)); Vo € S.

(6.9)

First, let us show that W(z) < oo VY € S. Because Q@) is absorbing under

IT,, W(x) is the same as the value given by (5.7) (with # = w') for z € QQ. For
x € QQ°, we have
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6W(g[:) _ Ef* [622‘9:51v{c(z,a)f,\*t(m,a)}]
— EH [QZTQQ y{e(z,a)=A*t(z,a)} | E;o r; Hel(z,a)— /\*t(x,a)}]

- ' o1 c(x,a)—A*t(z,a
B (e 'fe(a)-Ni(.a) | pIL, [eZkiTQQ Helwa) Nt o

Erg L1y s Trgg H]

Hu [eer Q! e(z,a)—A*t(z,a)} | o 15y E;‘Q "'IQQ y{c(z,a)=A*t(z,a)}

TQq[ {zo, 21,0y T 1]

_ Ea: [eZ;" 01 v{e(z,a) )\*t(a:,a)}]
< B S 0] < oo,

Claim: W (z) is bounded below over S.
Proof of Claim:

Suppose that W (-) is not bounded below. Define CC = {z|E[ev{c@® - @)= A"t 1(2)}] <
1. We know by (6.9) that if z € CC*®, then Jy € S such that W (y) < W(z). There-
fore, inf,cs W(z) = infrece W(z). And since CC' has finitely many elements by
Assumption 4.3.2, we see that the infimum is achieved. Since W (-) is not bounded
below, there must be a z € CC such that W(z) = —o0.

By definition of W(-), this means that

Bl [eXio rlelza)-Xtza)} —

By the norm-like cost assumption Assumption 4.2.3, we know that there is a

lower bound B > 0 such that

E[e”c(“"’“)’)‘*t(w’“)} > B, Vz,a.
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Therefore

EN [ Ziorfe@a N iwa) > gl B

= ZBkP;I*[Tw' = k]v

k=0
and therefore
0= ZBszH*[Tw’ = ki,
k=0
which means that P*[r, = k] = 0 Vk, or PM™[r, < oo] = 0, which contra-

dicts irreducibility of the embedded Markov chain, and the claim is proved.

And so we see that WWW (z) = max{W (z),In(I(x = w'))} satisfies the condi-
tions of Corollary 4.2.1, and we get that

JI <\ vr e S.

Also, by definition of # and \*, we know that for any policy II € IT1#% and
any v € S, AC,(II) > \*. Therefore, JII > \*.

Therefore II, € IIMP is an optimal stationary policy with cost A\*, and the
Theorem is proved.

(I

Define the optimality inequality as

V(@) — m(f | E[e{c@a)-A"Hza) /max{e = W) }P(dy|z,a); Vo € S.
aca(T
(6.10)

Corollary 6.1.1 Suppose that assumptions 3.4.1, 4.3.1, 4.3.2, and 4.3.3 hold.
Suppose furthermore that assumption 6.1.1(7) holds for all v < 7.
Then, for any v < 7, there exists a stationary, Markov, deterministic policy

IT* such that I1I* solves the optimality inequality (6.10) and
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A" = lim Lln EX e tiog(t)dt] < lim Lln El e tiog(t)dt]' VIl € I7% 7y € S.
T—o0 T’ o T—00 yT' Zo ’ )

Furthermore, if W(w') = 1, then then policy II* solves the dynamic program

(4-2).

Proof:

We saw in the proof of Theorem 6.1.1 that II, achieves, starting from any
state, the smallest cost that any policy can achieve. is satisfied. Furthermore,
we know by definition of IT, that IT, minimizes the optimality inequality (6.10)
Vr € QQ. But II, may not minimize the optimality inequality Vo € S (that is for
r ¢ QQ —i.e. there may be a bias). So we define IT* as the policy that minimizes
the optimality inequality. The existence and properties of II, guarantee that IT*
exists and satisfies (6.10).

If W(w') = 1, then (6.10) reduces to (4.2)

O

Note: As shown in Chapter 5, W(w') = 1 if any of the following conditions are
met:

1. |S] < 0.

2. The round trip cost (of policy TT* to w') at A = 0 is finite.

3. The Semi-Markov chain induced by II* is of Type I.

6.2 Borkar’s Convex Analytic Approach

In Section 5.3 of [1] (see also references cited therein), section 5.7 of [19], and
[26]; Borkar’s approach is described. Under a simple continuity assumption in the
transition kernel and the assumption of norm-like costs (see Assumption 4.3.2)
and under the (major) assumption that all policies have S as their sole recurrent

class, there is a stationary, Markov risk neutral optimal policy, and furthermore
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that policy is sample path optimal. But the strong irreducibility assumption can
be removed. In particular, as shown by Lasserre in [26], if that assumption is
completely removed, then there is an initial state xy and a stationary Markov
policy Iy, such that the optimal average risk neutral cost starting from any state
under any policy is achieved w.p.1 by every sample path starting from xy under
policy I1g,. To fully understand this (italicized) statement, it would be helpful to
read the rest of this thesis. In particular, the reader is referred to Subsection 10.1.1.

Let us look again at Theorem 6.1.1. All that was added (except assumptions
to handle the problems induced by covering the semi-Markov case) was Assump-
tion 6.1.1. This assumption, in a sense, puts the risk sensitive problem on the
same footing as the risk neutral problem. This is because in the risk neutral ob-
jective function, one need not worry about a state which takes finite expected cost
just to transition out of the state. Other than that assumption, our strong result

(Theorem 6.1.1) has assumptions no stronger than Borkar’s and Lasserre’s results.
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Chapter 7

Reachability and Probabilistic

Reachability

In this chapter we do not concern ourselves with costs, but with reachability: is
there a policy that can take the system from state x to state y w.p.17 Barring
that, is there one that can do it with nonzero probability? Also, for a given policy,
how do the states communicate?

Define the logical relationship R(C,D); C,D C S to be true if Vz € C,
3T, € TR such that PM[rp < oo] = 1. For simplicity, if either C' or D contains
only one element, we may substitute that element in the notation. For example,
if O = {x} and D = {y}, we have that R(x,y) is true if 31" € "% such that
Pfl [T, < oo] = 1. Also, define the logical relationship RY(C, D) to be true if

Plrp < ool =1Vz e C.
Lemma 7.0.1 If R(z,y) and R(y, z), then R(z, z).

Proof:
We define II,_,, as the policy which follows II,_,, until y is reached and II,_,,

thereafter.
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Note: Lemma 7.0.1 also holds true if z,y, and/or z are sets rather than single
elements of the state place.

Define the set of all self-reachable states SR as v € SR iff R(z,z). Note that
Lemma 7.0.1 holds true if R(-,-) is replaced by RY(-,-). Define SR™ as x € SR!
if R"(x, ). Define the relation ~ on SR as x ~ y iff R(x,y) and R(y,x).

Lemma 7.0.2 ~ is an equivalence relation.

Proof:
~ is reflexive because it is defined on SR.
~ is symmetric by definition.

~ is transitive by Lemma 7.0.1.

Therefore, X = SRU SR*. Furthermore, SR is the union of (at most count-

ably many) disjoint equivalence classes under ~.

Definition 7.0.1 An equivalence class N under ~, i.e. a set such that for some

e S, N={ye S|z~ y} is called a ‘strongly communicating class’.

Assumption 7.0.1 If not R(z,y), then ¥ policies TI, P"[s(ty) = y|s(t;) = 2] = 0V

times t1,ty such that t; < ts.

In other words, under Assumption 7.0.1, the system can either reach y from
x in finite expected time under some policy or with probability 1, or the system
will not reach y from x under any policy. In the development to follow, we will not
be assuming Assumption 7.0.1, because it is a restrictive (although convenient)

assumption.

Assumption 7.0.2 Vs € S, R(s,SR).

In other words, every state can reach SR.
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Note: if both Assumption 7.0.1 and Assumption 7.0.2 are true, then Vs € S,
Jdx € SR such that R(s,z).

For x € SR, denote the strongly communicating class containing x as R(z).
Lemma 7.0.3 if z € X(z), w € V(y), and R(z,y), then R(z,w).

Proof:

Repeated application of Lemma 7.0.1 is sufficient.

An immediate corollary to Lemma 7.0.3 is that for 2,y € SR, R(z,y) implies
R(X(z), N(y)).

If 2,y € SR, R(z,y) and not R(y,x), then we denote R(z) =< R(y). Also,
define R(z) < N(z).

Lemma 7.0.4 < is a partial ordering on the strongly communicating classes induced

by ~ on SR.

Proof:
We are given that x,y,z € SR and none are in the same strongly communicating
class.
R(z,y) and R(y, z) implies R(x,z) by Lemma 7.0.1. Also, R(z,z) implies
not R(z,x) since x and z are in different strongly communicating classes.
Therefore, X(z) < X(y) and R(y) < R(z) implies R(z) < R(z).
Also, < is reflexive by definition.
(I

Lemma 7.0.5 If Assumption 7.0.1 and Assumption 7.0.2 hold and Ay such that RX(z) <
N(y), then the set W(x) is invariant, i.e., under any policy 11 and any z € R(x),
Pz, € R(z)]=1Vn > 0.

Proof: Suppose that the conclusion is false, i.e., suppose that 3z € R(z), y ¢ R(x)
and a € a(z) such that P(y|z,a) > 0. Therefore, by Assumption 7.0.1, R(z,y).
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If y € SR, then we have R(z) < XN(y), which contradicts an assumption. If
y € SR, then by Assumption 7.0.2 combined with Assumption 7.0.1, Jw € SR s.t.
R(y,w). If w € X(z), then y € R(x), contradicting our supposition. If not, then

N(z) = X(w), contradicting an assumption.

Define T, the set of all transient states, as follows: x € T if VII, Pz, —
o] > 0, i.e. if not R(xz, SR). T is empty iff (J3) is true. Also, T is empty if S is
finite.

Define x < y if R(x,y) but not R(y,x). For z,y € SR, we see that < y iff
R(z) < R(y).

Define RP(z,y) to be true if R(x,y) is not true and 311 € TT7# such that
PIr, < oo] > 0. It is interesting to note that cases can be constructed in which
RP(z,y) is true and

sup PMr, < oo] = 1.
TEenH R

Clearly, RP(x,y) implies not R(z,y). Also, the following condition holds iff
Assumption 7.0.1 is not true: Js,y € S such that RP(z,y).

We say that z — y is true if 311 € TI7R such that = —> y is true. By definition,
we have that x — y iff either R(x,y) or RP(z,y).

We say that R (z, C) is true if R(z,C) is true and VD C C such that D # C,
R(x, D) is not true. Clearly, if R (z,C) is true, then RP(z, D) is true for all
proper subsets D of C. Also, define R (x,C) to be true if R"(z,C) is true and
VD C C such that D # C, R"(z, D) is not true. And define RP™(x,y) to be true
if 0 < P[r, < 0o] < 1. Finally, define R"(z, A) to be true if 31T € % such that
R™M(x, A) is true. Clearly, R (z, A) implies R(x, A).

Lemma 7.0.6 If R(x,C) and |C| < oo, then 3D C C such that R (x, D).

Proof:
The following procedure will construct D C C' with the desired property:
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1. Set Dy =C and 7 = 0.

2. If there is an element z € D; such that R(z, D; — {z}) is true, then set D; ; =
D; — {2z} and increment 7. If there is no such element z, then set D = D; and

terminate the procedure.

3.
Repeat step 2.

Step 2 guarantees that R’ (z, D). The procedure is guaranteed to terminate
since |C] < oo.

(Il
Lemma 7.0.7 If R (2, D), then Yy € D, not R(y, D — {y}).

Proof:

Suppose Jy € D such that R(y, D — {y}). Then 301, such that R (z, D)
and 31, such that R™ (y, D — {y}). Define policy II* as the policy that follows
policy IT; until 7, and policy II, is afterwards. We then have R(z, D —{y}), which
contradicts R (z, D).

]

Lemma 7.0.8 If R"(z,C), then 3D C C such that R (x, D).

Proof:
Order the states in C' from 1 to N (i.e., {2} ), where N = oo if |C| = o0,

We construct D according to the following procedure:

1. Fy=C:j =0
2. If R"(z, F; — {#;}), then set F; 1 = F; — {z;}. Otherwise, set Fj; = F}.

3. Increment j. If j < |C|, then go to step 2.

If |C'] < oo, then the procedure terminates when j = |C|+41. Set D = Fi¢|41.
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If |C'| = oo, then the procedure does not terminate. Define D C C as follows:
zi € Dif z; € Fiyq. (e, D =lim;_, F}.)
It is clear that D # () in either case.

Claim:
Pllmp < oo] = 1.

Proof of claim:
If |C| < oo, then the claim is evident by inspection of step 2. If |C| = oo,
then

Pl[rp < o] = P [Tiim, . F, < 09)-

3

The procedure guarantees that F;,; C F; Vi < oo. Therefore,
PE[TFi < OO] > P:?[TFiJrl < OO]
Therefore, by the monotone convergence theorem, we have

P Mmoo 1y, < 00] = Z.ljglopf[TFi < 00

Again, by inspection of step 2, we know that PM[rp < oo] = 1 Vi < oc.

And the claim is proved.

Claim:
If z; € D for some 4, then R"(z, D — {z;}) is not true.
Proof of claim:
By step 2 of the procedure for constructing D, we know that R"(z, F; —{2;})

is not true, which means that P}ty _(,;; < oo] < 1. Since D C F;, we know that

PMrp- {2y < 00] < P12y < 00] < 1.

And the claim is proved.
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The Lemma follows directly from the two preceding claims.

O

Lemma 7.0.9 Ifx € D C S and 31 € "% such that R"(x, D) and PM'[rp =
7] < 1, then R(xz,D — {z}).

Proof:

If R"(x, D — {x}), then we are done. If not, then define IT as the policy that
follows IT until x is reached. Upon reaching x, the history is erased and II is again
followed. Each time that x is reached, the history is reinitialized and II is again
followed.

Since P'[7p = 7,] < 1, eventually w.p.1 D will be reached before x. There-

fore, R (z, D — {z}) and we are done.

O

Lemma 7.0.10 IfAC B C S, R(A,x), and 3 policy I1; such that R™ (z, B) and
Pz, ¢ Al > 0; then R(z, B — A).

Proof:

Because R(A,x), 3 I, € T7E such that R™(y, z) Vy € A.

Define policy II' as the policy that follows IT; until B is reached. Then, if
x(tg) € A, follow policy II5 until z is reached. Then repeat.

Because P"[z(73) ¢ A] > 0, policy TI' will eventually hit B — A, starting
from z.

O
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Chapter 8

The Not Strongly Communicating

Case

An SMDP is called not strongly communicating if 3z, y € S such that not R(z,y).
In a not strongly communicating SMDP, it is not necessarily the case that the
optimal average (risk sensitive or risk neutral) cost is the same starting from any
state. Furthermore, the value function in the not strongly communicating case

exhibits minimax behavior. The following example illustrates both of these points:
Example 8.0.1

Suppose we have a Markov chain with 2 states, S = {z;,22}. Each state
transitions back to itself w.p.1, and the cost is 1 in state x; and 2 in state z5. So
the average cost for any value of v is 1 from state x; and 2 from state x», i.e.,
J(z) =1, J(zq) = 2.

Now, let’s introduce control to the situation. Suppose there is a third state,
x3, where there are 2 possible actions in state x3, a(rz) = {ai,as}. Suppose
that c¢(z3,a1) = 1.6, p(z3|xs3,a1) =1, ¢(z3,a2) = 5, and define p; = p(x;|z3,a2);i =
1,2, 3. Suppose that we set p; = %; t = 1,2,3. Then, it is clear that the optimal risk-

neutral policy is to choose action ay (called policy 1), and the expected average
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cost is JM™2(x3) = 1.5. Choosing action a; (policy II;) yields an average cost of
JM(z3) = 1.6. If the cost criterion is risk-sensitive average cost with v > 0, then
again we see that the J (x3) = 1.6. If action ay is chosen, then there is a transient
period during which the state remains z3, followed by the MDP settling into either
state x1 or x5 with equal probability. Even if we assume that the transient period
in state x3 does not raise the average cost (N.B.: this assumption is true for ~

small enough, as will be shown later.) we see that the average risk-sensitive cost is

1 1 1
J"(15) = lim —1n[56725:01+56725:02]. (8.1)

N—>oofy

N
Clearly, the term %672k=01 becomes insignificant compared to the term
N
e’ > k=02 for N large, so we have

1 1
J"2(23) = ]\ll_rgo N ln[56725:02] = 2.

It should be clear that as long as p, > 0, we will have J"2(z3) = 2 and the
optimal policy will be II'. We can see that (8.1) is equivalent to

JH (23) = pemax | J(z).

So we see that in the not strongly communicating case, the control action
chosen in a state which can lead to two or more states that can’t reach each
other is the action that minimizes the maximum of the average cost for any of the
states reached in one step. This is a minimax behavior enforced by a risk-sensitive

criterion with finite risk parameter.

8.1 On the classification of Markov chains

We classify SMDPs into two categories: strongly communicating and not strongly
communicating. An SMDP is called strongly communicating if R(x,y) Vz,y, and

it is called not strongly communicating otherwise. Theorem 6.1.1 gives sufficient
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conditions for the existence of an optimal policy with cost independent of initial
state for an infinite horizon, risk sensitive objective function for a strongly com-
municating SMDP. Theorem 9.1.1 gives sufficient conditions for the existence of
an optimal policy for an infinite horizon, risk sensitive objective function for the
general case including the not strongly communicating case. As already shown in
Example 8.0.1, there is no guarantee in the not strongly communicating case that
the optimal cost is independent of the initial state. We classify SMDPs by whether
all states are reachable w.p.1 from all other states. The reason we do this is, as
illustrated in Example 8.0.1, if a state is only probabilistically reachable from an-
other state, a minimax rule applies. (L.e., the optimal controller will minimize the
worst case strongly communicating class in which it can (with nonzero probability)
end up.) This is different from the risk neutral case, in which an averaging rule
applies to the value function.

Our classification scheme differs from the scheme Puterman uses for MDPs
(see [35], P. 348). (Note: Puterman’s scheme is directly comparable to ours since
our classifications apply to the embedded Markov chain, and therefore apply to
MDPs.) We will not use Puterman’s classification scheme, but we describe it here
and contrast it with our scheme. The reason our classification scheme is different
than Puterman’s is because he is concerned with risk neutral costs. He classifies

MDPs in two ways ([35]):

1. On the basis of probabilistic reachability (i.e., the property x — y).

2. On the basis of probabilistic reachability under any stationary policy (i.e., VII,

I
T = y).

The first property is important to Puterman because in the risk neutral case,
each recurrent class that is probabilistically reachable from a given state under
the optimal policy contributes to the long run costs starting from that state. (In

contrast, minimaxing is used in the risk sensitive case we are concerned with.)
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The second property is important to Puterman because if every policy induces a
single recurrent class, certain classical analytical techniques become useable. By
contrast, we are extending certain results to the case where a policy may induce
multiple recurrent classes.

That said, here are Puterman’s definitions ([35], P. 348):

An MDP is called

recurrent if P (z,y) > 0V stationary Il € [IMP; 2,y € S.
unichain if V stationary 1T € ITMP PSR +£ () and Vo € PSRY, Q'(z) = PSR
communicating if x — y Vo,y € S.

weakly communicating if PSR # (), PSR absorbing, and Vx € PSR, Q(x) =
PSR.

multichain if 3 a stationary II € IIMP such that PSRY # () and Jz,y € PSR!
such that Q"(z) # Q"(y) and both Q" (z) and Q"(y) are absorbing under TI.

From now on, we will use our own definitions, not Puterman’s.

8.2 Optimal policies in the not strongly commu-

nicating case

This section, at over 30 pages, is the longest section in the thesis. It is also the heart
of the thesis, where all the other results come together. The optimal policy for
the strong communicating case determined in Theorem 6.1.1 is combined with the
reachability (w.p.1) properties found in the last chapter. The sequence of lemmas
and increasingly complex notation in this section culminates in final result of this
section, Theorem 8.2.1, which is a strong and nontrivial result. Theorem 8.2.1

completely eliminates the irreducibility assumption and finds an optimal policy
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for a given initial state. This theorem is the centerpiece of the thesis.

The following assumption guarantees the existence of optimal policies in the
not strongly communicating case as will be shown later in the strong results The-
orem 8.2.1 and Theorem 9.1.1. In words, Assumption 8.2.17 means that if a set
can be reached with probability 1, then it can be reached with finite expected risk

sensitive cost when the risk sensitivity parameter is v (or less).

Assumption 8.2.1 (v) If R(x,C) is true, then 31 € TI"E such that R"(z,C) is

true and

EMeXio @] < oo,
Lemma 8.2.1 Ifz,y € SR, y € X(z), and Assumption 8.2.1(7y) is true, then

inf J'= inf Jl.
HEHHR HEHHR

Proof:

Suppose that infyepur J)' < infyepur J;'. Then, 3 a policy II, such that
VIL € IT7R, Jl= < JL.

Since y € R(x), we know that R(y,z) is true. So by Assumption 8.2.1(7),
M, ., € 177 such that E;Iy%[ezgio reeea)] = F < oo,

Define policy II, as follows. (Where II, (k)(x) is the action taken if the system
is in state o at the k” decision epoch.)

I, (k) = I, . (x) if kb <7y
I, if £ > 7,

where the policy II, begins its history at time 7,. IL.e., the behavior of policy II,
subsequent to reaching state x does not depend on how x was reached.

We have

J% = 1im sup i In By [efOT vg(t)dt]
Yy Y
T—oo 7Y
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1 TVTy T
T—oo 7Y

< lim sup {0 e ol a0
T— o0 ’)/T Yy

= lim sup LT ln{E';Iy [@fOTsz ,yg(t)dt] . ng [efoT ’yg(t)dt]}
T—oo 7Y

< lim sup L In{EM [efoT’” vg(t)dt] - E™[e s 'yg(t)dt]}
T—o00 ’)’T Yy

1 T
= lim sup — ln{F . E}v_[z [efo vg(t)dt]}
T—o0 ’)/T

1 T
= limsup — In E:Ef [gfo 79(t)dt] _ Jllj[z,
T—oo Y

where for a,b € R, we define

aifa<b
aVb=

bifa>b
and T, is the first hitting time of state x in continuous time, ie. T, =
St a).
So we have J;'v < Jl'=, which is a contradiction.

O

For € SR, define () C a(z) as follows:

a € f(z) iff R(z,a) C R(x).

From the definition of X(z) it can be deduced that §(z) # () Vo € SR.
For x ¢ SR, define 3(z) = a(x).
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Let us define a new SMDP, called the restricted SMDP, by restricting al-
lowable actions in state z to those contained in ((x). We denote the restricted
SMDP by putting a~over the P or E operator. If x € SR, then VII € IT#% and
all 0 < k < oo, Pz, € R(z)] = 1.

Because each strongly communicating class in SR is communicating, we know
from Theorem 6.1.1 that if assumptions 3.4.1, 4.3.1, 4.3.2, and 4.3.3 hold and
assumption 6.1.1(y) (Note: 6.1.1(7) is a consequence of Assumption 8.2.1(7y)) holds
for all v < 4 with S = R(x) for the restricted SMDP, then for any v < 7, there
exists a stationary, Markov, deterministic policy H;}(I) and a constant 0 < )\;Q(x) <
oo such that

1 _II* T 1 _ T
M) = jlggo T In Exox(ﬁ)[efmo g(dl) < 711_{{)10 T InE} [eft=0 90 yIT e TR 2 € N(x).

Furthermore, if we define W (z) as in (5.13) with IT = I}, then policy I},
solves the dynamic program (4.2) for all s € S = N(x).

The following Lemma is clearly true:
Lemma 8.2.2 Forx € SR,

HEHHR T

Proof:

See the preceding discussion.

Assumption 8.2.2 Vz € S, 3D C SR such that |D| < oo and R(z, D).

For IT" € "% and A C S, we define the set of restricted policies IT"(TT', A)
as follows:
IeIl"(IT, A) if (k) = I (k) Yk < 4.

Le., IT € II"(IT', A) if it is identical to IT' prior to the first hitting time of set
A.
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We define T1%(z, A) as follows:

T%(z, A) = Ugmrn(e,ay 117 (11, A).
Le., IT € T®(z, A) if P74 < oo] = 1.

Lemma 8.2.3 Let D C SR, and let R(x, D) and Assumption 8.2.1(v) be true.
Then,

inf J)' <sup inf J;I.
Iell®(z,D) yeD el R

Proof:

Assumption 8.2.1(7) assures us of the existence of a Il € I1%(z, D) such that
Ef/ [ezgo 70(‘”’““’“)] = F < o0.
Since IT" € T1%(x, D), we know that Pmn, [Tp < oo] = 1. Let

Eg, [@EZZO 76(”["’“’“’“)|7'D =1,] if Pf, 7o =7, >0

F, =

0if Pl [rp=1,]=0

Therefore, we have F' =3, Pfl [Tp = 7| F,,. So clearly, F,, < oo Yy € D.
For each y € D, let {I1¥ }2°_, be a sequence of policies such that

. Yy .
lim J' = inf J;I.
m—0o0 HEHHR

Define IT,, € TI"(IT', D) as the policy that follows I, (and erases the history
—i.e., starts fresh with no history) upon reaching y € D if 7, = 7. Since IT takes

the system to D w.p.1, H;n is well defined.

Claim:
lim ngm <sup inf JI.

m— 00 yeD TIIcIIHR y

Proof of claim:
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Sub-claim:

If PEI [7, = 7p] > 0, then

1 m, yg(t)dt 1 [ ye(t)de
TIEI;OV—TIH{E [e =0 T, =Tp]} < hm V_IH{E ™ [eJi=o 1}-

Proof of Sub-claim:

lim —ln{EH e Jiso g(t)dt|Ty =Tpl}

T—o00 Y

T
= lim — ln{EH e RATOLS €ft:Ty W(t)dt|Ty =1Tpl}
C Too ’y

1 m, vg(t)dt my, Yg(t)dt
<:FILI{307—IH{E [e 0 T, =Tp]- E, [e =0 I}

= lim —ln{F EH ™ e S 0190t}

T%oo ")/

= lim — ln{EH [ 9(t)dtyy

T—>oo fy

where the last equality follows since F, < oo.

And the sub-claim is proved.

!

1
JHm = Tlggoﬁ ln{EH [e]i= ST )dt]

’ T
= lim — ln{z PH =71p] - Eim [eft=079(t)dt|Ty =Tpl}

T—>oo fy yeD

< lim —ln{z PH [7, < o0] - sup EY [ Ji- 0190 T — Tp)}

1 H ~vg(t)dt
jlgr;ov—Tln{supE [e =0 T, = Tp]}
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]_ / T
= sup lim . In{ Byl el 0T, = Tp))

1 v (T
< sup lim — In{EM [e)izo7900%
- 21615T1_r)r010 ~T n{ Y [e=e I}

where the last inequality follows from the sub-claim.

The claim follows by taking the limit as m — oo.

The lemma follows directly from the claim since I € TI%(x, D).

O

Lemma 8.2.4 The following three implications are true:

1. If Assumption 4.2.1 (equivalently, Assumption 4.3.1) holds and

lim sup EH[GZQ{:O V{C(mk,ak)*)\t(mk,ak)}] -0
N—00 “

)

T
(equivalently, limsupy_, . e T EL [eft:o 9 — )

then J&T < \.

2. If Assumption 3.4.1 holds and

lim sup EH[@EQIZO’Y{C(ka,ak)—M(xk,ak)}] - 50
N—o00 N

Y

T
(equivalently, limsup,_, . e~ T EN[e)i— 904 = o)

then J&I > X,

3. If Assumption 4.3.1 and Assumption 3.4.1 hold and

0 < lim sup Ef[ezgzoV{C(kaﬂk)—)\t(xk,ak)}] < 00
N—o00

)

then J' = \.
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Proof:

Assume that

lim sup EH[erLO V{C(xk,ak)—/\t(ka,ak)}] —0
N —o00 ¢

is true. Label the time of the N decision epoch (in continuous time) ty. We

obtain

lim sup EM[e™ " . )i, 19dt — .
N—oo

or equivalently

lim sup EN[e” ™+ ¢ s 190 — ¢, (8.2)
N—o0

Assume that Assumption 4.2.1 is true. Therefore E[e~"@n+1av+1)] > [, > 0,

So we have

¢
EH[G*V)\tN+1 e tﬁ)+1 vg(t)dt
T

— Eg[ef’y/\t]v e ::I\ngl fyg(t)dt . E[ef’y)\t(:L‘N,aN)|xN”

t
> EM[e= v . efide™ 90t 1]

Combining this with (8.2), we get
0 > lim sup EH[6*7/\tN e tz\g“ vg(t)dt 1
o N—o00 v
or, removing the L,
t
0> lim ;up Eg[ewAtN e N ,Yg(t)dt].
—00

Since e* > 0 Vz € R, this must hold with equality, so we obtain

lim sup EM[e” ™ . ¢ 2ot 190 — ), (8.3)
N—o0
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Let N(t) be the number of transitions that have occured prior to time t. We

get
T
lim Tsup Bl [e‘”AT - eimo 7g(t)dt]
— 00
< lim sup El[e Ve . e o vetdt] — (),
o T—o0 ‘
where the equality follows from (8.3). Again, since e* > 0 Vz € R, we must
have that
lim sup EMe T . ¢ tT=07g(t)dt] =0
T—o
or
T gty
lim sup e‘”ATEE[emeW() | =0. (8.4)
T—o0
Now suppose that
I . 1 I fT yg(t)dt
J, =lim sup — In{E, [e/i=0 1} > A
T—00 f)’T
Then,
. 1 o [ yg(t)dt
lim sup (— In{ £, [e/e=0T"""]} — X) > 0.
T—00 ’YT
Or,
. 1 mr, [7 vye(t)dt
lim sup — (In{E; [e/i=0"""""|} — A\yT") > 0.
T—00 f)’T
Or,
. 1 [T ygt)dty . —xT
lim sup — In{E, [e/i=0"T9"%] . 777} > 0.
T—o00 Y
By (8.4), the term inside the natural log approaches 0 in the limit. Therefore
the limit looks like % = =2, so we know that it must be < 0. This is a

contradiction, and so implication 1 is proved.
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Assume that

lim sup E’H[ezgzo’Y{C(ka,ak)—)\t(xk,ak)}] - 50
N—00 ¢

is true. We obtain

lim sup EN[e™ " -eﬁgﬂg(t)dt] = 0. (8.5)
N—o0

Assume that Assumption 3.4.1 is true. Therefore E[e- " @n+1.av+1)] < 7 < 0.

So we have

¢
EH[G*V)\tN+1 e t:]\g’Yg(t)dt]
T

_ Bl i ettt Ele=@nam) |3 ]]

IN+1
< EMe™N L edizo velt)dt Ul.

Combining this with (8.5), we get
00 < lim sup EL[em v+ efi 29t Ul
N—00
or, removing the U,
oo < lim sup EM[e AV Y 190t
N—o00

Clearly this holds with equality so we obtain

lim sup EMe v+ -eftgﬂg(t)dt] = 0. (8.6)

N—o00

We get

lim sup E;;[[e—’)’)\T . eftioyg(t)dt]
T—o00

. [, —y\T' 1. NG o (t)dt
> lim sup E, [e7 " N0+ . eli=o ] =00
T—oo

Y
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where the equality follows from (8.6).
Since this equation must hold with equality, we get

T
lim sup EMe " . eJi=o 7g(t)dt] = 00
T—00

or

T
lim sup e " EM[e)i—o 79(”‘”] = 00.
T—o0

Now suppose that

1
JH — lim sup _T ln{Eg[eﬁio'Yg(t)dt]} <\

x

T—oc0 7Y
Then,
. 1 1, [7 yg(tyde
hstgp (*y_T In{E, [eJ =0 1} =) <o.
Or,
: 1 It fT vg(t)dt
llstgp ﬁ(ln{Ex [ei=o0 1} —MT) <o.
Or,

1 T
lim sup — 1H{E£[e im0 vg(t)dt] . ef)\'yT} < 0.
T—o00 ’)’T

By (8.7), the term inside the natural log approaches oo in the limit. There-

contradiction, and so implication 2 is proved.

fore the limit looks like @ = 22, so we know that it must be > 0. This is a

The proof of implication 3 is a simple extension of the proofs of the first two

implications and is omitted for brevity.

O

Corollary 8.2.1 If Assumption 3.4.1 and Assumption 4.5.1 hold,
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1 T
JU = lim sup — In{EN[e)imo 19O = ),
T—00 7T

and A\, Ay € R are such that A\ < X\ < Ay, then the following two equalities
hold:

lim sup EH[eEkN:O Hel@rar)=Autlze,a)}) = Jim sup e_”\TEH[eftT:o 9t — .
N—o0 ‘ T—oo v

and

lim sup Eg[eﬂvzo He@ran)=Nt@e00}] = lim sup e EL [eftT:Og(t)dt] = 00.
N—oo T—00

Proof:
The corollary follows from Lemma 8.2.4 3 and the fact that

lim sup EH[(BZLOv{c(xk,ak)—/\t(ka,ak)}]
N—00 v

is decreasing in A.

O
Lemma 8.2.5 Ifz,yc S, II' € I"%, and
Pfl [7, < o] >0,
then

~ men#r Y-

Proof:

!

Jg = lim Lln E;I' [GVftiog(t)dt]
T—o0 7y

1 ’ T /
= Jim In{EY [¢7 o 904 T < 0] P [T, < oo+
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! T !
Ey [ ="M T, = ool P [T, = oo]}

. 1 / T d
> Tl’l—{gory—TlnE’l”] [e”ﬁzog(t) “T, < oo

1 (T
> Jim 5l B [ = SO T < o). (8.8)

Denote A\;* = infrepnr J;I. By optimality of A}* and Corollary Equiv-

converse, the following holds VA < AJ*

, T
Tlim EY e A T=T) M Ji=ry g(t)dt|Ty =K < 00| = 0.
—00

Therefore,

’ T
Tlim EY [e‘”ATe”’fmo 90T < o
—00

: ' v ' T g(tydt
= lim Eg [e—vATye'y t=0 g(t)dt . E’g [e_VA(T_Ty)€7 t=Ty 9(t)

T—o00

|Ty]|Ty < OO]

’ Ty
= lim B [emve? Lm0 90 50| T, < o],
T—00

which = oo unless
Egl [e’”ATye”’ftgo 90T < 0] = 0.
So we have two cases:
Case 1:
Tlgrgo Egl [e7 M e Jio 90T < o0] = o0,

In this case, we have by Lemma 8.2.4 (2) that

1 ! r
Jim e P < )2
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And by (8.8), the lemma is satisfied in Case 1.

Case 2:
Egl [e’”ATye”’ftgo 90T < 0] = 0.
In this case, we have VA < A)* that

0= Efl [e™ Ty e1 )i 90t T < 0]

> Egl [e ™| T, < o).

If T, < oo w.p.1, then 37 < oo such that P[T, < Z] > 5. But then no

matter what Z is, we get
EX e |T, < oo] > 0.

This is a contradiction, and so the lemma is satisfied in case 2.

O
Corollary 8.2.2 Ifz,y € S, IT € IT"E, and

P [r, < 00] > 0,

x

then

’ 1 ’ T
JIU > lim — In EY [¢7 =0 OU| T, < o],
T—oo0 T’
Proof:
g & tiog(t)dt]

’ T ’ T
= B [ =090 T, < o0] - P[T, < 00| + EY [ mo 90| T, = 0] - P[T}, = 0.

Therefore,
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T = gim =l [ [ o0
T—o0 T’

1 ! T 1 ' T
= max{ lim TEE [ =090 T, < o0, Jim. —TE;I 67 iz 9O T = 0]}

. 1 ’ T d
> Tlggov—TlnEg [e”ftzog(t) "1, < ool

O

Lemma 8.2.6 Let D C SR, and let R (x, D) and Assumption 8.2.1(v) be true.
Then,

inf JI'=sup inf JyH.
Iell®(z,D) yeD el R

Proof:

By Lemma 8.2.3, left hand side < right hand side.

By Lemma 8.2.5 and the fact that P)'[r, < oo] > 0 Vy € D (i.e., the fact
that R (v, D) is true), left hand side > right hand side.

|

Corollary 8.2.3 Let D C SR. If R(x, D) and Assumption 8.2.1(vy) are true and

inf JE < sup inf J;I,
Iell®(z,D) yeD Melf R

then not R (z, D), i.e., 3C C D, C # D such that R(z,C).

We know that we can decompose SR as follows:

SR = UZQZIN(si), where s; & N(s;) for i # j, and 0 < Q < oco. If ) = oo, then
there are countably many strongly communicating classes in SR. If 1 < Q) < oo,
then there are finitely many strongly communicating classes. If () = 0, then all

states are transient under any policy.
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Each s; is a representative of the strongly communicating class that contains
it. Define the function v : SR — UL, {s;} as follows: If y € R(s;), then v(y) = s;.
The function v(-) is well-defined.

We do not choose each s; arbitrarily from its strongly communicating class.
We choose each s; from its strongly communicating class in such a way that the
following is true: Va € R(s;), pf:‘(Si)[z,ggo I(z, = s;) = oo] = 1. Le., an optimal,
Markov, deterministic, stationary policy exists for the restricted SMDP on R(s;)
such that s; is in its positive recurrent class. The proof of Theorem 6.1.1 guarantees
our ability to choose each s; in such a way that this condition is satisfied. The
reason we enforce this condition on s; is to guarantee that a stationary, Markov,

deterministic optimal policy on the restricted SMDP can hit s;.

Lemma 8.2.7 If D N X(y) = 0, then Vo € S and any two nonempty subsets
Ul, U2 - N(y), R(l‘, DU Ul) ZﬁR(lL’,D U U2)

Proof:

First we prove the more general transitivity result that if D, B,C' C S,
R(z,D U B), and R(B,C), then R(xz,DUC):

Let II; be such that PM[rpup < oo] = 1. Let I be such that Vy € B,
PJ[1¢ < oo] = 1. Define II3 to be the policy that follows II; until B is reached.
Then, the history is forgotten and policy I, is followed. We have

P lrpue < ool > P [rpup < oo] - inf Py[re < o] =1-1.
Yy

To obtain the lemma, note that R(Uy,Us) and R(Us,U;) are both true by
definition of R(-). And the lemma follows.
O

Define A = UZ {s;}, and let 24 = {D|D c A}. Define 24(z) C 24 as
follows:

D € 24(x) iff R(x, D) and D € 24.
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N.B.: 24(z) # 2% if we define A, = {y € A|RP(z,D)} or even A, = {y €
A|R(x, D)}. In fact, 24(z) is not necessarily a power set of anything.

Lemma 8.2.8 Given Assumption 8.2.2, 24(x) #() Vz € S

Proof:

Let € S be given. By Assumption 8.2.2, 3D C SR such that |D| < oo and
R(z, D). Let C = Ugepv(x). By Lemma 8.2.7, we have R(x,C'). By Lemma 7.0.6,
JF C C such that R (x, F). By construction, F' € 24(x). Therefore, the Lemma
is true.

O

Lemma 8.2.9 Let Assumption 4.3.2 and Assumption 4.3.1 be true and let 11 €

7R be an arbitrary policy. If JII < oo, then PM[nsg = oo] = 1.

Proof:
Let J;' = F < oo. Define

CCp={z €S| inf E[ero2Fma] <1},

aca(r) o
By Assumption 4.3.2 and Assumption 4.3.1, we know that C'Cr contains a finite
number of elements.

By Corollary 8.2.1, we know that

lim sup Eg[ezfc\;o 7{C("’["’“"1’“)*2”(:”’“’“’“)}] =0. (8.9)

N—oo
Claim:
Pyl[nec, = o0] = 1.

Proof of claim:
If not, then (8.9) is violated. (We have previously proved similar claims (e.g.

claim in Lemma 4.2.3) in detail and the proof of this one is omitted.)
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And the claim is proved.

Claim:

Pl nccpnsrg = o] = 1. (8.10)

Proof of claim:
By the definition of SR it is clear that for any finite subset G C SR, PX[ng =
oo] = 0.

So we have

1= P;EH[UCCF = OO] = P;;;H[UCCFHSR = OO] + P;EH[UCCFnSRc = OO]

= P'[nccpnsr = o0 + 0.

And the claim is proved.

The Lemma follows easily from this claim.

O

Corollary 8.2.4 Let Assumption 4.3.2 and Assumption 4.3.1 be true and let I1 €
IT7% be an arbitrary policy. If J,' < oo, then 3B C SR, |B| < oo such that
R"(z, B).

Proof:

By the second claim in the proof of Lemma 8.2.9, we know that there is a
finite set CCp C S such that P ncopnsg = oo] = 1. Therefore, R (z, CCrNSR)
and the corollary holds.

O

Lemma 8.2.10 Let Assumption 8.2.1(7y) be true.
Then Vx € S,
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inf J'= inf sup inf JI
HellHR De24(z) sep NeMHR

Proof:
By Lemma 8.2.3, it is clear that

inf Ji = inf Ji' < inf sup inf JI.
HelR (2,02 {s;}) IEU, coa () TR (2,D) De24(z) sep TEMHR

since TT#(z, U2, {s;}) € TR we get

inf JI' < inf JI' < inf sup inf JII

- S
el R MEelR (2,02 {s;}) De24(z) sep MR

Let TI' € IT” % such that ng < oo be given. By Lemma 8.2.9, we know that
Pf’ [nsr = oo] = 1. Clearly then, R (z, SR). And by Lemma 7, 3C' C SR such
that B (z,C).

Then, by Lemma 8.2.5

g > inf JUI 8.11
e 2500y (&1

Let D = Uyecv(y). By Lemma 7.0.1, we know that Vy € SR,

inf JY= inf J}J](

men#r Y memrr "YW

Therefore,

sup inf JT =sup inf JE()
yec Men#r ¥ comentir YWY

and by (8.11),
' - I
Jy 2 iggneuﬁgRJs ;

By Lemma 8.2.7, R(x,C) implies R(z, D). Therefore, D € 24(z) and

sup inf JT> inf sup inf JI,
seD HellHR De24(z) sep NeMHR
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and the Lemma is satisfied.

O

Lemma 8.2.10 is useful for finding the infimum of achievable cost for a state
x ¢ SR in terms of the infimum of achievable cost for the states in SR. If z € SR,
the statement of the theorem can be simplified to

adha e = i ey
Therefore for x € SR, it is clear that
néﬁgRjﬁig Dewwgg{mxniggnéﬁgRJ?'

Lemma 8.2.11 Let Assumption 8.2.1(y) be true and let x € SR.

If

inf JiI < inf sup inf JII
el R De24A(z)—{v(z)} sep IIelIHR
then
inf JT =A%,
HEIII}IHR T R(z)
Proof:

First, we note that the assumption of the lemma implies 3¢ > 0 such that

inf JT4e< inf sup inf JI. (8.12)
IIell#R De2A(z)—{v(z)} sep N€IHR

We know that for the restricted SMDP (i.e., actions must be in ((z)),

infrenmr J;' = Ay(,. Therefore, for the regular SMDP (any actions in a(x)),

inf J3' < M- (8.13)

MenHAr

All that remains to be shown is that VII € TT#%,

T > M (8.14)

T
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Let TT' € TTE be given.

If P;T' [ax € B(wx)] = 1 Yk < oo, then IT is admissible under the restricted
SMDP and therefore (8.14) holds.

Suppose that 3k < oo such that P:LI,I, lay € B(x1)] < 1, and Vi < k, P:LI,I, la; €

Bz)] = 1.
Denote X = {y € S|Pfl [z, = y] > 0}.

Claim:
X C X(2).
Proof of claim:
Since policy IT' by definition takes only actions that are admissible under the

restricted SMDP prior to time t;, the claim is true.

So there must be y € X(z) and a p > 0 such that

!

Pl oy =y, a, & B(y)] = p.

Therefore,
p= Pl =y)- P fa & B)lax =yl
And we get the following two inequalities:
P g = 4] > 0,

and

P la & B(y) o = 9] = p.
By Corollary 8.2.2, we get

g > inf J (8.15)

0" enfRIPY (a0 (y)]>p

since II' can do no better than the infimum.
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Because for any such policy II", an action that is not in B(y) is selected with

probability at least p > 0, we know that

"

P;[ [TN(m) < OO] < 1.

Therefore, R (y, R(x)) and R (y, {v(x)}) are not true for any such policy
IT". It is clear that if D ¢ 24(y), then R (y, D) is not true for any such policy
IT". Let 2*(y)" denote the set of all sets D € 24 such that 311" such that PyH” [ao &
B(y)] > p with R (y, D) true.

Therefore we have

{v(@)} & 2(y)" (8.16)

and

24(y)" C 2%(y) = 2%(x). (8.17)

Then by an argument analogous to the argument used to obtain a lower

bound in Lemma 8.2.10, we get that

inf JyH = inf 'sup inf J!
" e R P [ao #B(y)]>p De24(y)" seD TelAR

> inf sup inf JI
De2(e)—{v()} seD MEMHR

> inf JT 4, (8.18)

HEHHR T

where the last inequality follows from (8.12); and the second to last inequality
follows from (8.16) and (8.17).

From (8.15) and (8.18), we see that if a policy does not select actions within
the restricted SMDP at all times w.p.1, then it cannot come to within € of the
optimal cost. Therefore, the optimal cost is no better than the best that can be

achieved within the restricted SMDP, or
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: II *
Henﬁff;R e 2 M-

The Lemma follows from the above inequality combined with (8.13)

O

Note: Lemma 8.2.11 makes intuitive sense: If you do better by not making
the system leave the strongly communicating class it is in than you do by making
the system leave the strongly communicating class it is in, then the best you can
do is the optimal cost for the restricted SMDP, which is the SMDP that ensures

that the system does not leave the strongly communicating class it is in.

Corollary 8.2.5 If infrepur JII < Nzys then

inf JI''= inf sup inf JM.
[IellHR De24(z)—{v(z)} seD IIelIHR

But there is another possibility. It is possible to have

ARy = inf Ji = inf sup inf JI.
IelH R De24(z)—{v(z)} sep NellHR

This occurs when the best cost you can attain by making the system leave
N(z) is the same as the best cost you can attain by making the system stay in
R(z).

It follows that the only way in which you will benefit (in terms of long term
average cost) by having the system leave the strongly communicating class it cur-
rently occupies is if the condition of Corollary 8.2.5 holds. In the other case, i.e.
when )\;Q(x) = infyenur JI, the best cost within the restricted SMDP is the best

possible cost.

Lemma 8.2.12 Let Dy, D, € 24, If R(x,D,), s € D1, s € D, and R(s, D),
then 3D3 C Dy U Dy — {s} such that R(z, D3).
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Proof:

If R(x, Dy — {s}), then set D3 = D; — {s} and we are done.

Suppose that not R(x, D; — {s}). Therefore, 31T € TI”# such that R"(z, D;)
and PM[r, = 7p,] > 0. Because R(s, D), we know that 31 € IT”F such that
R (s, D). Let IT" be the policy that follows IT until 7p,. Then, if 7p, = 7, the
history is erased and policy I is followed. It is clear that R (z, Dy U Dy — {s}),
which implies that R(x, D; U Dy — {s}).

O

Define B ¢ U2 {s;} as follows:
s; € Bif

)\g( N = lnf JH

) 7 menwr 75

Define
28(z) = {D" € 2*(z)|D" C B}.

So 28(x) is the largest subset of 24 (z) for which the optimal policy can be
achieved within the restricted SMDP for each s in each D.
Given 0 < F < oo, define CF ¢ UZ {s;} as follows:
s; € CF if 3y € N(s;) such that
inf E[GW{C(y,a)—Ft(y,a)}] < 1.
aca(y)

Clearly, if Assumption 4.3.1 and Assumption 4.3.2 are true then |C¥| < oo.
Define

2°" () = {D' € 24(x)|D' c CT}.

Lemma 8.2.13 If Il € I#% and x € S such that JI' < oo, then IF > 0 such
that 2" (z) # 0.
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Proof:

Let € > 0 be given.

Define ZQ = {2|infyca(sy B0 -0+t < 1.

Suppose 9Ca e (r) = 0. Then if y is a self-reachable state that is probabilis-
tically reachable from z, we have

inf Elevicwa-(LHotyal] 5 1
aca(y)

Therfore, ZQ) C SR°.
By the definition of JI and by Corollary 8.2.1, we know that

lim BN [e7 Cimo {clamm) (T +tonan)}] —
T—oo

Therefore, we must have that
Pl[11zq = o0] = 1.

By Lemma 2.2.2, this means that ZQ N SR # (.
This is a contradiction, so the Lemma is proved.

O

Lemma 8.2.14 If Assumption 4.5.1 and Assumption 4.3.2 are true, x € S, and

M1 € TR such that JI' < oo, then the infimum over 2*(z) in

inf J'= inf sup inf JI (8.19)

Mell# R De2A(z) sep MeAR °

is achieved. Furthermore, 3 D € 2B(x) that achieves the minimum.

Proof:

Let IT be a policy such that anl < 00. From the proof of Lemma 8.2.13, we
know not only that for any F' > JEI, 2¢"(z) # 0, but that R™(x, U, corR(s;)) for
any policy II such that JI < ng.

Since Assumption 4.3.1 and Assumption 4.3.2 are true, we know that
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{z]inf,ca@) Elete@@-Fi@al] < 1} is finite for any F. Therefore, there are only
finitely many D € 24(z) such that D € 2" (z), so the minimum in (8.19) must be

achieved.

Claim:

28(z) N 2¢" (z) # 0. Furthermore, the minimum in (8.19) is achieved by a
D e 28(z) N 29" (x)
Proof of claim:

Suppose that 28(z) N 2¢" (z) = 0. and that D' € 2" (z) achieves the mini-
mum in (8.19). Let Dy = D'

Now, we will generate an infinite sequence {D;}|2,, with D; # D; for i # j,
D; € 2" (x), and D; achieves the minimum in (8.19) Vi. Since 2°" () is finite,
that is a contradiction.

Let D; be given. Define D, as follows:

Because D; ¢ 2P(v), Jy € D; such that Ay, > infyepur Jj'. Therefore
(since we’ve shown the infimum over D € 24(y) is achieved in 2¢" (y), 3D € 24(y)

such that R(y, D) and

inf J'=sup inf JI (8.20)

men#r Y 5 HelHR

By Lemma 8.2.12, 3D, ; C D;UD — {y} such that R(x, D;;;). Furthermore,
by (8.20) and the inductive hypothesis, we know that D;,, achieves the minimum
in (8.19).

Now we need to show that D; # D; for i # j. By construction, we know
that R(D;, D;;1) and therefore R(D;, D;) if i < j. We also know that D; # D, .
Therefore, if D; = D; for ¢ # j, then |i — j| > 1. Therefore, if i < j, we have
R(D;, Djyy) and R(D;11,D;). Since D; = D;, that means R(D;;1, D;).

Sub-Claim:
If A, Be24 A #0, B#0, R(A,B), and R(B, A), then A = B.
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Proof of sub-claim:

Suppose otherwise. Then Js; € A — B. By the assumption of the sub-claim,
we have R(s;, B) and R(B,s;) By the definition of X, this means that B C X(s;).
But then B = (), which is a contradiction.

And the sub-claim is proved.

By the sub-claim, we then have that D; = D;,,, which is a contradiction.

Therefore, we have constructed an infinite sequence of sets {D;}2,, with
each D; € 2¢" (z), with D; # D; for i # j. But this is impossible because 2°” (z)
is a finite set! Therefore, there must be an i < oo such that Dj28(z),. By
construction, this D; achieves the minimum in (8.19).

And the claim is proved.

The D from the statement of the claim is the D € 28(z) stated in the
conclusion of the lemma, and the lemma is proved.

O

Lemma 8.2.15 Let Assumption 8.2.1(7y) be true.
Then Vx € S,

inf J'= inf sup\i.,.
TIcIHER z DEQA(SL') SGB N(s)

Proof:
We know that infrepmr Ji' < Ay, because 3(x) C a(x). Therefore, we have

by Lemma 8.2.10 that

inf JY= inf sup inf JT < inf sup\i...
e n "™~ pepia) sepmelR ® = peaa(a) ep N

Lemma 8.2.14 tells us that 3D" € 2”(z) such that
inf J'=sup inf JI

HEHHR T SGD, HEHHR s

Since D' € 28(x), we see that
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inf JT = sup \%,...
memmir 7T T Sep N

Therefore infycpur JI > Als) and the Lemma is proved.

O

This lemma makes intuitive sense. The best you can do is the best you
can do by moving the system to a reachable set and then following the restricted
SMDP. This is true because eventually a control must stay within an strongly
communicating class; otherwise the trajectory would go to infinity and the cost

would be infinite.

For D € 24, define ;u(D) = sup,.p Ak(s)-

If Assumption 4.3.2 holds, then for any K < oo, there are only a finite number
of s; such that A\ < K. Therefore, if Assumption 4.3.2 holds and |D| = oo, then
pu(D) = oo.

Theorem 8.2.1 Suppose that Assumptions 3.4.1, 4.3.1, 4.5.2, and 4.3.3 hold and
that Assumption 8.2.1() holds for all v < 7.

Then, for any v < 7 and any x € S, there exists a stationary, Markov,
deterministic policy 117 such that

1 e 1 T
inf u(D)= lim — In B}~ [eft=og(t)dt] < lim —Tln Eg[eﬁ=og(t)dt],' VII € 7R,

De2A(x) T—o0 T’ T—o00 y

Proof:
By Lemma 8.2.15, we know that

. . 1 p [1 gy, HR
Del;lAf(x)u(D) < illgrc}o’y—T In E [ei=0 9], VIT € TI" ™.

We will now construct a stationary policy IT* € ITM? that achieves the min-

imum cost, infpesa gy p(D).
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By Lemma 8.2.14, 3D € 24(x) such that i, = infpegary) p(D). By Lemma
7.0.6, 3D* C D' such that R (z,D*). Because D* C D', we know that pp- <
ppr = infpesaiyy (D). (Clearly this must hold with equality.) Lemma 7.0.7 tells
us that Vs € D*, not R(s, D* — {s}).

Claim:

3 a stationary policy TT12" € ITM? such that E}}E* [ezzgo re(@rar)] < oo,
Proof

By Assumption 8.2.1(v), 3 a policy II" such that Emn, [ezzgo e(@ean)] < oo,

Let us create a ‘modified” SMDP by altering the state space: eliminate every
state y € D and replace them with state d. Denote the transition probabilities for
the modified SMDP by giving them a ’ superscript. Vz, a, define P'[zy, 1 = d|z) =
x,ap = a)l = ¥ ep Plrgy1 = ylog = 2,0, = a]. The transition probabilities out of
state d are irrelevant, and set P' = P otherwise.

Essentially, all we have done to ‘modify’ the SMDP is aggregate all of the
states in D into one state, called d.

By Lemma 6.1.1, 3 a Markov, stationary policy I1¢ such that Egi [622‘20 vel@kar)] <
oo in the modified SMDP.

This same policy in the original SMDP satisfies the claim, so set 12" = I1¢

g
and the claim is proved.

For each s € U?Zl{sz-}, by Theorem 6.1.1, there is a stationary optimal policy
IT* for the restricted SMDP over X(s), i.e. the SMDP that has admissible actions
only in f(x). Define the stationary policy II} over 2 € SR as follows:

T () = g (),

*

where I denotes the stationary, Markov, deterministic optimal policy for the
restricted SMDP on R(v(x)). (This policy is derived in Theorem 6.1.1.)

Clearly, for z € SR, JII = M- (For z & SR, JI= is not defined because
IT% is not defined.)
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Define ®' (D) = U,epX(s), and define

IT%; if # € X' (D*)
I =

T
* .
I12"; otherwise

Denote \* = u(D*).

Claim:

Egi 7 Z;go_l{C(ka,ak)—/\*t(ka,ak)}] < 0.

Proof of claim:

We get
17 Yo He(ar ar) — Atk ,ax)}
wa[e Ek_o ]
T -1 Tp—1 *
. . b v{e(z,a)—A*t(z,a)}
= B [eXil” rlcwa-Niwa} , S )
TN,(D)71
— EH: [62k=0 ’Y{C(Ira)*/\*t(m’a)}.
xr
ne 2 v{c(azm—x*t(x,a)}' ( 1]
z e R (D) Loy L1y eney &
xTN'(D) 0y Lly-eey W (D)
TN,(D)71
o= k=0 7{0(:1:,11)7)\;(%_ , t(:z:,a)}
< E;+[e x' (D)
= Ly
Tp—1 *
« D ’y{c(x,a)—)\N t(z,a)}
HzD ker, (D) (ETN/ )
e (D) Loy L1y .-y L
v {20, 21, o2y H]
TN,(D)_I
- i 7{0(:’3’“)_/\:&(95,_ . t(z,a)}
< E;+[e ' (D)
= Mz
Tp—1 *
— ’y{c(x,a)—)\ t(a:,a)}
HI k=1, R(zr , )
By e R(D) ®'(D) {zo, 21, ..., Tro H]
R’ (D) (D)
Tp—1 *
y Zk:o 'y{c(a:,a)—/\N(xT )t(x,a)}
= EX e W (D) ]
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< ER[eXiZ @0 < o,

And the claim is proved.

Claim:

VA > A5,
EEZZ 7 E,jozo{fl(fﬂk,ak)*/\t(fﬂk,ak)}] —0.

Proof of claim:

EEZZ &7 E;ozo{c(xk,ak)—)\t(xk,ak)}]

— qu;[; [efy Z;go_l{c(a:k,ak)—/\t(a:k,ak)} . e’Y E;‘;TD{c(xk,ak)—)\t(xk,ak)}]

i m]EH [67Ek —o {e(@k,ar)—At(zp )} .67Ezozm{fl(fﬂk,ak)*/\t(fﬂk,ak)}|TD = m)
(since m < oo, we can replace it with 0)
— io: PxHZZ [TD — m]EEZZ [67 EZ:OI{C(ka,ak)—M(xk,ak)}.

3 Pz, = s|m = rp|EM [672k ofe(@r,an)=Xt(wr,ar)} lIrp = m]

seED

(define 5" = arg max,cp AX(s))
< Z PH E'H [e,)/zk 0 {C :Dk:ak) )‘t(mkzak)}

El_/[; [67 Ziozo{c(xkyak)_At(xk7ak')}']|TD — m]

— gk &7 Yoo ofel@r an)—At(z ,ak)}] .
S
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Z P:{I; [TD — m]E’EQ [67 Z:ZOI{C(kaaak)_/\t(xk:ak)}|7—D — m]
m=1

_ Erlla*c 7 E,iozo{c(fﬂk,ak)*/\t(fﬂkﬂk)}] . B e Z;ZO_I{C(mk,ak)*)\t(mk,ak)}]
s x

< B [er Eilolelra)-Manan)l] gl v 302y felmnan) -2 tara)}
— s T

(from the definition of IT¥)

ok
H/

=E [ Z;OZO{C(ka,ak)—/\t(fEk,ak)}] . E’Eé e E;go_l{C(xk,ak)—)\*t(xk,ak)}]_

We know from the previous claim that

E{?i [e” Z;ggl{C(ka,ak)—/\*t(ka,ak)}] < 50.

Also, we know from Corollary 8.2.1 that

EIT:’* 7 Z,iozo{c(mk,ak)*)\t(mk,ak)}] —0.
S

And the claim follows.

From the above claim and Lemma Equiv, we know that J= < \* and the
theorem is proved.

O

Theorem 8.2.1 is a powerful result. However, although the optimal policy is
stationary, Markov, and deterministic; it still might depend on the initial state.
This is a phenomenon that is not restricted to a risk sensitive objective function —
in fact the optimal policy depends on the initial state for a risk neutral objective
function whenever it does for a risk sensitive objective function (with sufficiently
small ) for the same SMDP. Figure 8.1 illustrates a Markov decision process for
which the optimal policy depends on the initial state. (It will be explained in the

next section.)
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It is interesting to note that if we augment the state with the initial state,
we can then get a single policy that is optimal from any initial condition. So the
entire history dependence of an optimal policy can be summarized in one piece of
informaition: the initial state, or equivalently, the optimal cost achievable from
that initial state.

For a risk neutral objective function, not only might the optimal policy de-
pend on the initial state, but there might not be an optimal policy at all. In
fact, Theorem 8.2.1 does not hold for a risk neutral objective function. L.e., there
are some SMDPs in which there is an optimal policy for a risk sensitive objective
function but not for a risk neutral objective function.

To illustrate these points, we shall now provide some concrete examples. As
a consolation, we note that it will be shown in the next chapter that in the finite
state case, these problems go away for both risk neutral and risk sensitive objective

functions.
Example 8.2.1 (Examples of problems that occur when S = o)

Figure 8.1 shows a complex MDP with an infinite state space. SR consists
of 2 states, which we call zg and zjp, labeling each by its cost. (In the following
examples, ¢(x,a) does not depend on a, so we write it as ¢(x).) There are also
3 separate columns of states. We label the states in the left-hand column the ‘a’
states: {a1,as, as,...}; where again each state is labeled according to its transition
cost. The states in the middle column are labeled {b1, b, b3, ...}, again according to
their transition costs. The states in the right hand colum are labeled {¢y, ¢, ¢3, ... }.
The cost of transitioning out of state ¢, is f(n), where f(-) is defined according to

the following recursion:

F(1) =15 f(n+1) = 2/,

The transition probabilities are as labeled, although Plzyy1 = apii|ze =

a,] = 27" is not labeled in order to prevent crowding of the diagram. As can be
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Figure 8.1: An MDP for which no single policy is optimal from every initial state.

seen from the diagram, transitions are deterministic except from the ‘a’ states,
where they are random. |a(z)| = 1if x € {29, 210} U{a1, a9, a3, ..} U{c1, 2, c3, ...}
However, |a(x)] = 2 if x € {by, b, b3,...}. Let us call the two admissible actions
in state b, action Ag and action Ayg. ¢(b,, Ag) = c(b,, A1) = n. The transition
probabilities for action Ay are shown with the broken lines, while the transition
probabilities for action Ag are shown with solid lines, just like the uncontrollable
transition probabilities from the other states.

Note: The MDP defined in figure 8.1 is well formulated (i.e., does not incur
infinite costs for all policies from any initial state,) since the cost to reach the b
states from any a state is finite and you can drive the system to the 10 state in 1

step with cost 1 from any b state. Since the 10 state is self-reachable, there is a
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policy to reach SR with finite cost.

8.3 Properties of optimal policies for the SMDP

in Example 8.2.1

In this section, we explore an example that illustrates the limitations of Theo-
rem 8.2.1. We also explore the behavior of the risk neutral objective function in

the same example draw generalizations from it.

8.3.1 The risk sensitive case

Define policy Ily to be the policy that always chooses action Ag; and define policy
[Ty to be the policy that always chooses action A;q. Clearly, both are stationary,
Markov, deterministic policies.

The techniques of the proof of Theorem 8.2.1 can be used to show that

Vo € {ay,as,as,...},
Jie =10 < J)' VIT € TT7E,
Similarly, the same techniques can be used to show that Yz € {by, b, b3, ...},
Jle =9 < JI vIT € TTHE,

However, it can be seen that if IT is a policy that chooses action A;y in state
b,, then Jl}}: = 10 > 9. Therefore, policy Il is not optimal if the initial state is
in {by, b, b3, ...}

Now, let us solve for the value of Jff. (For simplicity, we assume n = 1, but
the result is the same for any n.)

Jho — lim L In EMo [6725:0 c(l'k:ak)]‘
“ N—o00 7y a1
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We can see that

EMo[er S clarar)] < Fllofey S cl@rar)I(ereferermen))]
a1 — al

-1

= Z Plry g = ¢ - e/

=1

S

N-1
> Z (2—n—1)n+16'yf(n),
n=1

since the transition probabilities are bounded below by 27" ! and it takes n + 1
transitions to reach state c,.
A sum of positive terms is bounded above by its last term. Therefore,

1
J(EQ < A}im —Nln(2_”_1)"+le7f(")
— 00 ")/

: 1 5
SNIEI;OV—N_(THFD +7f(n) = o0,

by definition of f(n).

In fact, the above development also shows something stronger: that if II"
chooses action Ag for an infinite number of states € {b;, bo, ...}, then an” = 0.

Therefore it can be seen that any policy that is optimal for all x € {by, bo, b3, ...}
(and there is only one: Ily) leads to infinite cost if used starting at any state
in {ai, as,as,...}. Similarly, any policy that is optimal starting at any state in
{a1, as, as, ...} must choose action Ag for only a finite number of states, and there-
fore is not optimal for all initial states in {by, by, b3, ...}.

So we see that Figure 8.1 shows an example of an MDP that meets the
conditions of Theorem 8.2.1 for which there is no policy that is optimal starting

from every state. This is true no matter what the value of v > 0.

146



8.3.2 The risk neutral case

Let’s see what happens when v = 0, i.e., in the risk neutral case. Clearly, if the
initial state is not in {ai, as,as, ...}, then policy Iy is optimal and the optimal
cost is 9. In order to examine the behavior of the cost if the initial state is in
{a1,as,as, ...}, we assume without loss of generality that the initial state is a;.
(The same thing happens for any other a,, as will become evident.)

Define policy II" as the policy that chooses action Ag if x € {by, ba, ..., bp_1,bn };
and action A;, otherwise. We therefore have lim,,_,, II" = IIy and I1° = II;,.

Because Plrpi = apyi|ltr = a,] = 27", we see that for any II € I17E
P" = P, <oo] =1I75'27" > 0, while lim,,_,, P" = 0.

It can be shown that
9< gl <94 P

Therefore, we see that lim, . J5 = 9.

However, the same development that showed us that Jgg = oo also shows us
that jgf’ = 00. And as in the risk sensitive case, if 1" chooses action Ag for an
infinite number of states € {by, by, ...}, then jgl: = 00. Also, we know that any
policy " that chooses action Ag for only a finite number of states € {b1,0bs, ...}
gives cost J E:, >0,

So we have that infyegre J; =9, and that J) > 9 VII € II"%. There is

no optimal policy if the initial state is in {ay, as, as, ... }!
Example 8.3.1

The following is a simpler example in which there is no optimal risk neutral

policy.

In each state of the Markov chain in figure 8.2, there are two admissible
actions. Action AA( gives the transition probabilities shown with the solid lines;

action AA; gives the the transition probabilities shown with the dashed lines.
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Figure 8.2: An MDP illustrating why Theorem 8.2.1 does not work for a risk

neutral objective function.

It can be seen through a development similar to the one in Section 8.3.1 that
a risk neutral policy can achieve cost as close to 9 as desired, but no policy achieves
a 9 cost.

Every policy achieves a risk sensitive cost of 10 except those policies that have
a nonzero probability of always choosing action AAy. Such policies give infinite
cost for both risk neutral and risk sensitive objective functions.

Therefore we see that it is possible for an optimal risk sensitive policy to exist
when an optimal risk neutral policy does not. This is because of the maximiza-
tion (over strongly communicating classes) property of the risk sensitive objective

function.
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Chapter 9

Optimal Policies and Optimality
Equations for the Finite State

Space Case

We now know that there is an optimal policy starting from any initial state. In this
chapter we show that for the finite state space case, there is a single policy that is
optimal from all initial states. Furthermore, there is a pair of optimality equations
that hold. These optimality equations are important because they form the basis
for computation of an optimal policy. (However, we do not address computation
in this thesis.) Furthermore, now that we have examined optimality principles,
we come full circle to extend the discussion of Chapter 5 and address the general

behavior of a Markov chain.
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9.1 Optimality equations and a policy optimal
from any state

In Theorem 8.2.1, we learned that the optimal cost starting from state x is given

by

Jr= inf JT= inf pu(D).

HellHR De24(x)

We use this property in Theorem 9.1.1 to find a policy that is optimal from
any initial state for |S| < co. First we introduce some notation.

There is a natural ordering on the states s € {s1, 52, ..., So }, defined by s; < s
if i < j. Similarly, we define a lexicographic ordering on the sets of states in 2:
If Dy, Dy € 24, define D, < D, if 3s; € Dy — D, such that Vj < i, s; & Dy — Dy.

Define Z(z) = {D € 2%(2)|R (z,D)} N {D € 25(z)|u(D) < u(DWD' €
24(2)}.

We know from the proofs of Lemmas 8.2.14 and 8.2.15 that Z(x) # 0.

Define D*(z) € Z(z) to be the D in Z(x) that comes first in the lexicographic
ordering. It is important to point out that this could have been chosen as the D*
in the proof of Theorem 8.2.1, a fact that will be used in the proof of Theorem
9.1.1, which extends Theorem 8.2.1.

Theorem 9.1.1 Suppose that assumptions 3.4.1, 4.53.1, 4.53.2, and 4.5.3 hold and
that Assumption 8.2.1(v) holds for all v < 7. Suppose also that |S| < oco.

Then, for any v < 7, there exists a stationary, Markov, deterministic policy

IT* such that Vo € S

1 o (T 1 T
inf (D) = lim — In BT [e)i=0 904 < 1im — In EMe)i=0 904 yIT € TITE,
De24(x) T—o0 ")/T T—o0 ")/T
Proof:

Theorem 8.2.1 tells us that for each = there is an optimal policy. Recall the
definition of that optimal policy from the proof of Theorem 8.2.1:
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IT:; if 2 € X' (D*(z
. (D*(@))

T
12" @); otherwise

Recall that IT} is the optimal policy under the restricted SMDP, and Hf*(‘”)
is the shortest path optimal policy to reach D*(x).

In order for a policy to be optimal starting from state x, Lemma 8.2.15 shows
us that all it has to do is achieve cost pu(D*(z)). One way to do that (the way
used by policy IT*) is to drive the system to R'(D*(z)) with finite cost and then
follow policy IT;. We will now define a policy that does at least that well starting
from any intitial state. This policy opportunistically drives the system towards
D*(x) when it is in state x. If it moves to another state y in which D*(y) comes
before D*(x) in the lexicographical ordering, it will then drive the system to D*(y).
Because there are only finitely many states, the system reaches X (B) with finite
expected cost starting from any initial state.

Define

IT; if v € N'(B)
I = (9.1)
D7) otherwise
Here we define HZ to be the stationary, Markov, deterministic policy that
drives the system to D with minimum expected cost. This policy is shown to exist
in the proof of Theorem 8.2.1.

Because |S| < 0o, we know that Q < oo. Therefore |B| < co. As in previous

proofs, it can be shown that Assumption 8.2.1(7) implies that Vx Vy such that

D*(z)
R (z,y),
o 72 Y, clz,a
Elsr [e¥ a0 €@k [ < 0] < oo,
Define
MM — meag( IDI}(?‘))( E:ESDP (=) [6’)/ Zky c CEk,ak I[Ty < OO]]
T T
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Because |S| < oo, we know that MM < co.

Claim:

Ve e S,
E:E* e Z;}io(B) C(ka,ak)] < MM

Proof of claim:

By (9.1), if the system is in state x, policy Hg(‘”) is followed until either
X'(B) is reached or a y is reached such that D*(y) # D*(z). Clearly if such a y
is reached, then D*(y) comes before D*(x) in the lexicographic ordering. Upon
reaching such a y, policy Hg (@) is followed until either R'(B) is reached or a z is
reached such that D*(z) # D*(y). And so on. Eventually X (B) must be reached
since 2 has finitely many members. In fact, |24| < 2/4l = 2@/, Therefore, At most
219! policy changes take place before N'(B) is reached. Since the expected total
cost accrued between each policy change is bounded above by M M, the expected
value of the total cost accrued before B is reached is bounded above by M M (29),

And the claim is proved.

It is evident by (9.1) that P Mgy < #(D*(2))] = inf peyaey p(D).
Therefore, policy IT* takes the system with finite expected cost to a strongly
communicating class that has optimal long term average cost less than or equal to
the best possible cost that can be achieved starting at the initial state, so
LU= inf (D
v Del?Am“( ),

and the theorem is proved.

O

Recall that for z € SR, R(z) = {y € SR|R(z,y) and R(y,x)}. For x ¢ SR,
define R(z) = 0.
Define U(z) = {y € S|R(y,x)}, and define (for A C S, z € 5)
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SUD, e 4—i5(z) A(2); if A —O(z) # 0

A(z); otherwise

Oz, A) = (9.2)

Note that R(z) C U(x).

In order to understand the optimality equations of Theorem 9.1.2; (9.3) and
(9.4), we must understand what O(z, A) is. In words, O(z, A) is the worst A(-)
one can get in the subset of A from which z is not reachable; or A(x) if that
subset is the empty set. If A is replaced with r(x, a), the set of states reachable in
one transition from x under action a, then ©(z, A) is the worst A(-) for those one-
transition reachable states (under a) from which z is not reachable. In other words,
(9.3) says that once the system leaves an strongly communicating class, since it
can’t get back w.p.1, the maximum cost rule applies. (9.4) is just the standard
dynamic programming equation adapted for a nonconstant A. It is important to
understand this in order to interpret the following results.

The following results (Theorem 9.1.2 and Lemma 9.1.1) are similar to the
results in Puterman’s Section 9.1 ([35]). In particular, there are dual optimality
equations in both the risk sensitive and risk neutral cases. However, there is no
equivalent to Theorem 9.1.2 in [35], and there is no equivalent to Proposition 9.1.1
([35], P. 445) in the risk sensitive case due to the differing natures of the risk
neutral and risk sensitive cases.

Also note: If |[S| = oo then complications arise in Theorem 9.1.2. This is
because the bias term (W (x)) cannot be reconciled consistently with the fact that
A depends on z. In the risk neutral case, this problem is avoided because instead of
maximizing costs between different possible strongly communicating classes, costs

are averaged in the risk neutral case.

Theorem 9.1.2 Suppose that assumptions 3.4.1, 4.3.1, 4.3.2, and 4.3.3 hold and
that Assumption 8.2.1(v) holds for all v < 7. Suppose also that |S| < co.
Then, for any v < 7, there exists two functions A : S — R* and W : S — R,

and four constants, —oo < K1 < Ky < 00 and 0 < K3 < K4 < oo such that
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K| < W(l‘) < KQ,' Ve e S
and
K3 < Mzx) < Ky; Vo € S.

Furthermore, the following two equations hold:

Az) = in(f)@(x,r(x,a)) (9.3)
aca(T
V@ = inf FleileaNei@al) / VW P(dy|z, a), (9.4)
aclGy

where Gy C a(x) is defined as Gy = arg mingea(z) ©(x,7(x,a)). Moreover, the

infimums in both equations are achieved.

Proof:
Let IT*, D*(z) be as defined in the proof of Theorem 9.1.1.
Define A\(x) = infycpur JI = pp-(z) = JIL.

Claim:

A(z) = inf O(x,r(z,a)).

aca(x)

Proof of claim:
Given z € S, let a* = IT*(z). It can be seen that for any stationary, Markov

policy II,

JT = sup J;T.
yer(z,T1(z))

Therefore we know that Vy € r(z,a*), Ji' < JiI". By definition of ©(-,-),

this gives us
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Mz) =J > 0(x,r(x,a*)) > inf O(z,r(z,a)).

aca(x)

Now we must show the reverse inequality to be true.

Suppose Ja € a(z) such that ©(z, r(x,a)) < A(x). Therefore 3a' € a(z) such
that sup,c 50, A(2) < A(z). Define AA = ANT(z). Vy € AA, we know that
R(y,x). Therefore by Lemma 7.0.10 we have that R(x, A—U(z)). By Assumption
8.2.1(y), 3 a policy II**4-5() guch that EI~" "¢ D @] = 0 < oo.

Since the system can reach A — U(z) from x with finite expected cost, we

have that

Az)=_inf J'< inf J)!
(@) = e s Sup 3 dy

— sup M) < A),
yeA—U(x)

which is a contradiction. And the claim is proved.

Define TT7 %6 = {11 € 1| w.p.1, ay € G,, Vk}.
For z € S, define

W) =In{ inf | Bler 2tolelna) 2]y,
Claim:
W (-) is bounded above and below over S.
Proof of claim:

We know that

W@ —  nf Eg[evEZEO{C(%:ak)*/\(mk)t(mk,ak)}] < (9.5)
[Mellf R

inf  ENe? 2420 0] < oo
men#r - * ’
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where the last inequality follows from the fact that policy IT* reaches B with
finite cost starting from any state x € S.

Therefore, W(-) is bounded above.

We know from (9.5) that there is a dynamic program for W(-):

W) — inf E[ev{c(w,a)%(m)t(w,a)}] Z p[y|x,a]eW(y)_

G
ot yer(z,a)

Suppose that 3z € S such that W (z) = —oc.

We see from the dynamic program that Ja*(z) € G, such that W(y) = 0
Yy € r(z,a*(x)).

Define policy II° to be the policy that chooses action a*(z) Vz such that
W (z) = 0. Tt can be seen that I1° induces a recurrent class C° such that C° C R(s;)
for some s; € A.

If s; ¢ B, then A(z) < Ay, Vo € C°. Furthermore 73 = oo w.p.1 since

BN(C° =10, so we can write

0=V = EEO 7 Ziozo{c(f’?kaak)_/\(xk)t(xk,ak)}]; zeC°,

by substituting 75 = oo into (9.5).
Since the optimal policy on C° can do no better than an average cost of M)

and ITI° can do no better than the optimal policy, we get by Corollary 8.2.1 that
EEO 7 E,iozo{c(fk:ak)*/\(co)t(mk:ak)}] =o0; z € C°,

where we have substituted A(C°) = A(z) since each z € C? has an identical
value of A(z) due to the fact that C° € R(s;) for some s; € A. But this contradicts
Wi(x)=0!

Therefore we must have that s; € B. If s; € C°, then P:{IO (75, < oo] = 1. But

we have seen in previous proofs that for any A < oo,

B[ Sicolelon o) lznan)} 5 g

where S is any stopping time for which P[S < oo] = 1.
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Therefore, we must have that s; ¢ B. This tells us that

EEO [e” Ezo:o{c(xkaak)—A(Co)t(‘”k7“k)}] = 0.

Pick a state y € C°. The above eqation is true iff C¥7¥(A(C?)) < 1. But
since C” < oo, we know that C¥~¥(\(C°)) = 1, a contradiction. And the claim is

proved.
The infimum in (9.3) is achieved because the action space is compact.

Claim:

The infimum in (9.4) is achieved.
Proof of claim:

G, is compact because the transition probabilities are a continuous function
of a.

And the claim is proved.

The theorem follows from the above claims.

O

Note that the value of \(-) within a strongly communicating class is constant.
That is, A(z) = A(y) if y € R(x). Recall the definition of ©(x, A) from equation 9.2.
If A is set equal to r(z,a) for some action a € «(x) as in equation 9.3, and if
A — U(x) = 0, then it is clear that r(z,a) C R(z). In equation 9.3, the reason
that ©(z, A) was set to A(z) in the case when r(x,a) C R(x) is because of the fact
that A(-) is constant within a strongly communicating class. The first optimality
equation, equation 9.3, does not explicitly ensure that A(-) is constant within
a strongly communicating class. In order to cause the optimality equations to

enforce that condition, equation 9.2 could be changed to the following:

SUD,ea_ps(z) M2); if A—U(x) # 0

SUp,c4 A(2); otherwise

Oz, A) =
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This definition is also correct (since the two reduce to each other because A(-)
is constant within a strongly communicating class), and can be substituted into
equation 9.3, with the result that Theorem 9.1.2 will still hold true. The proof
that Theorem 9.1.2 is true under this alternative definition of ©(:,-) is omitted
for the sake of brevity. In an actual dynamic programming situation using the
optimality equations for either value or policy iteration, it might be easiest to do

the following:
1. Solve for all of the strongly communicating classes.

2. Solve for the optimal cost within each strongly communicating class under the

restricted SMDP.

3. Use equation 9.3 on a strongly communicating class merely to identify whether

a ‘better’ set of strongly communicating classes can be reached from it.

Of course, step 3 would have to be applied repeatedly until the algorithm

converged.

Lemma 9.1.1 shows that the optimality equations in Theorem 9.1.2 are wor-
thy of their name. Note that it applies also to the countable state space case,
|S| = 0.

Also note: this lemma is the risk sensitive equivalent of Theorem 9.1.2 ([35],
P. 446). It is a more difficult result because the optimality equations are more

complex in the risk sensitive case.

Lemma 9.1.1 (Verification Lemma) Suppose there exist two functions X : S —
RT and W : S — R, with W(-) bounded above and below and \(-) bounded below
away from zero and bounded above, such that (9.3) and (9.4) hold. Suppose fur-
thermore that the infimums in both equations are achieved.

Then the stationary policy 1I** € TIMP that minimizes both (9.3) and (9.4)

achieves the optimal cost starting from any initial state, and that cost is given by

158



A(+). Specifically,

Mz) =J% = inf JI

men#r v

Proof:

If the initial state, x € X' (B), then \(z) = Ax(z) and the lemma reduces to
the optimal policy shown in Theorem 6.1.1.

If © ¢ B, then II* takes the system to B with finite cost and follws the
optimal policy from Theorem 6.1.1 from there.

Now all that remains to be shown is that II}* takes the system to an element
of B that is as good as any other policy.

Since under policy IT**, A(zg41) < AM(xg) w.p.1, we know that A(z,,) < A(x)
w.p.l..

Assume T € TTHE such that under TT', A(z,,) < A(z) w.p.1..

Then there must be a y € S such that A(y) > O(y,r(y,1I'(y))), but this
contradicts the definition of A(-). Therefore, under any policy A(z,,) > A(x)
w.p.1., and the lemma is proved.

O

9.2 Behavior for a fixed Markov, deterministic,
stationary policy (i.e., a reducible Markov
chain)

In Chapter 5, we saw that for a small risk parameter (v | 0), the risk sensitive
cost approaches the risk neutral cost of a stationary, Markov, deterministic policy
within one of the policy’s positive recurrent classes. However, if the semi-Markov
process induced by the policy is not irreducible and the initial state is not in a
positive recurrent class, then the relationship between risk neutral cost and risk

sensitive cost for a small v becomes more complex.
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Denote a realization of the embedded Markov chain of the SMDP as 0. 6 =
{zo, 1, @2, ...}. We say that 6 € R%(z) if AN < oo such that z; € R(z) Vj > N.

We say that 6 € R¢(2) if ny(s,) = 00. Therefore R%(z) C R¢(2).

The following lemma shows that with probability one, a realization will even-
tually be confined to one strongly communicating class under any policy that in-

duces a finite expected long term average risk sensitive cost.

Lemma 9.2.1 If a stationary II' € TIMP is such that ng (7) < o0 for somex € S,
then 3D € 24(z) such that

> Pl o e Ri(sy)] = 1.

s;€D

Furthermore, if Assumption 4.2.3 holds, then |D| < oo.

Proof:

By the proof of Lemma 8.2.13, we know that there is a finite set Z¢) C S such
that Pf, [n7 = 0o] = 1. By Lemma 2.2.2, we can say Z() C SR. Therefore 3D € 24
such that ZQ C X' (D). Because the initial state is x, we can say that D € 24(z).
Because |ZQ)| < oo by the norm-like costs assumption (Assumption 4.2.3), we
know that |D| < oo.

We have

!

P} [77N’(D) =o0] = 1.

T

Therefore we know that
P[5 € UyepRe(s)] = 1

because X (D) being hit infinitely many times implies that R(s) is hit infinitely
many times for some s € D.
It can be seen that if 0 € R¢(s), then Iz € R(s) such that 7, = co. Therefore

we have that
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Pf,[ sup I(n, = o0)] = 1. (9.6)
zer' (D)

Claim:

P[5 € Re(w(@))|ne = o] = 1.

Proof of claim:

Recall that IT' is stationary, Markov, and deterministic. Suppose that
Pl € Xo(v(a))ln, = o] < 1.
Then, Jy ¢ N(z) such that
Pfl [7, < o] >0,
which means that
Pf, [Ty < ool = oo] = 1.
Therefore,

P, [ny = ooln, = oo] = 1.

x

Therefore,

!

11 —
P, [y <oo] =1

which implies that y € X(z), a contradiction!

And the claim is proved.

The lemma follows from (9.6) and the above claim.

O

In this section we are examining cost performance of a fixed stationary,
Markov, deterministic policy. For that reason, we need to do more than con-

sider strongly communicating classes X(z) for z € SR. Since we are considering a
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fixed stationary policy I1 € TTMP | we need to consider the equivalence classes in-
duced by II. For z € SR, define 8y (2) = {x € S|R"(z, z) and R%(z,x)}. Clearly
Nyp(z) C R(z).

Similarly, for a realization o of the embedded Markov chain of the SMDP, we
say that 6 € Nf;(2) if 3N < oo such that x; € Rpy(z) Vj > N.

We also say that 6 € Rfj(2) if g (s;) = 00. Therefore Rf;(2) C Rf;(2).

The following corollary extends Lemma 9.2.1 to take into account the equiv-

alence classes induced by policy IT:

Corollary 9.2.1 If a stationary II € TIMP s such that Jfl (7) < oo for some
x €S, then 3D € 24(x) such that

S PY 6 e N (s;)] = 1.

s;€D

Furthermore, if Assupmtion 4.2.3 holds, then |D| < oo.

This leads to a nice lemma that allows us to evaluate the performance of a
given stationary, Markov, deterministic policy starting from a given initial state
in terms of its performance on the irreducible subclasses (Ryi(s); s € SRY) that it

induces.

Lemma 9.2.2 If a stationary I1 € TIMP 4s such that JI () < oo for some x € S,
then

Proof:
Recall Lemma 8.2.15:

inf J'= inf sup\i.,.
TIcIHER z DEQA(Z') SGB N(s)

If we are dealing with a fixed stationary II € IIM?, we can see by application

of Corollary 9.2.1 that
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Jf = sup ARr(s)»
Rri(s)|R™ (2R (s))

where Ay,s) = J1

NH(S).
a

and s is any member of the induced equivalence class

The statement of Lemma 9.2.2 illustrates the cost maximization nature of
the infinite horizon average risk sensitive costs objective function. By contrast, the

risk neutral function averages costs, as stated in the follwing lemma:

Lemma 9.2.3 If a stationary 11 € TIMP s such that T < oo for some z € S,
then

T = > Pl € Xy(s)] - T

R (s)| M (2R (s))

9.3 Behavior for large or small risk sensitive pa-

rameter

We saw in Chapter 5 that within a positive recurrent class induced by at stationary,
Markov, deterministic policy, the limit of the risk sensitive cost as 7 | 0 is the risk
neutral cost; and the limit of the risk sensitive cost as v 1 oo is the maximum
cost. Lemma 9.2.2 shows that the maximum property holds when starting from
a transient state, so that Lemma 5.4.3 still holds over the entire state space, not
just within a positive recurrent class induced by policy II.

However, as illustrated by the differences between Lemmas 9.2.2 and 9.2.3,
we see that Lemma 5.3.4 does not hold starting from a transient state. In fact, we

can generalize Lemma 5.3.4 as follows:
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Lemma 9.3.1 If a stationary 11 € TIMP s such that J2 () < oo for some x € S,
then

lim JI' = sup Ty
740 R (s)|RE(z,Rp1(s))

Proof:
This follows directly from Lemma 5.3.4 and Lemma 9.2.2.
O
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Chapter 10

Some Other Objective Functions

In this chapter, we consider some new objective functions to lend context to the

ones we have studied.

10.1 Sample path convergence

In this thesis, we have studied objective functions determined by the expected value
of some measure of average performance on the infinite horizon. It is appropriate
to ask: “when is that measure of performance achieved with probability 17”7 In
([1], PP. 286-288), the sample path average cost is defined. Here, we change the
notation slightly to conform to our pattern. We also retain the MDP formulation,
holding transition times to be constant.

1 N-1
J(5)T = lim sup N > ez, ap).
=0

N—o00

A policy IT* is defined to be sample path risk neutral average cost optimal or

almost surely risk neutral average cost optimal if there is a constant p* such that

J(5)T = prw.p.1,
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and
J(5)T' > p*w.p.1VII € TTHE,

(In [1], they used an arbitrary initial distribution on the state instead of x
as the initial state, but in an MDP that is irreducible under all policies (which is
assumed in [1]), the two are equivalent.

The following lemma describes sufficient conditions for a policy to achieve

the risk neutral cost with probability 1:

Lemma 10.1.1 Suppose that

BV [eXil 7e0na0] < oo (10.1)
for some state € S under a stationary policy II € TIMP.
Suppose furthermore that Elc(x,T1 (x))] is bounded above and below away
from zero Yx € Ry (0).

Then Yy € Xy (), we get

J(s)y = T wp.l.

Note: Lemma 10.1.1 and its corollary are true so long as costs are non-
negative. However, the proof flows more easily if costs are assumed to be bounded
away from zero, so we proceed that way.

Before we prove Lemma 10.1.1, let us introduce a useful theorem ([32], P.

368):

Geometric drift towards C
There exists an extended real-valued function V' : S — [1, 00|, a measurable

set. C, and constants 7 > 0,b < oo,

AV(z) < =pV(z) + blc(x),x € S. (10.2)
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where

lifzeC
Io(x) =
Oifz ¢ C
Theorem 10.1.1 ([32]) If (10.2) holds, then for any r € (1,(1 — 3)~") there
exists € = % — 148> 0 such that
To—1
Viz) < B> V(®p)r*] < e 'r'V(z) +€ 'blo(x). (10.3)
k=0
Proof of Lemma 10.1.1:
By (10.1), it can be shown (through a process very similar to the proof of
Theorem 5.6.1) that 3 a solution {Wy(-)}, finite for each = € R(#) and bounded

below, to the following functional equation:

M) = Bl e N@] [{MO[1-1(y = 0)]+1(y = )}P(dyle, 1(2)); Vo € Ry (6),
(10.4)
with Wy (0) = In[C?~?(0)] > 1.
Because costs are bounded below away from zero, we know that 3 a constant
Cmin > 0 such that E[e??®@)] > eremin Vo € R/ (6).

Therefore by (10.4), we get that
o) > gemin /{6%(?” (1 =1y =0)]+ I(y = 0)}P(dylv, 1(x)); Vo € Ry (6).

Define V(z) = e"@ . [1 — I(z = )] + I(x = ).
Substituting, we get

V(zg) > €7 B[V (211)] — C*~0(0)I (), = 0).

or taking differentials by defining AV (z) = V(xg11) — V(zk), we get

1 — ¢¥¢min 0—0
AV() < 22y 0

e’ycmin G’chin

I(x=0).
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This is the geometric drift condition (10.2) with 1 > g = £22=1 5 () gince

e7¢min

Cmin > 0. Theorem 10.1.1 tells us that (10.3) holds under II" with C' = {#}.

Clearly this implies that
BN [V (2sy_1)r™ ] < e V(@) + e oI (z = 0).

Also, since 0 < 3 < 1, we know that (1 — 3)~! > 1, so we can select r > 1.

By definition of ¢, we know that V(z,,_1) > e?min | so we obtain
Egl [eemingTo ] < e bV (2) + € oI (z = 0).
Substituting = § and setting K = r - e 7min{e 11V (0) + ¢ b}, we get
B[] < K.

This provides us with a simple geometric bound on 7y:

K
P, [7‘9 >n] < — (10.5)
;,«TL

jgl, must exist because (10.1) holds. Let us define, as usual, )\gl;, " (0) :jenl.
It is evident from (10.1) that Eg, [S7 - (g, ag)] < oo. Let’s now determine
a finite bound on Eg’ ey e, ax) 2.
We know that costs are bounded above, say by ¢y.c. Therefore 2;9;01 c(xg, ar) <
Ty * Cmax, and we get

Tp—1

) {Z e ar)}?) < EY ({10 cman}’):
By (10.5), we get

, Te—1

» K
E [{Y clag,an)}’] < Z M) — < o0 (10.6)
k=0
because r > 1 and the exponential dominates the quadratic.

We now know that Y7 " ¢(xx, az) has finite expected value and finite vari-

ance. Therefore the strong law of large numbers applies to 372, ¢(xg, ag). The
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strong law of large numbers is stated in, e.g., ([27], P. 280). [27] also covers long-
term time averages such as the long term average risk neutral cost. (See [27], P.
299.) It can easily be seen from that discussion that the lemma is true.

O

The result Lemma 10.1.1 holds true under less strict conditions. For example,
costs do not have to be bounded above. A simple growth condition on the cost
function will suffice.

Here are 4 such conditions:

Assumption 10.1.1 (basic growth condition) 3B < oo such that Ac(z) < B
Vo € Ry (6).

Assumption 10.1.2 (basic shrinkage condition) 3B < oo such that Ac(x) >
—B Va € Xy (0).

Assumption 10.1.3 (advanced growth condition) 3B < o0 and 1 < d < o0
such that Alc(z)]w < B Vx € Ry (0).

Assumption 10.1.4 (advanced shrinkage condition) 3B < oo and 1 < d <
0o such that Alc(z)]w > —B Vx € Ry (0).

Corollary 10.1.1 Suppose that
BN [eXi%o 7e0ra)] < og

for some state € S under a stationary policy II € TIMP,

Suppose furthermore that Elc(x,T1 (x))] is bounded below away from zero
Vo € Ry (0) and that one of the above four assumptions holds.

Then Yy € Xy (), we get

J(s)) =Ty wp.l.
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Proof:

The only modification to the proof of Lemma 10.1.1 occurs in equation (10.6).
For the basic growth or shrinkage conditions, we end up with the exponential
dominating the cubic instead of the exponential dominating the quadratic. For

1th

the advanced conditions, it is the exponential dominating the n + power.

O

10.1.1 Ramifications of sample path convergence — opti-
mality

Lemma 10.1.1 and its corollary can be seen to hold under very general circum-
stances. The growth conditions listed above are certainly not unreasonable, and
our foundational Assumption 6.1.1 leads to the fulfilment of the assumption of
finite round trip cost at A = 0. So for most of the systems we have analyzed, we
can now see that stationary, Markov, deterministic policies yield a fixed sample
path average cost and furthermore the optimal risk neutral policy is optimal in the
sample path optimality criterion stated at the beginning of this section as well.

This result is really not surprising. The existence of the risk sensitive cost
ensured the geometric convergence of the embedded Markov chain, which in turn
insured a finite variance in the risk neutral round trip cost. Then, sample path
convergence followed by the strong law of large numbers.

Let us compare the result we have just obtained with comparable results
from the literature. In [20], a similar method of proof (i.e., geometric convergence
to find finite variance and then invoke the strong law of large numbers) is used.
However, they assume the geometric convergence directly and add an assumption
bounding the transition costs by a measurable function with certain properties.

In [26], a very powerful result is presented. (Recall the discussion of Sec-
tion 6.2.) Lasserre builds on Borkar’s convex analytic approach to prove that if

the costs are norm-like and the transition probabilities are continuous in the action

170



selected, then there is an initial state o and a stationary Markov policy 11y, such
that the optimal average risk neutral cost starting from any state under any policy
is achieved w.p.1 by every sample path starting from xy under policy Il,,. This is a
strong result and we are now able to interpret it. The optimal policy is simply any
optimal (risk neutral average expected costs) policy, and the initial state is any
state in the ‘best’ strongly communicating class induced by that policy. Lasserre
points out not only the naturalness of the norm-like costs assumption (which ap-
plies equally to the assumptions in this thesis), but also the fact that his result is
most useful when you can choose your starting state. Of course! If you can, you
choose to start in the best strongly communicating class.

It is interesting to point out that because the risk neutral costs converge w.p.1
on every sample path, so do the risk sensitive sample path costs. This is because
with the expectation operator removed, the exponential and the logarithm cancel
out. “Why then is the risk sensitive average cost different than the risk neutral
average cost?,” one is compelled to ask. The answer is simple: large deviations. It
is these deviations that the optimal risk sensitive controller strives to avoid.

For an explanation of this difference between sample path and expected risk
sensitive costs, see, e.g., [40] and [33]. Laplace’s Law is explained on pages 12-13
of [40]. We put that discussion into our framework as follows:

Suppose we take a large, fixed time 7T, and determine the probability density
function f(C7) of the finite horizon sample path risk sensitive cost of an irreducible
Semi-Markov chain accrued from time 0 to time 7. The mode of this probability
density determines the expected risk neutral cost, and the mean of this proba-
bility density determines the expected risk sensitive cost. Laplace’s Law states
additionally that the mode of Cr - f(Cr) determines the expected risk sensitive
cost.

In [26], it is shown that a linear program can be used to solve for the optimal
policy. This is true based only on the norm-like costs assumption and a simple

continuity assumption on the transition kernel! Unfortunately in the risk sensitive
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case no such result yet exists. Solving for the average risk sensitive cost is a difficult
task, as demonstrated in [7] in which Borkar and Meyn undertake value and policy

iteration. Even under their strong irreducibility assumptions, the task is difficult.

10.2 A cost criterion without v

A. Makowski has suggested ([29]) that the risk sensitivity parameter in the long
term average risk sensitive costs objective function could be done away with, and
he has proposed a new objective function:

T2 (no 4) = lim In EM[ex Lz o(nan)],

N—o0

Here, we have stated the discrete time version for convenience. All of our
analysis carries over to the semi-Markov case with the usual justification.

Upon first examination, the JX(no ) objective function would appear to be
no different from the risk neutral J 5 objective function. This is because the ‘risk
sensitivity parameter’ % approaches zero as N — oo. Lemma 5.3.4 would then
apply, yielding the risk neutral objective function.

This first blush analysis turns out to be essentially correct in the irreducible
case, but matters become more complicated in the not strongly communicating
case. Let us take apart this objective function and examine the pieces. In order
to do so, we define the cumulative density function of a random variable u to be
F,(t) = Plu < ]

Ji(no v) = lim In /too eldF, vt

N—o00 =0 N k=0

caan) ()

- ln/ etdF . / (10.7)
t

o€ Wiy £ 507 el ()
where the last equality can be justified by convergence of J.
This is very interesting. Contrast it with Lemmas 9.2.2 and 9.2.3. Lemma 9.2.2

shows that the long run average risk sensitive cost starting from a transient state is
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given by the maximum cost of any recurrent subset reachable by the initial state.
Lemma 9.2.3 shows that the long run average risk neutral cost starting from a
transient state is given by the average of the costs of the reachable recurrent sub-
sets weighted by the probability of reaching them. The ‘no 7’ objective function

gives another different result:

Lemma 10.2.1 If a stationary 11 € TIMP is such that J2 () < oo for some x € S

and some v > 0, then
jl_[
J(no ) =In > Plo € Ni(s)] - eV <.
R (s)| R™ (2,8 (s))
Proof:

See (10.7) and preceding arguments. Note that the fact that J'(y) < oo for

some v > 0 implies that J} exists.
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Chapter 11

Closing Remarks and Suggestions

11.1 Summary of major results

e In Chapter 3, we defined the ‘deadline problem,” reduced it to an equivalent
risk sensitive problem, and formulated a generalized solution technique for finite
horizon optimization problems of an SMDP.

e In Chapter 4, we defined a dynamic program for an average cost risk sensitive
SMDP. We then proved 2 verification theorems that define an optimal policy.

e In Chapter 5, we solved for the cost of a Markov chain within one of its equiva-
lence classes.

e In Chapter 6, we found the optimal policy for a strongly communicating SMDP.
e In Chapter 8, we found an optimal policy starting from each initial state for an
SMDP.

e In Chapter 9, we showed that the optimality equations hold in the finite state
case. We also solved for the cost of a Markov chain with finite state space.

e In Chapter 10, we solved for the behavior of some other objective functions and
related their behavior to the behavior of the risk sensitive average cost objective

function
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11.2 On the infinite and its reduction to the fi-
nite

In this thesis, we have addressed the problem of optimizing the risk sensitive aver-
age cost objective function when the state space is countable. We could also have
addressed the more general problem of when the state space is locally compact,
and we conjecture that the same results would hold with slight modifications, if
any.

When the state space is infinite, the technique to solve the problem invariably
becomes reducing it to the finite case. When the time horizon is infinite, the time
aspect of the problem can be reduced by making one of the following assumptions:

1. using discounted costs.

2. using average costs.

3. considering a case in which total costs are bounded, e.g., if there is an
absorbing state.

In this thesis, we used average costs. The round trip cost C’z_’e()\) was used
to reduce the problem of analyzing realizations with infinite durations to analyzing
the finite problem of realizations that start and end at the same state. This is a
standard technique used in also in the risk neutral case. (See, e.g., [35] or [4].)

In order to reduce an infinite state space to manageability, one may make
one or more of the following assumptions:

1. There is a finite ‘core’ set of states that is returned to rapidly from any
state.

2. The costs are norm-like.

3. The costs are bounded.

4. The entire state space is irreducible under all policies.

5. There is a policy that achieves a finite cost.

And in the risk sensitive case,
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Irs. The cost to get from a state to a another set of states is finite under some
policy.

Assumption (1) above is called the simultaneous Doeblin condition and is
used, e.g., in [18] along with (3). Assumption (2) can be used with or without (3);
see, e.g., [2] and [7]. (Note: In this thesis, we use (2) without (3), although we could
just as easily use (3) if desired.) Assumption (4) above is the usual assumption.
Assumption (5) is valuable in conjunction with assumption (2) as a starting point
or ‘bar’ under which the optimal policy must fall. (The optimal policy can do no
worse than this other policy, which allows us to focus on a finite set of strongly
communicating classes.)

The importance of an assumption such as (1rs) is due to the problem of
possibly infinite cost to get from one state to another as pointed out in [9]. In [9],
the problem was circumvented by assuming that the risk sensitivity parameter
was ‘sufficiently small’. Here we avoid the problem with our assumptions 6.1.1 and
8.2.1.

An appropriate and interesting issue to bring up in this section is that, in
the case of norm-like costs, the risk sensitive objective function forces a very disci-
plined behavior on the underlying Markov chain. From the dynamic programming
equation (4.2), we can see that if the average cost A is finite, then the probability of
transitioning to a ‘worse’ (i.e., W () is the same or higher) state is bounded above

by E[ev{c(m,al)_mz,a)}]. This bound becomes very small for states with high transition

costs by Assumptions 4.2.1 and 4.2.3. Therefore we see that under the norm-like
costs assumption, there must be a way to drive the system towards ‘better’ (i.e.,
lower value of W (-)) states with increasingly high probability. One kind of system
that achieves this would be a queueing system in which admission control can be
exercised. The system could be driven down, for example, by blocking all arrivals

once the system is in a ‘bad enough’ state.
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11.3 Future Research

This thesis addresses the properties of the risk sensitive average cost objective
function over the infinite horizon and related problems. We have examined a large
variety of issues that come up in semi-Markov decision problems in general, and
in particular when the standard irreducibility assumption is removed. Although
we do not concern ourselves with computational methods such as value and policy
iteration, a few remarks will be helpful to the researcher who wishes to pursue this
avenue of exploration.

Policy and value iteration are central to the computation of an optimal policy.
Other methods include recursive computation, which I have used to solve some
simple problems, linear programming (see e.g., [35], [4], [5], [19], [1], and references
therein), which is applicable to the solution of the risk neutral objective function,
even in the partially observed case (see, e.g., [42] and [28]). Policy and value
iteration under the irreducibility assumption have been examined by [7], [4], [35],
and others.

In the not strongly communicating case, we suggest that it would be inad-
visable to begin value or policy iteration without first understanding the strongly
communicating class structure of the embedded Markov chain. This means that
each strongly communicating class must be identified and then 24(z) must be de-
termined for each state x. After that, a framework exists to which one can apply
the existing value and policy iteration results. The most relevant result to consult
at that point would be Theorem 9.1.2, which shows the optimality equations in
the not strongly communicating case. Two good starting points in the literature
would be [35], which covers policy and value iteration in the risk neutral average
costs case, and [7], which covers value and policy iteration in the risk sensitive
average costs case under a strong irreducibility assumption combined with other

assumptions.
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11.4 Speculation on how to determine strongly

communicating classes

In [35], Puterman describes algorithms to classify Markov chains as communicat-
ing, weakly communicating, or general. In Section 8.1, we discussed how Puterman
classifies MDPs. Similarly, he calls a Markov chain communicating if the trivial
MDP it forms is communicating and weakly communicating if the trivial MDP it
forms is weakly communicating.

In order to classify Markov chains, Puterman makes use of the Fox-Landi
Chain Decomposition algorithm ([35], P. 590) in conjunction with a Model Clas-
sification algorithm ([35], P. 351). The Fox-Landi algorithm is used to classify
states of a Markov chain (not an MDP) in one of two categories: ‘recurrent’ or
‘transient,” with the obvious definitions. However, by inspection it can be seen
that the same algorithm can classify the different strongly communicating classes
within the recurrent states. Similarly, transient states can be traced forward to
see which subset of the recurrent strongly communicating classes they feed into by
an obvious extension of the algorithm. Therefore, we can modify the Fox-Landi
algorithm to give a complete picture of a Markov chain.

The Model Classification algorithm described by Puterman uses the Fox-
Landi algorithm to classify an MDP. However, we are interested in whether the
MDP is strongly communicating, and failing that, what its strongly communicat-
ing class structure is. These questions appear to be difficult to answer using an
algorithm similar to Puterman’s. Therefore, we propose another:

The Fox-Landi algorithm with the aforementioned modifications can be used
to find N"(z) for all z € S and stationary IT € TTMP. We also want to know
whether R (z) is positive or null recurrent under I1. If X" (x) is finite, it must be
positive recurrent. Otherwise, some technique needs to be used to classify it. Let

us assume that we can classify it in this way.
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We now define an algorithm that we conjecture will determine those stongly
communicating classes for which a policy exists (on the restricted SMDP) that
makes them positive recurrent. (Strongly communicating classes that are null

recurrent under any policy are not of interest.):
1. Choose an arbitrary II; in the set of stationary, Markov, deterministic policies.

2. For each x € S, set Ny(x) = R (z) if X' (7) is a positive recurrent class, and

set Ny (z) = () otherwise.
3. set n =2
4. Choose a II,, that hasn’t been selected before. If they’ve all been selected, stop.

5. Combine strongly communicating classes X,,_;(+) and X' to form the strongly

communicating classes X,,(-) as follows:

You can combine two strongly communicating classes if they have a nonempty
intersection to form a larger strongly communicating class. You can continue

doing this recursively until no strongly communicating classes intersect.

6. increment n and go to step 4. If, however, the whole state space is one big

positive recurrent strongly communicating class, stop.

Notice that the above algorithm loops until all stationary, Markov, deter-
ministic policies have been gone through or until the whole state space is one
big positive recurrent strongly communicating class. If the latter happens, then
the SMDP is strongly communicating. If the former, then we have characterized
SR, and the transient states can be traced forward to determine which subsets of
SR they can reach w.p.1 by looping through all stationary, Markov, deterministic
policies using the modified Fox-Landi algorithm.

One obvious flaw with the above algorithm is that the set of stationary,
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Markov, deterministic policies might not be finite. One way to remedy that is
to solve for all (possibly null recurrent) strongly communicating classes first by
using the Fox-Landi algorithm, which cares only whether a transition probability
is positive. If this yields a manageable set of strongly communicating classes, a
second pass can be used to find those that are positive recurrent. Of course, if
the state space is finite, things are much simpler and the above algorithm will

converge.

11.5 Computational complexity

Computational complexity is another reason to use the long term average costs
criterion over the discounted costs criterion for a risk sensitive objective function.
In the risk neutral case, the discounted objective function can be solved efficiently
and has nice properties, such as that the optimal policy is stationary, the rate of
convergence can be calculated based on the discount factor, etc. In the risk sensi-
tive case, as we saw in the introduction to Chapter 4, that [10] demonstrated that
the optimal policy for the discounted risk sensitive objective function is not station-
ary. Furthermore, its computation is very complex, although for large times the
optimal policy converges to the optimal risk neutral average costs policy since the
risk sensitivity factor approaches zero, as pointed out in [43]. Furthermore, in [14]
a chapter is devoted to risk sensitive queueing, in which the discounted criterion
is used. It is shown that this leads to a requirement for a controller with infinite
memory! In the average costs case, this does not occur. Uniformization is a tech-
nique developed by Serfozo in [38]. It is used to reduce a continuous time Markov
process to a discrete time process, and works for both average and discounted risk
neutral costs on the infinite horizon. However, the difficulty encountered in [14]
illustrates that uniformization does not simplify the problem in the risk sensitive
discounted costs case. However, in the average costs case, the dynamic program

(4.2) reduces the problem to an equivalent discrete time problem.
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Appendix A

Index of Notation

a(x), Page 12: admissible actions in state x
dy, Page 13: deterministic decision rule mapping state to action
44, , Page 13: randomized decision rule

I1, Page 13: Policy: a set of decision rules, one defined for each (continuous or

discrete) time
IM*|L € {HR,HD,MR,MD}, Page 13: the set of all policies of a certain type
t(x,a), Page 13: transition time from state x under action a
c(z,a), Page 13: transition cost from state z under action a
PI[.], Page 14: probability of an event under policy II starting at state =

FEU.], Page 14: expected value of a random variable under policy II starting at

state ©
J, TJ, etc., Page 19: notation for objective functions

Tz, Page 19: first hitting time (greater than 0) of x
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0z, Page 19: first hitting time of z

nY; na = n%, Page 21: the number of times the state is in set A out of the first

N transitions
II(R), Page 26: decision rule at (discrete or continuous) time R

ML (v), Page 54: Perron-Frobenius eigenvalue: cost rate of policy II in positive

invariant suclass C for risk parameter vy
78, Page 54: the smallest value of v that results in A& () = oo

C?2%(N\), Page 54: round trip cost (Le., cost to return) for state § when discounted

by A
AZ(0), Page 72: risk neutral (Le., v = 0) cost rate of policy II
ss, Page 85: a sequence of states with finite length

R(C, D), Page 101: logical relationship: true if 3 policy to drive state from C' to
D w.p.1

SR, Page 102: the set of all ‘self-reachable’ states = such that R(x,x)

~, Page 102: an equivalence relation: x ~ y if R(x,y) and R(y, x)

N(z), Page 103: the equivalence class containing x

R'(z,C), Page 104: C is reachable but no proper subset of C'is reachable

B(x), Page 113: admissible actions in state x that will keep the system in R(z)
w.p.1

A)» Page 114: the optimal cost attainable while staying in the same equivalence

class forever

s;, Page 126: a single representative of an equivalence class
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A, Page 126: the set of all representatives of equivalence classes
24, Page 126: the set of all subsets of A
24(z), Page 126: the set of all members of 24 that are reachable from z

B, Page 134: B C A: s; € B if the optimal cost from s; can be achieved without
leaving W(s;)

28(z), Page 134: D € 28(2) if D € 24(z) and D C B

(D), Page 138: the optimal cost that can be achieved by staying within the

worst equivalence class represented in D
U(z), Page 152: the set of all states from which z can be reached
o, Page 160: a sequence of states with infinite length

N¢(z), Page 160: the set of all infinite sequences of states that enter R(x) and
stay there

N¢(z), Page 160: the set of all infinite sequences of states that hit R(z) infinitely

many times

Nyr(z), Page 162: the set of all states that are in the equivalence class induced by

IT which contains x
N (z), Page 162: the set of all infinite sequences that enter Ry(z) and stay there

N (z), Page 162: the set of all infinite sequences of states that hit Ryj(z) infinitely

many times

J(s)II Page 165: the sample mean of costs over the infinite horizon
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