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We present a detailed analysis of the application of a multi-scale Hierarchical Re-
construction method for solving a family of ill-posed linear inverse problems. When the
observations on the unknown quantity of interest and the observation operators are known,
these inverse problems are concerned with the recovery of the unknown from its obser-
vations. Although the observation operators we consider are linear, they are inevitably
ill-posed in various ways. We recall in this context the classical Tikhonov regulariza-
tion method with a stabilizing function which targets the specific ill-posedness from the
observation operators and preserves desired features of the unknown. Having studied the
mechanism of the Tikhonov regularization, we propose a multi-scale generalization to the
Tikhonov regularization method, so-called the Hierarchical Reconstruction (HR) method.
First introduction of the HR method can be traced back to the Hierarchical Decomposi-
tion method in Image Processing. The HR method successively extracts information from
the previous hierarchical residual to the current hierarchical term at a finer hierarchical

scale. As the sum of all the hierarchical terms, the hierarchical sum from the HR method



provides an reasonable approximate solution to the unknown, when the observation ma-
trix satisfies certain conditions with specific stabilizing functions. When compared to the
Tikhonov regularization method on solving the same inverse problems, the HR method
is shown to be able to decrease the total number of iterations, reduce the approximation
error, and offer self control of the approximation distance between the hierarchical sum
and the unknown, thanks to using a ladder of finitely many hierarchical scales. We report
numerical experiments supporting our claims on these advantages the HR method has

over the Tikhonov regularization method.
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Chapter 1: Introduction

1.1 The Recovery Problems

We analyze a multi-scale Hierarchical Reconstruction (HR) method on solving a
family of ill-posed linear inverse problems. The scenario is as follows. Let X and ) be
two Hilbert spaces, each equipped with the norms || - ||+ and || - || respectively. There is
an unknown x, € X, to which we do not have direct access. However, we are able to ob-
tain the observation y, € ) by applying the observation operator A : X — ) to x,, i.e.,
y, = Ax,. With the known y, and A at hand, these inverse problems are concerned with
the recovery of x, by performing certain extraction of information from y,. Although
the observation operator A is linear, the operator A is ill-posed in various ways, making
recovery of x, by direct “solution” of the linear equation Ax = y, impossible. Addi-
tional conditions are needed in order to augment the ill-posed linear equation Ax = y,,
henceforth converting it into well-posed extended problems. The Tikhonov regularization
method [57,58] is a classical tool to address such inverse problems with the help of an
extra regularization parameter A > (. However, the Tikhonov regularization method is

limited by the usage of one such A > 0. Since the the regularization parameter A\ con-



trols the distance between the Tikhonov observatio and y,, A can be understood as a
regularization scale. Built upon this particular understanding, we propose a multi-scale
generalization to the Tikhonov regularization method, so-called the HR method. The HR
method was first introduced in Image Processing [48,/49]] to treate the multi-scale issues
in image decomposition and de-noising, and then it was further developed and analyzed
in solving linear PDEs [54,55] to construct uniformly bounded solutions in regularity
spaces. We adopt the HR method for its multi-scale approach and feature preserving by
the usage of a suitable stabilizing function. The HR method realizes that the informa-
tion in the residual term can be extracted at a finer regularization scale. Therefore, the
HR method performs successive extraction of information from the previous hierarchical
residual to the current hierarchical term at a finer hierarchical scale. By utilizing a lad-
der of finitely many hierarchical residuals together with their corresponding hierarchical
scales, the HR method can decrease the total number of iterations, reduce approximation
error, and offer self control of the distance between the hierarchical sum (sum of all hi-
erarchical terms) and the unknown x,, when compared to the Tikhonov regularization

method on solving the same inverse problems.

1.2 Regularization Methods: from Single Scale to Multi Scale

Given the observation y, and the observation operator A, the Tikhonov regulariza-
tion method finds an approximate solution () to Az = y, from a convex feasible set

C C X with an extra regularization parameter A > 0. The approximate solution, Tz (y),

I'The Tikhonov observation is obtained by applying the observation operator to the approximate solution

from the Tikhonov regularization method.



also satisfies the following,

. 1
Tr(y) = arg min {Af(w)+§||y*—z4wl|§;}. (1.1)

xeC

Here the non-negative auxiliary function f : X — R is a stabilizing function. The proper
choice of the stabilizing function f depends on the desired features from the unknown
which we want to preserve. If we plan to recover sparse unknowns, we could set f(x) =
||x||s,; if we are interested in preserving the “edges” in images, set f(x) = ||x||rv
(Total Variation norm); if we are recovering unknown from the L? space of functions,
set f(x) = ||x||7./2. The distance between y, and Az, is controlled by the regu-
larization parameter \; when \ | 0, Ax7(,) — y,. Hence, Az, can be understood
as an approximation to y, at the scale A\. Let ) = x7(,) and define residual term as,
r) =y, — Ax,. We have a decomposition of y, at the scale A as y, = Ax) + r). Since
ry # 0 (or we are done), there is information remaining in r,, which we can extract at a

finer scale, say %

A 1
:1:2:argengin{§f(m)—|—§||m—Am||§,} with 7y = r,\—Aaz%. (1.2)

We now have a better two-scale representation of y, given by y, = Ax) + Ax ATy

information below scale 4 remains intact in 7. This process in (I:2) can continue. To
2

simplify notations, we start with rq = y, and A\; = ), and find the first hierarchical term

x (1) such that the following holds

1
x(1) = argmin {)qf(a:) + §||r0 — Aw[|§,} with 7y =71y — Az),
xeC



we proceed by iterating at the dyadic scales \; = 2'79\;: for 2 < j < J, we solve for

the other hierarchical terms x;)’s from the following recursive equation,

. 1 .
x(;) = arg ngun {)\jf(m) + §||r]~_1 - Aac||§,} with ;=71 — Ax(.
xe

Summing the recursive relation, r; = r;_; — Ax(;), we end up with a hierarchical de-

composition of y,,
Y. ZACB(l) —I—A:IZ(Q) +...+A$(J) +7r;.

In this fashion, we also obtain an approximate solution X ; to the ill-posed linear equation
Ax = y,, where X ; is the sum of hierarchical terms, i.e., X ; = Z}]=1 (). As J
increases, the hierarchical term ;) extracts information from r;_; at a finer scale ~ Aj =
2177 \;. We note that coarser and finer decompositions are available. Different ladder of
scales \; = 677!')\; with 0 < 6 < 1 can be employed depending on the problems at
hand. With additional conditions on the observation operator A and suitable choice of
the stabilizing function f, we can show that X ; becomes a reasonable approximation
to x,. Thanks to utilizing a ladder of finitely many hierarchical residuals r;’s with their
corresponding hierarchical scales A;’s, the HR method shows different advantages over
the Tikhonov regularization method, which will be explored in details in the following

chapters.

1.3 Thesis Outline

In the following chapters, we will discuss in details the specific application of em-

ploying the HR method for three different kinds of ill-posed linear inverse problems. They

4



are structured as follows.

In chapter 2] we investigate the sparse recovery problem from Compressed Sensing.
Having known the observation operator A € RM*¥ and the observation ¢, € R from
a k:—spars unknown vector &, € RY, the original sparse recovery problem is concerned
with the recovery of &, by extracting information from y,. The ill-posedness is due to
an under-determined observation matrix A (M < N). We discuss some of the reasons
why the constrained ¢; method introduced by Candes, et al. and separately by Dohono,
is preferred for sparse recovery. We suggest using the unconstrained ¢; method with an
extra regularization parameter A > 0 to provide an approximate solution x, to a gen-
eral unknown vector z.. € R” from its noisy observation y5 = Az, + € (|[e]|> < ef}]
We show that when the observation matrix A satisfies the Robust Null Space Property

(RNSP) of order k,

z\ — x.|[1 < O()\ e, 0] However, it takes larger number of itera-
tions for numerical algorithms to find the solution from the unconstrained ¢; method with
an extremely small regularization parameter A to perform recovery of &, from y,. Built
upon the understanding of \ being a regularization scale, we propose the HR method as
a multi-scale generalization to the unconstrained ¢; method in order to reduce the total
number of iterations. The hierarchical sum X ;, as the sum of hierarchical terms x;)’s,
e, Xj = Z}]:1 x(j), becomes a reasonable approximate solution to @, when the ob-

servation matrix A satisfies the RNSP of order k. We conduct numerical experiments

2A vector & € R¥ is k-sparse if it has at most k non-zero entries.

o /=N
SForz € RV, ||z||, = {/> 1, |(w)1’p

40 = o(x.,k,1) is the best k-term approximation error of . in ¢; norm, i.e., let z. (k) be the best
k-term approximation of ., then o = ||z, — . (k)||1. We drop the dependence on x,, k and 1 in order to

simplify the notation.



comparing the HR method to the unconstrained #; minimization on recovery of a general
unknown z, from y; with A\ = X ;. We close Chapter [2 with a brief discussion on extend-
ing the analysis of the HR method to recovery of vectors in CV.

In chapter 3] we study the deconvoution problem on the Helmholtz filter for the
closure problem in Large Eddy Simulation (LES). The Helmholtz filter As : X — X
with a filtering radius 6 > 0 is defined as an convolution with a scaled kernel K5 =
(476%||s||2) "t exp(—d71||s]|2) for any s € R3, ie., y = K5 x ¢ = Asx forx, y € X.
When the filtered output y, (= Asx, € X) is given, we are interested in recovering the
unknown x, by solving Asx = y,. The inverse of As is well-defined as an elliptic dif-
ferential equation with Dirichlet boundary condition. However direct application of Agl
is not possible in the context of LES, when one is only given the access to the numerical
output y* = Ax,, where A" (= Ag’f] is the discrete Helmholtz filter and / is the spatial
resolution scale from a certain discretization scheme. We will focus on using the Finite
Element discretization scheme to provide the discrete Helmholtz filter A" as a numerical
approximation to the Helmholtz filter A;. Note that in the discrete setting the Finite Ele-
ment matrix associated to A" is a square matrix, i.e., M = N. We briefly discuss a family
of Tikhonov regularization methods on providing approximate solutions to the the discrete
equation A"z = y". We propose the HR method as an multi-scale generalization of the
Tikhonov-Lavrentiev regularizatoin method. In order to show the discrete approximation
error by using the HR method, we begin with the analysis of applying the HR method to

find an approximate solution to the continuous equation Asx = y,. We then continue our

>We drop the dependence on ¢ to simplify the notation and emphasize the importance of the spatial

resolution scale h



analysis on showing the discrete approximation error when we employ the HR method to
find an approximation solution to the discrete equation A"z = y”. We also discuss the
descent property of using the HR method when we perform de-convolution from a noisy
discrete filtered output "¢ cause by modeling errors when the residual stress tensor is
approximated. We also provide a stopping criteria to prevent the HR approximate solution
sequence from deviating from its convergence to x.. Numerical experiments, comparing
the HR method to other Tikhonov methods on recovery of x, via de-convolution from
y", are reported to support our claim on the improved approximation error provided
by the HR method. We conclude the chapter by discussion of possible extension of the
approximation error analysis for the HR method to the Finite Difference discretization
scheme and other convolution filters.

In chapter[d] we discuss two inverse problems from Linear Regression (LR). In LR,
we are given a set of data from M observations: {A, y¢}, with the i*" row of A € RM*¥
being the regressors and i entry of y5 € RM being the response from the i** observation.
However, the regressor matrix A is over-determined ()M > N) and the response ¢ is not
in the range of A. Finding a linear model which satisfies Ax = y$ exactly is impossi-
ble. Alternatively, we find approximate solutions to Ax = y5. We examine two different
scenarios. First, when ¥y is generated as the linear combination of the regressor matrix
A with noise, i.e., there is a unique &, € R" such that y¢ = Az, + € with ||€|s < e.
Second, there is no known relationship between y5 and A. However, we are interested in

performance of using linear models to approximate the relationship between y: and A,



i.e., y5 = Ax, + € for some unknown x, € R and a well—controllecﬂ modeling error €.
We begin our analysis by comparing the Least Square (LS) method to the Least Absolute
Shrinkage and Selection Operator (LASSO) method for both scenarios. We note that the
regularization parameter A used in the LASSO method controls the distance between the
LASSO linear model and the LS linear model, as well as the distance between the LASSO
linear model and the unknown linear model x... In order to offer better control over the
distance between the linear model provided by our linear model to either the LS linear
model or x,, we propose the HR method as a multi-scale generalization to the LASSO
method. Thanks to using a hierarchy of regularization scales, the HR linear model has its
distance to the LS linear model or @, controlled by the number of HR iterations taken.
We report numerical experiments on comparing the HR method to the LASSO method
and the LS method. We end Chapter 4] on the extension of using the HR method to Linear
Regression on non-linear basis functions.

We conclude the thesis in chapter 5] We survey the advantages which the HR
method has over the Tikhonov regularization on solving the three different ill-posed linear
inverse problems. We further develop the HR method for solving general ill-posed linear
inverse problems. We show necessary assumptions on the stabilizing function f in order
to guarantee convergence of the HR approximate solution to ..

In Appendix [A] we discuss individual single scale implementations of the general

Tikhonov regularization methods.

By “well-controlled”, we mean that the difference, y5 — Ax.,, is smallest in some £, norm, or satisfying

other conditions.



Chapter 2: Hierarchical Reconstruction Method for Sparse Recovery

2.1 Introduction: Recovery of General x, from Its Noisy Observation y:

We study the sparse recovery problem from Compressed Sensing. The k’—spars
unknown Z, € RY is to be recovered from its indirect observation y, = Az, € RM
where A € RM*¥ is an observation matrix. The observation process is linear, however
the observation matrix A is severly under-determined, i.e., M < N. Hence, recovery
of &, by direct “solution” of the linear system Ax = gy, is impossible. However, the
theories from Compressed Sensing show that by knowing sparsity level of x, before
hand, namely the constant £, recovery of &, from y, is possible and practical. In 2006,
Candes, et al. [7]], and separately Donoho [|12]], introduced the constrained ¢ methocﬂ

which finds a solution from the following

x, = argmin {HmHl Ax = @*}

xeRN
A major milestone in the theories for Compressed Sensing is that when the observation
matrix A satisfies certain recoverability condition, for any k-sparse unknown ., the solu-

tion provided by the constrained ¢; method, namely 1, will be the same as x,. However,

'A vector & € RY is to said to be k-sparse if 2 has at most k non-zero entries.

2For any z € RY and any p > 0, ||z|[, = {/ Zf\il | P forp = 0,

non-zero entries in .

x||p counts the number of



it is not always convenient to encounter sparse quantities, one might be given a task to
recover a general unknown vector x, € RY. Moreover, due to inevitable errors in the ob-
servation process, one only has access to its noisy observation yZ, i.e., y; = Ax,+e€. The
details of observation error term, €, remain mostly unknown; fortunately, it is bounded
above in /5 norm by some known noise level constant € > 0, i.e., ||€]|s < . Aiming
to provide a robust method to recover x, from yZ, we suggest using the unconstrained /¢,
method, which finds an approximate solution to x, with the help of an extra regularization

parameter A\ > 0 and the approximate solution satisfies the following,

) 1
@) = arg min {)\||33||1 + §||yi - Ang}

zeRN

We show that when the observation matrix A satisfies the Robust Null Space Property
(RNSP) of order k, the approximation error, x, — ), is bounded above by O(o, ¢, )\)
When the unconstrained ¢; method is used for recovery of &, from y,, the approximate
solution ) can be thought of as an approximation to &, at the scale A\. Based on the
understanding of \ being a regularization scale, we adopt the Hierarchical Reconstruc-
tion (HR) method, from its first introduction in image processing in [48,/49]], as a multi-
scale generalization of the unconstrained ¢; method. The HR method successively ex-
tracts information from the previous hierarchical residual r; to the current hierarchical
term ;) at a finer hierarchical scales \;. When the observation matrix A also satisfies
RNSP of order k, the hierarchical sum X ;, as the sum of all hierarchical terms x(j), 1.€.,
X, = Z}]=1 ;) with a ladder of hierarchical scales {\;}/_,, approximates x, with an

error bounded above by O(A, Ay, J, £, o). Thanks to utilizing a ladder of finitely many hi-

30 = o(x, k, 1) stands for the best k-term approximation error of . in #; norm. We drop the depen-

dence of x,, k and 1 to simplify the notation.

10



erarchical residuals together with their corresponding hierarchical scales, the HR method
is able to reduce the total number of iterations for numerical solvers when compared to
the unconstrained ¢; method on the recovery of x, from yZ with A = A .

The remaining sections of this chapter is structured as follows. In section [2.2] we
compare three constrained ¢, methods (for p = 0, 1, 2) for the recovery of k-sparse un-
known &, from its observation y,. We conclude that the constrained ¢; method is the most
practical convex optimization method to use for recovery of a k-sparse unknown &, from
its observation g, due to the presence of ¢; norm. In section [2.3] we introduce the nearby
problem: recovery of a general unknown x, from its noisy observation y5. We com-
pare the unconstrained ¢; method to the quadratically constrained ¢; method. We show
the recoverability condition for both methods such that the approximation error is under
controlled. In section [2.3.1, we propose the HR method as a multi-scale generalization
to unconstrained ¢; method. We show the recoverability condition for the HR method,
so that the hierarchical sum becomes a reasonable approximation to x,. In section 2.4]
we present numerical experiments, comparing the HR method to the unconstrained ¢;
method on the recovery of x, from y; with A = )\;. The HR method uses significantly
fewer number of iterations than the unconstrained ¢; method. At the end, we conclude
this chapter in section by discussion of extending the HR method to the recovery of

unknowns in CV,

11



2.2 The Original Problem: Recovery of k-sparse x, from Observation

~

Y.

The sparse recovery problem, recovery of the k-sparse unknown &, from its ob-
servation y,, has the following setup. There is the k-sparse unknown vector &, € RN,
one is given the indirect observations stored in ¢, € R™ with the i'" entry (¢, ); being
the observation result taken as an usual Euclidean inner product of @, with the observing
vector a; € RV ie., (9.); = (Z.,a;). We define the observation matrix A € RM*V ag
the concatenation of a;’s, i.e., the i*" row of A is a,iT. Knowing the observation gy, and the
observation matrix A, one is entrusted with the task of recovering the k-sparse unknown
x, from y,. However, the observation matrix A is severally under-determined (M < N),
recovery of &, is impossible by direct “solution” of the linear equation Ax = y,. How-
ever, when the sparsity level of x,, namely the constant k, is known before hand, the
recovery of @, becomes possible. The question on an effective and efficient procedure
to recover &, remains unanswered. We have mentioned in chapter (1| that the general
Tikhonov regularization method can be employed to solve ill-posed linear systems. In the
sparse recovery setting, the general Tikhonov regularization method finds an approximate

solution &7y to Az = g, from a convex feasible set C C RY with an extra regularization

parameter A > 0. The approximate solution &, also satisfies the following,

. 1.
Xy = argmin {)\f(a:) + iHy* — A:I;H%} (2.1

xeC
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The stabilizing function f is chosen to retain the desired feature of &, namely the sparsity
level, in other words, to recover the compact suppor of &,. The {, functional, which
counts the number of non-zero entries of a vector, is a natural candidate for the stabilizing
function f. The constrained ¢, method finds to an approximate solution @, from within a

convex feasibility set B = {x € RY ‘Am = g, } such that the following holds,

wozargmin{HwHo}. (Fo)
zeB

Remark 2.2.1. We set the stabilizing function f(x) = ||z||o (for other constrained (,,
methods, we set f(x) = ||z||, for p > 0) and set the convex feasible set as C = B in

(2.1). When we let the regularization parameter X in (2.1) approach infinity, the general
Tikhonov regularization method becomes the constrained {y method (or the constrained

¢, method respectively).

The recoverability condition for the constrained ¢, method to recover the k-sparse
x, from g, is that sp(A) > 2k (see [13] for the definition of the spark of a matrix, i.e.,
sp(A).). Tt is relatively easy to construct an observation matrix A with M = 2k and
sp(A) > M, e.g., the Vandermonde matrix. However, for large k, the constrained ¢y
method is considered NP-hard [43]]. A straightforward alternative would be to consider

the following constrained ¢, problem,

T, = arg min {||:v||p}7 for0 <p< 1. (2.2)
zeB
The ¢, functional || - ||, (for 0 < p < 1) becomes a quasi-norm and sparsity induc-

ing, however solving (2.2) is nevertheless NP-hard [25]]. There are three major alterna-

“The support of a vector € R is a set of indices corresponding to the non-zero entries of .

13



tives to remedy the numerical inefficiency of the constraiend ¢, method: greedy meth-
ods, thresholding methods, and convex optimization methods. The greedy approach
(8,10, |11} [24,(32,(39,145-47,51,161,65] estimates the support of &, by adding to a pos-
sible support set one suitable index at a time. The thresholding-based methods [35)22]]
tries to estimate the whole support of . by finding a set of %k possible indices via special
selections. Both approaches are discrete and sensitive to small perturbation in y,. Es-
pecially the greedy approach, slight change in one entry of y, might result in choosing
a totally different index. On the contrary, the convex optimization method offers a con-
tinuous approach for seeking the support of &, and robust against small perturbation in
y,. The question of choosing a suitable convex objective function remains unanswered.
We begin our search by probing into the relationship between ¢, functional and the ¢,

functional in the following limit,

el = liny Je], = lim

Z |(€L‘)i‘p-

Only the non-zero terms survive the limit, therefore the ¢, functional counts the number
of non-zero entries in . The ¢, functional becomes a norm when p > 1 and therefore
convex. However, when p > 1, the £, norm is strictly convexﬂ We choose the ¢5 norm as
the representative case, since the vector space RY with £, norm becomes a Hilbert space.
The constrained ¢ method finds an approximate solution x5 from B such that x, satisfies

the following

mgzargmin{HmHg}. ()
xeB

SA function g : RN — R is strictly convex if for any 1 and 25 € dom(g) (z1 # ®2)and any ¢ € (0,1),

when tx + (1 — t)xy € dom(g), then g(txy + (1 — t)x2) < tg(xy) + (1 — t)g(x2).
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The approximate solution x, from (P)), despite of having a closed form expression (see
section for details) is rarely sparse. In figure we compare the solutions from

and in R2.

Ax=yin2Dand |, Circles Ax =yin 2D and |, Circles
T T T T T T

(a) T (b) T2

Figure 2.1: @, versus x

The strict convexity from the ¢, norm is one of the reasons why the approximate
solution x, is rarely sparse. We need a convex (but not strictly convex) ¢, functional
to induce sparsity on its solutions. Therefore, the /; norm becomes a logical choice to
make. Moreover, thanks to the well established history of using the ¢; minimization in
geophysical and statistical applications, there exist a great number of polished and well-
tested algorithms to solve ¢; related minimization problems. In fact, Candes, et al., and
separately by Donoho, suggested using the the constrained ¢; method to recover k-sparse
&, from y,. The constrained ¢; method finds an approximate solution x; € B such that

the approximate solution satisfies the following,

wlzargmin{Hle}. (P1)

xzeB
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The solution from the constrained ¢; method, namely @, will be the same as &, when
the observation matrix A satisfies one of the following recoverability conditions: Re-
stricted Isometry Propertiy (RIP) in [7]], /;-Coherence in [[13}|14,29,61]], or Null space
Property (NSP) in [9]. We present a recoverability condition, known as the Robust Null
Space Property (RNSP) in [23]]. Such recoveryability condition will be used to show
the approximation errors between the approximate solutions (provided by three different
methods which will be discussed in later sections) and .. Before we present the defini-
tion of RNSP, we give the following clarification: the restriction of a vector £ € R on

an index set K C [N] = {1,2,..., N} is denoted as (x), and it is defined as follows,

($)Z’, 7 c K
(®)K)i = , forie[N].
0, i¢ K
Definition 2.2.2 (Definition 4.17 in [23]). A matrix A € RM*N s said to satisfy the RNSP

(with respect to || - ||2) with constants 0 < p < 1 and T > 0 relative to a set K C [N] if

lvklls < pll(W)kells + 7]]Av]]2, Vv € RY.

The matrix A is said to satisfy the RNSP of order k (with respect to || - ||2) with constants
0 < p < land T > 0ifit satisfies the RNSP with the same constants 0 < p < 1 and

T > 0 relative to any set K C [N| with card(K) < k.

Remark 2.2.3. The RNSP of order k implies NSP of order k. Let v € Null(A) (the null
space of A), when A satisfies RNSP of order k with constants T > 0 and 0 < p < 1, we

have for any set K C [N] with card(K) < k, the following holds

[[(v)kllr < pll(v)kel|r + 7] Av]| = pl|(v) kel |1 < [[(V) ke |]1-
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When a matrix A satisfies RIP of order 2k, the matrix A also satisfies RNSP of order k

(see theorem 6.13 in [23]]).

The following theorem provides an equivalent description of definition [2.2.2} such

description will be used throughout this chapter instead of the original definition of RNSP.

Theorem 2.2.4 (Theorem 4.20 in [23]])). A matrix A € R™*N satisfies the RNSP with
constants 0 < p < 1 and T > 0 relative to K C [N] if and only if for any u, v € R", the

following holds

1 2
T2l el + 2l[(0)xell) + 7

lu =l <

pHA(u—'v)Hz-

Remark 2.2.5. The inequality in theorem is asymmetric. When we interchange u

and v, we obtain

I+p 2T
lv —ull < Tp(ll’vlh = [l + 2[1(w)kel[1) + 5 -

1 1A = w)l

Adding the two inequalities together, we derive an symmetric inequality

1+p 2T
T2 el + @) + T

lu =[], < |A(v — )]z, (2.3)

The new inequality (2.3)) sheds some light into another explanation of the RNSP property:
when both u and v are supported on the set K and they give the same observation, i.e.,

Au = Av, then u = v.

2.3 The Nearby Problem: Recovery of General x, from Noisy Observa-
tion y<
Beside recovery of sparse unknowns, we also invest special interests in recovery of

general unknowns, since sparsity is rather a rare property to encounter. Let x, be any
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general unknown, we plan to investigate the recovery of x, from its noisy observation
yS = Az, + € instead of its observation y,, since the observation process is inevitably
corrupted by errors: human errors, machine precision, etc. The error term € is caused by
a number of factors and its details remains untraceable. Fortunately, the error term € is
bounded above in /5 norm, i.e., ||€||s < e for some known noise level € > 0. Before
we introduce the robust methods to recover x,, we introduce the following remark on

measuring the distance from x, to a set of k-sparse vectors.

Remark 2.3.1. Let S, be the set of all k-sparse vectors in RN : S, = {x € RY|||z||o <
k}. We define the function o(x., k, 1) as the best k-term approximation error of x, in {;
norm, i.e.,
o(@e k1) = inf {lfe. — all:}

Thanks to the usage of the {1 norm (or any other {, norm see [9]), such distance be
realized by a k-sparse vector in S, which is obtained by keeping the k largest entries
(in magnitude) of x.; we denote this vector as x.(k) (Note that such vector might not
be unique), and name it the best k-term approximation of x, in {1 norm. It follows that,
o(xy, k, 1) = ||lxe — x.(k)||1. Unless otherwise redefined, we use 0 = o(x., k,1) to

simplify the notation.

The question of an effective and efficient procedure to recover x, from y; remains
unanswered. One can tweak the constrained ¢; method by replacing the original feasible
set B with a new feasible set B, = {x € RY ‘ llys — Az||2 < n} with an extra parameter

1 > 0 to obtain the following quadratically constrained ¢/; method,

X141, = argmin {||:13||1} (2.4)

xeBy,
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Remark 2.3.2. We set the stabilizing function f(x) = ||x||, and set the convex feasible
set as C = B, in (2.1). When we let the regularization parameter \ in (2.1)) approach in-
finity, the general Tikhonov regularization method becomes the quadratically constrained

¢, method.

We present the following theorem from [23]] on the recoverability condition for the

quadratically constrained ¢; method to recover x, from y:.

Theorem 2.3.3 (Theorem 4.19 in [23])). Assume that a matrix A € R™*Y satisfies the
RNSP of order k with constants 0 < p < 1 and 7 > 0. For any general unknown
x. € RY, a solution, x4, of 24) where the input y5 = Ax. + € (||€||2 < ¢) and the
parameter 1 > ¢ are used, approximates x. with the following (1 error

2(1+ p) 27
T, 0+1_p(77+€).

||$1+n —x.|; <

Ifn = ¢, then x4, = x4, and

fare — il < o AT
Recall that 0 = o (x4, k, 1).

Proof. By the optimality of @1, we have ||xi4,||1 < [|z.]|1. Setu = x14,, v = @y,
K = supp(x.(k)) (recall that 7 (k) is the best k-term approximation of 7 in ¢; norm).
It follows from theorem [2.2.4]

2T
1_

1+p
@iy =l < 7 (lerall = el + 2l @)l ) +

(@ 1y — @)l

2 2t
c24p) (A~ il + iy - Azl
(

1—p 11—
21+p) 27
< .
=T, +1_p(77+8)
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Here, we used the equality: (z.)xe = . — x.(k) and 0 = ||(@s) ke||1- O

Remark 2.3.4. When we apply (2.4) to the recovery a k-sparse unknown &, from its clean
observation y,, we should be able to recover exactly &, when we set the parameter 1 = 0.

In fact, given the error bound in theorem|2.3.3) we have ||x1.0—Z.||1 < 0= @119 = T..

We also have interests in another method to recover a general unknown @, from its
noisy observation y;, so-called the unconstrained ¢; method, which finds an approximate
solution &, with a regularization parameter A > (0. The approximate solution x) satisfies
the following,

. L
2, = argmin { [z, + 3 IlyZ — Az|}}}. (Py)

rERN

Remark 2.3.5. We set the stabilizing function f(x) = ||z

1, set the convex feasible set as
C = RY, and use y¢ instead of Y, in 2.1). The general Tikhonov regularization method

becomes the unconstrained {1 method.

The following theorem discusses the approximation error when the unconstrained

/1 method is used to recover x, from y:.

Theorem 2.3.6. Assume that a matrix A € RM*N satisfies the RNSP of order k with
constants 0 < p < 1 and 7 > 0. For any general unknown z, € RY, a solution, =, of
(Py) where the input y5 = Ax., + € with ||€||s < ¢ is used, approximates x., with the

following (; error

1+p(£2 A 27
RIS 7V WP SR WY
1ES) :L'Hl_l_p ) 252—1— o —i—l_p(oz—i-e)

Recall that 0 = o (., k,1). We also define the constants 3 and o as 3 = ||AT ||, and
a =V NI||(AAT) T Al|..
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Proof. First, we use the optimality condition of x},
1 € 2 1 € 2
Ml + Sllys = Azally < Al + S llys — Azl

It follows from lemma

2 A

1 o 1 -
lzally =l < Zyllys — Aw-l3 - 55llyz = A2l < 55 = 555

2\
Second, let u = x), v = x,, and set K = supp(x.(k)) (recall that x.(k) is the best

k-term approximation of x, in /; norm). By theorem [2.2.4] we have

1+p 2T

s =l < T2 sl =l + 2l @)l + 7 lAGes — )l
1+p<€2 A or
S—\sv 55 +2 ) —(|llA — af S _ Az,
=1\ Tt +1_p(|’ oy — yill2 + ||y — Az.|]2)
1+p /e A 27
<7 \ox " om 2) = (ar+e).
_1—p<2)\ og T20) F i lerte)

]

Remark 2.3.7. When we apply the unconstrained {1 method to the recovery of k-sparse

unknown &, from its clean observation y,, we obtain the following error bound,

4raf? — (1+ p)

(1—p)B? A

lzx = 2]l <

In other words, the approximate solution x, of (Py) is within the O(\) neighborhood
of .. When we use the unconstrained {1 method to recover a general x, from its noisy
observation y3, we have to be careful at choosing a proper \. In order to provide the

optimal error bound, we have to minimize the following term

1+p/e? A 2Ta\
)+

ity (- 2> 0.
1—,0(2)\ ope) Tz, AP

21



We have the optimal )\, calculated from the following expression,

Nopt = sﬁ\/ il 2.5)

4p%ar — (14 p)
Such optimal ), is obtainable, when 47',ugnax\/ﬁ > (1 4+ p)fomin, Where iyax and piyin

are the maximum and minimum singular values of the matrix A respectively.

The following remark is concerned with the performance between the quadratically

constrained /; method and the unconstrained ¢/; method on recovery of x, from y:.

Remark 2.3.8. We consider the approximate solution x,, obtained from solving with
input Yy and the regularization parameter \ is set at the optimal A\, in (2.5)), and the
approximate solution x4, obtained from solving (2.4) with input y5 and the parameter

1 being set at n = €. When the following inequality is satisfied, i.e.,
A7°B% + (1 + p)? > 4(1 + p)Ta
the difference, x) — x., would have a smaller upper bound than x,,, — ..

We refer the readers to Proposition 3.2 in [23]] for connection between the quadrat-

ically constrained ¢; method and the unconstrained ¢, method.

2.3.1 The HR Method for Recovery of General x, from Noisy Observa-
tion y;

We have shown that when using the unconstrained ¢/; method to recover a k-sparse

&, from its clean observation gy, with an observation matrix A satisfying RNSP of order

k, the approximate solution x, in is within an O(\)-neighborhood of ... The regu-

larization parameter A controls the distance between ) and .. When \ | 0, )\ — x,.
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It is advantageous to use an extremely small A in order to obtain a highly accurate approx-
imate solution; however, smaller A usually leads to larger number of iterations taken by a
numerical solver. Recall in section[I.2] we proposed the HR method as a multi-scale gen-
eralization to the general Tikhonov regularization in order to improve the regularization
procedure. Along the same line of reasoning in section (1.2, we propose the HR method as
a multi-scale generalization to the unconstrained ¢; method in order to decrease the total
number of iterations, via a ladder of gradually decreasing regularization parameters \;’s,
which are understood as hierarchical scales in the HR setting. In the setting of recovery
of a general unknown «, from its noisy observation yZ, the HR method is used for an
under-determined matrix A. We begin with a general A\ > 0 for the unconstrained ¢,
method,
. 1 2
x), = arg min {AHCE||1 + sllys — Aa:HQ},
xzeRN 2

since there is information left in the residual, 7\, = y5 — x,, i.e., ) # 0 (or we are done),

we can extract further information from 7, at a finer scale, say %,

(A 1 .
T = argmin {§||:c||1—|—§||m—Am||§} with 7 ::m—Am%.

RN

We obtain with a two scale decomposition of y, i.e., y5 = Axy + Ax»r + rr. The
2 2

previous extraction process can continue. To simplify the notations, we will use numbered

subscripts from now on. We start from setting x(;) = x,, 7o = Yy, and choose a ladder

of hierarchical scales designed as \; = 2! 77 \. The HR method will solve the following,

1
2 = argmin { X[zl + Sllry1 — Azl}, for1<j <.

RN

The hierarchical residual 7 satisfies a recursive relation: 7; == r;_; — Ax(;. We sum
up the hierarchical terms x(;), and obtain an approximate solution in the form of a hier-
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archical sum, i.e., X ; = Z}]:1 x(;). The hierarchical observation AX ; will provide a

multi-scale approximate description of y5 as follows,
yi :Aac(l) —I—Aw(Q) +...+Aa}(]) +7ry.

When the observation matrix satisfies certain recoverability condition, the hierarchical
sum X ;, as the sum of the hierarchical terms x(j), 1.e., Xy = Z}]:1 x(;), would provide

a multi-scale approximation of x,, as follows
X;j=zu) tTo+.. . +Ty T

We note that different ladders of the hierarchical scales can be employed, e.g., A\; =
6771\ for 0 < 6 < 1 and a carefully chosen \;. Such finitely many scales are important
in optimizing the approximation error, X ; — .. We summarize the HR method with a
general ladder of scales {);}7_, designed as \; = 6’~');. Given the initial hierarchical
residual ry = y5, the HR method chooses a suitable starting hierarchical scale \; > 0

and finds the first hierarchical term x ;) from the following

. 1
x(1) = argmin {AleHl + §Hr0 — Aw||§} and 7y =1y — Ax().

RN
Note that (1) # x;. Next, the HR method finds other hierarchical terms z ;) for 2 < j <

J with \; = 6771 )\; from the following recursive relationship,

. 1
L(j) = arg Hjlvm {)‘ijHl + §H7°jfl - Aw“%} and 7r;=7;_ | — Axy). (Pur)

zeR
We begin the approximation error analysis of the hierarchical sum X ; with the following

lemma on the bounds of the hierarchical residual r;’s.
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Lemma 2.3.9. Assume that the matrix A has linearly independent rows. The hierarchical

residuals, r; = r;_1 — Aaz(j), satisfy the following bounds,
MIATIY < gl < MVNI(AAT) AL, for1<p<oo, 1<j< ).
Hence rjy — 0as A\; — 0.

Proof. Since the hierarchical residual r; and the hierarchical term x ;) satisfy the signum

equation: A'r; = A;sgn(x ;). Following the proof presented in lemma , we have
MIATIES < sl < A VNII(AAT) Al

Here we used the fact that the matrix A has linearly independent rows, hence A" A is

non-singular. Thus, ||7;||, = 0as \; — 0. O

We present the recoverability condition in the following theorem for the HR method

to provide reasonable approximate solution to x?.

Theorem 2.3.10. Assume that the matrix A € RM*N satisfies the RNSP of order k with
constants 0 < p < 1 and 7 > 0. For any unknown x, € RY, a solution, X ; as sum of
the hierarchical terms in (Pygl) where the input ro = y5 = Ax. + € (||€|]2 < ) is used,

approximates x, with the following (1 error,

1+p 52 )\1 )\1 _9 _9 0—0‘]
_ < (= 77 472 _
I1X m*ul_l_p(% st 5007 =57 =g +20)
2
+ T <)\JO[+€).
1—p

Recall that ¢ = o(x,, k, 1) and the constants 3 := ||A" ||y and oo == v/ N||(AT A)~L Ao
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Proof. We begin with finding the upper bound on || X ;||; — ||z.||1. We start from the

first hierarchical term x (). By the optimality of x ), we have
1 2 1 2
Mzl + 5llro = Azly < Mffa.f[s + Sllro — Az.f;.

It follows that,

82 )\1
[Iro — Am.|l; — [lmo — Az[3) < 51— — 5.

lzmlh = [lz.[h < o 2

2\ T
Regarding the bound on other hierarchical terms x; for j > 2, we follow the energy

estimate proof in [54]. By the optimality of x;), we have
1 g 1 2
Al + 5l = Azglz < Sllrjall,

then we derive,

1 1 \j

2 242 —212 2—2 —9
||93(j)||1§2—)\j(||7°j—1||2 [|75113) < T< A= B )\j)S?(Oée - B7).
Combining all the bounds together, we obtain
e? A1 292 —2 - Aj
1 X1l = llzdh < ZHCUJ)H || ||1_K—2—62+( 0" —p )ZQE
=
52 A1 AL, ayo -2 d j—1
§2—)\1—2—52+7(a9 —p )Zej
j=2
52 )\1 )\1 2,-9 _9 9-9”7
Son 2 2 TPy

Using lemma2.3.9|and theorem[2.2.4] we let u = X ;, v = x,, and set K’ = supp(x.(k))

(recall x, (k) is the best k-term approximation of x, in /; norm), then we have

1+p
1% = @ll < 70 (1l = [l + 2@l ) + 7= A = @)l
L+p Al AL, 9, 0 — 9‘]
<_r 21 — 2
=1- (2,\1 g Pt =8 T 0+0>
2
+ T ()\JO("|‘€>
L—p
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]

Corollary 2.3.11. Assume that the matrix A € RM*N satisfies the RNSP of order k with
constants 0 < p < 1 and T > 0, in fact, we can lessen the restriction on A, requiring
it to be only having linear independent rows. The sequence of hierarchical partial sums,
{X,}52,, where X ; = ijl x(j) with (jy in (Pyg), forms a Cauchy sequence. Thus,
X j converges as J — <.

Proof. Welet2 < .J; < J,, and define X ;, = Zle x(j) for i = 1, 2 respectively. Using

the bounds on the hierarchical term x ;) shown in the first half of the proof for theorem

2.3.10, we have
J:
b\ B B 2 . A B B 9J1—1 o 9J2
- Xl £ 205 S0 = s g0
j=Jh

It follows that the sequence of hierarchical partial sums, { X ;}%52 ,, forms a Cauchy se-

quence, thus it converges. [

The following remark is concerned with the asymptotic behavior of the hierarchical

suiml.

Remark 2.3.12. When we use the HR method to the recovery of a k-sparse unknown .,
from its clean observation y,, the HR method with the input ro = y, give the following

error bound

1+p<)\1 9-9‘1 /\1)+ 2T 04)\]
1 .

X;—ah < —F (2202 — 52 -

We have 07 — 0 as J — oo. From corollary|2.3.11} we learn that X ; is convergent when

J —o00. Welet X ; — X yras J— oo, it follows that

— < - — .
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Consider the function g : (0,1) — R defined as,

0529_1 _ 6—2
90) = —F—5

The function g has only one root

0= (ap)* = (V)2 > 1.

Recall that .y and piyg, are maximum and minimum singular values of the matrix A
respectively. Thus, the function g is never zero in (0,1). The function g has two critical
points:

0 =1+~/1—(af)".

Since we require that the hierarchical multiplier 0 < 6 < 1, we set = 1—/1 — (af)~!

in order to obtain the optimal error bound for X pp.

We will conclude this section by the following remark regarding the performance of
the HR method when compared to the unconstrained ¢/; method on recovery of a general

unknown x, from its noisy observation y5.

Remark 2.3.13. We consider the hierarchical sum, X ; as a sum of hierarchical terms
x(;)’s in (Pyg) with the input Ty = y; and a ladder of hierarchical scales {)‘j}}]:p
and the solution, x) in with the input y and regularization parameter \. When
Yy = Az, + € (||€||2 < €) for some general unknown x.. and \; = A, the approximation
error from using the HR method, namely X ; — x., would have a smaller upper bound

than the approximation error from using the unconstrained {1 method, namely x, — x,,

when the following inequality is satisfied,

MO — (afA)207 7% — (Be)?0 + (Be)? > 0.
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We require implicitly that J > 2; otherwise when J = 1, we have X | = x).
We are also interested in the optimal performance of the HR method for recovery
of x, from yS, when we have the freedom to choose A1, 0 and J. The optimal 3-tuple,

(A1,0,J) is chosen such that the following term,

Ol)\ltgj_l,

is at its minimum. We also require that \y > 0,0 < 0 < 1 and J > 2.

2.4 Numerical Experiements

We run the numerical simulations by comparing the unconstrained ¢; method and
the HR method on recovery of a k-sparse &, from its noisy observation y5 = Az, + €
(|l€]]l2 < e) with A = A;. We implement the Gradient Projection for Sparse Recon-
struction (GPSR) algorithm [20] for solving in MATLAB. The k-sparse unknown
z, € RY is generated with £ = 160 non-zero entries, and the values of those entries
are randomly picked as +1, and the location of the non-zero entries is also randomly
picked. We set the number of observations M to 1024, and the dimension of the unknown
is set at N = 4096. The entries of A € RM*Y are identically distributed standard nor-
mal variables (satisfying the Gaussian distribution with mean 0 and standard deviation
1), i.e., A = randn(M, N) in MATLAB. We orthonormalize the rows of A by doing
A = (orth(A.")).”. The noise level is set as € = 7 * || Azx.||2, where ~ (the noise to signal
ratio) changes from 0 to 0.04. Other parameters for the GPSR algorithm is set as follows:

B = 0.5, 4= 0.1, & = 0.1, the maximum number of iterations is allowed at 500, we

do not de-bias the solution, and the stopping criteria is set as | min(z, VF(2))|, where
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z is the approximate solution of GPSR at the j** iterate, and VF(-) is the gradient of
the objective function I defined in equation (8) in [20], and the tolerance for stopping
criteria is set at 1073, First, we show the comparison between the ¢, based methods and

the ¢; based methods in figure

Original (n = 4096, k = 160) Least Square Solution GPSR with ) = 1.93¢-03 HRM (0 = 1/2,J = 2)
. . 1 OB WD

. (] LY ] e cce o e oo
0 1000 2000 3000 4000 0 1000 2000 3000 4000 0 1000 2000 3000 4000 0 1000 2000 3000 4000

Constrained I, Solution Tik. Regu. Solution with ) = 1.93e-03 HRM (6 = 1/4,J = 2) HRM (¢ = 1/8,J = 2)
5 1 < " (0 OSID AN Q6 WRALOT COT

0 1000 2000 3000 4000 0 1000 2000 3000 4000 0 1000 2000 3000 4000 0 1000 2000 3000 4000

(a) ¢5 Regularization (b) ¢ Regularization

Figure 2.2: ¢; Methods versus /s Methods

For the /5 based methods, we employ the Least Square (L.S) method, the constrained
{5 method, and the ¢3 — ¢3 Tikhonov regularization method (also known as Ridge Regres-
sion, see section for details). For the ¢; based methods, we employ the GPSR and
the HR method (based on GPSR) with § = 1/2,1/4,1/8 and J = 2. The regulariza-
tion parameter is fixed at \; = A ~ 0.0019. All three ¢, methods produce approximate
solutions which are not sparse at all; whereas the ¢; methods are able to produce sparse
approximate solutions to @,. Table shows the comparison between the GPSR and
the HR method on sparse recovery from gZ. Each cell in table has two values: the
integer value represents the total number of iterations used for each algorithm, the real
value inside parenthesis represents the approximation error.
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Algorithms v=0 vy=0.01 | y=0.02 | v=0.04
GPSR 283(1.49) | 287(2.76) | 301(6.24) | 329(14.3)

HR (0 =1/2,J =2) || 160(1.47) | 164(2.59) | 172(5.77) | 189(13.5)
HR (0 =1/4,J =2) || 86(1.51) | 88(2.66) | 92(6.07) | 135(13.5)
HR (0 =1/8,J=2) | 75(1.64) | 82(2.90) | 94(6.25) | 116(14.1)

Table 2.1: Versus

As show in the table the HR method is able to reduce the total number of
iterations to half of which is used by GPSR when we use § = 1/2. When 6 = 1/4,
the number of iterations is further reduced to a quarter of the total number from GPSR.
However, we note that by simply decreasing 6 does not always significantly reduces the
number of iterations, notice the change from 6 = 1/4 to @ = 1/8. It signifies that the

need to find an optimal # which we should choose.

2.5 Conclusion

We started the chapter by discussing various constrained ¢,, methods for the recov-
ery of k-sparse unknown @, from its clean observation y,. Next, we suggested using
two different regularization methods for the recovery of general unknown x,’s from its
noisy observation yS. One of the suggestions is the unconstrained ¢; method, which is
the preferred method discussed in details in this chapter. We then proposed a multi-scale
generalization of the unconstrained ¢; method, the HR method, and discussed its conver-

gence property and its performance for recovery of x, from y;. At the end, we note that
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the HR method can be extended to recovery of unknowns in C?, since the RNSP property

used in this chapter is also defined in C" [23].
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Chapter 3: Hierarchical Reconstruction Method for Deconvolution

3.1 Introduction: Deconvolution on the Helmholtz Filter

We analyze the de-convolution problem on the Helmholtz filter for the closure prob-
lem in Large Eddy Simulation (LES), since LES has gained more and more popularity in
simulating fluid flows, especially turbulent flows, due to its capability of reducing com-
putational cost by appropriate usage of certain LES filter. The closure problem arises in
LES when a low pass spatial and linear filter, with filtering radius 6 > 0 (also known as
LES filter), is applied to the Navier-Stokes equations (NSE). The setup is as follows. Let
Q2 C R? be the physical domain with a Lipschitz boundary 9%, p be the constant density
and v the viscosity. The velocity w = (uy,us,u3)" and pressure p are functions of time
t > 0 and space s € (. The filtered velocity & = (i1, s, ii3) ' and the filtered pressure

p satisfy the following filtered NSE (after application of a LES filter to the incompresible

flow),
ot =0, (Mass)
ou; 0 ——~ 10p o ou o .
O L1lop 0 "
o T ds, (uiu;) + 05~ os, ( 55, s ), (Momentum)

Here, the low pass filter (also known as LES filter) commutes with temporal partial deriva-

tive /0t and all spatial derivatives 0/0s;. The filtered equations in (3.1]) are almost

closed with respect to @ and p except the second order term (w;u;). When the term (u;u;)
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is replaced by u;u;, the difference, (u;u;) — @;u;, is not zero. The residual stress tensor,

7;; = (w;u;) — @,;u;, contains the interaction between the unfiltered velocity and the fil-
tered velocity, and it has to be modeled in terms of only the filtered velocity, henceforth
requiring de-convolution from the filtered velocity. The study on modeling of residual
stress tensor is beyond the scope of this thesis. Out of many possible LES filters, we
choose the Helmholtz filter [26,27]]. Because when the Helmholtz filter is used, the resid-

ual stress tensor can be expressed exactly in terms of the filtered velocity

Therefore, we focus ourselves on the study of de-convolution on the Helmholtz filter. We
consider a more general setup for the de-convolution problem as follows. Let X be a
Hilbert space of functions defined over the physical domain €2. The space X is equipped

with the standard L? norm and the standard inner product, i.e., for any ¢,y € X,

||a:||L2(Q):/ . ‘w(s)fds and <:L',y>:/ x(s)-y(s)ds. (3.3)
EIS LIS

Q

For the unknown function &, € X, its filtered output y, € X is obtained by applying the

Helmbholtz filter to .. in the following convolution setting,
T, =Y, Y. (s)= / Ks(s — 8" )x.(s') ds' = Ks x x,. (3.4)
s'eq
Here the integral kernel K is given by the standard integral kernel K scaled by 9, i.e.,

Ks(s) = 63K (6 's). The standard integral kernel K is defined as follows,

1 exp(—|s]l2)
K(s) = — S N812)
&)= = 15l

, fors e R (3.5)
We denote the convolution action with this kernel K5 as a multiplication with the op-

erator As, ie., y, = Ks x v, = Asx,. When the filtered output y, is given, the de-
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convolution problem is inquiring about the possibility of recovery of the unknown x, via
de-convolution from y,. In the case of the Helmholtz filter, the unknown @, can be ex-
actly recovered by applying the inverse of the Helmholtz filter A5, namely A", to y,. The
equation x, = Agly* gives the following elliptic differential equation with a Dirichlet

boundary condition,

T.(s) =—0’Ay.(s) +y.(s), s€Q
Yu 7 Ty . (3.6)
z.(s) =y.(s), s €00
Despite having a well-defined inverse, recovery of x, by direct application of Agl to vy,
is not always possible. In actual implementations, one only has access to the approximate
numerical output y”" (where h represents the spatial resolution for certain discretization
scheme), which is obtained by solving LES numerically. In this chapter, we will focus on
the Finite Element Method (FEM) and use it to define the discrete Helmholtz filter, Ah(:
AME & — X" (X" is a finite dimensional subspace of X), as a numerical approximation
to As. The discrete equation y" = APz, is defined in the weak formulation setting: for

the unknown x, € X, there is a unique FEM solution y" € X" such that for all v" € X",

the following holds
x, =yl §(Vyl, Vo) + (Yl o) = (z.,0"). 3.7)

The discrete operator A" is Symmetric Positive Definite (SPD) over X" but Symmetric
Positive Semi-Definite (SPSD) over X [40]. Therefore, when given the discrete filtered
output y”, it is not possible to recover x, by directly solving the discrete equation A"z =

y". To counter this particular kind of ill-posedness of A" and considering that A" is SPD

"We drop the dependence of ¢ for A(’SL to emphasize the presence of the numerical resolution scale h.
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over X", one can employ the Tikhonov-Lavrentiev regularization (TLR) method. The
TLR method finds a unique FEM solution ', € X" such that for all v" € X" the

following holds,
/\52<v$}£()\)7 Vvh> + (1 + A) <m}LL()\)a vh> = 52 <vy>}:a v,vh> + <yil7 Uh>‘

Based on the understanding that the regularization parameter A represents an regulariza-
tion scale and further exploiting the filter property of A", we propose the HR method as a
multi-scale generalization to the TLR method. By setting the initial discrete hierarchical
residual r§ = y!, the HR method finds the unique FEM solution x{}, € X" such that for

all v" € X" the following holds,

)\(52<V:c’(lj),Vvh> + <cc?j),'vh) =0Vl Vo) + (rl_ 0", 1<ji< U

Here the discrete hierarchical residual r? € X" is found as the unique FEM solution such

that for all v"* € X", the following recursive relationship holds,

Vel Vo) + (r], o) = 8(Vrl | Vo) + (el —xf) 0").

The HR method utilizes a ladder of discrete hierarchical residuals with their correspond-
ing hierarchical scales in a recursive manner, i.€., it successively extracts information from
the previous discrete hierarchical residuals r?_l to the discrete hierarchical term w?j) at
a finer hierarchical scale \;. After J steps of hierarchical extraction, we sum up the dis-
crete hierarchical terms to obtain the discrete hierarchical sum, i.e., X }} = Z}]:1 m?j). We

show that the discrete hierarchical sum X" can approximate x, with the following error,
J
Iz, = X520 < 8 ([T ) 1A @ 1200
j=1

+ Chk max (\/(52)\]' + h)HD]A.’IJ*HHk+1(Q)

1<j<J
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Here D; is the total hierarchical de-convolution operator after j steps of hierarchical it-
erations (see definition 3.4.2)) and £ represents the degree of basis functions used in a
Finite Element scheme. When the residual stress tensor is approximated, one is given the
noisy discrete filtered output y”. We show an (near) optimal stopping criteria for the HR
method to provide an approximate solution to x, via de-convolution from /.

The remaining sections of this chapter are structured as follows. In section [3.2] we
introduce the necessary inequalities needed for the proofs of the approximation errors for
the HR method, then we expand more on the discussion about properties of the Helmholtz
filter. In section [3.3] we introduce the nearby problem: recovery of x, via de-convolution
from the discrete filtered output y”. We discuss a couple Tikhonov regularization meth-
ods on solving the nearby problem. Next, in section [3.4] we first provide the continuous
approximation error analysis for the HR method on recovery of x, via de-convolution
from y,. Such continuous approximation error bound will be used in the discrete ap-
proximation error analysis later. We then continue our analysis about the HR method on
solving the nearby problem and show the discrete approximation error analysis. Due to
the fact that the residual stress tensor might be approximated, one is given the noisy fil-
tered output ™. In section we present the analysis of the HR method on providing
an approximate solution to x, via de-convolution from ™ and we also provide an (near)
optimal stopping criteria to enforce the convergence of the HR approximate solutions to
.. We conduct numerical experiments by comparing a family of Tikhonov regulariza-
tion methods to the HR method on solving the nearby problem, testing the (near) optimal
stopping criteria on solving the noisy nearby problem, and show the convergence rate of

the HR method on the nearby problem in R?. At the end, we conclude the chapter by
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discussing the possibility of extending the analysis of using the HR method with other
discretization scheme, such as the Finite Difference Method (FDM), and applying the HR

method to other type of LES filters.

3.2 The Original Problem: Recovery of x, from Continuous Filtered

Output y,

Before we discuss more about the Helmholtz filter, we plan to introduce some of
the notations and inequalities used through out this chapter. First, we use the standard
notation for Lebesgue and Sobolev spaces and their norms. Meanwhile, the physical

domain © is a regular, bounded, polyhedral domain in R®. We define the following space,

X = H{ Q)" = {az € L2(Q)" : Va € L*(Q)™" andz = 0 on aQ}. (3.8)

The dimensional parameter n can be either 1 (for the pressure) or 3 (for the velocity). We
mentioned that X" is a finite dimensional subspace of X'. When using FEM, an example
X" is the set of continuous polynomials of degree k. We also assume that we have ho-

mogeneous boundary data throughout. We use the following approximation inequalities

from [6],
ot le = 0|2 < CHY 2|y, @€ HMHO),
(3.9
villelf\‘gh [l —v"[|m (@) < Ch¥||a]| g0, x € H Q)"

We will also employ the following inequalities for our proofs:

e Cauchy-Schwartz inequality: |<w,y>‘ < x|l ez ||yl 2, V&, y € X
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e Young’s inequality: given e > 0, a,b > 0,and 1 < p,q < oo withp~! +¢71 =1,
then
1—q

ab < SaP +
P q

e Triangle inequality: ||z + y||r2) < ||2]|r2) + [|[Yl| 2, V2, ¥ € X.

The de-convolution problem on a general linear filter is considered an important inverse
problem [26,34,140,41,53]. Such problem occurse in many applications including pa-
rameter identification [18,/19], the de-convolution problem of image processing [4], and
the closure problem in turbulence modeling [3,[28,36,41]]. We invest special interests
in the de-convolution problem on the Helmholtz filter, since the Helmholtz filter has a
well-defined inverse. The Helmholtz filter, also known as the Helmholtz differential filter
(since its differential form is used more often), is used in several Large Eddy Simulation
models [3,26-2836,40,41]. It is equivalent to the Pao filter used in image processing [30].
The original problem in the de-convolution on the Helmholtz filter is the recovery x. via
de-convolution from y,. We mentioned that the original problem is well-posed, since

recovery of x, can be obtained via ¢, = A;'y, and A5 is well-defined.

Lemma 3.2.1. The Helmholtz filter As defined in (3.4) with the convolution kernel defined
in (3.5)) has the inverse operator Agl defined in terms of the elliptic differential equation

with Dirichlet boundary equation in (3.6).

Proof. We start from the differential equation. For any z,y € A, © = Agly =T =
—6%Ay + y. Let £ and 9 be the Fourier transform of x and y respectively, and £ be the

variable in the Fourier space. Apply the Fourier transform to the differential equation, we
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obtain & = (1 + ¢%||£]|3)y. Hence,

1 N ~ 1
— % and J=K@z=>Ksj=— .
1+ 02[[€]3 1+ 02[|€]3

y:

Here K represents the Fourier symbol of the Helmholtz convolution kernel K. Let 7!
be the inverse Fourier operator, we have y = F *1([25) *x . Next, we focus on find the

inverse Fourier transform of the standard kernel (since 6%||£][3 = ||0€||3), i.e.,

_ 1 exp(—is - §)
FH{—) = — 22 (€. 3.10
TEr) /5 e % ¢.10)

After a change of coordinates: & = r¢&’ with 7 > 0 and &' € S? (the unite sphere in R?),

(3.10) becomes

/ / exp(—irs - E) Qda(ﬁl)dr:/w r?  sin(r||s||2) dr
o Jeese 1+ r=0 L1 7|]s]]2

:/°o rsin(r||sll) . _ 1 exp(=|[s]l2)

—_———— adr = —
—o (L+72)[ls]]2 dr - |lslls

Here o (¢') is the surface measure on S? (see [21])). Therefore

K5 = exp(—||s||2/8)/ (4767 |s]]2).

We end this section with the following remark.

Remark 3.2.2. The Helmholtz filter As is symmetric. To see that, consider u,v € X,

(Asu, v) / / Ks(s —8') )ds) -v(s)ds
= /// Ks(s — s )u(s') -v(s)ds'ds
// K5 s’ —s)v (s))dsds’

= (u, Asv).
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Next, we investigate the upper bound on As. By basic Harmonic Analysis and theories of

Fourier multipliers, we have for any x € X

| As2||r20) = K5 * || 12(0) = |F(Ks * @)||r20) = [[Ks][ 120
< sl @ 12|20y < 112 L2()-
Here, we used the fact K5(&) = (1 + 62||€]|2)~" < 1 for any & in the Fourier space.

We conclude this section by a figure showing the Fourier symbol of the Helmholtz

filter A for various ¢’s to demonstrate the scale “cut-off” effect of the filtering radius.

(1402 *r2)1

o
©

§=0.2
«  Reference

Symbol of A
o o o o o
= (¢, o ~ o]

o
w

o
N

0.1 Sz e e ee e T e pe et e e,

- ——

Figure 3.1: Fourier Symbol: (1 + §%r?)~1

3.3 The Nearby Problem: Recovery of x., from Discrete Filtered Output

y!

We mentioned in the section[3.1]that the discrete Helmholtz operator A" is ill-posed,

hence recovery of x, by directly solving the discrete equation A"x = y” is impossible.
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We consider a linear operator A : X — ), which is compact and its range is finite
dimensional, inverting the linear equation Ax = y is considered ill-posed [1,2,[30,44,/52,
62,/64]. In order to find a suitable approximate solution to Az = y, one can consider the

general Tikhonov regularization method, which finds an approximate solution from

. 1
1) = arg min (M@ +3lly - Azl }. (3.11)
xe
In the case of A = A" solving the linear equation A"z = y” to recover x, is ill-

posed in exactly the same manner. We will present two specific implementations of (3.11])
to address the ill-posed equation A"x = y,. First, we consider the ¢2 — (3 Tikhonov
regularization method [19,/59,60], which finds the FEM solution wgﬂ(/\) € X" (with a

regularization parameter A > 0) such that for all v" € X", the following holds

)\54<A.'L'§Lﬂ()\), A'vh> + 2)\52 <Vw§5(/\), V'Uh> + (1 + >\) <wl%()\), 'Uh>
(3.12)
= 0*(Vyl, Vo) + (yl, v").

Remark 3.3.1. Denoted in the operator form, the (3 — (3 Tikhonov regularization ({;TR)

method finds the FEM solution w:’;( N satisfying the following equation

((A")? + Al = Ayl (3.13)

The approximate solution wg( N is a solution of the following minimization problem,

(A 1
fﬁ?r(x) = argmin {EHth%Q(Q) + EH?JZ - Ahﬂ?h“%?(m}-

xheXxh
When we set C = X", f(x") = ||z"]|72q)/2 A= AN y =yl Y =X and || - ||y =

|| - | z2(e) in (B.11)), we obtain the {;TR method.
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Considering the fact that the discrete Helmholtz operator A" is SPD over X, there

is a SPD operator B such that A" = B2. The solution from the following

. A 1,
@}y = argmin 3§ S||2"(|72q) + || Byl — Bx"|[72( (3.14)
zhexh 2 2

also satisfies the equation
(B* + M)z} = B(B 'yl) = (A" + M)z} ) =yl

This reasoning gives rise to the Tikhonov-Lavrentiev regularization (TLR) method (see
[19,33,137,41,/63]]). The TLR method finds the FEM solution asz’(/\) € X" such that for

all v € X", the following holds
AVl ), VU') + (1 + X) (2], 0") = 82 (Vyl, V') + (yl, o"). (3.15)

Remark 3.3.2. Put in the operator form, the TLR method finds the FEM solution m}i( N

satisfying the following equation
(A" + A} ) =yl (3.16)

Define a weighted L? norm for z" € X" as follows: ||wh||Lz;Bil(Q) = [|B~'&"|| 12 (-

When we consider the following
1B~y = Bx"||120) = [1B7' (¥l = B*2")||r2) = 1y — A"z (0,
we obtain another formulation of (3.14)

(A 1
2y = argmin { Sl |Faey + 5 llyl — A" o)}

zhexh
Such specific formulation can be obtained from (3.11)) when we set f(x") = ||"||12(q)/2,
C=x"Y=x"and|||ly=1"l_ o)
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The TLR method is also known as the method of Lavrentiev regularization [35] or
the method of Singular Perturbation [38]]. We conclude this section by comparing the
effects of the regularization parameter A on the singular values of the two de-convolution
operators: the Tikhonov de-convolution operator ((A")? + \I)~1 A" and the Lavrentiev

de-convolution operator (A" + \I)~1.

GV (A"

©
—

Tikhonov Operator
- o o <
— .
Lavrentiev Operator
o

w

..
~..
~-.

n
S

i

o
o

(a) Tikhonov (b) Lavrentiev

Figure 3.2: The Effect of A

3.4 The HR Method for Recovery of x, from Discrete Filered Output ¢”

We argue that since the regularization parameter A in the TLR methods presents a
regularization scale, there should be successive extraction of information from the previ-
ous residual at a finer scale. Recall that in chapter 2] we propose the HR method to tackle
the ill-posedness from an under-determined matrix A. Along the same line of reasoning,
we propose the HR method as a multi-scale generalization to the TLR method to counter
the ill-posedness from the discrete linear operator A" such that the discrete approximation

error will be improved thanks to a ladder of decreasing hierarchical scales. Furthermore,
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we exploit the filter property of the discrete Helmholtz filter A", i.e., the filtering radius

0. To simplify the notations, we will use the operator form of the TLR method. Let

x) = (1= NA"+ A1)yl

since there is information left in the residual, 7} = y" — %, i.e., 7} # 0 (or we are done),

we can extract further information from rﬁ at a finer scale, say %

A A
zh = (1 -)A"+ D)7l with  rf = rl — Axh.
2 2 2 2 2

We obtain with a two scale decomposition of y”, i.e., y" = Az} + Az" + r%. The
2 2

previous extraction process can continue. To simplify the notations, we will use numbered

subscripts from now on. We start from ;) = @, r§ = y, and choose hierarchical

scales \; = 2!\, The HR method will solve the following,

oy = (L=2)A "+ N7l for1 <j<J.

The discrete hierarchical residual = satisfies a recursive relation: = = ri_; — Az{,.

h

We sum up the discrete hierarchical terms @;)’s, and obtain an approximate solution in

the form of a discrete hierarchical sum, i.e., X h — Z}]:1 zc?j). The discrete hierarchical

observation AX }j will provide a multi-scale description of y” as follows,
yh = Am?l) + Aw&) +...+ A:c?J) +7rh.

It also follows that the discrete hierarchical sum X", as the sum of the discrete hierarchi-

h
cal terms x,

. J . . . .
re., X }j =5 i1 m?j), would provide a multi-scale approximation of x,,
1.e.,
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We note that different ladders of the hierarchical scales can be employed, e.g., A\; =
67=1)\; for 0 < 6 < 1 and a carefully chosen \;. Such finitely many scales are important
in optimizing the approximation error, X" — x,. We summarize the HR method with
a general ladder of decreasing hierarchical scales {\; }3]:1 as follows. Given the initial
hierarchical residual 7, = y”, the HR method chooses a suitable starting hierarchical
scale \; > 0 and finds the first discrete hierarchical term x;, € X" as the unique FEM

solution such that for all v" € X" the following holds
AP (Vafy, Vo) + (z)), v") = 6°(Vrf, Vo) + (rf,v").

The first hierarchical residual 7% € X" is found at the unique FEM solution such that for

all v" € X" the following holds
A (Ve Voly + (e ") = 62(Vrl Vol + (rh - :n?j), v").

With a carefully chosen a ladder of decreasing hierarchical scales {A;}7_,, the HR method

solves for the unique FEM solution :c?j) € X" such that for 2 < j < J and all v* € X%,

the following holds

AP (Valy), Vo) + (xf;), v") = 68(Vr!

j=b

Vol + (rh o). (3.17)

ju
Here the discrete hierarchical residual 'r? € X" is found as the FEM solution such that

for all v € X", the following recursive relationship holds

S (Vrh Vo) + (rh ") = 6*(Vr)

b VOt (el — ) "), (3.18)
Remark 3.4.1. Using the operator notation, the HR method is expressed as follows: find

the unique FEM solution a:?j) € X" satisfying

(L=M)A"+ N Dafyy =70y, 1<j<J (3.19)
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For the discrete hierarchical residual r?, it satisfies the following recursion,

=1 — Alxl. (3.20)

The discrete hierarchical sum is the sum of the discrete hierarchical terms, i.e.,
X ]} = Z}']:1 a:?j). Before we present the discrete approximation error, , — X '}, we
have to discuss the continuous approximation error, x, — X ;, where X ; is obtained by
applying the HR method to the original problem: recovery of x, via de-convolution from
the continuous filtered output y,. The HR method for the recovery of x, from y, is set
up as follows. With a ladder of decreasing hierarchical scales {\; }37:1, the HR method

initially solves for the first hierarchical term ;) € A from the following
((1 — )\1)145 + )\1[)%(1) =Ty and To=1Y..

Setting 7y = 79 — Az (), the HR method solves for the hierarchical term x(;) € X from
the following

((1 — )\j)Ag + )\jI)a:(j) =Tj-1, for 2 < j < J, (321)

with hierarchical residual r; is given in a recursion, r; = r;_; — Asx(;). We sum up the
hierarchical terms to obtain the hierarchical sum, i.e., X ; = ijl x(j. Next, we present
the following definitions on the hierarchical de-convolution operators Dy, and D for

convenience of notation.

Definition 3.4.2. For \; > 0, define the j*" step hierarchical de-convolution operator

with respect to \; as Dy, i.e., x(jy = Dy, rj_1, in operator form, as
Dy, = ((1 = X)) As +N1)7! (3.22)
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For J > 1, define the total hierarchical operator with respect to J as Dy, i.e.,
X;=D,y,. (3.23)

The next lemma is concerned with the bounds on the operators Dy, Dy, A and

[ — Dy, As.

Lemma 3.4.3. For \; € (0, 1], the operators, Dy, Dy, Asand I — D, As, are bounded.

In particular, they satisfy
1
HD)\ ||L2(Q )\— HD/\J'AéHLQ(Q) < 1, and ||I — D)\jA(;HLQ(Q) < 1. (324)

Proof. For any A € (0, 1], the range of the function ¢ : (0,1] — R, defined as g(z) =
(A=XN)z+ )\)_1, is (0, A7!]. The range of the function 4 : (0, 1] — R, defined as h(z) =
x((l—)\)x+)\)_l,is (0, 1]. Recall that || As|| 12y < 1. Since Dy, = ((1—-X;)As+M\; 1)
IDx, |22y < Aj'. Again, since Dy, As = (1 — A;)As + M I) 1 As, [ Dy, Asl| 2o < 1.

It follows that ||1 — Dy, As||r2(0) < 1. O

Theorem 3.4.4. For the de-convolution from y., the regularization error, e; = x, — X J,

is given by
J
(H (A;Dx, As) )AJ:I;*. (3.25)
7=1
We also have
J
lesllza < /([ A)IA 2. |20 (3.26)
j=1

Proof. First, let 1 < 57 < J, define X; = D;y,. Realize that for j > 2, X, — X ;1 =

x(j), and X = x(;). Meanwhile, the hierarchical residual,

’I"j :’I"j_l—A(;Xj :’y*—Al;Xj
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For j = 1, we have

[(1 — )\1)145 + )\1]]:1:* = (1 — Al)y* + >\1$* and

(1= X)As + M) X =y,
Taking difference of the previous equations, we have
er=x, — X, =MDy, (I — As)x. = \ Dy, As(A51 — D,
For 7 > 2, we consider

1—X)As + NiI|(x — ) =y, — Asx, and
J J

[(1 - )\j)Ad + /\][](X] - Xj—l) =Y, — A(;Xj_l.
Taking difference of the previous equations, we obtain
_ _ —1
€; = )\j.D)\]([ — A(g)ej,l = )\jD)\jAg(A(s — I)ej,l.

Hence, by Math Induction together with (A(s_l — DNz, = —8%Ax,, we arrive at the fol-

lowing

J J
(EADA As) (A5 I)> (EADA A(;)Ajzc*.

Regarding the bound on e, we can use the bounds from lemma [3.4.3to obtain

J

lesllzz@y = 11(=8%)” (T D, As)) Al 1200y

j=1

J
< (1) 18"l

Jj=1
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Remark 3.4.5. The number of hierarchical iterations taken depends heavily on the reg-

ularity of the unknown x., when the growth of A’z is controlled by the filtering radius

6, i.e, ||[0*Ax.||12@) < 0o, we can take as many hierarchical iterations as possible.
When the growth of A’ ., becomes impossible to manage by the filtering radius 5, we will

pick the largest Jyay such that |6 ATmage || 12q) < oc.

With the continuous approximation error bound established, we are now ready to
show the discrete approximation error. We begin with the definition of two discrete de-

convolution operators.

Definition 3.4.6. For \; > 0, define the j* step discrete hierarchical de-convolution

operator with respect to \; as D;‘j, ie., az? = D! r" |, in operator form,

J) YRl &

DY, = (1= M)A+ \1) 7
For J > 1, define the total discrete hierarchical operator with respect to J as D", i.e.,
X' = Djy..

Theorem 3.4.7. Let A" be the discrete Helmholtz filter with filtering radius § > 0, and
choose a ladder of decreasing scales {\; }3-]:1. The discrete approximation error, x,— X }j

where X" = ijl w@.) with the discrete hierarchical term zc?j) in (3.17), is bounded as

follows,
J
. = X5l 20 < 0 ( [T ) 1A @ 200

J=1

+ Oh* max (/3,07 + )| D As. | o).
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Proof. Realizing X = D' A"z, and X ; = D;Asx., we break the discrete approxima-

tion error into two parts,
e — X' |20) < ||2e — X Jllr2 + 1 X7 — X5 12(0)- (3.27)
The first half of (3.27) is bounded in theorem [3.4.4] as

2. = Xl < 0% (T ) 1A @l 200

=1

J
Jj=

For the second half of (3.27)), we follow the ideas in [42] and choose 1 < j < J, let

X;? = DAz, and X ; = D;Asx,. Forallv" € X" and 2 < j < J, we have

A (V(X; — X0, Vol + (X — X o") = X03(V(X o — X)), Vo).
The initial case when j = 1 follows similarly from [41]]. We define

nj:Xj—w? and qb;‘:X?—w;-‘

for some w? € X" to be chosen later for each 2 < j < J. Using these definitions, for

any v" € X", we have

/\j52<v(77j - ¢?)7 Vvh> + <77j - ;‘la 'Uh> = )‘j(52<v("7]’71 - ¢?_1), Vvh>-

Setvh:qb?andletd?:Xj—X?:n'—d’h

J J’

N0V D172y + 1017200y = Ai0° (Y, V@)) + (n;, @)

— N4V, Vi)

A;62
1

< N0Vl 1220y + IV ) 720

1 1
+ 5“”3‘”%2(9) + §||¢?||%2(Q)
2 h 2 /\j52 h 2
+ X 07|V |72 ) + e V& _1ll720)-
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Keeping only terms with ||V ¢ |72(cy) and 19}l |72() On the left hand side, we obtain

)‘15QHV¢?|@2(Q) + H¢?Hi2(9) < 2)‘j52“vnj|‘%2(9) + HnjH%?(Q)

+ 2Aj52uvcl§?_1|\i2(m.
Using

VA 120 < [1VM]l220) + || V@) |12 and

M 220 < [Im)llz20) + @) r2(0),

we end up with the following recursion,
>‘j62HVd;'LH2L?(Q) + ||d?||%2(9) < 3)‘j62||vnj||%2(9) + 2”"7;’“%2(9)
+ 2)‘1'52”Vd?f1||%2(9)-
Therefore we have
1}l ]1200) < € max (VA9 120 + 1|20
This inequality holds for any 'w? € X"; Having taken the infimum over X" and by (3.9),

we arrive at the following,
HDJA(g.’B* — D?Ahw*HL2(Q) § Chk 1I£1ja<XJ(\/ )\j52 + h) ’ ’DjA(;CU*HHk+1(Q).
Combing the bounds for both parts, we prove our claim. [

Note that the number of hierarchical iterations taken, namely .J, depends on the
regularity of the unknown x,. When the term, /\;02, behaves roughly like /, we gain

an extra degree of accuracy in the discrete approximation by using the HR method.

3.5 Recovery of x, from Noisy Discrete Filtered Output yf.f’s

When the residual stress tensor is approximated in some LES models, there is a

h

modeling error € in the numerical output y"<, i.e., y"* = A"z, + €. Limited informa-
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", except that it is bounded, i.e., ||€"|72(q) < €.

tion is known about the modeling error €
We analyze the approximation error when applying the HR method for finding an approx-

imate solution to x, via de-convolution from ™. We start from a closed form expression

for the discrete de-convolution operator D”.

Proposition 3.5.1. The discrete hierarchical sum after J steps of hierarchical iteration,

namely X ’}, is given by

—

J—-1 j*
X4 = Dhy! = (D}, + (=D, ANDL, Yyt ford =2 (3.28)
0

=1 1=

.

When J =1, X} = Dh y".

Proof. The case for J = 1 is obvious. For any J > 2, we use the fact that X 2 - X f}_l =
:c?J), rh =yl — X 3, and X }1‘ = w(l) Dt y* Starting from the hierarchical sum after

J steps (for J > 1),

X =X) .+ Dyl - A'X] ) = Dyl + (I - Dy ANX)
=D}yl + (I - Dy, AMDS, oy + (I = DY, A")(I = D, A" X,

Inductively

J—1 ]—1

j=1 =0

O

The following lemmas provides the upper bounds on the operators: A", Dﬁfj, and

Dh.

Lemma 3.5.2. The operators, A x - xh D’/{j X = XM and Df} - Xh 5 X" are
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bounded as follows,

<
—_

1
A" |2 <1, [IDX 2o A— D|| 2 e
Moreover, we also have
11— DY AM| 2@ <1 and ||DY AM|20) < 1.
Proof. First, set v" = y" in (3.6), then

1922 < 0%V, Vi) + (y2, y) = (2., y2)  and
hy — Lyph2 1 2
(3 < Sl o) + 5 12l
We have [[y"||z2¢0) < [|&+||12(q), thus [|A"|[;2@) < 1. Next, in the operator form,

D;‘j = ((1 = A\j)A" + X\;I)~!, which is a convex combination of A" and I, along the

line of reasoning in lemma 3.4.3| we have || D}, [|12() < Aj". Similarly D} A" = ((1 —

M)A + X\ 1)1 A", we have HDf\‘jAhHLz(Q) <

AhHLZ(Q) < 1.

AJ—k

For the last inequality, using proposition 3.5.1, we have D} = D} + Zj;ll (Hf;& (I —

DY, AM)DY, .. Forany v" € X", we derive the following,

J-1 j—1
1D |20y = I1( D}, + S ([T = D4, A")DL, Yol lzecey

Jj=1 =0

L

< ZTHU |2
- J
7=1
hence || D"|| 12 <ZJ AL O

Theorem 3.5.3. If the noise €" € X" is bounded with ||€"||12(q) < € for some noise level

) . . h h .
e > 0, the discrete approximation error, x, — X J’E, where X J’E = Df}yfj"f, is bounded as
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follows

2. = X572y < 0% (T ) 1A @120

7j=1
‘1
k
+Ch lrgj?gf](v Aj0? + )| D As. | et ) + € z; )\—j
]:

Proof. With the presence of noise, we have the discrete hierarchical sum expressed in
terms of y"<, i.e., X'v* = Dhyhe = D(Arx, + €"), therefore, using theorem [3.4.7, we

have

|z, — X% |12() = || — DhAt@, — Dhe"|| 120

< |lws — DA @, ||12(0) + || D)€" || 12(0)

J J
1
§62J(H>\j>‘|AJm*HL2(Q)+€ E )\—
j=1""

j=1

+ Chk 112182}5(\/ /\]62 + h)HDJA(;iB*HHkJrl(Q)
7>
[

Given the bound in theorem [3.5.3] we note that there is an amplification of noise
when using the HR method. In order to balance the effect of noise amplification on
the approximation error bound, we suggested an (near) optimal stopping criteria for the
hierarchical iterations. We plan to investigate the condition for finding the (near) optimal
stopping criteria for the HR method when y/° is provided. We start from the following
functional.

1
Ey(v") = 5<Ahvh, ") — (y"e oMy, for o™ € A (3.29)
Remark 3.5.4. Consider the following minimization problem,

w" = arg min {Eo('vh)}. (3.30)

vhexh
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The solution w" of (3.30) also satisfies the linear equation Ahw" = y"=,

Now we discuss the condition on the hierarchical scale A;’s so that the sequence of

. . . . h . .
discrete hierarchical partial sums, { X j’e 521, will form a decreasing sequence for Ej.

Proposition 3.5.5. Let A" be the discrete Helmholtz filter; when 0 < \; < % for any

1 < 7 < oo, the Hierarchical partial sums, X?’a = j:1 a:?l)6 = D?yf’s, after j steps of

)

HR iterations are a decreasing sequence for Ey, in particular,
1
h, h, h, h, h, h,
EO(Xj—al) - EO(XJ‘ 6) = <<(§ - Aj)Ah + /\jI) (Xj - Xjf1)an S - Xj—61>

> 0,
(3.31)

with the equality is achieved if and only if X ?’E =X ?’_51.

Proof. We will expand the energy functional E, using its definition and cancel terms to
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prove the identity along with the fact that A" is SPD over X",

£ £ 1 154 £ 1 € 154
E0<X;‘L’—1) - EO(X;L’ )= §<AhXh’ X;‘L’—1> - §<AhX?’ aX?’ )

j—1
- (yZ’Ev X?i - X?E>
= (AN X X (AN - X, X
— (Yl X - X
= %(Ah(X?ﬂ - X7%), X5+ X0
— (= A An AT (X - X)), XS - X

J

—(AhX e

j=b

h,e h,e

1

h h,e h,e h,e h,e
(AN, — X)X - X

— NI = AMY(Xhe = X)), X - X

1
- <(5 —A)AP 4+ Ajl) (XMe = xhe) xhe - xhe ),

The difference in (3:31)) stays positive as long as 0 < \; < 3 forany 1 < j < oo, thus

EO(X?’_El) > EO(X;L’E) unless X?’E = X?’_El. O

From the definition of the HR method, we note that X ?’5 =X ?fl if and only if
a:?]f = 0. It also follows that A" X ?’5 = y"¢. However, such convergence is not desired.
It is crucial for the HR method to stop after performing a certain number of hierarchical

iterations since we seek an approximate solution X “ — x, as j — oo. Consider the

following noisy functional,

1
E.(v") = §<Ahvh,vh> — (y"* — €', v"), forany v" € X" (3.32)
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Remark 3.5.6. Consider the solution from the following minimization problem,

w" = arg min {Es(vh)}. (3.33)

vhexh
The solution w" satisfies the linear equation A"w" = y5 — € = Ahx,. Moreover,
E.(v") = Ey(v") — (€, v"). Having expanded the difference, EE(X?’_El) - EE(X;”E),

we have
BAX) = BAX09) = By(X0) - Bol X)) — (€, X%, — X0).

Next, we discuss the condition on the hierarchical scale A;’s so that the hierarchical

partial sums, {X ?’5 721, In the functional £, will form a decreasing sequence.

Theorem 3.5.7. Let A" be the discrete Helmholtz filter and suppose the modeling error
is bounded above as ||€||(2) < € for some known noise level € > 0. The discrete
hierarchical partial sums from the HR method form a decreasing sequence for the energy

functional E. as long as the following inequalities hold
forj > 2. (3.34)

Proof. We start from the Cauchy-Schwartz inequality,

h, h,
(e", a:(j’)3>| < ellz(}jllr2(0)- When

(3:34) holds, we have

h, h, h, h,
0 < el 2@ — (€ 2(5)| < Nl 720 — (€' 2(5)]

1
< <((§ — )\j)Ah + )\jI> (X;,L’E _ X?fl)a X?,s B X;Lf1> + <€h’ X?’E . X;Lf1>

— EE(X;.L’_EI) — EE(X?’E).
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Theorem [3.5.7] indicates that when the size of the updates is larger than twice the
noise, then the updates move the approximations closer to the desired unknown x,. As
the updates become smaller and smaller, X ;‘ ° begins to accumulate more noise, unless
the resolution scale \; is larger then the ratio between the noise level and the update,

which prompts us to consider stopping the hierarchical update.

3.6 Numerical Experiements

First, we verify the optimal stopping criterion (Theorem in MATLAB (ver-
sion: R2015b) with the following details: first we choose a true solution to be x, =

sin(ms) + sin(2007s), plotted in Figure [3.3] over the interval [0, 2].

The Filtered with 1 = 1.206-02 ‘The HR Solution with \ = 1.00e-01
2

X,, HR solution

(a) Original (b) Filtered (c) HR

Figure 3.3: Original Signal: @, = sin(7rs) + sin(2007s).

We discretize the interval with a step size of h = ﬁ (hence 1001 sample points)

and choose the filtering radius for the Helmholtz filter to be 6 = 6h. To implement the

discrete Helmholtz filter, we begin with approximating the Laplace operator with a center

differencing scheme,

x.(s—h) —2x.(s) + z.(s+ h)

Az, ~ AN'x, = 12
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Define the discrete operator (A")~1 as
(AM Tz, = —*Alx, + x,.

Our simulated data was obtained by filtering the true solution and adding 1% (the noise
to signal ratio) random noise to the filtered data, that is, y"* = Az, + €" where
1€"|r2) = 0.01 * ||A @, |[12(0) (€" is generated in MATLAB using the command
“randn”, and normalized to have a unit L? norm). For calculating the L? norm of a
function g over [a,b], we use either the composite Trapezoidal rule or the composite
Simpson’s rule. We select the initial hierarchical scale A; = 0.1 and the hierarchical mul-
tiplier # = 0.1. To calculate \;, we use the formula \; = 671\, for j > 2. We use the

following guideline for finding the optimal stopping J:

Step 1: At the ;' iterate, except the initial iterate, we calculate ||:v?]§ | 22(0)-

Step 2: We then compare ), to 6/Ha:?j§| L2(9)-

Step 3: According to theorem [3.5.7|: if \; > ¢/| ]m?’;H £2(0), We proceed to next iterate;

otherwise, we stop the iteration.

The actual simulation which we did for this demonstration, on the other hand, will not
stop once we find the stopping J,,;; instead the (near) optimal J,, will be recorded.
Figure shows the noisy functional, £, calculated with the HR partial sum X ;‘ “’s. The
calculated (near) optimal stopping point (via theorem3.5.7) occurs after .J,,; = 2 iteration
steps and is shown as a solid green dot. The figure shows that the algorithm stops right
where functional reaches its minimum and starts increasing again, hence avoiding the
convergence to the noisy solution. However, because we do not have precise information
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of the noise (as it is always the case in real life applications), the algorithm will always

try to stop before the functional reaches its minimum.

A Optimal Stopping J
\r\ T T T T T T T é
| -0 -0-0 0-0 0-0 0-0- 0-0- 0 -O- O -O-
1
1
-1.49 - I 4
I
1
2 |
©
£ 1495 - I e
3 1
3 I
2 I
& s ! i
2 1
we I
I
1
—1.505<§ I 4
\ 1
v
v

A5 §> I I I I I I I
4 6 8 10 12 14 16 18 20

j, iteration steps

Figure 3.4: Noisy functional £, calculated for for 1 < 5 < 20.

We check the efficiency of the HR method by comparing the relative error of a solu-
tion for a given initial A\; (6 is set at 0.1) to the relative errors found with ¢, TR method and
TLR method with A = \;. We implement the codes in MATLAB (version R2015b) with
the following details: we start out with the original data as x, = sin(7s)+0.1sin(1007s),

with 1001 sample points taken over the interval [0, 2], see figure hence the step size

ish= ﬁ. We set our filtering radius at § = 0.01. We create 101 sample points of the \;

from [10712, 1] and calculate 2 steps the HR method (due to the possible regularity issue

of the original x,). For an approximation x to a desired solution x., the relative error,

€, is defined as, e,¢; = ||, — &|[L20) /||| 22(02)-
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‘The Filtered with 5 = 0.01 ‘The HR Solution with X, =1.00

‘The Original

(a) Original (b) Filtered (c) HR

Figure 3.5: Original Signal: ., = sin(7s) + 0.1sin(1007s).

The results are shown in Figures 3.6

Errors of the four methods with 6 =0.01 and J = 2
-
L
L~
041 P
o
.~
4
wa
o
0.6 z"
[ ’_J' ........ Tik-Lav

8 - - Tik
‘,‘9"’ HR,

‘‘‘‘‘ > HR,
08| T :

||Abs. Err.||, in Iogm scale

-0.2 0

I I
-1.2 -1 -0.8 -0.6 -0.4
regularization parameter A, in Iog10 scale

Figure 3.6: Comparison of the 4 regularization methods

As shown in the figure, the /TR method and TLR method perform roughly the
same. The HR method with only 1 hierarchical iteration (HR;) taken performs superior
than the two methods (from —1.2 to —1.4); the HR method with 2 hierarchical iterations
(HR;) improves from HR; (from —1.4 to —1.6). Next, we calculate the convergence rates

of the HR method to verify the convergence rates predicted in theorem We take a
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Original Signal in 2D

Figure 3.7: @, = sin(ms;) sin(mwsy) + sin(207s;) sin(207ss).
true solution over the domain [0, 2| x [0, 2] of
@, = sin(msy ) sin(msy) + sin(207s;) sin(207s2).

see Figure 3.7, We discretize using the square command in FreeFEM++ with n
intervals in each of « and y coordinates and use piece-wise continuous linear polynomials.
We use a filter radius of § = 0.1(2%)/* = O(h*?) and regularization parameter \; =

0.1(25)'/2 = O(h%®) with 6 = 0.9. And the results are presented in the following table.

Table 3.1: Convergence rates for the HR method.

n L? error rate H'error | rate

60 | 7.28251e — 05 27.7141

120 || 6.58783e — 07 | 110.5449 || 10.2005 | 2.7169

240 || 4.52863e — 07 | 1.4547 2.65976 | 3.8351

480 || 4.52255e — 08 | 10.0134 || 0.729082 | 3.6481

960 || 3.52947e¢ — 09 | 12.8137 || 0.19551 | 3.7291
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The L? error is predicted to be of the order of h3, since we used degree k = 2 for the
basis function in FreeFEM++. In the case of the HR method, it shows super convergence
since the convergence rate is reported at more than a factor of eight. For the H! error,
the error is predicted to have a rate of h2. The HR method is shown to have roughly a

decaying factor of four.

3.7 Conclusion

We discussed the recovery of the unknown x, via de-convolution on the Helmholtz
filter from there different kinds of filtered quantity: the original filtered output y”, the
discrete filtered output y”, and the noisy discrete filtered output y°. We analyzed the
application of the HR method on finding an approximate solution to @, via de-convolution
from three kinds of filtered output. We concluded that the HR method provided a much
better approximation error on de-convolution from y, and y”", when compared to the
two Tikhonov regularization methods. When the noisy discrete filtered output y/° is
provided, we also supplied an (near) optimal stopping criteria for the HR method to stop
the hierarchical iterations before the convergence sequence of approximation solutions
from the HR method deviates from its convergent path to x,.. We noted that our discrete
approximation error analysis can be applied to other discretization scheme, such as the
Finite Difference Method, as long as the bound on D; Asx, — D" A", can be derived
from such discretization scheme. Moreover, our analysis can be extended to other LES
filters, especially for recovery of x, via the de-convolution from y,, the analysis is done

using only the upper bound of the Helmholtz filter A in L? norm, regardless of the specific
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definition of the Helmholtz filter As.
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Chapter 4: Hierarchical Reconstruction Method for Linear Regression

4.1 Introduction: Linear Regression

We study two inverse problems from Linear Regression. When given the data from
a set of M observations: {A,yZ} (A € RM*YN and y¢ € RM), where the i'" row of A
and the i'" entry of y¢ are the regressors and response for the i"* observation respectively.
With the regressor matrix A being over-determined (M > N) and y5 not in the range
of A, finding a linear model x, € R” satisfying the linear equation Ax = y° exactly
is impossible. Instead of finding an exact solution to the equation Ax = y5, we seek a
most suitable linear model x, such that Az, ~ yS, where the modeling error, y — Ax,,
is well-controlled, such as being smallest in /5 norm. The Least Square (LS) method

provides a linear model from the following

T;g = arg min {||yi — Aa:||2}.

zeRN
The LS linear model comes with a modeling error, y5 — Ax g, being smallest in the /5
norm. However, the LS linear model, x g, is never sparse. Since sparse linear models
have few non-zero entries making them easier to interprete, these sparse linear models are
sought after in this chapter. In order to provide a sparse linear model through a continuous

selection process, the Least Absolute Shrinkage and Selection Operator (LASSO) method
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[56] produces a sparse linear model, &1 4(»), via the usage of a /; constraint or a £, penalty
function. The constrained LASSO method finds a linear model from a convex feasible set

By = {z € RY|||z||; < A} such that &} 4(,) satisfies the following

Tra(n) = arg min {||yi — Am||2}.

xEB)

The penalized LASSO method finds a linear model satisfying

) 1
w0 = axg min {Nal |, + 52 — Az}

However, choosing a suitable A is significant in obtaining a useful linear model & 4(y).
Considering that the regularization parameter \ controls the distance between x 1 4(») and
x s, we propose the Hierarchical Reconstruction (HR) method as an multi-scale general-
ization to the LASSO method. Recall that in previous chapters, the HR method was used
to provide approximate solutions to linear equation either with an under-determined ma-
trix or a linear operator with an eigenvalue of 0 as the ill-posed operator. In this chapter,
the HR method is used to tackle the ill-posedness from an over-determined matrix. The

constrained HR method solves for the hierarchical term x ;) satisfying

x(j) = argmin {||"°j—1 - AZBHQ}, forl1 <j<J.

:I:EBAJ.

The penalized HR method solves for the hierarchical term ;) satisfying

1
x(;) = argmin {)‘ijHl + 5“1“]-_1 - A:nH%}, forl1 <j <.

xRN
In both HR methods, the hierarchical residual is defined in a recursive manner r; =
Tj_1 — Ax(;) and the initial hierarchical residual is set as 7o = y;. The hierarchical
scales {)\j}jzl are a sequence of decreasing scales. Utilizing a ladder of hierarchical
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residuals with their corresponding hierarchical scales, the HR method successively ex-
tracts information from the previous hierarchical residual to the current hierarchical term
at a finer hierarchical scale. The hierarchical sum, as the sum of all hierarchical terms
X, = Z}]:1 x(j), becomes the linear model produced by the HR method, and its dis-
tance to x g is controlled by the number of hierarchical iterations taken. Since the main
focus of this thesis is on the recovery of the unknown, we also investigate the de-noising
problem in Linear Regression, where the responses y% are the noisy linear combination
of the unknown linear model x,, i.e., y5 = Az, + € with a given noise level ¢ > 0
(||€]]2 < €). We compare the linear models from the LS method and the LASSO method,
and discuss their de-noising capability. We also consider the linear model from the HR
method, and show that the de-nosing capability from using the hierarchical extraction is
superior than the other two methods.

The remaining sections of the chapter are structured as follows. In section we
discuss the difference between the LS linear model and the LASSO linear models. In
section 4.2.1] we propose the HR method and discuss its ability to control the distance
between the HR linear model and the LS linear model. We move on to the de-noising
problem in section4.3]and discuss the difference in de-noising capability between the LS
linear model and the LASSO linear models. In section4.3.1] we show that the HR linear
model has superior de-noising capability than the LASSO linear models due to its multi-
scale hierarchical extraction approach. In section 4.4, we report numerical experiments
on comparing the three linear models. We conclude this chapter 4.5 with discussion on

extending the HR method to linear regression with non-linear basis function.

68



4.2 The Original Problem: Finding the Most Suitable Linear Model

The original problem in Linear Regression is concerned with finding the most suit-
able linear model «x, so that the modeling error, y$ — Ax,, is well-controlled, e.g., being
smallest in some £, norm. The relationship between responses y; and the regressor matrix
A is unknown before hand, the original problem is investigating the performance of using
a linear model to approximate such relationship. Considering that the regressor matrix A
is over-determined and the response ¢ is not in the range of A, we employ the general
Tikhonov regularization method, which finds a linear model from a convex feasible set

C C R¥ such that the linear model satisfies the following

| 1.
X\ = argmin {)\f(az)—l—EHy*—AmHg}. 4.1)

xecC
Now we discuss the different implementation of the stabilizing function f and the regu-
larization parameter A in order to counter the ill-posedness from the regressor matrix A.

The LS method finds a linear model x ;¢ which satisfies the following

Tps = argmin {||yi - Am||2}. (PLs)

zeRN
Remark 4.2.1. When we set C = RY and A = 0 in (#.1) (eliminating the need to specify
a stabilizing function f), the general Tikhonov regularization method becomes the LS

method. Here, we used the fact that the minimizer of ||yS — Ax||3/2 is the same as that

of ||lys — A||2.

Such linear model x ;s has the its modeling error being the smallest in the /5

norm, which is one of the desired features for the original problem. Hence, we will take
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. = x g as the reference linear model for the original problem throughout this chapter.
However the LS linear model is rarely sparse. To attain sparsity (having few non-zero
entries), several approaches had been introduced. The Best Subset Selection [56]] (BSS)
method provides a k—spars linear model by keeping the k largest (in magnitude) entries
of the LS linear model x;s. However, such selection process is discrete, slight changes
in value of one of the entries of ;g will produce a totally different BSS linear model. In
order to provide a continuous selection process, the Ridge Regression [56]] (RR) method

finds a linear model x, which satisfies the following

A L.
T, = arg min {EHQJH% + 5”’!/* — Az||3}.
RN

Remark 4.2.2. When we set C = RY and f(x) = ||x||3/2 in @), the general Tikhonov

regularization method becomes the RR method.

While the RR method is robust against small changes in yZ, the RR linear model
is rarely sparse. The LASSO method was introduced to provide a sparse linear model
through a continuous selection process. There are two known definitions for the LASSO
method. The original definition uses a ¢; constraint, known as the constrained regression
[50,)56]. The constrained LASSO method finds a linear model @ 4(y) from a convex
feasible set By, = {& € R"|||z||; < A} C RY with a regularization parameter A > 0

satisfying the following,

T\ = argmin {Hyi — AwHQ}. (Pcr)

xEB)

The constrained LASSO linear model ; 4(») has a closed form expression when the re-

'A linear model & € R¥ is k-sparse if and only if it has at most & non-zero entries.
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gressor matrix A is an isometry (AT A = 1), i.e.,

(rLa))i = Sgn((wLS>z’)(‘(wLS)i‘ —v)F, 1<i<N. 4.2)

The parameter v > 0 is chosen such that ||x ;4\ |1 = A. This close form expression is
exactly the same as the soft shrinkage operator in [15,/17]. We will use the constrained

LASSO method for isometry regressor matrix A.

Remark 4.2.3. When we set C = B, and f(x) = 0 (moving the regularization parameter
A to the constraint) in {@.1)), the general Tikhonov regularization method becomes the

constrained LASSO method.

The other definition uses a ¢; penalty function, known as the penalized regression

[50]. The penalized LASSO method finds a linear model x, 4(») from the following,

. 1
2Ly = argmin {Alle||y + 3 llyZ - A]3]. (Pr1)

zeRN

Remark 4.2.4. When we set C = RY and f(x) = ||z||, in @), the general Tikhonov

regularization method becomes the penalized LASSO method.

The connection between the constrained LASSO method and penalized LASSO
method was explained in [16,50]. We will use the penalized LASSO method for any
other regressor matrix A. Thanks to using the ¢; constraint (or the ¢; penalty function),
the LASSO method is able to produce a sparse linear model. Since the LASSO method
is also minimizing the modeling error, y; — Az (), the LASSO linear model is robust
against small changes in y;. The following lemma discusses the difference between the

LS linear model and the LASSO linear models.
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Lemma 4.2.5. Given the data, {A, Y%}, from a set of M observations, we assume that

the regressor matrix A has linearly independent columns. The difference between the LS
linear model in and the constrained LASSO linear model in is bounded as

follows,

l|Trs — zraoll = [|zLs|[t — A
The difference between the LS linear model in and the penalized LASSO linear
model in (Ppy) is given as follows,

xrs — xran) = MATA) sgn(zpan)).

Proof. Since the regressor matrix used in (Pcz)) is an isometry, by lemma[A.5.2]and (4.2),

we have

l|lers — zraoyll = llzLs|i = [ELayll = l|zLs|li — A

For the LASSO linear model in (Ppz)), we combine (A.10) with AT Ax;s = ATy2,

Asgn(zpan) + AT (Azpan) — Azrs) =0

= TLs — TLAWN) = )\(ATA)_lsgn(a:LA(A)).

We end this section by the following remark.

Remark 4.2.6. For the constrained LASSO method, when \ = ||x s

1, LLAN) — TLSy
whereas X\ = 0 would lead to xpany = 0. In fact, when X\ = ||xpg||1/2, the size of
support of A is roughly half of the size of the support of xs. For the penalized

LASSO method, when X = 0, xpan) = Trg; when \ = AT Y| oo xran = 0.
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As we learn from the previous remark that choosing a suitable regularization pa-
rameter ) is crucial for finding a useful LASSO linear model. When a LASSO linear
model is found not desired, a re-trial with a different A is deemed necessary. The sin-
gle scale approach would re-start from scratch, leaving the residual term, y5 — Az 4(»),

totally un-used.

4.2.1 The HR Method for the Original Problem

From lemma we learn that the regularization parameter A controls the dis-
tance between the LS linear model 1,5 and the LASSO linear model @y 4(). The regular-
ization parameter \ can be viewed as a regularization scale. Based on this understanding,
we propose a multi-scale generalization to the LASSO method, the HR method. Recall
that in chapter 2] the HR method was used to provide approximate solutions to the ill-
posed Az = y; where the operator A is an under-determined matrix; in chapter 3] the
HR methods used to provide approximate solutions to the ill-posed A"z = y" where
the linear operator A" (the discrete Helmholtz filter) has an eigenvalue of 0. In this chap-
ter, the HR method is used for an over-determined matrix A. From previous remarks, we
learn that the two different LASSO methods are specific implementations of the general
Tikhonov regularization method. We begin with the general form for the LASSO method.

Let

. L, .
T = Trap) = Arg min {Af(w) + §Hy* - AwH%},
xre
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since there is information left in the residual, 7\ = y5 —x,, i.e., r) # 0 (or we are done),

we can extract further information from 7 at a finer scale, say %,

A 1
) = argmin {—f(a:)+—||m—Aa:||g} with 7y =7\, — Ax..
2 2cC 2 2 2 2

We obtain with a two scale decomposition of yZ, i.e., y5 = Ax \+Ax AFTa. The previous
extraction process can continue. To simplify notations, we will use numbered subscripts

from now on. We start from setting x(;) = x,, 7o = Yy, and choose hierarchical scales

Aj = 279\, The HR method will solve the following,
1 1 2 .
@) = argmin {X;f (@) + 5][rjs — e}, forl<j <.
xeC

The hierarchical residual r; satisfies a recursive relation: r; = r;_; — Aaz(j). We sum
up the hierarchical terms, x(;), and obtain a linear model in the form of a hierarchical
sum, i.e., X ; = Z‘jjzl x(;). The hierarchical observation AX ; will provide a multi-scale

description of y5 as follows,
yi :Aw(l) —|—A£B(2) +...+A$(J) +7ry.

It follows that the hierarchical sum X ; presents a multi-scale approximate description
of & 5. To be exact, the distance between X ; and g is controlled by the number of
hierarchical steps taken. We will present two HR methods based on the two different
LASSO methods. For the constrained HR method, the hierarchical term ;) is found

from a shrinking convex feasibility set By, and it satisfies the following,

2 = argmin {|lr;1 — Al }. (Pon)

wEBAj
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For the penalized HR method, the hierarchical term ;) is found satisfying the following,

: 1
2 = argmin {;ll@]l + 5lIr;-1 — Az|}}. (Pen)

xreR

The following remark discusses properties of the hierarchical least square term u; =

Alr ; from the constrained HR method.
Remark 4.2.7. Let u; € RY be such that u; = ATrj, then the following holds,

o uy=A'r,= ATyi =xs.

For i € supp(u;_1), (u;—1); = 0 = (u;); = 0, hence supp(u;) C supp(u;_1).

Fori € supp(u;), (u;); and (w;_1); have the same sign and |(w;);| < |w;_1);.
e u;=A"r;=A"(r;_, — Axjy) =uj—1 — ), anduy = xrs — X .

The proof of the statement made in remark [4.2.7]is easily obtained by following the
remark[A.5.3] Given the additional properties in remark [#.2.7, we can show the following

lemma.
Lemma 4.2.8. The hierarchical term x ;) defined in satisfies the following,
* llzglh = A

o supp(x(j)) C supp(T(_1)).
o Fori € supp(x(j). (x(j); and (w(;_1)); have the same sign and |(x(;));| <
[ (@ -)il-

The hierarchical sum, X ; = ijl x(j), satisfies the following,
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J
o [ Xl = 2" A

e For the LS linear model x 5 defined in (Ppg)),

xrs— Xl = |lzoslh— 0 A

Proof. Following remark [4.2.7] the hierarchical term ;) satisfies the following (for j >

2),
o [zl =X
e supp(x(j)) C supp(x(j_1)).
e For i € supp(x(j)), (x(j)): - (®(-1)); > 0 and ‘(a:(j))i} < |(zc(j_1))i].

The initial hierarchical term, X = x4(),), and therefore it satisfies remark with

A=\ and &g = ATy, It follows that,

J J J
X =1zl = llzplh =3 A
j=1 Jj=1 Jj=1

Since supp(x (1)) C supp(xs), using remark |A.5.3, we have

J
lLs — Xl = [lewslh — 1 Xlh = [lzwslh = DAy

j=1

]

Remark 4.2.9. As shown in lemmal.2.8| we learn that the distance between X ; and x5
is controlled by the number of hierarchical steps taken from a pre-determined hierarchy

of scales {\;}]_;.

Next, we are concerned with the distance between the HR linear model X ; and

x5, when the hierarchical terms x(;)’s are given in (EPpp]).
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Lemma 4.2.10. The distance between the HR linear model, X ; = 2‘;:1 x(;j) with the

hierarchical term x ;) in (Cpy), and the LS linear model x5 is given as follows,
xps — X =\ (ATA) 'sgn(z ().

Proof. For the hierarchical term x ;) defined in (Ppg)), it satisfies the following signum

equation,
Ajsgn(z () + A (Azg) —rjm1) =0, for Aj < [[ATr) ||
Using the fact that AT Ax;s = ATy and r; = y© — AX ;, we arrive at the following,
Assgn(xy) + AT (AAz gy — 1) = Assgn(z ) + AT (AX; —y5) = 0.

It follows that,

rrs — XJ = /\J(ATA)’lsgn(w(J)).
L]

Remark 4.2.11. The distance between X ; and x g is only determined by the final hier-

archical scale \j.

4.3 The De-noising Problem in Linear Regression

Given the noisy response yS = Ax, + € as the unknown linear model x, with a
bounded observation noise €, i.e., ||€||z < &, the de-noising problem is inquiring about
the possibility of recovering x, from y;. However since exact recovery is not possible,
the de-noising problem is interested in the performance of the available linear models.
The following lemma discusses the de-noising performance of the LS linear model x .
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Lemma 4.3.1. Given the noisy responses y=, we assume that A has linearly independent

columns. The LS linear model, x s in (Pps), approximates x, with the following error,
xrg—x, = (ATA)TA e

Proof. Since the LS linear model x g solves the normal equation, AT Az, g = ATye, it
follows that,

ATAxps = AT (Az, +€) = AT Az, + ATe. (4.3)

Multiplying the inverse of AT A to the right of both sides of (#.3)), we obtain the error

formula in lemma O

Remark 4.3.2. When ¢ = 0, the LS linear model recovers exactly x,. When ¢ # 0, the
observation noise is amplified by (AT A)"1AT. Note that when ATA = I, x5 — x, =

ATe.

The following lemma is concerned with the de-noising performance of the LASSO

linear models.

Lemma 4.3.3. Given the noise responses y<, we assume that A has linearly indepen-
dent columns. The LASSO linear model x4y in (Ccr) approximates x, with the error

bounded above as follows,
|z — zraoylli < ||zosll +el|AT]]2 — A
For the LASSO linear model x4 in (PpL)), it approximates x., with the following error,

T, —xpan = (ATA) " (\sgn(zrany) — A'e).
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Proof. Using lemma and x5 — x, = A'e, we have

. — zraolls < llews — zragy |l + [[A el < [l@wslly = [leragll + [lell2l| A"l

= |lxrs|li = A +el|AT||2.

For the second definition of the LASSO linear model, we start with the signum equation

in (&.10).

0 = Asgn(zran) + AT (Azrap) — ¥5) = Asgn(zrapy) + AT (Azpan) — Az, — €)

= ATA(HZLA()\) — ac*) + )\sgn(mLA(A)) — ATG.

Multiplying the inverse of AT A to both sides of the previous equation, we move the

difference term @ 4() — . to the right to obtain the following,
L — TLAN) = (ATA)_l()\sgn(wLA(A)) — ATG).
O

Remark 4.3.4. First, we consider constrained LASSO method. When ¢ = 0, the LASSO

linear model recovers x, when \y = ||xps|l1; we also have Tran) = xrs. When
e # 0, we can set Ay = min{||zrs||1,c||AT||2}; however, due to the restriction on \ (0 <

A < |lzLs]

1), using the LASSO method for de-noising is at best performing the same as
using the LS method. Second, we consider the penalized LASSO method. When ¢ = 0,
the LASSO linear model recovers x, when A3 = 0; we also have T,y = xrs. For
e # 0, the noise amplification is reduced due to the presence of the term \sgn(xpa())-
It follows that the penalized LASSO method offers a better de-noising capability than the
constrained LASSO method.
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4.3.1 The HR Method for the De-noising Problem

We argue that the HR method demonstrates superior de-noising capability than the
LASSO method, thanks to its usage of a ladder of hierarchical residuals with their corre-

sponding hierarchical scales. We begin the de-noising analysis with the following lemma.

Lemma 4.3.5. Given the noisy responses y=, we assume that A has linearly independent
columns. The hierarchical sum, X ; = ijl x(j) with the hierarchical term x ;) in

(PcH), approximates x, with the following error bound,

J
. — X Il < |lzesll +el|ATI = > A

j=1
For the hierarchical term x ;) in (Ppy), the hierarchical sum, X j = Z;.Izl x(j), approx-

imates x, with the following error,
Ty — XJ = (ATA)*l()\Jsgn(a:(J)) — ATG).

Proof. For the constrained HR method, we use lemma [{.2.8] together with x, = x5 —

AT € to derive the following,

1. = Xl < [lers — Xl + llello[|AT |2 < lzs]ls = [ Xl + e[| AT ]2

J
= llezslli +ellATl2 = Y A

j=1
For the penalized method, we use remark together with ; = y¢ — AX ; to obtain

the following,

0 = Assgn(x(y) + AT(A:B(J) —1ry_1) = Assgn(x( ) + AT(AXJ —y3)

= \ssgn(zy) + AT (AX; — Az, —€) = ATA(X ; — =) + \ssgn(z) — Ae.
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Multiplying the inverse of AT A to both sides of the previous equation, we move the

different term, X ; — ., to the right to obtain,
z. — X ;= (ATA) " (\ssgn(z ) — ATe).
O

Remark 4.3.6. For the constrained HR method, we first consider ¢ = 0. When we have

J
Zj:l A = llzLs

1, we have X ; = x, as well as X; = x;9. Next, we consider
€ # 0. Due to the usage of a ladder of hierarchical scales, we can decrease the term,

lxLs|l +el|AT

9, by a sum of hierarchical scales Z;.Izl Aj; however when Z;.Izl Aj >

l|xLs||1, the HR linear model will become the LS linear model. For the penalized HR
method, we first consider ¢ = 0. When the final hierarchical scale \; = 0, we have
X; = x,as well as Xj = xpg. Next, we consider ¢ # 0. Since the noise term is

reduced by the extra \jsgn(xy)), we can design the ladder of hierarchical scales, so that

the difference, A Jsgn(:c( J)) — A€, can be at its minimum.

4.4 Numerical Experiments

We run the numerical simulation by comparing the HR method to the LS method
and LASSO method on the de-noising problem for Linear Regression. The unknown lin-
ear model x, € RY is generated with £ = 32 non-zero entries, and the values of those
entries are randomly picked as 1, +0.5 and £0.25 to demonstrate the HR method’s
multi-scale capability, and the location of the non-zero entries is also randomly picked.
We set the number of observations M to 512, and the dimension of the unknown linear
model is set at N = 120. The entries of the regressor matrix A € RM*¥ are samples of
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identically distributed standard normal variables, i.e., A = randn(M, N). We orthonor-
malize the columns of A by doing [A, | = qr(A4, 0). The noise level is set at ¢ = 1.00. The
noise is generated as € = randn(//, 1) and normalized to have unit /5 norm; then € = e*e€
and y¢ = Az, + €. The LS linear model is obtained by doing ;5 = A" y¢. The regular-
ization parameter \ for the constrained LASSO method is set as A = 0.4 * norm(x g, 1).
The HR method uses the initial hierarchical scale Ay = A and performs 2 hierarchical

iterations. The linear models are plotted in the same plot shown in figure

The True Solution The Least Square Solution
1 1
0.5 0.5
L %)
& 0 < 0
-0.5 -0.5
1 1
20 40 60 80 100 120 20 40 60 80 100 120
Index Index
The LASSO Solution The Hierarchical Solution
1 1
0.5 0.5
S o0 £ 0
x x
-0.5 -0.5
1 1
20 40 60 80 100 120 20 40 60 80 100 120
Index Index

Figure 4.1: Comparison of 3 Linear Models on De-noising

As shown in the figure the LS linear model s recovers most of the features
of x, long with the noisy part embedded in y5. For the LASSO linear model, when
ATA = I, the LASSO method works similar to the soft shrinkage operator and starts
from the maximum entries (in magnitude) of ;¢ and move down until it accumulates

enough energy, i.e., ||[ra0lli = A. The HR method, on the other hand, due to its
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multi-scale approach, works similar to an iterative soft shrinkage, starting from where
the previous hierarchical residual is and continuing picking up energy from g, until it
finishes J hierarchical iterations, thus ending up recovering more features of a, and not

allowing the noisy information enter the approximate solution.

4.5 Conclusion

We discussed two inverse problems in Linear Regression. We compared the LS
method and the LASSO method on addressing these inverse problems. We proposed the
HR method based on the LASSO method and showed that the HR method controlled the
distance between its linear model and the LS linear model. We also discussed the de-
noising capability of the HR method. We note that normally each column of the regressor
matrix A contains samples of a certain independent variable. When a nonlinear basis
function is used, i.e., y5 = fi;(a1:)x1 + foi(ag:)rs + ... + fyi(an;)zn + €, we can
assemble a different regressor matrix A, such that each entry of A corresponds to f; ;(a; ;).
We end up with a different linear system Ax ~ y°; however the analysis and convergence

results will follow through.
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Chapter 5: Conclusion

5.1 Conclusion

We presented the analysis of the applicaiton of the Hierarchical Reconstruction
(HR) method for solving three different inverse problems. These inverse problems which
we studied were concerned with the recovery of an unknown quantity . in a Hilbert
space X from its observation y, in another Hilbert space ) equipped with norm || - ||y.
The observation y, is obtained by applying an observation operator A : X — ) to x..
When the observation operator A is ill-posed, recovery of x, is done via the general
Tikhonov regularization method. The general Tikhonov regularization method finds an
approximation solution to x, with an extra regularization parameter A > 0 from the
following,

. 1
Tp(\) = argmin {)\f(ac)—l—§||y*—Am||§}} (5.1

zeC

Here C is a convex feasibility subset in X and the non-negative auxiliary function f :
X — RT is a stabilizing function which targets the specific ill-posedness of A. The
choice of the stabilizing function f depends on the desired features of the unknown x.,
which the approximate solution x7(y) would also attain.

For the recovery of a general unknown x, € RY from its noisy observation y =
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Az, + € € RM (|le]| < €), we suggested using the unconstrained ¢; method. The

unconstrained ¢; method finds a solution from the following,

] 1
) = arg min {)\HZIJ||1 + §||yi - Aa:H%}

zeRN

Having understood the relationship between x, and x,, we proposed the HR method to
decrease the number of total iterations. The HR method finds the approximate solution as

a sum of hierarchical terms, x;y’s, with each of them satisfying the following,
: 1 ) .
x(j) = argmin {)\j||ac||1 + =||rjo1 — Aac||2}, forl1 <j<J,
xeRN 2

with the hierarchical residual residual defined recursively r; = r;_; — Ax(; and the
initial hierarchical residual is set as 7y = y5. The ladder of finitely many hierarchical
scales is set as: \; = 07=1)\; where 0 < 6 < 1 and the initial hierarchical scale )\;
depends on the problem at hand. With a ladder of finitely many and gradually decreasing
hierarchical scales, the HR method was shown to decrease the total number of iterations,
when compared to the unconstrained ¢; method on recovery of a general x, from its noisy
observation y; with A = \;.

For the recovery of the unknown x, € X via de-convolution from its discrete
filtered output y" € X" (X" is a finite dimensional subspace of X’) where y” is obtained
by application of the discrete Helmholtz filter A", i.e., y" = A”z,, the recovery cannot
be done by direct solution of the linear equation A"x = y" due to the ill-posedness
of A", Therefore, we suggested the Tikhonov-Lavrentiev regularization method to find
an approximate solution, which finds a FEM solution a:’,i( ») With an extra regularization

parameter A > 0 such that for all v" € X", the following holds

)‘52 <vm}£()\)7 Vvh> + (]‘ + /\) <wg()\)7 vh> = 62 <vyiL,€’ v,vh> + <yz757 vh>‘
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Having understood that the ) contributes to the accuracy of the approximate solution x” B
alongside with the spatial resolution scale h, which is used by a certain Finite Element

Method, we proposed the HR method in order to improve the approximation error. With

J
j:17

a carefully designed ladder of hierarchical scales {);} the HR approximate solution,
namely the discrete hierarchical sum as the same of all the discrete hierarchical terms,
was shown to be a better approximate solution to @, than the TLR approximate solution
} ). When the noisy discrete filtered output y* = A"z, + €" (||€"]|12(q) < ©), we
provided a (near) optimal stopping criteria for stopping the hierarchical iterations.

For the recovery of the linear model x, € RY from a set of data given by M
observations, {A,y:}, the problem is ill-posed since the regressor matrix A € RM*N
is over-determined and yS is not in the range of A. We suggested the Least Absolute

Shrinkage and Selection Operator (LASSO) method. The LASSO method has two differ-

ent versions. The constrained LASSO method finds a linear model from the following,

@y = argmin {||yZ — Az, }.

xrEB)

Here the feasible set By = {x € RY ‘||scH1 < A} is convex. The penalized LASSO

method finds a linear model from the following,

) 1
2Ly = argmin {N[zl + 5 ly: - Az|3].

RN
The LASSO linear model @« 4(») retains the sparsity feature thanks to its usage of /;
constraint (or the ¢; penalty function). In order to offer better control on the sparsity level,
we proposed the HR method based on the two different version of LASSO methods. With

a careful designed ladder of decreasing hierarchical scales, the HR method was shown to
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control the approximation error, i.e., X ; — x,, by the number of hierarchical iterations

taken.

5.2 Future Work

We are now ready to discuss the approximation error from using the HR method to
recovery of the unknown . from its noisy observation y5 = Ax, + € (||€||o < €) where
the ill-posed observation operator A is linear with no further information given. The HR
method finds an approximate solution to x,, namely X ;, as the sum of hierarchical terms

x(j) which is obtained from

. 1
x) = argmin {Af(2) + 3ir;1 — Azlf} }, (52)
rekX

with the hierarchical residual defined in a recursive equation r; = r;_; — Ax(;) and the
initial hierarchical residual set as 7y = y%. Before we present the error analysis, we will

need the following assumptions:
A 1l flu+v) < f(u)+ f(v), forany u, v € X;
A.2: If f(u—wv) =0, then u = v, for any u, v € X;

A3 flu—v) <a(f(u)— f(v))+BG(u,v)+7||A(u—v)||y, forany u, v € X; «, 8
and v > 0 are constants and the function G depends on the desired features which

we want to preserve from the unknown;

A.4: Let

: L.
@roy = argmin {\f(@) + 3 |ly: — Az|l3 },

xeX

and define r = y; — Ax(y), then (A < [|r]]y < QA forsome 0 < ¢4 < Co.
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The following theorem is concerned with the approximation error from using the HR

method.

Theorem 5.2.1. For an unknown x, € X, a solution X j, as the sum of the hierarchical
terms x ;) in (3.2)) with the initial hierarchical residual set as vy = y; where y; = Ax,+€

(l€|ly <€), will approximate x. with the following error,

€ C12>\1 Al

J— 2 _2_

J
F(Xy =) < o5 D)+ AG(X s m) F (@A +e).

Here the ladder of hierarchical scales {\; } _,isdesignedas \j = 07"\ with0 < 6 < 1

and A\ depending on the particular kind of recovery problem at hand.

Proof. We begin with f(X ;) < Z}]:1 f(x(j)). By the optimality condition of &), we

have

1 €
Mf(za) + —Hro — Axy|[5 < Mif(x.) + Sllro = Am.||3 = M f(2,) + Ok

It follows that
g2 B 22

flaw) = f(@) < 5 =

For other hierarchical terms x ;) (for 2 < 5 < .J), we use an energy estimate,

1 1
Mf(@g) + 5lir = A5 < Sllriall

Hence, we obtain

(636~ — GB)A

f(x@) S (CQ glg)‘?) < 5
Therefore, the difference, f(X ;) — f(.), is bounded as
. e G 290-2 2 Aj
FX0) = f@) < Q_fl@p)) = fl@) < 5= = 2=+ (G0 =) )5
j=1 Jj=2

L2 G, @ —no—0
2\ 2 2 1—6
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Combing all the previous bounds together, we obtain

f(Xy—m) <a(f(X)) = f2) + BCG(X s, 2.) +7[[AX ) —2)lly

RSO N (U SO LN A
< ol =— —
—O‘(zAl 5 T 2 1—9>+5G<X""”*)

+(AX S — yilly + [yl — Az.||y)

e Gh (GO = (M0 — 67
< =
—Q<2A1 5 T 2 1—0

)+ BG(X @)

+v(GAs +e).

The next step in my research would be the analysis of applying the HR method

for recovery of x, from y¢ when yS = A(x,) + € and the observation operator A is

non-linear. A natural starting point for this future research would be to study the general

Tikhonov regularization method for providing approximate solutions to the non-linear

equation A(x) = y:.
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Appendix A:  More on Tikhonov Regularization

We devote this chapter to the discussion of individual implementations of the gen-

eral Tikhonov regularization method. Given y in a Hilbert space ) equipped with a norm

y, 1t 1s generally difficult to find an unknown « from another Hilbert space X" satis-
fying the linear equation Ax = y exactly when the linear operator A is ill-posed. The
general Tikhonov regularization method finds an approximate solution to Ax = y from a
convex feasible set C C X with the help of an extra regularization parameter A > 0, and

the approximate solution satisfies the following,

. 1
Tr(y) = arg min {Af(zc)+§|!y—Aa:\|§,}. (A.1)

xeC

Here the non-negative auxiliary function f : X — R™T is a stabilizing function. The
appropriate choice of the stabilizing function f and the feasible set C will be discussed in

details in each individual section.

A.1 The Constrained /5 Method

The constrained ¢/, method is used to tackle the ill-posed linear system Ax = y
where the matrix A € RM*¥ is under-determined (M < N). It finds an approximate

solution within a convex feasible set B = {x € RY|Az = y}, and it satisfies the
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following
X9 ‘= arg min {||1:||2} (A.2)
xeB

Remark A.1.1. We set X = RN, Y = RM,

Ay =1l-l2 € = B, and f(x) = ||| in

(A.T). When we let \ — 0o, we obtain the constrained {5 method.
The minimizer to the constrained ¢, method has a closed form expression.

Lemma A.1.2. Assume that the matrix A has linearly independent rows. The minimizer

x5 to (A.2) has a closed form expression, i.e.,
xy = AT(AAT) 1y, (A.3)

Proof. First, we want to show the solution defined in (A.3) satisfies the feasibility condi-

tion, ie., Az =y. Let = AT(AAT) 1y, we have
Az = AAT(AAT) 'y = y.
Moreover, for any other © € RY such that Az = y, we have,
(x—2,2) = (x— &, AT (AAT)ly) = (A(x — &), (AAT)ly) = 0.
Hence the difference, x — &, is orthogonal to x. Therefore,
2|l = llz — 2| + [|2]]3 > [lz[3
with the equality achieved only when ||z — Z||» = 0. O]

Remark A.1.3. The pair, (x5, ATr) with v = y — Axy, is an extremal pair, because
(@2, A1) = 0 = [[aa|o|| AT ||,

Here, we used the fact that y — Ax, = 0.
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A.2 The % — /3 Tikhonov Regularization Method

The (3 — (2 Tikhonov regularization method finds an approximate solution to the

linear system Ax = y where A € RM*¥ is ill-posed. The approximate solution satisfies
the following
(A , 1 5
zry = argmin { 5[5 + 5 lly - Az|3]. (A4)
xzeRN

Remark A.2.1. We set X = RN, ) = RM, o, C=RY, and f(x) = ||z||3/2

Ay =1I-

in (A1), then we obtain the (3 — (3 Tikhonov regularization method.

Lemma A.2.2. The minimizer xr(x) of (A.4) has a closed form expression,
Tr()) = (ATA + A[)ilATy.

Proof. Define the energy functional J : RY — RT as J(z) = 3||=||3 + 1|y — Az|[3.

The derivative of J is D(x) = A\x — ATy + AT Az. When the shifted normal equation
has an solution, i.e., (AT A + \I)xz, = A"y, the energy functional .J has a critical point.
The Hessian of J is H(J) = AT A + M. H is Symmetric Positive Definite. Hence the

critical point is a minima. [

Remark A.2.3. The pair (xr(\), A'r) with r = y — Axy(y) is an extremal pair, since
(@7, A1) = (@1, M) = Al |2

From (A.4), we have,

AT’I" = AT(y — ACL‘T()\)) = /\ZBT()\).

Thus,

ATrlly = Mz ]2
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A.3 The Unconstrained ¢; Method

The unconstrained ¢; method finds an approximate solution to the linear system

Az = y where A € RM*" is ill-posed. The approximate solution satisfies the following,

) 1
@) = arg min {)\Ha:|]1+§Hy—Aa:|]§} (A.5)

xRN

Remark A3.1. Weset X = RN, Y =RM || -|ly = || - || C = RV, and f(z) = ||z]|s

in (A.1)), then we obtain the unconstrained {1 method.

We present the following lemma on the Euler-Lagrange equation which the solution

from (A.5) would satisfy.

Lemma A.3.2. The solution, x, of (A.9), also satisfies the following equation,
Asgn(xy) + A" (Axy —y) = 0.
Proof. We start from the following energy functional J : RY — R,
1 2
J(@) = M|l + 5lly — Az|l>.

We define a sub-gradient to the ¢; norm,

(sgn(x)); = sgn((®):) = § 0, (z);=0 -

Let ) be a solution of (A.5). For any ) + eu, J(x)) < J(x)\ + eu). We expand the
difference term, J(x, + eu) — J(x,), and obtain
2
J(xy +eu) — J(xy) = e(Asgn(xy) + AT (Axy —y),u) + EHAqu
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Since J(x) + eu) — J(x,) > 0 for any small ¢, we let € | 0 and divide both sides by ¢ to
obtain

e(\sgn(xy) + AT (Axzy — y),u) > 0;
Next we let € T 0 and divide both sides by € again to obtain
e(\sgn(xy) + AT (Azx) — y),u) <O0.

It follows that e(\sgn(x)) + AAT (Azxy — y),u) = 0. Since u is picked arbitrarily, we

have the minimizer, x,, satisfying the following Euler-Lagrange equation,

Asgn(xy) + A’ (Axy —y) = 0.

The following lemma is concerned with the extremal pair relationship.

Lemma A.3.3. The pair, (x,, AT'r) with r = y— Ax,, is called an extremal pair, because

the pair satisfies the following equality,
(@, ATr)2 = [[@a][1]|AT7]|oo-
Proof. From signum equation in lemma[A.3.2] we have
(@2, ATr)2 = (23, AT (y — Azy)) = (2, dsgn(zy)) = Al s
Furthermore, we have
1A 7|l = [[A" (y — Az)) || = [[Asgn(@)][c = A
Putting the two together, we have

(@x, A'r) = [[zA|L 1A 7|l
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]

Remark A.3.4. When we use the usual Holder’s Inequality on any pair (z, A" (y— Ax)),
(@, A (y — Az))2 < ||z|[[|A" (y — Az)[|.

The equality is realized when x = x), which is another optimal condition for the mini-

mizer of (A.3) to hold.
Using lemma|A.3.2] we can show an upper bound on A to avoid trivial solution.
Lemma A.3.5. The minimizer, ¢, of (A.) is non-trivial if and only if X < ||AT Y% ||sc.

Proof. We consider the extremal pair, (), AT’I’), where » = y5 — Ax,. When x, is

non-trivial, it follows that,

Mlzally < Ml + [[Azal[5 = (2, A7) + [[Az,|[; = (@2, AT (r + Azy))

<Az, ATy) < ||z l]1]|ATY||oo-

Therefore A < ||ATy||o. We use a similar idea from [49] to show that when \ >

|ATYl|oo> 2 = O. O
Now, we are ready to show the bounds on the residual term, r = y — Ax,.

Lemma A.3.6. Assume that the matrix A has linealry independent rows. The residual

term, r =y — Ax,, satisfies the following bounds,

AT < [l7ll, S AVNII(AAT) AL, for 1 < p < co.
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Proof. We begin from the equation in lemma|[A.3.2} we have r = M\(AAT) ! Asgn(zx)).

It follows that,

[I7ll, = AlI(AAT) " Asgn(z, )], < A[(AAT) Al lIsgn(aa )],

< AVN||(AAT) Al
For the lower bound, we take the ¢, norm of the signum equation in lemma to obtain
[ Asgn(@)|l, = [[A" 7|, < [[AT ][],

It follows that

7]l > Allsgn(ay)[[,|[[AT][;H > A[JAT]];"

A.4 The Least Square Method

The Least Square (LS) method finds a linear model as an approximate solution to

the linear equation Az = y where A € R**¥ is ill-posed, and the linear model satisfies

the following,
s = arg min {Hy—Aa:||2}. (A.6)
zeRN
Remark Ad.1. Weset X =RY, Y =RM || .||y = || - ||, C = RY, and f(x) = 0 in

(A1), then we obtain the LS method. Here we used the fact that minimizer of ||y — Ax||2

is the same as ||y — Ax||3/2.

Lemma A.4.2. Assume that A has linearly independent columns. The solution of (A.6)

has a closed form expression, x5 = (AT A)"1ATy.
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Proof. We define an energy functional J : RN — Ras J(z) = ||y — Az||2 = ||y||3 —
2(ATy, x) +||Az||3. The derivative of J is D(x) = —2ATy+2A" Az. The only critical
point of J is ¢, = (AT A)"'ATy. The Hessian of J is H(x) = 2AT A, which is SPD.

Thus x, is the unique minimizer. ;s = ., as claimed. O

Remark A.4.3. Let 7 = y — Az s, and we consider the pair (x5, AT ). Since ATr =

AT (y — Axps) = 0, we have
<ZL‘LS,AT’I"> =0= O||CEL5||2.

Therefore, we call the pair (x5, ATr) an extremal pair.

A.5 The Least Absolute Shrinkage and Selection Operator Method

When given a data from M observations, {A, y} where A € RM*Y and y € R,
the constrained Least Absolute Shrinkage and Selection Operator (LASSO) method finds
a linear model from a convex feasible set By = {x € RY ’ l|z|]1 < A} such that the linear

model satisfies the following

XA = argmin {||y—Aw||2} (A7)

xeEB)

We will use the following notation (-)*, which is defined as

T x>0
($>+ = , forx € R.

0 x>0

Remark A.5.1. Weset ¥ = RY, )Y = RM |

Aly = ||*|l2 C = By, and f(z) = 0in (AJ),
then we obtain the constrained LASSO method. Here we used the fact that minimizer of

lly — Ax||s is the same as ||y — ACCH%/Z
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Lemma A.5.2. The constrained LASSO linear model, x4 of (A.7) has the following

closed form expression,

(xLan)i = Sgn((iBLs)i)(|(fBLs)i| —y)*, for1 <i<N.
The parameter v > 0 is chosen such that || a |1 = M

Proof. We start from the definition of the constrained LASSO method, minimizing the
objective function ||y — Ax||, is also equivalent to minimizing ||y — Ax||3. It follows

that,
ly — Az|[5 = [|yl5 — 2(y, Az) + || Az|[;
= [lzLs — z[l3 + ||yll3 — lleLs|f5.

We used the fact that AT A = I. Since y and =g are considered fixed, the constrained

LASSO method finds a linear model from the following,

@4y = argmin {[[ass — 3},
xehby

Using the Lagrange multiplier method, there exists a v > 0 such that

@y = argmin {[|ess - 2|3 + 7z |
zeR

The objective function is completely de-coupled, i.e.,

N

less =l +yllell = Y- (@) - 2@)(@es)i + (@us)? +7] @)]) = D Lil(@).).

i=1

Here each function L;(z) = 22 — 2x(@1s); + (21s)? + 7|z| for z € R. The minima of
the function L; iS T, = sgn((a:LS)i)(|(:1:L5),-| —v/2)". Since each L; depends only on

(x);, we have

(®ra)i = sgn((xrs)i)(|(zrs)s| —~/2)", forl <i<N.
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Remark A.5.3. The following list shows additional properties which the LASSO minimier

would satisfy when it is found using the formula in lemma

o [[zramlli =

o When (xrs); = 0 for some 1 < i < N, (xpaw))i = 0. Thus, supp(xrany)) C

supp(Trs).

When ‘(wLS)Z’ <7, (wLA()\))i = 0.

Wheny =0= X =||zLs

1» LLAN) = TLS-

When v > ||ZLs||oc = A =0, Tran) = 0.

For i € supp(xpan)), (®La)): and (xrs); have the same sign, and ‘(chA(,\))i‘ <

‘ (TLs)s ‘

Lemma A.5.4. The pair, (xpa\), A'r), where r =y, — Ax (), is called an extremal

pair, because it satisfies the following equality,
(@La; ATr) = [l@aoyli]]A 7o (A.8)
Moreover, we have || AT || = v and ||@ a1 = M

Proof. First, let ® denote the component wise multiplication for vectors of the same size,

1 € RY with all of its entries being 1’s,

- | and (-)* are defined component wise for
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vectors. Starting from the inner product, we have,

<mLA(>\)7ATT> = <mLA(>\)7 AT(?J* - ASULA(A))> = <$LA(A), Trs — wLA()\)>

= (sgn(zrs) ® (|zrs| —71)", z1s) — [Isgn(zrs) @ (|zrs| — 1) 73

= ((lzrs] = 71)" J2rs|) = [I(Jees| =717

= <}213Ls‘ —71)",91) = YL a1
Meanwhile,

Ao = [|AT (y, — Azpaoy |l = ||®Ls — TLa| |

= [|lzrs| = (Jzrs| = 71) ]l = -

Therefore, (x40, A'7) = [|@Lan||1]|AT7]|~ as claimed. Moreover, ||z |1 = A
is shown in remark [A.5.3] O

Given the set of data from M observations, { A, y}, the penalized LASSO method

finds a linear model from the following,

. 1
XA\ = argmin {A\\w!]1+§’|y—AwH§} (A.9)
xRN
Remark A.5.5. Weset X =RY, Y =RM || - ||y = || ||lo, C = RY, and f(x) = ||z|x

in (A.1)), then we obtain the penalized LASSO method.

Following the idea shown in lemma @ we can show that & 4(y) also satisfies
the following,

Asgn(zrap) + A (Azpae) —y,) = 0. (A.10)

With this signum equation established for the penalized LASSO linear model, we show
the following lemma on the extremal pair relationship.
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Lemma A.5.6. The pair (xpa), A7) with xraoy in (A9 and r =y, — Axpac, is

an extremal pair. It satisfies the following,
(@papy, ATr) = [lepao|[1||AT 7).
Proof. Since x4y satisfies (A.10), we have

(rany, A'r) = (@rapy, A (Y, — Azran)) = (Trapy, Asgn(Tran)))

= Alzrapyllr-

Meanwhile,
1A 7|l = [[A" (. — AzLaoy)lloo = [[Asg0(TLA) ]
= Allsgn(@ram)lloe = A-
Therefore (400, A'7) = ||@rao|[1]]AT7|]co- O
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