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This thesis discusses four-wave mixing (4WM) in a warm ensemble of rubidium

using the diamond configuration level structure. Both classical 4WM and non-

classical photon-pair production are investigated.

Quantum information science has spawned a great amount of experimental

work on the interaction of light with collective modes of excitation in atomic ensem-

bles. Plans to build quantum networks and quantum repeaters with atom ensembles

take advantage of nonlinear interactions to produce and store non-classical states

of light. These technologies will require photon sources that not only generate non-

classical light, but also resonant, narrow band light. Here we investigate a system

which could be used as such a source.

We take advantage of the 4WM interaction in a warm ensemble of Rubidium

atoms. Our scheme utilizes the diamond energy level configuration which, in ru-

bidium, allows for correlated pairs at telecommunications wavelengths. We start by

examining the properties of classical 4WM in the system. We measure the reso-



nance structure and see that it can be understood in terms of velocity class selective

resonant enhancement and power splitting effects. The efficiency of the process is

low and limited by linear absorption of the pumps. Our observations agree with a

semi-classical Maxwell-Bloch theoretical treatment.

Next we observe pair generation by spontaneous 4WM from the warm ensem-

ble. The temporal profile of the cross-correlation function (CCF) for the photons

depends on pump-laser power and detuning. This allows us to produce biphotons

with controllable spectra. A simple quantum optical theoretical treatment based on

linear filtering gives qualitative agreement with the data.

We show that the photon pairs are polarization entangled, clearly violating

Bell’s Inequality. A perturbative quantum optical treatment predicts the polariza-

tion state of the pairs and agrees with our measurements. We analyze the photon

statistics of the source and find the largest violation of the two beam Cauchy-Schwarz

inequality from a warm atomic source yet. We cast the system as a heralded sin-

gle photon source at telecommunications wavelengths and see that it is competitive

with other systems in terms of spectral brightness.
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Chapter 1

Introduction to Correlated Photons From Atomic Ensembles

1.1 Introduction: The Basics of the System

This thesis is concerned with the experimental demonstration of a quantum

mechanically correlated photon pair source. The generation medium used here is

a laser pumped vapor cell of warm rubidium. The scheme takes advantage of a

spontaneous four wave-mixing (4WM) interaction in the atoms to create photon

pairs that are correlated in direction, frequency, polarization, and time. Correlated

photon pairs have numerous applications and the main motivation for this work is

the future applications of this source for quantum communication (see section 1.2).

We work with a warm atomic ensemble of 85Rb and apply two pump beams to

the atomic vapor. Figure 1.1a shows the basic geometry of the generation scheme.

The two pump lasers are at 795 nm and 1324 nm and propagate in directions defined

by k-vectors ~k1 and ~k2, respectively. Due to the 4WM interaction, photon pairs are

generated at 1367 nm and 780 nm in the directions ~k3 and ~k4. The emission is

resonantly enhanced by the diamond level structure that exists in Rb atoms shown

in Fig. 1.1b. We collect the pairs into single mode optical fibers and then send them

to single photon detectors for analysis.

Pair production from atomic ensembles has received a great deal of attention

in recent years. This is due in part to the invention of the quantum repeater [13]
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Figure 1.1: a) Schematic of the setup used in the experiment. b) The
simplified rubidium diamond level structure.

and more directly the atomic ensemble based quantum repeater (coined the DLCZ

scheme for the authors of Ref [26]). Early work came from the groups of Kimble

[37, 53] and Lukin [60]. These experiments utilized the lambda level structure in

alkali atoms to create nearly degenerate biphotons in the near IR. Work at Stanford

in the Harris group has made improvements to the lambda structure generation

scheme in cold atoms and has demonstrated new phenomena [25]. Particularly

relevant to our discussion is the work of reference [17]. Here the authors use a

cascade level structure in a cold atom sample.

It is important to point out the differences of our scheme and that of the

references mentioned above. The diamond level structure allows for the generation

of pairs that are quite different in frequency from the pump beams. This allows

us to use very high quality interference filters to remove pump contamination from

the pair modes. The diamond level structure in alkali atoms also allows for pair

generation where one photon is at a telecommunications wavelength while the second

2



wavelength is at a wavelength compatible with an atomic quantum memory and

efficient and low noise single photon detectors in the 800 nm region. In the next

section we describe an application that takes advantage of this feature. A second

possible advantage of our work is that the generation medium we use is technically

very simple compared to a cold atom system. This simplification, of course, comes

with some disadvantages as well which we will discuss.

1.2 Photon Pairs for Quantum information: Motivation

Quantum mechanically correlated photon pairs, as well as single photon pulses

have numerous uses in the field of quantum information science. These include

quantum encryption/communicaiton [31] and linear optical quantum computation

[35]. The motivation for the work presented here in this thesis is based on the ideas

of quantum communication and particularly the quantum repeater [26].

Long distance quantum communication, which is intrinsically secure, relies on

the distribution of entanglement over large distances. The best known technology

to share entanglement is pairs of entangled photons. Unfortunately, terrestrial com-

munication relies on light transmission through optical fibers, which attenuate the

signals in distances of just a few tens of kilometers. Alternatively, quantum key dis-

tribution may be performed over free space but this requires the two communication

stations to be in line of sight and is plagued by other environmental disruptions.

Thus fiber based communication has received the majority of the attention. For clas-

sical communication fiber loss is overcome by measuring, amplifying, and resending

3



the signal. A similar technique cannot work for single sets of entangled photon pairs

due to the No-Cloning theorem of quantum mechanics [62]. The quantum repeater

solves this problem.

The goal of the repeater is to establish entanglement between two distant

quantum memories (ensembles of atoms in the DLCZ protocol). The scheme works

by inserting relay stations, each one containing two atomic memories, roughly uni-

formly between the two target ensembles. Optical fibers link each of the relay

stations. The attenuation in optical fibers is minimum at 1550 nm with a value 0.2

dB/km. This can be translated to an exponential attenuation length of Latt = 22

km. Optimal relay station separation is generally a few times Latt. Figure 1.3 shows

a schematic of the DLCZ protocol. Black dots represent atomic ensembles. The

initial entanglement is denoted by the lines connecting the ensembles. The next

step is entanglement swapping which is represented by the ovals. Once the swap

has taken place the entanglement is transfered to pairs that are twice as far apart.

Subsequent swapping operations are performed until two target atomic memories,

which can in principle be very far from one another, are entangled. Experimental

realizations of the protocol have been performed over a distance of several meters

[19, 63].

The attenuation in the fibers depends on the wavelength of the light. Figure

1.3 shows the attenuation curve as a function of wavelength. Minimum absorption

occurs at 1550 nm. The dispersion in the optical fiber can also have an adverse

effect on communication by limiting the rate at which pulses may be sent and

still be discernible. Minimum dispersion occurs around 1310 nm. Clearly it would

4
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Figure 1.2: The entangling scheme for the DLCZ protocol. The dots
denote quantum memories. Pairs connected by lines are entangled. By
successive entanglement swapping operations entanglement can be cre-
ated by pairs very far apart.
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Figure 1.3: Power attenuation in optical fiber. Two telecom windows
exist at 1310 nm and 1550 nm.

be beneficial if the light in the fiber was near one of the two telecommunications

wavelength windows; however, the other photon involved must be compatible with

the atomic quantum memories. The source we discuss here, in principle, meets

these requirements. The next section explains in some detail the steps to implement

a telecom quantum repeater with alkali atomic memories. The task is technically

difficult and requires efficient quantum memories at the single photon level with

long storage times which have yet to be demonstrated at the level required for the

application, however recent experimental work has shown promising progress[64, 56].
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Telecom Quantum Repeater

Figure 1.4 shows in principle how to build a two link quantum repeater with

a pair source like the one considered in this work. The first step in the protocol is

to establish pairwise entanglement between adjacent locations, separated by some

distance on the order of the fiber attenuation length. For this example, this means

putting ensemble SE-LI and SE-L in an entangled state, and putting SE-RI and

SE-R in an entangled state. Considering just the set on the left, the initial step is

to create the entangled state |ψL〉 = 1√
2
(|0L1LI〉 + |1L0LI〉), where 0 represents no

excitation in the storage ensemble and 1 represents a single collective excitation in

the particular storage ensemble. This state is achieved by applying a 4WM pumping

pulses to the generation ensemble at both locations synchronously. The pump is

weak enough that the probability of generating one pair at 780 nm and 1367 nm is

very low. The 1367 nm photons are directed into a single mode fiber and are sent

some distance on to a 50/50 beamsplitter and then on to a pair of detectors, D1L and

D2L. The 780 nm photons each head to atomic memories, SE-L and SE-LI, where

they are stored as a polariton using slow and stopped light techniques [16, 40]. If

either detector D1 or D2 registers a count we know that a 780 nm photon is stored

in either SE-L or SE-LI and the desired state is achieved. At the same time an

identical process has been going on in the right set of storage ensembles and thus

upon a click on D1R or D2R we project into the state |ψR〉 = 1√
2

(|0R1RI〉+ |1R0RI〉).

The entire system is described at this point by |ψ〉 = |ψL〉 |ψR〉.

The next step is the entanglement swapping operation which is denoted in

7
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Fig. 1.4 by the oval around SE-LI and SE-RI. This step involves reading out each

memory by converting the stored single photon 780 nm pulse back into light and

then combining them onto a beamsplitter. I will write out the steps here since I

have never seen it done in the literature. The state transforms according to

|ψL〉 |ψR〉
READ−−−→ 1

2

[
|0〉 |1L1R〉+ b̂† |0〉 |1L10R〉+ â† |0〉 |0L1R〉+ â†b̂† |0〉 |0L0R〉

]
BS−→ 1

2

[
|0〉 |1L1R〉+ ĉ† |0〉 1√

2
(|1L0R〉+ |0L1R〉) + . . .

d̂† |0〉 1√
2

(|1L0R〉 − |0L1R〉) + 1
2

(
ĉ†2 − d̂†2

)
|0〉 |0L0R〉

]
. (1.1)

Here, READ means the action of converting the excitations in SE-LI and SE-RI back

into light. The action BS corresponds to the retrieved light pulses from each storage

ensemble interfering on a 50/50 beamsplitter. Figure 1.4c shows the convention for

the fields going into and out of the beamsplitter.

The final expression shows that if a photon is measured in the c-mode or

d-mode the resulting state is the maximally entangled state that we are after,

1√
2

(|1L0R〉 ± |0L1R〉). This outcome occurs with probability 1
2
. This leave a 1

2
prob-

ability for failure which can happen in two ways. No detection events we occur 1
4

of the time. Alternatively, two photons may impinge on a single detector, but due

to Hong-Ou-Mandel interference [58, 52] both photons go the same way. A single

photon counting detector such as an avalanche photodiode, which cannot tell the

difference between 1 and 2 photons, will give a false positive 1
4

of the time. In this

case subsequent operations would eventually give a null detection and the process

would be started again. A large amount of work is currently going into detectors

with photon number resolution [55] which have the ability to add

9



This example is for a DLCZ with only 2 links. This can be extended to larger

distances. Consider a telecom quantum repeater with N links of length L. We

will assume we are using number resolving detectors so that each excitation pulse

can be optimally strong and to make things a little simpler. Then we let p be

the probability of creating a pair of photons at either site per pump pulse and R

be the rate of excitation pulses. Let δD be the efficiency of our detector and δm

be the efficiency of the quantum memory. Then the time it would take to create

entanglement between two distant ensembles, separated by Lo = NL, is given by

Ttele =
1

RδmδDpe
− Lo

NLatt

1(
δD
2

)N−1
. (1.2)

The same equation is true for a traditional quantum repeater but with δm = 1 since

storage is built into the initialization step. Now we may compare a telecom quantum

repeater operating at 1324 nm to one at currently storable wavelengths operating at

780 nm. The 780 nm repeater will be far worse but it is interesting to see just how

much worse. To make the comparison we have to pick the optimal number of relay

stations at each total distance. Figure 1.5 shows the entangling time as a function

of total distance with all things equal except the Latt = 1.45 km for the telecom

photons while at 780 nm Latt = 14.5 km. The optimal number of links is written

above some of the points. For comparison the result for direct communication is

plotted on the same graph. For this example δm = 0.01 which shows that even

for a relatively inefficient memory the extra storage step for the telecom repeater is

inconsequential.

A quantum repeater based on telecommunications wavelength photons far out-
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performs one that works with currently storable photons. We should note that all

demonstrations of DLCZ schemes to this point have been done at 780 nm or 852 nm.

The quantum repeater diagramed in Fig. 1.4 is currently beyond the state of art

for experimental physics. For the example above the entangling time is 1 s at 250

km and 1233 s at 750 km. This time has to be compared to the decoherence time

of the quantum memories, which for now is limited to several ms for atomic gases.

It should also be compared to how long you are willing to wait for an encryption

key. For a telecom quantum repeater working at 1550 nm and with 95% detection

efficiency and 95% memory efficiency the entangling time at 750 km is 37 ms. Thus

improvements in detectors and quantum memories can push DLCZ schemes closer

to reality. The work of this thesis investigates a source of photon pairs that could

in principle be used in such an application.

1.3 Outline

This work aims to understand the properties of the photon pairs created by

spontaneous 4WM in a warm atomic ensemble of Rb using the diamond level con-

figuration of Fig. 1.1. Chapter 2 presents measurements and theory concerning

semi-classical 4WM from Rb-vapor. This preliminary work gives an understanding

of the basic resonance structure of the 4WM interaction, the efficiency of the pro-

cess, and the effects of the thermal motion of the atoms on the non-linear and linear

response of the system. Chapter 3 considers pair generation from the medium. We

discuss the experimental setup and present the cross correlation function for dif-
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ferent pump laser parameters. The temporal profile of the correlation function is

clearly modified by the pump laser conditions and we present a model that shows

qualitative agreement with some of our measurements. Chapter 4 shows violation

of Bell’s inequality as well as the Cauchy-Schwarz inequality, definitively demon-

strating polarization entanglement and non-classical correlation of the pairs. We

examine the system as a source of heralded single photons. Chapter 5 ends with

some general remarks and conclusions.
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Chapter 2

Semi-Classical Four-Wave Mixing in the Diamond Configuration

2.1 Introduction

In this chapter we are concerned with the the properties of the semiclassical

4WM interaction in an atomic vapor of Rubidium. In the following experiments

we apply three lasers to the atomic ensemble and as a function of the pump laser

parameters observe the variation of the intensity of the light generated at 1367 nm.

We do these measurements to understand the resonance structure of the 4WM in

the Doppler broadened media in this particular level configuration. We measure the

efficiency of the 4WM process and see that it is limited by linear absorption.

Four-wave mixing (4WM) in atomic vapors has been explored extensively in

the past. Some of the original work investigated basic nonlinear optics, interference

phenomena among various optical processes [10], and the generation of squeezed

light [59]. Recent work in 4WM in atomic vapors has lead to large twin-beam

multi-mode squeezing with applications to quantum imaging [12, 11].

Much of the recent literature has exploited the Λ or double-Λ atomic level

structure which benefits from long lived coherence between the two lower stable

states. Here we concern ourselves with a warm ensemble of atoms in the diamond

configuration, illustrated in Fig. 2.1a. The diamond level structure has one stable

ground state, two intermediate levels, and one top state, pairwise coupled by the
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electromagnetic field as indicated. Earlier theoretical work has shown that this level

structure gives rise to interesting phase sensitive propagation behavior [49]. The

work that we present here appears in two papers. The first paper examines the

complicated resonance structure of a strongly driven diamond system [5]. The sec-

ond paper examines the resonant structure due to Doppler effects and the efficiency

of the 4WM process [61].

The 4WM interaction can be considered as an interference effect. In our case

three laser beams interact with a collection of atoms which serve to excite a dipole

moment in the atoms with a spatially varying phase. The atoms then radiate and if

the spatially varying phase is correct, the dipole radiation from each atom interferes

constructively in a specific direction. In our case fields 1 (795 nm), 2 (1324 nm),

and 4 (780 nm) are incident on the atoms with frequencies ω1, ω2, and ω4 and

wave-vectors ~k1, ~k2, and ~k4. The generated field 3 (1367 nm) has frequency ω3 and

wave-vector ~k3. Conservation of energy requires that

ω1 + ω2 = ω3 + ω4 . (2.1)

For our configuration the dipole moment responsible for the generated light is pro-

portional to exp
(
i~r ·
(
~k1 + ~k2 − ~k4

))
which results in constructive interference in

the ~k3 direction such that

~k1 + ~k2 = ~k3 + ~k4 . (2.2)

Equation 2.2 is called the phase-matching condition and must be satisfied for opti-

mum 4WM gain.

In addition to the conservation of linear momentum and energy an additional

15



conservation law, conservation of angular momentum, must apply to the system.

This gives rise to polarization correlations which, as we will see in chapter 4, lead

to polarization entangled pair emission under the conditions of spontaneous 4WM.

2.2 The Experimental Setup

For the work presented in this chapter there are 3 lasers involved, an isotopi-

cally pure rubidium 85 cell, and Si (for 780 and 795 nm) and InGaAs (for 1324 and

1367 nm) amplified photo diodes. Below we briefly discuss some of the experimental

details including the geometry.

The Lasers

The 795 nm laser is a Coherent 899-01 titanium-saphire (Ti-Saph) ring laser

pumped by a green Coherent Verdi. The pump laser puts out a maximum of 10 W of

power at 532 nm which ends up producing > 500 mW of 795 nm light which is more

than enough for the experiment. The Ti-Sapph laser has thin and a thick etalons

to narrow the linewidth. They are manually tuned and kept at a given temperature

with a feedback control system. The home built feedback system, explained later,

only acts on a piezo electric mounted mirror (the tweeter mirror). We lock the laser

to a saturated absorption line in the D1 transition of Rb. We adapt the Pound

Dreever Hall technique [23, 8] to this resonance to obtain an error signal. The probe

beam of the lock setup passes through a phase modulator that provides sidebands at

15 MHz, then through the atoms, and finally onto a silicon photodiode. We amplify
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and mix down the signal from the photodiode to extract the error signal. The

feedback is supplied by an off the shelf P-I lockbox (Precision Photonics LB1005,

now sold by New Focus), which drives a high voltage amplifier which controls the

tweeter mirror piezo voltage.

The 795 nm laser is fiber coupled near the output of the laser into a polarization

maintaining single mode fiber and then back out into free space. This eliminates the

need to realign the experiment every time the laser needs adjusting. We intensity

stabilize the light after the fiber using an acousto-optic modulator (AOM) and on

some occasions a slow mechanical polarization rotator with a computer handling

the feedback. We have measured the line-width of the laser to be less than 500 kHz

using a self-heterodyne set up [51].

The 1324 nm laser is an external cavity grating stabilized diode laser from

EOSI (the company has been absorbed by Newport Optics). The laser is frequency

locked using a digital transfer lock [65]. The scheme uses a Melles-Griot frequency

stabilized Helium Neon laser as a stable frequency reference. We put the HeNe

through a confocal Fabry-Perot (FP) cavity with mirrors separated by 25 cm and

with moderate (≈ 100) finesse at two wavelengths: 632 nm and 1324 nm. We scan

the cavity and digitize the transmission of the HeNe beam. A small amount of 1324

nm light also goes through the cavity and the transmission is also digitized. By

comparing the FP peaks from each laser and relying on the HeNe stability we can

derive an error signal with the computer and feedback to the 1324 nm laser. We also

servo the average length of the cavity to counteract temperature drift in the room.

The lock is quite slow with bandwidth of roughly 5 Hz but it has been sufficient for
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our needs. The lock could be sped up by changing a few settings on the software.

We are able to achieve stability on the order of a few MHz for hours. The linewidth

of the laser was measured to be ≈1 MHz.

The third laser is a 780 nm diode. The diode resides in a Thorlabs TCLDM9

diode head. We control the temperature of the diode using the internal thermoelec-

tric cooler of the diode head and a Tholabs TED200 temperature controller. The

current is supplied by a home built current driver based on a 1997 JILA design. The

diode is a Sharp GH0781JA2C which free-running puts out around 100 mW and has

a line width of less than 10 MHz [44]. This laser can be locked by a dichroic atomic

vapor laser lock (DAVLL) [21] or by saturation spectroscopy in the same manner

as the Ti-Saph, but for the work that we will present here we do not lock this laser

and instead scan it over the resonances.

The Atoms

The level structure we use in all our work is the diamond structure shown

schematically in Fig. 2.1a. The detailed structure of 85Rb is shown in Fig. 2.1

which includes all the hyperfine structure as well as the Zeeman sublevels. The

rubidium cell is a 1.5 cm evacuated glass cell containing isotopically pure 85Rb

metal. The vapor pressure above the metal serves as our interaction medium. By

controlling the temperature of the cell with a resistive heater we can change the

vapor density between 7 × 109 cm−3 at room temperature to 1 × 1013 cm−3 at 115

◦C.
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Figure 2.1: a) Rubidium level structure and the applied lasers. b) De-
tailed Rb structure including all hyperfine and Zeeman sublevels.
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The Beam Geometry

Figure 2.2a shows the nearly co-propagating geometry we use. We pick the

angles to satisfy the phase-matching condition of Eqs. 2.2 and maximize overlap

region in the medium while still being able to separate the beams after the cell.

Another reason to select nearly co-propagating or counter-propogating beams is

Doppler selectivity.

Consider the case where two beams intersect at 90◦, to take the most extreme

situation, and require that both be resonant with two separate transitions in a

thermal cell of atoms. Then only one velocity class moving into beam 1 can be

resonant at once. But only one velocity class moving into or out of beam 2 can

be resonant with that transition. This means that the Doppler profile must be cut

twice, once in the direction of beam 1 and once in the direction of beam 2. This

results in very few atoms that can satisfy both resonance conditions at once. This

type of multi-transition resonance must be fulfilled for efficient 4WM so we choose

a co-propogating geometry.

Both the 795 nm and 1324 nm beams are horizontally polarized. The polar-

ization of the generated beam is then the same as the 780 nm laser polarization,

which we arbitrarily chose to be vertical. The efficiency of the process does not

depend strongly on the choice of 780 nm pump polarization. All the beams have

approximately gaussian profiles with waists of ≈ 1 mm.
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the beams are θ1 = 2o, θ2 = 0.7o, and θ3 = 2.7o. b) Phase-matching
geometry similar to what we use and c) another example with larger
angles between the beams.

2.3 Experiment: 4WM Resonance Structure

The first experiment we will consider aims to measure the resonance structure

of the 4WM in two separate pumping regimes. First, we observe the intensity of the

generated light at 1367 nm as a function of the detuning of the 1324 nm and 780

nm lasers when the 795 nm laser is locked 1.5 GHz red-detuned from the D1 line.

We scan the 1324 nm laser across the two-photon resonance and the 780 nm laser

across the D2 Doppler peak. In Fig. 2.3 we plot the intensity of the generated 1367

nm light which exhibits a narrow Gaussian-like resonance.

Figure 2.4 shows a slice of the surface plotted in Fig. 2.3 at a constant 1324

detuning. We lock the 795 nm laser 1.5 GHz red of the D1 line while the 1324 nm

laser is locked such that the two lasers together are resonant with the (5S1/2, F=3)

→ (6S1/2, F=3) two-photon resonance. The 1324 nm laser is locked using the digital
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Figure 2.3: Generated 1367 nm intensity as a function of 780 and 1324
detuning. The narrow feature is a result of velocity class selection. For
this example P780 = 3mW, P795 = 100mW and P1324 = 5mW. The 795
nm laser was detuned 1.5 GHz red of the D1 F=3 → F=2,3 peak. The
data appears in a), b) is our model (discussed below).
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transfer-cavity lock. We scan the 780 nm laser over the D2 line. There are three

peaks in the 4WM signal corresponding to the three allowed intermediate hyperfine

states. The largest peak involves the F=4 intermediate state. The asymmetry in

the peaks already points to optical pumping effects in the system that contribute

significantly to the details of the semiclassical and quantum analysis.

In a second measurement we put the 795 nm laser on resonance with the 5S1/2

F=3→ 5P1/2 F=2 transition. We scan the 780 nm and 1324 nm laser as before and

measure the 1367 nm light. The 795 nm pump laser power is well above saturation

intensity and thus we would expect to see Autler-Townes style splittings [3] in the
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4WM resonance structure (see Fig. 2.5a).

2.4 Experiment: Generation Efficiency

It is important to consider the efficiency of conversion from 780 nm photons

to 1367 nm photons for application in various quantum communication protocols.

Figure 2.6 shows the power in the generated light as a function of the power in the

780 beam for several different 795 laser powers. The efficiency is never greater than

10−4, due to the absorption of the medium (See Sec. III). The residual magnetic

field (< 1 G) does not affect the efficiency in any significant way.

2.5 Theory and Analysis

We are concerned in this section with understanding the origin of the sharp

peak in Fig. 2.3a and the efficiency of the 4WM process. To this end we apply the

density matrix formalism and solve the Maxwell-Bloch equations [9].

2.5.1 Maxwell-Bloch Treatment

We model the system with the standard density matrix treatment including

spontaneous decay. We have a four level atom with the structure indicated in Fig.

2.1a. Our atoms are coupled to an electromagnetic field of the form

E(z, t) =
4∑
i=1

(Ei(z)ei(kiz−ωt) + c.c.) . (2.3)

We use the notation indicated in Fig. 1 in which the generated beam is of frequency

ω3 = ω1 + ω2 − ω4. The propogation direction of each laser is given by ~ki where
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∣∣∣~ki∣∣∣ = 2π/λi. We define the one-photon detunings as ∆ba = ωba − ω1, ∆cb =

ωcb − ω2, ∆cd = ωcd − ω3, and ∆ba = ωba − ω4. The two-photon detunings are

∆ca = ∆cb + ∆ba and ∆bd = ∆ba −∆da. We define γij to be the atomic decay rate

in radians per second from level i to j and Γij to be the average of the total decay

rates from levels i and j. Finally, we define the spatially varying Rabi frequencies

Λba = E1(z)ei
~k1zµba/h̄, Λcb = E2(z)ei

~k2zµcb/h̄, Λcd = E3(z)ei
~k3zµcd/h̄, and Λda =

E4(z)ei
~k4zµda/h̄. We also factor out the fast time dependence of the laser fields from

the denstity matrix elements such that ρij = σij exp(−iωijt). With these definitions

the density matrix equations become

σ̇aa = γbaσbb + γdaσdd + i(Λabσba − Λbaσab) + i(Λadσda − Λdaσad) (2.4)

σ̇bb = −γbaσbb + γcbσcc + i(Λbcσcb − Λcbσbc) + i(Λbaσab − Λabσba) (2.5)

σ̇cc = −(γcb + γcd)σcc + i(Λcbσbc − Λbcσcb) + i(Λcdσdc − Λdcσcd) (2.6)

σ̇dd = −γdaσdd + γcdσcc + i(Λdcσcd − Λcdσdc) + i(Λdaσad − Λadσda) (2.7)

σ̇ab = −(i∆ab + Γab) + i(Λabσbb + Λadσdb)− i(Λabσaa + Λcbσac) (2.8)

σ̇ac = −(i∆ac + Γac) + i(Λcbσbc + Λadσdc)− i(Λbcσab + Λdcσad) (2.9)

σ̇ad = −(γcb + γcd)σcc + i(Λcbσbc − Λbcσcb) + i(Λcdσdc − Λdcσcd) (2.10)

σ̇bc = −γdaσdd + γcdσcc + i(Λdcσcd − Λcdσdc) + i(Λdaσad − Λadσda) (2.11)

σ̇bd = γbaσbb + γdaσdd + i(Λabσba − Λbaσab) + i(Λadσda − Λdaσad) (2.12)

σ̇cd = −γbaσbb + γcbσcc + i(Λbcσcb − Λcbσbc) + i(Λbaσab − Λabσba) . (2.13)

We can write these equations in the form R~σ = ~̇σ where R is a 16× 16 matrix and

~σ is a length-16 vector containing the elements of the density matrix. In the steady
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state this reduces to R~σs = 0. Because of conservation of population the rows R are

not independent and therefore we replace the σaa equation with the trace condtion,

Σiρii = 1. Then the equation to solve is R~σs = ~y, where ~y = (1 0 0 0 ...)T .

Note that since we are discussing a thermal ensemble of atoms, the motion

of the atoms will be an important factor in the emission spectrum. Atomic motion

can be included through the Doppler shift of the various laser detunings for each

velocity v, e.g. ∆v
ba = ωba−ω1 +~k1 ·~v. Integrating each density matrix element over

the one dimensional Boltzman distribution then gives

σ̄ij =

∫
ρ(v)σij(v)dv , (2.14)

where ρ(v) =
√
m/(2πkbT )exp(−mv2/(2kbT )).

In some cases it is sufficient to calculate the steady state polarization of the

medium. In others, particularly when several competing processes are at work,

such as 4WM and absorption, one must take propagation into account. For an

electromagnetic field propagating in an atomic medium with a polarization of the

form

P (z, t) =
4∑
i=1

(Pi(z)e−iωit + c.c.) , (2.15)

the wave equation in the slowly varying amplitude approximation becomes

∂zEi = 2π|k|ie−ikizPi(z) . (2.16)

The atomic polarization is related to the density matrix through P = N 〈µ〉 =

NTr(ρµ). The polarization of the medium that contributes as a source for the

4WM process is P3(z) = Nµdcσ̄cd, with similar expressions for the other Pi. We
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solve the coupled set of equations for the field and atoms down the length of the

atomic ensemble. We neglect any possible transverse effects.

Figure 2.7 shows a typical solution to the MB equations with ∆ba = −∆cb =

1500 MHz×2π. The incident intensities are I1 = I2 = 10 mW/cm2 and I4 =

1 mW/cm2. Fig. 2.7(a) shows the intensity of fields 3 and 4 as a function of

propagation distance in the medium. Linear absorption dominates the behavior of

field 4 while parametric 4WM leads to the generation of field 3. In Fig. 2.7 (b)

we see the polarization of the generated beam, P3, as a function of propagation

distance and velocity of the the atoms in the medium. The polarization decreases

as a function of length due to the absorption of the field 4 while only a narrow band

of velocities, centered around v = 0 for the parameters used here, contributes to the

4WM process.

2.5.2 Velocity Selective 4WM

Figure 2.3 (b) shows a plot of |σcd|2 solved numerically for parameters close to

that of the experiment. For large detuning of the 795 nm field the data and model

show a narrow sub-Doppler feature, in clear qualitative agreement.

Intuitively this feature can be explained by the fact that the 4WM process is

strongest in resonant atoms. Since we are working in a thermal cell, given a set of

proper detunings, only one velocity class (a group of atoms all moving with roughly

the same velocity with spread σv ≈ γ/k, where k and γ are some characteristic wave-

vector and atomic line-width, respectively) will be resonant for 4WM at a time. To
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Figure 2.7: Typical solution to the MB equations in the diamond sys-
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lowest nonzero order the solution to Eq. 2.4 for the polarization component which

contributes to simple 4WM is proportional to

σPMcd =
ΛadΛbaΛcd

(∆ba − iΓba) (∆da + iΓda) (∆ca − iΓca)
, (2.17)

where PM stands for phase-matched. In the present case the 795 nm (ω1) laser is so

far off resonance (∆ba ≈ 1.5GHz) that there are essentially no atoms with a velocity

large enough to Doppler shift them onto one-photon resonance with that beam.

However, some velocity class vR exists such that the two photon a → c transition

is resonant. If we then ask what ω4 must be to be resonant with that same velocity

class we are lead to the two equations, 0 = ∆ca + ~k2γ · ~vR , and 0 = ∆da + ~k4 · ~vR .

Here ~k2γ = ~k1 +~k2. We can eliminate vr and are left with an equation for the 4WM

resonance peak position in the (∆ca,∆da) plane,

∆da =

∣∣∣~k4

∣∣∣∣∣∣~k2γ

∣∣∣∆ca . (2.18)

For the Rb level structure we use, the slope isM = k4/k2γ = 0.637. We measure the

slope of the 4WM feature with two calibrated Fabry-Perot scans for several different

detunings of the 795 nm laser, all of which are outside of the single photon Doppler

peak. Fig. 2.8 shows a typical measured resonance structure with the best fit line

through the maxima. The result is Mmeasured = 0.62± 0.02, which is in agreement

with the theory. The slope is calculated from the data by first determining the

position of the maxima in the detuning plane then fitting a line to those points. To

determine the maxima we fit Lorentzian functions at fixed ∆1324 to the data and

determine the peak position in the ∆780 variable. This fit gives an uncertainty in

peak position which leads to the uncertainty in the measured slope.
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a best fit line through the maxima of the resonance feature. The slope
agrees well with the theoretical prediction.

32



2.5.3 Resonance Structure: Autler-Townes Effects in 4WM

Figure 2.5 shows the experimentally measured and theoretically predicted 1367

nm light intensity as a function of the pump laser detunings. Autler-Townes splitting

[3] is a phenomena in which a two-level atom is driven strongly by a resonant pump

laser and undergoes an effective level splitting. If either the upper or lower transition

is probed by another laser from some other auxiliary level, the line we be split by

the Rabi frequency of the pump laser. This effect is closely related to the Mollow

triplet observed in the fluorescence spectrum of a driven two-level atom [48]. The

same physical effect manifests itself as splittings in the 4WM resonance structure as

can be seen in Fig. 2.5. The splitting can be described by a Schrödinger equation

treatment which is the subject of a Ref. [5].

2.5.4 Conversion Efficiency

We define the conversion efficiency of the 4WM process as E = I3(Lcell)/I4(0).

This is the ratio of the generated 1367 nm light to the 780 nm pump. The efficiencies

measured in the experiment are presented in table 2.1. One could solve the MB

equations with parameters similar to that in the experiment, namely a cell of length

L = 1.5 cm at temperature T = 90 ◦C and pump powers P795 = 15 mW and P1324 =

5 mW. However, the answer is highly dependent on the choice of dipole moments.

Since the model we are solving is only a 4 level approximation (ignoring the hyperfine

and Zeeman sublevel structure) , we cannot expect it to give an accurate estimate

of the efficiency.
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Table 2.1: Measured experimental 4WM generation efficiencies with P1324 = 5 mW.

795 nm Power (mW) Efficiency

115 13× 10−5

50 4.5× 10−5

15 2.4× 10−5

A full Doppler-broadened MB calculation that includes all the relevant atomic

levels is a computationally intensive task. Instead we apply perturbation theory

and calculate the lowest order response functions for both fields 3 and 4. We make

the approximation that the pump fields 1 and 2 are constant, as field 1 is far from

resonance and field 2 is not absorbed because there is little population in the P1/2

level. We assume linear absorption/dispersion to be the dominant process for field

4. Given these assumptions, we may solve the wave equation for E4 and get

E4(z) = E4(0)eαχ̄1z . (2.19)

Here α = 2πk4µ̃
2
daN/h̄ and χ̄1 is the Doppler averaged linear response function

which includes all relevant structure of the 5P3/2 excited and F = 3 5S1/2 ground

states. Here µ̃da = 〈α′L′ ||r||αL〉 is the reduced dipole matrix element. All the six-J

and three-J symbols have been absorbed into the definition of χ1. We consider only

phase matched emission into field 3 and insert the result into the wave equation,

yielding

∂zE3 = κχ̄3E
∗
4 , (2.20)

where κ = 2πk3µ̃dcµ̃adµ̃baµ̃cbNE1E2/h̄
3 and χ̄3 is the Doppler broadened non-linear
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susceptibility which takes all relevant atomic structure into account (see next sec-

tion). Again the tilde denotes reduced dipole moments. The numerical values for

these are µ̃ba = µ̃da ≈ 5.2 eao and µ̃cb = µ̃cd ≈ 5.2 eao. We solve this simple

differential equation subject to the boundary condition E3(0) = 0 and get

E3(z) =
κχ̄3

αχ̄∗1
E4(0)

(
eαχ̄

∗
1z − 1

)
. (2.21)

In the limit that the interaction region (the cell) is much longer than the character-

istic absorption length of field 4, we can take z →∞. The exponential in equation

2.21 then goes to zero and the efficiency becomes

E =
(κ
α

)2
∣∣∣∣ χ̄3

χ̄1

∣∣∣∣2 =

(
k3

k4

µdcµbaµcb

h̄2µda
E1E2

)2 ∣∣∣∣ χ̄3

χ̄1

∣∣∣∣2 . (2.22)

Notice that the atomic density, N , is absent. This comes about because of the

assumption that all the 780 nm photons are absorbed. To apply Eq. 2.22 to a

Doppler free medium such as an ensemble of cold atoms, one could drop the bars

on the response functions, giving a closed form solution. We have checked that the

MB result agrees with Eq. 2.22 when we restrict the perturbative treatment to the

simple 4-level atomic structure.

We do not know of a simple form for the inhomogeneously broadened response

functions so we numerically integrate them. For parameters similar to those in the

experiment we see a peak theoretical efficiency of 2×10−5. This theoretical efficiency

is of the same order as the experimental efficiency, which is reasonable, given the

number of approximations we are making (e.g. perturbative response functions,

linear absorption, undepleted pumps, plane wave fields). Clearly, the conversion

efficiency of 780 nm light to 1367 nm light is limited by the linear absorption of the
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medium. One may consider using electro-magnetically induced transparency (EIT)

to possibly increase the 4WM efficiency [22].

2.5.4.1 Calculation of the Susceptibilities

We present how we calculate the suceptibilities, χ1 and χ3, used in Eqs 2.19-

2.22. To calculate χ1 we use the fact that the 780 nm laser, or field 4, is resonant

with the 5S1/2 F=3 ground state to the 5P3/2 F=4 excited state and ignore the

other F=2 ground state manifold. Atoms that are Doppler shifted into resonance

with the 5P3/2 F=3 and F=2 states contribute to the absorption, so we keep those

states as well. We assume linearly polarized light along the x̂ direction and all

field propogation along ẑ. Summing over all allowed transitions between magnetic

sub-levels and averaging over the initial states gives us

χ1 =
i

12

(
1

δ4

+
35

81

1

δ3

+
10

81

1

δ2

)
. (2.23)

Here δj = ∆dja3− iΓdja3 . The state labels (e.g. d4) refer to hyperfine states indicted

in Fig. 2.1 and the subscripts indicate the F sub-level.

We again only consider the F=3 portion of the ground state manifold for the

calculation of χ3. Because the 795 laser is far detuned from the 5P3/2 states we

must keep both the contribution from the F=2 and F=3 hyperfine states. In the

experiment the 795 nm and 1324 nm lasers are tuned to two-photon resonance with

the 6S1/2 F=3 manifold, thus we can ignore the F=2 upper state. From Fig. 2.4

it is clear that the 4WM process is strongest through the 5P3/2 F=4 states so we

keep only terms involving that state and disregard the contributions from the rest
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of the D2 line. Fields 1 and 2 are taken to be polarized in the ŷ direction while field

4 is polarized along x̂. This choice of polarization forces the generated field 3 to be

polarized along x̂ as well. The result is

χ3 =
i

12

1

18

1

(∆d4a3 + iΓd4a3) (∆c3a3 − iΓc3a3)
(2.24)

×
[

1

(∆b3a3 − iΓb3a3)
+

1

(∆b2a3 − iΓb2a3)

]
.

We arrive at the Doppler broadened response functions following the prescription of

Eq. 2.14.

We look at the transmission of the 4WM cell experimentally and compare it

to the form given by Eqs. 2.23. Figure 2.9 shows the transmission of a weak 780 nm

probe beam at several different cell temperatures along with a fit using the linear

response function shown above with the temperature as the only free parameter.

We can extract the optical depth from the model and see that it is as high as 80 for

the hottest cell temperature. According to Fig. 2.9f the measured cell temperature

and the one we get from the model are consistently off by more than 10 ◦C. This

systematic problem can be related to inappropriate thermal contact between the

sensor and the cell, or to other equipment problems. We do not preclude that

the simple model that we use is insufficient to capture the whole dynamics of the

multilevel atoms.

2.6 Conclusion

We have observed 4WM in the diamond configuration in a warm atomic en-

semble of rubidium. We have observed narrow features in the 4WM gain that arise
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from velocity-class selective resonant enhancement. When using strong resonant

pumps we observe Autler-Townes style splitting in the 4WM resonance structure.

We have measured the efficiency of the 4WM process and have shown it to be low,

on the order of 10−4 due to the linear absorption of the pump beam. In the rest

of this thesis we will consider pair generation from the ensemble but the knowledge

we gained in the semiclassical regime will aid us in understanding the quantum

mechanical system.
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Chapter 3

Pair Production From a Warm Ensemble

3.1 Introduction

In this chapter we discuss measurements and theory regarding photon pair

production from the warm atomic medium. The first section explains the experi-

mental details unique to the photon counting measurements that are the subject of

the remainder of this thesis. We discuss the temporal and spectral properties of the

biphotons in two different regimes of pumping. Using a second Rb cell as a filter we

measure the spectral character of the generated pairs. A simple theory involving a

decaying three level atom and spectral filter gives qualitative agreement with some

of the data.

Entangled pairs of photons are currently the only option for achieving long-

distance secure quantum communication but suffer from loss in fiber optic channels.

Duan et al.[26] suggested a method for overcoming this by inserting atomic ensemble-

based quantum repeaters in the communication channel. An integral part of many

of the schemes based on the ideas of Ref. [26] is a source of correlated photon

pairs that are resonant with atomic quantum memories. Spontaneous four-wave

mixing (4WM) in atomic ensembles is a well-suited candidate for this application

[4, 53, 37], complimenting the work done in optical fibers [39]. Chaneliere et al.

[17] proposed a quantum repeater that operates at telecommunication wavelengths
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and experimentally demonstrated pair production from a laser-cooled, cold atomic

ensemble with one photon in the telecommunications band and the other in the

near-IR. Balic et al. [4] and Du et al. [25] have demonstrated biphoton generation

in the near-IR with controllable correlation times.

Our current experimental effort focuses on frequency and temporal control of

biphotons created in a warm atomic ensemble (isotopically pure 85Rb) using a four

wave mixing (4WM) interaction [5, 61]. The two correlated photons occur at differ-

ent wavelengths, 1367 nm and 780 nm. We measure the polarization entanglement

of the photons through a violation of Bell’s inequality. The gain of the non-linear

4WM interaction and the linear absorption/dispersion of the medium determine

the temporal and spectral character of the pairs. Changing the parameters of the

pump lasers can modify both the gain and the absorption/dispersion of the medium.

Spectral filtering and additional laser fields allow modification and control of the

frequency and temporal properties of the biphotons. The control that we achieve is

passive and opens the door to future active quantum feedback.

3.2 Photon counting experimental set up

3.2.1 Optical Setup

The optical setup is shown in Fig. 3.1. The setup is very similar to the one

we used for the semiclassical measurements in chapter 2. We use the same angles,

which are indicated again in the figure caption. The obvious difference is that for

pair generation we remove the 780 nm pump beam. We couple both of the output
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beams into appropriate single mode fibers. The 780 nm photon goes through a

1 meter fiber and then onto a silicon avalanche photodiode (APD). The 1367 nm

photon goes thorough 200 m of fiber that serves to optically delay it by 1 µs and

then onto the InGaAs APD.

To align the system we first put all three pump beams on the ensemble and

maximize the generated 4WM light. We then optimize the coupling of the 4WM

light into its fiber. We can achieve up to 70% coupling of the 4WM into the single

mode fiber. We also couple the 780 nm pump beam into single mode fiber with a

maximum efficiency of 80%. Then, in a final alignment step, we remove the 780 nm

pump and observe and maximize the pair coincidence rate.

3.2.2 The Detectors

We use two different types of detectors in the experiment. Both detectors are

single photon counting APDs. The detector used for the 780 nm photons is a Silicon

based EG&G SPCM (now made by Perkin Elmer). The detector is free-running,

meaning it is always on except for a 30 ns dead time after registering a count. The

detection efficiency of the detector is ≈ 40% and the dark count rate is ≈ 200

counts/s.

The detector for the 1367 nm photons is an InGaAs APD from Princeton

Lightwave. The detector must be run in gated mode due to the high dark count rate.

Given a triggering pulse the detector is gated on for a 1 ns window at a maximum

rate of 20 MHz. Due to the large probability of after pulsing the blanking may be set
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to ignore a number of triggering pulses immediately after a count. The dark count

probability in each 1 ns gate is 3 × 10−6. The specification from the manufacturer

for the efficiency of the detector is 20%. Our measurements of the detector efficiency

have given a values ranging from 10− 15%.

3.2.3 Counting Electronics

Figure 3.2 shows a detailed diagram of the counting electronics. The 780 nm

photon is incident on a EG&G SPCM silicon APD which emits a 40 ns pulse upon

registering a photon. The pulse is sent to the trigger input of the SRS DG353

delay generator and to channel A of a SRS SR400 photon counter which counts the

pulses. The delay generator upon receiving a trigger sends a pulse to the triggering

input of the InGaAs APD after a programmable delay. During that time the 1367

nm photon has been in the optical delay line fiber. When the programmable delay

is set properly the 1367 photon arrives on the InGaAs APD at the same time as

the detector is triggered on and an output pulse is sent to channel B of the SR400

photon counter. The delay is controlled by a Labview program via GPIB and the

data is recorded by the computer. Therefore, to take a cross-correlation function,

the computer fixes the delay and then records the number of counts after some fixed

integration time, then changes the delay and integrates again.
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Figure 3.2: A detailed diagram of the counting electronics for obtaining
the cross-correlation function. See the text.

3.3 Pair Creation From Spontaneous 4WM

Here we describe the physical mechanism which leads to pair creation from the

medium. A full theory for the process is quite involved. The theory must take into

account propagation, linear absorption, 4WM gain, spontaneous emission/atomic

lifetimes, and phase matching considerations. It is possible to write down the Hamil-

tonian of the system and to develop Heisenberg-Langevein equations for the atomic

and photonic operators [40, 36]. Then using a C-number treatment and methods

from stochastic differential equations, solve for measured quantities like second or-

der correlation functions [14, 15]. We instead use a simplified theoretical model to

help understand the generation process.

The process is very similar to semi-classical 4WM but in place of a third pump

beam, the generation is seeded by vacuum fluctuation. Two pump beams, at 795

nm and 1324 nm, give rise to a spontaneously generated 1367 nm photon which is

emitted into 4π with a dipole radiation pattern. If we let ~k3 denote the k-vector of
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the 1367 nm then upon emission of the photon the medium is left in the excited state

|ψ〉 =
∑

i exp(iφi) |diaelse〉 with a spatially varying phase φi = ~ri ·
(
~k1 + ~k2 − ~k3

)
.

The sum here is over all atoms in the sample and a and d are the atomic state labels

consistent with our usual convention. Since there is no measurement that specifies

which atom emitted the photon, the excitation is shared among all the atoms. The

780 nm photon is then emitted in the phase-matched direction due to constructive

interference. In this situation correlated pairs actually occur on opposite sides of two

concentric rings. In the experiment we choose to observe those that occur co-planar

with the pumping beams.

3.4 The Cross-Correlation Function

In this section we examine the cross-correlation of the pair of photons for

several different pumping parameters. We measure the spectral character of the

photons and show that by changing pump laser parameters we may modify the

temporal profile of the photons.

3.4.1 Off-Resonant Pumping

Figure 3.3 shows a typical measured cross-correlation function with the 795 nm

pump laser detuned ∆ = 1.5 GHz below the 5S1/2 F=3→ 5P1/2 F=2 transition, well

outside the Doppler width. The 1324-nm pump laser frequency closes the 5S1/2 F=3

→ 6S1/2 F=3 two-photon transition in the level scheme of Fig. 3.1. The polarization

analyzers for the signal beams pass vertically polarized photons. The width of the

46



0 500 1000 1500 2000 2500
0

50

100

150

200

250

300

Co
in

cid
en

ce
s i

n 
30

 s

Filter Width (MHz)

Co
in

ci
de

nc
es

 in
 6

0 
s

Delay (ns)
−5 −4 −3 −2 −1 0 1 2 3 4 5
0

100

200

300

400

500

600

Figure 3.3: Cross-correlation function for a 1.5 GHz red-detuned 795
nm pump and no filter cell. Inset: Coincidence counts at zero delay as
a function of the 85Rb cell filter spectral width.

correlation function is surprisingly short (≈ 1− 2 ns), on the order of the resolution

of the detector (which at best is the 1 ns gat width of the InGaAs APD), rather

than of order the lifetime of the intermediate 5P3/2 state as might be expected.

3.4.2 Filter Cell

To understand the temporal and spectral character of the correlated pairs, we

insert a 7 cm hot rubidium cell into the path of the 780-nm photons as illustrated in

Fig. 3.1 to act as a filter. Ideally we would use a variable narrow band interference

filter, however commercial filters have bandwidths on the order of 1 nm, which is

much too large for our application. A Fabry-Perot filter is a viable option but is

more complicated to implement than the Rb cell filter. We record coincidence counts
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at zero delay and vary the temperature of the filter cell, changing the width of the

transmission region. Figure 3.4a shows the filter cell transmission for a weak 780 nm

probe beam for several temperatures as well as the transmission through the 4WM

cell. Figure 3.4b shows the coincidences in 30 s as a function of the filter width

(50% transmission). No change in the coincidence rate occurs until the filter cell

absorption is wider than that of the 4WM cell, implying that the correlated photon

pairs occur predominantly far detuned from the intermediate state resonance. The

4WM cell optical depth for resonant 780-nm photons can be very high as we saw

in chapter 2, so the large majority of biphotons generated near resonance (as is

expected from density matrix calculations) are re-scattered many times and do not

reach the detectors, time-correlated in the phase matched direction. The photons

that emerge from the cell are detuned from the intermediate resonance (level d in

Fig. 3.1) and this gives rise to the short correlation time. The measurement of the

transmission as a function of filter width gives a bandwidth of the 780 nm component

of the biphoton of approximately 350 MHz. Note this is in contrast to Ref. [17],

which observed long (> 15 ns) correlation times from a laser-cooled sample. In this

case the absence of Doppler broadening allows photons much closer to resonance to

be transmitted, and thus longer correlation times.

3.4.3 Resonant Pumping

If we vary the frequency of the pump lasers, the cross-correlation function

changes. With the 795-nm pump laser set close to the 5S1/2 F=3 → 5P1/2 F=2
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transition and the 1324-nm pump laser 100 MHz above of the two-photon, zero-

velocity class resonance (see Fig. 3.5a), the correlation function shows two distinct

features. The narrow peak at zero delay is similar to the one shown the previous

off-reosnant pump case (Fig. 3.3), while the second feature shows a longer decay

with oscillations, attributable to quantum beats.

The Fourier transform of the correlation shows a peak at approximately 120

MHz, consistent with the hyperfine splitting between the F = 3 and F = 4 of the

5P3/2
85Rb excited state. Multiple decay paths exist due to the hyperfine splitting of

the intermediate state [1, 17]. The choice of the F sublevel in the initial state allows

decay through a different intermediate path that shows different interval frequencies.

Additional measurements with a 87Rb atomic sample also show quantum beats at

the appropriate hyperfine intervals of that isotope. The continuous (red) line in

Fig. 3.5a) is a fit to the data from 3-45 ns to an exponentially decaying sinusoid

with a frequency equal to the relevant hyperfine splitting of f = 120.6 MHz. We

find a decay constant of τ = 11.6(2) ns with a reduced χ2 of 1.9. This decay is

shorter than the intermediate state lifetime of 26 ns. We will discuss this in more

detail below.

The 4WM process does not provide any reason why varying the pump laser

frequencies should modify the spontaneous cascade decay or the cross-correlation

function. However, strong optical pumping due to the on-resonant 795-nm pump

beam can change the population between the two ground state levels, including

modifying particular velocity classes of atoms. Using the filter cell, we find that the

narrow structure observed in Fig. 3.5(a) arises from far off-resonant photons while
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the longer time structure occurs due to near-resonant photons transmitted due to

a modified absorption profile (Fig. 3.5(b)). Fig. 3.5(c) shows the transmission of

a weak 780-nm probe beam through the 4WM cell with and without the resonant

795 nm pump beam, showing the modification of the 4WM cell transmission of 780-

nm light due to optical pumping. We do not have a complete model of the optical

pumping to quantitatively compare to the transmission or correlation functions due

to the complex nature of the many levels in the Doppler-broadened medium.

We note that in [25] and [24] the authors observe a similar narrow feature to

what we observe in Fig. 3.5(a), which they attribute phenomena of the Sommerfeld-

Brillouin precursor [27] [34] at the single-photon level. We have experimentally

shown that the narrow feature arises from photons off resonance from the interme-

diate state. This provides a simple and direct explanation for the existence of an

optical precursor.

3.4.4 Erasing the Quantum Beats

If we add another laser at 776 nm that connects only one of the hyperfine

states in the 5P3/2 to the 5D5/2 we suppress the oscillation, gaining control over

the temporal evolution of the correlation. This external field takes one part of the

atomic wavefunction out of the diamond. Fig. 3.5(d) shows the correlation function

without the time oscillations. The inset shows the energy levels involved in this

controlled modification of the temporal evolution of the biphoton.
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3.5 Filter Cell Model

We developed a qualitative model to understand the absorption in the 4WM

cell and the subsequent modification of the corss-correlation function. A single three-

level cascade atom, initially in the the excited state, decays and emits two photons

in the process. The photons emitted on the upper and lower transitions are labeled

1 and 2, respectively. The two photons are incident on two separate detectors. We

place a dispersive filter (simulating absorption in the 4WM cell) in front of detector

2 using the response of a warm sample of 2-level atoms resonant with the lower

transition of the source atom. Mathematically the filter cell is represented by the

filter function f(ω) = exp(iαχ̄(ω)) where α is a real constant involving the density

and length of the sample and χ̄(ω) is the Doppler broadened linear response function

for the 2-level filter atoms. The rate of coincidences then is

R ∝
∣∣∣〈0|Ê+

1 (t1)Ê+
2D(t2)|ψ

〉∣∣∣2 . (3.1)

Here |ψ〉 is the two-photon quantum state of the field from the decaying atom, |0〉

denotes the vacuum, and Ê+
j are the positive frequency field operators at the two

detectors [57]. The effect of the filter is to modify the field operator by Ê+
2D(t) =∫

F(t − τ)Ê+
2 (τ)dτ , where Ê+

2 (t) is the free-space field operator and F(t) is the

time-domain representation of the filter function [28]. The field generated by the

single decaying atom is an approximation to a biphoton generated somewhere in

the ensemble, while the filter in the model is the optical path that the biphoton

traverses in the 4WM cell. References [40, 36] present models with propagation that

incorporated the parametric gain and linear absorption in similar configurations.
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Figure 3.6(a) shows the calculated coincidence rate as a function of delay

for three different optical depth (OD) filters. The correlation time scales inversely

with OD. This explanation also applies to a cold atomic sample and might be an

alternative explanation for density-dependent correlation times observed in [17] that

were attributed to superradiance.

This model gives insight into the resonant data shown in Fig. 3.5. We calcu-

late the response function for our atomic filter using the Doppler-broadened linear

response of a V-system, driven strongly on one transition. This gives the standard

EIT or Autler-Townes response function. The model is analogous to the current sys-

tem since the 795 nm pump is resonant with the b→a transition (see Fig. 3.1) and

we observe photons emitted on the d→a transition. Similar to the data presented

in Fig. 3.5, Fig. 3.6(b) shows a narrow short time structure arising from frequency

components of the biphoton wave-packet that are far detuned from intermediate-

state resonance. The theoretical results also display a long-time feature associated

with frequency components inside the transparency window. Higher optical depth

leads to a greater delay of the long time peak which is expected in a slow light

medium.

3.5.1 Details of the Calculation

We start with one cascade atom in the upper state at time t = 0. The level

structure is indicated in figure 3.7a. We are interested in calculating the cross
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Figure 3.6: Theoretical prediction from the model described in the text
for coincidence rates for (a) a simple hot cell of two level atoms and (b)
a medium consisting of V-system atoms. In (a) it is clear that increasing
optical depth leads to shorter time correlation functions.
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Figure 3.7: a) A schematic of the model. b) The geometry used for the
angular integrations.

correlation function (CCF) or the coincidence rate. So the quantity to calculate is

|Ψ|2 =
∣∣〈0 ∣∣E+

k (t1)E+D
q (t2)

∣∣ψ〉∣∣2 . (3.2)

We assume the detectors are far from the atom and use the solution for the

field emitted by a decaying cascade atom which is derived in Ref. [57],

|ψ〉 =
∑
k,q

−ga,kgb,qLkqLq |1k, 1q〉 . (3.3)

Here Lk,q =
[
i(νk + νq − ωac)− 1

2
Γa
]−1

and
[
Lq = i(νq − ωbc)− 1

2
Γb
]−1

and we have

assumed the atom is at r=0. The g’s are given by gk = −~µ·ε̂kEk/h̄ where Ek =
√

h̄νk

2εoV
.

The effect of the filter on the field operator at the detector is given by Ref.

[28] as

E+D
q (t) =

∫ ∞
−∞

dt′F(t− t′)E+
q (t′) , (3.4)

where E+
q =

∑
q,λ Eq ε̂λq e−iνqt+i~q·~raλq . The field operator at the detector can be rewrit-

ten as

E+D
q =

V

(2π)3

∑
λ

∫
d3q Eq ε̂λq e−iνqt+i~q·~rf(νq)a

λ
q , (3.5)
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since F(t) =
∫
e−iωtf(ω)dω.

We use the geometry in figure 3.7b where the detectors are both along the z

direction and the dipole moments are in in the x-z plane. After taking care of the

delta functions from the annihilation operators we get

Ψ(r1, t1, r2, t2) =
V 2

h̄2(2π)6

∫
dkk2

∫
dqq2E2

kE2
qLkqLqe

−iνkt1e−iνqt2f(νq)~Θk
~Θq , (3.6)

where the Θ’s are the angular integrals for k and q. These angular integrals are of

the exact same form so we just need to look at one of them. The angular integral is

Θk =

∫
dφk

∫
dθk sin θk

(∑
λ

~µab · ε̂λk ε̂λk

)
ei
~k·~r1 . (3.7)

We use a dyadic identity found in Scully [57](pg.313). The result is that in the far

field only the x component is non-zero. The result is

Θk = x̂2πµab sin η

(
eikr1 − e−ikr1

ikr1

)
. (3.8)

We throw out the piece of 3.8 that goes like e−ikr1 because it represents a wave

propagating inward toward the origin. The resulting expression is

Ψ = κ

∫
dνq ν

2
qf(νq)e

−iνqt2eiqr2f(νq)Lq

∫
dνk ν

2
ke
−iνkt1eikr1Lkq . (3.9)

The k integral can be performed by contour integration, with the approximation that

you may pull out the ν2
k from the integral (since it varies slowly over the region where

the rest of the integrand is significant) and extend the lower limit of integration to

−∞ (since the integrand is negligible over that range). The end result is

Ψ = Cθ(τ1)e−iτ1ωace−
Γa
2
τ1

∫
dνq

e−i(τ2−τ1)νq

i(νq − ωbc)− 1
2
Γb
f(νq) , (3.10)
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where τj = tj − rj/c and

C =
1

(2π)2

1

(2εo)2

ω2
abω

2
bc

c6

µabµbc sin η1 sin η2

|r1| |r2|
. (3.11)

We are only interested in the time between the arrival of the two photons. This in-

formation is contained entirely in the remaining integral in Eqs. 3.10 which depends

on the explicit form of the filter function f(νq).

The filter functions

To generate the results in Fig. 3.6 we use two different filter functions. In

both cases we use that for the Fourier component of electric field at frequency ω

propagating through a linear medium, Eout(ω)/Ein(ω) = f(ω) = eiαχ(ω). Now all

that is left is to define the χ(ω). The first case is for a gas of two level atoms. In

this case, for atoms with the transition frequency ωf .

χ(ω) =
1

ωf − ω − i
2
Γf

(3.12)

To take into account the thermal motion of the filter atoms we then Doppler broaden

the response function. The second filter function is for an atomic V-system with a

strong resonant pump on one transition and the second transition with frequency

ωf which is close to the frequency of the photon emitted on the lower transition in

our problem. The response function is them

χ(ω) =
1

ωcb − ω − i
2
Γcb − Ω2

ωcb−ωab−ω− i
2

Γca

, (3.13)

which we then Doppler broaden appropriately.
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3.6 The Decay Time of Correlations

We now turn to the decay time of the cross correlation function shown in Fig.

3.5(a) and (d). We measure a decay constant of τ ≈ 12 ns, less than half that of

the intermediate state life-time of 26 ns. In Ref. [17] the authors observed a cross

correlation that shortens with increasing optical depth, and attributed this behavior

to super-radiance. In a double-Λ configuration [25] the cross correlation can be as

long one µs due to slow light effects, which can be tuned by increasing the OD of the

sample. We measure the correlation function at different atomic densities spanning

two orders of magnitude, and find no change in the decay constant of the correlation

function, in stark contrast to cold atom experiments.

A possible explanation of the insensitivity of the cross-correlation decay time to

the OD in our warm sample is thermal diffusion. The two-photon excitation selects

a relatively narrow velocity class of atoms with a width of velocities (∆v ≈ Γ2γ/k2γ)

creating a polarization grating that serves to scatter the generated 780 nm photon.

Here k2γ =
∣∣∣~k1 + ~k2

∣∣∣ is the two-photon wave-vector and Γ2γ is a decay rate subject

to power broadening. With classical 4WM [61], we have found Γ2γ/2π ∼ 20 MHz,

which yields ∆v ≈ 10 m/s. Upon the emission of 1367-nm photon into the phase-

matched direction a phased grating is established in the medium with a wavelength

of 780 nm, which then decays due to diffusion, as within one intermediate state life

time atoms with velocity ∆v will move approximately 300 nm.

It is useful to consider N spatially phased classical dipole oscillators, which

are perfectly phased at time t=0 to interfere constructively in the forward direction.
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If those oscillators are then allowed to move ballistically with a Maxwell-Boltzman

distribution with thermal velocity vt, the intensity of the forward scattering has the

form I(t) ∝ N + (N2 − N) exp
[
−1

2
(kvtt)

2
]
. This form of exponential decay also

applies to the forward emission of the 780 nm photon from the ensemble in our

experimental case and therefore we expect a suppression of the correlation function

with the functional form exp
[
−1

2
(kvtt)

2
]
. We fit the data with the assumption

that the correlation decays with a natural-linewidth decay time multiplied by an

additional motional suppression factor. We find that the fit is as good in the reduced

χ2 sense as the fit without motional suppression. The thermal velocity from the fit

for the data in Fig. 3.5c is vt = 6.6 ms. With this modification, the model is in

good qualitative agreement with the data.

3.7 Conclusion

We have experimentally demonstrated phase-matched emission of polarization

entangled photons from a hot atomic ensemble. We have measured the structure

of the time correlations in different regimes and showed that the temporal profile is

determined in a large part by the dispersive and absorptive nature of the generation

medium. We can control the spectral profile of the biphoton cross-correlation with

a narrow band optical filter. We can also modify the temporal response by coupling

a control laser that addresses a specific hyperfine transition. The production rate

of entangled photons per unit bandwidth is comparable to other sources, but would

be orders of magnitude larger if the absorption of the 780 nm photons could be
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suppressed.
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Chapter 4

Bell’s Inequality, Photon Statistics, and Heralded Single Photons

Quantum optics disagrees with classical electromagnetic theory in some cases

that can be realized rather easily in the laboratory with a correlated pair source. In

the following sections we present three such cases. The first example is an experi-

mental test of Bell’s Inequality. Here we see that correlations in the polarization of

two spatially separated photons is higher than that allowed classically. The second

set of measurements shows a violation of the two beam Cauchy-Schwarz inequal-

ity. This result shows that the joint probability of photodetection at two different

points is much higher than two detections at the same point, even when the average

intensity is the same at both points. This is not possible classically [41]. In the last

example, strong anti-correlation of photodetection events at the output ports of a

beam splitter show the indivisible nature of the photon. In this measurement we look

at our system as a source for heralded single photons and measure its performance.

4.1 Bell’s Inequalitiy

In a very famous early paper on foundations of quantum mechanics Einstein,

Podolsky, and Rosen [29] argued that the theory is not complete and brought to

light the very peculiar non-local correlations predicted by quantum theory. Three

decades later J. S. Bell, through very simple arguments, showed that any general
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local hidden variable theory conflicted with quantum mechanics [6]. His work lead to

the well known Bell’s Inequality. If the inequality is violated then the system being

interrogated cannot be described by a local theory. In the framework of quantum

mechanics, violation of Bell’s inequality proves the system is in an entangled state.

Below we discuss Bell’s inequality in terms of our experiment. We use the Clauser,

Horne, Shimony, and Holt (CHSH) version of Bell’s inequality derived in Ref. [20].

All tests to date have shown agreement between nature and quantum mechan-

ics, which includes Bell’s inequality. There are however loopholes in the experiments

which have yet to all be closed at once. Disregarding the loopholes, Bell’s inequal-

ity has been violated many times with many different systems. For photon pairs

the list includes spontaneous emission from an atomic beam of atoms [30, 2], cold

atom systems [17], and non-linear crystals using parametric down conversion [38].

Recently violations have been shown in trapped ions [43]. The data presented here

is the first violation from a nonlinear interaction in an ensemble warm atoms.

Figure 4.1 shows a schematic for a typical Bell’s inequality measurement based

on the polarization of correlated photons. The photons, labeled A and B, emanate

from a common source and head toward two detection setups. Before reaching

the detectors each photon passes through a half-wave plate (HWP) and then onto

a polarizing beam splitter (PBS) which passes horizontally polarized photons and

reflects vertically polarized photons. The angle of the fast axis of the HWP relative

to the horizontal at the two detection sites is denoted by a and b. At each site two

detectors collect the photons that emerge from both the accepted port and rejected

port of each PBS. We assign a measurement value of +1 when DA+ or DB+ registers
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Figure 4.1: a) Schematic of Bell’s inequality set up. Each photon is
incident on a polarization analyzer and then onto single photon counting
detectors.

a count and a value of −1 when DA− or DB− register a photon.

For a fixed setting of the polarizers, (a, b), we can make the measurement many

times and then compute the correlation function of detection events at each site as

C(a, b) =
N++ +N−− −N+− −N−+

N++ +N−− +N+− +N−+

, (4.1)

where Nij is the number of times detector DAi and DBj registered a count in the

same trial. Bell’s inequality the can be written as

S ≡ |C(a, b)− C(a, b′)|+ |C(a′, b′) + C(a′, b)| ≤ 2 . (4.2)

Thus to check the inequality one must pick 4 polarizer settings (a, a′, b, b′) and count

coincidences.

Before we get to the experimental results, simple quantum mechanical treat-

ment shows what to expect. Each term in the correlation function C(a, b) is just

the probability of measuring a coincidence for a particular set of polarizer settings.
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The probability of coincidence at DA+ and DB+ can be computed as

P (θa, θb) = | 〈H,H|UHWP (θa)⊗ UHWP (θb)|Ψ〉 |2 . (4.3)

Here |H,H〉 is the ket representing photons A and B in the horizontal mode. The

ket |Ψ〉 is the quantum state of the photon pair and UHWP is the unitary matrix

representing the action of the HWP on the photons such that the measurement at

each site is to project the photon state onto 〈H|UHWP (θ). Note that this has the

effect of projecting the photon state onto the polarization state that is 2θ from the

horizontal. Explicitly the matrix is

UHWP (θ) =

 cos(2θ) sin(2θ)

sin(2θ) − cos(2θ)

 . (4.4)

If we assume a state

|Ψ〉 = cos(χ) |HH〉+ eiφ sin(χ) |V V 〉 (4.5)

then we can calculate the coincidence probability. If we make the simplification that

φ = 0 and χ = π/4 then the probability has the form P (θa, θb) = 1
2

cos2 [2(θa − θb)].

The correlation function also has a simple expression, C(θa, θb) = cos(θa − θb). The

maximal violation of Bell’s Inequality is found for the angles θa = 0, θ′a = 45◦/2,

θb = 67.5◦/2, and θ′b = 22.5◦/2. For these settings we see S = 2
√

2 > 2. This turns

out to be the largest violation of the inequality possible quantum mechanically and

it always turns out smaller in experiment.

The experimental situation is very similar to the one in Fig. 4.1 with the

exception that we have only one detector per site, so in order to measure N−−, N+−,
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and N−+, we turn the wave plate such that is rotates the measurement basis by 90◦.

The pump lasers are set to the off resonance position as discussed in Ch. 2 and Ch.

3 with the 795 nm pump red-detuned 1.5 GHz from the 5P1/2 D1 line and the 1324

nm laser set to close the two photon resonance. The powers in the beams are 5 mW

in the 1324 nm laser and 13 mW in the 795 nm laser. The detector setup/counting

electronics is identical to that used in the correlation function measurements in Ch.

3. We record coincidences at zero effective delay between the two photons for fixed

polarizer settings. There is no explicit control of the magnetic environment of the

cell.

Figure 4.2a shows the sinusoidal variation in the coincidence rate expected

with one polarizer fixed as the other is rotated. For this data both pump lasers are

horizontally polarized. Note from this point forward I will discuss angles in terms of

the pass axis of the polarization analyzer and not the fast axis of the HWPs (There

is a factor of two between them). In Fig. 4.2a we first fix the 1367 nm polarizer

to pass horizontal (θa = 0) and observe the curve shown in black. The curve is

maximal at θb = 0◦ and reaches a minima around θb = 45◦ indicating that the state

of the light is of the form considered in Eqs. 4.5. The two additional curves in Fig.

4.2a are taken with the 1367 nm polarizer set at ±45◦. Using the expression for the

coincidence detection probability with φ = 0, but this time allowing χ to be free we

see that P (θa = ±45◦, θb) = 1
2

cos2(θb ∓ χ). This gives us a way of determining the

value of χ which upon fitting is χ = −47.3± 0.2◦. This is close to the state of equal

superposition for which χ = 45◦ apart from the minus sign.

At the end of this subsection we calculate the polarization state of the photon
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Figure 4.2: Sinusoidal variation in coincidence rate as a function of 780
nm polarizer setting. a) Coincidences for two horizontal pumps with
the 1367 nm polarizer fixed at 0◦ and ±45◦. b) Coincidences for one
horizontal and one vertical pump with the 1367 nm polarizer fixed at 0◦

and 45◦. Notice the difference in the two plots when θ1367 = 0◦.

pairs under the conditions above. We find that the predicted state is of the form of

Eqs. 4.5 with χ = 45◦. There is a clear minus sign difference between the predicted

and apparently measured state. The minus sign comes about due to a differential

phase shift that the two polarization components (H and V) experience upon reflec-

tion from mirrors. In the beam path of the 780 nm photons before the polarization

analyzer are two Thorlabs BE03 dielectric mirrors at near 45◦ incidence. The mir-

rors are made by multiple layers of dielectric with different indices of refraction and

thus there can be non-trivial behavior in the phase shifts for transverse electric and

transverse magnetic polarizations due to total internal reflection at the boundaries.

However a measurement shows that the sum of the two mirrors is to accumulate

effectively no total phase shift by the two mirrors. To measure the phase shift we

put diagonally polarized light on the mirrors and look at what comes out on the
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other side. A π phase shift results in anti-diagonal light. The 1367 nm photons are

incident upon a single gold coated mirror before the polarizer. The same measure-

ment shows that the single gold mirror applies a 180◦ phase shift between the H and

V components of the 1367 nm polarization, which accounts for the sign difference

between the theory and the experiment.

Figure 4.2b shows a similar situation to the one discussed above with one

significant difference. In this example the 795 nm pump is vertically polarized while

the 1324 nm pump is horizontally polarized. This time we see that with the 1367

nm polarizer set to pass horizontal ( θa = 0) the coincidence rate is at a minimum

for θb = 0. This shows that by changing the polarization of the pumps we are able

to go from the Bell state |HH〉 ± |V V 〉 to |HV 〉 ± |V H〉.

We should note the the lack of perfect fidelity (the sine curves do not go all

the way to zero) is an indication that the light field is not as simple as we are

indicating. The dark count rate of the the detectors is too small to account for the

offset of the curves. The major source of background in these measurements, as it

is in all the correlation measurements in this thesis, is unpaired 1367 nm photons,

presumably from pairs generated near resonance such that its partner 780 nm photon

is rescattered in the generation medium. This background serves to suppress the

value of the S parameter defined in Eqs. 4.2.

We next address the measurement of Bell’s inequality. We integrate for 200 s

at each of 16 polarizer settings, choosing to use the angles indicated above . The

pump lasers are both horizontally polarized. The cell temperature is set to 365 K.

We observe a convincing violation of Bell’s inequality with Sexp = 2.22± 0.03. The
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error is derived by assuming
√
N Poissonian counting error. Thus we may say that

the photon pairs produced by the source are polarization entangled. If we subtract

off the uncorrelated background discussed above from all of the measurements we

get a far stronger violation with Sfudged = 2.69±0.04. There is no reason to subtract

this background away since it arises from real photons, but does show how linear

absorption of the 780 nm photons degrades the quality of the photon pair source.

Bell’s State Calculation

Above we showed that with two horizontally polarized pumps the state in the

experiment was very nearly the Bell state HH+VV once we take into account the

changes in the polarization on the mirror reflections. Here we calculate what to

expect for the polarization state of the emitted field from the spontaneous 4WM

interaction. To do so we write down the Hamiltonian of the field interacting with a

single atom including all the relevant hyperfine and Zeeman structure, and calculate

the lowest order term in perturbation theory that contributes to the generation

of phase matched photons. The single atom treatment of course does not give

directional emission, as this is a multi-altom interference effect, but does predict the

proper polarization state of the photon pairs.

We assume a single atom sitting at the origin pumped by two classical monochro-

matic π̂ polarized plane wave pump beams. The pumps propagate in the x̂ direction.

The convention for the coordinate system appears in Fig. 4.3a. The emitted pho-

tons are represented by the field operators â
(λ)
k and b̂

(λ)
q , where the λ denotes the two

69



a

b

c

d

Δ
1

Δ
4

Δ
3

Δ
2

Ω
1

Ω
2

x

y

z

Epumps

d (5P3/2)

F=3

F=2

F=4

a (5S1/2)

b (5P1/2)

c (6 S1/2)

F=3

F=3

F=2

F=3

-3   -2    -1     0      1    2     3 

-3   -2    -1     0      1    2     3 

-3   -2    -1     0      1    2     3 

-3   -2    -1     0      1    2     3 

-2    -1     0      1    2  

-4    -3   -2    -1     0      1    2     3     4 

-2    -1     0      1    2  

A)

B)

C)

-1/3

1/3

 5
42

 5
42

Figure 4.3: a) The geometry used in the calculation. The pumps are
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level structure which is taken into account in the calculation. The lines
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polarization modes, which for the phase matched direction are horizontal ≡ ẑ = û0

and vertical ≡ ŷ = i√
2
(û+1 + û−1). We follow the conventions of Ref. [46] when it

comes to polarization and calculation of all Clebsch-Gordon coefficients needed for

the calculation. The interaction Hamiltonian in the interaction picture is then

VI = h̄
∑
i,j

Ωij
1 σ̂

ij
bae

i∆ij
1 t + h̄

∑
i,j

Ωij
2 σ̂

ij
cbe

i∆ij
2 t + H.C.

+
∑
k

∑
i,j

(λ)gijk â
(λ)
k σ̂ijcde

i∆ij
k t +

∑
q

∑
i,j

(λ)gijq b̂
(λ)
q σ̂ijdae

i∆ij
q t + H.C. (4.6)

The term that corresponds to pair generation comes about at fourth order in pertur-

bation theory. We only consider terms that contribute to pairs emitted into the x̂ di-

rection. We first take into account only one of the initial Zeeman sub-states, denoted

by α. The total wave-function can be written as |ψ〉 = |0 0 a〉+ |ψ4WM〉+ |ψOTHER〉.

The result for the 4WM piece is

|ψ4WM〉 ∝
∑
k,q

∑
λ,γ

∑
j,k,l

Ωjα
1 Ωk,j

2
λg∗lkk

γg∗αlq Wαjkl(t)â
†(λ)
k b̂†(γ)

q |0 0 a〉 . (4.7)

Here the sums over k and q are over the frequencies of the generated photons.

The λ and γ sums are over horizontal and vertical polarization. The j, k, l sums

are over all the intermediate Zeeman structure. The expression in Eqs. 4.7 is

sum of all terms formed by stepping around the diamond, following the selection

rules for the appropriate polarization, and weighting each term by the appropriate

Clebsh-Gordan coefficients. The Wαjkl(t) factor involves the four time integrals of

the fourth order term in the Dyson’s Series which after integration has the form

1
δ1δ2δ3δ4

where the δi are various detunings which are the same for every term up to

hyperfine splittings. We make the reasonable assumption that the pairs we observe
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are far from intermediate resonance compared to the hyperfine splittings. Under

this assumption we may pull the Wαjkl(t) through the j, k, l and λ, γ sums. Since

the measurements we make do not depend on frequency we can, for our current

purpose, ignore the sums over k and q. Then the answer for a single initial sub-state

is

|ψα〉 = cos(χα) |HH〉+ sin(χα) |V V 〉 , (4.8)

where cos(χα) ∝
∑

j,k,l Ω
jα
1 Ωk,j

2
Hg∗lkk

Hg∗αlq . A similar equation exists for sin(χα)

with H replaced by V . The coefficient for the HV and VH terms are zero for two

horizontally polarized pumps. To take into account all of the Zeeman ground states

we suppose that the atoms begin in an incoherent mixture and thus the resulting

state must be described by a density matrix ρ =
∑

α pα |ψα〉 〈ψα|.

The solution, after summing over all paths, is the same regardless of the initial

Zeeman state. It is cos(χα) = sin(χα) = 1√
2
. This answer agrees with the measure-

ments presented earlier in the chapter. It is interesting that since each ground state

gives the same Bell state we expect a pure polarization state but this result hinges

on the large detuning assumption. In an optically thick cold atomic sample the

region of complete absorption would be comparable to a few linewidths (6 MHz).

Thus the already shaky assumption of large detuning is invalid. In Ref. [?] the

authors measured a non-symetric polarization state for photons generated from a

cold ensemble as is expected from our analysis.
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4.2 Cauchy-Schwarz Inequality

Another point at which classical and quantum optics diverge is the statistics

of the measured fields. For a stationary time varying field one may measure the

average intensity Ī = 〈I(t)〉, the variance of the intensity σ2 =
〈
(I(t)− Ī)2

〉
, the

autocorrelation 〈I(t)I(t+ τ)〉, or higher order correlations. Second order (in in-

tensity) correlation functions are interesting for many reasons but particularly so

because classical inequalities may be derived that are very general and are in conflict

with predictions from quantum optics.

Here we will consider a situation in which electromagnetic radiation falls on

two detectors at separate spatial points. Each detector measures the light intensity

denoted by I1(t) and I2(t). Classically, the intensities may be considered as func-

tions which are described probabilistically. This means that the average intensity

may be written 〈Ij(t)〉 =
∫
Ij(t)P [Ij(t), t] dIj(t). This integral has the interpre-

tation that we are integrating over all possible realizations of Ij(t) at a fixed t

weighted by the probability of that realization. For a stationary field, 〈I〉 is in-

dependent of t. In a similar way one can write cross correlations as averages over

different realizations of I(t). Now for the cross correlation function we may ap-

ply the Cauchy-Schwarz inequality for random variables which immediately gives

|〈I1(t)I2(t+ τ)〉|2 ≤ 〈I1(t)2〉 〈I2(t)2〉. Using the regular definition for the normalized

cross correlation function gcross
2 (τ) = 〈I1(t)I2(t+ τ)〉 / (〈I1〉 〈I2〉) and for the auto-

correlation function g2(τ) = 〈I(t)I(t+ τ)〉 / 〈I〉2 we may write the standard form of
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the two beam Cauchy-Schwarz inequality [54] as

R ≡ [gcross
2 (τ)]2

g
(1)
2 (0)g

(2)
2 (0)

< 1 . (4.9)

Equation 4.9 is a direct result of the assumption that we can describe the electric field

as a classical stochastic process with a well behaved probability density. Quantum

mechanically the field is not always describable in this way. The optical equivalence

theorem shows that measurements of a quantum field may be described by a quasi-

probability distribution using the diagonal coherent state representation [41]. This

quasi-probability distribution need not be well behaved (more singular than a delta-

function) or positive and can thus lead to violations of 4.9. States that have this

quality are called non-classical.

To compare measurements to the C-S inequality we must measure the auto-

correlation of each beam as well as the cross correlation of the fields. We make

our measurements with single photon counting APDs. The resolution we choose to

use is set by the InGaAs APDs to be 1 ns. With such a detector we can measure

the probability of detecting a photon in a single 1 ns time bin, say at detector 1,

and call it P1. If this probability is low we may relate the average intensity and P1

by 〈I1〉 = ηP1 where η takes into account the efficiency of the detector. A similar

relationship exists for the correlation functions.

As a guide we consider the simplest model that has any resemblance to the

current case, parametric down conversion (PDC). We consider a two-mode model

with a monochromatic pump and calculate the state for a short interaction time (a
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short down conversion crystal). The result is

|ψ〉 =

√
1− |λ|2

∞∑
n=0

λn |n, n〉 , (4.10)

where 0 < |λ| < 1 is the interaction parameter and the ket represents n photons in

each of the two generated modes. For this simple example we see that the probability

of having n photons in each mode is just Pn = (1− |λ|2) |λ|2n. We can calculate the

autocorrelation of each mode at zero delay and see it is g2(0) = 2, exactly what is

expected from a thermal field. The result for the cross-correlation is gcross
2 = 1+ 1

|λ|2 .

Putting these together it is easy to see that for this simple model quantum mechanics

predicts a violation of the Cauchy-Schwarz inequality.

The experimental set up is shown in Fig. 4.4a. A single detector at each site

is replaced by two in order to defeat technical issues, namely dead time and after

pulsing. We denote detectors for the 1367 nm photons as I1 and I2. Similarly,

the detectors for the 780 nm photons are called S1 and S2. For the 1367 photons

the detection efficiency of both detectors is ≈ 10%. The efficiency of the 780 nm

photodiodes is ≈ 40%. For the measurements presented here the 4WM cell is held

at 388 K. The pump lasers are tuned to the off resonance configuration discussed in

the last section. The power in the 1324 nm beam is 5 mW.

For all the measurements presented here we insert a filter cell into the path of

the 780 nm photons. Fig. 4.4b shows the transmission of a weak probe laser through

the 4WM ensemble as well as through the filter cell. As discussed in chapter 3, 780

nm photons that are created by 4WM that are inside the Doppler broadened ab-

sorption of the generation cell will re-scatter and thus contribute to an uncorrelated
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Figure 4.4: a) Schematic of the Cauchy-Schwarz inequality set up. Each
photon is incident onto a 50/50 beamsplitter and then onto two single
photon detectors. b) The transmission of a weak probe laser through
the 4WM-cell (T = 388K) and through the filter cell (T = 320K).

background. We reduce the number of counts due to those photons rescattered

photons with the filter cell.

Experimentally we measure the cross correlation function of the photon pairs

gcross
2 (τ) = PI,S(τ)/(PSPI). Here PS and PI are the probabilities of receiving a count

in any nanosecond time bin and PI,S(τ) is the probability of detecting a signal and

idler in two time bins separated by time τ . Figure 4.5(c) shows the unnormalized

CCF. According to the data the biphoton has a temporal profile of approximately

1 ns. We see a peak raw coincidence rate of roughly 100 s−1 and an uncorrelated

background of 4 s−1. This ratio gives the maximum value of the normalized CCF

to be gcross
2 (0) = 27.2 ± 1.3. Taking into account detector efficiencies we observe a

pair generation rate of 4,500 s−1.

Figure 4.5 (a) shows the autocorrelation function for the 1367 nm light field
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The cross correlation function for the two fields.
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under the same pumping conditions indicated above. The measurement is performed

by triggering both InGaAs APDs with a fixed delay between them at 7 MHz for 30

min per point. The output of the detectors is analyzed with a Field Programmable

Gate Array (FPGA) circuit which records the number of singles and coincidences

from detectors I1 and I2. The counting electronics set up is shown in Fig. 4.6. The

delay is changed by adding different lengths of coaxial cable between the triggering

source and the detectors. We see that the light is bunched, exactly as expected from

light generated by a spontaneous process. For a perfect thermal source we would

expect gI2 = 2 [41]. The measured value at zero delay value is gI2 = 1.5 ± 0.1. It

should be noted that we do not filter using polarization. In fact, for a perfect two

polarization mode thermal source we expect gI2 = 1.5.

Figure 4.5 (b) shows the observed autocorrelation for the 780 nm light field.

Here, since the detectors are free running, we use a time stamper card (Becker &

Hickl DPC-230) with a maximum resolution 164 ps to record arrival times for pho-

tons in detector S1 and S2. The correlation function is then calculated off-line.

As in the earlier case we expect to see bunching in the gS2 however it appears to

be flat to the experimental uncertainty. Other measurements, performed at lower

cell temperatures and thus lower optical depths, in the absence of the filter cell, do

show bunching. We show the 780 nm autocorrelation at zero delay for 4 different

temperatures in Fig. 4.7. It shows clearly the increase with lower temperature.

A plausible explanation for this behavior is that in a very optically thick medium

multiple scattering events cause frequency redistribution of the photons across the

entire Doppler width, leading to a very narrow autocorrelation [47]. In Fig. 4.8a
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we plot the autocorrelation function when the pump lasers are set to the resonant

configuration. In this case the optical depth is reduced due to optical pumping and

lower temperature (T = 347 K). Figure 4.8b shows g2(τ) with the same laser pa-

rameters but with a polarizer in the beam, demonstrating the increase in correlation

when we look at only one mode. At the 1 ns resolution and temperature used for

the Cauchy-Schwarz inequality measurement, gS2 (0) = 1.0± 0.1.

We apply these measurements to the inequality in Eqs. 4.9. We observe a

large violation with R = 495 ± 56, thus demonstrating that the light is strongly

non-classical. This result compares favorably to results found in other warm atom

systems where the authors observed violations but with 1 < R < 2 [18] . In cold
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atoms with two photons at 795 nm R = 11, 000 has been observed [25]. Violation of

the two beam Cauchy-Schwarz inequality has also been observed in the macroscopic

regime using photocurrents from highly correlated bright beams [42]. Our result

shows without a doubt that state of the biphoton, with very different wavelengths,

cannot be described classically and the large violation shows the high degree of

correlation between the fields.

4.3 Heralded Single Photons

Single photon states are non-classical by definition. Single photon states have

applications to both quantum communication [7] as well as linear optical quantum

computation. There are two main types of single photon sources. One produces

single photons on demand, deterministically. The other, like the one discussed, here

is a heralded source. For this type one waits for a signal to announce the presence of

a photon. In our case we use a member of the correlated pair, the 780 nm photon,

to herald the existence of a telecom-wavelenth 1367 nm photon. The quantities

of interest for such a source are the generation rate, the heralding efficiency, the

bandwidth of the photons, and how close the heralded state is to a single photon

state.

The experimental measurement we make here is a conditional autocorrelation

of the 1367 nm field. The setup is the same as shown in Fig 4.4a with the exception

that we use only one detector for the 780 nm Signal photon. The idea is very simple,

if upon receiving a herald 780 there is only one photon in the 1367 nm photon mode
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then one and only one of the Idler detectors (I1 and I2) should register a count.

Even in the ideal case where the state could be approximated by Eqs. 4.10, there

is some finite probability of having more than one photon in each mode because

multiple pairs could arrive simultaneously. Thus for stronger pumping we expect to

have a higher probability for measuring two photons.

To quantify this we measure the conditional autocorrelation function

g̃auto
2 (0) =

P̃I1,I2(0)

P̃I1P̃I2
. (4.11)

Here the tilde denotes conditional quantities. Thus, P̃I1 and P̃I2 are the probabilities

that a count occurs in detector I1 and I2, respectively, given that a 780 nm photon

has been detected. The conditional probability that both detectors register a count

at the same time is given by P̃I1,I2(0). Strictly speaking g̃ is a third order intensity

correlation function for two 1367 photons and one 780 nm photon. For a perfect

single photon state we would expect g̃2(0) = 0. For the state of Eqs. 4.10 the

conditional correlation function is g̃2(0) = 2 |λ|2 which increases for larger interaction

parameter. Here too, classical and quantum optics diverge. For a classical field it

can be shown [33], again by the Cauchy-Schwarz inequality, that g̃2(0) ≥ 1 which is

clearly violated by the example above.

Figure 4.9 shows the measured conditional autocorrelation function for differ-

ent 795 nm pump powers. We see a decrease of coincidences of roughly a factor of

20 from a Poissonian source. At a pump power of 15 mW we see g̃auto
2 (0) = 0.06,

a heralding efficiency of 10% and a HSP generation rate of 1500 s−1 (detector and

filter efficiency corrected). The bandwidth of the photons, as shown in chapter 3,
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is 350 MHz. The spectral brightness is thus 4.2 s−1/MHz. For comparison, recent

work in non-linear waveguides has shown conditional autocorrelations as low as

10−3 with heralding efficiencies of 50% and pair generation rates of 15 kHz. These

sources, as well as those from parametric down conversion, typically have band-

widths around 1 nm determined by interference filters. Two specific examples from

non-linear micro-structure fibers give spectral brightnesses of 0.7 s−1/MHz [45] and

0.1 s−1/MHz [32]. Placing the gain medium in a cavity can enhance the spectral

brightness of a source. Brightnesses as high as 1,500 s−1/MHz have been reported in

cavity-enhanced parametric down-conversion [50] but require complicated frequency

filtering.

84



0 10 20 30 40 50 60
0

0.05

0.1

0.15

0.2

0.25

H
er

al
de

d 
g 2(0

)

795 nm Pump Power (mW)

Figure 4.9: The conditional autocorrelation function of the 1367 nm field
heralded by a 780 nm photodetection. Classically g̃(0) > 1 however we
see that it is suppressed by a factor of 20.

85



Chapter 5

Concluding Remarks

We have demonstrated pair production from a hot atomic ensemble of ru-

bidium using spontaneous 4WM. Using the diamond configuration we create pairs

where one photon is at 780 nm and the other is at 1367 nm. Other choices of the

upper state in the diamond can result in photons at 1550 nm which is currently the

prime telecommunications wavelength. We are able to show that temporal profile

of the biphotons is for a large part dominated by the linear absorption of the 780

nm photons. Modifying absorption by changing the pump laser parameters, or by

adding another control laser, changes both the temporal and spectral properties of

the pairs.

We were able to test fundamental quantum mechanical predictions and as

expected quantum mechanics won out. The tests include Bell’s inequality violation,

which definitively shows that the pairs produced are polarization entangled. The

measured polarization state is consistent with a simplified model that takes into

account all the relevant rubidium level structure. We show that the biphoton light

field violates the Cauchy-Shwarz inequality convincingly, further demonstrating its

non-classical nature. We also show the indivisibility of the photon and look at the

photon pairs as a source of narrow bandwidth, high spectral brightness, heralded

single photons.
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In the introduction we looked at the advantages of a telecom quantum repeater

for entanglement distribution. The question still stands whether the photons pro-

duced by our system could be used for such an application. To answer that question

the system should be examined in the pulsed pump regime. We can, however, use

our results from continuously pumped experiments as a guide. We saw that in the

off resonantly pumped case that the photon pairs had bandwidths on the order of

350 MHz. This makes storage difficult when the natural linewidth of the pertinent

atomic transitions is 6 MHz. In the resonantly pumped case the photon pairs have

a much narrower linewidth, as low as 15 MHz. This improvement came with a

large uncorrelated background. Also, the existence of quantum beats means the

photons are split between two wavelengths separated by the hyperfine splitting but

this was remedied by including a control laser to decouple one of the intermediate

states. This thesis has shown the mechanisms available for control of the spectral

and temporal characteristics of the biphoton. Those tools and others, such as EIT,

may help overcome the largest limiting factor in the system, the linear absorption

through the medium. Electromagnetically induced transparency could potentially

provide a great increase in the generation rate and a reduction in the linewidth of

the generated pairs. A Λ-scheme EIT could provide a narrow highly transparent

window with the complication that the EIT control laser will necessarily be nearly

degenerate with the created photon. A cascade EIT structure could circumvent

this difficulty but high transparency in the cascade configuration is more difficult to

achieve.
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