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Chapter 1: Introduction

The Hasse-Weil zeta function of an algebraic variety defined over a number
field is an important object of study in modern number theory connected to several
guiding problems. A goal of the Langlands Program is to express these zeta functions
in terms of automorphic L-functions. Much can be said about the zeta functions
in the case of Shimura varieties due to the contributions of many mathematicians,
and in particular, the Langlands-Kottwitz method outlines a rigorous strategy for
studying local factors in the Euler product of a zeta function of a Shimura variety.

Although the Langlands-Kottwitz method and the Test Function Conjecture
of Haines and Kottwitz serve as the motivation for this thesis, very little of the
technology involved with that theory will be used in what is to come. For a com-
plete explanation, see the survey article [15], while the Test Function Conjecture is
precisely stated in [17], Conjecture 4.30.

We will focus instead on a single aspect of a certain identity involving the
semisimple trace of Frobenius on the ¢-adic cohomology of a Shimura variety, which
must be established in the course of following the Langlands-Kottwitz approach.

Here is the formula as stated in [17], Section 6.1:

60 (@, HE (Shie, @8 @ Q) = D (7037, 0)05 (1) TOs ().

(y037,0)
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For the purposes of this thesis, we can limit our attention to the term TOg4(;)

in the trace formula, which is a twisted orbital integral defined by

TOs(0r) = | - (57'56(9) ),
G2y (F\G(Fy)
where

e (G is a connected reductive group over a p-adic field F',

F,/F is a degree r unramified extension,

0 generates the Galois group Gal(F,./F),

J is an element of G(F,) whose norm in G(F') is semisimple,

Gso(F) ={g9 € G(F,) | g7'60(g) = 0}, with identity component G$,(F),

e dg is a quotient Haar measure, and

¢, is a locally-constant compactly-supported Kr-biinvariant function on G(F,).

See [16], Section 6.2, for a complete explanation of TOgy(¢,.).

The function ¢, is called a test function, and it is the focal point of this thesis.
The aforementioned Test Function Conjecture predicts that the Bernstein center of
G is a source of test functions that satisfy the above trace formula; however, we
do not directly address the Conjecture. Instead, we consider functions defined via
the Bernstein center in the case of split connected reductive groups with connected
center with pro-p Iwahori level structure, in which case the function is denoted ¢, i,
and then we develop a combinatorial formula for a closely related function ¢/, whose
twisted orbital integrals match those of ¢, 1, that is, TOs(¢r1) = TOso(4. ;).

2



This research is modeled on an explicit formula for test functions in the
Drinfeld case with pro-p Iwahori level structure due to Haines and Rapoport [19].
Scholze [27] discovered explicit test function formulas in the GLy case for deeper
level structure groups. More recently, Scholze opened new directions of research

into the Langlands-Kottwitz method [28].

1.1 Summary of this thesis

Let us provide a map for this thesis. We highlight key definitions and results,
while pointing out the various hypotheses assumed along the way. Background
material can be found in Section 1.2.

The group G is a split connected reductive algebraic group with connected
center defined over a p-adic field F', which admits the cases of general linear groups
and general symplectic groups. Fixing a choice of Borel subgroup B, which we do,
in turn determines a split maximal torus 7' C B. Now define the Iwahori subgroup
I to be the subgroup of G(Op) whose reduction modulo w is B(kr). Let p be a
dominant minuscule cocharacter of 7. Given a degree r unramified extension F,/F,
the F,-points of GG shall be denoted G,.

Let g denote order of the residue field kr, hence the residue field k, of F, has

r/2 _ . r/2

order ¢". We will often use the difference @, = ¢~ in what follows.

4q
Our group G has a dual group G defined over C corresponding to the dual root

datum of G. There exists a highest-weight representation (r,,V,) of G determined

by our chosen p. By the theory of the stable Bernstein center 3%°(G), there is an



element Zy, in 3*(G) that maps an infinitesimal character ()5 on the Weil group
W to the semisimple trace of Frobenius on V,, (Proposition 2.2.5). Assuming the
LLC+ conjecture, described in [17] Section 5.2, the distribution Zy, can be viewed
as an element of the usual Bernstein center 3(G). All of this is tied together in
Definition 2.2.8, which is stated for a general test function. The discussion at the
start of Section 2.3 specializes that definition to the case where the level structure
group is the pro-unipotent radical I'" of an Iwahori subgroup I, of G,.. So we come

to consider the test function
¢T,1 e q”"z(tﬂ)/Q (ZVM * 1I7J‘r) X

The function ¢,; lies in the center of the Hecke algebra H(G,,I). This
algebra is related to Hecke algebras H(G,, I, py, ), each of which is determined by
a depth-zero character y, on T'(O,) obtained by composing a depth-zero character

T(Op) — C* with the norm N, : T(O,) — T(Or). Because T'(k,) = I,/I,
by Proposition 2.3.7, the character ), can be extended to a character p,, on the
Iwahori subgroup I, that is trivial on IF. Section 2.3 is devoted to objects and
results, such as these, associated to depth-zero characters.

Definition 2.3.19 builds on the LLC for Tori to associate an “endoscopic el-
ement” K, in T(C) to each depth-zero character y on T(Og). Proposition 2.3.21
characterizes these endoscopic elements as the kernel K,_; of the endomorphism on
T(C) given by r — k971,

Section 2.4 takes advantage of the work with depth-zero characters to prove

¢r1—[l I+ -1 rét# Z ZVM*eﬁa
§€T (kr)Y



where e, is an idempotent in the Hecke algebra #(G) and ¢ is a depth-zero character
on T'(O,). It turns out that we can ignore certain terms in this sum when viewing ¢,

as a test function to be plugged into a twisted orbital integral. This is Lemma 2.4.2:

Lemma. (Haines) Suppose & € T'(k,)Y is not a norm, that is, there is not a x €
T(kgr)Y such that & = x o N,. Then all twisted orbital integrals at 0-semisimple

elements vanish on functions in H(G,, I, pe).

In light of this lemma, we define a new function

Gy =L L0 2y, xey,

XET(kp)Y

whose twisted orbital integrals satisfy TOso(¢r1) = TOs9(¢.;). As we shall see,
the main theorem of this thesis is a combinatorial formula for ¢; ; rather
than ¢, ;. But because the twisted orbital integrals of these functions agree, this

formula may as well be a formula for the test function.

Remark. It is possible to give a definition of ¢, that does not invoke LLC+ by
using the LLC for Tori. Instead of using the distribution Zy, to define functions
Zy, * ey, in the center of H(Gy, I, py,), we can define Zy, x ey, to be the function
in the center of that Hecke algebra which acts by semisimple trace of Frobenius on

the Bernstein block of x.. See also Remark 2.4.4.

Roche’s theory of Hecke algebra isomorphisms shows us how to rewrite a func-
tion in the center of H(G,, I, py,) as a sum of Bernstein functions in the center
an Iwahori-Hecke algebra associated to an endoscopic group H,,; however, we must
make some assumptions about G in order to apply this theory without making re-

strictions to char(kp). These are explained in Remark 2.3.10. Haines’s formula for
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Bernstein functions attached to dominant minuscule cocharacters leads to a more
concrete formula for ¢ ; by introducing Kazhdan-Lusztig ﬁ—polynomials to the ex-
pression. The end result of Chapter 2, Proposition 2.4.16, is an explicit formula for

the coefficients ¢, | (IFswI}), with vy, as in Lemma 2.3.23:

Proposition. Given a pair (s,w) € T'(k,) x W, the coefficient ¢ (L swIt) can be
rewritten as a sum over endoscopic elements in f(@) which arise from depth-zero

characters x € T(kp)V:

GralLFswll) = [L I Y ns(m) g e PR Q).

Ky €Kq—1

The formula of Proposition 2.4.16 defines an element of the Hecke algebra
H(G,, ), and so there is no doubt that the function exists, subject to the various
hypotheses in place. On the other hand, the purpose for considering this function
involves the conjectural existence of a distribution Zy,, in the stable Bernstein center.
When G = GL,, this distribution is known to exist and embeds into 3(G). Hence in
at least one important example of a split connected reductive group with connected
center, the function ¢,; appearing in the Test Function Conjecture exists, and its
twisted orbital integrals agree with those of the function ¢/ ;, whose coefficients are
specified by the formula in Proposition 2.4.16.

Chapter 3 begins the process of simplifying this formula. The first simplifica-
tion comes from studying the set of endoscopic elements k, such that the functions
Zy, x ey, (w) # 0 for a fixed w € W. An element & in T(C) is “relevant” to w = t\w

if A(k) =1 and wk = k. Then we prove in Proposition 3.2.3:

Proposition. The elements € T(C) relevant to a fited w € W form a closed

6



subgroup called the relevant subgroup S, .

We subsequently define a subgroup Sy, ; € Sy, for any root sub-system .J of the
ambient system ®(G,T) in Definition 3.2.6. The S, ; are diagonalizable algebraic
subgroups of T defined over C, hence it is natural to consider their character groups
X*(Sw,s). Section 3.2.2 culminates in the definition of a lattice L., ; C X*(f) such
that X*(Sy.) = X*(T)/Lu..

Whereas the groups S,, s are (infinite) algebraic groups, the groups needed for
the formula are finite subgroups SﬂfJ = Sy, N Ky of f(@) In Section 3.3.2, we
define a finite group A, sk, C T(kp) using the lattice L, ;. Together, this data

describes what happens to a certain sum that will appear in the proof of the main

theorem. This is Proposition 3.3.5:
Proposition. Let s € T(k,), and define yy,s as above. Then

0, if N.(s) & Aw sy

Z VNTS(“X)_I =

esdz .
XS, 1542 |, otherwise.

The second simplification of the formula for ¢/, comes from the theory of the
E—polynomials, defined by Kazhdan and Lusztig, using a formula for these polyno-
mials due to Dyer based on the Bruhat graph and reflection orderings. This is the
content of Chapter 4. Section 4.1.3 defines the notion of a reflection ordering < on
the positive roots of the root system ® associated to the Weyl group W. The set
of paths u N v, for v and v in W, through the Bruhat graph whose edges are
increasing with respect to < is denoted Bg(u,v). This information determines the
.ﬁ—polynomials according to Theorem 4.3.4:

7



Theorem. (Dyer) Let Wx be the extended affine Weyl group of H,,, and let < be
a reflection ordering on W, .g. Let Q) = g% —q"/%. For any u,v € Wx such that

u <, v in Bruhat order,

RLQ)= Y Q@

AGB;X@H (u,v)

The main objective of Chapter 4 is to rewrite this formula for use in the proof
of the main theorem. Suppose we start with an element w in the extended affine
Weyl group W. Such an element has the form w = tyw where t, is the translation
element for the coweight A and w is an element of the finite Weyl group. When
we want to emphasize that a translation element is the “translation part” of some
w e W, we write ). Now suppose further that w is p-admissible: Haines and
Pettet [18] showed that such elements satisfy w < ty(,) in the Bruhat order on w.
Proposition 4.2.2 shows that for any <-increasing path from w to t)(,), all edges of

the path correspond to finite reflections:

Proposition. Let  be a dominant minuscule coweight of ®, and let (W, S) be the
finite Weyl group of ® inside the affine Weyl group (Wag, Sag). Let T' be the set of
reflections in W.

Consider a p-admissible element w <ty . There exists a length-zero element
o in W such that W, txw) € oWag. Let w T Ixw) be any path in the Bruhat graph

QW 5un)- Each reflection in the edge set E(A) = {ti,...t,} belongs to T.

As a consequence of this proposition, we see that B;(G ) ff(w, tA(w)) has a <-

. .. . . . < —1 — —1
preserving bijection to a certain interval B<I>(G,T) (wy w,wy ") whose members are

paths with edges only in the finite Weyl group. See Proposition 4.2.4. Moreover,



for each path A € Bg(G,T) (w, taw)), Lemma 4.3.5 shows how to construct a root
system Ja C ®(G,T).

All of this comes together in a “stratified” version of Dyer’s formula, pre-
sented in Corollary 4.3.8, which applies to the polynomials E{Z,tx(w)(QT)’ defined in

Chapter 3 (see discussion following Lemma 3.3.2):

Corollary. Let w =t \w € Admg, () and J C ®. Then

Rl (Q) =" >,

J'cJ AeB;(wglw,wgl)
Ja=J’

Finally, in Chapter 5 we come to the main result. Several lemmas employ the
results from Chapters 3 and 4 to rewrite our original formula for ¢, , (17 swl). The

proof of the theorem requires the following assumptions on G (see Remark 2.3.10),
1. G is a split connected reductive group with connected center,
2. The derived group Gy, is simply-connected, and
3. Wy =Wy,

Forwe W, s € T(k,) and J C &, define a symbol (s, w, J) by

(

0, if w¢ Admg, (1)

o(s,w, J) = 0, if we Admg, () and N,(s) ¢ Aw sk,

1, if we Admg, (u) and N,.(s) € Ay skp-

\

Let Si7, be the torsion subgroup of Sy s,. Then Theorem 5.1.3 ties everything

together:



Main Theorem. Letw € W and s € T(k,). Let d be the rank of T. Fiz a reflection
ordering < on ®, and set c(A) = [((w,t,) — L(A)] /2. The coefficient of ¢,., for the

IT-double coset of (s,w) is given by

(_1>d Z (5(8,11), JA)| tors -~ Kq—1|(q o l)dfrank(JA)flqrc(A)O. _ qr>Z(A)fd.

w,JA
AeBZF (wy 'wawih)

Corollary 5.1.5 shows how to recover the formula for the Drinfeld case obtained
by Haines and Rapoport as a special case of the Main Theorem. Section 5.2 follows
this with remarks on using the formula for calculations and a description of how
the formula can be implemented in software. We conclude with two sections that
discuss features of some data gathered by computer for cases where GG is a general
linear group or a general symplectic group. Tables located in the Appendix present

the data in full.

1.2 Preliminaries

We conclude this Introduction by introducing some terms and notation con-
cerning reductive algebraic groups defined over non-archimedean local fields. As
the main purpose of this section is to introduce notation and supplementary facts,
almost all of the details are left out, but references are given.

Several unrelated concepts are represented by similar symbols over the course
of this thesis, for example, we use W for a finite Weyl group and Wr for a Weil
group of a local field F'; we use T for both a split maximal torus of G and the set
of reflections in a Weyl group; and an Iwahori subgroup of an algebraic group G
defined over F is denoted I, while the inertia subgroup of a Galois group Gal(F/F)

10



is denoted Ip.

1.2.1 p-adic fields

The following material on p-adic fields and related ideas has been drawn from
the book by Serre [29] and the article by Tate [30] found in the Corvallis proceedings.

The symbol F' shall always refer to a non-archimedean local field, which is
sometimes also referred to as a p-adic field. Let Op and kp denote its ring of
integers and its residue field, respectively. The cardinality of kr shall be denoted
q. Fix an algebraic closure F' O F. The Galois group Gal(F/F) is the profinite
topological group of automorphisms of F' which fix F.

Let @ be a uniformizer of Op. Given an element x = uw”, for v a unit,
define val(z) = n. A standard convention is to set val(0) = co. Thus we get a map
val : Op — {N, 00}.

For each » € N, there exists a degree r unramified extension F, D F
(see [29], ITL.5), which is unique inside F. Given such an extension, the algebraic
integers inside F,. are denoted O, and its residue field is written k,.. Its Galois group

Gal(F,./F) is isomorphic to Z/rZ. Define the norm map N, : F, — F by
r—1
N (z) =]]0'2),
=0

where 6 is a generator of the cyclic group Gal(F,./F).
The following definition of a Weil group is drawn from [30], Section 1.4.1. A
Weil group for F is a group Wr embedded in Gal(F/F) whose closure is the Galois

group itself. Let k=U £/rke be the union of all residue fields for finite extensions

11



E/F. Then W consists of the elements which act by Frobenius on l%, e,z 27",
for z € k and some n € Z. The Weil group is generated by a geometric Frobenius

element & and fits into a short exact sequence
1l—Ip —Wrp —7Z—1,

where Ir is the inertia subgroup. It is a fact that a Weil group exists for all
p-adic fields, and moreover, this group is unique up to isomorphism. One of the
consequences of Local Class Field Theory (see [29], XIII) is the existence of a reci-
procity map 7r : Wr — F*. For any extension F/F, there is an isomorphism
rg: B*— Wab.

Tate goes on to define the Weil-Deligne group W/, associated to W in [30],
Definition 4.1.1. The representation theory of Weil-Deligne groups is a major feature

of the Local Langlands Conjecture, but we will not need the details in what follows.

1.2.2  Root systems

We briefly introduce the notions of a root system and its Weyl group, the
latter of which is a type of Coxeter group. Much more will be said about Coxeter
groups in Section 4.1. There are many excellent references for this subject, such as
Humphreys [21], Bourbaki [4], and the more recent book by Bjérner and Brenti [1],
which focuses on combinatorics.

Let V' be a Euclidean space endowed with an inner product ( , ). Given a

vector a € V', define the reflection s, with respect to the hyperplane in V' orthogonal

12



to a. That is,

A root system @ is a finite set of vectors @ € V such that ® N Ra = {«a, —a}
and s,(®) = ®. A root system can be partitioned into a disjoint union of positive
and negative roots, written ® = ®* U ®, by choosing a basis A C ® whose
corresponding reflections generate the group W = (s, | a € @), which is called the
Weyl group of ®. All Coxeter groups admit a partial ordering called the Bruhat
order. Furthermore, Coxeter groups have a length function ¢. A difference of lengths
0(v) — £(u) is sometimes written £(u,v) as in [1].

Given a root a € @, define its coroot o by

The set of such coroots forms the dual root system ®V.

A weight of @ is a vector A € V such that (\,a") € Z for all & € ®. The set
of weights forms a lattice, which we sometimes denote X. A coweight of ®isn eV
such that (n,a) € Z for all & € ®; these too form a lattice, sometimes denoted Y.

Given an irreducible root system ®, there is an associated affine root system
®,¢ which has a corresponding Coxeter group Wog called the affine Weyl group.
Suppose (W, S) is the (finite) Weyl group of ®. Let o denote the highest root of
®, and let sg = tay Sao- Then the set of Coxeter generators S,g of the affine Weyl
group is the union of S U {sg}.

The affine Weyl group can be further enlarged to the extended affine Weyl
group W, defined as the semidirect product W =Y x W. See Macdonald’s

13



book [23], Section 2.1, for additional details.

Reflections define orthogonal hyperplanes in V' which chop the space up into
alcoves, as described in [4], Chapter 5. A choice of basis for ® determines a Weyl
chamber of V', and we choose the fundamental alcove C as the alcove in this
chamber whose closure contains the origin. In the situation laid out in Section 1.1,
consider the apartment corresponding to 7" in the Bruhat-Tits building of G. (See
[31] for more information about buildings. ) Our choice of Borel subgroup B O T
determines a basis of the root system ®(G,T), and C is the unique alcove in the
B-positive Weyl chamber inside the apartment whose closure contains the origin.
The affine Weyl group is generated by reflections through the walls of C. Let Q[C]
denote the subgroup of W which stabilizes C. Then we get a second realization of

W as the semidirect product Weg x Q[C].

1.2.3 Reductive algebraic groups over p-adic fields

So far we have encountered Galois and Weil groups, along with several vari-
ants of Weyl groups. We conclude these preliminaries by giving some definitions
pertaining to linear algebraic groups, i.e., Zariski closed subgroups of a general lin-
ear group viewed as an algebraic variety, focusing on the case of (split) reductive
groups defined over local fields. For the general theory of linear algebraic groups,
see for example the books by Borel [3] and Humphreys [20]. The structure theory
of reductive groups over local fields is highly developed; see the survey by Tits [31]

as a starting point.
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Let G denote a connected reductive algebraic group that is split over F. Its
group of F-rational points, denoted G(F"), has a neighborhood basis of compact open
subgroups; and moreover, G(F') is unimodular, hence we may speak of a choice of
Haar measure on G(F).

As in Section 1.1, we fix a Borel subgroup B and let T" denote the split maximal
torus inside B. The pair (G,T) determines a root system ® = ®(G,T) whose
positive roots are denoted ®*. Let U denote the unipotent radical of B. Then

B=TU=T [] U..

acd+
where U, C G(Op) is normalized by T'; see [31] Section 1. The Iwahori subgroup
with respect to this configuration is the subgroup of G(Op) that maps onto B(kr)
via the “mod w” map. The unique pro-unipotent subgroup of I is called its pro-
unipotent radical /™. The subgroup I" is a pro-p group.

The character group of 7" is X*(T') = Homp(T,G,,). This group can be
thought of as the weight lattice of ®(G,T). On the other hand, the cocharacter
group X,(7T) = Homp(G,,,T) is the coweight lattice of ®(G,T). A cocharacter
A € X.(T) is dominant if (A\,a) > 0 for all & € &%, and it is minuscule if (\, a) €
{—1,0,1}. (See also [4], VL.1 Exercise 24.) Throughout this thesis, the letter p
will be reserved for a dominant, minuscule cocharacter in X,(7T') with respect to
®(G,T). The set of dominant cocharacters is written X.(7")dom.

Our torus T' determines a unique dual torus T defined over C whose character
group X*(T) is the free abelian group X, (7).

Taking the view of a split connected algebraic group G over F' as an Op-affine

15



group scheme, we obtain data related to the above for each unramified extension
F,./F. We write G, for G(F,.), I, for the corresponding Iwahori subgroup, etc.
Given an unramified extension F,./F, there is a norm N, : F,, — F' as described
above. The Galois action of Gal(F,/F) on F, can be extended to an action of the
group on 7(0,). The resulting map is also written N, : T(O,) — T(Op). Observe
that for each character £ : T(Op) — C*, we may use the norm to get a new character

& = £ o N,. This is an important type of character on T'(O,.).
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Chapter 2: Test functions with pro-p Iwahori level structure

As stated in the Introduction, the main result of this thesis is a new formula
for the coefficients of a function ¢/, whose twisted orbital integrals agree with those
of the test function ¢,; with pro-p Iwahori level structure, at least in the cases of
general linear groups and general symplectic groups. This chapter summarizes the
results needed to define test functions as they arise from the Bernstein center, before
going on to develop a first explicit formula for ¢/, using various data about depth-
zero characters. Subsequent chapters will translate this version of the formula into

something based on the combinatorics of Coxeter groups.

2.1 Background on representation theory

This section collects definitions and results concerning smooth representations
of reductive algebraic groups defined over a non-archimedean local field. We also
give some background on representations of Weil groups, which involves defining the
Langlands dual group of GG, in order to explain the Local Langlands Correspondence.

For reference, we recommend the Fields Institute book [6], which introduces
smooth representations of p-adic groups, representations of Weil groups, and the

Local Langlands Correspondence in a single volume.
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2.1.1 Smooth representations of p-adic groups

In this section, let G be a connected reductive algebraic group defined over a

p-adic field F. Let V' be a complex vector space.

Definition 2.1.1. A smooth representation of G(F) is a homomorphism
m: G(F) — Aut(V) such that for every v € V there exists a compact open subgroup

K C G(F) such that v € VX where
VE={veV|nk) v=uvVkeK}.
The category of smooth representations of G is denoted R(G).

Let C2°(G) denote the space of locally constant, compactly supported func-
tions f : G(F') — C. If K is a compact open subgroup of G(F), let H(G, K') denote

the K-biinvariant functions in C2°, that is, f € H(G, K) satisfies
f(ki1xks) = f(z), for ki, ke € K and z € G.

The Hecke algebra #(G) is the union UxH (G, K) ranging over all compact open

subgroups K of G(F'), equipped with a convolution integral:

(f * h)(z) = /G £(9)h(g"2)dg,

where dzx is a fixed normalization of Haar measure. It is well-known that R(G) is

equivalent to the category of non-degenerate left H(G)-modules.

Definition 2.1.2. Let G be a connected reductive group with maximal torus T, and
let I be the Iwahori subgroup as specified above. The Iwahori-Hecke algebra
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H(G,I) is the set of functions f € C°(G) which are invariant on I — I-double

cosets, with an algebra structure given by convolution.

Let P = MN be a Levi decomposition of a parabolic subgroup P of G(F).
Given a representation (o, V) of M, we have an induced representation Indg (o)

in R(G). The representation space of Indg (o) is
{f: G = V[ f(hg) =a(h)f(g), Vh € P.g € G}

The case where P is a Borel subgroup, in which case it is denoted B, is particularly
important. Here B = T'U for a maximal torus 7', and so forming induced represen-
tations is a method for producing smooth representations of GG from characters on a
torus. In fact, we generally consider normalized induced representations, where o is
twisted by a square-root of the modulus function dp. We write i%(o) = Indg (5113/ ’0).

The category R(G) can be further understood in terms of induced represen-
tations arising from supercuspidal representations of Levi subgroups. (This is part
of Harish-Chandra’s philosophy of cusp forms.) Much of the following terminology
comes from the theory of Bushnell-Kutzko types [5], though our presentation mostly
follows [26], Section 1.7.

Let M be a Levi subgroup of G, and let o be a supercuspidal representation
of M. The pair (M, o) is called a cuspidal pair. There is a conjugacy relation on
cuspidal pairs: Given g € G, let L = gMg~" and define 90 by 90(z) = o(g ' zg);
then the resulting cuspidal pair (L, %0) belongs to (M, o), the G-conjugacy class of
(M, o). It turns out to be more useful to consider the coarser inertial equivalence
relation: The pairs (M, o) and (L, T) are equivalent if there exists g € G such that
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L = gMg™! and 7 & 90 ® n for some unramified character n on the group L.
Let s = [M, 0]g denote an inertial equivalence class, and call the set of all inertial
equivalence classes for GG, denoted B(G), the Bernstein spectrum.

Each inertial equivalence class s gives rise to a full subcategory R(G) of
R(G). The objects are described in terms of subquotients of induced representations.
Specifically, let IT be a smooth representation of G. Then Il € R,(G) if and only if
every irreducible subquotient 7 of II has inertial support equal to s, i.e., if there is
a cuspidal pair (M,0) € s such that 7 is a subquotient of i%(on) for P = MN a

Levi decomposition and 7 an unramified character on M.

Theorem 2.1.3. (Bernstein Decomposition) The category of smooth representa-

tions of G decomposes as

Proof. This result is originally due to Bernstein. See also [26], Theorem 1.7.3.1. [

2.1.2 The Local Langlands Correspondence

The primary reference for this section is Borel’s article on automorphic L-
functions [2] from the Corvallis proceedings.

The L-group of a connected reductive group G is *G = G Wg, where G is
the connected reductive group defined over C determined by the dual root datum
(X (T),®Y, X*(T),®). When G is split, the action of the Weil group on G is trivial;
so in this case we may use G in place of G

In the representation theory of the Weil-Deligne group W, L-groups play the
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role of automorphisms of a linear space, that is, we consider homomorphisms

o : W — LG. More specifically, we consider “admissible” homomorphisms in
the sense specified in [17], Section 4. Following the discussion in [17] Section 5.1,
we restrict an admissible homomorphism ¢ on W} along the proper embedding
Wp — W} to get an admissible homomorphism A on the Weil group, where here
“admissible” is in the sense of the footnote on p. 131 of [17]. The @—conjugacy class
of an admissible homomorphism A on W, denoted ())g, is called an infinitesimal
character.

The Local Langlands Correspondence (LLC) predicts a finite-to-one relation-
ship between the set of @—Conjugacy classes of admissible homomorphisms of the
Weil-Deligne group into the L-group, written ®(G/F) and the set of smooth irre-
ducible representations of G(F'), written II(G/F'), satisfying desiderata given in [2],
which we will not recall here. Given 7 € II(G/F), its Langlands parameter in
®(G/F) is denoted ¢.

The LLC is a theorem in several cases of interest to this thesis. First, it is a
theorem for all tori, as we recall in Section 2.3.3. Also, in a major breakthrough,
Harris and Taylor proved the LLC for GL,, which is among the split connected

reductive groups with connected center being considered here.

2.2 Test functions via the Bernstein center

The precise statement of the Test Function Conjecture of Haines and Kottwitz

relies on a significant amount of machinery from the study of bad reduction of
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Shimura varieties that will not be covered here; however, we will provide enough
detail to define the test function ¢, at the heart of the conjecture. The primary
reference for this section is [17].

Although the Bernstein center is initially defined in categorical terms, there
are three concrete ways to describe it, each of which will play into the present
approach to test functions. The first part of this section explains each of these
alternative descriptions. Then we apply this theory to define the test functions.
The definition relies on the LLC+ conjecture in order to embed a distribution in
the stable Bernstein center 3°(G) as an element of the usual Bernstein center 3(G).

We emphasize that our present objective is to study a test function ¢, in the
context of the Test Function Conjecture and not to explain the conjecture itself.
Several important concepts and objects are mentioned in this section with only
enough exposition to lead us to a definition of ¢,. The reader is encouraged to read

the relevant parts of [17] for the full story.

2.2.1 The Bernstein Center

Definition 2.2.1. The Bernstein center 3(G) of a connected reductive algebraic
group G defined over a p-adic field is the center of the category R(G), i.e., the
endomorphism ring of the identity functor. An element & € 3(G) is a family of

morphisms €4 @ A — A such that for any morphism f : A — B the following
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diagram commutes

A-1.B
&a én
A-1.B

The first concrete realization of 3(G) is as an algebra of certain distributions.
A distribution is a linear map D : C*°(G) — C. Given f € C*(G), one can
define a new function D x f; see [17] Section 3.1. If D is “essentially compact,”
then D x f € C2°(G). Lemma 4.1 and Corollary 4.2 of [17] show that the set of G-
invariant, essentially compact distributions on GG form a commutative and associative
C-algebra (D(G)S, *).

Second, 3(G) is isomorphic to an inverse limit of centers of Hecke algebras.
Given a compact open subgroup J of G, consider the center Z(G, J) of the Hecke
algebra H(G,J). This is an algebra under convolution, and we choose a Haar
measure dz; such that volgy,(J) = 1. Let 1, denote the characteristic function
of the subgroup J. For J' C J, there is a corresponding morphism of algebras
Z(G,J') — Z(G,J) given by zy = 2y *4.,, 17. So we can form the inverse limit
lm Z(G, J); it is a fact that 3(G) = @JZ(G, J).

The final realization of the Bernstein center uses the inertial equivalence classes

defined in Section 2.1. For s = [M,0]¢ € B(G), let
X, = {(LaT)G | (L’T)G ~ <M7 0)0}7

that is, the set of GG-conjugacy classes of cuspidal pairs encompassed by the inertial

23



equivalence class s. Now define a disjoint union

Xo= [ %

s€B(G)

This set can be given a variety structure. The Bernstein center is isomorphic to the

ring of regular functions C[X].

Theorem 2.2.2. In summary, the Bernstein center 3(G) satisfies the following

1somorphisms,

Proof. This is all in [17] Section 3. O

Recall that given a distribution Z € 3(G) and a subgroup J C G, the element
Z % 1 belongs to the Hecke algebra H (G, J). As such, we can study the action of
Z %15 on 7/ for a representation m € R(G) viewed as a H(G)-module.

The inertial equivalence class s supporting a smooth representation = € R(G)
is a point in the variety Xs. Viewing Z € 3(G) as a regular function on this variety,

we may define a scalar Z(7) as the value of Z at s.

Proposition 2.2.3. Let 7 be a finite-length smooth representation. For every com-

pact open subgroup J C G, Z x 15 acts on 7 by Z(x).

Proof. This statement is [17] Corollary 4.3(a). O

2.2.2 Definition of a test function

Test functions may be defined in terms of distributions coming from the Bern-
stein center. We construct a particular distribution Zy, in the stable Bernstein
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center 3*'(G) attached to a representation (r,,V,,) of the Langlands dual group G
determined by a dominant minuscule cocharacter p in X, (7). The test function is
obtained by convolving this distribution with the characteristic function of the level
structure subgroup of G.

Recall from Section 2.1.2 that restricting an admissible homomorphism ¢ on

W, gives us an admissible homomorphism A on Wp.

Definition 2.2.4. Let (r, V) be a complex, finite-dimensional representation of “G.
Given a geometric Frobenius element ® € Wy and an admissible homomorphism

A Wp — LG, define the semisimple trace by
tro(A(®), V) = tr(rA(®), V7AUR),

An infinitesimal character (\)z defines an element of a certain variety %)
(see [17] Chapter 5). Assuming the LLC+ conjecture [17], Section 5.2, the Bernstein

variety X4 has a quasi-finite surjection onto %) when G is split.

Proposition 2.2.5. The map A — tr(\(®), V) defines an element Zy € 3%(G) as

a reqular function on Q) given by
Zv((Ng) = tr*(A(®), V)
Proof. This is part of statement is Proposition 4.28 of [17]. O

Remark 2.2.6. If our split connected reductive group G defined over F' satisfies the
LLC+ conjecture, then there is an injective homomorphism 3*(G) — 3(G). In this

case, the distributions Zy may be viewed as elements of 3(G).
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Theorem 2.2.7. (The Theorem of the Highest Weight) Let G be a linear reductive
group over an algebraically closed field K. An irreducible, finite-dimensional K-
representation has a unique highest weight. FEvery dominant weight of the root
system of G is the highest weight of such a representation, which is unique up to

isomorphism.

Proof. See [20], Theorem 31.3. Although the reference states the theorem for

semisimple groups, the argument can be applied to reductive groups. O

Thus, given a dominant minuscule cocharacter p € X,(T'), there exists a

highest weight representation (r,,V,) € Rep(@), which is unique up to isomorphism.

Definition 2.2.8. Let G be a split connected reductive group defined over a non-
archimedean local field F' with split maximal torus T'. Consider a degree r unramified
extension F,./F. Denote the F,.-rational points by G,. The residue field of F, has
cardinality q". Let p be a dominant cocharacter of T' and K, a compact open subgroup
of G,. Lett, denote the translation element in w corresponding to p. Finally, define

the test function with K,.-level structure for (G,,u) to be
Op = qM(t“)/Z(ZVH *1g,)

Observe that ¢, lies in Z(G,, K,) by the theory of the Bernstein center.
The terminology “K,-level structure” routinely appears in articles on the theory
of Shimura varieties with bad reduction at a place dividing p. The group we have
called K, corresponds to the compact open subgroup K, C G(Q,), which is a part

of a Shimura datum. As described in the Introduction, the Test Function Conjec-
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ture [17], Conjecture 4.30, predicts that ¢, can be used to prove a certain formula

for the semi-simple Lefschetz number via the Langlands-Kottwitz method.

Definition 2.2.9. The test function with I} -level structure is

Or1 = qM(t“)ﬁ(ZV# * 11#)-

2.3 Data associated to a depth-zero character

We now begin preparations to rewrite ¢, ; via depth-zero characters on 7'(O,.).
As we shall see in the next section, ¢,; can be expressed as a sum indexed by the
group of depth-zero characters £ on T'(O,) by considering certain idempotents in

the Hecke algebra H(G.,.).

Remark 2.3.1. Many of the definitions and results in this section can be found in
[25]; however, we have followed the notation used in [19]. The danger for confusion
1s mostly with variants of Weyl groups. Specifically, we use W for the finite Weyl
group and w for the extended affine Weyl group, whereas Roche denotes these groups

W and W respectively.

2.3.1 First properties

Definition 2.3.2. Let T be a split maximal torus in G. A depth-zero character
on T'(Or) is a smooth character x : T(Op) — C* that factors through T (kr). The
resulting character T'(kp) — C* is also denoted x. Similarly, a depth-zero character
on T(O,) is a character £ that factors through T'(k,). Let T'(kr)Y and T(k,)" denote
the sets of depth-zero characters on the groups T(Op) and T(O,), respectively.
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Next, we will associate a root system ®,, called a x-root system, to a char-

acter x on T(OpF). For this application, x need not have depth zero.
Proposition 2.3.3. The set &, = {a € ® | xo aV|O; = 1} is a root system.
This statement also appears in Roche [25] and Goldstein’s thesis [12].

Proof. We say that a subset J of a root system ® is closed if it satisfies the following
condition: If o, 8 € J and a+ 3 € ®, then a+ [ € J. A subset J of ® is symmetric
if « € J implies —a € J. Following Bourbaki [4], it suffices to show that @, is a
closed, symmetric subset of ®.

Closed: Suppose o, 8 € @, and a + § € ®. By direct calculation,

xo(a+B)'(z) = (x(a’(x))) (x(8"(x))) =1
Symmetric: Suppose « € ®,. Then x o (—a")(x) = x(a¥(z)™!) = 1. O

Lemma 2.3.4. Let F,./F be an unramified extension of local fields. The norm map

N, : F, — F restricts to a surjective map N, : OF — OF.
Proof. See [29], Proposition V.2.3 and its corollary. O

Recall that the norm induces a map N, : T(O,) — T(Op). Given x € T(kr)"

and an unramified extension F,/F, define a new character y, = x o N, on T(O,.).
Lemma 2.3.5. The character x, = x o N, : T(O,) — C* has depth zero.

Proof. The norm N, : O} — Op descends to N, : k, — kp as explained in [29],
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Section V.2. This induces a commutative diagram on points of the torus:

N,

Because x is depth zero, it factors through T'(kr). Therefore y o N, : T(O,) — C*
factors through 7'(k.) by composing the induced map x : T'(kp) — C* with the

lower route through the above diagram. O]

Proposition 2.3.6. Let x : T(Op) — C* be a depth-zero character, and let x, be
the associated depth-zero character on T(O,). Then ®, = ®,, as subsystems of the

ambient root system ® = ®(G,T).

Proof. For any « € ®, consider the cocharacter " in X, (7). Since G is split, the
maximal torus 7" is F-isomorphic to a direct product G,, X - - - X G, of rank equal to
rank(7"). Galois groups act coordinate-wise on T'(F,) and T'(F'), and the following

diagram commutes:

Therefore, we have an equality,

(xr 0 @¥)(2) = (x 0 a”)(N:(2)),

for any o € ® and z € O)".
The norm map N, : F, — F restricts to a surjection N, : OF — Of. It is

then clear that x,.(«"(z)) =1 if and only if x(a¥(N,(2))) = 1.
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So, if o € ®,, we can conclude that x,(a"(z)) = 1 for all z € k,, i.e., that

a € &, . Similar logic gives the reverse inclusion. O]

Proposition 2.3.7. Let T be the split maximal torus in a fixed Borel subgroup B of
G. Let I, be the Twahori subgroup of G(O,.) that maps onto B(k,) modulo w. Then
there is an isomorphism T'(kp) = I/17. Similarly, T(k,) = I./I} for the analogous

subgroups of G(F}.).

Proof. The isomorphism is a consequence of the factorization of I (resp. I,.) into
a product of torus elements and unipotent elements. See for example Goldstein’s

thesis [12], Chapter 2. O

Using T'(kr) = I/I", we can extend a depth-zero character x on T'(kr) to a
character p, on I which is trivial on I*. There is a character p,, on I, similarly
derived from ;.

We conclude these opening remarks by defining some variants of the Weyl
group associated to a depth-zero character. What follows is essentially reproduced
from [19] Section 9.1.

Let N¢(T') be the normalizer of T'(F') in G(F). Recall that the Weyl group of
¢ is W = Ng(T)/T(F), and its extended affine Weyl group is W= Ne(T)/T(Op).
The groups Ng(T'), W and W all act on the depth-zero characters by conjugation,

e.g., for w € W and t € T(Op), define the W-action by “x(t) = x(w™'tw). Let
Wy={weW|"“x=x}

From the definitions, we have surjections Ng(T) — W — W and that W, is a
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subgroup of W. Let Wx be the preimage of W, in W, and let N, be the preimage
of Wy in N¢(T).

Let ®y op = {a = a+k | o € O, k € Z} be the affine root system arising from
Dy Let WP = (so | @ € D)) and W, g = (54 | @ € Dy ).

In conclusion, let us state Lemma 9.1.1 of [19], whose proof is due to Roche [25].

Lemma 2.3.8. 1. The group W, .g is a Cozeter group, whose set of generators

Syaft are the reflections associated to the simple roots of @y .q.

2. There is a canonical decomposition Wx = W, a X2y, where €2, is the subset of
Wx which fizes the base alcove of ®,. The Bruhat order <, and length function
Uy of Wy g can be extended to WX such that 2, consists of the length-zero

elements.

3. IfWe =W,, then Wy 5 (resp. WX) is the affine (resp. extended affine) Weyl

group associated to ®, .

2.3.2 Hecke algebras and their isomorphisms

Given a character £ on T'(k,), extend to pe on I, using T'(k,) = I,/ I} as before.

We define the subalgebra H(G,, I,, p¢) C H(G,) consisting of functions f such that

flzgy) = pe(x) " f(g)pely) ™"

where z,y € I, and g € GG,.. Roche refers to such an f as a pgl-sphem'cal function.
Iwahori and Matsumoto [22] gave an explicit presentation for certain Iwahori-Hecke

algebras, which generalizes to algebras such as H(G,, I, p¢) as described in works
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by Goldstein [12], Morris [24], and Roche [25]. Roche introduced an approach
to Hecke algebra isomorphisms using endoscopic groups, which is advantageous in
the present situation; however, Goldstein’s isomorphism would be sufficient as it
specifically covers the case of depth-zero characters for split reductive groups.

We begin by introducing the Hecke algebra attached to a general Coxeter
group. These groups will be denoted (W, S) to differentiate them from the finite
Weyl group (W, S) of G. The Hecke algebra is defined by making a parameter choice

for the following general construction:

Theorem 2.3.9. Let (W,S) be a Cozeter system and A a commutative ring with
unity. There is a unique associated A-algebra H based on a free A-module £ having

basis T, for w € W, with parameters ag,bs € S, subject to the relations

Tow, if (sw) > L(w)
TT, =
asTy, + bsTy,, otherwise.
Proof. See [21], Sections 7.1-7.3. O

If we set as, = q— 1 and b, = ¢q for all s € S, then we get the Hecke algebra
HW,S) as in [21], Section 7.4. If W,g is the affine Weyl group of G, then the

Iwahori-Matsumoto isomorphism for the Iwahori-Hecke algebra is
H(G, ) = H(Wag, Sar) ® C[€1],

where the notation ® refers to a twisted tensor product and whose multiplication

on simple tensors is given by

(T @ Ty) - (T @ Tyr) = ToTyurot @ Tyor
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for w,w € Wyg and o, 0’ € Q. The isomorphism W~ W % € enables us to view
the simple tensors T, ® T}, as a basis for H(G, I) indexed by W.

Following Roche, there are two ways to generalize this isomorphism. One
version of the Hecke algebra isomorphism (see [25], Theorem 6.3) shows directly
that

H(GT‘a [7’7 pXr) L> H(WXT,3H7 SXryaff) ® (C[QXT]

However, we will follow the second approach, which defines an endoscopic group
H,, and shows that H(G,, I,, p,, ) is isomorphic to the Iwahori-Hecke algebra of this
endoscopic group with a suitably chosen Iwahori subgroup Iy,. Then the original
Iwahori-Matsumoto isomorphism gives a presentation of the Hecke algebra in terms
of a basis indexed by er-

Before explaining Hecke algebra isomorphisms according to Roche, we make

the following remark to clarify what assumptions are being made.

Remark 2.3.10. The following will be enforced from now on:
1. As before, G is a split connected reductive group with connected center,
2. The derived group Gger is simply-connected (see Section 3.2.2), and
3. Wy =We.

Under these conditions, we may avoid the restrictions on char(kg) made by Roche
in [25] to prove Hecke algebra isomorphisms for characters with positive depth. Other
restrictions are needed to ensure Wy, = WP?. The theory of Hecke algebra isomor-

phisms associated to depth-zero characters holds without any restriction on char(kg).
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Proposition 2.5.11 states that W, = W? holds for general linear groups and
general symplectic groups without restrictions, these two important examples satisfy

the above criteria.

Proposition 2.3.11. Suppose G is a split connected reductive group with connected
center defined over F'. If G = GL,, or G = GSpay, then W, = W; without restric-

tion on residue characteristic.

Proof. The proof for all split connected groups with connected center can be ex-
tracted from pages 395-397 of [25], but this comes at the cost of some restrictions
on char(kr). The cases of GL, and GSps, are proved to be independent of such

restrictions in an unpublished manuscript of Haines and Stroh. O

We are ready to give Roche’s definition of the dual group H,,. In fact, Roche
defines two groups ng and H,,; however, if G has connected center and W, = Wp,
then ﬁXT = H,,. See [25], Section 8, for the complete story.

Let H,, be the split connected reductive group over O, associated to the root
datum (X*(7T), ®y,, X.(T),®) ). By Proposition 2.3.6, ®,, = ®,. Consequently,
WY is the Weyl group for H,,, while Wx is its extended affine Weyl group by
Lemma 2.3.8. We may assume 7' is the split maximal torus inside H,,, and there is
an Iwahori subgroup Iy, C H,, determined by the positive roots CI>;<r . Thus we come

to consider the Iwahori-Hecke algebra H(H,,, In,). When considering this algebra,

we normalize Haar measure for the convolution integral such that vol(Iy,) = 1.

Theorem 2.3.12. The algebras H(H,,, In,) and H(G,, I, py,) are isomorphic via
a family of support-preserving isomorphisms.
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Proof. This is [25] Theorem 8.2. O

We make a specific choice of isomorphism among the family established by the
theorem, following the presentation in Haines-Rapoport [19], Section 9. Recall that

N, is the inverse image of Wx arising from the surjective map N — W.

Lemma 2.3.13. Let x, denote an extension of x, to T(F,). Then X, extends to a

character X, on N,, if and only if X, is W, -invariant.
Proof. This is [19], Lemma 9.2.3. O

For a fixed choice of uniformizer w, Remark 9.2.4 loc. cit. defines a specific

W, -invariant extension of ., called the w-canonical extension, by

Xy (v(@)to) = x(to),

for all v € X,(T) and ¢ty € T(O,). From now on let X, be the character on
N,, determined according to Lemma 2.3.13.
For each w € /V[V/X, fix a choice of n,, € N,, such that n,, — w under the surjec-

tion N, — WX. Still following Haines-Rapoport, define [I,n,1,]y, in H(G,, I, py,)

to be the “unique element in H(G,, I,, p, ) which is supported on I,n,1, and whose
value at n, is X, *(n,). Note that [[,n,I,]y, depends only on w, not on the choice
of n € N, mapping to w € WX.” ( [19], p. 766.)

Recall that Haar measure on H(G,, I, py,) is normalized so that vol([;) = 1,

while the measure on H(H,,, I, ) is normalized so that vol(Iy,) = 1.
Lemma 2.3.14. The isomorphism ¥y, : H(G,, I, py,.) — H(H,,, In.) maps

q—TZ(’u})/Q [Irnwlr])zr — q—TZX (w)/2 [-[Hrnu)]Hr] )
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Proof. This is quoted from [19], Theorem 9.3.1, but the result comes from [25]. O

The isomorphism Wy, will be referred to as “the” Hecke algebra isomorphism
between these algebras. It depends on the choice of w used to construct x.

Let x : T(F) — C* be an extension of x. There is a corresponding inertial
equivalence class s, = [T'(F'), X|@, and hence a Bernstein component i, (G), which
we refer to as a depth-zero principal series component of R(G). If x = 1, i.e., the
trivial character, the inertial class is denoted s;. The component R, (G) is the

unramified principal series component.

Proposition 2.3.15. The isomorphism Wy, sets up an equivalence of categories
R, (G)) = R, (Hy,) under which ig:(f(?n) corresponds to ig;‘; (n), where n is an

unramified character.
Proof. This statement is Proposition 9.3.3(2) in [19]. O

Using the statements and results from Roche and Haines-Rapoport, we have es-
tablished an isomorphism between the Hecke algebra H(G,, I, py, ) and the Iwahori-

Hecke algebra H(H,,,Iy,). Then by the Iwahori-Matsumoto isomorphism,
H(era [Hr) = %(er,affa er,aff) ® C[er]'

The right-hand side of this expression is called a twisted affine Hecke algebra. 1t has

a basis {T,,} where each of the T, is invertible.

weWX’
Recall from Proposition 2.3.6 that ®, = ®, . It follows that the Coxeter
systems (W, afrs Sy, aft) and (Wy ag, Sy o) are identical; however, we could make

different parameter choices a; = ¢" — 1,b, = ¢" and a, = g — 1, by = q, respectively
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for s € Sy af, which would yield two different twisted affine Hecke algebras that
share a common basis {7, } indexed by er-

In what follows, we would like to work with data defined in terms of characters
X € T(kg)Y. If we set the parameters a; = ¢"—1, by = ¢" with respect to the Coxeter

system (W, ar, Syaft) = (Wi, aft, Sy, aff), then we get the isomorphism
H(HXT7 IH’I‘) = HT(WX7aH’ Sx,aff) ® C[QXL

where the subscript “r” in H, is meant to remind the reader that the parameters for
the Hecke algebra of the Coxeter system depend on r, even though we are working
with the basis indexed by WX.

The inversion formula for the basis elements determines the é—polynomials,
which arise from Kazhdan-Lusztig theory, for the group (W, af, Syaf). This notion

extends to the extended affine Weyl group Wx-

Definition 2.3.16. Let Q, = ¢ /2> — ¢'/2. For the twisted affine Hecke algebra H,
associated to Wx: there is a family of polynomials E;‘,y(QT), with x©,y € WX, deter-
mined by the inversion formula for a normalized basis element Twﬂn = ¢ "xW2T,
in H,. The polynomials are defined by
T,h, =Y RL(Q)T.
zeWy
We will revisit these polynomials in Chapter 4, where they are defined in terms

of an abstract Coxeter system.
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2.3.3 The LLC for Tori

The Local Langlands Correspondence is a theorem in the case of tori. While
the LLC is true for general tori, we consider only the split case. Therefore “T" can

be viewed as f, the torus determined by the dual root datum.

Theorem 2.3.17. (LLC for Tori: Split Case) Let T be a split torus over F' and W

the Weil group of F'. Then there is a correspondence

Hom(Wp, T(C)) = Hom(T(F),C*).
Denote the Langlands parameter of a character & : T(F) — C* by ¢ : Wp — f((C)
Proof. For details see Yu [33]. O

Let x : T(Or) — C* be a depth-zero character, and let ¥ denote an extension
to T(F). Let 77 denote the Artin reciprocity map from local class field theory.

For any v € X*(T) = X.(T), Theorem 2.3.17 yields the following commutative

diagram:

Lemma 2.3.18. Consider x : T(Or) — C* and an extension x to T(F).

1. x is an unramified character if and only if its Langlands parameter 5 is trivial

on the inertia subgroup Irp C Wg.

2. The restriction of pg to Ip depends only on x. This restriction is denoted p,.
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3. x 1is depth-zero if and only if ¢, is trivial on the subgroup 7 (1+@wOFr) C Ip.
In this case, x is determined by the value of ¢, on an element v € Ir whose

image T € O under Tp projects to a generator of the multiplicative group of

the residue field kp.

We will give a proof of the lemma; however, these statements also appear in Roche’s

article [25] in the discussion following his Theorem 8.2.

Proof. Recall that a character is unramified if it is trivial on
T={teT(F)|valp(v(t)) =0,Vv e X*(T)}.

For split groups over non-archimedean local fields, this group is the maximal compact
open subgroup °T" = T'(Op). The Artin map gives a surjection 75 : Ir — OF.
Suppose X is an unramified character. If z € Ip, then v(p(z)) € T(OF),
which implies v(p5(2)) = 1 for all v € X*(T'). Therefore, ¢;(2) = 1. Conversely,
suppose t € T(Op). Then it can be written as a product ¢t = [[, t; = [[, vi(7r(2:))
for some z; € Ip and cocharacters v; € X,.(T), because the Op-points of T' are

generated by the images of its cocharacters applied to Ox. We have

X(t) = HX(%(T(Z@-))) = [Iwtes(z)) = 1.

and ¢y is trivial on each z; by assumption. This proves the first statement.
To prove the second statement, consider any two extensions X1, Y2 to T(F).

We will show that the parameters ¢y, and ¢y, agree on the inertia subgroup, i.e.,

i1 |IF = P32 |IF'
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~

Choose any z € Ip. Then for all v € X, (T) = X*(T) and i = 1,2:

v(pxi(2)) = Xi(w(7r(2)))-

Since 7 maps Ir onto O, v(7p(2)) € T(OF). Therefore, X;(v(7r(2))) = x(v(Tr(2)))
for + = 1,2. Translating this back into a statement about Langlands parameters
gives

v(px (2)) = x(v(1r(2))) = v(px.(2)).
Since this holds for all v, we conclude g, |1, = ©5,|1,, as our choice of z € Ip was
arbitrary.

Finally, recall that y is depth-zero if it factors through T'(kr). Pick any z in
7711+ @wOF). Forall v € X*(f), v(py(2)) = x(v(Z)) where Z = 7p(z) belongs to
1 + wOp. Thus if y is depth-zero, all v(p,(2)) = 1, ie., ¢,(2) = 1. The relation
v(py(2)) = x(v(Z)) also implies the converse direction, namely that if ¢, is trivial
on 7' (1 + @Op) C I then x is a depth-zero character.

Choose z € I such that Z = 7(z) € Oy projects to a generator of k}, under

the reduction map. For any ¢ € T(OpF), there is an expression

x(t) = x (H Vi(f”i)) = [ xt@)™,
where the v; are a basis of X,(T'). Therefore, we know the value x(t) if we know

the values x(v;(Z)). This proves the third statement of the lemma. O

Definition 2.3.19. Fiz a choice of © € Ip such that Tp(x) € OF projects to a
generator of ki, and consider any depth-zero character x on T(Op). Define the
endoscopic element in T(C) associated to x by Ky = Py ().
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Corollary 2.3.20. Fiz a choice of x € Ip such that Tp(z) € Of projects to a
generator of k3. The (finite) group of depth-zero characters T(kg)Y is isomorphic

to the group of endoscopic elements k, determined by x.

Proposition 2.3.21. Let g denote the cardinality of the residue field kp. Let K,_,
denote the kernel of the map f((C) — f((C) defined by k — k9. The group of
depth-zero endoscopic elements is K,_yi; that is, there is x € T(kr)Y such that
K= Ry if and only if K € Ky_;.

Proof. Suppose k = k, for some x € T'(kr)”. Then k, = p,(x) for some = € Ip

~

such that & = 7(x) descends to a generator of k}.. For any v € X, (T) = X*(T),

X(w(@)"" = vk,

Because x descends to a character on T'(kr), the values x(v(z)) are all (¢ — 1)-th
roots of unity. Therefore, (k") =1 for all v € X *(T\ ), which implies £ = 1.
That is, ky € Kq_1.

Now suppose we start with x € K,_;. We will produce a depth-zero character
x on T'(kp) such that k = k.

Since T is split, T is also split and so is isomorphic to a product of copies of
G,n. We think of k = diag(ky, . .., ka), where each coordinate k; is a (¢ — 1)-th root
of unity. Fix a choice of € I such that 7p(z) descends to a primitive (¢ — 1)-th
root ¢ generating kj. Now x; = (™ for some 0 <n; < ¢ — 1.

For any v € X.(T), the element v(7r(x)) can be projected into T'(kr) and

thought of as a diagonal matrix diag(¢™, ..., (™). Let xo be the depth-zero character
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such that
d
Yolr(re(@)) = [T ¢
i=1

Then by construction, for any v € X, (T) = X*(T\) we have

Xo(V(7r(2))) = v (k).

By Theorem 2.3.17, xo(v(7r(2))) = v(py,(2)) for all z € Wg. So in particular

V(yo (7)) = v(k) for all v. This shows k = K. O

Remark 2.3.22. We sometimes use the notation f(@)dz in place of K,_1 to remind

the reader of the connection with depth-zero endoscopic elements.

Later, we will encounter values x, !(s) for depth-zero y and s € T'(k,). The

following lemma rephrases this scalar in terms of endoscopic elements.

A~

Lemma 2.3.23. Let s € T'(k.). Then there exists a character yy,s € X*(T) such

that X, (s) = Yn,s(ky) in C for all x € T(kp)".

Proof. Let ¥ = 7p(z) where x € Ir the element determining the correspondence
between x and k,. Let {w;} be a basis for X, (7). There are integers n; such that

N,(s) = [[;wi(@)™ in T'(kr). Let yn,s = Y, niw;. Then

X)) = [T @) = (Z nw) (1) = )

2.4 A first formula for ¢, ;

It looks difficult to compute a test function, in the sense of the Langlands-
Kottwitz method, from the definition given in terms of distributions in the Bernstein
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center. Recall that the test function is written ¢,; when it has It-level structure.
This section shows how to use the various data coming from depth-zero characters
to give a more explicit formula for a function ¢; ; whose twisted orbital integrals are
identical to those of the test function ¢, 1, as described in the Introduction.

The first step is to write ¢.1 = ¢""W/?(Zy, « 1;+) as a sum indexed by the
depth-zero characters of T'(QO,). Its twisted orbital integrals vanish at the summands
corresponding to characters & € T'(k,)" which are not norms of characters in T'(kp)".
The Hecke algebra isomorphism Wy, : H(G,, I, py,) — H(H,,,Ig,) shows that
summands indexed by norms x, = x o /N, map to sums of Bernstein functions in
the center of H(H,,,In,). We apply an explicit formula for Bernstein functions

attached to dominant minuscule cocharacters to get the formula for ¢ ;.

2.4.1  Definition of ¢/,

Recall from Section 2.3.1 that a depth-zero character £ € T'(k,)" extends to
a character pe on I, which is trivial on IF. Similarly, recall that 1x refers to the

characteristic function of a subgroup K C G,.. Let us extend this notation:

v p(x)™t, if v € K,
K\T) =

0, otherwise.

Lemma 2.4.1. For { € T(k,)Y, define ec = vol(1,)"'17* in H(G,). The elements

e¢ are idempotents satisfying 1+ = Z&T(Mv Eg.

Proof. Let dz denote Haar measure on G, normalized such that vol(IF) = 1. We
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will compute e¢ * e¢ from the definition of the convolution integral, namely

(eg * e)(g) = / ee(gzMee(2)dz.

Notice that if g ¢ I,, then (egxe¢)(g) = 0: if z ¢ I, then e¢(z) = 0 in the integrand,

otherwise e¢(gz~') = 0. Assuming g € I, the integral becomes

(ec * e6)(g) = / pe(92 1) pe(=) Mvol(T,)2da,

Ir

Since pe(g927") " tpe(2) ™! = pe(9) " pe(2)pe(2) ™! = pe(g) ™', we get

(ecxe0)g) = pelg) vol(1)? [ e

I
It follows that e * e = e¢, verifying the first claim.

Next we show that 1;+ = 7 v e¢. First, observe that if z ¢ I,., then both

sides are zero. Second, suppose z € [,\I". Then 1;+(z) =0, and

D> ee(z) =volI)™h Y pe(z)

€T (k)Y €T (kr)V

But > ecrg v pe(2)~t = 0: we can find & € T'(k,)" such that pg,(2) # 1 and write

S ope(2) = ) () (2) T = (2) D pe(2)

§eT (kr)Y §€T (kr)Y §eT (kr)Y

Thus we are reduced to looking at z € I'F. Here we have

Yo el = > vollr) = T 1] = 1

EET (k)Y EET (ky)V
m
Lemma 2.4.2. Suppose & € T'(k,)" is not a norm, that is, there is not a x € T'(kp)"
such that & = x o N,.. Then all twisted orbital integrals at 0-semisimple elements
vanish on functions in H(G,, I, pe).
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Proof. This is Lemma 10.0.4 of [16]. O

Corollary 2.4.3. The function ¢, € C(G,) defined by

Gy =L LT PN Zy ey,

XET(kp)V
satisfies TOso(dr,1) = TOso(r,1)-
Proof. Recall that Haar measure on H(G,, I,F) is normalized such that vol([,F) = 1,
while Haar measure on H(G,, I, py, ) is normalized to have vol(/,) = 1. The function
w1 € H(G,, IF) is defined by summing up functions Zy, ey, € H(Gy, I, py,);
thus we must account for the different normalizations when rewriting ¢,; using

Lemma 2.4.1. Thus we have the intermediate result

TOso(¢r1) = TOso | [L : L1 ' g2 3" Zy, xee
§€T (kr)Y

But Lemma 2.4.2 says that TOé‘g(ZVM xeg) = 0 if £ is not a norm, which means there

is no x € T'(kp)" such that & = x,. This shows TOsg(¢r1) = TOse(¢]. ;). O

Remark 2.4.4. Recall that the definition of a test function ¢, invokes the LLC+
congecture to view the distribution Zy, as an element of the Bernstein center. Let us
give an unconditional definition for ¢, that agrees with Definition 2.2.8 whenever
LLC+ holds.

For each x,, define Zy, xe,, to be the unique function in the center Z(G,, I, py,)
which acts on the py, -isotypical component of all iz (X,) in Rirg,1(G,) by the scalar
tr°(¢5, (@), V).  Of course, the Langlands parameter vy, exists by the LLC for
Tori. Sum these functions as before to get a mew definition of ¢, that satisfies
TOso(¢r,1) = TOs9(91.1) as in Corollary 2.4.3.
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2.4.2 Bernstein functions for dominant minuscule cocharacters

The center of an Iwahori-Hecke algebra can be described in terms of Bernstein
functions indexed by dominant cocharacters of the maximal torus. In certain cases,
such as the case of dominant and minuscule cocharacters of interest here, Haines
proved explicit formulas for Bernstein functions [13], [14], [18]. Our presentation
states Haines’s formula for the Iwahori-Hecke algebra H(H,,, Iy, ).

Recall that H(H,,,Iy,) is isomorphic to the twisted affine Hecke algebra
Ho (W, at, Syar) ® C[Q,], which we sometimes denote . In the notation of Def-
inition 2.3.16, this algebra has a normalized basis {T,,, | w € WX} Ifw=t)isa
translation element, we write T )\, instead of ﬁw.

For any A € X, (7)), there exist dominant A\;, Ay € X, (T") such that A = A\; — \s.

Let ©), = f\mf\; ! . This element is independent of the choice of \; and \s.

T

Definition 2.4.5. For A € X,(T), the Bernstein function attached to a Weyl

orbit M, = W, - X is defined by

ZMXJ“ = E @7777“‘

neMy

If X s dominant, we denote the function associated to M, = W, - X by 2\ .

Theorem 2.4.6. The center of H(H,,, Ip,) is the free Z|q"/?, ¢~"/*]-module gener-

ated by the elements z,,, where X ranges over all dominant cocharacters of T'.

Proof. The theorem is due to Bernstein, but this statement is [13], Theorem 2.3,

adapted to the algebra H(H,,, In,). O
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Definition 2.4.7. Let pu be a dominant coweight of ®. An element w € W is called

p-admassible if x <ty for some X in the W-orbit of .

When @ is the root system of G, the p-admissible set is denoted Admg, ().
Similarly, if u, is a dominant coweight of ®,, the root system of H, under our

hypotheses, elements w € WX such that w <, t) for A € W,pu, form the set

Proposition 2.4.8. Let j1,, be a dominant, minuscule cocharacter of T" with respect

to ®y. The support of z,, , equals Admpy, (f1y) as subsets of Wx.

Proof. Apply Proposition 4.6 of [14] to the Iwahori-Hecke algebra H(H,,,In,),

which has a basis indexed by WX, the extended affine Weyl group of H,, . [

For any w € W, let A(w) denote the cocharacter of T" such that w = ty(,)w

via the isomorphism W & X, (T) x W.

Proposition 2.4.9. Suppose i is a minuscule cocharacter and w = ty,yw € W is

p-admissible. Then w < ty(y).
Proof. This is [18], Corollary 3.5. O

Theorem 2.4.10. Let j1,, be a dominant minuscule cocharacter of T' with respect to
D,. Set Q, = q "/ —q'"/*. The Bernstein function z,_, in the center of H(H,,, Ir,)
is given by the formula,

Zﬂx,'f’ = Z R%ﬂf)\(w) (QT')TU]J"

weAdmp,. (py)

Proof. This is Theorem 4.3 of [14] applied in the case of H(H,,,In,). A different
proof appears in [18]. ]
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2.4.3 An explicit formula via Bernstein functions

The material on Hecke algebra isomorphisms and Bernstein functions devel-
oped in earlier sections can be used to give an explicit formula for the coefficients
of ¢;.,. We begin by expressing the image of Zy, * e, under the Hecke algebra

isomorphism Wy, in terms of Bernstein functions in the center of H(H,,, Iy, ).

Lemma 2.4.11. Let Wt(x) = {\ € Wy | M(sy) = 1}. Let {pt} denote the subset
of W consisting of elements which are dominant and minuscule with respect to ®,.

Then Wt(x) is the disjoint union of the orbits quic.

Proof. The orbits WX“& are all disjoint, because there is a unique dominant element
in each Wy-orbit. We have Wy D[], quic, because p is among the u; and W, C
W. On the other hand, given an element n € Wy, there must exist some index
k such that n € quf(; just consider the orbit W,n, which must contain a unique
clement dominant with respect to ®,. So Wy = [, Wy .

Now pick any A € Wt(x). Then A € W,uf for some k. For any other

ne qui, there is u € W,, such that n = u~'A. But u € W, satisfies ur, = k,, so:
n(ky) = u_l)‘(’{x> = Muky) = A(hky) = 1.

This shows that any W,-orbit containing an element of Wt(x) lies entirely within

Wt (x). It follows that Wt(x) is a finite, disjoint union of W,-orbits. O

Lemma 2.4.12. Suppose Wt(x) = [, Wy, as in Lemma 2.4.11. Then the -

admissible sets Admp, () are disjoint subsets of w.
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Proof. The translation elements ¢, for A € Wy may be written ty = o \w) € W for
some length-zero element o) and wy € W. The o) are unique.

Choose any u;. It is dominant and minuscule with respect to ®,, hence any
w € Admy, (p}) satisfies w <y tyw). By definition of Bruhat order on extended
affine Weyl groups, this means the length-zero part of w is oy(,). But since the o
are unique and the W, ! orbits are disjoint, we cannot have w € Admy, (/Jf() for

any k # 1. O

We shall sometimes speak of w € W as though it were an element of G, by
using a set-theoretic embedding of the extended affine Weyl group into Ng(T)(F}.),
which depends on a choice of uniformizer w in F,.. The following definition comes

from [19], Section 2.

Definition 2.4.13. For w € W, we have w = t\w for A\ € X,(T) and w € W. Let
@ be the fized uniformizer in F,, and set w* = \(w@). The set-theoretic embedding
I - W — G, is defined by ty — w ™ and mapping W to a fived representative in

Ne©on)(T(Or))-

Lemma 2.4.14. Let I, be an Iwahori subgroup of G, with pro-unipotent radical IF.

Then G, decomposes into disjoint double-cosets indexed by pairs (s, w) € T'(k,) x W,

G, = H ITswIt.
(s,w)
Proof. This is a variant of the Bruhat-Tits decomposition which describes G, in
terms of I,-double cosets. The proof of this decomposition uses the relation T'(k,.) =
I./IY; see [19], Section 2, for an explanation. Both the statement and proof depend
on the set-theoretic embedding of W into G(F,) given in Definition 2.4.13. O
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I thank my advisor, Thomas Haines, for supplying the following lemma and

its proof.

Lemma 2.4.15. Let x, be a depth-zero character on T(O,) arising from a depth-
zero character x on T(OF), and fix the w-canonical extensions XZ and X, to T(F,)
and Ng(T)(F,) respectively. Let w > be an element of Ng(T)(F,), which is the
image of w = ty\w under the set-theoretic embedding W — G(F,). For simplicity,

I o
assume W, = W¢ .

1. If ww lies in the support of any non-zero function ¢ € H(G,, I, py,), then

Ux = X, or equivalently, Wk, = K.

~

2. Suppose p € X (T) = X*(T) is dominant and minuscule. Under the Hecke
algebra isomorphism Wy, , Zy, ey, goes to the sum Zux 2y, v, Where (i, Tanges

over dominant representatives of W, -orbits of v € Wy such that v(ky) = 1.
3. Ifw *w lies in the support of any function of the form Zy, xe,, then X(ky) = 1.
4. If Zy, * ey, (w w) # 0, then txw € Admg, ().

Proof. (T. Haines) To prove the first statement, we may assume ¢ = [I,w*wl,]y,.

For any ¢t € T(O,) we have

Since ¢(w*w) # 0, we conclude x,(t) = “x,(t) for all t € T(O,), i.e., “x, = X,
Now let us prove the second statement. The function Zy, * e,, lies in the

center of the Hecke algebra H(G,, I,, py,) and acts by a non-zero scalar only on the
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Py.-isotypical components of representations in the Bernstein block for the inertial
class [T, x%]g. In fact, for any unramified character n on T'(F,), unwinding the

definition shows that it acts on %" (x77)?x by the scalar
Tr(rupzey(®), V:X)-

By [19], Lemma 10.1.1, the image Wy, (Zy, * ey, ) acts by this scalar on the Iwahori-
fixed vectors zgl’;: (n)'#r in the unramified principal series of H,,. In order to prove
Uy, (Zv, *ex,) = 32, Zuer » it will suffice to show that }°, 2, , acts by this same
scalar on such representations, in which case the functions are equal because they
determine the same regular function on the Bernstein variety Xy, .

HX’V‘

As T\—representations we have V, = &, V., the sum of highest weight

representations for the dual group of H,,, hence the scalar can be written as

ZTr Ty Pxen(®P), VH)
Note that ¢g=,(®) = ¢,(®). View the function z, as a regular function on the
variety T /W, whose points correspond to W, -invariant unramified characters,

Zpyr - N7 Z A1)

A€Wy pix

Looking at the weight space decomposition, > oy, A(n) = Tr(r,, o, (P), VH)
Summing over the p, shows that >-, 2, (1) = Tr(r.pze,(P), V).

Now use the second statement and the fact that Wy is support-preserving to
see that o~ w must lie in the support of some Zuy,re SINCE [1y IS minuscule, we must

have in that case that A € W, p,. But then A(k,) = 1 by Lemma 2.4.11.
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Finally, suppose that Zy, *e,, (o) # 0. Using earlier work and the support-
preserving property of Hecke algebra isomorphisms, we have that z, ,(w) # 0 for
some . The support of 2, , is Admpg,(py), i-e., w € Admpg, (11,). So it is enough
to show that Admpy_ (py) C Admg, (1) as subsets of w.

The base alcove for a (based) root system ® is the set of points in X,(7) ® R
on which all positive affine roots take positive values. Since the positive affine roots
attached to ®, are a subset of the positive affine roots for ®, we deduce an inclusion
of base alcoves a C a, associated to ®, and ®,, respectively. Furthermore, every
alcove for @ is contained in a unique alcove for ®,.

Given w = t\w € Admpy,_(py), we know that w <, t,, thus there is a sequence

0

of alcoves wa, = a,

1 I e i1 i
a,,...,a, = tya,,such that if ai7" and a; are separated by an

affine hyperplane H, then a, and ag'(_l are on the same side of H. From this we get

0 50 i—1

a sequence of alcoves wa = a°,a’, ..., a' = tya, such that whenever a’~! and a’ are
separated by an affine hyperplane H, then a and a’~! are on the same side of H. It

follows that w < ¢, which implies w € Admg, (u). O

The function ¢} ; is an element of the Hecke algebra H (G, I}), hence it can be
described by specifying the complex values taken on IF-double cosets of G, indexed
by pairs in T(k,) x W. The values ¢, (1,7 swlF) are called the coefficients of ¢, ;.
The following proposition gives an explicit formula for the coefficients of ¢, ,, which
is sufficient for our purposes by Corollary 2.4.3. We will revisit this proposition
in Chapter 5, where we use the results of the intervening chapters to develop a

combinatorial formula using the following formula as a starting point.
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Proposition 2.4.16. Given a pair (s, w) € T(k,) x W, the coefficient ¢ (LT swll)
can be rewritten as a sum over endoscopic elements in f(@) which arise from depth-

zero characters x € T'(kp)¥:

GaFswl) = (L I Y ns(my) g e PR Q).

HXGqul

Proof. The proof is a straightforward application of the work done throughout this
chapter. We start with the definition of ¢, ; from Corollary 2.4.3,

Cblm—[—, ]+ lT“” Z 2y, * ey,.

x€T ]CF)

Then by Lemma 2.4.15,

¢ [I [+ -1 rﬁ(tu)/Q Z Z\Ij ZN)@

XET(kp)Y px

The orbits W, u, are disjoint as pu, ranges over the set of elements in W
which are dominant and minuscule with respect to ®,. The pu,-admissible sets in
W are disjoint by Lemma 2.4.12, hence the supports of each z, , are disjoint. Thus
for each w € Admg, (i), there is a unique p,, € Wy such that w € supp(z,, ).
Therefore,

O (L swlf) = (L L7 2y Wz, ) (sw).

X€T(kp)Y

Now, we apply Haines’s formula for z, , and Lemma 2.3.14. Recall that

Zux,r(w) wtk(w)(QT‘) wr( ),

and T, (w) = ¢~ "x®)/2[ [ wly ](w). Therefore,

U () (sw) = g RO R RY Q)1 sl (sw).

Wt ) (w)

23



But [IFswI]y, (sw) = x;(s). So, we conclude that

o (Lrswly) = [L: L S0 G (e)g e Ry, (Q)),

X€T (k)Y

where we have used that the conjugates of a translation element all have the same
length; that is, €(t,) = {(txw)) for all A € Wp.

The set of depth-zero characters T'(kr)Y is in bijective correspondence with
the set of endoscopic elements x, € f(@) arising from depth-zero characters; this
bijection is determined by a fixed element of the inertia subgroup x € Ir whose
image 7r(x) projects to a generator of k}.. Proposition 2.3.21 shows that this subset
of T(C) equals K, .

Following the notation in [1], we write £(w, ty.,)) for the difference in lengths
((taw)) — £(w).

Finally, for each s € T'(k,) the equation vy, s(ky) = X»(s) holds for all depth-

zero characters x. In conclusion,

G swl) = (L I S0 () g OO 2RY, (Q)

HXEKq71
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Chapter 3:  Groups of endoscopic elements in the dual torus

Consider the endoscopic elements &, in T (C) arising from depth-zero charac-
ters on T(Op), which index the summation in our formula for ¢, ,. We shall see
that it is useful to determine the , such that Zy, * ey, (w) # 0 for a fixed w € w.

We begin by defining a closed subgroup S,, C T (C) associated to a fixed
w = thyw € W. This “relevant subgroup” is an infinite diagonalizable algebraic
group. In exchange for working with a more complex object, we gain access to the
theory of diagonalizable groups and tori defined over an algebraically closed field.
The endoscopic elements needed for the combinatorial formula for ¢;.; comprise the
“depth-zero relevant subgroup” S%, which is a finite subgroup of f(@)

The final section of this chapter contains results to be used later in the state-
ment and proof of the main theorem in Chapter 5. First, we identify an analogue
of the “critical index torus” used by Haines and Rapoport in the Drinfeld case; this
object is used to determine which s € T'(k,) contribute to nontrivial coefficients

1 (IFswIF) in terms of the kp-points of a subtorus of 7. Second, we look at the

order of certain subgroups S¢‘; C S which arise from root sub-systems J C ®.
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3.1 Background on diagonalizable algebraic groups

Let us recall various properties of diagonalizable algebraic groups over an al-
gebraically closed field, that is, linear algebraic groups which are isomorphic to a
closed subgroup of the diagonal torus in some general linear group. In fact, we will

only consider such groups over C.

Definition 3.1.1. An algebraic group over C is diagonalizable if it isomorphic to

a closed subgroup of the diagonal group D(n,C) for some n.
Recall that a connected diagonalizable group is a torus.

Theorem 3.1.2. Let G be a diagonalizable group over C. Then G = A x H, where

A is a torus over C and H is a finite group.
Proof. See [20], Section 16.2. O

Let D be a diagonalizable group defined over C. Recall that the multiplicative
group G,, consists of the nonzero elements of the affine space A! equipped with the
group law (z,y) — xy. The group of C-rational points of G,, is C*. The character
group of D is defined by X*(D) = Hom¢(D,C*), while its cocharacter group is

X.«(D) = Hom¢(C*, D).

Definition 3.1.3. A lattice is a free subgroup of X*(D) or X.(D) generated over

a linearly independent set.

When considering a torus we will sometimes choose a basis for the cocharacter
group X, (T) and then give coordinates in terms of that basis. For example, we
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write u = (1,0,...,0) for the cocharacter u of the diagonal torus in GL4 given by

the formula

wu(z) = diag(z,1,...,1).

Theorem 3.1.4. There is a categorical anti-equivalence between diagonalizable alge-
braic groups and abelian groups, which arises from the contravariant functor sending

a diagonalizable group D to its character group X*(D).
Proof. See [32], Section 2.2, for example. O
The following corollaries follow directly from Theorem 3.1.4.

Corollary 3.1.5. Let D be a diagonalizable algebraic group over C. If its character

group X*(D) has torsion, then D is not connected, i.e., D is not a torus.

Corollary 3.1.6. Let D be a diagonalizable subgroup of f(@), and let L be the
lattice in X*(T) such that X*(D) = X*(T)/L. Then k € T(C) is annihilated by L

of and only if k € D.
We conclude this background section with two useful lemmas.

Lemma 3.1.7. Let D be a diagonalizable group. Given two distinct points x and y

in D, there exists a character n € X*(D) such that n(x) # n(y).
Proof. See [20], Section 16.1. O

Lemma 3.1.8. Suppose Dy and D, are diagonalizable subgroups of f(@) such that

X*(D;) = X*(f)/Ll for lattices Ly and Ly. Then the character group of Dy N Dy is

~

X*(Dy N Dy) = X*(T)/{L1, Lo).
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Proof. The group D; N Dy is the largest common subgroup of D; and Dy. Under
the categorical anti-equivalence between diagonalizable groups and their character
groups, its character group X*(D; N Dy) is the largest common quotient of X*(D;)
and X*(Dy). But as (L1, L) is the smallest lattice containing both L; and Lo, we

~

conclude X*(D; N Dy) = X*(T)/(Ly, Lo). O

3.2 The relevant group of an admissible element

For any w € W, there is an expression w = t,w obtainable via the isomorphism
W = X,(T) x» W. We give certain conditions based on the data A and @ to define
a diagonalizable group S, in f((C) This infinite group contains a finite subgroup
53 consisting of those r € S, such that k = k, for some depth-zero character y
on T(Op). Given a root sub-system J C &, there are analogous groups S, ; and
SffJ. We specify lattices L, ; C X*(T) such that X*(S, ;) = X*(f)/LwJ, thereby

giving information about S, ; through Theorem 3.1.4.

3.2.1 Definition of S, and Sy, ;

Lemma 3.2.1. Let w € W. Then kw, = wk, for all characters x on T(Op). If in
addition w € Wy, then Wky = Ky.
Proof. Given w € W, the LLC for Tori implies “x(v(7r(x))) = v(kw,) for all

v e X.(T)=X*(T). On the other hand,

"x(w(rr(@)) = x(w v(rr(2)) = (0 - v)(ky) = v(wky).

Thus v(wky) = v(ke,) for all v. We conclude that wk, = kv, by Lemma 3.1.7.
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For the final statement, apply the definition W, = {w € W | “x = x}. O

Definition 3.2.2. An endoscopic element x € T(C) is relevant to w € W if
wk = Kk and A(k) = 1.
Proposition 3.2.3. The elements k € f((C) relevant to a fived w € W form a

closed subgroup called the relevant subgroup S,,.

Proof. First, we verify that relevant k satisfy the group axioms. It is obvious that
k = 1, corresponding to the trivial character, belongs to S, for any w € W. If

K1, ke € Sy, then it is enough to observe that

W - (K1k2) = (W0 - K1) (W - Ky) = K1Ka

and
AMK1k2) = AM(R1)A(K2) =1
In particular, w - k' = kL.
This subgroup is closed because it is the intersection of ker(\) and the fixed-
point set of @, each of which is a Zariski-closed subset of T/(C). O

The relevant subgroup for an element w is not a torus in general. See Ex-
ample 3.2.10 which uses an explicit realization of the character group X*(S,,) to

produce torsion elements.

Lemma 3.2.4. Let w € W. Then Zy, x ey, (w) # 0 implies w € Admg, (1) and that

Ky s Televant to w.

Proof. This is a rephrasing of two statements proved in Lemma 2.4.15.
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Definition 3.2.5. The subgroup of S, consisting of k, associated to x € T(kp)”

will be called the depth-zero relevant subgroup of w. It is denoted S,
Lemma 3.2.4 says that if Zy, e, (w) # 0 then w is p-admissible and &, € S3”.

Definition 3.2.6. Let J be a root sub-system of ®. For o € J, consider o as a
character on T. Define Sy,.; € Sy by

Sw.g = SuwN (ﬂ ker(av)) )

aeJ

Let S3; denote the subset of S, whose elements arise as endoscopic elements

corresponding to x € T(kr)".
Proposition 3.2.7. Let w € W, and fix a sub-system J C ®. Then
Sty = {rx € S| @ 2 T}

Proof. If k, € SY’;, then for all @ € J we have aV(ky) = 1. It follows that
x ©a¥(Z) = 1. By definition this means o € ®,, so in total, J C D,.
Conversely, if x, € S satisfies ®, D J, then y o aV(Z) = 1 for all a € J.

Again, a¥(k,) = 1, so that k, € Naesker(aY). ]

3.2.2 Lattices in character groups

The relevant subgroup S,, will guide us to an analogue of the critical index
torus defined for the Drinfeld case in [19], Section 6.4. This comes about by realizing

the character groups X*(S,) and X*(S, ) as quotients of X*(7') by specifying

certain lattices.
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The categorical anti-equivalence between diagonalizable groups and their char-
acter groups enables us to take advantage of the definition of S,, ; as the intersection
of two diagonalizable groups. Let K; = [, ., ker(a). In the following diagram,
arrows in the left diamond are inclusions while arrows in the right diamond are

quotients.

C) X*(T)

NN
Ky X*(Sw) X*(Ky)
7 ~

N

X*(S,

T(
S
\s

)

w

<~

)

~

Quotients of X*(T") correspond to the lattice used to form the quotient. The
lattice needed to form the quotient X™*(S,, s) is the lattice generated by the lattices

corresponding to X*(S,,) and X*(K}).

Lemma 3.2.8. Let w = t)\w be a p-admissible element in W, Define a lattice

L,=(w)—v|veX*T)), where w(v) = X+ w(v). Then

A~

Lo =\ @(v) —v | ve X~T)).

The L, so defined is the same as the lattice studied in Section 6.4 of [19].

~

Proof. 1t immediately obvious that L,, C (\, wv —v| v € X*(T)).
Let us consider the reverse inclusion. If we choose v = 0, then w(0) — 0 = A
belongs to L,,. On the other hand, choosing v = A yields w(\) — A = wA. For any

~

choice of v € X*(T),

wv+A)— (v+ ) =w) + o) — .
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But we have just seen that @(\) € Ly, hence w(v) — v lies in Ly, for all v € X*(T).

It follows that L, D (A, wv — v| v € X*(T)). O

Let A be a group and M be an A-module. The module of coinvariants of M
is defined as

My=M/{gm—m|meM, geA).

This module satisfies the following universal property: If N is another A-module
with trivial A-action, and there is a surjection M — N, then there is a unique map

MA—)N.

Proposition 3.2.9. Let w = ty\w be p-admissible. Then

Proof. Let K be the intersection of kernels

K = ker(A\) N ﬂ ) ker(w(v) — v)

veX*(T)
We contend that this set equals S, in T'(C).
Recall that S, is defined as the subgroup of T\(C) comprising those x such

~

that A(k) =1 and wk = k. Thus all kK € S, lie in ker()), and for each v € X*(T),

-~

So k € ker(w(v) — v) for all v € X*(T). It follows that S, C K.

Conversely, if we choose some kg € K, then A(kg) = 1 from the definition, while
for each character v on T(C), v(w ko) = v(ko). By Lemma 3.1.7, @ ko = ko. We
conclude that xy € S,,. This proves S, = K.
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~ A~

For a character n € X*(T), Lemma 3.2.11 implies X*(ker n) = X*(T")/(n).

Lemma 3.1.8 shows that the character group of an intersection of kernels equals the

~

quotient of X*(T') by the lattice generated by the characters whose kernels were
intersected. In this case,
X*(K) = X*(T)/(\w(v) — v | v e X*(T)).

-~

Applying K = S, and Lemma 3.2.8, we get the desired result: X*(S,,) = X*(T')/L,.

O

Example 3.2.10. Let G = GLy and pp = (1,1,0,0). Let w = t,(132), so that
w = (132) is a permutation in the symmetric group W = Ss. Then the module of
coinvariants X*(T)@—,) 15 generated by €,,&4, where the ; are the coordinate cochar-
acters of X.(T), which form a basis, and &; is the image of ; in the module of

coinvariants. Consider

Then as elements of X*(Sy),
2% =&+ =pa=0.
Thus X*(Sy) has 2-torsion in this case, and so S, is not a torus.

Lemma 3.2.11. For any root subsystem J C ®, let K; = Nyesker(a") and let

L;=7{a" |a € J). Then X*(K;) = X*(T)/L,.
Proof. Choose any a € J. This determines a short exact sequence

1 —s ker(a") — T — G,, —> 1.
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The corresponding exact sequence for character groups is
0 +— X*(ker(a")) +— X*(T) <Lz «+— 0,

where f: 1+ a. It follows that X*(ker(a")) = X*(T)/Za".
Now consider all a € J at once. Repeated application of Lemma 3.1.8 shows

that X*(K,) = X*(T)/L,. O

Corollary 3.2.12. Let L, ; be the lattice of X*(f) generated by L, and Lj as

defined above. Then X*(Sy,.;) = X*(f)/Lw,J.
A root sub-system J C ® determines a subgroup W; = (s, | a € J*) of W.

Proposition 3.2.13. Let w = tyw € Admg, (u) and J C &. If w € Wy, then

Lys=M\ao"|aeJh).

-~

Proof. By its construction, L, ; = (A + @w(v) — v,a¥ | v € X*(T),a € J*).
Lemma 3.2.8 implies Ly ; = (A, w(v) — v,a" | v € X*(T), e € J*), so that Ly
clearly contains (\,a¥ | a € J*).

In order to prove the reverse inclusion, it is enough to show that w(v) — v lies
in the span of the coroots of J* for all v € X*(f)

Since W is a reflection subgroup, we can find an expression w = sy --- S,

~

where the s; are reflections in W;. Choose any v € X*(T'). Observe that

(51 sm) (V) = (527 5m)(v) = (52 - 5m) (¥), 1)y,

where « is the positive root in J corresponding the to reflection s;. Of course, a

similar formula can be applied to the term (s ---s,,)(r), leading to the expression

W) = v = sk 5 () 1)l

k=2
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Therefore, w(v) — v € (@ | a € JT). O
The fundamental group of a reductive algebraic group is defined by
m(G) = X (T)/79".
A reductive algebraic group H is simply-connected if m(H) = 1.

Corollary 3.2.14. Suppose that G satisfies the assumptions of Remark 2.3.10, in
particular, that Gae, is simply connected. Let w = t\w be p-admissible, and let J C &

~

be a root subsystem. Suppose w € W;. Then rank(S,, ;) = rank(7") — rank(J) — 1.

Proof. By assuming that Gge is simply connected, we have that X,(T')/Z®" is
torsion-free. So any torsion element of X,(7')/ZJ"Y must come from the quotient
7oV /7.J".

We claim that A ¢ Z®Y. Fix a basis A of ®. Without loss of generality,
we may assume that A\ is dominant because the coroot lattice is stable under the
W-action. A nonzero dominant coweight is in particular a fundamental coweight,
which corresponds to some simple root a; € A. For any a; € A, (A, ;) = 0y

Suppose that A\ € Z®V, so that we have an expression

A= g cajozjv, where ¢, € Z.
OéjEA

We apply the simple reflection s; to A in two ways. First,
sA=A— (N a)a) =\—aq).

On the other hand,

_ \Y% _ VvV _ \ V
SiA = si< E c%.aj> = E Ca; SiQl; = —Ca; @ + E djaj,

€A ;€A aj€A\{as}

65



where we have used that s; permutes the simple coroots aJV for j # i. The coefficients
do, are the permuted c,,. Now combine these two different forms of s;A to get a

relation

(20a, — Doy + D (Cay — da,)) =0.
CVjGA\{Ozi}

This is a linear combination of the basis elements of Z®V, hence all coefficients must
be zero. This implies 2¢,, = 1, which is impossible since ¢,, € Z.

Because \ ¢ Z®V, it is not a torsion element of X, (7")/ZJ", and consequently
X*(f)/LwJ = <X*(f)/LJ> /Z\ has rank equal to (rank(f)—rank(J)—l), because
rank (L) = rank(J).

]

Remark 3.2.15. The assumption that Gaer be simply connected still admits the
GL, and GSps, cases. Moreover, Corollary 3.2.14 is only used to find the rank of
certain Sy, j at the very end of the proof of the main theorem (Theorem 5.1.3); the

rest of the proof is independent of this assumption.

When G is GL,, GSps or GSpg, we can give a precise description of the
structure of X*(S,.s) as a finitely generated abelian group. More specifically, in
these cases we can say something about how torsion appears, rather than only

finding the rank of the group.

Lemma 3.2.16. Suppose G = GL,,, GSps or GSps. Consider S, ; for p-admissible

w and a root subsystem J C ®. The Smith form of X*(S,. ;) has a single invariant

66



factor ¢, and

Zrank(j”\)—mmk(J)—17 if = :l:la
X*(Sw,y) =

gZrank(T)—rank(J)=1 » 7 /0.7 otherwise.
Proof. We will handle the GL,, case separately from GSp, and GSps.
Case 1: G = GL,. The quotient X,.(T)/ZJ" is the fundamental group of an
endoscopic group of GL,,. All endoscopic groups have the property that their derived
groups are simply connected, so X,(T)/ZJ" is torsion-free for all J C ®. We show
how to write down an explicit set of generators.

Let €1,...&, be the coordinate generators of X,(T). Coroots a¥ € J¥ have
the form o, = €, — ¢, The image of ¢; in X.(T")/ZJ" is denoted &;.

Let J = Ji[]---]1]J- be the irreducible decomposition of J. Let iy be the
minimal index among those ¢ such that (g;,a) # 0 for a € Ji. Then if ay, € Ji,
we have &, = &, = &, in the quotient. Let A denote the set of indices ¢ such that
(er,a) = 0 for all @« € J. Then X,(T)/ZJ" is generated by the &, and the &.

Relabel this generating set such that
X (TY)ZTY = (g}, ... &)

Let A = A(w) be the translation part of w. Then A = 37,_ &, in X.(T). Let

Iy ={iy,...,i;}. There is a map

f:I/\—>{j17"'7jm}

defined by sending ¢; to its image in X,(T)/ZJ". Set ¢; = |f~1(j;)| for 1 < i < m,
SO /_\ = 221:1 Ciéjk'
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Corollary 3.2.12 and Proposition 3.2.13 show that
X*(Su.0) = (Xu(T)/2JY) /().

Thus A = Yo cEj, can be thought of as a 1 x m relation matrix among the
generators of X, (T)/ZJY. The resulting Smith form, which describes the finitely
generated abelian group X*(S,, s), has a single invariant factor ¢; and rank equal
to (rank(f) —rank(J) — 1) by Corollary 3.2.14.

Case 2: G = GSpy or GSpg. In this case,
X(T) = (0,15 --,6n),

where ¢q is the similitude cocharacter. The positive coroots have one of three forms
for i < j: €, —¢j, € +¢; or ;. For these low-rank groups, one can check all possible
JY to confirm that X,(T)/ZJV is torsion-free and generated by the images of a
subset of the ¢;.

There are six possible JY for GSpy:

Ty ={£(e1 —e2)} Ji = {£e2}
Jy = {%(e1 + &)} T = {Ee} [ [{#e2}
Jy = {+e1} J§ = @Y
Each system gives a relations matrix A; among the generators e, ...,e,. For ex-

ample, in the the case of J the matrix is

010
AJS_[O 0 1}
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where the columns correspond to generators of X,(7T') and each row is a rela-
tion coming from a positive coroot. This matrix has invariant factors (1,1), hence
X.(T))ZJ; = 732 = Z is torsion-free. The relation matrices for Jy', ..., J) consist
of a single row and have invariant factor (1), so each X,(T")/Z.J;’ is torsion-free for
i =1,...,4. Meanwhile, we know X,(T)/Z®" is torsion-free because GSp, has a
simply-connected derived group.
We use the same approach for GSpg. There are thirty possible JV, which split
into seven families organized by the type of JV. We list each type, followed by the

number of members in the family, and then a representative JV of the family.

Type A1 (9)  J' = {*(e1 —e2)}
Type Ay x Ay (9)  JY = {*(e1 +&2)} [ [{£es}
Type Ay (4)  JV = {&(e1 + 22), £ (1 + £3), £(e2 — £3)}
Type Cy (3)  JY = {*(e1 — £2), (21 + £2), +e1, £65}
Type Ay x Ay x Ay (1) JV = {£er} [ [{xe2} [ [{es)
Type Cy x Ay (3)  J" = {£(e1 — &2), (1 + £2), ey, 2o} [ [{ e}

Type C3 (1) JY ="

Now we can construct relation matrices A; as before to compute the Smith form of
X.(T)/ZJ" in each case. It turns out that in every case, all invariant factors are
units, which means the quotient is torsion-free. Here are some examples.

Let Jv = {:l:(€1 + 62), :|:(61 + 53), :|:(82 — 63)}2
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011 0 1 0 00
A;j=10 1 0 1 |~1]0 -1 0 0
001 -1 0 0 0O

Let JV = {:f:(gl — 52), :|:(€1 + 52), :|:€1, ﬂ:EQ} H{:f:&g}:

01 -1 0 1 000
A, = o1 1 0 10100
01 0 O 0010
00 0 1 0000

Since X, (T)/ZJ" is torsion-free in all cases for GSp, and GSpg, we can now
proceed as in the GL,, case. Consider the image of A =Y, _, &;, in X, (T)/ZJ" to

get a relation among the generators of the quotient, then take the Smith form.

3.3 Analogues of the critical index torus

The final section of this chapter determines an analogue of the group of kp-
points of the “critical index torus” Ts(,) defined in the Drinfeld case [19], Section 6.4,
wherein this subtorus is defined by specifying that a coordinate in the diagonal torus
T is always 1 if that coordinate does not belong to a certain subset of indices S(w).
There are important differences between the Drinfeld case and the more general
case being considered here. First, in the general case we cannot find a subtorus
to play the role of T(,), though we can approximate its behavior through certain
finite subgroups of T'(kr). Second, whereas the support of ¢, can be described in
terms of the p-admissible set and the single group g, (kp) in the Drinfeld case,
the general case admits the possibility that multiple finite groups A,, s, are needed
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to completely describe those s € T'(k,) whose norms N, (s) contribute to nonzero

coefficients ¢, | (1,7 swl"). This second point will be elaborated in Chapter 5.

3.3.1 Stratification of S by y-root systems

Recall that f(@)dz is the finite subgroup of 7' (C) comprising the depth-zero
endoscopic elements r, associated to x € T'(kp)". Consider any r, € T(C)%, not

necessarily relevant to w. The corresponding character y determines a y-root system

¢, C &, which may be reducible. We stratify f((C)dZ by defining
T(J) = {r, € T(C)* | T = 0},

which yields

T(C) =[] 7).
JCP

Now any subset A C f((C)dZ can be stratified by setting A(J) = AN f(J) for each

J C @, thus we come to consider the strata S%(J) of the depth-zero relevant group.

Corollary 3.3.1. With notation as above,

swy= I s&).

JCJC
Proof. This is a consequence of Proposition 3.2.7. n
Lemma 3.3.2. Consider a stratum S%(J). For all characters x € T(kp)V such
that k, € S%(J): the groups WY are all isomorphic, the length functions {, agree

in the obvious sense, and the polynomials ﬁﬁv(QT) are identical for all u,v € Wx'

Proof. The key point is that all x, € S%(.J) have the same y-root system ®, C .

w

Consequently, the groups W} are all identical, and so are the length functions /,.
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Finally, the Hecke algebras H (W, afr, Sy.ar) all determine the same éx—polynomials.

]

The common length function and Ex—polynomials associated to points in the

stratum S%(J) are sometimes denoted £; and R, respectively.

3.3.2 Definition of finite critical groups

The critical index torus T, defined in the Drinfeld case is first understood in
terms of geometric data concerning the special fiber of the Shimura variety. Haines
and Rapoport prove that T, is the particular subtorus of 7" corresponding to the
lattice L,, C X,(T), where L,, is defined as in Lemma 3.2.8. The group of kp-points
Ts(w)(kr) plays a role in determining the support of ¢, in the Drinfeld case. See
also Section 5.1.2. In the more general case considered in this thesis, the analogous
lattices L, ; do not necessarily correspond to subtori of 7', because X, (T")/Ly, s is

not always torsion-free.

Definition 3.3.3. Let w be p-admissible, and let J C ® be a root subsystem. The
lattice Ly, ; from Corollary 3.2.12 can be viewed as a lattice in X.(T'). Define a
subgroup of T'(kr) by

A Jkp = (v(kp) v e Lw,J>a

This is the finite critical group of w and J with respect to kp.

Lemma 3.3.4. Let x be a depth-zero character on T(kp). Then ry lies in S5, if

and only if the restriction of x to Ay sk, 1s the the trivial character.
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Proof. Suppose &, € So¢;. We have (k) = 1 for all n € Ly, s because X*(S57;) =
X*(j—\')/Lw7J. Thus viewing 1 as an element of X,(T"), we have x(n(z)) = 1 for any
generator T = Tp(x) of k}., since x(n(Z)) = n(ky). But A, jx, is generated by the
elements 7(Z), so x is trivial on this subgroup of T'(kr).

Conversely, suppose x restricts to the trivial character on A, ;.. For any
generator Z of k. such that £ = 7p(x) for x € I, the hypothesis implies x(n(z)) = 1
forn € L, ;. Asbefore, x(n(Z)) = n(ky), hence n(k,) = 1 foralln € L,, ;. Therefore

Ky € S35 by Corollary 3.1.6. ]

3.3.3 Sums of over groups of endoscopic elements

Let N, : T(k,) — T(kr) be the norm map. Lemma 2.3.23 showed that given
s € T'(k,), we can attach an element vy, s € X.(T) to N,(s) € T'(kr). The purpose
of this section is to determine the possible values of sums
Z 'VNrs(’ix)_l'
Ry €SI
Such sums will appear in Chapter 5 as a result of grouping terms in an expression for
»1- The finite critical groups introduced in Definition 3.3.3 are the key determining

factor for whether a sum is zero.

Proposition 3.3.5. Let s € T'(k,), and define yn,s as above. Then

0, if N.(s) & Aw iy
Z s (i) T =

gdz .
A 1542 |, otherwise.

73



Proof. First, suppose there exists g € SSf ; such that yy,s(ko) # 1. Then

Z s (i) T = Z s (Kotin) ™ = s (o) ™! Z Ys (Fin)
Ky €SS, Ry €S Ry €SS,
implies anesng Y, s(fiy) Tt = 0. But yn,(ky) # 1 for some , € S37; if and only

if N,(s) ¢ Ay skp. The second case is obvious, because then N, (s) € A, x, implies

all ’er(s)(/ix) =1 O
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Chapter 4: Combinatorics on increasing paths in a Bruhat graph

The explicit formula for Bernstein functions attached to dominant minuscule
cocharacters applied in Chapter 2 introduced a term to our formula connected with
the ]Bl—polynomials defined by Kazhdan and Lusztig. In fact, we must work with
polynomials R{%tx(w) (@) for w € Admg, () and a x-root system J C ®&. This chap-
ter applies a formula for R-polynomials due to Dyer in order to rewrite R‘me (@)
in a new way, which will simplify our formula for the coefficients of ¢; ;.

Our first order of business is to recall some definitions and results pertaining
to reflection subgroups and reflection orderings on Coxeter groups. Then, we will
take a closer look at the behavior of these objects in the special case of the Bruhat

interval between an affine Weyl group element and its translation part, before going

on to prove the desired modification to Dyer’s formula in the final section.

4.1 Background on Coxeter groups

Recall that a Coxeter system is a pair (W,S) composed of a group W
generated by a set of involutions S subject to braid relations (sisj)m(i’j) =1, where
m(i,j) € {Z,oc}. The length of an element w € W is denoted ¢(w). A finite

Coxeter group has all m(i,j) € Z, and a finite rank Coxeter group has |S| < oo.
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Weyl groups are finite Coxeter groups, while affine Weyl groups are infinite. Both

types of groups have finite rank.

Essentially all of the material in this first section is covered in the book by

Bjorner and Brenti [1] or in the papers of Dyer cited throughout.

4.1.1 Bruhat order and Bruhat graphs

The following statement is Definition 2.1.1 in [1].
Definition 4.1.1. Let (W, S) be a Cozeter system and let

T ={wsw ! |weW,s€S}= U wSw™!

weWw

be its set of reflections. Let u,w € W. Then

1. u = w means that ww =t € T and (u) < l(w).
2. u — w means that u - w for somet € T.

3. u < w means that there exist u; € YW such that

U=Uyg—>Up —7 - —> U, = W.

The Bruhat graph €y ) is the directed graph whose vertices are the elements of

W and whose edges are given by uw — w. Bruhat order s the partial order relation

u < w on the set W.

For elements = < y in a Coxeter system (W,S), a path A from z to y, also
written z —2» y, is a set of edges in Q0 s) that connect the vertices x and y. Let
By (z,y) denote the set of all paths z 2, y through Qg s). If W is a Weyl group
associated to a root system @, this set instead may be written Bg(z, ).
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4.1.2 Reflection subgroups of Coxeter groups

Definition 4.1.2. Let W be a Cozeter group with set of reflections T . Any subgroup

W' CW satisfying W = W' NT) is called a reflection subgroup of WW.
The following is Definition 3.1 of [9].
Definition 4.1.3. Let W be a Cozeter group. For w € W, let
N(w) ={t € T | {(tw) < {(w)}.
If W' is a subgroup of W, let
SW') = {t eT|NONW = {t}}.

Theorem 4.1.4. Let W' be a reflection subgroup of a Cozeter system (W,S) and

let " =YXW'). Then
1L.WNT =Uyen uSu™, and
2. W', §') is a Cozeter system.

Proof. This is Theorem 3.3 of [9], where the result is established for general reflection
systems. The fact that a reflection subgroup of a Coxeter group if itself a Coxeter
group was proved independently by Deodhar [7] (see the “Main Theorem” proved

in Section 3 of the cited paper). O

Dyer [10] further proved that the Bruhat graph associated to any reflection
subgroup W’ of (W, S) embeds as a full subgraph of the Bruhat graph Qg ). Let
Qow,s)(W') denote the full subgraph of Q. s) on the vertex set W'.
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Theorem 4.1.5. Let W' be a reflection subgroup of (W,S) and set " = S(W').

1. Q(W’,S’) == Q(W,S)<W,)

2. For any x € W, there exists a unique xo € W'z such that the map W' — W'x

defined by w — wxg, for w € W', is an isomorphism of directed graphs

Q(Wyg)(W/) — Q(Wﬁ)(W/:E).
Proof. This is Theorem 1.4 of [10]. O

Suppose (W, S) is a finite-rank Coxeter system, i.e., S has finite cardinal-
ity. This is the case for all Coxeter groups considered in this thesis. There is a
root system &,y associated to any such (W), S) arising from the standard geometric

representation of W. See, for example, [1], Section 4.4.

Lemma 4.1.6. Let W be a Weyl group associated to a root system ® and let W' be

any reflection subgroup of W. Then the root system ®y is a sub-system of P.

Proof. Per [1], the root system ® = @y, of (W, S) is equal to

O = {w(a;) |weW,s e S},

where the a; form a basis for ambient Euclidean space with dimension equal to |S].

The reflection group W’ is a Coxeter system (W', ('), hence there exists a
root system Py as above. For each s', the root ay equals u(ay) for some u € W
and s € S. Therefore, for any w' € W’ and s’ € L(W’), the root w'(ay) has the

form u(a;) for some u € W and s € S. This proves @y C . O

78



4.1.3 Reflection orderings

Dyer introduced the notion of a reflection ordering in [11]. Our presentation

also draws from Sections 5.2 and 5.3 of [1].

Definition 4.1.7. Let (W,S) be a finite-rank Cozeter system, and let Py be its
associated root system. A total ordering < on the (possibly infinite) set of positive
roots B, is a reflection ordering if for all a, 5 € @, and \, u € Roq such that

Ao+ uB € @, we have that either
a<da+up<p

or

B <A+ pup < a.

The bijection between the positive roots @y}, and the set of reflections 7 in W

means that a reflection ordering induces a total ordering on 7.

Proposition 4.1.8. Let (W, S) be a finite-rank Cozeter system, and let ®yy be its

associated root system. Then there exists a reflection ordering on ®,.

Proof. This first appeared in in [11], (2.1) - (2.3), and an alternative proof is given

in [1], Proposition 5.2.1. O

We emphasize that Dyer’s theory holds for both finite and infinite Coxeter
groups. In what follows, we will repeatedly discuss reflection orderings on reflections
in a finite Weyl group and reflection orderings on affine reflections in an affine Weyl
group. For a finite Weyl group W (resp. an affine Weyl group W,g), the root
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system @,y coincides with the root system of W' (resp. the affine root system of ).

See [21], Sections 6.4 - 6.5.

Definition 4.1.9. Let (W,S) be a finite-rank Coxeter group, and fix a reflection

ordering < on ®,,. Given a path
A = {wo,wy, ..., w,}
from u — v through the Bruhat graph for (W,S), define the edge set of A by
E(A) = {w; w; | 1 <i<n}
The descent set of A with respect to the reflection ordering < is defined by
D(A;<) = {z c{l,...,n—1} :w; 'wiy < wl-:llwi}.

Given a fixed reflection ordering < on the reflections of WW and z < y in the

Bruhat order on W, we denote the set of <-increasing paths from x to y by

By(z,y) = {A € By(z,y) | D(A; <) = 0}.

4.2 Bruhat intervals for admissible elements

This section shows that any path from a p-admissible w in W to its translation

part ty(,) consists solely of reflections appearing in the finite Weyl group W.

Remark 4.2.1. In this section and the next, we will sometimes write By, (w, t,\(w))

when working with w and ty,) n W-—as opposed to Wag. Let us justify this apparent

misuse of notation.
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Recall how Bruhat order works in the extended affine Weyl group: if w < ty,
then there exists a length-zero element o € W such that w, tyw) € o "W, and
o w < o My in the Bruhat order on Wog. We are simply writing Be,, (w, ta(w))

instead of Be, (0w, 0y w)).

Proposition 4.2.2. Let p be a dominant minuscule coweight of ®, and let (W,5)
be the finite Weyl group of ® inside the affine Weyl group (Wag, Sag). Let T be the
set of reflections in W.

Consider a p-admissible element w < tyw,. There exists a length-zero element
o in W such that W, trw) € oWag. Let w 2, txw) be any path in the Bruhat graph

Qs 8.6)- Fach reflection in the edge set E(A) = {t1,...t,} belongs to T.

Proof. Let C denote the base alcove. Recall that W,g acts simply transitively on
alcoves (see [21], Section 4.5), and let A, = u - C for u € W,g. Because w belongs
to Adm(pu), it can be written w = tyw with w < t5. (N.B. the X\ here is A(w) by
definition.)

We claim that A, and A;, both contain A in their closures. Observe that
the fundamental alcove C and the alcove wC both have the origin in their closure,
because w is an element of the finite Weyl group. Translating each alcove by A
means the translate of the origin lies in the closure of the translated alcoves.

A path w 2, ty is a sequence of (affine) reflections t1,...,t, such that
w < wt <wlity < -+ <wty---t, =1ty

Now we further claim that each alcove A, ..., also contains A in its closure.
Let H; be a hyperplane crossed by going from A, ¢+, to Aue, . +,. All such H;
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weakly separate A, from A,. Suppose A did not lie in some H;. Then it would be
strictly on one side of H;. This is a contradiction, because A belongs to the closure
of both A, and Ay, and these alcoves are separated by H;.

As a matter of notation, given u € W, let “t; = ut;u!. Then we can rewrite

the above sequence as
w < Vthw < "Mt hw < - < Wiinmrg L W W g = ¢,

The argument above shows that the hyperplane for each affine reflection “ti-1¢;

passes through the point A\. Therefore, the corresponding reflection fixes this point,

Wit () = A,

1

Since w—! = wt_,, the preceding equation can be rewritten

An affine reflection fixes the origin if and only if its translation part is trivial. So
the reflection ¢y - - - t; - - - t1 is in the finite Weyl group. It follows that each t; belongs

to 7. ]

Lemma 4.2.3. Let w = t\w be p-admissible. There is an element wy € W such

that tyxwy has minimal length in the coset t\W, and moreover, for any x € W
E(tAwa) = E(tAwA) + g(l‘)

Finally, for any x,y € W, taxwyz < thawyy if and only if x < y.
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Proof. Because we know w < t,, there is a length-zero element o € W such that
w,ty € cW,g. We may and do think of ¢, and w as elements of W,g by multiplying
each on the left by o~ 1.

Since W is a finite group, it is clearly possible to attain a minimal value in the
set {{(t\x) | x € W}. Let wy denote an element of W such that ¢(¢\w,) is minimal.
In fact, this wy is unique by the theory of minimal coset representatives applied to
the quotient W,g/W; see [1] Corollary 2.4.5 for example.

By the triangle inequality, for any x € W the lengths satisfy
g(t,ﬂl&l‘) S g(t)\’w)\) + E(I)

Suppose £(tyxwyz) < l(tywy) + €(x). Let Sag = {so, S1,- .., 5-}, and choose reduced
expressions t\wy = s;, -+ - s;, and x = s;, - -+ s;,.. By assumption of strict inequality,

there is an index j; such that
C(awrs;, -+ 85,_,55,) < LEawrS), -~ 85,_,).

By the Exchange Condition, multiplying tywysj, - --s;,_, by s; must delete some
element in the expression s;, - -+ s;,5;, - - - S;,_,. Since the expression for z is reduced,
Sj

must delete some s;,. This contradicts the assumption that txwy = s;, -+ 54, 18

k n

reduced. Therefore, ((t \wyz) = L(tywy) + £(z).

The final statement is a consequence of the above equality and the definition of
Bruhat order. If we assume = # y, then tyxwyz < tywyy means {(tywyz) < L(txwyy).
But then

tywy) + U(x) < L(tywy) + L(y),
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and so £(z) < {(y). Then by definition, x < y. To prove the opposite implication,

run the argument in reverse. O

Proposition 4.2.4. Let w = tyw € Admg, (). Given a reflection ordering < on
Wag, let < also denote its restriction to W. There is an explicit <-preserving bi-
jection between By (w,ty), whose paths go through Qw,q s.q), and Be(wy 'w,wy '),

whose paths go through Quy,s).
Proof. Choose any A € Bg_,(w,t,), with edge set F(A) = {t1,...,t,}. That is,
w < wt < wtity < -+ <wlity - th—1 < ty.
By the final statement of Lemma 4.2.3, this chain of inequalities holds if and only

if the following chain also holds,

wy'w < wytwty < - ccwy Mty et < wy

Proposition 4.2.2 shows that the t; are reflections in the finite Weyl group.
Hence the new chain of inequalities defines a path A’ € Bcp(w;lu_), w;l). The edge
sets of each path are identical, and moreover, the edges appear in the same order.

Therefore, we have a <-preserving bijection between the two Bruhat intervals. [

4.3 A stratified formula for E—polynomials

The preceding section showed that the set of paths between a p-admissible
element and its translation part increasing with respect to a reflection ordering < is

in bijection with the <-increasing paths between certain finite Weyl group elements.
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In this section, we show that the polynomials éw,tx(m

(@) appearing in the formula

for the coefficients of ¢, ; can be written as a sum indexed by these paths.

4.3.1 Dyer’s formula

This subsection is devoted to justifying Theorem 4.3.4, Dyer’s ﬁ—polynomial
formula, in the context of this thesis. We begin by explaining how the polynomials
are defined for a general Coxeter system, then we compare this definition to the
definition of ﬁ—polynomials arising from the inversion formula for basis elements of
a twisted affine Hecke algebra (see Definition 2.3.16).

Given a Coxeter system (W,S) and w € W, the right descent set of w is
defined as

Dr(w) ={s € S| l(ws) < l(w)}.

Theorem 4.3.1. Let (W,S) be a Coxeter system. There is a unique family of

polynomials { Ry (q") buwew satisfying the following conditions:
1. Ruy(¢")=0ifu g,
2. Ru,(q")=1ifu=n,

3. If s € Dg(v), then

Rus,vs(qr)y if s € DR(U)7
Ru,v(QT) =
qTRus,vs(qT) +(¢" — 1)Ru7vs(q"), if s ¢ Dr(u).
Proof. This is Theorem 5.1.1 of [1]. O
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Proposition 4.3.2. Let u,v € W, and let Q = ¢"/*> — ¢~"/2. There exists a unique

polynomial R, ,(q") € N[q| such that

Ryo(q") = qre(uW)/Qéu,v(Qr)-
Proof. This is Proposition 5.3.1 of [1]. O

Recall that in Chapter 2 we set Q = ¢~"/2 — ¢’/2. In the definitions given for

the Hecke algebra case, the R-polynomials and E—polynomials are related by

(_1)€(u)(_1)€(v)Ru’v(qr) _ qré(u,v)/2§u,v(QT)7

for v and v in the extended affine Weyl group W, whereas in the definition of the

polynomials for general Coxeter groups we have

Ru,v(qr) = qM(um)/Qéu,v(Qr)'

Lemma 4.3.3. In the notation defined above,

~

(_1)““) (_1)€(v)§u,v<Qr> - }N%u,’U(QT)-

Proof. Notice that Q, = —Q,, so it is enough to show that the sign (—1)4w (—1)%®
is somehow compatible with the individual terms in the polynomial. It will help to
rewrite (—1)%W (1)) = (—1)/)—4w) = (_1)Huv),

Next, we recall two facts about é—polynomials arising from the inversion for-
mula for Hecke algebra basis elements. First, deg(ﬁw(QT)) = l(u,v); see [14],
Lemma 2.5. Second, the powers of (), in }Nﬂw(Qr) all have the same parity. This

follows from Theorem 4.3.4, whose proof is independent of the current argument.
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Suppose we have two paths Ay, Ay € B;X _(u,v), such that the product of edges of

Ay is ty...t., while the product of edges of As is uy ... us. Then
U TV =101... 0 =U...Us.

It is a general fact about Coxeter groups that in this situation » — s must be even;
but r = £(A;) and s = ((Ay).

An E—polynomial has coefficients ¢, in N. Multiplying through by (—1)®v)
gives

(_1)€(u,v)ch£(u,v)—2n _ (_1>2nch£(u,U)—2n.
This completes the proof. O

Finally, we can state Dyer’s formula [11] using the notation of Chapter 2.

Theorem 4.3.4. Let Wx be the extended affine Weyl group of H,,, and let < be

-r/2 _ ,r/2

a reflection ordering on the reflections in W, .. Let QQr = ¢ . For any

q

u,v € Wx such that v <, v wn Bruhat order,

RZ,U(QT) = Z thi(A)'
AGB;X@H (u,v)

Proof. This statement is Theorem 5.3.4 of [1], applied to the case of E—polynomials

arising from H(H,,, Ipy,) viewed as a twisted affine Hecke algebra. ]

4.3.2 Modifications to Dyer’s formula

Suppose J is a root sub-system of ®. Let W; = (s, | & € JT) be the reflection

subgroup of W associated to J. The group Wj,g is the corresponding affine Weyl
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group. Given a reflection ordering < on reflections in W, we induce a reflection
ordering on reflections in W g by restricting the ordering on &/ to Jk.

Let w = tyw € Admg, (1), and J C . There is an automorphism o of the
base alcove C such that w and ¢y lie in cW,g, so we may speak of paths w A, t

through the Bruhat graph Qqw, . 5..). We consider Bruhat intervals

aff
By (w,ty) = {w 25t | B(A) € Wyas, D(A, <) = 0}.

Lemma 4.3.5. For any path A in B} (w,ty), there is a unique minimal root sub-

system Ja C J such that all reflections t; € E(A) lie in W, .

Proof. Fix a path A € BJ ¢(w,)). By Proposition 4.2.2, the edges of all paths in
B g(w,ty) are finite reflections. Observe that

W' = ﬂ Vo= (ti|ti € E(Q)),

E(A)CVCW;

is the smallest subgroup of W, containing all of the edges in A. Theorem 4.1.4
shows that W’ is itself a Coxeter group. Therefore, by Lemma 4.1.6, there is an
associated root system .Ja whose positive roots are in bijection with the reflections

of W’'. O]

Proposition 4.3.6. Let w = tyw € Admg, (). The polynomial Ei,tx (@), defined

with respect to the reflection subgroup (W;,X;), can be rewritten as

RL, Q)= > Q.

J'CJ AEB;(w,t/\)
Ja=J’

Proof. This is a direct consequence of Dyer’s formula and the preceding lemmas. [
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Lemma 4.3.7. Let w = t\w € Admg, (1). For any chain of root systems J' C J C

®, there is an equality of sets
{A € Bf(wy'w,wy') | Ja = J'} = {A € BF (wy'w,wy') | Ja = J'}.

Proof. The reflection subgroups W; and W, can be realized as Coxeter groups
(Wy,2;) and (W, X5). Let Quy,sy denote the Bruhat graph of (W, S) and use
analogous notation for graphs of reflection subgroups.

The key observation comes from Theorem 4.1.5: The Bruhat graph of a re-
flection subgroup is equal to the full subgraph of the Bruhat graph of an ambient

Coxeter group having vertices in the reflection subgroup. Symbolically, this says:

Qw,sy(Wr) = Qw, =,y = Qw, =) (Wr).

Therefore, the set of paths through Q. sy associated to J' equals the set of paths

through Qg , »,) associated to J'. O

Corollary 4.3.8. Let w = tyw € Admg, (1) and J C ®. Then

Rl (Q) =" >,

J'eJ AGB;(wglu’;,wgl)
Ja=J’

Proof. Apply Lemma 4.3.7 to rewrite the formula of Proposition 4.3.6 with Bz (w, t)

instead of B} (w,ty). Then apply Proposition 4.2.4. O

89



Chapter 5: The combinatorial formula and example calculations

Let us recall what we have done leading up to this final chapter. First, we gave
an abstract definition of a test function ¢, via the Bernstein center and then explic-
itly described the test function in the case of IT-level structure for split connected
reductive groups with connected center by applying results on depth-zero charac-
ters and invoking Haines’s formula for Bernstein functions attached to dominant
minuscule cocharacters. We then embarked on two (mostly) independent paths. By
looking more closely at the depth-zero endoscopic elements x,, we obtained infor-
mation on which s € T'(k,) help characterize the nonzero coefficients of ¢/, plus
we simplified the sum in the first explicit formula through a stratification process
indexed by y-root systems. This stratification by x-root systems was also employed
in the subsequent chapter to adapt a formula of Dyer concerning fi—polynomials.
All of these threads will now come together into the main theorem.

The proof of the Main Theorem amounts to showing that the various strati-
fications and corresponding summations behave in a compatible way. By swapping
sums and subsequently reorganizing terms, objects introduced in Chapters 3 and 4
begin to appear in the formula. Finally, all but one summation drops out of the

formula for ¢/, (/;"swI;). This remaining sum is over a well-studied combinatorial
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set connected with the Bruhat order of the ambient Weyl group.
After proving the formula, we make some remarks about using it in practice.
The chapter concludes with some calculations of interest to the study of Shimura

varieties in the cases of GL,, and GSpa,.

5.1 The Main Theorem

Throughout this section, let G be a split connected reductive group with
connected center and whose derived group Gge, is simply-connected, and assume
We = W, (see Remark 2.3.10). Fix a split maximal torus 7' C G of rank d. Let p

X

be a dominant minuscule cocharacter of T'. Finally, choose a reflection ordering <
on ®(G,T).

Recall that Proposition 2.4.16 presented our first explicit formula for the coeffi-
cients of ¢, the function used in place of ¢, = gt/ Q(ZVM * 1;+) when computing

twisted orbital integrals:

GraIFswll) = (L I Y ns(m) g e PR Q).

kyE€Kq—1

5.1.1 Proof of the main theorem

The notation IFswl treats w € W as an element of G, using the set-theoretic

embedding W e G, defined in Definition 2.4.13.

Lemma 5.1.1. For w € Admg, (1) and s € T(k,), we have

Oi(Liswll) = (LI Y ) ms ) PR Q).

JC® g, e84z (J
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Proof. According to Lemma 3.2.4, Zy, * ey, (w) = 0 if s, is not relevant to w, i.e., if
Ky & S92, Using this, we may replace the sum in the formula from Proposition 2.4.16

with S3*. Then ¢/, | (I swI") equals

[] I+ Z ,VNS K/X) lqre(w tA(w>)/2R'u) t/\(w)(Q’V’)'

Ky €532

Next, stratify Sg” as described in Section 3.3.1, i.e., S3* = [ ;c4 Si’(J), so that the

coefficient equals,

AR DEDY o) T V2 Rtr i (@)

JC® K, €5dz(J

Finally, recall that the polynomials RX i (@r) are identical for all £, in Sdz(.J) by
Lemma 3.3.2. Specifically, they are the polynomial th e )(Qr) with J = ®,. This

completes the proof. O

Lemma 5.1.2. For w € Admg, (1) and s € T(k,), ¢, (I;7swl}) equals

1, 1] Z Z nyTs Ky 1w tr(w) /22 Z Qﬁ(A)-

JC® g, e8dz(J J'CT AeBF (wy'wawi!)
Ja=J’

Proof. Replace R (Q,) with the formula from Corollary 4.3.8. O

’wt>\( )

For each path A in B3 (w,t\(w)), we defined a root system Ja C @, which
in turn determines a diagonalizable subgroup Sy, s, of T (C). Let 7, denote the
torsion subgroup of Sy, ;.. If w = ty@), then B7 o (W, tx)) contains only a single
element, the “empty path,” whose length is zero and has trivial root system Ja = ();
see also Corollary 5.2.1.

Let w € W, s € T(k,), and J C ®. Definition 3.3.3 introduced the finite
critical groups A, s, and we saw in Proposition 3.3.5 that there are consequences
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of N,(s) belonging to A, sk, or not. Define the symbol d(s,w, J) by
0, if w¢ Admg, (1)
o(s,w, J) = 0, if we Admg, (1) and N,.(s) & Aw iy

1, if we Admg, () and N,.(s) € Ay skp-

\

Recall that the main theorem holds under the conditions of Remark 2.3.10.

Theorem 5.1.3. Let w € W and s € T(k,). Let d be the rank of T. Fix a reflection
ordering < on ®, and set c(A) = [{(w,t,) — £(A)] /2. The coefficient of ¢,., for the

IT-double coset of (s,w) is given by

(_1>d Z 5(8, w, JA)|Stors N Kq_1|(q . 1)d—rank(JA)—1qrc(A)<1 . QT)K(A)_d.

w,JA
AeBZ (wglw,wgl)

Proof. If w ¢ Admg, (1), we know ¢, (17 swl) = 0 for all s € T'(k,) by combining
Corollary 2.4.3 and Lemma 2.4.15. Thus we assume w € Admg, (1), and our starting
point is the version of the formula given in Lemma 5.1.2. The first phase of the proof
involves rearranging the four summations therein.

First, observe that the sum indexed by endoscopic elements in the stratum
S42(.J) does not depend on the choice of J' C J. Exchanging the corresponding sum-
mations and moving all terms to the innermost quantity shows that ¢ (1" swI})

equals

SR DD DD S ) e 2QUA),

JCP J'CJ kyeSI(J) A€BZ(w} 'wuw;t)
Ja=J’

Next, we rewrite the first two sums of this expression as follows: Instead of summing
over J C ® and then summing over J' C J; first sum over J' C ® and then J D J'.
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The new expression is

ISFHED DD VDY S () e 2QUA)

J'CO DT gy eSE(T) AeBF (wy lww; )
Ja=J'
The innermost sum does not depend on the choice of J containing a fixed J'.

Therefore we may move it through the two adjacent summations. That is,

I I+ Z Z Z Z 7Nrs(“x)_lqre(w7t’\(w))/2Q£(A)

JICD 2T kyeSE(J) AeBF(wy wwyt)
Ja=J’

Y Y e (Y Y e

J'C® AeBF (wy'w,wi ) J2J" ky€SdE(JT)
Ja=J’

Corollary 3.3.1 simplifies the quantity in parentheses:

L L S @2 Ny (k)

Jco AeBgF (wy wwil) HXESS)ZJ,
Ja=J’ ’
The second phase of the proof simplifies the preceding expression by applying
our results about paths through the Bruhat graph and sums of character values.

Recall that €(t,) = ((t\) for all A € W, so that we may work with ¢(w,t,) in

all cases rather than £(w,ty,)). Observe that the difference of lengths

Uw,t,) = L(t,) — {(w)
has the same parity as every path length ¢(A). (This a rephrasing of our earlier
statement that the orders of terms in E—polynomials all have the same parity.) Thus
c(A) = [l(w,t,) —((A)] /2 is a nonnegative integer. We also apply Corollary 3.3.5
to the quantity (ane 53, VN,,,S(KX)”), which implies
Y sl )| = b w, TS,
KXESS )
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Finally, use that I,/I;7 = T'(k,) and that T is a split maximal torus to see
1 L) = (¢ = )"
The result is that ¢, ,(IFswI}) equals

Y > 8(s,w, J')[S3 g™ (1 — gy @)

Jce A€eBZ (wglw,wgl)
Ja=J'

For simplicity of notation, relabel all J" as J,

11y Y. dsw, DSy la (1 - gn) B

JCo AeBZ (wglw,wgl)
Ja=J

The third phase of the proof simplifies the double summation in the previous
expression.
Recall that there is a well-defined root subsystem Ja C & associated to each

path A in B (wy 'w,w;"). This relationship partitions the <-increasing paths:

Bg (wy'w,wy ') = [[ {A € Bi(wy'w,wy") | Ja = J}.

JCd

For a fixed J C ®, suppose that Ja # J for all A € By (wy 'w,wy"). Then

(s, w, J)|Se] > g1 — ) ®=d — g,

A€eB3 (wglu’),wgl)
Ja=J

On the other hand, for any .J where there exist paths A such that Jx = J, we have

an equality

(s, w, J)|Se] Z g (1 — gy

AeBg (wxlw,wgl)
Ja=J

= > O(s,w, Ja)|Suts gD (1 — )2

AGB;(’LU)\ w w>\1)
Ja=J
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So we have shown that ¢, (IFswI}) equals
(DT Y s w Al e (1 - g S
AeBF (wy 'wawi )
because Bg (w; 1w, w;y ') splits as a disjoint union indexed by J C .
Finally, let us rewrite [Se’; |. The diagonalizable group Sy, s, € T(C) factors

into a direct product of a torus Sy, ;, and a torsion subgroup Stors . Because the

w,JA "

group of depth-zero endoscopic elements S in T (C) equals the kernel K,_; of the

endomorphism on 7(C) given by multiplication by (¢ — 1),

SS)Z,JA = (Stors N Kq—1> X ( w,JA N Kq 1)

w,Ja

But since rank(S,, s,) = d — rank(Ja) — 1 by Corollary 3.2.14, and S, ; is the

connected component, we must have [SS ;, N K, 1| = (g — 1)47rankJa)=1, g0,

w,JA
53| = IS8, 1 Fyal(g — 1t enka) -
This completes the proof of the main theorem. O

5.1.2 The Drinfeld Case

The formula for test functions in the Drinfeld case found by Haines and
Rapoport is a special case of Theorem 5.1.3. Their expression depends on the
“set of critical indices” S(w) associated to a p-admissible element w € W and the
corresponding subtorus T, of the split maximal torus 7" in G. Recall the Drin-
feld case data: G = GLg, p = (1,0,...,0), and kp = F,. Let e = (1,0,...),

es = (0,1,0,...), and so on.
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Definition 5.1.4. In the Drinfeld case, for w € Admg, (u), the set of critical

indices is the subset S(w) C {1,...,d} given by
Stw) = il w <t ).

The subtorus Ts(,) consists of the elements diag(ti, ..., tq) € T such thatt; =1 for

all i ¢ S(w). See Section 6 of [19] for more details.

Corollary 5.1.5. (Haines-Rapoport, [19] 12.2.1) With respect to the Haar measure

dx on G, which gives 1" volume equal to 1, the function ¢, , is given by the formula

(

0, if w ¢ Admg, (1)

Gra(I7swl) = 40, if w e Admg, (1) and N,(s) & T (kr)

(=1)4(p — 1) 18I — prylSl=d=1 " gtherwise.

\

Proof. Admissible elements in the Drinfeld case have the form
W =t (mmg_y -+ ),

where m > my_1 > --- > my. The proof of [14], Proposition 5.2, shows that, in this

case,

Rw,ww)(Q) = Q"W).

But Theorem 4.3.4 gives this polynomial in terms of the set Bg(w,t\w)) for any
choice of reflection ordering <. It follows that Bg (w, tyw)) consists of a single path

of length /(w, txw)). Therefore, if w € Admg, (1) we have
$ (I swLd) = (~1)H(1 = ) 5(s, w, B)]SE|(1 - ) Cotscn),
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Haines and Rapoport show that ¢(w,t,) = |S(w)| — 1.
It is clear that in the Drinfeld case .S, is always a torus, hence we can define

a torus T's(, that fits into an exact sequence
1—>Tg(w)—>T—>Qw—>1,

such that Q, is dual to T/S,. We conclude that [S%| = (p — 1) 15®) by the
relations imposed by A(k) = 1 and w(k) = k.
Now apply the results of Chapter 3: if w € Admg, (1) and N, (s) € Tgw)(kr),

then we have
¢ (IFswl) = (=1)4(p — NTIE@I(1 — g)lStl=d=1)

and the coefficient is zero otherwise. O

5.1.3 Relationship to test functions with Iwahori level structure

Let us say something about the relationship between the formula for coef-
ficients ¢/ ;, which is sufficient for computing twisted orbital integrals of the test
function ¢, 1, and the coefficients of the test function ¢, with Iwahori level struc-
ture.

Let ¢, = gt/ 22,” be the Kottwitz function, where p is a dominant mi-
nuscule cocharacter of G as usual and z,, is a Bernstein function in the center of
H(G,, 1) as defined in Section 2.4.2. Haines’s formula for Bernstein functions of

minuscule cocharacters shows that

¢r,0 = qrﬁ(tu)/2 Z Ew,th)(Qr>Tw,ra

weAdmg, (1)
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where again notation is the same as in Chapter 2. Its coefficients are

dro(Lowl,) = g2 RR L (Q,).

The term ¢~ "“")/2 comes from the normalization of basis elements in the Iwahori-
Matsumoto presentation of H(G,, I,). Dyer’s formula for E—polynomials, discussed
in Chapter 4, implies

Grollywly) = g2 ST QU
AEB;aH(wvtA(w))

Let ¢(A) = [l(w,t,) —£A]/2 as in Theorem 5.1.3 to get

bro(Lwl) = Y B (1 -g)"d
AEB;aﬂ(w,tx(wﬂ
So we see that the formula for coefficients of ¢, ( have a similar structure to those
of ¢;.;. The latter can be written as

GraLfswll) =L L7 Y d(s,w, Ja)lSul, ld (L - ).

AEB;aff (w,t)\(w))

5.2 Remarks on applying the formula

/

Now that we have established the combinatorial formula for coefficients of ¢; ;,

let us say a few words about calculating values of the formula.

5.2.1 Some special cases

Understanding the <-increasing paths through the Bruhat graph is an impor-

tant first step in calculating results with Theorem 5.1.3. In some cases, Bgaﬂ (w, taw))
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has a very simple description. The exercises following Chapter 5 of [1] describe
}N%UU(Q) for elements u,v € W such that ¢(u,v) < 4; the following two corollaries

consider the cases £(w, tyw)) = 0 and £(w, tx@w)) = 1.
Corollary 5.2.1. Suppose w =ty for A € Wu. Then

ittty | OISO RO € A
7,1 rSt)\r =

0, otherwise.

Proof. There are no non-trivial <-increasing paths from ¢, to itself. Therefore, the

formula reduces to

L LT Y 1= (=141 =) ST

Ky €532
The relation A(k,) = 1 is the only restriction on depth-zero endoscopic ele-
ments. If we view k, = diag(k1,...,Kq) € T(C), then this restriction allows for a

free choice of all k; except for one coordinate, which is determined by the relation.

It follows that S,, is a torus, hence |S%| = (¢ — 1)471. O
Corollary 5.2.2. If w = t\z, for x a reflection in W, such that {(w,ty\) = 1, then

(=1)9Skm N Kyal(g—1)42(1 — ¢4 if No(s) € Awgnr

w,JA

¢;~,1([:31U[r+) =

0, otherwise.

Proof. The interval By _(w,t\) contains a single path A = {w,wx}. It is clear that
Ja is a rank 1 system determined by the root a € ® such that x = s,. Applying

the formula shows that ¢,1([,Fswl}) equals

(_1)d| tors N Kq_1|(q o 1)d—2(1 o qT)l_d,

because [((w,ty) —L(A)]/2=[1—1]/2=0. O
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5.2.2 Implementation details

Let us describe how to implement the formula in software. The data presented
in the next sections was computed using SageMath [8]; however, this process should
be feasible in any mathematics package with a robust implementation of Coxeter
groups and finitely generated abelian groups.

The first order of business is to enumerate the p-admissible set, because if

w ¢ Adm(u) then ¢, (/7 swI) = 0. By definition,
Adm(p) = {w € W | w < ty, some A € Wy}
Therefore, we can employ the following naive algorithm:
1. Determine the orbit Wp.
2. For every A € Wy and every w € W, compute ¢)w.
3. If tayw < ty, then w = tyw € Adm(p).

This approach is fast enough to handle small rank cases. For type A,, systems, |W| =
(n+ 1)!, which means this exhaustive strategy would quickly become infeasible.
Now the algorithm proceeds in parallel for each w = tyw € Adm(u). For each
w € Adm(u), compute ¢(w) and £(t,); this determines the codimension ¢(w, ty).
Next, we must find the minimal length coset representative of ¢, with respect
to the finite Weyl group, i.e., find wy € W such that t\w), € W has minimal length.
Once w;l inverse is in hand, we can focus our attention on the finite group W and

the elements w;lu_) and w;l.
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In order to compute Bz (wy 'w ™!, wy '), we need to choose a reflection ordering

< for the finite Weyl group. Fortunately, one of Dyer’s results provides a straight-
forward algorithm for making a consistent choice across all root system types and

for all ranks.

Proposition 5.2.3. Let (W, S) be a finite Cozeter system with longest element wy,
and let T = {t1,...,t,} be the set of reflections in W. Then the total ordering <
on T such that ty < ... < t, is a reflection ordering if and only if there is a reduced

erpression wo = Si ... S,, where s; € S, such that t; = s1...8;_18;Si—1...51.

Proof. This is [11], Proposition 2.13. ]

We come now to the main combinatorial part of the algorithm: enumerating
the <-increasing paths through the Bruhat graph of the finite Weyl group. This is
hard insofar as the Bruhat graph of (W, S) grows rapidly in complexity as the rank
of the group increases, but the basic problem has been studied due to the connection
with Kazhdan-Lusztig theory.

The naive approach of creating the full Bruhat graph and then considering all
paths is very expensive even in small examples. Instead, we take advantage of the
relative scarcity of reflections in W compared to |W|. For example, there are @

reflections in a Weyl group of type A,, while the group has order (n + 1)!.

For elements u,v € W, enumerate Bz (u,v) as follows:
1. Let C' denote the set of “candidate paths” in the Bruhat graph €y,s). This

set is initially empty and will be built up as the algorithm proceeds.

2. For each reflection ¢ € T', if u < ut in Bruhat order, add {u,ut} to C.

102



3. For each reflection t € T', and each candidate path A’ € C', with x equal to the
last vertex in A’ and e the last edge in A’, check whether z < a2t and e < ¢. If

both conditions are satisfied, add {A’, zt} to C.
4. Tterate the above procedure until the total number of trials equals £(u,v).

5. Finally, for each A’ € C| if the last vertex of A’ equals v, then A’ is a <-

increasing path in Qy,¢) from u to v.

While this algorithm is not necessarily efficient, there is a manageable upper bound
on the number of candidate paths to be considered: ¢(u,v) - |T|.

Once we have enumerated Bg(w) 'w,w; '), we can read off the statistics ¢(A)
and ¢(A) for each path. The edges of the path determines the root system Ja for
by looking at the intersection of all root subsystems in ® which contain E(A).

For each path A € Bg(wj 'w,wy'), the group X*(S,, ;) is a finitely gener-
ated abelian group. It corresponds to S, j, under the categorical anti-equivalence
between diagonalizable algebraic groups and their character groups. Therefore, if
we find the invariant factors for X*(S, ), as a finitely generated abelian group,
then we get a description of S, ;.

We know that X*(Sy,s,) = X«(T')/Luw,,, and L, ;, is generated by A and o
for € J{ (whenever w € W), , which is true here). Suppose we choose a generating
set for X,(T') and find the coordinates for A and the coroots " in terms of these
generators. This is sufficient data to compute the invariant factors of X*(S,, ). If
this group has any torsion, then take the additional step of computing |S:jj’rjA NK, 1|

by comparing the order of the torsion elements with the (¢ — 1)-th roots of unity.
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This concludes the mathematical considerations for implementing the calcula-
tions in software. The calculations reported on in the next two sections and in the
Appendix were done through a combination of by-hand calculation and SageMath.
Results were obtained on a single 1.1 GHz core using approximately 800 MB of RAM
in the largest cases; however, once the up-front work of computing the p-admissible

set is done, the computation could be trivially parallelized across many cores.

5.3 Results for general linear groups
Let F be a p-adic field. The F-points of the general linear group G L4 are
GL4(F) = {g € Mga(F) | det(g) # 0},

where M 4(F) is the group of M, 4 matrices under multiplication with coefficients
in F'. We fix a split maximal torus 7' = {diag(t1,...,tq) | t; € G,,} in GL4. Since

G Ly is self-dual, we can identify T with its dual T so that

T(C) = {xk = diag(k1, ..., Kq) | ki € C*}.

~

The character group X*(7') consists of coordinate projections ¢;(k) = x;, which can
also be viewed as cocharacters of T'. The root system ® = ®(G,T) is of type 4,1,

and its positive roots are a;; = ¢, —¢; for 1 <i < j < n.

5.3.1 Example: GL4(F), p = (1,1,0,0)

Let us give a detailed overview of how to compute the coefficients of ¢ ,
when G = GLy and p = (1,1,0,0). Although this case is small enough for us to
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work through the details, we will explain how to read the results out of the tables
found in the Appendix to help the reader understand the data in larger examples.
Despite being the smallest example different from the Drinfeld case, we will see
several interesting distinctions between the coefficients in Corollary 5.1.5 and the
coefficients described below.

First, let us consider how data specific to this case fill in some of the values
in the formula of Theorem 5.1.3. The split maximal torus 7" has rank equal to 4.
Translation elements ¢y in the W-orbit of ¢, have length ¢(¢)) = 4. Therefore, the

formula becomes

w

S s, IS, 1 Ky il(g — DASGEES(1 - o)

AGB;aff (w,th>)

where
(

A(A) =4 —rank(Ja) — 1
Y Blw, A) = [(4 — £(w)) - £(A)]/2

C(A) = ((A) — 4

\

The root system is type As, so it has six positive roots, and the longest element
of the finite Weyl group is wy = s123121, Where s1, s5 and s3 correspond to the simple
positive roots. The notation s;,..;, is shorthand for the product s;, ---s;

Using

nt

Proposition 5.2.3, we compute the reflection ordering,

81 = 8121 < S12321 < S2 < S232 < 83,

which for the positive roots is

012 < 13 < 14 < Qo3 < Qigg < A34.
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It is also useful to note that the rank of ® equals 3, so that we know any y-root
system Ja of rank 3 must equal ®.

The p-admissible set Admg, (1) contains 33 elements, according to the formula
in [13], Proposition 8.2; the highest length for w € Admg, (1) is {(w) = 4. We will
group the calculations according to these lengths.

Length 0:
There is a unique p-admissible element such that ¢(w) = 0: w = t,52312. The

minimal coset representative wy equals W™ = s9315. Calculations show that
Bg(e, 32312) = {Al, A2}7

where F(A1) = {s121, S232} and E(As) = {s1, S121, S2, S232}. The reflection sub-

groups of W corresponding to these paths are
b WJAl = {e, 8121, 5232, S2312}
o Wy, =W

Hence Ja, = {+ai3, tas} and Ja, = ®. So as an intermediate result we have
Sra (L swll) = 6(s,w, Ja)|Sirs, |7 (1= q") 72+ 0(s,w, Ja, )55, 11— a")"

Elements k € S, ., satisfy aj3(k) = ag,(k) = p(k) = 1, hence they are
subject to constraints kike = 1, K1 = k3 and ks = Ky; meanwhile k € Sw,JA2 satisfy

Kiky = 1 and k1 = Ky = k3 = K4 because a¥ (k) =1 for all & € ®. Therefore,

® DSuwa, = {diag(a,a,a,a) € f((C) |a?> =1, a € C*}
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The group S, Ja, 18 a torus with rank equal to 1, while S, Ja, 18 a torsion group

tors
waAQ

of order 2. Assuming char(kp) # 2, we have | N K,_1]| = 2. Here’s a second

intermediate result, assuming char(kp) # 2:
G (I swI¥) = (s, w, Ja,)(q = 1)g" (1 = ¢") 7 +28(s,w, Ja,).

Now we describe the finite critical groups A, Jay ke and A, oy ke which tell
us when s € T'(k,) give 6(s,w,J) = 1. By definition, Ay s, = (V(kr) | v € Ly )
and L, j = (w(v) —v,a” | v € X*(T),a € J*). Because Ja, C Ja,, we have the

containment AwJAl,kF C Aw,JA2 o

In conclusion, if char(kp) # 2 and w = t,52312,

(

0, if No(8) & Aw,iay kr

/ + +) — .
¢T’1<Ir SwIT ) o 27 if NT(S) € Aw,JA2,kF \Aw,JAl,kF

\(q —1g"(1—¢")2+2, if N.(s) € Aw,ga, k-
Length 1:

There are four p-admissible elements with ¢(w) = 1:

ta,1,008312,  t(1,1,00)5231,  t(1,1,0,0)512312,  (1,0,1,0)523121-
Let us explain the calculation when w = t,s12312. There is a unique <-
increasing path A from w to t,; ((A) = 3 and E(A) = {s121, S2, S232}. Thus Ja

must contain the positive roots a3, aos, and gy, which forces Jo = ®. Then
Swa = {diag(a,a,a,a) € T(C) | a® = 1}.

Since there is only a single path A € By (w,fw)), there is only a single finite
critical group A . kp-
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The calculations for the other three p-admissible elements of length 1 are
completely analogous, in the sense that each B;ﬁﬂ (w, ta@w)) contains a single path
A such that the numbers A(A), B(w,A) and C(A) are as before. Therefore, if

l(w) =1 and char(kg) # 2,

07 if NT(S) §é AUHJAJ‘?F
¢ (LT swl}) =

2(1 — qr)_l, if NT(S) S AwJA,kF‘
Length 2:

There are ten p-admissible elements with ¢(w) = 2; however, as we shall see

in a moment, it will help to group them into two subsets.

(

(1,0,1,0)53121
1(1,1,0,0)521

(1,1,0,0)52321

X3 Xs
L0,1,1,00532 | t(1,00,1)512
t t

(

(1,0,1,0)51232
1(1,0,1,0531

(1,1,0,0)5123121

1(1,1,0,0)51231
1(1,1,0,00523

The elements within each subset determine the same coefficients as the other
elements of their subset. We will discuss a representative from each subset.

Suppose we choose £(g1,1,0532 € Xi. The set B¢<ﬂ( contains a unique

w’tk(w))

path A whose edges are E(A) = {s2,s3}. Then Ju is the rank 2 subsystem whose

positive roots are aos3, (34, aroy. Next, we have that
Sw.u, = {diag(k1,a,a,a) € f((C) | Ky € C*,a® = 1}.
This is the direct product of a rank 1 torus and the torsion group

Sto,rJSA = {diag(lvaaa;@) S j—\'((C) | a? = 1}

w
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So we have an example of a diagonalizable S, s, that is neither a torus nor a torsion

group. Then if w € X; and char(kp) # 2,

0, if NT(S) ¢ Aw,JA,k’F?
¢;71(Ijswfj) =

2(q — 1)(1 — qr)—27 if NT(S> € AW,JAJCF'
Now consider £(1,0,0,1)512 € X2. There is again a unique <-increasing path from

w to t(1,0,01) Whose edges are E(A) = {s1, 5121 }. But now
Swisn = {r = diag(k1, k1, k1, k1Y) | Ky € C*}

is a torus of rank 1, determined by the root system Ja whose positive roots are

Jt = {12, ags, a13}. We conclude that if w € X5, then

07 if NT(S) ¢ Aw,JA,kF7
¢:~,1(USU’I:) =

(q—1)(1—q")7% if N.(s)€ A gpkp-

Length 3:

There are twelve p-admissible elements with ¢(w) = 3:

1(1,1,0,0)512321,  t(1,1,0,005121, £(1,1,0,005232,  ¥(1,1,0,0)52;
t(1,0,1,00512321, £(1,0,1,0053,  £(1,0,1,0051,  1(0,1,0,1)52
t1,001)5121,  t(1,00,)51,  t(0,1,1,0)53 t(0,1,1,0)5232-

Corollary 5.2.2 covers this case. Each B;aﬂ (w, trw)) contains a unique path of
length 1, whose sole edge can be read directly off of each element, e.g. the path A
in the case w = t(1,1,0,0)512321 has edge E(A) = {51231}

In order to finish the calculation after invoking Corollary 5.2.2, we need to
check that S, j, is torsion-free. We will do so in the case w = t(1,1,0,0)S12321, since

again, all of the other cases work the same way. Here,

Sw.in = {k = diag(k1, k1, K3, k1) | ks € C*},
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which is a rank-2 torus. Then |S;>"7 N K,_1| = 1, and by the Corollary

07 if NT(S) g_ﬁ AUHJAJCF7
O (LT swl}) =

(q - 1)2<1 - qr)_3, if N,«(S) S Aw7JA,kF‘
Length 4:
There are six p-admissible elements with ¢(w) = 4, namely the six elements

A € Wy, This case is settled by Corollary 5.2.1:

0, if N.(s) & Awokp,
¢;,1(]jSWIj) =

(q—13(1—¢") ™, if N.(s) € Aupgrp-
Let us summarize the nonzero values from the different cases. We use the
notation A, s, k. to refer to the finite critical group determined by the unique path

in each case, except when ¢(w) = 0, where we need to consider two such groups.

2, Uw) =0, N(s) € Auwin,or \ Auwia, bor

(¢=1Da"(1=¢)7+2, lw)=0, N:(s) € Auwiy, s

2(1 —q")7, l(w) =1, N.(s) € Awnkps
1200-D(1—¢)2  lw) =2, wE€ Xy Ny(s) € Ausae

(q—1)(1—¢") 72 lw) =2, we€ Xo N.(s) € Awpkips

(¢—1)*(1—q")7, U(w) =3, N(5) € Auspkps

(q =131 —q")™ l(w) =4, N.(s) € Apgrp-

\

Reading data from tables in the appendix:
The preceding example shows how the values ¢, (I7swI;") all follow the same
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basic template. Table A.1 contains all of the data needed to compute a coefficient

of ¢.,. Here is the row for the length-zero element:

l(w) =0
Path | /(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
AL | 2 2 Z 1 1 2
Ay | 4 3 Z)27 0 0 0
Awar ke € Aw Aoy

Of course, we already know the rank of Sy, ;. is A(A). The “Isom. class of

7

is important because it specifies the torsion subgroup S%% | if present. Thus

Sw,JA w,Ja?

we have the necessary path data to plug into

Z 5(8, w, JA)’StorS N quly(q — 1)A(A)qu(w,A)<1 _ qr>C(A),

wzJA
AGB;aH (w,tk(w))

the template formula for this case, while the containment data Ay A, kp € Aw s kp

tells us how to arrange the path values into the expression

;

0, if NT(S) ¢ AU/,JAQJCF

(ﬁ;,l(Ijsw[j) - 2, if Nr(8> € Aw,JAQ,kzF \Aw,JAl,kF

\(q —1)q"(1=¢") 7242, if No(s) € Auwin, kp-
If By (w,t\w)) contains a single path, the table will omit the information about
Ap gn kp-

We saw that when (w) = 2, there were two possibilities for ¢, ,(IFswI)
depending on whether w € X; or w € X5. Table A.2 addresses this issue: Suppose
we were given w € Admg, () with ¢(w) = 2; we would look up which subset X;

contains w in Table A.2, which would tell us which row in Table A.1 to use.
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5.3.2 GLs(F), 1= (1,1,0,0,0)

The group GLj5 is type A4, hence its root system ® has rank equal to 4. The
maximal split torus 7" C G L5 has rank d = 5. For all conjugates A € W-pu, ((t)) = 6.

Therefore, the formula becomes

(=1 D (sw Ja)IST, N K mal(g — DA (1 - gr) o

w
AGB; (wrt)\(w))

(

A(A) =5 —rank(Ja) — 1
B(w, A) = [(6 — £(w)) — £(A)]/2

C(A) = ((A) — 5

\

Fix the following reflection ordering on W:
Q1o < (13 < Q14 = Q15 = (93 = Qgq < Qg5 < (34 < Q35 < OyY5.

There are 131 elements in Admg, (p).

The raw data for this case can be found in the Appendix, Tables A.3 and A 4.
The story for this case is similar to what we saw for (GLy, (1,1,0,0)); however, we
will point out a few features before moving on to the GLg cases.

First, let us discuss the length-zero alcove: w = #(1,1,0,0,0)5234123. There are

three paths in By (w,txw)) whose edge sets are:
o E(Ay) = {s1, s12321, S2, Sa3432 }
L4 E(Az) = {81217812321,3232, 323432}

L4 E(A3) = {517 5121, 12321, 5275232,323432}
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All three paths have Jy = ®, hence they determine the same finite critical group
Ay ja kp- Compare this to the length-zero element in the case (GL4, = (1,1,0,0)),
where there were two paths in B;aﬁ (w, trw)) but one finite critical group was a
subgroup of the other.

The relevant subgroup is S, j, = {diag(a,a,a,a,a) € f(@) | a®> = 1}, ie., a

torsion group of order 2. Therefore, if ¢(w) = 0 is p-admissible and char(kg) # 2,

0, if No(s) & Aw,inkp
Cb/r,1(]+sw—r+) =

r T

(~1)(47 (1= ) 20— ")), i Ne(s) € Augyie
Second, notice that the coefficient for certain p-admissible length-two w (specif-
ically, those w € X listed in Table A.4) is very similar to that of the length-zero

element in (GLy, = (1,1,0,0)). Here is a representative element:

w = 1(1,1,0,0,0)52312-
The set quaﬂ (w, taw)) for this element contains two paths, whose edge sets are:
o B(A1) = {5121, 523}
o E(Ay) = {s1,5121, 52, 5232}

These are identical to the paths given in Section 5.3.1 for the length-zero alcove. Of

course, here we have a larger torus; so for example
Sw.s, = {diag(a,a,a,a,k5) € T(C) | a* = 1,55 € C*}

has a free variable k5 where the corresponding relevant group in the GL, case was
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only a torsion group of order 2. If char(kp) # 2,

(

0, if N,.(s) ¢ Aw,gny kors

/ + +\ — .
L0l =9 (<1)(20g = D= ¢)71), 3 Nols) € Auay b \ Auwis,

(~1)((a= 1% (=) +2g = D1 —q)7"), else.

\
On the other hand, if our p-admissible element w has ¢(w) = 1, then the data

in Table A.3 shows that the coefficient ¢/, (I swl;") is essentially identical to that

of the length-zero element for G L4, even though the former’s <-increasing paths are

longer:
(0, i N,(5) & Auss, ke
Gra(Lswll) = ¢ _o if N(5) € Awa,or \ Awa, or
(—1) ((q 1)1 —g) 2), if N, (s) € Auss, ke

\

Of course, we have called attention to these examples to make the point that
patterns appear throughout the data. The polynomial given by the formula ulti-
mately depends on the structure of Bruhat intervals in some finite Weyl group, and
there are many isomorphic intervals between pairs of elements in different groups.

The examples given above cover all cases in (GLs,u = (1,1,0,0,0)) where

Bg (w,t\w)) contains multiple paths.

5.3.3 GLs(F), = (1,1,0,0,0,0)

The group GLg is type As, so ® has rank 5. The split maximal torus 7T has

rank d = 6. All W-conjugates ty of ¢, have {(t\) = 8. The p-admissible set contains
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473 elements. Following the previous examples, this data determines our template

S bl w, Ja)[SE, N Ky (g — DA BEE) (1 — gr)c@)

w,JA
AEB; (wvtA(w))

where

(

A(A) =6 —rank(Ja) — 1

B(w, A) = [(8 — £(w)) — £(A)]/2

C(A) = £(A) — 6

Fix the following reflection ordering on W':
Q12 < 013 < Qg < 015 < A1 < Q23 < Qg < Qg5 < Qigg <
< 34 < O35 < 36 << Oy5 < Oy < O56-

The raw data for calculating the coefficients of ¢, in this case are spread
across Tables A.5 and A.6. There are sub-cases in the calculations for p-admissible
w of lengths 2, 3, 4, 5 and 6; Tables A.7 and A.8 list which elements correspond to
a given sub-case.

The unique length-zero p-admissible element is w = £(1,1,0,0,0,0)523451234. There

are five <-increasing paths from w to ty,); their edge sets are:
b E(Al) = {50437 Saisr Sans) Saze}
hd E(Az) = {Sa127 Sa137 Sa157 SQ?S’ Sa247 Sa26}
b E(AB) = {Sa127 Sarsr Sans) Sasss Sagss 3a26}

b E(A4) = {Sa137 Sa147 Sa157 Sa247 8&257 Sa26}
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b E(A5) = {Sa127 Sa137 Sa147 Sa157 Sa237 Sa247 804257 80426}

For paths Ag,...Aj, Ja, = ®. The root system Ja, is a subsystem of rank 4. Using

the data from Table A.5, we have for char(krp) # 2,

0, if NT(S) ¢ Aw7JA2’kF7

Ora (L7 sWIT) = 67 + (1= )2, if No(s) € Aun, e \ Aussa, ke

\ (q—1)g*" (1 —q") 2+ 6¢" + (1 —q")?% if N.(s) € Aw,gn, k-
The data shows that when w € Admegr, (1 = (1,1,0,0,0,0)) has {(w) = 1,

the coefficient ¢, | (IFswI) is the same as the coefficient for the unique length-zero

w € Admgr,(n = (1,1,0,0,0))—other than their difference in sign.

534 GLg(F), p=(1,1,1,0,0,0)

Most of the objects here are the same as in Section 5.3.3, such as ®, the choice
of maximal torus 7', and the reflection ordering < on W. In this case, the translation

t, and its conjugates have length ¢(¢,) = 9. The template is

Z 5(8, W, JA)’StorS N quly(q — 1)A(w,A)qu(w,A)<1 _ qT)C(A)

wzJA
AGB; (w,t/\(w>)

where
(

A(A) =6 —rank(Ja) — 1

B(w, A) = [(9 — t(w)) — £(A)]/2

C(A) ={(A) — 6.
There are 883 p-admissible elements, and as one would expect, there are many

different cases for the coefficients of ¢, ,. Raw data for the coefficients is spread
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across Tables A.9, A.10 and A.11. The subsets of pu-admissible elements are further
explained in Tables A.12 and A.13 as appropriate.

Let us discuss the coefficient for w = #(1,1,1,0,0,0)5345234123, the unique length-
zero p-admissible element. This is the most complex example we shall consider
in this chapter: B;aﬁ (w, taw)) contains nine paths, which yield five distinct root

systems Ja. The edges sets are:

L EA1 = {Soz147 Sags ) Sase}

o Lp, = {Soqsa Saiss Sansy Sasss 3a36}

hd EA3 - {Soqzu Sagsr Sagsy Sasss Sa36}

i EA4 = {50612’ Satas Sagar Sasss 3036}

o EA5 = {Soqza Saisr Sarar Sassy Sassyr Sazas Sa36}
6 — {50412a Sana) Sanz) Saas) Sazar Sags) Sa36}
o Ln, = {30413’ Sana) Sansr Sass) Sazar Sags) Sa36}
i EAs = {3a127 Sansr Sarar Sassr Sassy Sazss Sase}

o b, = {Sama Sarss Sarar Sanss Sassr Sasss Sasar Sasss Sa36}

The paths As, ..., Ag all have Jo = ®; however, the other four paths all give

a distinct subsystem Ja C P.
) JAl = {:l:Oé14} X {:l:Oé25} X {:l:Oé36}

o Jp, = {tous, tong £ aqg, £asy, Tase, £oue} X {Faos}
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o Jp, = {£aus} x {Fans, £ags, £asgs, ass, tass, Tase}
o Jp, = {iOéu, tany, Tays, Tagy, Tags, iOé45} X {iagﬁ}

Here is the graph of inclusions for the finite critical groups:

AU),JA5:]€F == AW,JAQJCF

waAQ ke vaJA3’kF szJA47kF

w7JA1 kR

As usual, the relationships between finite critical groups characterize the differ-

77777

Aw s, kp» then ¢ 1 (IFswl}) = 0. Otherwise, there are three nonzero possibilities:

Case 1: If N.(s) € Au,a_ kr \ (UZL:2 Aw,JAiku>, the coefficient is
12¢"(1—¢") +3(1 = ¢")".
Case 2: If N.(s) € Ay ju ke \ Aw,ga, kp for i =2,3,4, the coefficient is
(=1 (1—¢") " +12¢"(1 = ¢") +3(1 = ¢')".
Case 3: If N,(s) € Ay s, kp» the coefficient is

(=121 —q")?+3q— )" (1—¢) " +12¢(1—¢") +3(1 —¢')*.

5.4 Results for general symplectic groups

We begin by recalling the definition of GSp»,, and the associated data required
for the calculations of ¢ ;. Let I,, be the n x n matrix with ones on the anti-diagonal
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and zeroes everywhere else. Let

Then for a p-adic field F', the F-rational points of GSps, are
GSpon(F) ={g € GLy,(F) | 'gJg = c(g)J,c(g) € F*}
We choose a split maximal torus T with
T(F) = {diag(ty,. .., tn,t; o, ... 17 ) | t; € F*).

For the GL, case, we showed how to compute \ng, ;| from the definitions,
looking at endoscopic elements in f((C) For examples when G = GSps,, we show

how to use Lemma 3.2.16 to get the structure of X*(S,, ), and hence that of S, .

5.4.1 Example: GSpy(F), p = (1,1,0,0)

As with the GL, examples, we use data from this case to first write down a
template formula for the coefficients of ¢.,. The rank of T" is 3, while translation
clements ¢ for A € Wy have £(t,) = 3. Thus for w € W and s € T(k,), the formula

for ¢, | (I;Fswl ) becomes

(1) > d(sw a8, N Ka(g = DA g 1 - gr)o@)
AEB;(w,tk(w))

(

A(A) =3 —rank(Ja) — 1

B(w, A) = [(3 — t(w)) — £(A)]/2




Let us describe the characters and cocharacters of T'. Let ¢; be the i-th coor-

dinate projection of T', and let ¢ be the similitude character. Then
X*(T) = (c,e1,62,€3,€4) /(€1 + €4 = €2 + €3 = C).
Using coordinates in terms of the ¢;, the positive roots in ®, which is type C, are
ap =(1/2,-1/2,1/2,—-1/2)
az = (0,1,—1,0)
as=(1/2,1/2,-1/2,-1/2)
ay = (1,0,0 —1).
We can also describe the character lattice as X*(T") = (co, ¢1, ¢2), where the genera-
tors act on t = diag(t,, o, t5 ‘to, 17 'to) by ci(t) = t; for i = 0,1,2. In this coordinate
system, the roots are written
a1 =1 — Cy
g = 2¢c9 — Cp
a3 =C1+C2 — ¢
oy = 2¢1 — .
The cocharacter lattice X, (T') is the free group on generators eg, e1, e where for
x € F2*,
eo(z) = diag(1,1, z, x)
ei(z) = diag(z,1,1,271)

ez(z) = diag(1, 2,271, 1).
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We could again use coordinates in terms of maps &; sending z € F* to the i-
th coordinate in 7" with 1’s elsewhere. Then an element v € X,(T) is a tuple
(a1, a9, a3, aq) such that a; + a4 = as + ag = ¢. In these coordinates, u = (1,1,0,0)
is the map p(z) = diag(z,z,1,1) € T(F) for x € F*. So u = ey + e; + e3. The

coroots are

af = (1,-1,1,-1) = e; — ey
ay =(0,1,-1,0) = e,
ay = (1,1,—-1,-1) =e; + e

OKZ - (170707 _1) =€

Let s; and sy denote the simple reflections corresponding to the roots o and s,
respectively. The longest element of the finite Weyl group is wy = s2121, where again
the notation s;,..;, is shorthand for the product s;, - - - s;,. By Proposition 5.2.3, we
have a reflection ordering,

S9 < S212 < S121 < S1.

When p = (1,1,0,0), Proposition 8.2 of [13] shows that the set Admg, (1)
contains 13 elements. The p-admissible elements range in length from 0 to 3.

See Table A.14 for the raw coefficient data.
Length 0:

The unique length-zero p-admissible element is w = £(1,1,0,0)5212. We want to
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enumerate the <-increasing paths
B (wy'w, wy') = BF (1, s212).
It turns out there are only two paths, whose edge sets are
E(A1> = {8212};
E(Az) = {52, 8212, S121}-

It is clear that Ja, = {£as} and Ja, = . Plugging this data into the template

gives us

(1) (805w, Tan) IS5, 0 K allg = 1" (1= 4') 72+ 6(s, w0, Ta) IS5, 0Ky

w,Ja,
It remains to describe .S, Ja, for + = 1,2. Consider the quotient
X*(T)/Z‘]Xl = <607 €1, 62>/<€1 + e9 = O> = <éo, él)

Now use the method of Lemma 3.2.16, i.e., consider how A(w) = u = ey + €1 + €3

appears in the above quotient. It is just g = €y + €, — é; = €p. But then

X*(Sw,1a,) = (€0, €1)/(0) = (1) = Z.

Similarly, for Ja, = ®,

X.(T)/22" = (&),

because the relations imposed by the coroots in ®V force &, = é; = 0. Then in the

quotient,

So X*(Su.ss,) = {1}.
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The finite critical groups satisfy A, Japke C Aw, Jaykr- This is enough infor-

mation to give the coefficient data for this alcove:

0, if Ni(s) & Awsn, ke

/ + +) — .
gbr’l(lr SU}IT ) o _17 if Nr(s) € Aw,JAZ,kF \Aw,JAl,kF

(—1)(1 +(g—Dg(1— qr)—2>’ if N, (s) € Ausa, ke
Length 1:

There are three p-admissible elements w such that ¢(w) = 3:

t(1,1,0052121  £(1,1,000521  £(1,0,1,0)S12-

In each case, B3 (wy 'w,w; ") contains a single path A; with £(A;) = 2.
When w = t(1’17070)82121, we have E(Al) = {82, 8121} and JAl = {:l:ZOég, :|:20é4}.
In this case,

X*(T)/ijl = <€07 €1, €2>/<€1, 62)-

Then A(w) = i = €, means

X (Sw,ia,) = (€0)/(€0) = {1}.

For w = tn,1,00)521, the edge set is E(A;) = {s212, 5121} and Ja, = ®. Finally,
if w = ta010)512, then E(Ay) = {s9,51} and Ja, = ®. In both of these cases,
X*(Sw,74,) is again trivial.

We have shown that

0, if NT(S) ¢ vajAlakF
gb;,l(fjswfj) =

(—1)(1 — C]T)_l, if NT(S) € AwaAku.
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Length 2:
There are five u-admissible elements whose length is two. In each case, there

is a single <-increasing path w N Iaw)- Here’s the data:

w E(Al) JAl

1(1,1,0,0)52 {52} | {Faa}
t(0,1,0,1)52 {s2} | {Faa}
t(1,0,1,0)81 {51} {iOél}

ta005121 | {s11} | {Fau}

t1,01,05121 | {s121} | {Fau}

Let us work out X*(Sw7JA1) for w = t(1,1,0,0)52. Starting with

XA(T)/ZJx, = (eo, e1,€2)/{e2) = (€0, 1),

we have that \(w) = 1 = & + €;. Then in the notation of Lemma 3.2.16, the map

¢ : Z — Z*is given by the tuple ¢ = (1,1,0). Since ¢; is a unit, X*(S, s, ) = Z. The

JIag

calculation of X*(S,, s, ) is similar for the other length-two u-admissible elements.

The coefficient for this case is

0, if Ni(s) & Aw,in, kp
<Z5;~,1(Ir+3wjr+) =

(_1>(q - 1)(1 - qr)_27 ifNT(S) € AW,JAFICF'

Length 3:
The translation elements are t(1,1,0,0), £(1,0,1,0)> t(0,1,0,1) and t(,0,1,1)- For any of

these, Corollary 5.2.1 shows

O, lf NT(S> ¢ Atx,@J¢F’
Gra (L7 stAIT) =

(—1)(6] - 1)2(1 - qr)_37 ifNT(S) = Atm@,kF'
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5.4.2 GSpe(F), n=(1,1,1,0,0,0)

In this case, the root system has type C3, so rank(T) = 4. For A € W, with
w=(1,1,1,0,0,0), translation elements have £(t,) = 6. Use this data to fill in the

template:

Z 6(s,w, JA)|SE N Ky1|(q — 1)A(w,A)qu(w,A)(1 _ qr>C(A)

w,JA
AGBS (wvtk(w))

where
(

A(A) =4 —rank(Ja) — 1

B(w, A) = [(6 — £(w)) — £(A)]/2

Roots and coroots for GSpg can be described in the same coordinate systems
used for GSpy. In particular, the cocharacter lattice of T is X, (T') = (eg, €1, €2, €3),

and we can express the coroots in terms of these generators:

af = (1,-1,0,0,1,—1) =e; — ey ag = (1,1,0,0,—1,—1) = e; + €9
ay = (0,1,—-1,-1,1,0) = e3 — e3 ar = (1,0,1,—1,—,—1) = e + e3
ay =(0,0,1,-1,0,0) = e3 ag =(0,1,0,0,—1,0) = ey

aj = (1,0,—1,1,0,—1) = e; — e3 ag =(0,1,1,—1,-1,0) = e3 + e3

aY = (1,0,0,0,0,—1) = e;

The simple reflections in W are sy, sy and s3, corresponding to the roots ay, ay and

ag, respectively. We sometimes specify a reflection in terms of its corresponding
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positive coroot,

Say = S1 Say = S121 Say; = 531213
Sag = 52 Sas = 512321 Sag = 5232
Sag = S3 Sag = 52132312 Sag = 5323

The reflection ordering is:
53 < 8323 < S232 < $31213 < $2132312 = S12321 = S2 < S121 < S1.

There are 79 p-admissible elements in this case, ranging in length from 0 to 6.
The data for this case is in Tables A.15 and A.16.
Consider w = #(1,1,1,0,0,0)5323123, the unique length-zero p-admissible element.

The set Bg (w,tyw)) contains five paths, whose edge sets are

E(A1) = {5232, 531213}

E(A2) = {33, 5232, $31213, 312321}

E(A:a) = {83237 531213, 52132312, 812321}

E(A4) = {537 5323, §31213, 82132312}

E(A5) = {33, 5323, 5232, 531213, $2132312; 512321}-

The associated root systems for the first two paths are Ja, = {+a7} [[{£as}, which
is type A; X Ay, and Ja, = {£as, £ay, as, £ar} [[{F£as}, which has type Cy x A;.
The latter three associated root systems are Ja, = Ja, = Ja, = @.

Next, we want to find X*(S,,, ) to see if any torsion elements exist. Let us

do the calculation for A;. We have

X*(T)/ZJxl = (eg, €1, €2, €3)/(e1 + €3, e2) = (€p, €1).
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Since AM(w) = pu = ey +e1 + ex +e3 € X, (T), it’s image in the above quotient is
it = €g. This means ¢; = 1 in the notation of Lemma 3.2.16, so X*(SwaAl) =7 is
torsion-free. A similar calculation for the other paths shows that X*(Sy,, ) = {1}

for i = 2,3,4,5.

Here are the inclusions between the finite critical groups:

Awy‘]Alka - Aw7JA27kF - Aw7JA31kF - AwaJA47kF = Aw7JA57kF'

This is enough information to write down the coefficient ¢/, ; (1,7 st(1,1,1,0,0,05313123,F):

(
0, if Ni(5) & Aw,iaykrs
2¢" + (1 —q")?, if No(s) € Awga, ke \ Aw,da, ks
3¢" + (1 —4q")? ifN, () € Aw,sa, s

| (@~ D@ (1—q" )2 +3¢"+ (1 —q")? if No(s) € Ay su kp-

The p-admissible elements such that ¢(w) = 3 split into two cases (the exact
lists are in Table A.16). Consider w = t,s303 as an exemplar for the first case. There

are two <-increasing paths w N tx(w); their edge sets are:

E(Ay) = {s323}

E(A2) = {537 532375232}

The associated root systems are Ja, = {*ag} and Ja, = {*aq, tas, tag, tag},
which has type Cs.

The usual method of calculation shows that

X*(Swn ) 2L XL

7JA1
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and

X*(Suw.is,) = Z.

We also have Aw7JA1,]€F C Aw,JAZ,kF- So the coefficient in this case is,

(

0, if N,.(s) ¢ Aw,JAku?

(¢—1)(1—q¢), if Ni.(8) € Awgn, kp \ Awia, ks

(@ =17 (1=¢)7+ (@ =D =a)7" 1 Ne(s) € Aua, -
Now choose w = £(1,00,1,1,05123 as the representative for the second class of
length-three p-admissible elements. There is only one <-increasing path in this

case, whose edge set is E(A;) = {s3, s2,51}. These edges correspond to the three

simple roots, so Ja, = ®. It follows that

0, if N,(s) ¢ AwJAkav

(1 — qr)—l, if NT(S) S AW,JAl,kF'
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Appendix A: Tables of coefficient data

This appendix presents the data needed to fully explain several cases of ¢, ,

for general linear groups and general symplectic groups:
1. GLg, p=(1,1,0,0)
2. GLs, p=(1,1,0,0,0)
3. GLg, p=(1,1,0,0,0,0)
4. GLg, p=(1,1,1,0,0,0)
5. GSpy, p=(1,1,0,0)
6. GSpg, p=(1,1,1,0,0,0)

In some tables, we will describe p-admissible elements; these have the form
w = tyw, where A is a conjugate of p and w is an element of the finite Weyl group.
The coordinates of the coweight A in X, (T") are used. To save space, we write w as
Siyis..i, Tather than s; s;, - - -s;., where the s;, are simple reflections in .

See Section 5.3.1 for directions on using these tables.
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Table A.1: Coefficient data for GL4, p = (1,1,0,0)
l(w) =0
Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
Ay 2 2 7z 1 1 -2
Ay | 4 3 727 0 0 0
Ap ke C Apag ke
l(w) =1
Path | £(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
A | 3 3 727 0 0 1
lw) =2, we X,

Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)
Al | 2 2 7 X LJ2Z 1 0 2
l(w) =2, we Xy
Path | /(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
Aq 2 2 7 1 0 -2
l(w) =3
Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)
AN 1 1 7. X 7 2 0 -3
l(w) =4
Path | £(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
0 0 0 7 X7 x 7. 3 0 -4
Table A.2: Subsets of Adm(u) for GLy, p = (1,1,0,0)
lw) =2 we X

1(0,1,1,0)5325 1(1,0,1,0)53121, 1(1,1,0,00521, ¥(1,1,0,0)52321
lw) =2, w € X
t1,001)512,  t(1,0,1,0051232,  £(1,0,1,0)531,  T(1,1,0,005123121,  £(1,1,0,0)512315

1(1,1,0,00523
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Table A.3: Coefficient data for GLs, pn = (1,1,0,0,0)

l(w) =0
Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)
A, | 4 4 7.)27 0 1 1
A, | 4 4 7.)2Z 0 1 1
Aj 6 4 Z7]27 0 0 1
Aw,Al,kF = AU),AszF = AWASJCF
l(w) =1
Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)
Aq 3 3 Z 1 1 -2
A | 5 4 727 0 0 0
Awns ke © AwAgkr
lw) =2 we X
Path | /(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
A | 4 1 ZJ2Z 0 0 1
lw) =2, w € Xy
Path | /(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
A | 2 2 7 <7 2 1 -3
Ay | 4 3 7 x 7.)2Z 1 0 1
Awa ke © Aw Ao p
l(w) =3, w e X3
Path | £(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
Ay 3 3 Z x 7|27 1 0 -2
l(w) =3, we X,y
Path | /(A) | rank(Ja) | Isom. class of S, 5, || A(A) | B(w,A) | C(A)
Aq 3 3 Z 1 0 -2
l(w) =4, w e X5
Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
Ay 2 2 Z x 7 2 0 -3
lw) =4, w € X
Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)
Ay 2 2 Z X7 x 1|27 2 0 -3
l(w) =5
Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
Ay 1 1 Z X7 X7 3 0 -4
l(w) =6
Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)
0 0 0 ZXLxTLxTL 4 0 -5
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Table A.4: Subsets of Adm(u) for GLs, p = (1,1,0,0,0)

E(w) :2, w €X1

1(1,0,0,1,0) 54123, 1(1,0,1,0,0) 5123423, 1(1,0,1,0,0) 5341232, 1(1,0,1,0,0) 3412,
1(1,1,0,0,005123412315  £(1,1,0,0,0)512341232,  1(1,1,0,0,0)5123412,  £(1,1,0,0,0)5234121
1(1,1,0,0,0)5234123215 1(1,1,0,0,0)52341

E(w) :2, w GXQ

1(0,1,1,0,0) S3423; 1(1,0,1,0,0) 5341231, 1(1,1,0,0,0) 52312, 1(1,1,0,0,0)S234123125
1(1,1,0,0,0 5234312

E(w) :3, w €X3

1(0,1,0,1,054235 £(0,1,1,0,0)5234235 £(0,1,1,0,0)534232, £(0,1,1,0,0)5342, £(1,0,0,1,0)5412315
1,0,0,1,0)5412325 1(1,0,1,0,0) 51234231 5 1(1,0,1,0,0) 5312, 1(1,0,1,0,0)S34121,

( )
( )
(1,0,1,0,0) 53412321, t(1,0,1,0,0)534312, t(1,1,0,o,0)812312, t(1,1,0,0,0)8123412312,
( )
( )

~

t
t

1,1,0,0,051234312,  £(1,1,0,0,0)523121;  £(1,1,00,0)5231,  £(1,1,0,0,0)5234123121,
1,1,0,0,0)523421, £(1,1,0,0,0)52343121, £(1,1,0,0,0)523431

l(w) =3, we X,y

1(1,0,0,0,1) 5123, 1(1,0,0,1,0) 512343, 1(1,0,0,1,0)S412; 1(1,0,1,0,0) 512342325
1(1,0,1,0,00512342,  £(1,0,1,0,05341,  £(1,1,0,0,0051234121,  £(1,1,0,0,0)5123412321
1(1,1,0,0,0)512341, £(1,1,0,0,0)5234

lw) =4, w e X;

1(0,1,0,0,1)5235 1(0,1,0,1,0)52343, 1(0,1,0,1,0542, %(0,1,1,0,0)52342325 %(0,1,1,0,0)523425
1(0,1,1,0,005345 £(1,0,0,0,1)51231, £(1,0,0,0,1)51232, 1(1,0,0,0,1)S125 (1,0,0,1,0)51234315
1(1,0,0,1,005123432, 1(1,0,0,1,005125 £(1,0,0,1,0)54121, ¥(1,0,0,1,0)541, %(1,0,1,0,0)512325
1(1,0,1,0,0) 5123421, 1(1,0,1,0,0) 512342321 5 1(1,0,1,0,0) 51234325 1(1,0,1,0,0) 531,
1(1,0,1,0,0) 53431, 1(1,0,1,0,0)534; 1(1,1,0,0,0) 5123121, 1(1,1,0,0,0)51231,
1(1,1,0,0,00512341231215  £(1,1,0,0,0)51234215 £(1,1,0,0,0)5123431215 (1,1,0,0,0)51234315
1(1,1,0,0,052342, £(1,1,0,0,0)52343, £(1,1,0,0,0)523

lw) =4, w e Xg

1(0,0,1,1,005435 1(0,1,0,1,0)54232, 1(0,1,1,0,005325 £(0,1,1,0,0)534325 1(1,0,0,1,0)54123215
1(1,0,1,0,0053121, (1,0,1,0,0)5343121, £(1,1,0,0,0)521, £(1,1,0,0,0)52321 £(1,1,0,0,0) 5234321
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Table A.5: Coefficient data for GLg, u = (1,1,0,0,0,0)

l(w) =0

Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
Aq 4 4 Z 1 2 -2
Ay | 6 5 7)27 0 1 0
Ay |6 5 7.)27. 0 1 0
Ay |6 5 7.)2Z 0 1 0
As 8 ) 727 0 0 2

Aw,A1,kF - A”»U,Az,kF = AW,AstF = Aw7A4ku = Aw,As,kF
l(w) =1

Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
A | 5 5 7)2Z 0 1 1
Ay | 5 5 7.)27. 0 1 1
Aj 7 5) 7./27 0 0 1

Aw ke = Aw o ke = Awag ke
l(w) =2,w e X,

Path | /(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
A, | 4 1 Z < L]2Z 1 1 2
Ay | 4 4 7 x 7.)27. 1 1 2
Aj 6 4 7 X 1]27 1 0 0

Aw,Al,kF - ATU’AQJ‘?F - Aw7A37k‘F
l(w) =2,w e Xy

Path | /(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
A, | 4 1 7 1 1 i)
Ay 6 5 Z]27 0 0 0

Aw,ALkF - AUHAQJ’CF
l(w) =3,w e X3

Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
Ay 3 3 7 X 1 2 1 -3
Ay | 5 4 7 x T)27 1 0 1

AwAhkF - vaAQwI‘»’F
l(w) =3, w e Xy

Path | /(A) | rank(Ja) | Isom. class of S, 5, || A(A) | B(w,A) | C(A)

N 5 7)2Z 0 0 1

Table continues on next page.
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Table A.6: Coefficient data for GLg, = (1,1,0,0,0,0) (continued)
l(w) =4,w e X;

Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)
A, | 4 4 7 1 0 22
l(w) =4,w € Xg
Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
Aq 2 2 7.X 7T X7 3 1 -4
Ay | 4 3 7 x 7 x 72 2 0 2
Awarke C Awdo b
lw) =4,we Xy
Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)
A, | 4 1 7 x 1)2Z 1 0 22
l(w) =5,w € Xy
Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
AN 3 3 7 X 1 2 0 -3
l(w) =5,w e Xy
Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)
A | 3 3 7 X 7 x LJ2Z 2 0 -3
l(w) =6,w € Xyo
Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
Ay 2 2 Z X7 X7 3 0 -4
l(w) =6,we X1y
Path | /(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
Ay 2 2 ZXZLXLXL|2Z 3 0 -4
l(w)=T17
Path | /(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
AN 1 1 ZXTL X1 X 4 0 -5
l(w) =8
Path | /(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
0 0 0 LZXLXLXLXL 5 0 -6
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Table A.7: Subsets of Adm(u) for GLg, p = (1,1,0,0,0,0)

g(?ﬂ) :2, w €X1

1(0,1,1,0,0,0) 5345234, 1(1,0,1,0,0,0) 534512341 1(1,1,0,0,0,0) 52341235
1(1,1,0,0,0,0)52345123412, 1(1,1,0,0,0,0)52345123423 £(1,1,0,0,0,0)523454123

lw) =2, w e Xy

1(1,0,0,1,0,0) 5451234, 1(1,0,1,0,0,0) 512345234 1(1,0,1,0,0,0) 5345123425
1(1,0,1,0,0,0) 534512343, 1(1,0,1,0,0,0) 53451235 1(1,1,0,0,0,0) 51234512341 5
1(1,1,0,0,0,0) 512345123425 1(1,1,0,0,0,0) 51234512343 £(1,1,0,0,0,0) 512345123,
1(1,1,0,0,0,0) 5234512315 1(1,1,0,0,0,0) 523451232 1(1,1,0,0,0,0) S2345123421 5
1(1,1,0,0,0,0) 52345123431, £(1,1,0,0,0,0)523451234325 1(1,1,0,0,0,0)5234512

E(w) :3, w €X3

X3 contains the 30 length-three elements not contained in Xj.

E(w) :37 w & X4

~

(1,0,0,0,1,005512345  £(1,0,0,1,0,0)512345345 £(1,0,0,1,0,0)54512343, 1(1,0,0,1,0,0) 545123
£(1,0,1,0,0,0) 5123452342, 1(1,0,1,0,0,0) 5123452343 £(1,0,1,0,0,0) 51234523,
1(1,0,1,0,0,0) 534512325 1(1,0,1,0,0,0) 5345123432, 1(1,0,1,0,0,0)534512;
1(1,1,0,0,0,0) 5123451231 1(1,1,0,0,0,0) 5123451232, 1(1,1,0,0,0,0) 512345123421
1(1,1,0,0,0,0) 512345123431 5 1(1,1,0,0,0,0)S12345123432; 1(1,1,0,0,0,0) 512345125
1(1,1,0,0,0,0) 52345121 5 1(1,1,0,0,0,0) 5234512321 1(1,1,0,0,0,0)S23451234321
1(1,1,0,0,0,0) 523451

lw) =4, w € X;

~

1,0,0,0,0,1)51234,  £(1,0,0,0,1,0)51234545  £(1,0,0,0,1,0)551235  £(1,0,0,1,0,0) 512345343
1,0,0,1,0,0)51234535 £(1,0,0,1,0,0)545125 £(1,0,1,0,0,0)5123452325 £(1,0,1,0,0,0) 51234523432,
1,0,1,0,0,0) 5123452, t(1,0,1,0,0,0)83451, t(1,1,0,o,0,0)812345121, t(1,1,0,0,o,0)81234512321,
1(1,1,0,0,0,0) 5123451234321, £(1,1,0,0,0,0)5123451, £(1,1,0,0,0,0)52345

~

(
(
(
(

g(?ﬂ) :4, w € X6

1(0,0,1,1,0,0054534,  £(0,1,0,1,0,0)5452342,  £(0,1,1,0,0,0)534235  £(0,1,1,0,0,0) S34523423

1(0,1,1,0,0,0) 5345423, 1(1,0,0,1,0,0) 545123421 1(1,0,1,0,0,0) 5341231,
1(1,0,1,0,0,0) 53451234231 1(1,0,1,0,0,0)S34541231 1(1,1,0,0,0,0) 52312,
1(1,1,0,0,0,0) 5234123125 1(1,1,0,0,0,0) 52343125 1(1,1,0,0,0,0) 5234512342312,

1(1,1,0,0,0,0) 523454123125 £(1,1,0,0,0,0) 523454312

lw) =4, we X

X, contains the 60 length-four elements not contained in X5 U Xj.

Table

continues on next page.
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Table A.8: Subsets of Adm(u) for GLg, p = (1,1,0,0,0,0) (continued)

l(w) =5, w e Xy

1(0,1,0,0,0,1)52345  1(0,1,0,0,1,00523454,  £(0,1,0,0,1,0)5523,  1(0,1,0,1,0,0) 52345343
(0,1,0,1,0,0) 523453 t(0,1,0,1,0,0)3452, t(0,1,1,0,0,0)82345232> t(0,1,1,0,0,0)3234523432,
(0,1,1,0,0,0) 523452, Z5(0,1,1,0,0,0)3345, t(1,0,0,0,0,1)812341, Z5(1,0,0,0,0,1)812342,
(1,0,0,0,0,1)512343,  £(1,0,0,0,0,1)5123,  £(1,0,0,0,1,0)51234541,  £(1,0,0,0,1,0) 51234542,
1(1,0,0,0,1,0)51234543,  (1,0,0,0,1,0)51235  (1,0,0,0,1,0)551231,  £(1,0,0,0,1,0) 5512325
t(1,0,0,0,1,0)5512, t(1,0,0,1,0,0)812343, t(1,0,0,1,0,0)31234531, t(1,0,0,1,0,0)81234532,
1(1,0,0,1,0,0) 5123453431, 1(1,0,0,1,0,0) 5123453432, 1(1,0,0,1,0,0) 51234543
(
(
(
(
(
(

~ o~

1(1,0,0,1,0,005412,  £(1,0,0,1,0,0)5451215  ©(1,0,0,1,0,005451,  £(1,0,0,1,0,0) 5454125
1(1,0,1,0,0,0)51234232 £(1,0,1,0,0,0)5123425 £(1,0,1,0,0,0)51234521, 1(1,0,1,0,0,0)51234523215
t
t

1,0,1,0,0,0) 512345234232, 1(1,0,1,0,0,0) 512345234321 5 £(1,0,1,0,0,0) 51234532,
1,0,1,0,0,0) 123454232, t(1,0,1,0,0,0)81234542, 75(1,071,070,0)8341, t(1,0,1,0,070)834531,
1,0,1,0,0,0)5345415 1(1,0,1,0,0,0)5345, 1(1,1,0,0,0,0)51234121, (1,1,0,0,0,0)5123412321
1(1,1,0,0,0,0) 512341, 1(1,1,0,0,0,0) 512345123121 1(1,1,0,0,0,0)S1234512342321
1(1,1,0,0,0,0)S1234512343121, 1(1,1,0,0,0,0) 51234521, 1(1,1,0,0,0,0) 5123453121,
1(1,1,0,0,0,0) 512345315 1(1,1,0,0,0,0) 5123454121 £(1,1,0,0,0,0)512345412321
1(1,1,0,0,0,0)51234541,  £(1,1,0,0,0,0)5234525  1(1,1,0,0,0,0)523453,  £(1,1,0,0,0,0) 5234545
1(1,1,0,0,0,05234

~

E(w) :5, w GXQ

Xy contains the 60 length-five elements not contained in Xg.

E(w) = 6, w € X10

Xjo contains the 90 length-six elements not contained in Xj;.

l(w) =6, w e X3

~+

(0,0,0,1,1,0) 554 1(0,0,1,0,1,0) 553435 1(0,0,1,1,0,0) 5435 1(0,0,1,1,0,0) S4543
(0,1,0,0,1,005523432,  1(0,1,0,1,0,0054232,  1(0,1,0,1,0,0)5454232,  1(0,1,1,0,0,0)532;
(0,1,1,0,0,0053432,  £(0,1,1,0,0,0)5345432, 1(1,0,0,0,1,0)551234321, (1,0,0,1,0,0) 5412321,
(
(

~

t
t

1,0,0,1,0,0)545412321, 1(1,0,1,0,0,0)53121, (1,0,1,0,0,0)5343121, ©(1,0,1,0,0,0)534543121,
1,1,0,0,0,0)521, £(1,1,0,0,0,0)52321 £(1,1,0,0,0,0)5234321 1(1,1,0,0,0,0) 523454321
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Table A.9: Coefficient data for GLg, u = (1,1,1,0,0,0)

l(w) =0

Path | ¢(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
Ay 3 3 Z x 7 2 3 -3
Ao ) 4 Z 1 2 -1
As | 5 4 7 1 9 -1
A, | 5 4 7 1 9 -1
As | T 5 7.)37 0 1 1
Ae | 7 5 7/37 0 1 1
A7 7 5 737 0 1 1
Ay | 7 5 7./3Z 0 1 1
Ny | 9 5 7.)37 0 0 3

AW,JA5,1€F == Aw,JAg,kF
AWJAWICF \ u}JASJW/ Aw,JAMkF
w,JaykF
l(w) =1

Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
Aq 4 4 7 1 2 -2
Ay | 6 5 7.)37 0 1 0
Ay |6 5 737 0 1 0
Ay 6 5 737 0 1 0
Aj 8 5 737 0 0 2

Awgs ke C Awingbr =" = Awda ke
lw) =2,w e X,

Path | £(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
Ay 3 3 Z x 7 2 2 -3
Ao ) 4 Z 1 1 -1
As | 5 4 7 1 1 -1
Ay |7 5 7.)37 0 0 1

Aw,JA4,kF
Aw,Jay ki Aw,Tag
Aw,JAl,kF

Table continues on next page.
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Table A.10:

Coefficient data for GLg, p = (1,1,1,0,0,0) (continued)

lw) =2,w € X,

Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
A, | 5 5 ZJ3Z 0 1 1
A | 5 5 Z/3Z 0 1 1
Aj 7 5) Z7)37 0 0 1

Aw,JAl,kF = Aw,JAz,kp = Aw,JAS,kF
l(w) =3,w e X

Path | /(A) | rank(Ja) | Isom. class of S, 5, || A(A) | B(w,A) | C(A)
Aq 4 4 Z 1 1 -2
Ay 6 ) 7)37 0 0 0

Aw,JAl,kF C Aw,JA2,kp
l(w) =3,we Xy

Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)
Aq 4 4 Z 1 1 -2
A, | 4 4 Z 1 1 -9
Ag 6 4 Z 1 0 0

Aw,ga ke = Aw sy ke = Awda, ki
Y(w) =3,w e X5

Path | /(A) | rank(Ja) | Isom. class of S, ;, || A(A) | B(w,A) | C(A)
A | 4 4 7 x LJ3Z 1 1 22
Ay | 4 4 7 x Z/3Z 1 1 -9
Ay | 6 4 7 x Z/37 1 0 0

Aw,JAlJfF - AUHJAT]?F - AW,JA3,1€F
l(w) =4,w e X

Path | /(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
A | 5 5 ZJ3Z 0 0 1

lw)=4,w e Xy

Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
Aq 3 3 7 X 1 2 1 -3
A, | 5 4 7 x 7.J37 1 0 1

va‘]Alvk‘F C vaJATk'F
l(w)=4,w e Xy

Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
Aq 3 3 7 X 1 2 1 -3
A, | 5 4 7 1 0 1

vaJAlJfF C vaJATk'F

Table continues on next page.
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Table A.11:

Coefficient data for GLg, 1 = (1,1,1,0,0,0) (continued)

l(w) =5,w € Xy

Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
Aq 4 4 Z 1 0 -2
l(w) =5,w e Xy
Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)
A, | 4 1 7 x LJ3Z 1 0 22
l(w) =5,w e Xy
Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
Ay 2 2 7 X1 X7 3 1 -4
Ao 4 3 7 X 1, 2 0 -2
Aw,JAl,kF - Aw,JAQ,kF
l(w) =6,w € X9
Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
Ay 3 3 7 X 1 2 0 -3
l(w) =6,w e X3
Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)
A, | 3 3 Z <X Z x LJ3L 2 0 3
l(w)=T17
Path | /(A) | rank(Ja) | Isom. class of S, 5, || A(A) | B(w,A) | C(A)
Ay 2 2 Z X7 X7 3 0 -4
l(w) =8
Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)
AN 1 1 ZXT X1 x 7 4 0 -5
l(w) =9
Path | /(A) | rank(Ja) | Isom. class of S, 5, || A(A) | B(w,A) | C(A)
0 0 0 ZXLXLXLXT 5 0 -6
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Table A.12: Subsets of Adm(u) for GLg, p = (1,1,1,0,0,0)

lw) =2, we X,

1(1,1,0,1,0,0) 545234125 £(1,1,1,0,0,0) 523452341232, £(1,1,1,0,0,0)534512341231

l(w) =2 we Xy

X, contains the 18 length-two elements not contained in X;.

E(w) :3, w €X3

X3 contains the 44 length-three elements not contained in X, U X5.

l(w) =3, we X,y

t(1,1,0,0,0,1)5234123, t(1,1,0,0,1,0)5234541237 t(1,1,0,1,0,0)52345123423,
1(1,1,1,0,0,0523451234125 £(1,1,1,0,0,0)534512341, £(1,1,1,0,0,0) 5345234

l(w) =3, w e X;

1(0,1,1,1,0,0) 5453423, 1(1,0,1,1,0,0) 545341231 1(1,1,0,1,0,0) 54523412312,
1(1,1,1,0,0,0)53423125 £(1,1,1,0,0,0)534523423125 £(1,1,1,0,0,0) 534542312

lw) =4, w e Xg

X contains the 48 length-four elements not contained in X; U Xs.

E(w) :4, w e X7

(0,1,1,0,1,0) $53423, t(o,1,1,1,0,0)83453423, t(0,1,1,1,0,0)84523423, 75(0,1,1,1,0,0)545342327
1(0,1,1,1,0,0) S45342, 1(1,0,1,0,1,0)55341231 1(1,0,1,1,0,0) 5345341231 5
1(1,0,1,1,0,0) 5451234231, 1(1,0,1,1,0,0) 54534121 5 1(1,0,1,1,0,0) 5453412321 5
1(1,1,0,0,1,0) 55234123125 1(1,1,0,0,1,0) 55234312, 1(1,1,0,1,0,0) 523453412312,
1(1,1,0,1,0,0) 542312, 1(1,1,0,1,0,0) 545123412312, t(1,1,0,1,0,0)S45234123121
1(1,1,0,1,0,0) 54523421, 1(1,1,0,1,0,0) S45423125 1(1,1,1,0,0,0) 523423125
1(1,1,1,0,0,0) $23452342312; 1(1,1,1,0,0,0) 52345423125 1(1,1,1,0,0,0) 534123125
1(1,1,1,0,0,0) 534231215 1(1,1,1,0,0,0) 534231, 1(1,1,1,0,0,0) 534512342312,
t(1,1,1,0,0,0)834523423121, t(1,1,1,0,0,0)$3452342317 t(1,1,1,o,0,0)8345412312,
1(1,1,1,0,0,053454231215 £(1,1,1,0,0,0) 53454231

lw) =4, w e Xg

1(1,0,1,0,0,1) 534123, £(1,0,1,0,1,0)53454123 £(1,0,1,1,0,0) 5345123423, 1(1,0,1,1,0,0) 545123425
1(1,0,1,1,0,0)5453415 £(1,1,0,0,0,1)512341235 1(1,1,0,0,0,1)52341231, 1(1,1,0,0,0,1)52341232,

1(1,1,0,0,0,1) 523412, 1(1,1,0,0,1,0) 51234541235 1(1,1,0,0,1,0)5234541231
1(1,1,0,0,1,0) 52345412325 £(1,1,0,0,1,0)523454125 1(1,1,0,0,1,0) 5523125
1(1,1,0,1,0,0) 512345123423 1(1,1,0,1,0,0) 523451234231 £(1,1,0,1,0,0) 523451234232,
1(1,1,0,1,0,0) 523453125 1(1,1,0,1,0,0) 5234534312, 1(1,1,0,1,0,0) 5451234121,
1(1,1,0,1,0,0) 545123415 1(1,1,0,1,0,0) 545234, 1(1,1,1,0,0,0) 512345123412,
1(1,1,1,0,0,0)51234523412321 1(1,1,1,0,0,0) 5123452341 5 1(1,1,1,0,0,0) 5234512312,
1(1,1,1,0,0,00523451234121,  £(1,1,1,0,0,0)523451234123125,  1(1,1,1,0,0,0)5234512343125
1(1,1,1,0,0,0) 52345234 1(1,1,1,0,0,0) 534512315 1(1,1,1,0,0,0) 5345123421,

1(1,1,1,0,0,0 5345123431, £(1,1,1,0,0,0)53452342 £(1,1,1,0,0,0)53452343, 1(1,1,1,0,0,0)534523

Table

continues on next page.
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Table A.13: Subsets of Adm(u) for GLg, p = (1,1,1,0,0,0) (continued)

g(il)) 25, w EXg

Xy contains the 90 length-five elements not contained in X9 U Xy;.

E(w) = 5, w e XlO

1(0,1,0,1,1,0055423,  £(0,1,1,0,1,0)55234235  £(0,1,1,0,1,0)55342325  £(0,1,1,0,1,0)553425
1(0,1,1,1,0,0) 523453423 1(0,1,1,1,0,0) 5345342325 1(0,1,1,1,0,0) 53453425
t(0,1,1,1,0,0)545234232, t(0,1,1,1,0,0)54532, t(0,1,1,1,0,0)8453432, t(1,0,0,1,1,0)35412317
1(1,0,0,1,1,0) 5541232, £(1,0,1,0,1,0)5512342315 £(1,0,1,0,1,0)5534121, £(1,0,1,0,1,0) 553412321
1(1,0,1,0,1,0) 55343125 1(1,0,1,1,0,0) 512345342315 £(1,0,1,1,0,0) 534534121,
1(1,0,1,1,0,0)S3453412321 5 1(1,0,1,1,0,0) S4312; 1(1,0,1,1,0,0) 54512342321 5
1(1,0,1,1,0,0) 5453121, 1(1,0,1,1,0,0) 545343121 5 1(1,0,1,1,0,0) 54543125
1(1,1,0,0,1,0) 55123412312, 1(1,1,0,0,1,0) 5512343125 1(1,1,0,0,1,0) 55234123121,
1(1,1,0,0,1,0) 5523421, 1(1,1,0,0,1,0) 552343121 5 1(1,1,0,0,1,0)5523431 5
£(1,1,0,1,0,0) 5123453412312, 1(1,1,0,1,0,0) 5234534123121, £(1,1,0,1,0,0) 523453421,
1(1,1,0,1,0,0) 5412312, £(1,1,0,1,0,0)54231215 £(1,1,0,1,0,0)542315 £(1,1,0,1,0,0) 5451234123121 5
1(1,1,0,1,0,0)S452321, 1(1,1,0,1,0,0) 45234321 1(1,1,0,1,0,0) 5454123125
1(1,1,0,1,0,0) 545423121 5 1(1,1,0,1,0,0)S454231 1(1,1,1,0,0,0) 5123423125
1(1,1,1,0,0,0) 5123452342312, 1(1,1,1,0,0,0) 51234542312, 1(1,1,1,0,0,0) 5234231215
1(1,1,1,0,0,0) 5234231, 1(1,1,1,0,0,0) 5234523423121, 1(1,1,1,0,0,0) 52345234231,
1(1,1,1,0,0,0) 52345423121 1(1,1,1,0,0,0) 523454231, £(1,1,1,0,0,0) 534123121,
1(1,1,1,0,0,0)S3421, 1(1,1,1,0,0,0) 5342321, 1(1,1,1,0,0,0) 5345123423121,
1(1,1,1,0,0,0)S3452342321 5 1(1,1,1,0,0,0) 5345321 5 1(1,1,1,0,0,0) 53454123121 5
1(1,1,1,0,0,05345421, (1,1,1,0,0,0) 534542321

l(w) =5, we Xy

1(0,1,1,0,0,1)53423, 1(0,1,1,0,1,0)5345423, 1(0,1,1,1,0,0)534523423, £(0,1,1,1,0,0) 54523425
t(o,1,1,1,0,0)$4534, t(1,0,1,0,0,1)5341231, t(1,0,1,0,1,0)5345412317 t(1,0,1,1,0,0)53451234231,
1(1,0,1,1,0,005451234215  £(1,0,1,1,0,0)54534, 1(1,1,0,0,0,1)52312, ¥(1,1,0,0,0,1)5234123125
1(1,1,0,0,0,1) 5234312 £(1,1,0,0,1,0)523125 £(1,1,0,0,1,0)52345412312, £(1,1,0,0,1,0) 5234543125

1(1,1,0,1,0,0) 5234312, 1(1,1,0,1,0,0) 5234512342312, 1(1,1,0,1,0,0) 523454312,
1(1,1,0,1,0,0) 545123421 5 1(1,1,0,1,0,0) 54523425 1(1,1,1,0,0,0) 5234123125
t(1,1,1,0,0,0)82345123423127 t(1,1,1,0,0,0)82345412312, t(1,1,1,0,0,0)8341231,
1(1,1,1,0,0,0) 53423, 1(1,1,1,0,0,0) 53451234231, 1(1,1,1,0,0,0) 534523423
1(1,1,1,0,0,05345412315 £(1,1,1,0,0,0) 5345423

ﬁ(w) = 6, w € X12

X1 contains the 200 length-six elements not contained in X;3.

E(w) = 6, w € X13

(0,0,1,1,1,0)5543,  (0,1,0,1,1,0)554232;  1(0,1,1,0,1,0)553432,  1(0,1,1,1,0,0) 5432,
(0,1,1,1,0,0)545432,  £(1,0,0,1,1,0)554123215 (1,0,1,0,1,0)55343121, t(1,0,1,1,0,0)543121,
1(1,0,1,1,0,0)545431215 £(1,1,0,0,1,0)55234321, ©(1,1,0,1,0,0)542321, %(1,1,0,1,0,0)545423215
(1,1,1,0,0,0) 5321, t(1,1,1,0,0,0)5343217 t(1,1,1,0,0,0)53454321
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Table A.14: Coefficient data for GSpy, p = (1,1,0,0)

l(w) =0
Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
Aq 1 1 Z 1 1 -2
Ao | 3 2 1) 0 0 0
Aw,ga ke € Awia, ke
l(w) =1
Path | /(A) | rank(Ja) | Isom. class of S, j, || A(A) | B(w,A) | C(A)
Al | 2 2 1 0 0 1
l(w) =2
Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)
A |1 1 Z 1 0 29
l(w) =3
Path | /(A) | rank(Ja) | Isom. class of S, 5, || A(A) | B(w,A) | C(A)
0 0 0 7 X 1, 2 0 -3
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Table A.15: Coefficient data for GSpg, = (1,1,1,0,0,0)

l(w) =0

Path | /(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
Aq 2 2 Z 1 2 -2
Ay | 4 3 {1} 0 1 0
Ay | 4 3 {1} 0 1 0
A, | o4 3 {1 0 1 0
As |6 3 (1} 0 0 2

Awy-]AlJfF C Aw7JA27kF C AwaJA37kF = Aw7JA47kF = Aw,JA5,kF
l(w) =1

Path | /(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
A | 3 3 1 0 1 1
Ay | 3 3 {1} 0 1 1
Az | 5 3 {1} 0 0 1

Aw,ga ke = Aw sy ke = Awda, kr
l(w) =2

Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)
A, | 2 2 Z 1 1 2
Ay 4 3 {1} 0 0 0

AW,JAka C AUHJAT]CF
l(w) =3, we X,

Path | /(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
A, | 1 1 Zx 7T 2 1 -3
Ay 3 2 Z 1 0 -1

AW,JAka C AUHJAT]CF
l(w) =3, w e Xy

Path | /(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)

A | 3 3 5y 0 0 1
l(w) =4

Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)

Aq 2 2 Z 1 0 -2
l(w) =5
Path | /(A) | rank(Ja) | Isom. class of S, s, || A(A) | B(w,A) | C(A)
Ay 1 1 7 X7 2 0 -3
l(w) =6
Path | /(A) | rank(Ja) | Isom. class of S, ;. || A(A) | B(w,A) | C(A)
0 0 0 L X 71X 1 3 0 -4
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Table A.16: Subsets of Adm(u) for GSpg, 1= (1,1,1,0,0,0)

lw) =2, we X,

t(0,1,1,0,0,1)5323, t(1,0,1,0,1,0)8312317 t(1,1,0,1,0,0)52312312,
1(1,1,1,0,0,0)531231, 1(1,1,1,0,0,0)5323

1(1,1,1,0,0,0) 523123125

l(w) =3, w e Xy

1(1,0,0,1,1,005123,  £(1,0,1,0,1,0)531232,  1(1,0,1,0,1,0)5312;
t(1,1,0,1,0,0)$23121, t(1,1,0,1,0,0)52312321> t(1,1,0,1,0,0)5231,
1(1,1,1,0,0,005321, £(1,1,1,0,0,0)5323123121, £(1,1,1,0,0,0)532321

1(1,1,0,1,0,0) 512312,
1(1,1,1,0,0,053123121
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