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derived from the misspecified working model converges to a well defined limit, and is
asymptotically normal. The sample variance under the linear model is biased under
model misspecification; but there exists a robust variance estimator of the MLE
that converges to the true variance in probability. Criterion-based automatic model
selection methods may select a linear model that contains many extra variables,
but this can be avoided by using the robust variance estimator for the MLE Bn in
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Chapter 1
Background and Preliminaries

1.1 Background

“The method of maximum likelihood is, by far, the most popular technique
for deriving estimators” (White[32], p.1). A fundamental assumption underlying
classical asymptotic large-sample results on maximum likelihood estimation is that
the stochastic law which determines the behavior of the data is known to lie within a
specified parametric family of probability distributions (the proposed models). The
true probability distribution (the correct model) is assumed to be one of the distri-
butions in the specified family, or in other words the model is “correctly specified”.
In many situations, this might not be true. “Model misspecification” means that the
specified probability family does not include the true probability law that governs
the data.

Discussions of model misspecification go back to the 1960’s. White [32] has
a detailed account of past literature in the introductory section of his paper. He
also examined the consequences and detection of model misspecification when us-
ing maximum likelihood techniques for estimation and inference. He proved under
some regularity conditions in a setting with large samples of independent and iden-
tically distributed (iid) data that the estimator maximizing the working likelihood

converges to a well defined limit, and gave more general robust statistics that are



analogous to Wald tests of significance for the “correctly specified” case.

The main objective of our analysis is to study a special class of misspecified
models, where the true model is a mixed effect model, while the working model
fails to account for the random effect, using fixed effects only. Moreover, in all but
the simplest problems, some models with relatively large numbers of parameters
are considered, particularly when the sample size is large. So we are allowing the
dimension of the parameter space to expand at some rate less than the sample
size. If we assume that different parameter values identify different probability
laws in the parametric family, then the parameter space is the set including all the
possible parameter values. Most statistical procedures depend heavily on asymptotic
methods which rely on the central limit theorem for the parameter estimators and
provide good approximations for remarkably small sample sizes when the dimension
of the parameter space is fixed and not too large. When we allow the parameter space
of our working model to grow with the sample size, the validity of the approximation
need to be carefully examined. Portnoy [20] studied the asymptotic behavior of
likelihood methods in natural exponential families when the number of parameters
tends to infinity, and gave a rate at which the number of parameters can increase
(compared to the sample size) so that the asymptotic distributional approximations
for maximum likelihood estimators and likelihood ratio tests may be accepted as
reliable. Other discussions of this sort include Strawderman and Tsiatis [27] and He
and Shao [12], who focused on consistency and asymptotic normality of M-estimators
when the parameter space is increasing with the sample size.

Our problem has two aspects that are in violation of assumptions of classical



statistical analysis: the misspecification of the model, and the increasing dimension
of the parameter space. Apparently, the past works of White [32] and Portnoy
[20] and each addressed one aspect of the problem but not the other: White [32]
assumed that the data are independent and identically distributed (iid) , and the
parameter space is fixed, while Portnoy|[20] assumed that the data are iid and the
model is correctly specified. Therefore our case is not a direct application of any of
theirs. But their previous work provides a variety of tools we can use in our special
situation.

With a fixed-effect working model with expanding dimension when the true
model is a fixed-dimensional mixed effect model, we want to study the effects of
misspecification on the number of spurious variables in model selected by automatic
model selection. Various papers discussed strategies of choosing the optimal model
according to certain criteria by an automatic selection procedure. The selected
model will minimize (maximize) the specific criterion, and in this setting consistency
and asymptotic efficiency of the final model have been well studied for models of
a fixed dimension. (See, for example, Rao and Wu[21] for a list of these selection
methods and their asymptotic properties.) Since any model selected will still be a
fixed-effect model and thus cannot be the right one, we are more concerned about
the number of spurious variables in the model, i.e. the number of variables in the
selected “optimal model” that are not the true fixed effects. We want to determine
if leaving out the random effect will lead us to include more variables than necessary

in the final model chosen by an automatic model selection method.



1.2 Overview

The main topics we cover in this project are the effects of the specific model
misspecification as outlined in Section 1.1 on parameter estimation and model se-
lection.

Results are demonstrated in the two subsequent chapters. In Chapter 2 we
focus on the normal-linear regression models, and in Chapter 3 we discuss the Gener-
alized Linear Models with the Logistic and Poisson regression models as two special
cases.

Section 2.2 discusses in detail the asymptotic behavior of the estimators de-
rived from the working model, including the Least Squares (LS) estimator and the
sample variance as a variance estimator. Results on asymptotic behavior of the
estimators, when the dimension of the parameter space is fixed or when the model
is correctly specified, are available from the past literature. Asymptotic analysis of
the estimators under our specific setting is neither discussed elsewhere nor a direct
application of past results. We use techniques of Portnoy [20] to study the conditions
under which the LS estimator is still consistent and asymptotically normal. We also
prove that the sample variance is a biased estimator of variance of the LS estimator,
propose a robust version of the variance estimator, and prove its consistency under
the model misspecification using techniques of White [32].

Sections 2.3 and 2.4 both study the effect of model misspecification on criterion-
based model selection procedures. The quantity we are interested in is the expected

number of extra variables in the optimal model selected by a model selection pro-



cedure. We prove in Section 2.3 that the Bonferroni-adjusted model selection pro-
cedure will choose a model that contains a number of extra variables that goes to
infinity with the sample size if we use the sample variance as the variance estimator,
but if we use the robust sandwich variance estimator, the experiment-wise error rate
will be controlled at the right level. In Section 2.4 we study Shao’s GIC, which rep-
resents a class of popular model selection methods, and conclude that the expected
number of extra variables can be near zero if we let A,, in Shao’s GIC increase fast
enough.

In Chapter 3, we first discuss the consistency and asymptotic normality of
the MLE in a general setting in Section 3.2. We give conditions under which the
MLE is consistent and asymptotically normal. These conditions are then checked
in Section 3.3 and 3.4 as special cases. Unlike the normal-linear regression case
where the MLE converges to the parameters in the true model, in generalized linear
models the MLE converges to the point in the parameter space which minimizes
the Kullback-Leibler distance between the true and the working models. We also
calculate or approximate this limit in Section 3.3 and 3.4. The computation and
simulation studies in Section 3.5 confirm the theoretical results and suggest results

that are not theoretically available.

1.3 Notations

Throughout our analysis we assume that the data are clustered samples. Clus-

tered samples arise frequently in practice. This clustering may be due to gathering



repeated measurements on experimental units as in longitudinal studies or may be
due to subsampling the primary sampling units. The latter type of design is com-
mon in fields such as ophthalmology, where two eyes form natural clusters, and
teratology, where one gathers data on all members of a litter.

The data consist of a response variable y;; together with a p,-dimensional
vector of covariates x;; € RP", that is, x;; are row vectors of dimension p,. The
data are gathered in clusters or groups, and i € {1,---,m} indexes clusters while
j € {1,---n;} indexes units within clusters. Therefore, there is a one-to-one cor-
respondence between the single and double indexing: (i,7) < t = S0_% ng + j for
jed{l,---,n;}, i€{l,---,m}and t € {1,---,n}, where n; is the total number
of objectives (responses) in the i’ cluster, and n = Y7, n; is the sample size.

For the subsequent chapters, we will assume that the true model is a mixed-
effect model, and the working model is a fixed-effect model. We denote by X7 the
n x p* design matrix of the true model, and " its p* x 1 fixed effects parameter
vector. The random effect is assumed to be a random intercept at the cluster level.
The vector of random effects of the true model is denoted by u, a m x 1 random
vector. The n X p,, design matrix X,, of the working model includes all the columns of
the true model, i.e. X,, = (X*|X?), where X° is a n x g, matrix. The p, x 1 vector
B3, denotes the parameter vector in the working model. The number p* of fixed
effects in the true model is fixed but we will allow ¢,, (and therefore p,, = p*+¢,) to
depend on n. The situation where the design matrix of the working model does not
include all the columns of the true model (“Omitted Covariates”) was discussed in

Neuhaus [19] and Drake and McQuarrie [8], and will not be considered here.
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With clustered data, it is useful to mention two special types of covariates.
The first type, a cluster-constant or cluster-level covariate, has the same value for
all the units in the cluster. This is the type of covariates we assume in Chapter
2, with the additional assumption that the (distinct) cluster-level covariates come
from a common distribution. The second covariate type, a designed within-cluster
covariate, varies with identical distribution across the units within each cluster. This
is the type of covariates we assume in Chapter 3, with further assumption that all
the covariates come from a common distribution.

Since we have two types of covariates (the cluster-constant and designed within-
cluster covariates), we use the notations X,, and 7 instead of X, and n as generic
notations in this chapter. With cluster-constant covariates, X, is the m X p,, matrix
consisting of the row vectors of X,, from the m clusters (or, the m cluster-level co-
variates), and 7 = m. With designed within-cluster covariates, X, = X, and i = n.
The number p, of parameters in the working model is the same in both types of
covariates, so the generic notation for p, is still p,.

We denote by %x; for t € {1,---,7} the 7 Tows of X,,. Let X;; or X; be the row
vectors of X,,, let xj; or x; the row vectors of X7, for j € {1,---n;}, i € {1,---,m}
and t € {1,---,n}. We use the pair (ij) exclusively for indices of the double-indexed
responses or rows of X* and X,,, and ¢ for the corresponding indices of the single-
indexed responses or rows. The column vectors of X,, are x®) and the column
vectors of X, are x*) for k € {1, -+, pn}. We suppress the subscript n in these
notations but they all depend on n. All boldface lowercase letters except for the
letter x (with subscripts and/or superscripts) are column vectors. Prime of a vector
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or matrix denotes transpose, while prime of a function denotes derivative.

1.4 Definitions

In this section we will list the definitions that are needed in the following

chapters.

Definition 1.1 (Special Matrix Notations) The following notations are reserved

for special matrices:
1. J,, : the n X n matrix whose elements are all 1’s.
2. 1, : the identity matriz of size n.
3. 1, : the n x 1 vector whose entries are all 1's.

4. D = diag(dy,ds, -+ ,dy,) : the n X n diagonal matriz with dy,dy, -, d, as its
diagonal elements; when dy,ds, - - -, d, are square matrices, the notation means
that D is a block-diagonal matrixz with dy,---,d, as its diagonal sub-matrices

and zero matrices (of the right dimension) as its off-diagonal sub-matrices.

Definition 1.2 (O,, 0,, O and o) We say: V,, = O,(R,) if and only if V,, =
R,0,(1), where O,(1) denotes a sequence that is bounded in probability. V,, = 0,(R,)
if and only if V,, = R,0,(1), where o,(1) denotes a sequence that goes to zero in
probability. Similarly, for two functions f and g, f = O(g) means f(x)/g(x) stays

bounded as x — oo, and f = o(g) means f(z)/g(x) — 0 as x — 0.



Definition 1.3 (Ordering of matrices) We say that the n x n symmetric matric
P, is less than another n x n symmetric matriz Po in the matrix sense, denoted by
P, <Py, if

v'Piv < v Pyv (1.1)
for all unit vectors v € R,,. The strict ordering Py < Py means that the inequalities

(1.1) are strict for all unit vectors v.

There are two immediate conclusions we can draw if P; < Py :
1. (Py — Py) is a nonnegative definite matrix;

2. tI‘Pl S tI‘PQ.

Definition 1.4 (L, Norm for a random variable) Forp > 1, and random vari-

able &, if E|€[P exists, then the L, norm of & is ||€||, = (E|&[P)'/?.

There are many norms defined for a vector or a matrix. In the subsequent
chapters when we use the norm || - ||, we mean the Euclidean norm of a vector and

the operator norm of a square matrix:

Definition 1.5 (Norm of A Vector) For a vector v.= (vy,v,---v,) € R", the

Fuclidean norm is
n 1/2
vl = (va) e
i—1

Definition 1.6 (Norm of a Square Matrix) For a square matriz M, the oper-
ator norm s

IM||= sup Vv'Mv.

Ivl=1veRn



For a nonnegative definite symmetric square matrix M, all eigenvalues are
nonnegative real numbers. Let Apayx(M) and Apin (M) be the largest and smallest

eigenvalues of M, or equivalently:

Definition 1.7 (Alternative Definition of A\,.(M) and A\yin(M))

)\max(M) = sup v Mv
Ivi=1
Amin(M) = | iﬂ£1 v Mv.

A direct application of Definition 1.7 is

M| = Amax (M) (1.2)

for nonnegative definite symmetric matrix M.

Definition 1.8 (V and V®?) The gradient of function f(v) with respect to vector

v is defined by

ov

and the Hessian of f with respect to v is defined by

V& f= 7
VT Ovov!
For an x 1 vector v,
v®? = vv

Definition 1.9 (Modes of approximation) For two real sequences a, and by,

we say

1. a, = b, if and only if a, — b, — 0 when n — oc.
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2. ap ~ by, (with b, #0) if and only if a,, /b, — 1 when n — oo.

. p p L, .
If at least one of the sequences is random, we use =~ and ~, and the limit is in

probability.
A similar definition is available for functions:

Definition 1.10 (Modes of approximation for functions) For two functions fi(z)

and fo(x) we say
1. fi(z) = fo(z) at x = xo if and only if lim, ., (f1(x) — fa(z)) = 0.

2. fi(z) ~ fo(x) at x =z if and only if lim,_.,, fi(z)/f2(x) = 1.

Definition 1.11 (e— Ball) The e—ball of a vector v € R"™, denoted by Be(v), is
the compact set

B(v)={weR":||w—-v| <€}

Definition 1.12 (Asymptotic Normality (Strong Sense)) The p, x 1 estima-
tors 0,, are said to be asymptotically normal if for any unit vectors v,, € RP* the

standardized scalars \/no,'v!,0, are standard Normal.

The triangular array w;, is row-independent if for each n the sequence wj
for 1 <i < n consists of independent variables. Let Efw;,| = 0 for all ¢ and n and

02 =Y Elw;,]? then

Definition 1.13 (Lyapunov Condition for Triangular Arrays) The row -independent
triangular array w;, s said to satisfy the Lyapunov condition if there exists 6 > 0

such that

D k=1 E|wi,n|2—|—(s
0-72L+5

0. (1.3)
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The Lyapunov condition is a sufficient condition for the Central Limit Theorem
to hold(see, for example, Shiryaev [26]). For sequence wy, satisfying the Lyapunov
Condition (1.3), the normalized row sum converges to standard normal when n —

Q.

1.5 Assumptions

Assumption 1.1 The elements of the vector 3 € RP  satisfy |B;| > 0, Vi €

{1,"',]9*}-

For large sample results, we need to control the rate at which the number of
parameters in the working model is growing with the sample size, which leads to

the next assumption:

Assumption 1.2 The total number of parameters in the working model is p, = p*+
qn, where p, = O(n?), with § < 1/4. Particularly, we assume that p, = [an’)] where
[z] means “the greatest integer less than or equal to x, or p, = an’(1+ O(1/logn))

for some constant a > 0.

Our response data are not independent and identically distributed (iid), since
the responses from the same cluster share the same unobservable random effect. To
be able to use the large sample theory in the literature, we can view X; as a random
sample from a random vector €, and discuss the problems at the cluster level,
where a function of the response and the covariates is iid. Therefore we make the

following assumption:

12



Assumption 1.3 For each n, the rows of X,, are #d from the same distribution
FE(n>. Let E,in) be the k' element of €™. Then

20
1-26°

ElEP [ < O, fork e {1,---p,}, andr >

That is, the (4r)" moments of the elements of €™ are uniformly bounded where r

s a fived number.

Remark: By allowing uniformly bounded higher moments on the elements of
X,,, the matrix ﬁ_lfqlfin can be better controlled when n goes to infinity. In later
discussions, we will give sufficient conditions on how large r should be for various
purposes. O

€(n)®2

Let the p, X p, matrix E;") =F be defined for 1 < k,1 < p, by

(Z0} = Blee).

Assumption 1.4 There exist positive constants m* and M* independent of n such

that for every n,

m*'L,, <30 < M1, .

Remark 1: Because we allow the number of parameters to go to infinity with the
sample size n, we might face multicollinearity problems when there are too many
parameters in the model; Assumption 1.4 bounds E;") below and above so that it
is always a nonsingular matrix, and as we prove later that (ﬁ_l)i’nfin) is very close
to E;"), the multicollinearity problem is avoided because X,, will have full rank. O

Remark 2: Assumption 1.4 also guarantees that for any b € RP» with ||b|| #

0, the random variable £™b will not degenerate to 0, and for ||b|| < oo, the random

13



variable £€™b has finite second moment. To see this, note that E [b’E(")/E(")b] =
b’ E;")b is bounded away from both 0 and co by Assumption 1.4. O

Up to now we have not discussed the assumptions on the cluster sizes n;. In a
clustered data structure, there are two ways to increase the sample size: to increase
the number of clusters (m — o0) or to increase the cluster sizes (n; — 00). We
consider the first case and view n; as a sample from some population with finite
moments. Since m goes to infinity at the same rate as n, we exchange O(m) and
O(n) in the subsequent chapters without specific comment. Moreover, in the generic
notation, O(n) = O(n) for both types of covariates, and we do not make further

comment about the difference between O(n) and O(n) in this chapter, either.

Assumption 1.5 The numbers n;, © = 1,---,m are independent, identically dis-
tributed random variables with 1 < n; < Npax almost surely, Eny = Ny > 1 and

ETL% = Ny < 00.
The following assumption provides iid clusters:

Assumption 1.6 For each n, the pairs (X;,n;) are iid for different t.

1.6 The Problem of Increasing Dimension

In classical statistical analysis, the number of parameters in the model is usu-
ally fixed. But in real statistical analyses the complexity of a model is often related
to the size of available data. The asymptotic distribution of the parameter esti-

mates are usually derived by taking the sample size to infinity for a fixed number
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of parameters. Usually in large sample inference, when the dimension of X’,X,, is
fixed and X,, has iid rows, the stability of the matrix (n~'X’,X,,) follows from the
Law of Large Numbers(LLN) applied to the p columns of X,, and virtually poses
no additional difficulty beyond applying LLN finitely many times. When we have a
parameter space of increasing dimension, this method is no longer valid. Firstly, we
need to point out that when the dimension of X,, grows with n, the convergence of

(71X’ X,,)~! is in the sense of operator norm. That is,

(71X X,) = 20| = 0
with probability approaching 1. For this “convergence in operator norm”, we need
the contribution ( of the difference between (n™'X’,X,,) and its expectation) from
each column to be controlled to order p,!. This can be done by assuming finite
higher order moments for the entries of €™ and using the Burkholder Inequality

(See Proposition B.1). This is similar to the approach Portnoy [20] took.

Theorem 1.1 Under Assumptions 1.2 and 1.3, when r > 20/(1 — 20), there exists

a sequence aj — 0 when n — oo such that with probability going to 1,
1o, (n)
=X, X, — XY <azl,,. (1.4)
n

Proof: By the Cauchy-Schwarz inequality,

E|€I(€n)€ln)|2r < \/E|€1(gn)|4TE|€l(n)|4r <C

(K1)

for each k,l < p,. So the sequence n;"" = Xp.Xxp — (E;"))kl is iid with zero mean

and finite (2r)"* moment uniformly in & and [. By Proposition B.1 in the Appendix,

2r

(K1)

r kl T~ =T
E M < oz gt | za.

~+
Il

3| —
ek

1
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Let e =r(1 —20) — 20 > 0 and 0 < § < €/2r. By Chebyshev’s inequality,

1N . s
P|E S s - (507), | 2 4 p]
i=1
1 7 2r
kl ~—2r§, —2r
— TZT/{E ) 2 n 2 Jpn2
n ~_
< Ol 5 (L5)
Therefore,
(k1) ~—5 —1
P, Z” > ]
1 2r
< ngP ~ gkl) > ﬁ—%é 7:2T
i=1
S M ~26r— rpir+2 (16)
) = 0(7’)

where M,. is a constant that depends on r but not &, [ or nn. Since p,, = O(n

and § < €/2r,

257“ rp;llr+2 O(ﬁ25r—r+29r+29) — O(ﬁ25r—e) = 0.

Let M = 1X’ X, — =" Then the element of M in the k" row and [**

column is M( D n(kl and so far we have proved that

M| > ﬁ—épgl] = O(R?") = 0. (1.7)

P | max
1<k, I<pn

If v € RP" with ||v|| = 1, and let vy denote the k* element of v. By using Cauchy-

Schwarz twice, we get

V/M(ﬁ)V = M,(j)'l}k'l}l




Pn

< (B ()
Zmlw

< 4/ max
- Pn 1<k<pn

P 2
<
< Vi s Yo s (M)
= ()
= Vi |2 (M)
(1)
< .
< po mex M|, (1.8)
and SUD|jy(|=1 vM®y < Pr MAX 1<k [<p,, M,(j)’ . Let a5 = ﬁ_‘;; then
' (n) (y > 50
P|=X, X, =2} > azl,, = P|sup vVM >n
n [Ivi=1
< P [p max M(ﬁ)’ > ﬁ_é]
= 1<ki<pn | R | =
(7 ~20r—€
< 0¥ ) =0 (1.9)
Therefore, with probability approaching 1, there exists a sequence az = 7% — 0
such that M = %X;Xn — 2 < a1, O
(k) = (E;n))kl — itkitl and

The following corollary is obvious by defining 7;

following the exact same arguments

Corollary 1.1 Under Assumptions 1.2 and 1.3, there exists a sequence aj — 0

when n — oo such that
Theorem 1.1 and Corollary 1.1 therefore give a bound for the difference be-

tween 71X/, X,, and 2



Corollary 1.2 Under Assumptions 1.2 and 1.5, ||%)~(;L)~(n — 30| = 0,(ar)

Proof: From Theorem 1.1, with probability approaching 1,

1~ -
X! X, — E;")> v < sup viail, v = a;.

/
= sup v ( n
[vi=1 n [vi=1

Hlfc X, — 5
/fl, n xX
O

Corollary 1.3 Under Assumptions 1.2-1.4, the matriz E;") 1s positive definite for

any n, and for n large enough, the matriz (7" 'X’ X,,) is also positive definite.

Proof: Under Assumption 1.4, for any v € RP",

vy > m*vI, v =m" >0,

SO E;")is potsitive definite. Since a; — 0, for n large enough a; < m* and

M= azl,, 2 ("~ an)L,,

—

which makes (2~'X’ X,,) potsitive definite.

Corollary 1.4 Under Assumptions 1.2-1.4, the eigenvalues of (X" X,,) are bounded

below and above by (m* — az) and (M* + az), respectively.
Proof: From Theorem 1.1 and proof of Corollary 1.3,

. 1

(m* = az)l, < 7

The corollary follows then by Definitions 1.3 and 1.7.

Corollary 1.5 Under Assumptions 1.2-1.4,
= Op(as).

H (AXX,) " = (20

18



Proof: By Assumption 1.4 and Definition 1.7,

(=)

1

m*

= Ao (2) <

and similarly

1

min n * .
m® — Qg

(%X, =k (%X, <

Therefore

o - ()

< Jl sy ) lxm e

< m |7'X, X, = 20| = 0,(a)(1.10)

O
In later chapters, when we discuss the asymptotic limit of p, X p, matrices,
we often need the quantity max;<, x<p, |Xu| to be bounded in probability by some

power of n. We need the following lemma on th maximum of independent variables

to prove Theorem 1.2.

Lemma 1.1 Let wy, be a row-independent triangular array, where for each n, the
sequence Wy, 1s wd for 1 < t < n. If there exists a constant C' > 0 such that

Elwn|P < C < oo, then for any §,, > 0,

S
max ] = O, (n!/75).

Proof For any d,, > 0, =1/p+ 6, > 1/p and constant K > 0, we have

1/p+5w — _ €
P[lrgtaé |wen| > Kn ] =1 P[lrgtaé |wen| < Knf

19



= 1— (Pllwyn| < Knf))"

— 1= (1= Pllwi, ] > KPn])"
P n
< 1- (1 _ Blwial® )

Kpnep

o nE[wLnFD 2—2ep

= O(n'*) -0
for e > 1/p.
Theorem 1.2 For any 6, > 0,
max |]|* = O, (n* *p,).
Proof: Let w;; = ||X4]|*/pn. Then wy; is a row-independent triangular array.

~ 2r
Elwg " = p* (E[%?)
P 2r
- (S
k=1
—2r 2r

S b, Dy ml?“X(Ei%k)zr

< max Blxp[" < C;
So according to Lemma 1.1, for any 6; > 1, maxy |w; ;| = Op(n%”l), or

~ L
mas [ = O, (nF*1p).
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Chapter 2

Linear Models

Linear models are a special type of models that have an appealingly simple
and interpretable analysis. This is the most widely treated branch of statistics, both
in theory and in practice. The response variables are ordinarily assumed to be linear
combinations of the regressors of fixed dimension plus iid zero-mean normal errors.
We are interested in violating these assumptions in three ways: the responses are not
independent under the true model; the number of regressors are not fixed; and the
model is not correctly specified. We want to show the effect of omitting a random
intercept in a normal linear model on parameter estimation, hypothesis testing and

model selection.

2.1 General Notations and Assumptions

The True Model: We assume that the true model is a mixed-effect linear model with

a random intercept:

2
UuIm Omxn

vo=Xip zure. (1) ~a]o e

2
Onxm O, In
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where

1,, O 0
0 1, 0

Z, = , (2.2)
0 . 1,

nxm

y» is the n X 1 vector of responses, X* is the n x p* design matrix, and the
p* X 1 vector 8" is the coefficients of the fixed effects and u is a m x 1 vector

of iid normal random variables with mean 0 and variance o2,

The Working Model: We assume that the working model is a standard fixed-effect

linear model:

Yn=XuB,+e €~N(003L,) (2.3)

where the n X p, matrix X,, is the design matrix of the working model, and
the p, x 1 vector 3,, is the vector of coefficients of the fixed effects. Also the
working model assumes that the entries of the n x 1 vector € are iid normal

variables.

As we mentioned in Chapter 1, we assume in the linear models that we have cluster-

level covariates. This means that
Assumption 2.1 With Z,, defined in (2.2),
X, =Z,X,. (2.4)

Under Assumption 2.1, we have x;; = %; for 1 < j < n;. According to As-

sumption 1.6, the pair (x;,n;), 1 < ¢ < m are iid 1 x (p, + 1) row vectors, with
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x; satisfying Assumption 1.3 and n; satisfying Assumption 1.5. Therefore, we can
define two matrices:

(=1}, = Eln€i" &™)
and

{=03}, = Blniel"e).

Throughout this chapter we discuss only the Least Square (LS) estimator of 3,

(which, in normal linear regression, is also the Maximum Likelihood Estimator under
the working model):

B, = (X/ Xn)_IX;Lyn-

n

2.2 Asymptotic Behavior of the Estimators

Asymptotic behavior of the LS estimators under regularity conditions are well
studied in the literature. These conditions include the independence of the data, a
fixed dimension and normal errors. Various papers try to relax these assumptions.
Lai, Robbins and Wei [15] discussed the strong consistency of least squares esti-
mates in multiple regression with independent errors under minimal assumptions on
the design and weak moment conditions on the errors, and Eicker [9] relaxed the
identically distributed assumption on the errors. But neither discussed the problem
with increasing dimension. We will first establish the stability of (n~'X/ X,,) under

Assumptions 1.2-1.6, and then prove the consistency of the LS estimators.
Theorem 2.1 Under Assumptions 1.2-1.6, with probability going to 1,

—m~L,, <m XX, -0 <m™L,,

23



and

—m T, <m 'X,Z,Z,X, — 20 <m™°T,

where 0 < § < €/2r is arbitrary and € = r(1 — 20) — 26 > 0.

Proof: For Z,, defined in (2.2), the following are true:

ny --- 0
Z,Z, = diag(ny,- -, ny) = : (2.5)
0 N,
mXm
and
Jn, 0
0 - J..
nxn

where J,,, is the n; X n; matrix whose elements are all 1’s. With the repeated rows,
X! X, =X, 727, X, = > niXx;,
i=1

and

m
/ / _ 2515
X 2,2, X, = > niXx;.

i=1
Since the pair (x;,n;) are iid, we can use the same arguments as in the proof of
Theorem 1.1 with the new iid random variables \/n;X; and n;X; instead of x;. The
only thing we have to prove, is that the (4r)th moments of \/nX; and nX; are
uniformly bounded for all 7 and k. Under Assumption 1.5, n; < Nyax almost surely;
with Assumption 1.3, E|\/n_ixik|4T < N Elxig|'" < N* C, and Elnx;|*" <

Nir C 0

max *
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Remark: With Theorem 2.1, we have proved the stability of the two matrices
(m~'X',X,,) and (m™'X',Z,Z',X,). Moreover, we can bound the two expectation

matrices Ein% and Ein% in terms of bounds for 3™ and n, :

m*IPn S Eﬁ:,? S M*Nmax:[pn (27)
and
m* Nuad,, < 55 < MNp T, (2.8)

Then similar to Corollary 1.1 to 1.5, we can find the bounds (in the sense of ordering

in matrices) for (m™'X/X,) and (m~'X/Z,Z',X,,). O

2.2.1 Consistency of the LS Estimator

We show in this section that in the model misspecification of (2.1) and (2.3),

~

the least squares estimator for the coefficients 3,, is still consistent. Let

/60: </80> )
P X1

X8 = X0, (2.9)

then

The following theorem provides a version of consistency for Bn For simplicity, we

drop the subscript n in X,,, ¥, and Z,, but bear in mind that they all depend on n.

Theorem 2.2 Let Bn be the Least Squares Estimator of the working model. Then
under Assumptions 1.2-1.6 and 2.1, |8, — Byll = Op(pn//71) as n — oo, where the

probability is taken under the true model.
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Proof: First of all,
B, = XX)'X'y
= (X'X)'X'(XB, + Zu+e)

= Bo+ (X'X)"'X'(Zu+e),
SO
18, = Boll® = (B, — Bo)' (B, — Bo) = (Zu + &) X(X'X)*X'(Zu +e) = v, > 0,

and for constant K > 0,

~ Kpn
A

7

To have ||3, — Boll = O,(pn//n), it suffices to prove that Ev,n/p2 — 0 as n — oo.

K*p? < Ev,n
n | T K?2p

Since [X(X'X)™2X'] is nonnegative definite and the diagonal matrix Z'Z <

NmaxIn, Corollary A.1 implies
i1 [X(X'X)2X'ZZ| < Nyt [X(X'X) 2X] = Nypatr [(X'X) 7]
The random vector (Zu + e) has variance-covariance matrix
var(Zu + e) = 02ZZ + 0’1,
SO
Ev, = E[(Zu+e)X(X'X)?X'(Zu + e)]

= tr[X(X'X)*X/(0222 + 071,))|
= o2t [(X'X) ] + ot [X(X'X) ?X'ZZ/|
< (02 + Nuaxo2)tr [(X'X) 7] (2.10)
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By Theorem 2.1,

=) — mL, < m7X,X, < B0 4w,

Moreover, the matrix Ein% satisfies

*I < E(n) S NmaxM*IPn>

therefore

(m* — m_é):[pn < m_IX/an < (NmaxM* + m_é):[pn

and by Corollary 1.3, m~'X’,X,, is positive definite when m is large enough. So the

smallest eigenvalue of m~'X’,,X,, is bounded below:

Amin (M 71X, X,,) > m* —m™,

and
tr [(X’X)_l} = %tr {(Xﬂ;x)_l] < %pn)\;nln(m_lX'an)
< po/Im(m* —an)| = O(pa/n). (2.11)

In conclusion,

[nﬂ Bl > K}] < O(pu /- n/p?) = O(pY) — 0,
implying [|3, — Boll = Op(pn/v/10). O

Remark: Therefore, even though the model is misspecified, the LS estimator
of the coefficients derived from the working model is still consistent. Theorem 2.2
not only proves that the LS estimator asymptotically converges to 3, it also gives
the rate of consistency in probability. From the proof we can see that the result
holds as long as 6 < 1/2. O
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2.2.2 The Asymptotic Variance of Bn

It is obvious that under the specification (2.1) when both u and e are normal

vectors conditionally given X :
yIX ~ N(XB,, V),
where V = ¢2ZZ' + 021, and
BIX = (X'X) !Xy ~ N(By E ),
where

3.

5 = (XX)XVX(XX) ™

In other words, under the true model, both y and Bn are normal conditional on X.

Since
m ' X'VX = m H02X'ZZ'X + o?X'X) = m™* <02 > onixixi+ ol nli;il> ,
by Theorem 2.1 we get

| XV — (0220 + o250 | 2 0,

and
n)\ 1 n n)\ ! n)\ 1
Hngn_[ag (50) =0 (=) + 02 (=) ” 2o (212)
Therefore, the asymptotic variance of Bn is (m~! multiplied by)
n)\ 1 n n)\ 1 n)\ 1
Sa=02(38) =0 (20 42 (38) (2.13)

2.2.3  Asymptotic Normality of 3,

In this section we are going to derive the asymptotic normality of /m(8, —3,).-
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Theorem 2.3 Under Assumptions 1.2-1.4 and 2.1, if r > 50/[(2(1 — 360)], then for

any sequence of unit vectors v, € RP»,
Vmo Vi (B, — By) — N(0,1) (2.14)
where 02 =V, 34V, and 34 is defined in (2.13).

Proof: Let the p, x 1 vectors ¢; be defined as ¢; = X7, (yi; — XiBy)X; and

note that

Then

i=1j=1
+[ommxx) 7 = (20) 7] LSSy - 0%
i=1j=1
(=) LS [ - (30) ] LS
i=1 =1

To prove (2.14), since gy, is uniformly bounded away from 0 and oo, we only

need to have:

-1

o m/%! [(m_lX/X)_1 — (Efﬁ) } Y1 G =0p(1).

-1
e The sequence v/, (Ein%) ¢, satisfy the Lyapunov condition for any sequence

of unit vectors v,, € RPn.

Actually, if 3 ¢ denotes the covariance-variance matrix of ¢;, and since (M*)™'I, <

-1
(Ein%) < (m*)7'1L,,, the vector




is also a unit vector in R?. If we can prove that

(ViEv) Y, 2= 3 G N0.Y)

for any sequence of unit vectors v,, € RP*, then

2\ — 2\ — -1/2 N\~ 1 m
v (20 "2 (20) ] v () S
| R e ) R

*/ * —1/2 */ 1 -

(n)

x,1

This indicates that the sequence v/, (E

a1
Vo i
v ¢

-1
) ¢, satisfies the Lyapunov condition

(Definition 1.13 for any sequence of unit vectors v,, if the sequence v/ {, satisfies the

Lyapunov condition for any sequence of unit vectors v,,.

Hence, we are going to prove instead that

x,1

L X (5805220

2. For any sequence of unit vectors v,, € RP", the sequence v/, (, satisfies the

Lyapunov condition for central limit theorem.

As stated in Shiryaev [26], the Lyapunov condition is a sufficient condition for

Lyapunov central limit theorem.

Let e; = n; ' Y27, e;; be the average of e;; in the 7' cluster. Then given %; and

J

n;, the random variable (u; + e;.) is normally distributed with mean 0 and variance

(02 + 0%/n;), and therefore has finite (47)" moment. Therefore ¢; are iid p, x 1

random vectors with mean zero and

Aar
i

Z (yij - iiﬁo)iik

j=1

< ME |ni%y|" < C < 00

El¢;|" = E

30
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uniformly over k. Since

for any 0 < 6 <

_ JZ(Zcm) < Vpr max ,

1 1<k<pn

1 Mm
—2 G
mi3

r(1-20)—260

5. and any constant K > 0, by Chebyshev Inequality,

Burkholder’s Inequality and (2.15),

Pllmee

1 m
P[ P max |02 G
1 m 4r 4
Pll= , s (K a—em—1/2 —1/2\*"

Mrpnm_er 47"m27“n—47“5+47“5pir

> Kn’~ 5]

IN

> K n‘;_el

IN

Pn

IN

— O(p1+2rn—4ré+4re)_)0’ (2.16)

n

r(1-20)—20

if ¢ > 0 is sufficiently small and 47§ > 6(1 + 2r). Since § < 5

is arbitrary,

when

0(1+ 2r) r(1—20) — 260
< )
4r 2r

or r > 50/[2(1 — 30)], we have

1 - o d—¢
||ﬁ;cz — 0,(n")

for e sufficiently small and any ¢ such that

0(1+ 2r) s r(1—20) —29‘
4r 2r

Note that

50 2
201307~ 1-20
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for all 0 < 6 < 1/3, so r > 50/[2(1 — 30)] automatically means that r > 260/(1 — 20)
for 6 < 1/4.

This is to say that for any unit vectors v,, € RP", there exists 0 > 0 such that

H(m‘lX’X)_l—(Eﬁ)_l = 0,(n~°) and Hm_l/zxﬁlci = 0,(n’~®).
Therefore
n)\ 1 &
Vv, X% = (20) ] Y
m =
_ 1 m
< vl lm= XX = (20N =S,
< vl X% - (20) S
S Op(n—éné—e)
— o1 (2.17)

The first condition is proved.

Now we need to check the Lyapunov condition in Definition 1.13 for each
sequence m~Y/2v/ Y ¢, In other words, if 02, = > var[v/,(;], then we need
to prove that o, y, is bounded away from zero for any unit vector v,, and

S EMGE
0-3

=1 n,Vn

0.

First of all, by Chebyshev inequality, triangular inequality and (2.15),

3
ENv,GIP = E

Pn
Z VakGCik
k=1

Pn Pn
< E[Z Vik Z C?k]g/z
k=1

k=1

3/2

o 2
> G
k=1

3/2

IN

Pn 3/2
(Z ||c?k||3/2)
k=1

3/2 3
< p? max B¢y
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< p*cC.
Moreover,
T 2
ng
Elvi¢l? = E|E (Z(yw —iiﬁo)iivn) |wi, i, X5
j=1
roT 2
ng
j=1
> 02E(Xv,)?
> oV E X% v
> agm*
Therefore,
- Elvi. Gl mpy/*C
> 3 = 3/2( ;2 *3/2_)0’
=1 Tnwvn m32(agm”)
and for any sequence of unit vectors v,, € RP»,

-1/2

v (=) " e (=) v

(3 =S G- N

Finally,
_ . )
EC :E[Cicli] = FE X; (Z(yij_iiﬁo)> X
j=1
- 5 ;
= E X;E (Z(yij—iiﬂo)) |wi, miy X | X5
j=1
= F —x;(nfai%—niag)xi}
= 250+ o220,

which implies for any sequence of unit vectors v,,

Vi (20) s (50) v

-1/2

! n)\ 1 -
v, (1) lﬁgci — N(0,1)
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by Lyapunov CLT. By the definition of ¥4 in (2.13), we can see that
(n\ )\~ _
(Z0) = (2) =%
and therefore for any unit vectors v,, € RP»,

V(v Eava) " (B, — By)

N —1 N —1 -1/2 -1 1
= L EE) T E () ] v () T Gt ol
22 N0, 1), (2.22)
which, by Definition 1.12, means that (Bn — B,) is asymptotically normal. O

Remark: The asymptotic normality discussed in Theorem 2.3 is very strong,
since it implies that each entry of Bn is asymptotically normal. For this result to
hold, it is clear that 6 has to be less than 1/3. This means that the rate at which

pn, must grow is smaller for asymptotic normality than for consistency of Bn O

2.2.4 The Variance Estimators

The estimator of the variance o2 under the working model (2.3) is usually the

mean Residual Sum of Squares (RSS):

~

s = (n—pa) "y — XB)'(y — XB).

Let

H = X(X'X) X"
Then clearly

H? = X(X'X)" ' X'X(X'X)'X' = X(X'X)'X' = H,

34



so the symmetric matrices H and (I — H) are idempotent. Therefore
s'=(n—pa) " (y —Hy)(y —Hy) = (n—pa) ' (Zu+e)I-H)(Zu +e). (2.23)

When the model is correctly specified, this estimator is consistent (s? 2, o2). The

following theorem establishes the limit of s? in probability when n — oo.

Theorem 2.4 The sample variance s* under the working model converges to (o2 +

2

o) in probability, where the probability is taken under the true model.

Proof: To see the asymptotic limit of s> under the true model (2.1), note that
for any random variable T, P(|T — ET| > €) < varT/e?. The first step is to find the

expectation and variance of s?. First,

Es® = (n—p,) 'E|(Zu+e)(I—H)(Zu+ e)
= (n—p) 'tr(I-H)V)

. — tr(HZZ'
@) 524 waz (2.24)

e u’
n — pPn

where the expectation is taken conditional on X under the true model. For nonneg-

ative definite matrix X(X'X)~'X’ and diagonal matrix Z'Z, by Proposition A.1

tr[HZZ| = t[X(X'X)"'X'Z'ZZ'Z]
< Nuaxtr[X(X'X) ' X'Z'Z)]

= Nmaxtr((X/X)_IX/X) = Nmaxpn- (225)

So tr(HZZ') = o(n) since Npyax < o0 and p, = o(n). Therefore, when n — oo,

2 2 2
Es* — 0. +0?.
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Under normal-distribution assumptions on u and e in (2.1), the variance of s*

is equal to
var((Zu+e)(I-H)(Zu+e)) = 2tr[(I-H)V)?
= 260 [((T- H)(02ZZ + o21))|
= 200tr[I-H)ZZ' (1-H)ZZ
+  doZo’tr [(1 - H)ZZ'] + 202tr(I — H)
@O o0t [te(Z2Z'ZZ') — 2tr(HZZ'ZZ)) + tr(HZZ HZZ')]
+ 20X (n —p,) + 40202 (n — o(n)). (2.26)
Note that

tr(ZZ'2Z') Y n? Sn? 0m N,
= . e d

n n m ZZ n; Nl

tr[(HZZ'ZZ') = tr[(X'X) "X diag(n3,n3, - - -, n2)X] < N2_ p, = o(n),
and

tr[HZZ'HZZ] = t[ZX(X'X)'X'Z'ZZ'ZX(X'X)"'X'Z'72Z']

IN

Nanaxtr[X (X' X)X Z/ 22 Z]

IN

N2 tr[(X'X) ' X'Z'ZX]

max

< N2ppn = o(n). (2.27)

Thus the variance of s? satisfies

() - 2O o) 43500l 20300 ) _ g,

From the above calculation we see thatEs* — o2 + o2 and var(s*) — 0 as n — oo,
which implies s % 02 + o2, O
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Remark: The sample variance s? derived from the working model is biased.
This is due to the failure of the working model to account for the variability in-
troduced by the random intercept at the cluster level. Theorem 2.4 also bounds
the difference between s% and (02 + ¢2) in probability: s? = o2 + o2 + O,(n~1/2*%)
where € is an arbitrarily small positive number. This follows easily from Chebyshev’s

Inequality and the fact that var(s?) = O(n™1). O

Under the working model,
B,1X ~ N(XB,05(X'X) ), (2.28)

and Theorem 2.4 gives an estimator under the working model for the variance in
(2.28).

var(B,) = s*(X'X) .
There is also a robust choice of variance estimator, that is, an estimator valid under

the true model. Let {(0) be the log-likelihood of the working model, that is,

208

10,) = Y030 135(0,) = 5 log(2rr)

it 2?21(?/1'9' - Xzﬂn)z‘

2.2
203 (2.29)

= —g log(2ma]) —

with 0,, = (8,,,02). Recall that V,f denotes the gradient of a function f with

respect to ¢t and (VP2f) the Hessian of f with respect to t. We define

A,(0,) = —m™'V g 1(6,) (2.30)

n

and

B,(0,) = m_lz (Vgn ilij(en))
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ot S (i — %igBa)xisfop T
Z( 1/(208) + (yij —Xz’jﬁn)z/@Ué))

Then the robust variance estimator for 6 (Bn, 62)" is defined as

varg(0,) = A;1(6,)B,(0,)A(6,), (2.31)

n

where 62 = [(n — p,)/n]s? is the Maximum Likelihood Estimator (MLE) for o2
under the working model. This robust variance estimator, also called the “sandwich”
variance estimator is a (p, + 1) X (p, + 1) matrix. This is Huber’s [13] and White’s
[32] definition for the robust variance estimator. By the definition of Bn and 62, we

get:

0 2n/68
Let Bn(én)n be the p, X p, matrix at the upper-left block of Bn(én), then the upper

left block of vérR(én) gives an estimator for the variance of Bn, and it is equal to

varg(B,) = (%X’Xyl 1 fj (i(yj — scifjn)scg) N (%X’X) - . (2.32)

mi= \j=1

We have

Theorem 2.5 Under Assumptions 1.2-1.4 and 2.1, if further we have r > 1/[2(1 —
30)], then

~

Hv&m(ﬁn) — EAH 20,

e., the “sandwich” variance estimator converges to the true variance 34 in prob-

ability.

Proof: Since




and

(M +an) ™ < [[(m™XX) 7 < (m” +an) ™,

by the definition of ¥4 in (2.13), it suffices to show that

. ®2
my (Z(yij - ii/én)i;) — (0250 + o220)|| 2 o. (2.33)

2 2
1 m Mg A o m Mg o
BTSSR, (R S,
mili= =1 i=1 |j=1
1 m n; 2
ol R = et
=1 |j=1

Let the p,, X p, matrix

2
1|2
_ 1t J(ui + €:.)* XX, — (0525&3 + agzggg)
m

where e;. = ni_l Z?;l ei; is the average of e;;’s in the it" cluster. Let
1 & ) (n)
2 25 2 n 2 n
Mkl = E an (ul + 6i.) XikXil — (Uuzx,2 + Uezx’l)kl
i=1

be the elements of M for 1 < k,l < p,, and let
= 0w+ e;)%axka — (02203 + 072{)
then for each k and [, My, is the average of m iid random variables with

Enf = EmIE(ui + e:)%axn) — (0230 + 0255)
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= o2E[n¥kaXa) + 02 E[nXaka) — (agzg}; - agzﬁjj{)kl

= 0. (2.34)
And since given n;, (u; + €;.) ~ N(0,02 + 02 /n;) and has finite (4r)" moment,
Elnj(ui + e ) %akal ™ = B [[nf%axal™ B((ui + €)"|n;)| < CEni%aka|” < C*

for C* < oo uniformly in k£ and [ by Assumption 1.3. Therefore the matrix M
consists of a sum of zero-mean random variables with uniformly bounded (2r)™"
moments. Following the same arguments as in Theorem 1.1, there exists dy; > 0
such that |[M|| < n=° — 0 with probability approaching 1.

On the other hand,

- 2 2
1 m ng o m ng o
LIS (S5, Xzﬁn)] K- 3 {z@w xm] X%,
i=1 [j=1 i=1 |j=1
1 m [ ng 2 n; 2
= — > (Z(?ﬁj - izﬂn)) - (Z(yij - izﬂo)) XiXi
mi=1 | \4=1 j=1
1 m —'I’li 4 R ng A R o
T oDy = %iBy +yi — Xzﬂo)] |:Z(yw —XiB, — yij + Xzﬂo)] XX
i=1 [j=1 j=1
1&g . - . A
= |2 2w+ e) + ni%i(By — /Bn)] ni(Xi(By — B,)) %X
i=1
2 |& - -
= = Z?’L (ui + €i)Xi(By — B,)XiX; n))zxgil
m ||
A 1™
< max |x;(8 .l H—Zn i + €.)XiX; —l—max|xl( Bo— B ||[— D nixix| .
i mi=

: -1 2515 ()] P (] - -1 2515
Since Hm S NEXIX; — EX@H — 0 and HEX? is bounded, |m~' >, niXix;|| =

O,(1). Therefore, we need to prove that

1. max; [%:(8 — B,)| [|m ™" S0y n2(u; + e )Xi%i|| 2 0;
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2. max; [%;(8, — 3,2 2 0.
Let the p, X p, matrix W = m~' 3" n?(u; + e;.)X/X;, then each element of W is

the average of m iid random variables with E[Wy| = E[n?(u; + e;.)x/%;] = 0 and
E|Wkl|2r = E[|n?§clk§(u|%E(|ul + ei,|2r|ni)] S CE|7112)~(Z]€)~(Z[|2T S c*

uniformly in k£ and [ for C* < co. Again W is a matrix whose elements are average

of iid zero-mean random variables with uniformly finite (2r)* moments. Therefore

W = [[m™ > nd(u; + e;)X%;|| 20 (2.35)

i=1
with probability approaching 1.
By Theorem 1.2 and Theorem 2.2 for r > 1/(2(1 — 30)), let d, = (1 — 30 —
1/(2r))/2 > 0, then
max %8y~ B < max %78, — ol
= Op(pan> ™ p2n ")
= 0,(n20730-2)) _ 0. (2.36)
by (2.36) and (2.35), max; |%:(3, — Bo)|l|lm ' =, n?(u; + e;.)X%;|| % 0. Finally,

1L
201—36) " 1—20

whenever 6 < 1/3. The theorem is therefore proved. O

Remark: Theorem 2.5 tells us that when the model is misspecified, we can
still get a consistent variance estimator for Bn in the operator norm. Therefore,
when 6 < 1/3 and r is large enough, the LS estimator derived from the working
model is consistent, asymptotically normal, and has a consistent variance estimator.

O
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2.3 Bonferroni-Adjusted Model Selection Procedure

Under the model misspecification indicated by (2.1) and (2.3), one quantity
is of great interest to us: the expected number of extra regression coefficients to
be tested significant in multiple hypothesis testing. The most commonly controlled
quantity when testing multiple hypotheses is the experiment-wise error rate, which
is the probability of yielding one or more false positives out of the p, hypotheses
tested:

Py, (Jat least one false positive) < a. (2.37)

Standard linear model theory and Analysis of Variance (ANOVA) treat the Multiple
Comparison Procedure (MCP) with the statistics Bilk) /7,82, where Bik) is the k"
entry of Bn, s? is the sample variance derived from the working model, and 7 is the
k' diagonal element of the matrix (X’X)~!. The coefficient 3, is said to be signif-
icant if and only if the absolute value of its standardized estimator is greater than
some threshold decided by level a. Another Multiple Comparison Procedure often
considered is that of Schefté, which controls the error rate for any linear combination
of the estimated coefficients to exceed a threshold. However, this procedure is not
applicable for our model-selection procedures because we wish to select model terms
one by one and not in linear combinations. Under either the working or the true

model,

Py, (3 at least one false positive) = 1 — Py, (

ﬁ
|
S
N

5 S?
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By the Bonferroni Inequality,

3" e 1BY)
<t VE=1,-.p) >1=5 Py (12l S 4
VS ) kzzjl O(\/%s2 )

Under the null hypothesis Hy : 8, = 0, the standardized estimator of the coefficient

is t—distributed, and (2.38) becomes
Py, (3 at least one false positive) < p, P(|T] > t),

where 7' is t—distributed under the working model. Therefore, to have (2.37), it is
sufficient to have P(|T| > t) < «a/p,. Since under Hj the standardized estimator
converge to normal when n gets large, in large-sample asymptotics we usually use Z,
a standard normal rather than 7. Hence to control the experiment wise error rate at
level a, we have P(|Z] > t) = 2(1 — ®(t)) < a, where ®(+) is the cumulative density
function of a standard normal variate. The threshold ¢ could thus be determined

under the working model:

t= ¢! (1 @ ) (2.39)

2

This is derived from the Bonferroni Inequality, and is a rather stringent thresh-
old to select significant variables, especially when Bik) 's are correlated. A Bonferroni-
Adjusted model selection has type I error controlled at level . Our main interest lies
in N,, the expected number of extra variables that will be significant in a Bonferroni-
Adjusted Model Selection due to the model misspecification. Ideally this should be

controlled.

Theorem 2.6 Suppose that the true model is specified as (2.1) and we are selecting
a model according to the working model (2.3). Under Assumptions 1.2-1.4 and
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o (k
2.1, we use the statistic Bi)/\/%sz in the multiple hypothesis testing, then for
r > 20/(1 — 40), the Bonferroni-Adjusted Model Selection at level o with thresh-
old t determined in equation (2.89) gives us a model with expected number of extra

variables
Pn Tk rp—1
N, ~ b (—O‘) Ologn) ™
5 e (2 (rttogn)

k=p*+1

-1
where ry, is the ratio of the k™ diagonal element of the two matrices (o2 +02) (Ein%)

and 4.

Proof: First of all, for any large positive number x (see proof in Appendix, Propo-

sition B.2),
1

T (14 0(272))
2mx

1—®(x) =

Note that t is large because « is fixed but p, is large. This means

Q 1

— = —e_tz/2 ). .
o = (1+0(t72)) (2.40)

Since p, = [anf], taking logarithms on both sides of (2.40) yields
1 1 2 t2 —2
log a — log(2a) — Ologn = —3 log(2m) — 5 logt® — 3 +log(1 4+ O(t™)).
Evidently the top order of ¢? is logn, and ¢t=2 is small, so that
log(1 4+ O(t™2)) = O(t2) = O((logn)™1).

Let t? = 20logn + R, where R, /logn — 0; then (2.40) becomes

avV 2T 1 R, R, 1
log( 9 ) + §log [(%logn) (1 + 2910gn>] + 5 = O((logn)™),
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and

R, n
1 201 1 = log(2 log1 1 1
og [( ogn)( + 2910gn>] 0g(20) + loglogn + og( + 2910gn>
= log(260) + loglogn + o + O(R?(logn)™2)
201ogn
R
= log(2 log1 = e .
0g(20) + loglogn + 2910gn+0(R /logn) (2.41)

since we assume that R, /logn — 0. Therefore (2.40) becomes

1+ o(1)>‘1

a2
R [og( ) oglogn + o(R,,/ ogn] ( + 0oz

ol

— [log< « ) —loglogn—l—O((logn)_l)] [1+0((logn)™)]

ol
a? log log n
= —loglogn + log +0 . (2.42)
a?mh logn
Therefore
) a? log log n
t* = 20logn — loglogn + log +0 . (2.43)
a?mh logn

From (2.12) the true conditional variance given X for 3, = (X'X)'X'y is

. (K
p! 3 - Therefore the true variance for the k™ entry of 3,,, var(ﬁi )), is the k" diagonal

element of the matrix 26 : (Eﬁ ) . However, the working model uses s*(X'X)~!
n n/ kk
as the variance estimator of Bn, so that the k' entry has an estimated variance of

o (k
vér(ﬁi )) = ((X’X)™!),,. - From Theorem 2.1, there exists §; > 0 such that

= OP (n_él ) )

x,1

HmEB — 34l =0,(n™%), Hm(X’X)‘1 — (E("))_l

and from Theorem 2.4, s? = (02 + 02) + O, (n~/2*1) for a sufficiently small number
g1 > 0. By the definition of operator norm, it is easy to show that the diagonal

elements of a positive definite matrix are uniformly bounded by its operator norm,
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therefore

-1

m(EA ) = (S4) + 0,(n™™), andm (X'X) ;0 = (S0))  +0,(n~)
/611 kk Rk

uniformly in k. The ratio of the true standard deviation to the estimated standard

deviation is therefore

s (XX) ™)

(Zgn)kk

— V(L + 0, (n ) (2.44)

uniformly in k, and the constants in O,(n~°*) do not depend on k.
The first p* coefficients 3; are all nonzero under Assumption 1.1 and since Bn

is consistent, we expect that

P

B(k) o
n -1 s
Nk i) (1 - 21%)] (2.45)

is small enough to be ignored for our interest. Certain probabilities such as

P[(m™'X'X)~! > C,m!?), P[s* > C.m!/?

and P[m (Eﬁ ) < C,m™/3] need to be estimated for constant C, to check that
n/ kk

(2.45) is ignorable; but for our purposes we only need (2.45) to be of the order

n~! and the three probabilities mentioned can be checked with a little care and

further calculations. We will limit our attention only to the later entries of Bn For

kE>p +1




. |/6k| —51 _ i
= P m>f(1+0( )@ (1 2pn)
= 21— O(/r(1+ 0, (n ")) (2.46)

Since t = O(y/logn), and the pdf of standard normal is bounded by 1/v/2m,

[O(/TR(1+ Op(n~1)t) — (/7|
< 1/\/%\/5150:0 (n™)
= O,(n""\/logn)

where the constants in O,(n~%y/logn) are uniform in k since all 7 are bounded by

1. It follows that

. B| —1 @
e = k—pz+1PlV7k52 e a 2pn)]

Pn

=2 3 [1_q>(\/a(1+op(n—51))<1>—1(1—%))l
_ 5 Z B(\/7t) + Op(n™ ,/1ogn)]

Using Proposition B.2 one more time, we get

n= (y/logn)* (=) " (1+ O(tz))]

V2mrey/20logn — loglogn

= O(n " (\/logn)™= " (1 + O(t™?)). (2.47)

where the constants in O(t72) are uniformly bounded by 1 and therefore do not
depend on k. Comparing O,(n=%/logn) with O(n=%*(y/logn)™~1), it is obvious
that the O, term is negligible if 6; > 6, since all r;’s are bounded by 1. Here 0 < §; <
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(r(1—20)—26)/(2r) is an arbitrary number, so we only need 6 < (r(1—26)—26)/(2r),

or r > 20/(1 — 40) for such a §; to exist. Therefore,

N, = 2 Z ®(y/rit)] + O, (n~°*\/log n)

k=p*+1
Pn n—(%k(\/m)m( a )—Tk
orv/mf -2 0-5
= 2 1+0(t 10 1 /]
k=§+1 \/27T7’k\/2910gn—loglogn( +O() | +0(n \/@)
Pn r .
~ S (%> (70 log n) "5 (2.48)
k=p*+1 an

O

Remark: It is worth mentioning that the approximation in Theorem 2.6
requires that # < 1/4. Even though each O, terms in (2.44) is small, when adding
qn of them, this could be non-negligible compared to the main term (1 — ®(,/7xt)).

Nevertheless we have established the asymptotic equality (2.48). O

Corollary 2.1 If instead of s*(X'X)~! we use in hypothesis testing the sandwich

variance estimator (2.32) for Bn, then under Assumptions 1.2-1.6 and 2.1, for

N 1 20
e CIF R A Ty

the experiment-wise error rate is controlled at level a.

Proof: As proved in Theorem 2.5, the sandwich variance estimator converges to

the true variance of Bn in matrix norm. Therefore the ratio in (2.44) is equal to

(14 O,(n~1)) and

Pn
Ne = 2 )

k=p*+1

\/logn]
o o
= > [2]9 + O, ( logn]

k=p*+1
= a4+ 0,(n’%/logn). (2.49)

48




Here 0 < 01 < (r(1 —20) — 20)/(2r) is an arbitrary number. As long as d; is also
greater than 0, we the O, term in (2.49) will dissappear and the experiment-wise
error rate will be controlled at the right level a. For such a §; to exist, we only need
0 < (r(1—260)—20)/(2r), orr >20/(1 —40) > 20/(1 — 40). O

Remark: Corollary 2.1 encourages the use of the sandwich variance estimator
when we do multiple hypothesis testing. Although the sample variance s? estimates
consistently the true variance of y;;, under the working model, it is still problem-
atic to base our statistical inference on the variance structure that the working
model assumes. This can be corrected by a using robust variance estimator, the
“sandwich” variance estimator defined in (2.32), which estimates consistently the
variance structure of the estimated coefficients and thus can lead to much more
accurate conclusions. O

The formula in Theorem 2.6 can be reduced if we make the following additional

assumption:

Assumption 2.2 The cluster sizes n; are independent of X;.

Then,

Corollary 2.2 If in addition to the assumptions in Theorem 2.6 we further impose

Assumption 2.2, then

where
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and

Proof: Under Assumption 2.2,
=Nz, B0 = NEE.

So the ratio r is equal to

for all k = p*+1,---, p,. Therefore

No=2 35 [1- ®(yall + Opln o)1) = 20, [1 — B(y3(1 + Op(n~))1)]

k=p*+1
where the O, terms are uniform in k. Using the approximation (2.43) and then

Proposition B.2 again, we get:

N. = 2q, [1 — ®(\/ot) + Op(n_‘sl\/logn)]
_ a ¢ o1 _
= anfp1/? (W) (mologn) = + O,(n"~°*\/logn)

)

Viegn )
O
Remark: Theorem 2.6 assumes that r > 26/(1—46), and this is not necessary
for Corollary 2.2. The O, term N, is negligible as long as (1 — g) > 6 — 6;. So &
has to be greater than 6o, which means we need r > 20/(1 — 20 — 200). O
As we mentioned, Bonferroni Multiple Comparison Procedure is a rather strin-
gent procedure, especially when the coefficient estimates are not independent. When
the standard deviations of Bn are correctly estimated, the expected number of extra
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variables is controlled at a fixed small number a. But even this stringent procedure
can not control the experiment-wise error rate at the expected level because of the
model misspecification. The number p defined in Corollary 2.2 is always strictly less
than 1, since at least one of the clusters should have more than one observation.
Therefore N, goes to infinity as the sample size grows, and the rate is determined
by o0 and 6. The smaller g is, meaning that Ny/Nyo? >> o2, the faster N, is going
to infinity. On the other hand, the faster we allow p, to grow with n, the faster N,

will grow with n as well.

2.4 Shao’s GIC

Automatic model selection is a class of procedures to choose the optimal model
by a certain criterion. There are many different selection criteria proposed in the
literature. See Rao and Wu [21] for a detailed discussion. Asymptotic properties of
these selection methods are also discussed by Shao [24]. The desirable asymptotic
properties, according to Shao, are consistency and loss efficiency, where the final
model is chosen to minimize or almost to minimize the criterion with high proba-
bility. Shao proposed a criterion GIC), that can specialize to several well-known
model selection criteria, including AIC, BIC, Cross Validation, Mallows’ C,,, etc.
He also summarized in his paper the asymptotic behavior of various model selection
procedures in different situations. Since Shao’s GIC unifies a class of model selec-
tion methods, we are interested in studying the expected number of extra variables

in the model selected by Shao’s GIC, and in a way summarize what to expect for
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various model selection methods.

2.4.1 Notations and definitions

We will adopt Shao’s notations and definitions in this part of the chapter.

Let A, be a class of subsets a« C {1,---,p,} each of which represents the
column-indices from X, for a proposed model. The number of models in 4, is finite,
but may depend on n. For each a € A,, let p,(a) be the size of a (the number
of parameters in model «), and I,(a) be the p, X p,(a) matrix of zeros and ones
such that (I,(a)),. = I[i € a, and i is the k™ element of a]. Then X(a) = XI,,(«)
is the design matrix for the model containing precisely the predictors with indices in
a. The Least Square Estimator of y under model « is denoted by y(a) = H,(a)y,
where H,, (o) = X(a)[X'(a)X(a)]7'X'(a). Since we are more interested in the extra
number of variables chosen by model selection under misspecification (2.1) and (2.3)
than the effect of omitting one important covariate, we further assume for simplicity
that Vo, {1,2,---,p*} Ca € A,, i.e. the true fixed effects are always included in

all models considered. The loss function is defined as follows:

Y

o e

where p,, is the expectation of y conditional on the covariates in the true model,
fn(a) = Hy(a)y is the LSE of y under model «a, and || - || is the Euclidean norm.
The goal is to minimize L, («) among all the models in A,,, but since L, (a) is not

observable, we instead select the model that minimizes the GIC), criterion:

) = ly —ﬁ(a)Hz n )\npn(oz)é’z(a)

Pn,)\n (Oé
n n

(2.50)
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over a € A, where p,(«) denotes the number of variables in model «, y(«) is the
LSE of y under model a, 6%(a) is an estimator of o2 , and {\,} is a sequence of
non-random numbers no less than 2 such that A\, /n — 0. Shao did not impose any
restriction on the variance estimators %(«) in his definition of (2.50), but for our

purposes we use the sample variance under model «, discussed in Section 2.4.3.

2.4.2 The Loss Function

The loss function L,(«) is a criterion most model selection methods try to
minimize, but whether choosing according to the loss function gives us the same
model as choosing according to a specific model selection method needs to be checked
carefully. The minimizer of the loss function can be obtained analytically only in
special cases. We are now going to look at these cases and discuss the model that
minimizes the loss function. The loss function is a measurement of the discrepancy
between the estimated mean and the conditional mean of y. With a cluster-structure
for the data, we want to take into account the difference among clusters in the mean
of y. This means that aside from the fixed effects, we also should condition on the

random effect u. The loss function for model « is

Lo(a) = n7'X"B" + Zu — Hy(a)yl?
= n7'[(I, — Hy(@))Zu — Hy(a)el?
= n ' (WZ' (I, - H,(a))Zu +eH,(a)e). (2.51)
In Section 2.3, we call a variable “extra” when it is not one of the first p* fixed

effects in the true model (2.1) but is tested significant in a hypothesis testing; we
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use the same name for a variable that is not one of the true fixed effects in (2.1) but
is chosen in the final model of a selection procedure. Let a denote the model that

minimizes the loss function, and p, (cy) denote the total number of variables in «ay,.

Balanced Data, Orthogonal Design
The first special case we will discuss assumes that
Assumption 2.3 V1 <7 <m, n; =b and
X'X = diag(v; 't ).

This is the simplest case of all, a balanced-data, orthogonal design. For this

case we have

Theorem 2.7 Under the basic assumptions and Assumption 2.3, p,(ar) — p* ~

Binomial(gy, P,), where

P 1 N 1 . (bo? — o2
= — + —arcsin [ ———% ] .
2 bo2 + o?
Since we assume that Vo € A,,{1,2,---,p*} C a, we only choose from the

models that are “larger” than the minimal model, the model with only the p* fixed
effects. Suppose that the model o, contains ps variables, among which are the p*
fixed effects, and p; — p* extra variables. The n x p, design matrix of the model as
is X(a). Let x*),  k=1,2,---,p, be the columns of X. Suppose that the models
s, and v, are those with design matrices X*®) = (X,|x(*)), for k = 1, 2. Evidently,
o, and oy, are obtained by adding the corresponding variables x(**) into a,. The
following lemma represents the difference of a;, and o in the loss function.
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Lemma 2.1

nLn(0,) = nln(os) = —boyns, +0cCs,,

where

Csk = o’e_zf}/skx(Sk)X(Sk)/e ~ X%?

and

e, = b o 2y, W Z/'xEWx ) Zu ~ 2

are independent random variables both following a x? distribution.

Proof: Sincen; =b, Vi=1,2,--- m,

7'7 =1l,.
Let x® be the k" column of X, then

x*) — 7xk)

K WI) — o1,

and

xRz — p=1x (k) (5) — b_lvk_l%,j-
Note that

X' ()X () X (arg)x ()

(X(k)’X(k))—l _
X(Sk)/X(as) X(Sk)/x(sk)
-1

X'(as)X(as) 0

0/ ,}/S—kl
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Now, for k = 1,2
Hn(ask) _ X(k)(X(k)/X(k))—lx(k)/

- (sk)
= (X(as)[x"") (587

X(0)X(a)) 0 (X«as))
0/ X(Sk)/x(sk)

= H,(as) + %kx(sk)x(sk)'. (2.56)
Therefore by (2.51)

nLy(as, ) — nly (o)
— WZ/(Ha(ay) - Hy(ay,)Zu + €(H,(ay,) — Ha(as))e

= 7, WZ'xEIxE 2 4, exHx(H) e (2.57)

Both (v, u'Z'x®)x()'Zu) and (v,, €'x**)x(*+)e) are rank-1 quadratic forms in nor-
mal variables of /7, x**Zu and \/@x(sk)’e. For v ~ N(0,3,), the quadratic
form v'Mv follows a central X?«U distribution if and only if the matrix M3, is idem-
potent, where the degrees of freedom r, = rank(MX,). Details and proofs of these
widely-known results can be found in Searle [23], Chap.2. Note that e ~ AN(0, ¢2L,),
and

s X 5y sels)x (1) (20 72 Xy L) — oy x5l
Therefore the rank-1 matrix
Ue—2fyskx(8k)x(8k)/o-zln — ’Yskx(sk)x(sk)/

is idempotent and

Csk = o’e_zf}/skx(Sk)X(Sk)/e ~ X%?
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or

I (s Sk)! 2
%keX( k)X( k) e — UeCsk>

where (5, ~ 3.

On the other hand, u ~ N(0,¢21,,), and since

o ZIx X T — 12y ZEIZR el (50

SO
(b‘l%kZ'X(S’“)X(Sk)'Z)2 = %kx(s’“)x(sk)' = by, Z'x k) x(5k)'Z,

Therefore the rank-1 matrix

b o 2y, Z'x WX 22T, = by, Z/xEx (60,
is idempotent, which makes

Ne, = b o 2y, W Z'xEHxEW Zu ~ 2,
or
Yo, WZ' xR x 0 Za = bo?y,,

where 7, ~ x%. Finally, n,, and (,, are independent because u and e are. O

Lemma 2.2 For two independent standard normal variables Zy, Zs, and two posi-

tive real numbers Cy, Cs,

1 1 (0?2
P(CL|Z1] > Co|Zs]) = 5 T —arcsin <ﬁ> ,

Proof: First of all, let



the probability that WW; and W5 have the same sign is
P(W1W2 > 0) :P(W1 < O,Wg < 0)—|—P(W1 > O,Wg >0) :2P(W1 > O,Wg > 0)

Note that the joint density of Wi and W5 is

wi — 2pwiws + w%
2(1 = p?)

flwy, we) = ﬁ\/_ipgex 2

SO

P(W1W2 > 0) = 2/ / ’LU1,’LU2 dwldwg

— 2pwiwy + w2
m/l = / / exp{—= 20— ?)
r?(1 — 2psinf cos )

}dwldwg

= rexp{— +drdf
7T\/1 — / / 2(1 = p?)
2
= / do
7T\/1— 1—psm29
- V1o / do
B 2(1 — psind)
1— p2 1 ; tan & — p\|"
= arctan | ———
T V1= p? Vv1—=0p%/,
LT 4 et P
= — |- + arctan
T2 V1—p?
1 1
=5 + - arcsin(p). (2.58)
By the linear transformation
1 1
VA 30, a0y <Zl>
_ 2.59
<Z§k> 1 1 Z ( )
20, 201

which maps Ry = {(z,y) : —C1/Cex < y < C1/Cox,x > 0} into the first quadrant
and Ry = {(z,y) : C1/Cox < y < —C/Cox,x < 0} into the third quadrant, we
convert calculating P(C4|Z;| > Cs|Zs|) into calculating P(Z;Z5 > 0). Under (2.59),

1 1 1 1
ZF ~ N0, — + — Zr ~ N0, — + —
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and correlation of Z7 and Z7 is

02_02
7570 = ——2.
COI'I'( 1> 2) Cl2_l_022
Finally, P(C = A =141 in (G=5
v, P(C1| 21| > G| Za]) = P(Z{ 25 > 0) = } + Laresin (G63) 0

Now we can proceed and prove the theorem.
Proof of the Theorem: By Lemma 2.1, the difference in the loss function
by introducing an extra variable into the model is a linear combination of two

independent x? random variables. Furthermore, by (2.53), (2.52) and 2.55),
Ve, Z/X(Sl)x(sﬂlzf}/s2 7! (52)x (s2)7 62751,yszZ/X(S1)§((S1)/§((Sz)X(Sz)/z =0,

and

x(s1)x) x(2)x(52) — 0,

Therefore, nL,(as,) — nLy(as) and nl,(as,) — nl,(as) are independent random
variables. Let as,s, be the model with both x* and x(s2) added into model as,

then

nLy(asys,) — nhn(o,) = —75,uZ'x6)x62 Zu 4 ~,, e'x2)x(2)e

= nly(as,) — nly(ay). (2.60)

In other words, the difference in loss function by adding one more variable does
not depend on the variables that are already in the model. Therefore the order by
which the variables are added into the model does not change the probability that
this specific variable will reduce the loss function. Choosing the minimizer of the

loss function is equivalent to a series of yes-no questions, starting from the smallest
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model (with only the p* true fixed-effects), and a “yes” means the loss function
gets smaller by adding the variable. Therefore, the number of extra variables in
the model follows a Binomial distribution, with parameters ¢,, and P,, which is the

probability of answering “yes”:
P, = P[nL,(as,) — nLy(as) < 0] = P[~bo2ny, + 02¢ < 0] = P[\/l_)au|Zl| > 0| Zs|]

where Z; and Z, are independent standard normal variables. Using Lemma 2.2 with
C? =bo? and C? = o2,

1 1
P, = — + —arcsin (
T

bo? — o2
5 —u <.

2 | 2
bo? + o2

Remark: The expected number of extra variables in this case is ¢, - P,. The
probability P, is determined solely by the ratio bo?/0?. Moreover, P, ~ (0 when
bo? < 0? and P, =~ 1 when 02 < bo?2. Therefore when bo? is large enough compared
to o2, the model that minimizes the loss function will choose a model that is very
large, and the closer P, is to 1, the bigger the final model is; on the other hand, if
bo? is relatively small (in which case, the model misspecification is negligible and is
not an issue any more), the model that minimizes the loss function will only include

the p* fixed effects. O

Sequential Selection

The second special case we consider is sequential selection, when there is a

specific order with which new variables are allowed into the model. In this case, if
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the original design matrix is not orthogonal, we can first orthogonalize by Gram-
Schmidt procedure. Since the " column of the orthogonalized matrix is a linear
combination of the first ¢ columns of the original matrix, selecting the ' variable in
the orthogonalized model means selecting the first ¢ variables in the original matrix,
so the selection order is preserved with the orthogonalization. Therefore, when there
is an order, it does not matter if it is an orthogonal design matrix or not. But we
do need balanced data structure to calculate some of the probabilities. Again we

assume that only models that include all the p* fixed effects are included in A,,.

Assumption 2.4 Foranyi€ {1,---,m},n; =band A, = {ap11, -, qp, }, where

Oék:{l,'--,kf}.

Theorem 2.8 Under Assumption 2.4, the expected number of extra variables in the

model that minimizes the loss function (2.51) is

P,(1— Pi)
1-P, 7

*

1s the total number of “added” candidate variables and

P 1 N 1 _ (bo?—o?
= = + —arcsin | ———= .
2 bo2 + o2

where ¢, = pPp — P

Proof: The proof is exactly the same as Theorem 2.7, concerning the difference
(2.57) and the distribution that this difference follows (Lemma 2.1). What is differ-
ent is in the way we choose the final model: with a specific order, we stop asking
“yes-no” questions once we get a “no” ( adding the specific variable in the queue will

not decrease the loss function), while without specific order, we don’t stop until all
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the ¢, questions are asked. Therefore, if ¢, is the number of extra variables in the

final model of an order selection, with P, being the probability of answering “yes”,

fork=1,---,¢q,— 1, and

Therefore,

qn
Eq, = Y kP(p,=k)
k=0

qn—1
= (1-PF,) Y kPF+q,P"

k=1

dn dn
SRS R g

k=1 k=1

gn—1

= ZPf—(qn—l)Pj"+anj”
k=1

= ﬁ —

P,(1— Pi)
1-PF,

Note that again the number of extra variables chosen by a sequential selection
will depend on the probability P,. The expectation of ¢, is close to 0 when P, ~ 0,
meaning that the final model chosen contains no extra variables; when bo? is large
compared to o2, on the other hand, since (1 — P)/(1 — P,) ~ g, when P, is close

to one, the expectation of ¢, will be close to P,q,.
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Remark: From the above two special cases, we see that when there is no
correct model in A4,,, minimizing the loss function does not necessarily mean selecting
a parsimonious model. In both of our cases, when bo? is large compared to o2, the
model minimizing the loss function will select a final model with approximately ¢, P,

extra variables. O

2.4.3 The Variance Estimators

There are many possible choices for the variance estimator in (2.50). We

restrict our attention to

A2(a) — Sz(Oé) _ yl(:[;;:;:f(zo(éo)‘))y (261)

This is the sample variance under the model «, and is a very popular choice of
variance estimator. Sometimes people use n instead of (n — p,,) in the denominator,
but since p,/n — 0 as n — oo, this difference does not affect the limit or the
distribution of the variance estimator, so we will only discuss the estimators defined
in (2.61). For any a € A, fixed, it is not hard to prove that s?(a) % o2 + o2
following the same arguments as in Theorem 2.4. But since the size of A, could
be as large as 2P», the uniform convergence over sets of models can not be taken

granted and needs to be treated carefully.

Theorem 2.9 Under Assumptions 1.2-1.6 and 2.1 the variance estimators s*(a) 2

o2 + o uniformly for all o € A,.
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Proof: Since for any a € A,,,

9(0) = (02 D) = |2t o (T, — B (o) (B ) — (07 + )
(Zu—l—e)’(Zu—l—e)_ o2 4 o2
N (Zu+e)H,(a)(Zu +e)
n_pn(a)

Let e;. =n; ! 2?21 ei; be the average error of the it" cluster; then

(Zu+e)(Zu+e) X7 naui + 230 njue; + Y0 ST €

n— pa(a) n—pn(a)

Since the sequences u; and e;; are iid sequences, and u;e;. is a zero-mean independent
sequence with finite fourth moment, and n,;’s are assumed to be independent of u;’s

and e;;’s,

m 1

1

2 p
—doniu = — = g 0y
n < n o m%

by the Strong Law of Large Numbers and Slutsky’s Theorem. Similarly,
1
— Z ;U €;. & 0,
ne

and
1 a.s.
— Z Z e?j — af.
nT G

Therefore it suffices to show that

(Zu+e)H,(a)(Zu +e)

—ry 20 (2.62)

uniformly in a € A,,. First of all, by Theorem 1.1,
(m* —an)l,, < m_l(X;LXn) < (M™ +ap)l,.
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Then by Corollary 1.4

1

m

1

(M* ‘l‘ an)_l S )\min [ (X;Xn)_l] S )\max [E (X;Xn)_l] S (m* - an)_1>

and

(M* + a,) 'L, <m(X,X,)" < (m* —a,) ',

The choosing matrix I,,(«) has the properties

and

T ()P\T,(0) < T, (0)P1,(a)
if P; < Ps, and I (a)PI,(«) is nonnegative-definite if P is. Therefore
m (M + an) 'L, @) < (X (@) Xn(@) 7 < mTH (M = an) 7L, ),

and
I ()X (Zu +e)(Zu+ e)X,I,(a)
is nonnegative-definite. Moreover,
(Zu + e)H,(a)(Zu + ) = |tr[(Zu + ) H,(a)(Zu + e)]|

= (X}, ()Xo (a)) 'L, ()X, (Zu + e)(Zu + e) X, I (e)]

< m7H(m* — a,) 't ()X (Zu + e)(Zu + €)X, I,(a)]
< P (L)X, (20 )2 o)X, T a)
— L ()X (Zu o) (2 o) X))

< Pz ey X, L)

m(m* — ay)
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< ) ) x| (X, 2+ )
< P max ixlknl(uﬁ—ez) (2.63)

m(m* —a ) 1<k<pn ;]
The sequence {x;n;(u; + e;.)}, is an iid sequence with 0-mean and 4r*" moment.

By arguments similar to Theorem 1.1,

(n—p*)(m* —an)
P Lg}gn Z xpeni(u; + e;.)| > )2
(n—p*)(m* —an)
< __
< pn max P H Z xini(u; + e;.)| > )2
< MTp87"+1 —27“ ) 4r
— O(n(8r+1)9—6r) (264)

where M, is a constant over n. Finally, if » > 20/(1 —20) > /(6 — 80), for any

0<e<(2r(3—40)—0)/4r,

1 / e
P [m(Zu+e) H,(o)(Zu+e)>n ]
o (n—p7)(m” — an)]

pane

—  O(pErbo-brarey (2.65)

szknz uz + e ) =

=1

< P | max
1<k<pn

Therefore (2.62) is proved. O

The following theorem provides the bound for E|s* — (02 + ¢2)| :
Theorem 2.10 Under Assumptions 1.2-1.4 and 2.1,
E|s* — (02 + 02| = O(n~V?).
Proof: First of all,

Bls* = (oy+ o)l = El(n—p.) " (Zu+e)(I, — Hy)(Zu+e) — (0, + 07)]
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< El(n—pn) (Zu+e)(Zu+e)— (o] +07)
—E|(n—p,) ' (Zu +e)H,(Zu + e)|. (2.66)
The random vector (Zu + e) is a n x 1 vector of zero-mean random variables with

variance-covariance matrix V- = ¢2Z'Z+021,,. The quadratic form (Zu + e)'(Zu + e)

therefore has moments
E[(Zu + e)Zu + e)] = tr[V] = n(c2 + 02),
and

E[(Zu + e)(Zu + e)—n(o2+02)])* = 2tr[V?] = 2 [03 > ni+4nos+ 2710’30’2] = O(n).

i=1

Therefore

El(n —pa)~ (Zu+e) (Zu+e) — (0, + ;)]

n

n— pPn

< (n—po)Bl(Zu+e) (Zu +e) —n(o? + 02 + ( - 1) (02 + %)

< (n—pa) " VE[(Zu+e) (Zu + e) — n(o2 + 02)]2 + O(pa/n)
= O Y% +0(pn/n). (2.67)

)

If we let nfk) = xun;(u; + €;.), then ngk are iid zero-mean random variables

with finite (47)"* moment uniformly in k. Moreover,

m 2 2,
. 2
E lz Xieni(u; + ei_)] —F lz m(k)] =Y B[R] <me (2.68)
i=1 7 =1

for all 1 < k < p,. Note that

m_l(M* + am)_llpn < (X’X)_1 < m_l(m* — am)_llpn
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and
X'(Zu + €)' (Zu + €)X = [X/(Zu + e)]**

is positive definite By Corollary A.1 and Definition 1.7,

tr[(Au+ e)H,(Zu + e)] = tr [(X'X) ' X(Zu + e)(Zu + e)'X]

Col. A1 1 N 1 , ,
< m(m" —an) tr[X'(Zu+e)(Zu+ e)X]

< mH (" = am)  Pedmax (X (Zu + €)(Zu + e)'X]

DL mt — a) " | X (Zu + €)(Zu + €)X
< pamTi(m" = an) X (Zu+e)||”
pn [ m 2
= pam (M —an) ] [Z Xieni(u; + e;. )] : (2.69)
k=1 Li=1
Therefore

(n — pn)_1E|(Zu +eH,(Zu + e)|

—1 Pn

Z E lz xani(u; + e;. )]

= O(pn/n) (2.70)

In conclusion,
E|s® = (a7 +02)] = O(n™"?) + O(pa/n) + O(p}, /n) = O(n~"/?)

when 0 < 1/4. O
Remark: Not only does s? converge to (o2 + ¢2) in probability, but the distance
|52 — (02 + 02)| is of order (n~'/?*%) in probability and of order n~*/2) in L! norm,
namely, the distance |s* — (02 + ¢2)] is integrable. O
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Since s® converges to a point (02 + ¢2), the expectation of certain functions
should be well approximated by the function evaluated at the point (o2 + ¢2). The

following corollary states this result:

Corollary 2.3 Let g,(x) be a sequence of piecewise smooth functions defined on
0, 00). Suppose that there exist N, and 0 < Cy < (02 + 02) such that g,(z) are
uniformly bounded for 0 < x < Cj and g, (x) exist and are uniformly bounded for
x > Cy for all n > Ny. Let the nonrandom sequence t, > 2 be O(nl/z_‘;) with
0<68<1/2. Then

| Blga(tas®)] — g(ta(oy +02)| = O(n™°).

Proof: First of all, with 0 < C; < 02 +02 and 2 < t,, = O(n'/?7%), C,/t, < 0%+ 0?2
and |C,/t, — (62 + 02)| = (02 + ¢2) + O(t,,;!). Therefore by Chebyshev’s inequality
Pls* < Cy/ta] < Pl|s* = (o, + 0. = (0, +07) + O£, )]

< O™ [(o2+02) +O(t,")] ’
= O(n™) (2.71)
since O(t;') < O(1). Let M, be the uniform bound of |g,| on [0, Cy] and M, be the
uniform bound of |g),| on [Cy, 00). Then
E [|g(tns?) = g(tn(02 + 02)) 22,1 < 2My Pltns® < Cgl = O(n™")
and
b [|g(tn$2) — g(tu(og + 05))|I[tnszzcg]} <E [Mg’tn|32 — (og + 0§)|I[tnszzcg]}
< MgtoE[|s* = (o + )]
< 0?0~ *) =0mn™).
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Therefore

| Elga(tns®)] = gn(ta(o? + 02))|
< E|[ga(tns®) = galta(o? + 02))]]
< O(n Y +0mn™)
= O(n™).
O

Remark: From the proof of Corollary 2.3 we can see that the result still holds

if we let C, depend on n but be uniformly bounded away from (o2 4 02).

2.4.4 The Minimizer of I'), ),
We mainly discuss two types of variance estimator in (2.50):
I (@) =07ty = 3(a)|? + 07 Aupa(a)s’ (2.72)
where s? is the sample variance of the full model, and
I3, (@) =0ty = 5(a)[* +n~ Apa(a)s*(a) (2.73)

where s?(«) is defined in (2.61). Thus, Fi Y, has a universal variance estimator for
all the a € A,, and Fi 3, has different variance estimators for each a.

Analytical results about the final model chosen by FS,I/\” can be obtained only
in some special cases, but analytical results about the final model chosen by F,Cfi\n

are not available even in the simplest special cases.
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Balanced Data, Orthogonal Design

Theorem 2.11 Under Assumption 2.3, with A, = o(nz=°) for 0 < § < 1/2, then
the model that minimizes Fg{\n contains (p*+p1) variables, where given s?, py follows

a Binomial distribution. The unconditional expectation is Ep; = q,PSt, with

P& =2 (1 —d ( M)) +0(n™°). (2.74)

2 | 2
bo? + o2

Proof: With s* = 6%(a) as in (2.50), then
nfg{\n(a) = (Zu +e)' (I, — H,(a))(Zu + e) + \,pn(a)s?;

and for two models o, and «,, where X (o, ) = (X(a)|x®), the difference in their

GIC)\n is
nfg{\n(asl) - nfii\n(as) = —7,, (Zu + )xCVxEV (Zu + ) + A, 5% (2.75)
For the normal vector (Zu + e) ~ N(0,V) where V = ¢21,, + 02Z7Z/,

’Yle(sl)X(sl)/V = Ug%lx(a)x(sl)/ + Ui%lx(sl)x(sl)’zz’

@5 52, G 4 g2y xoD360IZ/77!

(2:52) af%lx(sl)x(sl)’ + bai%lx(sl)i(sl)/zl

(2.53) (02 i baﬁ)%lx(sl)x(sl)’.

Since (7, x®Vx1)) is idempotent, the rank-1 matrix [(o2 + bo2) 1y, xEVxEDV] is
1 e u 1

also idempotent, and therefore the quadratic form

(bo2 + 02) N (Zu + €)'y, x"xVZu + e) = n,, ~ X1,
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and the probability that the difference (2.75) is less than 0 is

PY (%) = Pl—n, (Zu+ e)xxE) (Zu +e) + N\, 52 < (]

= P[—(bai + 02N, + Ans® < 0]

A 82
= Png > —— 2.76
> 210
Note that again
nlp, (Qsis,) = nln o, (s, ) = nly, (as,) — 0l (as). (2.77)

This means that the difference is the same regardless of the other terms in the
model. Again selecting the model that minimizes the loss function involves a series
of “yes-no” questions, with “yes” meaning that adding the variable will reduce the
loss function. The difference in loss function by adding the k* variable into the
model is

—Y(Zu + e)'x(k)x(k)/(Zu +e) + \ps”.

All the differences share the same variable s2, so the series of questions can not be

independent. Note that
s =(n—py) H(Zu+e) T, —H,)(Zu+e)

is also a quadratic form of normals. From Searle [23] Chapter 2, we know that
two quadratic from of normal variables v'M;v and v'Myv for v ~ N (u, X,) are

independent if and only if M;3,M, = 0. Since

xWx® (5277 + 0°1,) (1, — H,)
= 2(xWxW'(z2Z - ZZ'H,)) + o>x®x® (1, — H,)
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= 2(xPxW7'z27 — xPx®'Z2Z'ZX(X'X)X)
= baix(k)x(k)/(ln -H,)

= 0, (2.78)

the two random variables 7, and s? are independent for k = p* +1,- -+, g,.

To select the optimal model that minimizes Fg{\n,

e There are altogether ¢, “yes-no” questions asked. Whether or not a variable
should be included in the chosen model depend on the answer to the question:
does adding this variable reduce Fi{\n? The order in which we ask these

questions does not matter, by (2.77);

e The probability of answering “yes” to the question is the same for each vari-

able, by (2.76);

e The differences in Fi ' between adding one variable and adding another are not
independent. But each difference is a linear combination of two independent
variables, and given a common variable that is shared by all the differences,

they are independent.

Therefore, we can calculate the expected number of p; by conditioning on the
common variable s? first. Given s?, the differences [—(bo2+02)n,+\,s%] for k € {p*+
1,--+,p,} are independent variables with the same distribution. Therefore, given s?

the number of extra variables p; follows a Binomial distribution with parameters g,

A 52
1-9 —
( bo? + 02)

and P% (s?). Hence

Ep, = E|E[p|s*]] = 2¢,E

73



Let g,(z) = 2(1 — ®(y/7)) and ¢, = \,/(bo? + ¢2) in Corollary 2.3. Then g, (z)
is uniformly bounded for all n and z, and since ¢/ (z) = —2~2¢(y/z), ¢, (x) is

uniformly bounded for z > (02 + ¢2)/2. Therefore by Corollary 2.3,

Epy = guB[ga(0ns”)] = da [9a(Ma(0] +02)) + 0(n™")] = g, PE

1—@(,/%)] +0(n~%). 0

When we use (2.61) as the variance estimator in (2.50), for two models a;; and

where P&t =2

as, where X(ag, ) = (X(a)|x(31)) and ps = pn(as),

nlG3 (o) = [ly = 9(s)|* + Aapss®(as)
/ AnDs
= y'(L, — Hp(ay))y + n—p y' (In — Hn(as))y
)\nps /
= 1+n—p (Zu+e)' (I, — H,(as))(Zu + e)
and
)‘n(ps + 1)

e 1) (Zu + e) (I, — H,(0w,))(Zu + e)
n—DPs

n S 1
- (1 " %) (Zu+e) (I, — Hy () — 75, x*x) (Zu + e).

Therefore,

nfgin (o) — nfgin ()

A\ ps +1 b
N nn—ps—l n — Ps

s+ 1
— (1 + )\nL> (Zu + e)/’ymx(sl)x(sl)/(Zu te)

] (Zu + e)'(I, — H, (o) (Zu + e)

n—ps—1

n\y, /
= oo 2ut el ~ Ha(e))(Zu +e)
ps+1 e
B 1+)\n? (Zu + €)'y, x"*Vx (Zu + e)
n—ps —

An s+ 1
_ ”7_1%3)— (1 H%P;

boy + a2 )ns
. Pl ) ot ot
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where

Ny = (bog + 02) 7 (Zu+ )y, x"x5V (Zu + €) ~ 7.

Evidently,
nriin (as182) - nrnn> )‘GZ (a81) 7é nriin (asz) - nriin (Oés).

So the probability that adding x*2) reduces GIC), depends on the variables that
are already in the model. Finding the model that minimizes (2.50) is no longer as
simple as asking “yes-no” questions, and the approximate distribution of the number

of extra variables is not available.

Sequential Selection

Theorem 2.12 Under Assumption 2.4, with X\, = O(n%_‘;) for 0 < § < 1/2, the

expected number of extra variables E[pSt] in the model that minimizes Fi N\, 18

where Pg, = 2 [1 ) ( M)] ‘
Proof: In sequential selection, the difference in GIC), of two subsequent models is
nfﬁin(ak) - anf,&n(ak_l) = —(Zu + e)/%x(k)x(k)/(Zu +e) + \,s2

As we proved in Theorem 2.11, this difference is a linear combination of two inde-

pendent quadratic forms of normal variables, and

e

G G _
Py (k) =y (@) < 0] = Pl > bo? 1 o2

.
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Conditional on s?, the differences in FS,I/\” by adding one variable are independent,

and the let expected number of extra variables be p&t, then
P[p5t = k|s?] = [Pa, (s))]*(1 = Pa, (s%))
for1 <k <gq,—1, and

P[pSt = qu|s*] = [Pa, (s*)]™

oy A S2
rur=ai-o({22)

G1
o

where

The conditional expectation of pi* is therefore

1= [Py ()

E[p((];1|82] = PG1(32) 1— PG (82)
1

Let h,(z) = (1 — 2%)/(1 — z). In the interval [0,d,] for any J, < 1, the

functions h, (x) satisfy

_x(l =) x 0
e B e
and
, (1 —a%) — guzi(1 —x) 1 1
W (z) — < < .
n7) (= SO—wr S -ap

Let f(z) =2(1—®(y/x)) and d, = f(ex). Then f(z) € [0,0.] when z € [e,, 00).
Finally let g, (z) = h(f(z)) and t, = \,/(bo? + 0?). We can see that on the interval
[€x,00), the functions g,(z) are uniformly bounded by d./(1 — d.) and g, (z) are
uniformly bounded by 1/(1 — 6,)? - €& 1/ 2¢(\/a). Therefore we can apply Corollary
2.3 with Cy = €, and conclude that

Po (1 —[Pg, ™
E'[pfl I[tnszze*]] _ G1 (1 — [PGG1] )
1

[, (02 402)5) + O(n7°),
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Since t, is bounded below,

PG1(1 B [PG1]qn)
1— P,

EpS Iy, e, = +0(n™%)

for €, sufficiently small. Now on the interval [d., 1] the functions h,(x) are bounded

by ¢.. By Chebyshev’s inequality and the fact that var(s?) = O(n™1),
Pltys® < e < Pl|s* — (03 +02)| > (07 +07) — ex/ta] < O(n7)
since t,, is bounded below. Therefore
E[Pglf[tnszze*]] < guP[tns* <e] =O(p,nt).

The theorem is proved by noting that p, = O(n’) with § < 1/4. O

2.4.5 The Various Selection Criteria

As Shao mentioned in his paper, GIC), unifies many other model selection
methods. We say two selection methods are equivalent if asymptotically the func-
tions they minimize are equal. In this section we discuss the equivalence of GIC),
to other popular selection methods and the number of extra variables in the final
model chosen by these various selection methods.

Let
Sn(@) =y'(In — Ho(@))y = (Zu + €)' (I, — Hy(a))(Zu + e)

be the residual sum of squares for model o, and s*(a) and s* are defined in (2.61)
and (2.23), respectively. Table 2.1 demonstrates the relationship between GIC),
and these selection procedures.
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Table 2.1: Comparison of GIC!, to other Selection Methods

Name || Criterion ai(a) | A Reference

AIC | nlog(n™'S,(a)) + 2pn () s*(a) | 2 Akaike

BIC | nlog(n™'S,(a)) + (logn)p,(a) | s*(a) | logn | Schwartz

C, Sn(a) + 2pn () s s 2 Mallows
FPE) || Su(a) 4+ App(a)s? s A > 2 | Shibata [25]
GIC | Su(a) + Cupn(a)s? s C, Rao and Wu[22]

The sequence C, in the table satisfies

Cn Cy
C, — 00, — —0,
n

— OO

log logn

Note that Mallows’ C},, Shibata’s F'PE\ and Rao and Wu’s GIC' are special cases of
GIC),; the criteria AIC and BIC are equivalent to GIC),,, in the sense that asymp-
totically, the minimizer of AIC' in A, is the same as the minimizer of GIC), and
the minimizer of BIC'is the same as that of GIC), in A,. To see this equivalence,

note that when we use s?(a) as 6%(a) in (2.50),

G (o) = 2n(@) | Aapn(@) Su(@) _ Saula) Anpn (@)
£, () = 220y 2ale) _Soley_ Sale) [y ) )
Therefore,
log[FiQ/\n(a)] = log ania) + log [1 + 7;\12252)] )

It is our assumption that p, = O(n’) with § < 1/4 and \,p,/n — 0 as n — oo.

Using Taylor expansion,
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Aapa(@) T pal@) WACRY

o1+ 2] = B O Kn_pn(a)) ]
= A\ |:<1_pn(a)>_1_1 +0<)\"pn>
— [p"(a) +0(&>] +0<A"p">

_ epa(@) <M> , (2.80)

n n

and therefore

n n n

Therefore

log[I'7% ()] — AIC = o(pa/n)

and

log[I'53, ()] = BIC = o(1).

When n — oo, the criterion they minimize are close enough, so the methods are
equivalent.

Let
o2+ o2

< 1.
bo2 + o2

F=

Under Assumption 2.3 , if we use s? in (2.50), then according to Theorem 2.11,

the number of extra variables chosen by minimizing GIC', is

Elgo) = 42 P7* = 2g,[1 — B(\/ )] + O(n®~5).

Approximately,
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e C, and FPE) with A > 2 a constant: When ), in (2.50) is a constant, so is
P& and therefore Elq,] = O(n?), the expected number of extra variables is

going to infinity at the same rate as p,,.

e Rao and Wu's GIC: Rao and Wu's GIC is the special case when we use s? as

6%(a) and A\, = C,,, where C, goes to infinity slower than n but faster than
loglogn. The sufficient condition for E[g,] — 0 when n — oo, i.e. for the

GIC to choose a model that contains only the p* true fixed effects, is that C,

grows at least as fast as logn. To see this, note that for C),, = clogn,

7Cn 0—ct

e 2 2
——(14+0(C?)) = ———
\/27‘('an( +01¢.7) V2rrclogn

and since s? = (02 + 02) + O, (n"/?),

(1= ®(\/7C,)) = gn (1+O([log(n)]72)).

™ a2

~ rs _
" q)(”rc")_@( m)|§0<n9> log 7Oy (n71/%) — 0.

Therefore
Elg.) = 2ga[1 — ®(/Ci)(1 + 0(1))

and

— The expected number of extra variables E[g,] — 0 when § — 2 < 0.

— The expected number of extra variables E|g,| — oo when § — % > 0.

If C), grows to infinity slower than logn, then E[p,] — oo, and the faster C,,

grows, the slower E[p,| grows.

Let

¢K52[1—q>( M)] (2.81)

2 1 2
bo? + o2
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Under Assumption 2.4, by Theorem 2.12 the expected number of extra variables in

a sequential model selection

e C, and FPE), with A > 2 a constant:

E[p'] = éx(1 = 6%)/(1 = ¢x) + O(n™°) — 6 /(1 — éx)
where ¢ is defined in (2.81).

e Rao and Wu’s GIC: When A, — oo, Pg, — 0 and
EpS"] = Pe,(1 = [Pe,]™) /(1= Pa,) + O(n™°) = 0
when n — oo.

Remark: From the above, we can see that A, has to grow to infinity fast
enough to make GIC),, choose a parsimonious model in balanced-data, orthogonal
design; but in sequential selection, as long as A\, — 0o, asymptotically, the expected

number of extra variables will be 0. |

2.5 Conclusions

We discussed the effect of omitting the random intercept in linear models.
In this special simple model class, the MLE Bn under the working model is still
consistent in the sense that the Euclidean norm of the difference ||3, — 3, converges
to zero in probability. Therefore omitting the random effect does not give us wrong
estimates for the parameter estimates, and should not give us spurious variables in

hypothesis testing or model selection. On the other hand, because the model fails
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to correctly specify the variance structure of the data, it is not surprising to find
the estimated variance structure of the Bn is not correct. The main reason that
the inferences are unreliable when it comes to hypothesis testing and automatic
model selection is because of the nonconsistent variance estimator. But this can be
fixed by adopting a robustified variance estimator (2.32). The problem of increasing
dimension is another reason to see spurious variables. When the dimension of the
parameter space is fixed, a nonconsistent estimator for the variance structure will
produce wrong inferences about the coefficient estimates in hypothesis testing and
automatic model selection, but will not give us a number of spurious variables that
goes to infinity. When the dimension is increasing with n, with the same probability
of making a mistake, we will have infinitely many number of spurious variables due
to failure to estimate the variance structure consistently. We therefore recommend
that especially when the data have a clustered structure, to use the robustified
variance estimator because even when the model is not correctly specified, this can
still lead to correct statistical inferences, and avoid fitting a mixed effect model,

which is more computationally burdensome than a fixed effect model.
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Chapter 3

Generalized Linear Models

Generalized linear models(McCullagh and Nelder [17]) are used for regression
analysis in a number of cases, including categorical data, where the classical assump-
tion on normality of the data are violated. The statistical analysis of such models
is based on the asymptotic large-sample properties of the maximum likelihood es-
timator. In this chapter we present the conditions that the MLE converges to a
well-defined limit and is asymptotically normal under our design matrix assump-
tions, and will demonstrate the results with two special cases: the Logistic model

and the Poisson model.

3.1 Notations

In this chapter we assume that the working model is a fixed-effect generalized
linear model (GLM), while the true model contains a random effect for each cluster

(GLMM).

The True Model: The response vector y is assumed to consist of independent ele-
ments conditional on the random-effect vector u, each with a distribution with

density from the exponential family:

indep. . ‘
yij|u ~ .inj|ll(yij|u)> 2217"'7m7 ]:1,"',7%
Frotu(wigla) = exp{[yig; — b ()] = ¢ (yij. 7)) (3.1)
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We model the transformation of the conditional mean of y;; as a linear model

in both the fixed and random effects:
Elyi;lu] = p; (3.2)
9" (13;) = x5;8° + wi

Here the link function g*(-) is assumed known, x7; is the (3;Z) nx + j)™ row
of the model matrix for the fixed effects corresponding to the response y;;, and
B" is the p* x 1 fixed effects parameter vector. The parameter 7;; is in an open

region in R and is related to x};3" through

ob(;;)
ol

= ,U;'kj = g_l(x;'kjﬁ* + ;).

To that specification we have added u, the random effects vector. Finally,
we assume that the random effect u;’s are iid from known density fy(u) for

1=1,---,m.
The Working Model: The vector y is assumed to consist of independent measure-
ments from a distribution with density from the exponential family:

indep.
Yij

inj(yij% 'é:17"'7m ]:17777'1
s (ig) = exp{[yijiy — 0(vi5)] /7> = e(yij, 7)}- (3.3)

The link function g(-) relates the transformation of the mean, p;;, as a linear

model in the predictors:




9(ij) = %458, (3.4)

where ¢(-) is a known function, x;; is the double-indexed row of the model
matrix corresponding to the response y;;, and 3, is the p, X 1 parameter
vector in the linear predictor. Again the parameter +;; is related to x;;3

through

Ob(i5)
8%3'

= ;= g (x453,)-

In this chapter we assume that the covariates are designed within-cluster covariates,
or X, = X,, with all rows stochastically independent. We will therefore use the

notation X,, only.

3.2 The General Model

Conditions to assure consistency and asymptotic normality of the MLE for
exponential families have previously been discussed in the literature under regular-
ity conditions. See Berk [2], Fahrmeir and Kaufmann [10] for detailed discussions.
There are also discussions of these conditions with parameters of increasing dimen-
sions. Portnoy [20] discussed consistency and asymptotic normality for the MLE
of the population mean of the exponential family when the number of parameters
tends to infinity, and He and Shao [12]|considered M-estimators of general paramet-
ric models with expanding dimensions. Both authors gave the rate at which p, is
allowed to grow for the asymptotic distributional approximations of the estimators
(MLE for Portnoy) to be still valid, but Portnoy did not consider the case where

the model is misspecified while Shao and He’s conditions are not easy to check even
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with the logistic model in our case; Strawderman and Tsiatis [27] applied the Inverse
Function Theorem to get consistency results when the parameter space is expanding
and the model could be misspecified, but their conditions are too restrictive for us
to apply. White [32] discussed the asymptotic properties of the MLE under model
misspecification, but only considered the case where the parameter space is fixed,
and the data are iid. Our special situation cannot be an application of any of these
past discussions. But in this chapter, we can use methods that are similar to those
used in White [32] and Portnoy [20] to get our own conditions for consistency and

asymptotic normality of the MLE under the working model.

3.2.1 The Likelihood Equations

We will first look at the likelihood equations, which are discussed in various
textbooks. We adopt the notations in McCulloch and Searle [18]. The log likelihood

for the working model (3.3) is given by

L(8,) = (i Sl — b1/ = 303 el ﬂ) . (3.5)

i=1j=1 i=1j=1

Define
99 (fuij)
Opij

825(%')
,U(/"LZ) = 5
J 8%2;

Iulpij) =

Y

Wij = [U(Hij)gi(ﬂij)]_1>

and use two very useful identities in generalized linear models:

g _ (a,uij>_1 _ (826(%j)>_1 _ L (3.6)
Opij 0ij a%'zj (i) ’

86



and

Opig _ Opiy Og(pij) _ <39(Mj)>_1 058,
_(9g(my)\ "
Opuij v
Then we have
ol.(83,) . I & [ 0vij  O0b(7i5) 0vij
a/ﬁn 7-2 ; le Y a/Bn a’ylj a/Bn

32 1 BNl
- 2 z@: %:(yw ,Uw)aﬁn
_ 1 N R
- 72 Z Z(yw i) 113 08,

(3.6):3.7) ZZ yzg ,Uzg) X;j

(1ij ) 9 (pis)
ﬁ D 2 (i — i Jwigp (g )X

J

We can write this in matrix notation as

al,. (B, 1 o

with

Woxn = dlag(wlj) and Anxn = dlag(gu(ﬂw))> fOI‘j € {1> o >ni}> (RS {1> T

The ML equations are thus given by

X'WAy = X'WApu,

(3.9)

m}.

(3.10)

(3.11)

where W, A and p involve the unknown 3,. Note that the MLE of 3, remains

the same in the presence of the nuisance parameter 7. Typically these are not linear

functions of 3, and so cannot be solved analytically.
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3.2.2 Consistency of MLE under Nonstandard Conditions

The usual regularity conditions on the existence of a unique and consistent
solution to the likelihood equations include that the underlying probability distri-
bution of the data is a member of the parametric family considered, and that the
dimension of the parameter is fixed. These conditions are not satisfied in our case.
By studying the working likelihood at the cluster level, we can use large-sample
asymptotics to draw conclusions analogous to that of White [32] when the parame-
ter space has a fixed dimension.

Suppose that the parameter space B,, for 3, is an open region in RP". Let
Gn(8,) = m~',(8,) be the normalized log likelihood, and 3} be the solution to

E [Vﬁ Gn(ﬁn)] = 0; then we have
Theorem 3.1 Suppose that there exists € > 0 independent of n such that

1. G,(B,) is a concave function of 3,,

= 0p(1);

3. V%znGn(ﬁn) < =C1,, for all B, € B3}, with probability approaching 1 as

n — 00, for a constant C that could depend on € but not on n.

Then as n — oo, with probability approaching to 1 there exists a unique solution

B, € B(B;) to the equation V g Go(B,) =0, and |B,~B; ] = 0,(|V 3 Gu(B;)|)-

Proof: Any continuous function has a local minimum or maximum in a compact
set, and for concave functions, a local maximum is also the global maximum. If
we can prove that outside the e—neighborhood of 3} there cannot be a maximizer
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of G,,(B,,), then within the compact e—neighborhood of 3 the concave function
G, (8,) must have a unique maximum and the theorem is proved.
For [|8,, — 3] < ¢, the following Taylor expansion (in Mean Value Theorem

form) holds for some B, between 8, and 37 :
GalB,) = Gol) = (V 3, Gu(82)) (B~ B2+ 1B, ~ B/ VG CulB,)(8, - 57
By Condition 2,
(B, — BV CalBL)B, ~ BY) < ~C(B~ B (B, — B) = ~CIB, - Bill*
Therefore, there exists & sequence am = 0,(1) such that
CalB,) ~ CalB) < B, — B3 - S8, ~BIP <0 (312

for |3, — B:|| > 2, /C. For n large enough 2a,,/C < €, and G,(8,,) — G.(8)) <0
as long as ||3,, — B;| > €. This means that the maximum cannot be outside of
the e—neighborhood of 8. Within the compact set B.(3}), the concave function
G,(B,) has a maximizer 3, which solves VﬁnGn(/ﬁn) = 0, and ||B, — B =

0, (HvﬁnGn(ﬁ;) ) £ 0

Since

Elyglxi) = Bulg™ (x8" +w)] = [ ¢ (xis + u) fu(w)du,

it follows that

1
BV, Gu(B)] = 5 Bmng 13 | (Bluslx] - i) ]
1
= —— B Z Z [(E“ [g*_l(xijﬁo +u)]

mT T
— g7 (x4 B)w(xi8,) 9 (%15 8,) ) X, (3.13)
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where the subscript in the expectation denotes the variables over which the expec-
tation is taken. We write w and g, as functions of x;;3, to emphasize the fact
that both of them depend on x;;3, and cannot be written out of the expectation.
The expectation is taken under the joint density of x;; and n;. For simplicity of the

notations we further assume that
Assumption 3.1 x;; are independent of n; for all © and j.

Under this Assumption, (3.13) becomes

BV GalB,)] = 5B [(Bulg™ (xBy +u) — g7 (xB,)uw(xB,)0(x8,)) ¥

The solution to (3.13), 37, therefore satisfies

B[ ([ 5 (eBy + w)fu(u)du — 7' (x8,)w(x8,)9,(x8;) ) x| = 0.

Remark 1: This result is analogous to that of White [32] because 3 in
Theorem 3.1 is actually the parameter in B, that minimizes the Kullback-Leibler
[14] information. Under the model misspecification and assumptions we impose on
the regressors x;;, we have proved that the MLE of the working model (Quasi-MLE
in White’s discussion [32]) converges in probability to a well defined limit. O

Remark 2: We impose Assumption 3.1 only to reduce the formula to a more
interpretable form; to have the conditions on G,(3}) and its derivatives satisfied,
we only need moments of x;; to be well defined, and as n;’s are bounded almost
surely, conditions on expectation taken with respect to the joint density is virtually
the same as those on expectation taken with respect to the density of x;; alone.
Therefore without loss of generality we will continue to impose Assumption 3.1

throughout this chapter.
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3.2.3 Asymptotic Normality

When the parameter space has fixed dimension, under regularity conditions
(Berk [2]) the MLE is asymptotically normal with p x 1 mean and p x p variance
matrix. Even when the model is not correctly specified, the asymptotic normality
can still be established when the number of parameters is fixed (White [32]). Since
each Bn is a p, X 1 vector, with p, increasing with n, we need another form of
asymptotic normality. Definition (1.12) in Chapter 1 is a strong version of normality
in the Central Limit Theorem that was used both in Portnoy [20] and Shao and He
[12], since apparently it implies the element-wise normality of Bn

First notice that the gradient V 3 G(B}) can be written as:

V/@nGn(,B ) = 7_2 Z Z yw ,Um'wmg,u(,uw z] Z Cw

m J

where under the true model the p, x 1 random vectors

¢ = Z(yw - ,Uij'wijg,u(:uij))xgj (3.14)

J=1

are iid with £'¢; = 0 and

B¢ = l(Vﬁ Gn(B; ))ﬂ (3.15)

Then we can take the same approach as White [32] to establish the asymptotic

normality of (8, — B7) :

Theorem 3.2 Under Assumptions 1.2-1.4, if there exists a € > 0 not shrinking

with n such that for all B, € B(B)

1. Gn(B,) is a concave function for (3,,;
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2|V Gu(82)]| = Oplpn/ Vi)

3. For a constant C' that could depend on € but not on n,
V%z Gn(ﬁn) < _CIpn

and there exists a 61 > 0 such that

( 2 Ga.(B )>_1 ( 22 G (8 )>_1 O, (p1~%)
sup \% (B, -V (85 = 0, (p;t ),
1B,-Bisc N Pr B.
4. There exists a 62 > 0 such that
-1 1
H( V3, Cnl )} ) N (V% Gn(52)> = 0p(p,' ™) (3.16)

5. For any sequence of unit vectors v,, € RP* the sequence v..¢,, 1 < i < m

satisfy the Lyapunov condition for central limit theorem.
Then for any sequence of unit vectors v, € RP* with a?,n =v,A'B,A v,
Vmo,V'(B, — B8;) = N(0,1).
Here

~E[V5 Gu(6))]

and
B, = E [¢*]
where the expectations are taken under the true model.
Proof: Since ||3, — 8% = O,(pn/v/n), the Taylor expansion of the function

V3 G.(8,) at 3, yields
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for some Bn between Bn and 3 by Mean Value Theorem. By Condition 3,

uniformly in the e—neighborhood of 3, so —V%z G, (3,) is invertible in the e—neighborhood
of B;, and

(-95 6u(8,)) V. 6ul)
( 1

£[-v56.8)]) Vg 68

n n

i { (-vge.8)) - (p[-v3 an:;)])_l} V3 Gau(B).

Uniformly for any unit vector v,, € R,

(- %26* (B, >)_ - (B|-vi o )])_l}vgnwm

< H( vi @) - (e[-vgaue)) | |ve.ce

< |(e[vg cum: >]) ~(vgaue) | |ve cus)
H(vgeu0) - (Vo) | |ve e

= O )+ O, ), (3.17)

Therefore, uniformly for any unit vector v,, € RP",

1

V', (B, = ) = Z=vA] ic L0, + 05 ™).

By Condition 5

1 ~—1 & /
" —Y%vp nCz_)Noal
=0 ;V (0,1)

~2 ®2
Uvn — VlnE CZ :| V
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Finally, similar to the proof of Theorem 2.3 in Chapter 2, [|A;!| is bounded and

v A 1¢; satisfies the Lyapunov condition. So
\/ﬁo’;nlvln(/én - /6;) - N(0> 1)

where 02 = v/, A 'E [C?z} Ay, O

Remark 1: Theorem 3.2 gives a result analogous to that of ordinary linear
regression models, namely, a robust estimator for the variance of the MLE. Because
the random effect was omitted in the working model, part of the variability of the
data is not explained by the working model, and the usual working-model variance
estimator for Bn will be biased. Aside from the fact that Bn is not necessarily
consistent (||8% — Bo|| 4 0), the bias in estimating the variance of 3, could lead
to unreliable statistical inferences as we have seen in Section 2.3 and 2.4. We will
see in the computational part of the discussion (Section 3.5) that the “sandwich”
variance estimator estimates the variance of Bn very well, even when the model is
misspecified. O

Remark 2: The assumptions will be verified in particular models in later

sections of this Chapter. O

3.3 Logistic Regression: A Special Case

In this section, logistic model as a special case of generalized linear models
is studied. There are many desirable features about the logistic model: the data
are bounded therefore have infinitely many finite moments; the natural link function
makes the log likelihood a linear function of y;;, so that the Hessian of ,,(3,,) does not
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involve y;;; and the Hessian matrix of 1,,(3,,) is negative definite so [,,(3,,) is concave
in 3,,. Therefore 3, is unique if it exists. For the moment we only consider the case
where the link function is correctly specified, namely, the case where g(-) = g*(+),
b(-) = b*(-) and ¢(-) = ¢*(+) in (3.1) and (3.3). In this section, we are going to discuss

in detail what to expect of 3; when o2, the variance of u;, is in different ranges.

3.3.1 Notations and Assumptions

The Logistic-Normal model makes the following assumption about the density

of the random effect:

Assumption 3.2 The random effects, u;, are i.i.d. normal variates with mean 0

and variance 2.

The log likelihood of the working model with sample size n is therefore

m Ny

LB, = Y Y log (M?f(l - Mz’j)l_y”)

i=1j=1

= %ZZ [yij log (1 ﬁl;) + log(1 — ,uij)] , (3.18)

v

where
ij = Eyij = Plyi; = 1]
and both the expectation and the probability are taken under the working model.

The GLM notations for this case are

=1,
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Hi
Vi = log | —— |,
’ (1 - Mz’j)
b(7ij) = —log(1 — pij) = log(1 +e™),
and
c(yij, 7) = 0.

Using the canonical link

(1) = log (L) |

IL—p

(3.18) becomes

In(B,) = Z Z [yijxijﬁn —log(1 + €x”ﬂ”)] .

(]
3.3.2  Asymptotic Limit of 3,

First of all, with the working model in mind, we can see that

1 1 )
GulB) = ybnlBa) = Y i, — log(1 + 0]
Vg G _ v —izz 3 e, ,
/Bn n(/ﬁn) - E /Bn n(/ﬁn) T m —~ - Yij — 1+ 6Xij/6n Xij»
and
VEG(B,) =~V L(B,) = -~ % e, X
B m B m S (1 ey

Therefore 3;, under Assumptions 3.1 and 3.2 satisfies

E[Vg Gu(8})] = Fi

where ¢(-) is the pdf of a standard normal distribution.
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Theorem 3.3 Under Assumptions 1.2-1.4, as n — 00, a unique Solution Bn of
the equation Vg3 Gn(B,) = 0 exists in a fized neighborhood B.(3%) about B with

probability going to one, and ||B, — B = O,(IV g Gu(B})).

Proof: By (3.14) and (3.20),

m 1 2| xii 3, ,
o t5fi (e 251

1+ e,

where the iid p, x 1 random vectors ¢; satisfies F[{;] = 0. Let ¢;;, be the k" entry of
¢;, then by Assumption 1.3 and the fact that |:yij — i3, (1+ exifﬁn)‘l} is bounded
for all 4, j and B, € B, we have F|(;.|*" < oo uniformly in 1 < k < p,,. Therefore

for any constant K > 0,

Kpn]

W—p[m > K

1<k<pn

Z Czk

Kpn
< MTpf/zn pn‘” A (3.23)

= O =0

for r > 1, where (3.23) follows by Proposition B.1 in the Appendix. Therefore

1m

=> ¢

ni4

1V5,6.(8,)

< 0p<pn/ﬁ>. (3.24)

For the logistic model, G, (3,,) is always concave, and

X3,

1 1
i — (X' X,) < = (M* )1
1+6x”/6) X.?—4m( n )—4( _l_a)lnn

V5 Gl zz
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by Theorem 1.1. Therefore the conditions in Theorem 3.1 are met and H Bn - B

converges to zero in probability. O

Generally, though we can prove the existence of 3 and the consistency of Bn,
neither the likelihood equations or E[S,(3,,)] = 0 can be solved analytically. In the
subsequent sections, we study the special cases where ¢, is in an extreme range and

we can use Taylor expansion to get an approximation of 3.

3.3.3  Asymptotic Normality of 3,

We will check the conditions in Theorem 3.2 in the logistic model to establish

the asymptotic normality of Bn Define functions

e
p(z) =1 g
and
6"E
d(e) = (14e)?

Theorem 3.4 Under Assumptions 1.2-1.4, if r > 1/[2(1 — 30)] and

max E|XijVn|2+€ < (. <o
vrERPR:||vy||=1

for some € > 0, then
Vmo Vi (8, — By) — N(0,1)
where 02 = v, (A,) ' Bu(Ay,) v,
A, = B [xd(xi; )%
and

, ®2
B,=FE (Z(yij - P(Xz’jﬁfl))xéj) :

J=1
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Proof: Condition 1,2 and the first part of Condition 3 are easily checked by the
proof of Theorem 3.3. What we need to prove for Condition 3 and 4 of Theorem

3.2 is that there exist 4; > 0 and d, > 0 such that

|(xDx,) " = (X,DX,) | = 0,7,

n

and

|(X,D*X,) ™ = (B [X,D*X,]) 7| = 0,0, %).

n

where D and D* are n x n diagonal matrices defined by

D= m_ldiag (d(xll/én)> Tty d(anm/B’n))

and
D* = m'diag (d(x118%), -+, d(Xmn,, B2)) -

By Assumption 1.3, for 8, in a compact set in B, x;;3,, is bounded almost surely,

so there exist M; and My such that
0< M < d(xlj/ﬁn) < M;<1

for B, in an e-neighborhood of 3%. Therefore both n~ !X’/ DX,, and n~' X’ D*X,, are
bounded below by M;(m* — a,)I,, and above by My(M* + a,)I,, with probability
approaching 1 as n — oo, and n~!'F [X! DX,] is bounded below by M;m*L, and

above by MyM*I, . Therefore it suffices to prove that

X, DX, — B [X,DX,][| = Op(p;' ™) (3.25)

n

and

|X, DX, — X, DX, = O,(p," ™) (3.26)

n
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for some positive numbers ¢; and do. By Theorem B.1, (3.25) is satisfied when
r > 6/(1—40) because d(x;;3}) is bounded (and therefore has infinitely many finite
moments). To see (3.26), note that d(z) and its first derivative are both bounded

and when r > 1/(2(1 — 30)), for any d4 > 0

N 1 =~ 1
X, DX, - X, DX, < —=[D-D/- XX,
NZD n
M+ + ay p *
<y ——— max |d(x:3,,) — d(x:3},)]
M* +a, A
< C\/Tmﬁxbct(/ﬁn_ﬁ(]”
M* +a, A
< C\/T Dn ng%x|xtk|||ﬁn — Byl
Th.1.2

Op(n_1/2p1/2pnn417+54pnn_1/2)

n

Op(p/*n™ %) (3.27)

and therefore there exists some d, > 0 such that (3.26) is satisfied. The only thing

left to check is Condition 5. For ¢; = 377, (yi; — p(xi;8;,))X;;, to prove that for any

unit vector v,, € RP" the sequence (,;v,, satisfy the Lyapunov condition, we have:

3
Elv,¢l* = E

Pn
Z \e
k=1

Pn Pn
< E[Z Vik Z C?k]g/z
k=1

k=1

3/2

Pn
> G
k=1

3/2

Pn 3/2
(Z ||c?k||3/2)
k=1

3/2 Ele. 3
P " max BlCy|

IN

IN

IN

p*C. (3.28)
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where C' is a constant, since ¢;;, has uniformly bounded (47)" moment for all 1 <

k < p,. On the other hand,

) 2
Elvi ¢ = E Z(yij—p(xijﬁ;))(xijvn))
=1
A )
= E|E Z(yz’j—P(Xijﬁfl))(Xijvn)) Wi, Ny Xij
=1
[ (e ’ ]
> BB Z(yzj—p(Xijﬁo+ui))(XijVn)) ui,m,xsz
j=1
- - N 9
= F|FE Zd(xij/ao‘l’ui)(xijvn)) Uiy Ty Xij
=1

1
> 5B |d(x:380) (xiv)?]
(3.29)
Use the fact that
E(Xijvn)2 = E[V;Lx;jxijvn] = V;Ei")vn
and Assumption 1.4, we have
m* S E(Xijvn)z S M*.
For any a,,
m < E(xiva)?
= Elxyva)l[[xijval < a] + E[(xiva) I[|xijva] > a.]
< alMT A+ E{(xiva)[|xijva| = a.]]
Holder 1 5 1+Z
S a*M* + (E|Xijvn|2+€) e (E [I[|Xijvn| 2 a*]]%> -
o+ 14e
< a. M+ CEEP[|xva| > al]z (3.30)
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For a, small enough, m* — a,M* > 0 and

*_ a, M* 1te
Pl|xijval > a.] > |7 ] (3.31)
2+4¢
On the other hand, for any A > 0,
E(xi8,)° _ M*(| Bl
P[|XijVn| > Ay, |Xij/60| > A] < /iz 0 < A20 (332)
By (3.31) and (3.32),
P|xiVa| > av, |%ii80] < Al = P|xijva| > ai] — P[[|xijVa] > as, |x;8,] > 4]
24¢
= a ] )
ol == B
€2+5
> 0 (3.33)

if we choose a, to be small enough and A to be large enough.

Therefore,
E [d(xi;8,) (xi;va)?] > a2d(A)P [[xi;va| > a, |xi58, < A] > A1 >0,

and

iE|V’/HCZ|3 < mpf/zC'

3 = 3/2
i=1  Invn m3/2A1/

The last condition in Theorem 3.2 is satisfied. At last, the r has to be the largest

of 20/(1 —20), 0/(1 — 40) and 1/[2(1 — 360)], which is the last one when 6§ < 1/4. O

3.3.4 Limiting Case: o, — 0

When o, is small enough, we expect 3 not to be very far from 3,. Using

Taylor expansion, we can approximate the difference (387 — 3,) when o, = 07 :
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Theorem 3.5 When o, is in a sufficiently small neighborhood of 0, the difference

(8, — By) satisfies the equation

2

(B} — By) = Sh" + O(0)), (3.34)
where
exﬁo
G*=Fy | ———x'x|,
(1+ e"ﬁO)2 ]
and

Lemma 3.1 When o, =0, 3, = 3,.

Proof of Lemma: As the unique solution to E[Vﬁ (8,) = 0], B, =

B (8, %) is evidently a function of o, and 3. Let

he(ow) = Eu(g7 (xBy + 1)) = / %gb(z)dz (3.35)
1+ eXFoTo0
and let
9-(72) = 97 (B0, 72)) = - f;ﬁ(ﬁ)) (3.36)
Then @, satisfies
Ey [ (h.(0) — g.(c2)) x| = 0. (3.37)

Moreover, at o, = 0, the model is not misspecified,
he(0) = g7 (xBy),

and 3 satisfies
Ey (97" (xBy) — 7' (x8)) x| = 0.
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The solution of E[V/BnGn(/Bn)] = 0is 3 = B, and again it is the only solution by
concavity of the log likelihood. O

Remark: Theorem 3.3 and Lemma 3.1 concludes that when all the assump-
tions are satisfied, at o, = 0, a unique solution to the likelihood equations exists in
a neighborhood about 3, with probability going to one, in other words, the MLE is
consistent. O

Proof of the Theorem: If we write 3 as a function of 3, and o, from

Lemma 3.1 we have

B..(8y, 0) = B
By the Inverse Function Theorem, B%(8,,c2) is a smooth function of o2. So the
Taylor expansion of 3 at o, = 0 is

208,

/6;(/6070-5) :/BO_I_Uu 60'3 Gu=0 0(03)7
or
B, _ BL =By 2
60’3 =0 = 0’73 + O(O’u) (338)

where the constant in O(c2) is independent of x. The following are true for the
function h.(o,) defined in (3.35):

ex/BO

ho(0) = ——
(0) o oB

¢(2)dz

ou,=0

8h*(0) /Z exﬁo‘w“z
8au N (1 + 6X/60+Uu2)2

and

_ exBO(l - exBO)

ou=0 (1+ 6x/60)3

¢(2)dz

82h,*(0) /2:2 6X/60+cruz(1 _ 6X/60—|—a'uz)
80'5 (1 + 6X,60+cruz)3
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It is easy to see that h.(o,) is an even function of o,. Therefore, the Taylor expansion

around 0 for h,(o,), up to third order, with remainder, is:

U

doy, 2 0Oo?

By 026"50(1 — exBO)
= 4 O(o! 3.39
B, + L+ By + O(o,,) (3.39)

0h.(0) , 02 9*h.(0)

hi(ow) = h(0)+ o, + O(ad)

u

where the constant in O(ol) is uniformly bounded and therefore independent of x.
On the other hand, the following are true for the function g.(c?) defined in (3.36):

exﬁ 0

_ 1 * —
g*(o) =4 (X/Bn(/ﬁm 0)) 1 N QX/BO’

0g.(0) 09~ (xBy) _ 097 (xB;) 0(xB;)

do? 902 lou=0  9(xB%) 902 lou=0
X/B x
= c xaﬁn . (3.40)
(1 + exBo)2” Qo2 lou=0
Therefore, the Taylor expansion for function g.(c?) around 0 is
9g.(0)
2y _ 2 4
B, ) eBo os;,
= + oy, X—o—
1+ exBo (1+ e"ﬁO)2 doy, louw=0
X/B X/B *
I O (Pa 260)+O(03)
1+ exBo (1 —l—ﬁ”‘ﬁo)2 Ty
6x/60 6x/60 * 4
= + X(8,, — Bo) + O(0,) (3.41)

1+ exBo (1+ e"BO)2
where the constant in O(c}) is uniformly bounded for x. Now (3.22) is equal to
E[Ga(B})] = Ex[(he(0w) = g.(02)) ¥

aiexBO(l — exBO) B B, .
2(1+ ex60)3 (1+ e"BO)2

- B,

(85— Bo) + 0<aii>) x’]
_ l%h e m)] 0.
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which implies that the root 87 satisfies (3.34). O
Remark: The difference (8, — 3,) is of the order o2. Therefore, when o, is
close to zero, the difference is very small, indicating that the later entries of 3, are

close to zero. |

3.3.5 Limiting Case: 0, — 00

The limiting case where o, — oo might not be as realistic as the limiting case
of small o,, but as a continuous (and infinitely differentiable) function of o, the

behavior of 3, at large o, values should also be studied carefully.

Lemma 3.2 8%(83,,00) = lim,, .0 8%(8,, 02) = 0.

Proof: First let us look at the function h.(c,) defined in (3.35):

0 z <0
X/B +ouz
. erro <3
lim ——— = Mo . —0 .
Tu—00 | + 6X,60+0'u2 1+ex/6() z
1 z>0
Therefore, by Dominated Convergence,
(o) = [ im0 e = [ ey =]
«(00) = im —————¢(2)dz = 2)dz = =.
Oy — 00 1 ‘l‘ ex/60+0“2 2>0 2
So 3 satisfies
1
Ex [(5 — lim_ g*(au)> x’] = 0. (3.42)

Again, one obvious solution to the above equation is

(00) = lim g.(0%) — lm S
» o00) = im N o'u — 1m — >
g Oy —00 g Ou—00 1 + ex/ﬁ*(/ﬁ()’o%) 2

106



or equivalently,
/6;(/607 OO) = U}}LHOO /6*(/607 05) =0.

Suppose there is another solution to (3.42), say, B, # 0, then
B[(5 - pxB)) x| B, =0
where p(z) = e*/(1 + €”). Since (1/2 — p(x)) and x always have opposite signs, this
implies that the random variable (x3, ) degenerates to zero, which is a contradiction
to Assumption 1.4 when 3, # 0. Therefore B = 0 is the only solution. O
To see how fast 3, is approaching to 0 when o, approaches infinity, we first
need to see how rapidly h.(o,) approaches 1/2 when o, — oc.

First, consider the following lemma:

Lemma 3.3 For large oy,

1 1
V2ro, 203

and

xijBg+ouz _ X3 1 — i =3
/2<0 XilPoTonE R (2)dz = X0 Voo, 203 + o(o,”).

Proof: By Proposition B.2,

0 2
—(xi; By +ouz) _ xi3 / 1 _ _Z
e 0 z)dz = e 0 ex Ou? dz
L 6(2) [ e ~}
1 (Z + Uu)2

2
(o o0
= o xfy + G [ e e

= exp{—x;;8, + %}(1 — ®(0u))

2
(e
2 o~

1 1
= exp{—x;;B, + &} - +0(0,°%)
27 0w \V21  2,/02 404
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Oy

exiiBo [ 1 1
— + 0(0‘3)
(\/ 2 202,/1 + au‘z)

1 1
— il (@a — ﬁ) +o(a;®). (3.43)

And similarly, by change of variable we get

0o 1 2
/2<0 eX”BOJ’C’“ZQS(z)dz = e /_oo o exp{o,z — %}dz

= 6Xi]ﬂo (\/%a — %) + o0 ?). (3.44)

O
Remark: It is worth mentioning that the constants in o(o,?) in (3.43) and
(3.44) involve e and X0 o, respectively.

The following lemma states the rate at which h. (o) goes to 1/2 when o,, — 0.

Lemma 3.4 For large oy,

u

1
he(ow) = 5 = CYo 1+ 0% 4 0(0,?)

where
C(l) e /60 — e_x/BO
\ 2T ’
and
o _ € B — B
N 2

Proof: When o, is large and z < 0,

€x/60+0uz - 6x/60+cruz
s

1 ‘l‘ 6x,@o—l—cruz

and for z > 0,

6x,@o—l—cruz /6
A~ 1— e XuPoour,
1 ‘l‘ 6x,@o—l—cruz
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Therefore,

1 / Byt 1

h(o)—5 = [———g(x)dz— =

Q

/ ex60+0“2¢(z)dz —l—/ [(} _ e—xﬁo_guz]gb(z)dz — ®(0)

<0

= /26X60+0“Z¢(Z)dz—/2 e Bomrzg(2)dz

<0 >0

~ X/Bo _ _X/B() 1 _ L
~ (e e )(mau 203>

CWot + CP073 4 0(073). (3.45)

O

Remark: The constant in o(c,?) in (3.45) involves both exiiBo and ¥

If in addition we assume that

Assumption 3.3 The expectation E[e'xﬁ()'] exists, and

., = By Kexﬁo - e_xﬁ()) x’] :

Then when taking expectation with respect to the o(c?) terms the constants
involving exiiBo or e=xiBo are all bounded and o(0;?) can be taken out of the

expectation. Therefore we have the following Theorem:

Theorem 3.6 The solution to (3.22) when o, is large, is

4 —
o=t [# - %] S0 e+ olon ) BX] +olI85P). (3.46)

Proof: Note that the Taylor expansion for the function




around zero is

h(t) = h(0) + A (0)t + h”(o)g + o(t?) = % + it + O(t%).

Therefore the Taylor expansion for g.(c?) = h(x3) around 3 = 0 is

1

0.(0%) = 5 + X380, o) + o((x835)°).

As 3, gets close to 0, x3, will get close to 0 as well, and when taken the expectation
with respect to x, the o((x3})?) becomes o(]|3%]|*). Using this and Lemma 3.4 in

(3.22), we find

(1 11
= B[ (54000 + OBt ofo?) — 5 = xBi + ol(x8)) ) |

2
i 1
= B [(CWo," + C0P0? +0(0,°) x| = 1308, +o(18:]7)
S B P o LA R Y 1 )
27T0u 20_2 e u 4 X n n
which means that 8] satisfies (3.46). O

Remark: It is obvious that with o2 large, the effect of x;; are “washed out”

and all the entries of 3, are close to zero.

3.4 Poisson Regression

In this part of the discussion, we impose Assumptions 1.2-1.4 as well as As-
sumption 3.1. In the Poisson regression model, the log likelihood function of the

model with sample size n is

mon e
L(B,) = Zzlog(T)
i=1 j=1 ij-
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= > > [ + yig log pij — log(yi;)]
i=1 j=1
where

wij = Evyij

with the expectation taken under the working model. In the GLM notations,

T=1,

Yig = log pig,
b(yij) = pij =€
and
c(yij, 7) = log(ys;!).
With the canonical link
g9(p) = log(p),

(3.47) becomes

L(8,) = £ [, — P ~log(uh)].
i

Without specifying the distribution f,, we can see that

e

Therefore,

100,(8,) 1 w31

(]

and

BV g, Ga(B,)] = Bx | (Eulg™ (x8y + w) — B ) x|

n
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where
Eulg™ (8, +u)) = [ Pt i (u)du.

The solution 8 to the equations E[V 3 Gn(B,,)] = 0 therefore satisfies
Ex K/ exﬁoJ’“fU(u)du — exﬂ;> X/] =0, (3.49)

and it is unique because of concavity of the log likelihood.

Furthermore, we have

Theorem 3.7 Under the Assumptions 1.2-1.4, as n — 00, a unique solution Bn to

Gn(B,) = 0 ezists in a neighborhood about B3} with probability going to one, and

18, = Bill = Ou(IV g Gul(BI-

Proof: We can use the same arguments as in the proof of Theorem 3.3. Note that
on a compact set of 3, the function ¥ is bounded. Assuming 37 exists, then
—V%znGn(ﬁfl) is bounded in the matrices sense by a constant multiplied by I,,,, and
||V5nGn(ﬁfl)|| < Op(pn/+/n) by Theorem 1.1 and the boundedness of (y;; — exﬁﬂ;)

uniformly over ¢ and . O

Theorem 3.8 Under conditions and assumptions in Theorem 3.4, the (B —Br) is

asymptotically normal.

Proof: Note that in the proof of Theorem 3.4 we only need d(z) to be locally
uniformly positive. The function e* has the same property and we can follow exactly
same arguments to prove the asymptotic normality of Bn — By- Therefore details of

the proof will not be supplied here. O
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Since the Poisson model assumes that the mean and variance of the data are
the same, there are many discussions in the literature concerning the validity of
this assumption, in particular, when the variance of the data is bigger than what
the model explains( in Poisson, the mean), which is often called “overdispersion”.
Papers by Breslow [3] [4], Dean and Lawless [7] and Wilson [33] have considered
overdispersion relative to Poisson regression and log-linear models. In these discus-
sions the authors acknowledged the fact that the variability in the data can not be
fully explained by the mean-variance relationship assumed in a Poisson regression.
Different test statistics were proposed to test overdispersion in Poisson model, or
Quasi-Likelihood Equations are solved instead of log-likelihood equations to get a
better variance estimator for the coefficients 3. Clearly 3; depends on the distri-
bution of u. We will discuss the value of 3 with two different assumptions on the
conditional mean yi;;. One is the Normal random intercept: u; YN (0,02), and the
other is u; 4 Gamma(c, ). Whenever 3 exists, it is unique because of concavity

of the loglikelihood for Poisson model.

3.4.1 Normal Random Effects

Under Assumption 3.2,

g o, 1 22
Eu(g_l(xijﬁo —I—u)) = /6x11/60+ u Ee 2 dz

o
= exp{xiB + ?}-

Therefore

B[V GalB,)] = Ex Kexﬂﬁ% - P x]. (3.50)

n
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One obvious solution to (3.50) is

/62 :/60+U§/27

where a scalar 02/2 is added to the first element of 3, i.e., the intercept term
of B,. By the concavity of the log likelihood, it is unique. Therefore, a normal
random intercept in Poisson regression places an offset on the intercept estimate.
This is true whenever the working model contains an intercept term. Even when
the true model does not contain a fixed intercept, the intercept estimate of the
working model will converge to ¢2/2. Therefore with Normal random intercept, all
the coefficient estimators are consistent except for the intercept. This is a well-know

fact mentioned in McCulloch and Searle [18].

3.4.2 Gamma-Poisson Model

We next assume instead of Assumption 3.2 that
Assumption 3.4 u; b Gamma(ca, 3), for 0 < <1 and o > 0.

Then

© g utleTh
Eu(97 (%8 +u) = /0 ePot mdu

Xi‘/B o8]
eXiilzo 1
_ —u(ﬁ—l) a—ld
r(a)ﬁa/o ‘ oo

= b1 - gy

and

n

E[Vg Gu(B,)] = Ex [(exﬁo(l — By — ex5> x’] . (3.51)
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Therefore the unique solution to (3.51) is

By = —aln(l — 3)8,. (3.52)

(), contains the same number of non-zero entries as 3, and with @ > 0 and 0 <
8 <1, —aln(l — §) > 0, which means that every entry of 3, has the same sign as
that of 3,. Whether the entries of 3 are larger or smaller in absolute value than

the corresponding entries of 3, depends on the values of a and f3.

e 1 —e '/ < 3 <1, then elements of 3, are larger in absolute value than those

of By;

e 0 < 3 < 1—eY then elements of 3, are smaller in absolute value than

those of 3;

e f=1—e"" B, =B,

It is obvious that at least on the basis of Kullback-Leibler minimization, we should
not have a coefficient that is falsely large, since the coefficient estimates are consis-
tent in the sense that when n — oo, all the zero-entries of the coefficients should
have estimates that are close to zero. But again the variance estimator under the
working model does not account for the extra variation that’s provided by the ran-
dom effect, and therefore in hypothesis testing, the smaller variance estimator can

lead to false inference, picking coefficients that are not really in the model.

115



3.5 Computations and Simulations

As mentioned before, most ML equations in Generalized Linear Models do not
have a closed-form solution. In Logistic-normal regression discussed in Section 3.3,
we can approximate 3 to top order when o, is extremely large or small, but can
not do so when o, is moderate; we postponed discussion of the case where the link
function is misspecified. We will demonstrate the behavior of 3; and Bn with the

help of numerical computation and simulation studies.

3.5.1 Logistic Regression: Moderate o,

We showed in Section 3.3 in both extreme cases (o, — 0 and o, — o0) that
the entries of 3; get small for indices larger than (p* + 1). This means that when
o, 18 in extreme ranges, the variables that are not in the true model will not have
significant coefficient estimates. We want to know if this is also true when the value
of o, is in the moderate range. Since Taylor expansion is not an option when o,
is in the moderate range, we first compute B, numerically and then carry out a
simulation to check agreement with the theoretical calculation.

Suppose that the rows of the design matrix X,, are iid from some distribution
fx- The data summarized in the tables were generated from a conditional binomial

distribution given x using iid normal random variable u with mean 0 and variance

2

= according to the true model, then fitted by a logistic regression (the working

o)
model). The average cluster size is taken to be discrete uniform with N; = 5 and in

each dataset there are m = 200 clusters. Therefore we have datasets of size 1000.
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We also tried different choices of the distribution fyx, with the rows of X,, iid
multivariate normal with different choices of the variance-covariance matrix 3y (in
order to control the correlation between the rows of X,, to see if high correlation
among variables would give 3 very different from the low-correlation case. We also
tried discrete distributions of x where we could also control the correlations among
variables via the definition of the joint density function. To see whether “added”
variables (columns p* + 1, -+, p, of X,,) highly correlated with the earlier variables
would have coefficient estimates that are very different from those uncorrelated (or
not highly correlated) with the p* true variables, we also arranged different variables
to be added into the model. What we found in all of these cases was vary similar.
We display results only for the case of binary X,, entries as a demonstration.

In this particular example, X,, has binary rows. There are four true effects
in the model: three binary random variables, and the interaction of two of them.
The added variables include another variable that is independent of them, and the
remaining two interaction terms of the variables. Table 3.1 illustrates 37,4, when o,
is in different ranges, and Table 3.2 displays the average coefficient estimates 61000
in a simulation of 1000 repetitions of datasets of size 1000.

We can see from Table 3.1 that for the zero elements of 3, the corresponding
coefficient estimates are also close to zero, throughout the range of o,; for the non-
zero elements of B3, the corresponding coefficient estimates have the same signs,
but are attenuated. The extent to which the coefficient estimates are attenuated is
determined by 2. The bigger o2 is, the bigger the percentage is. For the same o2,
this ratio is roughly the same across different entries of 3, leading us to believe that
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Table 3.1: 3% at different values of 02, and the percentage of relative error with

u?

respect to (3,. The first of the two columns for each o2 value is the numerical value

of 37, and the second column demonstrates the ratio of ||3}, — B,ll/||Boll- The later

rows have blanks because 3, is zero in those rows.

o, =1 o2=.5 o2=1 o2 =4 o2 =10 o2 =100

Bo | Bu| % Bu| %) Bu| % Bu| N| Bu| %| B %
051 04924 | 045|100 041 172 | 036 | 27.2 | 0.22 | 56.0 | 0.03 | 93.6
0.7 0.69]20| 064 9.0| 059 |16.0| 0.52|26.1| 031|551 0.06 |91.7
-1 ||-0.98 | 2.3 |-0.90 | 10.0 | -0.83 | 17.2 | -0.73 | 27.2 | -0.44 | 56.1 | -0.06 | 93.7
04 039]1.8| 037 85| 034|155 | 030|255 | 0.18 | 55.3 | 0.04 | 90.8
0.6 058 |27| 054]10.8| 049 182 | 043 |28.2| 0.26 | 56.7 | 0.03 | 95.3
0 0.00 0.00 0.00 0.00 0.00 0.01

0 0.00 0.00 0.002 0.00 0.00 -0.04

0 -0.00 0.00 0.00 0.00 0.00 -0.01
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Table 3.2: 61000 vs B0 : Comparing MLE Bn under the working model to 8 when
the sample size is large. For each value of o2, the first column gives the average of

A~ . *
Biooo and the second column gives 37y,

051 049 049 | 045| 045| 0.41 | 041 | 0.32| 0.36 | 0.23 | 0.22

0.7 069 | 069 0.64| 064 | 059 | 059 | 046 | 0.52| 0.31 | 0.31

-1 ]-0.99 | -0.98 | -0.91 | -0.90 | -0.86 | -0.83 | -0.61 | -0.73 | -0.47 | -0.44

041 041 ] 039 | 038 | 0.37| 037 | 0.34| 0.25| 0.30 | 0.22 | 0.18

061 059] 058 054 | 054 | 052 049 | 0.34| 0.43 | 0.33 | 0.26

0 0.01 { 0.00 | 0.00 | 0.00 | 0.00 | 0.00|-0.02| 0.00|-0.03| 0.00

0 0.00 | 0.00 [ -0.01 | 0.00 {-0.01 | 0.00 | -0.01 | 0.00 | -0.05| 0.00

0 0.00 { 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.01| 0.00| 0.02| 0.00
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the ignored random effect is the main reason that 3, is different from 3,. Extreme
values of ¢, in Table 3.1 (cases where 02 = .1 or 02 = 100.) also confirm the findings
in Section 3.3.

The two columns corresponding to the same o2 value are quite close when

2

Oy

is small. When o2 gets to the moderate range 1 < 02 < 10, 37 is not as well
approximated by the average. This could be due to the simulation errors and bigger
variance for the data. When o2 gets too large, the effect of x;;’s are “washed out”
by the random effect that has a large variance, the coefficients are close to zero.
Theorem 3.3 in Section 3.3 is confirmed by Table 3.2.

As we see in the linear model, omitting the random effect will leave the vari-
ance estimators biased. The estimated standard error for the coefficient estimates
are always smaller than the actual standard error, as shown in Table 3.3. Let [350)0071.

denote the k™ element of 3,4, at the i*" simulation, and diag(M) denote the diag-

onal elements of matrix M; then the k*" element of SDemp and SDggt are

1 1000 (k)

(k) 2
SDemp 099 Z [510001 51000] )

and
1000

5D est 1000 Z SD

where s = \/diag [(XYWX)~1],. The weight-matrix W is defined in (3.10).
SDemp is always bigger than SDggt, and the bigger o, is, the bigger the
difference between SDemp and the corresponding SDggt is. This is because in
the usual generalized linear models we use the inverse of Fisher information as
our asymptotic variance estimator and it is obviously biased when the model is
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Table 3.3: Bias in Variance Estimation-Empirical Standard Error vs Estimated

Standard Error in A Simulation. For each o, value, the column “SDemp” is the

empirical standard error in 1000 repetitions, while the column “SDggt” is the aver-
age of the estimated standard errors in 1000 repetitions.
02 =105 ol=1 ol=4 o2 =10

u u u u

50 SDemp SDest SDemp SDest SDemp SDest SDemp SDest

0.5 0.1903 | 0.1621 | 0.2317 | 0.1730 | 0.2525 | 0.1469 | 0.2486 | 0.1296

0.7 0.7854 | 0.6496 | 0.8576 | 0.6423 | 0.9761 | 0.6185 | 1.1123 | 0.5946

-1 0.5290 | 0.4189 | 0.4834 | 0.3594 | 0.5102 | 0.3099 | 0.5554 | 0.2893

0.4 ] 0.2609 | 0.2252 | 0.2847 | 0.2194 | 0.3630 | 0.2090 | 0.4637 | 0.2447

0.6 | 0.6083 | 0.4892 | 0.6100 | 0.4555 | 0.7063 | 0.4352 | 0.7693 | 0.4006

0 0.8031 | 0.6670 | 0.8157 | 0.6183 | 0.9126 | 0.5835 | 1.2153 | 0.6363

0| 0.6613 | 0.5466 | 0.6402 | 0.4800 | 0.6989 | 0.4244 | 0.9994 | 0.5164

0 0.2747 | 0.2252 | 0.2876 | 0.2194 | 0.3291 | 0.2090 | 0.4765 | 0.2447
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misspecified.
Also as we have seen in linear models, there is a robust version of variance
estimator that converges to the true variance in probability. Table 3.4 compares

several estimates for standard deviation at different o, levels. The k*" element of

SbR and SDpg are

SDy = \[diag (A71(8,)Bu(8,)A71(B,),

and

SDR = \[diag ([A;1(8,)B.(8,)A7(8,)]),.
respectively. Definitions of A, and B,, can be found in (2.30) and (2.31).

SDpis close to S Demp at all levels of o2. Since S Demp is the closest we get for
the estimator of standard deviation of Bn, this suggests that the robust “sandwich”
variance estimator is actually doing a good job estimating the true variance of the
coefficient estimates. The empirical standard deviation SDemp is usually larger
than the other two because this is the true standard deviation of the 8,’s in a
repetition of 1000 datasets sharing the same design matrix for the fixed effect. Part

of the variability also comes from the sampling variablility in the simulations.

3.5.2  Another Kind of Misspecification

In this section, we no longer assume that the link function g(-) or functions
b(-) and c¢(-) are correctly specified. From (3.13) we can see that only the true link
function ¢g*(-) is involved in solving B%. Therefore Theorem 3.3 should still work
as long as both ¢*(-) and fy(-) behave well enough so that the conditions in the
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Table 3.4: The Variance Estimators: Robust vs Empirical. For each o2 value the
first column is the numerical calculation of the theoretical robust standard deviation
estimator(SDg), the second column is the corresponding average in a simulation
run (SDpg), and the last column is the empirical standard deviation of Bn in 1000

repetitions.

No. SDR SDR SDemp SDR SDR SDemp SDR SDR SDemp

110.174 | 0.185 0.188 | 0.191 | 0.201 0.198 | 0.236 | 0.255 0.264

210.728 | 0.815 0.849 | 0.795 | 0.981 0.999 | 0.970 | 1.103 1.129

3 10.388 | 0.415 0.450 | 0.429 | 0.483 0.519 | 0.528 | 0.553 0.579

410.261 | 0.347 0.377 | 0.283 | 0.389 0.446 | 0.341 | 0.406 0.434

5 1 0.515 | 0.564 0.591 | 0.564 | 0.683 0.699 | 0.691 | 0.771 0.809

6 |0.728 | 0.893 0.952 | 0.794 | 1.006 1.067 | 0.967 | 1.102 1.126

7 10.564 | 0.667 0.710 | 0.619 | 0.778 0.882 | 0.763 | 0,856 0.906

8 10.261 | 0.347 0.380 | 0.283 | 0.389 0.437 | 0.341 | 0.406 0.421

123



theorem are satisfied. If we assume that the true model is defined as (3.1), and the
working model is a logistic regression model, we wish to see if the results in Section
3.3, i.e. the variables that are not in the true model will not have significantly large
nonzero coefficient estimates, are still valid under the wrong link function.

Table 3.5 demonstrates the difference between 3 under the right and the
wrong link function. In this experiment, we have three discrete variables Xi, X5
and X3 that we consider to be the fixed effect, as well as the interaction of X; and
X3. To compare the effect of correlation among variables in 3}, the three added
variables we consider in the model are X, another variable that has correlation
with the three true variables but is not a function of any of them, and two variables
that are functions of the true variables, one being the interaction between X, and
X3, and the other being the indicator X5 = I[X; > X,]. The random intercept of
this experiment is assumed to be iid Normal variates with mean 0 and variance o2.

Let Fpet be the cdf of Beta(1,1), we use the function
g () = Fpea(arctan(z) /7 + 1/2) (3.53)

as our true link function. It is easy to see that with ¢* defined in (3.53) and fy the
normal density, the conditions in Theore 3.3 are satisfied and the MLE Bn converges
to B in probability. We numerically calculate the value of 3% at four levels of 2
values, 02 = 0, 0.1, 0.5 and 1. Also to compare with the results of Section 3.3, we
list the value B; at the corresponding o, level when the link function is correctly
specified.

From Table 3.5 we can see that with the wrong link function, the behavior of
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Table 3.5: Wrong Link vs Right Link: the effect of the true link function ¢g* on
Br. The first column lists the variables that are included in the working model,
and the second column is the corresponding coefficients of these variables under the
true model. Note that the last variables are not in the true model (8, = 0 in the
last three entries). For each of the Wrong Link or Right Link column, four levels
of o2 values are considered: o2 = 0, 0.1, 0.5, 1. In the columns are the numerically

calculated 3 values.

Wrong Link Right Link

X | By 0 0.1 0.5 1.0 0 0.1 0.5 1.0

1] 051 0674 | 0.715| 0.707 | 0.606 || 0.500 | 0.488 | 0.446 | 0.403

X1 | 04 0285 | 0.318 | 0.367 | 0.373 || 0.400 | 0.397 | 0.384 | 0.366

X | -0.6 || -0.890 | -0.890 | -0.807 | -0.690 || -0.600 | -0.587 | -0.541 | -0.495

Xz | 0.3 0443 | 0.409 | 0.332 | 0.297 || 0.300 | 0.295 | 0.280 | 0.264

X1 X3 | -0.7 || -0.890 | -0.872 | -0.796 | -0.772 | -0.700 | -0.689 | -0.650 | -0.609

X4 | 0.0 -0.028 | -0.020 | -0.008 | -0.002 || 0.000 | 0.000 | 0.002 | 0.002

XoX3 | 0.0 0.024 | 0.028 | 0.027 | 0.016 || 0.000 | -0.001 | -0.004 | -0.006

X5 | 0.0 0328 | 0.207 | 0.021 | 0.015 || 0.000 | -0.002 | -0.004 | -0.002
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B> can be quite different from with the right link function. The first thing that draws
our attention is the bottom line of Table 3.5, where the variable X5 = I[X; > X3,
which is not in the true model, has a nonzero coefficient even when o, = 0. The
entry of 3 corresponding to X5 stays nonzero for small o2 values, and then shrinks
to much smaller value when o2 gets larger. This is significant because it is different
from what we have seen in Section 3.3 or Table 3.1: We actually find a situation
where a variable that is not in the model has a significant nonzero coefficient, and

will be falsely included in the model.
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Parameter Distance
0.15 0.20 0.25 0.30

0.10

0.05

o —— Wrong Link
N e Right Link

0 2 4 6 8 10
Variance of the Random Effect

0.0

Figure 3.1: The distance between 87 and 3, (||3% — B,|°) when the link function is
correctly specified (dotted line) and when the link function is incorrectly specified
(solid line).

As seen in Table 3.1, when o, is small and the link function is right, the
difference between 3; and 3, i.e., the Euclidean norm of the vector (8; — B,), is
small, and the bigger o2 is, the bigger the difference is. In the misspecified link case,
we see different behavior. The difference between 3; and 3, is big when o2 is small
and it gets smaller when o2 gets larger. It grows large again at larger o2 values, and
when o2 is extremely large, 3 with the wrong link function is essentially the same
as that with the right link function—they tend to be close to zero. Figure 3.1 shows
this effect by drawing the distance [|3} — B,||* as a function of o2. When the link
I?

function is correct, the distance [|3; — B,||* is an increasing function of 02, going
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True Parameter Distance
0.15 0.20 0.25 0.30

0.10

0.05

<o —— Wrong Link
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e o\ )

0 2 4 6 8 10
Variance of the Random Effect

0.0

Figure 3.2: The distance between 3 and 3, at the nonzero entries of 3, (8") when
the link function is correctly specified (dotted line) and when the link function is
incorrectly specified (solid line)

from 0 when o2 = 0 to larger values when o2 gets large. When the link function is
not correct, though, the distance |37 — B, ||* decreases at small o2 values and then
increase when o2 continues to grow.

If we only compare the components of 8 and 3, at the nonzero entries of

Bo(B",) there seems to be the same trend (Figure 3.2).

3.6  Conclusions

In this Chapter, we have presented the sufficient conditions under which the

MLE Bn for the working model converges in probability to a well defined limit 37,
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when the model is misspecified and the number of parameters is going to infinity
with the sample size, which have not been discussed in any existing paper in the
literature. This limit 3} may or may not be the true parameter, but is the param-
eter that minimizes the Kullback-Leibler distance between the true distribution of
the data and the distribution of the data under the working model. Sufficient con-
ditions for the MLE to be asymptotically normal according to Definition 1.12 were
discussed. These results are elaborated in Section 3.3 and 3.4 under specific distribu-
tional assumptions on the random effect. When analytical approximations were not
available, we numerically calculated quantities of our interest in a logistic-normal
model and checked them with simulation studies. So far both the simulations and
numerical calculations have supported our conjectures about the behavior of 87 and

the variance estimators of 3,,.
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Appendix A

Linear Algebra Results
Inequalities regarding to operator norm, Fuclidean norm and trace of a ma-
trix that are of particular use to us are discussed here. Most of the results are

straightforward and can be derived directly from the definition.

Proposition A.1 If the two nxn matrices Py and Psy are both nonnegative definite,
then

t’f’[Plpg] > 0.

Proof: Since both P; and Ps are nonnegative definite, their symmetric square

roots, P}/ ? and Pé/ ? exist and both are nonnegative definite. Therefore,
tr[P1 Py = tr[P)/°P, /2Py Py/%] = tx[PP'] > 0

where P = P§/2P}/2. O

A direct application of the proposition is

Corollary A.1 If P; < Py and P3 is nonnegative definite matriz of the same
dimension, then

t’f’[Plpg] S t’f’[Png].

Proof: Since P; < Py, the matrix (P — P) is nonnegative definite and by Propo-
sition A.1,

tI‘[Png - P3P1] = tI‘[Pg(PQ - Pl)] 2 0.

130



Proposition A.2 Fornx1 vector w, the norm of the rank-one matrix ww’ satisfies
lww'|| < [|w]]*.

Proof: For any unit vector v € R", by the Cauchy-Schwartz inequality, v'ww'v =

(V/W)z =i Uizwiz <> Wi2 = ||VV||2 O

Proposition A.3 Forn x n symmetric nonnegative definite matriz M,
trM < nAmax (M) = n||M]||.

Proof: The trace of a matrix is the sum of its eigenvalues, and for a nonnega-
tive definite matrix all the eigenvalues are nonnegative, so trM < nApax(M). The

equality follows from Definition 1.7. O

Proposition A.4 For full rank n x m matrix X and n x n diagonal matriz D =

diag(dla ) dn)>

IXDX|| < [[DIVIIXX]| < mazicpenld| /[ XX

Proof: For any unit vector v.€ R",

w'Dw _ v X'DXv
|DJ| = sup >
w0 [[w]| v/ Xl

SO

vX'DXv < [|ID| - [v'X|| = |ID||Vv'X'Xv
for any unit vector v € R". Therefore

IXDX|| < [[Dly[IXX],
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and v'Dv = Y0 vidy < maxi<k<p|dy| since Y7 v =1, so [|D| < maxy |dg]. O

Appendix B
Probability and Statistical Results

B.1 Sum of iid 0—Mean Sequence

For iid random variables & with E[§;] = 0 and E|§;|P < oo, one variant of the

Burkholder Inequalities is

N\ 1/p n p/2\ /P
<E ) gcp(E[st] ) | (B.1)

where C), is a constant over n. The following proposition follows directly from (B.1):

n

> &

i=1

Proposition B.1 If iid random variables &; satisfy E[&] = 0 and E|&|P < oo, then

p

< C§||§1||§n‘f”/2 = O(n7?/?%). (B.2)

1 n
E|Ezg

Proof: By the triangle inequality, for iid 0-mean sequence & and p > 2,

122 &2 < 2 11€7 oy
i=1 i=1

which means that

n p/2 2/p n
(E [z 53] ) <3 (B = nlla?.
i=1 =

=1

Therefore, (B.1) becomes

p\ 1/p n p/2\ /P
) <q, (E [Zs?] ) < Gyl
i—1

p
< FCplllgn?’® = Cplglign " = O(n"2). =

— nP TP

n

(72

> &
i=1

or & ’% i1 &
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Theorem B.1 Let M be a p, X p, matriz such that each element of M is the

average of n iid 0—mean random variables with finite (4r)" moment, i.e.
1 i
My =~ ¢,
=1

. ; i 147
where ¢ are iid random variables with E [ ,ﬁ?} =0 and E ’C,g;)

< oo for1 <
kol < pp. If pp = O(n?) with 0 < 6 < 1/4 and v > 0/(1 — 46), then there exists

§ > 0 such that |M|| = O,(p;17?).
Proof: Let e=7r(1—-40) — 0 >0 and 0 < 0 < ¢/2rf, then

PIMI>p ] < P [pmax Ml > ;')

n

< P [rr}f%x M| > pgz_é]
1 Aar
Aar
< max P> (M| > (W) ]
Prop.B.1 M, p2n=2rpBr+irs
— O(n9(2+8r+4ré)—2r) =0
where M, is a constant that does not depend on k, [ or n. O

B.2 Approximation of ®(x) at large positive z

The cdf of standard normal, ®(z), does not have closed form; at large positive

x values, though, it can be approximated:

Proposition B.2 For large, positive number x,

[N
[N

x x

e 2 e 2

2rx ~ _2:17\/:174 + 22

where ®(+) is the standard normal cumulative distribution function.

1—®(z) —
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Proof: Let ¢(-) be the standard normal density function. For any = > 0,

2

1—&(z) — 6_27; — 1—q>(z)—@
R i/m 6(2)dz
_ /;Ogb(z) [1—2] dz
_ /(]oo¢(x(w+1))wdw
r [ (1 + w)?

+ Inw}dw.

= - exp{—
A 21 Jo p{ 2

Let

Then

and

1
fw) = =221+ w) + - =0,
w
and
4
'UJ* = —— 4+ = 1 —+ -
T

When z is a large positive number, 4/2? is small, so

1 1 14
2 x2
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Therefore,

2 1 *\2
fw*) = nw* — = ( %2—10 )
2
~ mgﬁy-%, (B.4)
f//(w*) — _$2 _ (w*)—2 — _$2 _ $4(1 ‘l‘ O($—2))—2 ~ _$2 _ $4’
and
1
d(w*) ~ —.
(w) g
Therefore (B.3) becomes
T fw)g
o Jo e w
N o (W) (w = w*)?
o [T et + O
© 1 (w — w*)?
_ f(w*) . g *
ze/) | o= el (S (W)
fw*)
= -0
_f// 'lU*)
e_é
Y e —— B-5
2uvx? + xt (B:5)
O

As a corollary of Proposition B.2, we get

2

x

e

\V2Tx

1—®(z) =
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