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The finite element method has been widely used to solve partial differential
equations by both engineers and mathematicians for the last several decades. This
is due to its well-known effectiveness when applied to a wide variety of problems.
However, it has some practical drawbacks. One of them is the need for meshing.
Another is that it uses polynomials as the approximation basis functions. Com-
monly, polynomials are also used by other numerical methods for partial differential
equations, such as the finite difference method and the spectral method. Never-
theless, polynomial approximations are not always effective, especially for problems
with rough coefficients. In the dissertation, a suitable approximation space for the
solution of elliptic problems with rough coefficients has been found, which is named
as generalized L-spline space. Theoretically, I have developed generalized L-spline
approximation spaces, where L is an operator of order m with rough coefficients,
have proved the interpolation error estimate, and have also proved that the gener-

alized L-spline space is an optimal approximation space for the problem L*Lu = f



with certain operator L, by using n-widths as the criteria. Numerically, two prob-
lems have been tested and the relevant error estimate results are consistent with the
shown theoretical results.

Meshless methods are newly developed numerical methods for solving par-
tial differential equations. These methods partially eliminate the need of meshing.
Meshless methods are considered to have great potential. However, the need for
effective quadrature schemes is a major issue concerning meshless methods. In our
recently published paper, we consider the approximation of the Neumann problem
by meshless methods, and show that the approximation is inaccurate if nothing
special (beyond accuracy) is assumed about the numerical integration. We then
identify a condition - referred to as the zero row sum condition. This, together
with accuracy, ensure the quadrature error is small. The row sum condition can
be achieved by changing the diagonal elements of the stiffness matrix. Under row
sum condition we derive an energy norm error estimate for the numerical solution
with quadrature. In the dissertation, meshless methods are discussed and quadra-
ture issue is explained. Two numerical experiments are presented in details. Both
theoretical and numerical results indicate that the error has two components; one

due to the meshless methods approximation and the other due to quadrature.
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Chapter 1
Introduction

1.1 Problems with Rough Coefficients

We are interested in elliptic boundary value problems with rough or highly
oscillating coefficients. These type of problems arise in many applications, such as
study of heterogeneous material. If the coefficients are rough, the solution will also
be rough. The usual finite element methods using polynomials as basis shape func-
tion thus do not provide accurate approximations. In [13], Babuska and Osborn
constructed a one-dimensional homogeneous elliptic boundary value problem, with
a rough coefficient a(x), which is only bounded and measurable, and with a homo-
geneous Dirichlet condition at one end, and a non-homogeneous Neumann condition
at the other end, for which the usual finite element method converges arbitrarily
slowly. The example they constructed also shows that adaptive procedures cannot
improve the slow convergence. This motivates the research of developing special
methods for problems with rough coefficients.

Let us first understand the mathematical background of elliptic boundary
value problems with rough coefficients through a simple one-dimensional example,

in which we will answer the question why usual finite elements do not approximate



well for these problems. Let us consider

u(0) = u(l) =0, (1.1)
where a(z) is measurable and 0 < a < a(z) < . The corresponding weak formula
1s

1 1
u € Hy[0,1], B(u,v) = / au'v' dx = / fvdz Vv € Hglo,1].
0 0
B is bounded and coercive on H}[0,1], i.e.,
1
|B(u,v)| = |/ au'v’ dz| < Cllulli[lv]ls,
0
and
1
B(u,u) = / av'v' dx > Clul|}.
0

Thus, by the Lax-milgram theorem, problem (1.1) has a unique solution u. We
want to approximate u. Toward this end, we let S, a finite dimensional subspace
of H}[0,1], be the trial and test space for the Galerkin variational method. The

approximate solution u; determined by S is characterized by
1 1
ueS, B(u,v) :/ au'v' dx = / fodr YveS.
0 0

As a consequence of the fact that B(-,-) is bounded and coercive, we know that the

approximation uy is quasi-optimal, that is,
— < Cinf ||u — .
le = wunly < € inf Jlu —x]h

Thus the quality of the approximation, i.e., the error ||u—wuy||1, is mainly determined
by the approximation properties of the trial space S. In the usual finite element
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method we let S be the space of continuous piecewise linear polynomials, and let y

be I,u the interpolate of w:

[ = unlly < Chllu = Iyully.

By using the approximation result, we have

[ = Tnully < Cllull2,

providing u € H?[0,1]. If the coefficient function a(x) is smooth, then by using

regularity results we know that u € H?[0,1] and

[ullz2 < Cl fllo,

i.e., u € H}0,1] N H?[0,1]. Combining these results we have

lu = unls < Chi[fllo-

This regularity property is also important in the error estimate of u — uy, in L*[0, 1]
norm. However, when a(z) is rough, solution w is also rough; to be specific, u in
general is not in H2[0,1] and may not be in H'*€[0,1] for any € > 0. Thus, the
usual finite element approximation is not accurate.

It is therefore natural to select the trial space S so that it maintains a good
approximation to solution w. In [14], Babuska and Osborn proposed a special
shape function, which reflects the local properties of the solution u, to solve a one-
dimensional elliptic boundary value problem. In this dissertation, we extend the
idea of this special shape function to solve problems of order 2m > 0, mainly in one

dimensional space. We have developed generalized L-spline approximation spaces,



where L is an operator of order m, with rough coefficients, have proved interpolation
error estimates, and have proved that the generalized L-spline space is an optimal
approximation space for the problem L*Lu = f with certain operator L, by using

n-widths as the criteria.

1.2 Variational Methods with Non-polynomial Approximation Spaces

Finite element methods have been widely used to solve partial differential equa-
tions by both engineers and mathematicians for the last several decades. This is due
to their well-known effectiveness when applied to a wide variety of problems. Most
finite element methods use polynomial shape functions for approximating functions.
They are effective for many problems. However, polynomial shape functions are not
always effective as shown in the previous section. In this dissertation we show the
effectiveness of using certain non-polynomial shape functions.

Recently, meshless methods for solving partial differential equations have been
increasingly used in the engineering community. In general, meshless methods are
variational methods, which begin with a function ¢(x) with compact support and
use the functions ¢! (z) = ¢(*=2") as shape functions. These methods reduce the
need of meshing and also create the freedom of choosing ¢(x) to provide better
approximation for certain problems. For example, for high order problems we can
choose smoother ¢(z). For problems whose solutions have some special features,

and thus are not accurately approximated by usual shape functions, we may be able

to obtain shape functions that provide accurate approximation by appropriately



selecting ¢(z). For general introduction to meshless methods, see [18] and [7].
Meshless methods are considered to have a large potential. However, meshless
methods have to face the same question as finite element method does; in particular,
the effect of numerical integration for the approximation solution. It is well known
that the finite element approximation is computed by solving matrix problems whose
elements involve integrals that most likely are evaluated by numerical integration,
except in very simple cases. For finite element methods, the effect of numerical
integration for source problems has been studied by a number of authors; we refer
to [32] and [24]. Banerjee and Osborn obtained the estimation of the effect of
numerical integration for the second-order selfadjoint eigenvalue problem in [15].
From those we see that the rate of convergence of the finite element approximation is
preserved provided the numerical integration is sufficiently accurate. As for meshless
methods, there are only a few papers treating this quadrature issue practically, such
as [17] and [22]. In [8], we consider the approximation of the Neumann problem by
meshless methods, and show that the approximation is inaccurate if nothing special
(beyond accuracy) is assumed about the numerical integration. We then identified a
condition - referred to as the zero row sum condition. This, together with accuracy,
ensure the quadrature error is small. The row sum condition can be achieved by
changing the diagonal elements of the stiffness matrix. Under row sum condition we
derive an energy norm error estimate for the numerical solution with quadrature.

See [9] for an alternative approach.



1.3 The Outline of the Dissertation

In the first three sections of Chapter 2, we recall the classical L-spline space,
which is defined for operator L with smooth coefficients, and some generalization
of it by various authors. When it was studied by mathematicians in the sixties,
the motivation or the goal of introducing L-splines was not clearly stated. Since the
problems with rough coefficients are of our interest, the generalized L-spline space is
introduced in Section 2.3, which is an extension of the classical L-spline space in two
ways. One is to extend the situation where the coefficients are merely measurable.
Another is to use high order polynomial in constructing the L-spline space, which
is useful when we are dealing with problems with smooth righthand side functions.
This definition gives the advantage of generalized L-spline space over usual finite
element space, and also serves as a good motivation for constructing special shape
functions. The definition of generalized L-spline interpolation is given in Section
2.4. Section 2.5 shows the interpolation error estimate for generalized L-spline
interpolation, which demonstrates the approximation property of the generalized
L-spline space. Chapter 3 is devoted to the applications of generalized L-spline
spaces to variational methods. Sections 3.1 and 3.2 discuss two possible special
shape functions for a Dirichlet boundary value problem of order 2m with rough
coefficients, and the relevant error estimates are stated and proved. In Section 3.3,
two problems are computationally tested; the results are consistent with the error
estimates stated in Section 3.2. Negative norm error estimate and the error estimate

for eigenvalue problems with rough coefficients are established in Section 3.4 and



3.5. In Chapter 4 we briefly discuss n-width, and show that the generalized L-
splines are optimal approximation spaces in the sense of n-width in certain situtions.
Section 4.1 reviews n-widths theory of compact linear operator in Hilbert space.
Some examples of optimal subspaces in Hilbert spaces are presented in Section
4.2. Generalized L-spline space is proved to be an optimal subspace in Section 4.3.
Two dimensional optimal subspaces, consisting of special shape functions, which
were introduced in [10], for a class of second order elliptic problems with rough
coefficients are discussed in Sections 4.4. Chapter 5 discusses meshless methods in
detail. In Section 5.1 meshless methods are introduced and the quadrature issue is
explained. The construction of the meshless shape function is presented in Section
5.2. Two numerical test results are shown in Section 5.3, which indicates that the
error has two components; one due to the meshless methods approximation and the

other due to quadrature.



Chapter 2

Generalized L-spline Spaces

This chapter introduces generalized L-spline spaces and describes the inter-
polation of given functions by elements in the generalized L-spline spaces. We
also discuss various properties and error bounds of these interpolant functions. We
start with a brief discussion of the development of spline theory. The definition of
L-spline approximation spaces and their approximation properties (cf. [49]) are re-
called, which we later refer to classical L-splines. We then introduce the generalized
L-spline spaces. The error estimate for the interpolation result are described in the

end.

2.1 Notations

Let us begin with some notations that will be used throughout this chapter.

For —0o < a < b < 400 and for a positive integer n, let
N=a=zg<1 < <xp1 <xp=0>

denote a partition or mesh of interval [a, b] with knots x;, subinterval I; = [z,_1, ;]
and mesh size h; = x; — x;_;. For any nonnegative integer m, let H™[a,b] be the
Sobolov space, which is the collection of all real-valued functions defined on [a, b]

with square integrable derivatives up to order m, i.e.,

H™[a,b] = {3y € L*[a,b] : D*y € L*a,b], 0 <k <m}.

8



Let C™]a, b] be the set of all real-valued functions which have continuous derivatives
of order at least m in [a,b]. We then recall that H™[a,b] can be defined as the
completion of the space of all real-valued functions ¢ € C*°|a, b] with respect to the

norm:
m b ) ) L
[llnmio = €3 [ D76 o},
j=0"a
and semi-norm
b
m 1
lamion = { [ Dm0 d},
For simplicity, we also use notations || - ||, and | - |, for norm and semi-norm,
respectively. Equivalently, H™[a,b] is the collection of all real-valued functions

defined on [a, b] such that D™ 14 is absolutely continuous, with D™ € L?[a,b],

where L?[a, b] is the set of all square integrable functions on [a, b], with norm

b
1l sota = { / [ d}?,

which can be written as || - ||o. For additional notation, let H{"[a,b] be defined as

the closure of the infinitely differentiable functions compactly supported in (a, b),
Hilab] = CFlat]

= {u€ H™a,b] : D*(a) = 0= D"(b) for 0 < k <m — 1},

and let H ™[a,b] be the dual space of the Sobolov space H{"[a,b] with the norm

(Mo
0] r-miap) = sup _W.9)
e H™ (a1l srm a0 || @l Erm [0,



2.2 Classical L-spline Spaces

Splines are well known because of their many beautiful properties and their
wide range of application to the numerical approximation of solutions of partial
differential equations. They were first introduced by I.J. Schoenberg [47] in 1946,
and have been in the focus of studies of many mathematicians in the 1960s and
1970s. In this section, we recall some main results regarding L-splines, which were
introduced as generalization of splines, from [2], [49], [1] and [53].

For m > 1, let L be a linear differential operator of order m defined by

m

= Zak(x)Dku(:r), m > 1, (2.1)
k=0
where
ar € H™[a,b] for 0 < k <m, (2.2)

and assume that there is a positive number « such that
0 < a<ay(z) for x € [a,bl. (2.3)

The formal adjoint L* of L is defined by

= > (-1 D*{ay(x)v(x)}. (2.4)
k=0
Then, given any integer satisfying 1 < z < m, the L-spline spaces, Sp(L, T, z),
is the collection of all real-valued functions s defined on [a,b], such that s(z) €

H?*™(I;), for each 1 < j < n,

L*Ls =0 on [,

10



and
DF(z;—) = DFs(z;+) for0<k<2m—-1-23j=1,2,---,n—1

In other words, each s(x) in L-spline space can be viewed as a piecewise smooth

function, whose smoothness depends on z, locally solving L*Ls = 0, i.e.,

Sp(L,T,z) = {s € H"™ *[a,b] : For each 1 < j < n, s|;, € H*™(I;) and (L*Ls)|;, = 0}.
(2.5)

An important special case is that when L = D™, the elements in Sp(L,T, z) are

piecewise polynomials, and are so called polynomial splines. More specifically, when

L= D" and z =m, Sp(D™,T',m) coincides with the Hermite spline.

Schultz and Varga defined four types of interpolation of given functions in
Sp(L,T,z). And they also proved the existence and uniqueness of them in [49].
Here we only discuss the one type, which we are interested in.

Definition 2.1 Given u(z) € C™ [a,b], a function s(x) € Sp(L,T,2) is said to be
a Sp(L, T, z)-interpolant of u(x), if
DF(u—s)(z;) =0, 0<k<z—-1,0<j<n,
D*(u —s)(a) = D*(u—s)(b)) =0, 0<k<m—1.

Simply by integration by parts, it can be shown the first integral relation in
[1].

Theorem 2.1 Let u(x) € H™[a,b] and s(z) be its interpolant in Sp(L,T', z). Then

the following first integral relation is valid:
b b b
/ (Lu)? dz / (L(u— )} do +/ (Ls)? da.

11



Proof. The proof can be found in [49].
By the definition of the Sp(L,T, z)-interpolant s(z) of u(z) € H™[a,b], s is

also the unique interpolant in Sp(L, T, z) for any v € H™[a, b] for which

DF(u—v)(x;) =0, 0<k<z-1,0<j<n, (2.6)

DF(u—v)(a) = D*(u—v)(b) =0, 0<k<m-—1. (2.7)
Thus, the first integral relation is valid for any v that satisfies (2.6), i.e.,

/ab (Lv)*dx = /ab {L(v—s)}ydx + /ab (Ls)? da.

from this we have

/ab (Lv)* dx > /ab (Ls)?* dz.

The above inequality gives a beautiful property of the Sp(L, T, z)-interpolant, and

it can be used as an alternative definition for generalized splines.

Theorem 2.2 Given u € H™[a,b], let U, be the collection of allv € H™[a,b] which

satisfy (2.6). Then
I1Zs]| 20y = inf J[oll ey,

where s is the unique Sp(L, T, z)-interpolant of .

The first integral relation is important, not only because it can be interpreted as the
minimization property, but also because it is the basis for the proof of the interpolant

error estimate theorems.

Theorem 2.3 Let u € H™[a,b], let T be a partition of the interval [a,b] with size
h, and let s be the element in Sp(L,~, z) which interpolates u. Then there ezists a

12



constant C', dependent on k and m but independent of u and ', such that
D" (u = 8)l| 20y < Ch™ F|L(u = 8) | p2pap) < CP™ || Lul| 210,
for any 0 < k < m.

Theorem 2.4 Let u € H*"[a,b], let T be a partition of the interval [a,b] with size
h, and let s be the element in Sp(L,~, z) which interpolates u. Then there exists a

constant C', dependent on k and m but independent of u and I", such that
| DF (u — ) 22fa < Ch2m_k||L*Lu||Lz[a,b],
for any 0 < k <m.

In [49], Schultz and Varga obtained the above two theorems, in which the upper
bounds are in terms of Lu and L*Lu instead of u. For smooth function u and
the operator L with smooth coefficients, the upper bound can be changed to the
corresponding norms of u, and the error estimate theorems were given as follows (cf.

[53]):

Theorem 2.5 Let u € H™[a,b], let T be a partition of the interval [a,b] with size

h, and let s be the element in Sp(L,~, z) which interpolates u. Then for2 < q < o,
108 (1 = 9llastasy < CH" 2 gy, 0 <k <m—1
For polynomial splines (L = D™), ||u| gmay can be replaced by || D™ || 2(q)-

Theorem 2.6 Let u € H*"[a,b], let T be a partition of the interval [a,b] with size
h, and let s be the element in Sp(L,~, z) which interpolates u. Then for2 < q < oo,
||Dk(u — S)HL‘I[a,b} < Ch2m_k_1/2+1/q||UHH2m[a,b], 0<k<2m-—=z

13



For polynomial splines (L = D*™), ||u| gzmiay can be replaced by || D*™ul| 2[4

Once the term wu is used in the upper bound, one can deduce the interpolation error
bounds for functions u in spaces intermediate to H™[a,b] and H*™[a,b] from the
above two theorems, by using interpolation space theory. For functions u even less
smooth than C™~! a modification of the definition of interpolation in Sp(L, T, 2)
and the corresponding error estimate results can be found in [53], where they mainly
applied the notion of Lagrange polynomial interpolation (cf. [25]) and interpolation

space theory.

2.3  Generalized L-spline Spaces

L-splines have been generalized in various ways based on the interests of the
authors. In this section, we will review some of the generalizations and the remaining
section will be devoted to the generalized L-spline spaces with rough coefficients.

We begin this section with the results of Jerome and Schumaker [34]. Let A =
{\:}F_, be any set of linearly independent, bounded linear functionals on H™|a, b],
and let r = (ry, 79, -+ ,7%)T be any vector of real Euclidean k-space, R*. The so

called Lg-spline interpolant is the solution of the following minimization problem

||L3||L2[a,b] = inf{HLUHL?[a,b} U E UA(I')},

where Up(r) = {v € H"[a,b] : \(v) =1, 1 <i < k}. (2.8)

Thus, Lg-splines offer generalizations in the area of interpolation, but do not gen-

eralize the type of differential operator L. The next generalization we will recall is

14



called 7-splines, which is due to Schultz [48] and Lucas [42]. Let

m

Eu=y (=1) D'{p;(x)D’u(x)},

J=0

where p;(x) € H[a,b](L*®[a,b],0 < j < m, and p,(xz) > 6 > 0 in [a,b]. As
in previous sections, let I" denote a partition of interval [a,b] and let z again be a
positive integer satisfying 1 < z < m. Then S(E,T, z), the v-spline space, is the

collection of real-valued functions w defined on [a, b] such that, relative to T',
Ew(z) =0 almost everywhere in each subinterval I;, 1 < j <mn,
and
DFs(z;—) = DFs(z;+) for0<k<2m—1-2j=12---,n—1.

Thus, the generalization of y-spline works through more general differential opera-
tors. Lucas combined these two ideas of Lg-spline and ~-spline simultaneously and
obtains the error bounds theorem in [43]. One of the more interesting developments
with respect to one-dimensional spline theory is due to Jerome and Pierce [33]. They
were motivated by considering the numerical solution of the singular boundary value

problem:

D*u(z) + ZDu(x) = f(x),

x
u(0) = a, u(l) = 5,
where 0 < 0 < 1. More detailed review on the above generalized L-splines can be
found in [53].
Here, we wish to consider the numerical solution of elliptic differential equa-
tions with rough coefficients, as arise in the analysis of a laminated bar; e.g., a bar

15



consisting of a material m; in the interval [a = yo,y1], a material ms in the interval

[y1, y2], etc. Then the longitudinal displacement, u(x) is the solution of
—(a(z)u'(z)) = f(x), for a <z <b,

where the coefficient a(x) is determined on [yo, 1] by the elastic properties of my,
a(zx) on [y1,ys] is determined by the elastic properties of my, etc. So a(z) will be a
step function. We are thus motivated to consider coefficients ay(x) that are merely
measurable.

The generalized L-spline spaces is an extension of the classical L-spline space
in two ways. One is to extend to the situation where the coefficients ax(x) have
lower smoothness than assumed in [49], specifically are merely measurable. Another
is to use higher order polynomials in constructing the L-spline spaces. So, instead

of assuming (2.2) we assume
ai(x) is measurable and bounded (|ax(z)| < ), k=0,1,--- ,m. (2.9)

In addition we continue to assume (2.3).

Throughout the dissertation we consider differential equation of the form
L*Lu=f, on [a,b], (2.10)

where f € H ™[a,b] = the dual space of the Sobolev space H{"[a,b], and we seek

solution u € H™[a, b]. (2.10) will be interpreted as a distribution or weak equation:
u € H™[a,b]; B(u,¢) = /LuLgbda: = f(¢) V¢ € H]'[a,b]. (2.11)
With r = —1,0,-- - , we define the generalized L-spline spaces to be

Sr.={¢ € H[a,b] : L*L|;, € P™(I;), forj=1,2,---,n},

16



and

Sto = { € Hy'la,b] : L*Ly|;, € P'(1;), for j=1,2,--- n}.

If r = —1, we interpret L*L1)|;; € P"(I;) to mean that L*Ly = 0 on each
I;. This definition of generalized L-spline spaces is closely related to one type of
generalized finite element method in [14]. We will sometimes refer to L-splines Sp*
with smooth coefficients, i.e., that satisfy the hypotheses in Section 2.1 as shown
in [49], as classical L-splines. In order to investigate the properties of Sf, various

equivalent norms for the space H{"[a, b] will be introduced.

Lemma 2.1 |ul,,, ||ul|m and ||Lullo are equivalent norms on H{|a,b], with equiva-

lency constants, that depend on o and (3.

Proof. The fact that |u|,, and ||u||,, are equivalent norms follows from the Poincaré
inequality.
Now consider ||u|,, and || Lullp. Let Lu = g. We first show that there exists a

constant C such that

[ullm < Cligllo, Vu € Hg'[a,b]. (2.12)

In order to do so, we state a standard result for ordinary differential equations in
[31]:
Let y = y(t) be a solution of linear system of ordinary differential equations 3’ =

A(t)y + f(t) for t € [a,b]. Then
w(0)] < {Ju(to)] + / £ (s)]ds} exp | / JA@)lldsl, ¥, to € [a,],
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where [[A(s)[| = sup | Ay| and [y| = max([y'[,---, [y’]).
y:

By rewriting Lu = ¢ as a linear system and following the above result, we

have
0
¢ ¢
vl oo+ (1] .| lskel [ 1A
9
0O 1 0 0
0O 0 1 0 0
where U = [u, Du,--- , D™ 1yl and A = S ) . Since

o 0 0 -0 1

a @« ., , %m-1

am am am

u € HY'[a,b] we see that U(a) = 0 and from (2.2) and (2.3) we see that || A(s)]| is

bounded. Thus
t
WWMSWMS&/Mﬂ@ F=0,1, - m 1,
0
for 0 <t <1, and hence

[ iora < e [ iaspar=0-ack [ sy

a

IN

b b
<w@@/P@/mWF«mmmmwa

ie.,

lulr, < Cillgllo = C1l|Lulfo, (2.13)
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for k=0,1,--- ,m—1 and (] is a generic constant. From the definition of operator

L, we obtain

Lu(x) = 327 a;(x) DVu(x)

D" —
D™ u(z) e
Lu + a Diu(x
L )|+ S oy @)1t -
o
m—1
L .
< | Lu(z)] +§ \Diu(z)|
o a i
(2.14), together with inequality (2.13), yields
w2, = / D™ () da
2
< [ <|Lur +ﬁz 1Dﬂu!>
b 2 m—1
<[ (wumazmw) i
a ]:0
b 9 m—1
2 2 i 12
< / 2 |Lu|” 4+ mZ|Dju| dx
a ]:0
2 m—1
-2 (HLuH% +mY !ul?)
=0
2
< 5(1 + CE3*m*) || Lul|2. (2.15)
Now from (2.13) and (2.15) we obtain
m—1 2
ful, = 3 Juf? + [l < ORI Lul} + 51+ C28°m?)| L = C2) L3,
j=0
where C? = mC? + %(1 + C{6°m?).
Next we see that there exists a constant C' = m such that
C|| Lullo < |||, (2.16)
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which is true, because

ILuf? = / !Zaj o) o
g/m+1 Z|a 2| Diu(z)dx
< (m+1)522/ | Diu(z)2dz

j=0 Ja

= (m+1)Full,.

We see that the equivalency constants depend on a and (. O
It follows from Lemma 2.1 that the bilinear form B(-,-), defined in (2.11), is
bounded on H™[a,b] and coercive on H{"[a,b].

Let Si(I,) = {s € H™(I,) : L*Ls € P"(I,)}.

Lemma 2.2 Form = 1,2,---, and r = —1,0,1,--- , we have dim S[.(I;) = r +

2m + 1.

Proof. Let us consider the following boundary value problem

L*Lu = f on I;
(2.17)
D*u(x;_1) = ag, D*u(z;) = amyr, for 0 <k <m —1,
where f € H™™(I;), and we seek a solution in H™(I;). Using the distribution inter-
pretation of L*Lu = f introduced in (2.11), we see that w in (2.17) is characterized

by v € H™(I;) such that

Bu,6) = [, LuLodr = [(6),% € Hy(I,),
D*u(z;_1) = ag, D*u(z;) = amyr, for 0 <k <m—1,
Let v € H™(I;) be the 2m — 1th order polynomial such that
DFv(z; 1) = ag, D*v(z;) = apmyr,

20



then v € H™(I;), Lv € L*(1;), and L*Lv € H ™(I;). Then, if w = u — v we have

L*Lw = L*L(u—v) = f— L*Lv = g on 1},
(2.18)
D*w(x;_1) = 0= D*w(x;), for 0 <k <m— 1.

Note that the boundary conditions in (2.18) are homogeneous. Thus w is a distri-

bution or weak solution of (2.18) if

we H(L), Blw.d) = [ LuLods =g(0). Vo e HY(L).

J

By Lemma 2.1, we have

|B(w, )| = |/1. LwlLe dr| < C|[Lwllof| Lol < Cllw]lm||@lm-

and

B(w,w) :/ LwlLwdzr = ||Lw||3 > C’||w||,2n7
I.

J

i.e., the bilinear form B(w, ¢) is bounded and coercive on H{*(/;). Thus, by Lax-
Milgram theorem, problem (2.18) has a unique solution w. Since u solves (2.17) if
and only if w solves (2.18), existence and uniqueness for problem (2.18) implies it
for problem (2.17).

For [ =0,1,---,2m — 1, let w; be the solution of

L*Lw; = 0 on I,
(2.19)
DFwy(zj_1) = af, D*wi(x;) =al,.,, for 0 <k <m—1,
a boundary value problem with homogeneous differential equation and non-homogeneous

boundary values, where [a), o}, -+ ab ] =¢, for | =0,1,---,2m — 1, and ¢; is

the standard basis for the vector space R?™. For [ = 0,1,--- ,r — 2m, let v; be the
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solution of

L*Lv, = p; on [, (2.20)

D*uy(x;_1) = 0 = D*yy(z;), for 0 <k <m—1,

a bounded value problem with non-homogeneous differential equation and homoge-
neous boundary values, where p; = 2!, for [ = 0,1,--- ,r. Since problems (2.19)
and problems (2.20) are examples of problem (2.17) with special right hand sides
f and boundary values ay, the solutions w;, for [ = 0,1,--- ,2m — 1, and v;, for
[=0,1,---,r, exist uniquely.

Then if s € S{(1;), ie., 3f for [ =0,--- ,r and v for [ =0,---,2m — 1 such

that
L*Ls = Zﬁlpl on [;
1=0

2m—1 2m—1 (221)

s(xj-1) Z%ak,D’“ s(a;) = o, for 0 <k <m—1.
=0

Since Y ;_, B + Z?fo_l ~vw; also satisfies above problem, by the uniqueness of the
solution, we have that s = Y _, Giu + 2?;”0‘1 Ywy, i.e., s can be represented as
a linear combination of wq, w1, - -+ , Wom_1, v, v1, - ,v,.. Now we only need prove
that w; and v; are linearly independent. Assume s = »;_, Giu; + Zl%:no_l yw; = 0.
Thus L*Ls = 2’”: Gipr = 0, which, because of the independence of p;, implies 3 = 0

1=0
for 0 <[ < r. Next observe that

2m—1

[su(zj-1), sp(j-1), - ;Sz(m_l)(xj—l)a51@3‘)752(13]')7 e (m Y Z e = 0;

by the independence of e;, we have 7y = 0 for 0 < [ < 2m — 1. So we have
dim S{.(1;) = (r+ 1) +2m = r +2m + 1, with {wo, w1, -+ , Wam—1,00, 01, -+ , 0.} &
basis. O
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2.4 Generalized L-spline Interpolation

In [49], Schultz and Varga discuss the basic properties of classical L-splines, in
particular establishing interpolation results including interpolation error estimates.
But the desire is to obtain error bounds for the numerical solution of the problem
with rough coefficients. In this section, we define the interpolation by generalized
L-splines and discuss the error estimate for the corresponding interpolant in next
section.

If u(z) is a given function in H™[a, b], the Sf-interpolant of u is described by

the following lemma.

Lemma 2.3 Given a function u € H™[a,b], then there is a unique Ifu € S} such

that
DFIfu(z;) = DFu(zy), j=0,1,---,n, k=0,1,---,m—1
/(u—]lfu)(x—xj_l)ldx—o, [=0,1,---,r, 7=1,2,--- n.
I
Proof. We define Ifu locally, i.e., on each subinterval /;. For j = 1,2,--- ,n, we

seek I} u € Sp(1;) satisfying

DkI}ju(xj,l) = D*u(z;_1), k=0,1,--- ,m—1,
Dkl}"ju(x]-) = D*u(z;), k=0,1,--- ,m—1,

/(u—[}”ju)(m—xj_l)l de=0, [=0,1,---,r (2.22)

1
By Lemma 2.2, we have dim S[.(I;) is 7 + 2m + 1. For each j, it is easy to see that

the number of equations in (2.22) is the same as the number of free parameters.
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Thus we have existence of [}’ju if and only if we have uniqueness. Now we prove the
uniqueness. Given u, suppose ]}’ju and ]f}”ﬁz satisfy the equations in this lemma. Let

z = 1Iju—Iju. Then
J J

DFx(x; 1) = D"2(z;) =0, k=0,1,--- , m—1 (2.23)
/ 2 —x; 1) dr=0, 1=01,---r (2.24)
I

Now, L*Lz € span{l,z — x;,- -+, (x — x;)'}, so by (2.24) we have [, zL*Lzdz = 0.
Using Green’s formula and (2.23), [, (Lz)*dx = 0, so Lz = 0. Using this and (2.23)
we get z = 0, so [}"J,u = f}j&

Now define Ifu on [a, b]
Itu=1Ipu, zelf.

Since u € H™|a, b], we have Ifu € H™[a,b]. Clearly [fu is unique. O

Notice that if u € Hg'[a,b] then Ifu € ST ;.

2.5 Interpolation Error Estimate

In this section we investigate the accuracy of the approximation Ifu ~ u for

u € H™a,b.

Lemma 2.4 For u € Hy'[a,b], let Itu € St be the interpolant of u. Then Itu is

characterized by

B(Itu,v) = B(u,v)  for allv € S, (2.25)
where B(u,v) = fab LulLvdz for any u, v € H{"|a,b.
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Proof. Let v € ST, i.e., v € Hy'[a,b], L*Lv|;; € P7, for j = 0,1,--- ,n. On each

subinterval /;, there exists a polynomial p; € P" such that

/Lvadx:/pjwdx, Vi e Hi'(1;).

J J

Let ¢ = Ifu — w; theny € H{*(I;) and by the definition of Ifu, we have

/ LoL(Ifu — u)dx = / p;(Iru —u) dz = 0.

I 1
This is true for any v € St 5. Here we have proved that if Ifu satisfies the condition
in Lemma 2.3, then (2.25) holds.

Now we prove that Ifu in (2.25) is unique. Suppose [fu, m € St and
B(Ilju — Ifu,v) =0 Vv € Sp,,.
Let v = Itu — T;Eﬂ; then v € St 5 and we have
b —_— —_— —
/|u@u—@mmszum—g@ﬂm—@m:0

So

L(Iiu — Iru) = 0.

By the equivalence of the norms on H("[a,b] in Lemma 2.1, we have
Itu — @ = 0.

Thus we have the characterization of Itu. O

Notice that the above lemma also holds when T is the whole interval [0, 1].
Throughout the dissertation, Green’s formula, which can be found in any

partial differential equation book, for example [29], is often applied in the proofs.
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Theorem 2.7 (Green’s Formula) Let u,v € Ct[a,b]. Then
b b
/ (Du)vdr = — / uw(Dv) dx 4+ uv ]Z :
where uv ]Z = u(b)v(b) — u(a)v(a).
A general Green’s formula involving operator L can be found in [49], which is
b
/ {vL[u] —uL*[v]}dz = P(u(b)v(b)) — P(u(a)v(a)),

for any a,b € [0,1], and any u,v € H™|0, 1], where

3

Plu,v) =Y D" u(2) Y (=1)* D {am-jx(z)o(2)}.

j k=0

Il
o

We now state two easily proved lemmas, which will be used to prove the error

estimate theorem.
Lemma 2.5 There exists a constant 0 < C(«, 3) < oo, such that
[ullme < ClIL* Lulo,
for all u € HY[a,b] with L*Lu € L?[a,].
Proof. By Lemma 2.1, we have
lullz, < CEIILullg,  Vu € H'[a,0]. (2.26)

Since
IZullg = (Lu, Lu) = (L* Lu,u) < [|L* Lullo]|ullo, (2.27)
where Green’s formula is used, combining (2.26) and (2.27), we get

lully, < CYlILullg < CYIL" Lulo]|ullo-
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Dividing both hand sides of the above equation by ||u||,, and using ||ulo < Caljul|m,

we have the assertion that for some constant C' that depends only on a and £,

[ullm < ClIL Lulfo.

Lemma 2.6 ||ul|,, and ||L*Lu||—,, are equivalent norms on H{[a,b], with equiva-

lency constants depending on o and (3.
Proof. By Lemma 2.1, we have
CllLullo < llullm < Cl[Lullo,  Yu € Hg'[a,b].

By the definition of negative norm, Green’s formula and the above inequality, we

have
L*Lu)vd LuLvd
L L = sup R, 1] Lubude]
veH" HUHm veH® Hva
L L 1 1
< sup EolEo o Ly, < Ljul.
veHM 0] m C C?
On the other hand,
| [(L*Lu)udz| [ |Lul*dx || Lul? _ 1 1
1L Lu| - = = = > =l Lullo = =5 l[ullm.
]| [[t] ullm — C c?

We then have the following error bound theorem. The main idea of the proof of
the theorem is to prove it locally by shifting the general problem on each subinterval

[z;_1, x;] to [0, 1], and proving the error bound and then shifting back. Therefore,
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we will state the standard scaling argument first, which will be used in the proof

later.

T—Tj 1
h;

For any function v(z), = € I;, let v(Z) = 9( ) =v(x), T = %ﬁ”l €
I =[0,1]. Then Do(z) = h;Dv(x) and hence D*u(z) = hiD*v(x). We shift the
operator L to the interval [0, 1] and then multiply by hJ* to define

Lo =Y ah!*Do, L'w=> (—1)*hr*DMayw), (2.28)
k=0

k=0

where h; = x; — z;_;. Then the coefficients in L and L* are bounded by « and j3:
an (@) < B, VI, Vhy <1, k=0,1,--- ,m,

|am(Z)| > o, VzVh; <1

Thus Lemma 2.5 and Lemma 2.6 hold for operator L on the interval [0,1]. By

standard scaling, we have

ohos, = ([ o)} = by [ o)t = n ol

I I

o
~i

1 —g N 2 -1
o, = ([ (D'o)da)} = (s [ (Do)t =% 1D'elo = hf ol

I; I
and hence

17
[vllr, < CRZ (o, 1=0,1,--- ,m.
From this we get
1_ __
Hu_[{‘“qu,Ij S Ch; lHa_[lz:quj’ l:()?la , T, (229>

where Ifu is the interpolant Ifu after shifting. Because of the uniqueness of the
interpolant in S, ]l’i_u is the same as [, the S§ interpolant of u, based on the
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operator L, as defined in (2.28), where

k=0 1=0
Since
L'Lu(z) = Y (-1)Fh"*DF(a; Y a:hy'D'u)
k=0 =0
= Y (=D D¥(ap Y a;hl D'u(x)) = 3" L* Lu(x).

k=0 =0
Thus
_ _ 1 1
L Lal,p = ( / (L*Lay"Pdz)? = ( / ol (L L) Py s = B L L,

I I; 1Y

(2.30)

for any integer pu > 0.

Lemma 2.7 (Bramble-Hilbert [20]) Let u € H™[a,b], there exists a polynomial p of

degree < k, such that
lu = pllasay < Ch"¥||ullgmiap for0<s<m < k41

Theorem 2.8 Let u € H™|[a,b] and Ifu be the S} interpolant of u. Then for

l=0,1,---,m, k>0 and r > —1, we have
lu = Irull < Cla, B)R*H2 Y L Luly, (2.31)

where pp = min(k, r + 1), h = maxh; and C(a, 3) is independent of w and h, but

depends in general on o, 3, 1, k and r.

Proof. Here we will show that error bound in equation (2.31) holds locally, and then
show it is true on the whole interval [a, b]. Now consider u — I{w on I;. By standard
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scaling argument (2.29), we have
" -t A
lu = Itully,r, < Chi||u — Iralf; 1. (2.32)
Since 4 — I+ € HJ*(I), by applying Lemma 2.5 to L, we get,
1 — Ifall; < [[@ = Il < Cle, BIIL*L(a — Ira) oz,

for I < m. Write
I = (1), + (IL4),,

where

then

Since L*L(ILu)y = L*L(Ifu) € PT(I), using the fact that all norms on the finite-

dimensional space P"(I) are equivalent and applying Lemma 2.6 to L, we have
IL*L(Ira)|lo.r = | L*L(IFa)sllos < CIL*LIF@)2 || s < Cl(IF@)2 )l (2-33)

Applying Lemma 2.4 to L, we see that (I%i)y is the Ritz projection of 4 — (Iri),

onto ST, with respect to the form B(u, v) = fol LuLvdz, where

Sto={p €Sl : D'¢(0)=D*¢(1) =0 k=0,1,---,m— 1},
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Hence

I(Trw)2llm,r < Cllte = (Ipw)s]lom,1- (2.34)

Since u — (ILu); € HJ*(I), we can apply Lemma 2.5 to L to get

12 — (Il m,r < CIIL Lt r- (2.35)
Now, combining (2.33), (2.34) and (2.35), we arrive at

IL*L(Ita)llor < C|IL* Lo r- (2.36)
From Lemma 2.5, inequalities (2.29) and (2.36), we obtain

S R P
lu = Trullir; < Ch o = Irallyr < Chi |[L7L(u = Ira)|lo,7

< Cnt L Lalloy < OB L Ll (237)

for 0 <! <m and p > 0. Now

lu = Ttullr, = [[(uw = ¢) = If(u = @)1, (2.38)
for any ¢ € S{(I;). Then inequality (2.37) and equation (2.38) gives

lu— Iullus, < Cha!||L*La — L* L -
Since L*L¢ is arbitrary in P"(I) and by the Bramble-Hilbert lemma, we have

lu = Ty, < Ch2 ™ dnf (1L L= QI < Ch? ' |L Ll .,

for 4 <r+ 1. Then by a further scaling argument, (2.30) yields
Ju—I{ull,r, < Chf‘lh;f“m‘%w*mwj = CRYP*™ L Lul,p, < CRY ™7 LY Luly g,
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where £ > p. To this end we have proved the error bound on each subinterval. Then

simply taking h = max h;, we have the assertion on the whole interval [a, b]. O
The above proof can be simplified when » = —1, i.e., the Sf-interpolant is the

typical L-spline result, since L*L(I;u) = 0, and then (ILu); = 0. The following

theorem gives the error estimate for the case when r = —1

Theorem 2.9 Let u € H™[a,b] and I7'u be the Sp' interpolant of u, then for

[=0,1,---,m, we have
= Il < Clas BYR | L* Lullo, (2.39)

where h = max h; and C(«, ) is independent of u and h, but depends in general on

a, B, 1, k and r.
Proof. Let us consider u — I 'u on I;. After shifting to the interval [0, 1], we have
= I ullr, < €3l = Il (2.40)

Since @ — Ip'a € HYY(I) and L*L(I;'a) = 0, by applying Lemma 2.5 to L, we get,

1@~ Ix'allr < [|a =I5 '@l r < Cla, B)IIL*L(@ — I @) o, = Cle, B)IIL* Lo r,
for | < m. Then combining the above two inequalities, we obtain

= £ tull g, < CRF L Ll

By a further scaling argument (2.30), we arrive at

= Il g, < O3 E allos = ChE ™2™ |1 Lulls, = CHE™ | L* Lulloy,.
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Applying this result to the whole interval, we then have the assertion. O

Theorem 2.9 shows that we can obtain the same error estimate for interpolants
in the norms || - ||;, I = 0,1, -+ ,m, for operators with rough coefficients as for oper-
ators with smooth coefficients. This relaxes the requirement of smooth coefficients

in the usual L-spline spaces.
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Chapter 3

Galerkin Methods with Generalized L-spline Spaces

In Chapter 2, generalized L-spline spaces S| are introduced and the error
estimate for the interpolant in S} is provided. In this Chapter, we will present
the applications of generalized L-spline spaces in Galerkin methods for solving one-
dimensional Dirichlet boundary value problems. In Section 3.1, we begin by in-
troducing the problem Au = (L*L + B)u = f with Dirichlet boundary condition.
Error estimate results are given for the Galerkin solution with the generalized L-
spline space. We state the results in two cases: B = 0 and B # 0. In Section
3.2, for the second case we solve the problem in an approximation space V| by
using the whole operator A. The convergence of the Galerkin solution in both en-
ergy norm and L? norm are given. In Section 3.3, some experiments are done on
a second order and two fourth order Dirichlet boundary value problems with rough
coefficients. The numerical results show that a Galerkin method with a particular
generalized L-spline space is very effective for problems with rough coefficients. In
Section 3.4, some negative norm error estimates are given. Last, the generalized
L-spline spaces are used to approximate the eigenvalue problems corresponding to

the source problem we mentioned in the previous sections.
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3.1 Error Estimates for the Generalized L-spline Spaces

Let us consider the following elliptic problem

Au=L"Lu+Bu=f, a<zxz<b,
(3.1)

D*u(a) = Dfu(b) =0, k=0,1,---,m—1,

where L is defined in the previous section and B = ijDj ,0 < n < m and
j=0
bj(x)| <7, 0 <j <n, for some positive number .

Let

b b
a(u,v) :/ LuLv d$+/ Buw dx. (3.2)
Then the weak formulation of (3.1) is

Seek u € H"[a,b] such that
a(u,v) = fab fodz, Yve Ha,b.

It is easily seen that
la(u, V)| < Cllufm|[v]lm,  Vu,v € Hg'la, b].
When B = 0, we also have the coercivity
a(u,v) > c||u|]72n, Yu € H{"[a,b].
When B # 0, we assume that there is a constant C' such that
a(u,v) > c|lul?,, Vu e Hi'a,b),

The coercivity is essentially an assumption on operator B, which requires either that
the signs of coefficients in B are all positive, or that the magnitude of the coefficients
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in B is smaller than those in L. Thus by the Lax-Milgram theorem, there exists a
unique weak solution to this boundary-value problem (3.1).
The Galerkin approximation u; to u is defined by
up € S C H'[a, b]
a(u,v) = fab fvdx, Yove Sy,

where S[. is the generalized L-spline space,
St ={y e H"[a,b] : L"Ly|;; € P", for j=1,2,--- ,n}. (3.4)

Note that we are using S[. as both trial and testing spaces.
When B = 0, i.e., there are no extra low order terms, the Galerkin solution
up, will be the same as the interpolant Ifu in Sy by the characterization Lemma 2.4.

Directly following Theorem 2.8, we have the error estimate result.
Theorem 3.1 For problem (3.1) with B =0, we have
lu = uplle < CRZ" 7 £,

forl=0,1,---,m, k>0 and r > —1, where . = min(k,r +1). When f € L*[a,b),
we have

lu = unll < CH2" | f o,

forl=0,1,--- ,m and r > —1.

Note that if f is assumed to just be in L?[a,b], then this error bound does not
depend on r. For this case, we only use the generalized L-spline space with r = —1,
ie.,

Sv={y e H"[a,b] : L"LY|;;, =0, for j=1,2,--- n}.
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In general, if B # 0, the Galerkin solution uy, is different from the interpolant

Itu. The following theorem shows the error estimate for this case with f € L%

Theorem 3.2 For problem (3.1) with B = ijDj, n <m and |bj(z)| < 7,0 <
=0
j < n, for some positive number v, and f € L?, we have

[u = unlle < CR¥|| flo,
forl=0,1,--- ,m, where 4 = min(2m — [,2m — n).

Proof. Let F' = f — Bu. Then from the coercivity of the weak formulation of the

problem (3.1) and Cauchy-Schwarz inequality, for some constant C
cllully, < alu,u) = (Au,u) < Ci| fllo[fullo.
Dividing both hand sides by ||u||,», we have

[[ullm < Cal[ fllo-
Together with the definition of the operator B and the fact that
[Bullo < Cllu]lm,

we obtain

[1Fllo = I[f = Bullo < [Ifllo + | Bullo < Cl|flo- (3.5)

Clearly

L*Lu=F, D'u(a)=DFu(b)=0 k=0,1,---,m— 1.

From Theorem 2.8 and (3.5) we have

lu = Tl < CH*™ | fllo, (3.6)
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for [ =0,1,--- ,m. Writing

up = Iru + z,

we immediately see that

a(z, z) = alup, —u, 2) + a(u — I{u, 2) = a(u — Iju, z)

= (L(u — I{u), Lz) + (B(u — Ifu), z) = (B(u — I{u), 2),

for v € St . Then by the coercivity we have

1215 < Ca(z, 2) = C(B(u — Ifu), 2) < C|B(u — Ifw)[ollzllo < Cllu — Itullallz]o,
and this, together with (3.6), yields

2]l < Cllu = Lrull, < CRZ" 7| fllo- (3.7)
From (3.6), (3.7) and the fact that
Izl < Cllzllm,  1=0,1,---,m,
we have
lu—unlly < Jlu = Irull + ||zl < CR*" 7+ B2 fllo < CR| flo,

where g = min(2m —[,2m —n). O

Theorem 3.2 gives an alternative way of using L-spline space, in which the
construction of L-spline space does not involve the whole operator A. And only
the rates of error in lower order norms are sacrificed for the error estimation when

n > 0.
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3.2 Error Estimates for Approximation Spaces with Operator A

In the previous section, the generalized L-spline spaces were used for the ap-
proximation spaces in the Galerkin method. There are two cases. One is that L*L
represents the problem operator, so that the numerical solution is the same as the
interpolant in S}. Another is that L*L is only the leading part of the problem
operator; then the numerical solution loses some power of h in the accuracy in the
lower order norm when B # 0 with n > 0. In this section, we will discuss the ideal
approximation space for the second case, i.e., the space V' is constructed with the

whole problem operator A = L*L + B. Toward this end, let
VE = {6 € H"[a,b] : Ably, = (L°L + BYy € P(I), for j = 1,2, ,n}.

Although the numerical solution in V' is not identical with the interpolant in V7,
the regular error estimate procedure for energy norm holds. And we can use the
Nitsche argument to get the error estimate for L? norm. First, we still need a lemma
counting the dimension of the space V', and a lemma to define the interpolant in

VI

Lemma 3.1 Let VI (I;) = {¢ € H™(I;) : (L*L+B)y € P"(1;)}, then dim Vi (I;) =

r+2m+1.
The proof of this lemma is similar to the proof of Lemma 2.2.

Lemma 3.2 Given a function uw € H™[a,b|, then there is a unique jzl’lu € VI such
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that

Dkflfu(xj) :Dku(:vj), j=0,1,---.n, k=0,1,---,m—1

/(u—l:{ﬂu)(x—le)ldxzo, 1=0,1,---,r, j=1,2,---,n.
I

i
Proof. We define fﬁu locally, i.e., on each subinterval I;,. For j = 1,2,--- ., n, we

seek f}"ju € VI(1;) satistying

Dkf;ju(mj_l) = D*u(z; 1), k=0,1,--- ,m—1,
Dkf;ju(xj) = D*u(z;), k=0,1,--- ,m—1,

/(u—ffju)(x —x; ) de =0, 1=0,1,--- 7. (3.8)

I

According to the proof of Lemma 2.3, we have existence of f}”ju if and only if we

have uniqueness. Now we prove the uniqueness. Given v € H™(I;), suppose f}’ju

and f}ju satisfy the equations (3.8). Let z = f}"ju — f}ju. Then

D*z(z]) = D"2(z;) =0, k=0,1,--- ,m—1, (3.9)

/z(:c—le)ldxzo, [=0,1,---,r (3.10)

[.
Now, Az € Span{l,z—x;, -, (x—x;)"'}, so by (3.10) we have [, zAzdx = 0. Using

the coercivity of the weak formulation of A, 0 = (Az, 2) > ¢||z||2,, so ||z]|m = 0. Then

we get z = 0, so f}"ju = f}ju. Now define Il on [a, b] by
Ifu=1Iju, zelj.

Since u € H™[a,b], we have I'u € H™[a,b]. Clearly Ifu is unique. O
Notice that Ifu does not satisfy (2.25) in Lemma 2.4, since the bilinear form
for the problem (3.1) is not symmetric when B # 0. We have an interpolant error
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estimate, which is similar to Theorem 2.8. Before we state the next theorem, two

basic lemmas involving different norms will be proved first.
Lemma 3.3 There is a constant 0 < C(«, 3,7) < 00, such that
ltlln < CllAully = C(L*L + B)ullo,
for all uw € HY* with Au € L*0,1].
Proof. By the coercivity of A in the Problem 3.1, we have
cllull?, < (Au,u) < Cil|Aulloflullo, Vu € H".

Dividing both hand sides of the above equation by ||u||,, and using the fact that
|ullo < Caollull, for uw € H{*, we have the assertion that for some constant C' that

depends only on a and (3, we have

[ullm < CllAulfo.

Lemma 3.4 ||ul|,, and ||Aul|_,, are equivalent norms on H{[a,b].

Proof. By the definition of negative norm and the fact that A is bounded, we have

b
Au)vdzx C
1Auly = sup HatAWvdel - Cllelnlivln o
veH ]| m veH [[v][m

On the other hand, by the coercivity of A,

| J(Auw)udz| _ cljul,

[llm— — [lellm

[Aul - > = cllullm-
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Theorem 3.3 Let u € H™[a,b] and Ifu be the Vi interpolant of u, then for | =

0,1,---,m, k>0 and r > —1, we have
lu = Full, < CR2™ 47| Aully, (3.11)

where p = min(k, r + 1), h = maxh; and C is independent of u but depends in

general on «, 3, v, I, k and r.

Simply changing L*Lu to Au in the proof of Theorem 2.8 and using the above
lemmas give the proof of the above theorem.

Let 4y, be the Galerkin solution of problem (3.1) by using V{7 as both trial and
test spaces. The following theorem contains the energy and L? error estimate for

Up -
Theorem 3.4 For problem (3.1), we have
lu =l < CE™ ] f ]k,

and

lu = dnllo < CH*" || ],
forr > —1, where p = min(k,r + 1).
Proof. Because of the quasi-optimality of the Galerkin approximation w,, we can
bound the energy norm of the error by the energy norm of the interpolant error as

follows

lv = il < C¢ié1vf; lu = ¢l < Cllu— L.
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Together with the interpolant error estimate result for [ = m in Theorem 3.3, we
have

lu = flm < CH™ || Aul|y,

where p = min(k, r +1) and r > —1.

Since the leading term L*L in the operator A is selfadjoint, the interpolant
error estimate results in Theorem 3.3 also hold for the adjoint operator A* of A.
The proof can be obtained from the proof for the case of the operator A only with
a slight change. With the help of the interpolant error estimate, we can get the
convergence in the L? norm by using the Aubin-Nitsche argument.

We now set v to be the solution of the adjoint problem A*v = u — 4y, i.e.,

a(,v) = (Y, u —uy) for any ¢ € V¥, then
lu—anlls = (u—tn,u— )
= a(u — ap,v)

= a(u— iy, v — Irv)

IN

Cllu = @nlm o = Ixv]lm

VAN

Ch™ || Aull, k™ (| A™v]lo,

= O™ || Aully 1w — anlo-

Here, C' is a generic positive constant, ¢ = min(k,r + 1), and ffv denotes the

interpolant of v in space V. Consequently,

lu = anllo < CR*™ | f|k-
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When problem (3.1) has extra low order terms, there are two ways of con-
structing the approximation space. One is to use the whole operator A to construct
the approximation spaces. Alternatively, we can use only the leading term L*L in
A to construct the generalized L-spline spaces. So far, we can only give the rates
of the convergence in energy and L? norms for the solution in space V. And the
construction of V' may be complicated. When n = 0, numerical solutions in V¥
and ST have the same rates of convergence. When n > 0, only the rates of error in
lower order norms are sacrificed for solution in S}.. However the construction of St
is simpler than that of V. When we solve a real problem, we should be able to find
the balance and chose the one we want to work with.

In summary, the numerical solution in the generalized L-spline space gives the
desired rates of convergence for problems with rough coefficients, in which the usual
finite element method does not yield an accurate approximation. The reason for the
failure of the analysis of finite element method is that the solution u to the problem
with rough coefficients is also rough; to be specific, u is not in general in H?, and
may not be in H*¢ for any € > 0. However, we did not use the regularity property
of the numerical solution to prove the error estimate in the generalized L-spline
space; instead we take advantage of the interpolant error estimation with the norm

of Au as the upper bound.
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3.3 Numerical Experiments

In this section we consider two numerical examples, namely a second order and
a fourth order Dirichlet boundary value problems with rough coefficients. As part
of the future work, we plan to test generalized L-spline spaces on more problems,
specifically higher order problems with lower order terms using only the leading
term in L*L in the construction of the L-spline space.

Example 1. As an example we consider a second order elliptical equation on
the unit interval [0, 1] with Dirichlet boundary condition:

—(a(x)u) +u=1 O0<z<l1

For definiteness, we pick a step function to be the coefficient function
1 0<z<g,
a(r) =
2 s<z<l

In this case we use two conforming Galerkin methods with piecewise linear finite
element space and the generalized L-spline space Sr, only for the highest order term

in the problem, which is defined by
Sp={v e H'0,1] : (a(x)u')|;, =0, forj=1,2,--- ,n}.

In all calculations test and trial spaces are the same. The mesh used in both com-
putations is the uniform mesh I',, with an odd number of subintervals (z; = jh, j =
0,1,---,n, h =n~! nodd), so that the discontinuity of a(z) falls within a subin-
terval. The generalized L-spline space can also be represented as follows:
Sp={y € H'[0,1] : for each j, ¥|;, = a linear combination of 1 and /x %}
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Note that the shape function of generalized L-spline coincides with the basis shape
function of the usual finite element method based on piecewise linear element, when
a(x) is a constant. For this problem with step coefficient function, only the basis
shape functions that are non-zero on the subinterval containing 0.5 are different
from the hat function in the finite element method. One of these special shape
functions is shown in Fig 3.1. The function shown in Fig. 3.1 might be referred
to as a “broken” linear function, with a break at the jump in the step function. If
the step function has two jumps, the the special shape function is a broken linear
function with two breaks—at the jumps in the step function. Thus, for this given
step coefficient function, only the middle two rows of stiffness matrix A by using
generalized L-spline method need be modified from those of stiffness matrix Apgy
by using the usual finite element method. And it is similar with the calculation of
the right hand side function. We use the numerical solution by over computing, i.e.,
(n = 1001), with the finite element method as the exact solution to get the error in
the energy norm. Let ¢» = {11, 19, -+ ,1,} be a set of basis functions of generalized
L-spline space and ¢ = {¢1, ¢o,- -+ , ¢} be a set of basis functions of finite element
space. Let the exact solution be © = u- ¢ and the numerical solution be u; = uy -,
then

lu = unl[f = [ullE = [lunlli ~ w" Appyu — w, Aug,

where A7, represents the stiffness matrix for the usual finite element method with
m large.

The convergence results in relation to the element size of h show an improve-
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Shape Functions on [0.2, 0.6]

Lspline

- - —FEM

0.8~

0.6~

0.4

0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6

Figure 3.1: The special shape function on a subinterval

ment as one chooses the generalized L-spline space instead of piecewise linear fi-
nite element space. Since the coefficient function a(x) is not smooth, we have
uw ¢ H*(0,1). In Figure 3.2, the left end of the graph for the finite element results
tilts upward, which implies the slower convergence. However, the log-log conver-
gence curve for the generalized L-spline results has slope 1, which confirms the
theoretical rate of convergence in the energy norm is O(h) shown in Theorem 3.2.

The detail data of the energy norm of the error are given in Table 3.1.
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Loglog ||u—uh||l error plot

-1.4

-1.61

_1_8 L

|
N
T

I
NS
)

error of ||u—uh||l

—+— FEM (slope<1)
—4&— L-spline (slope=1)

-3 -2.5 -2 -15 -1 -0.5

Figure 3.2: The log-log plot of ||u — uy]|; for second order problem.

b | = | FEM | = 5P
1/7 3.21-2 3.37-2
1/57 4.80-3 4.16-3
1/107 2.93-3 2.21-3
1/157 2.23-3 1.50-3
1/207 1.84-3 1.12-3
1/257 1.60-3 8.94-4
1/307 1.43-3 7.38-4
1/357 1.30-3 6.23-4
1/4()7 1.20-3 5.34-4
1/457 1.11-3 4.64-4
1/507 1.04-3 4.05-4

Table 3.1: The energy norm error for second order problem

Example 2. As the second example we consider a fourth order elliptic equa-
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tion on the unit interval [0, 1] with Dirichlet boundary condition:

(a(x)u”)" =1, O0<z<l1 (312)

We choose a smooth but sharply varying function as the coefficient function,

5000(z — 0.5)
1+ 1000z — 0.5

a(x) =

which is shown in Fig 3.3. We have the analytic formula of the solution of this

/ / Lot d e,
2a(s a(s)

where ¢ and d are determined by the boundary conditions and are the solution of

problem, which is

the following linear system

folf(fﬁdet fo ft v ddt ¢ fo ozasddt
1 S
fO mds fO als dS d 0 2a (s) dS
and
c —0.39466258071925
d 0.05188334464260

In this case, we use two conforming Galerkin methods, piecewise cubic polynomials

and the L-spline space St defined by
Sr = {y € H'[0,1] : (a(x)u")//hj =0, forj=1,2,---,n},
which can be written as

Sr = {¢ e H'(0,1] : for each j, 1|, = a linear combination of

1,x,/$/s$dtds, and /x/sédtds}.



The plot of sharply varying coefficient function
T T T T T

10+ -

Figure 3.3: The coefficient function with a sharply varying property.

The same uniform mesh as in Example 1 is used. The slope of the convergence curve
for L-spline results is 2, which confirms the theoretical result shown in Theorem 3.1.
However the finite element only has convergence rate 1. In Figure 3.4 we also see a
downward shift of L-spline curve compared to finite element curve. This illustrates
a smaller constant C'in the error estimation result, which only depends on the lower
and upper bounds of the coefficient function in the generalized L-spline case, but
depends on the first order derivative of the coefficient in the usual finite element
case. So in this fourth order problem, generalized L-spline space provides a better
approximation result not only with a faster convergence rate but also with a smaller

constant C.
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Loglog ||u—uh||2 error plot

I

w

o1
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error of ||u—uh||2
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—4A— L-spline(slope=2)

55 . . . . . .
-2 -1.8 -1.6 -1.4 -1.2 -1 -0.8 -0.6

Figure 3.4: The log-log plot of ||u — w2 for fourth order problem.

3.4 Negative Norm Estimates

In this section, we will provide negative norm error estimates for the problem
(3.1) without lower order terms, i.e., B = 0. In this case, the problem operator
A = L*L is self-adjoint. These estimates have important applications. We are
interested in using it to prove error estimates for the approximation of eigenvalues
and eigenfunctions, which will be discussed in Section 3.5. Since L*L is symmetric,
we automatically have the estimate for the adjoint problem, which is used in the
proof of negative norm error estimates.

For s =0,1,--- the negative norm is defined as

b
uv dx
lull—s = sup Jo 04!

vEH] “'UHS '
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O T e
1/5 427-3 1.05-3
1/15 1.79-3 1.19-4
1/25 1.16-3 4.30-5
1/35 8.50-4 2.19-5
1/45 6.67-4 1.33-5
1/55 5.44-4 8.90-6
1/75 3.91-4 4.79-6

Table 3.2: The energy norm error for fourth order problem

Theorem 3.5 For problem (5.1) with B = 0, let f € H*(a,b) and uy, be the
Galerkin solution in the generalized L-spline space S{.. Then, for 0 < s < r +1

and 0 < k <r-+1, we have

lu = unll—s < CRZ" 52 £l

Proof. By the definition of negative norm, we have

b
| J, (u— un)vdz|
[ — up||—s = sup

vEHS [v]ls
Since
[(u = up, v)| = [(v,u —up)| = |a(d, u —up)| = |a(u — un, @),

where a(-,-) is the bilinear form corresponding to the problem (3.1), and ¢ is the
solution for the problem with righthand side f = v. By the orthogonality relation

of the Galerkin solution, we obtain

|a(u — up, @) = la(u —un, ¢ = X)|,  Vx € Sp.
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Then it follows from Theorem 3.1 and Theorem 2.8 that

[(u—up,v)| = |a(u —up, ¢ — x)|
< — ' —
< Cllu uh\lm;gsfgllaﬁ Xllm
< CK**™|L*Lully || L* Lo s

= Ch*™ | L* Lully [[o]ls,

for 0 < s < r+ 1. Dividing both hand sides by ||v]s, and using the definition of the

negative norm, we have the assets. O

3.5 Eigenvalue Problems with Rough Coefficients

Eigenvalue problems arise in physics and engineering, in problems such as of
heat conduction and of vibration of a spring or an elastic solid. They also appear in
stability analysis of nonlinear problems. Generalized L-spline spaces can be also used
for approximation of eigenvalue problems with rough coefficients. In this section, we
will apply the generalized L-spline spaces for the eigenvalue problem corresponding
to the source problem (3.1) without lower order terms, i.e., B = 0. The error
estimate results coincide with the polynomial finite element spaces for problem with
smooth coefficients.

In order to carry out the analysis of error estimate, we have to review some
results for eigenvalue problems. The inverse operator T' of the problem differential
operator A = L*L is a compact operator. A spectral approximation theory for com-
pact operators was developed by Osborn in [44]. Further, a complete development
of the spectral theory for compact operators can be found in [28]. Babuska and
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Osborn gave a survey of general information on eigenvalue problems in [11].

Let T': X — X be a compact operator on a complex Banach space X. We
denote by o(T') and p(T) the spectrum and resolvent sets of T, respectively. For
any z € p(T), R,(T) = (2 —T)~" is the resolvent operator. ¢(T) is countable and
nonzero numbers in ¢(7') are eigenvalues. If zero is in o(7'), it may or may not be
an eigenvalue.

Let 1o € o(T) be nonzero. The smallest integer o such that N((u —7)%) =
N((p — T)**1), where N denotes the null space, is called the ascent of yu — T.
N((p—T)®) is finite dimensional and m = dim N((x — T)%) is called the algebraic
multiplicity of pi. The vectors in N((u—T)%) are called the generalized eigenvectors
of T' corresponding to p. The geometric multiplicity of u is equal to dim N(u —T),
and is less than or equal to the algebraic multiplicity. The two multiplicities are
equal if X is a Hilbert space and T is selfadjoint.

Throughout this section, we will consider a compact operator T and a family
of compact operators Ty, : X — X, 0 < h <1, such that T}, — T in norm as h — 0.
Let 1 be a nonzero eigenvalue of T" with algebraic multiplicity m. Let I" be a circle
in the complex plane centered at p which lies in p(7') and which encloses no other

points of o(T"). The spectral projection associated with 7" and p is defined by

B = E(u) - L/FRZ(T) -

2mi
E' is a projection onto the space of generalized eigenvectors associated with T" and

the nonzero eigenvalue p of T', i.e., R(E) = (N(u—T)%), where R denotes the range.
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For h sufficiently small, I' C p(7}) and the spectral projection

Eh = Ep(p) = L/FRZ(Th) i

C2m

exists, £, converges to E in norm, and dim R(Ej,(p)) = dim R(E(u)) = m. Ej, is the
spectral projection associated with T}, and the eigenvalues of T}, which lie in I" and
is a projection onto the direct sum of the spaces of generalized eigenvectors corre-
sponding to these eigenvalues. Thus, counting according to algebraic multiplicities,
there are m eigenvalues of T}, in I'; we denote these by py(h), -+, fy(h). Further-
more, if I'" is another circle centered at p with an arbitrarily small radius, we see that
pi(h), -+, pm(h) are all inside of I for A sufficiently small, i.e., lim,_q p1;(h) = p for
j=1,---,m. R(E) and R(E}) are invariant subspaces for 7" and T}, respectively,
and TE = ET and T, E), = E,T),. {R.{T,} : z € T, h small} is bounded.

If 11 is an eigenvalue of T' with algebraic multiplicity m, then u is an eigenvalue
with algebraic multiplicity m of the adjoint operator 7™ on the dual space X*.
The ascent of p — T* will be a. E* will be the projection operator associated
with 7™ and wu; likewise £} will be the projection operator associated with 7" and
pi(h), - pum(h). If ¢ € X and ¢* € X*, we will denote the value of the linear
functional ¢* at ¢ by [¢, ¢*].

Given two closed subspaces M and N of X, we define

S(M,N)= sup dist(x,N),

zEM,||z||=1

and

A~

(M, N) = max(5(M, N), (N, M)).
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b} (M, N) is called the gap between M and N. We will use gap as a natural way to
formulate results on the approximation of generalized eigenvectors.

In [44], two main convergence estimate theorems are given as the following:

Theorem 3.6 There is a constant Cy independent of h, such that

~

O(R(E), R(Ep)) < Cil(T = Th)|rem) |

for small h, where (T —T},)| gy denotes the restriction of T — T}, to R(E), and § is

the gap between two spaces.

Theorem 3.7 Let ¢y, -, ¢m be any basis for R(E) and let ¢35, --- , ¢, be the dual

basis in R(E*). Then there is a constant Cy such that

1 - * % %
Iz —Z (T = Th) s, 9511 + Col[(T' = T) L) | 1T = T5) | e

m

where [i(h) is the average of the eigenvalues approaching p, i.e., fi(h) = % Z;":l wi(h).

We consider the eigenvalue problem corresponding to the boundary value prob-

lem (3.1) with B =0,

Au=L"Lu=Mu, a<uz<b,

(3.13)
D*u(a) = Dfu(b) =0, k=0,1,---,m—1,
The variational form of this problem is
Seek A, 0 # u € H{"(a,b) satisfying
(3.14)

a(u,v) = Mu,v), Vv e HJ'(a,b).

The form a(-,-) as defined in (3.2) with B = 0 is bounded and coercive, i.e.,

lau, )] < Cillullm[v]lm,  Vu,v € Hg'(a,b)
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and

Rea(u,u) > Cyllul?, Yu € HJ'(a,b),

where o > 0. We introduce the solution operator T : L*(a,b) — L*(a,b) for the

boundary value problem (3.1), i.e., u = T'f solves problem (3.1), defined by

Tfe H(a,b), a(Tf,v)=(f,v) Yve H](a,b). (3.15)

Thus T is the inverse of the differential operator L*L, considered on functions that
satisfy the boundary conditions. It follows immediately from the Lax-Milgram the-
orem, that (3.15) has a unique solution T'f for each f € L?(a,b). Let v = T'f in

(3.15), then by coercivity we have

CITFI% < aTF,TF) = (£.TF) < Il Tfllo < I Fllol1Tf lm,

and thus for each f € L*(a,b),

1T fllm < Clfllo,

which means that T : L?*(a,b) — H{"(a,b) is bounded. Since H/"(a,b) is compactly
embedded in L?(a,b), we see that T': L?(a,b) — L?(a,b) is a compact operator by
Rellich’s theorem. It follows immediately from (3.14) and (3.15) that (A, u) is an

eigenpair of (3.14) if and only if

Tu=pu, u+#0,

i.e., if and only if (u = A\7!, u) is an eigenpair of T. Through this correspondence,

properties of the eigenvalue problem (3.14) can be derived from the spectral theory
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for compact operators. From the facts that 7" is selfadjoint on H{"(a,b) and is

positive definite, T has a countably infinite sequence of eigenvalues

0,/ - <o <,
and associated with eigenfunctions
Up, Uy -y
which satisfy
alug,uj) = p; (wi, uy) = 8.

Furthermore, the ;; can be characterized as various extrema of the Rayleigh quotient

(Tu,u)

R(u) = ()

We state Minimum-Mazimum Principle here:

= i : 1
e max R(u) (3.16)

Now we consider the approximate eigenpairs defined by the Galerkin method with

generalized L-spline space as trial and testing spaces, where
t={¢ € H(a,b),L*Le|;, € P"(I;), forj=1,2,--- ,n}.

We define the approximation solution operator T}, : L*(a,b) — H{*(a,b) correspond-

ing to the solution operator (3.15), by
Tnf € S} C Hi'(a,b), a(Tnf,v) = (f,v) Vv e SL. (3.17)

Form Theorem 3.6 and Theorem 3.7, we see that we need to obtain estimates
for T'—T},, in order to get the error estimates for the eigenvalues and eigenfunctions.
The following lemma is the key to proving the error bounds for T — Tj},.
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Lemma 3.5 Suppose f € H™(a,b). Let T and T, be the solution operator and
approzimate solution operator defined in (3.15) and (3.17) with generalized L-spline

space St., for some r with 0 < r +1 < m, respectively. Then we have

(T = T0) f, )| < CREHH| fllga [0, (3.18)
for 1 € H*(a,b) with 0 < s <r+1.

Proof. From the orthogonality of the Galerkin solution, we have a((T'—T},)f,¢) =0
for all ¢ € S}. Since the operator L*L is self-adjoint and so is the solution operator

T, it follows that

(T-T)fy) = (b (T-Thf)
= a(TY, (T —Th)f)
= a((T =Tn)f, TV — x)

< CI(T =Tn)fllm inf |T% — x||m-
XE€SL
Applying Theorem 3.1 withl=m,r+1<k<mand 0 <r+1<m, we have
1T = Th) fllm < CR™ Y fllg,

and the interpolant error estimate Theorem 2.8 withl =m, k =sand 0 < s < r—+1,
provides that

1T = IE(TY) | < CR™ (|3

Combining the above three arguments, we obtain that

(T = T) £ ) < CRE 2 flla 1]

29



From the above lemma we can obtain the estimates needed to apply Theorem
3.6 and Theorem 3.7 to get the desired error estimates for the approximation of

eigenpairs using generalized L-spline spaces.

Theorem 3.8 Let A be an eigenvalue of (3.14) of multiplicity m and p = %, which

is an eigenvalue of the solution operator T'. Let
M = M(p) ={u e Hi*(a,b) : u is an eigenfunction of (3.14) corresponding to u}.

Let (pn,up) be the approzimate eigenpairs determined by the Galerkin method based

on generalized L-spline spaces S}.. Then M(u) C H™(a,b). We have
= A(h)| < CREMEEE,

and

0(R(E), R(Ey)) < CR2™+m+1,

forO0<r+1<m.
Proof. Inequality (3.18) with r + 1 =0 and s = 0 yields

(T = T) £ ) < CR [ flloll¥ o,

and hence

(T =T)fllo= sup — |((T=T)f.v)| < CB*™||fllo,
veL?(@b)|l¥llo=1

for all f € L?(a,b). This shows that T}, — T in L*(a,b) norm, and hence that all the
results of Theorem 3.6 and Theorem 3.7 apply. Now we estimate ||(7" — T3)|| r(g)-

To this end let f € R(E). Under the assumptions the eigenvectors and generalized
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eigenvectors of 7' (or L) are in H™(a,b). Thus from (3.18) with 0 <r+1 <m and
s =0 we get

(T = To) £, )] < CR™ | fllesa [ o,

and hence

(T = Th)re)ll = sup (T =Tx) f, )]
FER(E)WeL2(a,b)i|l fllo=ll1]lo=1

< Ch2m+r+1 sup Hf”r—i—l < Ch2m+r+1' (319)
FER(E),[|Ifllo=1

Since L*L is self-adjoint, the solution operator T is self-adjoint, and so is the ap-

proximate solution operator 7j,. We have that

(T = T re (T = Th) sy || < CRZEHHD, (3.20)

Finally we consider > 7", [((T'—T3)¢s, ¢5)]. 1t follows immediately form (3.18) with

0<r+1<mands=r-+1that

f: (T = Th) i, ¢)| < ChPmH2r+2, (3.21)

Jj=1

Thus using (3.19), (3.20) and (3.21) we see that Theorem 3.7 yields the estimate
0= )] < CREmIE2

Using Theorem 3.6 from (3.19) we directly have

~

S(R(E), R(Ey)) < CR*™r+t

for the generalized eigenvectors. O
For the second order elliptic problems with smooth coefficients, the well known
error estimate results for the approximate eigenpairs (fin, @) determined by the
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finite element method with piecewise polynomials are
= fin] < CH*Julli,

and

lu—anlls < CH* [k,

assuming that the generalized eigenvectors u are in H**! and the power r of the
polynomial used in the finite element method is high enough, i.e., £ < r. Because
of the regularity of the source problem, i.e., the solution u is two orders smoother
than the right hand side function f, we can assume the eigenfunction with as high
smoothness as we want to have a higher convergence rate. However, for problems
with rough coefficients, the regularity of the solution does not hold. Thus for 2mth
order elliptic problem, the eigenfunction is only in H". In Theorem 3.8, the power
r of the polynomial, used in the generalized L-spline space, is used to control the

error and the convergence rate reaches its upper limit, when r + 1 = m.
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Chapter 4

The n-widths in Approximation Theory

A finite dimensional subspace is usually chosen in which to find the approx-
imation solution numerically. It is natural to ask what is the best approximation
subspace and how to chose it. In this chapter, first the n-width is introduced as a
criterion utilized to determine the optimal n-dimensional approximation subspaces.
Then some simple examples are given to demonstrate the application of n-width
theorem. In the last two sections, it is used to show that the generalized L-splines
are optimal subspaces for Hilbert spaces with specific norms, which suit the prob-
lems with rough coefficients, and that a special approximation space proposed in
[10] is an optimal approximation space for a class of second order, two dimensional
elliptic boundary value problems with rough or highly oscillating coefficients.

Let H be a normed linear space and X,, any n-dimensional subspace of H.

The distance of the n-dimensional subspace X,, from x € H is defined by
E(w; Xn) = inf [lo—ylls-

If A is a subset of H instead of a single element z in H, deviation is commonly
used to represent how well the n-dimensional subspace X, of H approximates the

A. The definition of the deviation of A from X, is

E(A; X,) =sup inf ||z —y||q.

The idea of n-width was first introduced by Kolmogorov; see [35] and [45]. It
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considers the possibility of allowing the n-dimensional subspace X,, to vary within
H. So that it answers the question of how well one can approximate A by an

n-dimensional subspaces of H.

Definition 4.1 Let H be a normed linear space and A be a subset of H. The

n-width of A in H is defined by

d(A; H) = infsup inf ||z =y,

n xcAY<ciAn

the left most infimum being taken over all n-dimensional subspaces X, of H.

A subspace X, of H of dimension at most n for which the n-width takes the infimum

is called an optimal subspace for d,,(A; H); X, satisfies

sup inf ||z —y|[g <sup inf ||z —yl|u,
€A yeXn z€AYEXn

for X,, C H with dim X,, = n.

4.1 n-widths of the Image of the Unit Ball under a Compact Operator

in a Hilbert Space

In general, it is difficult to obtain d,,(A; H) and determine an optimal subspace
X, for d,(A; H) (if they exist) for all A and H. However, we are interested in the
case that A is the image of the unit ball under a compact mapping K from H to H.
Let K : H — H be a compact operator and K* be the adjoint operator of K,

then K*K : H — H is compact, self-adjoint and positive semi-definite. Consider the
eigenpair (u;, ¢;) of K*K, i.e., (K*K)p; = s, i = 1,2,..., where /i1, /2, - - -,
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are the singular values of the operator K. With ¢; defined as above, let ¢; = K¢;,
then

KK*; = KK*'K¢; = Kpi¢; = p1ii,

i.e., (u;, ;) are eigenpairs of the operator K K*. Then the n-width of the set
A={KfeH: |[flln <1}

as a subset of H, is the (n + 1)th singular value of K and optimal subspaces are

easily constructed in terms of eigenvector subspaces. This result is stated as follows

Theorem 4.1 Let A = {Kf € H : ||f|lu < 1}. Then the n-width of A in H is
given by

1

Furthermore, is X,, = span{in, 1, ... .} is an optimal subspace for A.
Proof. From the definition

d.(A;H) =inf sup inf ||[Kh — ¢|H,

Xn ||| <1 9€Xn

we find that

inf ||[Kh— = ||Kh —
Jnf | 9lla =l Gnll,
where g, is the orthogonal projector Kh onto X,,, i.e., Kh — g, € X;-. Then

i Kh — gn, Kh,
inf |[Kh —g|lg = |[Kh — gullu = sup ( In, = sup ( f)H_
9e fLXn 1z fixn flla
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Hence

Kh h. K*
dn(A,H) = inf sup sup M:mf sup sup ( ) f)H

X \nlip<t £1X0 ||fllE Xn (i<t f1Xn | fIlE
_ (b, K*f)uw . K™ f| |
= inf sup sup ——— =inf sup ————

Xo f1Xo mlm<t | fllE Xo fix, || fllH

1
= {ipr gy BELLV_
Xopix, S e

by the min-max principle for the operator K K*. Furthermore, the infimum and the

supremum in the above expression are obtained by the choice X,, = span{t, s, ..., 1.}

and f = 1,41 is an optimal vector, follows from the optimality statements (3.16) for
the minimum-maximum principle for eigenvalues and eigenfunctions of self-adjoint,
non-negative, compact operators. O

Next suppose V CC H, i.e., V is compactly contained in H, and is dense in
H. We then consider d, (A, H), where A = {u € V : ||ul][y < 1}. The following

theorem can be viewed as a variational version of Theorem 4.1.

Theorem 4.2 Let V and H be two Hilbert spaces with V' compactly and densely
contained in H with inner products and norms (u,v)v, ||ullv, (u,v)y and ||ulg.

Then

do({g € V i llgllv <1} H) = i, (4.1)

where (p;,u;) are the eigenpairs of the variationally formulated eigenvalue problem

U S V, U 7é 0
(4.2)
(uj, @)v = ;' (uj, Q)n Yo € V;
an optimal n-dimensional subspace is given by span{uy,--- ,up,} and u = Uy 1S

an optimal vector.
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Proof. We first define an operator K so that Theorem 4.1 with this K yields
(4.1), and then show that the square roots of eigenvalues of (4.2) are the singular
values of K.

Let T: H — H be defined by

TfeV

(Tfa¢)V:<f7¢)H7 V¢EV

For any f € H, (f, ¢)n is a linear functional on V. By Riesz representation theorem,
there exists a T'f € V, s.t. (Tf,0)y = (f,¢)u. So T is well defined. Since V' is
compactly embedded in H, T': H — V is bounded. The operator T' can be viewed
as the product of the identity operator I : V — H, which we are assume to be
compact, and the bounded operator T': H — V,so T : H — H is compact. It is

also easily seen to be symmetric and positive definite. Symmetry is seen from
([, To)y = (Tf,To)vy = (T, Tf)v = (0. Tf)u = (Tf,d)n,
and positive definiteness from
(. THu=TfTf)v.

A complete discussion of such variational problem is provided in [6].

Let K = T%, where T%f is defined by

1
T2f = (f,u) /i vy,
J
where (p,u;) are eigenpairs of operator T'.

It is easily shown that R(T2) =V and Tz is self-adjoint. Furthermore

T2 fllv = (T2 £, T2 )y = (Tf, f)v = (f, Flu = |flla Vf € H,
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SO

1
lully = T 2ullp VueV.
Hence, writing u = K f = T f, we have

(KAl <1p ={uweV:|lully <1},

and from Theorem 4.1, we have

1
do({g €V :|lgllv <1} H) = p2,y,

where /1,11 is the (n + 1)th singular value of K. By the definition of operator K,

i1 is the (n + 1)th eigenvalue of K*K = (T2)*Tz = T, which is characterized by

Tu; = p;u;;, +=1,2---, and can also be characterized variationally by
u; € \%4
(4.3)
(uj, d)v = Aj(uj, 9)un Vo €V,
where \; = ;LJ-_l. Then by Theorem 4.1, we have span{uy,--- ,u,} is an optimal

n-dimensional subspace and v = u, is an optimal vector. O
Note here that the operator 7' is compact, symmetric and positive definite. So

it has countable infinite sequence of eigenvalues

> o =N\ 0.

And on the other hand the eigenvalues \; of the inverse operator of 7" in (4.3) has

countable infinite sequence of eigenvalues

A <A <-ee 00
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And X can be characterized as minimums of the Rayleigh quotient

2
A; = min —(u,u)v = min —HUHV

(u, u)n lull?

subject to certain orthogonality conditions. Specifically

2
A1 = min HUH;/’
eV ||ullZ
[Jull§

weV, =0 ||ul%’

Theorem 4.2 essentially shows that the optimal n dimensional approximation
space for V is the span of the first n eigenfunctions of the eigenvalue problem
corresponding to the associated two norms of the space H and the subspace V.
There are two applications of Theorem 4.2: one is that we can find the optimal
approximation subspace by solving an corresponding eigenvalue problem, another is
that we can justify an optimal approximation subspace by finding the appropriate

norms.

4.2 Examples of n-widths and Optimal Approximation Subspaces in

Hilbert Spaces

In this section, five examples are given to illustrate the applications of n-
width theorem. The first example shows the importance of trigonometric functions.
The second and third examples indicate that the standard finite element space
is an optimal approximation space for certain spaces. The space with piecewise

cubic polynomial is also optimal in the sense of n-width with corresponding mesh-
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dependent norms. The last example presents the standard finite element space as
an optimal space in two dimensional space.

Example 1. Let H = L?[0,1] and V = H{[0,1] with inner products and
norms

1 1 1
(01, = [ wode, Julls = ([ o
0 0

and
1
3

1 1
(ol = [ webde, Julmy = ([ ()
0 0
Then the eigenvalue problem (4.3) is to find (s, u;) such that
(ujs D)y = pj ' (uj, ¢)r2 Vo € Hy,
ie.
1 1
-1
/ uid'dr = pu; / u;pdz.
0 0
Using integration by parts and moving the right hand side to the left, we have
1
| = itw)oas o, vo e
0
which becomes a regular second order eigenvalue problem
—uj = py vy, us(0) = uy(1) = 0.
By the standard ordinary differential equation result, we know that u; = /2 sin(j7)

and p; = (J%)Q for j = 1,2,--- are the eigenfunctions and eigenvalues. Hence,

dn({u € Hy : |Jul|lgy < 1} L7) = (n—i—ll)fr and the optimal subspace is the span of

{V2sin(rz), /2 sin(2rx), - -+, /2 sin(nmx)}.
The finite element method has been widely used to solve partial differential

equations by both engineers and mathematicians for the last several decades. It
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is natural to ask what makes the usual piecewise linear approximation subspace
so useful. The following two examples show that the finite element approximating
space is an optimal subspace for Hilbert spaces with mesh-dependent norms with
and without zero boundary condition, respectively.

Example 2. Let H = H'[0, 1] with inner product and norm

(u, 8)ir = (u, $) = / (ué + ') da,

[

1
Jullr = ([ (02 + (@) o).

0
For V' we consider a mesh dependent space: Let ' = {0 =zg < 21 < -+ < 2,1 <

x, = 1} be a partition of the interval [0, 1], let
V ={ue H'0,1],ul;, € H*(I;), for j =1,2--- ,n},

with inner product and norm

1 n n
(u,¢)v=/0 (u¢+u¢)dx+;/lj u ¢ dx:(u,v)H—i—jZ:;/lj W' da

and

- 1 1
Jullv = (lull? + Z/I (w")? da) = (Jlullf + |ulfz)?,
=171
where

n
ul?, = Z/ (u")? dz.
: j=171;

We easily see that H and V are Hilbert spaces and the usual C°, piecewise linear
subspace Sp = {u € H'[0,1] : u|, € P',j = 1,---,n} is in V. Note that

Sr={ue H0,1] : ulpz = 0}
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Theorem 4.3 The standard finite element space Sr is the optimal subspace of

d,({u € Vi ||ully <1}; H), where spaces H and V' are defined above.

Proof. We first prove that V' CC H and V is dense in H.

Since H?(I;) CC H'(I;), there exists a subsequence which converges in H'(I;)
for a given bounded sequence in H?(I;). Let {u;z} be a bounded sequence in V.
We can find a subsequence {ug, } of {u;} which converges in H'(I;), then find a
subsequence {ug,} of {ug, } which converges in H'(I;), ect. Finally, we can have
a subsequence {uy, } which is not only convergent in H'(I,), but also converges in
H'[0,1]. This gives us the property of compact embedding.

For any function u in H'[0, 1], there exists a class of sequences {uj} in H?(I;)
which converge to u in H*(I;), since H*(I;) is dense in H'(I;) for j = 1,--- ,n. Now
we patch these sequence piece by piece from first subinterval I; till the last subin-
terval I,, to get a sequence which is in V and converges to u in H'[0, 1]. Specifically,
let {u;} and {ui} converge to u in H'(I;) and H'(Iy), respectively. We then let
uj(r) = uj(zx) on I and u;(x) = ui(x) + [uj(zy) — w3 (2])] on Ip. It is easily seen
that lim,_ + u;(z) = uj(zy) = lim,_, - u;(x). So we have u; € H'(xg,22). And

|u; — u|| g (20,20) — 0. This is because that

[Ju; — u”%{l(zo,m) = |lu; — uH%fl(Il) + flu; — uH?’ﬂ(lg)

= ”U} - u”%ll(h)

g (@) + [uj(2y) — w3 (27)] = ullfp o)

IN

||U; - U||%11(11) + ||U? - U||%11(12)
g () — (@)

J
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Since every term in the right-hand side goes to 0 as 7 — oo, we have the convergence.
By the same process, we can have {u;} € H'[0,1] so is in V and also converges to
u.

Let A = p=%, then (u,v)y = Au,v)y. This eigenvalue problem has eigen-
values 0 < Ay < Ay < -+, and corresponding eigenvectors uq, ug, - - -, which are

orthonormal in V. By Rayleigh quotient, we know that

o ully
A = inf —0-. (4.4)
ueV lullz
Since
2 ol + lulf Jul7
M= ng Bl g T Mgy ey
eV flully  wev lully ueV [lull3
the minimum is achieved for u such that |u[gz = 0, ie. for u € Sp. So 1 is

the lowest eigenvalue, and Sr, the associate eigenspace has dimension n + 1 =
the number of nodes, i.e., 1 is an eigenvalue of multiplicity n + 1, and the associate
eigenfunctions are the C piecewise linear functions for the mesh A. Noting that

1=MX =X == A1, we apply Theorem 4.2 and obtain
do({u eV :||ully <1} H) =\ 2

and span{uy,us, - ,u,s1} = Sr is an optimal n-dimensional subspace. O
Example 3. Next we consider H = H}[0, 1] with norm ||ul|z = (fol(u’)2dx)%,
and V = {u € H}[0,1],ul;, € H? for j = 1,2--- ,n} with norm |[ully = (||ul|} +
> i flj (u")2dz)z. Proceeding as in Example 2, we find that the standard finite
element space is also the optimal approximation space. For this case, it is informative
to find the strong form of the eigenvalue problem as in Example 1, which was studied
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in [16]. I will give a brief discussion here. We start with eigenvalue problem (4.3)

with V and H defined above.

ueV, NeR

(U,U)V = A(“)”)H) Vo € ‘/a

where
1
(u,v) g :/ u'v' du,
0
and
1 n
(u,v)y = / u'v' dr + Z/ u"v" da.
0 j=1"1%

This is the same as

Z/I u"v"dr = (A —1) Z/j u'v' dz, (4.5)
j=1 J 7j=1 J

and integration by parts gives us

n z; n Zj

Z W ="l +/ D*uwvdzr p = (A1) Z u'vlgi —/ vvdr p .
j=1 Tj—1 Tj—1

The integration by parts is valid, because v|y, is arbitrary in (4.5) and then u|;, € H*.

Since (4.6) is true for all v € V., by choosing v € V such that v(z;_1) = v(z;) =

v'(zj_1) = v'(z;) = 0 and v(z) = 0 outside (z;,x;_1), we have
D'u=—(A— 1", on .

Then (4.6) becomes

n

Z {u”v'[ﬁiil - u”’v[ﬁ;’fl} =(A-1) Z u'vlg? . (4.7)
j=1

j=1
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Now we choose v € V such that v(z;_1) = v(z;) = 0 and v(z) = 0 outside (z;, x;_1),
then equation (4.7) results in
u//U/ xj — O,

Tj—1

and since v'(z;) is arbitrary we get

Using this in (4.7) we get

- Zu"’v@_l =(\-1) Zu'v@_l.
j=1 Jj=1
By choosing v € V' such that v(z;_1) = v(zj41) = 0, v(z;) = 1 and v(x) = 0 outside

(xj,2;_1), the above equation leads to

D*u(a}) — D’u(x;) = (A= 1)[u/(z;) — ' (z])].

J

Combining above results, we have the strong form of this eigenvalue problem is

Du=—-A—-1u",onl;,j=1,,n
u'(zj+) =u"(z;—)=0,=0,---,n
D¥u(z]) — D*u(z}) = (A = 1)[W/(z;) —u/(z])], j=1,--- ,n—1

Then the optimal subspace is the eigenfunctions corresponding to eigenvalue

A =1, ie., u satisfies

Dy =0, onl;,j=1,---,n
u(z;)=0,=0,---,n
Dgu(x;r)—DSU(acj_):O,j:1,~~~ n—1
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It is easily seen that piecewise linear functions are solutions for the above eigenvalue
problem. Thus this provides an alternative proof that the standard finite element
space is the optimal subspace.
Note that we have not calculated A\, .1, Theorem 2.8 provides an upper bound
for
du({u €V : |lully < 1} H) = A2, < Ch.
This can lead to error estimate result.

Consider the approximation of problem (1.1), we have
— < Cinf ||u —
l = unlly < € inf flu = xls,

where S is the approximation space. Now let S = Sr = finite element space. Since
Sr is optimal,

ianGS ||u _ XHl HU

[ = wnllx lv

i B
< (sup mlyes Hu XHl) ||U||V
veV HUHV
< sup inf |lv— x|l1 | |lullv
veV, Joflv <1 XES
- inf su inf ||lv— U
Xn_1CH1,dian—1:n_1 vGV,Hvﬁ)Vﬁl XEXn—1 || X”1> || ”V
< sup inf |jv— XH1> C|l fllo
veV, [[vly <1 XEXn-1

for all X,,_y C H with dim X,,_; = n — 1. The quantity in parenthesis is minimized
for X,,-1 = X,_1 = Sr.

Not only standard finite element methods are optimal, higher order piece-
wise polynomials are also optimal for spaces with smoother properties. The fourth
example demonstrates that the piecewise cubic Hermite polynomials are optimal.
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Example 4. Let H = H?[0,1] with standard Sobolev norm and V = {u €

H?[0,1] : u|;, € HY(I;), for j =1,--- ,n}, with norm defined by

- 1 1
fullv = (s + 3 [ (D2 d)t = (e + ),
j=171;

where
2 4. \2
[ulFra _2/1 (D*u)? d.
1= J

Theorem 4.4 The piecewise cubic Hermite finite element space Sp = {u € H?[0,1] :
uly, € P3,j =1,---,n} is the optimal subspace with respect to spaces H and V,

which are defined above.

Proof. The key point of this proof is to show that V' CC H and V is dense in H.
Once these are done, it follows from the proof of Theorem 4.3, that the optimal

subspace has zero mesh-dependent semi-norm, i.e.,

]u|12q# = Z/ (D*u)?*dx = 0.
j=171

Thus we have that the cubic finite element space is the optimal space.

Since H*(I;) cC H*(I;) for j = 1,2--- ,n, we can prove V CC H by using
the technique of taking the subsequence of the subsequence as in the proof of the
compact embedding property in Theorem 4.3.

Since H*(1;) is dense in H?(I;) for j = 1,2+ -+ n, we can find a sequence which
converges to a function in H?[0,1] by choosing sequence on each subinterval I; and
patch them together as shown in Theorem 4.3. For any function « in H?[0,1],
there exists a class of sequences {u} in H*(I;) which converges to u in H?(I;),
since H*([;) is dense in H*(I;) for j = 1,--- ,n. Now we patch these sequence
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piece by piece from first subinterval [ till the last subinterval I,, to get a sequence
which is in V' and converges to u in H?[0,1]. Let {u,} and {u} converge to u

in H*(I;) and H?(I3), respectively. We then let u;(z) = uj(x) on I, and u;(z) =

ui(z) + [Duj(zy) — Dud(ay)|(x — 21) + [uj(27) — ui(a])] on . It is easily seen
that lim,_, + u;(z) = uj(zy) = lim, - u;(z) and lim,_+ Du;(z) = Duj(zy) =

lim, - Duj. So we have u; € H*(x,22). And ||u; — ullg2(zgzy) — 0. This is

x—>l’l

because that

s =l mny = lug = ullizgy + = ullfz,
= llwj = ullfeq, + luj(@) + [Duj(zy) — Duj(a])|(z — 1)

Huj (7)) = u (@) = e,

IN

e = ullzrzry) + 145 = ullZee )

+C|Duj(y) — Dug(ay)| + |uj(@y) — uj(zy)].

Since every term in the righthand side goes to 0 as 7 — oo, we have the convergence.
By the same process, we can have {u;} € H?0,1] so is in V and also converges to
u. 0

Why mesh-dependent norms? When solving a problem numerically, finite
dimensional subspaces are constructed usually on a mesh of the domain. With the
knowledge of the regularity of the solution and the mesh, this mesh-dependent norms
are appropriate norms to use. And Theorem 4.3 shows that the usual finite element
space is an optimal subspace with mesh-dependent norms in one dimensional space.

The following example indicates that this is also true in two dimensional space.
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Example 5. Let H = H'(Q), where = [0, 1] x [0, 1], with the inner product

11
(u,v)g = / / uwv 4+ Vu - Vo dzdy,
0 Jo

and corresponding norm

e = ([ [ [i24 G2+ 5] o

Let T}, be a triangulation of €2 by triangles T" of diameter < h. We consider V as a

N\H

mesh-dependent space
V ={ue HY(Q):ulr € H*(Q), for T € Ty},
with inner product and norm

1 1
(u,p)v = // u¢ + Vu - Vo drdy

0%u 8% Pu 0%  0*ud?¢
+ Z / 0x? 8:62 ébvay 0x 0y + oy? 0y? drdy

Pudbo  Pu Po  Pud
= (wo)n+ Z / Ox? 8952 ax(?y Oxdy + Oy? Oy? dwdy,

TeT,
Pu 5, OPu, 1 9 2 \1
ol = ol + 3 [ (G 2t 2+ (81 dec)s = (lulfy + )
=
where
o2 2
u ., 0%u
ol = 3 [ (G + 25y + (55 dwdy

TeT,

It is easy to see that H and V are Hilbert space, V CC H, and V dense in H. Then
it follows from the proof of Theorem 4.3, that the optimal subspace has zero mesh-
dependent semi norm, i.e., |ul m2 =0, and the corresponding eigenvalue is A = 1
with algebraic multiplicity the same as the dimension of the optimal subspace. By
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a simple calculation, we see that the piecewise linear finite element space is the

optimal subspace

S, = {ue HY(Q): ulpgz = 0}
= {u€ HY(Q) : ur = a linear combination of (4.8)

1,z, and y, for T € Tj, }.

4.3 Generalized L-spline Subspaces

Our sixth example is the generalized L-spline spaces. From the examples in
the previous section, we see that the optimal subspaces depend on the choice of the
norms. When the regular norms are chosen as in Example 1, the eigenfunctions
to the corresponding eigenvalue problem, i.e., the basis functions of the optimal
subspaces, are most likely to be defined on the whole domain. Practically, we
usually work on a locally defined basis function. Thus we weaken the property of
the unknown solution a little to get the optimal subspaces in the space with this
mesh-dependent norm, which is mentioned in Example 2-5. In this section, a mesh-
dependent norm is carefully selected based on the understanding of the unknown
solution of the problems with rough coefficients, so that the special basis functions
reflex the property of the unknown solution.

We discuss a special first order operator L,
L=ay', L'Lu=—(afu'), (4.9)
then turn to an operator L of order m. The following theorems show that the
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generalized L-spline space is an optimal approximation subspace with respect to

the appropriate norms.

Theorem 4.5 Let I' = {a = 2 < 7y < -+ < Tp1 < x, = b} be a parti-
tion of the interval [a,b], and I; = [xj_1,x;]. Let H = H'a,b] and V = {u €
H'[a,b), L*Lu|;, € L*(I;), for j =1,2--- ,n}. Then the generalized L-spline space
{u € Hl[a,b],L*Luhj = 0forj = 1,2--- ,n}, where L and L*L are defined in
(4.9), and a\(x) is a measurable function satisfying 0 < o < ay(x) < B < 00, is the

optimal subspace of dpm—1y2({u € V : ||u||y < 1}; H), where

folla = ( | Cut 4 )

and

1
lully = (lullZ + lulzr)?.

Proof. We introduce the change of variable or mapping
v ds
i) = / L (4.10)
o 01(s)

and the partition of the interval [0, ff af—(ss)], T={0=dy<d) < - <z <L =
1

| b —ds 1 which is the image of I' under mapping (4.10). Then we see that

a a?(s)

du 5, du
iF —@1(33)%-

Since u € H'[a,b] and (aju)’|;, € L?, we have & € H'[0, fab d(ss)] and @"|; € H”.

af
Thus, it is easily see that V' CC H'[a,b]. Then it follows from the proof of Theorem
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4.3, that the optimal subspace has zero mesh-dependent semi-norm, i.e.,

n 2
.y = (Z / (L*Lu)2dx> ~0,
j=171;

which is the generalized L-spline space

S{¢ € H'[a,b] : L*L¢|;, =0, forj=1,2,--- n}.

The Example 2 treated in Section 4.2 can be seen as a special case with a = 1
of above theorem. We now turn to an operator L of order m as defined in (2.1),

with rough coefficient functions.

Theorem 4.6 Let I' = {a = 29 < 71 < -+ < Tp1 < x, = b} be a parti-
tion of the interval [a,b], and I; = [x;j_1,x;]. Let H = H™[a,b] and V = {u €
H™[a,b], L*Lul;, € L*(I;), for j =1,2--- ,n}. Then the generalized L-spline space
{u e H™[a,b], L*Lu|;, = 0 for j = 1,2--- ,n}, where the coefficient functions ay(z)
are measurable functions satisfying 0 < a < ai(x) < 8 < 0o and ax(x) € H*(I;) for

k=0,1---,m, is the optimal subspace of d—1y2m({u € V : |jully < 1}; H), where

m b P2 %
du
Jull = (}j JRE= da:> ,
j=0+4

NI

julir = (Z /]j<L*Lu>2d:c> ,

and

1
lully = (lullZ + lulL )2
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Proof. On each subinterval [;, since ax(z) € H*(I;) for k = 0,1---,m, and
L*Lul;, € L*(I;), we have that u|;, € H*"(I;) CC H™(I;). From this we have
V CcC H and V is dense in H. Then it follows the proof of Theorem 4.3, that the

optimal subspace has zero mesh-dependent semi-norm, i.e.,

Sr = {UGHm[CL,b] : ]u\LI:O}

= {ueHm[a’b]L*L/LdIJ:O’ forj:1’27...’n}’

which is the generalized L-spline space with dim = (n — 1)2m. O

4.4 A Special Class of Two Dimensional Elliptic Problems with Rough

Coeflicients

Babuska and Osborn proposed a special approximation space for a class of
second order, two-dimensional elliptic boundary value problems with rough or highly
oscillating coefficients in [12]. This special shape function was discussed in detail by
Babuska and Osborn in [10]. The application of this approach to one-dimensional
problems can be found in [14]. In this section, n-width will be used to determine
that this special approximation space is an optimal subspace.

The problems they considered are of the form

— g (a(@) gru(z,y)) — 5. ((y) gru(z,y)) = flz,y) V(zy) €Q,

(4.11)
u(z,y) =0, V(x,y) € 09,

where Q = [0,1] x [0,1], f is a function in L*(Q2), and where the functions a,b €
L>(Q) satisfy
0<a<a(x)bly) <pf<oco V(ry)eQ,
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where o and (3 are constants. The variational formulation of this problem is
u € HL(Q),

B(U,U) = f(v)7 VU(:L’,y) € H&(Q),
where

ou ou ou Ou
Bl - [ (a<x>£a—y ; b@)a—ya—y) dady,

and
f(v) = / fvdxdy.
Q
A regularity result for the above problem is given in the following theorem; we refer

to [10], where it was proved by applying Bernstein’s theorem, which can be found

in [19] and [36]. We first define the space

ou ou
HE(Q) = HY(Q) : — — e HY(Q
(©) = {u € H(@): afa) 2 b) 51 € H'(Q),
with the norm
ull7 0 = llullf o + [ul? o

where

(0 e g P D 0
o= [ (§angmP +aly i+ L 0ShR) deay

We introduce the change of variables or mapping

- T ods . /y dt

T(x) = — Yly) = —. 4.12

9= [y =[5 2
Theorem 4.7 (Babuska, Caloz & Osborn [10]) For each f € L*(Q), problem(4.11)

has a unique solution uw € H} N HY(Q). Furthermore, there is a constant C' =

C(a, B), depending on « and [ but independent of f, such that

[ullo < Cla, B)[Ifllo.0-
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For 0 < h <1, let C; be a triangulation of 2 by (closed) curvilinear triangles
T of diameter < h, where by a curvilinear triangle 7" C 2 we mean the preimage

of an ordinary triangle 7' C Q = (0, fol ac(lj f ! dt ) under the mapping (4.12).

Corresponding to C, we have a triangulation C, of € by usual triangles. We assume

that {Ch}o<n<i} is a quasi-uniform mesh. Then we define the space
Hi = {u € Hy(Q) : a(x)ug, b(y)u, € HY(T), VT € Cy},
with a mesh-dependent norm

lullZp = Nl o + [ulL

where

a, 0 ) Pu o, b 0, Ou
o= 3 [ (GigmaoP + bl 22 05 ) dody

TeCy

The special approximate subspace is defined by
Sh = {v € HYQ) : vl € span{l / ds /y @y wreey.  (13)
= : ) T\ INPBE hJ- .
" " ! o als) Jo O(t)

As a consequence of the choice for the curvilinear triangles T" we see that S, C
HE(Q), that is, Sy, is conforming. This is easily seen by noting that the functions
1 fx ds Y d—f are transformed to 1,%,7 by (4.12). Thus, S, = {# : v € S)}, the
image of S;, under the mapping (4.12), is the usual space of continuous piecewise
linear approximation functions with respect to C,, and S}, is conforming because Sy,
is. In [10], it is proved that on each curvilinear triangle T, [|ul|] 7+ ul} ;, = ||ﬂ||§{2(f).
Thus for u € HF, we have that @|; € H*(T) for each T € Cp,. Since H*(T) CC
HY(T), it is true that HX cc HY(Q) and HF is dense in H}(Q).
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Theorem 4.8 The finite-dimensional space Sy, defined in (4.13) is the optimal sub-

space of d,({u € V : ||ully < 1}; H), where spaces H = H}(Q) and V = HF.

Proof. Tt follows from the proof of Theorem 4.3, that the optimal subspace has zero

mesh-dependent semi-norm, i.e.,

a 8 au Pu o, b 9, Ou
ulf, = Z/( | +ab|8:p8y| —i—aa—y(ba—ﬂ > dxdy = 0.

TeCy

From above and 0 < o < a(z), b(y) < B,we have

0, Ou 0 bau

— 0
895(&8:6) (’9y( 8@/) ’
and
0%u
b =0
“ Oxdy ’
which can be interpreted as the following
0 ou, 0 b ou 0.

5 (a5 = 505 =

It is easily seen that c¢; + c» fo a(s) —|— C3 f Y d—f represents the family of solutions

T ds ydt'

to above equations. Thus, we obtain that the span of functions 1 f ae Jo 50

the subspace with zero mesh-dependent semi norm property, i.e., Sy is the optimal

subspace of d,({u € V : ||ully < 1}; H). O
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Chapter 5

Quadrature Problem for Meshless Methods

Meshless methods have been increasingly used by engineers in the past few
year. They can be interpreted in the context of general variational methods, in
which the quality of the approximation is mainly determined by the approximation
properties of the trial space. In [7] Babuska, Banerjee and Osborn provided a survey
of this new field, with emphasis on mathematical analysis. For other survey of results
on meshless methods we refer to Belytschko, Krongauz, Organ, Fleming and Krysl
[18], Duarte [27], Li and Liu [39], Liu [40], and Scheweitzer [50].

One of the major issues concerning meshless methods is the problem of numer-
ical quadrature. In spite of its importance, only a few papers address it, most from
an implementational point of view. For instance, Beissel and Belytschko [17], Chen
and Wu [22], Chen, Wu and Yoon [23], Dolbow and Belytschko [26], and Carpin-
teri, Ferro and Ventura [21]. In [8], we consider the approximation of the Neumann
problem by meshless methods, show that the approximation is inaccurate if nothing
special (beyond accuracy) is assumed about the numerical integration. We then
identified a condition - referred to as the zero row sum condition. This, together
with accuracy, ensure the quadrature error is small. The row sum condition can
be achieved by changing the diagonal elements of the stiffness matrix. Under row

sum condition we derive an energy norm error estimate for the numerical solution
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with quadrature. This chapter gives an introduction of meshless methods and ex-
plains why numerical integration affects the accuracy of approximation solution, i.e.,

quadrature issue. Then the detail of the numerical tests from [8] will be discussed.

5.1 Meshless Methods

We consider elliptic problems with purely Neumann boundary conditions,

—Au=f inQ

%:g on I' = 09, (5.1)

where €2 is a bounded domain in R¢ with Liptschitz boundary, f € L?(Q), and
g € L*(T"). The variational formulation of (5.1) is:

Find v € H satisfying
B(u,v) = L(v) Yv € H,

where

B(u,v)E/Vu~Vvdx,
Q

and

L(v):/ﬂfvdx%—/rgvds.

For the existence of the solution to problem (5.1), we assume

/Qfda:jt/rgds:o, (5.2)

the solution is unique up to an additive constant. In addition, we assume that ', f,
and g are such that u € H?(Q).
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We have done numerical tests in both one dimensional space and two di-
mensional space, i.e., d = 1,2. For simplicity, we introduce the notation in two
dimensional space.

We are interested in approximating u by a meshless method, which is based
on uniformly distributed particles and translation invariant shape functions. Let
x;‘ = (j1h, j2h) = jh, where j = (j1, jo) € Z?, with Z the integer lattice, and 0 < h,
be a family of uniformly distributed particles. Suppose ¢ € H(R?) N L>(R?), for

some 1 < q; let ( = supp ¢, and suppose that
(eEB,={reR*: ||z||> =23 + 25 < p*}.

¢ is not assumed to be a piecewise polynomial. We also suppose that 0 is contained

in the interior of (. Then we let

X1 —jlh X2 —j2h

x — jh )
h ' h ’

h

@5 () = P(a1, 22) = o ) = o(

for j € Z% and 0 < h. It is clear that

x — jh

C]hzsuppd)?:{x: EC}CBﬁh:{x: ||x—x?||2<ph},

and z € (!, where ¢! is inside of the interior of (. ¢} are the associated par-
ticle shape functions. Particles and particle shape functions as defined above are

translation invariant:

h ho o h h h h
rig =2 +x and ¢j, = ¢j(x — 7).

We refer to ¢(x) as the basic shape function. We assume that {¢}(z)};ez> is repro-

ducing of order 1, i.e.,

Z (jlh)” (j?h)12¢?($17 m2) - xzfl'?a vxh Zo, (53)

jez2
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for 0 <iy,io with i + i3 = 1. This is the requirement that we used later in Section
5.2 to construct shape functions. Let wj-’ = th N €2 be the interior support of ¢;

intersect €2. The meshless subspace is
Vi = span{¢?|g : j € Npt,

where N}, is the set of indices of particles corresponding to shape functions whose
supports intersect ), i.e., Ny = {j : w? # 0}; let |N,,| = cardinality of N,. We
assume that {¢/|q : j € Ny} is linearly independent and thus a basis for Vj,.

The approximation property of the meshless subspace defined above was de-
scribed by Strang and Fix in [51] and Babuska in [5]. An alternative proof for
sufficient part of the theorem with uniformly distributed particles in [7] was given

as follows

Theorem 5.1 Suppose ¢ € HY(R"), with smoothness index q > 0, has compact
support n € B, and suppose k =0,1,2,--- and for |a| <k,

S 0w - §) = A + g (x);

jezn
here X # 0, and ¢* is a polynomial of degree < |a|, i.e. suppose ¢ is quasi-
reproducing of order k. If u € H¥+'(R"), where 0 < k' < k, then

lu — Z WO || e (rry < Chk'+1_5\|u|]ka+1(Rn), for 0 < s < min{q, k' + 1}.
lezn

When k = 1 and ¢ = 0, quasi-reproducing is the same as a reproducing of order 1

(see 5.3).
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The meshless approximation uy, is defined by

u, € Vi

B(up,v) = L(v) Yv €V, (5.4)

If we express up =Y JeN, u;‘qb;l = Uy, - ¢, then the algebraic problem corresponding
to the above problem is:

Auh = 1, (55)

where A = (a;j)i jen,, With

a;; = B( ?,cﬁ?):/Qngﬁ?-ng?dm:/h hv¢?'v¢?d$,
wiﬂwj

and 1 = (li)iENha with

= 1tel) = [ sotdo [gotas= [ fohios [ goas— gt

Since {qb?}jeNh reproduce constants, i.e., ZjeNh gb;l =1, we have ZjeNh a; = 0. It
is also true that » ;.\ l; = 0, because of the assumption (5.2), which guarantees
the existence of the solution to problem (5.1). This explains that the constant
vector (1,1,---,1) is in the Null space of the stiffness matrix A, and the fact that
solutions of problem (5.1) differ by a constant, i.e., solutions to problem (5.5) can be
represented by u, +¢(1,1,--- , 1), where uy, is any vector satisfying (5.5). There are
many choices of uy; see [38] for a discussion. In order to specify a unique solution
to (5.5), throughout this section we made a convenient choice of uy, by setting the
last element of uy, equal to 0, i.e., u|hNh| = 0.

Since the integrals a; = B(¢}, ¢") and (I;)ien, = L(¢}) are evaluated numer-
ically by quadrature schemes, this will affect the accuracy of the numerical solution
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up. Our paper [8] investigates this quadrature issue and propose a row sum correc-

tion to improve the numerical solution.

Let
x l h Ry Z h h
a;; = A Vo, - V(bj dr = e Vo, - V(bj dx,

and

(= solan fgotas=f sotdosf gohds=gir g
Q r wh ruwy

where § represents quadrature version of [. Instead of (5.5), the linear system we
really solved is

Al =TI, (5.6)

There are several possibilities: (i) system (5.6) is singular with the same structure
as system (5.5), i.e., > iy aj; = 0 and D,y 7 = 0; (ii) A* is singular but with
a different structure; and (iii) A* is non-singular. Thus (5.6) may have infinitely
many solutions, may have no solutions, or may have a unique solution. In Section
5.3 we will show the erratic behavior of the relative error u —uj through an example.
Note that the row sum of A is zero, but the row sum of A* is unlikely equal to zero.
In our paper [8], we consider a corrected stiffness matrix A**, which is defined by
letting
a;; = a;; fori#j,

and

*k *
Qi = — E Ay,

JENR,jF#i
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so that it satisfies the row sum zero condition, i.e.,

Z a; =0 Vi

JENp

We also considered corrections to the right-hand side vectors f"* and ¢"*, but we
do not consider them here. We assume that f* = f and ¢ = 0. Thus, the linear
system we solved is
A™upr =1 (5.7)

In this section, we focus on the computational analysis. Here, we only cite one
error estimate Theorem from our paper [8]. We refer to our paper for all Axioms
and Theorems and their proofs. Let

a;‘kj = Qij + Ny, fz'h* = fz'h + E? and gzh* = gzh + Tih7
with
[mis| < mmaz(|ag;|, vh?), let| < maz(|f7], vhY)| fll =),

and

7| < max(|g;'], vh gl oo (ry)-

Theorem 5.2 Suppose our shape functions and quadrature satisfy the Azxioms in
[8]. Then for small n, there is a constant C, independent of u,€, 7,1, and h, such

that
Ju —u* ||l < C [hllulls0 + nllulle + (e + 7)1 fll o) + (€ + T)gllem], VA

Note that the linear system we solved in (5.7) has e = 0 and 7 = 0. According

to Theorem 5.2, we have the error estimate as following
lv = up*lle < Clhllullzo +nllullz], VA
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5.2 Shape Function Construction

Let w(xz) > 0 be a continuous function with compact support. The function
w(z) is called a weight function or window function. In one dimension, we chose the

weight function as following;:

eTREA 7| < R
w(z) = (5.8)
0, 2| > R,
where R = 1.1 > 1. In R™, w(x) can be constructed from a one dimensional weight
function w(x) as w(x) = w(||x||), where ||z|| is the Euclidean length of z, or can be
constructed by w(z) = [[_, w(z;), where x = (21,23, - ,z,,) € R™.
In general, the reproducing kernel particle (RKP) shape function ¢,(z), asso-
ciated with the particle z;, is defined by

¢5(a) = wj(2) Y (& —2;)a(2),

|| <k
where b, (z) are chosen so that
> p(z)¢(x) = p(x), for x € R" and p € PH(R"),
jez
so that {¢,(x)},ez are reproducing of order k.
We consider the uniformly distributed particle a:? = jh, j € Z as in the previ-

ous section. For each x?, we define

where w(xz) > 0 is defined in (5.8), a continuous weight function with compact

support 7 = Bg(0), with R = 1.1. Clearly, n} = suppw/(z) = Bgs(z?). For
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simplicity, we assume h = 1 in construction of the basic shape function ¢(x). The
RKP shape function {¢;(z)};ez are also required to satisfy the linear reproducing

property as in (5.3). Thus, let the basic shape function be

o(z) = w(z) * Z 2% (x) = w(x)(bo(z) + by (x)x), (5.9)

and
¢j(z) = ¢(x — ),

where by(x) and b;(x) are chosen so that

Y @) =1, and > ¢i(x)j =z,

jEL JEL

which is the same as the following;:

where d3 is the Kronecker delta, and

ij Yz —7) —Zw] )z —j)"

mo(x) my(x) bo(7) 1
= ) (5.10)
my(z) ma(x) bi(x) 0

Then the solutions by(x) and by (z) are

bo(x) ) ma(z) —my(x) 1
- mo(z)ma(z)—m? (z)
by () —mq(z) mo(z) 0
1 ma(x)
= mo(@ma(@)—mi(@)
—my(z)
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Note that mg(z) and mgy(x) are even functions and m4(x) is an odd function.
Then, from the above representations of by(z) and by (z), we have that by(x) is an
even function and b;(z) is an odd function. These result in the symmetry of the

basic shape function ¢(x), i.e.,

¢(=z) = w(=z)(bo(=2) + b1 (=z)(=2))

We also construct the first order derivative of the shape function

¢'(r) = W()(bo(x) + by(x)x)
+ w(x)(bh(x) + b (z)x + b1 (2)).
By differentiating both hand sides of the linear system (5.10), we have b(x) and
b (x) satisfying

(mgbo)/ + (m1b1>/ =0
(mlbo)/ + (m2b1>/ =0

which are
moy My by my my bo
=— . (5.11)
my M by my mb by

Solving the above linear system for b and 0}, we have

by » me  —my my My bo

mo(z)ma(z)—mi(z) )

/ /!
b} —my My my My by

) (mimy — myma)by + (mhmy — mims)by

mo(z)ma(z)—mi(z)

(momy — mimg)by + (mymy — mime)by
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Figure 5.1: The basic shape function ¢(z) and the weight function w(z).

The basic shape function ¢(x) and the weight function w(x) are both shown on the
Figure 5.1. Note that both the weight function w(z) and the shape function ¢(z)
are C*°(R) function and ¢(z) is similar to the regular finite element shape function,

the hat function, but with a smooth top and two smooth feet.
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5.3  Numerical Test

In one dimension, seek u(z) such that

The solution, u(z) = cos(x), exists and is unique up to an additive constant.

The variational formulation for this test problem is

ue HY(0,7)

B(u,v) = F(v), Yve HY0,n),
where B(u,v) = [ w/v'dz and F(v) = [ cos(z)vdr. We use the basic shape
function ¢(z) as defined in (5.9), and a family of uniformly distributed particles

zh = jh, j € Z, to construct the RKP shape function

x .
E - j)a

with h = Z. Clearly C]’? = supp¢? = [:U;1 — Rh, x;‘ + Rh]. As in Section 5.2, we
consider the shape function {¢/(x)}, whose supports intersect Q = (0, 7), and their

restriction to 2. Let

W' = (2! — Rh, 2} + Rh) U,

j
then N = {—1,0,--- ,n,n+ 1} and |N,| =n + 3.

The meshless subspace is

Vi, = span{¢] (z)}721,.

The solution wy of (5.4) exists and is unique up to an additive constant. The
corresponding stiffness matrix of the algebraic problem (5.5) is a (n + 3) x (n + 3)
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matrix, which has the following structure

1
| aB 45 a
where
R
o= ()¢ (z — 2) du,
2R
R
g = ¢'(z)¢'(x — 1) du,
1-R
R
— / 2d
1= [ @@

We then use quadrature to evaluate the integrals «, 3, and v, but for simplicity the

right-hand side is evaluated exactly. The problem was tested by using three different

quadrature rules to evaluate the elements in the stiffness matrix. The first one is

Trapezoidal rule with m-panels

where h = b;n—“ and x; = a+th. The second one is Matlab build-in function QUAD,

numerically evaluating integrals by adaptive Simpson quadrature, which uses an

absolute error tolerance of TOL instead of the default value 1.e-6. Larger values of

TOL result in fewer function evaluations and faster computation, but less accurate
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results. The third one is Gaussian integration rule with p-Gaussian points. The
nodes and weights of Gaussian quadrature rules can be computed by Golub-Welsch
algorithm. Then, the solution wu} of linear system (5.6) is found by setting the
last unknown to zero, eliminating the last equation and solving the resulting n + 2

equations in n + 2 unknowns.

[u—ujllm

In Figure 5.2 we present plots of the relative error Talls

with respect to A
for three quadrature methods as mentioned above, i.e., the m-panel trapezoid rule
(TR); the p-point Gauss rule; and MATLAB’s quad (adaptive Simpson quadrature),
with tolerance tol. Note that different scales for the relative error are used. As we
can see that the error is erratic and that practically no reasonable accuracy was
achieved. The error decreases with decreasing h, but then increases as h — 0. An
explanation for this behavior was given by a careful examination of an associated
periodic problem in [§].

We then consider the associated approximation u;* of the linear system (5.7)

with the corrected stiffness matrix as described in Section 5.1, where the stiffness

matrix A* is computed with the same quadrature methods as given above. In Figure

[ PR
el Tulle

5.3 we present log-log plots of the relative errors with respect

to h.

. up—ur*
We observe that the relative error hHT’;HE becomes nearly constant as h — 0;

this constant reflects the accuracy of the quadrature, n. On the other hand, the

lu—up*lle

Tz frst decreases with decreasing i and then levels off, becoming

relative error
nearly constant as h — 0. These Figures illustrate the error estimate in Theorem

5.2, which indicates that the error has two components: one due to the meshless
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methods approximation and the other due to quadrature. If we want the relative
error to converge, we have to set 7, €, and 7 equal to o(1), and if we want the relative
error to be O(h), we have to set 7, ¢, and 7 equal to O(h).

Now we consider a two dimensional problem

—Au(z) = 2cos(x)cos(y) (x,y) € Q= [0,n] x [0, 7]

3—220 (x,

y) € 0N2.
The solution, u(z,y) = cos(z)cos(y), exists and is unique up to an additive constant.

The variational formulation of this problem is

ue HY((0,7) x (0,7))
B(u,v) = F(v), Yve HY0,n).
where B(u,v) = [ [ Vu-7vdedy and F(v) = [ [ cos(x)cos(y)v dzdy.
The meshless basis functions we used are the tensor products of gzﬁ?, as in

one-dimensional problem, i.e.,

{00 (@, )32y o(x,y) = ol (x)e] (y),

where h = L
n

The stiffness matrix has almost the same structure as one dimensional case.

The only difference is that it is a block matrix instead of an entry, and each block

has the structure as in one dimensional case.

In Figure 5.4 we present log-log plots of the relative errors H“‘mi”E for the

unllE ang e—ile g 0 point Gauss

p-point Gauss rule without correction and Huuuu Tulls

rule with correction. The right-hand side is computed exactly, i.e., e =7 = 0.
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Plot of ||u—u*h||E/||u||E for Plot of ||u—u*h||E/||u||E for Plot of ||u—u*h||E/||u||E for

Trapezoid Rule, m=10 Trapezoid Rule, m=100 Trapezoid Rule, m=200
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Plot of ||u—u*h||E/||u||E for Plot of ||u—u*h||E/||u||E for Plot of ||u—u*h||E/||u||E for
Gauss Rule, p=3 Gauss Rule, p=4 Gauss Rule, p=10
4 0.8 0.8
_u _w _u
2 2 06 2 06
“w t "
=2 = 04 = 04
o} o} =)
5 5 02 5 02
0 0 0
0 05 1 15 0 1 2 0 1 2
h h h
Plot of ||u-u*h||E/||u||E for Plot of ||u—u*h||E/||u||E for Plot of ||u—u*h||E/||u||E for
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Figure 5.2: The plot of ||u — u}||g/||u||r with respect to h for various
quadrature schemes for one-dimensional problem.
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Loglog Plot of [ju, =ur [|/|ull for Loglog Plot of |u, —ur || /lull for Loglog Plot of [ju, =ur [|/lull for

Trapezoid Rule Gauss Rule quad
with correction with correction with correction
0 — 0 0 —
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Loglog Plot of [ju=u; | /llull for Loglog Plot of [ju=u; || /llull for Loglog Plot of [ju=u; | /|ull for
Trapezoid Rule Gauss Rule quad
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Figure 5.3: The log-log plot of |u, — ui*||g/||u]|r and ||u — ;|| g/||ull e
with respect to h with correction for various quadrature schemes for the

one-dimensional problem.
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Loglog plot of [Ju=u [I/llull . for

Gauss Rule
without correction

Loglog plot of [Ju=u, || /I|ull for

Gauss Rule
with correction

Loglog plot of [Ju, ~u; || /Ilull for

Gauss Rule
with correction

1 0 0
. e
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Figure 5.4: The log-log plot of ||u — u} | g/||u||g for p-point Gauss rule
without correction and ||u — u}*||g/||ul|g and ||up — u*||g/||u||z for p-
point Gauss rule with correction for two-dimensional problem.

The error behavior is similar to that of the one-dimensional problem. This
indicates the dimensional independence of the error estimate, as suggested by The-

orem 5.2.
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