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Chapter 1 Motivation and Objective 

 

Electronic packaging is a critical issue in the semiconductor industry, which 

determines the reliability and performance of electronic systems.  It includes (1) the 

packaging of the integrated circuit chips, (2) the interconnections for signal and power 

transmission, and (3) the encapsulations for protecting the chips and interconnections 

from the environment.  One of the key aspects behind electronic packaging is materials 

consideration, which pertains to the development of improved materials allowing more 

demanding packaging schemes to be possible [1]. 

Polymeric materials are involved in almost every aspect of the electronic 

packaging.  The applications include but not limited to:  

(1) In order to enhance the reliability of a flip-chip package, underfill material is used to 

redistribute the thermo-mechanical stress caused by the coefficient of thermal expansion 

(CTE) mismatch between the silicon chip and the substrate; the underfill materials are 

usually composed of epoxy resins and fused silica particles.   

(2) For protection of semiconductor chips from external physical forces and external 

chemical forces, epoxy molding compounds (EMC) have been used extensively as an 

encapsulation, which are based on thermosetting polymers.   

(3) As one of the alternatives for lead-bearing solders, electrically conductive adhesives 

are being widely employed.  They are composites of electrically conductive fillers and 

polymeric matrices, normally based on epoxy resins, epoxy-phenolic resins, epoxy-

silicone compositions, silicone resins, acrylic resins, or polyimides.   
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(4) Even in print circuit board fabrication, resins are largely used and the majority of 

them are thermosetting resins such as epoxies, polyimide, polyphenylene ether and 

polyester.   

(5) Die attach materials are used between a silicon die and a substrate to provide 

mechanical support and thermal path.  They consist of fillers and basic resins such as 

epoxy resins, polyimide, polyacrylate and silicone resins.   

Since polymeric materials are so widely used, knowledge of the properties of 

those materials becomes critical, for the performance and reliability assessment as well as 

for the design optimization of electronic systems.  Five representative examples are 

mentioned here. 

(1) Although alleviating the stress on the solder material, the use of underfill materials 

can result in large stress on the silicon chip.  The stress is induced by the chemical 

shrinkage occurred during curing and the CTE mismatch during cooling after curing, 

resulting in die crack in some cases.  Its magnitude has been found to be strongly 

dependent on the underfill’s CTE, modulus, chemical shrinkage and glass transition 

temperature (Tg).  Therefore, accurate measurement of those properties is essential for the 

optimization purpose.   

(2) Recently, the copper metallurgy and low-K interlayer dielectric (ILD) has been 

successfully implemented in small feature integrated circuits to increase device speed and 

reduce power consumption.  The right choice of proper underfill material used in those 

products becomes extremely important since the underfill not only protects the solder 

joints by stress redistribution, but also protects the low-K ILD and its interface with the 
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silicon.  Material properties including Tg, CTE, and modulus are needed for the selection 

guideline.   

(3) In order to decrease the warpage in surface-mount packages, it is always desired to 

have an EMC material with small cure shrinkage and residual thermal shrinkage.  In 

other words, an EMC system with a high Tg and low curing shrinkage is preferred.  In 

addition, reducing the elastic modulus of an EMC at a high temperature above the Tg is 

also effective.   

(4) In the printed circuit board (PCB) fabrication, higher Tg epoxies are commonly used.  

For thick board constructions, the use of higher Tg polymers lower z-axis expansion 

properties for enhanced plated via reliability.  For thinner board constructions, the use of 

higher Tg polymers can achieve greater thermal stability to prevent sag during assembly.  

Unfortunately, polymers with higher Tg are usually more brittle and decrease mechanical 

performance and processibility.  The development of advanced materials becomes 

necessary and the assessment of material properties is an inevitable step.   

(5) In order to maintain the electrical conductivity during thermal cycling, conductive 

adhesives with high Tg is commonly used.  This is because the metal particles move back 

and forth during the thermal cycling and the dielectric polymer matrix gradually flow to 

fill the area left behind the moving metal particles.  As the number of thermal cycles 

increases, the contact resistance between adjacent particles increases and thus the 

interconnection joint resistance increases.  Characterization of the properties of the 

polymers will provide guidance in the selection of a matrix material. 

The testing methods for characterization of the mechanical and thermal properties 

of polymeric materials have been developed for many decades and some of them are 
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routinely practiced using commercially available instruments such as the thermo-

mechanical Analyzer (TMA), the dynamic mechanical analyzer (DMA), the digital 

scanning calorimeter (DSC), the universal testing machine (UTM), etc.  However, all the 

techniques focus on one or two properties of the material and different techniques are 

employed when different properties are to be measured.  The specimen preparation and 

the testing conditions can be very critical to reliable and repeatable measurements by 

non-experts.   

New polymeric materials are introduced every day, but less time is allowed to 

characterize them due to the shrinking product development cycle time.  Design 

engineers cannot rely on the proprieties provided by polymer manufacturers since the 

testing conditions and other testing details associated with the properties are not always 

available.  In addition, very limited material property data are available for new 

polymeric materials.  Even in the case of well-known polymeric materials, the published 

property data can often vary by an order of magnitude.  The significant variations in the 

published data are caused by inherent differences and the complexity involved in 

specimen preparation and testing procedures.   

To cope with the above problems, an integrated measurement technique is 

proposed to measure the critical properties of polymeric materials.  The method is based 

on a fiber Bragg grating (FBG) sensor and it can provide the material properties rapidly 

and accurately.  Those properties include (1) chemical shrinkage evolution during curing, 

(2) modulus evolution during curing, (3) glass transition temperature, Tg, (4) coefficient 

of thermal expansion (CTE), and (5) visco-elastic properties.  The proposed method is 

implemented with several different polymeric materials and the results are verified in 
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several aspects.  The proposed technique is expected to be routinely practiced and the 

measurement can be completely automated. 
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Chapter 2 Background and Literature Review 

2.1 Introduction  

The existing techniques which measure the mechanical and thermal properties of 

polymeric materials are reviewed in this chapter.  Those properties include chemical 

shrinkage, modulus evolution, coefficient of thermal expansion (CTE), glass transition 

temperature (Tg) and visco-elastic properties.  The principle and implementation of fiber 

Bragg gratings (FBGs) in the measurement of strain or temperature is also reviewed.  All 

of the information serves as the background for this study. 

 

2.2 Chemical Shrinkage 

Polymeric materials are those materials composed of molecules with very high 

molecular weight.  Specifically, they can be divided into three categories: thermoplastic, 

thermoset, or elastomer [2].  Thermoplastics and un-vulcanized elastomers are 

uncrosslinked, whereas vulcanized elastomers and thermosets are cross-linked. 

Thermosetting polymers, which are the most commonly used polymeric materials in 

electronic packaging, solidify by being cured chemically.  During the curing, the long 

macromolecules cross-link with each other, resulting in a network of molecules that can 

not slide past each other.  As the curing progresses, volumetric shrinkage of a 

thermosetting polymer occurs because molecules move from a van der Waals distance of 

separation to a covalent distance of separation.  This shrinkage induced by the curing is 

called chemical shrinkage.  The specific volume change, chν , can be used to quantify the 

shrinkage which is defined as 
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0

ch V
V

ν Δ
=   (2-1) 

where ΔV is the volume change during the curing and V0 is the original volume before the 

curing.  Depending on the chemical composition and the polymerization reaction, the 

specific volume shrinkage can reach from 10% to 20% [3].  In mechanical modeling, 

chemical shrinkage strain is more straightforward to use and it can be expressed in terms 

of specific volume shrinkage as [4] 

 3 1 1ch chε ν= + −   (2-2) 

where chε  is the chemical shrinkage strain and chν  is specific volume shrinkage.  When 

the chemical shrinkage is small, it can be approximated by the equation 

 
3

ch
ch νε ≈   (2-3) 

Since the chemical shrinkage strain can be thought of as a mechanical strain, 

residual stresses can be generated due to the curing of polymeric materials.  This issue 

has interested electronic packaging researchers for several years and it has been identified 

to be important in some cases.  When polymers are cured at high temperatures, the 

residual stresses developed in packages are usually believed to be negligible due to the 

small modulus of polymers.  The phenomenon has previously been observed in several 

experiments [5-8].  However, when polymers are cured at low temperature especially 

below Tg, the modulus of cured polymers can be sufficiently large to considerable 

residual stresses.  In 1996, Kelly etc. studied the behavior of EMC used in plastic quad 

flat packs (PQFP) and found that the chemical shrinkage can largely affect product’s 

performance by inducing warpage and delamination [9].  In 2000, Yang etc. studied the 

curing process of underfills in flip-chip packages and concluded that neglecting the 
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chemical shrinkage induced stresses can result in an erroneous prediction for the position 

of a vertical die crack [10].  In 2001, Oota etc. studied the warpage of ball grid array 

(BGA) packages due to the curing shrinkage of EMC [11].  They established the small 

shrinkage strain as the guideline for choosing candidate materials.  In 2005, Larson etc. 

studied the effect of residual compression, which is induced by the shrinkage of underfills, 

on the fatigue life of a package [12].  Interestingly, they found the underfill shrinkage can 

be a possible source for obtaining beneficial residual compression in solder grid array 

interconnects.   

Except for the mechanical and reliability consideration, people are interested in 

measuring the chemical shrinkage of polymers because it affects the functionality.  For 

example, electrically conductive adhesives contain polymeric matrices and conductive 

fillers.  Normally, the adhesives exhibit low electrical conductivity before curing, but the 

conductivity increases dramatically after they are cured. This is because good 

conductivity is achieved during the curing process, mainly through intimate contact 

among conductive fillers caused by the shrinkage of polymer binder [13].  Accordingly, 

adhesives with higher curing shrinkage generally exhibit higher conductivity.  Therefore, 

increasing the chemical shrinkage of a polymer matrix becomes a method for improving 

electrical conductivity of adhesives. 

Although it can be fairly difficult, it is important to understand and measure the 

chemical shrinkage for development of new polymers and improvement of the 

performance of electronic packaging products.  Figure 2.1 [14] illustrates the volumetric 

change of polymeric materials during a typical polymerization (curing) process.   
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Fig. 2.1 Illustration of volumetric change of polymeric materials during a typical curing 

process [14] 

 

The temperature of the monomer or pre-polymer is ramped from the initial value T0 to 

the curing temperature Tc, and correspondingly the volume increases from point 1 to 2 

due to the thermal expansion. During curing, the volume decreases from point 2 to 3 

which is caused by the cross-linking.  After the curing completes and temperature is 

decreased back to the initial value, the volume of the cured polymer decreases from point 

3 to 4, which happens above Tg, and then from point 4 to 5, which happens below Tg.  In 

the standard ASTM method, monomer or pre-polymer is poured into a mold with known 

dimensions, heated to the curing temperature, cured, taken out of the mold, and measured 

with the final volume [15].  In this way, ASTM method measures the volumetric change 

before and after the curing at the initial temperature, which is the difference between 

points 1 and 5 in Fig. 2.1.  However, true polymerization induced shrinkage should be the 
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difference between points 2 and 3 which occurs at the curing temperature.  Thus, strictly 

speaking, the result obtained by standard ASTM method incorporates the chemical 

shrinkage and thermal shrinkage and it does not represent the true chemical shrinkage.  

Instead, in-situ measurement of the shrinkage at the curing temperature should be utilized. 

Numerous testing methods have been developed to measure the chemical 

shrinkage of polymeric materials.  Russell studied the cure shrinkage of typical aerospace 

resins including Hercules 3501-6 epoxy, Hercules 8551-7A toughened epoxy and BASF 

5250-4 bismaleimide using a pressure-volume-temperature (PVT) volumetric dilatometer 

[16].  A schematic drawing of the PVT dilatometer is shown in Fig. 2.2.  The sample was 

enclosed in a piezometer cell and a stainless steel container closed off with flexible metal 

bellows and filled with mercury.  The piezometer cell was placed in a pressure vessel.  

The hydrostatic pressure of silicone oil was produced in the vessel by a pump and was 

transferred to the contents of the piezometer cell by the bellows.  The bellows expanded 

until the pressure in the vessel equaled the pressure in the cell.  A linear variable 

differential transducer (LVDT) measured the length change of the bellows.  And then the 

volume change of the sample was calculated using the cross-sectional area data of the 

bellows.  In fact, the volumetric dilatometer is widely used to measure the cure shrinkage 

of polymers and numerous similar studies can be found [17-20].  The benefit of using a 

dilatometer is its capability of measuring volume change as functions of temperature and 

pressure.  The drawback of volumetric dilatometers is that mercury which is used as the 

confining fluid in the dilatometers is highly toxic.  In addition, the direct contact with 

fluid affects the curing of the polymers in the test.   
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Fig. 2.2 Schematic drawing of a PVT apparatus [16] 

 

Using a similar concept, Snow etc. designed a simple capillary and bulb mercury 

dilatometer for specific volume monitoring of polymeric materials during the curing [21].  

A schematic drawing of the dilatometer is shown in Fig. 2.3.   

The dilatometer consists of three main parts: a detached bulb, a graduated 

precision bore capillary, and a filling apparatus.  In his experiment, dicyanate resin was 

immersed in the mercury and its volume was determined by subtracting the constant 

mercury volume from the sum of the capillary and bulb volumes.  Bulb volume was 
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measured before the experiment and capillary volume was determined by the height of 

the mercury in the capillary.  In addition to the drawbacks of a PVT volumetric 

dilatometer employed by Russell, this capillary dilatometer lacks of digital output, and 

the precision of the measurement is largely limited by the accuracy of visual observation.   

 

 

Fig. 2.3 Schematic drawing of a capillary and bulb mercury [21] 

 

In 1997, Fano used a laser scanning micrometer to monitor the length of a 

polymer specimen during curing [22].  As shown in Fig. 2.4, a parallel scanning laser 

beam was sent onto the specimen and then collected by a photoelectric element.  A 
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voltage was generated which corresponded to the intensity of the light.  This voltage 

allowed the number of pulses generated while the beam was obstructed by the specimen 

to be counted.  The number of the pulses was then determined by a counter which was 

proportional to the length of the specimen.  Linear shrinkage strain was then calculated.  

Although this technique has high accuracy in the length determination, it only applies for 

light-cured polymers due to the complex optical setup.   

 

 

Fig. 2.4 Diagram of a laser scanning micrometer [22] 

  

Cook etc. used a gas pycnometer to measure the shrinkage of dental composites 

[23].  They measured the volumes of specimens prior to and after photopolymerization, 

from which the total volumetric shrinkage was determined.  The principle of a gas 

pycnometer is based on the ideal gas law.  One can determine the volume of a specimen 

placed in the specimen chamber by measuring the pressure change of helium when 

helium under a known pressure in the pressurized expansion chamber is opened up to the 

specimen chamber.  Cook studied four commercial dental composites and the volumetric 
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shrinkage was measured to be in the range between 1.6% and 2.5%.   Compared with the 

liquid based dilatometer method, this technique is less labor intensive.  However, the 

instrument does not have active temperature control system and it can not maintain the 

constant curing temperature.  Each volume measurement usually takes more than ten 

minutes, which makes it impractical for real-time monitoring of the curing process.   

Thomas used an optical fiber sensor to in-situ monitor the curing shrinkage during 

injection molding [24].  The experiment setup is illustrated in Fig. 2.5. The optical sensor, 

consisted of a bundle of optical fibers with a sapphire window at its end, was positioned 

in the ejector pin channel of the mold so that the sapphire window sat flush with the 

inside wall of the mold cavity.  The optical view with this sensor was through the 

thickness (3.175 mm) of the molded polymer.  The fiber bundle was divided into light 

excitation fibers and light collection fibers.  Light from a helium neon laser was 

transmitted to the resin via the excitation fibers and light that reflected from any interface 

was detected.  When the molded polymer shrank, it separated from the wall and sapphire 

window, and established the geometry of a Fabry-Perot interferometer.  By counting 

fringes, the magnitude of movement of the molded polymer away from the mold wall 

was measured and then the shrinkage was determined.  This method achieves the real-

time monitoring.  However, it is only suitable for transparent or translucent polymers and 

is not applicable for opaque materials.   
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Fig. 2.5 Schematic drawing of the optical sensor and its connection to the mold, light 

source and detector [24] 

 

In 1999, Park built up a linometer which can measure the linear polymerization 

strain of polymers [25].  This method has been employed by other researcher such as 

Rosin [26].  The design of a linometer is illustrated in Fig. 2.6.  In the experiment, the 

polymer was poured on the aluminum disk, which was coated with separating glycerin 

gel.  The polymer was then covered with a slide glass and an aluminum shield.  After the 

shield was covered and fastened under constant pressure, the position of the disk was 

adjusted to its zero position with the height adjustment.  The amount of displacement of 

the disk was measured using an infrared micrometer and the linear strain was calculated.  

This setup achieved real-time monitoring.  However, as noted by the designer, the 

measurement accuracy will be affected if the measuring time extends for hours because 

separation between the polymer and disk will occur.   
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Fig. 2.6 Schematic diagram of a linometer [25] 

 

Using the cross section analysis technique, Hudson etc. measured the shrinkage of 

UV-cured adhesives [27].  In the experiment, they dropped an uncured acrylic adhesive 

NOA 61 on a substrate which was a 500 um thick polished silicon wafer coated with a 

polymeric material.  Then they recorded digital images of the adhesive drop before and 

after the curing.  The curing scheme was exposure to UV-light with the intensity of 

1000mW/cm2 for 30 seconds.  The result is shown in Fig. 2.7.  In the image, 300 data 

points were collected around the periphery of a vertical section containing the axis of 

symmetry.  They calculated the volume by rotating the image around the axis of 

symmetry and the volumetric shrinkage was determined to be 8.7%.  This method 

enables the measurement of volumetric shrinkage of tiny amounts of UV-cured adhesives.  

However, it assumes the perfect symmetric drop shape, and the uncertainty in the volume 

determination could be fairly large due to the possible asymmetry of the drop shape.   
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Fig. 2.7 Profile of the adhesive drop before and after cure [27] 

 

Li etc. measured the curing shrinkage of MY750 epoxy using a buoyancy 

monitoring technique [14].  As shown in Fig. 2.8, the sample material was sealed in a 

thin-walled silicone bag and cured in a silicone fluid bath at a controlled constant 

temperature and weighted independently of the bath.  The buoyancy of the sample was 

monitored as its density increased with respect to the constant density fluid during 

isothermal cures.  By measuring the apparent weight of the sample, they calculated the 

buoyancy which was proportional to the sample volume and deduced the volumetric 

shrinkage through the equation 

 
0shrinkage silicone

V G
V Vρ

Δ Δ⎛ ⎞ =⎜ ⎟ ×⎝ ⎠
  (2-4) 

where GΔ  is the change in the apparent weight of resin weighted in the fluid bath at the 

curing temperature, siliconeρ  is the density of the silicone fluid at the cuing temperature 

and V0 is the volume of uncured resin.  The shrinkage was found to be 6.9%.  This 

technique is sensitive to the shrinkage since a high precision balance can weight tiny 
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change of apparent weight.  However, it is also sensitive to air bubbles attached to the 

resins surface or the suspending wire which can result in errors.  Residual solvent, 

dissolved air and volatile byproducts are all also detrimental to the measurement.   

 

 

Fig. 2.8 Setup for measurement of shrinkage by monitoring buoyancy [14] 

 

Most recently, Yu etc. studied the chemical shrinkage of two epoxy-based NCA 

materials XS8436 and FP4549 by the use of a Thermo-mechanical Analyzer (TMA) [28].  

They sandwiched the epoxy between two silicon slides and measured dimension change 

of the epoxy during the curing with a TMA.  The experiment setup is illustrated in Fig. 

2.9.  The total shrinkage was determined to be 3.71% and 5.42% respectively.  The 

benefits of this method include easy sample preparation and instrument operation.  

However, it requires highly uniform thickness of the polymer layer between silicon slides, 

and the contact force applied by the TMA probe becomes a critical factor.  A too small 

force will result in lost contact, while a too large force will apply undesired mechanical 

loading to the epoxy and thus affect the results.   
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Fig. 2.9 Schematic diagram of cure shrinkage testing system by means of TMA [28] 

 

Except for those volumetric techniques, there is a non-volumetric technique 

which determines the cure shrinkage based on the measurement of polymer laminates 

warpage.  It was firstly proposed by Daniel [29] and then used by Aggelopoulos [30] and 

Karalekas [31].  The basic concept of this technique is coating a pre-polymer layer on an 

identical layer of the same material that has already been cured.  Then the laminate is 

cured and the resulting warpage is recorded by means of shadow moiré.  Figure 2.10 

shows representative moiré patterns [29].  Assuming the modulus and Poisson’s ratio of 

two layers are the same, the shrinkage in the pre-polymer layer is found to be simply 

related to the measured warpage through the following equations: 

 1 2
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= −   (2-5) 

where 1
ce  and 2

ce  are shrinkages in two perpendicular directions, w is the measured 

warpage, h is the thickness of each layer and a, b are the length of semi-axes of the 

elliptical fringe.   
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Fig. 2.10 Moiré pattern for laminate made of a pre-cured and an uncured layer [29] 

 

In Daniel’s work, the chemical shrinkage of a woven E-glass fabric impregnated with an 

epoxy/epoxy-novolac system was found to be 0.0154% and 0.0278% in two directions.  

In Karalekas’s work, an isotropic shrinkage strain of 0.448% for an acrylic-based 

photopolymer was obtained.  This technique has an obvious advantage of measuring 

linear shrinkage in two different directions.  However, the drawback is also obvious, i.e., 

it is assumed that mechanical properties are the same in two layers.  In fact, the properties 

of the uncured layer are actually changing during the curing and this assumption only 

holds at the end of the curing.  

It should be noted that all of the methods listed above only measure the total 

(intrinsic) chemical shrinkage and cannot detect the gelation point.  The gelation point is 

defined as the conversion at which an infinite molecular network is formed [32] and the 

polymer has apparent elastic properties [33].  As a result, when calculating the curing 
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induced residual stresses in the assembly, only the chemical shrinkage that occurs after 

the gelation point should be used instead of the total one.  This effect is clearly shown in 

Stolov’s experiment [34].  In his experiment, a UV-cured acrylic monomer was coated on 

a steel cantilever.  After applying the radiation, warpage of the cantilever and curing 

extent of the polymer were monitored simultaneously.  By the measured warpage, stress 

buildup in the polymer layer was determined through the beam theory.  Results of 

measured accumulated stress and curing extent are plotted in one chart as shown in Fig. 

2.11.  No stress buildup is observed before the gelation point and it increases dramatically 

after gelation.  We define the portion of intrinsic chemical shrinkage that contributes to 

the accumulation of residual stresses as the “effective chemical shrinkage”. 

 

Fig. 2.11 Stress build-up vs. curing extent [34] 

 

All the methods listed above cannot detect the gelation point.  In order to obtain 

the effective chemical shrinkage, an auxiliary experiment is needed for the determination 
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of gelation point.  A Fourier Transform Infrared Spectroscopy (FTIR) [14] or a Dynamic 

Mechanical Analyzer (DMA) [28] has been employed to detect the gelation point, 

respectively.  It should be noted that more experiments mean more complexity, and 

moreover, the time correlation in separate experiments is extremely difficult.  In this 

regard, a technique which can directly measure the effective chemical shrinkage 

evolution is highly desired.  

 

2.3 CTE and Glass Transition Temperature 

As one of the most important thermo-mechanical properties of polymeric 

materials, the coefficient of thermal expansion (CTE) relates the volume changes that 

occur in a polymer to the temperature variation.  Normally, the polymer volume V 

increases with increasing temperature as a result of the increasing atomic motions 

resulting from the added energy.  The coefficient of volumetric thermal expansion β  is 

defined as the fractional rate of change of V as a function of temperature T, which can be 

expressed as 
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Here partial derivative is used because V is also a function of the pressure.  The 

coefficient of linear thermal expansion, α  is another useful quantity which is more 

commonly quoted in the literature.  It simply equals to one third of the coefficient of 

volumetric thermal expansion for an isotropic material 

 
3
βα =  (2-7) 
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Unless specifically stated, the CTE in this study means the coefficient of linear thermal 

expansion, α .  

 Typical polymer volume variation with temperature is shown in Fig. 2.12 [35].   

 

Fig. 2.12 Scheme of the variation of polymer volume with temperature [35] 

 

As it is shown in the figure, the CTE of a polymeric material manifests a dramatic and 

discontinuous change when temperature is above a certain value.  This particular 

temperature is called glass transition temperature (Tg) and it can be defined as the 

temperature at which the forces holding distinct segments together are overcome by 

thermally-induced motions and large scale cooperative motions of chain segments 

become possible [36].  The CTE of a polymer increases dramatically when temperature 

increases beyond Tg (in the rubbery state).  The phenomenon can be explained by the free 

volume theory.  Generally, the volume of a material, V, is the sum of the volume 

occupied by the molecules, V0, and the free volume, Vf, which is the space not occupied 

by molecules [35].  The free volume is sensitive to changes in temperature and the 
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thermal expansion of polymers can be attributed to a change in free volume.  When the 

temperature decreases from high to low, the free volume shrinks until it is too small to 

allow long-range cooperative motions and the temperature at this point is Tg.  Below Tg 

only local conformational changes are permitted and consequently the free volume shows 

negligible temperature dependence.  This phenomenon is also schematically shown in Fig. 

2.12 [35].  The free volume, Vf, is represented by the shaded area and it can be seen that 

Vf remains constant below Tg and increases with temperature above Tg. 

In electronic packaging, characterization of the CTE of a polymeric material is 

critical as it is required for the assessment of the reliability of a packaging product under 

thermal loadings.  Different components in a package have different CTE values.  For 

example, a silicon chip has a CTE of 2.5 ppm/°C; copper pad has a CTE of 17 ppm/°C; a 

ceramic substrate has a CTE ranging from 4 to 10 ppm/°C while an organic substrate has 

a CTE ranging from 18 to 24 ppm/°C; the solder material has a CTE ranging from 22 to 

26 ppm/°C [13].  The CTE mismatch among different components can induce large 

stresses when subjected to temperature variation.  In design considerations, polymers 

such as underfills and EMC with appropriate CTE and Tg should be used for optimum 

stress management.  In a polymer/substrate bi-material joint, the residual stress due to a 

temperate change from T0 to T can be approximately calculated as [13] 

 ( ) ( ) ( ) ( )1 1 2 2 0i g i gE T T E T Tσ α α α α= − − + − −  (2-8) 

where α1 and α2 are CTE of the polymer at below and above Tg and αi is the CTE of the 

substrate.  As shown in Eqn. (2-8), CTE plays an important role in the residual stress 

magnitude.   
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Three testing techniques are commonly used to measure the CTE of polymeric 

materials.  They are quartz dilatometer, vitreous silica dilatometer and interferometer 

dilatometer [37].   

Thermo-mechanical Analyzer (TMA) is the most popular tool used for the 

measurement of CTE [ASTM E831] and it is a quartz dilatometer.  A schematic diagram 

of a TMA is shown in Fig. 2.13.  It consists of a stage which supports the specimen and a 

quartz probe that moves vertically.  The quartz probe is essentially a displacement sensor 

and a small force of 1 to 100 mN is applied to keep the probe in contact with the 

specimen.  The temperature of the specimen is controlled by the oven.  The CTE of the 

specimen can be calculated by 

 
T
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where L0 is the initial height of the specimen, LΔ  is the change in height due to a 

temperature change TΔ .   
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Fig. 2.13 A schematic diagram of TMA equipment 
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  The CTE can also be measured using a silica dilatometer [ASTM E228].  As it is 

illustrated in Fig. 2.14, a specimen is placed inside a silica tube and a silica rod is inserted 

into the tube.  A dial gage is attached to the rod for detection of the position.  The CTE of 

the specimen is determined using Eqn. (2-9).   

Dial gage

Silica tube

Silica rod

Specimen

Temperature bath

 

Fig. 2.14 A schematic diagram of a silica dilatometer 

  

An interferometer dilatometer is schematically shown in Fig. 2.15 [38].  Basically, 

it includes the following modules: a gas chamber with a specimen support, an inductive 

heating device with a radio frequency (RF) power generator, a coil and so-called robber 

rings, a gas shower for cooling the sample, a double-beam differential laser 

interferometer with two light guide push rods, and a control and data acquisition unit. The 

laser beam is reflected at the bottom inner surface of the push rods.  Elongation of the 

push rods will change the optical path which is detected by the interferometer.  The 

interferometer is a miniature double-plane mirror interferometer comprising two 

Michelson interferometers with a common He-Ne laser source, which are provided via 
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two single mode fiber optic cables.  Similar interferometer dilatometer setup can be found 

in the literature [39-41].  The optical dilatometer has a high resolution in detecting the 

optical path change.  Unfortunately, the temperature change of the air also changes the 

optical path length because the refractive index the air changes with the temperature.  As 

a result, the measurement resolution is greatly deteriorated.  

 

 

Fig. 2.15 A schematic diagram of an interferometer dilatometer [38] 
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Understanding Tg of a polymeric material is important especially when evaluating 

a new material.  This fact can be more clearly explained by the following several 

examples.   

The glass transition temperature, Tg, of the resin is an important characteristic for 

printed wiring boards (PWB).  In general, the higher the Tg, the smaller z direction 

expansion when a PWB is heated.  That reduces stress on plated through holes during 

processing and improves board reliability.  Besides, the higher the Tg, the less possibility 

of rework which results in pads or lines detaching from the surface of the PWB and the 

less measling (separation of resin from glass weave due to differential expansion of the 

glass and the resin) is generated.   

As the IC fabrication moves towards small feature and high density, interlayer 

dielectric (ILD) materials have been developed and successfully implemented together 

with copper metallurgy to increase device speed and reduce power consumption.  These 

low-K materials tend to be porous and brittle and are protected by underfills.  Tsao 

evaluated several underfills for the low-K flip chip package and found that only 

moderately low Tg underfills (Tg between 70 and 120 °C) can effectively protect both the 

solder joints and low-K interface [42].  In this case, Tg of the underfill becomes a very 

important index.   

Anisotropically conductive film (ACF) is used in the flip-chip bonding. 

Reliability results indicate that the ACF possessing an adhesive matrix with a high Tg 

(282 °C) exhibits high reliability [13]. 
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There are several methods which can be used to determine the glass transition 

temperature of a material.  The most common technique reported in the literature is 

differential scanning calorimetry (DSC) which is shown schematically in Fig. 2.16 [43].  

It monitors the difference between a reference and a sample during a controlled 

temperature change.  Changes in the heating rate of the sample relative to the reference 

can then be converted into specific heat and enthalpy changes.  Tg is determined at the 

inflection point of the specific heat curve.  An example of using DSC to determine Tg of 

polymers can be found in Wong’s work [44].   

 

 

Fig. 2.16 A schematic drawing of a DSC [43] 

  

TMA can be also employed to determine Tg. As previously discussed, the CTE of 

a polymeric material undergoes a dramatic and discontinuous change at Tg.  Using the 

measured displacement-temperature curve, Tg is determined at the inflection point as 
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illustrated in Fig. 2.12.  An example of using TMA to measure Tg of epoxy resins for 

PCB application can be found in Yung’s work [45].  

Excluding specific heat and CTE, other properties such as refractive index and 

dielectric constant also change considerably at Tg.  Based on that, a refractometry or a 

dielectric relaxation spectroscopy can be used to detect Tg which essentially measures the 

refractive index and dielectric constant of a material, respectively [36].  

 

2.4 Modulus Evolution 

The modulus, E, is one of the most important mechanical properties of a material.  

It is the key indicator of the stiffness, and it quantifies the resistance of a material to 

mechanical deformation and the ability to store deformation energy.  To measure the 

modulus of a polymer material, the simplest method is using a universal testing machine 

(UTM), which applies and monitors the loading to the standard dumbbell-shaped test 

specimen, together with an extensometer which determines the strain.  A schematic 

drawing of a UTM can be found in Fig. 2.17.  The specimen dimension and the testing 

rate are important and they can be found in ASTM D638 and ASTM D882 which are 

recommended for polymers [46].  An example of the measuring modulus by the use of 

UTM  can be found in Jasso’s paper [47].  In his work, the author obtained the Young’s 

modulus of a gradient polymer which was polystyrene (PS)/ poly butyl acrylate (PBA). 
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Fig. 2.17 A schematic drawing of a UTM [48] 
 

The polymerization process of polymers is a dynamic process and the properties 

of polymers evolve as the polymerization proceeds.  Generally, polymers start from a 

liquid or gel state and gradually solidify at the curing temperature.  Their modulus 

evolves from virtually zero at the gelation point to the final value at the end of curing.  To 

predict the residual stresses induced by polymerization, one cannot simply use the final 

modulus in the calculation and the knowledge of modulus evolution is a prerequisite.  

The theoretical base lies in the following.  It is generally hypothesized that an increment 

of curing induced strain, dε, contributes to the stress after completion of the process 
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according to Hooke’s law [49].  In the case of uni-axial condition, stress increment can be 

calculated as 

 ( )d E t dσ ε=  (2-10) 

where E is the modulus at the time of the strain increment.  Then the total stress σ can be 

obtained by integrating Eqn. (2-10) over the curing process 

 ( )E t dσ ε= ∫  (2-11) 

As it can be seen from Eqn. (2-11), evolution of the modulus is needed for the calculation 

of curing induced residual stress. 

 An UTM cannot be used to measure the modulus evolution of polymers during 

curing simply because the specimen cannot be clamped in the gel state.  As a solution, a 

rheometer or a Dynamic Mechanical Analyzer (DMA) has been employed to measure the 

shear modulus evolution, and they are the only techniques available in the literature. 

A rheometer is a mechanical spectrometer that is capable of subjecting a sample 

to either a dynamic (sinusoidal) or steady (linear) shear strain.  A schematic drawing of a 

rheometer is shown in Fig. 2.18 [50].  It comprises several parts including: 1 - rotation 

drive, 2 – reducer, 3 – angular velocity transducer, 4 – inner (rotating) cylinder, 5 – outer 

(fixed) cylinder and 6 – torque transducer.  A rheometer measures the resultant torque 

expended by the sample in response to the shear strain (shear strain is applied by the 

motor and torque is measured by the transducer) either in dynamic or steady mode.  In 

the dynamic mode, the motor begins all tests at the motor zero position, and drives 

symmetrically about motor zero to the strain as specified.  In the steady mode, the motor 

can begin a test from any position, rotating either clockwise or counterclockwise as 

specified.  Adolf used a rheometer to measure the shear modulus evolution of Epon 828 
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epoxy [51].  Dynamic scan was applied to the specimen and the modulus was measured 

as a function of time at the curing temperature of 90 °C.  In the experiment, a fixed 

frequency of 1 rad/s is used.   

 

Fig. 2.18 A schematic drawing of a rheometer [50] 

 

Dynamic Mechanical Analyzer (DMA) is more commonly used to measure the 

shear modulus evolution of polymers during curing.  Lange studied the curing behavior 

of a thermosetting material using a DMA [49].  They applied the monomer between two 

plates of the DMA and cured it at 140 ºC.  During the polymerization, the shear modulus 

was measured as a function of the curing time as the DMA worked in the torsion mode.  

The result is shown in Fig. 2.19.  As shown in the figure, the modulus increases 

dramatically after the gelation point.  Similar work can be also found in Eom’s [52] and 
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Markovic’s [53] papers, where the shear modulus evolution was measured during curing 

for FGDDM epoxy and phenol-formaldehyde novolac resins, respectively.   

 

Fig. 2.19 Evolution of shear modulus as a function of curing time obtained by DMA [49] 

 

In the above, instead of the Young’s modulus, only evolution of the shear 

modulus is measured because of the incapability of the instruments.  In addition, the 

techniques are difficult to implement for the evolution property measurement.  A new 

technique needs to be developed for the measurement of Young’s modulus evolution. 

 

2.5 Visco-elastic Properties 

Polymers exhibit both elastic and viscous characteristics when subjected to 

deformation.  The elastic approximation often overestimates the stresses [54-56] and it is 

important to quantify visco-elastic properties of polymers for quantitative mechanical 
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analysis.  There are two categories of experimental methods for measurement of the 

visco-elastic properties of polymers: static and dynamic [57].  Static testing is used to 

characterize a polymer’s behavior when it is subjected to a sudden load.  Both creep and 

stress relaxation testing belong to this category.  In dynamic testing, a sinusoidal loading 

is applied to the specimen and the time dependence of the polymer’s behavior can be 

characterized by varying the frequency.  Generally, the static testing is a long-term 

method whereas the dynamic testing is for a short-term range.  

A creep testing consists of measuring the time dependent strain, ( )tε , resulting 

from the application of a constant uni-axial stress, σ0, as illustrated in Fig. 2.20a.  The 

time dependent compliance, C(t), can be determined as 

 
0

( )( ) tC t ε
σ

=  (2-12) 

If the compliance is independent of the applied stress magnitude, then the polymer is said 

to be linear visco-elastic.  Otherwise, the polymer is nonlinear visco-elastic.  Normally, 

polymers exhibit linear visco-elastic behavior at low deformation levels (strain below ~ 

0.5% [58]).  In this study, only linear visco-elasticity is covered. 

     
                                      (a)                                                                      (b) 

Fig. 2.20 Illustration of (a) creep testing and (b) stress relaxation testing 
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  A creep testing station is illustrated in Fig. 2.21 [59].  It consists of clamping 

devices for the specimen, loading system, strain measuring system and low-friction guide 

to ensure axial loading.  The clamping device is arranged so that the major axis of the test 

specimen coincides with the direction of pull force.  The loading system is designed to 

achieve rapid but shock-free loading.   

 

 
 

Fig. 2.21 Scheme of a creep testing apparatus [59]   

 

The alternative step-function experiment is stress relaxation testing.  The general 

concept of a stress relaxation experiment is illustrated in Fig. 2.20b and a schematic 

drawing of a stress relaxation testing station is shown in Fig. 2.22 [35].  The specimen is 

connected in series with a spring with sufficient rigidity.  The spring undergoes negligible 

deformation in comparison with that of the sample.  A steady strain, 0ε , is applied to the 

specimen instantaneously.  The clamps then maintain the deformation of the sample and a 
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strain gauge associated with a spring element is used to record the resulting time-

dependent stress, σ(t).   

 

 

 

Fig. 2.22 Scheme of a stress relaxation apparatus  [35] 

 

The relaxation modulus, E(t), is defined as 

 
0

( )( ) tE t σ
ε

=  (2-13) 

During the test, the temperature of the sample is controlled by a thermostatic device.  

Conducting the stress relaxation experiment at various temperatures will yield the time 

and temperature dependent relaxation modulus.  

Both creep and relaxation are manifestations of the same molecular mechanisms 

and they can be related by the convolution integral [55, 60]  

 
0 0

( ) ( ) ( ) ( )
t t
C t E d E t C d tτ τ τ τ τ τ− = − =∫ ∫  (2-14) 
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From the above equation, one can solve an integral equation to obtain a creep function 

from a relaxation function, or vice versa.   

The temperature has a dramatic influence on the rate of visco-elastic response of 

polymers.  With the assumption of thermorheologically simple, the relation between time 

and temperature can be described by simple models.  In this case, the effect of lowering 

the temperature is simply to shift the creep compliance or relaxation modulus curve 

(plotted against log time) to the right without change in shape.  It is also called the time-

temperature superposition principle.  A time-temperature shift factor aT(T) can be defined 

as the horizontal shift that must be applied to a response curve, for example, C(t), 

measured at an arbitrary temperature T to obtain the curve at some reference temperature 

Tref.  It can be expressed mathematically as 

 ( ) ( )log( ) log ( ) log ( )T refa t T t T= −  (2-15) 

Two mathematical functions are generally used to model the shift factor, Ta .  The 

first one is called Arrhenius relationship, and it can be expressed as 

 ( ) 1 1log
2.303T

ref

Ha
R T T

⎛ ⎞Δ
= −⎜ ⎟⎜ ⎟

⎝ ⎠
 (2-16)  

where HΔ  is the activation energy and R is the ideal gas constant which is 8.314 

/J mol K⋅ .  The other one is called Williams–Landel–Ferry or the WLF function and it 

can be expressed as [61] 

 
( )
( )

1

2

log( ) ref
T

ref

C T T
a

C T T

− −
=

+ −
 (2-17)  

where C1 and C2 are material constants whose values depend on the material and choice 

of reference temperature Tref.  The Arrhenius relationship is more suitable to model the 
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shift factors of the temperature range below the glass transition temperature whereas the 

WLF function is generally accepted to model the shift factors of the temperature range 

above Tg [62-64].   

A series of creep or relaxation data taken over a range of temperatures can be 

converted to a single “master curve” via this horizontal shifting.  Firstly, a particular 

curve is chosen as reference.  Then the other curves are shifted horizontally to obtain a 

single curve spanning a wide range of log time as illustrated in Fig. 2.23 [65].   

 

 

Fig. 2.23 Illustration of master curve formation [65] 

 

Curves obtained at temperature lower than the reference temperature appear at longer 

times, so they will have to be shifted left; this is a positive shift as we have defined the 

shift factor in Eqn. (2-15).  Each curve produces its own value of aT, so that aT becomes a 

tabulated function of temperature.  An example of experimentally measured relaxation 

modulus master curve is shown in Fig. 2.24.  The material is polyisobutylene and the 

reference temperature is 25 °C.  With the concept of master curve, the visco-elastic 

behavior of polymers at arbitrary time or temperature is uniquely defined.  It should be 
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noted that, although either creep compliance curve or relaxation modulus curve can be 

used for visco-elastic property description, master curve of relaxation modulus is more 

widely used in commercial finite element analysis software such as ANSYS.  

 
 

Fig. 2.24 Master curve of relaxation modulus of polyisobutylene with a reference 

temperature of 25 °C [2] 

 

In practice, a Dynamic Mechanical Analyzer (DMA) is the most commonly used 

instrument to measure the visco-elastic properties of polymers.  The design of a DMA is 

schematically shown in Fig. 2.25.  It can apply several different loadings to the specimen 

including tension/compression, shear, 3-point bending, clamped bending and torsion.  

When working in the transient step strain mode and applying a tension loading to the 

specimen, a DMA is able to measure the time-dependent Young’s modulus of a 

polymeric material.  
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Fig. 2.25 Schematic drawing of a DMA [46] 

 

In the static testing introduced above, special attention should be also paid to the 

strain measuring system [66].  Compared with metals, polymers have much smaller 

modulus.  The weight of a clip on the extensometer would significantly distort the 

specimen even before the application of a loading.  Thus, non-contacting extensometers 

such as optical extensometer are widely used.  Either visible or infrared light is sent onto 

the gauge marks on the specimen.  Photoelectric sensing devices, using a servo 

mechanism, follow the gauge marks as the specimen deforms and the resulting movement 

is monitored by using a displacement transducer, the output from which is sent to the 

recording device [66].  As it can be seen later, the optical strain sensor is embedded in 

polymers in our method and thus it has the advantage of no distortion of the specimen.   
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2.6 Fiber Bragg Gratings as a Sensor 

This study will utilize a fiber Bragg grating (FBG) as a strain sensor and the 

background of FBGs is reviewed in this section.  The Bragg grating is named for William 

Lawrence Bragg who formulated the conditions for X-ray diffraction which relate energy 

spectra to reflection spacing (Bragg's Law).  A fiber Bragg grating is formed by a 

periodic perturbation of refractive index along the fiber length [67-69].  This periodic 

perturbation is typically created by exposing the fiber core to an intense interference 

pattern of UV energy.  The formation of permanent grating structures in optical fibers 

was first demonstrated by Hill and Meltz in 1978 [69].  In their work, they launched high 

intensity Argon-ion laser radiation into the germanium doped fiber and observed a 

permanent narrowband Bragg grating filter created in the area of exposure after a period 

of time.   

When a band of the incident light encounters a material of higher index of 

refraction (one of the periodic gratings), some of the incident light is reflected, some is 

refracted, and some is transmitted.  As illustrated in Fig. 2. 26a, the Bragg grating allows 

a portion of the incident light to be reflected when the wavelength (known as the Bragg 

wavelength) satisfies 

 2B effnλ = Λ  (2-18) 

where λB is the Bragg wavelength, neff is the effective refractive index and Λ is the 

grating pitch.  The amount of the light reflected at the Bragg wavelength is dependent on 

the perturbation of refractive index, Δn, as well as the total grating length, as each grating 

serves to reflect a portion of the light signal.   
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(a) 

 

 

 

 

 

 

 

 

(b) 

Fig. 2.26 Illustration of (a) an FBG and corresponding spectrum and (b) BW shift 

 

External disturbances such as changes in strain or temperature will alter the 

effective refractive index and the grating pitch, which induces a shift in the Bragg 

wavelength (as illustrated in Fig. 2.26b).  This is the basic principle of using FBGs as a 

sensor. 

Differentiating Eqn. (2-18) yields [67-69],  

Optical fiber

Bragg 
Grating

Intensity

Incident 
Spectrum

λ

Intensity

Transmission 
Spectrum

λ

Intensity

λ

Grating 
Pitch Λ

Reflected 
Spectrum

1545 1546 1547 1548 1549 1550 1551 1552
-55

-50

-45

-40

-35

-30

-25

-20

'
λB

λB

ΔλB

Po
w

er
 (d

Bm
)

Wavelength (nm)
 



 44

 1
eff effB

B eff eff

n n
n n

λ ε
λ

Δ ΔΔ ΔΛ
= + = +

Λ
 (2-19) 

where  and effnΔΛ Δ  are the changes in the grating pitch and the effective refractive index, 

respectively, and 1ε  is the axial strain along the fiber.  For the case of isotropic and 

straight Bragg grating, we have [70] 

 ( ) ( )
3

12 1 11 12 2 11 123

2 2
2eff f
n dnn P P P P P T

n dT
ε ε α⎡ ⎤⎧ ⎫Δ = − + + − + + Δ⎨ ⎬⎢ ⎥⎩ ⎭⎣ ⎦

 (2-20) 

where 2ε  is the transverse strain, Pij are strain-optic coefficients (Prockel’s coefficients), 

dn
dT

 is the thermo-optic coefficient, fα  is the CTE of the fiber core material, and TΔ  is 

the temperature change with respect to the initial condition.  

If the loading condition is uni-axial where 2 1ε νε= −  and assuming no temperature 

change, Eqns. (2-19) and (2-20) can be simplified to their more common form of 

 1(1 )B B kPλ λ εΔ = −  (2-21) 

where kP  is called “effective strain-optic constant” and it is defined as  

 ( )
2

12 11 122k
nP P P Pν⎡ ⎤= − − +⎣ ⎦   (2-22) 

where ν  is the Poisson’s ratio of the fiber material.   

Equation (2-21) clearly shows that the Bragg wavelength shift is linearly 

proportional to the axial strain.  In practice, FBGs are widely used as strain sensors.    

Kang etc. monitored the strain of a filament wound composite tank during hydrostatic 

pressurization using 20 FBG sensors [71].  From the experimental results, it was 

successfully demonstrated that the FBG sensor system is useful for health monitoring of 

large structures that require a large number of sensor arrays.  Chan etc. installed forty 
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FBG sensors on Hong Kong’s landmark Tsing Ma Bridge and monitored the strain of 

different parts of the bridge under both railway and highway loads [72].  They compared 

the measurement results with those obtained by resistive strain gauges and found them in 

excellent agreement.  Kenel etc. used FBG sensors to measure the local reinforcing 

strains of steel [73].  They concluded that compared with strain gauge measurements, 

bond properties are much less affected by FBGs.   

In addition to sensing the strain, an FBG can be used as a temperature sensor.  

Suppose an FBG is subjected to a temperature change of ΔT and no mechanical loading, 

Eqn. (2-19) can be simplified as 

 1
B B f

eff

dn T
n dT

λ λ α
⎛ ⎞

Δ = + Δ⎜ ⎟⎜ ⎟
⎝ ⎠

 (2-23) 

As clearly shown in Eqn. (2-23), the Bragg wavelength shift is linearly proportional to 

the temperature perturbation and thus an FBG can be used as a temperature sensor.  For 

silica fibers, the wavelength-temperature sensitivities are around 6.4 pm/°C, 10 pm/°C 

and 13 pm/°C at wavelengths 800nm, 1300nm, and 1550nm, respectively [74].   

Sun etc. demonstrated a multipoint temperature warning sensor using an array of 

multichannel matched FBGs [75].  Multiple uniform FBGs with different nominal 

wavelengths were attached at different positions.  When the temperature exceeded the 

threshold at a certain position, the pulsed light at the corresponding time slot and 

wavelength were reflected and detected.  

In the general case when there are both mechanical and thermal loadings, two 

different FBGs are usually superimposed for simultaneous measurement of the strain and 

temperature.  Xu etc. set up an array composed of two FBGs with a wavelength of 1300 

and 850nm, respectively [76].  Strain and thermal induced perturbation coefficients of 
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each FBG were calibrated experimentally.  Then they demonstrated that the strain and 

temperature can be determined by solving simultaneous equations.  Similar work 

concerning use of FBGs for simultaneous measurement of strain and temperature can be 

also found in the literature [77, 78].  Recently, Sivanesan provided a guideline for the 

wavelength selection of dual-wavelength fiber grating sensors in those set-ups [79]. 

 

2.7 Use of Fiber Optic Sensors in Properties Determination 

The fiber optic sensor is a powerful tool to perform remote, on-line, in-situ 

monitoring of a structure.  Compared to other types of sensors, the fiber optic senor is 

free from electromagnetic interference and has high chemical and temperature resistance.  

Moreover, it can be readily embedded due to its light weight and small size, which makes 

it minimally intrusive in the structure.   

Inspired by FBGs’ excellent capability of strain and temperature measurement, 

researchers recently embedded FBGs in structural composites for cure monitoring and 

residual strain determination.  In 1996, Lawrence etc. embedded Fiber Bragg Grating 

(FBG) sensors, Extrinsic Fabry-Perot interferometer (EFPI) and thermocouples in the 

carbon fiber/epoxy composites and measured the internal strain and temperature during 

the processing [80].  Both sensors exhibited the ability to non-destructively measure the 

curing strain of the composites.  Moreover, they compared the results obtained by the 

FBG sensor with those by the EFPI, and concluded that the difference was induced by the 

fact that the FBG is sensitive to transverse strain while the EFPI is not.   

O’Dwyery etc. used embedded dielectric micro-sensors and FBGs to monitor 

continuous changes in the conductivity and strain of a carbon fiber reinforced epoxy 



 47

composite [81].  The results showed that it is possible to monitor the strain levels in the 

optical fiber resulting from the onsets of liquification, gelation and vitrification within the 

surrounding resin matrix.  In addition, the FBGs allowed the direct observation of the 

development of residual strain as a function of time.   

Using FBG sensors, Murukeshan etc. studied the mechanical behavior of a multi-

layer CFRP (Carbon Fiber Reinforced Plastics) and FGRP (Glass Fiber Reinforced 

Plastics) composite [82].  FBG sensors were embedded in different layers and the Bragg 

wavelength was documented when the composite was subject to 3- and 4-point bending 

test.  It was found that the FBG is effective in identifying the defect sites in the composite 

and the defects significantly affect the mechanical properties of the composite.   

Lin even used FBGs in the curing monitoring of a pre-stressed concrete beam [83].  

In his experiment, the temperature profile and plastic shrinkage of concrete during the 

hardening process were measured by the embedded FBGs.  Hydration temperature was 

determined and they concluded that FBGs showed excellent suitability in understanding 

the hydration process of concrete during hardening.   

In order to obtain real-time information of volumetric change of polymers during 

the curing, Giordano etc. embedded an optical fiber in the EPON-828 epoxy to form an 

optical time domain reflectometry [84].  The essential principle of Giordano’s technique 

is monitoring the intensity reflection coefficient R at the epoxy/fiber interface which is 

related to the refractive index by the equation 
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where fn  and en  are the refractive index of the optical fiber and epoxy matrix, 

respectively.  Through the Lorentz-Lorenz law, the refractive index of the epoxy is 

related to its density ρ  as 

 ρβ
εM

N
n
n

e

e

32
1

2

2

=
+
−

 (2-25) 

where N is the Avogadro number, M is the molecular weight, ε  is the permittivity and β  

is the polarizability.  Using the measured change of R, volume change can be derived 

using Eqs. (2-24) and (2-25).  However, in their derivation, permittivity ε  and 

polarizability β  are assumed to be constant, which is over-simplified and needs 

validation.  In addition, the perfect epoxy/fiber interface is very critical but difficult to 

achieve.   

Later, Giordano etc. used FBG sensors to monitor the curing of an epoxy [85].  

They measured Bragg wavelength shift between the start and end of the curing and 

obtained a compression strain of 0.6%.  The result is shown in Fig. 2.27.   

 

Fig. 2.27 Bragg wavelength shift during the whole curing process [85] 
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It should be noted that this stain includes the chemical shrinkage as well as the thermal 

strain, as discussed in chapter 2.2.  Besides, further investigation of the dimensions of the 

epoxy matrix and mold is needed; otherwise, the measured cuing strain will only apply 

for the bulk material of the same size with the specimen in his experiment.   

Using a hybrid FBG/EFPI sensor, Kang etc. simultaneously measured the strain 

and temperature of a graphite/epoxy composite [71].  A large curing strain in the 

transverse direction was obtained, whereas the strain in the reinforcing fiber direction 

was found to be small.  The author concluded that this sensor is a suitable choice for 

efficient monitoring of the curing process of composites.  Similar results can be found in 

Leng’s work; the only difference is the material they characterized was Carbon Fiber 

Reinforced Plastics (CFRP) composites [86].  The results of measured curing strain in 

two perpendicular directions are shown in Fig. 2. 28.   

 

Fig. 2.28 Curing monitoring curve of a CFRP composite using EFPI [86] 
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All the work reviewed above focuses on the cure strain monitoring not the 

chemical shrinkage measurement.  Bulk materials were used and the measured cure 

strains included both chemical shrinkage and thermal strain which was induced by the 

heat generation during the cure/hardening process.   

Since the FBG sensor directly detects the stain, it can be used to determine the 

CTE of a material.  To the best of my knowledge, there is only one work where FBG 

sensors were used to measure the CTE of cementitious composites [87].  The sensors 

were embedded in cement mortar and ultra-high strength reactive powder concrete prisms.  

The CTE of the composites was determined by the slope of measured Bragg wavelength 

shift during a temperature ramp.  The accuracy of the measurement was shown to be an 

order of magnitude higher than that of conventional length measurements.   

 

2.8 Summary 

Various existing techniques that measure the chemical shrinkage evolution, 

modulus evolution, coefficient of thermal expansion, glass transition temperature, visco-

elastic properties of polymeric materials are reviewed in this chapter.  For chemical 

shrinkage, most of the methods focus on the measurement of total shrinkage.  However, 

the “effective” chemical shrinkage should be used instead of the total shrinkage in the 

mechanical modeling simply because the shrinkage that occurs before the gelation point 

does not contribute to the stress build-up.  No efficient method is found to be able to 

determine the chemical shrinkage evolution as well as the gelation point.  For modulus 

evolution measurement, DMA is the only tool available in the literature.  Although the 

Yong’s modulus is desired, however, the shear modulus is measured due to the 
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incapability of the instrument.  For CTE measurement, TMA is a standard tool which is 

based on the displacement measurement.  It is expected that higher measurement 

accuracy can be achieved if a technique can measure the strain directly.  DMA proves to 

be an effective tool in the measurement of visco-elastic properties of polymers.  The 

disadvantage lies in the fact that it can be extremely time-consuming for specimen 

preparation and it can be difficult for non-experts to practice routinely.  With 

consideration of all the above aspects, an integrated technique which can measure those 

critical properties is highly desired to cope with the shrinking product development cycle 

time.  



 52

Chapter 3 Proposed Method 

3.1 Modeling of FBGs Embedded in Cylindrical Substrate 

When modeling the behavior of an FBG embedded in a matrix, Eqn. (2-21) has 

been widely used for its simplicity [80-82, 85], which is repeated here as 

 (1 )B B kPλ λ εΔ = −  (3-1) 

where ε  is the axial strain.  However, when the FBG is embedded, the actual loading 

applied to the FBG is three dimensional.  In this section, an analytical solution is sought 

for an FBG’s response when it is embedded in a cylindrical polymer substrate. 

Either mechanical or thermal loading can induce the Bragg wavelength shift of an 

FBG.  By combining Eqns. (2-19) and (2-20), the BW shift can be written as 

 ( ) ( )
2

1 12 1 11 12 2 11 123

2 2
2

B
f

B

n dnP P P P P T
n dT

λ ε ε ε α
λ

⎡ ⎤Δ ⎧ ⎫= − + + − + + Δ⎨ ⎬⎢ ⎥⎩ ⎭⎣ ⎦
 (3-2) 

where 1ε  and 2ε  are the axial and transverse strains, respectively, Pij are strain-optic 

coefficients, dn
dT

 is the thermo-optic coefficient, fα  is the CTE of the fiber core material, 

and TΔ  is the temperature change with respect to the initial condition.  In the case of 

coexistence of the thermal loading and mechanical loading, the strain components can be 

expressed as 

 1 1 f Tσε ε α= + Δ  (3-3) 

and  

 2 2 f Tσε ε α= + Δ  (3-4) 
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where 1 2andα σε ε  are the stress-induced axial strain and transverse strain of the fiber, 

respectively.  Substituting Eqns. (3-3) and (3-4) back into Eqn. (3-2) results in 

 ( )
2

1 12 1 11 12 2
1

2
i d

B B f B B B
eff

dn nT P P P
n dT

σ σ σλ λ α ε ε ε λ λ λ
⎛ ⎞ ⎧ ⎫

⎡ ⎤Δ = + Δ + − + + = Δ + Δ⎜ ⎟ ⎨ ⎬⎣ ⎦⎜ ⎟ ⎩ ⎭⎝ ⎠
  

  (3-5) 

where i
BλΔ  is called “intrinsic” BW shift which is defined as 

 1i
B B f

eff

dn T
n dT

λ λ α
⎛ ⎞

Δ = + Δ⎜ ⎟⎜ ⎟
⎝ ⎠

                                        (3-6) 

and d
BλΔ  is called “deformation” induced BW shift which is defined as 

 ( )
2

1 12 1 11 12 22
d
B B

n P P Pσ σ σλ ε ε ε λ
⎧ ⎫

⎡ ⎤Δ = − + +⎨ ⎬⎣ ⎦
⎩ ⎭

 (3-7) 

The name “intrinsic” is given to i
BλΔ  as this BW shift is not associated with any stress-

induced deformation.   

In Eqn. (3-7), 1 2andσ σε ε  are mechanical strains and they can be derived using the 

theory of elasticity for a given mechanical load.  Assume the FBG is a solid cylinder with 

an outer radius of a; the cylindrical polymer matrix has an inner radius of a and an outer 

radius of b.  A schematic drawing of the FBG and matrix is shown in Fig. 3.1. 

r = b Fiber (r = a)

Bragg Grating

Annular substrate

 

Fig. 3.1 Schematic diagram of an FBG sensor embedded in a cylindrical substrate 
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A loading condition of a piecewise constant temperature distribution is defined as 

 
⎩
⎨
⎧

≤<
<≤

=
bra,T
ar0,T

)r(T
s

f  (3-8) 

where  and f sT T  are the pseudo temperature change of the fiber and the substrate from 

the reference temperature, respectively.  The piecewise constant temperature condition is 

introduced for evaluation of chemical shrinkage, which by analogy, can be simulated as 

thermal contraction.   

In this analogy, the tendency to shrink is proportional to the temperature change.  

Since the strain due to chemical shrinkage is different in each material, it is necessary to 

allow for different “pseudo-temperature” changes in each material.  With the assumption 

of the generalized plane strain condition where the strain in the axial direction is set to be 

an unknown constant, the analytical solution of the stress components can be derived.  

The formulations are shown in the Appendix - A, where the subscripts, f and s, are used 

to identify the fiber and substrate parameters, respectively.   

The derived analytical solution was verified by a 2-D axi-symmetric finite 

element model.  The radius of the fiber, a, was 62.5 μm and two different configurations 

of substrate (b = 1.25 mm and 12.5 mm) were used in the verification.  The fiber had a 

CTE of 0.55 ppm/ºC, a modulus of 73 GPa and a Poisson’s ratio of 0.17.  The CTE, 

modulus and Poisson’s ratio of the polymer matrix were 60 ppm/ºC, 2 GPa and 0.3, 

respectively.  The assembly was subjected to a thermal loading of 0 and 20f sT T C= = − ° .  

The results obtained from the analytical model and the FEM are shown in Fig. 3.2.  They 

agree with each other very well, which confirms the validity of the analytical solution.   
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Fig. 3.2 Comparison of generalized plane strain solution with the axi-symmetric FEM 

model: (a) radial stress, rrσ  (b) axial stress, zzσ  

 

The analytical solution is formulated in terms of stress components.  Considering 

f f
rr θθσ σ=  (see A-1’ and A-2’ in the appendix), the stress-strain relationship yields 

(a) 

(b) 
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 1
1 1( ) ( 2 )f f f f f

zz f rr f zz f rr
f fE E

σ
θθε σ υ σ υ σ σ υ σ= − − = −  (3-9) 

 ( )2
1 1( ) (1 )f f f f f

rr f f zz f rr f zz
f fE E

σ
θθε σ υ σ υ σ υ σ υ σ= − − = − −  (3-10) 

Substituting Eqns. (3-9) and (3-10) into Eqn. (3-7), the relationship between the stress 

components and the “deformation” induced BW shift can be expressed as 

 ( ) ( )
2 2

12 12 11 11 12
1 1 ( ) 2 (1 ) (1 3 )

2 2
d f f
B f zz f f f rr B

f

n nP P P P P
E

λ υ σ υ υ υ σ λ
⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪Δ = − − + − + − + −⎨ ⎬⎢ ⎥ ⎢ ⎥
⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭

  

  (3-11) 

Through Eqn. (3-11), an analytical relationship between the “deformation induced” BW 

shift and the material properties of the polymer substrate under the loading condition of 

Eqn. (3-8) has been established. 

 

3.2 Basic Concept of the Proposed Method 

The proposed method employs the basic characteristic of the FBG.  As illustrated 

in Fig. 3.1, a polymer of interest is cured around the FBG and the BW shift is measured 

and documented while (1) polymerization progresses at the curing temperature, (2) the 

temperature of the cured polymer changes and (3) a uni-axial tension is applied to the 

cured polymer.  The critical material properties of the polymer are determined from the 

analytical relationship among the BW shift, the deformation of the FBG and the impact 

of the polymer properties on this deformation.  Specifically, the chemical shrinkage and 

curing kinetics are determined from the measured d
BλΔ  during the curing; CTE and Tg are 

calculated from the measured d
BλΔ  when the cured specimen is subjected to temperature 
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excursions; visco-elastic properties are determined from the measured d
BλΔ  when the 

cured specimen is subjected to an axial tension at various temperatures.   

The Bragg wavelength can be measured accurately by a spectrum analyzer.  

Within the relatively small temperature range considered for polymers, the thermo-optic 

constant, dn
dT

, and the CTE, fα , of the fiber can be assumed to remain constant.  Then 

the “intrinsic” BW shift i
BλΔ , which is defined in Eqn. (3-6), is a linear function of TΔ  

and can be readily measured from a simple calibration experiment with a bare FBG.  In 

an actual experiment, the BW is monitored continuously to produce BλΔ  and d
BλΔ  is 

obtained by subtracting i
BλΔ  from BλΔ .   

 

3.3 Property Evolution During Curing 

3.3.1 Specimen configurations 

A careful investigation of the analytical solution reveals that successful 

implementation of the proposed method, i.e., obtaining maximum sensitivity and 

accuracy in the determination of the polymer substrate properties, requires a detailed 

understanding of the sensitivity of the “deformation” induced BW shift, d
BλΔ , to (1) the 

outer radius of the polymer, b, and (2) Poisson’s ratio of the polymer, sυ .   

The stress-induced axial strain of the fiber 1
σε  and the corresponding d

BλΔ  are 

shown in Fig. 3.3 for three different moduli of the polymer substrate.  The radius of fiber, 

a, is 62.5 μm and the CTE of the polymer, sα , is 60 ppm/ºC.  In the analysis, a piece-
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wise temperature change of 10sT C= −  and 0fT =  is used to simulate a uniform 

contraction of the substrate.   
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Fig. 3.3 Effect of polymer radius: (a) axial strain and (b) the corresponding BW shift 
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It can be seen from Fig. 3.3 that 1
σε  converges to a limit as the ratio of b to a increases to 

above 200 virtually regardless of the modulus of the polymer.  Physically, the results can 

be explained by the fact that as “b” increases, the volume stiffness, defined as the volume 

multiplied by the modulus, of the polymer increases while the volume stiffness of the 

fiber remains constant; the effective behavior of the polymer/fiber assembly will be 

essentially governed by the polymer as the effect of the fiber gradually decreases.   

The effect of Poisson’s ratio is plotted in Fig. 3.4, which clearly indicates that 

Poisson’s ratio has virtually no impact on d
BλΔ .  In the analysis, the CTE and modulus of 

the polymer is 60 ppm/ºC and 2.5 GPa, respectively.  This ignorable effect of Poisson’s 

ratio can be also understood from the fact that the deformation is produced primarily by a 

uni-axial loading.  
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Fig. 3.4 Effect of Poisson’s ratio: (a) axial strain and (b) the corresponding BW shift 

 

The above analysis reveals several important facts. The BW shift is dependent on 

the polymer substrate’s shrinkage strain and modulus, not on the Poisson’s ratio.  As a 

result, the total number of unknown material properties is reduced from 3 to 2.  In 

addition,  d
BλΔ  is highly dependent on the polymer radius, b, with material properties 

fixed.  In the extreme case of a large specimen configuration (b/a > 200), d
BλΔ  is 

independent of the modulus and Poisson’s ratio and only a function of chemical 

shrinkage occurred in the polymer.  The curing shrinkage can be simply determined as 

 / 200
(1 )

d
B

cure f
B k

for b a
P

σ λε ε
λ

Δ
= = >

−
 (3-12) 

Eqn. (3-12) is also the rationale used in previous studies when FBGs were embedded in a 

polymer matrix to measure the curing shrinkage [71, 80-82, 85].   
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 The strain measured in Eqn. (3-12) is said to be curing shrinkage not chemical 

shrinkage, because a thermal strain is incorporated due to the heat generation during the 

curing process.  Polymerization is an exothermic process and the temperature can rise 

considerably, especially in bulk materials.  For a specimen with a cylindrical shape as 

illustrated in Fig. 3.5, the Fourier’s heat conduction equation has the form 

 
2

2

1
p

T T Tk q c
r r r t

ρ
⎛ ⎞∂ ∂ ∂

+ + =⎜ ⎟∂ ∂ ∂⎝ ⎠
 (3-13) 

where k is the thermal conductivity, T is the temperature, t is the time, ρ  is the density, cp 

is the specific heat and q  is the heat generation rate. 

                           

Fig. 3.5 Illustration of a cylindrical specimen subjected to convection heat transfer 

 

The heat generation rate is directly related to the reaction speed through the equation 

 dpq H
dt

ρ= Δ  (3-14) 

where p is the curing extent and ΔH is the total exotherm of the reaction.  For simplicity, 

the polymerization can be modeled by an nth order model [52, 88-93]  

z 

r 

radius = b 
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 (1 )n
c

dp k p
dt

= −  (3-15) 

where kc is a temperature-dependent rate coefficient and it is related to the temperature 

through Arrhenius’s equation 

 
aE

RT
ck Ae

−
=  (3-16) 

where A is a material constant, Ea is the activation energy and R is the ideal gas constant, 

which is 8.314 /J mol K⋅ .  Substituting Eqns. (3-14), (3-15) and (3-16) back into Eqn. 

(3-13) will yield the governing equation for thermal modeling of polymerization process 
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1 (1 )

(1 )
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nRT
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E
nRT
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r r r t

dp Ae p
dt

ρ
−

−

⎧ ⎛ ⎞∂ ∂ ∂
+ + − Δ =⎪ ⎜ ⎟∂ ∂ ∂⎪ ⎝ ⎠⎨

⎪
= −⎪⎩

 (3-17) 

The boundary conditions are 

 ( )

00

0
0
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a
r b

t

T T
Tk h T T
r

p

=

=

=

⎧ =
⎪

∂⎪ − = −⎨ ∂⎪
⎪ =⎩

 (3-18) 

where h is the convective heat transfer coefficient and Ta is the ambient temperature and 

T0 is the initial temperature.  Equation (3-17) is highly nonlinear and can be solved using 

a finite element method.   

The temporal and spatial distribution of the temperature of a cylindrical bulk 

polymer during the polymerization process was solved using ANSYS.  An axis-

symmetric plane element 55 was used.  A convection boundary condition was applied to 

the outer surface of the cylinder, with a convective heat transfer coefficient of 

60 2/W m K⋅ .  Suppose that the total number of nodes is m and the whole polymerization 



 63

process is divided into n steps with a time interval of Δt.  In the ith (from 2 to n) time step, 

the curing extent at node j (from 1 to m) can be approximated by 

 1,
, 1, 1,(1 )

a

i j

E
RT n

i j i j i jp Ae p t p−
−

− −= − Δ +  (3-19) 

where Ti-1,j is the temperature at node j in the i-1th (from 1 to n−1) time step.  Then the 

heat generation rate was updated according to Eqn. (3-14) and the corresponding 

temperature distribution was calculated.  The newly obtained temperature and curing 

extent at each node were saved as an initial condition for the next time step.   

The radius of the polymer was 12.5mm which corresponds to the case of b/a = 

200.  Representative polymer properties of thermal conductivity and specific heat were 

used; 0.25 /W m K⋅  and 1500 /J kg K⋅ , respectively [94].  Curing kinetics parameters 

were A = 29.1/s, Ea = 35.8 kJ/mol and the curing temperature was 165 °C [52].  They are 

representative of various polymers and they yield a typical polymerization rate of 

0.002 /ck s≈ at the curing temperature [52, 88-93].  The total exotherm was 300 J/g 

which is typical for pure polymers and composites [4, 91, 92, 95-103].   

The temperature profile of the case of b/a = 200 is shown in Fig. 3.6.  The curing 

temperature 165 °C is chosen as the reference (Tc) and the temperature overshooting is 

normalized by it.   
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Fig. 3.6 Temperature profile of a cylindrical polymer during the curing 

 

As seen from the figure, the center temperature overshoots by 0.2Tc at the maximum, 

which is significant.  When the material is partially cured, the embedded FBG will be 

subjected to a large thermal strain while the temperature is dropping back to Tc.  The 

deformation will be incorporated together with the chemical shrinkage and measured 

from Eqn. (3-12).  Moreover, it is important to note a large temperature gradient exists in 

the material.  This can be seen more clearly from Fig. 3.7, which shows the temperature 

spatial distribution at the time of t = 370s.   
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Fig. 3.7 Temperature spatial distribution at time t = 370s (Unit: °C) 

 

This uneven temperature distribution will result in the non-uniform curing of the material.  

Specifically, the curing extent evolution of center material and surface material is plotted 

in Fig. 3.8.  From the figure, it can be seen that the center material cures much faster than 

the surface material because the polymerization is greatly accelerated by the high 

temperature.  As a result, the merit of sensing the center strain is seriously undermined.  

Since (1) the thermal strain and chemical shrinkage become non-separable and (2) non-

uniform curing occurs in the material, the traditional method [71, 80-82, 85] of using 

bulk material is not suitable for the measurement of the chemical shrinkage.    
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Fig. 3.8 Curing extent evolution of a cylindrical polymer during the curing 

 

The above analysis shows the fact that FBG sensors should be embedded in 

polymers of small size to avoid the problems associated with the polymerization heat.  In 

this case, the two unknowns – effective chemical shrinkage and modulus will be coupled 

and both of them will affect the BW shift.  This can be clearly seen from Fig. 3.3(a).  

Through the numerical procedure described in the following section, the effective 

chemical shrinkage and modulus evolutions can be determined from the measured BW 

shift of two different specimen configurations. 

 

3.3.2 Procedure to determine property evolutions  

Assume that a shrinkage strain of chεΔ  occurs in the polymer substrate which has 

an instant modulus of Es.  The loading condition can be written mathematically as 
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0        for 0

( )
   for  ch

r a
z

a r b
ε

ε
≤ <⎧

= ⎨Δ < ≤⎩
 (3-20)  

where a is the radius of the FBG and b is the radius of the polymer substrate.  The 

thermal analogy [Eqn. (3-8)] can be written as 

 
0, 0

( )
,

ch

s

r a
T r

a r bε
α

≤ <⎧
⎪= Δ⎨ < ≤⎪⎩

 (3-21) 

where sα  is the CTE of the polymer and it can be set to be an arbitrary number.  After 

substituting (A-1’) and (A-2’) into Eqn. (3-11), the BW shift of the embedded FBG 

produced by the chemical shrinkage of chεΔ  is can be formulated.  The governing 

equation will take a form of 

 ( ),d ch
B sF Eλ β εΔ = ⋅Δ  (3-22)  

where b
a

β =  and F is a nonlinear function of sE  and β .  The specific form of the 

formulation is not shown here to avoid associated mathematical redundancy. 

Since there are only two unknown constants (effective chemical shrinkage and 

modulus) in the governing equation (3-22), the BW shifts are measured for two different 

specimen configurations to determine the constants.  The two configurations are referred 

to as C-1 and C-2 with β = β1 and β2, respectively.  Typical results of the measured BW 

shifts in the two configurations are illustrated schematically in Fig. 3.9.  The effective 

chemical shrinkage and modulus evolve with time during the curing history.  They are 

determined incrementally by dividing the entire curing history into numerous small time 

segments.   
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Fig. 3.9 Illustration of BW shifts and the segment division of two configurations 

 

In the procedure, the measured BW shifts are first divided into m small constant 

segments as shown in Fig. 3.9.  The division is made so that the BW shift of C-2 (assume 

β2 < β1) in each segment is even.  Let the BW shift increments of C-1 and C-2 in the jth (j 

= 1 to m) segment be 1,B jλΔ  and 2,B jλΔ .  The corresponding time segment begins at time 

tj-1 and ends at time tj.  From the governing equation (3-22), the following simultaneous 

equations can be developed 

 
( )
( )

1, , 1

2, , 2

,

,

ch
B j s j j

ch
B j s j j

F E

F E

λ β ε

λ β ε

⎧ Δ = ⋅Δ⎪
⎨

Δ = ⋅Δ⎪⎩
 (3-23) 

The shrinkage increments ch
jεΔ  and the instant equilibrium modulus ,s jE  in the jth 

time segment can be determined one after the other.  Dividing the first equation by the 

second one in Eqn. (3-23) will eliminate ch
jεΔ , and thus ,s jE  can be determined first by 
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solving the nonlinear equitation.  Then by substituting ,s jE  back into either one of the 

equations, ch
jεΔ  can be calculated.  By repeating the above calculations for j iterating 

from 1 to m, the shrinkage increment and instant modulus in every segment can be 

determined.  The property evolutions can then be expressed as 

 
1

( )
j

ch ch
j i

i
tε ε

=

= Δ∑ and ( ) ,s j s jE t E=  (j = 1 to m). (3-24) 

The above procedure is repeated when m increases until the convergence is achieved.  It 

is important to note that the result of effective chemical shrinkage is in an accumulated 

manner while the result of the modulus is instantaneous.  

 

3.4 Procedure to Determine CTE and Tg 

When the polymer/FBG assembly is subjected to a uniform temperature change, 

the loading condition expressed in Eqn. (3-8) can be rewritten as 

 
, 0

( )
,

T r a
T r

T a r b
Δ ≤ <⎧= ⎨Δ < ≤⎩

 (3-25) 

where TΔ  is the temperature change of the fiber and polymer from the reference point.  

As mentioned earlier, if the polymer substrate has infinite dimension, the effective 

behavior of the polymer/fiber assembly will be entirely governed by the polymer.  The 

axial strain in the limit of b = ∞ is proportional to the CTE mismatch between the fiber 

and the polymer and it can be expressed as 

 ( )1 s f Tσε α α
∞

= − ⋅ Δ  (3-26) 

It is worth noting that the axial stress is two orders of magnitude larger than the 

radial stress when b is much larger than a (Fig. 3.2), which indicates that the FBG is 
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subjected to a nearly uni-axial loading condition.  Consequently, the governing equation 

(3-7) can be reduced to 

 (1 )( )d
B B k s fP Tλ λ α α

∞
Δ = − − Δ  (3-27) 

where kP  is the effective strain-optic constant.  Then, the CTE of polymer, sα , can be 

evaluated as 

 
( )
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d
B

s f
B k

T
T

P T

λ
α α

λ
∞

Δ
= +

− Δ
 (3-28) 

where fα  is the CTE of the fiber.  High accuracy in the CTE measurement is expected 

since the proposed technique obtains a CTE value directly from the measured strains. 

This is to be contrasted with use of the TMA method, in which the CTE is determined 

from measured displacements. 

The advantage of using an infinite specimen lies in that the numerical calculation 

is fairly simple and the determination of CTE is very straightforward.  In practice, 

however, it is impossible to fabricate a specimen with an infinite radius.  In addition, as 

explained in the section 3.3.1, the polymer will be cured non-uniformly when b is too 

large, and the material property would be different at different locations.  The behavior of 

an infinite polymer/FBG assembly can be numerically reconstructed from the behavior of 

the specimen with the proposed two configurations, and thus the concept of using an 

infinite specimen can be still employed.  The numerical procedure is elaborated below. 

When the polymer/FBG assembly is subjected to the loading condition which is 

defined in Eqn. (3-25), the governing equation will take the form of 

 ( ), ( )d
B s s fH E Tλ β α αΔ = ⋅ − ⋅Δ  (3-29)  
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where b
a

β = , H is a nonlinear function and sE  is an instantaneous relaxed modulus.  

From Eqn. (3-29), it can be seen that the ratio of the BW shift between different specimen 

configurations is independent of the polymer CTE.  In particular, we define the ratio 

between the infinite specimen and the specimen of β = β1 to be κ , and the ratio between 

the specimen of β = β1 and the specimen of β = β2 to be η .  Mathematically, they have 

the form of 

 1

1 2

,
dd
BB

d d
B B

β ββ

β β β β

λλ
κ η

λ λ
==∞

= =

ΔΔ
= =

Δ Δ
 (3-30)  

A nonlinear function can be defined to correlate κ  and η , which is called the 

compensation ratio master curve ( )gκ η= .  To calculate the compensation ratio master 

curve, BW shifts at the three configurations (β = ∞, β = β1 and β = β2) are determined first 

from Eqn. (3-11) with a pre-set polymer CTE.  Then the ratio among them is calculated 

for a wide range of moduli.  As an example, the compensation ratio master curve for the 

case of β1 = 40 and β2 = 20 is show in Fig. 3.10.    

Typical BW shifts is illustrated in Fig. 3.11, where the cured specimens of 

configuration C-1 and C-2 are subjected simultaneously to a temperature ramping.  It 

should be noted that the illustrated BW shift is the deformation induced part and it can be 

obtained from subtracting the intrinsic part from the experimentally measured total BW 

shift.  Then the obtained BW shifts of configuration C-1 and C-2 are divided into m small 

constant segments as shown in Fig. 3.11.  The division is made so that the temperature 

increment in each segment is even.  The BW shift increment is calculated and η  is 

determined thereafter.  From the compensation ratio master curve, the corresponding 
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value of κ  is identified and the BW shift increment of the infinite configuration (C-inf) 

can be calculated using 

 
1

d d
B Bβ β β

λ κ λ
=∞ =

Δ = ⋅Δ  (3-31)  

By summing the BW shift increment, the BW shift versus temperature curve at 

configuration C-inf is obtained.  The result is illustrated in Fig. 3.11.  The above 

procedure is repeated when m increases until the convergence is achieved.  Finally, 

through Eqn. (3-28), the temperature-dependent CTE of the polymer substrate can be 

determined.  The glass transition temperature then is located at the inflection point of the 

CTE-temperature curve. 
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Fig. 3.10 Compensation ratio master curve for the case of β1 = 40 and β2 = 20 
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Fig. 3.11 Illustration of BW shift segment division and reconstruction of C-inf 

 

3.5 Procedure to Determine Visco-elastic Properties 

After the cured polymer/FBG specimen is subjected to a temperature ramping and 

the CTE and Tg are determined from the measured BW shift, an instantaneous uni-axial 

mechanical load is applied to the specimen and the corresponding BW shift is measured 

at different temperatures.  The polymer/FBG specimen is illustrated in Fig. 3.12.  Assume 

the radius of the polymer, b, is β times of the radius of the FBG, a, and the total applied 

force is F.  The equilibrium equation has the form 

 ( )2 2 2 2( ) 1/ ( ) ( )fE t a C t t a a Fε π ε π β⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ − =  (3-32)  

where ( )tε  is the time-dependent axial strain, fE  is the modulus of the FBG and ( )C t  is 

the time-dependent compliance of the polymer.   
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Fig. 3.12 Illustration of the polymer/FBG specimen subjected to uni-axial loading 

 

The measured BW shift after applying the force is illustrated in Fig. 3.13.  
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Fig. 3.13 Illustration of the measured BW shift after applying the instantaneous loading 
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It increases with time due to the creep of the polymer.  Assuming that the BW shift is 

denoted as ( )B tλΔ , then the axial stain can be determined as 

 ( )( )
(1 )

B

B k

tt
P

λε
λ

Δ
=

−
 (3-33) 

Substituting Eqn. (3-33) back into Eqn. (3-32) yields 

 ( )

1

22 2

(1 )( )
11 ( )

fB k

B

EP FC t
a t

λ
βπ β λ

−
⎛ ⎞−⎜ ⎟= −
⎜ ⎟−− Δ⎝ ⎠

 (3-34)  

From Eqn. (3-34), the compliance of the polymer can be determined from the measured 

BW shift at different temperatures.  

Since the master curve of relaxation modulus is more widely used in commercial 

finite element analysis software such ANSYS, it is preferable to have the master curve of 

relaxation modulus rather than creep compliance.  Through a de-convolution procedure 

[55], the measured creep compliance at each temperature can be transferred to the 

relaxation modulus at the corresponding temperature.   

Recall that the creep compliance and relaxation modulus are related through the 

convolution integral as 

 
0

( ) ( )
t
C t E d tτ τ τ− =∫  (3-35) 

If the integral domain is divided into n sufficiently small intervals, ( )E τ  will not vary 

much over each interval and it can be approximated by an average value of  

1( ) / 2i iE E −+  where iE  stands for ( )iE t .  The same approximation is made for the 

compliance and Eqn. (3-35) becomes 
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where ,n iC  stands for ( )n iC t t− .  Separating the last term in the above equation yields 
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where C0 is the short time limit of the creep compliance.   

Equation (3-37) is a straightforward recursion relation which starts with 

0 01/E C=  and calculates each new value from previously obtained results.  A creep 

compliance curve and corresponding transformed relaxation modulus curve in illustrated 

in Fig. 3.14.   
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Fig. 3.14 Illustration of the creep compliance and relaxation modulus curves 
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The obtained relaxation modulus curves taken over a range of temperatures can be 

converted to a single master curve via the procedures introduced in section 2.5.  The data 

is plotted in a double logarithmic coordinate.  Data at a certain temperature is chosen as a 

reference and then the other curves are shifted horizontally.  If the various curves can be 

made to overlap, the material is considered to be thermorheologically simple and the 

formed curve is the master curve.   

For modeling purpose, the obtained master curve of relaxation modulus can be 

then fitted by the Prony series.  The theoretical base of the Prony series lies in the 

generalized Maxwell model (or Wiechert model) which is shown in Fig. 3.15 [65].  As 

illustrated in the figure, the polymer is modeled by a parallel connection of an isolated 

spring ( E∞ ) and many spring-dashpot (Maxwell) elements.  Each spring-dashpot has 

different relaxation time which is defined as 

 i
i

iE
ητ =  (3-38) 

where iη  is the viscosity of the ith element and iE  is the modulus of the ith element.  

Many spring-dashpot elements are used because a real polymer does not relax with a 

single relaxation time.  It has been found that simpler and shorter segments relax much 

more quickly than the longer ones, leading to a distribution of relaxation times.  The 

Wiechert model illustrated in Fig. 3.15 can have as many spring-dashpot elements as are 

needed to approximate the distribution satisfactorily. 
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Fig. 3.15 Illustration of the generalized Maxwell model 

 

The behavior of the ith element can be described by the differential equation 

 i i
i

i iE
σ σε

η
= +  (3-39) 

With a constant strain of 0ε  imposed, the solution of Eqn. (3-39) will be 

 0( ) expi i
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 (3-40) 

Adding the stress in every element together will yield the total stress 
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where n is the number of spring-dashpot elements.  Then the relaxation modulus E(t) can 

be determined to be 
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Equation (3-42) is the called Prony series representation of relaxation modulus.  A pair of 

iE  and iτ  are referred to be a Prony pair.  With Eqn. (3-42), the obtained master curve of 

relaxation modulus can be fitted using nonlinear regression scheme.  Then the results can 

be imported directly into FEM codes for the modeling of polymers’ visco-elastic 

behavior. 
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Chapter 4 Measurement of Properties Evolutions  

4.1 Experimental Setup 

4.1.1 Specimen configurations  

As elaborated in section 3.3, small specimen configurations are desired to 

minimize the effect of the heat generation.  However, the small configurations produce 

proportionally small deformations of the polymer/FBG assembly and thus reduce the 

signal of the FBG.  A numerical analysis is conducted to select an optimum pair of 

configurations for implementation of the proposed method. 

 

C-2 configuration 

Assuming the effective chemical shrinkage increment is linearly proportional to 

the curing extent increment [4, 17], an inverse numerical procedure to calculate the 

property evolutions described in section 3.3.2 can be used to simulate the curing induced 

BW shift in different specimen configurations.  The calculation is based on Eqn. (3-11), 

repeated here, 

 ( ) ( )
2 2

12 12 11 11 12
1 1 ( ) 2 (1 ) (1 3 )

2 2
d f f
B f zz f f f rr B

f

n nP P P P P
E

λ υ σ υ υ υ σ λ
⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪Δ = − − + − + − + −⎨ ⎬⎢ ⎥ ⎢ ⎥
⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭

  

  (3-11) 

As shown in the above equation, both modulus and effective chemical shrinkage are 

required in the calculation.  The total chemical shrinkage was firstly obtained from the 

values reported in the literature which range from 0.2% to 4%; 0.9% was selected as the 

most representative value [14, 16, 18, 20, 22, 23, 25, 27, 28, 30, 104, 105].  Then 

considering the typical gelation point is 0.5 for polymers [106-110], an effective chemical 
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shrinkage of 0.45% was used in the simulation.  Since we are only interested in the final 

BW shift, for numerical simplicity, the effective chemical shrinkage is assumed to 

increase from zero to 0.45% linearly.  To model the modulus, the well know percolation 

theory [111, 112] was employed which can be written as 

 
8/32 2

0
2

0 if 

( )
       if 

1

gel

gel
gel

gel

t t
p pE t

E t t
p∞

<⎧
⎪ ⎛ ⎞−= ⎨ ≥⎜ ⎟⎪ ⎜ ⎟−⎝ ⎠⎩

 (4-1) 

where 0E∞  is the equilibrium modulus when the polymer is fully cured and p is the curing 

extent.  Polymers develop a small modulus at the end of the curing especially when they 

are cured at elevated temperature.  Depending on the material, 0E∞  can vary from tens of 

MPa to several GPa.  A value of 100 MPa was chosen for the calculation, which was a 

low end of the reported moduli [49, 112-118].   

The simulated BW shift for the different cases of b/a are plotted in Fig.4.1.  It will 

be shown later that the BW measurement resolution of the employed experimental system 

is 5 pm in practice.  Considering a minimum of 10 segments (10 data points) to describe 

the nonlinear nature of two property evolutions faithfully, the required minimum BW 

shift should be at least 500 pm for the 90% engineering accuracy; i.e., 

5 pm10 segments   500 pm
10%

× =  

From Fig. 4.1, the smaller specimen configuration (C-2) is chosen to be 2 20β =  (denoted 

as 20X) in the implementation. 
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Fig. 4.1  Simulation results of BW shift in different configurations 

 

C-1 configuration 

For the given C-2 configuration, Eqn. (3-23) clearly indicates that it is desired to 

make the ratio of the BW shifts between two configurations large for the high sensitivity.  

Figure 4.2 shows numerical solutions obtained for the ratio of the BW shift between 

various C-1 configurations and C-2 configuration ( 2 20β = ) as a function of modulus.  A 

wide range of modulus (from 100 MPa to 1 GPa), sE , is considered in the analysis.   
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Fig. 4.2 BW shift ratio versus modulus of various C-1 configurations 

 

Figure 4.2 clearly shows that the ratio is sensitive to the modulus of interest and 

the larger C-1 configuration yields better sensitivity.  There is large improvement from β1 

= 30 to β1 = 40, but the improvement gets smaller when C-1 dimension continues to 

increase.  The accuracy of the measurement can be enhanced in larger C-1 configuration. 

However, as explained before, there will be more accumulated heat generation in the 

larger configuration, which does not produce the uniform curing temperature distribution.  

The BW sensitivity and the curing-induced heat generation become two trade-off factors.   

The numerical procedure introduced in section 3.3.1 was repeated for three 

different cases of β1 = 30, β1 = 40, β1 = 50 and β1 = 60 to illustrate the trade-off.  Identical 

material parameters were used; k = 0.25 /W m K⋅ , Cp = 1500 /J kg K⋅ , A = 29.1/s, Ea = 
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35.8 kJ/mol and ΔH = 300 J/g.  The normalized center temperature profile is shown in 

Fig. 4.3, plotted together with β1 =200 result (see Fig. 3.6) for a reference.   
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Fig. 4.3 Center temperature profile for three different cases of β1 = 30, 40 50, 60 and 200 

 

More importantly, the curing extent evolution of the material of β1 = 30, 40, 50 

and 60 is plotted in Fig. 4.4, in addition to that of β2 = 20 for a comparison.  The 

calculation of the curing extent evolution for different β1 follows the numerical procedure 

introduced previously in section 3.3.1, or say though Eqns. (3-17) to (3-19).  

From Fig. 4.3 and Fig. 4.4, it can be seen that the maximum temperature 

overshooting in configuration β1 = 30 and 40 are close and they are half of that in 

configuration β1 = 50 or 60.  The curing speed in the configuration of β1 = 30 and 40 are 

consistent with that in configuration C-2 (β2 = 20), whereas the material of β1 = 50 and 60 

are cured faster.  Considering the assumption of consistent curing in two configurations 
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used to derive the governing equations and better sensitivity of β1 = 40 than that of β1 = 

30, the C-1 specimen configurations are chosen to be β1 = 40 (denoted as 40X) in the 

implementation.   

1 10 100 1000 10000

0.0

0.2

0.4

0.6

0.8

1.0

 

 

C
ur

in
g 

ex
te

nt
 

Time (s)

 C-2: β2 = 20
 β1 = 30    β1 = 40    β1 = 50  β1 = 60

 

 

Fig. 4.4 Curing extent evolution of different specimen configurations 

 

Length of configurations 

The length of the specimen is also critical because the generalized plane strain 

condition is assumed in the derivation of governing equations.  If the specimen is not 

long enough, the strain field where the Bragg gratings are located (in the middle of the 

specimen) will be affected due to the free-edge effect.  To investigate the effect of the 

specimen length, the strain field of specimens with various lengths was simulated using 

the finite element method.  In the calculation, a chemical shrinkage of 1% is used.  The 

total length of the specimen is 30 mm with a configuration of 1 40β = .  Large specimen 
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configurations were studied because the free-edge effect is more pressing in 

configuration C-1 than C-2.  The modulus of the polymer evolves from zero to the final 

value during the curing and 1 MPa was used to study the free-edge effect in the beginning 

stage of the curing.  The figure 4.5a shows the contour plot of the strain field when the 

polymer has a modulus of 1 MPa.    From the figure, it can be clearly been that the strain 

field of the specimen is affected a certain distance from the edge.  In Fig. 4.5b, the 

distribution of axial strain from the middle of the specimen is plotted in which the 

polymer has a modulus of 1 MPa or 1 GPa.   
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(b) 

Fig. 4.5 (a) Contour plot of the axial stain field (polymer modulus: 1 MPa);  

(b) Distribution of the axial strain along the specimen length 

 

Two observations can be made from Fig. 4.5.  Firstly, when the polymer has a large 

modulus like 1 GPa, the axial strain is consistent with the theoretical prediction at the 

middle.  When the polymer has a tiny modulus like 1 MPa, the axial strain is off from the 

theoretical prediction even at the middle point.  Secondly, the strain decays faster when 

the polymer has smaller modulus.  Both facts indicate that the specimen is more 

susceptible to the free-edge effect when the polymer has smaller modulus.   

It is important to assure that the strain field around the Bragg gratings is not 

affected by the free edge.  The axial strain of the fiber at the edge of the Bragg gratings 

was simulated using FEM when the specimen has finite lengths.  The polymer was 
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assumed to have a modulus of 1 MPa in the calculation.  Then the simulation results were 

compared with the theoretical prediction which is based on the generalized plane strain 

assumption.  The deviations between the simulation results and theoretical results were 

calculated and plotted in Fig. 4.6 as a function of the specimen length.  In the figure, the 

specimen length is normalized by the total length of Bragg gratings.   
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Fig. 4.6 Deviation from actual axial strain when introducing generalized plane-strain 

assumption 

 

It is seen from the figure that when the length of the specimen is short, the error caused 

by the generalized plane strain assumption can be as large as 25%.  When the specimen 

length is more than ten times larger than the gratings length, the error can be reduced to 

less than 1%.  In the implementation of this technique, the mold will be designed in such 

a way that the specimen is 10 times longer than the gratings. 



 89

4.1.2 Mold design and sample preparation 

This study employs the cylindrical polymer/FBG assembly.  A mold was designed 

to fabricate specimens with the desired shape.  As shown in Fig. 4.7, the mold consists of 

a base, two caps and a silicone rubber tube.   

Fiber

Teflon cap

Silicone rubber tubing

Teflon base

Teflon cap

 

 

Fig. 4.7 Schematic drawing of the mold design for fabrication of the specimen 

 

The base and two caps were made of Teflon.  Teflon can resist high temperature while 

not adhering to polymers.  Very fine grooves were fabricated along the centerline in the 

base mold to hold an FBG.  The material is cured in a silicone rubber tube, forming the 

cylindrical shape.  The modulus of silicone rubber is so low (1-2 MPa) that the constraint 

applied to the tested material is negligible.  Another advantage of using silicone rubber is 

that it does not adhere to polymers.  After the curing, the polymer specimen can be easily 

separated from the tube and readily used for further testing. 

The diameter of the FBG used in the experiment is 125 μm.  Considering the 

practicality and commercial availability of silicone rubber tubes, in this study, the inner 
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diameter of the tube is 3/16’’ in specimen configuration C-1 and 3/32’’ in configuration 

C-2; which leads to 1 38β =  and 2 19β = .  The total length of Bragg gratings and the 

length of the polymer specimen are 5 mm and 50 mm, respectively. 

A fine-wire thermal couple is also embedded to monitor the temperature; it is 

embedded next to the fiber but away from the Bragg gratings so that the inclusion effect 

was minimized.  The following procedure was used to fabricate a specimen: 

1. Place an FBG through a silicone rubber tube; 

2. Secure the FBG along the groove of the Teflon base; 

3. Assemble the bottom Teflon cap; 

4. Inject a polymer of interest into the tube; 

5. Embed a fine-wire thermal couple; 

6. Assemble the top Teflon cap; 

7. Cure the polymer. 

 

The final shape of a specimen is illustrated in Fig. 4.8. 

 

 

 

Fig. 4.8 Schematic illustration of a specimen 
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4.1.3 FBG data acquisition system 

 An FBG data acquisition system is illustrated in Fig. 4.9.  The system consists 

of an FBG interrogation system (FBG-IS), an environmental chamber and a PC.  The 

Bragg wavelength is measured by a commercial FBG interrogation system (sm125-500, 

Micron Optics), which has a resolution of 1 pm and repeatability of 0.2 pm.  A computer-

controlled environmental chamber (EC11A, Sun Electronics Systems) controls the 

temperature.  Experimental results are saved in a personal computer as the experiment 

progresses. 
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Fig. 4.9 Schematic illustration of the experimental setup 

 

 The insert of Fig. 4.9 shows a block diagram of the FBG-IS layout.  An LED 

illuminates the FBG, which reflects the light at the Bragg wavelength.  The fiber Fabry-

Perot tunable filter (FFP-TF) scans the reflected light from the FBG as well as the 
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picoWave reference alternatively.  The detected signals are then converted to 

wavelengths.  The picoWave is the multi-wavelength reference of the FBG interrogation 

system that consists of a Fiber Fabry-Perot Interferometer, a wavelength marker of a fiber 

Bragg Grating, and a built-in thermo electric controller for thermal stability.  It enables 

real-time wavelength calibration to picometer accuracy. 

 

4.2 Experimental Results and Data Analysis 

4.2.1 Calibration of FBGs 

Before being embedded into the polymer substrate, the FBG was calibrated to 

determine the “intrinsic” BW shift, i
BλΔ .  Specifically, the bare FBG was placed in the 

environmental chamber and the BW shift was documented as a function of temperature.   

A representative experimental result is shown in Fig. 4.10.   
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Fig. 4.10 Bragg wavelength shift of a bare fiber as a function of temperature 
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For the test fiber, the slope of the intrinsic BW shift with temperature change is 

determined to be 0.0108 nm/ºC.  The result agrees well with the theoretical value of 

0.0104 /nm C°  [119].  Furthermore, for the given refractive index of 1.457effn =  [74] 

and fiber CTE of 0.55 /f ppm Cα = °  [120-122], the thermo-optical constant was 

determined to be 69.4 10 /dn C
dT

−= × °  using Eqn. (3-6).  The thermo-optical constant also 

agrees well with earlier results [121, 123]. 

Strain-optic coefficients, Pij, are also important intrinsic parameters of FBGs.  

There are two different sets of data for glass FBGs available in the literatures: 

11 120.113, 0.252P P= = [78, 120, 124, 125] and 11 120.121, 0.270P P= = [70, 126, 127].  It 

is well known that the Poisson’s ratio of the fiber, fυ , is 0.17 [70, 120].   

Using Eqn. (2-22), the effective strain-optic constant, Pk, is calculated to be 0.198 

and 0.216 from the first and second set of Pij, respectively.  In the calibration experiment 

of Pk, a dead weight was applied to an FBG.  The dead weight induced the strain in the 

fiber and resulted in a shift in the Bragg wavelength.  By measuring the BW before and 

after applying the dead weight, Pk can be calculated using Eqn. (2-21).  The experimental 

results are shown in Table 4-1 

Table 4-1 Calibration results of Pk 

Dead weight FBG diameter Initial BW Final BW BW shift 

107.62 g 160 μm 1550.279 nm 1551.667 nm 1.373 nm 

 

When 73.1 GPa [128] and 3 GPa [129] were used for Young’s modulus of the fiber and 

polyimide, Pk was determined to be 0.219.  It should be noted that the calibration results 
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agree well with the second prediction result listed above and 11 120.121, 0.270P P= =  is to 

be used in this study.  

 

4.2.2 Evolutions of effective chemical shrinkage and modulus 

 The proposed method was implemented with three different polymeric materials.  

They include a high filler ratio underfill material (UF-1, 65% filler ratio), a medium filler 

ratio underfill material (UF-2, 40% filler ratio) and a pure epoxy resin (Epoxy-1, 

Epichlorohydrin phenol formaldehyde).  The effective chemical shrinkage and modulus 

evolutions were measured and the results are summarized in the following sections. 

 

4.2.2.1 Results of material UF-1 

The FBGs were calibrated before they were mounted on the mold.  The bare 

FBGs were placed in the environmental chamber and the BW shift was documented as a 

function of temperature.  Experimental results of two fibers used in C-1 and C-2 are 

shown in Fig. 4.11.  The intrinsic BW shift has a linear relationship with TΔ  

 ( )
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−
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where the reference temperature is 175°C.   

After the FBG was aligned in the mold, the material UF-1 was injected into the 

silicone rubber tube.  The specimen was then heated to 175°C at a ramp rate of 20°C /min 

and dwelled for 3.5 hours.  The evolution of BW throughout the entire process was 
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recorded in both C-1 and C-2.  The results of measured BW evolution and temperature 

profile are shown in Fig. 4.12. 
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Fig. 4.11 Calibration results of FBGs used for the material UF-1 
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Fig. 4.12 Measured BW and temperature profile of the sample UF-1 
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Although optimized, a small temperature overshoot was observed in the 

experiment due to the exothermic polymerization process.  This temperature overshoot 

can be seen more clearly in the insert of Fig. 4.12.  A peak of the BW can be identified 

and its position is consistent with the peak temperature.  Using Eqns. (3-5), (4-2) and (4-

3), the BW compensated with the intrinsic part was calculated and the results are shown 

in Fig. 4.13.  From the figure, a plateau area followed by an inflection point can be 

clearly seen in the BW curve of both configurations.  In the plateau area, the polymer 

does not possess any mechanical strength and therefore cannot induce any deformation of 

the embedded FBG.  After the polymer develops some modulus, the embedded FBG is 

deformed and the BW starts to decrease, which causes the inflection point.   
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Fig. 4.13 The BW compensated with the intrinsic part of the sample UF-1  
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As the starting point of the inverse calculation of property evolutions, the 

apparent gelation point was determined as the crossing points of two linear lines that 

represent the plateau area and initial part of the decreasing area in C-2 curve.  

Configuration C-2 is chosen as the reference because the inverse calculation of Eqn. (3-

23) requires nonzero BW shifts in both configurations.  Since the specimen of 

configuration C-1 has a larger dimension of the polymer substrate and therefore larger 

volume stiffness, the configuration C-1 will pick up the polymer deformation earlier than 

the configuration C-2.  In Fig. 4.12, the specimen temperature of C-2 is found to reach 

the curing temperature at the time of 7.0 min; in Fig. 4.12, the apparent gelation point is 

identified to occur at the time of 12.5 min.  An apparent gelation time of 5.5 min is 

therefore determined for the test material. 

The BW shifts after the apparent gelation point in both configurations are plotted 

in Fig. 4.14.  An offset is made on the time axis so that the time at the apparent gelation 

point is zero (will be referred to as “effective time”).  When the curing is completed, the 

magnitude of d
BλΔ  in C-1 is approximately two times larger than that in C-2, as expected 

from the larger volume stiffness in C-1. 

Following the numerical procedures described in section 3.3.2, the evolutions of 

effective chemical shrinkage and modulus were calculated from the data in Fig. 4.14.  

The results are shown in Fig. 4.15a and Fig. 4.15b, respectively.  The effective chemical 

shrinkage accumulates much faster at the early stage of the polymerization, and gradually 

converges as the polymerization proceeds.  The result indicates an expected gradual 

decrease in the polymerization speed. 

   



 98

0 30 60 90 120 150 180 210
-3.5

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

BW
 s

hi
ft 

(n
m

)

Effective time (min)

 C-1
 C-2

 

 

Fig. 4.14 BW shift of the sample UF-1 after the apparent gelation point 
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Fig. 4.15 Evolution properties of UF-1; (a) effective chemical shrinkage and (b) modulus 

 

4.2.2.2 Results of material UF-2 

The above experimental procedures were repeated for the material UF-2.  The 

intrinsic BW shifts of two FBGs were calibrated and the results are:   
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where the reference temperature is 175°C.   

After the FBG was aligned in the mold, the material UF-2 was injected into the 

silicone rubber tube.  The specimen was then heated to 175°C at a ramp rate of 7.5°C/min 

and dwelled for 2.5 hours.  The results of measured BW evolution and temperature 

profile are shown in Fig. 4.16.  The same procedure used for UF-1 was followed and the 
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results are shown in (1) Fig. 4.17 for the BW compensated with the intrinsic part, (2) Fig. 

4.18 for the BW shifts after the apparent gelation point and (3) Fig. 4.19 for the 

evolutions of effective chemical shrinkage and modulus.   
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Fig. 4.16 Measured BW and temperature profile of the sample UF-2 
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Fig. 4.17 The BW compensated with the intrinsic part of the sample UF-2 
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Fig. 4.18 BW shift of the sample UF-2 after the apparent gelation point  
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Fig. 4.19 Evolution properties of UF-2; (a) effective chemical shrinkage and (b) modulus 

 

A plateau area is also seen in the BW curve of both configurations (Fig. 4.17).  

The apparent gelation point located at the time of 24.9 min in C-2 curve while the 

temperature reaches the target at 19.8 min.  An apparent gelation time of 5.1 min is 

determined for the material UF-2.  Compared with UF-1, the material UF-2 has smaller 

effective chemical shrinkage and modulus. 

 

4.2.2.3 Results of Epoxy-1 

The calibration results of the intrinsic BW shifts of the FBGs in the Epoxy-1 test 

are found to be 

 ( )
1

0.0118 165i
B C

Tλ
−

Δ = ⋅ −  (4-6) 
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 ( )
2

0.0119 165i
B C

Tλ
−

Δ = ⋅ −  (4-7) 

with a reference temperature of 165°C.  .  

The polymer/FBG specimen was then heated to 165°C at a ramp rate of 60°C/min 

and dwelled for 5 hours.  The results of the measured BW evolution and temperature 

profile are shown in Fig. 4.20.  From the figure, it can be seen that there is virtually no 

temperature overshooting in both configurations and that the temperature stabilizes at the 

target temperature after only a few minutes.  This indicates that the material cures slowly 

and that the heat generation rate is small. 
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Fig. 4.20 Measured BW and temperature profile of the sample Epoxy-1 
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The BW compensated with the intrinsic part was calculated and the results are 

shown in Fig. 4.21.  A long plateau area is identified in the C-2 BW curve.  An apparent 

gelation time of 41 min is determined for the material. 
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Fig. 4.21 The BW compensated with the intrinsic part of the sample Epoxy-1 

 

The BW shifts after the apparent gelation point in both configurations are plotted 

in Fig. 4.22 and the results of the calculated effective chemical shrinkage evolution and 

modulus evolution are shown in Fig. 4.23a and Fig. 4.23b, respectively.  Compared with 

the underfill material UF-1 and UF-2, this pure epoxy resin shows much larger chemical 

shrinkage. 
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Fig. 4.22 BW shift of the sample Epoxy-1 after the apparent gelation point  
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Fig. 4.23 Evolution properties of Epoxy-1;  

(a) effective chemical shrinkage and (b) modulus 

 

4.3 Validation 

 Two tests are conducted to verify the validity of the proposed method: a self-

consistency test to confirm the accuracy of the raw data obtained from the two 

configurations, and a deformation measurement test to verify the validity of the evolution 

properties inversely calculated from the raw data. 

 

4.3.1 Self-consistency test 

A different configuration is tested for the self-consistency of the measurements 

using UF-1 and 2.  The diameter of the polymer substrate is 1/8’’ which corresponds to a 
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configuration of 25β =  (denoted as C-3).  The BW shift of the specimen during the 

curing process is measured experimentally.  

The experimental results of temperature profile and BW evolution of UF-1 are 

shown in Fig. 4.24.  The corresponding d
BλΔ  after the gelation point is plotted in Fig.4.25.   
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Fig. 4.24 BW and temperature profile of UF-1 with the configuration C-3 

 

To predict the BW shift of the specimen with a configuration of C-3, an inverse of the 

procedure described in section 3.3.2 is used.  In the procedure, the entire curing process is 

divided into the same small segments as those in section 3.3.2.  In each segment, the 

chemical shrinkage increment and the instant equilibrium modulus are obtained from the 

property evolutions shown in Fig. 4.15.  Using the governing equation (3-22), the BW 

shift increment can be calculated.  Summation of the BW shift increment in each segment 
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yields the final BW shift evolution.  The predicted results of UF-1 are also shown in 

Fig.4.25.  The two results agree well with each other.   
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Fig. 4.25 Predicted and experimentally measured BW shift of UF-1 

 

The same procedure was implemented for UF-2.  The temperature profile and BW 

evolution of UF-2 are shown in Fig. 4.26.  The corresponding d
BλΔ  after the gelation 

point is plotted in Fig. 4.27, together with the predicted results using the data in Fig. 4.19.  

The two results are nearly identical.   

The above results provide solid evidence that the experimental methodology is 

self-consistent and robust. 

 



 109

0 30 60 90 120 150 180

1539.6

1540.0

1540.4

1540.8

1541.2

1541.6

0

20

40

60

80

100

120

140

160

180

Te
m

pe
ra

tu
re

 (o C
)

B
W

 (n
m

)

Time (min)

 BW

Configuration β = 25
Material: UF-2

 T profile

 

 

Fig. 4.26 BW and temperature profile of UF-2 with the configuration C-3 

0 20 40 60 80 100 120 140 160
-2.0

-1.8

-1.6

-1.4

-1.2

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

Configuration β = 25
Material: UF-2

B
W

 s
hi

ft 
(n

m
)

Time (min)

 Predicted
 Experimental

 

Fig. 4.27 Predicted and experimentally measured BW shift of UF-2 
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4.3.2 Warpage measurement by T/G Interferometry 

The above verification procedure confirms the self-consistency of the 

experimental methodology.  However, it does not necessarily guarantee that the measured 

evolution properties accurately represent the intrinsic properties of the polymer.  The 

polymerization induced warpage of a bi-material strip was studied to further validate the 

accuracy of measured properties.   

To fabricate a bi-material strip, high temperature tape was first wrapped around 

the edge of a rectangular glass strip to form a ‘dam’ as illustrated in Fig. 4.28.  After that, 

the test polymer was poured into the ‘dam’ to form a bi-material strip.  The curing-

induced warpage of the bottom surface was measured by Twyman/Green (T/G) 

interferometry during the entire curing process. 

 

Fig. 4.28 Schematic drawing of bi-material joint 

 

Twyman-Green (T/G) interferometry is a classical form of interferometry which 

involves the interference of coherent light.  A coherent light source, usually a laser, is 

collimated and then passed through a beam splitter where it is split into active and 

reference paths as shown in Fig. 4.29.  The reference and active paths are reflected by the 

reference flat and the specimen, respectively.  The reflected beams combine to interfere 
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and create a fringe pattern seen by the observer, which represents the contour map of out-

of-plane displacement (or warpage).   

 

 

Fig. 4.29 Schematic drawing of the T/G setup 

 

It is to be noted that the specimen was installed in an environmental chamber for 

real-time observations during curing at the high curing temperature.  The specimen 

holder inside the environmental chamber was designed specifically to accommodate the 

uncured bi-material strip, which requires viewing from the bottom side.  Figure 4.30 

depicts the design that allows the required viewing direction.  The specimen stage was 

designed to hold the uncured bi-material strip horizontally on top of a glass plate.  

Directly attached to the stage is a 45° mirror.  This mirror reflects light both to and from 

the glass surface.  A thin layer of aluminum was vacuum-deposited on the bottom surface 



 112

of the glass strip.  To eliminate the undesired fringes formed by the interference of the 

light reflected by the glass plate top surface and specimen surface, two approaches can be 

used.  In the first one, an index matching fluid can be used to fill the gap between the 

bottom of the glass strip and the glass plate to avoid any undesired multiple reflections.  

Alternatively, a cushion can be used to tilt the specimen angle so that the light reflected 

by the glass plate top surface will not be collected by the camera.   
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Fig. 4.30 Design of the specimen stage 

   

With this configuration, the warpage of the bi-material, w, can be determined by 

[130] 
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2
Nw
n

λ=  (4-8) 

where n = 1.5 when  the index matching fluid is used and n = 1 when the cushion method 

is used, N is the order of fringes, and λ is the wavelength of the laser. 

The curing-induced warpage is also calculated numerically using the evolution 

properties.  When a chemical shrinkage of Δεch occurs in the polymer layer that has a 

thickness of t1 and an instant modulus of E1, the curing induced warpage of the glass 

substrate can be calculated by (see Fig. 4.28) 

 
2

1 2 1 2 1 2
2 4 2 2 2 4 3 3

1 1 1 2 1 2 2 2 1 2 1 2 1 2 1 2

3( )
6 4 4

cht t E E t t Lw
E t E E t t E t E E t t E E t t

ε+
Δ = Δ

+ + + +
 (4-9) 

where t2 and E2 are the modulus and the thickness of the glass strip, respectively, and L is 

the half length of the strip .  The derivation of Eqn. (4-9) can be found in Appendix B.  

Since both effective chemical shrinkage and modulus evolve nonlinearly with time, a 

numerical procedure similar to the one shown in section 4.3.1 is used to calculate the 

curing induced warpage evolution.  The warpage change during each small time segment 

can be calculated first and the evolution of curing induced warpage can be then 

determined by accumulating the warpage increments. 

A bi-material specimen consisting of the glass strip and UF-1 was tested at 175°C.  

The thickness of the glass strip and the polymer layer were 3.1 mm and 3.6 mm, 

respectively.  An index matching fluid was used in the experiment.  Figure 4.31 shows 

the representative fringe patterns of the half specimen, obtained at various times during 

the curing process.   
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Fig. 4.31 Representative fringe patterns of the half specimen (UF-1) at different time 

during the curing 

 

An Argon laser with λ = 514 nm was employed in the experiment, which produced a 

contour interval of 171.3 nm per fringe.  The warpage as a function of the effective time 

is shown in Fig. 4.32.  The numerically predicted warpage evolution is also plotted in 

Fig.4.32 for a comparison.  The two results agree very well, which confirms the validity 

of the property measurement. 

time = 30 minutes

time = 90 minutes

time = 140 minutes
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Fig. 4.32 Comparison between the experimentally measured warpage and predicted result 

of the material UF-1 

 

Another bi-material specimen consisting of the glass strip and Epoxy-1 was 

repeated at 165 °C.  The polymer layer was 2.5 mm in thickness and the glass strip was 

1.9 mm.  No index matching fluid was used in the experiment.  The laser source had a 

wavelength of 488 nm and thus the contour interval was 244 nm per fringe.  The fringe 

patterns of the whole specimen were captured at various times during the curing process 

and the results are shown in Fig. 4.33.  The warpage is plotted as a function of the 

effective time in Fig. 4.34, together with the numerically predicted warpage evolution.  

The two results agree reasonably well, which confirms the validity of the property 

measurement. 
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Fig. 4.33 Representative fringe patterns of the whole specimen (Epoxy-1) at different 

times during the curing process 
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Fig. 4.34 Comparison between the experimentally measured warpage and predicted result 

of the material Epoxy-1 

 

4.4 Extension: Total Chemical Shrinkage  

In the above experimental procedure, the chemical shrinkage that occurs only 

after the gelation point is measured.  For the mechanical stress analysis, the effective 

chemical shrinkage and associated with modulus evolution are sufficient.  However, for 

curing optimization, other chemical properties are also desired.  With the aid of 

theoretical modeling and/or an auxiliary experiment by a well-known method, DSC, the 

total chemical shrinkage can be determined from the measured effective chemical 

shrinkage evolution. 
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4.4.1 Closed form solution 

If the curing kinetics of the polymer follows an nth order scheme, the follwing 

closed form solution can be obtained.  The nth order model is expressed as 

 (1 )n
c

dp k p
dt

= −  (4-10) 

Equation (4-10) can be solved with the initial condition of p(0) = 0 and the solution has 

the form of [95] 

 ( )
1

11 1 1 n
cp n k t −⎡ ⎤= − − − ⋅ ⋅⎣ ⎦  (4-11) 

The curing extent at the apparent gelation point, pgel, can be determined as 

 ( )
1

11 1 1 n
gel c gelp n k t −⎡ ⎤= − − − ⋅ ⋅⎣ ⎦  (4-12)  

where tgel is the apparent gelatin point.  The curing extent that accumulates after the 

apparent gelation point is  

 ( ) ( ) ( )
11

11( ) 1 1 1 1 nn
c gel c gelp t n k t n k t t −− ⎡ ⎤⎡ ⎤= − − ⋅ ⋅ − − − ⋅ ⋅ +⎣ ⎦ ⎣ ⎦  (4-13)  

where t  is the effective time as defined in section 4.2.2.   

It has been known that the chemical shrinkage is linearly proportional to the 

curing extent [4, 17, 112].  Mathematically, the effective chemical shrinkage can be 

written as 

 ( ) ( ) ( )
11

11( ) 1 1 1 1ch chnn
c gel c gel totalt n k t n k t tε ε−−

⎧ ⎫⎪ ⎪⎡ ⎤⎡ ⎤= − − ⋅ ⋅ − − − ⋅ ⋅ + ⋅⎨ ⎬⎣ ⎦ ⎣ ⎦⎪ ⎪⎩ ⎭
 (4-14)  

where ch
totalε  is the total chemical shrinkage at the fully cured state.  Using the nonlinear 

regression scheme, the measured evolution of effective chemical shrinkage can be fitted 
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by Eqn. (4-14).  The total chemical shrinkage, ch
totalε , and two kinetics parameters, ck  and 

n, can be then obtained.  

 

Example: UF-2 and Epoxy-1 

 The evolution history of the effective chemical shrinkage of UF-2 (Fig. 4.19a) 

was fitted by Eqn. (4-14) and the result is shown in Fig. 4.35.  The three unknowns are 

determined from the regression analysis: 0.42%ch
totalε = , 0.082 / minck =  and 1.61n = .   
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Fig. 4.35 Determination of total chemical shrinkage and curing kinetics of UF-2  

 

Similarly, the evolution history of the effective chemical shrinkage of Epoxy-1 (Fig. 

4.24a) was also fitted by Eqn. (4-14).  The result is shown in Fig. 4.36.  The regression 

analysis yields: 2.7%ch
totalε = , 0.019 / minck =  and 0.98n = . 
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Fig. 4.36 Determination of total chemical shrinkage and curing kinetics of Epoxy-1 

 

DSC validation for curing kinetics 

 The curing kinetics of UF-2 and Epoxy-1 were measured using a differential 

scanning calorimeter (DSC Pyris-1).  The heat flow was documented in the isothermal 

mode.  The temperature profile and recorded heat flow curve of material UF-2 are shown 

in Fig. 4.37a.  The specimen was quickly ramped to 175 °C at a rate of 60 °C/min and 

dwelled for 2.5 hours.  The total heat was then obtained by integrating the area under the 

heat flow curve and it was 21.8 J.  The weight of the specimen was 0.0733 g and the total 

exotherm, ΔH was thus determined to be 330 J/g.   

 At arbitrary time t, the partial reaction heat was calculated by the partial integral 

of the area.  The corresponding partial exotherm can be defined as ΔH(t).  Then, the 

curing extent, p(t), at time t can be simply determined as 
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 ( )( ) H tp t
H

Δ
=

Δ
 (4-15) 

The evolution of curing extent was determined based on Eqn. (4-15) and the result 

is shown in Fig. 4.37b.  The same nth-order model was used to fit the measured curing 

extent, and the result is also shown in Fig. 4.37b.  The curing kinetics are determined to 

be: 0.080 / minck =  and 1.57n = .  These values are nearly identical to those obtained 

from the FBG test data ( 0.082 / minck =  and 1.61n = ).  

The DSC results of Epoxy-1 are shown in Fig. 4.38a.  The specimen was quickly 

ramped to 165 °C at a rate of 60 °C/min and dwelled for 4 hours.  The total heat was 

calculated to be 26.0 J by the area integral.  With the weight of the specimen known to be 

0.0652 g, ΔH is determined to be 400 J/g.  The determined curing extent evolution is 

shown in Fig. 4.38b.  After fitting with an nth order model, the curing kinetics are 

determined to be: 0.018 / minck =  and 0.97n = .  The result agrees very well with the 

result obtained from the FBG test data which is 0.019 / minck =  and 0.98n = . 
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(b) 

Fig. 4.37 (a) DSC results of the material UF-2; (b) Evolution of curing extent and 

determination of curing kinetics of UF-2 
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(b) 

Fig. 4.38 (a) DSC results of the material Epoxy-1; (b) Evolution of curing extent and 

determination of curing kinetics of Epoxy-1 
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4.4.2 Combined approach with DSC 

When the curing kinetics of the polymer does not follow the nth order model, the 

total chemical shrinkage can be estimated by combining the measured effective chemical 

shrinkage data and DSC data.  The DSC results of UF-1 are shown in Fig. 4.39, and it is 

found that the curing extent cannot be fitted well by the nth order model.   

From Fig. 4.39, the curing extent at the apparent gelation time, 5.5min, can be 

read directly and it is determined to be 0.37.  Then the total chemical shrinkage is 

estimated to be 0.36% / (1-0.37) = 0.57%. 
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Fig. 4.39 Curing kinetics of UF-1 measured by DSC 
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4.5 Prediction of Property Evolutions at Arbitrary Temperatures  

 The above experimental procedure provides a means of measuring the property 

evolutions at a specific curing temperature.  A modeling approach is proposed to estimate 

the property evolutions at other curing temperatures. 

 

4.5.1 Theoretical basis  

 A general model for the curing kinetics of polymers can be written as [91, 99, 103, 

107, 131] 

 ( ) ( )dp k T f p
dt

=  (4-16) 

where p is the curing extent, t is the time, k(T) is the rate constant that depends on the 

temperature and f(p) is the conversion-dependent function.  The rate constant is related to 

the temperature through an Arrhenius relationship and can be expressed as 

 ( )
aE

RTk T Ae
−

=  (4-17) 

where A is a material constant, Ea is the activation energy and R is the ideal gas constant 

(8.314 /J mol K⋅ ).  It is important to noted that the function f(p) can take any 

mathematical form of p.  Substituting Eqn. (4-17) into Eqn. (4-16) and integrating on 

both sides yields 

 
0 0( )

aEp t
RTdp Ae dt

f p
−

=∫ ∫  (4-18) 

Consider a case where the polymer is isothermally cured at two different 

temperatures T1 and T2.  From Eqn. (4-18),  
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 0
1 2

1 20 ( )

a aE E
p RT RTdp Ae t Ae t

f p

− −

= =∫  (4-19) 

where t1 and t2 are the time to reach a curing extent of p0 under the corresponding curing 

temperatures T1 and T2, respectively.  Equation (4-19) can be rewritten as 

 1 2

1 1

2 1

aE
R T Tt e t

⎛ ⎞
− −⎜ ⎟

⎝ ⎠=  (4-20) 

Equation (4-20) relates the time to reach a same curing extent of p0 when the polymer is 

cured at different temperatures.   

The relation between the effective chemical shrinkage and the curing extent can 

be modeled as 

 ( ) ( )ch cht G pε ε∞= ⋅  (4-21) 

where chε∞  is the effective chemical shrinkage after the complete curing.  The function 

G(p), can take any mathematical form of p (e.g. a linear function [4, 17, 112]).   The 

polymer has a same curing extent of p0 at time t1 when cured at T1 and time t2 when cured 

at T2; mathematically  

 1

2

1

2

( )
1

( )

ch
T
ch
T

t
t

ε
ε

=  (4-22) 

where 
1

ch
Tε  and 

2

ch
Tε  are the effective chemical shrinkage when cured at T1 and T2, 

respectively.   

The relation between the modulus and the curing extent can be modeled as 

 0( ) ( ) ( )E t E T H p∞= ⋅  (4-23) 
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where 0E∞  is a temperature-dependent equilibrium modulus when the polymer is fully 

cured.  The function, H(p), can also take any mathematical form of p (e.g., percolation 

theory).  From Eqn. (4-23),  

 2

1

0
2 2

0
1 1

( ) ( )
( ) ( )

T

T

E t E T
E t E T

∞

∞

=  (4-24) 

where 
1TE  and 

2TE  are the modulus when cured at T1 and T2, respectively.     

 

4.5.2 Implementation  

The above approach was implemented with the material UF-2.  Using DSC, the 

curing kinetics of UF-2 was measured at three temperatures: 195 °C, 185 °C and 175 °C.  

The results are shown in Fig. 4.40. 
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Fig. 4.40 DSC results of UF-2 at 195 °C, 185 °C and 175 °C 
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The curing rates change significantly at different curing temperatures.  An nth 

order modeling was used to fit the curing kinetics.  The result is also shown in Fig. 4.40.  

The rate constant, k, increases by several times when the temperature increases from 175 

°C to 195 °C.  On the other hand, the reaction order, n, remains virtually the same within 

the temperature range and it is assumed to be independent of the temperature.  The rate 

constant versus 1/T is plotted in Fig. 4.41.  The activation energy, Ea, is obtained through 

the linear fitting of the data point; it is 89 kJ/mol.  
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Fig. 4.41 Determination of activation energy of UF-2 

 

The property evolutions of UF-2 measured at 175 °C (plotted in Fig. 4.19) was 

used as the data at the reference temperature Tref.  From Eqn. (4-20),  

 ( )1 1ln( ) ln( ) ln ( ) ln( )a
ref ref

ref

Et t S T t
R T T

⎛ ⎞
= − + = +⎜ ⎟⎜ ⎟

⎝ ⎠
 (4-25) 
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where ( )S T  is the shift factor which is defined as 

  ( ) 1 1ln ( ) a

ref

ES T
R T T

⎛ ⎞
≡ −⎜ ⎟⎜ ⎟

⎝ ⎠
 (4-26) 

 Equation (4-25) shows that, for any other curing temperature of T, the modulus 

and effective chemical shrinkage evolutions can be obtained by shifting the reference 

data by the shift factor along the log time axis; to the left (when refT T> ) or to the right 

(when refT T< ).  The shift factor of UF-2 was calculated for different temperatures and is 

plotted in Fig. 4.42.   
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Fig. 4.42 Shift factor of UF-2 at various temperatures 

The shift factors for 165 °C and 185 °C are 0.55 and -0.52, respectively.  The effective 

chemical shrinkage at the two temperatures can be obtained by shifting the reference data 

at 175 °C, as shown in Fig. 4.43.  
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Fig. 4.43 Effective chemical shrinkage evolutions at 185 °C and 165 °C at (a) log time 

scale and (b) regular time scale 
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The final equilibrium modulus was measured to be 0.26 GPa at 185 °C and 0.28 

GPa at 165 °C followed the method introduced in Section 3.5.  Using the same shift 

factors and Eqn. 4-24, the modulus evolutions of UF-2 at temperatures 185 °C and 165°C 

can be obtained.  The result is shown in Fig. 4.44.   
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Fig. 4.44 Predicted modulus evolutions at 185 °C and 165 °C at (a) log time scale 
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The concept of the shift factor is similar to the shift function widely used in the 

formation of the master curve in visco-elasticity.  It is proved to be a powerful tool in the 

property evolution predictions.  
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 Chapter 5 Measurement of Properties after Curing 

5.1 Determination of CTE and Tg 

5.1.1 Experimental results and data analysis 

After the polymer was cured and the evolutions of effective chemical shrinkage 

and modulus were measured, the cured specimens of configuration C-1 and C-2 were 

taken out of the silicone rubber tubing and simultaneously subjected to a temperature 

excursion.  The BW was continuously documented during the temperature ramping.  The 

CTE of the polymer was then evaluated using the method introduced previously in 

section 3.4.  

Figure 5.1 shows the temperature profiles of C-1 and C-2 of UF-1 recorded during 

the temperature ramping.  To ensure the synchronization and uniformity of the specimen 

temperature, a slow ramp rate of 1.5 °C/min was used.   
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Fig. 5.1 Temperature profile of the two specimens of material UF-1 
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From the figure, it can be seen that the temperature of the two specimens increases with 

time at the same speed.  The total BW and the deformation induced BW shifts of the two 

configurations during the ramping are shown in Fig. 5.2 and Fig. 5.3, respectively.  
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Fig. 5.2 Total BW of the two specimens of material UF-1 during the ramping 
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Fig. 5.3 Deformation induced BW of material UF-1 during the ramping 
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Due to the large modulus of the material at low temperature, the BW shifts of the 

two configurations exhibit the same slope at the initial stage of the temperature ramping.  

As the modulus gradually decreases, the measured BW shift of configuration C-1 starts to 

deviate from that of configuration C-2.  The slope of BW increase is larger in 

configuration C-1 because of the larger volume stiffness.   

Based on Eqns. (3-30) and (3-31), the deformation induced BW shift of 

configuration C-inf was calculated and the result is shown in Fig. 5.4.   
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Fig. 5.4 BW of material UF-1 of configuration C-inf and determination of CTE and Tg 

 

A transitional area can be clearly identified in the curve.  The slope before the transition 

was fitted to be 0.040 nm/°C and the slope after the transition was fitted to be 0.104 

nm/°C.  According to Eqn. (3-28), the CTE was determined to be 
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6 6
1

0.040 0.55 10 33.7 10 /
1540 (1 0.216)

Cα − −= + ⋅ = ⋅
⋅ −

 

6 6
2

0.104 0.55 10 86.7 10 /
1540 (1 0.216)

Cα − −= + ⋅ = ⋅
⋅ −

 

The glass transition temperature was located at the inflection point of the BW shift curve 

and was determined to be 146 °C.   

The same procedure was repeated for UF-2.  Figure 5.5 shows the temperature 

profile of the two specimens of UF-2 recorded during the temperature ramping.   
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Fig. 5.5 Temperature profile of the two specimens of UF-2 

 

The total BW of the specimens during the ramping was documented and the results are 

shown in Fig. 5.6.  After subtraction of the intrinsic BW shift, the deformation induced 

BW shift was calculated and the result is shown in Fig. 5.7.  It can be seen that the 
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measured BW shift of configuration C-1 overlaps with that of C-2 within a wide range at 

low temperature.   
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Fig. 5.6 Total BW of the two specimens of material UF-2 during the ramping 

20 40 60 80 100 120 140 160 180 200

0.0

1.5

3.0

4.5

6.0

7.5

9.0

10.5

12.0

Δλ
B

d  (n
m

)

Temperature (oC)

 C-1
 C-2

 
Fig. 5.7 Deformation induced BW of material UF-2 during the ramping 
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Based on Eqns. (3-30) and (3-31), the deformation induced BW shift of 

configuration C-inf was calculated and the result is shown in Fig. 5.8.  The slope before 

the transition was fitted to be 0.0512 nm/°C and the slope after the transition was fitted to 

be 0.128 nm/°C.  According to Eqn. (3-28), the CTE was determined to be 
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The glass transition temperature was located at the inflection point of the BW shift curve 

and was determined to be 120 °C.   
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Fig. 5.8 BW of UF-2 of configuration C-inf and determination of CTE and Tg 
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The CTE and Tg of the material Epoxy-1 was also measured.  Figure 5.9 shows 

the temperature profile of the two specimens recorded during the temperature ramping. 
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Fig. 5.9 Temperature profile of the two specimens of material Epoxy-1 

 

The result of the measured total BW is shown in Fig. 5.10.  The deformation induced BW 

shift was calculated and the result is shown in Fig. 5.11.  At low temperature, the 

measured BW shift of configuration C-1 overlaps with that of C-2 within a wide range.  

According to Eqns. (3-30) and (3-31), the deformation induced BW shift of configuration 

C-inf was calculated and the result is shown in Fig. 5.12.  Two different slopes are 

identified in the curve: 0.0632 nm/°C and 0.0985 nm/°C.  Using Eqn. (3-28), the CTE 

was determined as 
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6 6
2

0.0985 0.55 10 82.1 10 /
1540 (1 0.216)

Cα − −= + ⋅ = ⋅
⋅ −

 

The glass transition temperature was determined to be 130 °C.  
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Fig. 5.10 Total BW of the two specimens of material Epoxy-1 during the ramping 
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Fig. 5.11 Deformation induced BW of material Epoxy-1 during the ramping 
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Fig. 5.12 BW of material Epoxy-1 and determination of CTE and Tg 

  

5.1.2 Verification of the CTE and Tg measurement 

The CTE and Tg of the tested polymer was also measured by a thermo-mechanical 

analyzer (TMA) for the purpose of verification.  The instrument employed is Perkin 

Elmer TMA-7.  It can work in a wide temperature range from -60 °C to 500 °C.  The raw 

data obtained from TMA for the material UF-1, UF-2 and Epoxy-1 are shown in Fig. 5.13, 

Fig. 5.14 and Fig. 5.15, respectively.   
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Fig. 5.13 Measurement of CTE and Tg of material UF-1 by TMA 
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Fig. 5.14 Measurement of CTE and Tg of material UF-2 by TMA 
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Fig. 5.15 Measurement of CTE and Tg of material Epoxy-1 by TMA 

 

The CTE and Tg were calculated using Eqn. (2-9) and are compared with the values 

obtained from the proposed method.  The results are summarized in the following table: 

 

 Table 5-1 Comparison of the results obtained from TMA and the proposed method 

 CTE below Tg 
(ppm/ºC) 

CTE above Tg 
(ppm/ºC) 

Tg (ºC) 

TMA 32.0 89.2 143 
UF-1 

Proposed Method 33.7 86.7 146 

TMA 41.2 109 124 
UF-2 

Proposed Method 42.5 106 120 

TMA 54.4 80.2 132 
Epoxy-1 

Proposed Method 52.9 82.1 130 
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As seen from the table, the results from the proposed method agree very well with the 

TMA results within the range of the experiment errors, which confirm the validity of the 

proposed method. 

 

5.2 Determination of Visco-elastic Properties 

5.2.1 Experimental setup and procedures 

After the CTE and Tg were determined, the cured polymer/FBG specimen was 

used again for a creep test.  The experimental setup is illustrated in Fig. 5.16.   

 

 

Fig. 5.16 Illustration of the creep testing setup and application of an instantaneous load 

 

The experimental setup consists of an aluminum frame, two aluminum clamps, different 

weights, a steel hinge and a flexible shaft.  Six brass cylinders with different dimensions 

Flexible shaft 
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Specimen 

Aluminum 
frame 

Aluminum clamp 
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were fabricated as different weights.  The dimensions and mass of those weights are 

summarized in Table 5-2, 

 

Table 5-2 Dimensions and mass of different weights  

 

The whole setup was placed in a computer-controlled environmental chamber.  

The flexible shaft was inserted through the opening in the wall of the oven.  A suitable 

weight, attached to the specimen, was supported by the hinge, allowing the specimen to 

be in the stress-free state initially.  After the specimen was heated to the target 

temperature and stabilized, the support to the hinge was removed by twisting the flexible 

shaft.  An instantaneous uni-axial load was thus applied to the specimen.  The load was 

maintained for ten to twenty minutes and the BW shift was measured during the whole 

process.  The above procedure was repeated at different temperatures, starting with high 

temperatures and going to low temperatures.  The temperature and time dependent 

compliance of the polymer was then obtained.  It should be noted that the test 

temperature is arranged from high to low in order to counteract the effect of iterative 

tension of the specimen.   

 # 1 # 2 # 3 # 4 # 5 # 6 

Diameter (”) 2.5 2 1.5 1.25 1 1 

Height (”) 2.5 2 2 2 2 1 

Mass (g) 1370 878 493 338 220 118 
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5.2.2 Experimental results 

A pure epoxy (Epoxy-2, EMC-1) was tested by the proposed method.  After being 

cured at 120 °C for two hours using the mold illustrated in Fig. 4.6, a specimen of 

configuration C-1 was obtained.  The specimen was clamped and inserted into the creep 

test setup shown in Fig. 5.16.  The creep test was then carried out at various temperatures 

from 20 °C to 100 °C.  The weights of #5, #4, #3 and #2 were used for temperatures 

100 °C – 60 °C, 50 °C, 40 °C and 30 °C – 20 °C, respectively.  The result of the recorded 

BW shift is shown in Fig. 5.17.   
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Fig. 5.17 BW shift of material Epoxy-2 recorded in the creep test 

 

Using Eqn. (3-34), the time-dependent compliance at each temperature was 

calculated and the result is shown in Fig. 5.18.  It can be seen from the figure that the 

compliance changes slowly at either low temperature or high temperature.  At medial 
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temperature such as 60 °C, the compliance increases dramatically with the time.  This is 

because the polymer manifests a dramatic change at the vicinity of glass transition. 
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Fig. 5.18 Time-dependent compliance of material Epoxy-2 at different T 

 

Through the de-convolution procedure described in Chapter 3.5, the measured 

creep compliance can be transferred to the relaxation modulus.  The de-convolution was 

achieved by using a MATLAB program.  The program fits the compliance data, 

approximates the integral by the sum of the series, and then calculates the modulus at 

each time step using Eqn. (3-37).  The result of obtained relaxation modulus at various 

temperatures is shown in Fig. 5.19.   

The relaxation modulus curves can be used to form a master curve.  With 20 °C 

chosen as the reference temperature, the assumption of “thermorheologically simple” 

allows the modulus curves at other temperatures to be horizontally shifted along the 
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logarithmic time axis.  The shifted was manually done to produce as smooth of a curve as 

possible.  The result is shown in Fig. 5.20. 
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Fig. 5.19 Relaxation modulus of material Epoxy-2 at different T 
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Fig. 5.20 Shifted relaxation modulus curves around a reference temperature of 20 °C 
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  The shift factor which was used to shift the curves is plotted with the 

temperature in Fig. 5.21.  The WLF function (see Eqn. (2-17)) was employed to fit the 

curve.  The result is also shown in Fig. 5.21, which clearly indicates that the WLF 

function fits the shift factors well.  The two constants, C1 and C2, are determined to be 

47.0 and 175, respectively.   
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Fig. 5.21 Shift factors at various temperatures and fitted results using WLF function 

 

The master curve can then be approximated by using several Prony Series terms.  

By averaging overlapping relaxation curves, and approximating spaces in between, a 

continuous master curve of the average relaxation modulus values for all temperatures 

between 100 °C and 20 °C was obtained.  The result is shown in Fig. 5.22.  To be readily 

implemented in commercial FEM software, the obtained master curve of relaxation 
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modulus was fitted by the Prony series (see Eqn. (3-42)) using a nonlinear regression 

scheme.  The result is also shown in Fig. 5.22.   
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Fig. 5.22 Fitted result of master curve of Epoxy-2 using Prony series 

 

Ten Prony pairs were employed in the fitting and they fit the master curve very well.  The 

coefficients are tabled in the following 

Table 5-3 Coefficients in the Prony series of material Epoxy-2 

 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7 i = 8 i = 9 i = 10 

Ei (GPa) 0.323 0.122 0.245 0.50 0.456 0.355 0.212 0.076 0.033 0.008 

iτ  (s) 22 202 6800 9*104 2*106 4*107 1*109 3*1010 1*1012 1*1013 
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The above procedure was repeated for the material UF-2.  The creep test was 

carried out at various temperatures from 175 °C to 30 °C.  The weights of #5, #4, #3 and 

#2 were used for temperatures 175 °C – 145 °C, 135 °C, 125 °C and 115 °C – 30 °C, 

respectively.  The result of the recorded BW shift is shown in Fig. 5.23.   
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Fig. 5.23 BW shift of material UF-2 recorded in the creep test 

 

After the de-convolution procedure, the relaxation modulus at various temperatures was 

obtained and the result is shown in Fig. 5.24.  The master curve of the relaxation modulus 

was formed and the result is shown in Fig. 5.25 where the reference temperature is 30 °C.   
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Fig. 5.24 Relaxation modulus of material UF-2 at different T 
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Fig. 5.25 Shifted relaxation modulus curves around a reference temperature of 30 °C 
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The shift factors and the 11 Prony Series results are shown in Figs. 5.26 and 5.27, 

respectively.   
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Fig. 5.26 Shift factors of UF-2 and fitted results using WLF function 
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Fig. 5.27 Fitted result of master curve of UF-2 using Prony series 

11

1
( ) expi

i i

tE t E E
τ∞

=

⎛ ⎞
= + −⎜ ⎟

⎝ ⎠
∑  



 154

The coefficients are tabled in the following 

Table 5-4 Coefficients in the Prony series of material UF-2 

 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7 i = 8 i=9 i = 10 i = 11 

Ei (GPa) 0.33 0.298 0.327 0.52 0.54 0.78 1.26 0.71 0.13 0.01 0.023 

iτ  (s) 160 9500 1*106 1*108 1*1010 4*1011 6*1013 5*1015 5*1017 1*1020 1*1022 

 

with 0.235E GPa∞ =  

 

5.3 Application of the Measured Properties 

The material properties measured with the proposed technique include: the 

evolutions of effective chemical shrinkage and modulus during curing, temperature-

dependent CTE and Tg, and visco-elastic properties.  Those properties can be employed 

to assess the curing related residual stresses in electronic packages.   

To calculate the residual stress or deformation of packages after the curing, the 

following numerical procedure can be used: 

1. Geometry modeling of the package in finite element codes such as ANSYS. 

2. Divide the curing process into small segments and determine the chemical 

shrinkage increment ( chεΔ ) and instantaneous modulus (E) in each segment.  By the 

analogy between chemical shrinkage and thermal shrinkage, apply a pseudo-

temperature decrease of 
ch

T ε
α

Δ
Δ =  to the polymeric material with an elastic 
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modulus of E and no temperature change to the other materials, where α  is the 

CTE of the polymer.   

3. Calculate the stress/displacement field in each segment. 

4. Superpose the stress/displacement field of all segments.  The results will be the 

stress/displacement field in the package when the curing process ends.  Record the 

new position of each node. 

5. Re-model the package according to the recorded new position of each node. 

6. Attribute the measured temperature-dependent CTE and relaxation modulus to the 

polymer.  Apply the thermal loading conditions and calculate the final 

stress/displacement filed after the cooling from the curing temperature.  

 

As an illustration, the curing induced warpage of a flip-chip package is simulated.  

The package is illustrated in Fig. 5.28.  It comprises of a substrate, an underfill material 

(UF-2) and a chip.  For simplicity, the solder balls were not modeled.   

 

 

Fig. 5.28 Illustration of the flip-chip package 

Substrate 

Underfill Chip 
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The substrate has a thickness of 200 μm and a width of 50 mm, the chip has a thickness 

of 100 μm and a width of 20 mm, and the thickness of the underfill is 100 μm.  The 

commercial FEM software ANSYS was used to build the model.  The mesh of the model 

is shown in Fig. 5.29.   

 

 

Fig. 5.29 Mesh of the flip-chip package modeling 

 

The material properties of the substrate and chip used in the simulation are summarized 

in Table 5-5. 

Table 5-5 Material properties of the substrate and chip  

 

  

 

 

 

 Young’s Modulus (GPa) Poisson’s ratio CTE (ppm/°C) 

Substrate 20 0.3 10 

Chip 169 0.28 2.7 
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The effective chemical shrinkage and modulus evolutions of the underfill can be 

determined by following the procedure described in section 4.5.  The temperature-

dependent CTE and the master curve of the underfill can be found in Fig. 5.8 and 

Fig.5.27, respectively.   

 Assuming a constant cooling rate of 15°C/min to the room temperature of 25 °C 

after the curing, the final warpage of the flip-chip package was calculated when cured at 

various curing temperatures from 185 °C to 145 °C.  Figure 5.30 shows a representative 

result of the final warpage when cured at 175 °C.   

 

Fig. 5.30 Final warpage when cured at 175 °C (unit: mm) 

Furthermore, the maximum warpage versus curing temperature is plotted in Fig. 5.31.   

The curing time is also important in manufacturing.  The characteristic curing 

time for the polymer’s modulus to reach 90% of the one in the completely cured state was 

determined as a function of curing temperature.  A gelation point of 0.5 is first assumed.  

Then Eqn. (4-1) yields the corresponding curing extent of 0.985.   
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The following differential equation was solved to determine the characteristic 

curing time, t , corresponding the curing extent of 0.985. 

 9 1.6890001.78 10 exp (1 )
8.314

dp p
dt T

⎛ ⎞= ⋅ ⋅ − −⎜ ⎟⋅⎝ ⎠
 (5-1) 

 B.C. (0) 0 ( ) 0.985p and p t= =  (5-2) 

The characteristic curing time was determined for various temperatures between 145 °C 

and 185 °C.  The result is also plotted in Fig. 5.31.   
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Fig. 5.31 Final warpage and characteristic curing time at different temperatures 

 

 Figure 5.31 shows tradeoffs between the final warpage and the curing time.  A 

lower curing temperature can reduce the final package warpage, but the curing time is 

dramatically increased.  An optimum curing schedule should be selected carefully.   



 159

Chapter 6 Conclusions and Future Work 

6.1 Conclusions 

An integrated measurement technique based on fiber Bragg grating (FBG) sensors 

was proposed to measure the critical properties of polymeric materials.  An analytical 

solution of the FBG sensor’s response when embedded in an annular substrate was first 

derived and validated, which served as the theoretical base for the proposed method.  

Then a systematic study was conducted to investigate the effect of curing induced heat 

generation and the sensitivity of the BW shift to the outer radius and Poisson’s ratio of 

the polymer.  Based on the results, two different specimen configurations were proposed 

for the measurement of properties.  Theoretical formulations and numerical procedures to 

determine the properties were established for the two proposed specimen configurations.   

The technique was implemented with various polymeric materials.  In the 

experimental procedure, the polymer was cured around FBG sensors to form a cylindrical 

shape.  Through the Bragg wavelength (BW) shifts measured during the curing of the 

polymer, the evolutions of effective chemical shrinkage and modulus of the polymer as a 

function of time were determined simultaneously.  With the aid of curing kinetics 

modeling, the obtained results were used to predict the property evolutions at other curing 

temperatures.  The specimens were then subjected to a temperature excursion.  The 

temperature-dependent coefficient of thermal expansion (CTE) and glass transition 

temperature (Tg) were determined from the BW shifts documented during the ramping 

process.  Finally, an instantaneous uni-axial mechanical load was applied to the specimen 

at different temperatures, and the corresponding creep compliance was determined.  The 
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master curve of the relaxation modulus was then obtained through a de-convolution 

process.   

The accuracy of the experimental raw data (BG shifts) was validated through a 

self-consistency test.  The results confirmed the robustness of the experimental setup.  

The measured effective chemical shrinkage and modulus evolutions were validated 

through the curing induced bending deformation of a bi-material strip.  The CTE and Tg 

were also verified using a TMA.  All of these results confirm the validity of the proposed 

method.   

The proposed technique will provide a much-needed tool for rapid but accurate 

assessment of polymer properties, which, in turn, will enhance the accuracy of predictive 

modeling for design optimization of a microelectronics product at the conceptual stage of 

product development. 

 

 
6.2 Suggestions for Future Work 

Polymers with extreme curing rates 

Although optimized, the temperature overshoot can be large for polymers with 

extremely high curing rates.  To reduce the uncertainty caused by the temperature 

overshoot, two possible solutions can be sought.   

(1) By developing FBGs with a smaller radius, C-1 configuration can be proportionally 

smaller.  The curing induced temperature overshoot will be diminished while the 

measurement sensitivity is maintained.   
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(2) Instead of using the convection oven, a conduction oven can be used to control the 

specimen temperature in such a way that the surface temperature control can compensate 

the temperature overshooting at the center. 

 

Material degradation or aging 

Although the work of this dissertation addresses only the key idea of being able to 

determine authentic material properties of polymers, other important applications would 

be realized from the versatility of the proposed method.  One immediate spin-off is 

determination of material degradation or aging.  The proposed approach can be extended 

to determine the effect of environmental conditions, such as temperature and humidity, as 

well as cyclic loading and mechanical impact, on the long-term durability of such 

polymers.  Determination of material degradation parameters associated with the 

environmental conditions is possible from the time history of the measured Bragg 

wavelength shift. 
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Appendix 

A. Analytical solution of the stress fields within the FBG 

The fiber is assumed to be a solid cylinder with outer radius a, while the substrate 

has inner radius a and outer radius b.  The subscripts, “f” and “s” are used to identify the 

fiber and substrate parameters, respectively.  The general elastic solution can be 

expressed as: 
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In the loading condition of the piecewise constant temperature distribution, 
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The general solution given from (A-1) to (A-4) are reduced to 
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B. Analytical solution of curing induced warpage of a bi-material strip 

For the bi-material strip shown in Fig. 4.28, a bending deformation will occur 

when a chemical shrinkage of Δεch develops in the polymer layer.  Assume the bending 

curvature is κ and the strain on the layer boundary is 0ε  after the bending.  Then the 

stresses in the top and bottom layers can be calculated as 

 1 1 0( )chE yσ ε κ ε= + − Δ   (B-1) 

 2 2 0( )E yσ ε κ= +  (B-2) 

From the boundary conditions of zero net force and moment in the cross-section,  
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Substituting Eqs. (B-1) and (B-2) into (B-3) and (B-4) will yield 
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Solving the simultaneous Eqns. (B-5) and (B-6) yields the curvature as 
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Integrating the curvature yields the warpage at x = L as 
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