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Design and optimization of planar leg mechanisms featuring symmetrical
foot-point paths are presented in this study. These leg mechanisms are designed
in such a way that a corresponding walking machine has the flexibility required
for walking on a rough terrain, while it can achieve fast locomotion, is easy to
control, and requires minimal actuation for walking on a flat ground. In addition,
such leg mechanisms are compact in size with respect to a specified horizontal
stride.

Based on a set of functional requirements, the concept generation of a set of
leg mechanisms is accomplished via a systematic methodology. By temporarily
excluding the degree-of-freedom (DOF') associated with the up-and-down motion
of the leg, and based on a set of evaluation criteria, six admissible one-DOF
planar four-, six-, and eight-bar leg mechanisms are found to have the desirable

features to be used as a leg mechanism.



It is argued that a symmetrical foot-point path can be advantageous in re-
ducing the maximum driving torque and making the motion control of the leg
casier. While the four- and eight-bar compound mechanisms have been studied,
a new class of six-bar linkages with an embedded (skew-) pantograph featuring a
symmetrical foot-point path is introduced. Construction and design limitations
for such six-bar mechanisms are explored. The guidelines to prevent double
point(s) are derived and the conditions to select between the propelling and
non-propelling portions of the path are established.

For the dimensional synthesis, the admissible mechanisms with and without
an adjustable pivot are investigated. For those mechanisms with an adjustable
pivot, one DOF is used for normal walking to provide an ovoid path which em-
ulates that of humans, while the other (the motion of the adjustable pivot) is
used only when necessary to walk over obstacles. For those mechanisms with-
out an adjustable pivot, the sole DOF provides a large A-shaped path, with
which the leg mechanisms are capable of performing the up-and-down as well
as the back-and-forth motions. To exploit these to the fullest, a multi-objective
optimization-based design problem formulation is developed to minimize the fol-
lowing three design objectives: (i) peak crank torque, (ii) maximum actuating
force, and (iii) leg size. Results from the optimization model show that an eight-
bar compound mechanism with an adjustable pivot and a six-bar mechanism
without an adjustable pivot are the two best leg designs among those studied
here.

Finally, further reduction of the actuating force and crank torque is success-
fully demonstrated by placing tension spring elements onto an already optimized

eight-bar leg mechanism.
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Chapter 1

Introduction

1.1 Background

In terms of mobility and energy efliciency, walking machines are potentially
superior to the conventional wheeled and tracked vehicles on off-road terrains
(Bekker, 1969). Over the past few decades, many researchers have attempted to
build walking machines that are capable of performing certain tasks on rough
terrains. However, most of such walking machines were either laboratory-scaled
machines (Klein et al., 1983; Todd, 1985a) or inefficient in terms of energy con-
sumption (Mosher, 1968; Sutherland and Ullner, 1984). Due to the complexity
involved in a legged locomotion system, only a few walking machines, such as
the ODEX Hexapod (Byrd and DeVries, 1990) which was developed for nuclear
power plant maintenance and the Adaptive Suspension Vehicle (ASV) (Waldron
et al., 1984; Pugh et al., 1990) which was designed for field transportation, were
considered close to realistic applications. Further studies in many subject areas
of a legged locomotion system are required. Among them, design of a leg mech-
anism remains a challenge because the performance of a walking machine largely

depends on it.




A wide variety of leg mechanisms for walking machines have been proposed
and reported in the literature over the past few decades (Todd, 1985b). Depend-
ing on the desirable features (flexibility, speed, etc.) and the walking environ-
ment, machines with up to eight legs and a total of eighteen active degrees of
freedom (DOFs) have been considered (Morecki et al., 1985). For example, the
GE Quadruped (Mosher, 1968) and the Carnegie Mellon University’s Hexapod
(Sutherland and Ullner, 1984), both with two DOFs on each leg, had a total of
eight and twelve active DOF's, respectively. On the other hand, the Ohio State
University’s Hexapod (Klein et al., 1983) with three DOFs on each leg had a
total of eighteen active DOFs. These three walking machines used open-chain
linkages as their leg mechanisms and were able to walk on a rough terrain. Fig.
1.1 (a) shows a typical two-DOF open-chain leg mechanism. Since, for this type
of leg, the actuators on both the hip and knee joints of the leg linkage have to
be actuated simultaneously to work against the gravity even for walking on a
flat ground, this type of mechanism does not have a mechanical advantage. In
addition, the hip and knee actuators of such leg mechanisms may even produce
‘worl’ against each other, resulting in unnecessary energy loss (Waldron et al.,
1984). Therefore, leg mechanisms of this type are very inefficient in terms of
energy consumption.

Unlike a manipulator which can be operated with its controller and power
supply unit installed on the ground, a walking machine has to carry all these
loads in addition to the external loads (payloads) and the weight of the ma-

chine body !. Hence, a leg mechanism should be designed with high energy

'If a walking machine is wired (or piped) to a ground-stationed power supply unit, its

activities will be restricted to a small reachable area, which is an undesirable feature.
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efficiency. An energy eflicient walking machine can be achieved by designing a
leg mechanism which has a gravitationally decoupled actuation system (Hirose
and Umetani, 1980). Having the actuation system decoupled into three mutually
independent directions, each of the back-and-forth, up-and-down, and turning
motion of a leg mechanism can be individually controlled by separate actua-
tors. A leg mechanism employing a perfect gravitationally decoupled actuation
system can generate a straight foot-point path in the horizontal direction and
ideally results in zero energy loss during the entire walking cycle. Cartesian- and
pantograph-type leg mechanisms belong to this type of legs. Fig. 1.1 (b) shows
the schematic of a two-DOF pantograph leg mechanism used in the six-legged
ASV (Waldron et al., 1984; Pugh et al., 1990), while Fig. 1.1 (c) shows a three-
DOF pantograph (cylindrical type pantograph) leg mechanism adopted in the
PVII and the more-sophisticated TITAN III quadrupeds (Hirose, 1984; Hirose
and Kunieda, 1991).

Literature also reports on leg mechanisms that generate an approximately
straight line. These include: a planetary-gear leg (Chen and Song, 1992), the
Odetics leg (Russell, 1983; Byrd and DeVries, 1990), and a five-bar leg (Adachi
et al., 1990) - all two-DOF planar mechanisms as shown in Figs. 1.1 (d), (e), and
(f), respectively. Other experimental leg mechanisms that generate near-straight
line path can also be found in Ryan and Hunt (1985). The above mentioned leg
mechanisms in Figs. 1.1 (b), (d), (e), and (f) have three DOFs (the third DOF is
not shown) and that the back-and-forth, up-and-down, and the turning motions
can be individually controlled. Hence, these mechanisms have high flexibility on
a rough terrain and are energy efficient on a flat terrain. Such leg mechanisms,

however, require at least two DOFs to be actively controlled even for walking



on a flat terrain. This, in turn, may result in a machine with slow speed and a
complex control architecture.

For a walking machine to achieve fast locomotion with a simple control al-
gorithm, the leg mechanism should be able to generate an ovoid foot-point path
with a continuously rotating crank (motor). Funabashi’s biped machine achieves
this by means of a one-DOF six-bar linkage (Funabashi et al., 1985a; Funabashi
et al., 1985b) as shown in Fig. 1.1 (g). That mechanism, however, lacks the flexi-
bility required for walking over obstacles and climbing stairs. On the other hand,
Fig. 1.1 (h) shows a leg mechanism used in the MELCRAB-2 hexapod walking
machine (Koyachi et al., 1990). Such a leg mechanism generates an ovoid foot-
point path to accomplish fast locomotion and easy control for normal walking.
Also, this mechanism is energy efficient, it is able to generate an approximately
straight path in the propelling portion 2 of the foot path. Moreover, it has a
second and a third DOF (the third DOF is not shown) to walk over obstacle.

This mechanism, however, can become bulky if a large stride is required.

1.2 Motivation and Objective

It is desired that a walking machine has the flexibility required for walking
on a rough terrain, while it can achieve fast locomotion, is easy to control, and
requires minimum actuation load for walking on a flat ground. In addition, the
leg mechanism should be compact in size with respect to a prespecified horizontal

stride.

2The propelling portion of a foot-point path refers to the portion of the path when the foot

is in contact with the ground. The other portion is called the non-propelling portion.



For a walking machine to be capable of walking on various terrains, each
leg requires three DOFs. Since the turning motion is the least frequently used
degree-of-freedom, for most of the walking machines, the turning motion have
been separated from the other two in the leg design. Typically, one may employ a
two-DOF planar mechanism to provide for the back-and-forth and up-and-down
motions, while the turning motion is obtained by rotating the planar mechanism
as a whole about a vertical (or horizontal) axis fixed to the frame of the walking
machine. Therefore, the design of a leg mechanism can be simplified to that for
a two-DOF planar leg mechanism.

Among the planar two-DOF leg designs, the Cartesian and pantograph-type
mechanisms that employ a linear actuation system and those that use oscillatory
actuation system are not considered in this study. This is because the back-
and-forth swing of a leg requires an actuator to change its direction cyclicly
when the leg switches from a propelling to a non-propelling phase, and vice
versa. In addition, in order to prevent the foot from hitting the ground during
transition from the propelling phase to the non-propelling phase, both DOFs
must be actively controlled so that the foot point can be lifted slightly during
the non-propelling phase. Because of these two reasons, the Cartesian and the
pantograph-type leg mechanisms tend to result in a slow locomotion.

Hence, a continuous rotating actuation system that produces a closed, ovoid-
shaped, foot-point path is sought for the leg mechanisms. Also, to maximize the
energy efficiency, the propelling path of a leg mechanism has to approximate a
straight line. In addition, since a symmetrical foot-path can be advantageous
in reducing the maximum driving torque and simplifying the motion control of

the legs, leg mechanisms featuring symmetrical coupler curves are of interest.



Therefore, the objective of this study is to search and design two-DOF, planar
leg mechanisms with the above-mentioned features. Under the overall goal, we

will:

1. identify all the admissible two-DOF planar leg mechanisms with the desir-

able features;

2. create a new class of leg mechanisms that produce symmetrical foot paths

and are easy to be analyzed and synthesized;

3. perform dimensional synthesis of all the admissible mechanisms and reveal

the advantages and disadvantages of the synthesized leg designs;

4. investigate the use of passive elements (tension springs) for the purpose of

reducing the driving force and torque.

1.3 Approach

The approaches used to fulfill the above mentioned four objectives are de-

scribed as follows:

1. In this study, a systematic methodology (Tsai, 1995) for the mechanical
concept design is used to identify the admissible mechanisms for a leg de-
sign. According to the desired features, a planar leg mechanism should
have two DOF's: one for the back-and-forth motion and the other for the
up-and-down motion. Since adjusting the height of a leg can be easily ac-
complished through an adjustable, base-connected pivot, the design prob-

lem can be simplified by temporarily excluding the DOF associated with



the up-and-down motion of a leg. This way, only the search for one-DOF

planar mechanisms is necessary.

. Although the sufficient conditions for a four-bar coupler point to trace a
symmetrical curve are well studied (Hartenberg and Denavit, 1964), there
are only a few studies on symmetrical coupler curves associated with mech-
anisms with more than four links (Dijksman, 1976; Antuma, 1978; Dijks-
man, 1984). However, because these mechanisms can be bulky if a fairly
large coupler curve is required, they are not suitable to be used as leg de-
signs. In order to obtain slender leg mechanisms that feature symmetrical
coupler curves and are easy to be analyzed and synthesized, a new class of
six-bar mechanisms and an eight-bar compound mechanism are developed

with the use of a symmetrical four-bar linkage.

. The most common methodologies associated with the dimensional synthe-
sis of a mechanism are the precision point synthesis (Freudenstein and San-
dor, 1961; Roth and Freudenstein, 1963; Suh and Radcliffe, 1967; McLar-
nan, 1963) and approximate synthesis (Han, 1966; Sutherland and Roth,
1974; Tull and Lewis, 1968). Although these two synthesis techniques are
well applied to many mechanism design problems, they are not suitable for
the leg design considered in this thesis because of the following reasons.
First, it is desired to simultaneously minimize several design objectives:
the crank torque, actuating force and the leg size. Second, a number of
design specifications (or constraints) have to be accommodated in the de-
sign process. Therefore, the dimensional synthesis of such mechanisms can

only be formulated as a constrained multi-objective optimization problem.



Due to the complexity of such a multi-objective optimization model, the
Consol-Optcad (Fan et al., 1990), an interactive optimization-based design

package, is used to solve this problem.

4. Spring elements have been used in leg mechanism both to store kinetic en-
ergy (Alexander, 1990; Dhandapani and Ogot, 1994) and to reduce actuat-
ing forces (Shin and Streit, 1993). Since there is no general guidelines for
mounting springs to a leg mechanism, the spring placement configuration
should take the advantage of some of the special features of a mechanism.
For our leg mechanism, since symmetry is a significant feature, all spring
elements are arranged in such a way that the actuator force and crank

torque are reduced in a symmetrical manner.

1.4 Outline of the Thesis

The concept design of a leg mechanism is presented in Chapter 2. To gen-
erate all admissible two-DOF planar leg mechanisms, a systematic methodology
is used. First, the functional requirements of a leg mechanism are established.
Some of the functional requirements are translated into mechanism structural
characteristics from which possible candidate mechanisms are enumerated. Fi-
nally, based on the remaining functional requirements and certain structural con-
siderations, a set of evaluation criteria is developed to screen out the unwanted
mechanisms. As a result, several planar, one-DOF, four-, six-, and eight-bar
linkages with adjustable pivots are obtained as the admissible mechanisms.

In Chapter 3, admissible leg mechanisms featuring symmetrical foot-point

path are studied. The construction of such linkages, the special features of




a symmetrical coupler curve, and how such a coupler curve can be used as
a foot path in a walking machine are discussed. The symmetry properties of
a coupler curve associated with a four-bar mechanism are explored. Several
existing six-bar mechanisms that can generate symmetrical coupler curves are
surveyed. A new class of six-bar linkages made up of a four-bar linkage with
an embedded regular or skew pantograph are introduced. The advantages and
the disadvantages of such six-bar mechanisms are explored. Finally, an eight-bar
compound mechanism consisting of a four-bar linkage and a simple pantograph
is presented.

In Chapter 4, optimization-based dimensional synthesis of the admissible
mechanisms with symmetrical foot-point path is performed. Following a lit-
erature review on a dimensional synthesis, an optimization-based model is de-
scribed, the design objectives and design specifications are defined, the optimiza-
tion software is explained, and the assumptions are made for the optimization
models. Then, each of the four-, six-, and eight-bar mechanisms with and with-
out an adjustable pivots are investigated. Spring elements are added, in case
of an eight-bar mechanism for further reduction of actuating force and cranking
torque in excess of the values obtained by the optimization-based dimensional
synthesis.

Finally, some concluding remarks, main contributions of this study, and the

future works are given in Chapter 5.
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Chapter 2

Concept Design of a Leg Mechanism

The performance of a walking machine is closely related to its leg design.
In this chapter, the concept design of a planar leg mechanism based on certain
desirable features of a walking machine is presented.

In Section 2.1, functional requirements of a planar leg mechanism are identi-
fied. In Section 2.2, a systematic methodology for the enumeration of a class of
leg mechanisms is described. While the search of four- and six-bar mechanisms
is presented in Section 2.3, the search of eight-bar mechanisms is carried out in
Section 2.4. In the search of the mechanisms, structure specifications are used to
enumerate all candidate mechanisms. Then, a set of evaluation criteria is devel-
oped to screen out the unwanted linkages. Finally, all admissible leg mechanisms

are discussed in Section 2.5.
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2.1 Functional Requirements of a Leg Mecha-
nism

It is desired that a walking machine has the flexibility required for walking
on a rough-terrain, while it can still achieve fast locomotion, remain easy to
control, and require minimal actuation for walking on a flat terrain (hereafter
called normal walking).

For a walking machine to be capable of walking on various terrains, each leg
requires three DOF's to carry out the back-and-forth, up-and-down, and turning
motions. Since the turning motion can be separated from the other two motions
in a leg design, a two-DOF planar mechanism which provides the back-and-forth
and up-and-down motions is of interest.

If all three DOF's need to be simultaneously actuated for rough-terrain walk-
ing, then the walking machine’s speed can be slow and the control algorithm
becomes complex. On the contrary, if a leg mechanism is designed such that
only one DOF is required to be actuated for normal walking, then the speed of
a walking machine can be fast and the control algorithm becomes simple.

For normal walking, the motion of a leg can be divided into two phases, a
propelling and a non-propelling phase. Figs. 2.1 (a) and (b) show the propelling
and non-propelling phases of a normal walking cycle where two extreme leg
postures are labeled as postures 1 and 2. At postures ‘1’ and ‘2’, one foot begins
to contact the ground (posture 1) while the other foot is to leave the ground
(posture 2). Referring to Fig. 2.1 (a), during the propelling phase, the body is
propelled forward from the posture 1 to 2 with a stride length s;. Referring to

Fig. 2.1 (b), during the non-propelling phase, the leg swings forward from the
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! non-propelling path

(2) )

non-propelling path
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FIGURE 2.1: Normal walking in two phases: (a) propelling and (b) non-propelling.

These two walking phases are equivalent to (c) swing the leg while body is fixed

posture 2 back to 1, while the body is supported by the other legs (not shown).
As these two phases alternate, the walking machine moves forward. The relative
movement between the body and its leg as shown in Figs. 2.1 (a) and (b) is
equivalent to the case for which the body is fixed and the leg swings backward
from the posture 1 to 2 and then forward from the posture 2 back to 1 as shown
in Fig. 2.1 (c).

Leg designs, such as the Cartesian or pantograph-type mechanisms, that em-
ploy a linear actuation system or other mechanisms that use oscillatory actuation

system, feature certain undesirable characteristics. First, for the back-and-forth
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motion, the actuator of such a leg mechanism has to change its moving direction
cyclically when the leg switches from the propelling to the non-propelling phase,
and vice versa. Second, in order to prevent the foot point from hitting the ground
during the non-propelling phase, both degrees of freedom must be actively con-
trolled such that the foot point can be lifted slightly in the non-propelling (re-
turning) phase. Because of these two reasons, this type of leg mechanisms tend
to result in a slow locomotion. In order to overcome this disadvantage, a continu-
ously rotating actuation system that produces a closed, ovoid-shaped, foot-point
path is sought. For a walking machine to be energy efficient, a leg mechanism
has to produce a nearly straight propelling path. Therefore, the functional re-

quirements of a desirable planar leg mechanism can be summarized as follows:

F1. The leg mechanism, in addition to being able to move forward
and backward, should have the capability to lift the foot point up

and down.

F2. The back-and-forth motion of the foot point is to be driven by

a continuously rotary crank.
F3. The foot-point path has to be a closed ovoidal curve.

F4. The propelling portion of the foot-point path is approximately

a straight line.

2.2 Design Methodology

A systematic methodology for the concept generation of mechanisms can be

found in Tsai (1995). An outline of the methodology is as follows:

1. Determine the desirable functional requirements of a mechanism.
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2. Identify mechanism structural specifications:

(a) select a type of mechanism that has the most potential to meet the

functional requirements;

(b) determine the degree-of-freedom, nature of motion ( i.e., planar, spher-
ical, or spatial), and the complexity of mechanism (e.g., number of

links, joints, loops, and type of joints, etc.);

(c) identify as many structural features ! associated with the functional

requirements as possible.
3. Enumerate mechanism structures:

(a) enumerate topological graphs ? according to the mechanism structure

specifications;

(b) label each structure according to the various types of joints and choice
of fixed, input, and output links and sketch the corresponding mech-

anism for each topological graph.

4. Use the remaining functional requirements and certain evaluation guide-

lines to screen out unacceptable mechanisms.

The mechanisms produced from such procedure represent the potential solu-
tions of the mechanism design problem. These mechanisms can then be analyzed
in great details and their dimensions synthesized by design optimization tech-

niques.

1 An example of a desirable feature for a leg mechanism is a straight propelling path.
2In a graph representation, links are represented by vertices and joints are represented by

edges. Since all the joints are restricted to revolute joints, the edges are not labeled.
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2.3 Search of Four- and Six-Link Mechanisms

2.3.1 General Structure Specifications

According to functional requirement F1, a planar leg mechanism should have
two DOF's: one for the back-and-forth motion and the other for the up-and-down
motion. To simplify the design problem, the DOF associated with the up-and-
down motion of a leg is temporarily excluded. Since adjusting the height of
a leg via a floating pivot is not desired, the change of the leg height will be
accomplished through the adjustment of a fixed pivot. This way, we only need
to search for one-DOF planar mechanisms.

It is well known that the number of DOF and the number of loops (L) in a
mechanism is related to the number of links (n), number of joints (j), and joint

types (f) by the Griibler’s mobility criterion:
F=Xn-j-10+Yf (2.1
B
and the Euler equation:
L=j—-n+1 (2.2)

where X = 3 for planar mechanism and f; indicates the number of DOFs associ-
ated with joint ¢. From Egs. (2.1) and (2.2), for a one-DOF planar mechanism
with all the joints being revolute joints, we obtain: n = 4 and j = 4 for L=1;n
=6and j =7 for L=2; n = 8 and j = 10 for L=3; etc.

In summary, the search is focused on one-DOF planar mechanisms with all
the joints being revolute joints. The number of links and the number of joints

should obey both the Griibler’s mobility criterion and the Euler equation.
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FIGURE 2.2: Six-bar mechanism with two no-load carrying links
2.3.2 Special Structure Specifications

In order to avoid the unnecessary complication associated with a large num-
ber of links, the search begins with one- (L = 1) and two-loop (L = 2) mech-
anisms, i.e., four-bar linkages with four joints and six-bar linkages with seven
joints.

According to the functional requirement F2, the input link must be a base-
connected crank, while according to F3, the output link must be a floating link,
i.e., not directly connected to the base.

In addition, any mechanism with a ternary input link is to be excluded. This
is because a ternary crank requires complex arrangements of its joints in order
to avoid mechanism interference with other links.

Moreover, six-bar mechanisms with no-load carrying loop are excluded. For
example, consider the Watt-I six-bar mechanism shown in Fig. 2.2. In this
mechanism, if we assign link 2 as the input link and link 6 as the output link,
then only the link members of the four-bar linkage formed by links 1, 2, 4, and 6

will carry loads. The other two links (links 3 and 5) carry no load. Elimination
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1 | Mechanism type :  planar

2 | Degree-of-freedom : F=1

3 | Joint type :  revolute

4 | Link number :  four and six

5 | Input link :  base-connected binary crank
6 | Output link : floating

7 | No-load carrying links : mnot permitted

TABLE 2.1: Structure specifications for four- and six-bar leg mechanisms

of links 3 and 5 has no effect on the desired input-output relationship. This type
of mechanisms, with no-load carrying links, can be replaced with a mechanism
with fewer number of links. Therefore, any mechanism with no-load carrying
links are excluded from our study.

Based on the above discussion, the mechanism structure specifications (both

general and special) are summarized in Table 2.1.

2.3.3 Enumeration

Following the structure specifications listed in Table 2.1, one four-bar linkage
and twelve six-bar linkages are obtained. The four-bar linkage is a crank-and-
rocker mechanism with a binary crank as its input link. The twelve six-bar
linkages belong to Watt-I and -II and Stephenson-II and -III type mechanisms,
where notations ‘I’, ‘Il’, and ‘IIT’ refer to different selections of the base link.
The topological graphs of these six-bar linkages are shown in Fig. 2.3, while the
corresponding schematic drawings are shown in Fig. 2.4.

The following notations apply to all diagrams shown in Figs. 2.3 and 2.4:
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FIGURE 2.3: Topological graphs of the Watt- (W-) and Stephenson-type (S-)

six-bar leg mechanisms

(a) W-1 (b) W-I (c) W-1I (&) w-1I (e) S-II @S-

(g) S-II (h) S-I11 @) S-1I () S-I11 @S- @S-

FIGURE 2.4: Schematic drawings of the Watt- (W-) and Stephenson-type (S-)

six-bar leg mechanisms
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1 : base

[\

input link (crank)

4 : link connected to the adjustable pivot

6 : output link (lower limb)

Notations ‘3’ and ‘b’ are assigned to the remaining two links. Note that, in Fig.
2.4, each adjustable pivot path is symbolically indicated by a slanted dotted line.
Also note that, the mechanisms in the following pairs, (c) and (d), (g) and (h),
(i) and (j), and (k) and (1) are structurally identical to each other, except for

the selection of the adjustable pivots.

2.3.4 Evaluation Criteria

After a set of linkages is enumerated, all mechanisms have to be evaluated
according to the remaining functional requirements and other structural consid-
erations, e.g., complexity or awkwardness of the mechanisms, etc.

In the mechanism structure specifications, we have used F2 and F3 as the
necessary conditions to establish the input link as a base-connected crank and
the output link as a floating link. However, a floating link is not a sufficient
condition for generating a closed ovoidal curve. Therefore, we have to carefully
examine all the mechanisms against F3. Accordingly, the following evaluation
criteria have been developed:

E1: Any mechanism with its output link connected to two rockers should be
excluded. This is because an output link connected to two rockers is most likely
to generate an arc at the foot point, which is a violation of F3.

E2: It is desired that there are two major limbs, resembling the upper and

lower limbs of a leg. In addition, the input link can not be used as the upper
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limb, because (i) a crank rotates while an upper limb oscillates, and (ii) the
crank length usually is short, but the length of a major limb is long.

From these two criteria, E1 is following the functional requirement F3, while
E2 is based on the structural consideration. Note that, since E2 is not as
essential as E1, violation of E2 will only make a leg mechanism awkward.

Since the foot point of all mechanisms in Fig. 2.4 can be moved up and down
by the adjustable pivot, the functional requirement F1 is satisfied. However,
it is not clear whether or not the movement of the adjustable pivot provides
a sufficient up-and-down motion at the foot point. It is also not clear at this
stage whether or not the propelling portion of the foot-point path can produce

a nearly straight line (F4).

2.3.5 Evaluation

Using the criteria E1 and E2 to evaluate all the candidate mechanisms in
Fig. 2.4, we obtain the following results: Mechanisms (c), (d), (i) and (j) are
removed for the violation of E1. Since mechanisms (b), (c), (d), (f), (1), (j),
(k), and (1) have two major limbs that can resemble the motion of a human
leg, while others have more than two links between the base and the foot point,
mechanisms (a), (e), (g), and (h) are excluded due to the violation of E2. The
evaluation results for the six-bar leg mechanisms are tabulated in Table 2.2 where
only mechanisms (b), (f), (k) and (1) are the admissible mechanisms. Note that,
since the crank-and-rocker type four-bar linkage, with the coupler plate as its
output link, does not violate either of criterion E1 or E2, it is also an admissible

mechanism.

21




Mechanism | Status | Reason(s)
(a) rejected | violation of E2
(b) admissible

(c) and (d) | rejected | violation of E1
(e) rejected | violation of E2
(f) admissible

(g) and (h) | rejected | violation of E2

(i) and (j) | rejected | violation of E1

(k) and (1) | admissible

TABLE 2.2: Evaluation of the six-bar mechanisms shown in Fig. 2.4

2.4 Search of Mechanisms with Eight Links

In the previous subsection, one four-bar and four six-bar mechanisms are
admitted for further study. However, these mechanisms have a common short-
coming associated with the up-and-down motion of a leg. Let’s take mechanism
(b) of Fig. 2.4 as an example. If the input link (link 2) of this mechanism is held
stationary and the adjustable pivot Ji4 is adjusted for the up-and-down motion,
the link length ratios within the input loop (loop 1-2-3-4) will be altered. As
a result, the force transmission characteristics of the input loop as well as the
foot-point path will also be changed. In addition, since it is desirable to main-
tain the propelling portion of a foot-point path to be as close to a straight line
as possible regardless of the position of the adjustable pivot, a leg mechanism
with such a feature is undesirable. Therefore, in this subsection, the search of

three-loop mechanisms with eight links and ten joints is conducted.
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2.4.1 Mechanism Structure Specifications

In addition to the general structure specifications described in Sections 2.3.1
and 2.3.2, the following special structure specifications for the eight-bar mecha-
nisms are required. To simplify the search, prevent complex mechanism struc-
ture, and make a leg compact, a mechanism with a quaternary link (link con-
nected with four joints) will be excluded. As mentioned earlier, it is desirable
to have a mechanism in which the link length ratios of an input loop 3 remain
constant regardless of the movement of the adjustable pivot. Hence, a leg mech-
anism should be connected to the base with three pivots, two of them (the input
and supporting pivots) belongs to the input loop, while the other (the adjustable
pivot) does not.

For a planar one-DOF eight-bar mechanism, the input loop can be a four-
, five-, or six-bar loop. This search begins with those mechanisms having a
four-bar input loop, simply because the kinematic synthesis and analysis of a
four-bar linkage are well studied and understood. As a result, we may apply the
knowledge associated with a four-bar mechanism to the synthesis of an eight-
bar mechanism. If those mechanisms with a four-bar input loop can not satisfy
all the functional requirement and the structural considerations, the search will
then be extended to those with five- and six-bar input loops. Both general and
specific structure specifications of admissible eight-bar leg mechanisms based on

the above discussion are summarized in Table 2.3.

3Here, an input loop is referred to the loop which has the smallest number of links and

contains the base and the input links.
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1 | Mechanism type planar

2 | Degree-of-freedom F=1

3 | Joint type revolute

4 | Link number eight

5 | Input link base-connected binary crank
6 | Output link floating

7 | Quartenary link not permitted

8 | Base link ternary

9 | Input loop four-bar

10 | No-load carrying links not permitted

TABLE 2.3: Structure specifications for leg mechanisms with eight links

2.4.2 Enumeration

Based on the structure specifications listed in Table 2.3, nineteen eight-bar
linkages are enumerated from seven different topological graphs. Fig. 2.5 shows

the graph representations of the eight-bar mechanisms, where each of the fol-

lowing mechanism groups, (a)-(b), (c)-(f), (g)-(h), (i)-(k), ()-(n), (0)-(q), and

(r)-(s), belongs to a different topological graph.

Fig. 2.6 shows the schematic drawings of the leg mechanisms. The following

notations apply to all the diagrams shown in Figs. 2.5 and 2.6 are:

1 : base

[N)

input link (crank)
: coupler of the input loop

rocker of the input loop

5 : link connected to the adjustable pivot
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8 : output link (lower limb)
The notations ‘6’ and ‘7’ are assigned to the remaining two links. Note that, in

Fig. 2.6, each adjustable pivot path is symbolically indicated by a dotted line.

2.4.3 Evaluation Criteria

Similar to the enumeration of six-bar mechanisms, a set of evaluation criteria
for eight-bar leg mechanisms is developed. In addition to the criteria listed for
six-bar linkages, we add the following additional criteria for the evaluation of
eight-bar leg mechanisms:

E1’: For any mechanism, when the input link (link 2) is held stationary, the
output link should not simply rotate about a point due to the motion of the
adjustable pivot. For example, referring to the mechanism (d) of Fig. 2.6, if
link 2 is held stationary, the output link (link 8) is simply hinged about the axis
of joint Jyig. When the adjustable pivot moves, link 8 rotates about pivot Jus,
generating an arc at the foot point. This arc, when projected to the direction
of up-and-down motion, is usually short, mostly, because of the output link
orientation. Therefore, it is not a desired feature for a leg mechanism.

E2’: Mechanisms that consist of two four-bar loops, a base-connected loop
and a floating loop, are preferred. As an eight-bar mechanism is split into two
four-bar sub-mechanisms, the analysis and synthesis procedures can be largely
simplified.

E3’: Among the mechanisms selected by E2', those with their floating four-
bar loops driven by a coupler point are more desirable than those driven by a
rocker point. For a driving curve, a closed curve is usually preferable over an arc

because of the design flexibility.
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FIGURE 2.5: Structural diagrams of eight-bar leg mechanisms
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FIGURE 2.6: Schematic drawings of eight-bar leg mechanisms
27




Among the above three criteria, since E1’ is based on a more stringent func-
tional requirement F1, it is the most significant one. Although E2' has nothing
to do with the functional requirements, it will simplify the analysis and synthesis
of the feasible mechanism. Criterion E3’ is mainly based on the view point of
increasing the design flexibility. Note that, at this point, it is not clear whether
F4 is satisfied, As to F2 and F3, they are satisfied because these two functional

requirements have been included in the structure specifications.

2.4.4 Evaluation

Mechanisms (d), (h), (j), (m), (o), (q), and (s) in Fig. 2.6 are excluded
because their output links are connected to the input four-bar 1-2-3-4, resulting
in violation of E1’. Although the output links of mechanisms (i) and (n) are
connected to link 6 (instead of the input four-bar 1-2-3-4), links 6 and 7 of
these mechanisms are also considered stationary when the input link is held
stationary. Hence, mechanisms (i) and (n) are also excluded due to the violation
of E1'. According to E2’, mechanisms (i) through (s) are less desirable than
mechanisms (a) through (h), and hence they are removed. Because of the lack
of design flexibility, mechanisms (a) through (d) are excluded because of the E3'
violation.

Based on the above discussion, only mechanisms (e), (f), and (g) of Fig. 2.6
are considered as the admissible leg mechanisms. However, the floating four-bar
loops 5-6-7-8 of mechanisms (f) and (g) can be constructed as a pantograph,
while that of mechanism (e) can not.

The evaluation results of the nineteen eight-bar mechanisms are summarized

in Table 2.4. Since admissible eight-bar mechanisms have been obtained, the
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Mechanism | Status | Reason(s)

(a) rejected | violation of E3’

(b) rejected | violation of E3’

(c) rejected | violation of E3’

(d) rejected | violation of E1', E3’
(e) rejected | (see Section 2.4.4 )
(f) admissible

(g) admissible

(h) rejected | violation of E1’

(i) rejected | violation of E1', E2’
() rejected | violation of E1', E2
(k) rejected | violation of E2’

(1) rejected | violation of E2'

(m) rejected | violation of E1', E2'
(n) rejected | violation of E1', E2’
(0) rejected | violation of E1', E2’
(p) rejected | violation of E2’

(q) rejected | violation of E1', E2’
(r) rejected | violation of E2'

(s) rejected | violation of E1', E2'

TABLE 2.4: Evaluation of the eight-bar linkages shown in Fig. 2.6
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(a) Four-bar (b) Six-bar (W-I) (c) Six-bar (S-II)

(d) Six-bar (S-III) (e) Six-bar (S-IIT) (f) Eight-bar

FIGURE 2.7: Admissible leg mechanisms, (a) four-bar mechanism, (b)-(e) six-bar

mechanisms, (f) eight-bar mechanism

search of eight-bar mechanisms with five- and six-bar input loop is not needed.

2.5 Summary

In this chapter, a systematic methodology for the concept design of a leg
mechanism is used to identify the admissible mechanisms for a leg design. First,
some of the functional requirements of a leg mechanism are transformed into

a set of structural specifications from which all possible candidate mechanisms
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are enumerated. Then, the remaining functional requirements and other de-
sign guidelines are included in a set of evaluation criteria from which unwanted
mechanisms are screened out.

Using this methodology, six leg mechanisms are admitted for further studies.
These mechanisms include one four-bar, four six-bar, and one eight-bar mech-
anisms as shown in Figs. 2.7 (a), (b)-(e), and (f), respectively. Although both
mechanisms (f) and (g) of Fig. 2.6 are selected as two admissible eight-bar mech-
anisms, they become the same mechanisms when their floating four-bar loop is
replaced by a pantograph. Hence, the only admissible eight-bar mechanism is

a compound mechanism consisting of a four-bar linkage and a pantograph as

shown in Fig. 2.7 (c).
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Chapter 3

Leg Mechanisms with Symmetrical Foot Paths

Design of a leg mechanism with a symmetrical foot path can be advantageous
in reducing the maximum driving torque and making the motion control of the
leg easier. Hence, in this chapter, all admissible leg mechanisms are examined
for the feasibility of producing symmetrical foot-point path. The construction
of such linkages, the properties of a symmetrical coupler curve, and how such a
coupler curve can be used as a foot-point path in a walking machine are discussed
in details.

In Section 3.1, the symmetry properties of a coupler curve associated with
a crank-and-rocker type four-bar linkage is explored. The derivation of a sym-
metrical coupler curve, the prevention of double points, the selection of the
propelling and non-propelling portions of a walking cycle, and the derivation of
crank torque are discussed.

In Section 3.2, several existing six-bar mechanisms that can generate sym-
metrical coupler curves are surveyed. Although these six-bar linkages are capable
of tracing symmetrical coupler paths, none of them is judged to be suited as a leg
mechanism. Thus, a new class of six-bar mechanisms with symmetrical coupler-

point curves is presented. This class of mechanisms is made up of a four-bar
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linkage with an additional dyad to form an embedded regular or skew panto-
graph. Because the coupler curve generated at an output point is amplified from
that of a four-bar, a compact mechanism with a relatively large coupler curve
can be obtained. In addition, due to their structure arrangement, the analysis
and synthesis of such mechanisms can be easily achieved. The construction of
such a new class of six-bar linkages with an embedded regular and skew pan-
tograph is described in Section 3.3. The mechanism characteristics such as the
transmission angles and the coupler curves are investigated in Section 3.4.
Finally, an eight-bar compound mechanism consisting of a four-bar linkage

and a regular pantograph is presented in Section 3.5.

3.1 Four-Bar Mechanism with Symmetrical

Foot-Point Path
Referring to the four-bar linkage A9 — A — B — By shown in Fig. 3.1, it is well

known (Hartenberg and Denavit, 1964) that AB = BC = BB is a sufficient
condition for the coupler point C' to trace a symmetrical curve about the Y axis
which passes through joint By. The angle which the Y axis makes with the
four-bar linkage baseline BO_AS is equal to ¢/2, where ¢ = /CBA. Tt is noted
that, hereafter, all the angles, unless otherwise indicated, are measured counter-
clockwise, e.g., /C'BA is the angle measured counter-clockwise from 1% to B_Zl,
as shown in Fig. 3.1.

The crank-and-rocker type four-bar linkage under study must satisfy the
Grashof criteria: (i) its shortest link serves as the crank, and (ii) the sum of the

longest and shortest link lengths has to be less than the sum of the remaining
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FIGURE 3.1: Symmetric four-bar linkage

two link lengths (Hartenberg and Denavit, 1964). Property (i) leads to the

constraints,

C1:x2—x120

C2:zx3—21 20
and property (ii) is equivalent to
C3: (CL'Q +.'E1) < 2x3

Since the above constraints C1 — C3 are the necessary conditions for a crank-and-
rocker mechanism, they must be satisfied for all four-bar mechanisms discussed

hereafter.
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3.1.1 Coordinate of the Foot Point

For convenience, an X — Y reference coordinate system with its Y —axis
coinciding with the axis of symmetry and with its origin located at joint By is

defined as shown in Fig. 3.1.

Theorem 3.1 Referring to the four-bar linkage in Fig. 8.1, if the angle mea-
— = B0
sured from ByA to ByAg is Y1, the angle LCByY measured from ByC to the azis

of symmetry ? s equal to

i) s, ifu+¢<2rm
[CByY = A s (3.1)
({)m+, fp+oéd>2n
where
.1 T18in o
= sin 3.2
v (22 + 22 — 27125 cos @) /* (3:2)
Proof
Referring to the angle /CByAy in Fig. 3.1,
LCByAy = LCByA + LAByAy = LCByY + LYByAy (3.3)

where Y is referred to a point on the positive Y —axis and ZCByA, is the angle
measured counter-clockwise from m to m.

Since By is a point on a circle centered at point B and passing through A,
By, and C, we have (i) ZLCByA = /CBA/2 = ¢/2, if p+ ¢ < 2w, and (ii)
LCByA = 2w — (2 — LCBA)/2 = 7w+ ¢/2, if u + ¢ > 2m. (Note that, when
p+¢ = 2w, LAB,C is not defined.) Substituting ZAByAq = 1, LYByAg = ¢/2,
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and

/2, ifpu+o<2r
oBoa=1? Bto (3.4)
¢/2+ 7, fu+¢>2nm

into Eq. (3.3) yields

, ifpu+o¢<orm
0By =1 Ht 9 (3.5)

7T+'l[)1, 1f,u+¢> 27
(QFD)
Since the coordinates of the coupler point C can be obtained by projecting
the vector BOE% onto the X — and Y — axes, respectively, we have:

Case (i): p+¢ <27

Xc = BoCcos(m/2— 1) = BoCsinhy (3.6)
Yo = BoCsin(r/2 — 1) = BoC costy (3.7)

where
BoC = 2z3sin(/2 + 1/2) (3.8)

Case (ii): p+¢ > 27

Xc = ByCeos[n/2— (m+11)] = —BoCsinty (3.9)
Yo = ByCsinfr/2 — (1 +41)] = —BoC cos (3.10)

where
BoC = —2z3sin(¢/2 + u/2) (3.11)

Note that the ‘minus’ sign in Eq. (3.11) is due to the fact that the term sin(¢/2+

1/2) is negative. Substituting either Eq. (3.8) into (3.6) and (3.7) for the case

36



of o+ ¢ < 27 or Eq. (3.11) into (3.9) and (3.10) for the case of 2 < p + ¢

yields the same result

Xe = 2z3sin(¢/2 + p/2)sinyy (3.12)

Yo = 2z3sin(d/2+ p/2) cosyy (3.13)

Substituting Eqgs. (3.2) into (3.12) and (3.13) gives

i 2
Xe = xsin aSln(¢_/ + #/2) (3.14)
sin p1/2
o sin(/2 4 w/2)
Yo = (x3— z1c0s0) —5 (3.15)
where
p/2 = sin—l(“%’) (3.16)
AB, = (22 + z? — 22125 cos o)/ (3.17)

Thus the coordinates of the point C can be obtained by substituting Egs. (3.16)
and (3.17) in (3.14) and (3.15), respectively

4x2
(23 + 23 — 22122 cOs @)
2
4z5

(z% + 22 — 22172 cos )

X¢ = 7, sinafcos 4 + [

: —1]2sin g} (3.18)

Yo = (33 — 21 cos a){cos 4 + [

: — 1]4/2 sing} (3.19)

3.1.2 Double Point(s)

Although the path of a coupler curve is fully described by Eqgs. (3.18) and
(3.19), several issues still remain to be resolved before a coupler curve can be
used as.a foot path of a walking machine.

First, it is noted that the propelling portion of foot-path cannot contain any

double point !. Because, at a double point, there exist two crank torque values.

LA double point is a point where a curve crosses over itself once.
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FIGURE 3.2: Circle of singular foci and two configurations of the symmetrical

four-bar linkage with crank angle o at 0 and 7

This, in turn, will potentially cause the foot point to slip on the ground. In
addition, when a walking machine is instructed to walk along a given direction,
the existence of a double point may periodically cause the walking machine to
hesitate or walk back and forth. Thus, for simplicity, we exclude coupler curves
with double point(s) from our designs. It is well known (Hartenberg and Denavit,
1964) that, in a four-bar linkage, a double point occurs at the positions where
the coupler curve intersects with the circle of singular foci which passes through
Ag, By, and Cy as shown in Fig. 3.2. Because the triangle formed by points
Ay, By, and Cj is similar to the coupler plate ABC, accordingly, the center and
the radius of the circle of singular foci can be obtained as (0, 2o sec(¢/2)/2) and

(||z2 sec(4/2)/2]]), respectively. The symbol || - || refers to the absolute value of
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the inner quantity. Thus, the equation of the circle can be written as
C(X,Y) = X2 +[Y — zysec(4/2) /2] — [z25ec(8/2)/2]> = 0 (3.20)

where the quantity (X,Y) represents the coordinates of any point on the circle
of singular foci. To prevent the coupler curve from forming double points, any
point C' on the coupler curve must fall entirely inside or outside of the circle,
ie., C(Xc,Ye) # 0, for a € [0,2n].

Once the double points are excluded from a coupler curve, the selection of
the propelling and non-propelling portions of the foot path becomes the next

issue to be resolved.

3.1.3 Propelling and Non-Propelling Portions of a Foot
Path

(a) Extreme positions (a = ta,)

In order to achieve a maximal horizontal stride, the two extreme positions
of a coupler curve that separate the propelling and the non-propelling portions
of the curve must be identified. These two extreme positions can be found by

setting

dXo

=< 21
7o =0 (3.21)

Substituting Eq. (3.18) into (3.21) and through a series of operation on the

rationalization of the resulting equation yields
6 .
> aZ'=0 (3.22)
=0

where Z = cosa and a; is the constant coefficient of the polynomial. The for-

mulation for a;, obtained with the aid of MATHMATICA - a symbolic language,
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can be found in Appendix A. Since Eq. (3.22) is a sixth degree polynomial,
it can only be solved numerically. Because of Z = cosc, the solutions of Z
should be real and their absolute values should be less than or equal to 1 to be
meaningful. The crank angles are then obtained as & = + cos™' Z. Among the
solutions, the two solutions for « that result in the two extreme values of X
are denoted as £ ..

It is worthy noting that, if the coupler angle ¢ is equal to w, Eq. (3.22)
degenerates into a third-degree polynomial, from which closed-form solutions
can be obtained. The coefficients of the third-degree polynomial are also listed

in Appendix A.

(b) Symmetrical Positions (¢ =0 and o = 7)

After the crank angles corresponding to the two extreme positions which are
symmetrical about the Y —axis are obtained, the crank angles at the points of
intersection between the coupler curve and the Y —axis have to be obtained so
that the crank angle ranges corresponding to the propelling and non-propelling

portions of a foot-point path can be identified.

Theorem 3.2 If the coupler curve intersects the azis of symmetry more than
twice, then the curve will pass through point By twice, a double point. If there
are only two intersection points, the two corresponding crank angles are o« = 0

and o = 7.

Proof
Since the X-coordinate of the coupler point at the intersection points of the

axis of symmetry and the coupler curve are zero, solving Eq. (3.18) for X¢c =0
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yields four solutions, a = 0, 7, o, or (27 — «5), where

(z2/21)° +1 — [2(w3/21) sin (¢/2)]"
2(.’172/.’131)

a5 = cos™H

} (3.23)

For the solutions o = s and o = 27 — @, to exist, the following two conditions

must be satisfied:

T<¢$<2m (3.24)

(w2/71)* + 1 = [2(z3/21) sin (¢/2))*

-1< <1 3.25
= { 2(1’,2/1’,1) } = ( )
Simplifying Eq. (3.25) yields
P2 T ¢ in(g/2) < 21T (3.26)
2273 - - 2$3
or simply
./ HMmin . ., Mmax
sin ( 5 ) < sin (4/2) < sin( 5 ) (3.27)

where fimin = 2sin™(z2 — 1)/ (223)] and pmax = 2sin™![(zo +21)/(273)] are the
minimum and maximum transmission angles (see Fig. 3.2). Solving Eq. (3.27)
yields two solutions for ¢, for which one is smaller and the other is greater than

. Since, according to Eq. (3.24), ¢ has to be greater than =, therefore, we have

Hmax (b Hmin
2 — < =<7—- .
T/2<T 5 S ST 5 (3.28)
or
T < 27 — fpax < ¢ < 2T — Umin (3.29)

If ¢ satisfies Eq. (3.29), the two solutions a; and 27 — a; exist and there are

four intersection points between the coupler curve and the axis of symmetry.
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o=-0o, o=-o,

FIGURE 3.3: A symmetrical coupler curve (above) and its corresponding crank
angle range (below); (a) propelling (solid bold line) portion includes o = 0 (b)

propelling portion includes o = 7

Substituting o = o, and o = (27 — a;) into Eq. (3.19) yields (Y¢),_,, =
(Ye)4=2r—a, = 0. This indicates that the coupler point C passes through joint By
twice, i.e., joint By is a double point. Since any coupler curve with a double point
is excluded from our leg design, there should be only two points of intersection
between the coupler curve path and the axis of symmetry. Therefore, the crank
angle « at the points of intersection between the symmetrical axis and the coupler
curve is either 0 or 7. (QFD)
Hence, without any double point, a symmetrical coupler curve can be divided
to two portions: one includes o = 0 and the other includes o« = m. Therefore,
the crank angle ranges for the propelling or non-propelling portion can be repre-
sented by a single value of ¢, i.e., & = 0 or & = 7. For example, if the propelling

portion includes the point at a = 0, then the corresponding crank angle range,
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R,, should be equal to [—a., c,] as shown in Fig. 3.3(a). Otherwise, if the pro-
pelling portion includes the point at o = 7, R, should be equal to [ce, 27 —

as shown in Fig. 3.3(b).

(c) Selection of the Propelling and Non-Propelling Portions

Since the coupler curve intersects the axis of symmetry at « = 0 and o = 7,

the corresponding Y —coordinates can be obtained via Eq. (3.19)

Vi = (Yo)._, = 2zs sin(“mi"T*‘b) (3.30)
Y, = (Yo)._. =2 sin(“m‘”‘T*‘b) (3.31)
Subtracting Y3 from Y] yields
max — Mmin max min + 2
Y, — Y, = —dzs sin(’u 1 a )cos(u +'L:1 i ¢) (3.32)

Since the quantity sin[(ftmax — tmin)/4] on the right-hand side of Eq. (3.32) is al-
ways positive, the sign of (Y;—Y3) depends on the sign of cos|(fimax + fmin + 2¢)/4].
Since no double point is allowed in our design, the angle ¢ should fall out of the

range defined by Eq. (3.29), i.e., ¢ should be in

(i) 2T ~ pPmax > @ (3'33)

(11) (b > 21 — Hmin (334)

When ¢ falls into these two ranges, the relationship between Y; and Y5 is inves-
tigated as follows:

Case (i): 27 — pimax > @ OF (Umin + ¢)/2 < (Umax + 9)/2 <7
According to Egs. (3.30) and (3.31), both Y; and Y, are positive. Furthermore,

in this case, we have (ftmax + fmin + 2¢)/4 < 7. Two sub-cases exist:
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Sub-Case (i-a): if [(Lmax + Lmin + 2¢)/4] < 7/2 or simply 0 < ¢ < T — (fmax +
Kmin)/2, based on Eq. (3.32), we have

0<Y1<Y, (3.35)

Sub-Case (i-b): if 7/2 < [(ftmax + Lmin + 2¢)/4] < 7 or simply 7 — (fimax +

Pmin)/2 < ¢ < 2T — pmax, based on Eq. (3.32), we have

0<Y, <Y, (3.36)

Case (ll): d) > 21 — Umin OT T < (.Ufmin + ¢)/2 < (ﬂ’max + ¢)/2
From Egs. (3.30) and (3.31), both Y; and Y, are negative. Furthermore, in

this case, we have 7 < (Umax + min + 2¢)/4. Since 0 < pmin < flmax < T
and 0 < ¢ < 2, [(fimax + Hmin + 2¢)/4] can not exceed 37/2. Therefore, 7 <
[(Lmax + fmin + 2¢) /4] < 37/2 or simply 27 — pmin)/2 < ¢ < 27 for which we

have
Vo<V <0 (3.37)

In summary, the relations between the value of ¢ and the values of Y7 and Y5,
that are described in Eqgs. (3.35)-(3.37), are depicted in Fig. 3.4. For example,
if ¢ € {d|m— (fmax + Pmin)/2 < ¢ < 2T — fimax }, and if the lower portion of the
coupler curve is selected as the propelling portion, the crank angle range for the

propelling portion should include a = 7.

3.1.4 Crank Torque Analysis

Assuming that the transmission loss between the input crank and the output

foot point is negligible, the input and output powers are equal:

do ch
T—r = (g ex)—= + (fsg - ey

dYe

— (3.38)
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Y (0=0)
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©2 R-Pu<OP<2T

FIGURE 3.4: Three cases for the relations between the range of ¢ and the values

of Y1 and V5.

where T' denotes the input torque on the crank, ff, denotes the force acting on
the ground by the foot at point C, and ex and ey denote the two unit vectors
in the X — and Y — directions, respectively.

Dividing both sides of Eq. (3.38) by da/dt and using fz, = —f;; results in

dX¢ dYe

T= —fgfxw - fngE (3.39)

where fy;x and fgpy are the X— and Y — components of the force exerted on
the foot point by the ground, respectively. In general, they can be expressed as

a sum of the gravitational force and the inertia force as shown in Fig. 3.5:

. w d*X

Jorx = —wsinf, +— dtf (3.40)
&Y,

fory = —wcos03+% e (3.41)

where g is the gravitational constant, w is the walking machine weight, 6; is the
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ffo

FIGURE 3.5: Reaction force from the ground at the foot point

slope angle of the terrain at the contact point and

d2Xc dQXC da 9 dXC d2a
dt2 ~  da? (E) do dt? (3.42)
d?Ye d?Ye do .  dYc d*a
iZ " do?\dt) T da a2 (343)

where the first and second derivatives of X¢ and Yo with respect to o can be
found in Appendix B. In the above derivation, we have assumed that the X —axis
is parallel to the terrain.

Note that the reaction force in Egs. (3.40) and (3.41) becomes nearly con-
stant if it is assumed that the rotational speed of the crank is constant and
comparatively low. Under this assumption, the crank torque in Eq. (3.39) only
depends on the first derivatives dX¢/da and dY¢/do. As aresult, the calculation

of crank torque is greatly simplified.
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3.2 Literature Review on Six-Bar Mechanisms

Featuring Symmetrical Foot-Point Path

Unlike the four-bar linkage, there are only a few studies on symmetrical cou-
pler curves associated with six-bar linkages. For examples, sufficient conditions
for the Watt-I mechanisms with symmetrical coupler curves were investigated
by Dijksman (1976; 1980a; 1980b; 1981; 1984). Stephenson-I and -IIT mech-
anisms that generated symmetrical coupler curves were reported by Dijksman
(1979) and Antuma (1978), respectively. All of the above mechanisms were de-
veloped with the use of a four-bar linkage with a symmetrical coupler curve.
Among them, most were derived according to Roberts-Chebychev cognate the-
orem, while others were developed from the Chebychev’s dyad or a combination
of the two. Although these six-bar mechanisms all generate symmetrical cou-
pler curves, their characteristics are different from one another. For example,
using a four-bar linkage as the source linkage, Hain’s six-bar mechanism can
trace a symmetrical coupler curve at any point on its translational coupler link
(Dijksman, 1976). Note that Hain’s six-bar coupler curve is identical to that
of the source four-bar. Using the Kempe’s over-constrained focal mechanism
as the source mechanism, Dijksman’s Watt-I mechanism can generate a series
of symmetrical curves at various points of its floating link (Dijksman, 1984).
A Stephenson-IIT mechanism derived from the Chebychev’s dyad is capable of
generating a symmetrical curve whose order is higher than that of a four-bar
linkage (Antuma, 1978). The construction of these three mechanisms and the
properties of their coupler curves are discussed in details in Appendixes C.1,

C.2, and C.3, respectively. Although the above-mentioned six-bar linkages are
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capable of tracing symmetrical coupler curves, none is capable of amplifying the
four-bar coupler curve.

In the following sections, we will present a new class of six-bar linkages made
up of a four-bar mechanism with an embedded regular or skew pantograph.
This class of six-bar mechanisms is capable of generating amplified symmetri-
cal four-bar coupler curves at their output points. This is particularly useful
in applications such as walking machine leg mechanisms for which a compact
mechanism with a relatively large output coupler curve is needed (Funabashi
et al., 1985a; Shieh et al., 1995). Furthermore, unlike the Funabashi’s leg design
(Funabashi et al., 1985) that uses a general six-bar mechanism, the analysis or
synthesis of a six-bar mechanism with an embedded regular or skew pantograph
can be easily accomplished in two steps. First, a four-bar linkage is analyzed
or synthesized with a desired coupler curve. This is then followed by adding a
dyad to form an embedded pantograph. In this way, the analysis or synthesis of
the six-bar is essentially simplified to that of a four-bar. In addition, this new
class of six-bar mechanisms can be transformed into Watt-I and Stephenson-II

and -III type mechanisms - the admissible mechanisms are shown in Fig. 2.7.

3.3 Construction of Six-Bar Mechanisms with

Symmetrical Coupler Curves

The basic idea for creating a new class of six-bar mechanisms with sym-
metrical coupler curves is to combine the functions of a four-bar linkage and a
pantograph into one. Since there are four links in each of the four-bar mechanism

and the pantograph, it is necessary for these two mechanisms to share two com-
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mon links. By embedding a pantograph in a six-bar linkage, the coupler curve of
a four-bar linkage can be amplified at the output point. As it will be described
in more details, two different types of six-bar linkages with an embedded regular
or skew pantograph are possible. For Type A mechanisms, the upper link of the
embedded pantograph is a new link passing through B, and is parallel to line
BC of the four-bar linkage shown in Fig. 3.1, while the lower link is parallel to
the rocker link BBjy. On the other hand, for Type B mechanisms, the upper link
of the embedded pantograph is the extension of the rocker link, while the lower

link is parallel to line BC.

3.3.1 Construction of Six-Bar Mechanisms with an Em-

bedded Regular Pantograph

In what follows, we first review the function of a regular pantograph. Then,

the constructions of Types A and B six-bar linkages are described.

(a) Description of a Regular Pantograph

A pantograph is usually used to amplify an input curve at its output point.
Referring to the pantograph shown in Fig. 3.6, points D, C, and E always
remain collinear and points H, C, G, and F form a parallelogram. The link
lengths of a pantograph are related by two factors n and p, where n refers to an
amplification factor, while p, a size factor, only effects the size of the pantograph.

Provided that point D is fixed and C traces an input curve, point E will
trace a similar curve which is amplified by a factor n with respect to the input
curve without changing its orientation as shown in Fig. 3.6. On the other hand,

if point C is fixed and point D traces an input curve, point F will trace a similar
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FIGURE 3.6: Regular pantograph

curve which is amplified by a factor (n — 1), and rotated by an angle of 7 about

point C'.

(b) Construction of Type A Mechanisms

For Type A mechanisms as shown in Figs. 3.7(a), (b), and (c), the embedded
pantograph is ByH FGEC, and points C and F are the input and output points,
respectively. The construction of such mechanisms is carried out through the

following steps:

1. Construct a four-bar linkage Ag — ABC — By such that AB = BC = ByB.
2. Starting from point By, draw a dashed-line passing through point C.

3. Construct a four-bar parallelogram ByBGF by adding two binary links
ByF and FG such that BoF||BG and FG||ByB. (The length of ByF is

determined by the amplification factor n.)
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FIGURE 3.7: Type A six-bar linkages with an embedded regular pantograph: (a)

O<p+o<mb)T<p+¢<2m (c)2r < p+ ¢ < 3.
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4. Locate the intersection point E between the extended lines of ByC and

F'G and extend link F'G to FE.

5. Reshape the coupler plate from ABC to ABG.

For this type of mechanisms, if point By is considered as two concentric
binary pivots, then the mechanism becomes a special case of the Stephenson-
III mechanism. Referring to the mechanism shown in Fig. 3.7(b), if link ByB
is replaced by a parallel link of the same length, e.g., link CH, a Stephenson-
IT mechanism is obtained. If link ByF of Fig. 3.7(b), instead of link ByB,
is replaced by a parallel link of the same length, then a Watt-I mechanism is
obtained.

For this type of six-bar linkages, the size factor p = 1 and the link lengths

are related by:

ByF =BG =FE =nByB and FG = B,B (3.44)

(c) Construction of Type B Mechanisms

For Type B mechanisms as shown in Figs. 3.8(a), (b), and (c), the embedded
regular pantograph is ByBFGEC and points C and E are the input and output
points, respectively. Type B mechanisms are constructed through a similar (as

in Type A) procedure:

1. Construct a four-bar linkage Ag — ABC — By such that AB = BC = ByB.
2. Starting from point By, draw a dashed-line passing through point C.

3. Extend the rocker link from ByB to ByF. (The choice of joint F is deter-

mined by the amplification factor n.)
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(a) (b)

FIGURE 3.8: Type B six-bar linkages with an embedded pantograph: (a) 0 <

pt+o<mb)m<pu+¢<2m (c) 2 < p+ ¢ < 3m.
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4. Add a binary link FE such that FF | BC. (F is the intersection of ByC

and ﬁ)

5. Create a binary link CG to connect the coupler plate ABC and link FE

at points C' and G, respectively, such that CG || BF'.

For this type of mechanisms, the size factor p = 1 and the link lengths are related

by:

Note that, Type B mechanisms are Watt-I mechanisms.

3.3.2 Six-Bar Mechanisms with an Embedded Skew Pan-
tograph

In this section, we first review the function of a skew pantograph. Then, the

constructions of Types A and B six-bar mechanisms are described.

(a) Description of a Skew Pantograph

Referring to the skew pantograph shown in Fig. 3.9, points H, C, G, and
F form a parallelogram and the triangular link DHF is similar to FGE. It is
shown (Song et al., 1987) that if point D is fixed and point C traces a given
curve, then point E will trace a similar curve which is amplified by a ratio n,
and rotated clockwise about the fixed point D through an angle 1), with respect
to the given curve as shown in Fig. 3.9. On the other hand, if point C is fixed

and point D traces a given curve, then point E will trace a similar curve which
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FIGURE 3.9: Skew pantograph

is amplified by a ratio m, and rotated counter-clockwise about the fixed point

C through an angle v, where
m = (n? — 2ncos 1y + 1)1/2 and v = sin~!(28R¥z) (3.46)

Note that, in Fig. 3.9, p effects the size of a skew pantograph.

(b) Construction of Type A Mechanisms

For Type A mechanisms as shown in Figs. 3.10(a), (b), and (c), the embedded
pantograph is BoH FGEC where point By is a fixed pivot while C and E are
the input and output points, respectively. The construction of Type A linkages

is carried out through the following steps:
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FIGURE 3.10: Type A six-bar linkages with an embedded skew pantograph: (with

d'=¢+1Yr) (@) 0< p+d' <m (b)m < p+¢’' <2m and (c) 27 < p+¢' < 3.
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1. Construct a four-bar linkage Ag — ABC — By such that AB = BC = ByB.

2. Add a binary link ByF. (Note that, the length of link ByF' determines
the amplification factor while the orientation of link BgF' determines the

orientation of the output curve.)

3. Form a four-bar parallelogram By BGF' by reshaping the coupler plate from
ABC to ABG and adding a binary link F'G.

4. Reshape link F'G to a triangular plate FGFE such that AFGE is identical
to ABCG.

For this type of mechanisms, if point By is considered as two concentric
binary pivots, then such a mechanism becomes a special case of Stephenson-III
mechanism. If link ByB is replaced by a parallel link of the same length, a
Stephenson-1I mechanism is obtained. In addition, if link ByF' (instead of link
ByB) is substituted by a parallel link of the same length, a Watt-I mechanism
is obtained. For Type A mechanisms, the size factor p = 1 and the link lengths

are related by:

BoF =BG =FE=nB,B and FG = B,B (3.47)

(c) Construction of Type B Mechanisms

For Type B mechanisms as shown in Fig. 3.11, the embedded skew panto-
graph is ByBFGEC. The construction of Type B mechanisms is carried out

through a procedure as follows:

1. Construct a four-bar linkage Ag — ABC — By such that AB = BC = ByB.
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FIGURE 3.11: Type B six-bar linkages with an embedded skew pantograph: (with
" =d—P1—1) )0 < p+¢”" <m (b)) T < p+¢" < 2m; and (c)
2 < p+ @" < 3.
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2. Reshape the binary link By B to a triangular plate ByBF. (Similar to Type
A mechanisms, the choice of point F' determines the amplification factor

and the orientation of the output curve.)

3. Create a four-bar parallelogram BCGF by adding two binary links CG
and GF.

4. Reshape link F'G to a triangular plate FGE such that AFGE is identical
to AB()BF .

Note that, Type B mechanisms belong to Watt-I mechanisms and their link

lengths are related by:

BoF = FE =nByB, BF =CG=GE =mByB, and FG = B,B (3.48)

3.4 Characteristics of Six-Bar Mechanisms

with Symmetrical Coupler Curve

3.4.1 Six-Bar Linkages with an Embedded Regular Pan-
tograph

Although Types A and B mechanisms with an embedded regular pantograph
are different in structure, the characteristics of their transmission angles and

coupler curves are identical to each other.

(a)Transmission Angle

Referring to the mechanisms shown in Fig. 3.7 or 3.8, the transmission angles

of the four-bar linkage and the embedded regular pantograph are denoted as p
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and v, respectively. Although the singular condition 2 of such mechanisms can
be avoided as long as u and v are kept between 0 and T, it is desirable to keep
both of them as close to 7/2 as possible. Thus, both transmission angles x and

v should be constrained:

E< U< T—E€ (3.49)

E<Vy<T—¢ (3.50)

where € is the minimum transmission angle for a mechanism to possess good force
transmission characteristics. Usually, ¢ = 45° is assumed for both the four-bar
linkage and the embedded regular pantograph.

According to Figs. 3.7 and 3.8, it is observed that the transmission angle v of
the embedded pantograph is determined by both the four-bar transmission angle
w and the coupler plate angle ZABG (or ¢). Since 0 < u < 7 and 0 < ¢ < 2,
we have 0 < p + ¢ < 37m. Referring to the mechanisms in Figs. 3.7(a), (b) or

(c), the transmission angle v can be expressed as

U+ 0, forO<pu+o<n
v=42n—(u+¢), form<pu+¢<2n (3.51)

(u+ @) —2m, for2r < p+¢ < 3w
With the substitution of Eq. (3.51) into Eq. (3.50) and after simplification yields
(i) e—d<pu<m—e—9, forO<pu+o<n

(i) et(r—¢)<pu<m—e+(mr—¢), forr<p+od<2r (3.52)
(i) e+Cr—@)<pu<rm—e+2r—¢), for2r < p+¢ < 3w

In order to satisfy both Eqs. (3.49) and (3.52), the transmission angle u must

2 A singular condition refers to the condition when y or v is equal to 0 or 7.
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fall in one of the following ranges:

(i) e<pu<m—e—¢, forO<pu+o<n

(iia) e+(mr—@d)<pu<m—e¢ forr<p+d<2randn—¢>0 (3.53)
(iib) e<p<m—e+(n—9¢), forn<p+¢d<2rand7T—¢<0

(i) e+Q@r—9¢)<pu<m—e¢ for2r<p+¢<3r

Comparing the admissible range of u in Eq. (3.53) for a six-bar mechanism
with an embedded regular pantograph with that in Eq. (3.49) for a four-bar
mechanism, we observe that the admissible ranges of y for the four-bar linkages
have been reduced by an amount of ¢, |(7—¢)|, and (27 —¢) for cases (i) through

(iii), respectively. Such a reduction in the range of u may be considered as a

significant design limitation.

(b) Coupler-Point Curve

The coupler curve of a six-bar mechanism with an embedded regular panto-

graph satisfies the following theorem.

Theorem 3.3 Referring to the siz-bar mechanisms in Fig. 8.7 or 8.8, the am-
plified coupler curve generated by point E is bounded between two concentric
circles centered at By and with radii of (BoE)a=o and (BoE)e=r, where

(i) (BoE)a=r > (BoE)a=0, if O0<pu+¢<mor2r <pu+¢ <3m, or

(i) (BoE)a=0 > (BoE)a=r, if m™<p+¢<2m.

Proof
Referring to Fig. 3.7(b), BoFE can be obtained by applying the cosine law to
AByEF,

BoE = /2 ByF (1 — cosv)'/? (3.54)
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Since cos v is a monotonically decreasing function within the range of 0 < v < ,
the maximum and minimum of BoF occur at v = vy, and v = vy, respectively.

(i) For 0 < pu+¢ < wor 2m < g+ ¢ < 37, we observe from Eq. (3.51)
that the maximum and minimum values of v follow that of x. Hence, vy, and
[hmax OCCUr at & = T; Vpin and pmin occur at o« = 0. This, in turn, indicates
that (ByE)a=r and (BoE)a=o are the longest and the shortest distances between
points E and By for « € [0, 27].

(i) Similarly, for 7 < p+ ¢ < 27w we observe from Eq. (3.51) that the
maximum value of v follows the minimum value of x and vice versa. Hence,
Vmax and pimin occur at o = 0; vpmin and pmax occur at oo = 7. This indicates
that (BoE)a=o and (BoE)a=r are the longest and the shortest distances between
points Eland B, for a € [0, 27].

From (i) and (ii), we conclude that the entire coupler curve is bounded be-

tween two concentric circles centered at By and with radii of (BoE),_, and

(BoE) ., respectively. (QFD)

3.4.2 Six-Bar Linkages with an Embedded Skew Panto-
graph

For this class of six-bar mechanisms, the transmission angle characteristics
between Type A and B mechanisms are different, while the characteristics of

their coupler curves remain identical to each other.

(a) Transmission Angle of Type A Mechanism

Referring to Type A mechanisms shown in Fig. 3.10, the transmission angles

of the four-bar linkage and the embedded skew pantograph are denoted as p and
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FIGURE 3.12: Coupler curve at C is rotated about point By through an angle 1),
at point E: (a) clockwise rotation (a = +1) and (b) counter-clockwise rotation

(a=-1)

v', respectively. Similar to the six-bar mechanisms with an embedded regular

pantograph, these transmission angles should be constrained:

eE<pu<T—E€ (3.55)

e<vi<m—e (3.56)

Referring to Fig. 3.12, the value of transmission angle v’ of the embedded
skew pantograph is determined by both p and the coupler plate angle ZABG.
The value of ZABG depends on the angle /ABC and the relative orientation
angle between B? and B_Oﬁ (or Bﬁ) For instance, if the orientation of lﬁ

is achieved by rotating the vector Boﬁ clockwise about By through an angle 1,
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as shown in Fig. 3.12(a), then ZABG = LABC + LCBG = ¢ +1,. Otherwise, if
the orientation of B_O}—% is achieved by rotating the vector Eoﬁ counter-clockwise
about By through an angle 1, as shown in Fig. 3.12(b), then ZABG = LABC —
(GBC = ¢ — 1. Hence, denoting ZABG as ¢’ yields

¢'=¢+ayy (3.57)

where ¢ = £ 1. Note that, the coupler curve at E is obtained by rotating the
curve at C clockwise or counter-clockwise about point By through an angle 1,
according to a = 1 or a = —1. (see Figs. 3.12(a) and (b))

Since0 < p<mand 0 < ¢ <27, wehave 0 < p+ ¢ +ah, < 3T+ a1y or
0 < p+¢' < 31+ arp,. Referring to the mechanisms in Figs. 3.10(a), (b) or

(c), the transmission angle v’ of the embedded pantograph can be expressed as

w9, forO<pu+¢' <
vVi=¢ or—(u+¢'), form<p+¢' <2 (3.58)
(u+¢')—2m, for2r < p+¢’' <3m
Note that, since the condition y + ¢’ > 37 is not desirable, such a condition is
not considered. Substituting Eq. (3.58) into (3.56) and satisfying Eq. (3.55), the

transmission angle p of Type A mechanisms must fall in either of the following

ranges:
i) e<p<m—e—¢, forO<p+¢' <7
(lia) e+ (m—@ ) <p<7T—F¢, f0r7r<u+¢’<27rand7r—¢’20(359)
(iib) e<pu<m—e+(r—¢'), forr<p+¢'<2randm—¢'<0
(iii) e+@Cr—9¢)<p<m—e¢ for2m<pu+¢’' <3m

Eq. (3.59) shows that, when compared with a four-bar linkage, the admissible

range of u for Type A mechanism is reduced by an amount of ¢', |(7 — ¢')],
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and (27 — ¢') for ranges (i) through (iii), respectively. Since ¢' = ¢ + a1, and
a = £1, the admissible range of y for a mechanism with an embedded skew
pantograph is larger than that with an embedded regular pantograph, if the
value of a is selected as —1, +1, —1, and +1 for cases (i), (iia), (iib), and (iii),

respectively.

(b) Transmission Angle of Type B Mechanism

Referring to Type B mechanisms shown in Fig. 3.11, the transmission angle
v" of the embedded skew pantograph can be expressed as
u+ o, forO<pu+9¢" <
v'=9 2 — (u+¢"), form<p+e¢" <2rm (3.60)
(u+¢")—2r, for2nr < p+¢" <3m

where
¢" = ¢ —ayh —ath (3.61)

and ¢ = +1. Note that, for the mechanisms in Fig. 3.11, we have a = +1.

For this type of mechanisms, since ¢” = ¢ — a9y — at), and a = %1, the
admissible range of u for a mechanism with an embedded skew pantograph will
be larger than that with an embedded regular pantograph, if the value of a is

properly selected.

(c) Coupler-Point Curve

Referring to Type A mechanism as shown in Fig. 3.10, the distance between

the fixed point By and the output point E can be written as

BoE = V2 BoF [1 — cos(/B,FE)]*/? (3.62)
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where 0 < /ByF'E < w. Since /ByFE can be written as

—aty, forO< p+o¢'<n
(ByFE =v'+ +atyy, form < pu+¢' <2n (3.63)

—atpy, for2r <p+¢’' <37

Substituting Eq. (3.58) into (3.63) yields

w+ o, forO<pu+¢' <
LByFE=S 2n—(u+¢), form<pu+¢'<2r (3.64)

(b+ @) —2m, for2mr < pu+¢'<3w

In Eq. (3.64), it is possible that the maximum value of /By FE is greater than
7 and the minimum value of /ByFE is less than 0. Hence, the maximum and
minimum values of ByE may not occur at the crank angle & = 0 or o = .
Therefore, Theorem 3.3 no longer holds for Type A six-bar mechanisms with an
embedded skew pantograph. Similarly, it can be shown that Theorem 3.3 does

not hold for Type B mechanisms.

3.4.3 Example Mechanism

To demonstrate the slenderness of the new class of six-bar mechanisms, an
example mechanism from this class is illustrated and compared with a four-bar
linkage with the same coupler curve.

Fig. 3.13(a) shows a six-bar mechanism with an embedded skew pantograph.

Since this mechanism is designed with AB = ByB = BC, point C traces a sym-
metrical coupler-point curve while crank AgA rotates about the fixed pivot Ag.
By using the additional dyad BoFFGE to form an embedded skew pantograph,

the coupler curve at point C is amplified by a factor of n = ByF/ByB and is
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FIGURE 3.13: An identical coupler curve generated by (a) a six-bar mechanism

with an embedded skew pantograph (b) a four-bar linkage

rotated clockwise about point By through an angle of ZGFE. Fig. 3.13(b) shows
a four-bar linkage which generates a coupler curve identical to that of the six-bar
mechanism. For the purpose of comparison, two X-Y reference coordinate sys-
tems with their Y-axes pointing downward along the line of symmetry and with
their origins located at joint By are defined in Figs. 3.13(a) and (b). It is clear
that, when an identical curve is traced, the six-bar linkage shown in Fig. 3.13(a)
is more compact than the four-bar mechanism shown in Fig. 3.13(b). Such
a compactness is important in many applications, especially for a multi-legged

walking machine where the interference between adjacent legs is crucial.
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FIGURE 3.14: Eight-bar compound linkage

3.5 An Eight-Bar Compound Mechanism

An eight-bar compound mechanism consisting of a symmetrical four-bar link-
age A9 — ABC — By and a regular pantograph CDEFGH is shown in Fig. 3.14.
For this compound mechanism, one end of the pantograph is connected to and
driven by the coupler point C of a four-bar linkage, while the other end of the
pantograph, point D, is fixed for walking on a flat ground. Therefore, the motion
at point C' provided by rotation of the crank is amplified through the pantograph
by a factor of (—n) at the foot-point E, where n = FH/CH and the negative
sign refers to the inverted shape of the curves at points E and C.

The differences between an eight-bar compound mechanism and a six-bar

linkage with an embedded pantograph (for both regular and skew pantograph)

are: (i) the compound mechanism amplifies the upper portion of the basic four-
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bar coupler curve as the propelling path, while the six-bar linkage amplifies the
lower portion of the coupler curve as the propelling path; (ii) the transmission
angles p and v of the four-bar linkage and the pantograph in a compound eight-
bar mechanism are independent of each other, while the transmission angles
p and v (or v’ in case of skew pantograph) of a six-bar linkage discussed in
Section 3.4 are related to each other by the angle ¢ (or ¢’ in case of skew
pantograph).

Since dXg/da = —n(dXc/da) and dYg/da = —n(dYg/da), the crank
torque for this compound mechanism can be obtained as

dX¢ dYe

o T fgfyw) (3.65)

T =n(ferx

where f,rx and fyyv are the same as those in Egs. (3.40) and (3.41) except for

replacing X¢ and Yo by Xg and Yz, respectively.

3.6 Summary

In this chapter, all the admissible leg mechanisms obtained in Chapter 2 are
examined for the feasibility of generating a symmetrical foot-point path.

For the symmetrical four-bar linkage, the coordinates of the foot point are
formulated, the guidelines to prevent double point(s) are derived, and the equa-
tion for the crank torque is obtained. The relation between the coupler angle ¢
and the condition used to select the propelling and non-propelling portions of a
foot-point path is also established.

A new class of six-bar mechanisms which are capable of generating relatively
large symmetrical coupler curves at their output points is presented. For this

class of mechanisms, the four-bar linkage generates a symmetrical coupler curve
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which is then amplified via an embedded regular or skew pantograph to a de-
sired size. As such, the analysis or synthesis of these mechanisms can be easily
performed beginning with the four-bar linkage and followed by the pantograph.
It is shown that the six-bar mechanisms in this class can be constructed in
two different types (or structures). For those mechanisms with an embedded
regular pantograph, both types of mechanisms are subject to the same transmis-
sion angle constraints. However, for those mechanisms with an embedded skew
pantograph, the two types of mechanisms yield different transmission charac-
teristics. The characteristics of the six-bar coupler curves are also investigated.
Because of the different characteristics, six-bar mechanisms with an embedded
skew pantograph are shown to exhibit better design flexibility.

Finally, an eight-bar compound mechanism consisting of a four-bar linkage

and a pantograph is discussed.
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Chapter 4

Optimization-Based Dimensional Synthesis of

Leg Mechanisms

Optimization-based dimensional synthesis of a leg mechanism can be benefi-
cial in reducing the actuating force and torque and making the leg mechanism
slender, while a set of design specifications are met. Based on this approach, can-
didate four-, six-, and eight-bar mechanisms with symmetrical coupler curves are
studied. ’

In Section 4.1, several dimensional synthesis methods used in the design of
mechanisms are reviewed. In Section 4.2, an overall optimization-based model
and the solution tool are described. The design objectives and design specifica-
tions are defined and the optimization software is briefly explained. Following
that, a brief description of the admissible mechanisms, and the assumptions used
in the optimization models are given. Then, the four-, six-, and eight-bar mech-
anisms are investigated in Sections 4.3, 4.4, and 4.5, respectively. For each of the
three mechanisms, two types of legs mechanisms, with and without adjustable
pivots, are studied. Their results are compared and discussed in Section 4.6.

Finally, spring elements are added for further reduction of the actuating forces
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and torques.

4.1 Literature Review

Dimensional synthesis is to obtain all the necessary design variables defining
the geometry of a mechanism, while certain motion requirements are satisfied.
Among the various dimensional synthesis problems, the input-output function
generation, coupler path generation, and rigid-body guidance are the most inten-
sively studied in the literature. The methodologies used for solving these three
problems can be categorized as the precision point synthesis and the approximate
synthesis.

The precision point synthesis is to synthesize a mechanism such that the
foot path will pass through a number of pre-specified positions or points. Gen-
erally, in this approach, the maximum number of precision points depends on
the number of design variables associated with the mechanism of interest. If
the number of equations generated by the precision points is less than that of
the design variables, a designer is free to choose the values of certain design
variables. Early work related to precision point synthesis includes Freudenstein
(1961), Roth and Freudenstein (1963), Roth (1967), Suh and Radcliffe (1967),
and McLarnan (1963). More references can be found in Thompson (1975). While
precision-point synthesis approach is well suited for certain mechanisms, this ap-
proach has several drawbacks. First, although the synthesized mechanism does
pass through all the precision points, this technique has no control over the struc-
tural errors between any two successive precision points. Secondly, this approach

is usually restricted by the number of precision points (or design specifications).
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Furthermore, as the number of precision points increases, the synthesis prob-
lem becomes very nonlinear and extremely difficult to solve. For example, a
maximum number of nine prescribed coupler points is allowed for synthesizing
a planar four-bar linkage. However, because the nine-coupler-point synthesis
problem is highly nonlinear and highly singular (Tsai and Lu, 1990), an at-
tempt to synthesize such a four-bar linkage may not necessarily be successful.
These shortcomings call for an alternative approach known as the approximate
synthesis technique.

Since the approximate synthesis technique allows a designer to choose more
precision points than that allowed by the precision point synthesis technique,
it becomes an error minimization problem. In this method, an error function
based on the difference between the generated and desired precision points is
constructed. As the error function is minimized with respective to the design
variables, an optimum linkage is obtained. Consequently, the approximate syn-
thesis returns a better distribution of the error between the synthesized and
desired paths over the entire range. The most widely used approximate synthe-
sis technique is the least-squares method. Han (1966) employed the least square
approach for the planar coupler curve synthesis, while Tull and Lewis (1968)
used the least square method to solve a spatial synthesis problem. Arkhras and
Angeles (1990) and Bhatia and Bagciad (1977) adopted this approach for a pla-
nar rigid-body guidance problem, while Sutherland and Roth (1974) formulated
an iterative algorithm to solve the function generation problem. Sarkisyan et
al. (1972) developed a least-squares method which could be regarded as a gen-
eralization of the classical Burmester theory to an unlimited number of design

points. Their results were applied to both rigid-body guidance and function
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generation problems.

The above mentioned studies are based on the kinematic synthesis alone.
For many applications, however, the effect of external loads, in addition to the
motion specifications, is crucial to the performance of a mechanism. Hence, the
interactions between a mechanism and its environment should also be considered.
With the inclusion of static loads into the classical dimensional synthesis tech-
niques for mechanisms, Huang and Roth (1993; 1994) successfully synthesized a
planar and a spatial mechanism to satisfy both the force and motion conditions
for several pre-specified positions. Essentially, their approach is based on the
so-called precision point theory.

Although the above mentioned approaches can be used to synthesize certain
mechanisms, they are not suited for the mechanism design considered in this
thesis. Here, it is desired to simultaneously minimize several design objectives:
the crank torque, actuating force and the leg size. In addition, a number of
design specifications (or constraints) have to be accommodated in the design
process. Hence, the dimensional synthesis of such mechanisms is formulated as

a constrained multi-objective optimization problem.

4.2 Overall Optimization Model and Tool

4.2.1 Design Objectives

For our leg mechanism design, three design objectives are simultaneously
considered in the model. They are to minimize: (i) the peak crank torque,
(ii) the maximum actuating force for an entire propelling portion, and (iii) the

mechanism size.
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4.2.2 Design Specifications

Based on the desired performance of a six-legged walking robot under study
at the University of Maryland, the design specifications of the leg mechanism

are given as follows:

1. A horizontal stride (s) of 0.3 m and a vertical lift (s,) of 0.2 m are desired
for the back-and-forth and the up-and-down motions, respectively. This

means a working area of 0.3 m by 0.2 m is desired.

2. Based on the worst walking condition that a walking machine may en-

counter, the largest vertical reaction force on the foot point of a single leg

is estimated to be 890 N (200 Ib).

3. The maximum walking speed of the machine is designed to be 0.3 m/sec
(or 1 ft/sec). This is equivalent to a rotational speed of 30 rpm for the

crank.

4. The propelling and non-propelling portions of the foot-point path should
not intersect each other. In addition, the foot-point path height is required
to be no less than 0.03 m so that a small obstacle on the ground can be

avoided without the need of activating the second-DOF motion.

5. In order to obtain a better force transmission within the leg mechanism,
the transmission angles of any four-bar loop should fall between 45 and

135 degrees.

6. To avoid the lower limb of a leg to bump into the ground, the orientation
angle between the lower limb and the ground is constrained to be no less

than 20 degrees.
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4.2.3 Optimization Tool

Optimization-based dimensional synthesis of a mechanism with a number of
design objectives subject to several constraints can be formulated as a con-
strained multi-objective optimization problem. An interactive optimization-
based design software package called Consol-Optcad (Fan et al., 1990) is used to
solve the optimization problem.

Consol-Optcad implements a methodology developed by Nye and Tits (1986)
and an optimization algorithm based on FSQP (Feasible Sequential Quadratic
Programming) which is described and analyzed by Panier and Tits (1993), Bon-
nans et al. (1992), and Zhou and Tits (1993). The Consol-Optcad methodology
allows for three qualitatively different types of design specifications. An objective
is a specification of a quantity that should be minimized or maximized. A hard
constraint is a specification of a quantity that must achieve a specified thresh-
old or the corresponding design has no or little value. A soft constraint is a
specification of a quantity that should achieve or at least approach a specified
threshold, however, a small violation is acceptable. A mathematical meaning
is given to the optimization problem by means of good and bad values assigned
by the designer to each objective and soft constraint, according to the following
uniform satisfaction/dissatisfaction rule: having any of the various objectives or
soft constraints achieve its corresponding good value should provide the same
level of satisfaction to the designer, whereas having any of them achieve its bad
value should provide the same level of dissatisfaction. Also, the good value of
a soft constraint must be the corresponding threshold. Each objective and soft

constraint is scaled by Consol-Optcad using its good and bad values according
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to the formula:

rawvalue — good_value
scaled_value =

bad_value — good_value (4.1)

The resulting optimization problem is as follows: minimize the scaled objec-
tives (objr(x)) subject to scaled soft constraints on x (soft;(x) is non-positive)
and scaled hard constraints on x (hard;(x) is non-positive). The quantity x
represents an n-vector of design variables. In mathematical terms, one has to

solve

min obji(x) Vk
subject to soft;(x) <0 Vi (4.2)
hard;(x) <0 Vj

Functional objectives and functional constraints are handled whereby some quan-
tity that depends on some free variables must be made small or large for all values
of these free variables in their given ranges. Similar to ordinary (nonfunctional)
specifications, these can be objectives, hard constraints, or soft constraints. They
are normalized according to user-specified good and bad curves (i.e., functions

of the free variables) according to the formula

raw_value(w) — good_value(w)

scale_value(w) (4.3)

~ ‘bad_value(w) — goodvalue(w)

where w represents the free variables. For example, in the design of a leg mech-
anism, while link lengths are the design variables, the crank angle is considered
as a free variable.

Consol-Optcad first constructs a vector of design variables x that satisfies all
the hard constraints (phase 1). Then a minimax optimization is performed on all

scaled objectives and soft constraints, subject to satisfying the hard constraints

77




(phase 2). Finally, if and when all the scaled objectives and soft constraints
become negative (i.e., all good values are achieved), Consol-Optcad performs
a minimax optimization on all objectives subject to satisfying all constraints
(phase 3). Typically most of the optimization run and user interaction will take
place in phase 2 or 3.

Throughout this chapter, we shall use the notation H to specify the threshold

for hard constraint functions.

4.2.4 Mechanisms to be Synthesized

As shown in Fig. 4.1, three one-DOF planar mechanisms, each with an ad-
justable pivot, are selected for optimization. While rotation of the cranks of these
mechanisms provides the back-and-forth motion at the foot point, displacement
of their adjustable pivots provide the up-and-down motion.

Fig. 4.1 (a) shows a crank-and-rocker type four-bar mechanism with point
By as the adjustable pivot. Fig. 4.1 (b) shows a Stephenson-III type six-bar
mechanism with points By of link 4 and Fy of link 5 coincide. For this mecha-
nism, either By or Fy, or both of them can be considered as the adjustable pivot.
Although the class of six-bar mechanisms with an embedded skew-pantograph
can form a Watt-I, or Stephenson-II, or Stephenson-III type mechanism as dis-
cussed previously, Stephenson-III type mechanism is chosen for further study
because it has one more base-connected pivot than the other two. Fig. 4.1 (c)
shows a compound eight-bar mechanism consisting of a four-bar linkage and a
pantograph. Point Fj is the adjustable pivot. Basically, all three mechanisms are
designed such that each generates either a symmetrical four-bar coupler curve

or an amplified symmetrical four-bar coupler curve at the foot point. Note that
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(a) Four-bar (b) Six-bar (S-III) (c) Eight-bar

FIGURE 4.1: Mechanisms to be synthesized (a) symmetrical four-bar mechanism
(b) six-bar mechanism with an embedded skew-pantograph (c) eight-bar compound

mechanism

it is possible for the mechanisms shown in Fig. 4.1 to generate a symmetrical
delta-shaped (A-shaped) coupler curve. If such a delta-shaped curve has a suf-
ficient height for a leg mechanism to step over obstacles, designing such a leg
mechanism with an adjustable pivot becomes unnecessary. Hence, each of the
three mechanisms shown in Fig. 4.1, can be divided into two types. Type I
mechanisms, without an adjustable pivot, generate a delta-shaped path, while
Type II mechanisms, with an adjustable pivot, generate a narrow ovoid path.

For the mechanisms to be synthesized, the following assumptions are made:

1. No transmission loss between the input and output ends of the mechanisms,

i.e., no frictions in the joints.

2. Throughout the entire walking cycle, the vertical reaction force acting on
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the foot point by the ground is constant and is equal to 890 N. (Since
this value is estimated as the largest reaction force ever encountered, this
assumption simplifies the synthesis process and makes the design a conser-

vative one.)

3. Since fast locomotion is not expected for a machine walking on a rough
terrain, the up-and-down motion of a leg mechanism can be relatively
slow. (This assumption reduces the coupling effects between the first- and
second-DOF motions substantially. Hence, the dynamic effects due to the

coupling is neglected.)

4. Inertia forces are ignored due to their relatively small values compared to

the ground reaction force on the foot point.

4.3 Optimization of Four-Bar Leg Mechanisms

4.3.1 Mechanism Description
(a) Type I Mechanism

Fig. 4.2 shows a four-bar Type I mechanism. This mechanism features a
symmetrical coupler path with a large path height, h, at its foot point. Having
such a foot-point path, rotation of the input link (crank) not only provides the
back-and-forth motion, but also enables the robot to step over obstacles.

For convenience, an X-Y reference coordinate system with its Y-axis point-
ing downward in the direction of the symmetrical axis m and with its origin

O located at joint By is defined in Fig. 4.2. In our design, this four-bar mech-

anism is proportioned such that AB = ByB = BC' and the angle between the
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FIGURE 4.2: Four-bar Type | mechanism

symmetrical axis Y (or m) and the four-bar linkage baseline BO—AS is equal
to ¢/2, where ¢ = LABC. As a result, the coupler curve is symmetric. The
distance between the two extreme positions of point C which are symmetrical
about the Y-axis, is referred to as the horizontal stride. Note that the horizontal
stride should not be shorter than the desired stride length s,, as shown in Fig.

4.2,

(b) Type II Mechanism

Type II mechanism is similar to the mechanism shown in Fig. 4.2 except for
the following differences. First, Type I mechanism does not have an adjustable
pivot, while Type II mechanism has. Second, the foot-point path height of

Type I mechanism is large, while that of Type II mechanism is not. Since the
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Link 2
Ao (Crank)

FIGURE 4.3: Four-bar Type Il mechanism (with point By as the adjustable pivot)

mechanism shown in Fig. 4.2 has only two supporting pivots Ay and By, pivot
By is used as an adjustable pivot. Fig. 4.3 shows a Type II mechanism where
point By can be adjusted between two end positions O and O'.

For this type of mechanism, linear motion of the adjustable pivot between
the two end positions O and O’ provides the up-and-down motion, while rotation
of the crank about the fixed pivot Ay provides the back-and-forth motion on the
foot point C. The maximum stroke of the up-and-down motion is defined as the

vertical lift s, as shown in Fig. 4.3.

4.3.2 Optimization Model
(a) Type I Mechanism

Since Type I mechanism as shown in Fig. 4.2 is a one-DOF mechanism,

crank angle « is the only free variable. However, Type II mechanism shown in
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Fig. 4.3 is two-DOF mechanisms, and hence it includes two free variables, crank

angle o and the adjustable pivot displacement, in the model.

(a) Design Variables

Referring to Fig. 4.2, four design variables, link lengths z; through z3 and
angles ¢, are required for Type I mechanism. In addition to the four variables,

two additional design variables, d,,4, and G, are required for Type II mechanism

(see Fig. 4.3).

(b) Objective Functions

Three design objectives are simultaneously considered for Type II mecha-
nisms. They are to minimize (i) the peak crank torque and (ii) the maximum
actuating force for the entire propelling portion and (iii) the leg size at a partic-
ular configuration. For each of the design objectives (i) and (ii), two functions
are considered: one is calculated at the normal configuration (i.e., § = 0), while
the other is calculated at the extreme configuration (i.e., § = 0pgz). This is
because both quantities at the normal configuration are different from those at
the extreme configuration. However, for simplicity, the size of the leg is only
calculated at the configuration as shown in Fig. 4.2. Therefore, four functional
and one simple objective functions are included in the model. For Type I mech-
anism, since the ground reaction force at pivot By is not of interest, only two
design objectives are simultaneously considered. They are to minimize: (i) the
peak crank torque and (ii) the leg size.

Objective 1: Minimizing peak crank torque. Since it is assumed that

transmission loss between the input crank and the output foot point is negligible,
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the input and output powers are equal:

do dX, C d YC

Td_t = fsoxw + fsoyw (4.4)

Rearranging Eq. (4.4) results in functional objectives for both types of mecha-

nisms as

FOl:= T =—fosx22 — fooy®le, Va€eR,d=0 (1) w3

F02:= T =—fosx 22 — fosv e, V€ Ry, 6 =0mge (1)
where the first derivatives of X¢ and Y¢ can be found in Appendix B. Note that,
in Eq. (4.5), expression (I, II) indicates that FO1 is applicable for both Type I
and II mechanisms, while expression (II) means that FO2 is only valid for Type
I mechanism. Thus, such expression will be used for the sake of convenience
hereafter.

Hence, the first design objective for Type I mechanism is min {F01}, while

first and second design objectives for Type II mechanism are min {FO1} and
min {F02}, respectively.

Objective 2: Minimizing vertical actuating force.

Using the free-body diagram method, we obtain the following equations:

fis = fuzepyn (4.6)
fos. = —f43— 16 (4.7)
T = A()A (eAOA X f23) (48)

where

_ _(—m (eAC X f06) -k
f43 N W (eAB X eBOB) -k (49)

where e represents an unit vector, k is an unit vector perpendicular to the plane

of the linkage, and ‘x’ means the cross product of two vectors. Note that, since
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Eq. (4.8) is an alternative way of calculating the value of the crank torque, it can
be used to validate the values of the functional objectives FO1 and F02 obtained
from Eqgs. (4.5) and (4.5). Since point By is adjusted between points O and (',
the actuating force on point By can be obtained as the projection of force f;3 on
the direction of O_O)’ , Hence, two functional objectives are obtained,

F03:= fi3-e00,, Va€R, 6=0 (I1)

FO4:= fi3-e00, Vo€ Ry 6=0n (IT)

(4.10)

Hence, our third and fourth design objectives are: min {F03} and min {F04},
respectively.

Objective 3: Minimizing leg size. For both types of mechanisms, the leg

size is only calculated at the configuration shown in Fig. 4.2. At this particular
configuration, point By is at point O and point C is at the center of the propelling

portion. Hence, the leg height L, can be written as,
Ly =Yclgea, (4.11)
and the width of leg mechanism, L,,, is defined as

L, = max(Xp| Xp,) — min(X 4| Xa,) (4.12)

a=0oc’ a=ac’

Normalizing the rectangular leg size with respect to a pre-specified walking area

(sysp) yields

L 6=0 (LI (4.13)

SySh

Therefore, this design objective is: min {o1}.

(c) Constraint Functions

The mechanism constraint functions are referred to the constraints imposed

on the geometry of the linkage and the shape of the foot-point path.
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Stride length. The horizontal stride is defined as the distance between the

two extreme positions where dX¢/da = 0. Due to symmetry, the corresponding
crank angles at these two positions are denoted as a = @, and o = —a, (see

Fig. 4.2). As a result, X¢|,_,, — Xc| = 2X¢|4—,,- Hence, the constraint

a=—0Q¢

on the stride length is

2Xc|,_
= % >Hey, for6=0 (I, II) (4.14)
h

Cl:

Since the foot-path stride should be no smaller than the pre-specified stride
length s, the threshold Hg; is set to be one.

Vertical Lift. The vertical lift s, is defined as the maximum change of the

foot point C' in the Y —direction due to the adjustment of pivot By as shown in

Fig. 4.3. Therefore,

Yeloea. 60 — YClaca.. 6=
¢2 iz ¥elazac, 50 = Yolazay, smtne, | >He (ID) (4.15)
Sh
where || - || returns the absolute value of the inside quantity. Here, the value of

Heo is set to be 2/3.

Foot-path height. The foot-path height b, is defined as the distance be-

tween the two intersection points of the symmetrical Y — axis and the foot-point
path as shown in Fig. 4.2. Hence, the constraint of the foot-path height can be

written as

_ ¥olaca, = Yelazr—a.l
Sh

C3:

> Hes (I, 10) (4.16)

For Type I mechanism, since the foot-point path provides the back-and-forth
as well as the up-and-down motion of the leg mechanism, the height of the
foot-point path should be higher than a pre-specified vertical lift (s, = 2/3s3).

Therefore, the value of Hgp is set to be 0.8. However, for Type II mechanism,
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a large foot-path height is not necessary and hence the value of Hes is set to be
0.1.

Four-bar transmission angle. The transmission angle of the four-bar mech-

anism changes as a result of the adjustment of point By. Therefore, the trans-
mission angle should be calculated at both extreme positions. Here, at § = 0,

we have

C4:= fiin = 28in"}(Z&=8) > Hey, for6=0 (I, 1I
b ) 2 Hos (4. 10 (4.17)
Ch = fhmax = 2sin_1(%1'—fl) <Hg, ford=0 (I,]II)

Similarly, at § = dnax, We have

CO:= fimin = 28in~1(Z2=2) > Heg, for 6 = Gpay (11
g (557 2 Hos (1) (4.18)

C7T:= pmax = 2Sin_1(z_2ﬂl) < Her, for 0 = dmax (H)

where z's = AyO'. In order to achieve efficient force transmission in the four-bar
linkage, the transmission angle should not deviate too much from 7 /2. Hence,
the values of Hgy and Heg are chosen to be 45 degrees, while those of Hes and
Her are selected to be 135 degrees. Note that under this constraint the Grashof
criteria for the four-bar linkage are automatically satisfied.

Orientation angle of the lowest link. In order to prevent link 3 from

bumping into the ground, the orientation angle of link 3 must be constrained:

FCl := ”030 - 7T/2|| < Hpcy, Vo, =0 (I’ H) (4.19)
FC2 := ”030 - 7T/2|| < Hrco, Va, 0 = Omaz (II)

where both values of Hrg; and Hpgs are set to be 70 degrees, i.e., the angle between

the lowest link and the ground has to keep at least 20 degrees.
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Design | Initial Optimized Values

Vaiables | Values | Type I Mechanism | Type II Mechanism
z1 (m) 0.05 0.134 0.080

z2 (m) 0.20 0.410 0.290

z3 (m) 0.25 0.294 0.274

¢ (rad) 3 2.768 2.359
maz (m) 0 N/A 0.135

B (rad) 0 N/A -1.65

TABLE 4.1: Initial and optimized design variables

4.3.3 Results and Discussion

The optimization was carried out based on the design specifications outlined
in Section 4.2.2 and the assumption of a flat walking terrain. Here, optimization-
based dimensional syntheses of the four-bar Type I and II mechanisms are per-
formed. For these two types of mechanisms, the initial and optimized leg di-
mensions are shown in Table 4.1, while the values of the optimized objective
functions are listed in Table 4.2.

Figs. 4.4(a) shows the initial and optimized Type I mechanisms and their
foot-point paths. The optimized design shows a A—shaped foot-point path fea-
turing a large path height, enabling a leg mechanism to step over obstacles. We
note that the horizontal stride of the optimized path is larger than the the pre-
specified value, 0.3 m, while the path height is identical to the specified value of
0.24 m. This indicates that, for this optimized mechanism, the path height con-

straint is more crucial than the horizontal stride constraint. Fig. 4.4(b) shows an
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Objective Functions Typel | Type II

Peak crank torque (N-m) Tls=0 73.5 25.7
Peak crank torque (N-m) T 5260z N/A 60.6
Maximum actuating force(kN) | fals=0 N/A 1.36

Maximum actuating force(kN) | fol|s=6,.00 N/A 1.63

Normalized leg size 2.52 1.63

TABLE 4.2: Values of the optimized objective functions

optimized Type II mechanism with its adjustable pivot at two positions, § = 0
and 6 = dpax. For the case of § = 0, the major axis of the foot-point path lies
in the horizontal direction, while, for the case of § = djna«, the major axis of the
foot-point path tilts from the horizontal direction.

Fig. 4.5(a) shows the crank torque curves of both the initial and optimized
Type I mechanisms. We note that the peak crank torque of the optimized
mechanism is larger than that of the initial mechanism. Since the initial design
does not satisfy all the constraints, the initial design has a smaller crank torque.
This indicates that the required crank torque can be reduced, if some of the
constraints are relaxed. Fig. 4.5(b) shows the optimized crank torque curves
for Type II mechanism. As expected, the absolute value of the optimized crank
torque for the case of & = ., 1s much larger than that of § = 0.

As to the actuating force, since Type I mechanism is a one-DOF mechanism,
Fig. 4.6 only shows the actuating force of Type II mechanism. Again, the

actuating force at § = 0 is smaller than the required force at § = Jmax-
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FIGURE 4.4: Optimized four-bar mechanisms, (a) Type | and (b) Type Il
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FIGURE 4.5: Crank torque of the optimized four-bar mechanisms, (a) Type | and
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FIGURE 4.6: Actuating force of the optimized four-bar mechanism (Type II)
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4.4 Optimization of Six-Bar Leg Mechanisms

4.4.1 Mechanism Description
(a) Type I Mechanism

A planar one-DOF six-bar mechanism with an embedded skew-pantograph,
is shown in Fig. 4.7. This mechanism features a symmetrical foot-path with a
large path height no smaller than h, at its foot point. Having such a foot-point
path, rotation of the crank link not only produces the back-and-forth motion,
but it also enables a walking machine to step over obstacles.

For convenience, an X-Y reference coordinate system with its Y-axis pointing
downward in the direction of the symmetrical axis BTE) and with its origin O
located at joint By is defined in Fig. 4.7.

In this design, the base-connected four-bar loop AgAByB is selected such

%
that AB = ByB = BC and the angle between the symmetrical axis Y’ (or B—Oé)
—
and the four-bar linkage baseline ByAy is equal to ¢/2, where ¢ = LABC. By

reshaping the plate ABC to ABG and adding two links Fu F' and FGE in which

point Fy is at By, AFGE is identical to ABCG, and FoFF = FE = BG, a
skew-pantograph is constructed and embedded into the mechanism '. With this
embedded skew-pantograph connected to the four-bar linkage at the imaginary
coupler point C, the coupler curve is amplified by a factor of n, and rotated
by an angle of v, at point E. Here, n = FoF /BoB and ¢, = /GFE. Hence,
the angle /EByAp, between the symmetrical axis Eﬁ (i.e., Y—axis) and the

—
four-bar linkage baseline ByAy , is equal to ¢/2 + 1) (see Fig. 4.7).

1The construction of a six-bar mechanism with an embedded skew-pantograph is discussed

in details in Section 3.3.2.
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FIGURE 4.7: Type | of the six-bar mechanism
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On the foot-path, the distance between the two extreme positions, which are
symmetrical about the Y-axis, is referred to as the horizontal stride s, as shown

in Fig. 4.7.

(b) Type II Mechanism

Type II mechanism is essentially the same mechanism as that shown in Fig.
4.7 except for the following differences. First, Type I mechanism does not have
an adjustable pivot, but Type II has. Second, the foot-point path height of
Type I mechanism is large for a walking machine to step over obstacles, while
that of Type II mechanism is not. Since the mechanism shown in Fig. 4.7 has
two concentric pivots, By and Fy, either one or both of them can be used as an
adjustable pivot. Thus, we divide Type II mechanism into three sub-cases. Fig.
4.8(a) shows a Type II-A mechanism where pivot Fy of link 5 can be adjusted
between two end positions O and O’, while pivot By is fixed at the origin O of the
reference coordinate system. Fig. 4.8(b) shows a Type II-B mechanism where
pivot By can be adjusted between two end positions O and O', while pivot Fj is
fixed at the origin O of the reference coordinate system. Fig. 4.8(c) shows a Type
I1-C mechanism where both pivots By and Fj are adjusted together between two
end positions O and O' and hence considered as one adjustable pivot.

For these three sub-cases, linear motion of the adjustable pivot between the
two end positions O and O’ provides the up-and-down motion, while rotation of
the crank provides only the back-and-forth motion of point E. The maximum
stroke of the up-and-down motion for Type II-A, -B, and -C is defined as the
vertical lift s, as shown in Figs. 4.8(a), (b), and (c), respectively. It is noted

that, for Type II-A and -B mechanisms, as the adjustable pivot moves away from
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0'(8=0 max)

(a) Type II-A (b) Type 1I-B (c) Type I1-C

FIGURE 4.8: Six-bar leg mechanism: (a) Type II-A with point Fj as the adjustable
pivot; (b) Type II-B with point By as the adjustable pivot; (c) Type |I-C with both

points By and Fy as the adjustable pivot

position O, the foot-path loses its symmetry, while for Type II-C mechanism,
the foot-point path remains symmetrical regardlessly.

To avoid confusion, hereafter, positions O and O’ will be referred to as the
normal position and extreme position of the adjustable pivot, respectively. Ac-
cordingly, a mechanism configuration associated with these two positions are
referred to as the normal configuration and the extreme configuration, respec-

tively.
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4.4.2 Optimization Model

Referring to the Type I mechanism in Fig. 4.7, « is the only free variable
in the model, while referring to the Type II-A, -B, and -C mechanisms in Figs.

4.7(a), (b), and (c), respectively, & and § are their two free variables.

(a) Design Variables

Referring to Fig. 4.7, six design variables are required for Type I mechanism:
link lengths z; through z3, angles ¢ and 5, and the dimensionless amplification
factor n. In addition to these six variables, two additional design variables, 0,4
and (3, are required for Type II-A and II-B mechanisms, while only one additional

design variable, 04z, is required for Type II-C mechanism (see Fig. 4.8).

(b) Objective Functions

Similar to the arguments given for both types of the four-bar mechanisms,
there are five objective functions for each six-bar Type II mechanism and two
objective functions for a Type I mechanism.

Objective 1: minimizing peak crank torque. Providing that transmis-

sion loss between the input crank and the output foot point is negligible, we

have

FOl := T = — fyex SXE =& —fo o6y G da , Ve €R, 6=0 (I, II-A, II-B, II-C)(4'2

F02 := T =—fosx Z2 — fooy B2, Va € Ry, § = 0may  (II-A, 1I-B, I1-C)
Hence, the first design objective for Type I mechanism is min {F01}, while

first and second design objectives for Type II mechanism are m}gn {FO1} and

min {F02}, respectively.

Objective 2: Minimizing vertical actuating force.
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FIGURE 4.9: Free-body diagram analysis of links 2 through 6 for the six-bar

mechanism (applicable to both Type | and |l mechanisms)

The actuating forces at pivots By and Fy can be obtained via a free-body

diagram analysis of links 2 through 6 as shown in Fig. 4.9. Since both links 4

and 5 are two-force links, we have fi5 = f55 and f;4 = f43. Balancing the forces

and moments acting on links 2, 3, and 4 yields

fis = f56 = fse eror
f36 = —f36 — fos
fis = 3= fezep,n
fo3 = —f43+13
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T = A()A(GAOA Xf23) (425)

where

_ @ (eGE X fOG) -k
fse = CF (ear X omp) K (4.26)

_ X@ (eAG X f36) -k
f43 - E (eAB x eBOB) . k (427)

where e represents an unit vector, k is an unit vector perpendicular to the plane
of the linkage, and ‘X’ means the cross product of two vectors. Note that, since
Eq. (4.25) is an alternative way of calculating the value of the crank torque, it
can be used to check the values of the functional objectives FO1 and F02. Since
the adjustable pivot of Type II mechanism is adjusted between points O and
O', the actuating forces for Type II-A, II-B, and II-C mechanisms can be easily
obtained by projecting forces fsq, f;3, and (f56 + f13) on the direction of O—)O' ,

respectively. Hence, for Type II-A mechanism, two functional objectives are

F03:= fys-ep0, Va€e R, =0 (II-A) (4.28)
FO4 := fy5-eo0, Va € Ry, 0 =0pe (II-A)
If fs5 of Eqs. (4.28) and (4.28) is replaced by fi5 and (f5¢ + f43), the functional
objectives of Type 11-B and II-C mechanisms can be obtained, respectively. Note
that since Type I mechanism does not have an adjustable pivot, its actuating
force is not available. Hence, for Type II-A, II-B, and II-C mechanisms, the
third and fourth design objectives are: min {F03} and min {F04}, respectively.

Objective 3: minimizing leg size. Since the configuration of the leg mech-

anism changes as a function of the crank angle and the adjustable pivot location,
the problem of computing the leg size will become unnecessarily complex if it is
to be calculated at all configurations. For simplicity, the leg size is only calcu-

lated at the normal configuration (§ = 0) shown in Fig. 4.7, where point F is
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at the center of the propelling portion. At this particular configuration, a = .

and § = 0. Thus, the leg height L, is written as

Ly = Yg| (4.29)

a=qa;,0=0

and the width of leg mechanism, L,,, is defined as the difference between the X

coordinates of joint F' and A or Ay, i.e.
Lw = XFlazac,Jzo — min(XAo, XAla:ac,zS:O) (430)

Normalizing the rectangular leg size with respect to a pre-specified walking area
(sysh) yields

Lth
SySh

01:

(I, II-A, I1-B, II-C) (4.31)

Therefore, the last design objective for all types of mechanisms is: m’;m {01}.

(c) Constraint Functions

Stride length. The horizontal stride is defined as the distance between

the two extreme positions where dXg/da = 0. Due to symmetry, Xg|

Xgloe—q, = 2XE|,—,, - Hence, the constraint on the stride length is
2XE|,-
Cl:= 2Xblozq, > Hey, for 6 =0 (I, II-A, II-B, 1I-C) (4.32)
Sh

where the threshold H¢; is set to be one.

Vertical Lift. The vertical lift s, is defined as the maximum change of the

foot point F in the Y —direction due to the displacement of the adjustable pivot
as shown in Figs. 4.8(a), (b), and (c). In those figures, the crank links are held
at the angle of & = a,. Therefore, the vertical lift of the foot point is

Y|

C2 = a=Cc, =0 B YE|

Sh

a=ac, 5=6maz“ > Hey (II-A, II_B, II_C) (433)
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It is noted that this constraint is not available for Type I mechanism. Here, the
value of Hgy is set to be 0.667.

Foot-path height. The foot-path height h, is defined as the distance be-

tween the two intersection points of the Y —axis and the foot-point path as shown
in Fig. 4.7. The crank angle corresponding to the lower and upper point of in-
tersection are o, and 7 — o, 2. Hence, the constraint of the foot-path height can

be written as

_ Yelomq, — Yl
Sh

o3 a=m-%e > Yo, for 6 =0 (I, II-A, II-B, II-C)  (4.34)

As mentioned previously, the value of Hez for Type I mechanism set to be 0.8
and those for Type II-A, II-B, and II-C mechanisms are set to be 0.1.

Four-bar transmission angle. Referring to Fig. 4.7, since AB = ByB =

z3, the minimum and maximum transmission angles, fimin and fimax, of the basic

four-bar linkage can be written as

C4 = pin = 25in" Y (2 2Y > Hey, for 6 =0 (I, II-A, II-B, II-C) (4.35)
€T3
. —1,%2 + 21
C5 := fimax = 28in™ ( " ) < Hgs, for 6 =0 (I, II-A, II-B, II-C) (4.36)
3

Since the motion of the adjustable pivots of Type II-B and II-C mechanisms
changes the characteristics of the basic four-bar linkage, additional transmission

angle constraints are imposed:

I —
C6 = i = 25in~ (22 . 1) > Heg, for § = 6pmes (II-B, I1-C) (4.37)
3
!
C7T = fimax = 2sin 1 (22 I“’l) <Her, for6=0bpee (II-B, TI-C) (4.38)
3

where 7’5 = AyO’. Here, the values of Hgy and Heg are chosen to be 45 degrees,

while those of Hes and Hgy are selected to be 135 degrees.

2See Section 3.1.3 (b), &, can be either 0 or .
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Skew-Pantograph transmission angle. A skew-pantograph becomes sin-

gular when links Fy ' and F'G are aligned, i.e., AFyF'G collapses to a straight
line. The singularity of a pantograph is avoided as long as AFyF'G remains a
bona fide triangle throughout a full crank cycle. To achieve this, the transmis-
sion angle /Fu F'G should not deviate too much from 7/2. Hence, when ¢ = 0,
the minimum and maximum transmission angles of the skew-pantograph, C8 and

C9, are

8 = v'. >Heg, for =0 (I, II-A, II-B, II-C) (4.39)

min

C9 = v, <Hg, for 6 =0 (I, II-A, II-B, II-C) (4.40)
and, when 6 = dpax,

C10 := V;'nin Z ch, for 6 = 6max (II—C) (441)

Cll := v! < Heis, for 6 = 5max (II—C) (442)

max

Note that C10 and C11 are considered only for Type II-C because points Fy, F,
G, B, and By of Type II-A and II-B mechanisms do not form a parallelogram
when & # 0 (see Fig. 4.8). The definition of v’ can be found in Eq. (3.58) of
Section 3.4.2. Again, the values of Heg and Hgyp are chosen to be 45 degrees,
while those of Hgg and Hgq; are chosen to be 135 degrees.

Orientation angle of the lowest link. In order to prevent link 6 (lowest

limb) from bumping into the ground, the orientation of link 6 must be con-
strained. Since it is desired to have the orientation of link 6 to be as close to

7/2 as possible, we let

FCl := |l0FE - 7!'/2” < Hpcl, Va, 6=0 (I, H—A, II—B, H—C)
FC2 := ||9FE — 71'/2” S HFCQ, VOZ, (5 = 6ma,x (II-A, II—-B, II—C)

(4.43)
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where both Hrc; and Hpeo values are set to be 70 degrees, i.e., the minimum angle
between the lowest limb and the ground is 20 degrees.

Constraints on the Extreme Position O’ Referring to Type II-A mecha-

nism in Fig. 4.8(a), in order to avoid the singular condition, the extreme position
O’ should be constrained in a way that AGF F, remains a triangle at all times.

Thus, we have

(GF)? + (FFy)? — (GFy)?
2(GF)(FFy)

FC3 := cos | ] <Hpes, Vo, 6 = 0pmee (II-A) (4.44)

Based on the same reason, AG BB of Type II-B mechanism shown in Fig. 4.8(b)

must remain a triangle at all times. Thus,

(GB)? + (BBy)? — (GB,)?

FC3 := cos ™| 2(GB)(BB,)

] < HFCS, ‘v’a, 0= 6ma:1: (H-B) (445)

Here, the value of Hpcs is set as 160 degrees.

4.4.3 Results and Discussion

Similar to the synthesis of four-bar mechanisms, the optimization of six-
bar mechanisms was carried out based on the design specifications outlined in
section 4.2.2 and the assumption of a flat walking terrain.

For Type I and II mechanisms, leg dimensions of the initial and optimized
mechanism are shown in Table 4.3, While the values of the optimized objective
functions are listed in Table 4.4. Fig. 4.10(a) shows the initial and optimized
Type I mechanisms. The optimized mechanism features a A—shaped foot-point
path with a large path height. The mechanism size is substantially smaller after
the optimization. Figs. 4.10(b), (c), and (d) show optimized Type II-A, -B, and

-C mechanisms, respectively. For each optimized mechanism, two configurations
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Design | Initial Optimized Values

Type 1 Type II Mechanism

Variables | Values | Mechanism | II-A II-B II-C

(m 0.050 0.062 0.017 | 0.044 | 0.045

il )
z2 (m) 0.200 0.216 0.146 | 0.237 | 0.224
z3 (m)

(m 0.250 0.145 0.168 | 0.252 | 0.233

¢ (rad) 3 2.410 | 2.650 | 2.527 | 2.498

o (rad) | 0.094 0.476 0.491 | 0.630 | 1.249

n 3 2.766 3.845 | 1.616 | 3.163

B (rad) 0 N/A | 0.790 | -0.768 | -0.486

Smag (m) | 0.000 N/A  |0.182| 0.131 | 0.156

TABLE 4.3: Initial and optimized values of the design variables

are shown: one is at 6 = 0 and the other is at § = dpax. At § = Omay, the
major axis of the foot-point path of Type II-A mechanism remains close to
the horizontal direction, while those of Types II-B and II-C tilt away from the
horizontal direction. However, among the three, Type II-A mechanism has the
largest size and its crank is too small to be considered as a practical design.

Figs. 4.11(a), (b), (c), and (d) show the crank torque curves for Type I and
three Type II mechanisms, respectively. Fig. 4.11 shows that Type I mechanism
has the largest crank torque, followed by Type 1I-B, II-C, and then II-A. For the
three Type II mechanisms, the peak crank torques at 6 = 6.« are larger than
those at 6 = 0.

Figs. 4.12(a), (b), and (c) show the actuating force for Type II-A, II-B, and

II-C mechanism, respectively. In general, the actuating forces at § = Opayx is
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Objective Type 1 Type IT Mechanism

Functions Mechanism | II-A | II-B | II-C
Peak crank torque (N-m) T's=0 72.3 17.0 1 20.3 | 21.0
Peak crank torque (N-m) T|5=bmaz N/A 394 | 67.3 | 534
Maximum actuating force (kN) | fq|s5=0 N/A 0.42 | 0.98 | 1.05
Maximum actuating force (kN) | fols=s,n0z N/A 201|235 1.79
Normalized leg size 2.34 3.33 | 235 | 1.79

TABLE 4.4: Values of the optimized objective functions

larger than that at § = 0. Again, Type II-A mechanism has the smallest, while
Type II-B mechanism has the largest actuating force.

In summary, we conclude that, among the type II mechanisms, II-A mecha-
nism has several advantages over the other two cases in terms of the foot-point
path, crank torque, and actuating force. However, the shortcoming of Type II-A

mechanism is that it has the largest mechanism size and smallest crank size.

4.5 Synthesis of an Eight-Bar Leg Mechanism

4.5.1 Mechanism Description
(a) Type I Mechanism

A planar one-DOF compound mechanism composed of a four-bar linkage
AyABB, and a pantograph CFGHF, is shown in Fig. 4.13. This mechanism is
referred to as Type I mechanism. For this mechanism, one end of the pantograph

is driven by the four-bar coupler point C, while the other end Fj is fixed at the
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base. Since this mechanism is able to generate a foot-point path large enough
for the leg mechanism to step over obstacle, rotation of the crank provides a
back-and-forth motion as well as an up-and-down motion of the foot point E.
For convenience, an X-Y reference coordinate system with its Y-axis pointing
downward in the direction of m and with its origin located at joint B is
defined in Fig. 4.13.

In our design, the four-bar linkage is selected such that AB = BC = ByB
and the angle between the symmetric axis m and the four-bar linkage baseline
m is equal to ¢/2, where ¢ = /ABC. It is well known (Hartenberg and
Denavit, 1964) that, for this type of four-bar linkage, the coupler curve traced by
point C is symmetrical about the axis E()?o . The pantograph, which is connected
to the four-bar linkage at point C, reproduces and amplifies the coupler curve by
a factor of (—x5/x4) at the foot-point E. The negative sign refers to the inverted
shape of the curve generated by point E as compared to that generated by point
C. For simplicity, the amplification factor (z5/z4) is denoted as n hereafter.

In this design, the height of the path p, as shown in Fig. 4.13 has to be larger
than the vertical lift s, required by the design specifications. The distance be-
tween the two extreme positions of the foot-point path at E, where dXg/da = 0,
is referred to as the horizontal stride. Note that the horizontal stride must be

no smaller than the desired stride s, as shown in Fig. 4.13.

(b) Type II Mechanism

Fig. 4.14 shows a Type II compound mechanism. This mechanism is identical
to that shown in Fig. 4.13, except for the fact that joint Fy of Type IT mechanism

is an adjustable pivot. Thus, Type II mechanism is a two-DOF mechanism. For
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this mechanism, rotation of the crank provides only the back-and-forth motion,
while linear motion of point Fy provides the up-and-down motion of the foot
point E. As shown in Fig. 4.14, when joint Fj is held at its middle position (i.e.,
§ = 0), the foot-point path traced by E will be at the mid-level of the walking
area. By adjusting joint Fy to the positions where § = —6pax and 6 = dmax,
the foot path will be at the upper and lower levels of the walking area. The
difference between these two levels is referred to the vertical stride s, as shown
in Fig. 4.14. Similar to Type I mechanism, the horizontal stride must be no

smaller than the desired stride sy, as shown in Fig. 4.14.
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4.5.2 Optimization Model (Type II Mechanism)

Since the optimization model for Type I mechanism can be easily obtained

from that of Type II mechanism, we only present the latter one in this section.

(a) Design Variable

Referring to Figs. 4.13 and 4.14, six independent design variables, link
lengths z; through z5 and the coupler angle ¢, are included in this model. Crank
angle a and joint Fy displacement 4 are the two free variables. Note that, since

the quantity dmax is related to the vertical stride s, by
Omax = Sv/2(1 + n), (4.46)

quantity dnax is not considered as a design variable.

(b) Objective Functions

Three design objectives are simultaneously considered in the optimization
model: minimize (i) the peak crank torque, (ii) the vertical actuating force at
joint Fy, and (iii) the leg size.

Objective 1: Minimizing peak crank torque. Assuming that the trans-

mission loss between the input crank and the output foot point is negligible, we

have a functional objective

. dXg dYy
FOl:=T = — fosx dor fosy da Va e R,p (447)

where dXg/da and dYg/da can be found in Chapter 3. Note that the location of
the slider does not effect the crank torque. Here, we minimize the crank torque

by assuming that the slider is held at its mid-range position. We believe that
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this is a reasonable approach, since the slider will be held at this position most of
the time during normal walking. Thus our first design objective is: min {F01}.

Objective 2: Minimizing vertical actuating force. Since the vertical ac-

tuating force fo1y at joint Fp is related to the ground reaction force fysy by a

factor of —(1 + n),

01 := f91Y — —(1 + ’I’L)fogy (448)

Hence our second design objective is : m}g’n {01}. We note that the vertical
actuating force, fo1y, is not a function of the slider position nor that of the
crank angle a.

Objective 3: minimizing leg size. As previously stated, for simplicity,

the leg size is only calculated at the central configuration shown in Fig. 4.14,
where point E is at the middle of the propelling portion and joint Fy at the mid-
dle of its vertical operating range, i.e., d = 0. At this particular configuration,
the crank angle « is taken to be 7. 3 Since the pantograph as shown in Fig. 4.14
has its two links CG = GFE and the transmission angle of the pantograph at the

normal configuration is selected to be 7 /2, the leg height L; can be derived as,
Ly = (BoE)amr = Yoy + V2(z4 + 25) (4.49)

(See Chapter 3 for the formulation of Y¢) The width L, of leg mechanism is

defined as the maximum X coordinate of joint A or G, i.e.

Lw = ma:X(XAlazﬂyXG'Ia:w)

= max{(z; + x3) sin(¢/2), V2(zs + z5)/2] (4.50)

34 could be taken to be zero as well.
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Normalizing the leg size with respect to a pre-specified walking area. (sysp) yields

YC,a:w + \/§(£E4 + xs)]maX(XAlazﬂ" XG|a=1r)
SySh

O2:=[

(4.51)

Therefore, the third design objective is: min {02}.

(c) Constraint Functions

There are six simple constraints and three functional constraints in the model.
Note that the vertical stride is not considered as a constraint function, because it
is indirectly handled by the constraints imposed on the pantograph transmission
angle.

Stride length. The horizontal stride is defined as the distance between the

two extreme horizontal positions of the foot-point E where dXg/da = 0 (see
Fig. 4.14). The corresponding crank angles at these two positions are denoted
as @ = o, and o = —a,, respectively. The angle ¢, is obtained numerically by

setting dXg/da = 0. Due to symmetry, the constraint on the stride length is

2Xg|,_
= 2Xplama, > Hey. (4.52)
Sh

Cl:

Normally the threshold He; is 1 since the foot-path stride should be no less than
a pre-specified stride length sj.
Foot-path height. The height of the foot path is the difference between the

Y coordinate of the foot-point E at « = 0 and o =,

_ Yoly—p — Vol
Sh

C2:

a=0 > g, (4.53)

where the value of Hg, is positive.

Four-bar transmission angle. Since AB = ByB = z3, the minimum and

maximum transmission angles, C3 and C4, of the four-bar linkage, can be written
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as

€3 = 2sin7 (2 > Hey (4.54)
2.’IJ3

¢4 = 2sin (B2 < g, (4.55)
21133

To achieve efficient force transmission in the four-bar linkage, the transmission
angle should not deviate too much from /2. Here, Hez and Hey are chosen such
that (7/2 — He3) = (Hea — 7/2). Note that under this constraint the Grashof
criteria for the four-bar linkage are automatically satisfied.

Pantograph transmission angle. The pantograph becomes singular when

all its links are aligned, i.e., ACGE collapses to a straight line. The singularity of
a pantograph is avoided as long as ACGFE remains a bona fide triangle through-
out a full crank cycle. Again, to achieve this, the transmission angle /CGE
should not deviate too much from 7/2. Hence, the minimum and maximum

transmission angles of the pantograph, C5 and C6, are

_ 2(1134 + 935)2 — l2 :
c5 = ! min] > 4.56
cos™ [ 2(x4+x5)2 ] > Hes ( )
2 22
C6 = cos”![ (s + 25) 5| < Heg (4.57)
2(154 + .’IJ5)

where lpin = (CFE)g=04= and lpax = (CF)gzo, 5=6ms, (referring to Fig. 4.14)

_Jmax
are the minimum and maximum distances of CE, respectively. The thresholds
Hes and Heg are chosen such that (m/2 — Hes) = (Hge — 7/2).

Links 7 and 8 orientation angles. In order to prevent link 7 from inter-

fering with the four-bar linkage or link 8 from bumping into the ground, the orien-
tations of these two links must be constrained. Since the link lengths CG = GE,

the minimum and maximum angles of g are equal to those of m — ;. Therefore
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constraints imposed on s would be enough,

FCl: = ||6s—7/2|| <Hpc;, Va€Rp 6§=—bma (4.58)

FC2: = ||08 - 7'{'/2“ S HFCQ, Va e Rp, 0= 5rna.x (459)

Note that, the functional constraints FC1 and FC2 are calculated at the upper
most and lower most level of the walking area, respectively.

Second derivatives of Yg. Since the propelling portion of the foot path

should be always below the non-propelling portion within the entire stride length,

it is desirable to have a concave foot path for the propelling portion, i.e.

d
FC3 = T2 > Hpez, @ € [0, 7] (4.60)

where Hpcg is set to zero. Note that, due to symmetry, Eq. (4.60) only calculates

d?Yg/da? over one-half of the propelling portion.

4.5.3 Results and Discussion

Fig. 4.15(a) shows the initial and optimized Type I mechanisms. The opti-
mized mechanism features an inverted A—shaped foot-point path. Such a path
does not provide a leg mechanism the capability to step over an obstacle. In
addition, it makes a machine hopping up and down when walking. Thus, this
type of mechanism is not desirable. Although there is no mathematical proof,
it is observed that the propelling portion of the foot-path produced by this type
of mechanism tends not to approximate a straight line if a large ratio between
the path height and the stride length (i.e., h,/sp) is required. In this model,
hy/sn = 0.8 is used. It is also observed that, although numerical results are

not shown here, when the ratio h,/s, decreases to certain value, the propelling
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FIGURE 4.15: Initial and optimized eight-bar mechanisms, (a) Type |, and (b)

Type |l

portion of Type I mechanism can be flat. This indicates that in order to achieve
a large path height with a flat propelling path, the stride length of the foot path
have to be much larger than is needed. This, consequently, will make the size of
the leg bulky. Therefore, eight-bar Type I mechanism is not unacceptable as a
leg design if a large path height is needed.

On the contrary, Fig. 4.15(b) shows an optimized Type II mechanism which
does not feature such an undesired path. Instead, Type II mechanism generates
a foot-point path featuring a flat propelling portion. From that figure, the path
height is obviously small. In addition, from the structure view point, Type II
mechanism shows a proper ratio between the sizes of the four-bar linkage and
the pantograph, while Type I mechanism has a small four-bar linkage with a

comparatively large pantograph.
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Type |, and (b) Type Il

Figs. 4.16(a) and (b) shows the crank torque curves of Type I and II mecha-
nisms, respectively. Since the crank torque of Type II mechanism remains con-
stant regardless of the position of the adjustable pivot Fj, only one optimized
crank torque curve is shown. As expected from the discussion on the foot-point
path, the peak crank torque of the optimized Type I mechanism is not only
higher than Type II mechanism, but also higher than the initial mechanism.

Based on the above discussion, if a large up-and-down motion is required,
we conclude that the eight-bar Type II mechanism is acceptable, while Type I
mechanism is unacceptable, as a leg design, if a large path height is required by
its design specification.

For these two types of eight-bar mechanisms, Table 4.5 shows the initial and
optimized leg dimensions, while Table 4.6 shows the values of the optimized
objective functions. Note that, since the actuating force of Type II mechanism

is proportional to (1 + n), it is not a function of the crank angle.
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Design | Initial Optimized Values
Variables | Values | Type I Mechanism | Type II Mechanism
z1 (m) 0.03 0.010 0.041
Z2 (m) 0.14 0.026 0.178
z3 (m) 0.12 0.021 0.156
Z4 (m) 0.15 0.030 0.112
z5 (m) 0.30 0.463 0.234
¢ (rad) 3.0 2.768 2.140
TABLE 4.5: Initial and optimized design variables
Objective Functions Type I Mechanism | Type II Mechanism
Peak crank torque (N-m) T 79.8 7.93
Maximum actuating force(kN) | fosy N/A 2.75
Normalized leg size 2.79 2.14

TABLE 4.6: Values of the optimized objective functions

4.6 Remarks on Types I and II of the Four-,
Six-, and Eight-Bar Mechanisms

For Type I mechanism (i.e., mechanism without an adjustable pivot), eight-
bar mechanism is unacceptable because of its inverted A—shaped foot-point
path (see Fig. 4.15(a)). Although both the four- and six-bar Type I mechanisms
have similar leg sizes and peak crank torque values, the six-bar mechanism is
considered to be better than the four-bar mechanism because of the slenderness

of the six-bar mechanism. It is worth noting that, for this type of mechanism,
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the constraint imposed on the path height are the most crucial constraint. Due
to the large path height, the peak crank torque is normally higher than that of
Type II mechanism.

Among various Type II mechanisms (i.e., mechanisms with an adjustable
pivot), eight-bar mechanism has advantages over the other two mechanisms.
The eight-bar Type II mechanism has a small peak crank torque and a compact
size compared to the other two mechanisms. Also, as the pivot is adjusted, the
eight-bar mechanism always generates a symmetrical foot-point path. Such a
feature makes the peak crank torque independent of Fj position. For the other
two mechanisms, the peak crank torques increase as the adjustable pivot moves
away from the initial § = 0 position. Moreover, the eight-bar mechanism features
an actuating system for which the up-and-down and the back-and-forth motions
can be independently controlled.

Although the six-bar Type I mechanism and the eight-bar Type II mecha-
nism have some essential differences in the mechanism structure, we may com-
pare them in general as follows. The six-bar Type I mechanism has fewer links.
Since it is a one-DOF mechanism, it requires only one motor for each leg? to pro-
vide both back-and-forth, and up-and-down motions. This substantially reduces
the overall body weight, which in turn reduces the crank torque requirement.
However, Type I six-bar mechanism is less flexible than the eight-bar Type II
mechanism. In addition, for walking on a flat ground, the six-bar Type I mecha-
nism hops up-and-down more than the eight-bar Type II mechanism. Moreover,
the size of the six-bar Type I is larger than the eight-bar Type II mechanism.

The choice between the six-bar Type I and eight-bar Type II mechanism thus

4Motor for the turning motion is not counted.
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depends on the application.

It is note that the above comparison is based on the results yielded from the
multi-objective optimization models formulated according to the user-specified
good and bad values of the objective functions and the constraint thresholds
defined by the design specifications. Should any of those pre-specified values
change, the optimization results may vary. In addition, it is also noted that
the results obtained from the optimization models are not global optima. This
implies that the changes of the initial conditions (or initial guesses) may result

in local optima other than those presented in this chapter.

4.7 Mechanisms with Spring Elements for Force
Reduction

Since a large actuator will make the walking machine heavy and this in turn
results in high load at the foot point, it is desirable to further reduce the already
optimized torque and force obtained from the previous section. For this reason,
light weight passive elements such as springs are considered. Among a variety
of springs, tension springs are selected for their ease of attachment.

Spring elements have been used in leg mechanism both to store kinetic en-
ergy (Alexander, 1990; Dhandapani and Ogot, 1994) and to reduce actuating
forces (Shin and Streit, 1993). Shin and Streit (1993) developed a two-phase
equilibrator which was connected to two legs and switched its configuration be-
tween the two walking phases, the propelling and returning phases. While such
an equilibrator allows a significant reduction in actuating forces, the additional

mechanism associated to it requires a complicated control algorithm even for flat
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terrain walking. In order to keep the leg mechanism and control algorithm sim-
ple, we reduce the actuating force and torque by directly placing spring elements
on the mechanism.

Since there is no general guideline for mounting springs to a leg mechanism,
the spring placement configuration should take the advantage of some of the spe-
cial features of a mechanism. For our leg mechanism, symmetry is a significant
feature. Thus, all of the springs are arranged in such a way that the actuator
force and crank torque are reduced in a symmetric manner.

Since the eight-bar compound mechanism with an adjustable pivot (Type II)
is judged to be the most suitable mechanism, a study of spring placement is per-
formed on this mechanism. In this section, three possible spring configurations
as shown in Fig. 4.17 are presented for further reduction of the actuating force
and torque.

To demonstrate the concept, we apply a second-stage optimization from
which the spring size and the attachment points are determined for further re-
duction of the vertical actuating force and crank torque for the entire walking
cycle or path. This is in contrast to the approach used by Matthew and Tesar
(1977a; 1977b) who developed a formulation to meet external force/torque at a

finite number of points along a path.

4.7.1 Configurations of Spring Placements

(a) Configuration I

Fig. 4.17(a) shows two springs attached on the leg mechanism. Spring k;
(k, is the spring constant) is connected at points C and C”. Point C’ lies on the

axis of symmetry BgFy and point C' is the coupler point of the four-bar. Spring
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FIGURE 4.17: Three proposed spring configurations
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ko is attached onto the pantograph at G’ and F’, where point G’ lies on link F'G
and point F' lies on link FyF. As a result, the crank torque is reduced by both
springs, while the vertical actuating force at point Fj is reduced by spring k-
alone.

Without the springs, when the mechanism is subject to a force fyg, the pan-
tograph will be under compression, i.e., points C and F tend to approach each
other, while the coupler point C' of the four-bar linkage tends to move away from
its base point By. After the springs are attached on the mechanism, spring k;
will pull the coupler point C toward the base point By and spring k, will extend
the pantograph. Because of this, force acting on the coupler point C is affected
by both springs, resulting in a reduced crank torque. As to the pantograph, a
reduced actuating force at point Fj is obtained due to the fact that the compres-
sive force from the ground is partially balanced by the tension force from spring
ks.

Applying the principle of virtual work (see details in Appendix D), we obtain

the crank torque as

dX
T =[nfosx + (kik1 — k2/€2)Xc]d—aC
dYe
+nfosy + ki1 (Yo — 51) + koke (YR, — Yo) = (4.61)

where n = z5/z4, k1 = (1 — lo1/l), and Ky = (S21820/74%)(1 — loz/l2). The
coefficients of the dX¢/da and dYe/da in Eq. (4.61) are respectively the X-
and Y- forces at joint C. Note that in Eq. (4.61), fosy is always negative, while
kik1(Yo — s1) and koko(Yrm, — Y¢) are always positive. Therefore, the crank

torque can be substantially reduced as long as the term (k;x;1 — koks) is kept at
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a small value. The vertical actuating force at point Fj is

fosy = —(1 +n) fosy — kak2(Yr, — Yo). (4.62)

Note that the right hand side of Eq. (4.62) is the difference of two positive
quantities (since fogy is negative).

It can be seen from Eq. (4.61) that the resultant crank torque is affected by
both springs. This implies that there are restrictions in the selection of springs,
because of their coupling effect on crank torque. Note that in this configuration,
an additional reaction force in the X- direction at point Fy is introduced by

spring ks, which will increase the frictional force of the slider at point Fj.

(b)Configuration II

Fig. 4.17(b) shows an alternative arrangement of the springs. Spring k; is
attached at points C and C' identical to that shown for the first configuration,
while spring k3 is connected at points Fy and Fj, where point Fj lies on the
axis of symmetry ByFp. The crank torque T for this spring configuration, via a

formulation similar to that described in Appendix D, is given by

dX
T = (nfosx + kl"ClXC)TQ
a
dY;
Hnfosy + k(Yo = s1)]—= (4.63)
and the actuating force fosy is found to be
Josy = —(1 + n) fosy — ks[(s3 — Yr,) — los]- (4.64)

From Egs. (4.63) and (4.64), it is clear that the crank torque T depends only
on spring k, and the actuating force fosy is solely related to spring k3. Unlike

the first configuration, there is no coupling effect between these two springs.
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Moreover, k3 spring will not generate additional side force at point Fy. However,
one potential problem with this design is that the attachment point Fjj may come

too close to the ground.

(c) Configuration ITI

The third spring configuration, as shown in Fig. 4.17(c), consists of three
springs. Spring k, is attached to the pantograph at F’ and G’ in a manner iden-
tical to that of the first configuration. One end of two springs k4 are attached
at point C' at one ends, while the other ends are attached at C” and C", re-
spectively. Both C” and C", which are symmetric about the Y-axis, are located
on a horizontal line passing half way between the two extreme Y coordinates
of the coupler curve. Since the coupler point C does not change much in its YV’
coordinate (compared to the change in the X coordinate), the force generated
by springs k4 are mainly in the X-direction. Neglecting the Y-direction force

generated by springs k4, the crank torque T' is obtained as

dX
T = [nfosx + (kako — 2k4)XC]%9
dY
+[nfosy + kara(Yo — s1) d—ac (4.65)

and fosy is given by Eq. (4.62).

Note that, in this design, points C” and C" must be separated far enough
for the springs to remain in tension at all times. This may pose a problem in a
situation when the available space is limited. Similar to the second configuration,
springs k; and k4 are not coupled. Again, spring k; generates an additional

frictional force on the slider point Fj.
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4.7.2 Optimization Model

For the sizing and placement of the springs, an optimization-based model is
established. The model is comparably simpler than that for the leg mechanism
dimensions and again the software Consol-Optcad (Fan et al., 1990) is used.

The design variables for the three spring configurations include the distances
81, 821, S22, S3, and sy, the spring constants k; through k4, and their unstretched
(or free) lengths lo; through los. All of the design variables are assumed to be
positive, except s; which is allowed to be negative. Here, quantities s; and s3
are measured from point By along the Y-axis direction, while s5; and sy, are
measured from point F' along F’ﬁ) and 1_*"3, respectively, and the quantity s, is
defined as C"C™.

The design objectives of the second-stage optimization are the crank torque
T and the actuating force fosy, as described in the previous sections. The
constraints can be divided into two groups: constraints on the extension ratios
of the springs, and constraints on the location of the spring attachment points.
For each spring, two constraints on the extension ratio are imposed. For example,

spring k; has the following two constraints:

in(l

sc1 = min) Sy (4.66)
lo1
l

sC2 = malx(l) < Hsea. (4.67)
01

The quantity Hgcp, normally set to one, is the minimum extension ratio. The
quantity Hsca, depending on the spring characteristics, is the maximum extension
ratio. The stretched lengths [y and l; and their extreme values can be found in
Appendix D, while min(l3) = s3 — {Yg, + so/[2(1 +n)]}, max(ls) = s3 — {Yr, —

su/[2(1 +n)l}, min(ly) = 54/2 — Xp|,—,, and max(ly) = s4/2 + Xp| can be

a=agz
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easily obtained from Fig. 4.17. Here Yr, = Y¢l|,_, + V214, where Y, is the Y’
coordinate of the slider Fy when it is held at its middle position, and s, /[2(1+n)]
is one-half of the vertical displacement of the slider Fg.

As to the constraints on the locations of the spring attachment points, again

we take spring k; as an example:

SC3 = 81 ZHSC3 (468)

SC4 := s1 < Hgey (4.69)

where Hgez and Hgeq are the minimum and maximum values for s;, respectively.
Note that, for spring k,, it is desirable for the maxima of sy; and sg9 to be
smaller than that of z, and x5, respectively. Therefore, a second-stage opti-
mization model can be easily developed for each spring configuration using the

objective and constraint functions described in this section.

4.7.3 Results and Discussion

The second-stage optimization results are based on the following assump-
tions: (i) the maximum spring extension ratio for all springs is 30%; (ii) the
spring constants are not to exceed 50 kN/m; (iii) joint Fj is held at the middle
position while the crank torque and actuating force are computed for a full crank
cycle; and (iv) leg dimensions obtained from the optimized design in Table 4.5
are used for all three spring configurations.

The spring constants and their unstretched lengths for the three optimized
configurations are tabulated in Table 4.7, while the spring locations are listed in

Table 4.8. From these two tables, it can be observed that springs k, for the first
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Initial | Spring Configuration

Guess I II II1
lo1 (m) 0.1 |0.130 | 0.316 | N/A
lp2 (m) 0.1 |0.182 | N/A | 0.186
los (m) 0.1 N/A | 0.216 | N/A
log (m) 0.1 N/A | N/A | 0.500
k1 (kN/m) 0 29.5 | 10.2 | N/A
ko (kN/m) 0 50.0 | N/A | 50.0
k3 (kN/m) 0 N/A | 426 | N/A
k4 (KN/m) 0 N/A | N/A | 4838

TABLE 4.7: Design variables of the springs

configuration are shorter than for the second configuration, because spring k; in
the first configuration must provide a larger side force to cancel that generated
by spring ky. Springs ks used in the first and third configurations are attached
at almost the same positions, i.e., G’ and G coincide. The location of Fj for
spring ks, which is 0.548 meters below joint By, does not come too close to
the ground because the leg is about 0.8 meter long. Since s4 is about 0.576
meter (much larger than the width of the leg), there may not be enough room to
attach springs k4 for the third configuration. Table 4.9 shows the maximal crank
torques and actuating forces for the three alternative designs with and without
springs. As shown in Table 4.9, the actuating torque and force values for the
second configuration have been reduced to about one half of the values without
the springs.

From the above discussions, we conclude that the second spring configuration
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Initial | Spring Configuration

Guess I II II1

s1(m) 0 |0.150 | -0.100 | N/A

su(m) | 0.1 |0.017 | N/A |0.038

sp(m) | 0.1 |0.233 | N/A |0.233

s3(m) | 0.35 | N/A | 0.548 | N/A

s4(m) | 0.30 | N/A | N/A | 0.576

TABLE 4.8: Location variables of the springs

Without | Spring Configuration

Springs | I | 1II III

fosy (kN) 2.75 2.22 | 1.38 1.69

T (N-m) 7.93 6.44 | 4.01 4.92

TABLE 4.9: Actuating force and torque with and without springs

is the most promising design. For this configuration, Figs. 4.18(a) and 4.18(b)
show the reduction in crank torque and actuating force, respectively, for a full
walking cycle. While the crank torque and actuating force in the returning
portion have been increased, their largest (absolute) values over a full walking

cycle have been significantly reduced.

4.8 Summary

In this chapter, we present the results of an optimization-based dimensional

synthesis for the planar four-, six-, and eight-bar leg mechanisms. All mech-
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FIGURE 4.18: A comparison of actuating forces and torques: (a) Crank torque vs.

crank angle; (b) Actuating force vs. crank angle

anisms are investigated with and without an adjustable pivot. With the re-
quirements that all the design specifications (or constraints) be satisfied, these
leg mechanism dimensions are determined via multi-objective optimization with
three design goals: minimum leg size, minimum actuating force, and minimum
peak crank torque. As a result of the optimization-based methodology, it is
shown that these leg mechanisms can be synthesized without the need for a
prescribed coupler path.

By comparing the results of those synthesized mechanisms, we conclude that
six-bar mechanism without an adjustable pivot is most suitable for a one-DOF
leg with a compromise in flexibility. We also conclude that the eight-bar mech-
anism with an adjustable pivot is most suitable for a two-DOF leg design with
two perpendicularly decoupled actuating motions. The advantages and the dis-
advantages of these two mechanisms are also explored in details.

Finally, tension springs with three different attachment configurations are

proposed for the reduction of the actuating force and torque. We demonstrate
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that the actuating force and torque can be substantially reduced with the ap-

propriate attachment of tension springs onto the mechanism.
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Chapter 5

Conclusion

5.1 Summary

In this study, optimization-based dimensional synthesis of planar leg mech-
anisms featuring symmetrical foot-point paths are presented. These leg mech-
anisms are designed in such a way that a walking machine has the flexibility
required for walking on a rough terrain, while it can achieve fast locomotion,
remains easy to control, and requires minimum actuation torque for walking on
a flat ground.

In Chapter 2, a systematic methodology is used for the concept design of
a leg mechanism. Since the turning motion of a leg mechanism can be sep-
arated from the back-and-forth and the up-and-down motions, only two-DOF
planar leg mechanisms are considered. Furthermore, by temporarily excluding
the DOF associated with the up-and-down motion of a leg, only one-DOF pla-
nar mechanism is considered. In the search for admissible one-DOF planar leg
mechanism designs, some of the functional requirements of a leg mechanism are
transformed into a set of structural specifications from which all possible candi-

date mechanisms are enumerated. The remaining functional requirements and
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other design guidelines are included in a set of evaluation criteria from which
unwanted candidate mechanisms are screened out. Using this methodology, six
admissible leg mechanisms are obtained for further studies. These mechanisms
include one four-bar, four six-bar, and one eight-bar mechanisms as shown in
Figs. 2.7 (a), (b)-(e), and (f), respectively.

In Chapter 3, all admissible leg mechanisms that have the potential to gen-
erate a symmetrical foot-point path are studied. For the symmetrical four-bar
linkage, the coordinates of the foot point are formulated, the guidelines to prevent
double point(s) are derived, and the equation for the crank torque is obtained.
The relation between the coupler angle ¢ and the condition used to select the
propelling and non-propelling portions of the foot-point path is also established.
Based on a symmetrical four-bar mechanism, an eight-bar compound mechanism
consisting of a four-bar and a pantograph is constructed.

A new class of six-bar linkages with an embedded (skew-) pantograph is
introduced. Two types of such six-bar linkages are constructed, leading to the
admissible Watt-I and Stephenson-II and -III type mechanisms as shown in Figs.
2.7(b) through (e). For this class of six-bar mechanisms, design limitations
such as the reduction of the admissible range for the transmission angle u are
discussed. The foot-point path generated by such a class of mechanisms is proved
to be bounded inside two concentric circles.

In Chapter 4, the results of an optimization-based dimensional synthesis for
the planar four-, six-, and eight-bar leg mechanisms are presented. For the di-
mensional synthesis, each admissible mechanism is investigated with and without
an adjustable pivot. For those mechanisms with an adjustable pivot, one DOF is

used for normal walking to provide an ovoid path which emulates that of humans
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while the other (the motion of an adjustable pivot) is used only when necessary
to walk over obstacles. For those mechanisms without an adjustable pivot, the
sole DOF motion generates a large A-shaped path, which makes a leg mechanism
capable of performing both the up-and-down and the back-and-forth motions.
To exploit these to the fullest, a multi-objective optimization-based design for-
mulation is proposed to minimize the following three design objectives: (i) peak
crank torque, (ii) maximum actuating force, and (iii) leg size.

By comparing the results of the synthesized mechanisms, it is concluded that
six-bar mechanism without an adjustable pivot is most suitable for a one-DOF
leg. It is also conclude that the eight-bar mechanism with an adjustable pivot
is most suitable for a two-DOF leg design with two perpendicularly decoupled
actuating motions.

Finally, tension springs with three different attachment configurations are
added for the reduction of the actuating force and torque. It is demonstrated that
the actuating force and torque can be substantially reduced with the attachment

of tension springs to the mechanism.

5.2 Contributions of This Thesis

The major contributions of this thesis can be summarized as follows:

1. Introduction of a new class of six-bar linkages with an embedded (skew-)

pantograph which are capable of generating a symmetrical foot-point path:

(a) two types of such six-bar linkages are constructed, and

(b) design limitations, in terms of the transmission angle, are explored

and that foot-point path is shown to be bounded between two con-
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centric circles.
2. Investigation of a symmetrical four-bar coupler curve, in which

(a) guidelines to exclude double point(s) are derived, and
(b) conditions for selecting the propelling and non-propelling portions are

established.

3. Reduction of the actuating force/torque in a symmetric manner by adding

tension springs to an existing mechanism

4. Performance of a comparative study among the leg mechanisms with and

without an adjustable pivot.

5. Dimensional synthesis of the leg mechanism via a multiobjective optimiza-

tion model without the need of a prescribed coupler curve.

5.3 Recommendations for the Future Work

As an extension of this study, the following problems are recommended for

future investigation:

1. Some problems regarding a symmetrical four-bar coupler curve have not

been fully addressed:

(a) Referringto Fig. 3.1, it is well known that the sufficient condition for a
four-bar linkage to trace a symmetrical coupler-curve is BB = AB =
BC'. However, research for deriving a set of necessary conditions for a

four-bar linkage to generate a symmetrical coupler curve still remains
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unsolved. If this problem can be solved, potentially a new class of

four-bar linkages will be available for the design of leg mechanisms.

(b) Although a A—shaped curve can be obtained via an optimization
formulation, the necessary and sufficient conditions for producing such

a curve is not yet well understood.

(c) In the optimization procedure, it is observed that for the type I mech-
anisms (mechanisms without an adjustable pivot), the constraint on
the path height is always an active constraint, while that on the stride
length is not. The relation between these two quantities has not been

established yet and requires further explanation.

2. In this study, friction, inertia force, and the dynamic coupling effects are all
neglected. However, these effects can become important depending on the
type of application or environment that a walking machine is operating in.
Therefore, an extension of this study, not neglecting the above mentioned

effects is warranted.

3. An experimental verification of the results presented in this thesis should
provide additional insights for improvements in the leg designs studied

here.

4. Path planning and control of such a leg mechanism should be studied.
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Appendix A

Coefflicients of the Polynomial in Eq. (3.22)

(I) In Eq. (3.22), the coefficients, a;, ¢ = 1, ..., 6, of the sixth-degree polyno-

mial are:
as = —32z}xd — 322375 + 32233573 (A.2)

as = 24zt22 + 482313 + 242218 — 4823 x2a2 — 16sin®(¢/2) 231503
—48z%xix? — 16sin?(¢/2) 22572 + 16sin’(¢/2)z3 2325 (A.3)

a3 = —8ziwy — 242323 — 242225 — 8x12] + 2413 2,72

+16sin?(¢/2)x3 022 + 48221372 + 32sin’(¢p/2)z3 2323

+32sin?(¢/2)x3z322 + 24z 2502 + 16sin®(¢/2) 717523

—32sin(¢/2)x2zox — 32sin®(¢/2) 717575 (A.4)
ay = i+ 42322 + 622x5 + 4z 25 + 25 — 4232f — 4sin®(¢/2)z}x]
—1222x222 — 12sin?(p/2)z3 2322 — 32sin®(¢/2) 23575

~122, 7572 — 12sin2(¢/2)x1x§a:§ — 32sin®(¢/2)x3x322 — 4z57]
—4sin®(¢/2)x822 + 16sin’(¢/2)z2x5 + 32sin?(¢/2)T1 7575

+32sin?(p/2)z2 2325 4 16sin%(¢/2)z s (A.5)
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a1 = 8sin®(¢/2)zdz,x3 + 16sin’($/2)zi 375 + 8sin®(4/2)z; 2522
—32sin®(4/2)z3 7975 — 32sin?(¢/2)1 2525 (A.6)

ay = 16sin*(¢/2)xizix; (A7)

(II) If & is equal to 7, Eq. (3.22) degenerates into a third-degree polynomial

’

where its the coefficients, a;, i = 1, ..., 3, are:

a3 = 4227 (A.8)
ag = —433Ty — 42175 + 4112072 (A.9)
a; =13 + 21,75 + 75 — 47172 — dx27 (A.10)
ap = 471727 (A.11)

(A.12)

Note that, because Eq. (3.22) in case (I) has been rationized by squaring both
sides of the equation during the derivation, the degree of the equation in case

(I) is six, but that in case (II) is only three.
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Appendix B

First and Second Derivatives of Coupler-Point

C

From Egs. (3.18) and (3.19), we may rewrite the coordinate of the foot point
C as

Xe = zsin a(cos% + psin g) (B.1)
Yo = (z3— z1cosa)(cos g + psin g) (B.2)
where
p = (B (B3
¢ = z2+1) 217500502 (B.4)

The first derivatives of the coordinate with respect to a can be found as

o = z1[cos a cos( 2) + (pcosa + ., Sin @) sin( 5 )] (B.5)
dYc . dp
o = Xc + sin( 5 (@2 — 1 cos @) o (B.6)
and their second derivatives are
X ¢ dp . dp
- _ 4 w lla B.
T2 X¢ + 1 sin( 2)(2 cos @~ + sin ada2) (B.7)
Yy  dXe . bdp b d’p
i = da + x1 smasm(g)ﬁ + sm(i)(aa — 1 cos Q)W (B.8)
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The first and second derivatives of p are obtained as

ap

do ~4717973 sin(a)g 2" (B.9)
d*p - 4 2 —2 -1 14 . 9 _1 . _,dp B.10
Top = Ari223¢7p [— cos @ + 412, sin®(a)q ™" + sin(a)p - (B.10)

Therefore, the first and second derivatives of the coordinates of the coupler point
C can be obtained by substituting Egs. (B.1-B.4) and (B.9-B.10) into Egs. (B.5-
B.6) and (B.7-B.8), respectively.
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Appendix C

Three Six-bar Mechanisms with Symmetrical

Foot-Point Paths

C.1 Hain’s Mechanism

FIGURE C.1: Six-bar linkage using Hain's translation bar concept

Fig. C.1 shows the six-bar linkage invented by Hain (Dijksman, 1976) for

which any point on link EC' will trace an identical symmetrical curve as that
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traced by point C. Here is the procedure to construct Hain’s mechanism:

1. Construct a four-bar linkage Ay — ABC — B, such that AB = BC = BB,.

2. Stretch-rotate the four-bar linkage AgABB, about point A until point B
coincides with point C such that OF ACD ~ OAyABB;, as shown in Fig.
C.1.

3. Make triangle AgAF as a ternary link.

4. Construct a four-bar parallelogram CDFE and obliterate the redundant
dyad CDF.

Note that the Hain’s mechanism as shown in Fig. C.1 is not unique, other
curve-cognate mechanisms are possible see (Dijksman, 1976).

Since there are two common links shared by OFACD and OAyABB,, all the
corresponding links in these two four-bar linkages must have the same angular
velocity. Thus, the angular velocities of links FD, EC and AgB, (ground) are
all equal to zero. Hence, translation is the sole planar motion for link EFC, which
implies that all the points on link EC' will trace identical curves as point C, e.g.,

if point C traces a symmetrical curve, so does point E.

C.2 Dijksman’s Mechanism

Starting from a symmetrical arrangement of Kempe’s overconstrained focal
mechanism as shown in Fig. C.2(a), Dijksman (1980a; 1984) obtained a six-bar
mechanism, through the Robert’s law, to trace a symmetrical curve. Note that,
in the Kempe’s focal mechanism shown in Fig. C.2(a), point K is the mid-point

of link AB, point D is at one of the intersections of K A and half circle BDB,
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(c) (d)

FIGURE C.2: Six-bar cognate linkage derived from the Kempe's focal mecha-
nism. (a) Kempe's focal mechanism (b) First Robert's cognate linkage (c) Second

Robert’s cognate linkage (d) ‘Double-Roberts’ six-bar cognate linkage
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(whose diameter is BBy), and point C' is at one of the intersections of BB, and
half circle KCAj (whose diameter is K Aj). Dijksman’s six-bar mechanism is

constructed as follows:

1. Replace the four-bar trapezium Ay — AKB — By by its curve cognate
Ay — A'K B’ — By according to Robert’s law, see Fig. C.2(b). Points Ay, A,
and B have been substituted by Aj, A', and B’, respectively. Note that,
because K is at the mid-point of link AB, A’ is also at the mid-point of
link KB', As a result, the mechanism Ay — A’KB’ — By is a symmetrical

four-bar linkage.

2. Applying Robert’s law again, the four-bar K — BC' By — D is replaced by
its curve cognate K — B'ByC’— D', see Fig. C.2(c). Here, points D, C, and
B have been substituted by D', C', and B’, respectively. Note that since
the mid-point F' of link D'C” traces a circle about Aj (Dijksman, 1975),

the mechanism K — B'ByC’' — D' is also a symmetrical four-bar linkage.

3. Combine the two opposite symmetrical four-bar linkages into a six-bar
linkage, see C.2(d).
Consequently, the focal mechanism is replaced by a six-bar linkage in which both

ends of the floating link D’K trace four-bar symmetrical curves about axis Y.

Theorem C.1 Referring to the siz-bar linkage as shown in Fig. C.2(d), any
point P on the link D'K or its extension would trace a curve that is symmetrical

about azis Y.

Proof:
If a Cartesian coordinate system is attached to the six-bar linkage with its

origin at A} and its Y —axis on the axis of symmetry as shown in Fig. C.2(d), the
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coordinates of points D', K, and P can expressed as (Xp,Yp), (Xgk,Yx), and
(Xp,Yp), respectively, where Xp = aXp + (1 — a)Xg, Yp = a¥p + (1 — a)Yk
and a is a real number.

Assume D" and K’ are the symmetrical points of D’ and K with respect to
the axis of symmetry Y, respectively. As points D' and K move to D" and K’,
point P moves to P’. Since Xpr = —Xp and Xg» = — Xk, the X-coordinate of
point P’ becomes Xp = aXpr + (1 — a)Xg = —[aXp + (1 — a)Xk] = —Xp.
(QFD)

This theorem also shows that the curve generated by any point on link D'K

is a linear combination of the two four-bar symmetrical curves at D' and K.

C.3 Mechanisms Derived From Chebychev’s
Dyad

Referring to the six-bar linkage as shown in Fig. C.3, the dyad Dy — DCE

with the lengths DyD = DC = DE is a so-called Chebychev’s dyad.

Theorem C.2 Referring to the Chebychev’s dyad in Fig. C.3, if point C trace
a symmetrical curve about azis Yy on which the fixed pivot Dy s located, then

point E will trace a curve which is symmetrical about an azis Yy and the angle

from azis Y3 to Y is equal to ¢2/2, where LCDE = ¢,.

Proof:
(i) Assume subscripts r and ! represent the two positions of Chebychecv’s
dyad when point C is in the right- and left-hand side of the symmetrical axis

Y1, respectively. In Fig. C.3, only the ‘r’ position is shown.
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FIGURE C.3: Six-bar linkage using Chebychev's dyad to trace a symmetrical curve
at £

If Dy is on the axis of symmetry Y), it can be shown that DyC, = DyC;.
This, in turn, shows that DyE, = DyE; because AE,DyD = AE,DyD.

(ii) Assume the angles measured from m and m to 173 are equal to ¢
and —1, respectively. Because ZCDyE = /CDE/2 = ¢, /2, the angles measured
from ITOE: and D_Ol?l to ?1 are equal to ¢/2 + 1 and ¢/2 — 9, respectively.

From (i) and (ii), it is, therefore, proved that the positions E, and E; are

symmetrical about axis Y, and the angle from Y5 to Y; is equal to [(¢/2 + ¢) +
(6/2 = 9)1/2 = ¢2/2. (QFD)
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Therefore, if the point C traces a curve which is symmetrical about 71, point
E would also trace a symmetrical curve about ?2

It is obvious that more Chebychev’s dyad chains can be added to the linkage
shown in Fig. C.3 to trace a symmetrical curve by a mechanism which is more
than six links. It is to be noted that the curve that is generated by the linkage

of this type has higher order than that of the four-bar linkage curve.
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Appendix D

Derivation of Crank Torque T and Force fy; for

the First Spring Configuration

From the principle of virtual work and stationary energy,
oW =6P (D.1)

where 6W is the virtual work and §P is the virtual potential energy. The po-

tential energy stored by the springs is
P=1/2k(ly — lo1)® +1/2 ka(ly — loo)*. (D.2)
Differentiating Eq. (D.2) results in
6P = ki(ly — lo1)0l + ka(ly — lo2)dla. (D.3)
The square of [; can be written from Fig. 4.17(a), as
L?=[X2 + (Yo — )7 (D.4)

while the square of [; can be obtained by applying the cosine law to AF'FG and
ACF, OF as

8918
1% = sy® + 5092 — 2;4222 (Ve — Yo)? + Xo? — 224%. (D.5)
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From Eqgs. (D.4) and (D.5) min(/;), min(l;), max(l;), and max(l;) could be
obtained. Differentiating Eqs. (D.4) and (D.5) and substituting the resulting

equations in Eq. (D.3), yields

dX dY
0P = kllﬂl [Xcd—ac + (YC - sl)d—;]éa - kzlﬂz(YFo - YC)(SYFO
dX¢ dYe
habo[~Xo—7 + (Vi =~ Yo) —1(60) (57 (D.6)

where k1 = 1—1o1/l; and k2 = (821522/%4%)(1 —lp2/l2). Now, consider the virtual

work of the leg mechanism,
oW =Téa + f()g . 6rBoE + fg5 . 5rBoF0' (D7)

Since fos = fosxex + fosvey, fos = fosxex + fosvey, rp,e = —nXcex + [(1 +
n)Yr, — nYcley , and rp,r, = Yr,ey, the virtual work is given:

dx dy,
SW =(T — nfsx ——= — nfosy — )b +
do do

(1 + n) fosy + fosy]|0YR,. (D.8)

Substituting Eqgs. (D.8) and (D.6) into (D.1) and set the coefficients of o and

0YF, to zero, yields

dX
T = [nfosx + (kiky — k2/€2)XC]—da—C
dYe
+[nfosy + k161 (Yo — 1) + koo (Yr, — YC)]_dE (D.9)
and
fosy = —(1+ n) fosy — kaok2(Yr, — Ye). (D.10)

The side force fgsx can be found by taking the moment about point C of the

forces acting on the pantograph,

fosx = _(1 + n)fosx + koro X (D.ll)
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Finally, summing all the forces acting on pantograph, yields

farx = nfosx — keroXc

fary = nfosy + kera(Yr, — Yo). (D.12)

148



Bibliography

Adachi, H., Koyachi, N., Nakamura, T., and Homma, K., 1990, “Develpoment of
a Quadruped Walking Machine and Its Adaptive Crawl Gait,” 1990 Japan-
USA Symposium on Flexible Automation - A Pacific Rim Conference, pp. 91—
94, Iscie, Kyoto, Japan.

Akhras, R., and Angeles, J., 1990, “Unconstrained Nonlinear Least-Square Op-
timization of Planar Linkages for Rigid-Body Guidance,” Mechanism and
Machine Theory, Vol. 25, No. 1, pp. 97-118.

Alexander, R. M., 1990, “Three Uses for Springs in Legged Locomotion,” The
International Journal of Robotics Research, Vol. 9, No. 2, pp. 53-61.

Antuma, H. J., 1978, “Triangular Nomograms for Symmetrical Coupler Curves,”
Mechanism and Machine Theory, Vol. 13, No. 3, pp. 251-267.

Bekker, M. G., 1969, Introduction to Terrain-Vehicle Systems, University of
Michigan Press, Ann Arbor, Michigan.

Bhatia, D. H., and Bagci, C., 1977, “Optimum Synthesis of Multiloop Planar
Mechanisms for the Generation of Paths and Rigid-Body Positions by the
Linear Partition of Design Equations,” ASME Journal of Engineering for
Industry, pp. 116-123.

Bonnans, J. F., Panier, E., Tits, A. L., and Zhou, J., 1992, “Avoiding the

Maratos Effect by Means of a Nonmonotone Line Search: II. - Feasible Iter-

149



ates,” SIAM J. Numerical Analysis, Vol. 29, No. 4, pp. 1187-1202.

Byrd, J. S., and DeVries, K. R., 1990, “A Six-Legged Telerobot for Nuclear
Applications Development,” The International Journal of Robotics Research,
Vol. 9, No. 2, pp. 43-52.

Chen, N. X., and Song, S. M., 1992, “Optimal Synthesis and Analysis of a New
Leg Mechanism: The Planetary Gear Leg,” Proc. of ASME: Robotics, Spatial
Mechanisms, and Mechanical Systems. ASME DE-Vol. No. 45, pp. 155-161.

Dhandapani, S., and Ogot, M. M., 1994, “Modeling of a Leg System to Illustrate
the Feasibility of Energy Recovery in Walking Machines,” Advances in Design
Automation. DE-Vol. No. 69-2, ASME Pub., pp. 429-436.

Dijksman, E., 1976, Motion Geometry of Mechanisms, Cambridge University
Press, 4th Eds., London, UK.

Dijksman, E. A., 1975, “Kempe’s (Focal) Linkages Generalized, Particularly in
Connection with Hart’s Second Straight-Line Mechanism,” Mechanism and
Machine Theory, Vol. 10, No. 6, pp. 445-460.

Dijksman, E. A., 1979, “Symmetrical Coupler Curves, Produced by a 6-Bar Link-
age of Type Stephenson-1,” Proceedings of Fifth World Congress on Theory
of Machine and Mechanism, pp. 537-540.

Dijksman, E. A., 1980a, “Half-Symmetrical 6-Bar Curves Produced by Focal
Linkages or Their Derivatives,” Mechanism and Machine Theory, Vol. 15,
No. 3, pp. 221-228.

Dijksman, E. A. 1980b, “Highest-Order Coupler Points of Watt-I Link-
ages, Tracing Symmetrical 6-Bar Curves,” Mechanism and Machine Theory,
Vol. 15, No. 6, pp. 421-434.

Dijksman, E. A., 1981, “Watt-I Linkages with Shunted Chebyshev-Dyads, Pro-

150




ducing Symmetrical 6-Bar Curves,” Mechanism and Machine Theory, Vol. 16,
No. 2, pp. 153-165.

Dijksman, E. A., 1984, “An Unsymmetrical Watt-I Linkage Generating A Family
of Symmetrical Curves,” Mechanism and Machine Theory, Vol. 19, No. 3,
pp. 297-306.

Fan, M. K. H., Wang, L. S., Koninckx, J., and Tits, A. L., 1990, CONSOLE
- User’s Manual, Version 1.1, SRC-TR-87-212r2, Institute for Systems Re-
search, University of Maryland, College Park, Maryland.

Freudenstein, F., and Sandor, G. N., 1961, “On the Burmester Points of a Plane,”
ASME Journal of Applied Mechanics, pp. 41-49.

Funabashi, H., Ogawa, K., Gotoh, Y., and Kojima, K., 1985a, “Synthesis of
Leg-Mechanisms of Biped Walking Machines (Part I, Synthesis of Ankle-
Path-Generator),” Bulletin of JSME, Vol. 28, No. 237, pp. 537-543.

Funabashi, H., Ogawa, K., Gotoh, Y., and Kojima, K., 1985b, “Synthesis of Leg-
Mechanisms of Biped Walking Machines (Part II, Synthesis of Foot-Driving
Mechanism),” Bulletin of JSME, Vol. 28, No. 237, pp. 544-549.

Han, C., 1966, “A General Method for the Optimum Design of Mechanisms,”
Journal of Mechanisms, Vol. 1, pp. 301-313.

Hartenberg, R., and Denavit, J., 1964, Kinematics Synthesis of Linkages,
McGraw-Hill Inc., New York, New York.

Hirose, S., 1984, “A Study of Design and Control of a Quadruped Walking Vehi-
cle,” The International Journal of Robotics Research, Vol. 3, No. 2, pp. 113—
133.

Hirose, S., and Kunieda, O., 1991, “Generalized Standard Foot Trajectory for

a Quadruped Walking Vehicle,” The International Journal of Robotics Re-

151



search, Vol. 10, No. 1, pp. 3-12.

Hirose, S., and Umetani, Y., 1980, “The Basic Motion Regulation System for
a Quadruped Walking Machine,” ASME Paper No. 80-DET-34, delivered at
the ASME Design Engineering Technical Conference, Los Angeles, California.

Huang, C., and Roth, B., 1993, “Dimensional Synthesis of Closed-Loop Linkages
to Match Force and Position Specification,” ASME Journal of Mechanical
Design, Vol. 115, pp. 194-198.

Huang, C., and Roth, B., 1994, “Position-Force Synthesis of Closed-Loop Link-
ages,” ASME Journal of Mechanical Design, Vol. 116, pp. 155-162.

Klein, C. A., Olson, K. W., and Pugh, D. R., 1983, “Use of Force and Attitude
Sensors for Locomotion of a Legged Vehicle Over Irregular Terrain,” The
International Journal of Robotics Research, Vol. 2, No. 2, pp. 3-17.

Koyachi, N., Adachi, H., Nakamura, T., and Nakano, E., 1990, “Stair Adapt-
ing Control of Semi-Fixed Gait Hexapod Walking Robot,” 1990 Japan-USA
Symposium on Flexible Automation - A Pacific Rim Conference, pp. 95-98,
Iscie, Kyoto, Japan.

Matthew, G. K., and Tesar, D., 1977b, “Synthesis of Spring Parameters to Bal-
ance General Forcing Functions in Plannar Mechanisms,” ASME Journal of
Engineering for Industry, pp. 347-352.

Matthew, G. K., and Tesar, D., 1977a, “Synthesis of Spring Parameters to Satisy
Specified Energy Levels in Plannar Mechanisms,” ASME Journal of Engineer-
ing for Industry, pp. 341-346.

McLarnan, C. W., 1963, “Synthesis of Six-Link Plane Mechanisms by Numerical
Analysis,” ASME Journal of Engineering for Industry, pp. 5-11.

Morecki, A., Bianchi, G., and Kedzior, K., 1985, “Theory and Practice of Robots

152



and Manipulators,” Proc. of Romansy 1984: The Fifth CISM-IFToMM Sym-
posium, Hermes Publishing, Kogan Page, London, pp. 403.

Mosher, R. S., 1968, “Test and Evaluation of a Versatile Walking Truck,”. Pro-
ceedings of Off-Road Mobility Symposium, International Society for Terrain
Vehicle Systems, Washington, D.C., pp. 359-379.

Nye, W. T., and Tits, A. L., 1986, “An Application-Oriented Optimization-
Based Methodology for Interactive Design of Engineering Systems,” Interna-
tional Journal of Control, Vol. 43, No. 6, pp. 1693—-1721.

Panier, E., and Tits, A. L., 1993, “On Combining Feasibility, Descent and Su-
perlinear Convergence in Inequality Constrained Optimization,” J. of Math-
ematical Programming, Vol. 59, No. 2, pp. 261-276.

Pugh, D. R., Ribble, E. A., Vohnout, V. J., Bihari, T. E., Walliser, T. M., Patter-
son, M. R., and Waldron, K. J., 1990, “Technical Description of the Adaptive
Suspension Vehicle,” The International Journal of Robotics Research, Vol. 9,
No. 2, pp. 24-42.

Roth, B., 1967, “Finit-Position Theory Applied to Mechanism Synthesis,” ASME
Journal of Applied Mechanics, pp. 599-605.

Roth, B., and Freudenstein, F., 1963, “Synthesis of Path-Generating Mechanisms
by Numerical Methods,” ASME Journal of Engineering for Industry, pp. 298-
306.

Russell, M., 1983, “Odex I: The First Functionoid,” Robotics Age, Vol. 5, No. 5,
pp. 12-18.

Ryan, A. D., and Hunt, K. H., 1985, “Adjustable Straight-Line Linkages - Possi-
ble Legged-Vehicle Applications,” ASME Journal of Mechanisms, Transmis-

sions, and Automation in Design, Vol. 107, pp. 256-261.

153



Sarkisyan, Y. L., Gupta, K. C., and Roth, B., 1972, “Kinematic Geometry As-
sociated with the Least-Square Approximation of a Given Motion,” ASME
Paper No. 72-Mech-14, delivered at the Mechanisms Conference, San Fran-
cisco, California.

Shieh, W. B., Tsai, L. W., Azarm, S., and Tits, A. L., 1995, “Multiobjective
Optimization of a Leg Mechanism with Various Spring Configurations for
Force Reduction,”. Advances in Design Automation, DE-Vol. No. 82, ASME
Pub., pp. 811-818 (also, accepted in the Trans. ASME, Journal of Mechanical
Design).

Shin, E., and Streit, D. A., 1993, “An Energy Efficient Quadruped with Two-
Stage Equilibrator,” ASME Journal of Mechanical Design, Vol. 115, No. 1,
pp. 156-163.

Song, S. M., Lee, J. K., and Waldron, K. J., 1987, “Motion Study of Two-
and Three-Dimensional Pantograph Mechanisms,” Mechanism and Machine
Theory, Vol. 22, No. 4, pp. 321-331.

| Suh, C. H., and Radcliffe, C. W., 1967, “Synthesis of Plane Linkages with Use
of the Displacement Matrix,” ASME Journal of Engineering for Industry,
pp. 206-214.

Sutherland, G. H., and Roth, B., 1974, “An Improved Least-Square Method for
Designing Function-Generating Mechanisms,” ASME Paper No. 74-Det-4,
delivered at the Mechanisms Conference, New York, New York.

Sutherland, I. E., and Ullner, M. K., 1984, “Footprints in the Asphalt,” The
International Journal of Robotics Research, Vol. 3, No. 2, pp. 29-36.

Thompson, B., 1975, “A Survey of Analytical Path-Synthesis Techniques for
Plane Mechanisms,” Mechanism and Machine Theory, Vol. 10, pp. 197-205.

154




Todd, D. J., 1985a, “A Pneumatic Walking Robot,” Robotics Age, Vol. 7, No. 1,
pp. 31-35.

Tocfd, D. J., 1985b, Walking Machines - An Introduction to Legged Robots, First
Eds., Krogan Page, Ltd., London, UK.

Tsai, L., 1995, Systematic Design of Mechanisms, Classnote of ENME 604, Dept.
of Mechanical Engineering, University of Maryland, College Park, Maryland.

Tsai, L. W., and Lu, J.-J., 1990, “Coupler-Point-Curve Synthesis Using Ho-
motopy Methods,” ASME Journal of Mechanical Design, Vol. 112, No. 3,
pp. 384-389.

Tull, H., and Lewis, D., 1968, “Three Dimensional Kinematic Synthesis,” ASME
Journal of Engineering for Industry, Vol. 90, pp. 481-484.

Waldron, K. J., Vohnout, V. J., Pery, A., and McGhee, R. B., 1984, “Configura-
tion Design of the Adaptive Suspension Vehicle,” The International Journal
of Robotics Research, Vol. 3, No. 2, pp. 37-48.

Zhou, J. L., and Tits, A. L., 1993, “Avoiding the Maratos Effect by Means of a
Nonmonotone Line Search: II. - Feasible Iterates,” J. of Optimization Theory

and Application, Vol. 76, pp. 455-476.

155







