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Abstract

Clusteringis astandardapproachfor achieving ef�cient andscalableperformance

in wirelesssensornetworks. Clusteringalgorithmsaremostlyheuristicin natureand

aim at generatingtheminimumnumberof disjoint clusters.In this report,we formu-

latetheoverlappingmulti-hopclusteringproblemasanextensionto thek-dominating

setproblem. Thenwe proposea fast, randomized,distributedmulti-hop clustering

algorithm (OK) for organizing the sensorsin a wirelesssensornetwork into over-

lapping clusterswith the goal of minimizing the overall communicationoverhead,

andprocessingcomplexity. OK assumesa quasi-stationarynetwork wherenodesare

location-unawareandhave equalsigni�cance.No synchronizationis neededbetween

nodes.OK is scalable;theclusteringformationterminatesin a constanttime regard-

lessof the network topologyor size. The protocol incurs low overheadin termsof

processingcyclesandmessagesexchanged.Weanalyzetheeffectof differentparam-

eters(e.g. nodedensity, network connectivity) on the performanceof the clustering

algorithmin termsof communicationoverhead,nodecoverage,andaveragecluster

size. The resultsshow thatalthoughwe have overlappedclusters,theOK clustering

algorithmstill producesapproximatelyequal-sizedclusters.

Keywords: multi-hop clustering,k-dominatingset, weakly connecteddominatingset,

scalability, ad-hocnetworks,wirelesssensornetworks,algorithms.

1 Intr oduction

In recentyears,wirelessad-hocsensornetworkshave attractedmuchinterestin thewire-

lessresearchcommunityasa fundamentallynew tool for a wide rangeof monitoringand

data-gatheringapplications.In generalsensornetworksclassifyasad-hocnetworks,how-

ever, sensornetworkshave theirown uniquefeatures.Sensornetworkstypically consistof

hundredsto thousandsof unattendedsensornodesrandomlyspreadover theareathatis to

be probed. In a typical architectureof a sensornetwork, the datacollectedby eachsen-

sor is communicatedthroughthenetwork, usinga radio,to a singleprocessingcommand

centerthatusesall reporteddatato determinecharacteristicsof theenvironmentor detect
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anevent. Sensornodesaresigni�cantly constrainedin theamountof availableresources

suchasenergy, storageandcomputationalcapacity. Dueto energy constraints,asensorcan

communicatedirectly only with othersensorsthatarewithin a small distance.To enable

communicationbetweensensorsnotwithin eachother'scommunicationrange,thesensors

form a multi-hopcommunicationnetwork. Sensornodesareusuallyassumedto bestatic.

Theseconstraintsmake thedesignandoperationof sensornetworksconsiderablydifferent

from contemporaryad-hocnetworks.

Clusteringis a standardapproachfor achieving ef�cient andscalableperformance

in wirelesssensornetworks. Clusteringfacilitatesthedistribution of controlover thenet-

work and,hence,enableslocality of communication.Clusteringnodesinto groupssaves

energy andreducesnetwork contentionbecausenodescommunicatetheirdataovershorter

distancesto their respective clusterheads.Theclusterheadsforward theaggregatedinfor-

mation to the basestation. Only the clusterheadsneedto communicatefar distancesto

the basestation; this burdencanbe alleviated further by hierarchicalclustering,i.e., by

applyingclusteringrecursively over theclusterheadsof a lower level.

Many clusteringprotocolshave beeninvestigatedaseitherstandaloneprotocols[6,

33, 8, 10, 31, 49, 9, 21, 4, 26, 47, 7, 5, 60, 39, 32] or asa sideeffect of otherprotocol

operations,e.g.,in thecontext of routingprotocols[44, 48, 39], or in topologymanagement

protocols[58, 22, 18]. Themajorityof thoseprotocolsconstructclusterswhereeverynode

in thenetwork is nomorethan1 hopawayfrom aclusterhead[6, 33,10,8, 31,60,32,39].

We call thesesinglehop (1-hop)clusters. In large networks this approachmay generate

a largenumberof clusterheadsandeventuallyleadto thesameproblemasif thereis no

clustering.Few papershave addressedtheproblemof multi-hop(k-hop)clustering[5, 7].

Thesealgorithmsaremostlyheuristicin natureandaimatgeneratingtheminimumnumber

of disjoint clusterssuchthatany nodein any clusteris at mostk hopsaway from only one

clusterhead.TheproposedOK clusteringalgorithmbelongsto themulti-hopcategory.

In the last few years,therehave beenfew clusteringalgorithmsdesignedfor sensor

networks[60, 7, 39,32, 37, 35]. Most of thosealgorithmsaim at generatingtheminimum

numberof disjoint clustersthatmaximizethenetwork lifetime. Thealgorithmsdiscussed

in [39, 60,7] arerandomizedwherethesensorselectthemselvesasclusterheadswith some
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probabilityp andbroadcasttheir decisionsto neighbornodes.Theremainingsensorsjoin

theclusterof theclusterheadthatrequiresminimumcommunicationenergy. Theproposed

OK clusteringprotocolbelongsto the classof randomizedalgorithms. Both the HEED

algorithm[60] andLEACH algorithm[39] form single-hopnon-overlappingclusterswith

theobjective of prolongingnetwork lifetime. In [7], theauthorsproposeda LEACH-like

randomizedmulti-hop clusteringalgorithm for organizing the sensorsin a hierarchy of

clusterswith anobjectiveof minimizingtheenergyspentin communicatingtheinformation

to theprocessingcenter. Noneof theabovealgorithmsconstructoverlappingclusters.

In this report,we proposea fast,randomized,distributedmulti-hopclusteringalgo-

rithm (OK) for organizingthesensorsin awirelesssensornetwork in overlappingclusters.

After theterminationof theclusteringprocess,eachnodeis eithera clusterheador within

k hopsfrom at leastoneclusterhead,wherek (cluster radius) is a parameterin the al-

gorithm. To the bestof our knowledge,this is the �rst paperto discussthe problemof

overlappingmulti-hopclustering.OK operatesin quasi-stationarynetworkswherenodes

are location-unaware andhave equalsigni�cance. The protocol incurs low overheadin

termsof processingcyclesandmessagesexchanged.OK wasdesignedwith thefollowing

goals:

1. Is completelydistributed(i.e. eachnodeindependentlymakesits decisionsbasedon

local informationandwithoutany centralizedcontrol).

2. Is scalablein termsof processingtime (i.e. the clusteringprocessterminatesin a

constanttime independentof network size)andin termsof communicationoverhead

(thenumberof controlmessagestransmittedby nodeis independentof network size).

3. Doesnotmakeany assumptionsaboutthelocationof thenodes.

4. Is asynchronous(Dueto thelargenumberof nodesinvolved,it is desirableto let the

nodesoperateasynchronously. OK doesnot assumeany kind of clock synchroniza-

tionbetweennodes,hence,Theclocksynchronizationoverheadisavoided,providing

additionalprocessingsavings).
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5. Is energy ef�cient in termsof processingcomplexity andmessageexchange(control

overheadis linearin thenumberof nodes).

6. Is ef�cient in termsof memoryusedby thedatastructuresrequiredto implementthe

algorithm.

7. Choosesclusterheadsthatarewell distributedover thesensor�eld.

8. Allowsmulti-hopclustersto beformed.

9. Ensuresoverlappedclusterswith someaverageoverlappingdegree.

To the bestof our knowledge, the proposedalgorithm is the �rst algorithm to address

the above goalsin an integratedmanner. We formulatethe overlappingk-hop clustering

problemasan extensionto the k-dominatingsetproblem[38]. Thenwe proposeOK, a

randomizedmulti-hop distributedalgorithmto solve the problem. The nodesrandomly

electthemselvesasclusterheadswith someprobabilityp. Theclusterheadprobability(p)

is anotherparameterin thealgorithmthatcanbetunedto controlthenumberof overlapping

clustersin thenetwork. Theclusteringprocessterminatesin O(1) iterations,independent

of the network diameter. It doesnot dependon the network topologyor size. We also

analyzethe effect of different parameters(e.g. nodedensity, network connectivity) on

the performanceof the clusteringalgorithm in termsof communicationoverhead,node

coverage,andaverageclustersize. The resultsshow that althoughwe have overlapped

clusters,the OK clusteringalgorithm still producesapproximatelyequal-sizedclusters,

which is a desirablepropertybecauseit enablesan even distribution of control between

clusterheadnodes.

The paperis organizedasfollows. In the remainderof this sectionwe go through

someof theapplicationsof theproposedalgorithm.SectionII describesthenetwork model

andstatestheproblemthatwe addressin this work. SectionIII presentstheOK protocol

architectureandprovesthatit satis�esits designgoals.SectionIV shows theperformance

of OK via simulationsandin sectionV, we provide analyticalmodelsfor the results.We

studythe complexity andcorrectnessof the proposedprotocol in sectionVI. Then,sec-

7



tion VII brie�y surveys relatedwork. Finally, SectionVIII givesconcludingremarksand

suggestionsfor futurework.

1.1 Applications of the OK Clustering Algorithm

Mostof clusteringalgorithmshaveaprimarygoalof producingapproximatelyequal-sized

non-overlappingclusters.Equal-sizedclustersis adesirablepropertybecauseit enablesan

even distribution of control (e.g.,dataprocessing,aggregation,storageload) over cluster

heads;no clusterheadis overburdenedor under-utilized. However, having overlapping

clusterswith somedegreeis desirableandbene�cial in someapplications(e.g.nodelocal-

ization[62, 61,53,43], routing[45], TDMA-basedMAC [57]). Thenodesthatbelongto

two or moreclusterscanserveasgatewaysfor inter-clusterheadcommunicationwhenthe

clusterheadsdonothave long rangecommunicationcapabilities.

Overlappedclusterscanboostthenetwork robustnessagainstnodefailureor compro-

mise.Giventheresourceconstraints,sensornodesbecomedysfunctionalratherfastwhen

they depleteall their on-boardenergy supply. In addition,sensorsareoften deployed in

harshenvironmentsandthusexposedto damage.Moreover, sensornetworksusuallyoper-

ateunattendedmakingthenodesaneasytargetfor captureby anadversary. While theloss

of asensornodecanbetoleratedgiventhelargenodepopulation,recoveringfrom thefail-

ureor thecompromiseof a cluster-headis a challenge.Pursuingcontemporaryclustering

schemesoftenrequiresprovisioningfor recovery throughthedeployment/designationof a

sparecluster-head,whichcausesresourceunderutilization,or throughperformingnetwork

re-initializationto form new clusters,which is a slow anddisruptive process.Establishing

overlappedclusterswould facilitateandexpeditetherecoveryprocesssincenodescanjoin

othersalternateclusters.

Anotherapplicationfor overlappingclustersis anchor-free localization. Recently,

therehasbeenagreatinterestin anchor-free(GPS-free) nodelocalizationespeciallyin the

context of sensornetworks[62, 61, 17,54,53,43]. Anchor-freelocalizationalgorithmstry

to computenodes'positionswithout the useof anchornodes(i.e. nodesthat know their

positionsusuallyusingGPS). In this case,insteadof computingabsolutenodepositions,
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thealgorithmestimatesrelative positioning,in which thecoordinatesystemis established

by areferencegroupof nodes[62, 17, 54,53]. Thenetwork is dividedinto smallclustersof

nodeswhereeachclusterhasits own coordinatesystem.Thentheclusterheadscommuni-

catewith eachotherin orderto calculatetheglobalnetwork topologyby transformingfrom

onecoordinatesystemto another. In orderfor two clusterheadsto performthis transfor-

mation,theremustbeat leastthreeboundarynodes1 (i.e. thetwo clustersareoverlapping

with degreeat least3). TheproposedOK algorithmcanbeusedin this caseto guarantee

with highprobabilitythattheclustershaveanoverlappingdegreeof at leastthree.

Overlappingclusterscanalsobeusedin caseof cluster-basedroutingprotocols[20,

45, 30]. For example,the authorsin [45] developeda routing protocolthat usesa single

boundarynodein orderto routebetweenoverlappingclusters(in this casetheoverlapping

degreeis 1). Althoughthey usedonly oneboundarynodeto simplify theclusteringalgo-

rithm, they recommendedusingmultiple boundarynodes.Usingmultiple boundarynodes

will be more robust and also distribute packet-forwarding load betweenclusters. Their

algorithmscanbeextendedeasilyto bene�t from overlappingclustersasgeneratedby OK.

2 ProblemFormulation

An ad-hocnetwork canbemodeledasagraphG = (V; E), wheretwo nodesareconnected

by anedgeif they cancommunicatewith eachother. If all nodesarelocatedin theplane

andhavethesametransmissionrange(Tr ), thenG is calledaunit diskgraph. Wewill start

by describingtheconsideredsystemmodel.Then,we will review a numberof de�nitions

from graphtheorythatwill beusedin theproblemformulation.Finally, we will formulate

theoverlappingk-hopclusteringproblemasanextensionto thek-dominatingsetproblem.

2.1 SystemModel

We considera wirelesssensornetwork whereall nodesare alike and eachnodehasa

uniqueid. Thenodesarelocation-unaware,i.e. not equippedwith GPS.Thereareneither

basestationsnor infrastructuresupportto coordinatethe activities of subsetsof nodes.

1A boundarynodeis anodethatbelongsto morethanonecluster.

9



Therefore,all the nodeshave to collectively make decisions.We assumethat the nodes

arestatic.This assumptionaboutnodemobility is typical for sensornetworks.All sensors

transmitat thesamepower level andhencehave thesametransmissionrange(Tr ). Each

sensoruses1 unit of energy to transmitor receive1 unit of data.Wealsoassumethatnodes

have timers,but we do not requiretime synchronizationacrossthenodes.Timersareused

for taskssuchastiming outof anodewhenwaitingonacondition.

All communicationis over a singlesharedwirelesschannel.A wirelesslink canbe

establishedbetweenapairof nodesonly if they arewithin wirelessrangeof eachother. The

OK algorithmonly considersbidirectionallinks. It is assumedtheMAC layerwill mask

unidirectionallinks and passbidirectionallinks to OK. Two nodesthat have a wireless

link will, henceforth,besaidto be1-hopaway from eachother. They arealsosaidto be

immediateneighbors.Nodescanidentify neighborsusingbeacons.

2.2 De�nitions

Let n denotethe numberof vertices(nodes)ande denotethe numberof edges.That is,

n = jV j ande = jE j. Let S bea subsetof nodes.We shallusehSi to denotethesubgraph

inducedby thesetS.

� OpenNeighborSet, N (u) = f vj(u; v) 2 Eg, is thesetof verticesthatareneighbors

of u. For asetof nodesS, N (S) =
S

u2 S N (u).

� ClosedNeighborSet, N [u] = N (u) [ f ug, is thesetof neighborsof u andu itself.

For asetof nodesS, N [S] =
S

u2 S N [u] = N (S) [ S.

� NodeDegree, deg(u) = jN (u)j.

� GraphDistance, dG(u; v), thedistancebetweentwo verticesu andv is theminimum

numberof edgesin au � v path.

� GraphPower, thekth powerof agraphG (Gk) is agraphwith thesamesetof vertices

asG andanedgebetweentwo verticesiff thereis apathof lengthatmostk between

them[55]. Given G = (V; E) thenGk = (V; E k) whereE k = f (u; v)j u; v 2

V and dG(u; v) � k.
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� IndependentSet, is asubsetof V suchthatnotwo verticeswithin thesetareadjacent

in V.

� Maximal IndependentSet(MIS), is an independentsetsuchthat addingany vertex

not in thesetbreaksthe independencepropertyof theset. Thus,any vertex outside

of themaximalindependentsetmustbeadjacentto somevertex in theset. Finding

theMIS is NP-Hard[34].

� DominatingSet, S, is de�ned asa subsetof V suchthat eachvertex in V � S is

adjacentto at leastonevertex in S. Thus,every MIS is a dominatingset.However,

sinceverticesin adominatingsetmaybeadjacenttoeachother, noteverydominating

setis anMIS. Findingaminimum-sizeddominatingsetor MDS is NP-Hard[34].

� MinimumDominatingSet(MDS) is the dominatingsetwith minimum cardinality.

EachMIS is alsoanMDS. FindingtheMDS is alsoNP-Hard[34].

� ConnectedDominatingSet(CDS), S, is a dominatingsetof G that inducesa con-

nectedsubgraphof G (i.e. hSi is connected).Oneapproachto constructingaCDSis

to �nd anMIS, andthenaddadditionalverticesasneededto connecttheverticesin

theMIS.

� MinimumConnectedDominatingSet(MCDS) is a CDSwith minimumcardinality.

FindingtheMCDS is alsoNP-Hard[34].

� WeaklyConnectedDominatedSet(WCDS), S, is a dominatingsetsuchthat N [S]

inducesa connectedsubgraphof G (i.e. hN [S]i is connected).Given a connected

graphG, all of thedominatingsetsof G areweaklyconnected.Computinga mini-

mumWCDSis NP-Hard[34].

� Total DominatingSet,S, is a total dominatingsetif every vertex u 2 V is adjacent

to a vertex in S. In this context a vertex doesnot dominateitself. Equivalently,
S

s2 S N (s) = V.

Theabovede�nitions canbegeneralizedfor themulti-hop(k-hop)caseasfollows:
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� k-ConnectedSet, S, a setS is saidto be k connectedif eachvertex in S is within

distancek from at leastoneothervertex in S, wherek � 1 is aninteger.

� Openk-NeighborSet, Nk(u) = f vjdG(u; v) � kg, is the set of vertices,differ-

ent from u, that areat distanceat mostk from u. For a setof nodesS, Nk(S) =
S

u2 S Nk(u).

� Closedk-NeighborSet, Nk [u] = Nk(u) [ f ug, is thesetof k-neighborsof u andu

itself. If u is a clusterhead,thenNk [u] is the setof all verticesin the clusterand

jNk [u]j is theclustersize.For asetof nodesS, Nk [S] =
S

u2 S Nk [u] = Nk(S) [ S.

� Nodek-Degree, degk(u) = jNk(u)j.

� k-IndependentSet(KIS), S, is a subsetof V suchthatfor any two verticesu, v 2 S,

dG(u; v) > k.

� k-DominatingSet(KDS) OR DistanceDomination, S, is de�ned asa subsetof V

suchthat eachvertex in V � S is within distancek from at leastonevertex in S,

wherek > 1 is aninteger. Thatis Nk [S] = V.

� k-ConnectedDominatingSet(KCDS), S, is a k-dominatingsetof G that inducesa

connectedsubgraphof G (i.e. hSi is connected).

� k-WeaklyConnectedDominatingSet(KWCDS), S, is a k-dominatingsetof G and

S is a 2k connectedset(i.e. eachvertex in S is within distance2k from at leastone

othervertex in S, wherek > 1 is aninteger).

� Total k-DominatingSetOR Total DistanceDomination,Let k > 1 bean integer, a

setS is a total k-dominatingsetif every vertex u 2 V is within distancek from at

leastonevertex in S otherthanitself (i.e. avertex doesnotk-dominateitself).

� k-IndependentDominatingSet(KIDS), is a subsetof V that is both k-independent

andk-dominating.

To clarify the above de�nitions, we will usethe graphin Fig. 1 as an illustrative

example. For the graphshown, S1 = f A; Gg is a 2-dominatingset(2DS) andit is also
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Figure1: Illustrative Example

a 2-independentset (2IS); hence;S1 is a 2-independent-dominatingset (2IDS). The set

S2 = f C; D; E; Gg a 2-connected-dominatingset(2CDS).Thesetis S3 = f C; Gg is a 2-

weakly-connected-dominatingset(2WCDS).ThesetS4 = f C; E; H g atotal2-dominating

set.

2.3 The OverlappedK-hop (OK) Clustering Problem

Givenanad-hocnetwork thatismodelledasaunitdiskgraphG = (V, E), theOK clustering

problemcanbeformulatedas�nding thesetof nodesS suchthat:

1. Coverage Condition. S is a KDS. This meansthateachnodeis eithera clusterhead

or within k hopsfrom aclusterhead(i.e. Nk [S] = V).

2. OverlappingCondition. For eachnodeu 2 S9 at leastonenodev 2 S suchthat

Nk [u] \ Nk [v] � ! , where! is a certainthreshold.In otherworlds,for eachcluster,

thereexists at leastoneotherclusterthat overlapswith it with overlappingdegree

� ! .

3. ConnectivityCondition. S is k-WeaklyConnectedDominatingSet(KWCDS). This

meansthatS is a 2k connectedset(i.e. eachnodein S is within distance2k from

at leastoneothernodein S, wherek > 1 is an integer). This conditionguarantees

thatthegraphinducedby thesetof clusterheadsis 2k connectedwhich impliesthat

for eachclusterheadnodeu, thereis at leastoneotherclusterheadnodev suchthat

dG(u; v) � 2k; hence;thetwo clustersareoverlappedwith degree� 1.

FindingtheminimumKDS (MKDS) is a nicedesigngoal to achieve. Minimizing thecar-

dinality of thecomputedKDS canhelpto decreasethecontroloverheadsincebroadcasting

13



for routediscovery andtopologyupdateis restrictedto a small subsetof nodes. There-

fore thebroadcaststormproblem[59] inherentto global�ooding canbegreatlydecreased.

However, from a computationalpoint of view, theproblemof �nding theminimumKDS

(MKDS) is verydif�cult. In factthereis noknown ef�cient centralizedalgorithmfor solv-

ing thisproblemandacorrespondingdecisionproblemis NP-hard [38]. Evenif thegraph

G belongsto certainspecialclassesof graphs(for exampleif G is bipartite or chordal

graph),theproblemremainsNP-hard [13]. TheMKDSremainsalsoNP-hardfor unit-disk

graphsasthe casein wirelessad-hocnetworks. Furtheraspectsof the commutabilityof

MKDSarediscussedin [38, 19].

In [41], theauthorsdescribedacentralizedalgorithmthat�nds aKDS of cardinality

at mostn/(k+1). Thealgorithm�rsts createsa rootedspanningtreefrom theoriginal net-

work topology. Then,aniterative labelingstrategy is usedto classifythenodesin thetree

to beeitherdominator(clusterhead)or dominated(non-clusterhead).In [40], theauthors

describedanothercentralizedalgorithmfor �nding the total KDS suchthat the cardinal-

ity is boundedby 2n/(2k+1). Sinceboth algorithmsarecentralized,the communication

overheadis high in caseof large-scalenetworks like sensornetworks. Thereis no known

ef�cient distributedalgorithmfor �nding the MKDS with someperformancebound. For

example,theMaxMin heuristic [5] �nds aKDS,however, thereis noreportedperformance

boundon thecardinalityof the resultingKDS. Similarly, in [7] theobjective is to �nd a

KDS thatminimizeenergy consumptionandmaximizenetwork lifetime.

A relatedproblemthat hasbeenwidely investigatedin the context of wirelessnet-

works is the problemof �nding the minimum connecteddominatingset (MCDS). The

MCDS problemcan be viewed as a specialcaseof MKDS problemwhen k =1. The

MCDSis NP-hardfor generalgraphsandfor unit-diskgraphsin particular [28]. Although

therearemany applicationsfor CDS in wirelessnetworks [12], the primary application

of CDS is the constructionof virtual backbone(spine)in wirelessad hoc networks. In

the lastdecade,many CDSconstructionalgorithmshave beenproposedin thecontext of

MANETs andsensornetworks. Thesealgorithmsareeithercentralized [14, 15, 24, 36]

or distributed[3, 1, 2, 23, 25, 16, 56]. Thecentralizedapproachesseeka minimumcon-

necteddominatingset(MCDS) astheir majordesigngoal. Thusperformanceboundsare
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theirprimarydesignparameter. However, centralizedalgorithmshavehighcommunication

overheadandtime complexity. On theotherhand,distributedalgorithmsseeka connected

dominatingset(not necessarilytheminimum)thatprovidesa goodresourceconservation

property. Thusperformanceboundis not their primaryconsideration.Instead,time com-

plexity (speciallywhennodesaremobile)andmessagecomplexity is takeninto consider-

ation.Distributedalgorithmshavea timecomplexity of O(n) andamessagecomplexity of

O(nlogn) [1, 25] or O(n) [2, 16]. This quicker executiontime comesat a costof a larger

CDS.A moredetailedanalysisof theperformanceof thosealgorithmsis discussedat [12].

Any of thedistributedheuristicsfor �nding a CDScanbemodi�ed to �nd a KDS.

In this case,we needto constructa k-closure(a graphpower of orderk) on the original

connectivity network graphbeforerunningany of theheuristics.Recallfrom section3.2

thatthekth power of thegraphyieldsa modi�ed graphin which nodesA andB are1-hop

neighborsif they wereatmostk-hopsaway in theactualtopologygraph.Whenany of the

distributedCDS heuristicsarerun on this modi�ed graph,they form clusterswhereeach

nodeis at mostk wirelesshopsaway from its clusterhead.Constructingthekth power of

a graphis O(kn3), wheren is thenumberof verticesin thegraph [55]. Even if we used

Strassen's algorithmfor matrix multiplication[29], thebestperformancein termsof �oat-

ing point operationsis O(kn2:807). For sensornetworks,this is consideredvery expensive

not in termsof communicationoverheadonly but alsotheStrassen's algorithmis dif�cult

to implementef�ciently becauseof thedatastructuresrequiredto maintainthearraypar-

titions [29, 42]. Moreover, we arestill generatingnon-overlappingclusters!Modifying an

existingdistributedCDSalgorithm,to generateaKDS in adistributedrandomizedfashion,

is achallengingproblemin itself. We leave thisasa futurework.

Theproblemof overlappingclustersis totally new. Therewasno formulationof the

problemin the literature.Sothereis no known algorithmthatsatis�esthetwo conditions

describedat the beginning of this section. The proposedOK clusteringalgorithm is a

distributedsimple randomizedalgorithmthat meetsthe above two conditionswith high

probability. Themaindesigngoalbehindtheproposedalgorithmisnotto �nd theminimum

KDS. Thus performanceboundis not the primary consideration.Instead,we are more

concernedabouttime complexity, processingcomplexity, andmessagecomplexity. We
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will show that by tuning someof the protocol parameters(k, p, nodedensity),we can

generatewith highprobabilityoverlappingclusterswith someaverageoverlappingdegree.

OK is scalable;the clusteringformationterminatesin a constanttime O(k) regardlessof

the network topologyor size. The protocol incurs low overheadin termsof processing

cyclesandmessagesexchanged.OK assumesa quasi-stationarynetworks wherenodes

arelocation-unawareandhave equalsigni�cance. No synchronizationis neededbetween

nodes.In general,OK will produceaanoverlappingKDS with thegoalof minimizing the

overallcommunicationoverhead,andprocessingcomplexity. Wewill discussin theresults

sectionhow we cantunetheparametersof thealgorithmto guaranteea weaklyconnected

KDS (KWCDS) with highprobability.

3 The OK ProtocolAr chitecture

In this sectionwe describetheoperationsof theOK protocolin moredetail. Theessential

operationin any clusteringprotocolis to selectasetof clusterheadsamongthenodesin the

network, andclusterthe restof thenodeswith theseheads.OK doesthis in a distributed

fashion,wherenodesmake autonomousdecisionswithout any centralizedcontrol. The

algorithminitially assumesthat eachsensorin the network becomesa clusterhead(CH)

with probabilityp. Eachclusterheadthenadvertisesitself asa clusterheadto thesensors

within its radio range. This advertisementis forwardedto all sensorsthat are no more

thank hopsaway from the CH. Any sensorthat receives suchadvertisementsjoins the

clustereven if it alreadybelongsto anothercluster. Any sensorthat is neithera CH nor

hasjoinedany clusteritself becomesa CH. Sincetheadvertisementforwardingis limited

to k hops,if a sensordoesnot receive a CH advertisementwithin time durationt 1 (where

t1 units is a valuegreaterthanthe time requiredfor datato reachthe clusterheadfrom

any sensork hopsaway), it caninfer that it is not within k hopsof any clusterheadand

hencebecomea CH. We assumethat eachclusterhasa uniqueidenti�er, which is the

nodeidenti�er of theclusterhead.The�o wchartof theOK algorithmis shown in Fig. 2.

Eachnodemaintainsa tablethatstoresinformationabouttheclustersknown to this node.

If the tablecontainsmore thanoneentry, this meansthat the nodeis a boundarynode.
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Figure2: Flowchartof theOK clusterformationalgorithm
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Eachclusterheadmaintainsa list of all clustermembers,a list of adjacentclusters,and

a list of boundarynodesto reachthoseclusters. Therecanbe multiple boundarynodes

betweenoverlappingclusters. Moreover, a nodecanbe a boundarynodefor more than

two overlappingclusters. In the remainderof this section,we �rst discussthe necessary

datastructuresto bemaintainedat eachnodefor theclusteringprotocol. We alsodiscuss

themessageformatsandthetimersmaintainedby eachnode.We thenexplain thecluster

formationprotocolandgive pseudo-code.Finally, we prove that the protocolmeetsits

designgoals.

3.1 Data Structur es

Eachnodemaintainsthefollowing variables:

� NodeID (NID): A uniqueID assignedto eachnodebeforedeploying thenetwork.

� Status: f CH, NCHg. The statusof the node. A nodecanbe eithera clusterhead

(CH) or anon-CH(NCH). Initially all nodesaresetto NCH.

� NodeDegree(d): Thenumberof 1-hopneighbors.Calculatedafterdiscoveringthe

numberof neighbors.

� ReliableRanges(RR): Thenumberof reliablerangesknown to thenode. RR6 d.

Initializedduringrangeestimationphase.

� Local ClusterGraph(LCG): LCG = (V; E), a weightedundirectedgraphmaintained

by CH nodescorrespondingto the local clusterthat belongsto this CH node. The

edgeweight(wij ) representstherangemeasurementbetweennodesi andj . Initially

LCG consistsof the CH nodeandall one-hopneighborsthat it hearsfrom during

rangeestimationphase,i.e. jV j = d+1 andjE j = d, whered is theCH nodedegree.

� AdjacentClustersTable(AC table): A tablemaintainedby CH nodesto storeinfor-

mationaboutadjacentclusters.Thetableconsistsof tuplesof theform (CHID, BN),

whereCHID is theCH nodeID, andBN is a list of boundarynodeIds. Initially the

tableis empty.
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� ClusterHeadsTable(CH table): A tablemaintainedby eachnodeto storeinforma-

tion abouttheclustersknown to this node.If thetablecontainsmorethanoneentry,

thismeansthatthenodeis aboundarynode. Thetableconsistsof tuplesof theform

(CHID, HC, prev), whereCHID is theCH nodeID, HC is thenumberof hopsleading

to this clusterhead,andprev is thenodeID of a 1-hopneighbornodethatcanlead

to theCH nodeof this clusterusingminimumnumberof hops. The tableactsasa

routingtablewheretheCHID �eld uniquelyidenti�es arouteto aCH node.Initially

thetableis empty.

3.2 Messages

Therearetwo typesof messages:

� CH advertisement(CH AD) message:This is themessagebroadcastby a CH node

to advertiseits existence.It hasthe form (CH AD, SID, CHID, HC), whereSID is

thesendernodeID, CHID is clusterheadID, andHC is thenumberof hopsleading

to the CH node. The SID �eld is usedto updatethe CH table.prev �eld suchthat

eachnodeknows a uniquepathto theclusterhead.TheHC �eld is usedto limit the

�ooding of theCH AD messageto k hops.TheCH AD messagehasa �x edsize.

� Joinrequest(JREQ) message:This is amessagesentby anodewhenit knowsabout

the existenceof a CH nodeanddecidesto join this cluster. To limit the �ooding,

the messageis unicastedusing the �eld CH table.prev. The messagecontainsin-

formationaboutthe rangemeasurementsto neighborsalongwith the clustersthat

this nodecan hearfrom. The messagehasthe form (JREQ,RID, SID, CHID, d,

(NID, RSI D ;N I D )1::nd , nc, (CHID)0::nc), whereRID is thereceiver ID2, SID is theID

of the nodethat will join the cluster, CHID is the ID of the CH noderesponsible

for this cluster, d is the nodedegree,(NID, RSI D ;N I D )1::nd are one or more cou-

plescontaininginformationaboutthe rangemeasurementsbetweenthis nodeand

its 1-hopneighbors,nc is thenumberof clustersthat this nodecanhearfrom them

(=jAC tablej), and(CHID)0::nc are0 or moreclustersthat this nodecanhearfrom.

2Thisequalsto CH table.prev correspondingto theCH table.CHID.
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Noticethat thesizeof theJREQmessageis variableanddependson thenumberof

clusters(nc) andthenodedegree(d).

3.3 Timers

Eachnodemaintainsthefollowing timers3:

r
 <= 
p


status := 
NCH

set timer event for 
t
1
 units


Generate

a random

number


r


CH_AD wait
JREQ wait


Terminate

clustering

formation


send JREQ to each CHID stored in

CH_table


status := 
CH

HC:=0

broadcast(CH_AD,NID,CHID,HC)

set timer event for 
t
2
 units


Timeout


add (CHID,NID) to AC_table

add (CHID,HC,SID) to CH_table

HC:=HC+1

if HC<
k

   SID:=NID

   broadcast(CH_AD,NID,CHID,HC)


if CHID = NID

   add SID to LCG

   add (CHID,SID)
0..nc
 to AC_table

else

   forward message to designated

   neighbor after chaning RID


   forward message to designated

   neighbor after chaning RID


add (CHID,HC,SID) to CH_table
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if HC < k

   broadcast(CH_AD,NID,CHID,HC)


Timeout && isNotEmpty(CH_table)


CH_AD Received &&

isNotInCH_table(CHID)


JREQ Received && NID=RID


r
 > 
p


JREQ Received


CH_AD Received && CHID != NID


status := 
CH

HC:=0

broadcast(CH_AD,NID,CHID,HC)

set timer event for 
t
2
 units


Timeout && isEmpty(CH_table)


Figure3: Finitestatemachineof theOK protocol

� CH AD WAIT timer. Thistimeris setby anon-CHnode.It representsthemaximum

time thata nodeshouldwait for CH advertisementmessages.It is equalto t(k) + � ,

wheret(k) is thetime neededfor a messageto travel k hopsand� is themaximum

time neededfor any nodeto �nish bootstrappingandstartexecutingtheOK proto-

col. In our simulator, we assumethatall theCH nodeswill �nish bootstrappingand

starttransmittingCH AD messageswithin t(k)=2 time units. Hence,we set� to be

t(k)=2.

� JREQWAIT timer. This timer is set by a CH node. It representsthe maximum

time that a CH nodeshouldwait for JREQmessages.It is approximatelyequalto

2 � t(k) + � .
3Weassumea timer thatis setto acertainnumberof unitsand�res once.
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Theeventsof theOK clusteringalgorithmarelistedin table1. A �nite statemachine

for theprotocolis givenin Fig. 3. Theactivities of theOK clusteringalgorithmareshown

in Fig. 4, usinganevent-basednotation.

Event Name Description

Initialization() An event executedonce to initialize the

statusof thenode.

CH AD Received(SID, CHID, HC) An eventtriggeredwhenCH AD message

is received.

JREQReceived (RID, SID, CHID, nd, (NID,

RSID,NID)1::nd , nc, (CHID)0::nc)

An eventtriggeredwhenJREQmessageis

received.

ChangeStatus An event triggered when the

CH AD WAIT timer �res indicating

thatanNCH nodeshouldeitherchangeits

statusto CH nodeor join aclusterif any.

EndClusterFormationPhase An eventtriggeredwhentheJREQWAIT

timer �res indicating that a CH node

shouldterminatethe clusteringphaseand

starttheLocal LocationDiscovery (LLD)

phase.

Table1: Eventssummaryof theOK clusteringalgorithm

4 PerformanceEvaluation

We have validatedtheOK clusteringalgorithmusingsimulation.TheOK clusteringalgo-

rithm wasimplementedusingMATLAB 6.1release12.1.Initially, eachnodeis assigneda

uniquenodeid. Therearefour parametersusedin oursimulation:
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Initialization() // executed once
1. ac:
2. r = generate random number from 0..1;
3. if r < p then
4. status := CH;
5. broadcast (CH AD, NID, NID, 1);
6. set JREQ WAIT timer;
7. else
8. status := NCH;
9. set CH AD WAIT timer;

CH AD Received (SID, CHID, HC)
10. ac: if status = NCH
11. if CHID is not in the CH table
12. Add (CHID, HC, SID) to CH table;
13. if HC < k
14. HC := HC + 1;
15. broadcast (CH AD, NID, CHID, HC);
16. // else HC � k, do not forward the message more than k hops
17. // else you have already heard of this cluster, do nothing
18. else
19. // node is a CH node
20. if CHID = NID
21. discard the message; // This is an echo message
22. if CHID is not in the AC table
23. Add (CHID, NID) to AC table;
24. Add (CHID, HC, SID) to CH table;
25. if HC < k
26. HC := HC + 1;
27. broadcast (CH AD, NID, CHID, HC);
28. // else HC � k, do not forward the message more than k hops
29. // else you have already heard of this cluster, do nothing

JREQ Received (RID, SID, CHID, nd, (NID, RSID, NID)1::nd , nc, (CHID)0::nc )
30. ac: if status = NCH
31. if RID = NID
32. RID := CH table[CHID].prev;
33. broadcast (JREQ, RID, SID, CHID, nd, (NID, RSID, NID)1::nd , nc, (CHID, cost)0::nc );
34. // else do nothing to limit the �ooding of JREQ message
35. else
36. // node is a CH node
37. if CHID = NID
38. Add SID to the set of vertices in LCG;
39. Add (NID, RSID, NID)1::nd to the set of edges in LCG;
40. Add (CHID, cost, SID)0::nc to the AC table;
41. else
42. RID := CH table[CHID].prev;
43. broadcast (JREQ, RID, SID, CHID, nd, (NID, RSID, NID)1::nd , nc, (CHID, cost)0::nc );

EndClusterFormationPhase
44. ec: JREQ WAIT timer �res . // for CH node
45. ac: Start the Local Location Discovery (LLD) phase using information stored in LCG and AC table.

Chang eStatus
46. ec: CH AD WAIT timer �res . // for NCH node
47. ac: if CH table empty
48. status := CH;
49. broadcast (CH AD, NID, NID, 1);
50. set JREQ WAIT timer;
51. else
52. for all CHID in CH table
53. RID := CH table[CHID].prev;
54. broadcast (JREQ, RID, NID, CHID, (NID, RSID, NID)1::d , (CHID)0::m );

Figure4: TheOK Algorithm
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1. Networksize(n): thenumberof sensornodesin thenetwork. Sinceall thesimulation

experimentsassumea squareareaof side length l, changingthe network sizewill

implicitly changethenodedensityin thenetwork (� ). Nodedensity(� ) is de�ned to

bethenumberof nodesin unit area:

� = n=l2 (1)

2. Clusterradius(k): themaximumgraphdistancebetweenany nodein theclusterand

theclusterhead.Recallfrom section3.2thatthegraphdistancebetweentwo vertices

u andv, dG(u; v), is theminimumnumberof edgesin a u � v path.Hence,if u is a

CH node,thenk = max
v2 N k (u)

(distG(u; v)).

3. Average NodeDegree (d): the averagenodedegreein the network. Recall from

section3.2, thenodedegreeof a nodeu, is thenumberof nodesthatareneighbors

of u. Nodedegreeis a functionof thenodetransmissionrange(Tr ). Assumingthat

n sensornodesareuniformly distributedover a square�eld of sidel, theprobability

P(d) of anodeu having degreed is givenby binomialdistribution [52]:

P(d) = Pd
r (1 � Pr )n� d� 1

0

@
n � 1

d

1

A (2)

wherePr is theprobabilityof beingwithin thetransmissionrangeTr from nodeu

Pr =
� :T2

r

l2
(3)

For largevaluesof n tendingto in�nity , theabovebinomialdistributionconvergesto

aPoissondistribution:

P(d) =
� d

d!
e� � (4)

where� = nPr is theaveragenodedegree.Hence,therelationbetweentheaverage

nodedegree(d) andthetransmissionrange(Tr ) of anodeis givenby:

d = nPr =
n:� :T2

r

l2
= �:� :T2

r (5)
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We will usetheabove equationfrequentlyto mapbetweenaveragenodedegreeand

transmissionrange.

4. Theclusterheadprobability (p). Sinceeachnodedecidesrandomlyto bea cluster

headwith probabilityp, thentheaveragenumberof clustersis pn. Hence,increasing

p will increasethenumberof clustersin thenetwork.

All experimentswereperformedover 150differenttopologiesrepresentingdifferent

network sizes(n) rangingfrom 50 to 800sensornodes.Thenodeswererandomlyplaced

accordingto auniformdistributionona100x100area.For eachtopology, thetransmission

rangeof eachnode(Tr ) wasvariedin orderto achieve differentaveragenodedegree(d)

rangingfrom 7 to 21. In awirelessad-hocnetwork with auniformdistributionof nodes,in

orderto guaranteeglobalnetwork connectivity, theaveragenodedegreeshouldbeat least

6 [46]. Hence,we chosetheminimumaveragenodedegreeto be7. Theclusterradius(k)

rangesfrom 1 to 5. Theclusterheadprobability(p) wasvariedfrom 0.05to 0.5. For each

topology, sinceclusterheadsarechosenrandomly, werepeattheexperiment30times,each

time with a differentrandomsetof clusterheads.To evaluatetheperformanceof theOK

clusteringalgorithm,weusethefollowing performancemetrics:

1. Percentage of CoveredNodes(CN): this metrictestsif thegeneratedclusterssatisfy

the coverage conditionasde�ned in section2.3. CN is de�ned as the percentage

of nodesthatareeitherclusterheadsor within k-hopsfrom a clusterheadafter the

�rst waveof CH advertisementis propagatedthoughthenetwork (i.e. aftert(k) time

unitswheret(k) is the time neededfor a messageto be forwardedfor k hops).We

will prove in section6 (lemma6.2)thatafter3t(k) + � , theOK clusteringterminates

andeachnodeis eitherCH or NCH.

2. TheAverage OverlappingDegree(AOD): this metric testsif the generatedclusters

satisfy the overlappingconditionasde�ned in section2.3. AOD is de�ned asthe

averageoverlappingdegreebetweenany two overlappingclustersin the network.

Assumethatu, v areany two clusterhead(CH) nodes.Thentheoverlappingdegree

betweenthetwo correspondingclusters(O) is a discreterandomvariablewhereO =
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jNk [u] \ Nk [v]j andNk [u] \ Nk [v] 6= ; . Noticethattheoverlappingdegreeis de�ned

only for overlappingclusters(i.e. the randomvariableO cannot take thevalue0).

Wede�ne AOD asthemeanof this randomvariableO (i.e. AOD = E(O)).

3. TheConnectivityRatio (CR): this metric testsif the generatedclusterssatisfy the

connectivityconditionasde�ned in section2.3. Let S be thesetof CH nodes.Let

GS betheundirectedgraphinducedby S suchthatanedgeexistsbetweentwo nodes

u, v 2 S if distG(u; v) < 2k (i.e thetwo correspondingclustersoverlap).Noticethat

GS is notnecessaryaconnectedgraph.Thentheconnectivity ratio(CR) is de�nedas

ratio betweenthenumberof nodesin thelargestspanningtreeof GS to thenumber

of CH nodes(jSj). If CR= 1, thismeansthatGS is aconnectedgraph.

4. TheAverageClusterSize(Nc): theaveragenumberof nodesperclustertakenoverall

clusters.If u is a CH node,thenNc = jNk [u]j. We usethis metric to show thatOK

generatesequal-sizedclusters,which is a desirablepropertyto balancethe load of

controloverheadbetweenclusterheadnodes.

5. TheAverage Numberof Edgesper Cluster (Ec): the averagenumberof edgesper

cluster taken over all clusters. This metric is important for localizationapplica-

tions [62, 61] since the numberof edgesin the graphaffect the accuracy of the

estimatednodepositions.

6. TheAverageCLIQUE FactorperCluster(CF): theCLIQUE factorof aclustermea-

sureshow closethe subgraphinducedby clusterto a completegraph. The CF is

calculatedasfollows:

CF =
2 � Ec

Nc � (Nc � 1)
(6)

7. CommunicationOverhead: this metricmeasuresthetotal energy spentin communi-

cation. Without lossof generality, it is assumedthat thecostof transmitting1 unit

of data(byte)is 1 unit of energy. This is avalid assumptionsinceweassumethatall

thenodeshavea �x edtransmissionrange.

The�rst threeperformancemetricsmeasurehow closeis OK to meettheconditions

listedin section2.3.Nc, Ec, andCF givemoreinsightinto thesizeof eachcluster. Finally,
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measuringthecommunicationoverheadshows how scalabletheproposedalgorithmis in

termsof messagesexchangedbetweennodes.For simplicity, weassumethatthecommuni-

cationenvironmentis contention-freeanderror-free;hence,sensorsdonothave to retrans-

mit any data.TheMultiple Accesswith Collision Avoidance(MACA) protocol [51] may

beusedto allow asynchronouscommunicationwhile avoidingcollisions.MACA utilizesa

RequestTo Send/ClearTo Send(RTS/CTS)handshakingto avoid collisionbetweennodes.

OtherMAC protocolssuchasTDMA [27] may be usedto provide collision-freeMAC

layercommunication.

Our main goalsbehindthe simulationexperimentsare: (1) to show that with the

carefulselectionof inputparameters(p, k, d), theproposedclusteringalgorithmmeetsthe

conditionslisted in section2.3 with high probability; (2) to show that althoughwe have

overlappedclusters,the OK clusteringstill producesapproximatelyequal-sizedclusters;

(3) to show that OK is scalablein termsof communicationoverhead.Sinceeachof the

above protocolparametershasa differenteffect on oneof the performancemetrics,we

wantedto give a sensornetwork engineera setof parametersto tuneto achieve different

designgoals(minimizepower consumptionby playingwith nodetransmissionrange,in-

creaseoverlappingdegree,reduceclustersize, increaseinter-clusterconnectivity, reduce

numberof clusters,reduceclusterformationtime). In orderto qualify the impactof the

variousparameters,wewill try answeringthefollowing questions:

� Q1: Whatis theeffect of differentsimulationparameters(k, d, p) on thepercentage

of coverednodes(CN) (section4.1)?

� Q2: What is the effect of differentsimulationparameters(k, d, p) on the average

overlappingdegree(section4.1)?

� Q3: Whatis theeffectof differentsimulationparameters(k, d, p) ontheconnectivity

ratio (section4.1)?

� Q4: Whatis theeffectof differentsimulationparameters(k, d, p) onNc, Ec andCF

(section4.2)?
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� Q5: What is the total energy spentin communicationuntil the clusteringprotocol

terminates(section4.3)?

� Q6: Is theOK protocolscalable(section4.3)?

� Q7: Given(n, k, d), whatarethebestprotocolparametersthatguaranteethatall the

conditionsdiscussedin section2.3aresatis�edwith highprobability?

4.1 Coverage,Cluster Overlapping and Connectivity Ratio

We startby studyingthe effect of clusterheadprobability (p) on the percentageof cov-

erednodes(CN). FromFig. 5, we canseethat increasingp increasesthecoveragealmost

exponentiallyspeciallyfor lower valuesof d (i.e. low transmissionrange).Thestandard

deviationcurves(Fig. 5(c)and 5(d))show thatthecoverageis guaranteedwithin 2%for p

> 0.25. It is alsoclearthatfor eachcombinationof (k, d), thereis a minimumvaluefor p

thatguarantees100%coveragewith high probability. We will discussthis in moredetails

in section5.4.

Theimpactof averagenodedegree(d) on thepercentageof coverednodesis shown

in Fig. 6(a). Increasingd increasesthecoveragealmostexponentiallyfor lower valuesof

k. For k > 1, increasingd above a certainthresholdhasalmostno effect on thecoverage.

Thestandarddeviationcurve (Fig. 6(c)) shows thatthis is guaranteedwithin 1%with high

probability for d > 16 andk > 1. In Fig. 6(b), the relationbetweenclusterradius(k)

andpercentageof coverednodesis shown. Increasingk seemsto increasethe coverage

exponentially. Again we canseefrom the standarddeviation curve in Fig. 6(d) that the

resultsarewithin 1% if k > 2 andd � 9. Thesevaluesfor k andd arevery common

andrealistic in sensornetworks applications.As a summary, the effect of increasingd,

k is the same.However, d is directly proportionalto transmissionrange;henceit affects

nodeenergy dramatically. On the otherhand,k is applicationdependent.For example,

in routing protocols,increasingk will increaseclustersize, and latency; in localization

applications,increasingk will reducetheaccuracy of theestimatednodeposition.Wewill

seelater in section4.3,thatbothk andd increasecommunicationoverhead.However, the

communicationoverheadis proportionalto k3 aswe will discussin section4.3. Finally,
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from the �gures we canseethat by carefulselectionof the parameters(p, d, k) we can

guarantee100% coveragewith high probability. This meansthat eachnodeis either a

clusterheador belongsto at leastone cluster(i.e. the coverage conditiondiscussedin

section2.3 is satis�edwith highprobability).
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Figure7: Theclusterheadprob. (p) hasnoeffectontheaverageoverlappingdegree(AOD)

We will now turn our discussionto thestudyof theaverageoverlappingdegreebe-

tweenclusters. Fig. 7 shows an interestinganomaly. Although one may think that in-

creasingp (i.e. increasingnumberof clusterheadsand henceclusters)shouldincrease

the averageoverlappingdegree(AOD), the resultsshowed that p hasno effect on AOD

regardlessof the valuesof otherparameters(d, k) andnetwork size(n). We will prove

analyticallyin section5.3thattheAOD doesnotdependonp. Thiswill leaveuswith only

two parametersto playwith to controltheoverlappingbetweenclustersd, andk. As shown

in Fig.8(a),theAOD is linearlyproportionalwith d. NoticethatAOD canneverexceedthe

network sizen sothecurve saturatesat n. On theotherhand,increasingtheclusterradius

(k) will increasetheAOD quadraticallyasshown in Fig. 8(b). Wewill discussanalytically

in modedetailstherelationbetweenAOD andd andk in section5.3.Noticethatfor many

applications,therequiredAOD betweenclustersshouldbebelow 10. For examplein local-
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ization,anAOD of 3 is enough[61, 62] andin routingprotocolshaving 10gatewaynodes

betweenclustersis morethanenough.It is clearthatwe canguaranteeanAOD of more

than10 with high probabilityusingsmalld (i.e. low transmissionrange)andsmallcluster

radius(k = 2). This is con�rmed alsoby thestandarddeviation curves,Fig. 8(c) and8(d).

Wecanclearlyseefrom thecurvesthatanAOD of at least10canbeguaranteedwith high

probabilityif k � 2 andany d > 6.

Finally, to show that theOK protocolsatis�estheconnectivitycondition, asde�ned

in section2.3, we study the connectivity betweenclusters. Fig. 9(a) shows the relation

betweenconnectivity ratio andp for differentvaluesof k. The�gures show thatwith 15%

of thenodesareclusterheads;we canhave 100%connectivity with high probability. This

meansthatfor any clusterhead,thereis apathof lessthan2k hopsto atleastanothercluster

head(i.e. thereis at leastonebordernodebetweenthetwo clusters).We canseethat this

still holds for any valueof k andd > 10 asshown in Fig. 9(b). the standarddeviation

curves(Fig. 9(c)and9(d)) con�rm theabove resultswith highprobability.

As a generalconclusion,it is clearthattheOK protocolsatis�eswith high probabil-

ity the threeconditions,de�ned in section2.3. The clusterheadprobability (p) playsan

importantrolein termsof coverageandconnectivity betweencluster. Theaveragenodede-

gree(d) andtheclusterradius(k) canbetunedto achieveareasonableaverageoverlapping

degreebetweenclustersregardlessof p.

4.2 Cluster Size

In this sectionwe will studythe propertiesof the generatedclustersin termsof average

clustersize(Nc), averagenumberof edgesper cluster(Ec) andaverageCLIQUE factor

(CF). Sincetheclustersareoverlapping,increasingthenumberof clusterswill not affect

the clustersize. Hence,p hasno effect on Nc, Ec andCF asshown in Fig. 10. On the

otherhand,increasingd increasesNc linearly, asshown in Fig. 11(a),and increasesEc

quadratically(Fig. 11(b)).Substitutingin Eq.6, wecanseewhy theCF is almostconstant

as d increases(Fig. 11(c)). A detailedanalyticalmodel for the averageclustersize is

discussedin section5.2.
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As a measureof loadbalancing,thestandarddeviation of averagenumberof nodes

perclusteris shown in Fig. 11(d).The�gure showsvery low standarddeviation regardless

of the valuesof d and k. This meansthat the OK protocol producesequal-sizedclus-

ters. The samefactscanbe concludedfrom the standarddeviation curvesof numberof

edgespercluster(Fig. 11(e))andtheaverageCLIQUE factor(Fig. 11(f)). FromFig. 12(a)

and 12(b),we canseethatbothNc andEc areproportionalwith thesquareof thecluster

radius(k2). Hence,from Eq. 6, we can seewhy the averageCLIQUE factor (CF) de-

creasesquadraticallyask increases(Fig. 12(c)). Again thestandarddeviation curves,Fig.

8 12(d),12(e),12(f), con�rm thatOK producesequal-sizedclustersregardlessof thevalues

of d andk.

As a �nal conclusion,althoughtheOK protocolgeneratesoverlappingclusters,the

simulationresultsshow that thoseclustersareequal-sized.Equal-sizedclustersis a de-

sirablepropertybecauseit enablesan even distribution of control (e.g.,dataprocessing,

aggregation, storageload) over clusterheads;no clusterheadis overburdenedor under-

utilized. Moreover, theresultsshow thattheaverageclustersizecanbecontrolledby tun-

ing theaveragenodedegree(d) or theclusterradiusk. A closedform for theupperbound

of theaverageclustersize(Nc) asa functionof d andk is givenin section5.2. Finally, the

averagenumberof edgesandtheintra-clusterconnectivity, measuredby theCFmetric,can

alsoby controlledby changingd andk. This is a desirablefeaturein anchor-freelocaliza-

tion applications[62, 61,53, 43] wherethenumberof edgesin theclusterdeterminesthe

accuracy of theestimatednodepositions.

4.3 Scalability

In this sectionwe analyzethecommunicationoverheadof theOK clusteringprotocoland

show that OK is scalableandenergy ef�cient in termsof communicationoverhead.The

totalenergy spentin communicationis measuredin termsof thenumberof bytestransmit-

tedpernode.Without lossof generality, it is assumedthatthecostof transmitting1 unit of

data(byte)is 1 unit of energy. This is avalid assumptionsinceweassumethatall thenodes

have a �x edtransmissionrange.We will startby describingthemodelusedfor estimating
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thecommunicationoverhead.Thenweshow theimpactof differentsimulationparameters

on theoverall communicationoverheadandstudythescalabilityof theOK protocol. An

analyticalmodelfor thecommunicationoverheadis discussedin thenext section( 5.4).

There are two phasesin the OK protocol: the cluster headadvertisementphase

(CHAD phase)and the join requestphase(JREQphase). For eachnetwork topology i

with network sizen, wecalculatethetotalnumberof bytessentby all thenodesduringthe

two phases(TotalMsgSize(i )). Wethenrepeattheexperimentover900differenttopologies,

with thesamenetwork sizen. Hence,theaveragenumberof bytessentby all nodes(avg-

TotalMsgSize) is themeanof thevectorTotalMsgSize(i ) for i= 1..900.Finally, we divide

avgTotalMsgSizeby thenetwork size(n) in orderto get theaveragenumberof bytessent

by onenodeavgCommOverhead. We usethe last metric to measurethe averageenergy

spentby anodein communication.

Fig. 13showstheimpactof differentsimulationparametersoncommunicationover-

head. The effect of increasingclusterheadprobability (p) is shown in Fig. 13(a). We

observe thatthecommunicationenergy increaselinearlyasp increases.Wecanalsonotice

thattherateincreasessigni�cantly astheclusterradius(k) increases.This is canbeclearly

seenin Fig. 13(c) whereit canbe shown that the communicationoverheadis cubically

proportionalto theclusterradius(k). Mainly this costis incurredduringtheJREQphase

aswewill show analyticallyin section5.4.

Theeffectof averagenodedegree(d) oncommunicationoverheadisshown in Fig.13(b).

Wecannoticethatthecommunicationoverheadincreaseslinearlyasd increases.Although,

wewill discusstherelationbetweencommunicationoverheadandaveragenodedegree(d)

analyticallyin section5.4,wecanintuitively explainthatby analyzingtherelationbetween

averagenumberof nodesperclusterNc andaveragenodedegree(d) (Fig. 11(a)). As the

averagenodedegreeincreases,theaveragenumberof nodesperclusterincreaseslinearly

and hencethe averagenumberof JREQmessagesincreaseslinearly leadingto a linear

increasein theoverall communicationoverhead.

Finally, we will show that OK is scalablein termsof processingtime in section6,

(lemma 6.2).However, in thissection,westudythescalabilityin termsof communication

overhead.We testedthe OK protocol for differentnetwork sizerangingfrom 50 to 800
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nodes. Fig. 14 shows the overall communicationoverheadper nodeasnetwork size in-

creases.Wecanclearlyseethatthenumberof bytestransmittedby anodeslowly increases

asthenetwork sizeincreasesfrom 100to 400.Thenit remainsalmostconstantafterwards.

Thestandarddeviationcurves(Fig. 14(b))show thatthishappenswith highprobability(�

2 bytes).

5 Analysisof the Results

In this section,usingunit disk graphproperties,andsimplegeometry, we will analytically

show thefollowing:

� Theaveragenumberof nodespercluster(Nc) is linear in d andquadraticin k (sec-

tion 5.2).

� The averagenumberof edgesper cluster(Ec) is quadraticin both d and k (sec-

tion 5.2).

� Theclusterheadprobability(p) doesnotaffecttheaverageoverlappingdegree(AOD)

betweenclusters(section5.3).

� Theaverageoverlappingdegree(AOD) is linearly proportionalto theaveragenode

degree(d) andquadraticallyproportionalto theclusterradius(k) (section5.3).

� The overall communicationoverheadis linearly proportionalwith d andcubically

proportionalwith k (section5.4).

Wewill startby describingtheassumptionsbehindtheproposedanalyticalmodel.

5.1 Assumptions

In orderto simplify theproofs,wemake thefollowing assumptions:

� Eachclustercanbeapproximatedideallyby acircleof radiusR.
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� Sincethetransmissionrangeof eachnodeis �x ed(Tr ), andsinceonly nodesthatare

within k hopsfrom theclusterheadcanbelongto this cluster, thenwe canapproxi-

mateR asfollows:

R = kTr (7)

In thiscase,R is consideredthemaximumeuclidiandistancethatanodecanbeaway

from clusterhead.Hence,thecircle representingtheclusteris consideredthelargest

areathatcanbecoveredby acluster.

� Theclusterheadis locatedat thecenterof thiscircle.

The above geometricrepresentationof a k-hop clusteris consideredthe largestpossible

areafor the cluster. This will leadto consideringsomeareasasbelongingto the cluster

when they are not. We will refer to suchan areaas a false area. For example, if the

clusterheadnodeis locatedwithin distanceR from the boundaryof the sensor�eld, the

circle representingthe clusterwill be clipped by the rectanglerepresentingthe �eld as

shown in Fig. 15. Hence,theareawhich lies outsidethesensor�eld is a falseareasince

it is consideredwithin the clusterbut it doesnot really belongto it. Sincethe proposed

analyticalmodel representsan upperbound,false area will just make the upperbound

not tight enoughwhencomparedwith the simulationresults. We will alsoshow in the

following that as the numberof clusterheadsincreases,eitherbecausethe network size

(n) increasesor theclusterheadprobability(p) increases,theprobabilityof having cluster

headswithin distanceR decreases;hencetheeffectof falseareadecreases.Soby carefully

selectingthesimulationparameters,wecansafelyignoretheeffectof falsearea.

Recallingthattheaveragenumberof clusterheadsis pn, andassumingasquare�eld

with sidelengthl, thentheprobability(PI N ) thataclusterheadnodeis at leastatdistance

R awayfrom theboundaryof the�eld (i.e. insidethedottedrectangleasshown in Fig.15),

is givenby thefollowing:

PI N =
(l � 2R)2

l2
(8)

Thentheprobability thata clusterheadnodeis within distanceR from theboundarywill

be(POUT ):

POUT = 1 � PI N
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Figure15: Circle representationof clusters

Let I beadiscreterandomvariablerepresentingthenumberof clusterheadsthatarewithin

distanceR from theboundaryof the�eld. ThenI canbeexpressedasabinomialdistribu-

tion:

P(I = mjpn) = Pm
OUT Ppn� m

I N

0

@
pn

m

1

A

andthe expectednumberof clusterheadnodesthat arewithin distanceR from the �eld

boundaryis:

E(I ) = pnPOUT

In orderto ignoretheeffect of clusterheadsthatareneartheboundary;hencedecreasing

thesizeof falsearea:

POUT � PI N

l2

(l � 2R)2 � 2

4R2 � 8lR + l2 � 0

Solving the quadraticequationsin R, and substitutingR = kTr , one of the following

conditionsmusthold:

Tr �
(1 �

p
3=2)l

k
(9)
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OR

Tr �
(1 +

p
3=2)l

k
(10)

The�rst conditionwasusedin thesimulationssinceit impliesreducingthenodetransmis-

sionrange;hencereducingenergy consumption.However, we mustbecarefulin reducing

thenodetransmissionrange(Tr ) sincethereis aminimumcritical valuefor Tr in orderfor

thegraphto beconnected[46]. Moreover, ask increases,it becomesdif�cult to satisfythe

�rst conditionwhile guaranteeingconnectivity. Sinceourmaingoalis to haveaconnected

graph,wehave to violatethe�rst conditionask increases.In asimilarway, wenoticethat

in orderto increasethe averagenodedegree(d), we have to increaseTr ; hence,we may

violate the �rst conditionto achieve a certainaveragenodedegree. That's why we will

noticethat the analyticalmodeldivergesa little bit from the simulationresultsask or d

increasessincetheeffectof clusterheadsneartheboundarystartsincreasing.

5.2 AverageCluster Size

We shall startby estimatingan upperboundof the averageclustersize(averagenumber

of nodespercluster). Theclusterwill be representedby a circle with radiusR = kTr as

discussedin section5.1. Assumethat Nc is a discreterandomvariablerepresentingthe

clustersize.Thenusingthesameanalysisaswe did in theprevioussection,we canshow

thatNc canbeexpressedby thefollowing binomialdistribution:

P(Nc = m) = Pm
c (1 � Pc)n� m

0

@
n

m

1

A (11)

wheren is thenetwork sizeandPc is theprobabilitythata nodeis insidethecircle repre-

sentingthecluster

Pc =
� R2

l2
=

� k2T2
r

l2
(12)

wherel is thesidelengthof thesquare�eld. Now substitutingfrom equation5, in orderto

getPc in termsof averagenodedegree(d), weget

Pc =
dk2

n
(13)
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Figure 16: The relation betweenthe analyticalmodel for averageclustersize (N c) and

simulationresults

Hencetheaverageclustersize(E(Nc)) is:

E(Nc) = nPc = dk2 (14)

Theaboveequationshowsthattheaverageclustersizeis linearlyproportionalwith average

nodedegree(d) andquadraticallyproportionalto theclusterradius(k). Thisconformswith

thesimulationresultsshown in section5.2. Moreover, wecanseethatNc is nota function

of theclusterheadprobability(p). Fig.16showstherelationbetweenthesimulationresults

andanalyticalmodelgivenby equation14.

Usingtheabovemodel,wecanestimatetheaveragenumberof edgespercluster(Ec)

asfollows. Sinceeachnodehasanaveragenodedegree(d), andsincetheaveragenumber

of nodesperclusteris Nc, then

Ec =
dNc

2
=

d2k2

2
= O(d2k2) (15)

Fig. 17 shows the relationbetweenthe simulationresultsandanalyticalmodelgiven by

equation15.

5.3 AverageOverlapping Degree

Using the assumptionsin section5.1, we shall calculatean upperboundfor the average

overlappingdegree(AOD). AssumethatA, B areany two clusterhead(CH) nodes.Then
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Figure 17: The relation betweenthe analyticalmodel for averagenumberof edgesper

cluster(Ec) andsimulationresults

werecallfromsection4 thattheoverlappingdegreebetweenthetwocorrespondingclusters

(O) is a randomvariablewhereO = jNk [A] \ Nk [B ]j andNk [A] \ Nk [B ] 6= ; . Noticethat

the overlappingdegreeis de�ned only for overlappingclusters(i.e. the randomvariable

O doesnot take the value 0). We de�ne AOD as the meanof this randomvariableO

(i.e. AOD = E(O)). As shown in Fig. 18, thetwo clustersA andB arerepresentedby two

BA

D

C

R R

PSfragreplacements

��

Figure18: OverlappingDegree(O) betweentwo overlappingclusters

symmetriccirclesof radiusR = kTr . Insteadof calculatingtheexact intersectionof the

two sets(Nk [A] \ Nk [B ]), we shall estimatethe intersectionof the two setsby the area

of intersectionbetweenthe two correspondingcircles. Let W be the euclidiandistance

betweenthetwo CH nodes.Then,W is a continuousrandomvariablethatcantake values
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rangingfrom 0 to 2R. Thetwo clustersarecompletelyoverlappedif W = 0 andthereis

no overlappingif thedistancebetweenthe two clusterheadsis greaterthanor equal2R.

Let F (w) andf (w) betheCDFandPDFof therandomvariableW consequently. Then

F (w) = P(W < w) =
� w2

� (2R)2
=

w2

4R2
(16)

) f (w) =
dF(w)

dw
=

w
2R2

(17)

We will expressO asa function of w as follows. The areaof intersectionbetweentwo

symmetriccirclesA andB (I AB ) is 4:

I AB = (2� � sin2� )R2 = E(O j w) (18)

wherew = 2R cos� (usingcosinerule). Hence,O is a continuousrandomvariablethat is

representedasa functionof � or w alternatively.

) E(O) =

2RZ

0

E(O j w)f (w)dw =

2RZ

0

(2� � sin2� )R2f (w)dw (19)

Substitutingfrom Eq.17, 18,andnoticingthatdw = 2R sin� , wehave thefollowing:

E(O) =

� =2Z

0

(2� � sin2� )R22sin� cos� d� = R2

� =2Z

0

(2� � sin2� ) sin2� d� (20)

It canbeshown that
� =2R

0
(2� � sin2� ) sin2� d� = �

4 . Hence,

E(O) =
� R2

4
(21)

Substitutingfrom Eq.7, wehave:

E(O) =
� k2T2

r

4
(22)

Substitutingfrom Eq. 5 to get the relationin termsof averagenodedegree,we reachthe

following:

E(O) =
dk2l2

4n
=

dk2

4�
= AOD (23)

4For moredetailsof theproof,pleasereferto appendixA.1
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Figure 19: The relation betweenthe analytical model for averageoverlappingdegree

(AOD) andsimulationresults

Theaboveequationshowsthattheaverageoverlappingdegreeis linearlyproportionalwith

averagenodedegreed andquadraticallyproportionalto theclusterradiusk. Thisconforms

with the simulationresultsshown in section5.3. We canalsonotice that AOD is not a

functionof clusterheadprobabilityp. Fig. 19 shows the relationbetweenthesimulation

resultsandanalyticalmodelgivenby equation23.

5.4 Overall Communication Overhead

In thissection,wewill calculateanupperboundof theaveragenumberof controlmessages

transmittedby anode.As wedid in theprevioussections,theclusterwill beapproximated

by a circle with radiusR = kTr . Recallthat therearetwo phasesin theOK protocol: the

clusterheadadvertisementphase(CHAD phase)andthejoin requestphase(JREQphase).

Wewill estimatethenumberof messagessentduringeachphasepernode.Thentheoverall

communicationoverheadpernodewill bethetotal numberof messages.We will startby

estimatingtheaveragenumberof nodesthatareexactlyk hopsaway from theclusterhead

(nk). Fromequation14, theaveragenumberof nodesin k-hopclusteris:

E(Nc) = nPc = dk2 = Ek(Nc) (24)
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Then

nk = Ek(Nc) � Ek� 1(Nc) = dk2 � d(k � 1)2 (25)

) nk = d(2k � 1) (26)

Using theabove results,we cancalculatetheaveragenumberof CH AD messages

sentduringtheCHAD phase.Initially, theclusterhead(CH) nodebroadcastsoneCH AD

messageto neighbors.Themessageis then�ooded for k hopswith no duplication(i.e. if

anodereceivedthesameCH AD messagemultiple times,it will just forwardit onceto its

neighbors.Hence,theCH AD messageis forwardedthroughtheedgesof a spanningtree

of theclustergraphasshown in Fig. 20. Initially, theCH nodebroadcastsonemessageto

all its neighborsf A, C, Dg. Now eachof thosenodeswill broadcastthesamemessageto

its correspondingneighbors,after incrementingthehopcount. Hence,B will receive the

samemessagefrom f A, Cg andN will receive thesamemessagefrom f C, Dg. However,

sincetheOK protocolusessmart�ooding, thesecondCH AD will bedroppedby bothB

andN. The CH AD broadcastwill continuefor k hopsaway from the CH node(in this

particularexample,k = 5).
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Figure20: TheCH AD messagewill follow aspanningtreerootedat theCH node(k = 5)

Let MCH AD betheaveragenumberof CH AD messagesbroadcastedwithin theclus-

ter. ThenM CH AD is equalto theaveragenumberof non-leafnodesin breadth-�rsttreeof
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thegraphrootedat theCH node.

MCH AD = 1 +
k� 1X

i =1

ni (27)

whereni is theexpectednumberof nodesthatareexactly i hopsway from theCH node

(Eq. 26). Substitutingfrom Eq.26andsimplifying theexpression,wereachthefollowing:

MCH AD = 1 +
2d(k � 1)2

2
= O(dk2) (28)

Using a similar approach,we cancalculatethe averagenumberof JREQmessages

(M J RE Q) unicastedfrom non-CHnodesto theCH node.Weassumethatwedonotdoany

aggregationof themessages5; hence;a JREQmessage,unicastedfrom a leaf nodein the

spanningtree,will beforwardedk timestill it reachtheCH node.Therefore,M J RE Q can

becalculatedasfollows:

M J RE Q = knk + (k � 1)nk� 1 + : : : + 2n2 + n1 =
kX

i =1

in i (29)

Substitutingfrom Eq. 26 andsimplifying theexpression,we reachthefollowing expres-

sion:

M J RE Q =
dk(4k � 1)(k + 1)

6
= O(dk3) (30)

Fig. 21shows therelationbetweenthesimulationresultsandanalyticalmodelof thecom-

municationoverhead.

6 Corr ectnessand Complexity

In thissectionweshalldiscussthattheOK protocolprovidedin Fig. 4 meetsthefollowing

designgoals(requirements):

1. Completelydistributed.

2. Terminateswithin O(k) iterations,regardlessof network diameter, wherek is the

clusterradius.
5Of course,if messageaggregation is used,the overall communicationoverheadwill improve. So the

above analysisis consideredaworstcaseanalysis.
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3. At theendof thealgorithm,eachnodeis eithera clusterhead,or non-clusterhead

nodethatbelongsto oneor moreclusters.

4. Ef�cient in termsof memoryusage.

Observation1. OK is completelydistributed(requirement1). A nodecaneitherelect

to becomeaclusterhead,or join aclusterif it receivesCH AD messageswithin its cluster

radius.Thus,nodedecisionsarebasedsolelyon local information.

Lemma 6.1. Thetimecomplexity of OK is O(k) (requirement2).

Proof. The worst casescenariois: a non-CH(NCH) nodedoesnot receive any CH AD

messagesandchangesits statusto CH. Thenbroadcastsa CH AD messageandwaits for

JREQmessages.Recallfrom section3.3 that themaximumtime thatanNCH nodewaits

for a CH AD messageis equalto t(k) + � , wheret(k) is thetime neededfor a messageto

travel k hopsand� is a constantvalueindependentfrom k. Hence,the total time of this

worstcasescenariois t(k) + � + 2t(k). Thereforethemaximumtime thata nodeshould

wait beforeterminatingOK is t(k) + � + 2t(k) = 3t(k) + � = O(k).

Lemma 6.2. At theendof theOK algorithm,a nodeis eithera clusterhead,or non-cluster

headnodethatbelongsto oneor moreclusters (requirement3).

Proof. Initially eachnodeis eitherCH or NCH node. If the nodeis a CH node,it will

terminatetheOK algorithmafter2t(k) + � timeunitswhentheJREQWAIT timer �res. In

caseof NCH node,aftert(k) + � timeunits,eitherit joinsoneor moreclustersthatit heard

from or changesstatusto CH andterminatestheOK algorithmafter2t(k) timeunits.

Lemma 6.3. Theexpectednumberof adjacentoverlappingclusters is O(pdk2), wherep is

theclusterheadprobability, d is theaveragenodedegree, andk is theclusterradius.

Proof. Recallthat theexpectednumberof clustersis np wheren is thenetwork size. Let

u andv be two clusterheadnodes. Thenthe two correspondingclustersof u andv are

overlappingiff distG(u; v) < 2k. Usingthecircleapproximationof theclusterasdiscussed
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in section5.1, thentheprobability(PAdj ) thata CH nodeis within distance2R; R = kTr ;

from m otherCH nodesis givenby thefollowing binomialdistribution:

PAdj (m) = Pm
2R(1 � P2R)np� m� 1

0

@
np � 1

m

1

A , where P2R =
� (2R)2

l2
(31)

Hence,theexpectednumber(f adjacentclustersis (E(PAdj ):

E(PAdj ) = P2R(np � 1) ' npP2R =
4� npR2

l2
(32)

SinceR = kTr , substitutingfrom equation5 andsimplifying the expression,we get the

following:

E(PAdj ) = 4� pdk2 = O(pdk2) (33)

Lemma 6.4. TheOK algorithmhasan average memoryusage of O(1) per node(require-

ment4).

Proof. Thetwo majordatastructuresusedby theOK protocolare:CH tableandAC table.

Any otherdatastructureswill takeO(1)memorytostore.Recallfromsection3.1,CH table

is usedby eachnode,whetherCH or NCH, to storeinformationabouttheknown CH nodes.

Hence,the averagesizeof the CH table is equalto the expectednumberof clustersthat

cover a certainnode;which is equalto theexpectednumberof adjacentclusters(E(PAdj ).

Therefore,usinglemma6.3,theaveragesizeof theCH tableis O(dk2). Sincebothd, and

k areconstantsandindependentof thenetwork size,theaveragesizeof CH tableis O(1)6.

Recallfrom section3.1,AC tableis usedby only CH nodesto keeptrackof adjacent

clusters.Hence,wecancalculatetheaveragesizeof AC tableasfollows:

size(AC table) = E(PAdj x theexpectednumberof boundarynodes

However, theexpectednumberof boundarynodesis equalto theaverageoverlappingde-

gree(AOD). Substitutingfrom Eq.23,wegetthefollowing:

size(AC table) = E(PAdj ) x dk2

4� = O( d2k4

� )

6Noticethatthemaximumsizeof CH tablecannotexceedtheaveragenumberof clusters(pn
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Sincebothd, andk areconstantsandindependentof thenetwork size,theaveragesizeof

AC tableis O(1). Hence,on theaverage,thetotalmemoryusagepernodeis O(1).

7 RelatedWork

In the last few years,many algorithmshave beenproposedfor clusteringin wirelessad-

hoc networks [60, 39, 32, 7, 5, 37, 35, 6, 33, 8, 10, 31, 49, 9, 21, 4, 26, 47]. Clustering

algorithmscan be classi�ed as either deterministicor randomized. Deterministicalgo-

rithms[9, 10,21,6, 33, 5, 48,50] useweightsassociatedwith nodesto electclusterheads.

Theseweightscan be calculatedbasedon numberof neighbors(nodedegree) [9, 10],

node id [6, 33, 5], residualenergy, and mobility rate [21]. Eachnodebroadcaststhe

calculatedweight. Then a nodeis electedas a clusterheadif it is the highestweight

amongits neighboringnodes.In randomizedclusteringalgorithms,thenodeselectthem-

selvesasclusterheadswith someprobabilityp andbroadcasttheir decisionsto neighbor

nodes[39, 60, 8, 7, 11]. The remainingnodesjoin theclusterof theclusterheadthat re-

quiresminimum communicationenergy. The probability p is an importantparameterin

a randomizedalgorithm. It canbe a function of noderesidualenergy [39] or hybrid of

residualenergy and a secondaryparameter[60]. In [7], the authorsobtain analytically

the optimal value for p that minimizesthe energy spentin communication. In OK, the

probabilityp is tunedto controlthenumberof overlappingclustersin thenetwork.

TheDistributedClusteringAlgorithm (DCA) [10] electsthenodethathasthehighest

nodedegreeamongits 1-hopneighborsastheclusterhead.TheDCA algorithmis suitable

for networksin which nodesarestaticor moving at a very low speed.TheDistributedand

Mobility-adaptiveClusteringAlgorithm (DMAC) [9] modi�es theDCA algorithmto allow

nodemobility duringor aftertheclusterset-upphase.TheWeightedClusteringAlgorithm

(WCA) [21] calculatestheweightbasedon thenumberof neighbors,transmissionpower,

battery-lifeandmobility rateof thenode.Thealgorithmalsorestrictsthenumberof nodes

in a clusterso that the performanceof the MAC protocolis not degraded.In the Linked

ClusterAlgorithm (LCA) [6], anodebecomestheclusterheadif it hasthehighestidentity

amongall nodeswithin onehopof itself or amongall nodeswithin onehopof oneof its
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neighbors.TheLCA algorithmwasrevised[33] to decreasethenumberof clusterheads

producedin theoriginalLCA. In this revisedversionof LCA (LCA2), thealgorithmelects

asaclusterheadthenodewith thelowestid amongall nodesthatareneitheraclusterhead

nor arewithin 1-hopof thealreadychosenclusterheads.Both LCA andLCA2 heuristics

weredevelopedto beusedwith smallnetworksof lessthan100nodes.As thenumberof

nodesin the network grows larger, LCA/LCA2 will imposegreaterdelaysbetweennode

transmissionsin theTDMA communicationschemeandmaybeunacceptable.

Many of theseclusteringalgorithms[6, 33,21,9, 48] arespeci�cally designedwith

anobjectiveof generatingstableclustersin environmentswith mobilenodes.But in a typ-

ical wirelesssensornetwork, thesensors'locationsare�x edandtheinstability of clusters

dueto mobility of sensorsis notanissue.However, thenetwork is still dynamicbecauseof

nodefailureor addingnew nodes.Moreover, theclusteringtime complexity in somepro-

tocols[10, 21, 8, 48, 50] is dependenton thenetwork diameter. Most of thesealgorithms

havea timecomplexity of O(n), wheren is thetotalnumberof nodesin thenetwork. This

makesthemlesssuitablefor sensornetworksthathave a largenumberof sensors.Unlike

thoseprotocols,OK terminatesin aconstantnumberof iterations.

Someclusteringalgorithmsmakeassumptionsaboutnodecapabilities,e.g.,location-

awarenessor clock synchronization.In [58, 59, 18, 22], the geographiclocationof each

nodeis assumedto be availablebasedon a positioningsystemsuchasGPSor through

broadcastmessagesandrouting updates[SPAN]. This is again not a reasonableassump-

tion in caseof low-costlow-power sensornetworks. Theclusteringalgorithmproposedin

[Chiasserini02]assumesthateachnodeis awareof thewholenetwork topology, which is

usuallyimpossiblefor wirelesssensornetworkswith a largenumberof nodes.Somealgo-

rithms[6, 33, 39, 21, 10, 9] requiretime synchronizationamongthenodes,which makes

themsuitableonly for networkswith asmallnumberof sensors.

Themajorityof clusteringalgorithmsconstructclusterswhereeverynodein thenet-

work is nomorethan1 hopawayfrom aclusterhead[6, 33,10, 21,9, 8,31, 60,32, 39]. We

call thesesinglehop(1-hop)clusters.For example,theHEED[60] algorithmformssingle-

hop non-overlappingclusterswith the objective of prolongingnetwork lifetime. Cluster

headsarerandomlyselectedaccordingto ahybrid of their residualenergy andasecondary
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parameter, suchasnodeproximity to its neighborsor nodedegree. A careful selection

of thesecondaryclusteringparametercanbalanceloadamongclusterheads.HEED per-

formancewasanalyzedassumingsynchronizednodes.However, theauthorsshowedthat

unsynchronizednodescanstill executeHEED independently, but clusterquality will be

affected. In [32], the authorspresenta clusteringalgorithm(FLOC) that producesnon-

overlappingandapproximatelyequal-sizedclusters.Theclusteringis suchthatall nodes

within onehopfrom a clusterheadbelongsto its cluster, andno nodem hopsaway from

the clusterheadmay belongto its cluster. In [37, 35] the clusteringalgorithmassumes

gateway (master) nodesarealreadyknown andtheobjective is to performloadbalancing

betweendifferentclustersby changingclusterradius.In largenetworkssingle-hopcluster-

ing maygeneratea largenumberof clusterheadsandeventuallyleadto thesameproblem

asif thereis noclustering.

In [39], Heinzelmanet al. have proposeda distributedalgorithmfor wirelesssensor

networks(LEACH) in which thesensorsrandomlyelectthemselvesasclusterheadswith

someprobabilityandbroadcasttheir decisions.Theremainingsensorsjoin theclusterof

theclusterheadthatrequiresminimumcommunicationenergy. Thisalgorithmallowsonly

1-hopclustersto be formed. LEACH assumesthat all nodesarewithin communication

rangeof eachotherandthebasestation(i.e. completegraph). LEACH clusteringtermi-

natesin a constantnumberof iterations(like OK), but it doesnot guaranteegoodcluster

headdistributionandassumesuniformenergy consumptionfor clusterheads[60].

Few papershave addressedtheproblemof multi-hop(k-hop)clustering [5, 7, 11].

Thesealgorithmsaremostlyheuristicin natureandaim at generatingtheminimumnum-

berof disjoint clusterssuchthatany nodein any clusteris at mostk hopsaway from the

clusterhead. For example,the algorithmdescribedin [11] constructsclusterssuchthat

all thenodeswithin R/2 hopsof a clusterheadbelongto thatclusterheadandthefarthest

distanceof any nodefrom its clusterheadis 3.5RhopswhereR is aninputparameterto the

algorithm.With high probability, a network cover is constructedin O(R) rounds;thecom-

municationcostis O(R3). TheOK clusteringalgorithmhasa muchlower communication

overhead.In [5], the authorspresentedthe Max-Min heuristicto form non-overlapping

k-clustersin a wirelessad hoc network. Nodesare assumedto have non-deterministic
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mobility pattern. Clustersareformedby broadcastingnodeidentitiesalongthe wireless

links. Whenthe heuristicterminates,a nodeeitherbecomesa clusterhead,or is at most

k wirelesshopsaway from its clusterhead.Thevalueof k is a parameterof theheuristic.

AlthoughtheMax-Min algorithmgeneratesk-hopclusterswith arun-timeof O(k) rounds,

it doesnot ensurethat the energy usedin communicatinginformationto the information

centeris minimized. Both OK andMaxMin have O(k) iterations. However, OK needs

exactly2k iterationsto terminatebut MaxMin needsat least2k iterations.Thismeansthat

thecommunicationoverheadis reducedin OK comparedwith MaxMin. In caseof sensor

networks, this directly affectstheenergy level of thenode. In [7], theauthorsproposeda

LEACH-likerandomizedclusteringalgorithmfor organizingthesensors,in awirelesssen-

sornetwork, in a hierarchy of clusterswith anobjective of minimizing theenergy spentin

communicatingthe informationto theprocessingcenter(basestation). They usedresults

from stochasticgeometryto obtainanalyticallytheoptimalnumberof clusterheadsateach

level of clustering.

Noneof the above algorithmsconstructoverlappingclusters. Most of thesealgo-

rithms areheuristicin natureandtheir aim is eitherto generatethe minimum numberof

multi-hopclusters [5] or to minimizetheenergy spentin thenetwork [7]. To thebestof

ourknowledge,this is the�rst paperto discusstheproblemof overlappingmulti-hopclus-

tering.Weshow thatconstructingtheminimumoverlappingk-hopdominatingsetin anad

hoc network is NP-complete.Thenwe proposeOK, a randomizedmulti-hop distributed

algorithmto solvetheproblem.Thenodesrandomlyelectthemselvesasclusterheadswith

someprobabilityp. Theclusteringprocessterminatesin O(1) iterations,independentof the

network diameter, anddoesnot dependon thenetwork topologyor size. OK operatesin

quasi-stationarynetworkswherenodesarelocation-unawareandhave equalsigni�cance.

Theprotocolincurslow overheadin termsof processingcyclesandmessagesexchanged.

We alsoanalyzethe effect of differentparameters(e.g. clusterradius,network connec-

tivity, clusterheadprobability)on theperformanceof theclusteringalgorithmin termsof

communicationoverhead,nodecoverage,andaverageclustersize.

OK is similar to theclusteringalgorithmdescribedin [7] sincebothalgorithmsbe-

long to the classof randomizedmulti-hop clustering. In [7], the main focusof the work
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was to �nd the optimal numberof clusterheadsat eachlevel of clusteringanalytically,

andapplythis recursively to generateoneor morelevelsof clustering.However, our main

focusis to generateoverlappingclusterswith certainoverlappingdegree. Our maincon-

tributionsare(i) to formalizetheproblemof overlappingmulti-hopclustering;(ii) extend

thework in [7] to meetthedesigngoals;(iii) show how to tunetheparameters(p andk)

given to thealgorithmin orderto achieve thedesigngoals;(iv) give analyticalmodelsto

formulatethe problem. In [7], the clusterradius(k) wascalculatedanalyticallyto min-

imize the energy. In OK, the clusterradiusis a parameterthat canbe tunedto increase

overlappingdegreebetweenclusters,or to decreasetheclustersize(loadbalancing),or to

decreasecommunicationoverhead.

8 Conclusionsand Futur eWork

In this report,we have presenteda scalablerandomizedmulti-hopclusteringprotocolfor

ad-hocsensornetworks.OK organizesthesensorsinto overlappingclustersin adistributed

manner. Wehaveformulatedtheoverlappingmulti-hopclusteringproblemasanextension

to thek-dominatingsetproblem.OK is scalablein termsof communicationoverheadand

terminatesin a constantnumberof iterationsindependentof the network size. Although

OK generatesoverlappedclusters,thesimulationresultsshow thattheclustersareapprox-

imately equalin size. OK parameters,suchasclusterradius,averagenodedegree,and

clusterheadprobability canbe easilytunedto achieve the designgoalswith high proba-

bility. We have developeda detailedanalyticalmodelandhave shown that it is valid by

comparisonwith the simulationresults. The proposedclusteringschemecanbe usedby

severaltypesof sensornetwork protocolsthatrequirescalability, loadbalancing,andsome

degreeof overlappingbetweentheclusters.While OK appearsto beapromisingprotocol,

therearesomeareasfor improvementto make theprotocolmorewidely applicable.In the

currentimplementationof OK, we assumestationarynodes,which is a valid assumption,

for sensornetworks. In thefuture,we planto analyzethecasewhenthenodesaremobile.

Anotherissuethatwearecurrentlylookingat is sharingtheclusterheadroleamongnodes.

In general,clusterheadnodesspendrelatively moreenergy thanothersensorsbecausethey
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have to receive informationfrom all thesensorswithin their cluster. Hence,they mayrun

out of their energy fasterthanothersensors.Onepossiblesolutionis to run theclustering

algorithmperiodicallyfor loadbalancing.Anotherpossibility is thatclusterheadstrigger

the clusteringalgorithmwhentheir energy levels fall below a certainthreshold. We are

currently investigating the behavior of the proposedclusteringalgorithmin the event of

sensorfailures. In the analyticalmodel,we assumecircle representationfor the cluster.

We arelooking to differentimprovementsto derive a tighterboundby studyingtheactual

clustershapeusingmorecomplex stochasticgeometrytechniques.
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A Appendix

A.1 Ar eaof Intersection BetweenTwo Identical Cir cles

Assumethatwe have two identicalcirclesA andB that intersectin someareaI AB . Let r

be the radiuslengthandw be thedistancebetweenthe two centersA andB asshown in

Fig. 22. thentheintersection(I AB ) canbecalculatedasfollows:

I AB = 2 (areaof sectorCBD - areaof triangleCBD)

Areaof sectorCBD = 1
2:2� :R2 = � :R2

) I AB = 2(� R2 � 1
2:R2 sin2� ) = (2� � sin2� )R2

wherew = 2R cos� (usingcosinerule)

BA

D

C

R R

PSfragreplacements

��

Figure22: Areaof intersectionof two circles
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